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Abstract 

Grain boundary segregation has been established through both simulation and experiments as a 
successful approach to stabilize nanocrystalline materials against grain growth. However, 
relatively few alloy systems have been studied in this context; these vary in their efficacy, and in 
many cases the stabilization effect is compromised by second phase precipitation.  Here we 
address the open-ended design problem of how to select alloy systems that may be stable in a 
nanocrystalline state.  We continue the development of a general “regular nanocrystalline 
solution” model to identify the conditions under which binary nanocrystalline alloy systems with 
positive heats of mixing are stable with respect to both grain growth (segregation removes the 
grain boundary energy penalty) and phase separation (the free energy of the nanocrystalline 
system is lower than the common tangent defining the bulk miscibility gap).  We calculate a 
“nanostructure stability map” in terms of alloy thermodynamic parameters. Three main regions 
are delineated in these maps: one where grain boundary segregation does not result in a 
stabilized nanocrystalline structure, one in which macroscopic phase separation would be 
preferential (despite the presence of a nanocrystalline state stable against grain growth), and one 
for which the nanocrystalline state is stable against both grain growth and phase separation.  
Additional details about the stabilized structures are also presented in the map, which can be 
regarded as a tool for the design of stable nanocrystalline alloys. 

Keywords: Nanocrystalline Alloys (2526); Grain Boundary Segregation (3739); 
Thermodynamic Stability (5071)  



2 
 

 

1.  Introduction 

Pure nanocrystalline metals generally lack structural stability due to the excess energy 

associated with their high volume fraction of grain boundaries, often exhibiting grain growth 

even at room temperature [1].  However, the addition of solute atoms can stabilize the 

nanostructure against grain growth. The mechanism for this improvement in stability has been 

proposed to involve the reduction of grain boundary energy through the segregation of solute 

atoms to the grain boundaries [2-5], with possible secondary kinetic contributions based on 

solute drag [6-10].  Accordingly, alloying has emerged as a critical component for the 

development and deployment of nanocrystalline materials, although our basic understanding of 

stability in nanocrystalline alloys remains incomplete. 

Atomistic simulations on nanocrystalline alloys show that structural stabilization is 

contingent upon the distribution and character of the solute atom. A certain minimum 

concentration of solute is often found to be necessary for grain size stabilization, as for various 

solute species in simulated copper [11-17].  The efficacy of different solute species is variable, 

and in some studies has been related to the size difference between solute and solvent atoms [11-

13].  However, in these studies, the grain boundaries are manually decorated with solute atoms, 

which may represent artificial segregation states.  There have been fewer simulation works on 

systems where segregation is thermodynamic (by, e.g., Monte Carlo methods) [16-20].  These 

suggest that equilibrium solute segregation lowers the grain boundary energy to varying degrees.  

Examples include simulations of bismuth and silver dopants in copper, where the energy 

associated with the grain boundaries varies across types of sites for grain boundary segregation, 

leading to segments of grain boundaries with lowered energy [16, 17], a significant reduction in 
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grain boundary energy (even to negative values) in Al-Pb systems [18, 19], and simulations of 

tungsten segregation in nickel where an approximately 60% reduction in grain boundary energy 

was observed [20].   

Experimentally, a reduction in the propensity for grain growth in nanocrystalline 

materials has been observed in a variety of binary alloys [21-31].  There are many indications in 

experimental systems that there is a “preferred” grain size which emerges during processing 

which is closely linked to the solute content [2, 24, 30, 32, 33]; this is considered significant 

evidence for a thermodynamic contribution to stabilization. The grain size that is stable against 

coarsening is correlated to the solute concentration in these systems, but the system also often 

exhibits instabilities with respect to phase separation.  In particular, the precipitation of a second 

phase above a certain solute content disturbs the segregation state and can trigger rapid grain 

growth [30, 31, 33-35].  

The above studies using experiment and simulation have achieved varying levels of 

success on specific individual alloy systems.  However, the total number of alloy systems studied 

is small, and there is not enough information to be able to extrapolate to other alloying elements 

in unexplored systems.  Perhaps the best hope of providing a general understanding of this 

problem lies in the use of analytical thermodynamic modeling.  A number of models pertaining 

to grain boundary segregation in nanocrystalline systems have been developed.   

Starting from the Gibbs adsorption equation, Weissmuller noted that the segregation of 

solute atoms to the grain boundaries in a dilute system reduces the grain boundary energy, γ [3, 

4]: 

𝛾 = 𝛾0 − Г(∆𝐻𝑠𝑒𝑔 − 𝑘𝑇𝑙𝑜𝑔[𝑋])      (1) 

where the reduction in grain boundary energy from the unalloyed condition, γo, is a function of 
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the heat of segregation for the binary system (ΔHseg) and the solute excess (Γ) at the grain 

boundary for a particular global solute concentration (X) and temperature (T), with k the 

Boltzmann constant.  Weissmuller considered the condition where γ = 0, which would eliminate 

the driving force for grain growth. He specifically included a consideration of the high fraction 

of grain boundary atoms in nanocrystalline materials, which leads to a large number of 

segregation sites, and calculated that there could be a nanocrystalline grain size fully stabilized (γ 

= 0) by solute segregation.  The proposed composition of solute required for Weissmuller’s 

“stable nanocrystalline” state varies across materials systems and models.  Kirchheim performed 

a similar analytical derivation assuming an ideal dilute solution, and used it to formulate a 

relationship proposing an equilibrium grain size as a function of temperature [2, 36], which has 

been applied to interpret data from a handful of experimental systems [2, 33].  Meng and 

coworkers proposed a semi-empirical model for the distribution of solute in the segregating 

systems Fe –P, Fe-C and Al-Cu.  Using experimental data from these systems as input, they 

predicted the distribution of solute, an increase in solute solubility with a decrease in grain size, 

and that the precipitation temperature of an ordered compound can be suppressed for these 

systems [37]. Darling and coworkers adapted a model of surface segregation energy to evaluate 

potential alloying elements with iron on the basis of their propensity to lower grain boundary 

energy [26, 28, 38].   

