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Abstract

In this thesis, I study a class of exotic quantum matter named Symmetry-Protected
Topological (SPT) phases. These are short-range-entangled quantum phases hosting
non-trivial states on their boundaries. In the free-fermion limit, they are famously
known as Topological Insulators (TI). Huge progress has been made recently in un-
derstanding SPT phases beyond free fermions. Here I will discuss three aspects of
SPT phases in interacting systems, mostly in three dimensions: (1) Novel SPT phases
could emerge in strongly correlated systems, with no non-interacting counterpart. In
particular, I will discuss interaction-enabled electron topological insulators, including
their classification, construction, characterization and realization. (2) When strong
interactions are present, the surface of many SPT phases (including the familiar free
fermion topological insulator) can be gapped without breaking any symmetry, at the
expense of having intrinsic topological order on the surface. (3) Some topological
phases that are non-trivial in the free fermion theory become trivial once strong in-
teractions are introduced. The material of this thesis closely parallels that of Refs.
[1, 2, 3, 4, 5, 6].

Thesis Supervisor: Senthil Todadri
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Chapter 1

Introduction

1.1 Entangled quantum phases of matter

A focus of modern quantum condensed matter physics is the study of phases of matter
whose characterization is not captured by the concepts of broken symmetry and
associated Landau order parameters[7]. Such phases often come with emergent low
energy degrees of freedom giving rise to interesting field theories. A striking example
is the fractional quantum hall states[8, 9]: these states host quasi-particle excitations
that carry fractional quantum statistics that are neither bosonic nor fermionic, and
such particles are called anyons. The anyon statistics cannot be understood within
the framework of broken symmetries, and a new paradigm is clearly required to
understand them systematically.

It was realized later that the fractional quantum hall states belong to a larger
class of gapped quantum matter called topological ordered phases, with their low
energy properties described by topological quantum field theories (TQFT). These are
characterized by emergent excitations with unusual quantum statistics and ground
state degeneracies that depend on the topology of the underlying manifold[10]. Other
examples of topological order include gapped spin liquids — an exotic class of quantum
magnets, in which the magnetic order is destroyed by quantum fluctuations[11, 12].
The simplest kind of gapped quantum spin liquid — often dubbed Z5 spin liquid — is

potentially realized in a mineral called Herbertsmithite[13, 14].
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Other examples of quantum phases beyond the Landau paradigm of symmetry
breaking are gapless phases of matter, where the gaplessness is protected but is not
associated with broken symmetries and Goldstone modes. The most familiar example
of such a phase is the Landau Fermi liquid but gapless spin liquids and various non-

Fermi liquid phases provide other examples.

A common characterization of all these exotic phases is the presence of non-local
many body quantum entanglement in their ground state wave function, in the sense
that different parts of the system are necessarily entangled. More precisely, the ground
state wavefunction cannot be tuned to an unentangled product state by continuously
changing the Hamiltonian without encountering any singularity in its properties (so
called adiabatic evolution). Here a “product state” is a quantum state of the form
|a1)y ® |as)s... ® |an) N, where |a;); is a local state on site ¢ of the underlying lattice.
Entanglement has thus become a new organization principle in classifying quantum
phases. Those exotic phases that cannot be “disentangled” without encountering a

phase transition have come to be known as highly entangled phases of matter.

On the contrary, short-range entangled phases are those that can be adiabat-
ically evolved into a simple product state. All phases described within the symmetry-
breaking paradigm fall into this category. For example, an ising ferromagnet, in the
ordered phase, can be adiabatically tuned into a product state with no entanglement:
[ Y ®|1)...®]| 1). Most of the band insulators described by free fermions can also be
tuned into a product state, with an integer number of fermions occupying each local
orbital — sometimes called the atomic insulator limit. Since a product state cannot
host any exotic excitation (such as anyons), a short-range entangled phase, which is
adiabatically connected to a product state, must also host no exotic excitation.

There is another class of phases that will not be discussed extensively in this the-
sis but is nevertheless worth mentioning: these are phases that can be adiabatically
disentangled into a product state only if the system is combined with another “mir-
ror”’ state — sometimes referred to as “invertible” phases. In some sense they fall in
between the two categories discussed above. In this thesis I will count them as short-

range entangled, even though they are sometimes classified as long-range entangled
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phases in the literature depending on the taste of the authors. These phases have
nothing exotic in the bulk of the system: the excitations are gapped and carry regular
statistics. However, they host non-trivial boundaries (often gapless) that cannot be
eliminated unless the bulk goes through a phase transition into a trivial state. Classic
examples include integer quantum hall states and chiral superconductors in two (spa-
tial) dimensions, and the Kitaev Majorana chain in one dimension[15]. The former
host chiral fermions on their one dimensional boundaries, and the latter host Ma-
jorana zero-modes (zero-dimensional Majorana fermions) at the ends of the system.
The boundary theories of these invertible phases cannot be realized alone without a

nontrivial bulk. In field theory language, they have gravitational anomalies.

1.2 The interplay between symmetry and topology

The organization of quantum phases according to their entanglement patterns does
not require the presence of symmetry in the picture. However, it has been known since
its discovery that symmetry can largely enrich the story of highly entangled phases
such as topological orders. The oldest example is again the fractional quantum hall
states, where the quasi-particle excitations carry not only fractional statistics, but
also fractional charge: for example, electrons filling up 1/3 of the first Landau level
(often called the Laughlin 1/3 state) has anyon excitations that carry charge-e/3. In
modern language, symmetry (here the U(1) charge conservation) is acting projectively
on the quasi-particle excitations. Projective symmetry groups (PSG) also play a key
role in understanding other exotic phases including various kinds of spin liquids[10].
Topological orders equipped with different realizations of symmetries are dubbed
symmetry-enriched topological orders (SET), and the phenomenon of symmetries
acting projectively is often called symmetry fractionalization.

It was also realized that symmetry can even enrich the story of short-range en-
tangled phases: there are states that are short-range entangled, but cannot be adi-
abatically disentangled into product states while preserving the symmetry of the

system[16, 17]. In another word, these phases are distinct from a trivial product
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state if and only if the symmetries are preserved. They are now dubbed Symmetry-
Protected Topological (SPT) phases. Similar to invertible phases, SPT phases
have no exotic excitations in the bulk — all the excitations are gapped and carry triv-
ial statistics. But the boundaries of SPT phases are necessarily nontrivial as long
as the symmetries of the system are not broken — the precise meaning of the term
“nontrivial” here shall be explained later, and is in fact one of the main themes of this
thesis. The crucial point is that the boundaries of SPT phases realize symmetries
in an anomalous way: the (d — 1)-dimensional boundary state of an d-dimensional
SPT cannot be realized in a strictly (d — 1)-dimensional system while preserving the

symmetries.

1.2.1 Topological insulators: SPT in free fermions

The interest in studying SPT phases was revived recently due to the theoretical and
experimental discovery of electronic topological insulators in two and three spatial
dimensions([18, 19, 20]. These are band insulators hosting gapless boundary modes as
long as time-reversal symmetry and charge conservation are preserved. If these two
symmetries are broken — either spontaneously or explicitly — the boundary of topo-
logical insulators will be gapped, and the distinction between topological and trivial
(atomic) insulators will vanish. This makes topological insulators perfect examples
of SPT phases.

The topological insulators realized experimentally so far can be modeled using
free lattice fermions, which makes them more accessible theoretically than general
interacting SPT phases. Indeed, topological insulators in free fermion systems have
been fully classified in any dimension and with any internal symmetry (not involving
spatial groups)[21, 22|, and tremendous progress has been made in uﬁderstanding the
physics of these phases within band theory. The key feature of these phases is the
emergence of gapless Dirac/ Weyl/Majorana fermions on the boundaries of the gapped
bulk, and they are kept gapless as long as the relevant symmetries are unbroken.

The most famous and interesting example is the three dimensional topological

insulator[23, 24, 25]. It is an insulator that cannot be adiabatically tuned to a trivial
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(atomic) insulator as long as time-reversal symmetry (7) and charge-conservation
(U(1) symmetry) are preserved. In another word, the non-triviality of the topological
insulator is protected by the U(1) x 7 symmetry. The surface hosts an odd number
of two component Dirac cones. In the simplest case, there is only one flavor of two-

component Dirac fermion:

L= iy + 'y, (1.1)

where ¢ is the fermion field, 7o = ioy, 1 = 0, 72 = 03, and p is the chemical
potential. The Dirac dispersion spectrum has been observed experimentally using
photoemision spectroscopy|26, 27| in materials such as BiySe;. Time-reversal sym-
metry acts as TYT ! = ioy1. It is easy to check that any fermion mass term will
necessarily break a symmetry: the Dirac mass term ma1) will break time-reversal
symmetry, while the pairing mass term AyT(io,)y + h.c. breaks the U(1) charge
rotation symmetry. Therefore the surface is gapless as long as the symmetries are
preserved, at least within the free fermion theory. Importantly, such a theory as in
Eq. (1.1) cannot be realized in strict two dimensions while preserving the U(1) x T
symmetry. This is known in the field theory literature[28, 29, 30] as the “parity

anomaly”.

The free fermion description is clearly the appropriate starting point to discuss the
possibility of topological insulators/superconductors (or SPT in general) in weakly
correlated materials. In recent years however attention has turned toward materi-
als with strong electron correlations as possible platforms for similar phenomena.
These include the mixed valence compound|31, 32, 33] SmBg, and iridium oxides on
pyrochlore lattices[34]. The exploration of topological phenomena in correlated ma-
terials brings with it a number of questions. Are the free fermion topological phases
stable to the inclusion of strong interactions? Even if they are, could they behave
very differently in strongly interacting systems? Are there intrinsically interacting
SPT phases that have no free fermion analog? Clearly in addressing these questions
there is a need to go beyond the concept of topological band structure and think more

generally about the physics of SPT phases.
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1.2.2 SPT in one dimension

The first understood SPT phase in interacting system was the Haldane spin-1 chain[35,
36] in one dimension (well before the discovery of topological insulators!). It is a chain

of localized spins, each carrying spin-1. The typical Hamiltonian has the form
H=> JSSi+.., (1.2)

where S; is a spin-1 operator living on site ¢, J is a positive coupling constant, and
“.. represents longer range terms that do not affect the qualitative feature of the
system. What is surprising about this system is that a spin-1/2 degree of freedom
emerges at the end of the chain — clearly not possible for a spin-1 system in strictly
zero-dimension (a point). This gives a two-fold degeneracy at each end, and four-fold
ground state degeneracy for an open chain. It is also clear that the non-triviality exists
only if the relevant symmetry (e.g., SO(3) spin-rotation or time-reversal symmetry)
is preserved.

More recently, the systematic study of SPT phases in interacting systems was
carried out succesfully in one dimension for both bosonic[37, 38, 39] and fermionic[40,
41, 42] systems. Both the mathematical classification of phases and physical under-
standing of their properties were achieved. In bosonic systems, where the microscopic
degrees of freedom are lattice bosons/spins, the physics of Haldane chain was gener-
alized to all internal symmetries, and many new states were discovered. In fermionic
systems, where the microscopic degrees of freedom are interacting lattice fermions, it
was realized that some phases that were non-trivial in the free fermion models became
trivial once interactions were introduced. In both cases, the common feature in terms
of physical properties is that there is always a ground state degeneracy protected by
the symmetry associated with the boundary (the end of the one dimensional chain).
In other words, if the system is put on an open chain, there will be degenerate ground
states as long as the symmetries are preserved; while the system on a closed chain is
guaranteed to have a unique ground state. The degenerate states associated with each

end realizes symmetry projectively (generalization of spin-1/2 to other symmetries),
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and cannot be realized alone in a strictly zero dimensional system (a point).

1.3 SPT in interacting bosons

The complete understanding in one dimension was possible largely due to special fea-
tures of one dimensional systems and many exact results related to them. In higher
dimensions the story becomes much more complicated. For bosonic systems a break-
through was achieved using the mathematical device of group-cohomology[16, 17]:
a large number of new SPT states were discovered and classified in all dimensions
with all internal symmetries. The group cohomology classification was later realized
to be incomplete in three and higher dimensions[43, 1, 44, 45], but it represents a
huge progress in classifying SPT phases. However, unlike the SPT phases in one di-
mensions, it is harder to infer the physical properties of those nontrivial SPT phases
in higher dimensions directly from the mathematical classification. For two dimen-
sional SPT phases, the physics of the one dimensional boundary were analyzed in
Ref. [46, 47, 48, 49, 50, 51]. The main features are similar to that in one dimension:
the boundary (edge) states are guaranteed to be gapless as long as the symmetries
are not broken (either spontaneously or explicitly). The symmetry implementations
on the boundary theories are anomalous, in the sense that they cannot be realized
in a strictly one dimensional system. If the symmetries involved are unitary (i.e.
not including time-reversal), these anomalies are related to gauge anomalies in field
theory literatures.

On the other hand, the theory of three dimensional boson SPT was relatively less
developed, simply because we have less theoretical tools to study those interacting
field theories on the (2 + 1) dimensional boundaries. It was suspected that the story
may be similar to those in lower dimensions: the boundary surface will be either
gapless or symmetry-breaking. Surprisingly, it was later realized[43, 52] that there is
yet another possibility: the surface could be in a topologically ordered state, in which
case it would be both gapped and symmetric! Remember the three dimensional bulk of

the SPT phase has no topological order since it is short-range entangled by definition.
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However, the surface can develop topological orders, hosting anyon excitations that
live only on the surface. Such a possibility is possible only on the two (or higher)
dimensional surface because topological order does not exist in lower dimensions. It
was later realized (by us and other groups) that even the surface of the famous free
fermion topological insulator can be symmetrically gapped and develop an intrinsic
topological order[2, 53, 54, 55].

The topological orders appeared on the surfaces of SPT states are very uncon-
ventional, in the sense that the symmetries are fractionalized in some strange ways.
While symmetry fractionalization can certainly happen even in strict 2D topological
orders (for example in fractional quantum hall states), the particular kinds of symme-
try fractionalization on the SPT surfaces are so strange that they cannot be realized

in any strict 2D system. This is a manifestation of the symmetry anomaly on the

SPT boundary.

The phenomenon of anomalous symmetry fractionalization leads us to a funda-
mental question: what kinds of symmetry fractionalization are anomaly-free, hence
allowed in strict 2D, and what are not? In Ref. [1] we tackled this question for several
symmetry groups of practical interest, including time-reversal symmetry and charge
conservation. The general idea is to examine for each pattern of symmetry fraction-
alization whether the 2D system could have an 1D boundary (edge) to the vacuum
that is consistent with the 2D bulk theory. This “edgability” criteria turned out to
be quite powerful and was able to determine which theories can happen in 2D and
which can only happen on the surface of a 3D bulk: in the former case there should
be an edge to the vacuum, while in the latter a consistent edge is clearly not required
since the boundary has no boundary. Indeed, we found that all the topological orders
realized on the SPT surfaces cannot be realized in strict 2D with their symmetry
implementations. This approach also led very naturally to an explicit construction
of all the bosonic SPT states in three dimensions, using coupled layers of 2D-allowed
topological orders. In particular, the existence of bosonic SPT states beyond the

group-cohomology classification was explicitly confirmed.

The understanding of which kinds of symmetry-fractionalization are possible in
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strict 2D is of great practical interest. For example, if a Z5 spin liquid is indeed
realized in Herbersmithite, one would like to know how the symmetry charges (spin,
lattice momentum, etc. ) are fractionalized. Solving this directly is very challenging
both analytically and numerically. The most practical way is to analyze possible
experimental signatures that can arise in Z, spin liquids with different symmetry-
fractionalization, and compare with experimental observations. However, in doing
this one must first figure out what are the possible symmetry-fractionalization. In
particular, one should not try to compare experiments with phenomenologies of those

topological orders that can only appear on the surface of some 3D SPTs.

1.4 SPT in interacting fermions

Since all the strongly interacting systems in solid state are made of electrons, the
study of SPT in interacting fermions is of great practical value. In particular, the
three most important issues are classification, characterization and realization: How
many distinct phases are there? How to characterize a nontrivial phase, especially in
the laboratory? How to realize those nontrivial phases in real materials?

The understanding of SPT in interacting fermions in higher dimensions (D > 1)
is even more incomplete than the bosonic ones. Formal classifications using algebraic
tools are available for certain special symmetry groups[56, 57], but not including
the physically important case of charge conservation and time-reversal symmetry
(as is appropriate for insulators). Moreover, it is even harder to read off the physical
properties from the mathematical classifications than it is for bosonic SPT. Significant
progress has been made for 2D fermion SPT phases through the study of their (1+1)D
edge states[48, 58, 59, 60, 61|, but it is very hard to generalize such approach to higher
dimensions, including the physically important case of 3D systems.

Given the difficulties of tackling the main issues (classification, characterization
and realization) using abstract mathematics, we took a more elementary approach by
coming up with various physical arguments. The physical approach turned out to be

surprisingly fruitful. In Ref. [3, 4] we presented a series of physical arguments that
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led to complete classifications of fermionic SPT phases in 3D when the symmetry
groups contain a normal U(1) subgroup, which include the physically important case
of charge-conservation. The resulting physics was very rich: interacting SPT states
that cannot be described with non-interacting fermions were identified. On the other
hand some phases that were nontrivial in free fermion theory became trivial once
interactions were introduced. We also discussed their physics in terms of surface
states, in particular their experimental fingerprints that are measurable. In Ref. [5]
I also discussed a very simple toy model of one of those beyond-free-fermion SPT
states.

It is much harder to say anything certain about the issue of realizing those exotic
interacting states in real materials, simply because most realistic interacting mate-
rials are described by Hamiltonians that are extremely hard to solve. However, we
were able to give some suggestive arguments in Ref. [6], suggesting that frustrated
spin-1 magnets in three dimensions might be a good place to find some of these exotic
phases. This class of magnets are largely unexplored so far both theoretically and
experimentally. It is will be exciting if one can indeed identify a topological param-

agnet in these materials, through, for example, surface measurements suggested by

us in Ref. [3].

1.5 From SPT to spin liquids

As mentioned above in Sec. 1.3, the study of SPT phases led to an understanding
of what kind of topologically ordered spin liquid is allowed in strict two dimensions,
and what is not. Surprisingly enough, the study of SPT phases also shed new light
on another aspect of spin liquids: different spin liquids can be obtained by gauging
different SPT. Here “gauging” means promoting the global symmetry of the SPT (or
a subgroup of it) to a gauge symmetry, by coupling a dynamical gauge field to it via
minimal coupling.

Such a line of thinking was first developed for the free fermion topological insu-

lators in both two[62, 63] and three[64, 65, 66, 67] dimensions. The most famous
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example is the three dimensional topological insulator coupled with a U(1) gauge
field. It is well known|64] that when the fermions are in a topological band, the
effective action of the gauge field will contain a ©-term at © = n:
eMvAe
Lo = E—aﬂAV@,\AP. (1.3)

Such a gauge theory was proposed as an interesting quantum spin liquid dubbed
“topological Mott insulator’[65], where the fermionic charge and the dynamical gauge
field are emergent fields at low energy. The most interesting feature of such a spin lig-
uid is that the monopole excitations of the gauge field (which is necessarily compact)
becomes a charge-1/2 dyon due to Witten effect[68].

Similar phenomenon was also discovered for bosonic SPT states in both two[47]
and three[69] dimensions, where coupling the bosonic matter fields to gauge fields led
to various interesting gauge theories.

In Ref. [1], we carried out an analysis along this line specifically for a physically
motivated case: U(1) spin liquids in three dimensions with time-reversal symmetry.
By putting the matter fields (“charge” and “monopole”) into different possible SPT
phases, we were able to answer the question: what kinds of time-reversal symmet-
ric U(1) gauge theories (spin liquids) are pbssible to emerge from a magnet (a spin
system)? This is a relevant and important question for real materials including Py-
rochlore quantum spin ice.

The result in Ref. [1] is a partial classification, and we will carry out a more

complete classification in a future work|[70].

1.6 Plan of the Thesis

The rest of the thesis is organized as follows: in Chapter 2 I will discuss bosonic
SPT states in three dimensions and their surface topological orders. Along the way
(Sec. 2.4) I will give an explicit construction of various SPT states using coupled layers
of two dimensional topological orders. The latter half of Chapter 2 discusses time-

reversal symmetric U(1) spin liquids, obtained through coupling different boson SPT

29



states with U(1) gauge fields (Sec. 2.8). In Chapter 3 I will discuss gapped symmetric
topological order on the surface of the famous free fermion topological insulator. In
Chapter 4 I discuss in detail SPT phases in interacting clectronic insulators, which is
a physically well motivated case: I will discuss both the classification and character-
izations of different interacting topological insulators. In Chapter 5 I generalize the
work in Chapter 4 to interacting fermionic systems with other symmetries, including
topological superconductors with time-reversal symmetry. In Chapter 6 I discuss a
very simple toy model for some of the SPT phases in interacting fermions. In Chap-
ter 7 I discuss the possibility of realizing a nontrivial SPT phase in frustrated spin-1
magnets in three dimensions.

The work in the remaining parts of the thesis is a synthesis of Refs. [1, 2, 3, 4, 5, 6].
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Chapter 2

Bosonic topological insulators and

their surface topological orders

In this chapter we will study several aspects of the realization of symmetry in exotic
quantum phases - both gapped and gapless, primarily in two dimensions. Of par-
ticular importance to us are the results of Ref. [43] on the protected surface states
of three dimensional bosonic SPT phases. The surface phase diagram was argued to
admit a phase with surface topological order though the bulk itself has no such order.
Furthermore this surface topological order implements the defining global symmetry
in a manner not allowed in strictly two dimensional systems.

We are thus lead to consider in detail consistent implementation of global sym-
metries in several highly entangled quantum phases. First we obtain several new
results and insights into both gapped and gapless phases that are allowed to exist in
strictly 2d systems. These results have immediate application to theories of quantum
spin liquid insulators and of non-fermi liquid metals. Along the way we also obtain
an explicit construction of the various 3d symmetry protected topological insulators
of bosons studied recently in Ref. [43]. In particular we construct a time reversal
symmetric 3d SPT phase that was suggested to exist in Ref. [43] but is not currently
part of the cohomology classification of Ref. [16, 17].

Second we study symmetry realization in three dimensional gapless quantum spin

liquids with an emergent photon. Focusing on time reversal symmetry and on phases
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that can cxist in strictly 3d systems we show that different such spin liquids may
be distinguished by whether the emergent clectric charge excitation is a Kramers
singlet/doublet and its statistics. We show that this distinction is nicely captured by
viewing these phascs as different SPT insulators of the dual ‘magnctic’ particle (the

monopole).

Ref. [71] proposed a formal classification of two dimensional topological order de-
scribed by a deconfined Z; gauge theory in the presence of global symmetries. The
topological quasiparticles can in principle carry fractional quantum numbers of the
global symmetry. More formally this means that they are allowed to transform pro-
jectively under the global symmetry group. The approach of Ref. [71] involves finding
all consistent ways of assigning projective representations to the different topological
quasiparticles. A different classification has also appeared|72] that considers topolog-
ical order with unitary symmetry but restricts to phases where one of the bosonic
quasiparticles has trivial global quantum numbers. Earlier Refs. [73, 74, 75] clas-
sified all two dimensional time reversal invariant gapped abelian insulators using a
Chern-Simons/K-matrix approach. It is expected that all such insulators can al-
ways be described by a multicomponent Chern-Simons theory. The key idea of Refs.
[73, 74, 75] is that the bulk two dimensional theory can be completely characterized
by studying the 1 + 1 dimensional edge theory at the interface with the vacuum (or
equivalently a topologically trivial gapped insulator). This is a multi-component Lut-
tinger liquid theory in which operators corresponding to various bulk quasiparticles
can be easily identified. In particular constraints coming from global symmetries can
be straightforwardly implemented. This approach has recently been used to study
other symmetry enriched 2d topological order in Refs. [76, 77).

How does the interplay of symmetry and topological order that is only allowed
at the surface of 3d systems fit in with the emerging results on the classification of
2d topological order with symmetry? In the first part of this chapter we address
this question in detail for a few examples. Specifically we restrict attention to boson
systems with a few simple internal global symmetries. We also restrict to topological

order described by a deconfined Z> gauge theory. We first use the procedure of
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Ref. [71] to obtain all distinct allowed implementation of the global internal symmetry.
Some of these can be realized at the surface of 3d SPT phases. Then we use elementary
arguments and the results of Ref. [75] to determine which ones of the phases are
allowed in strictly 2d systems. Interestingly the remaining phases are all shown to be

realized at the surface of 3d SPT phases.

Why does the Chern-Simons/edge theory approach select out only those phases
that can exist in strict 2d while the approach of Ref. [71] does not? The key point
is that the former approach assumes that the state in question can have a physical
edge with the vacuum (equivalently a topologically trivial gapped insulator) while
preserving the symmetry. For topological order realized at the surface of a 3d SPT
phase this possibility simply does not exist. A trivial gapped symmetry preserving
state to which the surface topological ordered state can have an interface is forbidden
at the SPT surface. In contrast the methods of Ref. [71] only worry about consistent
assignment of symmetries to the various topological quasiparticles. The requirement
that the state allow a physical edge to the vacuum is not part of the considerations

of this method.

We will denote states which allow a physical edge to the vacuum as ‘edgable’. The
topologically ordered states at the surface of a 3d SPT phase are not edgable while
those allowed in strictly 2d are edgable. The concept of edgability will prove to be
a powerful criterion in deciding which topological ordered states with symmetry are

allowed in strictly 2d systems and which not.

Below we will flesh all this out in several concrete examples. We first study 2d
gapped Z, topological order with a few different symmetries in Sections. 2.1, 2.2 and
2.3. Next we use the insights from these results to provide an explicit construction of
SPT phases with the same symmetries in a system of coupled layers in Sec. 2.4. We
provide a brief discussion of the relationship between the possible surface topological
order in a 3d SPT and its bulk topological field theory in Section 2.5. We turn our
attention then to highly entangled gapless phases. In Section. 2.6 we argue that a pre-
viously proposed gapless vortex fluid (dubbed the ‘Algebraic Vortex Liquid’) cannot

exist with time reversal symmetry in strictly 2d systems, but could arise on the sur-
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face of a 3d SPT state. In Sec. 2.7 we describe the surface Landau-Ginzburg theories
for the 3d SPT phases of interest in terms of dual vortices with non-trivial structure
and discuss the surface phase structure. We also provide an explicit derivation of this

dual surface vortex theory. We conclude in Section 2.9 with a discussion.

2.1 Topological ordered boson insulators: Symmetry
U(l) x zF

We begin by considering a system of bosons with a global U(1) symmetry and time
reversal (Z7 ). The bosons are taken to have charge 1 under the global U(1) symmetry.
In this section we assume that the boson destruction operator b — b under Z¥. This
means that the global symmetry group is U(1) x ZF. We will assume that the
topological order in question has 2 non-trivial bosonic particles (dubbed e and m,
in analogy with the familiar three dimensional U(1) gauge theory) and a fermion
(dubbed €). Any two of these are mutual semions. Further any one of these may
be thought of as a bound state of the other two. This corresponds precisely to the
excitation structure of a deconfined Z, gauge theory in two space dimensions. What
are the allowed topological phases with Z5 gauge structure according to the analysis
of Ref. [71]? The time reversal operation 7 when it acts on physical states of the
bosons must satisfy 72 = 1. Let us denote by 7., the action of time reversal on the

e and m particles. The only restriction on these is that they satisfy

7;2 = He (2.1)
7"rJrzl = Hm (2:2)

with g, = £1. A value —1 of either of these means that the corresponding particle
forms a Kramers doublet, i.e. a two-fold degeneracy protected by time-reversal due
to the fact that 72 = —1. What about symmetry under global U(1) rotations? Here
the distinct possibilities correspond to whether the (e, m) particles carry integer or

fractional charge. In the latter case their charge must be shifted from an integer by %
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These possibilities are nicely distinguished by asking about the action of a 27 global
U(1) rotation Ra,. On physical states Re, = 1. Let us again denote by R;." the

action on the e and m sectors. We then have

R, = 0. (2.3)
e = Om (2.4)

with o, = £1. The realization of the symmetry in this topologically ordered state
is thus described by the numbers (0, fte, Om, 4m). Naively this gives 16 phases but
we must remember that interchanging e and m is simply a relabeling of particles and
does not produce a new phase. This removes 6 possibilities so we are left with a total
of 10 phases for this symmetry.

In Table 2.1 we display the quantum numbers of the e and m excitations of these
10 phases. We label these phases by the excitations that carry non-trivial charge (C)
or time reversal (T) quantum numbers. Thus e0m0 means both the e and m particles
carry trivial quantum numbers, while mT refers to a phase where the m particle is

Kramers doublet and neither e nor m cary half-integer charge, etc.

Phase Oe | Om | Me | Pim Comments
e0m0 1 1 1 1 No fractionalization
eT 1 1 | —=1| 1 | No fractional charge but Kramers
eC -11 1 1 1 b= P*
eCT -1 1 ({-1]1 b= €agfafs; fo in trivial band
eCmT -1] 1 1 | =1 | b =€qpfafs;fa in topological band
eT'mT 1 1 |1-1|-1 3d SPT surface
eCmC -1]-1{1 1 3d SPT surface
eCTmC |[-1]1-1|-1} 1 eCmC & eCmT
eCTmT | -1 1 | -1]-1 eTmT & eCmT
eCTmCT | -1 | -1|-1| -1 eCTmC @ eCTmT

Table 2.1: Symmetry action of U(1)x Z7 (charge is T-even) for Z, topological ordered
states. The first 5 are allowed in strict 2d while the last 5 can only be realized at
surface of 3d SPT phases (or derived from them). Interchanging e and m on each
rolls is simply a relabeling of particles and does not lead to a new phase.

Note that the discussion above made no reference to the edgability of the state.
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To consider only edgable states, let us now switch gears and consider the possibilities
for Z, topological order with the same symmetry as above but within the Chern-
Simons/edge theory approach of Ref. [75]. This naturally selects out edgable states
and hence will enable us to decide which of the 10 states in Table 2.1 can be realized
in strictly 2d systems. We will show that only the first 5 of these are captured in the

Chern-Simons approach.

In the Chern-Simons description of an abelian two dimensional insulator the ef-

fective Lagrangian is given by a multi-component Chern-Simons term

K 1
L= 4—:6“”’\aﬁ&,ai + Zf—’r;e‘“’"Au&,aﬁ (2.5)
v I
where the current density of quasiparticle I is given by jﬁ = f—i—zgﬂ. The integer

matrix Ky — usually called the K-matrix — gives the topological information of the
system, while the charge vector 7; is an integer valued charge of each quasi-particle
through coupling with the external gauge field A,. The allowed quasiparticles carry
integer charge under the different gauge fields o’ which can be expressed in terms of
an integer valued vector [. The mutual statistics of two quasiparticles labeled by {
and !’ is O = 2mwlT K11 while the self-statistics of a quasiparticle is §; = wlTK~1I.

To describe Zs topological order we begin with a 2 x 2 K-matrix

K = 02 (2.6)
20

which captures the statistics of the e and m particles. We will determine the distinct
ways in which the U(1) x ZT symmetry can be realized. First of all note that the
electrical Hall conductivity is given by o4, = 7T K11 = 1y75. Thus time reversal
invariant states must necessarily have at most one of 75 # 0. Henceforth without
loss of generality we will therefore set 73 = 0 and 7» = t. Next the physical charge
of a quasiparticle labeled by [ is given by ¢, = I!K~11 = L2Lt Since we only want to
distinguish half-integer physical charge from integer the distinct possibilities corre-

spond to ¢t = 0,1. Let us now demand time reversal invariance of the Chern-Simons
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Lagrangian. The symmetry realizations classified by the first approach above assume
that the symmetry transformation does not interchange e and m particles. Therefore
we restrict attention to that subclass here. For the first term to be time reversal
invariant it must be that the spatial components a;;, as; transform oppositely under
time reversal. Further if 75 = t is non-zero, then €;;0;a5; must be even under time

reversal. Thus we choose the action of time reversal on the a} to be al — Trja] with
-1 0
T= (2.7)
0 1
As described in Ref. [75] we also need to describe the transformation of the quasi-
particle creation operators. This is conveniently accomplished by using the standard

edge theory that corresponds to the bulk Chern-Simons Lagrangian:
1 1
L= ;E (K”(’)zqﬁ]atqb] T ) + Z(—em,na,,qﬁIA,, (28)

Quasiparticle creation operators corresponding to I = (1,0) and [ = (0, 1) are e*** and
€2 respectively. The time reversal transformation of aj; fixes the transformation of

¢ upto an overall phase. Thus we write

ey ildrtar) (2_9)

ez _y gildrta) (2.10)

However by a shift of ¢; we can always set a; = 0. This is not possible for a;. A
further constraint comes from requiring that all physical operators transform such
that 72 = 1. In particular 72 should take %2 — e%%2. This imposes the restriction
that oz = & with z = 0,1. If z = 0 then the particle created by e%2 is a Kramers
singlet. If z = 1 however 772 takes €2 — —e*? s0 that the particle is a Kramers
doublet.

Thus within this 2 x 2 K-matrix we have four possible states corresponding to the

four possible values of the pair ¢, z. In terms of Table 2.1 these correspond to the four
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phases eOm0, €T, eC, eCmT. Actually a fifth phase eCT is also allowed in strict 2d
but requires a 4 x 4 K-matrix. To see why this is so it is useful to better understand

the physics of the 4 states described so far.

First note that with the K-matrix in Eqn. 2.6 the edge phase fields ¢, ¢o satisfy
commutation relations such that the fields fy = e{#1%%2) satisfy fermion anti com-
mutation relations. Indeed these correspond to I = (1,1),l = (1,—1) and describe
the bulk fermionic € particle. fi are the right and left moving fermions of the one
dimensional edge Luttinger liquid theory. Under a global U(1) symmetry rotation Uy

by angle 8 and time reversal, the fi transform as

UlfeUp = €7 fy (2.11)
TUT = 751, (2.12)

Note that as the € particle may be regarded as a bound state of e and m , it has
quantum numbers o, = 0,05 and py = pepy. For the four cases described above in
terms of edge Lagrangians this is consistent with the symmetry transformation of the

edge fermion fields.

Further insight is obtained by understanding how the four phases corresponding
to the four choices of (¢, ) are obtained within a slave particle (parton) construction
in the bulk. Consider a slave particle (parton) construction obtained by writing the
boson operator b, = a,s, at each site r of the lattice. Here a, destroys a bosonic
parton with charge 1 while s, is an Ising parton (with charge 0). We may take them
to belong to the e sector. Under time reversal a,, s, remain invariant. Further as the
a.,, Sy carry only integer charge, 0, = p. = 1. First we take the a, to form a simple
bosonic Mott insulator and s, to form a simple Ising paramagnet. Then the vison
of the Z, gauge field associated with the slave particle construction will have trivial
quantum numbers so that o, = p,, = 1. This corresponds to Phase eOm0 in Table.

2.1.

Phase eT" can be likewise constructed if we start with two species of physical bosons

b1 and require by <> by under time-reversal (e.g. spin-half bosons). Then we write
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the boson operators as by 2 = a;2512 and put the system into a state such that time
reversal is implemented through (a1,a2) — (—a2,a1) and (s1,52) = (—$2,51). The e
particles in this phase (a1 2 and s 2) are Kramer’s doublets, while the m particle (the
vision) transforms trivially under time-reversal. Nothing carries fractional charge in
this phase.

Phase eC is a familiar one and can be obtained in a slave particle construction
by writing b, = ®2. The ®, destroys a charge-1/2 bosonic parton (denoted “chargon"
in the literature). Under time reversal ®, is invariant. Explicit microscopic models
for the corresponding phase were studied in Refs. [78, 79, 80] with the standard
implementation of time reversal symmetry for bosons (b — b).

Phase eCT is also a familiar one. It can be obtained through a parton construction
by writing the boson operator as b, = €agfrofrg With fro a fermion. We will refer
to @ = 1,2 as a pseudospin index. The fermions carry charge -1/2. Time reversal is
implemented through f., — i(0y) oB frg. Now consider a mean field ansatz where the
fermion f,, forms a (topologically trivial) band insulator that preserves time reversal
but does not conserve any component of the fermion pseudospin. The result is a Z,

topologically ordered state with symmetry implemented as defined for Phase 4.

Phase eCmT is obtained from the same parton construction as for Phase eCT
but when the f,., band structure is topologically non-trivial, i.e the fermions form a
2d topological insulator. Then a 7 flux seen by the fermions (which we may take to
be the m particle) is known to bind a Kramers doublet[62, 63]. Indeed in the edge
theory above if we choose ¢ = 1,z = 1 the edge Lagrangian becomes identical to
that of a fermionic topological insulator formed by the e particle. Thus this parton
construction has the symmetries of Phase 5. Three dimensional analogs of these
phases were studied in Refs. [66, 67).

It is clear now that the phase eCT can exist in strictly 2d systems but is not
captured by a Chern-Simons/edge theory description with a 2 x 2 K-matrix. This can
also be seen by noting that since the physical charge is invariant under time-reversal,
one cannot have a particle that’s non-trivial under both U(1) and 7 symmetries

within this 2 x 2 K-matrix formulation.
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Note that for eCmT" the edge theory is gapless so long as the global symmetry is
preserved. In contrast for the phases eOm0, eT', eC' the edge theory can be gapped by
adding symmetry allowed perturbations. Similarly from the parton construction we
know that though the € particle carries the same quantum numbers for both eCmT
and for eCT the edge theory for eCT can be gapped. From the theory of the fermion
topological insulator it follows that trivial band structure for the € can be built up
from the topological band structure by taking 2 copies and allowing all symmetry
allowed perturbations. This suggests that the the minimal description of eC'T uses a

4 x 4 K-matrix. Specifically consider

00 1 1 ~1 000
0 0 1 -1 0 100

K = T = (2.13)
1 1 0 0 0 00 1
1 -10 0 0 010

with the charge vector 7 = (0,1,0,0). Time reversal is implemented on the edge
boson fields ¢r through ¢; — T1y (¢r + @) with a = (0,0,7,0). It is readily seen
that this describes the eC'T phase.

In passing we note that we can easily generate other 2d Z5 topological phases with
this symmetry by simply adding a layer of the 2d SPT phase allowed with U(1) x ZT
symmetry to one of the 5 examples discussed above. This obvious extension does not
affect our subsequent discussion and we will not consider it further.

In Sec. 2.1.1 we will explain in detail why all the other phases are not possible
within the K-matrix formulation. In the next section we argue that, independent
of the K-matrix formulation, the existence of those phases on SPT surfaces implies

their non-existence in strict 2d systems.

2.1.1 K-matrix descriptions of Z; topological order

In this subsection we consider 2d states in detail. In most cases a 2 x 2 K-matrix

is enough to describe the state because we can identify all particles with the same
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symmetry and topological properties through condensing appropriate combinations
of them, and there remains only one species of e and m particle, respectively. For
example, consider a Kramer’s doublet carrying spin-1/2 b, the combination b b_ is
a singlet under time-reversal and carries no spin, so we can condense it and identify

b_ ~ b\, and time-reversal could be realized through b, — b}, so that 72 = —1.

The 2 x 2 K-matrix was considered thoroughly in the previous discussions, and
it was straightforward to get all the possible states within the framework. It is also
clear from the analysis above that 2 X 2 K-matrix is enough to describe every state
with Z7 and U(1) x ZT (spin) symmetries. For U(1) x Z7 (charge) symmetry, the
2 x 2 K-matrix describes most of the states, except when there is at least one particle
that carries both half-charge and Kramer’s doublet, in which case there is no particle
bilinear that preserves all symmetries, and we should really consider two species of

such particles. For these states, a 4 X 4 K-matrix is needed.

The general form of such K-matrices was given in Ref. [75], with slight modifica-
tions due to the bosonic nature of our systems here. There are three possible forms

of K and T matrices. The simplest one of them

0 A -1 0
K= 2x2 ,T _ 2x2 (2‘14)
Asxa O 0 1ay2

does not work because the T' matrix does not allow a particle to carry both charge

and Kramer’s doublet structure. The next possibility

T1
K W- T
K = 2x2 2x2 = 2 (2.15)
W27;<2 —Koya 1
. s
T — 0 12x2
laxz O

with Way anti-symmetric, does not work either. To see this, simply look at the charge
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carried by any particle ¢, = [;K;; 7. The entries of K} arc either integers or half-
integers. From the structure of the T-matrix and the assumption that time-reversal
doesn’t interchange e and m particle, we find that the only half-integer entries of K1
are Ki; = Ko, K1t = K, Kot = Kb, K3 = Kz3'. Then from the structure of
the 7 vector it is easy to see that the charge ¢; = ZIKI_JlTJ must be an integer for any

integer vector [, so there’s no quasi-particle that carries half-charge.

The only possibility left is thus

(0 4 B B 0
A 0 C -C
K = =" (2.16)
BCDO T3
\B—CO—D T3
(-1 00 0
0 100
T =
0 001
\ 0 010

with det K = (AD — 2BC)? = 4. The inverse of the K matrix is thus

0O D -C -C
_sgn(AD-2BC)| D 0 -B B
- 2 ¢ B A 0
-C B 0 -A

K—l

(2.17)

Therefore to have the right self and mutual statistics, we need A = 4m,D = 2n,
and B,C odd, which makes particle-1 (! = (1,0,0,0)) or 2 (I = (0,1,0,0)) having
w-statistics with particle-3 (I = (0,0,1,0)) or 4 (I = (0,0,0,1)), and all the other

mutual or self statistics trivial.

