MIT
Libraries | D>pace@MIT

MIT Open Access Articles

Relative trace formulae toward Bessel and
Fourier-Jacobi periods on unitary groups

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Liu, Yifeng. “"Relative Trace Formulae toward Bessel and Fourier-Jacobi Periods on
Unitary Groups.” Manuscripta Mathematica 145.1-2 (2014): 1-69.

As Published: http://dx.doi.org/10.1007/s00229-014-0666-x
Publisher: Springer Berlin Heidelberg
Persistent URL: http://hdl.handle.net/1721.1/104373

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher’'s formatting or copy editing

Terms of Use: Article is made available in accordance with the publisher’s policy and may be
subject to US copyright law. Please refer to the publisher's site for terms of use.

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/104373

manuscripta math. 145, 1-69 (2014) © Springer-Verlag Berlin Heidelberg 2014

Yifeng Liu

Relative trace formulae toward Bessel
and Fourier—Jacobi periods on unitary groups

Received: 18 December 2012 / Revised: 12 November 2013
Published online: 9 March 2014

Abstract. We propose an approach, via relative trace formulae, toward the global restriction
problem involving Bessel or Fourier—Jacobi periods on unitary groups U, X Uy, generalizing
the work of Jacquet—Rallis for m = n— 1 (which is a Bessel period). In particular, when m =
0, we recover a relative trace formula proposed by Flicker concerning Kloosterman/Fourier
integrals on quasi-split unitary groups. As evidences for our approach, we prove the vanishing
part of the fundamental lemmas in all cases, and the full lemma for U,, x Uj,.

1. Introduction

Recently, Jacquet and Rallis [22] propose a new approach to the global Gan—Gross—
Prasad conjecture [8] for unitary groups U, x U,_1, which relates automorphic
periods with special L-values. It is based on the comparison of some relative trace
formulae. In this article, we extend this approach to all sorts of pairs U, x Uy,
where 0 < m < n.If n — m is odd (resp. even), the automorphic periods at hand
are Bessel (resp. Fourier—Jacobi) periods.

1.1. Periods and special values of L-functions

Let us consider a quadratic extension k/k’ of number fields with A/A’ the corre-
sponding rings of adeles. Denote .#} (resp. .#}) the set of all places of k (resp. k’).
Let T be the nontrivial element in Gal(k/ k), and n: K’\A’* — {%1} the quadratic
character associated to k/k’.

Let V, (, ) be a (nondegenerate) hermitian space over k (with respect to 7)
of dimension n and W C V a subspace of dimension m such that the restricted
hermitian form ( , )|w is nondegenerate. Denote U, = U(V) and U,, = U(W)
the corresponding unitary groups, respectively. We regard U,, as a subgroup of U,,
consisting of elements fixing the orthogonal complement of W in V point-wisely.
When n —m is even (resp. odd), we define a unipotent subgroup U’ = U}, ,, C Uy
(resp.U’" = Uy, ) on which Uy, acts through conjugation. Weput H' = U’ x U,
viewed as a subgroup of U, x U,, via the embedding into the first factor and the
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projection onto the second factor (see Sects. 4.1, 5.1 for the precise definitions).
Let 7 (resp. o) be an irreducible representation of U, (A') (resp. U, (A')) which
occurs with multiplicity one in the space of cuspidal automorphic forms Ay (U,,)
(resp. Ao(Uy)), and A, C Aop(Uy,) (resp. As C Ap(Uy,)) the unique irreducible
7 (resp. o )-isotypic subspace.