A more general, and generalizable, model is that of Trelewicz [39], who proposed a 

regular nanocrystalline solution (RNS) model for the free energy of mixing in binary alloys with 

both crystalline and intercrystalline atomic environments.   The RNS model reduces properly to a 

regular solution model for the crystalline phase in the limit of infinite grain size, and to a 

standard grain boundary segregation isotherm in the dilute limit.  In principal it can provide an 
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understanding of systems with any finite grain size at any solute level, given a few material-

specific regular solution parameters, such as pair-wise interactions, atomic volume, and pure-

component grain boundary energies. The RNS model is thus a generic thermodynamic approach 

that applies broadly to many alloy systems, and in fact could be used to help identify promising 

systems which can be stable in a nanocrystalline state.   

The RNS model was explored parametrically in Ref. [39], and while the grain size–solute 

content relationships it predicted were promising with respect to experimental evidence, the 

stability of nanocrystalline systems was evaluated only with respect to changes in grain size.  In 

fact, all of the analytical models described above suffer this deficiency as well.  Clearly, 

suppression of grain growth is an important criterion for stabilizing a nanostructured alloy, but a 

potentially equally important stability is that with respect to phase separation.  Even if a 

nanocrystalline alloy with grain boundary segregation is relatively more stable than a coarse-

grained alloy of the same composition, the nanocrystalline state may never be achievable if the 

system phase separates.  Additionally, as noted above, experimental studies suggest that second 

phase formation is often the principal instability seen in alloyed nanocrystalline systems, being 

an immediate precursor to runaway grain growth.   

In a recent preliminary letter, we provided a first step towards understanding the stability 

of nanocrystalline systems against both coarsening and phase separation [40].  Specifically, we 

further developed the RNS model to explore phase separation in systems with positive heats of 

mixing.  In that work, we limited our attention to a specific set of alloys based on tungsten, and 

did not explore the full configuration space available for all alloy systems.  The purpose of the 

present work is to generalize our preliminary results from Ref. [40], developing in far greater 

detail a series of “nanostructure design maps” that provide basic guidance on which alloys are 
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most stable in a nanocrystalline solid solution configuration.   

2. Theory 

2.1 The Regular Nanocrystalline Solution (RNS) Model 

To examine the phase separating behavior in bulk nanocrystalline systems stabilized via 

grain boundary segregation we use the free energy function based on the RNS model developed 

by Trelewicz [39]. The model defines a grain boundary region (gb) and a “crystal” region in the 

grain interior (c) with the total solute concentration, X, satisfying the balance [41]: 

𝑋 = 𝑓𝑔𝑏𝑋𝑔𝑏 + �1 − 𝑓𝑔𝑏�𝑋𝑐               (2) 

Where Xgb is the concentration of solute species in the grain boundary region, Xc is the 

concentration in the grains and fgb is the volume fraction of the grain boundary region: 

𝑓𝑔𝑏 = 1 − �𝑑−𝑡
𝑑
�
𝐷

               (3) 

Where d is the grain diameter, t is the thickness of the grain boundary region (taken to be 0.5 nm 

[39, 42] throughout), and D is the dimensionality of the grain structure (taken to be D = 3 for this 

work). The model also defines a transition region composed of the bonds between the atoms in 

the grain and in the grain boundary region.  

The analytical developments of Trelewicz are statistical, and envision the system as a 

grid of atoms and bonds, as illustrated on the left of Fig. 1.  In the end, the result is more general 

and the system can be viewed in a continuum fashion as on the right of Fig. 1.  The spatial 

distribution of atomic bonds between the three regions, the energies associated with creating 
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grain boundaries, and region-weighted entropic contributions are encapsulated in the final free 

energy function derived from the model: 

∆𝐺𝑚𝑖𝑥 = �1 − 𝑓𝑔𝑏�Δ𝐺𝑐𝑚𝑖𝑥 + 𝑓𝑔𝑏Δ𝐺𝑔𝑏𝑚𝑖𝑥 + 𝑧𝑣𝑓𝑔𝑏�𝑋𝑔𝑏 − 𝑋𝑐� ��2𝑋𝑔𝑏 − 1�𝜔𝑔𝑏 −
1
𝑧𝑡

(Ω𝐵𝛾𝐵 −

Ω𝐴𝛾𝐴)�
 (4)

 

where z is the coordination number of the bulk material, Ω is the atomic volume, ν is the 

transitional bond fraction (the fraction of atoms contributing bonds to the transitional bonding 

region), and ω is the interaction parameter defined:  

𝜔 = 𝐸𝐴𝐵 − 𝐸𝐴𝐴+𝐸𝐵𝐵

2
             (5) 

Two separate interaction parameters are used to describe the binary nanocrystalline system: a 

bulk parameter, ωc describing the crystal, and ωgb describing the interactions in the grain 

boundary and transition regions.  This grain boundary interaction may or may not differ in 

character from that in the bulk, and its significance will be discussed further in later sections.  A 

positive interaction parameter denotes a phase separating system, where the energy of AB bonds 

is greater than the average of AA and BB bonds.  It relates to the heat of mixing of a regular 

solution via:  