It is clear from the 7" matrix that particle-2 is time-reversal trivial. Since the
bound state of particle-1 and particle-2 (I = (1, 1,0, 0)) has trivial statistics with any

particle from the structure of K~!, it must be physical hence time-reversal trivial,
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which implies that particle-1 should also be time-reversal trivial. Now consider the
charge of these two particles. It is straightforward to see that with the given charge
vector T, the charge carried by particle-1 or 2 q12 = 7K1y, (J = 1,2) can only
be an integer. Hence particle-1 and 2 carry neither fractional charge nor Kramer’s
doublet.

Recall that our purpose here is to describe phases with a particle that carries
both charge-1/2 and Kramer’s doublet. Hence particle-3 and particle-4 must form a
Kramer’s doublet and carries charge-1/2. So we want the charge vector that makes
q = 11K ;1 half-integer when ! € {(0,0,1,0),(0,0,0,1)}. It is then straightforward
to show that we need 72 to be odd and 73 = 74 to be any integer.

What we have shown above is that if the e-particle carries both charge-1/2 and
Kramer’s doublet structure, the m-particle must be trivial under both symmetry
transforms, i.e. the phase has to be eCT.

For now we make a few comments. Note that in the first four phases the m particle
has trivial quantum numbers. It is only natural that such states where one of the
e or m particles have trivial quantum numbers have trivial quantum numbers can
always be realized in strictly 2d systems. From such states we can always destroy
the Z5 topological order by condensing the m particle to produce a trivial symmetry
preserving insulator. This will not be possible for states that can only be realized at
the surface of 3d SPT phases. In Phase eCmT both the e and m carry non-trivial

quantum numbers. Despite this as we have seen it can be realized in strict 2d.

2.1.2 Surface Equivalence

Now lets move to the last 5 phases of Table. 2.1. Ref. [43] showed that phases eT'mT
and eCmC both arise at the surface of 3d SPT phases. To discuss the other phases
we first define the concept of “surface equivalence" of topologically ordered phases.
We say that two topologically ordered states at the surface of a 3d SPT phase
are “surface equivalent" if one can be obtained from the other by combining with a
strictly 2d states with the same symmetry. The notion of combining two states will

be described in detail below. Consider two Z, topologically ordered states - say states
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A and B - with distinct rcalizations of the global symmetry. This means that at least
one of the e, m particles transform differently under the global symmetry for the two
states. Assume now that A and B have the same symmetry for the ¢ particle or -
in obvious notation - that (oea, ftea) = (0eB, teB) = (Oc, pte). Then we must have
(Oma, ma) # (OmB; imB)-

Now consider the composite system A + B. We allow A and B to couple through
all symmetry allowed short ranged interactions. For weak interaction strengths the
2 states will be decoupled, and the combined system will have deconfined Zy x Z,
topological order. However for stronger interactions e4 can mix with eg as they have
the same symmetry. This partially confines the Z3 x Z, topological order to a simpler
topological ordered state with just a single deconfined Z, gauge structure. We will
denote this new phase A @ B. In this new state the m particles of A and B will be
confined together to produce a new particle magp ~ mamp. Thus A @ B has the
quantum numbers (0¢, 01 A0mB, tey kmAlmB)-

This concept of combining phases enables us to see several equivalences in Table
2.1. For instance it is clear that Phase eC'T" can be obtained as eC' @ €T (by letting
the m particles mix). Let us now consider surface equivalence. Phase eCmC and
eCmT share the same quantum numbers for the e particle. Thus we may combine
them to produce a new Zs phase eCmC @ eCmT which, by inspection, has the same
symmetries as Phase eCT'mC (after a relabeling of e and m). This means that Phases
eCmC and eCTmC are surface equivalent. Specifically consider the 3d SPT phase
with Phase eCmC as its surface topological ordered state. We may then deposit a
layer of Phase eCmT (which is allowed in strict 2d) at its surface, and then let the
e particles mix. This mixing will induce a surface phase transition where the surface
topological order becomes that of Phase eCTm(C. It follows that Phase eCTmC can
also only be realized at the surface of the 3d SPT boson insulator.

Similarly the m particle of Phase eI'mT has the same quantum numbers as the m
particle of Phase eCmT. Letting them mix we get Phase eCTmT. Phase eCTmCT
is also readily seen to be eCTmC @ eCTmT.

Thus we see that the last 5 phases of Table 2.1 are all obtained at the surface
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of 3d SPT phases. All these 5 phases are obtained from two “root" phases (Phase
eI'mT and eCmC) by combining with phases that are allowed in strict 2d or with

each other.

It is interesting to notice that the realization of the 5 phases at the SPT surfaces
implies their absence in strict 2d systems, independent of K-matrix consideration.
One can understand this as follows: if a surface state can also be realized in strict 2d,
then one can deposit such a 2d system onto the surface. The quasi-particles in the two
systems (call them (e;, e2) and (m;,my)) will then have exactly the same symmetry
properties, and the bound states of two particles of the same kind in the two systems
(e1e2 and myms) will be trivial under all symmetries. Moreover, e;e; and m;msy are
mutual bosons to each other. Hence one can condense both e e, and myms without
breaking any symmetry. However, this will confine all the fractional quasi-particles
since any one of them will have mutual 7-statistics with either ejes or mims,, and
the surface will become a trivial phase, i.e. symmetric, gapped and confined. By
definition, the corresponding bulk cannot be a SPT state. Hence the states at SPT
surfaces must not be realizable in strict 2d. This will have interesting implications

for 2d systems, and an example will be given toward the end of this chapter.

It is also interesting to view this result from a different point of view which inverts
the logic followed above. Cousider the problem of identifying 3d boson SPT states
with this symmetry. The results of this section show that there are precisely two
distinct ‘root’ Z, topological orders that can only occur at the surface of SPT phases.
phases . This then gives us two “root" 3d SPT states with this symmetry. This is
the same conclusion arrived at by direct consideration of surface theories in Ref. [43],
and ties in nicely wth the formal cohomology classification (which also gives 2 root
states). Note in particular that of the 2 root states eI'mT is simply inherited from
the 3d SPT with ZI symmetry alone. Thus the only non-trivial SPT state that is
unique to the extra U(1) symmetry is the one with surface topological order eCmC

as was suggested in Ref. [43].
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2.2 Topological Z, spin liquids

Here we repeat the excercise above for symmetries appropriate to quantum spin sys-
tems. We consider two cases: symmetry U(1) x Z7 and symmetry ZZ. The former
describes time reversal symmetric quantum spin Hamiltonians with a conserved com-
ponent of spin. In the latter we only assume time reversal symmetry. The consistent
symmetry assignments for Z, topological order with bosonic e and m particles are

given in Tables. 2.2 and 2.3.

Let’s first consider U(1) x ZT, in which case the U(1) charge goes to minus itself
under time-reversal. The analysis of Ref. [71] again gives the same 10 phases as
before and we will use the same labels. However a difference appears in the K-matrix
classification. For this symmetry class we will see that a 2 x 2 K-matrix is enough to

describe all the 2d states. We have again

k=[°7? T = —1 0 (2.18)
20 0 1

but now the charge vector must be taken to be 7 = (¢,0) with ¢ = 0,1 due to
the different transformation of the density of the global U(1) charge under time
reversal. Time reversal on the edge boson fields continues to be implemented as
®; = T1y (61 + ar) with a = (0, %) (z = 0,1). With this symmetry implementation
we see that the edge field €*?? creates a particle that can either carry 1/2 charge or
be a Kramers doublet or both. The other edge ficld e*** creates a particle with trivial

quantum numbers. This leads to four phases corresponding to eOm0, eT", eC and eCT.

The standard slave boson/fermion construction of Z» spin liquids - as in the classic
work of Refs. [81, 82] - give (when the spin symmetry is U(1)) the state eCT. The
spinon in these constructions both carries spin-1/2 and is a Kramers doublet. The
easy axis Kagome lattice spin model of Ref. [83] provides an explicit microscopic
model for a Z, spin liquid with U(1) x ZF symmetry. In the standard interpretation
the spin S, of that model labels the two members of a Kramers doublet states of

a microscopic Ising spin. Time reversal is then implemented in terms of the spin
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operators as usual through S — —S. In that case in the Z, spin liquid phase the
spinons are readily seen to both carry S, = i% and be Kramers doublets to realize the
eCT class. There is a different implementation of time reversal symmetry in this easy
axis Kagome spin model. If the S, labels two members of a microscopic non-Kramers
doublet then we must interpret the S as a ‘pseudo spin’ 1/2 operator that acts in this
two dimensional Hilbert space at each site. Time reversal takes S, = —9,, St — S~.
In that case the spinons in the Z, spin liquid phase will have spin S, = :J:% but will
be Kramers singlets. Thus we have a realization of the eC' phase in the model of

Ref. [83].

Phase eCmT which was allowed earlier in Sec. 2.1 now does not appear. Physically
this is because the "topological band" in the U(1) x ZT symmetry becomes trivial in
the U(1) x Z¥ case. The easiest way to see this is to consider the edge theory, which
has two counter-propagating fermions. With U(1) x Z symmetry, one can mix the
two fermions (hence gap out the edge) without breaking any symmetry, even if the

fermions form Kramer’s pairs.

The absence of the eCmT phase in strict 2d modifies the equivalence relation
established in last section. In particular, the last three phases in Table 2.1 will not be
equivalent to either eT'mT or eCmC. Actually in Ref. [43], three distinct ‘root’ SPT
phases were discussed corresponding to those with surface topological orderseT'mT,
eCTmT and eCTmCT. The last three phases in Table 2.2 are thus surface topological
orders corresponding to other SPT phases that may be obtained by combining these

root phases. This is in perfect agreement with the results of Ref. [43].

Next we consider Z7 symmetry alone, which is much simpler. It is straightforward
to see that the phases e0m0 and eI'm0 can be realized in strict 2d, while eT'mT" can
only appear on an SPT surface. The corresponding table is simply a subset of the

previous two.
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Phase Oc | Om | e | tim Comments
e0m0 1 1 1 1 No fractionalization
eT 1 1 | -1} 1 | No fractional charge but Kramers
eC -1] 1 1 1 b= P2
eCT -1 1 |-1}] 1 b=exsfafs
eT'mT 1 1 1-1]-1 3d SPT surface
eCTmT | -1} 1 | -1] -1 3d SPT surface
eCTmCT | -1 | -1]|-1]} -1 3d SPT surface
eCmT 111 1 | -1 eI'mT @ eCTmT
eCTmC |-1{-1]|-1| 1 eCTmT & eCTmCT
eCmC —-1|-1] 1 1 eCTmC @& eCmT

Table 2.2: Symmetry action of U(1) x ZT (charge is T-odd) for Z, topological ordered
states. The first 4 are allowed in strict 2d while the last 6 can only be realized at
surface of 3d SPT phases (or derived from them)

Phase | pe | ttm Comments
e0mO0 1 1 | No fractionalization
eT -1 1 Kramers

[eTmT | 1] -1| 3dSPT surface |

Table 2.3: Symmetry action (Z7) for Z, topological ordered states. The first two
are allowed in strict 2d while the last one can only be realized at surface of 3d SPT
phases
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2.3 All fermion 7, liquids

We now extend our analysis to a very interesting topological order where there are
three distinct topological quasi-particles, all of which are fermions f; 23, and there’s
a mutual 7-statistics between any two of them. This can be viewed as a variant of
the usual Z, liquid, in which both the e and m particles become fermions. Since
they have a mutual n-statistics, the bound state ¢ = em is still a fermion and has

m-statistics with both e and m.

The statistics of this phase is perfectly compatible with time-reversal symmetry,
but the realization in strict 2d turns out to be always chiral and hence breaks time-
reversal. One way to understand this is to start from a conventional Z, topologically
ordered liquid with bosonic e and m particles. Then put the fermionic € particle into
a band structure such that the vison also becomes a fermion. This may be fruitfully
discussed in terms of the edge Lagrangian for the € field. The vison operator appears
as a ‘twist’ field that creates a 7 phase shift for e. For a single branch of chiral
(complex) fermion on the edge e*-.® the twist operator is *2:2/2, This has conformal
spin £1/8 so that in this case the vision is an anyon with fractional statistics. Very
generally take a theory with npg right moving and ny, left moving fermions all of which
correspond to the same bulk € particle which see a single common vison. This acts as
a common twist field for all the edge fermions and hence has conformal spin 2£2=L.
Therefore to make the vison fermionic one needs ny — ngp = 4 mod 8. One such

realization is given by the 4 x 4 K-matrix

2 -1 -1 -1

-1 2 0 0

K= (2.19)
-1 0 2 0
-1 0 0 2

which has chiral central charge 4. Since the chiral central charge is non-zero this

phase clearly cannot arise in a time reversal invariant strictly 2d system.

However Ref. [43] suggested that such an all fermion Z» topological order can
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arise at the surface of a 3d SPT phase with time reversal symmetry. In this state if
the surface is gapped by breaking time reversal symmetry then there is a quantized
thermal Hall conductivity x,, = +4. However if time reversal symmetry is present
and the surface is gapped, there will be surface topological order. Ref. [43] proposed
that this is a Z5 topological order which is a time reversal symmetric all fermion state.
To understand why this is reasonable consider starting from the all fermion surface
topological ordered state. What should we do to confine all the fermion excitations in
the surface? It is clear from the discussion above that if we take one of the fermions
and put it in a Chern band such that the surface x;, = %4 then the other two
topological quasiparticles will become bosons. These bosons can now be condensed
to get a confined surface state. However this clearly requires broken time reversal
symmetry and will give a &, = +4 which is indeed the right ZI broken surface state
for this proposed SPT. This kind of 3+1-D SPT phase with ZI symmetry is not
present in the cohomology table of Ref. [16, 17]. Including this 3d SPT surface state

and using the language in the last few sections, we have a new table (Table 2.4).

Phase | pe | ttm Comments
ef0m70 | 1 | 1 | All fermions, singlets
eSTm/T| -1 -1 ef0m70 @ eTmT

Table 2.4: Symmetry action (ZI) for all- fermionic Z, states. Both states can only
be realized at surfaces of 3d SPT phases

The second phase in the table is obtained from the first by adding a usual Z,
liquid in the eI'mT phase, then condense the bound state of the ¢/ = efm/ in the
fermionic liquid and the € = em in the eT'mT liquid. Since the eT'mT phase cannot
be realized in strict 2d, the two phases ef0mf0 and efTmfT should be viewed as
inequivalent, hence give rise to two distinct SPT phases with time-reversal symmetry
in addition to the one with the eT'mT surface Z, topological order. Thus in total
with ZT symmetry we actually have 3 non-trivial SPT phases corresponding to a
Z% classification. (The cohomology classification of Ref. [16, 17] gives instead a Z,

classification).
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2.4 Constructing SPT with coupled layers of Z; lig-
uids

From the considerations in the previous sections, it is clear that to construct a 3+1-
D SPT state, we only need to construct the corresponding topological order on the
surface but have a confined bulk with gapped excitations. In this section we give
one such explicit construction using coupled layers of 2d Z, liquids. Specifically we
consider a system of stacked layers where each layer realizes a Z, topological order
that is allowed in strictly 2d systems. Then we couple the different layers together
in such a way that the bulk is confined and gapped. But we show that the surface
layer is left unconfined and further corresponds to the surface Z, topological order of
an SPT phase. A similar coupled-layer construction of the free fermion topological
insulator was proposed[84] to obtain the single Dirac cone on the surface. We first
illustrate this by constructing the eI'mT with ZZ symmetry, and it will be clear later
that this can be generalized to all the SPT states mentioned in this chapter.

Consider stacking N layers of Z, liquids in the €T state which is allowed in strictly
2d. Now turn on an inter-layer coupling to make the composite particles e;m;y1€:42
condensed, where ¢ is the layer index running from 1 to N—2. Note that the e;m;1€;42
all have bosonic self and bosonic mutual statistics so that they may be simultaneously
condensed. As illustrated in Figure 2-1, this procedure confines all the non-trivial
quasi-particles in the bulk. However four particles on the surfaces survive as the
only deconfined objects: e, mies, en, myeny_1. Notice that e; and m;es are mutual
semions and have self-boson statistics. Thus they form a Z, liquid at the top surface.
Similarly ey and mpyen_; are self bosons, have mutual semion statistics and form a
Zs liquid at the bottom surface. The key point however is that all these particles
have 72 = —1. Thus either surface is in the eI'mT state though the bulk has no
exotic excitations. By the analysis above we identify this with the 3d SPT state with
Z¥ symmetry.

This construction can be immediately generalized to other SPT states. For exam-

ple, to get the eCmC (or eCTmCT) state with U(1) x ZT or U(1) x Z¥ symmetry,
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just stack layers of eC' (or eC'T) states and condense e;m; 1€;,5.

Most interestingly, the all-fermion Z, surface topological state with global ZT
symmetry, which is quite hard to construct using other methods, can also be con-
structed in this way: simply start with stacked 2d Z, liquids where all particles
e, m, € are invariant under T-reversal. Such a Zs state is obviously allowed in strict
2d. Now condense €;m;1€;42 instead of e;m; 16,12 in the above constructions, where
€; = e;m; is the fermion in the 2d Z, gauge theory. Again the €;m; 1€, 12 have both
self and mutual boson statistics so that they may be simultaneously condensed. This
confines all bulk topological quasiparticles. The surviving surface quasi-particles will
be €;, my€5 at the top surface and ey, myen_1 at the bottom surface. These particles
are all fermions, and the two particles at either surface have mutual semion statistics.
It follows that either surface realizes the all-fermion Z, topological order but now in
the presence of ZF symmetry. We have thus explicitly constructed the SPT phase
discussed in Section. 2.3.

‘This coupled layer construction gives very strong support to the results of Ref. [43]
on the various SPT phases. In particular it removes any concerns on the legitimacy
of the state of Sec. 2.3 with ZI symmetry not currently present in the cohomology

classification.

2.5 Relation with bulk topological field theories

Here we provide an understanding of the results obtained above from topological field
theories in the bulk. It was shown in Ref. [43] that bosonic topological insulators in
3d with (U (1))N symmetry has a bulk response to external ‘probe’ gauge fields A’
characterized by a 6-term with 6 = 7:
4 ijkla Ala A
La = @KL}E a,;AjakAl . (220)
If under symmetry transformations (e.g. time-reversal) the f-angle transforms as

0 — —0, then the § = 7 term is symmetric in the bulk, but on the boundary it
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Figure 2-1: Coupled-layer construction of SPT states. The particle composite in
the ellipses are condensed, and only the four surface particles in the dotted ellipses
survived as deconfined topological quasi-particles.

reduces to a (mutual) Chern-Simons term with symmetry-violating responses. This
was a familiar issue in the non-interacting fermionic topological insulator, where a
single Dirac cone was introduced on the boundary to cancel the time-reversal violating

response through parity anomaly.

In our cases let us understand how this works out when the surface is in a symmetry
preserving gapped topological ordered phase of the kind studied in this chapter. We
will show that the symmetries of the topological order on the boundary are such as
to cancel the Chern-Simons response arising from the #-term. To illustrate the idea
we take K5 = o, which applies to a large class of SPT phases in 3d. This will give

a mutual Chern-Simons term on the boundary
Les = —€9%4,,0; A (2 21)
CS l 1,iU5; 22k - .

This term alone would give a response that breaks time-reversal symmetry. To cure

it we put a Z5 topological liquid on the boundary, with the e and m particles coupling
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to Ay o respectively. The Lagrangian is given by

1. 1, .
LZ2 = ;e“kal,iajag,k -+ % (6 "”Al,,iajal,k + € ”Ag,iajag,k) . (222)

Integrating out a; 2 induces a mutual Chern-Simons term for A; ; which exactly can-
cels what arose from the bulk #-term and hence restores time-reversal symmetry.
The topological ordered states with symmetry that are forbidden in strict 2d real-
ize the symmetry in an ‘anamolous’ way. The corresponding topological field theories
cannot be given consistent lattice regularizations which implement the symmetry in
a local manner. The discussion in this section illustrates how these theories can
nevertheless be given a higher dimensional regularization as the boundary of a non-
anomalous field theory. This has the same essence with the anomaly cancellation in
free fermion TI1. It will be interesting for the future to have criteria to directly identify

such ‘anamolous’ symmetry in a topological field theory.

2.6 Constraints on gapless 2d quantum spin liquids:

Absence of Algebraic Vortex Liquids

We now turn to gapless quantum liquids in two space dimensions. Examples are
gapless quantum spin liquid phases of frustrated quantum magnets, or non-fermi
liquid phases of itinerant fermions or bosons. Symmetry plays a very crucial role in
the stability of these phases. The example of the topologically ordered gapped states
considered in previous sections lead us to pose the question of what kinds of putative
gapless phases/critical points are allowed to exist with a certain symmetry in strictly
2d systems. First of all we note that in contrast with gapped topologically ordered
phases global symmetries typically play a much more important role in protecting
the gaplessness of a phase. The symmetry may forbid a relevant perturbation to the
low energy renormalization group fixed point that, if present, may lead to a flow to a
gapped fixed point. Here however we are interested in a more general question. We

wish to consider gapless fixed points that can be obtained by tuning any finite number
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of relevant perturbations. This includes not just bulk 2d phases but also critical or
even finitely multi critical quantum systems. We are particularly interested in such
gapless 2d fixed points with symmetry that cannot exist in strict 2d but may only

exist at the surface of a 3d insulator (SPT or otherwise).

To set the stage consider a simple and familiar example in a free fermion system.
The surface of the celebrated time reversal symmetric electron topological insulator
(symmetry U(1) x ZI has an odd number of Dirac cones. Such a gapless state cannot
exist in strict 2d fermion systems with the same symmetry even as a multi critical
point. However if we give up time reversal symmetry this state is allowed as a critical
point in strict 2d. An example is provided by a 2d free fermion model poised right
at the integer quantum Hall transition. Thus symmetry provides a strong restriction

on what gapless fixed points are allowed in strict 2d.

We focus now on a very interesting gapless state proposed[85, 86, 87| to exist
in strict 2d in frustrated XY quantum magnets (symmetry U(1) x ZT) or in boson
systems (symmetry U(1) x Z7). This state - dubbed an Algebraic Vortex Liquid
(AVL) - was obtained in a dual vortex description by fermionizing the vortices and
allowing them to be massless. A suggestive approximation was then used to derive a
low energy effective field theory consisting of an even number of massless 2-component
Dirac fermions (the vortices) coupled to a non-compact U(1) gauge field. The AVL
state has been proposed to describe quantum spin liquid states on the Kagome and
triangular lattices. In terms of development of the theory of gapless spin liquids/non-
fermi liquids the AVL proposal is extremely important. To date the only known
theoretical route to accessing such exotic gapless phases of matter (in d > 1) is
through a slave particle construction where the spin/electron operator is split into a
product of other operators. If some of the resulting slave particles are fermions, they
can be gapless. In contrast the AVL presents a new paradigm for a gapless highly
entangled state which is likely beyond the standard slave particle approach. It is

therefore crucial to explore and understand it thoroughly.

We now argue that the AVL state cannot exist in strictly 2d models with either
U(1) x ZT or U(1) x ZT symmetry. This is already hinted at by several observations.
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First it has never been clear how to implement time reversal in a consistent way in the
AVL theory. The AVL is obtained from the usual bosonic dual vortex theory through
a flux attachment procedure to fermionize the vortices. This leads to an additional
Chern-Simons gauge field that couples to the fermionized vortices. However this new
gauge field can be absorbed into the usual dual gauge field to leave behind a three
derivative term for a residual gauge field. It was argued that this three derivative
interaction is formally irrelevant in the low energy effective theory. This argument
is delicate though. In the simplest context [88] where such an approximation was
made an alternate description[89] in terms of a sigma model revealed the presence of
a topological # term at # = 7. The topological term also has three derivatives but
its coeflicient is protected by time reversal symmetry and does not flow under the
RG. It’s presence presumably crucially alters the physics of the model. Thus one may
worry about the legitimacy of the approximations invoked to justify the AVL phase.

Note that the fundamental issue that needs to be addressed with the AVL phase
is whether it realizes symmetry in a manner that is allowed in 2d spin/boson systems.
This is of course the kind of question that is the essence of this chapter. A final hint
that the AVL phase may not exist in strict 2d comes from recent work[43] showing
that gapless quantum vortex liquids with fermionic vortices can actually arise at the
surface of time reversal symmetric 3D SPT phases. This strongly suggest that such
phases cannot arise in strict 2d with the same symmetries. Below we will sharpen

these arguments.

Consider the proposed effective field theory for the AVL phase:
- . . 1 2 1 ert
L =1, (zé’” - 1¢#> Yo + 22 (€ur0yan)” + -2?(1,‘6,,1,)\81,14)\ (2.23)

Here 9, (a = 1,.....2N) are the fermionized vortices, a, is a non-compact U(1) gauge
field whose curl is 27 times the global U(1) current, and A%™ is an external probe U(1)
gauge field. Note that the vortices themselves do not carry physical U(1) charge. As
mentioned above the realization of time reversal in terms of these fermionized vortex

fields has always been a tricky issue for the AVL theory. To sharpen the issue we now
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consider a phase that is accessed from the AVL phase by pairing and condensing the
1o fields. In the original AVL literature[85, 86, 87] a number of phases proximate to
the AVL were studied by assuming that four fermion interactions were strong enough
to give a mass to the fermions. A number of different such mass terms leading to
various symmetry breaking orders were examined. Here instead we imagine a mass
term that corresponds to vortex pairing that preserves the global internal symmetry.

The vortex pair condensation will gap out the gauge field a, and will give an
insulator. However as the v, fields are vortices of the original boson this is a phase
with Z, topological order. The fermionized vortices survive as ‘unpaired’ gapped
quasiparticles in this topological phase. We may identify them with the e particle
which in this case has zero global U(1) charge. In the notation of previous sections
o¢ = 1. Furthermore the pair condensation will quantize the gauge flux V x a in units
of m so that one of the topological quasiparticles (which we take to be the e particle)
has 1/2 charge, i.e 0, = —1.

Now it is clear from Tables 2.1 and 2.2 of the previous sections that in strict 2d
such a state can exist only if the e particle also carries 1/2 charge, i.e 0. = —1.
However we just argued that the Z, topological ordered state realized from the AVL
state has 0. = 1, i.e it carries zero global U(1) charge. It follows that such a Z,
topological ordered state cannot exist in strict 2d. Note that we did not explicitly
rely on time reversal symmetry in our analysis (though it is implicit in deciding which
Z, states are allowed in 2d).

Thus the Z, topological ordered states that descends from the AVL is not allowed
to exist in strict 2d. This then implies that the AVL itself cannot exist in strictly 2d
systems so long as both global U(1) and ZI symmetries are present.

Can gapless quantum vortex liquids ever exist in strictly 2d? One option is to
break time reversal symmetry. Then our arguments do not prohibit the formation of
fermionic vortices which can then be in a gapless fluid state. Indeed such a gapless
magnetic-field induced vortex metal state was proposed to exist in 2d superconducting
films in Ref. [90]. A different option - which we elaborated in Ref. [91] - that preserves

internal symmetries is obtained by fractionalizing the vortices into fermionic partons
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which can then be gapless.

2.7 Dual Landau-Ginzburg theory of SPT surface

In this Section we briefly describe the Landau-Ginzburg theory of the surface of 3d
SPT states (symmetry U(1)x Z3 or U(1) x Z]) in terms of dual vortex fields. Ref. [43]
showed that the difference with a trivial surface is captured very simply in terms of
the difference in the structure of the vortex (this should be understood as the point
of penetration of the 3d vortex line with the surface). Here we elaborate on this dual
theory and present an explicit derivation starting from the surface topological ordered
phase.

Let us consider U(1) x ZI and consider the phase labeled by surface topological
order eCmC (the symmetry U(1) x Z7 analysis is essentially the same). According to
Ref. [43] the boundary vortex is then a Kramers singlet fermion. The corresponding

surface Landau-Ginzburg Lagrangian may be written schematically
1
[:d = L[C, a”] + ZT'A;,EMV)‘&,GA (224)

The first term describes a (spineless) fermionic field ¢ coupled minimally to the dual
internal gauge field a,, and A, is an external probe gauge field. The field ¢ describes

the fermionic vortex. The global U(1) current is as usual

. 1
Ju= —2;6,“,)\3,,(;,\ » (2.25)

If instead the field ¢ were a boson the Lagrangian above would be the standard dual
Lagrangian for a system of strictly 2d bosons. Let us first describe the phase structure
of this dual fermionic vortex theory. We will then provide an explicit derivation that
is complementary to the general considerations of Ref. [43].

If the fermionic vortex c is gapped and in a trivial ‘band’ insulator, then as usual
we get a surface superfluid. Note that as ¢ is a fermion it cannot condense. This

precludes the usual mechanism of vortex condensation to obtaining a trivial boson
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insulator as expected for an SPT surface. The surface superfluid order can be killed
if pairs of ¢ condense, i.e < cc ># 0. This leads to a surface topological order
described by a Z; gauge theory. There is the unpaired fermion that survives as a
gapped excitation carrying zero global U(1) charge. We identify this with the neutral
€ particle. The pair condensation quantizes flux of a, in units of #. This carries
global U(1) charge 1/2 and we identify this with the e particle. It follows that this is
the eCmC phase.

As described in Ref. [43] if we break time reversal at the surface we can get a
gapped phase without topological order. This is obtained by simply letting the c-
fermionic vortices completely fill a topological band with Chern number =1, i.e the
Hall conductivity of the c-fermion is o7, = 1. To see that this indeed describes the
correct T-broken surface state we use a Chern-Simons description of this state. First

rewrite the fermion current j7 in terms of a dual gauge field a:

. 1 .
.7;{ = Eepukaua/\ (226)

When the fermion has Hall conductivity, say +1, the effective Chern-Simons La-
grangian in terms of (a, @) becomes

1 1
—ada + —

L=
4r 2r

.1
ada + g;Ada (2.27)

We have used the compact notation da = €,,,0,a,). This is a 2-component Chern-
i

Simons theory with a K-matrix
11
K = (2.28)

with charge vector 7 = (0,1). This state has electrical Hall conductivity o, =
7T K~'7 = —1. Further as this K-matrix has one positive and one negative eigenvalue,
it is a non-chiral state with k5, = 0. Finally there is no surface topological order as

|detK| = 1. These are exactly the right properties of the T-broken surface state
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without topological order at this SPT surface.

Thus the fermionic vortex Landau-Ginzburg theory correctly reproduces the sur-
face phase structure of this SPT phase. We note that if the c-fermion had band
structure with an even number of gapless Dirac fermions we get exactly the proposed
Lagrangian for the AVL phase, consistent with the claim in Sec. 2.6 that the AVL
state can only occur at the surface of an SPT state (with T-reversal) and not in strict

2d.

A different SPT state with U(1) x ZT symmetry has a bosonic Kramers doublet

vortex 24, @ = 1,2. The corresponding dual Landau-Ginzburg theory takes the form
1

Ly = L[za,a,] + Q—Ada (2.29)
s

Under time reversal z, — iazﬁzﬁ. Finally by stacking the two SPT phases described
above we obtain a third SPT with a fermionic Kramers doublet vortex field ¢, with
Lagrangian

1
Lq= Llca,a,] + —2—7—;Ada (2.30)

The surface phase structure of these other SPTs can be readily discussed in terms
of these dual Landau-Ginzburg theories. In all these cases there is a bulk-edge cor-
respondence that relates the structure of the surface vortex to the properties of the
bulk monopole when the global U(1) symmetry is gauged. Including the trivial (i.e
non-SPT) insulator, we have four possible SPT phases with four distinct surface vor-
tices (end points of bulk vortex lines). These correspond precisely to the four possible

bulk monopoles of the gauged SPT as discussed in Sec. 2.8.2.

We now provide an explicit derivation of Eqn. 2.24 for the corresponding SPT
phase. Let us begin with the surface topological order eCmC. Under time reversal

the e, m particles transform as

TeT = € (2.31)
T'mT = ml (2.32)
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while the € particle is left invariant. It is convenient for our purposes to focus on the e
(described by a boson field b) and e (described by a fermion f) particles with mutual
semion interactions. We will implement this in a lattice model of the surface through
two Ising gauge fields o, u with a mutual Ising Chern-Simons term[80]. The mutual
Chern-Simons term imposes a constraint relating the integer valued lattice 3-current

J» to the Ising gauge flux of o that the fermion sees:
(-1 =[] ous (2.33)
P

Here the plaquette product in the RHS is taken over the space-time plaquette pierced
by the link of the dual lattice on which the boson current flows. The lattice space-time

Lagrangian may be taken to be

L = Ly+ Ly (2.34)
Ag

Ly = Kjo,+ ijba.( 5 ) (2.35)

ﬁf = —04 (tz]fjf] + h.c+ ) (236)

The fermion Lagrangian will in general also include pairing terms f;f; + h.c. As
before A is the external probe gauge field. We now implement a standard duality
transformation on the b field by first writing j, = V x a with o an integer. As this
kind of duality has been explained in detail in Refs. [80, 89] we will be very brief.

The mutual semion constraint Eqn. 2.33 can be solved to write

(-1)* =0 (2.37)

This means that the integer a = 2o/ + § (1 — o) with o/ an integer. Imposing the

integer constraint on o’ softly leads to a term
— Aeos (2ma’) = —Aoijcos (Ta;) (2.38)

We may now define ma = a and extract a longitudinal piece a;; — a;; + ¢; — ¢; to
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obtain a dual vortex Lagrangian in Euclidean space-time:

L = Lo+L; (2.39)
Ly = —oycos (Vo +a) + ;’”—2- (V x a)? (2.40)
+1:§%A.v xa (2.41)

Finally tracing over the Ising gauge fields o gives a dual vortex theory in terms of

two fermionic fields ¢y defined through
cy = fet? (2.42)

However generically due to pairing terms in the f Lagrangian ¢_ can mix with ci S0
that there is a unique fermion field c = ¢, ~ c' . This then gives us the dual fermionic
vortex Landau-Ginzburg theory in Eqn. 2.24. For U(1) x Z¥ under time reversal we
must have ¢ — ¢. The dual vortex theory for the surface of the U(1) x ZZ SPT (with
eC'mC surface topological order) can be derived identically, and takes the same form

except that under time reversal ¢ — ct.

2.8 Time reversal symmetric U(1) quantum liquids

in 3+ 1 dimensions

We now turn our attention to three dimensional highly entangled states with time
reversal symmetry. In three dimensions, interesting gapless quantum liquids with an
emergent gapless U(1) gauge field are possible[92]. Explicit lattice models for such
phases were constructed and their physics studied in Refs. [79, 93, 94, 95, 96, 97, 98|.
Interest in such phases has been revived following a recent proposed realization[99]
in quantum spin ice materials on three dimensional pyrochlore lattices. It is thus
timely to understand the possibilities for the realization of symmetry in such phases
with emergent photons. Here we will restrict attention to time reversal symmetry in

keeping with the theme of the rest of the chapter.
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The excitation spectrum of the U(1) quantum liquid consists, in addition to the
gapless photon, point ‘electric’ charges (the e particle) and point ‘magnetic’ charges
(the m particle or monopole). We will only consider the situation in which both the
e and m particles are gapped, and will focus on phases that can be realized in strictly
3d systems (as opposed to U(1) phases allowed at the boundary of 4 + 1 dimensional
SPT phases). Following the discussion of previous sections, a simple restriction that
ensures this is to assume that one of the e or m particles has trivial global quantum
numbers and is a boson. Without loss of generality we will assume that it is the m

particle.

The low energy long wavelength physics of the U(1) liquid state is described by
Maxwell’s equations. As usual they imply that the emergent electric and magnetic
fields transform oppositely under time reversal. We will distinguish two cases depend-

ing on whether the electric field is even or odd under time reversal.

2.8.1 Even electric field

First we consider the case E — E, B — —B under time reversal. This is what happens
in the usual slave particle constructions of U(1) spin liquids through Schwinger bosons
or fermions. The electric field on a bond gets related to the bond energy which is
clearly even under time reversal. Consistent with this the magnetic field gets identified
with the scalar spin chirality which is odd under time reversal. Then the electric
charge g. — g. and magnetic charge ¢,, & —¢,,. Let us introduce creation operators
ef,m! for the e and m particles. With the assumption that m' has trivial global

quantum numbers and is a boson, it must transform under time reversal as
T 'mIT = e*mm (2.43)

However the phase a,, has no physical significance. It can be removed by combining
T with a (dual) U(1) gauge transformation that rotates the phase of m (more detail

follows in Sec. 2.8.3). So we may simply set a,, = 0. Let us consider now the e
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particle. If there is just a single species of e particle, then we must have
T e T = e'el (2.44)

Now the phase a, can be absorbed by redefining the e operator and so we set o, = 0.
The e particle transforms trivially under ZF. There are nevertheless two distinct
phases depending on whether e is a boson or a fermion. More phases are obtained
by considering a 2-component e field: e = (eq, e2). The new non-trivial possibility is

that this 2-component e field transforms as a Kramers doublet under Z7:
Te'T = ioyel (2.45)

Clearly we have T 2e!7T2 = —e! but the action of 72 on physical (gauge invariant
local) operators gives 1. For instance e‘ieg is a physical operator and we clearly have
T"2eJ{eg’T‘2 — ele;. When e is a Kramers doublet it can again be cither a boson
or a fermion. The former is obtained in the standard Schwinger boson construction
and the latter in the Schwinger fermion construction. Thus we have a total of four
possible phases corresponding to e being a Kramers singlet/doublet with bose/fermi

statistics and a boson monopole with trivial global quantum numbers.

2.8.2 U(1) quantum liquids as monopole topological insulators

The four U(1) quantum liquids described above were distinguished by the symmetry
and statistics of the e particle. We now develop a very interesting alternate view
point where we understand these four states as different SPT insulators of the bosonic
monopole with trivial global quantum numbers. As the magnetic charge is odd under
time reversal, the monopole transforms under Uy(1) x ZI where Uy(1) is the gauge
transformation generated by the monopole charge. It is useful (though not necessary)

to perform an electric-magnetic duality transformation: this exchanges the e and m
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labels:

e & my (2.46)

m << eg (2.47)

We included a subscript d on the right side to indicate that these are the dual labels.
Now eq is a gapped boson that transforms under U,(1) x ZI. Thus we may regard the
U(1) quantum liquids as insulating phases of e4 obtained by gauging the U(1) part
of a U(1) x ZT symmetry. Note that ey transforms under a linear (i.e not projective)
representation of Uy(1) X ZZ. As discussed in previous sections such bosons can be in
a number of different SPT phases. We now study their fate when the U(1) symmetry
is gauged.

Gauged bosonic SPT phases in 3d

In 2d Ref. [47] studied the fate of bosonic SPT insulators with discrete global unitary
symmetry when that symmetry is gauged. It was shown that the result was a topo-
logically ordered gapped quantum liquid with long range entanglement. A general
abstract discussion of such gauged SPT phases for unitary symmetry groups (i.e not
involving time reversal) has also appeared[100]. Here we are interested in 3d SPT
phases with U(1) X Z7 symmetry. A gauged 3d SPT phase with U(1) x Z7 was also
studied very recently in a beautiful paper[69]. Using the known 6 = 27 electromag-
netic response[43], it was argued that the monopole of this gauged SPT is a fermion,
and this was used as a conceptual starting point to discuss the surface of this SPT.
Here we will discuss the gauged SPT from a different and more general point of view
that will enable us to also discuss SPT phases where the electromagnetic response
has no 6 term (necessary for the results in this subsection).

Refs. [43, 101] show that a key distinction between different SPT phases with the
same symmetry is exposed by considering the end points of vortex lines of the boson at
the interface with the vacuum. It will be convenient to label the SPT phases by their

possible surface topological order (whether or not such order is actually present in
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any particular microscopic realization). For one simple example SPT phase (the one
whose surface topological order is eC'm(C') these papers argued that a surface Landau-
Ginzgburg theory is obtained in a dual description in terms of fermionic vortices. In
another SPT phase (labeled by surface topological order eC'mT) the surface vortex
is a boson but is a Kramers doublet. By stacking thesc two phases together we can
get a third SPT phase where the surface vortex is a fermionic Kramers doublet. In
contrast for topologically trivial insulators the surface vortex is a bosonic Kramers
singlet. In Appendix 2.7 we describe these surface dual Landau-Ginzburg theories
and their implied surface phase structure. We also provide an explicit derivation that

is complementary to the arguments of Ref. [43].

Closely related to this we can also consider external point sources for vortex lines
directly in the bulk. In the Hilbert space of the microscopic boson model the vortex
lines do not have open ends in the bulk. So these external sources for vortex lines must
be thought of as ‘probes’ that locally modify the Hilbert space. These will behave
similarly to the surface end points of vortices. For example in the SPT labelled
eCmT Ref. [101] shows that the ground state wave function is a loop gas of vortices
where each vortex core is described as a Haldane spin chain. An externally imposed
open end for a vortex string will terminate the core Haldane chain so that there is a
Kramers doublet localized at this end point. In this case the external vortex source is
a bosonic Kramers doublet. In the other example SPT (labelled eCmC') the vortices
are ribbons with a phase factor (—1) associated with each self-linking of the ribbon.
Open end points of such vortex strings are fermionic Kramers singlets. Obviously
stacking these two phases together produces an SPT where bulk vortex sources are
fermionic Kramers doublets. In contrast in trivial boson insulators such bulk external

vortex sources are bosons with trivial quantum numbers under global symmetries.