First, we consider the case of Bessel periods, that is, n — m = 2r 4 1 is odd.
There is an essentially unique generic character v': U’(k")\U’(A") — C* that is
stabilized by U,, (A") and hence can be extended to a character of H'(k")\H'(A").
For ¢, € Ay and ¢, € A, we define

B (@ o) = / @r ® @o (W) (W)~ dh’
H/(O\H(A)

to be a Bessel period of 7 ® o. The global Gan—Gross—Prasad conjecture [8] says
thatif 7 ® o is in a generic Vogan L-packet, then there is a nonzero Bessel period of
arepresentation in the Vogan L-packet of w ® o if and only if the central special L-
value L (% BC(w) x BC(O’)) # 0, where BC stands for the standard base change
and the L-function is the Rankin—Selberg convolution (see [21]).

Second, we consider the case of Fourier—Jacobi periods, that is, n — m = 2r
is even. After choosing a nontrivial character ¥': k’\A’ — C* and a character
wi kX\A* — C* satisfying | px = 1, we have an automorphic (essentially Weil)
representation V:p',u of H'(A") realized on some space § of Schwartz functions. For
or € Ax, 95 € Ay and ¢ € S, we define

v,
59, " (@, 905 §) = / ¢r ® o (WO (H', $)dh’
H'(K")\H'(A")

to be a Fourier—Jacobi period of 7 ® o (with respect to i), where 6 (1, ¢) is a certain
theta series on H'(A’) attached to ¢. The global Gan—Gross—Prasad conjecture [8]
says that if 7 ® o is in a generic Vogan L-packet, then there is a nonzero Fourier—
Jacobi period of a representation in the Vogan L-packet of w ® o if and only if the
central special L-value L (% BC(r) x BC(o) ® ,u_l) # 0. In an early work [10],
Gelbart and Rogawski studied Fourier—Jacobi periods on Uz x Uj for endoscopic
representations.

There has been significant progress toward these conjectures in a series of
works of Ginzburg, Jiang and Rallis including [13] for unitary groups, [11] for
symplectic groups and [12] for orthogonal groups, toward the direction that the
existence of nontrivial Bessel or Fourier—Jacobi periods implies the non-vanishing
of corresponding central L-value. Their approach is to study those periods of certain
residue Eisenstein series and some related Fourier coefficients. In a recent preprint
[38], Wei Zhang establishes both directions (and even the refined version in [39];
see below) for the pair U, x U,_; under certain restrictions, by exploring the
relative trace formula of Jacquet—Rallis, which is a significant step forward to the
conjecture.

One may formulate a refined version of the global Gan—Gross—Prasad conjec-
ture predicting a precise relation between these automorphic periods and central
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special L-values, known as the Ichino—Ikeda [16] (resp. Harris [15]) conjecture in
the context of SO, x SO, _1 (resp. U, x U,_1). In a recent preprint [28] of the
author, the refined conjecture has been formulated for all pairs SO, x SO,, and
U, x U, with n — m odd (that is, all cases of Bessel periods). The advantage of
the relative trace formula approach is the possibility to prove the explicit formula

relating |B‘,’/ (¢ > 9o)|* (or |’J"3:‘/’/“‘(gon, @01 ¢)|?) and the product of certain local
periods of positive type, with L-values as (part of) the scaling factor of these two
periods. In particular, one can prove the positivity of the corresponding central
special L-value, for example, as in [19].

1.2. The conjecture for U, x U,

As a special case in our article, we formulate a relative trace formula for the pair
U, x U,, which should be compared with another one on GL,, x GL,,. We prove in
Theorem 5.15 that the fundamental lemma for U,, x U,, can be reduced to the one
for U, 41 x Uy, which is proved by Yun [37]. Moreover, even the smooth transfer
for U, x U, can be reduced to the one for U, 11 x U,. In other words, the relative
trace formula established in the current article provides a way to unify the problem
for U, 41 x U, and U,, x U,,, which is hard to be seen at the level of global period
integrals.