∆𝐻𝑚𝑖𝑥 = 𝑧𝜔𝑐𝑋(1 − 𝑋)         (6) 

the miscibility gap of a system with a larger interaction parameter exhibits a higher critical 

temperature and a lower solubility limit.   
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The terms Δ𝐺𝑐𝑚𝑖𝑥 and  Δ𝐺𝑔𝑏𝑚𝑖𝑥 represent the outer bounds of the system.  If the material is 

composed only of crystal, i.e. grain interior, (d→∞, fgb → 0), the free energy function reduces to 

simply that of a classical regular solution: 

Δ𝐺𝑐𝑚𝑖𝑥 = 𝑧𝜔𝑐𝑋𝑐(1− 𝑋𝑐) + 𝑘𝑇[𝑋𝑐𝑙𝑛𝑋𝑐 + (1 − 𝑋𝑐)ln (1− 𝑋𝑐)]   (7) 

In the lower limit of grain size (d=t), is the free energy term of the grain boundary regular 

solution, which also includes a dependence on the grain boundary energies of both species:  

Δ𝐺𝑔𝑏𝑚𝑖𝑥 = 𝑧𝜔𝑔𝑏𝑋𝑔𝑏�1− 𝑋𝑔𝑏� + Ω𝐴𝛾𝐴

𝑡
�1 − 𝑋𝑔𝑏� + Ω𝐵𝛾𝐵

𝑡
𝑋𝑔𝑏 + 𝑘𝑇[𝑋𝑔𝑏𝑙𝑛𝑋𝑔𝑏 + (1 − 𝑋𝑔𝑏)ln (1−

𝑋𝑔𝑏)]                         (8) 

The remaining terms in Eq. (4) describe the transition region. In Ref. [39], Trelewicz showed the 

value of the RNS model in identifying nanocrystalline alloys with segregation states that lead to 

formal stability against coarsening.  The signature output of the model is a free-energy surface of 

the kind shown in Fig. (2), plotted as a function of grain size (d) and grain boundary 

concentration (Xgb) at a constant global solute content and temperature.  For certain combinations 

of input parameters (interaction parameters ω, global concentration and temperature), the free-

energy surface can exhibit a global minimum at a pair value of (Xgb, d), for which the 

nanocrystalline microstructure is stable (Fig. 2a). The minimum on the concentration axis (Xgb) 

shows the segregation state that is neither over- nor under-full (i.e., ideally saturated with solute).  

The minimum with respect to grain size corresponds to an alloy grain boundary energy of zero, 

and describes a nanostructure that is stable with respect to grain growth.  

The existence of a minimum in the free energy surface depends on the materials 

parameters and the solute content of the system. There are many cases where a nontrivial 
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minimum does not exist (Fig. 2b), for which the “preferred” grain size is infinite, and the free 

energy of the system matches that of a bulk regular solution for the same global solute content.    

3. Methods 

Our interest in this paper is to adapt the RNS model outlined above to consider the 

stability of nanocrystalline systems not only against grain growth, but also against phase 

separation.  A key concept required to do this is the comparison of a given minimum-energy 

configuration of the kind shown in Fig. 2a, which only considers segregated nanocrystalline solid 

solution configurations for a single composition, against other possible configurations that 

include phase separation.   

In order to appreciate how such comparisons are made, consider the free energy surface 

constructed for a discrete value of global solute content, i.e., of the kind shown in Fig. 2a, with a  

minimum at a given value of grain boundary composition and grain size, (Xgb, d).  In Fig. 3, we 

examine the region of the minimum in such a surface with greater detail.  Consider what happens 

if we hold these values of Xgb and d constant, and vary the global composition, X.  For the 

purposes of illustration, consider two global compositions, X+ and X-, slightly different from one 

another, which we can compare. At the global concentration X+, a minimum occurs in the free 

energy surface (lower curve in Fig. 3) at a specific value of grain boundary concentration and 

grain size, (Xgb
+, d+).  If we decrease the global composition to X- for the values (Xgb

+, d+), the 

free energy increases; it turns out that this increase is extremely rapid with respect to even small 

changes in global composition (Fig. 3, arrow A).  We note that this is similar to the free energy 

behavior of a stoichiometric line compound phase, with a single preferred composition for which 

the energy is minimized.  If we instead start with the global composition X-, with the minimum at 
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(Xgb
-, d-) and increase the composition (Fig. 3, arrow B), the grain boundary energy drops to less 

than zero, indicating that the grain size would prefer to decrease. On this new free energy surface 

for the higher composition (X+), the system can decrease its energy by obtaining a new minimum 

(Fig. 3, arrow C) at a smaller grain size.   

We may also examine these trends on other axes; if we plot the variation in free energy 

with respect to global composition, X, for a fixed pair of Xgb and d (Fig. 4), we can also see the 

sharp increase in free energy upon moving to the left, and the free energy decrease obtained by 

decreasing grain size to a new free-energy curve (with different values of Xgb and d).  It is 

important to note that the shapes of the free energy curves in Figure 4 are such that they are 

connected by a common tangent (blue line, Fig. 4) between curves at set values of Xgb and d.  

This means that the system prefers to exist at the combination of grain size and grain boundary 

solute content that is the minimum of a free energy surface for a given global composition (blue 

circle).      

Based on the above discussion, we can think about nanocrystalline alloys in an 

equilibrium grain boundary segregation state in the following way: we may treat the minimum of 

the free energy surface at each global composition as a “stoichiometric line compound”, 

represented by a point.  In other words, for each composition X, there is one preferred 

“compound” with a given grain boundary concentration and grain size, (Xgb
-, d-).  If the global 

composition is changed, there is a different preferred combination (Xgb
+, d+), and the system 

resembles a different “compound”.  When free energy curves are plotted against X, as is 

traditional in the development of binary phase diagrams, then these points may be compared to 

the free energy functions of other competing phases. This is taken up in detail in the next section. 
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3.1 RNS for Phase Separating Systems 

Fig. 5 shows the general problem that is the focus of this paper: comparing the minimum-

energy nanocrystalline system free energy curve, as developed above, with those of competing 

phases.  We are specifically concerned with the case where the competing phases are the 

classical bulk (i.e., non-nanocrystalline) phases, and for simplicity we concern ourselves only 

with positive heat of mixing systems.  Additionally, we represent the bulk solid solution with one 

classical, symmetric regular solution phase that describes both the solvent- and solute-rich 

solutions; a schematic free energy curve for such a bulk system at a single finite temperature is 

shown by the solid black line in Fig. 5, with the two phase field corresponding to the region 

between the tangent points of the common tangent line (dashed black line).   