This understanding of the different SPT phases immediately determines what
happens when the U(1) symmetry is gauged. As these phases are gapped insulators
(at least in the bulk) there will now be a dynamical photon. More interesting for
our purposes is the fate of the magnetic monopole my. The monopole serves as a

source of 2 magnetic flux for the ey4 particle. Thus it should precisely be identified
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with the source of vortex lines. It follows that mg4 can therefore either be a Kramers
singlet/doublet and have bose/fermi statistics.

Reversing the duality transformation we see that these are precisely the four
distinct U(1) quantum liquids discussed in the previous subsection. We have thus
established our promised claim that these different U(1) quantum liquids may be

equivalently viewed as different bosonic monopole SPT insulators.

Electric particle Monopole insulator
T2 =1, boson Trivial
T? = —1, boson SPT -eCmT
T? =1, fermion SPT-eCmC
T? = —1, fermion | SPT- eCTmC=eCmT & eCmC

Table 2.5: Phases of U(1) quantum liquids (Z symmetry and even emergent electric
field), labeled by symmetry properties of the electric charge, and the corresponding
type of monopole SPT, conveniently labeled by the possible surface topological order.

In Table 2.5 we list all the distinct phases of the U(1) gauge theory with their
monopole quantum numbers, and the corresponding SPT states (labeled by the sur-
face topological states) formed by the bosonic matter field. Notice that SPT states
descended from that of ZI symmetry (the eI'mT and the all-fermion states) didn’t
appear in Table 2.5. One can understand this by thinking of these states as com-
binations of trivial insulators and ZJ SPT states formed by charge-neutral bosons,
hence the U(1) gauge field is decoupled from the SPT states and the vortex source

(i.e monopole my = e) remains trivial.

2.8.3 0Odd electric field

We now consider U(1) liquid states where under time reversal the electric field is
odd and the magnetic field is even. In the convention of Ref. [94] this includes
the case of quantum spin ice. Again we restrict attention to U(1) liquids where the
magnetic monopole m is bosonic and transforms trivially under Z7. What then are
the possibilities for the e particle?

Based on the insights of the previous subsection let us first see what we can learn

by considering different monopole SPT phases. Now the magnetic charge ¢,, — ¢m
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under time reversal so that

T 'mT =m (2.48)

Thus m (or equivalently ey after the duality transformation) transforms under Uy (1) x
Zr,

For bosons with global symmetry U(1) x ZI there is one non-trivial SPT phase
which is again conveniently labeled by its surface topological order eCmC. Other SPT
phases are inherited from ZI and hence are not pertinent to our present concerns (see
the end of Sec. 2.8.2). Thus we have two possible phases - the trivial insulator and
the SPT insulator labelled by eCmC. In the former case external probes where bulk
vortex lines end are bosons while in the latter they are fermions. In both cases the

vortex sources are Kramers trivial.

Let us now following the logic of the previous subsection and gauge the U(1)
symmetry. The resulting monopole my will be identified with the vortex source and
will therefore be a Kramers singlet which can be either boson or fermion. Thus this
reasoning suggests that for the odd electric field case there are only two possibilities

for the e particle (= my) - it is a Kramers singlet that is either boson or fermion.
Let’s understand the above claim directly from the gauge theory point of view,
independent of the argument based on SPT. With odd electric field the electric chaige
at any site g. is also odd under time reversal. This implies that the e particles
transform under Uy(1) x ZT where Uy(1) is the gauge transformation generated by g..
Notice that we have UpT = T U, for U(1) x ZT symmetry, where Uy gives the U(1)
rotation.Allowing for the possibility of a multi-component field e;, time reversal will

be implemented by
T erT = e Ty el, (2.49)

We can always change the common phase o, by defining a new time reversal operator
T =U(0)T. As U(8) is a gauge transformation 7 and 7 will have the same action
on all physical operators. We therefore can set a, = 0 (or any other value for that
matter). In particular under this redefinition 7'"2 goes to (UpT)? = Uz»T? so that the

over all phase in the action of 72 on e can be changed at will, and one can always
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choose 72 = 1. The algebraic structure of Uy(1) x ZT still guarantees a degenerate
doublet structure, but the degeneracy here is protected by Uy(1)x Z7 as a whole rather
than by ZT alone as in Kramer’s theorem. In particular, one can lift the degeneracy
by breaking the U,(1) symmetry but still preserving time-reversal invariance, which
is in sharp contrast with the Kramer’s case. It is appropriate to regard the electric
charge ¢. = +1 as a non-Kramers doublet. Hence with Ugguge(1) X ZT symmetry, any
charged particle should always be viewed as time-reversal trivial. This implies that
the e particle is always time reversal trivial for a U(1) gauge theory where the electric

field is odd, in full agreement with what we obtained from the SPT point of view.

Before concluding this section let us briefly discuss the putative U(1) spin liquid
in quantum spin ice from this point of view. We have just argued that the ‘spinons’
(in the notation of Ref. [94]) are not Kramers doublets. If the quantum spin ice
Hamiltonian has S, conservation then the spinons will generically carry fractional S,.
However the realistic Hamiltonians currently proposed[99] for quantum spin ice do not
have conservation of any component of spin. Thus the “spinons" of the possible U(1)
spin liquid in quantum spin ice do not carry any quantum numbers associated with
internal symmetries. Their non-Kramers doublet structure is independent of whether
or not the microscopic Ising spin is itself Kramers or not. Further microscopically
there are two species of electric charge e;, e (associated with two sub lattices of the
diamond lattice formed by the centers of pyrochlore tetrahedra). Time reversal should
be implemented by letting e; — e‘;, ez — :I:eg so that the physical spin operator e‘;ez
transforms as appropriate with — sign for a microscopic Kramers doublet spin and

the + sign for a non-Kramers doublet.

Finally we note that current theoretical work treats the spinons in quantum spin
ice as bosons. This is reasonable as the electric strings connecting them are simply
made up of the physical spins and do not have the ribbon structure and associated

phase factors expected if they were fermions.
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2.9 Discussion

In this chapter we studied many aspects of the realization of symmetry in highly
entangled quantum phases of matter. We relied heavily on insights obtained from
recent work on short range entangled symmetry protected topological phases. Despite
their short range entanglement the SPT phases provide a remarkable window into
the properties of the much more non-trivial highly entangled phases. In turn the
connections to the highly entangled phases enhances our understanding of SPT phases

themselves. Below we briefly reiterate some of our results and their implications.

The very existence of SPT phases emphasizes the role of symmetry in maintaining
distinctions between phases of matter even in the absence of any symmetry breaking.
For highly entangled states this leads to the question of whether symmetry is realized
consistently in the low energy theory of such a state. We addressed this for the exam-
ple of 2d gapped topological phases described by a Z, gauge theory with time reversal
symmetry (and possibly a global U(1) symmetry). By combining the methods of two
different recent approaches|71, 75] to assigning symmetry to the topological quasipar-
ticles we showed that there are consistent symmetry realizations which nevertheless
are not possible in strictly 2d systems. Such states were however shown to occur at
the surface of 3d bosonic SPT phases. Conversely we provided simple arguments that
if a Z, topological order can occur at the surface of a 3d SPT, then it is not allowed to
occur in strictly 2d systems. Crucial to our discussion was the concept of edgability.
A topologically ordered state with (internal) symmetry is allowed in strictly 2d if and
only if it is edgable, i.e it must admit a physical edge with the vacuum. Topological
ordered states that are only allowed at the surface of a 3d SPT phase are clearly not
edgable.

Thus illustrates how the study of SPT surfaces can provide a very useful “no-go"
constraint on what kinds of phases are acceptable in strictly d-dimensional systems.
If a phase occurs at the surface of a d + 1 dimensional SPT phase (for d > 1) then it
cannot occur with the same realization of symmetry in strictly d dimensions. A nice

application of this kind of no-go constraint is to the possibility of gapless vortex fluid
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phases proposed to exist[85, 86, 87] in two space dimensions in boson/spin systems
with both time reversal and global U(1) symmetries. Such phases were argued to exist
at the surface of 3d SPT phases in Ref. [43] thereby strongly suggesting that they
cannot exist in strictly 2d. We sharpened this conclusion by considering a descendant
Z5 topological ordered phase that is obtained by pairing and condensing vortices of
this putative vortex fluid. We showed that the result was a phase that cannot exist

in strict 2d but can of course exist at the surface of 3d SPT.

The study of SPT surfaces thus gives us valuable guidance in writing down legal
theories of strictly d-dimensional systems. It thus becomes an interesting exercise to
study boundary states of SPT phases in 4+ 1 dimensions as a quick route to obtaining
some restriction on physically relevant effective field theories of strictly 3 4+ 1 dimen-
sional systems. Quite generally the issue of consistent symmetry realization is likely
related to the existence of ‘quantum anomalies’ in the continuum field theory. For
instance the surface field theory of free fermion topological insulator are ‘anomalous’
and require the higher dimensional bulk for a consistent symmetry-preserving regu-
larization. For other states such as, for example, topological quantum field theories
it will be interesting if there is a useful direct diagnostic of whether the theory is

anomalous or not.

Finally a very interesting outcome of our results is the explicit construction of
coupled layer models for 3d SPT phases. For all the symmetry classes discussed in
Ref. [43] we provided such a construction. The strategy is to start from a layered 3d
system where each layer is in a Z, topological ordered state that is allowed in strict
2d. We then coupled the layers together to confine all topological excitations in the
bulk but left behind a deconfined Z, topological state at the surface. This surface
topological order was shown to match the various possible such order at SPT surfaces.
In particular this scheme provides an explicit construction of a 3d SPT state whose
surface is a time reversal symmetric gapped Z> topological ordered state with three
fermionic excitations that are all mutual semions. This topological order is expected
to occur at the surface of a bosonic SPT state with time reversal symmetry proposed

in Ref. [43] and is not currently part of the classification of Ref. [16, 17].
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In Chapter 7 we proposc a possible experimental realization of the eT'mT state

discussed extensively in this chapter, in frustrated spin-1 magnets.
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Chapter 3

Gapped Symmetry Preserving
Surface-State for the Electron

Topological Insulator

3.1 Introduction

In the last decade, dramatic progress has been made in understanding the topolog-
ical properties of non-fractional electronic insulators[18, 19, 20]. While the original
theoretical constructions were framed in terms of band structures for non-interacting
electrons, attention has recently turned towards the interplay of strong correlation
and topological insulation. It is now appreciated that the electron topological in-
sulator is part of a larger class of quantum phases of matter known as Symmetry

Protected Topological (SPT) phases[16, 17].

The Fu-Kane-Mele electronic TI (eT1)[25] is the first known 3D example of an
SPT phase. Its non-trivial surface states are protected by bulk time-reversal symme-
try (TRS) and charge conservation (U(1)c) symmetry. If either of these symmetries
is broken in the bulk, the €TI can be smoothly deformed into a trivial insulator. It is,
by now, well known that the surface can either be 1) a gapless, symmetry-preserving

state, or 2) a gapped state that breaks one (or both) of TRS and U(1)¢. For some
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time, it was implicitly assumed that these options cxhausted the possible surface
phases. Indeed these are the only possibilities accessible in a weakly interacting de-
scription of the surface. However in the presence of strong correlations other options
for the surface may become available. In particular, we will show that it is possible
for the €T1 surface to be both fully gapped and preserve all symmetries. The price to
pay for having a gapped and symmetric surface is that the surface develops intrinsic
topological order (even though the bulk does not). We describe this surface topolog-
ically ordered state of the ¢TI and show that it has non-Abelian quasiparticles. The
physical symmetries are realized in this surface topological ordered state in a manner

forbidden in a strictly two dimensional insulator with the same topological order.

The prime impetus for our study comes from recent progress in describing bosonic
SPT phases in three dimensions, described in detail in Chapter 2. For bosons, in-
teractions are essential to obtain an insulator. Consequently the study of boson
SPTs is necessarily non-perturbative in the interaction strength. For such bosonic
SPT phases, it was shown that the surface can be both gapped and symmetry
preserving[43] if it possesses intrinsic two-dimensional surface topological order (STO).
This STO however realizes symmetry in a manner prohibited in strictly two dimen-
sional systems. The STO provides a particularly simple non-perturbative insight into
the bulk SPT phase. Indeed targeting such an STO is a useful conceptual tool for
constructing SPT phases|1, 44], and can provide very general constraints on lower-
dimensional phases[43, 1]. In light of the simplicity and power of the STO as a surface
termination of strongly interacting bosons SPTs it is natural to construct the STO

appropriate for the fermionic topological insulator.

Our strategy is to start from the TR-symmetric non-Abelian surface superconductor[102],
and to restore U(1)¢ without destroying the superconducting gap by proliferating vor-
tices in the superconducting phase. The minimal '5‘5 superconducting vortices cannot
be directly condensed due to their non-Abelian statistics arising from unpaired core
Majorana modes. It turns out that, despite being Abelian, the doubled % vortex is
a semion and can also not be condensed while preserving TRS. Identifying an ap-

propriate vortex field that can be condensed to disorder the superconductor without
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breaking TRS requires some care. We find that there are 4-fold (%‘—c) vortex fields that
can be condensed without breaking any symmetries as a minimal route to producing
the STO starting from the surface superconductor.

The resulting phase has identical topological order and charge assignments as the
2D Moore-Read quantum Hall state[103] accompanied by an extra neutral semion.
However, in strictly two-dimensions this topological phase cannot be realized in a TR
symmetric manner. We will show that the fact that the eTI can realize this TO while

preserving TRS provides a complete, non-perturbative definition of the bulk eT1.

3.2 Vortex Condensation in a Conventional Super-

conductor

As a warm-up for the more-complicated non-Abelian case, we begin by reviewing how
insulating states can be produced by quantum disordering a conventional 2D s-wave
superconductor through vortex proliferation.

A superconducting state has a charge 2e order parameter A = |A|e?*s that breaks
U(1) charge conservation symmetry. Starting from a conventional s-wave supercon-
ductor, one can restore U(1l)c symmetry by proliferating vortices in the phase of
the order-parameter, ¢,. Since the pairing amplitude |A| remains finite (except in-
side the vortex cores), the resulting state is clearly gapped. Different gapped phases

can be obtained by proliferating different types of vortices. For example, prolifer-

ating m-vortices in ¢, (i.e. superconducting % vortices) produces a simple band-
insulator[104], whereas proliferating 27 vortices produces a gapped phase with Z,
topological order[104, 80]. These constructions are well known[104, 80], but are use-
ful to review in order to fix notation and to set the stage for the more complicated

non-Abelian superconductors that are the subject of this chapter.

All three phases are conveniently described by a parton construction in which
the electron annihilation operator with spin-o, c,, is rewritten as ¢, = bf, with b

a spinless charge-1 boson (chargon) , and f, is a neutral spinful fermion (spinon).
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This parton description (often referred to as “slave-boson"), has a U(1) redundancy
associated with changing the phase of b and f in opposite ways. Consequently, any
field theory description will contain an emergent, compact U(1) gauge-field, whose

vector potential we will denote by a*.

3.2.1 Superconductor

In the parton description, the s-wave superconductor phase is described by condensing
the charged boson, (b) # 0, and introducing an s-wave pairing amplitude for f:
(f+f1) # 0. In this phase, the emergent gauge field is gapped by the Higgs mechanism
(or, equivalently confined) due to the charge-1 boson condensate.

The gapped, unpaired f-quasiparticles are neutral fermion excitations. These
are ordinary Bogoliubov quasi-particles of the superconductor, that arise from elec-
tron states whose charge is screened completely (at long lengthscales) by the pair-
condensate.

In addition, there are also 7 vortices of the f-pair condensate phase. Since f
carries internal gauge charge, these vortices carry = “magnetic"-flux of a. The bosons,
having internal gauge charge, are also affected by this 7 flux of a. Writing b =
‘v@ei‘ﬁb, we see that ¢, must wind by 7 in the vicinity of this vortex in order to avoid
an extensive energy penalty. Since b carries the physical electromagnetic charge,
this means that a m-vortex in the f-pair-condensate is necessarily accompanied by a

he

physical supercurrent flow in the b-condensate; this object is simply the familiar 5¢

superconducting vortex.

3.2.2 Band-Insulator

In an s-wave SC, g—g vortices carry only gapped quasi-particle states in their core.
Moreover, the pairing amplitude, A, is non-vanishing outside of vortex cores. Conse-
quently, a state with an arbitrary density of non-overlapping vortices has no gapless
excitations. Therefore, one can consider starting with a superconductor and creating

a quantum superposition of states with various numbers and placements of (well-
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separated) gﬁ vortices. This state will clearly be gapped.

Moreover, since the spinon excitations of the superconductor see the %c? super-
conducting vortices as m-gauge-magnetic-flux, the spinon and vortex have mutual
semionic statistics. This immediately implies that the spinons will be confined in the
vortex-proliferated state. The bosonic particles, b, also see the vortices as m-fluxes.
Therefore, the physical electron ¢ = bf has trivial mutual statistics with the vortex,
remains gapped but deconfined. Therefore, there is no spin-charge separation and
the resulting state describes a conventional electron phase.

This phase can be thought of as a Bose-Mott insulator of Cooper pairs. If the
electron density is commensurate such that there are an even number of electrons per
unit cell, then the Cooper pairs have integer filling and can form a Mott insulating
state without further breaking any spatial symmetry. Commensurate Cooper-pair
filling is a necessary requirement for forming a band-insulator, and furthermore, the
%—vortex—proliferated state has all the properties of an ordinary electronic band-
insulator.

Therefore, we see that % vortex proliferation in a superconductor produces a con-
ventional band-insulator. This description of a band-insulator is clearly more com-
plicated than the usual non-interacting band-structure description. However, this
construction provides a complementary “dual" perspective capable of capturing cor-

related band-insulators, and can be a useful conceptual starting point for constructing

more complicated strongly interacting phases.

3.2.3 Z, Topological Order

Instead of proliferating g‘f-vortices in the superconductor, one could alternatively
proliferate doubled (h—ec) vortices. If the electrons are at commensurate filling with the
lattice, this proliferation destroys the boson superfluidity ({b) = 0) without further
breaking any other symmetry. Single b-particle excitations are now gapped and the
resulting phase is a charge insulator. In this phase a is not confined; rather, the
emergent U(1) gauge invariance is broken down to a local Z, gauge invariance by the

f-pair-condensate. Moreover, since the spinons-f develop a trivial (multiple of 27)
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Berry phase upon encircling an -° defect, they remain deconfined.

The excitations of the theory are then b, f, and objects with 7-flux of a (visons).
The visons are their own antiparticles (since two visons make up the condensed % vor-
tex), having mutual 7-statistics with b and f, and the resulting state is fractionalized
with Z, topological order.

It is worthwhile to pause to reflect on the strategy underlying the vortex condensa-
tion route to describing insulators proximate to superconducting phases in two space
dimensions. In general a useful effective field theory description of such a system is
formulated in terms of degrees of freedom natural in the superconductor - namely
the ’2‘—2 vortices and the neutralized Bogoliubov quasiparticles (the f field). The ;‘—;3
vortex field is a mutual semion with the f particle and furthermore is coupled to a
non-compact U(1) gauge field. The vortex field of this dual Landau-Ginzburg the-
ory is, in the examples reviewed above, bosonic. Vortex fields with strength "2—';” can
therefore be formally condensed to produce various kinds of insulating states.

Having reviewed the simpler s-wave SC case, we now turn to the problem of

producing a topologically ordered phase from the eTI surface-SC.

3.3 Vortices in the eTI Surface Superconductor

Starting from the superconducting surface of the ¢TI, we know that there should
be some obstruction to proliferating superconducting vortices to form an ordinary

band-insulator, and indeed the —;%-Vortices in the superconducting T1 surface-state are
he

non-Abelian objects that cannot be directly condensed[102]. Since %€ vortices do not
have an unpaired Majorana core state, they are Abelian, and one is tempted to follow
the above construction to obtain a Z» topologically ordered state by proliferating %
vortices.

However, this naive approach fails to produce a symmetric STO state. It turns

out that in the €TT surface SC, h?c vortices have semionic self-statistics!, and cannot

1To precisely define vortex statistics, it is necessary to consider a gauged U(1)c symmetry (as
is the case for real electrons coupled to the physical electromagnetic field, which has very weak
fluctuations).
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be condensed without breaking TRS. The 3—2’169 vortices again have unpaired Majorana

cores, and are non-Abelian. We show however that there are vortices that are

bosonic. Therefore, the minimal route to restoring U(1)¢ is to condense such bosonic
%C- vortices.
We now establish the Abelian statistics of % and % vortices in the surface-

superconductor, by arguing based on the O-term electromagnetic response of the

bulk.

3.3.1 Bulk Argument for statistics of Abelian vortices

A useful conceptual device for what follows is to modify the problem by coupling
the electrons to a weakly fluctuating dynamical compact U(1) gauge field. It is well
known that the topological insulating bulk leads to a Q-term, with © = 7, in the
effective action (apart from the usual Maxwell term) for this gauge field obtained by
integrating out the electrons. Also well-known is the effect of this © term: a unit
strength magnetic monopole of this U(1) gauge field acquires electric charge % (the
Witten effect[68]). Now imagine tunneling such a monopole from the vacuum into
the bulk of the (gauged) topological insulator. Such a tunneling process will leave
behind at the surface a % vortex. This implies that the h;" vortex field in the vortex
Landau-Ginzburg theory formally also has electric charge % As a composite made
of charge-1/2 and 27 flux it is natural to expect that this vortex will have semionic
statistics.

To demonstrate the semionic statistics of %9 vortices, consider a slab of bulk eTI
with a top and bottom interface with a trivially insulating vacuum. Then create a
pair of % vortices on the top surface and a pair of —L’f vortices on the bottom surface.
Since the gauge field A* is free, except at the superconducting surface, closed magnetic
flux lines carrying "'f flux are condensed in the bulk and in the vacuum. Since the
surface is superconducting, a magnetic flux tube can only penetrate the surface at a
vortex. For the vortex configuration of Fig. 3-1, there are only two magnetic flux lines

that leave the TI bulk. Let us consider just one representative flux line configuration,

as shown in Fig. 3-1. Next consider dragging one of the % vortices on the top surface
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Figure 3-1: Exchanging two %5 vortices at the superconducting surface of a TI slab
(top panel) leads to a linking of their magnetic field lines, which gives a phase of —1,
demonstrating that 2¢ vortices are semionic.

all the way around the other, as shown in Fig. 3-1 without moving the —% vortices
on bottom surface. The new magnetic flux configuration differs from the initial one

by a single linking of the magnetic flux lines that thread the vortices.

Due to the bulk topological ©-term for A:

ghvAp
Lo =1
8

9, A,00A, (3.1)

this linking produces a phase of —1 relative to unlinked configurations. This phase can
be computed directly from Lg by considering any convenient choice of A with a linked
vortex line. Alternatively, one can imagine creating a linked field line configuration
in the bulk by starting with an infinite flux line, creating a monopole anti-monopole
pair and dragging the monopole around the flux line before annihilating it with the
anti-monopole. Since monopoles in the TI bulk have charge §, dragging one around

a 2m-flux line contributes phase ey = —1.

We have illustrated this —1 phase for a particular magnetic field line configuration.
More generally, the ground-state, |¥gn), of the bulk gauge field, A, is a quantum-

superposition of various configurations, C, of magnetic flux lines:
[Wen) = ) (=) Lo (C)IC) (3:2)
c
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weighted by phase (—1)£¢, where L is the number of linked loops in the configuration
C, and by amplitude, ¥y(C), that is determined by the non-topological dynamical
terms for the gauge-field.

This follows directly from computing the wave-function for a given configuration,

A(r), from the (imaginary time) path integral:

U [A] = (AY)
_ — [0 dr fd3rLelA
‘/ DIA 4, r=0)=c6) Footrf el
o P A AL (—1)Lew (3.3)

we see that the resulting wave-function contains a Chern-Simons (CS) term which
just counts the linking number of flux lines of A.

For any configuration of closed bulk field-lines, C, the two-fold exchange of

clF elF

introduces a single extra linking number. Therefore the two-fold exchange of

vortices produces phase (—1), indicating that a single exchange produces phase =i;

the % vortices are semionic. Let us denote the quantum field that creates a ”—2‘3 vortex

hec

with electric charge g by @, 4. With this notation @, 1 is a semionic ¥ vortex with

charge % The field f®, 1 produces a neutral fermion bound to this vortex and hence
he

creates an antisemionic 7 vortex with charge % These two hf vortices will play an

important role below.

Let us now consider strength-4 (32—”9

) vortices. A similar argument as above shows

2hc

that %‘c vortices are either bosonic or fermionic (fermionic and bosonic £2¢ vortices

can be interchanged by binding a neutral f quasi-particle). Note that if we combine

two charge-1/2 semionic hf vortices, we end up with a charge-1 bosonic 3’819 vortex. i.e

(®4,1)> = ®2,1. An electrically neutral 2he

vortex may be obtained by considering the
combination c®z,, i.e by removing an electron from the charge-1 2—2-9 vortex. Clearly
this is a fermion.

These strength-4 vortices at the surface correspond in the bulk to strength-2

monopoles. At © = m, such monopoles always carry integer electric charge. We

will denote bulk dyons with magnetic charge n and electric charge ¢ by (n, ¢). These

81



correspond to surface vortices created by ®@,,,. It is readily seen that the bulk (2,1)

dyon (at © = m) is a boson while the electrically neutral strength 2 monopole (the
(2,0) particle) is clearly a fermion (the polarization charge induced by the © term
does not contribute to the statistics, as explained in Ref.[105]). This is in complete
accord with our discussion of surface vortices above. Arguments using bulk monopole
properties to constrain surface physics were also recently used for boson topological
insulators in Ref. [69)].

To disorder the surface superconductor we need to identify bosonic vortices which

we can then condense. Though the QT’w

vortex with electric charge-1 seems like a
candidate it is problematic. To preserve time reversal we should clearly also condense

(with equal amplitude) the —22¢ vortex with electric charge 1. But then the resulting

e

state also has a condensate of ordinary Cooper pairs so that it is still a superconductor
(albeit an exotic one). The neutral -2%‘3 vortex described above is a fermion and hence

cannot condense. Fortunately we also have a different neutral fermion in our theory

- the spinon (the f particle). By binding f to the fermionic 27’?0 vortex we obtain an

2he

electrically neutral bosonic =¢ vortex. Equivalently this bosonic neutral 2he

€

vortex
may be viewed as being obtained from the charge-1 bosonic %C- vortex by binding to
b (i.e by removing a chargon). This neutralizes the charge but keeps the statistics
as bosonic. We are then free to condense this vortex to destroy the superconducting
order.

We emphasize that the bosonic neutral 2—25 vortex is not simply a 47 vortex of the
chargon b but requires also binding to the spinon f. An 8« (%‘6) vortex of b, ®4,is
an electrically neutral boson. The corresponding bulk monopole is a (4,0) particle

which is also a boson. Condensation of the bosonic vortex f®5 o automatically implies

condensation of ®,44 as the spinon f is paired.

3.3.2 Topological spins of non-Abelian vortices

We now consider non-Abelian vortices, and it is sufficient for our purpose to consider
+hc/2e vortices, with Majorana core states. Naively, the argument given in Sec.3.3.1

for hc/e vortices implies that the topological spin (see Sec.3.4.2 for its definition) of
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+hc/2e vortices would be e™/8. This can be seen by writing the bulk O-term as a
boundary Chern-Simons term at level-1/2, which would contribute to the topological
spin of dhc/2e vortices by e/®. However, the Majorana zero-modes trapped in

~i7/8 to the topological spins[106], hence the total

the vortices contributes another e
topological spins are

th/Qe = 0—hc/2e =1 (34)

The above argument can be made more precise by viewing the surface supercon-
ductor as a paired single Dirac cone. One can then add two gapped Dirac cones with
opposite masses to the surface without breaking time-reversal symmetry. One can
then group one of the massive Dirac cones with the original surface superconductor
and rewrite the combination as a p — ¢p superconductor, and the other massive Dirac
cone with the opposite mass gives a half-quantum hall state. The former contributes
e~¥/3 to the topological spin of 4-hc/2e vortices, and the latter gives ¢**/8, hence we

have Oipc/2e = 1.

3.4 Surface Topological Order

We are now in a good position to construct a symmetry preserving STO phase from
the SC phase. In the parton construction ¢, = bf,, we can describe the SC topological
insulating surface state by condensing b, (b) # 0, and placing f in the €TI band-
structure with a superconducting surface. From the previous.section, we saw that

the minimal route to restoring the U(1)¢ symmetry is to proliferate the electrically

neutral bosonic 2%': vortices.

What topologically distinct classes of particles remain after their proliferation?

Since b and f have trivial mutual statistics with the 2—2‘9 vortices, they will clearly

survive as gapped quasi-particles with unaltered charge and statistics. Quite generally

the condensation of such %‘9 vortices will produce an insulator with gapped bosonic

excitations with fractional charge 1/2. We will call this particle 8. Clearly two 8
particles make a chargon: b = 32.

Vortices in the superconductor become dressed by the ?-c’?ﬁ condensate. We will see
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later that they survive as topological quasiparticles but with sharp non-zero electric
charge (unlike in the example reviewed above of 2D Z, topologically ordered states
produced by disordering a proximate superconductor, where the visons are charge
neutral). For now, we put aside the charge assignment for these topological particles

and focus just on identifying the different particle types.

Going from the superconductor to the STO phase, the non-Abelian ;‘—2 vortex, v,
becomes a new object, 7, which is a quantum superposition of odd-strength vortices
in the superconductor whose vorticity differs by a multiple of 2—25 Similarly, the
—% anti-vortex, ¥, becomes a different object, 75, which is made up of a quantum

superposition of @L;% vortices of the superconductor (with n € Z).

In the SC, an —g% vortex, v, carries a Majorana zero mode in its core[102], and a pair
of v’s shares a single complex fermion level that can be either occupied or unoccupied.
Consequently, there are two possible outcomes from fusing two v’s, v, both of which
have net vorticity -he—c and which differ from each other by adding a neutral Bogoliubov
fermion, f. Upon moving into the STO phase by condensing 4-fold vortices, vZ will
turn into distinct objects, 72, which differ by a fermion: 77 = 72 X f.

Similarly, in the superconductor, a pair of @’s can fuse to two different ._% vortex
objects that differ by a fermion, f. Upon condensing % vortices however, the :tl‘f
vortices become mixed, and fusing two 75 particles should have the same outcome as
fusing two 7, particles: 73 X 75 =T, X Ty, = Tf_ +72.

Lastly, in the superconductor, the vortex and anti-vortex pair also share a non-
local fermion level due to their Majorana cores. Fusing a v and 9, then produces either
the superconducting ground state, [, or the ground-state plus an extra Bogoliubov
particle: v X = [ + f. Consequently, in the STO phase, we must have two possible
fusion outcomes for 7, X 75, which differ by an f. Naively, one might be tempted to
have 7, and 75 fuse 1 + f as in the superconductor. However, more generally we may
also have: 7, X 75 = X X (1 + f) where X is some to-be determined particle that is
condensed in the SC. This is consistent with the fusion rules of the surface SC if X is

condensed in the SC phase. This requires X to be a boson. Below we will show that

X is just the fractional chargon: .
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Finally, we note that 72 x 72 = 82, and that 77 x 72 = 2 x f = ¢, the physical
electron. '
A summary of the particle content and fusion rules produced by this line of rea-

soning is summarized in Tables 3.1 and 3.2 respectively.

3.4.1 Charge Assignments

Having specified the topologically distinct particle classes and fusion rules for the
STO phase, we now turn to their symmetry properties under U(1)¢. The resulting
charge assignments explained below are summarized in Table 3.1.

Since b and f are unaffected by the vortex condensation, b still carries charge e and
that f is charge-neutral. What about the excitations that descend from supercon-
ducting vortices? 73 particles descend from @ ; /2 vortex fields of the superconductor,
and hence can be created by dragging a magnetic monopole from the vacuum through
the STO surface into the bulk. Since the monopole carries fractional electric charge:
+Z, its corresponding surface excitations must also have charge F£. Moreover, since
T?r and 72 differ by a neutral fermion, f they must have the same charge. For con-
creteness, and without loss of generality, we choose 73 to have charge +% and their
anti-particles, 772, to have charge —5. It then immediately follows from the fusion
rule: 7, X 7, = 72 + 72 that 7, has charge £.

It is instructive to understand how these charge assignments come about directly
from the surface without recourse to bulk monopoles. To obtain the STO from the

SC, we are condensing 47 vortices of the chargon b that are bound to the neutral

he

e vortex

fermion f. The neutral fermion acquires a m phase when it encircles the

in the superconductor. Consequently, the % vortex is a mutual semion with the

condensed bosonic 2wa vortex. As a result, the ;‘—fz vortex can survive in the STO

phase only by binding with some other particle to produce trivial mutual statistics

with the condensed bosonic 2%9 vortex. The only possibility is for the g—g vortex to

bind a fractional charge, , which also obtains 7-phase upon encircling an 27@0 vortex.

Thus we conclude that the particles 7, 75 in the STO phase are the remnants of the

-2’% vortices of the SC phase which have been dressed by charge e/4.
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Since 7, and 75 descend from +2¢ vortices in the superconductor, they are related
by time-reversal and must have the same charge. Above, we saw that the v x7 =1+ f
fusion rule for the surface-SC generalized to: 7, X 7; = X X (14 f) in the STO phase,
with X to-be-determined particle. The above arguments show that X must have
charge £. Since X is a %~charge boson that must be condensed in the SC phase, the

only possibility is: X = (.

3.4.2 Topological Spins

The topological spin, f,, of a particle in sector a is defined as the phase factor ac-
cumulated when an a-particle is adiabatically rotated by 27 in the counter-clockwise
(CCW) sense. For Abelian particles, the topological spin coincides with the phase
obtained through CCW exchange of a pair of a-particles.

Clearly 6, = 1 and 6y = —1. The argument in Sec.3.3.1 established the semionic/anti-
semionic statistics of he/e surface vortices (the semion and anti-semion differ by an
f fermion). In the topologically ordered phase the hc/e vortex acquires an additional
charge ¢,2 = 1 /2. The charge-flux relation thus gives an additional e’ = —1 to its
topological spin. This shifts a semion to an antisemion and vise versa. But since we
have both semionic and anti-semionic vortices already, the shift is just a relabeling of
the two different vortices. Hence we establish that 72 have topological spin +i.

It was also established in Eq.3.4 that the +hc/2e vortices have trivial topological
spins. In the topologically ordered phase, the +hc/2e vortices acquire additional
charge-1/4 and becomes {7,, 7;}. Hence an additional contribution of e¥® = e*¥"/4 js

introduced to the topological spin. Hence we have 8,, = ¢™/* and 6,, = e~¥"/4.

3.4.3 Exchange Statistics

In a system with non-Abelian particles that have multiple possible fusion outcomes,
the phase obtained by the CCW exchange of two particles, a and b, will depend on
the fusion channel. When a and b fuse to ¢, the phase factor obtained by adiabatic
CCW exchange of a and b is denoted by R? (for a pedagogical review see Ref. [107]).
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The R matrices are related to the topological spin of the underlying particles[107] by
(R%®)2 = 6,/0,0,. This identity just encodes the fact that dragging b around a is nearly
the same as rotating the entire a-b composite system CCW by 2w, or equivalently to
fusing to ¢ and rotating CCW by 27 giving: 6.. However, rotating the entire system
also rotates a and b individually, which is not part of the exchange process. The
factor of 8,0, in the denominator compensates for this unwanted rotation of a and
b. The proper branch of the square-root can be identified by writing 6,5, = e*®abe,
and choosing an exchange protocol such that the phase is accumulated monotonically
over the course of time T: R® = tEI%l_ei(¢°‘¢“—¢b)t/ T,

For Abelian particles a and b, there is a unique fusion channel, and the lower-index
on R is redundant. Therefore, it is common to just specify the mutual statistics of
a and b by: 0,3 = (R%,)?, which is the phase factor obtained by adiabatically
dragging b CCW around a. Consequently, the braiding statistics for all particles
follows straightforwardly from the previously obtained fusion rules and topological
spins tabulated in Tables. 3.1 and 3.2 respectively.

For example, consider the mutual statistics of 7, and 72. The composite 7, X 72 =

72 has topological spin: 6,3 = —e""/4, indicating:

91',, xri - e"’/ 4

0, 2 = = — .
Tu,TY 97'11 61_:*2: eit/4ekin/2

= —F/? (3.5)

3.4.4 Time-Reversal Properties

We have already identified appropriate charge assignments, which encode the trans-
formation properties of various particles under the U(1)¢ symmetry. In this section,
we address how TR is implemented in the proposed STO phase. The results of this
section are summarized in Table. 3.1.

The first task for implementing TRS is to specify how topological equivalence
classes of particles are exchanged under TR. This is relatively straightforward since
we have constructed the STO state from the well-understood TR-symmetric super-

conductor phase. The 7, descends from an be_c vortex in the superconductor, which

becomes a ——% vortex under TR; in turn the —% vortex becomes 75 in the STO
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phase. Therefore under TR:
Ty L 7 (3.6)

Similarly, by going to the superconductor it is clear that f, and 8% = b are preserved

under TR. It is also clear that the g sector is preserved under TR.

Under TR, counter-clock-wise and clock-wise exchange are interchanged, and
hence topological classes of particles that are related by TR must have conjugate
topological spin. We see that this is true for all of the above TR transformation

rules.

Since 72 descend from both :I:% vortices, we cannot determine their TR prop-
erties directly from the superconductor. However, since 72 and 72 have conjugate

topological spins, they must be exchanged by 7:

22 3.7

In addition to the action of 7 on topological superselection sectors, for sectors
hat are not interchanged by 7, it is mcaningful to ask about their eigenvalues un-
der the unitary operation of double-time-reversal, 72. For particles that reside in
TR-invariant superselection sectors, 72 = —1 has definite physical interpretation as
a TRS-protected Kramers degeneracy. Our STO state arises naturally from the su-
perconductor where b has 72 = 1 and f has 72 = —1 respectively; hence 82 and f
also have 72 = 1 and 72 = —1 in the STO phase. Similarly, 42 has 72 = 1 since it is

a fraction of b, and since 3 can be condensed to obtain the SC from the STO phase.

However, for particles, like 72, whose superselection sectors are changed by 7,
the 72 eigenvalue does not imply a further degeneracy within that particle sector.
Furthermore, for such particles, it turns out that it is not even possible to assign
a local gauge-invariant representation of 72. In the next two sections we further

describe the issue of symmetry localization on gauge non-invariant particles.
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Gauge (non)-invariance TR Properties for Fractionalized Particles

Fractionalized particles (i.e. particles with non-trivial self- or mutual-statistics) can-
not be individually created from the ground-state. Rather, one can only create groups
of excitations that fuse to . For example, to isolate a fractionalized particle X, one
can create a particle anti-particle pair, X and X !, from the ground-state, and pull
them far apart from one another. The operator that implements this sequence con-
sists of a string of electron operators connecting the final locations, R, and Rs, of
X and X! respectively. This string of operators can be divided into two local op-
erators W' (R;) and Wx(R,), that create X and X~! respectively, and a non-local
gauge-string, Wy = [ €“*%, where ¢ and j label sites on the lattice where ¥y
is defined, I is directed path of links (ij) connecting sites R; to Rs, gx is the in-
ternal gauge-charge of the particle X, and a;; is a discrete-valued emergent gauge
field. This division into particles and strings is inherently arbitrary, which is reflected
by the local gauge invariance under the transformations ¥x; — €?™™%Wy . and

Qij —> Qjj — (n,- — ?’lj) (Wlth n;; € Z)

Due to the non-local gauge structure there is not always a well-defined gauge
invariant way to assign symmetry-transformation properties locally to the particle
creation operators IIITX Rather, one must generically keep track of the transformation
property of both the particles, and their gauge-strings, W. However, in special cases
it is possible to associate a well-defined action of a symmetry locally on \IIE( even for
gauge non-invariant objects. For simplicity, in what follows, we will not distinguish
between the label X for a topological class of particles and the corresponding (gauge-

non-invariant) annihilation operator ¥x.

Since f x f = I, the phase of f has a sign ambivalence, indicating that f’s have
1-gauge charge (i.e. change sign under e?™% = —1) and are connected pairwise by
(unobservable) unoriented Z, gauge strings. Similarly 32 x f is a physical electron
¢, and so 32 also has a Z, gauge charge. It then follows from 7% x 72 = (2, that

1

73 has internal ;-gauge charge, and that oriented Z4 gauge strings emanate from 72

particles. We know that 77 have opposite internal gauge charge, since 7‘_%_ x 12 =¢
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and c¢ is a physical (gauge-invariant) local electron. Therefore, we can choose the

. - . . 24 . .
orientation convention that 74 lincs emanate from 77 and terminate on 72 particles.

