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19.1 Elliptic curves with a given endomorphism ring

For a lattice L, let Ef, denote the elliptic curve over C corresponding to the torus C/L. We
proved in Theorem 18.7 that

End(Er) ~{ae€C:aL C L}, (1)

and we know that this ring is isomorphic to Z or an order O in an imaginary quadratic
field K; in fact, the ring on the right is equal to Z or O (viewed as a subring of C).t
To simplify the discussion, we shall treat the isomorphism in (1) as an equality and view
elements of End(Ey) as elements of Z or O.

How might we construct an elliptic curve with endomorphism ring @7 An obvious way
is to use the lattice L = O. If a € End(Ep), then aO C O, by (1), and therefore a € O,
since the ring O contains 1. Conversely, if a € O, then aO C O, since O is closed under
multiplication, and therefore o € End(Ep), by (1); thus End(Ep) = O.

But are there any other (non-isomorphic) examples of elliptic curves with End(F) = O?
To answer this question, we would like to classify, up to homethety, the lattices L for which
{a:aL C L} = O. Without loss of generality, we may assume L = [1,7], and O = [1,w].
If End(Fr) = O, then we must have w -1 = w € L, so w = m + nr, for some m,n € Z.
Thus nL = [n,w — m] = [n,w]| (and O = [1,nT + m] = [1,n7]). So L is homothetic to a
sublattice of O, and this sublattice must be closed under multiplication by O; equivalently,
L is homothetic to an O-ideal (a subring of O closed under multiplication by O).

For any O-ideal L, the set { € C : aL C L} is an order that contains O, which
we denote O(L). The same is true for any lattice homothetic to an O-ideal, since O(L)
depends only on the homethety class of L. We are interested in the cases where O(L) = O,
since these are precisely the (homethety classes of) lattices that give rise to elliptic curves
Er/C with End(Er) = O. When the condition O(L) = O holds, we say that L is a proper
O-ideal. Note that O(L) is always contained in the maximal order Ok, so when O = Og
every O-ideal is proper, but otherwise this is not true (Problem Set 9 asks for a counter
example).

Given that O(L) depends only on the homethety class of L, we shall regard two O-
ideals as equivalent if they are homothetic as lattices; it follows that the ideals a and b are
equivalent if and only if (a)a = (5)b for some «, 5 € O. Since the elliptic curves Er and
E, are isomorphic if and only if the lattices L and L’ are homothetic, two proper O-ideals
a and b are equivalent if and only if F; ~ Ej.

As shown in Problem Set 9, the set cl(Q) of equivalence classes of proper O-ideals form a
finite abelian group that is isomorphic to the group cl(D) formed by the SLy(Z)-equivalence
classes of binary quadratic forms

az? + bay + cy?

of discriminant D = v/b? — 4ac = disc(O), where a,b,c € Z have no common divisor and

a > 0 > D (such forms are said to be integral, primitive, and positive definite). This

IStrictly speaking, there are two ways to embed K in C; we assume that a particular embedding has
been chosen, say the one that sends /disc(K) to the upper half plane.
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isomorphism is important for practical applications, as it is often easier to work with the
group cl(D) rather than cl(O) (in particular, it is easy to enumerate the elements of cl(D)).

Definition 19.1. The discriminant of O = [«, ] is

a f 2
disc(O) = det <a 5) .
We have |disc([c, 8])| = 4|ax 3|2, which is 4 times the square of the area of the parallelogram
formed by o and 3.2 Since every fundamental parallelogram of a lattice has the same area,
the discriminant does not depend on the choice of & and 8. We can always write O = [1, 7],
where 7 is an algebraic integer satisfying an integer quadratic equation z? + bx + ¢ with
b2 — 4¢ < 0 not a perfect square. We then have

2
disc(O) = det <1 :) = (F-1)2 =72 217+ 1°
=—(bT+c¢c)—2c—b(T+c)=—-b(1+7T)—4c
= b% — 4, (2)

which shows that disc(Q) is a negative integer that is a square (0 or 1) modulo 4, depending
on the parity of b. We call such integers D (imaginary quadratic) discriminants. If D =
1 mod 4 and D is square-free, or if D = 0 mod 4 and D/4 is square-free, then D is said to
be a fundamental discriminant. Every discriminant can be written in the form D = u?Dy,
where Dk is a fundamental discriminant and w« is a positive integer.