This curve, and the two phases represented by it, may be compared with the very narrow 

U-shaped curve associated with a specific nanocrystalline state, as shown schematically by the 

blue curves.  More specifically, as described above, we view the nanocrystalline state as a 

“compound” at a specific point, denoted explicitly by a blue solid point in Fig. 5.   Depending 

upon the specific input parameters used, the location of this point can fall into one of three main 

regions that are delineated in Fig. 5: “stable nanocrystalline”, “metastable nanocrystalline”, and 

“nanocrystalline not supported”.  Those with minima at a free energy lower than the common 

tangent of the bulk regular solution limit are labeled as “stable nanocrystalline”; those where the 

minimum of the free energy surface is the trivial case of infinite grain size and the same free 

energy of the bulk (non-nanostructured) solid solution occupy the “nanocrystalline not 

supported” region.   Nanocrystalline states that have a free energy lower than the bulk free 

energy curve, but higher than its common tangent are labeled as “metastable nanocrystalline”.  In 

this latter case, the nanocrystalline structure is more energetically favorable than the single phase 
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solid solution at that solute content, but less favorable than macroscopic phase separation of the 

system into two solid solutions.   

3.2 Parameterization 

As we are currently exploring only phase separating systems described by symmetric 

regular solid solutions, we use positive values for the crystal pair-wise interaction parameter, ωc, 

that correspond to enthalpies of mixing (Eq. (6)) from 1-1000 kJ/mol.  For simplicity, we take 

the combination of grain boundary energy and atomic volume, divided by the grain boundary 

thickness, Ωγ/t  (which are always together in the RNS model) of the two pure species to be 

equal; in the free energy equation, the terms containing these parameters are generally on the 

order of a tenth the magnitude of the other terms, and less when they appear together as a 

difference.  We select a value for the term Ωγ/t of 8.25 J/mol for both solvent and solute; this 

corresponds, for example, to a grain boundary energy of 0.5 J/m2, an atomic volume of 8.25 

cm3/mol, and a grain boundary thickness of 0.5 nm.  (For reference, the values of Ωγ/t for some 

common metals are Aluminum: 6.5, Gold: 7.7, Copper: 8.9, Iron: 10.6, and Nickel: 11.5 J/mol). 

The last variable needed to implement the model is ωgb, which describes the character of 

atomic interactions in the grain boundary and transition regions (Fig. 1).  In general the grain 

boundary interaction parameter will be different from the grain interaction parameter; this in fact 

is the driving force for grain boundary segregation, as the enthalpy of segregation is: 

∆𝐻𝑠𝑒𝑔 = 𝑧 �𝜔𝑐 − 𝜔𝑔𝑏 �1 − 𝜈
1−𝑓𝑔𝑏

� − 1
𝑧𝑡

(Ω𝐵𝛾𝐵 − Ω𝐴𝛾𝐴) �1 − 𝜈
1−𝑓𝑔𝑏

�� + 2𝑧𝑋𝑔𝑏𝜔𝑔𝑏 �1 −

𝜈
1−𝑓𝑔𝑏� − 2𝑧[𝑋𝑐𝜔𝑐 + 𝜈�𝑋𝑔𝑏 − 𝑋𝑐�𝜔𝑔𝑏]       (9) 

which comes from the segregation isotherm that emerges from the RNS model [39]: 
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𝑋𝑔𝑏
1−𝑋𝑔𝑏

= 𝑋𝑐
1−𝑋𝑐

𝑒𝑥𝑝 �ΔH
𝑠𝑒𝑔

𝑘𝑇
�        (10) 

Note that the convention is a positive value for the enthalpy of segregation for a system in which 

the solute preferentially segregates to the grain boundaries.  If the segregation enthalpy in Eq. (9) 

is taken to the dilute limit: 

∆𝐻0
𝑠𝑒𝑔 = 𝑧 �𝜔𝑐 −

𝜔𝑔𝑏

2
− �Ω𝐵𝛾𝐵−Ω𝐴𝛾𝐴�

2𝑧𝑡
�        (11a) 

we have a relationship between all of the parameters in this study and a dilute heat of segregation 

which is a measurable (or estimable) quantity.  In the present work our assumption of ΩAγA= ΩB 

γB reduces this equation further: 

∆𝐻0
𝑠𝑒𝑔 = 𝑧 �𝜔𝑐 −

𝜔𝑔𝑏

2
�          (11b)  

The grain boundary interaction parameter was varied to give ∆H0
seg

  values between 1 and 200 

kJ/mol.  Given the other values for the parameters appearing in Eq. (11), this means that ωgb can 

take on values both positive and negative. Depending on the magnitude of ωc, a strongly 

segregating system would have either a positive grain boundary interaction parameter of 

significantly less magnitude than ωc or a negative grain boundary interaction parameter.  

Lastly, we must define a temperature at which we compare the nanocrystalline and other 

phases. In this paper, we primarily discuss results generated for the temperature 0.35Tcr , where 

Tcr is the critical temperature defined at the top of the miscibility gap, and a direct relation to ωc 

(Tcr=zωc/2R); extension to other temperatures is straightforward – two more temperatures, 0.5 

and 0.65 are considered in this work as well.  