7?2 Properties For Sectors that are Exchanged by T

With this gauge-string picture in mind, we now turn to the task of determining to
what extent 72 is defined on particles whose topological classes are interchanged by 7.
To see why it is important to consider the effects of 7 on the gauge string, consider
a 'fi-ﬁ pair. Suppose that we represent 7 locally on the particle operators as:
T1r2T = er? and T 1727 = €72 where a and f8 are unknown phases. Then one
has: 727372 = *(F~) and naively it appears that 72727272 = |e!F~)|27272,
However, this cannot be the whole story, since 72 fuse to the physical electron, c,

which is a Kramers doublet with 72 = —1.

This puzzle is resolved by noting that 72 Lor2

, implies that 7T reverses the
direction of the gauge string connecting a given T_|2,-TE pair. Then acting twice with 72
doubly flips the orientation of the connecting gauge-string. A two-fold re-orientation
of the gauge-string can also be accomplished by dragging Tf_ around 72. Due to their
semionic mutual statistics, this observation dictates that the gauge string contributes
an additional factor of —1 to the overall 72. Therefore, the action of 72 cannot
be consistently implemented in a purely local fashion for the gauge-non-invariant
particles 72, which interchange under 7.

Note that a nearly identical argument can be applied to monopoles in the bulk
of the electron TI to formally establish the intimate connection between the § = &
electromagnetic response of the TT and the Kramers degeneracy of the electron|3]
(see also Ref. [53]). This is indeed appropriate, since the 72 particles are the surface-

avatars of these bulk dyons.

The issue of non-locality is even more pronounced for the non-Abelian excitations
T, and Ty, since a collection of these particles share a degenerate Hilbert space of
non-local fermion modes, and the action of 72 depends on the total fermion parity

of this non-local Hilbert space, which is a global property of the system.
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3.5 2D TR Breaking Analog

For bosonic SPT bulk phases, the topological properties of the STO phase can always
be realized by a strictly 2D system that does not preserve the underlying symmetries
of the 3D SPT. In this section, we provide an analogous construction for the electron
TI. Specifically, we show that the STO phase has the same topological order as the
Moore-Read QH phase[103] supplemented by an extra neutral semion. We begin
by reviewing the Moore-Read and related 2D phases in the language of the parton

construction ¢, = bf, used above.

3.5.1 p+ ip Superconductor and Kitaev Spin-Liquid

We begin with the p+ ip superconductor, and its topologically ordered analog, which
are in some sense the simplest “roots" of the non-Abelian Ising topological order for
the STO phase. A TR-breaking superconductor with p+2p pairing symmetry, and the
TR-broken B-phase of Kitaev’s Honeycomb Model (henceforth denoted Kitaev Spin-
Liquid, or KSL) are closely related states with non-Abelian Ising anyon excitations.
The latter is obtained from the former by condensing %-vortices. In the language of
the parton construction, this is equivalent to placing b in a Mott insulator, and f into
a p + ip superconductor. The resulting phase contains topological particle classes: [
(vacuum), b, f, and a non-Abelian vison, o that descends from the +m-vortices of the

p + ip superconductor.

In the resulting KSL phase, b has charge e, and all other particles are neutral. The

edge of this phase contains a single chiral Majorana fermion that contributes oy =0
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and £y = . The fusion rules are:

bx f=c (3.8)

bxb=c =1

fxf=1

ox f=o0

ocxb=c

oxo=1+f

and the topological spins are:

COp=1 (3.9)
O =-1
0, = e™/®

3.5.2 Moore-Read Quantum Hall State

The Moore-Read state[103] can be obtained from the KSL phase by placing binav=
1/2 bosonic-Laughlin quantum Hall phase rather instead of a Bose-Mott insulator.

This phase is characterized by the idealized wave-function:

1

VMR ~ H(zi — 2;)*Pt ( ) (3.10)
i<j HTE

where z; = z; + 1y; is the complexified coordinate of the j' electron. The factors

of (z — z;)* stem from the b sector, and the Pf denotes the Pfaffian of the anti-

1

zi—z;’

symmetric matrix with entries which describes the BCS wave-function with
P + ip-pairing[108].

In this phase, the vison, o of the f-sector is bound to a m-flux of the Bosonic
QH fluid which we denote v (similarly, denote a —7 flux of the Bosonic QH fluid

by 7). A m-flux in a oy = % system has charge £ and hence v has topological spin
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€™/8. Denoting the non-Abelian vison/charge-§ vortex composite as o,, we have:

6,, = /4. Since ¥ is a —m-vortex bound to charge —% it also contributes an extra
€™/8 to the vison topological spin, indicating that the composite, o x 7 = o}, has

— — pin/4
00,;1 = gav =€ .

3.5.3 2D TR-Breaking Analog

The MR state looks somewhat similar to the STO phase constructed above: there
Ising non-Abelions attached to charged Abelian vortices. However, unlike in the TI
STO phase, 0, X 0, =1+ f is charge-neutral. More generally, since o, and o3 have
opposite charge, and the same topological spin, it is hard to see how TR-invariance

could be implemented in the MR phase, even at the surface of the STO.

We can cure this problem by introducing an extra counter-propagating anti-semion
particle, s, with topological spin §; = e™*/2 to the boson sector (in the parton
language this corresponds to further fractionalizing b — b,bs, with b; carrying charge
e in a bosonic ¥ = 1/2 QH phase, and b, a charge-neutral in a v = —1/2 bosonic QH

phase). Making the following identifications:

Blxri=s

Ty = Oy
Tg = 0y X 8
T,_,-l = av_l
wl=0'xs (3.11)

we see that this 2D TR-breaking phase has the same topological order and charge
assignments as the STO phase described above. For brevity we denote the 2D TR-
breaking phase: MR xAS.
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3.6 Connection Between STO and Familiar Non-Fractionalized

Surface Phases

In the previous section, we have constructed an STO phase by quantum disordering
the TRS surface superconductor state. The fact that a TI can realize this topological
order with both U(1)¢ and TR symmetries intact actually serves as a non-perturbative
definition of the U(1)¢x ZZ fermion topological insulator. To see this, we need to show
that we can obtain all of the usual symmetry broken non-topologically ordered surface
phases of the familiar fermion TI through a sequence of surface-phase transitions that

do not affect the TI bulk.

3.6.1 STO to TR-Symmetric Non-Abelian Surface SC

Since we have constructed the STO phase from the TR-invariant surface SC, it is
straightforward to recover the familiar surface SC. We have already argued that the
superconducting surface can be obtained from the STO phase by condensing 3. Here
we provide some further details.

Since 2 = b = /pe®* we may write B = (py)*/%¢#. Then 2 vortices of
#p are 4w vortices of ¢, which are condensed in the STO phase. In other words,
the STO phase can be viewed as a Mott insulator of 5. Then, to recover the TRS
surface superconductor from the STO phase, one can simply condense . Since § has
non-trivial mutual statistics with all other particles besides f, the particles 7, 75, 72
etc... will all be confined in the (8) # 0 phase. However, these confined objects do
not completely dissapear from the theory, rather they are bound to vortices of ¢4
(which are now-gapped) to form composites that have trivial mutual statistics with
the B-condensate.

Since, B has the same mutual statistics with 7, as with a 7/2-vortex of ¢ they are
bound-together in the superconductor. Since 3 is charged a +m/2-vortex of ¢ has
physical circulating charge current. and the 7, object becomes the superconducting

’gﬁ vortex (or, more generally, a ﬁ%’f—ﬁc vortex with n € Z). Similarly, 7; becomes a

94



(4n—1)h . .
L ¢ vortex, and 72 become a 22 vortices (with n odd).
2e ’ + e

3.6.2 STO to 1/2-integer quantum Hall

Next, we connect the STO to the U(1)¢ preserving but TR-breaking %-integer surface
quantum Hall insulator (SQHI). In the previous section, we showed that the topo-
logical order and charge assignments of the STO can be realized in strict 2D at the
expense of breaking TRS. The analogous TR breaking phase was equivalent to the
Moore-Read QH phase with an extra neutral semion, denoted MR x AS. Importantly,
the MRxAS has oy = kg = % There is a closely related phase, which we denote
MR x AS, obtained from MRxAS by switching all of the particles of MRx AS with
their anti-particles, which has oy = ky = —%.

Starting with the STO phase of the T1I, let us “deposit" a layer of MR X AS on the
TT surface (or alternatively, imagine adjusting the interactions and other parameters
of a layer of the bulk near the surface to drive that layer into the MR x S phase).
Then, suppose we allow the f particle of the MR x AS to hybridize with (i.e. tunnel
into) the f particle of the STO phase. This confines each non-Abelian 7, of the STO

is bound to a similar non-Abelian 7!

of the deposited layer, thereby neutralizing
the non-Abelian statistics of the composite object. The resulting composites are all
Abelian and have trivial self-statistics, and hence can be straightforwardly condensed
(since TR symmetry is already broken). In particular, if we condense the particles
containing a 7, of the STO layer and a 7, ! of the deposited layer, all other particles
are trivially confined, and no excitations with fractional statistics remain.

We have thereby eliminated the surface-topological order, at the expense of break-
ing TR-symmetry on the surface. What is the quantum Hall response of this non-
fractionalized insulating state?

To answer this question we note that we could have equally well followed a time-
reversed version of the above procedure, by depositing a different surface layer related
to MR x AS by TR, which we denote MR* x AS* and has oy = kg = % Consider
a spherical TI, depicted in Fig. 3-2, and imagine depositing a layer of MR x AS
on the bottom hemisphere of the TI surface and a layer of MR* x AS* on the top
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Figure 3-2: The non-fractionalized TR-breaking quantum Hall insulator (QHI) with
coating the TI surface with a 2D TR-breaking topologically ordered state with oy =
Ky = :E% (depicted in orange and purple respectively), as explained in the text. The
half-integer quantum Hall conductance can be seen by considering a domain between
these two coatings as shown in the above figure for a spherical T1I,

hemisphere. The edges of the deposited 2D layers meet at the equator, and each
contributes a chiral Majorana fermion, a co-propagating charged boson mode and a
counter-propagating neutral boson mode. The chiral Majorana fermions from the top
and bottom hemisphere propagate in the same direction, and when coupled, combine
into a complex (neutral) chiral fermion. The combined edge has overall chirality with
a single chiral charged mode, and hence has oy = kg = 1. This oy and kg is not
effected by condensing 7, composites in order to remove the topological order.

This line of reasoning shows that, even after destroying the surface-topological
order, the interface at the equator possesses a single 1D chiral charge fermion. The
non-fractionalized phases that we have produced on the top and bottom hemisphere
therefore differ by an electron v = 1 quantum Hall layer. Since these two phases
are related by TR-symmetry, we must democratically assign them oy = kg = :I:%
respectively. We have therefore succeeded in recovering the familiar non-fractionalized

surface QH insulating phases from the STO phase.

3.6.3 STO to Gapless Dirac Fermion Surface

In the previous section, we showed how to obtain the surface QH insulator from the

STO phase by breaking TR. The resulting phase can have either oy = Ky = :E:%.
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From here, it is straightforward to produce the symmetry preserving gapless Dirac
cone phase by proliferating domain walls between the oy = ﬂ:% surface phases. Such
domain walls carry a single chiral (complex) fermion, and it is well known (for example

from network models[43]) that their proliferation results in a single gapless Dirac cone.

3.6.4 7, Nature of Surface Order

It is well known that two copies of the ordinary electron topological insulator can be
smoothly deformed into the trivial insulator without a bulk phase transition. There-
fore, as a final consistency check for the proposed STO, we demonstrate that two cou-
pled STO phases can be deformed to a trivial insulator by surface phase-transitions
that leave the bulk gap untouched.

Consider starting with two layers of the STO phase, labeled 1 and 2 respectively,
coupled such that electrons can tunnel between them: (clc,), (che;) # 0. It is straight-
forward to check that the following set of composite particles are charge-neutral self-

bosons with trivial mutual-statistics, which can be simultaneously condensed without

breaking either U(1)¢ or TRS:

{ﬁ}ﬁz, To1To2BY, To1Te2B7, and h.c.’s} (3.12)

with h.c.’s indicating that all operators related by Hermitian conjugation to those
listed are also condensed. In order to preserve TRS, we must condense TR conjugate
particles with equal amplitude: (7,17,28") = (751 7528') # 0.

It is also straightforward to verify that after condensing these objects, all non-
trivial particles in the theory are either confined or condensed, and there are no
fractionalized excitations. In particular, f and 5% both have mutual (—1) statistics
with the condensed 7,17,28" particles, and are confined together to form the physical
electron: ¢ = B?f. The resulting phase has only gapped, physical electron excitations,
¢, and hence is a trivial band-insulator. Therefore, we have verified that the bulk phase
described by our proposed STO indeed has a Z, group structure (i.e. that combining

two copies of our phase produces a trivial phase) as required for the electron TI.
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This set of particles in Eq. 3.12 has a natural physical interpretation: starting
with two coupled layers of the TRS surface-SC phase, we know that we can obtain
a trivial bulk insulator by condensing the (now Abelian) :tgf vortices, which now
occur in the same location in both layers duc to the interlayer tunneling. The sct
of particles condensed here to trivialize the double-layer STO phase are simply the

descendants of these vortices.

3.7 Discussion

We have shown that, in addition to the familiar gapless Dirac surface state, and
gapped symmetry-broken states, the electronic topological insulator (TI) can support
a gapped and fully symmetric phase with surface topological order (STO). This STO
phase provides a complete, non-perturbative definition of the electron TI. Like STO
phases of analogous bosonic TIs, the electron TI STO phase has the same topological-
order as a 2D phase, but with symmetry implemented in a way that is not allowed in
strict 2D.

For boson T1Is, the lens of STO provides a useful perspective into 3+1D strongly
correlated boson TIs as well as 2+1D gauge theories[1]. The hope is then that under-
standing of the electron TI STO will enable similar progress for strongly-correlated
electronic phases. An essential component for boson TIs was a systematic under-
standing of symmetry implementation for strictly-2D Abelian bosonic systems[48, 75].
One potentially complicating factor in adapting this approach to fermions is that the
electron TI STO is inherently non-Abelian. Consequently an important outstanding
task for making progress along these lines is to develop a systematic understanding
of symmetry implementation in 2D non-Abelian theories. These theories are not
amenable to the simple K-matrix methods that have so successfully utilized for boson
systems[48, 75]. However, methods of similar spirit based on using the bulk-boundary
correspondence to reduce the problem to symmetry implementation in 1+1D confor-
mal field theories of the edge may still prove fruitful. Such a pursuit would go far

beyond the scope of the present chapter and is left as a challenge for future work.
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Using a different method, based on Walker-Wang type models, X. Chen, L. Fid-
kowski, and A. Vishwanath have also constructed a candidate STO phase fora© =7
electron TI[54]. The relationship between this STO and the one described above is
not completely clear, however, in light of the general arguments of Ref. [3] this phase
can at most differ from the conventional ¢TI by an SPT phase of neutral bosons.

This chapter focused on the Fu-Kane-Mele topological insulator, which is the only
nontrivial topological insulator in 3D free fermion systems. In the next chapter we
discuss the possibility of other (bulk) electronic topological insulators in correlated

systems.
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Topological

particle):

Superselec-
tion Sector 0 B / Ty To G 2 Ty TS
(“Particle
Type"):
Conjugate .
Sector (anti- 0 gB=p" f Bl'm pln, B B BT, Bn

Quantum
Dimension 1 1 1 V2 V2 1 1 V2 V2
(d):
Top.ological 1 1 1 ein/t emim/A gim/2 -im/2 _gim/4 _-im/4
Spin (6):
2ne
Charge (¢.): | (n € 3 0 1 3 3 5 5
Z)
Time-Reverse
Partner: I B f To Tv 72 ¥ TS (N
T2 Vs'ﬂue (if 1 1 1
meaningful):

Table 3.1: Summary of the topological content of the surface-topological order phase
and the implementation of charge-conservation and TR symmetries. Topological su-
perselection sectors are topological equivalence classes of particle types. The anti-
particle of a particle in sector a resides a’s conjugate sector. A particle has the same
quantum-dimension and 72 value as its anti-particle, but opposite electrical charge
and conjugate topological spin. Other distinct topological particles such as 32, BT,
etc... can be obtained by combining the above listed objects. The properties of these
composites and anti-particles follows straightforwardly from the information listed
above. Superselection sectors have the same quantum dimension, opposite charge,
and same topological spin compared to their conjugate sectors (anti-particles). Empty
entries in the 72 row indicate that there is no gauge invariant meaning to the value
of T2 for that type of particle. In addition, there is the physical electron, ¢, which
hasd =1, . = —1, T2 = —1. This could be regarded as part of the vacuum sector [
since it has trivial mutual statistics with all other particles. However, since fusing ¢ to
another particle changes that particle’s topological spin factor of —1 it is convenient
to distinguish ¢ from [.
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BxB=p

Bxp=p=p"
BExB=1
B" x a = f"a
(for any sector a # § and n = 1,2, 3)
fxf=1
fxr=m
I X7m=mp

To X Ty =T2 + 72
To X Tg = T2 + 72
T X 75 =B+ Bf

i X f=13

2 x712=p2

mxmi=fxf=c

3 _ 2
Ty = Ty X Ty

3 _ 2
T,I—J—TQ—,XT:t

Table 3.2: Fusion rules for the surface-topological order phase.
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Chapter 4

Classification of interacting electronic
topological insulators in three

dimensions

The last few years have seen tremendous progress|18, 19, 20, 21, 22] in our understand-
ing of electronic topological insulators modeled by band theory. Despite this there
is currently very little understanding of the interplay between strong electron inter-
actions and the phenomenon of topological insulation. Can interaction dominated
phases be in a topological insulating state? Are there new kinds of topological insu-
lators that might exist in interacting electron systems that have no non-interacting
counterpart? These questions acquire particular importance in light of the ongoing
experimental search for topological phenomena in strongly correlated materials with
strong spin-orbit coupling.

We focus here on the all-important example of time reversal symmetric insulat-
ing phases of electrons with a conserved global charge (corresponding to a global
U(1) symmetry). Non-interacting insulators with this symmetry in 3D have a well
known distinction|25, 18, 19, 20] between the topological and trivial band insulators
(corresponding to a Z, classification).

We show that with interactions there are 6 other non-trivial topological insulating

states corresponding to a classification by the group Z3. This group structure means

103



. T-invariant
. . T-breaking
Topological Representative gapless
transport
Insulator surface state . supercon-
signature
ductor
Free fermion Single Dirac cone Tay = et = None
TI & +1/2
Topological Z5 spin liquid with N=3
Kramers doublet .
paramagnet spinon(e) and Oy = Kgy =0 Majorana
I (eI'mT) i cones
vison(m)
Topological Z4 spin liquid with o = 0 R N =28
paramagnet | Fermionic spinon(e) i :I:é’l %0 Majorana
II (eymy) and vison(m) cones

Table 4.1: Brief descriptions of the three fundamental non-trivial topological in-
sulators, with their representative symmetry-preserving surface states, and surface
signatures when either time-reversal or charge conservation is broken on the surface
(with topological orders confined). oy, is the surface electrical Hall conductivity in

units of 9’? Ky 18 the surface thermal Hall conductivity and kg = %%T (T is the
temperature). N is the number of gapless Majorana cones protected by time-reversal
symmetry when the surface becomes a superconductor. A combination of these mea-
surements could uniquely determine the TI.

that all these interacting topological insulators can be obtained from 3 ‘root’ states
and taking combinations. One of the 3 root states is the standard topological band
insulator. The other two require interactions. They can be understood as Mott
insulating states of the electrons where the resulting quantum spins have themselves
formed an SPT phase. Such SPT phases of quantum spins were dubbed ‘topological
paramagnets’ in Ref. [43] and their properties in 3D elucidated. The three root states

and their properties are briefly described in Table. 4.1.

Previous progress in understanding interacting electronic SPT phases is restricted
to one[40, 41, 42, 109] and two[48, 58, 59, 60, 61] space dimensions. A formal abstract
classification for some symmetries (which includes neither charge conservation, nor
spin-1/2 electrons) in 3d has been attempted[56] but leaves many physical questions
unanswered. Our strategy - which sidesteps the difficulties of this prior approach

- is to first constrain the symmetries and statistics of monopole sources of external
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electromagnetic fields. We then incorporate these constraints into a theory of the
surface, and determine the resulting allowed distinct states.

In general it is natural to attempt to construct possible SPT phases of fermion
system by first forming bosons as composites out of the fermions and putting the
bosons in a bosonic SPT state. However not all these boson SPTs remain distinct
states in an electronic system. We determine that the distinct such states (see Sec.
4.5.1) can all be viewed as topological paramagnets as described above.

While such spin-SPT phases can clearly exist, we give very general arguments that
the only other electronic root state is the original topological band insulator.

We also clarify a number of other questions about interacting topological insulators
(see end of the chapter and Sec. 4.6.1, 4.6.2). For instance we explain the fundamental
connection between topological insulation and Kramers structure of the electron.

Our results set the stage for a number of future studies including identification of
the new topological insulators in microscopic models and in real materials. Strongly
correlated materials with strong spin orbit interactions are natural platforms for the
various topological insulator phases we described. We expect that our results, es-
pecially the knowledge of what exotic phases are possible and what experimental
signatures to look for, will inform the many ongoing searches (e.g., in rare earth

insulators, or in iridium oxides) for topological phenomena in such materials.

4.1 Generalities

For any fully gapped insulator in 3D, the effective Lagrangian for an external elec-
tromagnetic field obtained by integrating out all the matter fields will take the form

Lefs = LMoz + Lo (4.1)

The first term is the usual Maxwell term and the second is the ‘theta’ term:

6
Lo=13E B (4.2)
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where E and B arc the external electric and magnetic fields respectively.

Under time reversal, § — —6 and in a fermionic system the physics is periodic
under ¢ — 6 + 2m. Time reversal symmetric insulators thus have § = nr with n
an integer. Trivial time-reversal symmetric insulators have # = 0 while free fermion
topological insulators have 6 = 7[64]. Any new interacting TT that also has § = =
can be combined with the usual one to produce a TT with # = 0. Thus it suffices to

restrict attention to the possibility of new TIs which have § = 0.

Consider the symmetry properties of monopole sources of the external magnetic
field. At a non-zero 6, this elementary monopole carries electric charge % so that it is
neutral when § = 0. Under time reversal the monopole becomes an anti-monopole as
the magnetic field is odd. Formally if we gauge the global U(1) symmetry to introduce

a dynamical monopole field m it must transform under time reversal as

T'mT = e*m! (4.3)
T'mT = em (4.4)

However[1] by combining with a gauge transformation we can set the phase a = 0.
Physically this is because the time reversed partner of a monopole lives in a different
topological sector with opposite magnetic charge and hence is not simply a Kramers
partner. To see this explicitly we observe that the 7 operator can be combined with

a (magnetic) gauge transformation to define a new time reversal operator:

T =U)T (4.5)

where U(a) = e where g, is the total magnetic charge. Since g,, is odd under
time-reversal, we have U(a)T = TU(a), hence the order of product in Eq. (4.5) does
not matter. When acting on physical gauge invariant states 7 has the same effect as

7T but the monopole fields m, m! transform with a = 0.

This fixes the symmetry properties of the bulk monopole. There are still in prin-

ciple two distinct choices corresponding to the statistics of the monopole: it may be
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either bosonic or fermionic. We will consider them in turn below. Bosonic monopoles
will be shown to allow for the topological paramagnets mentioned above and nothing

else. Fermionic monopoles will be shown to not occur in electronic SPT phases.

4.2 Topological insulators at § = 0 - bosonic monopoles

Consider the surface of any insulator with # = 0 and a bosonic monopole. This is con-
veniently incorporated into an effective theory of the surface formulated in terms of
degrees of freedom natural when the surface is superconducting, i.e, it spontaneously
breaks the global U(1) but not time reversal symmetry. The suitable degrees of free-

he vortices and (neutralized) Bogoliubov quasiparticles[80] (spinons)

dom then are
which have mutual semion interactions. In general we can also allow for co-existing
topological order, i.e. other fractionalized quasi-particles, in the surface supercon-
ductor.! This gives a dual description of 2D electronic systems that is particularly
convenient to studying not just the superconducting phase but also some topologically

ordered insulating phases.

Imagine tunneling a monopole from the vacuum to the system bulk. Since the
monopole is trivial in both regions, the tunneling event - which leaves a % vortex

on the surface - also carries no non-trivial quantum number. Hence the surface dual

effective field theory has a bosonic %-vortex that carries no non-trivial quantum
number. We can therefore proliferate (condense) the hf-vortex on the surface which
disorders the superconductor and yields an insulator with the full symmetry U(1) x T
unbroken. However as is well known from dual vortex descriptions|[104, 80] of spin-
charge separation in 2D, the resulting state has intrinsic topological order.
In this surface topologically-ordered symmetry-preserving insulator, a quasi-particle

of charge-q sees the %-vortex as a 2mq/e flux. Hence, the %—vortex condensate con-
fines all particles with fractional charge and quantizes the charge to ¢ = ne for all

the remaining particles in the theory (for a more detailed discussion see Sec. 4.3).

1Such a phase with coexistence of topological order and superconductivity was denoted SC* in
Ref. [80].
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However, we can always remove integer charge from a particle without changing its
topological sector by binding physical electrons. Hence the particle content of the
surface topological order is {1,¢,...} x {1,¢}, where only the physical electron ¢ in
the theory is charged, and all the non-trivial fractional quasi-particles in {1,¢, ...} arc
neutral. Since time-reversal operation preserves the U(1) charge, its action has to be
closed within the neutral sector {1, €, ...}. We can therefore describe the surface topo-
logical order as a purely charge-neutral quantum spin liquid with topological order
{1,¢, ...}, supplemented by the presence of a trivial electron band insulator, {1, c}.
In particular, any gauge-invariant local operator made out of the topological theory
must be neutral (up to binding electrons), but in an electron system a local neutral
object has to be bosonic. Hence the theory should be viewed as emerging purely
from a neutral boson system. This implies that the bulk SPT order should also be
attributed to the neutral boson (spin) sector, i.e it should be a SPT of spins in a
Mott insulating phase of the electrons (a topological paramagnet).

The SPT states of neutral bosons with time-reversal symmetry are classified[43,
1, 44] by ZZ, with two fundamental root non-trivial phases. These can both be
understood as Mott insulators in topological paramagnet phases. Adding to this the
usual § = m T1I captured by band theory we have 3 root states corresponding to a 73
classification. To establish that there are no other states we need to still consider the

other possibility left open for the bulk response: a fermionic monopole.

4.3 Vortex condensate and charge quantization

Here we provide more details of the argument establishing that electronic topological
insulators with 8 = 0 and a bosonic monopole can be reduced to bosonic topological
paramagnets. It is convenient to start with a symmetry preserving surface termination
that has intrinsic topological order. Such a surface state is characterized by a set of
anyons {1,c, X, X,Y;} where I is a discrete label, and their corresponding braiding
and fusion rules. Each anyon will be characterized by a sharply quantized charge

g under the global U(1) symmetry. Let us denote this topological information and
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symmetry assignments as the initial surface anyon theory: Tipjtial-

A useful theoretical device[69] is to consider creating a monopole source of an ex-
ternal (non-dynamical) magnetic field, and dragging that monopole through the topo-
logically ordered surface at position R. Such a monopole insertion event changes the
external magnetic flux, ® 5, piercing the surface by ze’—’ (in units where h = c=e = 1).
When the monopole sits close to the under-side of the surface, this extra flux, d®p,
is concentrated in the vicinity of R. Suppose we take a surface excitation, Y, with
fractional charge qy, and drag it around a sufficiently large loop that encloses (nearly
all) the additional magnetic-flux from the monopole insertion. This process accumu-
lates Berry phase €2™% # 1 because of Y’s fractional charge. However, the total
monopole insertion event is a local physical process, and since there are no gapless
excitations in the system it cannot have non-trivial action on distant events (clearly if
Y is arbitrarily far from the R, it should not be able to discern whether the monopole
is infinitesimally above or infinitesimally below the surface). Therefore, if Tipiia con-
tains quasi-particles Y; with fractional charge, q;, the monopole insertion event must
also create a quasi-particle of type X in the surface theory which has mutual statis-
tics Oxy; = e~?™4. This mutual statistics then exactly compensates the non-trivial
Berry phase from encircling the additional flux from the monopole insertion, and en-
sures that the overall monopole insertion event does not have unphysical non-local
consequences. Furthermore, since the bulk monopole is chargeless and bosonic, X, is

a neutral boson.

We can similarly consider the time-reversed version of this process by inserting
an anti-monopole from the vacuum into the bulk. Let us denote by X the particle
nucleated at the surface. Clearly X and X are exchanged by 7, indicating that, like
X, X is a charge-neutral boson. The mutual statistics of an anyon Y with X is then
e?™4v . Further as the monopole and antimonopole can annihilate each other to give

back the ground state X must be the antiparticle of X.

These mutual statistics indicate that driving a phase transition in which X, X
condense will confine all fractionally charged particles. However, in general it is not

guaranteed that the condensation of X, X preserves 7. To avoid this issue, we take a
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detour through an intermediate superconducting phase in which descendants of X, X
can be safely condensed while preserving 7. This results in a topologically ordered

state, Thnal, Which has the desired structure of a neutral boson theory.

Our strategy is to first enter a superconducting phase obtained by condensing the
physical Cooper pair, b = cc¢y, from Tiniria and then to exit it through a different phase
transition to reach the final topological order T§,,. In the theory, Tinitia, the Cooper
pair is local with respect to all nontrivial anyons. Thus its condensation preserves
the topological order Tiy;.1- The resulting topologically ordered superconductor is
conventionally denoted SC* (see Ref. [80]) to distinguish it from the ordinary non-

fractionalized BCS superconductor, SC.

Let us denote the Cooper pair field by b = ,/pze*®. A long-wavelength effective
Lagrangian density for the theory can be written:

X, X,Yr,...]

nitial [

b, X, X, = % (0,0)° + L,

+ Lonixealb, Y, - -] (4.6)

where L., [X, X,Y7,...] is the Lagrangian density encoding the topological content
of the topologically ordered phase, and Lumixea = Y Ay} [1; (€¥%/ Y1) N1 encodes all
charge-conserving interaction terms between b and gauge-invariant combinations of
operators in the topologically ordered theory. When b condenses to obtain a super-
conducting phase, apart from the original topological quasiparticles, there will also be
quantized vortex excitations where the phase ¢ of b winds by 2n7 with n an integer.
Following the terminology of Ref. [80] we will call these vortons (to distinguish from

the vortices of conventional superconductors without topological order).

We wish to disorder the superconducting order by condensing a suitable vortex to
obtain the desired insulating surface theory Tx,.. This may be done in a dual effective
field theory in terms of the vorton degrees of freedom. To formulate such a dual field-

theory, it is very convenient to introduce “neutralized" fields: Y; = €'¢/2¢Y; obtained
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by binding a fraction of the Cooper pair to Y;. In terms of these neutralized variables:
£="200,47+L1x X, 7] (4.7)
- 2 7 sy, Ly .

The advantage of this choice of variables is now manifest, as the Cooper-pair phase
¢ is no longer directly coupled to the neutralized fields ¥;. The Y; however now
acquire a phase €™ on encircling an elementary vorton. Following the standard
duality transformation, we can re-write the boson current j;' = py0,¢ as the flux of a

EpuA

gauge-field a,: j;' = 5—-0,ax. In the dual theory, the vorton field, denoted by v, is a

bosonic field that couples minimally to this gauge field, and in addition has statistical

interactions with the ¥ particles:

v 2 1 . .
Laual :87r2pb (EIJ AavaA) + -2‘| (8,, — oy, — Zallj) ’U|2
2 F Y, M J
+V(|UI )+‘C[X7X$Y}] + AT auKIJaya)‘
+£0aljt (4.8)

where the gauge fields, af, integer vectors £(), and multi-component Chern-Simons
term with K-matrix K;; capture the mutual statistics between the vortons and the
fields Y;. Here, jy, is the current of the Y; particles, and V'(|v|?)) is a potential for
the vorton field.

Now consider the particles v2X, (v“)2 X. These carry vorticity +2 and are inter-
changed under time reversal. These are the relics of a monopole tunneling event in
this superconducting state discussed in the main text. Due to the coupling of v to
the dual gauge field, oy, we may always choose a gauge such that time reversal is

implemented as:

T XT = (1)°X (4.9)
TO) XT = o¥X (4.10)

We may now condense v2X, (v")2 X and preserve time reversal symmetry. The con-
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densation also destroys the superconducting order and produces the desired new topo-
logical order Thna- Note that the neutralized particles }71 have no non-trivial mutual
statistics with v2X as the phase around the v? exactly cancels the phase around X.
Hence they survive in Tqp, as quasiparticles. The vortex condensate however quan-
tizes electric charge to be an integer. In particular the charge ¢ bosons obtained by
fractionalizing the Cooper pair b, = e'% are confined unless q is an integer. In effect
the original electrically charged Y} particles are confined to the fractional bosons to
produce the neutral Y; particles. The vortons v also survive as particles in final but
they are electrically neutral.

The detour through the superconductor essentially implements a ‘charge-anyon’
separation of the original topological theory Titia- This is completely analogous to
the conceptual utility of superconducting degrees of freedom in implementing ‘spin-
charge’ separation in 2d insulators[80]. Though we will not elaborate this here an
alternately route from Tipitia1 t0 Thnal is through a parton construction where we
fractionalize the charged anyons into a charged boson and a neutral anyon.

This proves that Tg,, only has integer charged quasi-particles. Without loss of
generality, we may relabel the quasi-particle content of Th,, by binding an appro-
priate number of electrons to each quasi-particle to remove the remaining integer
charge. The resulting theory has quasi-particle content {1,v,Y;} x {1,c}, that can
be decomposed into the direct product of a neutral boson sector {1, v, )71} trivially
accompanied by a gapped electron. This completes the desired proof that the 8 = 0

classification reduces to the classification of neutral bosonic phases.

4.4 'Topological insulators at 8 = 0 - fermionic monopoles?

The possibility that the monopole may be fermionic in a system which also has
fermionic charges is naively consistent with time-reversal symmetry. However we can
show that such a state cannot occur in any electronic 3D SPT phase. Crucial to
our argument is the requirement of ‘edgability’ defined in Ref. [1]. Any theory that

can occur in strictly d-dimensions (as opposed to the surface of an SPT in (d + 1)
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dimensions) must admit a physical edge to the vacuum. We show that electronic
systems with a fermionic monopole are not edgable.

To illustrate the difficulty consider a Bose-Fermi mixture, with both the boson
b and the electron ¢ carrying charge-1. Now put the electron into a trivial band
insulator, and the boson into a bosonic SPT state. Then the charge-neutral external
monopole source becomes a fermion[1, 69]. We may attempt to get rid of the bosons
in the bulk by taking their charge gap to infinity (i.e projecting them out of the
Hilbert space). However they will make their presence felt at the boundary and the
theory is not edgable as a purely electronic system. Indeed we show in Sec. 4.4.1 by
a direct and general argument that fermionic statistics of the monopole in an SPT
phase implies the existence of physical charge-1 bosons at the boundary. This is not

possible in a purely electronic system.

4.4.1 Impossibility of a Fermionic Monopole

In this section we provide a general argument against the possibility of fermionic
monopoles in a purely electronic SPT insulator. We will show that fermionic monopoles
in the bulk necessarily leads to inconsistencies in the boundary theory, as long as the
charge U(1) symmetry is preserved. When the charge U(1) is gauged, apart from
monopoles we may also consider in the bulk dyons parametrized by (g, g.) where g,
is the electric charge and g, the magnetic charge. If the neutral monopole (1,0) is
fermionic in a purely electronic system (where the (0, 1) particle is identified with the
electron) all dyons with ¢, = 1 are also fermions. If time reversal is broken in the
bulk the 6 value may change from 0 leading to these dyons acquiring non-zero charge.
However their statistics stays fermionic. It follows that if any putative time rever-
sal symmetric electronic topological insulator phase with a fermionic monopole exists
then it will stay a non-trivial topological insulator even in the absence of time reversal
symmetry. Thus it suffices to show that fermionic monopoles are forbidden in the
absence of time reversal symmetry to rule out such putative topological insulators.
We will show that SPT states of electrons with a global U(1) symmetry admit

unphysical boundary excitations if the monopole is fermionic. Suppose we could
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construct a state with fermionic monopoles. By the arguments of the previous section,
we may describe this phase in terms of the surface topological order with particle

content:

{1vc7fvan7}/éa"'} (411)

Here, f is the surface excitation corresponding to the bulk monopole, and hence
is a neutral fermion having mutual statistics e~2™4/¢ with particles Y; of charge q;.
(Even if time reversal is not present we imagine tuning to a point where the monopole

is neutral).

Following an analogous line of reasoning in Sec. 4.3, we can now pair condense
the remnant of the fermionic monopole {ff) # 0, which immediately confines all the
fractionally charged particles Y; unless ¢; = ne/2 for some integer n, due to their
mutual statistics with f. By attaching enough physical electrons (c), we can always
take the charge of the particles Y; to be either 0 or ¢/2. The resulting theory can

thus be written as:

{1701 f)CIyNI} (412)

where Cr have charge e/2, and N; are neutral quasi-particles. Note that f is local

with respect to N; and is a mutual semion with Cy.

The neutral sector of the theory {1, f, Nr} is closed under fusion and braiding
due to charge conservation. Moreover they form a consistent topological field theory.
To see this, let us momentarily dispense also with charge-conservation symmetry
(for example by explicitly breaking it), and then condense (cf) # 0, which confines
all 1/2-charged particles C; while keeping all the neutral particles N; unaffected.
Furthermore, as f is local with respect to all the N/’s, the theory {1, f, Ny} can be
viewed as a topological field theory of a system with physical fermion f in the absence.

of any symmetry. Such a theory can then be confined to {1, f} without obstruction.
Returning to the original theory in Eqn 4.12 this implies that we may get rid of
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the neutral particles N; and be left with

{1703 fa C’t}? (413)

where {C;} is a subset of the original charge-e/2 particles {Cs}.

Without loss of generality, we can restrict our attention to a single species of
fractional charge particle C}, and its anti-particle. The only possible fusion outcomes
consistent with charge conservation are: C; x C; € {c,cf}. If two copies of C; fuse
to ¢ then cfC; is the anti-particle of C;. However, this is not possible, since the
topological spin (self-statistics) of ¢'C; and C; differs by —1, whereas anti-particles
must have the same topological spin. A similar argument rules out the possibility
that two copies of C) fuses to cf.

This line of reasoning shows that the topological order of Eq. 4.13 is internally
inconsistent, unless there are no C; particles, i.e. unless the topological order contains

only the following particles:

{L¢e, f} (4.14)

Since f has trivial mutual statistics with ¢, it must be a physical object that is
microscopically present in the system (i.e. is not an emergent particle). However,
there is no such neutral fermion degree of freedom in an electronic system. It follows
that in a purely electronic system the monopole cannot be fermionic in an SPT phase
with global U(1) symmetry.

We note that the Bose-Fermi example constructed at the beginning of Sec. 4.4 has
a neutral fermion excitation ( a bound state of the boson and fermion) and hence is
allowed to have a fermionic monopole. Let us examine this more closely. We put the
electron into a trivial band insulator, and the boson into a boson topological insulator.
Then the charge-neutral external monopole source becomes a fermion[l, 69]. We
initially consider such a system in a geometry with no boundaries. We then tune the
boson charge gap to infinity, so that the charged bosons disappear from the spectrum,

and we are left with a purely electronic theory. But since the fermionic monopole
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does not carry any boson charge, it survives as the only charge-neutral monopole.
Now the bulk theory is exactly what we were looking for, but we need to examine its

boundary and see if it is consistent with a time-reversal invariant electronic system.

As the electrons are in a trivial insulator they do not contribute anything special on
the boundary, so we only have to worry about surface states of the eCmC boson SPT.
We first consider a symmetric surface state with topological order. It is known[43]
that one of the possible surface states of the bosonic TI is described by a Z, gauge
theory with both e and m carrying charge-1/2 and the € fermion being charge-neutral
(the state denoted eCmC in Ref. [1]). By setting the boson charge-gap to infinity, the
e and m particles disappear from the spectrum, but the neutral e fermion survives as a
gauge-invariant local object, which is not allowed in a system purely made of charged
fermions. Another way to see the inconsistency of the surface is to look at the surface
state without topological order in which time-reversal symmetry is broken. The boson
topological insulator leads to a surface electrical quantum hall conductance o5, = +1
and thermal hall conductance £,y = 0.[43] The difference of o4y, £, between the two
time-reversal broken states should correspond to an electronic state in two dimensions
without topological order. Here we have Ao,, = 2 and Akgy = 0, which cannot be
realized from a purely electronic system without topological order. Indeed adding
integer quantum Hall states of electrons increases o4y, K5, by the same amount. It is
possible to add a neutral boson integer quantum Hall state without topological order
but that requires oy—g, kzy = 0(mod8). Hence the boundary as a purely electronic
theory is not consistent with time-reversal symmetry, and the bulk theory cannot be
realized in strict three dimensions, although it may be realizable at the surface of a
four dimensional system. We also note that if we allow topological (or other exotic

long range entanglement) in the bulk then the monopole may be fermionic.
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4.5 Physical characterization of interacting topolog-

ical insulators

We now describe phenomena which in principle can be used to completely experi-
mentally identify the various Tls. We consider breaking symmetry at the surface
to obtain states with no intrinsic topological order. The results are summarized in
Table.4.1. A different, less practical, but conceptually powerful characterization is in
terms of a gapped topologically ordered surface state which we describe in Sec. 4.5.1.