There is a one-to-one relationship between discriminants and orders of imaginary quadratic
fields; fundamental discriminants correspond to maximal orders.

Theorem 19.2. Let D be an imaginary quadratic discriminant. There is a unique quadratic
order O with disc(O) = D = u?Dyg, where Dk is the fundamental discriminant of the
mazimal order Ok of K = Q(v/D), and u = [Ok : O] is the conductor of O.

Proof. Write D as D = u?Dp, with u € Z~y and Dg a fundamental discriminant. Let
K = Q(vD), and let Ok be its maximal order. Choose a shortest non-integer vector
w € Ok, with minimal polynomial 22 + bz + ¢, so that O = [1,w]. Then b? — 4c must
equal D (if not, we could make w shorter), and from (2) we see that disc(Ox) = Dg. The
order O = [1,uw] then has discriminant (uw — uw)? = u?Dy = D.

Conversely, if O = [1, 7] is any order with discriminant D, than 7 must be the root of a
quadratic equation with discriminant D, by (2); therefore 7 € K and O C Og. We must
have [Of : O] = u, since disc(O) = u?disc(Of) and the discriminant is proportional to
the square of the area of a fundamental parallelogram. Lemma 19.3 implies uO; C O, so
uw € O, and therefore [1,uw] C [1,7]. Equality must hold, since both orders have index u
in Og. Thus [1,7] = [1,uw], so [1,uw] is the unique order of discriminant D. O

Lemma 19.3. If L is an index n sublattice of L then nL is an index n sublattice of L.

Proof. Without loss of generality, we may assume L = [1,7] and L' = [a + bT,c + d7].
Comparing areas of the fundamental parallelograms of L and L', we have

n|l x 7| = |(a + b7) X (c+ d7)]

n|im7| = |(a+breT)dim7T —bim7(c+ dreT)|

n = |ad — be|,

*Recall that |a x 8| = |reaim B — imare 8] = |im(af — aB)|/2.



Thus d(a + br) — b(c + dr) = £n and a(c + d1) — ¢(a + br) = £n7, therefore nL C L'. We
then have [L: L'] =n and [L: L'][L' : nL] = [nL: L] =n?, so [L' : nL] = n. O

We now consider the set of isomorphism classes of elliptic curves E/C with endomor-
phism ring O, which we define as

Ellp(C) = {j(F) : E is defined over C and End(F) = O}.

It follows from our discussion above that there is a bijection from cl(O) to Ellp(C) that
sends the equivalence class [a] to the isomorphism class j(FEy). To get the reverse map,
we note that every elliptic curve £//C is isomorphic to a torus C/L (by the Uniformization
Theorem), and if End(E) = O, then L is homothetic to a proper O-ideal a whose equivalence
class [a] is uniquely determined by j(a) = j(L) = j(E). Since cl(O) is a finite group, Elln(C)
is a finite set, and its cardinality is equal to the class number h(O) = |cl(O)|, which we may
also write as h(D), where D = disc(O).

19.2 The action of the class group

Not only are the sets cl(O) and Ellp(C) in bijection, the group cl(O) acts on the set Ellp(C).
To define this action, we first recall the definition of a fractional O-ideal.

Let K be the imaginary quadratic field containing O. Lattices of the form b = Aa, where
A € K* and a is an O-ideal, are called fractional O-ideals. If b is any fractional O-ideal, we
let O(b) = {a : ab C b} be the order of b, and say that b is proper if O(b) = O. We say
that b is invertible if there exists a fractional O-ideal b~! for which bb~! = O.

Lemma 19.4. Let a be an O-ideal, and let b = Aa be a fractional O-ideal. Then a is proper
if and only if b is proper, and a is invertible if and only if b is invertible.