By varying the two interaction parameters with high resolution (down to intervals of 
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0.001 eV) across the ranges described above, we have numerically calculated the minimum free 

energy curves for 100 compositions evenly spaced across the full range (X=0 to 1).  These 

minima are plotted against the bulk regular solution free energy curve with the same values of ωc 

and z (exactly as in Fig. 5).  We next examine the characteristics of material systems that have 

stable, metastable, or no stable nanocrystalline states.  The next few sections discuss these 

situations in terms of their general features, but do not focus on specific numerical values of the 

input parameters.  Later in the paper, all of these results are synthesized into a quantitative 

nanostructure stability map that summarizes when these various situations arise. 

4. Bulk phase stability 

There are two general cases in which a system has no stable nanocrystalline 

configuration.  The first, and most trivial case to consider, is the one where there is no free 

energy curve with a minimum at a finite grain size for any of the possible compositions.  This is 

the situation pictured in Fig. 2b, and arises in cases where the heat of segregation is insufficiently 

large with respect to the value of the heat of mixing. Therefore, no energy minimum exists over 

the entire range of composition because the alloying interactions in the grain boundary are not 

sufficiently different from those in the grains to drive solute segregation.   

With regards to the second case, systems which have nanocrystalline energy minima 

across a wide range of composition (and energies either stable or metastable with respect to 

phase separation) still have composition ranges where the nanocrystalline state is not stable.  

Specifically, when the global composition is below the solubility limit, we do not identify any 

stable nanocrystalline compounds, for any of the materials parameter permutations in this study. 

In other words, in phase separating alloys, supersaturated solid solutions are required to achieve 
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a fully nanocrystalline structure stable against grain growth.  In this connection, it is interesting 

to note that some of the prior analytical models of segregation in nanocrystalline systems, such 

as those by Weismuller [3, 4]and Kirchheim [2] require the assumption of a dilute limit.  Our 

calculations reveal that this is problematic for alloys with positive heats of mixing, and non-

dilute solubility limits. We next examine the cases in which nanocrystalline minima exist in the 

free energy surface. 

5. Stability 

We find that the types of nanostructures that are thermodynamically stable are diverse, 

and predominantly not the expected simple grain boundary-segregated single phase states 

(involving a decreasing grain size with increasing composition) of the kind widely discussed in 

the literature. We briefly discuss the several stable nanostructured states that can be uniquely 

identified on the basis of the present model. 

5.1 Classical Segregation-Stabilized Nanocrystalline Region 

For some combinations of high heats of mixing and high heats of segregation, we are able 

to achieve the condition of segregation-based nanostructure stabilization envisioned by 

Weissmuller [3, 4]. In these cases the relationship between the enthalpies is such that the grain 

boundary interaction parameter approaches ideal behavior, namely ωgb=0.  

A representative free energy curve comparison can be seen in Fig. 6A.  Here each blue 

point is a nanocrystalline “compound”.  In the magnified views of Figs. 6B and 6C we illustrate 

the local free-energy curves corresponding to a few such points, and note that the points 

corresponding to the stable condition all lie on a single common tangent line.  The points shown 

are simply example concentrations, and there are in fact an infinite number of them between any 
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two of those shown; the locus of the points represents a smooth continuum of stable grain sizes 

that are a monotonic function of the composition. In fact, the grain size decreases with increasing 

solute content in the relationship often observed in experimental systems (Fig. 6D).   

What is interesting to note for systems of this type is that there is a well-defined 

composition range over which a nanocrystalline state is supported, with strict limits on either 

end.  At low solute concentrations, the existence of nanocrystalline states is bounded by the 

solubility limit, below which no nanocrystalline minima exist. This was already briefly discussed 

in section 4, and can be seen graphically in the magnified view of Fig. 6B. For high 

concentrations of solute, the limiting composition is less physically obvious on the free energy 

diagram, but is inherent in the composition relationship in Eq. (2).  For a given global 

composition, there is a limit to the (Xgb, d) combinations that can be supported while conforming 

to Eq. (2); if all of the solute is present in the grain boundaries and none in the grain interiors, 

X=fgbXgb  restricts the smallest grain size and largest value of solute allowable for a stable 

nanocrystalline phase.  This limitation creates boundaries on the free energy surface, beyond 

which no surface exists; this can be seen in, e.g. Fig. 2A (on the left-hand side where the smallest 

grain sizes cannot be accessed on the free energy surface).   This truncation of the free energy 

curves can also be seen in the magnified view in Fig. 6C, which shows the points for the 

nanocrystalline states close to the limiting composition, as well as their individual free energy 

curves; note that these are all truncated on the left-hand side, at the limits achievable by Eq. (2).  

The truncation becomes more and more severe as the concentration rises, and the last 

nanocrystalline compound—that with the largest possible solute content—is the last that has a 

minimum in the free energy surface contained within the available range of grain size and solute 

distribution (Fig. 6C).  We will call this compound the “terminal” nanocrystalline structure. 
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The series of blue points that all lie on a common “nanocrystal free energy line” are a 

common feature of many systems, and in fact, the arrangement of these lines in the free energy 

diagram leads to many possible unique situations.  These lines, and particularly their terminal 

compositions, will play a major role in the discussion over the next few sections.  In the case 

pictured in Fig. 6A, for example, these lines end at the terminal nanocrystalline structure, leaving  

a gap between their ends.  These terminal structures have the lowest free energy in the system, 

far lower than that of the bulk regular solution. The nanocrystalline phases in this system are also 

in equilibrium with the bulk regular solution phase.  For non-dilute alloys, there is a miscibility 

gap that separates the terminal solvent-rich nanocrystalline compound and its counterpart 

terminal solute-rich nanocrystalline compound.  These nanocrystalline compounds are 

symmetric, due to our assumption of equal Ωγ/t  for solvent and solute.   