First consider surface states breaking time-reversal symmetry (and no intrinsic
topological order). Of the 8 insulating phases we obtained, four have electromagnetic
response 6 = 7 (of which one is the topological band insulator) and four have 8 = 0
(of which one is the trivial insulator). The 6 term in the response means that such

a surface state will have quantized electrical Hall conductivity £v with v = 2—97; +n,

%
where n can be any integer signifying conventional integer quantum hall effect on
the surface. A further distinction is obtained by considering the thermal Hall effect
Ky in this surface state. In general in a quantum Hall state x;, = VQ";%T where
kg, T are Boltzmann’s constant and the temperature respectively. The number v is
a universal property of the quantum Hall state.

Two of the § = 7 insulators have vg = v = 1/2 + n (including the topological
band insulator) while the other two have vg = v + 4. Similarly two of the § = 0
insulators (including the trivial one) have vg = v = n while the other two have
vg = v+ 4.2 Thus a combined measurement of electrical and thermal Hall transport
when 7 is broken at the surface can provide a very useful practical (albeit partial)
characterization of these distinct topological insulators.

Next we consider surface superconducting states (again without topological order)
obtained by depositing an s-wave superconductor on top. It was noticed in Ref. [110]
that the surface of the topological paramagnets I and II become identical to that of a

topological superconductor (see also Sec. 4.5.2 for a simpler derivation). The corre-

2A note for experts: vg — v is determined only up to 8, so we have vg — v = 0(mod8) for half of
the insulators and vg — v = 4(mod8) for the other half.
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sponding free fermion superconductor has N = 8(mod16) gapless Majorana cones at
the surface protected by time-reversal symmetry. Thus inducing superconductivity
on the surface of either Topological Paramagnet I or IT leads to 8 gapless Majorana,
cones which should be observable through photoemission measurements. Taken to-

gether with the T-breaking surface transport we have a unique fingerprint for each of

the 8 TIs.

4.5.1 Topologically ordered surface states

A powerful and complete characterization of the different three dimensional inter-
acting topological insulators is in terms of a gapped symmetry preserving surface
with intrinsic topological order. The physical symmetries are realized in this sur-
face topological order in a manner which cannot be realized in strict two dimensions.
The surface topological order of the topological paramagnets was studied in Refs.
[43, 1, 44]. The simplest such surface states have Z, topological order, with two par-
ticles e and m having a mutual 7-statistics. The Topological Paramagnet I supports
a surface theory in which both e and m particles are Kramers bosons (denoted as
eT'mT), while Topological Paramagnet II has a surface in which both e and m are
non-Kramers fermions (eymy). The third state, being a composite of the previous
two, has e and m both being Kramers fermions (efT'myT).

The topological band insulator can also be characterized in terms of its surface
topological order. In contrast to the topological paramagnets the surface topologi-
cal order in this case is non-abelian and such states have recently been studied in
Ref. [2, 53, 54, 55]. The resulting state are variants of the familiar Moore-Read state
describing the v = 5/2 quantum hall system, modified to accommodate time-reversal
symmetry. In Table 4.2 we list the representative surface topological orders of the
three root states described in the main text.

In hindsight, in interacting electron systems the descendants of neutral boson SPT
states are naturally expected to arise. However, one could also have naively included
the descendants of boson SPT states made out of Cooper pairs (charge-2 objects).

The non-trivial boson SPT made out of physical bosons with charge ¢ = 2 supports
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Representative
surface topological
order

Topological
Insulator

Free fermion TI Variants of Moore-Read

state
Topological Z> gauge theory with
paramagnet I Kramers doublet e and
(eT'mT) m, € = em is singlet
Topological Z, gauge theory with
paramagnet II Fermionic e and m,
(egmy) € = em is also Fermionic

Table 4.2: Brief descriptions of the three fundamental non-trivial topological insula-
tors, with their representative surface topological orders.

a surface theory[43, 1, 69] in which both e and m are non-Kramers bosons carrying
charge ¢/2 = 1 (denoted as eCmC). However, since we have physical Kramers
fermions with charge-1 in the system (the electrons), we can bind them with the e
and m particles. This converts them to neutral Kramers fermions, which becomes
exactly one of the SPT surface states (e;T'mT’) of neutral bosons. Hence the SPT
state made out of charge-2 bosons does not add any non-trivial fermion topological

insulator.

Apart from its conceptual value the study of the surface topological order also pro-
vides a very useful theoretical tool to access the topological paramagnets. It allowed
Ref. [1] to construct the root states of the two time reversal symmetric topologi-
cal paramagnets (as well as other bosonic SPT phases) in a system of coupled layers
where each layer forms a state that is allowed in strictly 2d systems. Ref. [44] used the
surface topological order eymy (Topological Paramagnet II) to construct an exactly
solvable model. While the constructions of Refs. [43, 1, 44] establish the existence of
Topological Paramagnet II it is absent in the cohomology classification of Ref. [16, 17].
Understanding how to generalize the cohomology classification to include this state

is a challenge for the future.
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4.5.2 Equivalence between N = 8 Majorana cones and the

eT'mT topological order

In this section, we provide a physical construction of the eT'mT topological order
from the N = 8 Majorana-cone surface state of a time-reversal invariant topological

superconductor phase. We start from the free theory

8
Lfree = Z Xz?:a(pzo'z + pyo'z)a,in,b (4'15)

=1

where ¢ € {1,...,4} and a € {,]}, and with time reversal acting on the real (Majo-
rana) fermions as

Tx:T ' =1i0%xip- (4.16)

We can group the theory into four complex (Dirac) fermions by writing

Vie = X2ia + IX2i-1,05 (4.17)

the Lagrangian then simply describes four gapless Dirac cones

4
Liree =Y Ui (p.0° + p,a®Nh;, (4.18)
FRASS L M i1y 7 \ /
=1
in which time-reversal acts as
TH:T ! =doa). (4.19)

It is easy to see that the theory is protected from gap-opening at the free (quadratic)
level. We can then ask, could a non-perturbative gap be opened when interaction is
introduced? The way to tackle this problem is to first introduce a symmetry-breaking
mass term into the fermion theory, viewing the mass term as an fluctuating order pa-
rameter, and ask if one can recover the symmetry by disordering the phase of the
mass field.

For this purpose it is convenient to first introduce an auxiliary global U(1) sym-
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metry

UppUy "t = e (4.20)

as a microscopic symmetry in the model (rather than a subgroup of the emergent
SO(8) flavor symmetry). This auxiliary symmetry will be removed at the end of the

argument, so the final result does not depend on the existence of this U(1) symmetry.

The total symmetry is now enlarged to U(1) x T, with UpyT = TU, (i.e. the
conserved quantity associated with the auxiliary U(1) symmetry changes sign under
T like a component of spin rather than an electrical charge). One can now write

down a pairing-gap term into the theory

4
Loap =AY oy + hec. (4.21)

i=1
which breaks both U(1) and 7 (A — —A* under time-reversal because 72 = —1 on
physical fermions). The task for us now is then to disorder the field A and restore
time-reversal symmetry. The virtue of the auxiliary U(1) symmetry shows up here:
the field A is XY -like, so to disorder it we can follow the familiar and well-understood

route of proliferating vortices of the order parameter

It is important here to notice that although the gap in Eq. (6.9) breaks both U(1)
and T, it does preserve a time-reversal-like subgroup generated by 7 = TUy 2. Since
we want to restore T by disordering A (which surely will restore U(1)), we must do it
while preserving 7. This “modified time-reversal” looks almost like the original one,

but there is a crucial difference: 72 = 1 when acting on the fermion field .

Now we are ready to disorder the field A. At first glance it seems sufficient
just to proliferate the fundamental vortex (hc/2e-vortex) and obtain a trivial gapped
insulator. However, as we will see below, 72 = —1 on these fundamental vortices,

hence proliferating them could not restore time-reversal symmetry.

The vortex here is subtle because of the fermion zero-modes associated with it.
It is well-known that a superconducting Dirac cone gives a Majorana zero-mode in

the vortex core[102]. So the four Dirac cones in total gives two complex fermion
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zero-modes fi 2. We then define different vortex operators as

vnlGS) = ()" ()" 1F M), (422)

where |F'N) denotes the state with all the negative-encrgy levels filled in a vortex
background. The U(1) being spin-like under 7~ (hence 7 also) means that a vortex
configuration is time-reversal invariant. The only non-trivial action of 7 is thus on
the zero-modes:

ThoT = fl, (4.23)

and by choosing a proper phase definition:
TIFN)Y = fifi|FN). (4.24)

It then follows straightforwardly that {veg,v11} and {vg1,v10} form two "Kramers"
pairs under 7. Moreover, since the two pairs carry opposite fermion parity, they

actually see each other as mutual semions.

We thus conclude that to preserve the symmetry, the “minimal™ construction
is to proliferate double vortices. The resulting insulating state has Z, topological
order {1,e,m, e} with the e being the remnant of {vgp,v1,}, m being the remnant of

{vo1,v10}, and € is the neutralized fermion ).

Now the full U(1) x T is restored, we can ask how are they implemented on
{1,e,m,€e}. Obviously these particles are charge-neutral, so the question is then
about the implementation of 7 alone. However, since the particles are neutral the
extra auxiliary U(1) rotation in T is irrelevant and they transform identically under
7 and 7. Hence we have T2 =72 = —loneand m,and T2=T2=1on €, which is
exactly the topological order eT'mT. The charged physical fermion % is now trivially
gapped and plays no role in the topological theory, one can thus introduce explicit
pairing to break the auxiliary U(1) symmetry. Since topological order stems from
the charge-neutral sector, pair-condensation of ¥ does not alter the topological order,

and the resulting state is just the eI'mT state with only 7 symmetry.
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4.6 Other symmetries, Kramers fermions, and 0 =«

topological insulators

As a by-product of our considerations we are able to address a number of other
fundamental questions about interacting topological insulators. For the free fermion
systems the Kramers structure is what allows a topological insulator with § = .
What precise role, beyond free fermion band theory, does the Kramers structure of
the electron play in enabling § = 7 7 We show non-perturbatively that any gapped
insulator with a § = 7 response and no intrinsic topological order necessarily has
charge carriers that are Kramers doublet fermions. We also use a similar insight
to show the necessity of magnetic ordering when the exotic bulk excitations of the
topological Mott insulator phase of Ref. [65] are confined. Finally we show that
time reversal breaking electronic systems with global charge U(1) symmetry have
no interacting topological insulator phase in three dimensions. These results are

described in Sec. 4.6.1 and Sec. 4.6.2.

4.6.1 Spinless fermions and other symmetries

We first provide the proof that a § = 7 electromagnetic response in a time reversal

invariant insulator implies that the charge carriers are Kramers fermions.

When the global U(1) symmetry is gauged, # = m implies that the monopoles of
the resulting U(1) gauge field are ‘dyons’ (in the Witten sense) with electric charge
shifted from integer by % Label particles by (¢m,qe), where g, is the magnetic
charge (monopole strength) and ¢, is the electric charge. A strength-1 monopole
(dyon) carries charge-1/2, labeled as (1,1/2), which under time-reversal transforms
to the (—1, 1/2) dyon, since electric charge is even while magnetic charge is odd under

time-reversal.

Introduce fields d,,, 4. for dyons with magnetic charge g,, and electric charge ge.
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Under time reversal these transform as

T ldayyT = €%dianm (4.25)
T 1T = €Pdaap

where d(g,, ¢.) denotes the corresponding dyon operator. We then have for 72

T2duT? = €970 (4.26)
7-——zd(—l,l/2)7-2 = ei(a—ﬁ)d(~1’1/2)

The exact value of the phase factor *~#) is not meaningful since it is not gauge-
invariant.

Now let’s consider the bound state of d(;1/2) and d(_y1/2), it has ¢,, = 0 and
ge = 1, which is nothing but the fundamental charge of the system. These two dyons
see each other as an effective monopole. To see this view the (—1,1/2) dyon as the
bound state of the electric charge (0,1) and (—1,—1/2) which is the anti-particle of
(1,1/2). The Berry phase seen by the (—1,1/2) dyon is the same as that seen by
a charge from a monopole. Hence their bound state will carry half-integer orbital
angular momentum and fermionic statistics The angular momentum of the gauge

field[68] in this bound state is given by

7 = eadmp2 ; Qe2qm1 _ /2. (4.27)

The half integer angular momentum goes hand in hand with fermi statistics of the
bound state. To determine whether or not the fermion is a Kramers doublet, we need
to consider contributions from the internal and orbital degrees of freedom separately.
The internal contribution follows readily from Eq. (4.26), which contributes to 72 by
¢! f=2)¢ile=P) = 1. The orbital part contributes to 72 by —1 due to the half-integer
angular momentum. More precisely, since time-reversal exchanges the two dyons, it is
generated by a 7-rotation along a great circle, hence 72 is generated by a 27-rotation

along a great circle, which picks up a Berry phase of 7 due to the mutual-monopole
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structure of the two dyons. Therefore we conclude that the fundamental charge must
be a Kramers fermion, and there’s no fermion SPT with § = 7 made out of non-
Kramers fermions. We emphasize that this argument is non-perturbative, and does

not rely on results from free fermion theories.?

In the absence of the § = 7 TI for non-Kramers fermions (7 = 1) what are the
possible TIs? The arguments advanced earlier go through as before and we again
inherit the boson SPTs with symmetry Z2. However, there is a subtle phenomenon
that is unique to the non-Kramers fermions: the eT'mT topological paramagnet actu-
ally becomes trivial when non-Kramers fermions (even though charged) are present in
the system. The argument is simple: one can combine the non-Kramers fermion with
the e and e particle in the eI'mT topological order. This is essentially a relabeling of
the same phase. The resulting topological order is eCmT, which means the e particle
has charge-1 but is non-Kramers, while the m particle is Kramers but charge-neutral.
But as discussed in Chapter 2, this topological order is realizable even in strictly two
dimensional systems. Hence it is anomaly-free. One way to realize this state is to
start from the eCTeCT state, which is anomaly-free since the m particle is trivial,
and then put the € particle into a 2D topological insulating band. The resulting state
is nothing but the eCmT.

Therefore for non-Kramers fermion, the classification should be Z5, where the only

nontrivial state is the efmf topological paramagnet.

Finally we note that the methods of this chapter imply the absence of any topo-
logical insulator states of electrons when time reversal is absent (7.e when only charge
U(1) is present). Progress toward the classification of interacting time reversal sym-
metric electronic topological superconductors (the charge U(1) is absent) is made in

Ref. [110] which proposes a Z;¢ classification.

3 After this work was completed we learnt of Ref. [53] which also pointed out the relation between
Kramers fermion and 6 = 7« TIL
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Figure 4-1: For # = 7, a monopole and anti-monopole become charge-§ dyons. Acting
twice with 7 is equivalent to rotating the pair by 27, which gives Berry-phase —1
due to the half-angular momentum of the EM field of the dyon-pair.

4.6.2 Implications for topological Mott insulators

Let us now briefly consider the question of confined phases obtained by condens-
ing the dyons of the topological Mott insulator phase[65] whose low energy theory
is precisely the gauged TI. Since the (1,1/2) and (—1,1/2) dyons see each other as
effective monopoles, they cannot condense simultancously. Condensing one of them
should confine the other, just as condensing monopoles will confine electric charges.
Since time-reversal relates these two dyons, this implies that the dyons cannot con-
dense (hence confine the gauge theory) without breaking time-reversal symmetry.
That the condensation of either of the (1,£1/2) dyons breaks T-reversal was previ-
ously pointed|[111]. Here we see that it is not possible to simultaneously condense
both dyons. Thus the confined phase obtained from the topological Mott insulator

necessarily breaks T-reversal and hence is an antiferromagnet.
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Chapter 5

Interacting fermionic topological
insulators/superconductors in three

dimensions

5.1 Introduction

In contrast to bosonic systems, our understanding of fermionic SPT phases beyond
band theory is rather limited, particularly in the physically important case of three
space dimensions. In dimension d = 2 however a simpler Chern-Simons approach
provides many definitive results for fermionic SPT states[48]. The effect of strong
interaction was also examined for certain kinds of 2D fermionic SPT states described
by band theory[58, 59, 60, 61], where it was found that some of the topological bands
became trivial in the presence of strong interactions. These approaches, however, are

difficult to generalize to higher dimensions.

In Chapter 4 (Ref. [3]) we classified and described the physical properties of such
interacting three dimensional electronic topological insulators in the physically im-
portant situation where both charge conservation and time reversal symmetries are
present. The Z, classification of such insulators within band theory was shown to

be modified to a Z3 classification in interacting systems, resulting in a total of 8
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distinct phases. These are generated by 3 ‘root’ states of which one is the topo-
logical band insulator and the other two are Mott insulators where the spins form
a spin-SPT phase (various models of such “topological paramagnets” were discussed
in Ref. [16, 17, 1, 44]). The physics-based methods used in Ref. [3] enabled us to
obtain a very clear picture of the physical properties of the various states and deter-
mine their experimental fingerprints. It was also shown there that insulators without

time-reversal symmetry (U(1) only) have no non-trivial SPT phase.

In this chapter we generalize the ideas of Ref. [3] to discuss 3d electronic topological
insulators/superconductors with many other symmetries. Free fermion topological
phases with various symmetries fall into one of 10 distinct classes. This is known as
the 10-fold way[21, 22]. With interactions there is no guarantee that systems with
two different symmetries that fall in the same class in the 10-fold way still have the
same possible SPT phases. Therefore it is important to specify the symmetry group
directly. For symmetry groups represented in each of the famous 10-fold way we are
able to ascertain the stability of the free fermion classification to interactions. If the
symmetry group has a normal U(1) subgroup we obtain a complete classification of

the interacting electronic SPT states. The results are summarized in Table. 5.1.

For time reversal invariant superconductors in three dimensions (class DIIT) a
recent paper[110] showed that the Z classification of band theory reduces to a Z¢
classification with interactions. For this symmetry we provide a simpler derivation of
the same result. For other symmetry classes our results have not been described in

the literature as far as we know.

5.2 Generalities

It is useful to first describe a few general ideas that will form the basis of the physical

arguments used to establish our results.

128



Reduction of Distinct Complete
Symmetry class free fermion boslcfnué(i)T classifica-
states tion
U(1) only (A) 0 0 0
U(1) x 7% with
7‘(2 2 1 (AT Lol i z
U(1) x Z¥ with
T2 =1 (Al) 0 22 Z2
U(1) x Z¥ (AILD) Z—7g Zs Zg X Zs
UQ1) x (2T x 7§
(U1) % ZE) x SU(2) 0 73 z3
73 with T2 = -1
2 WI(DIII) 7 — Z]_ﬁ 0 le (?)
SU(2) x Z¥ (CI) Z— 7, Zy Zy xZy (7)

Table 5.1: Summary of results on classifications of electronic SPT states in three
dimensions. The second column gives free fermion states that remain nontrivial af-
ter introducing interactions. The third column gives SPT states that are absent in
the free fermion picture, but are equivalent to those emerged from bosonic objects
such as electron spins and cooper pairs. For symmetries containing a normal U(1)
subgroup, we can find the complete classification. In all such examples the complete
classifications are simple products of those descending from free fermions and those
obtained from bosons. For symmetry class CI, we give suggestive arguments but not
a proof that the classification in the last column is complete.

5.2.1 Surface terminations

A crucial property of an SPT phase is the presence of non-trivial surface states pro-
tected by the global symmetry. It is thus no surprise that powerful constraints are
obtained by thinking about the possible surface terminations of the bulk SPT phase,
i.e different possible surface phases that correspond to the same bulk phase. The
surface either spontaneously breaks the symmetry, or if gapped, has intrinsic topo-
logical order. A gapless symmetry preserving surface is also in principle possible.
More fundamentally any effective theory for the surface implements symmetry in a

manner not possible in a strictly two dimensional theory.
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Symmetry broken surface

A particularly uscful surface termination is one where the defining global symmetry is
either partially or completely broken. In the latter case the surface can be fully gapped
without introducing intrinsic topological order. This follows from the assumption
that the phase is symmetry protected. The non-triviality of the symmetry broken
surface manifests itself in the topological defects of the symmetry breaking order
parameter. This ensures that we cannot produce a trivial symmetry preserving surface

by proliferating topological defects.

We mention two particularly interesting examples of broken symmetries here. The
first one is the breaking of time-reversal symmetry, which can be realized explicitly
by depositing a ferromagnet on the surface. Very often (but not always) the domain
walls between opposite T-breaking regions hosts chiral modes, which prohibits the
domain walls to proliferate and restore 7. The chiral modes in the domain wall are
related to quantized Hall conductance (say, of charge, spin or heat) in each of the

domains. We will discuss Hall transport in more detail in Sec.5.2.2.

The second example is a surface that breaks U(1) symmetry. If the U (1) symmetry
corresponds to charge-conservation, this can be realized by depositing a superconduc-
tor on the surface. Below we will use the terminology of superconductivity to describe
the U(1) symmetry breaking more generally (even if the U(1) symmetry does not ac-
tually correspond to charge conservation). It is well known that the U(1) symmetry
can be restored by proliferating (condensing) vortices. Therefore if the “supercon-
ductor" is gapped (and has no intrinsic topological order), the fundamental (hc/2e)
vortex must be non-trivial. Otherwise it can be proliferated to restore a trivial insula-
tor on the surface. However, there always exist some higher vortices that are trivial in
terms of statistics and symmetry representation, and thus can be condensed. In this
case a topologically ordered surface arises, which will be discussed further in Sec.5.2.1

and throughout the chapter.
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Symmetry preserving surface topological order

Powerful insights into the SPT phase are provided by a surface termination which is
fully gapped and preserves the symmetry at the price of having intrinsic topological
order just at the surface. This was first demonstrated in the context of bosonic
SPT phases[43]. Conceptually such a topologically ordered surface state provides
a nice and non-perturbative characterization of the bulk SPT order[43, 1, 69, 44,
110, 2, 53, 54, 55]. We point out here that it is not always guaranteed that such
a symmetry preserving surface topological ordered phase will exist. Indeed later
in the chapter we will discuss an example where a symmetry preserving surface is
necessarily gapless. When a symmetric surface topologically ordered state exists, it

too must realize symmetry in a manner forbidden in strictly two dimensional systems.

5.2.2 Gauging the symmetry: 6 terms

Another useful theoretical device is to formally gauge all or part of the defining
global symmetry to produce a new physical system. This can be done for all unitary
symmetries or for unitary subgroups of the full symmetry group. Two cases will be
of particular interest to us. In the first case the full symmetry group G has a normal
U(1) subgroup which we can then consistently gauge while retaining the quotient
group G/U(1) as an unbroken global symmetry. In the second case the continuous
part of the full global symmetry is SU(2). In this case there is no normal U(1)
subgroup and instead we gauge the full continuous SU(2) symmetry.

Let us first discuss the case where there is a normal U(1) subgroup to which
we couple a gauge field. As the bulk is gapped we may formally integrate out the

electrons and obtain an effective long wavelength Lagrangian for the gauge field.
Less = Lraz + Lo (5.1)

The first term is the usual Maxwell term and the second is the ‘theta’ term:

0
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where E and B are the electric and magnetic fields respectively of the U(1) gauge field.
The allowed value of 8 will be constrained by the unbroken global symmetry G/U(1).
In the familiar example of the topological band insulator (with G = U(1) x Z7, where
ZT is time reversal), it is well known that § = 0 or 7 by time reversal symmetry. This
is true as well for other symmetry groups in Table. 5.1 that include time reversal. The
E and B fields transform oppositely under ZJ so that § — —@. Further on a closed
manifold there is periodicity under § — 6 + 27 so that the only distinct possibilities

are § = 0, .

The 6 term provides very useful constraints on the surface physics. It can be
written as the derivative of a Chern-Simons term. Hence at a surface where the Z1
symmetry is broken, it leads to a Hall conductivity (associated with transport of the
U(1) charge) of ,

o'my =V = —2—; (53)

(We use units in which the U(1) charge of the fermions is 1 and A = 1). Furthermore in
all the examples studied in this chapter, such a ZT broken surface termination exists
with a gap and without any surface topological order. In that case we can safely say
that when v is fractional , the surface state cannot exist in strictly two dimensional
systems, and requires the 3d bulk. Thus fractional v = %— for the response to a U(1)

gauge field implies non-trivial bulk SPT order even in the presence of interactions.

Returning to the ZI broken gapped surface without any topological order, we can
further argue that the difference in the Hall conductivity of the surface and its time
reverse must be a state allowed in 2d systems of electrons without topological order.
This forces % = n with n an integer.

Another important characterization of such a ZI broken surface state is the ther-
mal Hall conductivity k.,. Formally this is related to gravitational responses in the
bulk and the notion of gravitational anomaly[112] though we will not need to use such
a description. For any gapped two dimensional state vg = % is a universal number

Y

2
with k9 = %-=BT (T is the temperature). For a strictly two dimensional system if

further there is no topological order then vg —v =0 (mod 8) (see Sec. 5.2.2). Thus
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a gapped Z7 broken surface that either has fractional v or has vg — v # 0 (mod 8)

implies non-trivial bulk SPT order even with interactions.

In the case where the continuous symmetry is SU(2) (e.g., associated with spin
conservation) we can again gauge this SU(2) symmetry and study the effective La-
grangian of the corresponding matrix-valued SU (2) gauge fields A, which again takes
the form

,Ceff = Lrfaz + Lo (5.4)

The first Maxwell term is the usual Lagrangian for the SU(2) gauge field (g is a
non-universal coupling constant).

1

i (FuFL) (5.5)

£Maa: -

The field strength F,, = d,A, — 0,A, + [A,, A]. The second ‘theta’ term takes the
form

ﬁg TT‘ (E,wagF,wFaﬂ) (5.6)

~ 322
On a closed manifold there is periodicity under 8§ — 6 + 27. Time reversal if present
takes 8 — —0, and thus the potentially time reversal invariant possibilities are § = n.

This # term can once again be written as the derivative of a Chern-Simons term for

the SU(2) gauge field:
0

T 82

Lo 0,K, (5.7)

where
2

K,‘ = e‘waﬁTT (A,,aaAﬁ + 3

A,,AQA,3> (5.8)

Similarly to the discussion of the U(1) case above this implies that a Z7 broken
gapped surface without topological order will have a spin quantum Hall effect [113].
This is characterized by the spin current induced in the transverse direction in re-
sponse to a spatially varying Zeeman field. (The spin quantum Hall effect should not
be confused with the quantum spin Hall effect - the latter describes the transverse

spin current induced by an electrical voltage). The corresponding spin Hall conduc-
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tivity o3, = %. Note the factor of 2 difference between the corresponding formula

for the U(1) case. In a strictly 2d system we must have o2, = 2n with n an integer.

Y
Therefore an odd % implies bulk SPT order even with interactions.

In both U(1) and SU(2) cases, if the 6 term is such that the ZI broken surface
state has Hall transport that is allowed in 2d we cannot directly conclude anything
about whether an SPT state exists or not. In the following subsection we obtain

some additional constraints in the U(1) case by thinking about monopole defects of

the gauge field.

Electric and thermal hall conductance mismatch

Here we discuss the constraints on quantum hall and thermal hall effect in a two-
dimensional charged fermion system in the absence of intrinsic topological order and
fractionalization. It is well known that in such cases the electric hall conductance
Oy is quantized in unit of o¢ = e?/h, and the thermal hall conductance Ky 1S also
quantized in units of kg = ’;—E%T For free fermions, the two should agree o4,/0¢ =
Kazy/ko = n since the fermions transport both electricity and heat.

With interactions, however, the two integers could differ. A simple example[5]
is the following: imagine and odd number (say 2n + 1) of fermions form a bound
state F' ~ f?"*1 which is also a fermion but with charge e* = 2n + 1. Now put the
bound state fermion F into a Chern band with Chern number v. The quantum hall
conductance is then v(e*)? = (2n + 1)?v, but the thermal hall conductance is simply
v since it does not distinguish the charge carried by the fermion. The two quantized

quantities thus have a mismatch

Z—woy - % = (2n+1)?2 -1 (5.9)
8 (E(n—;_—l—)u) = 0(mod8).

In general, it can be shown that the identity Eq. (5.9) is true as long as the system
does not develop intrinsic topological order (sce Chapter 6 or Ref. [5]). We outline

part of the proof here: for a system with any o, and x,,, we can stack it with certain
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integer quantum hall system made of free fermions so that the net o, becomes zero.
If the remaining thermal hall conductance k7, /ko = Kzy/Ko—0zy /00 is non-zero, there
must be a chiral edge mode that carries no charge (with chiral central charge &7, /£o).
But since the fermions are charged, the neutral charge mode must be bosonic. Hence
it can be viewed as a boson state with a chiral edge. It is known that for a boson
system with no topological order, k,,/ko = 0(mod8) (for a proof, see for example

Ref. [48]).

5.2.3 Gauging the symmetry: bulk monopoles and surface

states

An important lesson from the work in Ref. [47] is that when the global symmetry in
an SPT phase is gauged the defects of the gauge field could become nontrivial. Let us
now consider the situation discussed above where the global symmetry has a normal
U(1) subgroup which we then gauge. Then the gauge defect is simply the magnetic
monopole: a 27-source of the gauge flux. In three dimensions the monopole statistics
can only be bosonic or fermionic. It was shown in Ref. [3] that in any (short-range
entangled) system where all the charge-1 particles are fermions, the monopole must
be a boson. The monopole may then carry non-trivial quantum numbers under the
symmetry group.

The ‘electric’ charge of the monopole under the U(1) symmetry is determined
directly by the 8 term in the effective gauge action through the well-known Witten
effect: there is a a U(1) charge of % on the monopole. For § = 7 this is fractional.
The remaining question is about the symmetry transformation of the monopole under
the quotient group G/U(1). In particular it will be important to ask of the monopole
transforms under a projective representation of this quotient group. In the familiar
case of electrons with U(1) x Z7, the symmetry properties of the monopole under ZT
are severely constrained[3]. The monopole goes to an antimonopole under ZI and
this makes it meaningless to ask about whether time reversal acts projectively on it

or not. In the U(1) x ZZ case studied in detail below, the gauge magnetic flux is
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even under time-reversal. Hence it is also possible to have monopoles forming non-
trivial (projective) representations under time-reversal, .e it could become a Kramers
doublet, with 72 = —1. It is possible to enumerate all possible nontrivial quantum
numbers that can be carried by the monopole. For example, with U(1) x ZZI, the
monopole can either carry half-integer U(1) charge (corresponding to § = =), or be

charge-neutral while having 72 = —1, or both.

Understanding the allowed structure of the bulk monopole leads to important
constraints on the possible surface terminations of the SPT. Such a point of view
was nicely elaborated in Ref. [69] to discuss the physics of the bosonic topological
insulator. We emphasize that this procedure of gauging the symmetry and studying

the monopole is a purely theoretical device. It is however very powerful.

It is convenient for our purposes in this chapter to consider a surface termination
which breaks the U(1) symmetry. Imagine tunneling a monopole from the vacuum
into the system bulk, which leaves behind a two-fold (hc/e using the ‘superconducting’
terminology) vortex on the surface. As the monopole is trivial in the vacuum, if it
carries nontrivial quantum numbers in the bulk, the corresponding hc/e vortex on
the surface must also carry the same nontrivial quantum numbers, and vice versa.
Therefore we could either use the known monopole property to infer the properties
of the surface ‘superconductor’ (as was done in Ref. [2]), or use the knowledge of the
surface vortex to infer the quantum numbers carried by the bulk monopole (as was

done in Ref. [1], and will be done in Sec.5.3 and 5.6 below).

It is important to emphasize that not all the seemingly consistent projective
symmetry representations of monopoles can actually be realized. For example, in
a spinless fermion system where 72 = 1 on the fermions, a theory with half-charged
monopole (f = 7) is naively consistent, even though there is no free fermion band
structure that realizes such a theory. One may wonder if there is an intrinsically
interacting SPT state with no free fermion realization that gives § = 7. However, it
was noticed recently|3, 53| that it is internally inconsistent in a subtle way, and hence
cannot be realized even with an interacting SPT. Therefore if a symmetry assignment

of the monopole is not realized in any free fermion system, one needs to examine its
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consistency more carefully.

The next question is then, if a symmetry assignment to the monopole is realized
by a representative state (for example, a free fermion model), how many other states
exist with the same monopole properties? For such a state with certain monopole
quantum numbers, there is always a representative state with monopoles carrying
the “opposite” quantum numbers, so that stacking the two states together produces
another state with monopoles carrying trivial quantum numbers. Therefore the ques-
tion can be posed equivalently as: how many nontrivial states exist with monopoles
being completely trivial? This was analysed in detail in Chapter 4 (Ref. [3]). The
conclusion is that if an SPT state has trivial monopole, it must be equivalent to a
SPT state constructed from bosonic particles carrying no U(1) charge (e.g. spins in
an electron system). For example, if a fermionic SPT state with U(1) x Z¥ symmetry
has a trivial monopole, it is equivalent to a bosonic SPT with ZI symmetry only.

The above conclusion can be summarized compactly as follows:

If the group G contains a normal U(1) subgroup, then any 3D SPT state with
the symmetry group G must either have a nontrivial U(1) monopole (one that
transforms projectively under G), or be equivalent to a bosonic SPT with the

symmetry G/U(1).

In the rest of the chapter we utilize these different ways of diagnosing and differ-
entiating SPT phases to classify and understand electronic SPT phases with many

different symmetries.

5.3 U(1) x Z%: AIII class

In this section we study fermions with the symmetry group U(1) x ZZ (the AIII class),
which can be interpreted physically as superconductors with S,-spin conservation
and time-reversal symmetry. The U(1) rotation U(6) and time-reversal 7 commutes:

U(0)T = TU(8), or equivalently, the U(1) charge is odd under time-reversal action,

137



unlike the electric charge. Physically, the action of time-reversal on the fermions has
two distinct possibilities: 72¢T 2 = +¢, where c is the physical fermion annihilation
operator. However, the two symmetries lead to very similar physics, including the
classification of SPT states. This is because one can always define a new time-reversal-
like operation 7 = TU(x/2), and it is easy to see that 72 = —72 on the fermion.
Hence the problem with U(1) x Z% with 72 = —1 on the fermion can be mapped
to that with the same symmetry group U(1) x Zg but with 72 = 1. We will take
T2 = —1 below in order to be able to connect to other interesting symmetry groups,

but the modified time-reversal 7 will still be useful as a tool in our argument.

The free fermion band theory gives a Z classification for this symmetry group.
Each state is labeled by an integer n signifying the number of protected gapless Dirac

cones on the surface:

H= Z wg(pwaw + pyo )i, (5.10)

i=1
with the symmetries acting as U(6) : ¢ — ey and T : ¢ — io, vt
We will show in the following that the Z classification from band theory reduces

to Zg in the presence of interaction: the n = 1 state has a bulk 8 = 7 term, the

n = 2 state, which has # = 2m, has a neutral Kramers monopole (72 = —1), the
n = 4 statc is cquivalent to an SPT state formed by bosons carrying no U(1) charge,

hence the n = 8 state, formed by taking two copies of the n = 4 state, is trivial.
Following the arguments in Sec.5.2, we can also show that taking another bosonic SPT
(which cannot be realized using free fermions) into account, we obtain the complete

classification given by Zg x Z,.

5.3.1 8 Dirac cones: triviality

We first look at the n = 8 state, which has eight protected surface Dirac cones in the
free fermion theory. We will show explicitly that, with interaction, such surface state

can open up a gap and become a trivial state. We use an argument very similar to

that in Ref. [3].
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We first introduce a singlet pairing term into the theory

n

Ha=)Y ilpoyy + hec, (5.11)

i=1
which breaks both the U(1) and T symmetries (under time-reversal we have A —
—A*). The surface theory is now gapped, with the physical symmetries broken. With
interactions, the gap A becomes a fluctuating field, hence it is possible to disorder
it (have (A) = 0) and restore the symmetries. To disorder the XY-like field A, we
can follow the familiar and well-understood route of proliferating vortices of the order

parameter.

It is important here to notice that although the gap in Eq. (5.11) breaks both U(1)
and T, it does preserve a time-reversal-like subgroup generated by 7 = TU(n/2).
Since we want to restore 7 by disordering A (which surely will restore U(1)), we

must do it while preserving 7.

The vortex needs to be examined carefully because of the fermion zero-modes as-
sociated with it. It is well-known that a superconducting Dirac cone gives a Majorana
zero-mode in the vortex core[102]. Under 7, the vortex background is invariant (un-
like the case of U(1) x ZT, where a vortex goes to an anti-vortex), and the Majorana
zero-modes transform trivially v; — ~;. At free fermion level the degeneracy from the
zero-modes are robust, since any quadratic term 74;;7;y; would break T. However,
it is known[40] that with n = 8 Majorana zero-modes, the degeneracy can be lifted
by a quartic term. The remaining vortex is then completely trivial and can thus be

condensed without breaking 'f', producing a trivial insulator on the surface.

We can also examine the time-reversal properties of the vortices more directly,
which will be useful in the following sections. We first pair up the 8 Majorana zero-
modes to 4 complex fermion zero-modes f; = Y2;_1 + iy2;. We then define different

vortex operators as

vmlCS) = ()" ()" ()" (£) 178, (5.12)
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where |FN) denotes the state with all the negative-energy levels filled in a vortex
background. The U(1) being spin-like under 7 (hence T also) mcans that a vortex
configuration is time-reversal invariant. The only non-trivial action of 7 is thus on
the zero-modes:

THT = f], (5.13)

and by choosing a proper phase definition:
TIFN) = fifif{fiIFN). (5.19)

It is then straightforward to check the modified time-reversal 7 only relates vortex
operators with the same fermion parity (—1)"t™*** and 72 = 1 on all the v,
operators. Moreover, vortices with the same fermion parity are mutually local with
each other, and thus can be condensed simultaneously while keeping the 7 symmetry.

The remaining surface is then a trivial gapped symmetric state.

5.3.2 4 Dirac cones: boson SPT

We now look at the state with n = 4 Dirac cones on the surface and try to do the same
exercise as in Sec.5.3.1. Again we start from a paired gapped state and try to disorder
the pairing gap by proliferating vortices. We have now n = 4 Majorana zero-modes
in the vortex core, and even with interaction the degeneracy cannot be lifted. The
two-fold vortex (hc/e), on the other hand, hosts 8 Majorana zero-modes and hence is
trivial. Condensing the two-fold vortex will then give a symmetric gapped state, with
an intrinsic Z, topological order[80], i.e described by a deconfined Z, gauge theory.
To study this Z, topologically ordered state, we need to examine the fundamental

vortex in the superconducting state with more care.

Again we group the 4 Majorana zero-modes into two complex fermion zero-modes

f1,2, and define vortices through

vanlGS) = (#1)" (#) " 1F M), (5.15)
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where |FN) denotes the state with all the negative-energy levels filled in a vortex

background. The modified time-reversal again acts as
Th2T = ff,m (5.16)
and by choosing a proper phase definition:
TIFN) = fIf}|FN). (5.17)

It then follows straightforwardly that {voo,v11} and {vp,vie} form two "Kramers"
pairs under 7T (namely T2 = —1). Moreover, since the two pairs carry opposite
fermion parity, they actually see each other as mutual semions.

We thus conclude that to preserve the symmetry, the “minimal" construction
is to proliferate double vortices. The resulting insulating state has Z, topological
order {1, e,m, €} with the e being the remnant of {vgo, v11}, m being the remnant of
{vo1,v10}, and € is the neutralized fermion V.

Now the full U(1) x T is restored, and we can ask how they are implemented
on {1,e,m,e}. Obviously these particles are charge-neutral, so the question is then
about the implementation of 7 alone. However, since the particles are neutral the
extra U(1) rotation in 7 is irrelevant and they transform identically under 7 and 7.
Hence we have 72 = 72 = —1 on e and m, and T2 = 72 =1 on e. This state is
denoted as eT'mT in Ref. [1], and is a characteristic surface state of a bosonic SPT.
We thus conclude that the n = 4 free fermion state is equivalent to the eI'mT" bosonic

SPT in the presence of interaction.

5.3.3 2 Dirac cones: Kramers monopole

The n = 2 state, being a "square root" of the n = 4 state which is equivalent to a
bosonic SPT, must involve the U(1) symmetry in a non-trivial manner as argued in
Sec.5.2. It must thus have monopoles that are non-trivial under the symmetries. It

turns out that the charge-neutral monopole behaves as a Kramers pair under time-
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reversal (72 = —1). Such monopole behavior was also realized in a boson SPT state[1]
with U(1) x Z symmetry, where charge-1 carriers are bosons instead of fermions. So
in contrast with charge-1/2 monopoles (f = ), the Kramers monopole can be realized
in two different systems, one with fermionic charge carriers and one with bosonic one.