Based on this idea, Hang Xue proves the equivalence of nonvanishing of the
periods and the nonvanishing of the central L-values for U, x U, [35, Theorem
1.1.1] in a recent work, following the argument of Zhang [38] regarding the pair
U,+1 X Uy, under similar restrictions. Therefore, the Gan—Gross—Prasad conjec-
tures for U, x U, (a Fourier—Jacobi case) and U,4+; x U, (a Bessel case) are on
the same pace. Moreover, by the machine of theta lifting, one can even prove the
conjecture for certain endoscopic cases for U, 1 x U, [35, Theorem 1.1.5], which
are not covered by the work of Wei Zhang.

1.3. Relative trace formulae and fundamental lemmas

We briefly describe our relative trace formulae. To be simple for the introduction,
we consider only the case of Bessel periods. In other words, we assume thatn —m =
2r 4+ 11s odd.

Let f,, € 8(U,(A") (resp. fn € S(U,u(A))) be a Schwartz function on U, (A")
(resp. Uy, (A)). We associate to f, ® f,; a kernel function on (U, (k")\U, (A") x
U (K)\Up (A)) as

—1 —1
Kof (8l grigs g = > fulg'¢'eh) D fulgy 'E'gh).
¢/€Uy (k) §'eUn )

and consider the following distribution

9o f =[] Knon (Wi i) v B ks (L)
(H'(K")\H'(A"))?
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Such distribution formally computes

ST TBY (0 ers 0(fin)0a)BY @, 7).

T,0

where the inner sum is taken over orthonormal bases of A, and A, and p denotes
the right translation. The integral (1.1) is not absolutely convergent in general and
requires regularization. It turns out that the regular part of this distribution has the
following decomposition

greg(fn ® fm) = Z 3§/(f),

¢/ €[Un (K regl/H! (k')

where [U,, (k")reg]/H' (k') is the set of regular orbits in U, (k"), which will be dis-
cussed in Sect. 4.3, and f € 8(U,(A")) is obtained from f,, ® f,,. Moreover, each
summand J ¢ is an adelic orbital integral

Jo(f) = / / fg™ lu’l Yerub g (uy” Yuh)du dubdg’.

Un@B) U}, (A2

To encode the L-function, one should pass to the general linear groups. Let
IT = BC() (resp. ¥ = BC(0)) be the base change to GL,,(A) (resp. GL,,(A))
and assume that it remains cuspidal. We define similarly a unipotent subgroup
Uir m+1,17 of GL,, and put H = Ujr ju41,17 X GL,,, viewed as a subgroup of
GL, x GL,,, equipped with a character v (see Sect. 2.1 for precise definitions). For
on € A and gy € Ay, consider the following version of the Bessel period on
general linear groups

B (or. ox) = / on1 ® oz (Mv(h)~\dh.
H(k)\H (A)

Note that the above integral is the usual Rankin—Selberg convolution for
GL, x GL,, when r = 0, but slightly different when » > 0. In fact, it is an
integral presentation of L(s, [T x X) as well.

To single out the cuspidal representations that come from unitary groups via
base change, we follow [22]. Say that n is odd. Put

Pulen) = / en(gdgr,
Z,(A") GL, (k")\ GL, (A")
P(ps) = / en(g2)n(det g2)dgo,

Z},(A") GLy (K")\ GLy (A")

where Z,, (resp. Z,,) denotes the center of GL,, y (resp. GL,, ;). As pointed out
in [6,7,9], the functional P, (resp. P,;) should be nontrivial on IT (resp. X) if the
representation comes from unitary groups via (standard) base change.
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Take F,, € S(GL,(A)) and F,, € 8(GL,,(A)). We introduce another distribu-
tion J(F, ® F,) which formally computes

DD B (p(Een. p(Fn)es)Pa @ Pn @5).
I,z

whose regular part has the following decomposition

Jreg(Fu ® Fyy) = > A,
CE[Sn (K regl/H(K")

where [S,, (k")reg]/H (k') is the set of regular orbits in the symmetric space S, (k'),
which will be discussed in Sect. 4.3, and F € 8(S,,(A")) is obtained from F,, ® F,,.
Moreover, each summand J; is an adelic orbital integral