For the example system presented in this figure (and in other cases to be detailed in the 

following section), another apparent “phase” appears, shown by the green dashed line in Fig. 6A.  

This free energy curve corresponds to the grain boundary regular solution (Eq. 8) - the limit of 

the RNS model as grain size, d, approaches the grain boundary width, t, i.e., as the system 

approaches the “amorphous limit” where the material is entirely composed of grain boundary 

state.  The situation can arise where the amorphous limit can be lower in energy in the central 

composition region where nanocrystalline states are not supported due to the (Xgb , d)-space 

limitations. 

For these cases in the classical region, this leads to equilibrium between the terminal 

nanocrystalline compound and the amorphous limit phase (similarly, between the amorphous 

limit phase and the right hand terminal nanocrystalline compound). The case where the 
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amorphous limit exhibits a lower free energy than the nanocrystalline points such that it forms 

the lowest common tangent with the bulk regular solution is discussed in the following section.  

5.2 Amorphous Limit 

In a range of cases, the “grain boundary phase” described above has the lowest free 

energy curve, as shown for an example case in Fig. 7, where this curve falls below the free 

energy lines of the nanocrystalline structures. This situation arises only when the grain boundary 

interaction parameter is strongly negative and the grain interaction parameter strongly positive; 

this drives the preference for grain boundary regions over crystalline ones.  That the grain 

boundary term of the RNS could in fact have the lowest free energy of any other possible state 

suggests that there are positive heat of mixing systems in which an “amorphous” state is stable 

(due to its relatively lower heat of mixing).  Interestingly, the idea of a stable amorphous phase is 

not new to this work [43], although the present RNS framework may provide a new way of 

looking at the development of amorphous alloys on the basis of their grain boundary segregation 

behavior. For example, in Fig. 7 we see that when the grain boundary phase is the lowest free 

energy state, it is in equilibrium with the bulk regular solution.  This may relate to a common 

metric for assessing binary amorphous systems: the Glass Forming Range, or GFR.  There are a 

number of approaches to estimate the GFR (i.e. size/structure difference, eutectic shape, and 

enthalpy models) [43], and the present RNS model offers another approach.  

5.3  Dual-Phase Nanocrystalline 

 In cases where the heat of segregation is larger than the heat of mixing, such that ωgb is 

negative, but not sufficient to drive the system to the amorphous limit, the free energy surface at 

a given composition (Fig. 8B) supports two minima where the grain boundary energy is zero; 
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hence the designation “dual-phase nanocrystalline”.  One of these minima is the classic grain 

boundary segregation-stabilized state – the solute is strongly segregated to the grain boundaries, 

and the stabilized grain size continues to decrease with an increase in composition along the 

nanocrystal free energy line; the second minimum has solute-rich grains with the solvent 

segregated to the grain boundary. Because ωgb also describes the cross-interactions between the 

crystalline and grain boundary regions (recall Fig. 1), a mildly negative value of this parameter 

leads the system to maximize unlike bonds crossing between these regions.  This in turn 

promotes a finer grain size, and in order to support the increased grain boundary volume, the 

grain boundary region must be occupied by the majority element (solvent).  Thus, the roles of 

solute and solvent are exchanged and the preferred system is a “solute nanocrystalline phase”.  

The composition range of such solute nanocrystalline phases is limited by the same (Xgb, d)-

space constraints as the classical “solvent” nanocrystalline phases, discussed in 5.1. The solute 

nanocrystalline phases also follow a composition-grain size relationship; however, as the solute 

concentration decreases from the equiatomic concentration, the grain size decreases.   

While we describe this case as “dual-phase nanocrystalline” due to the existence of two 

nanocrystalline phases stable against grain growth at a single composition, the solute 

nanocrystalline phase is lower in free energy.  Constructing common tangents on Fig. 8 leads to 

the conclusion that over a broad range of compositions the solute nanocrystalline phase is in 

equilibrium with the bulk regular solution; on the solvent rich side of the phase diagram, the 

stable states are a solvent rich solid solution and a solute rich nanocrystalline phase with grain 

boundary segregation.  In the middle of the diagram, the equilibrium is between two solute 

nanocrystalline phases, which should be an interesting dual-phase nanocomposite that would in 

general be a true stable bimodal structure.           
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5.4 Dual-Phase Nanocrystalline/Amorphous Structures  

In the previous two sections we have seen cases where the nanocrystalline points 

compete with an amorphous phase, or with one another (solute nanocrystalline phase).  These 

cases correspond to a relatively higher and lower heat of mixing, respectively.  Between these 

two extremes lies a condition in which both the grain boundary free energy curve (amorphous 

limit) and the terminal compositions of the nanocrystalline free energy lines are stable.  An 

example of this situation is shown in Fig. 9, where the low energy of the grain boundary regions 

places it in equilibrium with the bulk regular solution at low solute levels.  At higher 

concentrations, the amorphous limit is in equilibrium with the solute nanocrystalline phase 

defined by the terminal structures of the nanocrystal free energy lines.  The two solute 

nanocrystalline phases are in equilibrium around the equiatomic composition.   

6. Metastable Nanocrystalline Alloys 

In the case of metastable nanocrystalline structures, the RNS model reveals a minimum 

energy in the Xgb- d space, and grain size decreases with composition in a relationship similar to 

other model predictions and experimental data.  However, these states are unstable with respect 

to macroscopic phase separation into the bulk phases.  Fig. 10A typifies the free energy diagram 

of such a system, which comprises nanocrystalline free energy lines that lie below the regular 

solution free energy curve, but above the common tangent denoting bulk phase separation (the 

yellow region of Fig. 5).  A nanocrystalline system in this condition would be stable against 

grain growth but would lower its energy via phase separation on the bulk scale.  