We show this by studying the monopole tunneling event on the surface: if the
monopole has 72 = —1 inside the insulator bulk and 72 = 1 in the vacuum outside,
the tunneling event on the surface must leave behind another excitation with 72 =
—1. We can work this out directly from the free fermion surface state, by showing
that a monopole insertion operator in a (2 + 1) — d theory with two Dirac cones has
T2 = —1 due to the fermion zero-modes from the Dirac cones. An alternative route,
which we will follow, is to study the paired state described in Sec.5.3.1 and 5.3.2, in
which a monopole tunneling event leaves behind a two-fold (hc/e) vortex that now
traps four Majorana zero-modes. The argument in Sec.5.3.2 immediately shows that
this two-fold vortex has 72 = —1, which means the monopole inside the bulk also

has 72 = —1. But since the monopole is charge-neutral, it has 72 = 72 = —1.

Surface topological order

The n = 2 state can also be analyzed in a similar fashion as for n = 8 and n = 4
states. As we have noticed, the two-fold vortex in the paired state has 72 = —1 and
hence cannot be condensed to restore time-reversal symmetry. Hence the minimal
construction is to condense the four-fold vortex, which traps eight Majorana zero-
modes and can be trivially condensed. A charge-1/2 boson (denoted as ) emerges
from this non-trivial vortex condensate, which under time-reversal goes to 8 — 87! ~
B3 (the last identification comes from the topological triviality of 54). The particle
content of the remaining theory can be represented as {1, 8, 8%, 83, v,v,2,v3, B*v™} x
{1, ¢}, where v is the remnant of the fundamental vortex with the complex fermion
zero-mode un-occupied, and c is the physical fermion, while the remnant of the
fermion is denoted as € = ¢! 52.

The resulting gapped surface state has Z, topological order, with the symmetries

implemented in a peculiar way. The remnant of the fundamental vortex with the
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complex fermion zero-mode un-occupied is v, and that with the zero-mode occupied
is ev. The two go to each other under time-reversal, and their squares (either v or
ev?) have T2 = T2 = —1, with € having 72 = 1. The topological sector of 52 does not
change under time-reversal, but since it carries charge-1, we have 72 = |
for it, which is consistent with 72 = 1 on ¢, since 8%¢ ~ c¢. The charge-vortex relation

gives the obvious mutual statistics 0, = €™/2.

5.3.4 1 Dirac cone: § =7

The n = 1 state is the U(1) x Z% counterpart of the familiar electronic topological band
insulator[25]. The surface single Dirac cone implies a f-term in the gauge response|64]

at § = m. The monopole then carries charge-1/2.

Non-Abelian Surface topological order

Following the reasoning from previous sections, we know that in the paired surface
state, the four-fold (2hc/e) vortex is Kramers under 7 and we need to condense eight-
fold vortex to recover the full symmetry. A charge-1/4 boson a emerges out of this
condensate, and as in the n = 2 case, the charge-1 boson a? has 72 = —72 = —1.
The story about lower vortices, however, is made more complicated due to the
structure of the zero-modes. In particular, the fundamental vortex carries only one
Majorana zero-mode and is thus non-abelian. The detailed analysis of the fusion
and statistics of the vortices was carried out in Ref. [2, 53], which showed that the
fundamental vortex has topological spin 1 while the two-fold vortices have topological
spin +i, depending on whether the complex fermion zero-mode is filled or not. Fusing
the vortex with an € fermion gives back the vortex: v x e ~ v, while fusing two vortices
gives either the semionic or anti-semionic two-fold vortex: vxv ~ v2+€v?. The mutual
statistics between the fundamental and two-fold vortices are +7, hence the three-fold
vortex has topological spin —1. It also follows that the fundamental vortex and the
four-fold vortex (which is Kramers) arc mutual scmions (mutual statistics —1).

Again the particle content can be written as {1, q, ...a”,v,...v", ™™} x {1, c}.
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Vortex .
Properties
zero-modes
8 Majorana Trivial
4 Majorana T2 =-1
2 Majorana, 2-fold semion/anti-
(hc/e) vortex semion
2 Majorana, .
bosonic,
fundamental T v— e
(hc/2e) vortex '
1 Majorana Non-abelian

Table 5.2: Summary of vortex properties, according to the number of Majorana zero-
modes trapped. Most of the properties do not depend on the vortex strength (as
long as the vortex exists), except when there are two Majorana zero-modes. Inn =1
phase such a vortex has strength-2 while in n = 2 phase it has strength-1, and the
vortex statistics turns out to be different in the two cases.

We summarize the properties of different vortices in different states in Table.5.2.

5.3.5 Zg x Z, classification

We have shown that the Z classification from free fermion band theory reduced to
Zg under interaction. The argument outlined in Sec.5.2 makes it possible to further
classify all the SPT states, including those not realizable using free fermions.

For any putative new SPT phase that cannot be realized using free fermions,
there is always a free fermion state such that the combination of the two has a trivial
monopole. This is because every possible nontrivial symmetry implementation of the
monopole is realized by a free fermion model. Following the reasonings in Sec.5.2,
a phase with trivial monopole can at most be a SPT made of charge-neutral bosons
(with ZZ symmetry only). Bosonic SPT states with ZZ symmetry in three dimensions
are classified by Z2, with two root states[43]. One of the two root states becomes
identical to the n = 4 free fermion state. Hence it does not give rise to any new
state. But the other root state is independent of all the free fermion states. Hence

it provides a new state in the full classification. The final result is thus a Zg x Z5
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classification of three dimensional fermions with U(1) x ZZ symmetry.

5.4 7% with 7% = —1: DIII Class

In this section we apply the results obtained in Sec.5.3 to superconductors with only
time-reversal symmetry (the DIII class). This was recently discussed in Ref. [110]
using powerful Walker-Wang methods. We reproduce part of the results there in
a physically simpler and constructive approach following the ideas of Ref. [3] and
the previous section. A similar argument has also been independently developed in
Ref. [114].

At free fermion level, the DIII class superconductors in 3D are classified by Z, with
an integer index v signifying the number of gapless Majorana cones on the surface

protected by time-reversal symmetry:

H = x!(p:0s +py0:) (5.18)
i=1

If v is even (v = 2n), one can group the Majorana cones into n Dirac cones ¢; =
X2i—1+1%X2i, and the theory looks exactly the same as Eq. (5.10). The U(1) symmetry
1 — €% is now an emergent symmetry at low energy. We can instead consider the
U(1) as a microscopic symmetry, apply the results in Sec.5.3 to obtain interacting
gapped surface states, and then break the U(1) symmetry explicitly by adding fermion
pairing term. A similar strategy was useful in the Walker-Wang approach[110]. For
the n = 8 (v = 16) state, the resulting surface is trivially gapped, and further breaking
the U(1) symmetry does not introduce anything nontrivial. Hence the Z classification
from band theory reduces to Z;s with interaction. For the n = 4 (v = 8) state, the
resulting surface is topologically ordered, but all the quasi-particles are charge-neutral
under the U(1), hence breaking U (1) symmetry does not affect anything either. These
establish the v = 16 state as a trivial one, and the v = 8 state as equivalent to a
boson SPT, which are consistent with the results in Ref. [110]. The n = 2 (v = 4)

and n = 1 (v = 2) states, however, have surface topological orders involving the U(1)
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symmetry non-trivially, hence need more careful examination.

5.4.1 4 Majorana cones: doubled semion-fermion surface state

We now take the surface topological order in Sec.5.3.3, break the U(1) symmetry
but keep time-reversal. Notice that 72 = —1 on both 3% and v?, hence the simplest
particle to condense is the charge-1 object v232. It can be checked straightforwardly
that the remaining theory contains the following deconfined particles (and their com-

binations):

{1,851 =v8} x {1,82 = cv™ B} x {1,c}, (5.19)

where ¢ is now the charge-neutral physical fermion. The mutual statistics between
B and v in the original theory 6z, = ¢ makes the composite s; = vf a semion with
self-statistics i, likewise the particle s, = cv™'8 is also a semion. Under time reversal,
s1 =vfB — (ve)B~! = 51€8? = syc which is an anti-semion, likewise s, — soc which is
again an anti-semion. The two semions s1, s9 are local with respect to each other, and
their bound state s;so = c¢f8% = ¢ is a fermion with 72 = 1. These are in agreement

with the result in Ref. [110].

5.4.2 2 Majorana cones: semion-fermion surface state

The fate of the surface topological order in Sec.5.3.4 is more complicated. Again

T2 = —1 on both o* and v*, and the simplest particle to condense is the charge-1

object via?. It can be checked that the only effect of this condensate is to confine

2n+1

odd powers of a: a****. The remaining theory can then be written in the following

way:

{1,v,..0"} x {1,5 = ea®v*} x {1, ¢}, (5.20)

4

where € = ca® = cv?. It can be checked that particles in the two sectors {1,v,...v"}

and {1, s} are mutually local with respect to each other. The sector {1,v...v7}x{1,¢c},
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with its time-reversal implementation, is exactly what was named T-Pfaffian state in
Ref. [64] and was proposed to be a possible surface state of the electronic band
topological insulator[54, 55]. The only difference here is that there is no charge
assignment. The T-Pfaffian state being a surface state of the band TI implies that
without charge assignment (i.e. when charge U(1) is broken), it should be possible
to completely confine it down to {1,c}. This is a highly non-trivial statement, since
there is no trivial boson in the theory for one to condense, and one need a series
of unknown phase transitions to confine it. Now taking the statement as true, we
can eliminate the {1,v...v"} sector from Eq. (5.20) and get {1,s} x {1,c}. Recall
that v? is a semion, it also has —1 mutual statistics with a? from the charge-vortex

relation. Hence the composite s = ea?v? is a semion, and under time-reversal it goes

2 2,,2

to s = ea?v? — ea?ev? = a~%v? = (a%€)s = cs which is an anti-semion. These are

in agreement with Ref. [110].

5.5 SU(2) x Z%: CI Class

The results in Sec.5.3 can also be applied to systems with SU(2) x ZI symmetry, i.e.
superconductors with full spin rotation and time-reversal symmetry: the CI class.
Again the free fermion bands are classified by Z. For a state indexed by k, there are

2k Dirac cones on the surface, giving k flavors of SU(2)-fundamental fermions:

k
H= Zz/);r(pzaa, + pyo;) ® Tovi, (5.21)

=1

where 7, is the SU(2) spin, so that the SU(2) rotation U acts as
U:Y; = oo QUY;, (522)

and time-reversal acts as

T s — ioy ® Tt (5.23)
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At k = 1 when the surface is gapped by breaking time reversal, there is a spin
quantum Hall effect of o3, = 1. This is half of what is allowed in d = 2. Correspond-
ingly if we gauge the global SU(2) symmetry the bulk response has a 6 term[115] for
the corresponding SU (2) gauge field at # = w. As we argued earlier the & = 1 state

is therefore stable to interactions.

As in previous sections there is an emergent U(1) symmetry in the surface Dirac
theory:

ORI (5.24)

which we can promote to a physical symmetry, apply the arguments in Sec.5.3 and
get a gapped state, then break the U(1) by an explicit pairing. One should, however,
be careful in the procedure not to break the SU(2) symmetry. It turns out for even
k, it is possible to have an intermediate U(1)-breaking phase preserving the SU(2)
symmetry, while for odd k this is impossible. Hence the results from Sec.5.3 can be
applied to k = 4 (8 Dirac cones) to show that it is trivial, and to & = 2 (4 Dirac
cones) to show that it is equivalent to the eT'mT boson SPT. We show the latter in
Sec.5.5.1 since it directly implies the former due to the Z, nature of the corresponding
boson SPT states. For the k = 1 (2 Dirac cones) state, we argue in Sec.5.5.2 that it

iq Imnnaaibl
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1. 33
o gap out tne surt

p
full SU(2) x Z¥ symmetry. Interestingly, it is so far the only known example in 3D
2

with a symmetry protected gapless surface robust even under strong interaction.

The above results lead to a partial classification given by Z4 X Z,, where the Z,
subgroup was deduced from the Z classification in free fermions, and the Z, subgroup
comes from boson SPT states with Z1' symmetry, as discussed in Sec.5.3.5. Unlike
the symmetries with a normal U(1) subgroup, it is not clear in this case if other SPT
phases exist with no analog in either free fermion or boson systems. The analysis
below in Sec. 5.5.2 suggests (but does not prove) tha;; non-trivial surface states beyond
boson SPT can be described by a Hopf term in the non-linear-sigma model, which
prevents the surface from opening up a trivial gap. Since the Hopf term is realized

in a free-fermion model, this suggests that states beyond boson SPT are either free

148



fermion phases, or the combination of boson SPT and free fermion phases, hence
the above Z4 X Z, classification may be complete. Likewise, superconductors with
only SU(2) symmetry may not support any nontrivial SPT state, since the surface
Hopf-angle can always be tuned to zero in the absence of time-reversal symmetry. It

is desirable to make the above arguments precise.

5.5.1 4 Dirac cones: boson SPT

We first re-write the k = 2 surface Dirac state as

H = 9§ (p,05 + py0.) ® 70 ® poh, (5.25)
where p denotes the flavor index. We now write down the pairing gap term:

Hp =iAyYoy, @ T, @ pytp + h.c., (5.26)

which obviously opens up a gap and preserves SU(2) invariance. As in Sec.5.3,
time-reversal and the U(1) symmetries are broken, but the modified time-reversal
T = TU(x/2) is kept invariant.

The vortex of A field carries four Majorana zero-modes, or two complex fermion
zero-modes fio. Since SU(2) symmetry is kept and the ¢ fermion is an SU(2)-
fundamental, the two complex fermion zero-modes must also form an SU(2) doublet
(f1, f2)T. Again we define vortices through Eq. (5.15), and time reversal acts as in
Eq. (5.16) and (5.17). It is then clear that {vgo, v11} are SU(2) singlets and {vg1, v10}
form an SU(2) doublet. Both pairs are Kramers under 7 (72 = —1). Moreover, since
the two pairs carry opposite fermion parity, they actually see each other as mutual
semions. Condensing two-fold vortices then gives the Z, topological order {1, e, m, €},
where e ~ {vgo,v11}, m ~ {vo1,v10} and € ~ 9. All the particles are neutral under
the U(1), hence further breaking the U(1) symmetry does not change anything in the
topological order. Now both the e and € particles are SU(2) doublets, so we can bind
them with a physical fermion ¢ to produce SU(2) singlets. The topological order can
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thus be re-written as {1,é,m, €}, where é = ce and m have 72 = —1, and é = ce
has 72 = 1, and all the particles are SU(2) trivial. This is indeed the eT'mT state

promised.

5.5.2 2 Dirac cones: symmetry-enforced gaplessness

With two Dirac cones one cannot write down a gap term that breaks U(1) but not
SU(2), hence the previous trick does not apply. In fact, as we will now argue on very
general grounds, it is impossible to have a gapped (topologically-ordered) symmetric
surface state for the k = 1 topological superconductor. Hence the two Dirac cones on
the surface are robust even with strong interaction, as long as the full SU(2) x ZT
symmetry is preserved.

If the surface can be symmetrically gapped by introducing a topological order,
then the SU(2) group has to be represented non-projectively for all the particles in
the theory, since there is no projective representation for SU(2). One can then always
bind a non-trivial quasi-particle with certain number of physical fermions to form an
SU(2) singlet. Therefore the theory can always be re-written as {1,¢,....} x {1,c}
where all the particles are SU(2) singlets except ¢. The first sector is also closed
under time-reversal, since time-reversal action cannot mix an SU(2) doublet with a
singlet. Any local object in the topological order {1,¢, ...} must then be bosonic since
it is SU(2) trivial. Hence the topological order can be viewed as one emergent from
bosonic objects in the theory, and the bulk state can at most be a bosonic SPT state
with ZZ symmetry only.

For the k = 2 state the above analysis is consistent with what we obtained in
Sec.5.5.1. The k = 1 state, on the other hand, cannot fit into the above framework:
putting two copies of the k = 1 state together forms a k = 2 state, which is a
bosonic SPT. The bosonic SPT’s in this case are classified by Z3, so none of them
admits a "square root". So the k = 1 state cannot be a bosonic SPT, and according
to the above analysis we are forced to conclude that a symmetric gapped surface
topological order does not exist for the this state. This provide the first known

example of "strictly" symmetry-protected gapless surface, since all the other 3D SPT
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states studied so far admit a gapped symmetric surface with topological order. This
also implies that the k¥ = 1 (and the combination of the state with other boson SPTs)
cannot be constructed using the Walker-Wang approach([44, 110, 54], which relies on

the existence of a gapped surface.

O(3) non-linear sigma model: Hopf term

The surface Dirac theory in Eq. (5.21) can also be gapped by introducing a Neel-like

order. For k = 1 we write down the Dirac fermion coupled to the Neel unit vector n:
H = 9! (pz0, + pyo.) @ 1o9p + mplo, @m - 79h. (5.27)

Since the fermion is gapped now, one can integrate it out and obtain an effective the-
ory of the Neel vector. The result[116] is a non-linear sigma model with a topological

term known as the Hopf term, at § = 7:
1
S = ; / d*zdt(0,n)* + im Hz[n), (5.28)

where H, is the integer characterizing 73(S?) = Z.

The Hopf term changes the statistics of the skyrmions of the O(3) model[117].
Continuum field theory arguments suggest that time reversal (and parity) are pre-
served so long as the coeflicient of the Hopf term is 0 or 7. If it is O the skyrmions
are bosons while if it is 7 they are fermions. This field theory was once proposed|[118]
to describe the parent antiferromagnets of the cuprate materials. In the specific
context of the square lattice Heisenberg antiferromagnet this proposal was killed by
microscopic derivations of the sigma model[119, 120, 121, 122] which revealed a Hopf
coefficient of zero. With our modern understanding we can see that a Hopf coeffi-
cient of 7 is not allowed in the presence of time reversal symmetry in any strictly
2d quantum magnet. Indeed this theory arises at the surface of the 3D topological

superconductor.

Our analysis of the £ = 1 topological superconductor implies that the non-linear
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sigma model with Hopf term at € = 7 does not have a gapped bhase that preserves
the full SO(3) x ZI symmetry, even with topological order. This is an interesting
conclusion that is not entirely obvious from other approaches.

As was seen in Sec.5.5.1, the & = 2 topological superconductor is also nontrivial
under interaction. In particular, a gapped symmetric surface must necessarily develop
topological order. Since the & = 2 state can also be described using 4 Dirac cones
on the surface, the effective theory of the Neel order parameter n can be described
using a non-linear sigma model with a Hopf term at § = 2r. We therefore reach the
surprising conclusion that, even a Hopf term at § = 27 cannot arise in a purely 2D
system if time-reversal acts as n — —n. Moreover, since the £ = 4 superconductor
is trivial under interaction, a Hopf term with # = 4x is allowed in strict 2D with

time-reversal.

5.6 U(1) x (Z% x Z§): CII Class

Now we turn to fermions with charge U(1), time-reversal and charge-conjugation
symmetries that both square to 72 = C2 = —1 on physical fermions (the CII class).
At free fermion level, the insulators are classified by Z, in three dimensions. The

non-trivial surface state has two Dirac cones:
H = ! (pe0g + py02) @ 00, (5.29)
where the U(1) symmetry acts in the obvious way, time reversal acts as
T : 4 —ioy ® 1o, (5.30)
and charge conjugation acts as
C: 9 — 09 @ T, (5.31)

The natural question to ask is how stable this phase is when interaction is included.
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Again we answer this question by looking at the U(1) monopole. Notice that the
composite operation S = TC is an anti-unitary operator that commutes with U(1)
rotation. Hence it plays the role of time-reversal in Sec.5.3, where it was shown that
the surface state with two Dirac cones gives a "Kramers" monopole. Therefore the
monopole in the present case transforms as a Kramers pair under S, which establishes
the state as a nontrivial interacting SPT.

One may also ask that whether a (presumably strongly interacting) SPT exist for
this symmetry group that gives a # = 7 term in the U(1) gauge response, since it
looks consistent with symmetries but yet cannot be realized using free fermions. An
analysis parallel to that in Ref. [3] and [53] shows that, however, such a state cannot
exist. The basic idea is the following: if such a state exist, then combining the (1,1/2)
dyon (monopole carrying charge-1/2) with the (—1,1/2) dyon gives the fundamental
charge-1 fermion. A careful analysis then shows that C2 = 1 on such a composite,
hence requiring the fundamental fermion to have C2 = 1 as well, which is inconsistent
with the microscopic symmetry structure. Indeed, for microscopic symmetry such
that C? = 1, the state does exist, which is just the descendent of the electronic band
TI with the additional symmetry C : ¢ — 1.

Therefore the only non-trivial monopole structure is realized by the free fermion
state Eq. (5.29), which contributes a Z5 subgroup in the classification. The other SPT
states, according to Sec.5.2, are those from bosons with symmetry Z, x Z%, which

are classified[16, 17, 43] by Z3. The complete classification is thus given by Z3.

5.7 (U(1) x ZL) x SU(2): 73 classification from boson
SPT

Let us now turn to another physically relevant symmetry: charge conservation (U(1)),
spin rotation (SU(2)) and time-reversal (7). Free fermion band theory gives no non-
trivial state, and we would like to examine it more carefully when interaction is in-

cluded. Obviously one can always have SPTs coming from the charge-neutral bosonic
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sector, which have SO(3) x ZI symmetry, and are classified[16, 17, 43] by Z3. The
real question is whether there is a strongly interacting SPT state not descending from
bosonic sectors. According to Sec.5.2, such states would necessarily have monopoles
carrying nontrivial quantum numbers.

It is easy to first rule out a § = 7 state[3, 53], where monopoles become charge-1/2
dyons: the bound state of the (1,1/2) dyon and the (—1,1/2) dyon, which are time-
reversal partners, is the charge-1 physical fermion, which is an SU(2)-fundamental.
It is then impossible to assign SU(2) quantum numbers to either of the two dyons
that is consistent with time-reversal symmetry.

Now we consider monopoles that are charge-neutral. The only nontrivial quantum
number a monopole can carry is then an SU(2)-fundamental, since the SU(2) group
does not admit a projective representation. It turns out such a state does not exist as
well, and the full classification is given simply by Z3 from bosonic SPT. We outline
the argument briefly as follows:

We know that the monopole is bosonic and does not carry electric charge, so
let’s take advantage of that: instead of asking "could fermions give rise to spin-
1/2 monopoles", let’s ask the dual question instead: could spin-1/2 bosons give rise
to fermionic monopoles? Now this becomes a question about boson SPT which is
tractable, albeit with a less familiar symmetry. Specifically the appropriate symmetry
for these bosons is U(1) x SU(2) x ZI. Note that the contrast with the electrons
(which are dual monopoles as seen by these bosons).

The question can be further reduced to the following: does a boson SPT that gives
a fermionic monopole survive if we further impose SU(2) symmetry on the bosons,
and require the charge-1 bosons transform as SU(2) fundamental?

We then argue that for bosons with U(1) x Z%, the SPT does not survive upon
adding SU(2) symmetry: for this symmetry group, b, — b!, under time-reversal,
so the spin-up and down bosons do not get mixed under time-reversal. Therefore
each spin-sector gives a time-reversal invariant boson insulator. More precisely, we
can integrate out up-spin boson field since they are gapped anyway, the theory left

behind contains only down-spin bosons, but it is still time-reversal invariant. Hence

154



the two sectors should contribute equally to the #-angle in the U(1) gauge response,
which must be either 0 or 27 due to time-reversal invariance in each sector. So the
total @ must be 0 or 4. It was shown in Ref. [43, 1, 69] that for boson systems
@ = 0 and 47 correspond to a trivial insulator, while § = 27 gives an SPT state
with fermionic monopoles (this is named as “statistical Witten effect" in Ref. [69]).
Therefore it is impossible for the U(1) x SU(2) x Z¥ bosons to induce a fermionic
monopole.

The above argument does not work for bosons with U(1) x ZZ, since a theory with
only one species cannot be time-reversal invariant (b, — z'a;"sb,g under 7T), so each
sector does not have to contribute to the f-angle in a time-reversal invariant way. For
example, each sector can contribute a 7 to 6, so the total 8 could be 2.

In the original (un-dual) problem, the above argument shows that it is impossible
for fermions with (U (1) xZ%)x SU(2) symmetry to induce a monopole that transforms
as SU(2)-fundamental. For fermions with U(1) x SU(2) x Z symmetry, on the other
hand, it is possible for the monopole to carry spin-1/2 under SU(2). In fact, it can be
shown that the k = 1 state discussed in Sec. 5.5.2 survives upon imposing an extra
U(1) symmetry that commutes with 7, and the monopole of this U(1) symmetry
carries precisely spin-1/2 under SU(2). '

5.8 Summary and discussion

In this chapter we studied the classification and physical properties of three dimen-
sional interacting electronic topological insulators and superconductors. Free fermion
systems in 3d fall into different symmetry classes described by the “10-fold way". For
all these symmetry classes we were able to determine the stability to interactions, and
further to determine if there are any new interacting phases that have no free fermion
counterpart. If the symmetry group has a normal U(1) subgroup we obtained the
full classification in the presence of interactions. Qur methods are physics-based and
enable us to describe the physical properties of these various electronic SPT phases

in three dimensions.
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We now discuss some open questions and some applications of our results. In
the cases without a normal U(1l) subgroup it will be interesting to establish the
completeness or lack thereof of our classification. For the symmetry groups SU(2) x
ZT or just SU(2) in Section. 5.5 we gave arguments why our classification may be
complete. It is desirable to have a sharper version of these arguments.

Perhaps the biggest open question about SPT phases is their possible occurrence
in specific materials. For the 3d SPT phases with no free fermion counterpart for the
most part we do not currently have simple theoretical models which may be useful
guides on the kinds of physical systems that are likely platforms for these phases.
We hope that the enhanced understanding of these phases that our work provides
will help answer such questions. For example, the understanding of the connection
between certain free fermion topological phases and some bosonic SPT states enables
us to construct slave particle mean field theories for the boson SPT states, which
might be a useful guide in searching for material realizations of the SPT phases. We
elaborate on this point in Chapter 7.

An interesting application of our work, which we will elaborate in a future work|[70],
is to the classification of three dimensional time reversal symmetric quantum spin lig-
uids with an emergent photon (known as U(1) spin liquids). These phases may be
relevani to quantum spin ice materiais. Though such quantum spin liquids are “iong
range entangled" they may nevertheless be fruitfully understood as gauged versions of
SPT phases. The understanding of SPT phases provides a very insightful perspective
on these time reversal symmetric quantum spin liquids.

A different application of the results of this chapter is widen the range of two
dimensional quantum field theories which have anomalous implementation of symme-
try. We showed that strictly two dimensions the non-linear sigma model description of
collinear quantum antiferromagnets cannot have a Hopf term with a coefficient § = 7
or 2mr. The former was proposed[118] as a possibility and discarded[119, 120, 121, 122]
on microscopic grounds. Our results show that Hopf terms with § = 7, 2w are consis-
tent with time reversal only if the two dimensional magnet is the boundary of a three

dimensional SPT phase.
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Chapter 6

Bound states of three fermions
forming symmetry-protected

topological phases

Topological insulators (TIs) are gapped phases of matter hosting non-trivial boundary
states protected by symmetries. Most of our current knowledge of topological insula-
tors come from free fermion models[18, 19, 20], which have been fully classified[21, 22]
in all dimensions and with different global symmetries. Recently an interesting gen-
eralization of the free fermion topological insulators to interacting systems - known as
Symmetry-protected topological (SPT) phases - has been pursued theoretically (see
Ref. [123, 124] for simple review articles).

It was realized[16, 17] that SPT states can also exist in systems of interacting
bosons. The boson SPT states can also be realized in interacting fermion systems,
since one can always bind two fermions to form a boson, such as the electron spin
%c*ac or the Cooper pair ctc, - a process which clearly requires fermionic interactions.
One can then imagine putting the bound bosons into a boson SPT state.

It should be noted that this approach does not always give new states. Some of
the boson SPT states become equivalent to certain free fermion states once physical

fermions are introduced into the system!. The corresponding free fermion states

1By “free fermion state”, what we really mean is an interacting fermion state that is adiabatically
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could be trivial[125, 110, 3] or topological[48, 110]. A simple example is that with
only time-reversal symmetry, the Haldane chain becomes equivalent to four copies of
the Kitaev chain[40, 41, 42, 109] with spinless fermions.

There are, however, many other boson SPT states that are distinct from free
fermion models. Abundant examples have been found in both 2D[48} and 3D[3, 4].
So far, these states have been exclusively understood within the bosonic approach: in
all the models the non-triviality comes entirely from the boson sector (spins, Cooper
pairs, etc.), and the existence of fermions does not seem to contribute anything.

In this chapter, we show that some of these non-trivial boson SPT states can also
be understood in an intrinsically fermionic approach, even though they are distinct
from any free fermion state. Specifically, these states can be viewed as topological
insulators of certain fermions - not the free ones, but the bound states of three fermions
(or some other odd number) which we refer to as clustons. This observation not only
provides new insights into the interacting SPT states, but also suggests realizations
in cold atom systems: three-body bound state can be achieved in cold atom systems
through Efimov effect[126], thus if one can control these Effimov states efficiently
and put them in a topological band (which is certainly quite challenging), it will be
possible to realize the novel states we propose.

We study specifically two examples in this chapter. The first one is the boson
integer quantum hall state (BIQHE) in 2D[50], the second one is the boson topological
insulator (BTI) in 3D[43, 1, 69]. In both examples the charged bosons are viewed as
Cooper pairs of electrons. One can also view the fermions as slave-particles (partons),
and our result gives another way to write down wavefunctions of these states in purely

bosonic systems.

6.1 2D: clustons in Chern band

We consider a fermion system with charge U(1) symmetry. Now imagine a situation

in which fermions prefer to form three-body bound states (clustons), which clearly

connected to a state realized by a free fermion model.
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Figure 6-1: Construction of the cluston Chern insulator: putting the three-fermion
clustons into a Chern band.

requires strong interaction. We then put the clustered fermions into a Chern band
with Chern number C = 1. This state is not fractionalized, so one could naturally
ask if it is equivalent to a free fermion state. We answer this question by looking at
its transport properties.

The quantum hall conductance is given by ¢4, = €2C =9 in units of e?/h, where
é = 3 is the charge carried by the clustered fermion. However, the thermal hall
conductance K, in units of %ZE,‘}T, also known as the chiral central charge, is given
by kg = C = 1, since the thermal transport is independent with the amount of
charge carried by the fermions. Therefore this state is distinct from all the integer
quantum hall states made of free fermions, which always have o,, = k., since heat
carriers are also charge carriers in a free fermion systems. For interacting systems
made of electrons (fermions with charge e), it is known[48] that as long as the bulk
excitation spectrum does not contain fractionalized anyons (i.e. the excitations only
include fermions with odd-integer charge and bosons with even-integer charge), the
difference between the hall conductance and the thermal hall conductance is always
an integer multiple of eight in proper units:

3 h h

anw ~ 30y = 8n. (6.1)

For completeness we reproduce the derivation of this result in Sec. 6.1.1. Our clus-
ton Chern insulator is thus a minimal state with unequal charge and thermal hall

conductance.
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To make the structure clearer, we combine the above state with a free fermion
IQHE with Chern number C = —1. The total system now has Ozy = 8 but Ky = 0.
We now consider another state with the same transport properties: imagine the
fermions form Cooper pairs (charge e* = 2 bosons), and the Cooper pairs form a
boson IQHE state. It was shown in Ref. [48, 50, 49, 51] that such a state would
be non-chiral (£, = 0), but with quantum hall conductance o, = 2(e*)? = 8. The
transport properties of the Cooper pair BIQHE state therefore matches perfectly with
the state we constructed above. In Sec. 6.1.2 we use the edge theory to show explicitly
that the two states are indeed equivalent, even though they appear to be very different
in the way they are constructed. More explicitly, the Cooper pair BIQHE state can

be described by the simple fermionic Hamiltonian:

H[f, F| = Hom[F| + Ho—alf] + Y AF} fifufi + hec, (6.2)

ijkl
where f denotes the charge-1 fermion, F' denotes the charge-3 clustered fermion,
1, J, k, l represent indices such as spins and sub-lattices, H¢ is a quadratic Hamiltonian
that puts the fermions into a band with Chern number C, and the last term reveals

F as the bound state of three fundamental fermions.

One can also consider a different state, where I is in a band with C = 1, while [
is in a band with C = —9. The total Hall conductance is then o, = C(€*)? + Ce? =

32 — 9 = 0, but the thermal hall conductance is kg = C + C = —8. The transport
signature is identical to that of the Fg state[48], which is the minimal chiral state
of charge-neutral bosons. In systems of charge-neutral fermions, the Fg state can be
understood as 16 copies of p + ip superconductors[106]. Our work provides another

way to understand the state in terms of charged fermions.

6.1.1 Hall conductance of fermion SPT states

Consider a 2D system of charged fermions, and assume that there is no fractionalized
anyon excitations in the bulk. It is then well known that such a state must have

integer hall conductance in unit of e2/h: this can be shown easily by examining the
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statistics of a 27 magnetic flux. We can then combine the system with some integer
quantum hall state to produce a new state with zero hall conductance. Since integer
quantum hall states of fermions have equal charge and thermal hall conductance, the
combined state will have a new thermal hall conductance

N w2 k3T
Roy = Koy — (3—5—) Ozy» (6.3)

where kg, and o, are the thermal and charge hall conductance of the original state
before combining with any integer quantum hall state. Therefore in order to prove
Eq. (6.1), it is sufficient to prove that the thermal hall conductance must be an
integer multiple of eight if the system is non-fractionalized and has zero charge hall

conductance.

We now consider the edge state of this system, which in general is a multi-

component Luttinger liquid

1 1
L= (K1s0$i8bs + o) + 5O A, (6.4)

described by a symmetric integer K-matrix with an integer charge vector 7. A local
object will carry odd charge iff it is a fermion, therefore the parity of the nth diagonal
element of K must agree with the parity of the nth entry of 7. For non-fractionalized
bulk, we have |det(K)| = 1.

To make our discussion self-contained, we summarize some key facts known about
the edge theory: the operator e’ defined by the integer vector ! carries spin S =
3ITK~'1, and charge Q = 7T K. It could condense on the edge only if S = 0. When
it condenses, another mode (defined by another integer vector I’) can stay gapless on

the edge only if the operator €1’ commutes with %7 which means ITK 1’ = 0.

The fact that the state has zero charge hall conductance means that
Oz =T K ' =0. (6.5)

Therefore the operator 7! carries zero spin and charge. We can then introduce a
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charge-conserving term

AL = U cos(1ré1), (6.6)

which at sufficiently large U will gap out all the modes that do not commute with
it. The remaining gapless modes, denoted as qga = lo 161, must satisfy 77K~ = 0
in order to commute with the condensed operator. But this precisely means that the
remaining modes are charge-neutral, since 77 K~ gives the charge carried by the

operator e91,

Therefore the remaining edge state can be described using another K-matrix after
proper field redefinition, with zero charge-vector 7 = 0 since all modes are charge-
neutral. Since a local object can be charge-neutral only if it is bosonic, the K-
matrix must describe a bosonic topological state. In particular, the diagonal elements
of K must be even integers. It is known[48] that for bosonic states, the minimal
non-fractional chiral phase (with a non-zero chiral central charge or thermal hall
conductance) is the so-called Fg state, which has k = 8. The corresponding K-
matrix of such a state is the Cartan matrix for the exceptional Lie group Eg. This

proves our assertion under Eq. (6.3), hence also proves Eq. (6.1).

As a side note, the above derivation is valid for general abelian topological orders
described by a K-matrix with |det] > 1, with the only modification that the charge
gap in Eq. (6.6) should be replaced by AL = U cos(N71¢;), where N is some integer
that makes the operator local. The conclusion is unchanged: if o;, = 0 and there
is no other symmetry than the charge U(1), then the charge modes on the edge can
be gapped, and the remaining modes can be described by a charge-neutral bosonic

topological order.

6.1.2 The 2D equivalence from edge theories

We show here the equivalence between the fermion model in Eq. (6.2) and the BIQHE

state. It is sufficient to show that the boundary between the two states can be fully
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gapped while preserving charge conservation. The boundary Luttinger liquid
1 1
L= E (ijaz¢jat¢J + e ) + -2—-7}-6,_,,,’7'18”¢1A,, (6.7)

is described by the K-matrix with the charge vector 7:

(1 0 OO\ (1\

K 0 0 -1 00 3
K = = T = . (6.8)

k0010) Kz)

Now consider two possible mass terms:

AL = U1 COS<p1 + U2 COS <I)2
= Urcos(¢r — d2 + ¢3)
+U2 COS (¢1 + ¢2 — 2¢4) , (69)

which obviously preserve the U(1) charge conservation. The null vector criteria[127]
®;K1®; = 0 is easily satisfied. Therefore Eq. (6.9) fully gaps out the edge theory

while preserving the U(1) symmetry when the couplings U, 2 are large.

6.2 3D: clustons in topological band

We now consider a three dimensional fermion system with U(1) charge conservation
and time-reversal symmetry 7 with 72 = —1 on the physical fermions. Again imagine
a situation in which fermions prefer to form three-body bound states (clustons). We
then put the charge-3 clustons into a Fu-Kane-Mele topological band[25]. The state
is obviously interacting and not fractionalized, so one can again ask what phase the

state belongs to. It is easy to see that the state should be nontrivial, for example,
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/g Ky — Oay| = 4
/\/
D~ SPT

(a) (b)

Figure 6-2: (a) Construction of the cluston TI: putting the three-fermion clustons into
a topological band. (b) Transport signature on a T-breaking surface. o4y — Kgy =
4(mod8) signifies a nontrivial SPT.

through the magneto-electric response[64] described by a 6-term with
0 = w(e*)? = 97 = 7 (mod2nx). (6.10)

A naive answer could then be that the state is equivalent (connected) to the free

fermion topological insulator. However, we will show that this is not true.

We answer the question by looking at the surface. The simplest symmetric surface
state is a single Dirac cone of fermions carrying charge e* = 3. However, for our pur-
pose it is easier to reveal the nontriviality (and fully determine the topological state)
from symmetry-breaking surface states. If we break the U(1) charge conservation
on the surface (e.g. by depositing a superconductor on top), the Dirac cone can be
gapped out. If we keep the U(1) symmetry but break time-reversal 7 instead, we can
also gap out the Dirac cone, but the surface will have nontrivial transport signatures.
It is well known that the Dirac mass gap leads to “half” quantum hall and thermal
hall conductance. In our case we have o, = 1(e*)? = 2, and K,y = 2 since the
carrier charge does not affect thermal transport. We therefore have o, — £y = 4,
which is half of what is allowed in strictly two dimensions without fractionalization
(for example, the state considered in Eq. (6.2) has 0,y — kgy = £8).

The 04y — ki, mismatch is zero on the surface of the free fermion topological

insulator, since heat carriers are also charge carriers in free fermion systems. When

interactions are introduced, the mismatch can shift by integer multiples of eight, by
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depositing either the BIQHE state of Cooper pairs, or the Eg state of spins, i.e.
Ozy — Kgy = 8n if the state is equivalent to the free fermion TI. Therefore the state

we described above cannot be equivalent to the free fermion TI.

Non-fractional insulators (SPT states) with U(1) and 7 symmetries in three di-
mensions are classified[3] by Z3. There are six nontrivial SPT states distinct from
the free fermion TI. Three out the six states have o4, = 3(modl) when 7T is bro-
ken on the surface. Among the three states, only one of them can be completely
gapped out by breaking U(1) charge-conservation (while keeping 7). This state also
has 0,y — Kyzy = 4(mod8) when T is broken on the surface. Thus the clustered TI
state described above is precisely this state. Ref. [3] provided two equivalent ways
to understand the state: one can think of it cither as thc combination of the free
fermion TI and a spin SPT (dubbed topological paramagnet e;T'm;T in Ref. [1, 3]),
or as the combination of the free fermion TI and the bosonic topological insulator
(BT)[43, 1, 69] of Cooper pairs. Our clustered TI provides another way to view the
state, and it differs from the free fermion TI by a bosonic SPT state of either the spin

or the Cooper pair.

Our result also provide a simple way to (at least theoretically) construct the BTI

state with fermions, in the same spirit as Eq. (6.2):

H[f, F] = HFKM[F] + HFKM[f] + Z )\Fgfjfkfl + h.c., (6.11)

ijkl
where f denotes the charge-1 fermion, F' denotes the charge-3 clustered fermion,
i, J, k,l represent indices such as spins and sub-lattices, Hrgps is a quadratic Hamil-
tonian that puts the fermion into the Fu-Kane-Mele band, and the last term reveals

F as the bound state of three fundamental fermions.