Proof. For the first statement, note that {a: ab C b} = {a: ada C Aa} = {a: aa C a}.
For the second, if a is invertible, then b~! = A='a~!, and if b is invertible then a=! = A\b~1,
since we have aa™! = aAb~! =bb~! = O. O

We now prove that the invertible O-ideals are precisely the proper O-ideals and give an
explicit formula for the inverse; the proof below follows [2, Ch. 7].

Theorem 19.5. Let a = [a, 5] be an O-ideal. Then a is proper if and only if a is invertible.
Whenever a is invertible we have aa = N(a)O, where N(a) = [O : a] and a = [, 3], and
the inverse of a is then the fractional O-ideal a=1 = ﬁﬁ.

Proof. We first assume that a = [«, ] is a proper O-ideal and show that aa = N(a)O, hence
a has a=! = ﬁﬁ as an inverse. Let 7 = 3/a, so that a = a[l, 7], and let ax? + bz + ¢ be
the minimal polynomial of 7, with ged(a, b, ¢) = 1. The fractional ideal [1,7] is homothetic
to a, and we have O([1,7]) = O(a) = O, since a is proper.

Let O = [1,w]. We must have, so w € [1,7], so w = m + n7 for some integers m and
n; replacing w with w — m, we may assume w = n7. We must also have wr € [1,7], so
n7? € [1,7], which implies that a|n, else the minimal polynomial of 7 would have leading
coefficient smaller than a. But note that ar[l,7] C [1,7], so ar € O([1,7]) = O, therefore
n=a and O = [1,ar]. We than have N(a) =[O : a] = [[1,a7] : a[1,7]] = N(a)/a, and

aa = aa[l, 7][1,7] = N(a)[1, 7,7, 77].



Since ar? + br + ¢ = 0, we have 7 + 7 = —b/a, and 77 = c/a, with gcd(a,b,c) = 1, so
1
ad = N(a)a[a,aT, —b,¢] = N(a)[1,a7] = N(a)O.

Conversely, if a is invertible, then for any v € C we have

1

vaCa = ~vaa ' Caa ! = 7O CO = ~€O,

so O(a) C O, and therefore a is a proper O-ideal.
O

Now let E//C be an elliptic curve with End(E) = O. Then FE is isomorphic to Ej, for
some proper O-ideal b. For any proper O-ideal a we define the action of a on Fy via

aBy = Ey1y (3)

(the reason for using E,-1, rather than E,, will become clear later). The action of the
equivalence class [a] on the isomorphism class j(Ey), is then defined by

[a]j(Ey) = j(Eq-1p), (4)

which we could also write as [a]j(b) = j(a~'b), and it is clear that this does not depend on
the choice of representatives a and b.

If a is a principal O-ideal, then the lattices a and a~'b are homothetic, and we have
aFy, ~ Ey. Thus the identity element of cl(O) acts trivially on Ellp(C). For any proper
O-ideals a,b, and ¢ we have

a(bEc) = aEh—lc = Eaflbflc = E(ba)—lc = (ba)Ec = (Clb)Ec.

Thus we have a well-defined group action of cl(O) on Ellp(C). Only principal O-ideals act
trivially, so the cl(O)-action is faithful. The fact that the sets cl(O) and Ellp(C) have the
same cardinality implies that the action is also transitive (there is just one cl(O)-orbit).

A group action that is both faithful and transitive is called regular. The action of a
group GG on a set X is regular if and only if for all z,y € X there is a unique g € G for
which gx = y. In this situation the set X is said to be a principal homogenous space for G,
or simply a G-torsor. With this terminology, the set Ellp(C) is a cl(O)-torsor.

If we fix a particular element = of a G-torsor X, we can then view X as a group that is
isomorphic to G under the map that sends y € X to the unique element g € G for which
gr = y. Note that this involves an arbitrary choice of the identity element z; rather than
thinking of elements of X as group elements, it is perhaps more appropriate to think of the
“difference” or “ratios” of elements of X as group elements. In the case of the cl(O)-torsor
Ellp(C) there is an obvious choice for the identity element: the isomorphism class j(Ep).
But when we reduce to a finite field IF; and work with the cl(O)-torsor Ellp(F,), as we shall
soon do, we cannot readily distinguish the element of Ellp(FF,) that corresponds to j(Eo).