However, the situation surrounding the free energy minima in this case is not quite the 

same as seen in our earlier analysis using X+ and X- for the case of a stable nanocrystalline 
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structure.  In that case, decreasing the composition at the set values of Xgb and d resulted in a 

sharp increase, and increasing the composition led to a lowering of the free energy through 

decreasing grain size.  In the metastable case, the same types of behavior are seen, but with 

opposite composition tendencies (Fig. 10C & 10D).  For an increase in composition, the free 

energy increases rapidly; for a decrease in composition, the grain boundary energy is positive, 

and as a result the system favors grain growth.  This pattern continues until the infinite grain size 

of the regular solution is obtained (Fig. 10B). At the nanocrystalline compound values of Xgb and 

d the grain boundary energy has been reduced to zero, eliminating the drive for grain growth, but 

the free energy of a system with a larger grain size is always a lower free energy state. At the 

same time, the lower free-energy of the common-tangent bulk phases dictates that the structure 

phase separate, so the equilibrium structure is a coarse-grained, phase separated system. 

7. Nanocrystalline stability map 

The above discussion briefly delineated the types of behavior that emerge from the RNS 

model for positive heats of mixing. Which of these situations is relevant for a given alloy system 

depends principally upon its mixing parameters (in the grains and grain boundary region).  

Through the thousands of individual calculations conducted here, we are able to delineate 

regimes in the mixing-parameter space corresponding to each behavior described above. 

Although the heats of mixing (Eq. 6) and grain boundary segregation (Eq. 11) share terms 

associated with the bulk interaction parameter, the grain boundary interaction parameter is 

considered an independent quantity here, and only contributes to the heat of grain boundary 

segregation; the two parameters thus can be cast as the axes of the design space, as shown in Fig. 

11.  While in general the mixing parameters ωc and ωgb are more fundamental to the RNS model, 

these axes are more physically familiar, and therefore likely more useful in placing specific 
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binary alloy systems on the map. 

Interestingly, we find that the regions separating stability, metastability, or unsuitability 

of a nanostructured alloy system are demarcated by straight lines in the double-logarithmic space 

of Figure 11.  While these lines are not of slope unity, they correspond to a power-law, and can 

be empirically captured by the following relationship:  

∆𝐻𝑠𝑒𝑔

�∆𝐻𝑚𝑖𝑥�𝒂
= 𝑐         (12) 

where a is the power-law slope, and c reflects the intercepts.  Both of these are in general a 

function of temperature; for the map presented in Fig. 11, T = 0.35 Tcr.  For other temperatures 

investigated thus far (see Table I), the map has the same basic form, but with shifted boundaries 

reflected in the different fitted values of a and c.  

At the highest level, the map in Fig. 11 shows the trade-off between grain boundary and 

bulk segregation tendencies as controlling the ability to stabilize a nanocrystalline phase.  In fact, 

the power-law-modified ratio of the two quantities collected on the left-hand side of Eq. 12, 

∆Hseg/(∆Hmix)a, represents a useful figure of merit for binary systems’ nanostructuring ability, 

with higher values lying more towards the upper-left of the stability map.    

At a more nuanced level, the map is populated with subregions that correspond to the 

various unique cases delineated earlier.  Specifically, the stable nanocrystalline region (green) is 

divided into four subspaces denoting the regions where the classical nanocrystalline, dual-phase 

nanocrystalline , amorphous limit, and dual-phase nanocrystalline and amorphous limit , are the 

dominant cases. The classical grain-boundary segregation-based stabilized nanocrystalline state 

of the kind envisioned by Weissmuller [3, 4] and Trelewicz [39] and widely sought 
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experimentally, represents a small sliver of the design space.  This illustrates the challenge the 

field can expect to face in designing nanocrystalline alloys, at least in phase-separating binary 

systems.  In our previous work [40], we briefly illustrate an example method to calculate the 

enthalpies necessary for populating the nanocrystalline design map with potential alloy systems; 

further work should aim to expand the number and types of alloys represented.    

8. Conclusions 

In this work, we have examined the requirements for a binary phase separating system to 

support a nanocrystalline structure stable against both grain growth and phase separation.  The 

most salient results of this work include: 

• In general, stable nanostructures occur at values of ∆Hseg that are highrelative to 

∆Hmix. More specifically, a figure of merit, ∆Hseg/(∆Hmix)a, with a an exponent in 

the range ~0.5-1 , delineates the regions of nanocrystalline stability, 

nanocrystalline meta-stability, and bulk stability via temperature-dependent 

constants calculated in the present work for several fractional temperatures.  

• Several types of nanostructures are stable, including not only the previously 

predicted segregation-stabilized nanocrystalline system, but also dual-phase 

nanostructures and an amorphous-type structure.   These stable states exist at 

compositions greater than the bulk solubility limit. 

• There is a range of alloys which support a metastable nanocrystalline state – one 

in which the nanocrystalline structure is stable against grain growth (having a 

grain boundary energy of zero), but not against macroscopic phase separation.  
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• A considerable range of alloys are incapable of supporting a nanocrystalline state 

that is stable against grain growth. 

All of these features are represented on nanostructure stability maps, which are constructed in 

this work for a particular set of temperatures and materials parameters.  Using this method, maps 

can be generated for desired conditions to determine stable nanocrystalline alloys for a wide 

variety of applications. In addition to being practically relevant, the maps reveal new types of 

stable nanostructures for further investigation.  
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Table 1 Fitted coefficients for the nanostructuring figure of merit, Eq. (12) at three 

dimensionless temperatures. 