Previously, the simplest symmetry-preserving surface state of the topological para-
magnet e;T'm ;T was given by a gapped topologically ordered Z, gauge theory {1,e,m, €},
with both the electric-like particle e and magnetic-like particle m being fermions and
Kramers’ (72 = —1). Likewise, the simplest symmetry-preserving surface state of the

boson TI (BTI) was given by another gapped topologically ordered Z, gauge theory
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{1,e,m, €}, with both the e and m particles carrying half-charge (in our case the
Cooper pair boson carries charge-2, so e and m carry charge-1). The two states are
distinct as purely bosonic states, but in the presence of electrons (charge-1 fermions),
the two states become equivalent since the two surface gauge theories can be trans-
formed to each other by attaching an electron to the e and m particles. Eq. (6.11)
leads to another simple symmetric surface state without topological order (but is gap-

less instead), namely two Dirac cones carrying charge e = 1 and e* = 3 respectively:
L =Pt (—id, + A + Vo (—id, + 3A,) Y, (6.12)

where A, is the external probe gauge field. This also implies that the Dirac theory
in Eq. (6.12), even though is free from the famous parity anomaly[28, 29|, suffers
from another anomaly first proposed by Vishwanath and Senthil[43] in the context of
topological quantum field theories. The Vishwanath-Senthil anomaly can be viewed
as a gravitational analogue of the parity anomaly: if the theory in Eq. (6.12) is
coupled to gravity, then a gravitational Chern-Simons term at level ¢ = 4(mod8)
must be introduced to regularize the theory?, thus time-reversal symmetry must be
broken. In terms of the bulk theory, this corresponds to a gravitational f-term[112]
at 0 = 8.

One can also show the equivalence between the fermionic state in Eq. (6.11) and
the Cooper pair BTI directly from the symmetric surface states. The idea is to
show that the surface Dirac theory in Eq. (6.12) can be gapped by introducing the
corresponding Z, topological order. However, the argument, which we briefly outline
in Sec. 6.2.1, is considerably more technical. The fact that the equivalence was easily
established using the result in Ref. [3] is another illustration of the usefulness of the
Z3 classification.

One can also imagine similar states with five-fermion clustons, or any other odd
number for e*. By repeating the previous argument, it is easy to show that the cluston

TI differs from the free fermion TI by the Cooper pair BTI if e* = £3(mod 8), and

2More precisely, we have ¢ — k = 4(mod8) where k is the level of the Chern-Simons term of the
U(1) gauge field.
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equivalent to the free fermion TI if e* = +1(mod 8).

6.2.1 The 3D equivalence from symmetric surface states

We show here the equivalence between the fermion model in Eq. (6.11) and the Cooper
pair boson TI (BTI) state. One of the defining features[43, 1, 69] of the BTI state
is that when the surface breaks U(1) but not 7, it is gapped without topological
order, but the vortex of the surface superconductor has fermion statistics. To access
a fully symmetric surface state, one can imagine driving a surface phase transition
and condensed double-vortex (which is a boson). It is well known that double-vortex
condensates produce Z, topological orders[80, 104], and in our ¢SCtoBandInsulatorase

we get precisely the surface topological orders studied in[43, 1, 69].

It is easy to see that when U(1) symmetry is broken on the surface, the surface
Dirac theory Eq. (6.12) (for general odd e*/e = n) can be fully gapped by introducing
the pairing term: ‘

AL = iAfoap + i€ A™Vo,¥ + h.c., (6.13)

where we wrote the second pairing amplitude as proportional to A™ to keep the pairing
field A formally charge-2, and £ is a non-universal coupling constant. We then have
to show that the vortex in A field has fermion statistics for n = +3(mod 8) and boson

statistics for n = +1(mod 8).

Since there are even numbers of Dirac cones in total, the vortex[102] does not
trap any Majorana zero-mode and is thus abelian. The abelian part of the statistics
is then given by the topological spin e, which receives nontrivial contribution from
both Dirac cones. It is important to notice here that while the charge-1 fermion
sees the fundamental vortex as a 7-flux, the charge-n fermion ¥ sees it as a nw-flux.

iOn

Therefore the topological spin of the fundamental vortex is given by e® = e®1¢®n,

where € is the topological spin of a nn-flux seen by a paired single Dirac cone.

Fortunately this topological spin e has been computed already in Ref. [2, 53], and
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is given by

e =1 if n==%1(mod8), (6.14)

e = -1 if n=23(mod8).

Therefore, when n = +1 (mod 8)the total topological spin is e? = 1 and the fun-
damental vortex is a boson, and when n = £3 (mod 8) the total topological spin is
¢ = —1 and the fundamental vortex is a fermion. When the vortex is boson, it can
be condensed and produce a trivial insulator on the surface, and the corresponding
bulk state is also trivial. But if the vortex is a fermion, one can no longer condense
it to produce a trivial surface insulator. Omne can instead condense double-vortex
to produce an insulator which has intrinsic Z, topological order. Such a topologi-
cal order contains the remnant of the uncondensed vortex ¢ which is a non-Kramers
fermion, and the remnant of the Bogoliubov quasi-particle e; which is a Kramers
fermion. The two particles see each other as 7m-flux, and the bound state of the two
(denoted as my) is another fermion which is also Kramers. Therefore the Z, gauge
theory contains three distinct fermions, two of which are Kramers. This is exactly the
surface topological order of the topological paramagnet e;Tm;T. Binding a physical
Kramers) to e; and m; converts them to charge-1 bosons. Thus
the topological order can also be viewed as one with two bosons and one fermions,

with both bosons carrying charge-1. This is exactly the surface topological order of

the Cooper pair BTL.

6.3 Bosonic states: parton constructions

So far we have discussed various states in fermionic systems (i.e. systems with
fermions in the microscopic Hilbert spaces). In this somewhat more technical sec-
tion we consider purely bosonic systems (without fermions in the microscopic Hilbert
space) by gauging the fermions. This leads us to some new parton constructions of

various bosonic states.
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2D: For the Ejg state, we start from nine copies of free fermion Chern insulator
and one copy of charge-3 cluston Chern insulator with the opposite chirality. We
then gauge the U(1) symmetry. Since the state has no net hall conductance, the
dynamics of the compact U(1) gauge theory does not contain Chern-Simons term.
It is well known that in 2 + 1 dimensions a compact U(1) gauge theory without
Chern-Simons term is always confined. Therefore we automatically obtain a confined
(unfractionalized) bosonic state with k,, = 8, which has a chiral edge state with

chiral central charge ¢, —c_ = 8.

For the BIQHE state, we start from Eq. (6.2) and then gauge the fermion parity
(f = (—1)f) which is a Z, symmetry (constructions using higher gauge symmetries
were proposed earlier in Ref. [128, 129, 130, 131]). A simple way to realize this in a
parton construction is to start with two flavors of charge-2 bosons B; » and decompose

them as

By = fifs,
B, = fiF, (6.15)

where f23 are charge-1 fermions and F is a charge-3 fermion. It is possible to
arrange a mean field ansatz for the fermions such that the gauge symmetry reduces
to a simple Z; which is the fermion parity, and F form a band with Chern number
C = 1 while f; 23 together form a band with Chern number C* = —1. Since the state
is non-chiral, the Z, gauge flux (also dubbed as “vison”) carries bosonic statistics. The
total quantum hall conductance is o, = 8, so the vison carries integer charge and can
always be neutralized by binding certain number of f fermions (which does not change
the vison statistics due to the mutual statistics). The system can thus go through
a confinement transition by condensing the gauge flux, and the resulting state is a
confined bosonic state (with bosons carrying charge e* = 2), with o, = 8 = 2(e*)?

and Kgy = 0.

3D: We start from Eq. (6.11). If we gauge the U(1) symmetry, the U(1) gauge

theory does not contain nontrivial #-angle (6§ = 97 — 7 = 0(mod 27)), therefore the
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gauge theory can be confined while preserving 7. The resulting system has only
charge-neutral bosons (spins), and we obtain the topological paramagnet dubbed
esT'mT in Ref. [1, 3].

Instead of gauging the U(1) symmetry, we can also choose to gauge the fermion
parity (f — (—1)f) which is a Z, symmetry (for example using the parton decomposi-
tion in Eq. (6.15)). The Z» gauge theory can again be confined, and we get a system
of charge-2 bosons. The resulting state is then the BTI of these charge-2 bosons.

Constructions with higher gauge symmetries were proposed earlier in Ref. [132, 133].

There are, however, two subtle issues on this construction. The first issue is that
whether the Z, flux loops coupled to the fermions in Eq. (6.11) can indeed proliferate
and produce a confined gapped bulk. This is nontrivial because naively the loop hosts
gapless fermion modes[134]. We show in Appendix 6.3.1 that the flux core can indeed
be gapped, hence the flux loops can proliferate and confine the fermions. Since the
gapless mode in a Z; flux core in a 3D TI is identical to the edge mode of the 2D
TI[135], our result also shows that putting charge-3 clustons into a 2D TI (quantum
spin hall state) does not produce any new state, instead it gives the conventional 2D
TI. Interestingly, this is related to the absence of Cooper-pair boson SPT state in 2D
fermion systems.

The second issue is the nature of the confined (bosonic) state. The boson system
after confinement has U(1) X 7 symmetry. In such systems the e;T'm¢T topological
paramagnet and the bosonic topological insulator (BTI) are two distinct states, unlike
in fermion systems where the two become equivalent. We therefore have to determine
which boson SPT state one get by confining the fermion state. The construction of
symmetric gapped surface state (with topological order) outlined in Sec. 6.2.1 shows
that the Kramers’ fermions in the efT'm ;T topological order couples to the Z, gauge
field, hence they must be confined with the parton fermion and form charge-1 non-
Kramers bosons. The deconfined surface state is thus the eCmC topological order,
with both e and m being charge-1 non-Kramers bosons, which is exactly the surface

state of the boson TI.

However, the above result leaves one question unsolved: since the two states
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esTmsT (topological paramagnet) and eCmC (BTI) are equivalent in fermion sys-
tems, why would confinement prefer one state over the other? To answer this question,
we need to examine the dynamics of the Zs gauge field coupled to the fermions more
carefully. We show in Sec. 6.3.2 that there are two distinct confinement transitions
one can drive the system through: a conventional one resulting from a trivial dy-
namics of the gauge field (which was implicitly assumed above), and a “twisted” one
which requires nontrivial dynamics on the gauge field. In our case, the conventional
confinement results in the BTI state, while the twisted confinement results in the
efT'm¢T topological paramagnet. Therefore the BTI state seems to be the more

natural confined phase, since it only requires a trivial dynamics on the Z, gauge field.

6.3.1 Gapping out cluston helical modes

Here we show that two copies of helical modes in 1D, one carrying charge-1 and
the other one carrying charge-3, can be fully gapped without breaking the U(1) x T
symmetry. Such helical theory arises both in the Z; flux core of the fermion system
described by Eq. (6.11), and on the edge of a 2D state, which is a combination of the

free fermion and the cluston 2D TI.

The Luttinger liquid
1 1
L= E (ijaz(ﬁ]atgb_] 4+ e ) + gewn@uqﬁﬂlu, (6.16)
is described by the 8 x 8 K-matrix:

(Klo()O\ /0’2000\

K= - : (6.17)




charge vector 7:

3
1
1
= , (6.18)
1
1
1
\1)
and time-reversal implementation:
[, (.) (o)
P2 b2 1
é3 (—om 0 0 0\ b3 0
T: & 0o 00 # il (6.19)
s 0 0 -0, O és 0
d6 \ 0 0 0 o || 4 1
¢ ¢7 0
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/
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The helical modes K, = o, comes from the charge-3 cluston TI, while Ks34 = o,

come from the charge-1 TI. We choose to work with three charge-1 helical modes

instead of only one to avoid subtleties from one-band picture.
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Now consider the following term:

AL = Ucos®; + Ucos®, + U’ cos ®3 + U” cos Py

= Ucos(—¢1 + @3 + ¢6 + ¢s) (6.20)
+U cos (—¢2 + b4 + ¢5 + ¢7)
+U’ COS (¢1 —_ ¢2 + (}53 - ¢4) (621)

+U" cos (¢1 — ¢p2 + ¢5 — @) -

It is straightforward to check that Eq. (6.20) preserves both U(1) and 7 symmetry.
The null vector criterial[127] ®;K~'®; = 0 is easily satisfied, so Eq. (6.20) fully gaps
out the flux core. To ensure that the theory does not break 7 spontaneously, we
should also check the primitivity condition proposed in Ref. [75], by checking the
mutual primitivity of all the 4 X 4 minors of {®;}. This can be done straightforwardly,

and indeed the primitivity condition is satisfied.

6.3.2 Conventional and “twisted” confinement

The question can be simplified by considering the combined state of the e;T'm;T
(topological paramagnet) and eCmC (BTI), which has a surface Z, topological order
with both e and m being electron-like (Kramers fermion carrying charge-1) and is
therefore dubbed e;CTmsCT. The equivalence of the two states in fermion systems
implies that their combined state is equivalent to a trivial fermion insulator, as can
be seen directly from the surface topological order: one can condense the composite
of the e particle and the microscopic fermion (or parton in gauged systems), which
confines the surface completely without breaking any symmetry.

Our question now becomes: can one get the e;CT'mCT state in a boson system,
by confining fermions in a trivial insulator coupling to a Z, gauge field? Naively the
confinement should simply lead to a trivial boson state since the underlying fermion
state is trivial. However, we will show below that the nontrivial state can indeed be

obtained if the dynamics of the gauge field is sufficiently nontrivial (which, crucially,
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does not require non-triviality of the underlying fermions state). We will focus our dis-
cussion on the specific example, though generalizations to other symmetries/systems
are straightforward.

In the presence of time-reversal symmetry 7, the Z, gauge flux loops can prolif-
erate in different ways, hence giving rise to distinct confined phases. There is always
a trivial confinement, namely the flux loops proliferate with a positive-definite am-

plitude for all configurations, written schematically as
(We) ~ 1, (6.22)

where Wy is the loop creation operator for configuration C. There is however another
way of loop proliferation, namely the amplitude acquires a minus sign whenever the
loops self-link (one needs to frame the loops into ribbons to make the self-linking

well-defined):
(We) ~ (=1)*e, (6.23)

where L¢ is the self-linking number of configuration C. It was shown in Ref. [101] that
the end point of such loops on the surface become fermions. If the surface was trivial
before confinement, after the "twisted" confinement there will be a Z, gauge theory
emerging on the surface. The excitations of the surface Z; gauge theory include the
un-condensed flux which is now a fermion, and the deconfined Z, gauge charge which
only lives on the surface. In our example, the gauge charge is electron-like (fermion
carrying U(1) charge and Kramers’ degeneracy), and the gauge flux is a non-Kramers
fermion carrying no charge (call it €). The surface Z, gauge theory therefore has
both e and m particles being electron-like. The confined state is thus nothing but the

esCTmsCT boson SPT state.
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Chapter 7

Topological Paramagnetism in

Frustrated Spin-One Mott Insulators

Frustrated quantum magnets display a rich variety of many—body phenomena. Some
such magnets show long-range magnetic order at low temperature, often selected
out of a manifold of degenerate classical ground states by quantum fluctuations. A
very interesting alternative possibility — known as quantum paramagnetism — is
the avoidance of such ordering even at zero temperature. Quantum paramagnets
may be of various types. A fascinating and intensely—studied class is the quantum
spin liquids: these display many novel phenomena, for instance fractionalization of
quantum numbers and topological order, or gapless excitations that are robust despite
the absence of broken symmetries [10, 11, 12].

Recently there has been much progress in understanding a different type of re-
markable quantum paramagnet. These are phases which have a bulk gap and no
fractional quantum numbers or topological order. Despite this, they have nontrivial
surface states that are protected by global symmetries. These properties are reminis-
cent of the celebrated electronic topological band insulators. Hence they have been
called topological paramagnets [43]. Topological paramagnets and topological band
insulators are both examples of what are known as Symmetry Protected Topological
(SPT) phases [37, 38, 39, 40, 41, 42, 16, 17]. In the last few years tremendous progress

has been made in understanding such SPT phases and their physical properties in
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diverse dimensions (for reviews, see Refs. [123, 124]).

The main focus of the present chapter is on three-dimensional topological param-
agnets that are protected by time reversal (we also briefly discuss topological para-
magnets protected by other symmetries, notably conservation of at least one spin
component). These are interesting for a number of reasons. First, time reversal
is a robust symmetry of typical physical spin Hamiltonians. In 1D the familiar
Haldane/AKLT (Affleck-Kennedy-Lieb-Tasaki) chain is the only time reversal pro-
tected topological paramagnet[35, 36, 139, 140] while in 2D there are no time re-
versal protected topological paramagnets. In 3D however there are three distinct
non-trivial phases [43, 1, 44] (corresponding to a classification by the group ZZ2). Sec-
ond, regarded as an electronic insulator, unlike the 1D Haldane chain [125], these 3D
topological paramagnets survive as distinct interacting SPT insulators [3]. The prop-
erties and experimental fingerprints of such topological paramagnets were described
in Refs. [43, 1, 44, 3]. However there is currently very little understanding of where
such phases might actually be found. In this chapter we propose that frustrated

spin-1 Mott insulators may be good places to look for an example of such phases.

Already in the familiar 1D example it is the spin-1 antiferromagnetic chain, rather
than the spin-1/2 chain, that naturally becomes a topological paramagnet. In 3D
for one of the topological paramagnets we provide a physical picture and a parton
construction which are both very natural for the spin-1 case. We hope that our
obsecrvations inspire experimental and numerical studies of frustrated spin-1 quantum
magnetism in the future. Towards the end of the chapter we remark on materials

that may form such interesting frustrated magnets.

The three 3D topological paramagnets that are protected by time reversal sym-
metry alone [43, 1, 44] all allow for a gapped surface with Z, topological order (i.e.
a gapped surface Z, quantum spin liquid) even though the bulk itself is not topolog-
ically ordered. The properties of this surface theory give a useful way to label the
bulk phases. The surface has gapped quasiparticle excitations — labelled ‘e’ and ‘m’
— which are mutual semions. These may be thought of as the electric charge and

magnetic flux of a deconfined Z, gauge theory (like the vertex and plaquette defects
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of Kitaev’s toric code [136]). At the SPT surfaces these particles have properties —
self-statistics or time reversal transformation properties — that are impossible in a
strictly 2D system, and which encode the topology of the bulk wavefunction. The

three nontrivial bulk states are denoted:
eT'mT, efTmfT, efmf.

In the first and second, the surface e and m excitations are each Kramers doublets
under time reversal, denoted by T. In the second and third they are fermions (f),
while in the first they are bosons. This chapter focuses primarily on the ‘eTmT’

state.

We begin by explaining a physical picture of a suitable ground state wave function
for the eT'mT topological paramagnet. This is most easily visualized on a diamond
lattice. We first close—pack each interpenetrating fcc sublattice of the diamond lattice
with closed loops. On each loop we place all the spin-1 moments (located at the
diamond sites) in the ground state of the 1D AKLT chain. We then superpose all
such loop configurations with a crucial (—1) sign factor whenever loops from the two
different fcc sublattices link. We argue that this construction yields the topological

paramagnet.

To understand the topological properties of such a wave function we describe a
simple exactly solvable loop gas Hamiltonian — equivalent to two coupled Ising gauge
theories — that clarifies the role of the ‘(—1)'%"¢’ sign structure. The same model
has also been independently studied in Ref. [137]. In this solvable model the loops do
not have AKLT cores but there are two species of loops on different sublattices with
the mutual (—1) linking sign. It demonstrates very simply how this sign leads to a
state without intrinsic topological order. (This loop gas is not in the eT'mT state,
because of the absence of AKLT cores, but we show it to be nontrivial in a different

sense.)

Next we use the two—orbital fermionic parton representation developed for spin-1

magnets [138] to construct possible ground states. When the fermionic partons have
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the mean—field dispersion of a certain topological superconductor, we show that the
gauge fluctuations associated with the parton description convert the system into a
topological paramagnet. In this construction the mean field state is unstable toward
confinement by gauge fluctuations, as a result of a continuous nonabelian gauge sym-
metry. Despite this the bulk gap survives, leaving behind a non-trivial surface that
we are able to identify as that of the eT'mT topological paramagnet. As a warm
up exercise to illustrate some of the ideas of this 3D construction, we also describe
how to access the 1D Haldane phase by confining a topological superconductor of
parton fermions. The 3D construction naturally suggests alternative bulk wave func-
tions for topological paramagnets, in the form of Gutzwiller-projected topological
superconductors. This may be fruitful for future numerical work on the energetics of
microscopic models.

This parton construction also gives access to other SPT states for quantum mag-
nets in 3D. For instance we show how to naturally obtain an SPT paramagnet (dubbed
eCmT in Ref. [1]) protected by U(1) x ZI, where the U(1) describes rotation about
one spin axis, say S,, and Z7 is time reversal.

Finally we show how to access a bulk U(1) quantum spin liquid with non-trivial
implementation of time reversal symmetry. Interestingly simply condensing the mag-
netic monopole of this U(1) spin liquid leads to an SP'I' state dubbed eCI'm{ in the
presence of both spin rotation and time reversal symmetries. If only time reversal is

present this becomes the eT'mT state.

7.1 Loop gas states

In this section we describe a loop gas wavefunction that is naturally adapted to spin
one magnets and gives an intuitive picture for the eT'mT state. The wavefunction
is a superposition of loop configurations, with each loop representing an AKLT state
[139, 140] for the spins lying on it. A given configuration enters the superposition with
a sign factor determined by its topology: specifically, the loops come in two species, A

and B (one associated with each sublattice of the bipartite diamond lattice) and the
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sign depends on the linking number of A loops with B loops. This geometrical picture
makes the relationship between the bulk wavefunction and the surface excitations
particularly simple. The surface e and m excitations are endpoints of the two species
of AKLT chains, and are Kramers doublets since an AKLT chain has dangling spin-
1/2s at its ends.

In Sec. 7.2 we describe a similar wavefunction for ‘pure loops’, i.e. loops that do
not carry an internal AKLT structure. This may be regarded as a state of two coupled
Ising gauge theories. It is not in the eT'mT phase, but it illustrates the basic features
of the loop gases in a simple model with an exactly solvable Hamiltonian. This ‘pure
loop’ model is also interesting in its own right: when open strands (as opposed to
closed loops) are banished from the Hilbert space, i.e. when charge is absent, it is in a
nontrivial phase despite the absence of topological order. Therefore it may be viewed
as a ‘constraint—protected’ state. It would be interesting to relate this to the recent
ideas of Ref. [141]. We note that the constrained models discussed in Ref. [142] are
also believed to be separated from the trivial phase by a phase transition, despite the
absence of topological order.

The wavefunctions discussed here are in a similar spirit to the Walker Wang mod-
els, which are formulated in terms of string nets with a nontrivial sign structure, and
show bulk confinement and surface topological order [143, 144, 44]. Constructions
of SPTs using Walker Wang models were given in Refs. [44, 145]. 2D ‘symmetry-
enriched’ topological states [146, 147, 148] and SPT states [149] have also been con-
structed by attaching AKLT chains to loop-like degrees of freedom (see also [150]).

7.1.1 Fluctuating AKLT chains

The diamond lattice is made up of two fcc sublattices, A and B. If C4 is a configu-
ration of fully packed loops on A (with every A site visited by exactly one loop), we
define |C4) to be a product of AKLT states |L) for each of the loops £ in Cy,

cay =TT 1©)- (7.1)

L£eCy
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Figure 7-1: Two species of AKLT loops, one on each sublattice of the diamond lattice
(blue and red). Note that loops live on the links of the fcc sublattices, i.c. on next-
nearest-neighbour bonds of diamond.

Similarly |Cp) is the state corresponding to a loop configuration Cg on B. To define
the AKLT states |£) fully we must choose an orientation for the fcc links, as discussed

below (Sec. 7.1.2).

Let X(C4,Cp) be the mutual linking number of the two species of loops. Since
the loops are unoriented, this is defined modulo two: X(Ca,Cg) = 0,1. A schematic

wavefunction for the eI’'mT phase may be written in terms of X (Cy4,Cp):

|2) = D (~1)XCAD|C4) |Cp). (7.2)

CaCa
For concreteness, we take periodic boundary conditions. The sums over C4 and Cp are
then each restricted to loop configurations with an even number of strands winding
around the 3D torus in each direction, for reasons discussed below. This global
constraint, together with the geometrical fact that the links of A never intersect

those of B, ensures that X (Ca,Cg) is well defined.

The entanglement between the two sublattices in Eq. 7.2 is entirely due to the
sign factor. First consider what happens in the absence of this sign factor. Each
sublattice then hosts a superposition of loop configurations with positive amplitude,
e.g. ZCA |C4). By analogy with the usual picture of deconfined Z» gauge theory as a

superposition of electric flux loop configurations [151], we would expect such a state to
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show Z, topological order. (It is a 3D version of the ‘resonating AKLT" states studied
in 2D [146, 147, 148].) The endpoint of an open AKLT chain is the deconfined Z,
charge in this state. Associated with the topological order is ground state degeneracy
— different ground states are distinguished by the parity of the winding number in
each spatial direction.

In contrast, |®) is not expected to show topological order, despite the prolifera-
tion of long loops in Eq. 7.2. Instead it describes a phase in which the endpoints of
open chains are confined in the bulk. Furthermore there is no ground state degen-
eracy: states with odd winding numbers are not ground states (i.e. are not locally
indistinguishable from |®})).

More detailed discussion of this is deferred for the solvable model of Sec. 7.2, but
the basic idea is the following. While the amplitude (—1)X(¢4€8) depends on the
global topology of the loop configurations, it amounts to the simple local rule that
the amplitude changes sign if an A strand is passed through a B strand. It is useful
to imagine a hypothetical parent Hamiltonian that imposes this sign rule. But the
sign rule cannot be consistently imposed if the wavefunction includes open strands or
configurations with odd winding numbers (see below). Similar phenomena occur in
the confined Walker—Wang models [143, 144, 44].

However, open endpoints are deconfined at the boundary, for appropriate bound-
ary conditions. The minus sign associated with passing an A strand through a B
strand in the bulk means that the endpoints are mutual semions [101] — see Fig. 7-2.
They are also Kramers doublets. These surface properties are the defining features
of the eI'mT state. The wavefunction |®) has more symmetry than simply time re-
versal (e.g. separate spin rotation symmetries for each sublattice) but if it is indeed
in the eI'mT phase then these symmetries could be weakly broken without leaving

the phase.

7.1.2 Further details on fluctuating AKLT state

To write the AKLT-based state explicitly it is convenient to represent the spin-one at

each site 7 in terms of auxiliary spin-1/2 bosons [139, 140, 150]. If the boson creation
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Figure 7-2: For appropriate boundary conditions, endpoints of A and B chains (red
and blue respectively) give surface excitations with mutual semionic statistics. Braid-
ing the anyons on the surface (first arrow) changes the sign of the wavefunction, for
consistency with the rule that configurations related by passing an A strand through
a B strand in the bulk (second arrow) appear in the wavefunction with opposite sign.

operators are bl (a =t,/), then S; = %blaaaﬁb{ﬁ. The occupation number b b, is
equal to two to ensure spin one at each site. The AKLT state |£) is then created
by acting on the boson vacuum with operators S;rj that create singlet pairs on the
links of the loop, which we normalize as ng = vl-g(bITb} — szLb;T)' This operator is
antisymmetric in (4, 7), so to define |®) we must fix an orientation for the links of each
fcc sublattice. (The fcc lattice has four sublattices, a, b, ¢, d, so for example we could

orient the links from a — b, @ = ¢, a — d, b = ¢ — d — b, with the orientations on

each sublattice related by inversion symmetry.) Then for each sublattice

€)= [] SlIvac), (7.3)
(ijyeC
where i is the site at the tail of the oriented link (ij). These states satisfy (C|C) =
[lisepak! + (—1)¢/3%1), where £ is the length of a given loop [139, 140].

It should be noted that that expectation values in the state |®) are nontrivial, in
particular because overlaps (C|C) for distinct C, C' are nonzero. So while it is plausi-
ble that |®) is in the eI'mT phase, this cannot be established purely analytically. For
example, the state could in principle break spatial or spin rotation symmetry sponta-
neously. A cautionary example is given by the uniform-amplitude resonating valence
bond state for spin-1/2s on the cubic lattice: this has weak Néel order [152], despite
being a superposition of singlet configurations which individually have trivial spin
correlations. In the present model, the entanglement between sublattices supresses

off-diagonal elements of the reduced density matrix when written in the AKLT-chain
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Figure 7-3: Left: Loops on interpenetrating cubic lattices A and B. The state |¥) is
a superposition of such configurations with signs determined by linking of A and B
loops. Right: the product of Pauli matrices defining the flip term F on a plaquette
(see Eq. 7.6).

basis!. Together with the non-bipartiteness of the fcc lattice, this makes spin order
seem less likely. But since |®) is intended to illustrate the topological structure of
the phase, and not as a ground state of a realistic Hamiltonian, it may not be cru-
cial whether it is in the desired phase as written or whether further tuning of the

amplitudes is required.

7.2 ‘Pure loop’ state

It is enlightening to look at the simplest model[137] that captures the (—1)""*"€ sjgn
structure. To this end we take a system of spin-1/2s on the links of two interpene-
trating cubic lattices A and B, as shown in Fig. 7-3. We think of a down spin (in the
‘2’ basis) as an occupied link, and an up spin as an unoccupied one. The number of
occupied links at each vertex is always even in the state we consider, so the configu-
rations of occupied links, C4 and Cp, can be decomposed into closed loops.? We refer
to C4 and Cg as loop configurations. Other solvable loop gas/string net models have

been considered in Refs. [144, 44|, using the Walker Wang construction [143].

The ‘pure loop’ state analogous to |®) above is (again we sum only over loop

1n the ‘pure loop’ state of Sec. 7.2, the reduced density matrix for a single sublattice is diagonal:
pa % Yc, [Ca) (Cal- The reduced density matrix for the AKLT based state does not have a simple
form, but by analogy we expect a suppression of off-diagonal elements. (In the artificial limit where
they are completely suppressed, the spins are trivially short-range correlated.)

2With a harmless ambiguity when the number of occupied links at a vertex exceeds two.
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configurations with even winding numbers on each sublattice):

0) = D (~1)¥CAB|C,) (Ch). (7.4)

CalCr
We may view C4 and Cp as the electric flux line configurations for a pair of coupled
Z5 gauge fields, with one Z, gauge field living on each cubic lattice. Imposing the
above sign structure for the two sets of electric flux lines is equivalent to binding the
electric flux line of each gauge field to the magnetic flux line of the other, as will be

clear shortly.

It is straightforward to write down a gapped parent Hamiltonian #jiking for |¥),
using the fact that flipping the occupancy of all the links on the plaquette changes the
linking number X (C4,Cpg) if and only if the link piercing the plaquette is occupied.

Hiinking 18 & sum of terms for the plaquettes p of each cubic lattice:

Hlinking = (J Z ]:Ap +J Z pr) - (75)

pPEA pEB

The operators F4 and Fp flip the occupancy of the links on a plaquette, with a sign
that depends on whether the link piercing it is occupied. Allowing p to denote both
a plaquette and the link piercing it, and denoting the Pauli operators on A and B by

o and T respectively,

Fap =77 [1oF, Fep=02 [[77. (7.6)

lep lep

These operators all commute, so the Hamiltonian is trivially solvable. |¥) is the
unique ground state and minimises each term of Hyking since F |¥) = |¥) for each

plaquette operator.

The state |¥) contains only closed loops, i.e. it satisfies

Hale forv € A, HTf:l forve B (7.1

lev lev
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where v denotes a vertex and [ € v the links touching v. Any state satisfying F |U) =
|¥) for all the plaquette operators must also satisfy these vertex conditions, because
[, of and [],c, 77 can be written as products of Fs.

We may regard Eqs. 7.7 as the gauge constraints for a pair of pure Z, gauge
theories (the Z; versions of V.E = 0). The two electric fields are given by ¢* and 77
and live on the links of A and B respectively. The magnetic field of each gauge field
lives on the links of the opposite lattice to its electric field. For example the magnetic
field of o is given by Hlep o®, where p is a plaquette of A, or equivalently a link of B.

In this language, Hiinking Simply glues the electric flux line of each species to the
magnetic flux line of the other. The o—magnetic flux and the 7—electric flux are equal
since F4 = 1, and the o—electric and m—magnetic fluxes are equal via Fg = 1.

The state |¥) is not topologically ordered. Neither is it a time-reversal protected
SPT: it can be adiabatically transformed to a product state without breaking time
reversal symmetry. However it is protected if impose Eqs. 7.7 as constraints: i.e. if
we forbid open strands, as opposed to closed loops. In the gauge theory language,
this means forbidding charge. With this constraint it is impossible to reach a trivial
state without going through a phase transition, as follows from the self—-duality of the
state described in Sec. 7.2.1.

We will explain these features from several points of view below. One convenient
approach which leads to a geometric picture is to switch from the (0%, 7%) basis used
in Eq. 7.4 to the (0%, 7®) basis. The o* configuration is a loop configuration on the A
lattice, as above. We represent the 7% configuration by a configuration of membranes
made up of plaquettes on the A lattice: 7,7 = —1 represents an occupied plaquette,
and 7, = 1 an unoccupied one.

The Fp terms in Hiinking act on a link of the A lattice together with the four
plaquettes touching it. Fp = 1 imposes the rule that the o* loops are glued to the
boundaries of the 7 membranes, i.e. to the links where an odd number of occupied
plaquettes meet. This is the gluing of o—electric flux lines (where 0% = —1) to 7
magnetic flux lines (where [[ 7% = —1) mentioned above.

Let M denote a membrane configuration, and |M) the corresponding state with
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Figure 7-4: After a basis change, |V) is a superposition of membrane configurations
(7* = —1 on shaded plaquettes) with red loops (where 0 = —1) glued to membrane
boundaries. (The red loops are o—electric lines and the membrane boundaries are
T—magnetic lines.)

7% = —1 on the occupied plaquettes. Let 9M be the loop configuration given by the
boundaries of the membranes in M. Then |¥) can be written (neglecting an overall
constant)
W=D D ICa)IM). (7:8)
Ca . M
OM=Cy
Fig. 7-4 shows the geometrical interpretation of this state. It is a soup of 7% mem-

branes, with ¢* loops glued to their boundaries.

Confinement of string endpoints is easy to see in this basis. A pair of vertex exci-
tations at which [],., 0f = —1 are connected by an open string. Since the boundary
of M contains only closed loops, the open string makes it impossible to satisfy the
gluing of strings to membrane boundaries demanded by the Fp terms in Hjinking. If
the separation of the vertex defects is D, there must be at least D unsatisfied links,
giving a linear confining potential for such defects. For similar reasons, a configu-
ration with an odd number of winding ¢* strands in some direction costs an energy
proportional to the spatial extent of the system in this direction. By symmetry, this

applies equally to the 7% strings that are present in the original basis.

We can also understand the confinement of string endpoints algebraically (Refs. [144,
44) give analogous arguments for bulk confinement and surface topological order in
the Walker Wang models). The Hamiltonian in Eq. 7.5 is clearly exactly soluble not

just for the ground state but for all excited states. An ‘elementary’ excitation is given
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by a ‘defect’ in some square plaquette, say on the B lattice, with
Fpp=—1 (7.9)

while 7 = +1 on all other plaquettes of either sublattice. Such a defect plaquette
costs energy 2J. It leads to a violation of the closed loop vertex constraint for o*
on the two vertices of the A sublattice connected by the A-link that penetrates the
defect plaquette. Thus the excitation we have created has two string end-points on
nearest neighbor A-sites. To move these string endpoints apart by a distance D we
must create O(D) such defect plaquettes. Consequently the energy cost is also O(D)

and we have linear confinement of string endpoints.

In the gauge theory language, the reason for the absence of deconfined excitations
is that the tensionless lines in this state are not lines of pure electric flux, but rather
of electric flux together with magnetic flux of the other species. If such lines could
end, their endpoints would be deconfined excitations. But the Hilbert space does
not allow for such excitations: a magnetic flux line cannot terminate in the bulk (by

virtue of its definition in terms of e.g. []7%).

Despite the lack of deconfined endpoints in the bulk, A and B strings that termi-
nate on a boundary can give deconfined e and m particles in a surface Z, topologically
ordered state. To see this, we terminate the system as in Fig. 7-5, including in the
Hamiltonian the natural plaquette and vertex terms at the surface. The surface string
operators that create pairs of e or pairs of m excitations can then be written explicitly
(see Fig. 7-5). They satisfy the same algebra as the string operators in the toric code
[136], confirming that e and m are mutual semions as expected from the heuristic

argument of Fig. 7-2.

We can adiabatically transform |¥) to a product state so long as we allow the
intermediate states to violate the closed-loop constraints on at least one sublattice.
The membrane picture gives an obvious way to do this, by giving the membranes in

M a surface tension. If ‘Area’ denotes the number of occupied plaquettes in M, the
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interpolating state is

[0), =3 Y ey M), (7.10)

Ca M
A OM=Ca

When v = 0 this is the initial state, and when v — oo only the term with zero
area survives. This is the state with no loops and no membranes, i.e. the product
state |0* = 1) |7® = 1). To get a gapped parent Hamiltonian for |¥)_, we modify the
plaquette flip term F4 in Hiinking t0 Fap = (coshy) ™! [T; ]—LE]D of + (sinh ) T;]. This
preserves the simple algebraic properties of the plaquette terms. From the fact that
the modified F4, does not commute with the closed-loop constraint on the B lattice
(or by directly transforming to the 7% basis) we sce that [¥), violates this constraint

when v > 0.

7.2.1 Self-duality of |V) and protection by constraints

When the interpolating state above is rewritten in the original (¢, 77) basis, it in-
cludes configurations with open strands, as well as closed loops, on the B lattice.
What if we impose the constraint that both lattices have only closed loops? In
this case it is impossible to go from |¥) to a trivial state without a phase transi-
tion. (We will take the reference trivial state to be that with no loops, |trivial) =
lo* =1) |r* =1).)

This follows from a simple duality transformation which exchanges the electric

i

Figure 7-5: String operators creating surface excitations. Left: acting with a chain
of 0% operators on the links of the upper layer (A lattice surface) gives a pair of e
excitations (i.e. endpoints of bulk A strings). Right: a pair of m excitations (i.e.
endpoints of B strings) are created by a chain of 7@ operators (thick green strand) on
the lower layer (B surface), together with o* operators on the corresponding links in
the upper layer (thick purple links).
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Figure 7-6: Under the mapping (7.11), a 0* (or 7%) operator on a link is exchanged
with a product of 7% (resp. ¢®) operators on the surrounding links of the other lattice.
(Links of one lattice can equally be thought of as plaquettes of the other.)

flux of cach species with the magnetic flux of the other species. The duality maps | V)
to itself, but exchanges the trivial state with a topologically ordered one. Thus there
is no adiabatic path from |¥) to the trivial state. If there were, duality would yield
an adiabatic path from |¥) to the topologically ordered state, and this is impossible

since |¥) is not topologically ordered.

The duality transformation makes sense for states obeying the closed loop con-
straint. (To be precise, we must also impose the global constraint that the loop
configurations have even winding in each direction.) As shown in Fig. 7-6, its action

is:

oy +— HT;, Ty Haf (7.11)

pel lep
Here p € | denotes the four plaquettes p surrounding link /. We have labelled the os
by [ for link and the 7s by p for plaquette, but the duality acts on the two sets of
degrees of freedom symmetrically. It preserves the locality of any Hamiltonian acting

in the constrained Hilbert space.

For completeness, we write the action of the duality on states explicitly. Return
to the picture of loops + membranes on the A lattice, i.e. the (0%, 7%) basis. One
may check that any state satisfying the constraints can be written as a sum over two

loop configurations on the same lattice,

1) =3 £(Ca,Cl) ICa), ICAY,» (7.12)

CA,C;

where |C/, ) is defined as the uniform superposition of all membrane configurations
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|M)_ with boundary OM = C/;. We have added subscripts to the kets as a reminder of
the degrees of freedom involved. (C4 is the o—electric flux configuration, and C’; the
7-magnetic flux configuration; the fact that the wavefunction depends on M only
through OM is simply a statement of gauge invariance.) The duality then simply

exchanges the two kinds of loops,
f(CA,qu) «— f(CA'A,CA) (7.13)

The flip operators F4 and Fp (Eq. 7.6) are clearly invariant under the duality
in Eq. 7.11 and therefore so is Hiinking. (We can also see that |¥) is invariant from

Eq. 7.13 and Eq. 7.8.) On the other hand, the trivial Hamiltonian

Herivial = — (JZ alz + JZTIZ) (714)

leA leB

is exchanged with

Hdeconfined = — (JZ H O'ZI - -]Z H’Tlm) s (715)

peA lep pEB lep

which describes a pair of deconfined Z, gauge theories. This establishes the claim at
the beginning of this subsection: while the linking state is invariant, the trivial state
is exchanged with a topologically ordered state. It follows that the linking state is
in a distinct phase from the trivial state if we do not allow open endpoints in the
Hilbert space. (We know from Eq. 7.10 that they are in the same phase if we do allow

endpoints.)

7.2.2 Heuristic relation between symmetry protection of eI'mT

and closed—loop constraint

The proposed wave function for the eT'mT phase has the two loop species ‘stuffed’
with Haldane/AKLT chains. The linking sign factor ensures that the ground state

is not topologically ordered as required for a topological paramagnet. In particular
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the open end-points of the loops — which now harbor a Kramers doublet — are
confined. However as described in Sec. 7.1.1 the surface implements time-reversal
‘anamolously’ exactly characteristic of the eT'mT state.

We now briefly consider whether the results in the previous subsection for the ‘pure
loop’ state yield a heuristic ‘bulk’ understanding of why the eIT'mT state is protected
by time reversal. So let us imagine perturbing the schematic eI’'mT wavefunction of
Sec. 7.1.1, and ask why we cannot reach a trivial state without a phase transition.