9o (F) = / / Fg~u™" cut g)v(u")dudg.
GLo (A) Uyr 1.1 (A

We prove in Proposition 4.12 that there is a natural bijection

N: Sy (K )reg] /HK) = | J1UL (K )regl/H' (K, (1.2)
B

where the disjoint union is taken over all nondegenerate hermitian matrices g €
Her): (k') of rank m (which determines W C V) up to similarity. We say the test
function F matches the collection ( f By pifde(F) =17 Y. (f BY for every ¢, {’3 such
that N(¢) = ¢# (see Conjecture 4.13).

As the most important and interesting problem in trace formulae, we now
discuss the corresponding fundamental lemma for all pairs (m,n) including
the case of Fourier-Jacobi periods. When n — m is even, we put S, (k') =
Sy (k') x Maty ,, (k') x Maty, 1 (k') and U, ,, (k) = U, (k') x Mat; (k). As in
the case of Bessel periods, there are notions of regular elements in both sets and
we have a similar bijection as (1.2) (see Sect. 5.3).

Now let k” be a non-archimedean local field and k/k’ an unramified quadratic
field extension. Let o’ (resp. 0) be the ring of integers of k' (resp. k). There are only
two non-isomorphic hermitian spaces of dimension m > 0 over k. Let U, C U;F
be the pair associate to W+ C VT both with trivial discriminant, and U;, C U, be
another one. Then W™ has a selfdual o-lattice Ly that extends to a selfdual o-lattice
Ly of V. The unitary group U;! (resp. U;") is unramified and has a model over o’.
The group of o’-points U} (0/) (resp. U (0")) is a hyperspecial maximal subgroup
of Ut (k) (resp. U;¥ (k')). Note that GL(Ly) = GL, (o) is a hyperspecial maximal
subgroup of GL,, (k) and we put S,,(0") = S, (k) N GL,(0).

We propose the following conjecture, where the notion 17 stands for the char-
acteristic function of a subset 7'.
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Conjecture 1.1. (The fundamental lemma for unit elements). We have
(1) Whenn —m is odd or m = 0,

HOO(Myt oy &) ¢ o ¢F e UF (k)

(9(]15,,(0’)15):[ < ¢ eU, (K,

where ¢, ¢ are normal, and

O, (o), ¢) = / Ls, oy ([ Th) ¥ (h)n(det h)dh,
H(k")
Oy ¢ ) = / Ty o ([CTIN) Y/ (W) dh'.
H* (k')
Here, { (resp. K’ ) is the character induced from a generic character of the
unipotent radical of H (resp. HY ) (see Sect. 4.2), and t(¢) € {£]1} is a certain
transfer factor defined in (4.17). In particular, when m = 0, the second part

of the above identity does not happen.
(2) Whenn —m is even and m # 0,

0, (s, 01; IMaty 0’y ® IMat, (05 [§5 X5 YD

_ {t([z, 2 VDO Lt gyt Intaty o+ £, 2D (223,31 [£F. 2] € U, (K))
0 [£.x.y] < [¢7. 2] € Uy, (),

where ¢, ¢ are normal, and
Ou (s, 0y IMaty (o)) @ IMaty,. i (0)s [£5 x5 YD)
= [ s (@] ) (a1 Tty ) G50 ),
H(K')
Ou(ﬂuj(g/ﬁ IlMath(o)a [§+s z])
= / ]lU;r(U/)([§+]h’)(w%ﬁ(h’)ILMall,m(0))(z)£’(h’)dh’.
H+ ()
Here,  (resp. ﬂ’ ) is the character induced from a generic character of the

unipotent radical of H (resp. HY) (see Sect. 5.2), and t([, x, y]) € {£1}isa
certain transfer factor defined in (5.16).

We have the following theorem.

Theorem 1.2. In the above Conjecture 1.1,

(1) The second part of the identities in both cases holds.