19.3 Isogenies over the complex numbers

To better understand the cl(O)-action on Ellp(C) we need to look at isogenies between
elliptic curves over the complex numbers. Let L C L’ be lattices, and let & and E’ be the
elliptic curves corresponding to C/L and C/L’, respectively. The map ¢: C/L — C/L’ that
lifts z € C/L to C and then reduces it modulo L’ induces an isogeny ¢: E — E’ that makes
the following diagram commute:



C/L —.— C/L
| |

d ol
| l
E(C) —¢— E'(C)

The isomorphism ® sends z € C/L to the point (p(z;L), ¢ (2; L)) on E, and the isomor-
phism @’ sends z € C/L’ to the point (p(z; L), ¢'(2;L’)) on E'.

It is clear that the map ¢ = ® oo ®~! is a group homomorphism, and in fact it is a
rational map and therefore an isogeny. To see this, notice that the meromorphic function
p(z; L") is periodic with respect to L, and since L C L' it is also periodic with respect to L.
It is thus an elliptic function for L, and since it is an even function, it may be expressed as
a rational function of p(z; L), by Lemma 18.10. Thus p(z; L") = u(p(z; L)) /v(p(z; L)) for
some polynomials u,v € C[z]. Similarly, ©'(z; L’) is an odd elliptic function for L and may
be written in the form ¢(z, L') = (s(p(z; L))/s(p(z; L)) (z; L) for some s,t € C[z]. Thus

s = (12,11,

v(z) t(z

~~

)7
The points in the kernel of ¢ are precisely the points (p(z; L), ¢ (z; L)) for which z € L'. Tt
follows that the size of the kernel is the index of L in L, and since we are in characteristic
zero, the isogeny ¢ must be separable and we have deg ¢ = |ker ¢| = [L' : L].

We now note that the homothetic lattice L” = nL’ has index n in L, by Lemma 19.3. If
we let E”/C be the elliptic curve corresponding to C/L” (which is isomorphic to E’), then
the inclusion map ¢: C/L” — C/L’ induces an isogeny ¢: E” — E of degree n. Composing
¢ with the isomorphism from E’ to E”, we obtain the dual isogeny ¢: E' — E, since the
composition ¢ o qg is precisely the multiplication-by-n map on E’.

If a and b are proper O-ideals, there is an isogeny from Fj to aFp = E,-1; induced by
the lattice inclusion b C a~'b. Thus there is always an isogeny ¢, associated to the action
of a on Fj defined in (3). Given any elliptic curve F/C with endomorphism ring O and an
O-ideal a, we define the a-torsion subgroup

Ela] ={P € E(C) : aP =0 for all « € a},
where we view a € a C O ~ End(F) as the multiplication-by-a endomorphism.

Theorem 19.6. Let O be an imaginary quadratic order, let E/C be an elliptic curve with
endomorphism ring O, let a be a proper O-ideal, and let ¢ be the corresponding isogeny
from E to aE. The following hold:

(i) ker ¢ = Ela];
(ii) deg¢ = N(a).

Proof. By composing ¢ with an isomorphism if necessary, we may assume without loss of
generality we assume E = Ej for some proper O-ideal b. Let ® be the isomorphism from



C/b — Ej that sends z to (p(2),¢'(z)). We have

& Y(Fla)) ={2€C/b:az=0for all a € a}
={ze€C:azebforallaca}l/b
={2€C:2aCb}/b
={2e€C:20 Calb}/b
= (a"tb)/b
— ker (C/b e C/a—lb)
= & (ker ¢).

This proves (i). We then note that
#E[a) = #(a'b)/b=[a"'b:b] =[b:ab] = [0:a0] =[O : a] = N(a),

which proves (ii). O
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