We make use of the heuristic analogy between the AKLT loops of the spin-1 system
and the ‘pure loops’ of the coupled gauge theory.® The result for the pure loop state
then indicates that if we only have closed AKLT loops on each sublattice, we cannot
get to a trivial state without a phase transition. So, we must consider proliferating
open strands on at least one sublattice. But in the spin-1 system, unlike the pure-loop
system, open strands introduce bulk spin-1/2 Kramers doublet degrees of freedom.
(Binding these emergent spin—1/2s into singlets with others on the same sublattice
merely heals the AKLT chains, taking us back to the original situation with separate
closed loops on each sublattice.) When time reversal is broken, these spin-1/2s are
innocuous — for example we can gap them out using a magnetic field. But it is
natural to expect that when time reversal is preserved they prevent us reaching a
trivial state without closing the gap.

However, the above argument is incomplete as it does not rule out the possibility
of getting to a trivial state by proliferating nearby pairs of open strands on opposite
sublattices. Such a pair gives two spin—1/2s which can be bound into a singlet to avoid
a gapless degree of freedom. In the gauge theory, such pairs correspond to bound
pairs of electric charges, one from each Z, gauge field. The stability of the eTmT
state suggests that the pure loop state remains protected even when such double
charges are allowed. We note that at the surface these double charges correspond
to the bound state of the e and m particle (in the surface topological order). This

is a Kramers singlet spin-0 fermion (conventionally denoted €). The surface Fermi

3Recall that the singlet basis allows us to represent any spin-zero state of the spin-1 system in
terms of loops of spin-1/2 singlet bonds; these may form minimal length ‘loops’ which backtrack on
a single link, i.e. spin-1 singlet bonds, or longer AKLT loops.

191



statistics suggests a potential obstruction to ‘trivializing’ the bulk by proliferating

the double charges. We leave an explicit demonstration of this for the future.

7.3 Parton constructions

Though the description of the eI'mT topological paramagnet in terms of a loop gas
wave function is physically appealing it is desirable to have alternate descriptions
which enhance our understanding and which may help with evaluating the energetic
stability of this phase in microscopic models. To that end, in this section we propose
explicit parton constructions for some topological paramagnets in spin-1 systems.

Historically the parton approach has provided variational wave functions and effec-
tive field theories both for spin liquids [10] and non-fractionalized symmetry-breaking
states [153]. The parton construction inevitably introduces a gauge symmetry. It
describes a fractionalized spin liquid phase whenever it yields an emergent deconfined
gauge field. To obtain a non-fractionalized phase such as conventional antiferromag-
net or valence bond solid paramagnet, the gauge field should either be Higgsed or
confined.

Recently the parton construction has been used to construct SPT states in two
[128, 129, 130, 131] and three [132, 133, 154] dimensions. The general idea is to
construct a gauge theory (with matter fields) that is confined, but with certain non-
trivial features surviving in the confined state that make it an SPT state. However,
the currently known constructions in three dimensions use either Z, or U(1) gauge
theories, which do not confine automatically: strong gauge coupling is needed to
reach the confined phase. Furthermore, the constructions using U(1) gauge theories
[132, 133] require highly nontrivial dynamics of the gauge fields to condense composite
dyon-like objects.

In three dimensions, a continuous non-abelian gauge symmetry is needed to guar-
antee confinement. We propose two parton constructions in three dimensions with
SU(2) gauge symmetry, which confine even if the bare gauge coupling is small, giving

rise to topological paramagnets. A similar construction was used previously [131] in

192



2D to describe an SPT phase of a spin-1 magnet protected by spin SU(2) symmetry
and time reversal. We also propose a construction with U(1) gauge symmetry, which
confines at sufficiently strong coupling. Crucially, this U(1) construction differs from
previous ones in that we only condense simple monopoles to confine the gauge theory,
which can be achieved at strong coupling without exotic form of gauge field dynamics.

The spin-1 operators are re-written using the two-orbital fermionic parton repre-

sentation proposed in Ref. [138],

S= % Z fgao-aﬂfaﬂ‘ (716)

a=1,2

where a = 1,2 is the orbital index. As will be discussed below, the two-orbital
structure is natural for topological bands corresponding to topological paramagnets.
This gives another reason for favoring spin-1 systems.

The physical spin states are represented in the parton description as

|S. =0) = '\}3 (fL,szT + f}-ffg,}) [vac),
|S, = +1) = ffo§T|vac>, IS, = —-1) = f;’ifguvac).

where |vac) is the state with no fermions. States in the physical spin Hilbert space
thus have two fermions at each site, ), fla faa = 2, and the two fermions form a
singlet in orbital space: denoting the Pauli matrices in orbital space by 7%, this is
> o flaTabfoa = 0.

The representation in Eq. 7.16 actually has an Sp(4) gauge redundancy [138] which
becomes apparent when we represent the fermions using Majoranas, f = % (n; — ing).
Here 7, » are Hermitian operators satisfying {nsr, ns7} = 205581y, where 5,5’ = 1,2
are the new indices associated with the Majoranas and I, J represent all other indices

(site, spin, orbital). The Majorana representation of the spin is
S = gnTE 7, 3 = (p¥0”, 0¥, p¥0%), (7.17)

where p®¥* are Pauli matrices acting on the Majorana index. The generators of the
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gauge symmetry are ten anti-symmetric imaginary matrices that commute with the

physical spin operators:

= {p¥, p¥7%%, p™*c¥, p**c¥7%% 1V}, (7.18)

where 7; are Pauli matrices acting on the orbital index. The spin in Eq. 7.17 is

invariant under the Sp(4) gauge transformation n — ey,

The effective field theory associated with the parton construction is a gauge theory.
The gauge symmetry is determined by the mean field band structure of the partons,
and is in general a subgroup of the full Sp(4) group due to some generators being
Higgsed. The gauge structure allows symmetry to act projectively on the 7 fermion

[10]. In particular, time-reversal could be either Kramers (72 = —1) or non-Kramers

(T2 =1).

In 3D, band structures of Kramers fermions with 7 symmetry are classified by
an integer index [21, 22] v which counts the number of Majorana cones on the sur-
face. It was realized [110, 4, 114] that in the presence of interactions the state with
v = 16 is trivial, while that with v = 8 is equivalent to a topological paramagnet.
More specifically, for v = 8 the surface state with four Dirac cones (eight Majorana
cones) can be gapped without breaking any symmetry via strong interactions, and
the resulting gapped surface state must have intrinsic topological order. The simplest
such topological order is a Z, gauge theory in which the e and m particles are bosons,
but transform under time-reversal as Kramers doublets (72 = —1). Therefore we
can put the slave fermions into a band with v = 8, and let the gauge fields confine
the fermions (either automatically through an SU(2) gauge field or at strong cou-
pling through a U(1) gauge field). Crucially, the topological quasi-particles (e and
m) on the surface do not carry the gauge charge, and they survive on the surface
as deconfined objects. The resulting phases are therefore confined paramagnets with

nontrivial surface states protected by time-reversal symmetry.

Non-Kramers fermions, by contrast, cannot host non-trivial band structure with

time-reversal symmetry alone. However, if spin—S, conservation is present, the band
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structures can again be assigned an integer topological invariant v’ [21, 22] which is
the number of Dirac cones on the surface (or half the number of Majorana cones). It
is known [110, 4, 114, 155] that with interactions the state with v’ = 8 is trivial, while |
that with v/ = 4 is equivalent to a topological paramagnet. We can then put the slave-
fermions into a band with v/ = 4 and let the gauge fields confine the fermions, which
produces a topological paramagnet with time-reversal and spin-S, conservation.

In both cases we need to put the slave fermions into band structures with four
Dirac cones on the surface. Band structures with two Dirac cones (v = 4) have been
studied on the cubic [84] and diamond [115] lattices. Therefore we can obtain the
desired structure simply by putting the partons into two copies of the v = 4 band.
This can be easily done by taking advantage of the two orbitals in Eq. 7.16, making
the topological paramagnets very natural in spin-1 systems.

In the next section we outline a similar construction for the one-dimensional
Haldane chain, by confining slave fermions which form four copies of the Kitaev
chain. This illustrates the essential idea of our constructions in a simpler and more

familiar context.

7.3.1 Parton construction for Haldane/AKLT chain

The Haldane phase is an SP'T phase with gapless boundary degrees of freedom that are
protected by time reversal. As a warm—up exercise, we outline how this phase can be
constructed from a topological superconductor of slave fermions. This illustrates some
features we will meet again in 3D. A different parton construction for the Haldane
phase was considered in Ref. [156].

The fermions are taken to be non-Kramers (72 = 1). In 1D, superconducting band
structures for free non-Kramers fermions are labelled by a Z—valued index [21, 22], v,
which is the number of protected Majorana zero modes at the boundary. The state
with a given v can be viewed as v copies of Kitaev’s p-wave superconducting chain
[15]. Interactions reduce this classification to Zg, i.e. the v = 8 state becomes trivial
[40, 41, 42]. Further, the state with » = 4 is topologically equivalent to the Haldane

chain, modulo the presence of gapped fermions in a trivial band.
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Here we therefore put the slave fermions into four copies of the Kitaev bandstruc-
ture, in an SU(2)-symmetric manner. Gauge fluctuations (or Gutzwiller projection)
will then remove the unwanted degrees of freedom, leaving a topological paramagnet

in the Haldane phase.

Starting with an antiferromagnetic spin—1 chain,
H=J> SiSi+..., (7.19)

we represent the spins with slave fermions as in Eq. 7.16 or equivalently Eq. 7.17.
The valence bond picture of the AKLT state suggests using a mean-field Hamiltonian

for the partons with hopping ¢ and spin—singlet, orbital-singlet pairing A,
Hyp = — Z [t [fitfi-}»l + h-C-] +A [fg"yTyfz']fl + h-C‘H .
In terms of the Majoranas, this is

1
Hyp = =53 ni My, M=tp¥ +ilpfovrY.  (7.20)

We firgt consider this ag a free fermion problem, then include the gange fi

For simplicity take A = t, which makes the terms in Hyp for different links
commute. The Hamiltonian is simply four copies of the Kitaev chain, as can be seen
immediately by going to a basis where o¥7¥ is diagonal. To be more explicit, it is
useful to define the matrix

X = pPo¥7Y. (7.21)

Firstly, we use this to define the action of time reversal 7 on the fermions:
T: n— Xn. (7.22)

This definition ensures that the spin changes sign under 7 and that Hy is invariant.

The fermions are non-Kramers (72 =1 on 7).
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Secondly let us define matrices that project onto a given value of X, and corre-

sponding fermion modes:

1
Py 214 x), 7S = Pan, (7.23)

In an appropriate basis, 7(*) has four nonzero components. Next, note that
M =P_MP,, (7.24)
since M = tp¥(1 + p*o¥1¥) = (2tp¥) P4, etc. So we may rewrite Hyr as
Hgr = —%;m‘“’TMnﬁ%- (7.25)

Taking open boundary conditions, and denoting the leftmost site of the chain by L,

we see that the four modes in n(L+) do not appear in the Hamiltonian.

These four Majoranas correspond to two complex fermion modes that can be
occupied or unoccupied, i.e to a degenerate four-dimensional boundary Hilbert space.
At the level of free fermions, this degeneracy is protected by time reversal symmetry
T, under which 772"') is invariant (since by definition Xn() = 5(+) 4

Once we go beyond mean field theory, the fermions are coupled to confining gauge
fluctuations. We will see below that two of the four boundary states are not gauge
invariant — i.e. they can be thought of as having an unscreened gauge charge sitting
at the end of the chain. Confinement removes these states from the low energy
Hilbert space, leaving a single boundary spin—1/2 whose gaplessness is protected by
time reversal.

Hyp treats spin and orbital degrees of freedom symmetrically, and preserves
SU(2)spin X SU(2)orbitar Symmetry. The four boundary states can be labeled by the

occupation numbers of two complex fermions c¢;,. Since the partons transform as

4Any quadratic term in(t)T Ap*) (where A is real antisymmetric) is forbidden as it is odd under
T. However in the presence of interactions a four fermion term ~1727y3y4 — where ~; are the
components of 7{*) in some basis — is allowed by time reversal, and lifts the boundary degeneracy
to a single doublet as in the Haldane chain [109].
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doublets under each SU(2), the fermions c; o should also form doublets under each

SU(2). In an appropriate basis the transformations are

SU(Z)spin . (ClacZ)T — us(cly c2)Ta

SU(2) orbital : (er,eh)" — Upler, )T (7.26)

where U, , are SU(2) matrices. It follows that states which are singlets under SU(2)gpi,
are doublets under SU(2)obital and vice versa. We denote the spin doublet |1}, {{)
and the orbital doublet |1), |2). The spin operator for the boundary spin-1 can

be split into contributions from the dangling boundary modes nfr) and from 772—):

S, =S +807) with
1
SEH — gn(i)Tz n(i)’ 3 = (pya'x, a¥, yaz). (7.27)

We can make a similar splitting for the orbital spin T, which is related to S by

swapping the os for 7s. We denote the matrices appearing in T by €2:
1
T® — g.,7(ﬂ:)T(2 n(i)’ Q= (p¥r°, Ty,py'rz). (7.28)

The pairs (|T), [{}) and (1), [2)) are both Kramers doubiets, since the spin and orbital
operators for the boundary modes, Sg") and T(L+), change sign under 7. This can
also be checked explicitly by considering the transformation of the boundary states
(labeled by fermion occupation numbers) under 7", with the fermions transforming

as T : C12 — CLZ.

Now we consider the effect of gauge fluctuations or Gutzwiller projection. We have
listed the generators for the Sp(4) gauge group in Eq. 7.18. However, some gauge
generators are Higgsed in the above mean field state. In general, to determine the un-
broken gauge group we must examine Wilson loops of the form W = Uy ;, iy, U; 4,
where Hur = 3_,; nZ;m; [10]. The unbroken gauge generators are those that com-
mute with the Wilson loops. Here, the only nontrivial Wilson loop is the matrix X

defined in Eq. 7.21. This leaves a subset of six unbroken generators, which may be
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written in terms of the matrices € appearing in the orbital spin (Eq. 7.28):
I'p = {2, XQ}. (7.29)
Taking linear combinations, we can use instead®
I'ip = {P+QP,,P_QP_}. (7.30)

We denote the unbroken gauge group SU(Q)E:b)ital x SU@2)).

To make the Hamiltonian in Eq. (7.20) a reasonable ansatz, we must check that
the Sp(4) gauge charges are all zero on average: (I';) = 0 for all i. Fortunately the
unbroken gauge symmetry I'yp guarantees this.

The boundary modes involve only n(*)| so are invariant under SU(2)£:b)ital. How-
ever, |1) and |2) are not invariant under SU(2))., . Therefore after confinement
only the doublet |1), ||} survives, with corresponding spin S(L+). This is the boundary
spin-1/2 of the Haldane phase.

In this 1D example we can confirm explicitly that Gutzwiller—projecting the mean-
field wavefunction gives the desired SPT phase. In fact the Gutzwiller—projected state
for A =t, denoted |Wypy), is precisely the AKLT state. To see this we adopt a trick
from Ref. [156]. Using the fact that the terms in Hyr commute, we can check that
|Wspin) has zero amplitude for a pair of adjacent sites to be in a spin—two state. |¥spin)
is therefore the ground state of the AKLT Hamiltonian, since this can be written as

a sum of projectors onto the spin-two subspace for each link.®

It is interesting to consider inversion symmetry here. In the free fermion problem,

5To be more precise, the two types of generators in Eq. 7.29 correspond to elements of the
invariant gauge group (IGG) [10] at different momenta, k = 0 and k¥ = 7, so when we take linear
combinations the two types of generators in Eq. 7.30 alternate on even and odd sites. This is not
crucial here. Another subtlety is that the IGG is enlarged at the special point A = ¢.

6This correspondence with the AKLT state is less obvious if we simply Gutzwiller-project the BCS
ground state of Hyr. The ground state of the Kitaev chain involves a long-range Cooper pair wave-
function, C(r) = (L—2r)/L [157], so in the present case |W¥qpin) is obtained by acting on the vacuum
with an exponented sum of long-range singlet creation operators, exp(}_; > .., C(r) ff o¥7¥ ff}_;),
and projecting. The AKLT state may of course be written using only short-range singlet creation
operators, |AKLT) o< P[], (f]o¥r¥ fifl) |[vac). By the previous argument, the two states must be
equivalent.
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v — —v under inversion, so that a nonzero value of v can only be realised with
a Hamiltonian which breaks inversion symmetry. With interactions, v ~ v + 8,
suggesting that v = 4 can be realised in inversion-symmetric interacting system
[158]. The present example is a nice realisation of this. The mean field Hamiltonian
Hyyp appears to break inversion symmetry. However, the symmetry can be restored
by combining it with a gauge rotation. So the projected wavefunction is actually
inversion symmetric.

We now move on to 3D states.

7.3.2 Cubic lattice

Making use of the cubic band structure studied in Ref. [84], we construct an SU(2)

gauge theory which confines to a topological paramagnet. We choose the mean field

Hamiltonian
Hye = tonL p¥n. + .t pfo¥TVn; (7.31)
MF = 13771, P 7]] Xzﬂh P 77] .
) (¢
T =y
+ E XijTli P70 15
(N,
wrhara +ha naarnct _naichhAar hanninga 4., ocivno o v An Avrary antiara nlaanatta tha
YYIIULU VLU LIVl UOou 11\J161LUU1 LlUHylLL Uzj BJV\JO w JiTiLiuAa vl \/V\/LJ U\iu(hl\/ yl(h u\/llll\/’ vl

body-diagonal pairing yx;; follows the pattern studied in Ref. [84], and the next-
nearest-neighbor pairing x;; is a small perturbation introduced to reduce the gauge
group to SU(2) and is not responsible for the gap or the band topology.

To determine the unbroken gauge group, we examine the Wilson loops as above.
The fundamental nontrivial ones are proportional to p?c¥ and p*o¥7¥. The unbroken
gauge group is generated by those of the Sp(4) generators that commute with the
Wilson loops. It is then straightforward to see that the unbroken gauge group is an
SU(2) generated by

Ceubic = {p*0¥7%, 7Y, p*a¥77}. (7.32)

One can choose to implement time-reversal 7 as T : n — ip®c¥ny, and it is

straightforward to see that T : Hyr — Hmr,S — —S, and Leypic = —Tcubic- The

200



band structure in Eq. (7.31) preserves time-reversal symmetry, and the SU(2) gauge

rotation commutes with 7". Notice also that 72 = —1 on the 7 fermions.

We must check that the Sp(4) gauge charges are all zero on average, (I';) = 0.
The unbroken gauge symmetry ['cupic guarantees that (I';) = 0 for all ¢ except for
I's = p®o¥. Furthermore, time-reversal invariance 7 guarantees that (I's) = 0. Hence

the condition is indeed satisfied for any 1.

To determine the band topology, it is sufficient to consider the Hamiltonian Hy
with only the nearest-neighbor and body-diagonal terms in Eq. (7.31). In Hy,
fermions with different orbital indices are decoupled and form two identical bands.
Each band is the same as that studied in Ref. [84], with v = 4 (two Dirac cones on
the surface). So the band has v = 8 in total (four Dirac cones). So Eq. (7.31) indeed

gives rise to a topological paramagnet.
In order to understand the role played by spin-rotation symmetry, we examine the

surface state in more detail. We start from the surface Dirac theory with SU(2) gauge X SU(2)spin X

T symmetry, with four Dirac cones in total:

H= W(quz + py/l‘z) 710 & qupa (733)
with time-reversal
T :tp— ipy, ® To ® gt (7.34)
gauge SU(2)
ug : '1/} — Mo ®ug ® UO"Z’; (735)
and spin SU(2)
U — Mo & To R Ustp. (736)

We have denoted the SU(2)gayge Pauli matrices by 7, but they should not be confused

with the Pauli matrices for the orbital spin.

Next we will consider driving this surface theory into a Z, topologically ordered
state by first introducing an order parameter A which gaps out the Dirac fermions,

but breaks time reversal symmetry, and then restoring time-reversal symmetry by
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proliferating double vortices in A. The single vortex remains gapped, and gives rise

to anyonic surface excitations with nontrivial time reversal properties.

To analyse the symmetry properties it is useful to consider the auxiliary U(1),
transformation

Ua(0) :p — ey (7.37)

(which is an emergent symmetry of Eq. 7.33, but not a microscopic symmetry). The

gap term of interest is
Hp =iAvYu, @ 7, ® o) + h.c. (7.38)

This is invariant under the SU(2)gauge X SU(2)spin symmetry. It is not invariant under
time reversal 7 or under U(1), separately, but it is invariant under the modified time-
reversal transformation 7 = U,(m/2)T. Notice that 72 = 1 on the parton fermions

¥, in contrast to the original 7 under which they are Kramers.

As shown in Refs. [3, 4, 114], the fundamental vortex in A transforms projectively
under T, i.e. 72 = —1. We now examine the SU(2)gauge X SU(2)spin spins carried
by the vortex. A key point is that there are four Majorana zero modes trapped in
the vortex core. One can label the internal Hilbert space with two complex fermions
¢1,2- Since both SU(2) groups are preserved in the intermediate gapped phase and the
partons transform as doublets under both SU(2), the two complex fermions ¢; 2 should

also be doublets under both SU(2). In an appropriate basis the transformations are

Uy (c1, Cz)T — Ug(Ch Cz)T,

Us: (e, eh)T — Us(er, ). (7.39)

It follows that states which are singlets under SU(2)gayge are doublets under SU(2)spin
and vice versa. Specifically, there are two distinct kinds of vortices, labeled by the
fermion parity (—1)“1°1+°3°2: both have 72 = —1, but one transforms as (0,1/2) under

SU(2)gauge % SU(2)spin, and the other as (1/2,0).

We now restore time-reversal symmetry by condensing double-vortices that trans-
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form trivially under both SU(2)zauge X SU(2)spin and T, giving Z, topological order
on the surface [80, 104]. Single vortices with even and odd fermion parity yield
mutual semions which we denote e and m respectively. Both are Kramers bosons
(T2 = —1), and e transforms as (0,1/2) under SU(2)gauge X SU(2)spin While 7 trans-
forms as (1/2,0). Their bound state, €, is non—Kramers, fermionic, and transforms
as (1/2,1/2).

So far, our treatment of the surface has neglected the confining gauge field.” When
we take it into account, only excitations that are neutral under SU(2)gayge survive. In
addition to e, these include bound states m = ¢ and € = 1 got by attaching a
fermion to 7 and €. This shifts the self-statistics, so m is bosonic while ¢ is fermionic
(all three particles are mutual semions). Since € is the bound state of e and m (and
its properties follow from this) we do not discuss it further. Note that m = € is
Kramers since 9 is.

The upshot is that the surface topological order surviving after ‘gauge neutral-
ization’ has an e particle that is Kramers and spin-doublet, and an m particle that
is Kramers but spin-singlet. Since both e and m are Kramers bosons, this state is
indeed the eI'mT phase, like the wavefunction discussed in Sec. 7.1.

However if spin-rotation symmetry is preserved, a finer classification is possible,
under which the present state is dubbed eCTmT, where the ‘C’ indicates that e is a
spin doublet [1].8 This finer classification emphasises a difference between the eT'mT
state constructed here, in which e is a spin doublet and m is not, and that constructed
in Sec. 7.1, where both e and m are spin doublets.

Like the 1D example of the previous section, the cubic lattice construction violates
inversion symmetry at the free fermion level (this is inevitable if v is nontrivial [159])

but the resulting spin state is inversion symmetric as a result of gauge invariance.

"The fermions in the bulk are confined, giving a non-fractionalized bulk state. It is known [115]
that the SU(2) gauge theory has a 6-term at 6 = (v’ /2)w. For v/ = 4, as here, we have § = 2 which
has the same physics as at § = 0. The confined state then can preserve time reversal symmetry. In
contrast if 2/ = 2, we will have # = = and the resulting confined phase of the SU(2) gauge theory
must be non-trivial in some way. It either breaks time reversal or becomes a quantum spin liquid
with long range entanglement.

8The eCTmT state is topologically equivalent to the combination of a generic eT'mT state and
the state eCmT; the analogue of the latter for U(1) spin symmetry is discussed in Sec. 7.3.3.
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Here, the hopping term in Hur is invariant under inversion, while for an appropriate
choice of x’ the pairing terms change sign under inversion. Therefore inversion can
be restored by combining it with the gauge transformation f — if, i.e. n — ip¥n.
(With the arrow conventions of Sec. 7.1.2, the fluctuating AKLT state is also inversion

symmetric.)

7.3.3 Diamond lattice

Next we consider parton theories on the diamond lattice, making use of the band
structure of Ref. [115]. First we construct a theory with an SU(2) gauge field which
naturally confines (Sec. 7.3.3). The resulting state is a topological paramagnet which
requires both time-reversal and XY -spin rotation symmetry to be protected. Then
in Sec. 7.3.3 we construct a U(1) gauge theory, which confines at strong coupling.
The confined state is a topological paramagnet which only requires time-reversal

symmetry.

Topological XY paramagnet from SU(2) gauge theory

The mean field Hamiltonian is

Hyp =Y _tnf'pn;+ > tinfp'n;+ > Ayl p*r¥n;, (7.40)
(i3) ((3g)) ((i3))
where the nearest-neighbor hopping t is isotropic, while the next-nearest-neighbor
hopping tgj and pairing A;; follow the patterns discussed in Ref. [115]. Notice that
the pairing term is a singlet in orbital space, but is a triplet in spin space. Hence the
spin rotation symmetry is reduced from SO(3) down to O(2) rotations about the S,
axis, corresponding to XY anisotropy in the spin model.

We again calculate the nontrivial Wison loops: the simplest nontrivial ones consist
of three links and are proportional to p¥ and p®r¥. The unbroken gauge group is
generated by

L diamona = {0¥7%, 7Y, pY7°}. (7.41)
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These are precisely the orbital SU(2) generators 2.

One can implement time-reversal symmetry 7 as n — po¥7¥n, under which 7 is

non-Kramers (72 =1) and S — —S and of course Hyr — Hyr-

As above we must check that the Sp(4) gauge charges are all zero on average:
(T;) = 0. The unbroken gauge symmetry I'giamona guarantees that (I';) = 0 for all
¢ except for I'y = p¥, which is nothing but the total fermion occupation number
(minus two). Fortunately the mean field Hamiltonian Eq. (7.40) has a special lattice
symmetry?® that sets (I';) = 0.

To determine the topology of the mean field band structure, it is convenient to
consider the modified time-reversal symmetry 7" : n — ip*1¥n (with 7"2 = —1), which
is the combination of time-reversal and spin rotation ¢o,. Fermions with different
physical spins (7 and ;) do not mix under the modified time-reversal. Furthermore,
they are decoupled in the mean field Hamiltionian Hyp and form two copies of an
identical band. Therefore the topological index v’ is defined for each band separately.
Now each band is identical to that studied in Ref. [115], with v/ = 4. The total band

therefore has v/ = 8, with four Dirac cones in total on the surface.

We now consider the surface Dirac theory with SU(2)gauge X U(1)spin X 7 symmetry,

with four Dirac cones in total:
H = ! (popiz + pytiz) ® 10 ® 001, (7.42)
with modified time-reversal
T b — duy @ 10 ® oot (7.43)

gauge SU(2)
Uy — o @Uy; ® o, (7.44)

9The symmetry is the combination of a /2 rotation along Z, a reflection z — —2, then followed by
a particle-hole transformation cq 5, = a;ﬂ'r;,\'yjbc}’A p» Where {@, B} denote the spin, {6, A} denote
the orbital, and {a,b} denote the sub-lattice index (7 is a Pauli matrix acting on the sub-lattice
indicies).
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and spin U(1)
Uy(6) : ¢ — €. (7.45)

The actual time-reversal is T = Ug(n/2)T":

T4 = p, ® 10 oot (7.46)

Now consider the gap term
Hp =iAYp, @ 7y ® 049 + hoc., (7.47)

which preserves both SU(2)gauge and 7, but breaks U(1)spin. To restore the U(1)gpin
symmetry and preserve the gap, we need to proliferate vortices in the order parameter
field A. It was shown in Ref. [3, 4, 114] that the fundamental vortices have T2 = —1,
'so condensing double-vortices gives a Zs gauge theory, with e being Kramers, 7 being
Kramers and SU(2)gauge-doublet, and € being non-Kramers and SU(2)gauge-doublet.
We can then gauge-neutralize the particles by binding 3 fermions to m and €. The
neutralized theory then has e being Kramers, and m = € being non-Kramers (recall
that 72 = 1 on 9) but carrying spin-1/2 under U(1)s,i, due to the S, spin carried by
. This state is dubbed eCmT in Ref. [1].

The fermions will be confined once the fluctuation of the SU(2) gauge field is
introduced, and we obtain a non-fractionalized bulk state. On the surface, the eCmT
topological order survives the confinement, since all the non-trivial quasi-particles in
the theory are gauge-neutral and are hence decoupled from the gauge field. We have
thus obtained the eC'mT topological paramagnet.

As a side note, if the spin-1 operators are pseudo-spins such that 7 : {Sz, Sy, S.} —
{8z, =Sy, S}, then the modified time-reversal 7" : n — ip®7¥n (with 7% = —1) could
represent the physical time-reversal symmetry. In this case we obtain a topological

paramagnet that requires time-reversal only, as will be shown in Sec 7.3.3.
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Stable U(1) quantum spin liquids and topological paramagnets

The parton construction of course also gives access to stable quantum spin liquid
phases. Of particular interest to us is a time reversal symmetric U(1) quantum spin
liquid phase on the diamond lattice. For greater generality we allow for full SU(2)
spin symmetry. As usual such a phase has a gapless emergent photon. In addition
it has a gapped fermionic spin-1/2 Kramers doublet spinon which has internal ‘elec-
tric’ charge!® and a gapped bosonic spin-0 magnetic monopole that transforms to an
antimonopole under time reversal. We will give the spinons the band structure of
a topological superconductor (as in previous sections). The resulting quantum spin
liquid phase then inherits the non-trivial surface states of the topological supercon-
ductor. The relevance to the present chapter comes from asking about the confined
phase that results when the magnetic monopole is condensed. We show below that

this is the eCTmT topological paramagnet.

SPT phases in 3D have been accessed previously through confinement of emergent
U(1) gauge fields [132, 133]. However in these previous studies the confinement was
achieved in a highly non-trivial way involving the condensation of dyons (bound states
of magnetic and electric charges). The novel aspect of our construction is that the
confinement is achieved directly by simply condensing the magnetic monopole, which

will result from the usual dynamics of the gauge field at strong coupling.

Consider the following mean field ansatz:

Hyr = Z tn pn; + Z tgﬂhr pn; + Z Aygnt p“’aynj
(i) (G3)) {i5))

+Y Aplotatni+ Y it"n] prri, (7.48)
i (i7),i€A

where the nearest-neighbor hopping ¢t and on-site pairing A’ are uniform and isotropic,

while the next-nearest-neighbor hopping tgj and pairing A;; follow the patterns dis-

cussed in Ref. [115]. Note that the first two terms are the same as in Eq. (7.40),

10This ‘electric’ charge couples to the emergent photon in this spin liquid, and not to physical
external electromagnetic fields.
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and the third is got by exchanging the role of orbital and physical spin. Contrary to
Eq. (7.40), the pairing term A is a singlet in physical spin and a triplet in orbital
space, so the full spin rotation symmetry is preserved. The nearest-neighbor antisym-
metric hopping term t” is introduced to reduce the gauge symmetry, and does not
affect the other arguments in this section as long as it is kept small.

The simplest nontrivial Wilson loops are proportional to p¥, p®o¥ and p¥7¥. The
resulting unbroken gauge group is a U(1) generated by Y.

We implement time-reversal symmetry 7 through n — ip*o¥n (which has 72 =
—1). It is straightforward to check that S — —S and Hyyr — Hyr under the chosen
time-reversal symmetry. Moreover, the U(1) gauge charge 7¥ is also odd under 7T,
which allows for topologically non-trivial band structures for the partons.

We now check that (I';) = 0. The unbroken U(1) gauge symmetry and time-
reversal guarantee that (I';) = 0 for all i except for p¥ and p®o¥, which are nothing
but the total fermion occupation number (minus two) and the real part of the on-site
pairing. The lattice symmetry again sets (p¥) = 0. For the on-site pairing amplitude,
there is no symmetry to set it to zero automatically. We must therefore adjust the
on-site pairing term A’ in Eq. (7.48) to make it zero on average!!.

To determine the topology of the mean field band structure, notice that fermions
with different orbital indices (7 indices) do not mix under time-reversai 7 : n —
ip*c¥n. They are also decoupled in the mean field Hamiltionian Hyy, forming two
copies of an identical band. Therefore the topological index v’ is defined for each
band separately. Now each band is almost identical to that studied in Ref. [115], with
V' = 4. The total band therefore has v/ = 8, with four Dirac cones in total on the
surface.

We now consider fluctuations of the U(1) gauge field. In the weak coupling regime
the gauge theory is deconfined, and we have a stable U(1) quantum spin liquid phase.

The spinon band structure has time reversal protected surface states that provide a

11We must check that this does not close the gap. The total pairing term in momentum space
Ay + A} must not be positive (or negative) definite, since the onsite pairing vanishes: (f;+f;y) = 0.
It is easy to show that this requires |A’| < 12|A|. One can then show that such a value of A’ can
never close the gap opened by A. Therefore the mean field Hamiltionian Eq. (7.48) can be smoothly
connected to a Hamiltionian with no A’ term without closing the gap.
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distinction between this spin liquid and more conventional ones. For a compact U(1)
gauge theory, there are always gapped magnetic monopole excitations in the theory.
In Ref. [3, 4] it was shown that for the spinon band structure we have here, this
magnetic monopole is a spin-0 boson that simply transforms into an antimonopole
under time reversal.

As the gauge coupling strength increases, the monopole mass gap decreases and
eventually becomes zero. The monopoles will then condense and confine the gauge
theory. The trivial symmetry properties of the monopole implies that this condensate
does not break T or the physical spin SU(2) (if present). The confined state is thus a
non-fractionalized symmetry preserving paramagnet. To determine which SPT phase
the paramagnet belongs to, we need to examine the surface state in more detail.
The argument is largely parallel to that in Sec. 7.3.2, with the simple modification
that the SU(2) gauge symmetry discussed in Sec. 7.3.2 is reduced to U(1). The
conclusion remains the same: the paramagnet is the nontrivial SPT dubbed eCT'mT
in Ref. [1]. The representative surface state is a gapped Z, topological order, with
e being Kramers and spin-doublet, and m Kramers but spin-singlet. (If the spin-

rotation symmetry is broken, this becomes a generic eI'mT state.)

7.3.4 Spin wavefunctions

The parton constructions suggest spin wave functions that may be useful as variational
states in future work on specific microscopic models. Following the standard proce-
dure [10] we construct a spin wave function from the mean-field fermion wave function
|¥mr) by projecting onto the subspace obeying the constraints Y., fl,fsa = 2 and
> abe JdaTabfoo = 0

|Wspin) = P|¥mr)- (7.49)

Such a projection is expected to roughly mimic the effect of gauge fluctuations. For the
states constructed in Sec. 7.3.2 and 7.3.3, the SU(2) gauge fluctuations automatically
confinc the states. We therefore expect the projected wave functions to represent

the confined spin SPT states. For the state in Sec. 7.3.3, the U(1) gauge field is
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deconfined at weak coupling, and confines to an SPT state at strong coupling. So it
is not clear a priori whether the projected wave function will give the U(1) quantum
spin liquid state or the confined SPT state.

These spin wave functions are alternate possibilities to the loop gas wave func-
tions described in the first part of the chapter. While the loop gas wave functions
are physically appealing they are likely not very tractable numerically due to the
linking signs. The parton wave functions, on the other hand, may be studied through
variational Monte Carlo calculations though the physical connection to SPT physics
is less directly obvious. This situation is similar to existing descriptions of quantum
spin liquid phases through either loop gases (string-nets) or through partons which
each have their advantages and disadvantages.

For the topological paramagnets, at present we do not have a direct connection
between the parton and loop gas wavefunctions. Establishing such a connection is a
target for future work, and will confirm the general correctness of the projected wave

functions as faithfully capturing the state accessed through the parton description.

7.4 Discussion: Towards models and materials

We have emphasized that frustrated spin-1 magnets in 3D may be fruitful in the
search for spin SPT phases.

In the ongoing search for quantum paramagnetism in frustrated systems, the bulk
of the attention has focused on spin-1/2 systems. This is guided by the intuition that
increasing the spin only leads to more ‘classical’ physics and hence to a greater ten-
dency to order. Caution however is required in taking this intuition too seriously. In
one dimension the spin-1/2 chain is almost antiferromagnetically ordered (power law
correlations) while the spin-1 chain is a good paramagnet with a spin gap. This has
the following amusing consequence. Consider a two—dimensional rectangular lattice

with nearest neighbor antiferromagnetic interactions:

Hyot = J4 Y Sr-Spax+J1 > Sc- Sy (7.50)
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For Jj = J1 the model is antiferromagnetically ordered for all spin S. When %-l'l- is
decreased from 1 the spin-1/2 model stays ordered unless J, = 0. The spin-1 model
on the other hand becomes a spin gapped paramagnet below a non-zero critical value
of -Jj:l- So there is a range of parameters in this 2D model where the spin-1 system is

a quantum paramagnet although the spin-1/2 system has long range Neel order.

There are some interesting examples of frustrated spin-1 magnets — most notably
NiGasSs and BazNiSbyOg, in both of which the spin-1 Ni ion forms a triangular
lattice {160, 161]. Apart from new and interesting kinds of quantum spin liquids,
spin-1 magnets may also harbor novel broken symmetry states (such as spin nematics
[162, 163, 164, 165]) more naturally than their spin-1/2 counterparts. To this we add
the SPT phase discussed in this chapter as a possible fate for a frustrated 3D spin-1

magnet.

Our results suggest a route to guessing possible microscopic models that might
harbor an SPT phase. Starting from the parton mean field Hamiltonian we can write
down a lattice gauge theory that captures fluctuations. A strong coupling expansion
of this lattice gauge theory will result in a spin Hamiltonian which may then be in the
same phase as the same lattice gauge theory at weaker coupling. Such an approach has
previously been successfully used to write down lattice models for various spin liquid
phases. Given that we are interested here in confined phases we may be cautiously
optimistic that a similar approach has an even better chance of resulting in spin
models for the SPT phases. As an application let us consider the diamond lattice
parton construction. With full SU(2) spin symmetry, the mean field state of Section
7.3.3 suggests (at leading order of the strong coupling expansion in the resulting U(1)
gauge theory) an interesting frustrated spin-1 model: the “J;—-J2" antiferromagnet on

the diamond lattice!?:

H=7) 8-Sy+J Y, S-S, (7.51)
(rr) ()

12Gtrictly speaking, the Ja-coupling obtained from the previous mean-field ansatz should be
anisotropic. It is not clear whether this anisotropy is in reality essential for realizing the topo-
logical paramagnet.
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The next-nearest neighbour coupling Js introduces frustration. Indeed classically once
Jy > Jél there are an infinite number of degenerate ground states [166] that are not
related by global spin rotation. For large spin, it has been argued that the ground
state is magnetically ordered as a result of quantum order by disorder [167]. The
ground state for S = 1 (or S = 1/2) is not known. The SPT paramagnet discussed
in this chapter is a candidate. The various descriptions we have provided should be a
useful guide in future numerical studies should a paramagnetic ground state be found
for this model.

It is interesting to note that since the diamond lattice is 4—fold coordinated
classical 2-sublattice Neel order is likely to be more easily destabilized by frustra-
tion/quantum fluctuations than in the cubic lattice. Thus the J;—J, diamond mag-
net for low spin (S = 1/2 or 1) may be an excellent candidate to find an interesting
quantum paramagnetic ground state.

The frustrated diamond lattice model appears to describe well [166] the physics
of the spinel oxide materials MnAl,O4 and CoAl,O4 [168] which belong to a general
family of materials of the form AB,O4. The A site forms the diamond lattice and

5

is magnetic. The Mn and Co compounds have S = 3 and § = g respectively. In

searching for a material that realizes the S = 1 model it is natural then to consider

ANTAT M T 1120 2o mam Simmrasecn
INIAIYUY. F1OWEVEL LllIS 1S dll 111VELS

spinel, in which the A site is instead occupied
by Al and the octahedrally coordinated B site is shared randomly between Ni and Al
[169]. This randomness will presumably lead to different physics in this compound.

If the regular spinel compound could be synthesized the Ni is expected to be in a d®
Ni?* configuration and have spin-1. However the A site is tetrahedrally coordinated,
and in the resulting crystal field, the Ni** ion will have orbital degeneracy in addition
to spin-1. Further spin-orbit coupling will split the resulting spin-orbital Hilbert space
and the physics of the lattice will be determined by its competition with inter-site
spin/orbital exchange[170]. Thus spinels with N atoms at the A-site, even of they
exist, will not be simply described by a spin-1 diamond lattice model.

Nevertheless we hope that our considerations motivate an experimental search for

and study of other frustrated spin-1 magnets.
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