NOTESRELATED TO SvD DERIVATION
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Let |, be some orthonormal basis. We may aswell let i have unit length (i X =1). If wework in 2 dimensions
wecanrepresent i inthe |, basisasi = cos(q)l_1 +sin(q)|_2 . Subdtituting thisinto the definition of s gives,

= cos?(@)M 1| +sn?(@) M 1,|° +2cos(a)sn (@) (M 1,)qm 1)

Tofindthevectors i = coslq) I, +sn(q) 1, that extremize's | let

o:j—z —sn(a7) [ M L[ +[M 1] )+ 20082) (v 1,)4u 1)

Wewant to find al the vectors i that satisfy the above equdity. We can smply this task by choosing a
convenient basis (thiswon't limit the possible vdues of ). Congder the basis |, thet satisfies

0=M L )M 1.)=1," M M1, =1,{M" M 1,)

For thisto be true, (&T M I_2) must be perpendicular to | ,. Since | , isalso perpendicularto | ,, (&T M I_2)
must bepardld to | ,,

M m)i, =11,

I, then, isan eigenvector of (M " M ). We should note that in this basis 1, also solves the above eigenvalue
equation, and that only these 2 linearly independent elgenvectors exist for the 2x2 matrix (&T M).

Inthisbasis, the vectors i that extremize s iy
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Which isonly truewhen g = k%, k=012,... (i.e,when i isaigned with one of thetwo basis vectors).
Thusi =1, and i =1, arethetwo vectorsthat extremize s (one grows mogt, oneleast). Thevalueof | can be
obtained by plugging |, =i into the above eigenvalue equation and dotting i into both sides,
M M)i=1 i

fx =1
Sinceweknow f ¥ =s | theegenvduesae| =s .

In summary, the growth in length of avector i under operation by M will be extremized when | satisfies

M™M)i=si

where s represents the change in absolute square of i after operationby M . Thevectors i aretheinitid Sngular
vectors, and /s represents the singular values. Operating on the above equdity from the left with M gives

MM)t=st

Thevectors f  that satisfy this equdity are the find time singular vectors.