Temperature a (slope) 
c (intercepts) 

Metastable Stable 

0.35 Tcr 0.757 1.7326 2.768 
0.5 Tcr 0.661 2.8038 3.7236 
0.65 Tcr 0.567 4.425 4.958 
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Figure Captions 
 
Figure 1 Schematic of two nanocrystalline grains exhibiting grain boundary segregation, 
viewed equivalently as an array of atoms (left) or as a continuum (right).  Grey atoms are solvent 
and red atoms are solute.  The characteristic size of the grain, d, and grain boundary thickness, t, 
are shown, and the arrows denote the bonds associated with the interaction parameters used in 
the model. 

Figure 2     A. Gibbs free energy of mixing surface for a single value of global solute 
concentration.  The minimum of the curve (shown magnified in Fig. 3) represents a grain size 
and grain boundary solute concentration at which the grain boundary energy for the given global 
solute concentration is zero.  B. A free energy surface calculated from different thermodynamic 
inputs, with no nanocrystalline minimum present.  The minimum value corresponds to that of the 
bulk regular solution (infinite grain size). 

Figure 3 Minima in the free energy surface for two global solute concentrations, X+ and X-. 
Starting at the minimum for the X+ curve (magenta), if the grain size and grain boundary 
concentration, Xgb,  are held constant, and the global solute content is decreased to X-, the free 
energy increases rapidly (arrow A).  Starting at the minimum of the X- curve (black), if the grain 
size and Xgb are held constant for an increase in global solute content (arrow B), the free energy 
decreases; however, the grain boundary energy at this point is negative, indicating a desire to 
increase grain boundary area (arrow C).  See Fig. 4 for an alternate presentation.  

Figure 4  A. Blue points represent the minimum in the free energy surface at each value of 
global composition.  For the values of X- (dashed) and X+ (solid), the values of grain size and the 
grain boundary solute content that comprise the minimum for that global composition are held 
constant while the global composition is varied.  The blue line shows that the minima points are 
the tangents between set Xgb/d value curves. B. Grain boundary energy as a function of global 
composition for the Xgb and d values for same two minima as denoted in A and Fig. 3. 

Figure 5  The free energy of the nanocrystalline (NC) phases can fall into three regions that 
are determined by the bulk regular solution (black curve) for the same materials parameters.  If 
there is no minimum in the free energy surface, it is “Not NC”.  If the free energy surface has a 
minimum, but its free energy falls above the common tangent of the bulk system (denoting phase 
seperation, dashed black line), it is “Metasable NC”.  A stable nanocrystalline system falls below 
the common tangent. 

Figure 6 A. Free energy comparison of regular solution (curve), amorphous limit (dashed 
curve), and the nanocrystalline points (circles) for the “classical nanocrystalline” case. This 
example case has an enthalpy of mixing of 81 kJ/mol and enthalpy of segregation of 79 kJ/mol. 
B. An enlarged view of the free energy comparison of nanocrystalline points as they approach 
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the regular solution at the solubility limit, in the region marked in A. C. As in B, enlarged scale 
free energy comparison of the terminus of the nanocrystalline points as indicated by the box in 
A. The final composition that supports a nanocrystalline phase due to the (Xgb, d) space 
limitation is seen with respect to global composition. D. Grain size versus global composition for 
the stable nanocrystalline alloys. 

Figure 7 The free energy of the amorphous phase (dashed curve) is lower than that of the 
bulk regular solution (solid curve) and the nanocrystalline points (circles). This example case has 
an enthalpy of mixing of 93 kJ/mol and enthalpy of segregation of 104 kJ/mol. 

Figure 8 A. Free energy plot showing regular solution (solid curve), nanocrystalline phases 
with solute rich grain boundaries (circles), and nanocrystalline phases where the solvent has 
become the grain boundary element (squares). This example case has an enthalpy of mixing of 
23 kJ/mol and enthalpy of segregation of 35 kJ/mol. B. Free energy surface for a given global 
solute composition showing the two minimums C. Schematic of the nanostructure rearrangement 
from solvent rich grains to solute rich grains. 

Figure 9 Free energy plot for a case where the amorphous limit (dashed curve) appears 
below the common tangent (thin line) between the regular solution (thick solid curve) and 
nanocrystalline phases (solvent nanocrystalline phases in filled circles; solute nanocrystalline 
phases in open squares). This example case has an enthalpy of mixing of 58 kJ/mol and enthalpy 
of segregation of 75 kJ/mol.     

Figure 10 A. Free energy comparison of a regular solution (solid curve) and nanocrystalline 
points (circles). This example case has an enthalpy of mixing of 58 kJ/mol and enthalpy of 
segregation of 49 kJ/mol.  B. Grain size as a function of the global solute concentration in this 
metastable nanocrystalline binary alloy.  C. Similar to Figure 4, the minima for two compositions 
are plotted as points, while the curves represent the free energy as a function of composition if 
the Xgb and d values for those minimum are held constant. D. Grain boundary energy as a 
function of global composition for the Xgb and d values for the same two minima as denoted in 
A. 

 
Figure 11     Nanostructure stability map, presenting delineated regions of stability (green), 
metastability (yellow), and no stability (red) in binary alloys as a function of their enthalpies of 
mixing and segregation.  The regions of behavior within the stable nanocrystalline region are 
defined in the text: Dual-phase nanocrystalline (section 5.3); Amorphous and dual-phase (section 
5.4); Amorphous limit (section 5.2); Classical stability(section 5.1).  Metastability is discussed in 
section 6) and no stability is discussed in section 4.  This map is calculated for a fixed 
dimensionless temperature of 0.35Tcr. 
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