(2) Whenn = m+1, the fundamental lemma holds if char(k) > n, orchar(k) =0
and the residue characteristic is sufficiently large with respect to n.

(3) Whenn < 3,m = O, the fundamental lemma holds if k has odd residue
characteristic.
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(4) When n = m, the fundamental lemma holds if char(k) > n, or char(k) = 0
and the residue characteristic is sufficiently large with respect to n.

Proof. Part (1) is proved in Propositions 4.16 and 5.14 in this article. Part (2)
is proved by Yun [37] where the transfer to characteristic 0 is accomplished by
Gordon in the appendix therein. Part (3) is proved by Jacquet [17] when n = 3;
(essentially) proved by Ye [36] when n = 2; and trivial when n = 1. Part (4) is
proved in Theorem 5.15 by reducing to (2).

Remark 1.3. We have

(1) In general, when m = 0, the fundamental lemma can be proved by the argu-
ment of Ngo [31], with slight modification, in the case char (k) > n, and trans-
ferred to the case char(k) = O by the work of Cluckers—Loeser [3, Remark
9.2.5].

(2) When n = m + 1, the fundamental lemma is the group version of the one
proposed by Jacquet—Rallis [22]. When m = 0, the fundamental lemma is
the one proposed by Flicker [6], which is the unitary group version of the
Jacquet—Ye fundamental lemma (see [26]). When m > 0 (and n — m is odd),
the fundamental lemma is a sort of hybrid of the Jacquet—Rallis fundamental
lemma and the Flicker fundamental lemma. We hope that there is a geometric
method toward this fundamental lemma as well, which is a sort of hybrid of
those in [37] by Yun and [31] by Ngb.

(3) Whenn = 3 and m = 0, the fundamental lemma for the whole spherical
Hecke algebra is proved by Mao [30].

1.4. Variants of Rankin—Selberg convolutions

As we see in the previous subsection, one needs to consider certain periods of
Bessel and Fourier—Jacobi types on general linear groups as well. In Sect. 2 (resp.
3), we generalize the notion of Bessel (resp. Fourier—Jacobi) models and periods for
GL, x GL,, for a pair (r, r*) of nonnegative integers such thatn = m+1+r +r*
(resp. n = m +r 4+ r*). When r = r*, they are introduced and considered in [8].

Let (r, r*) be as above, we introduce a unipotent subgroup U 1ot 1,17 of GL,
and put H = Uy, ,,, 1y 1+ % GLyy, viewed as a subgroup of GL, x GL,,. We have
a character v of H, which is automorphic if &k is a number field. Let = (resp. o)
be an irreducible cuspidal automorphic representation of GL,, (A) (resp. GL,, (A)).
We introduce the Bessel integral

_1
B (5 gr ) = / on ® ps (Wu(h)~ | det AT}, 2dh,
H(k)\H(A)

for o, € Az, 9o € Ay and s € C, and the Bessel period B;’,r* (O, 05) =
B (%, ¢z, ¢ ). Then By« is the usual Rankin—Selberg convolution on GL,, x GL
if and only if » = 0. Similarly, we may define the Fourier—Jacobi integral (with

respect to 1) 9’8:’;* (8; ¢, 9o ; ©) and Fourier—Jacobi period (with respect to )
Fo,s (@ 0o: @) 1= FO)0s (53 0n. 0os ®).
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The following theorem was known by Jacquet, Piatetskii-Shapiro and Shalika
long time ago. Since it is not explicated in any reference, we would like to write it
down with proof simply for completeness.

Denote ¢ to be the outer automorphism of GL,, or GL,, by «(g) = g' :="¢

Put ¢ (g) = ¢x(g") and 9, (g) = ¢, (g").

-1

Theorem 1.4. (Theorem 2.5, Corollary 2.6, Theorem 3.4, Remark 3.5, Corollary
3.6). We refer to Sects. 2.2, 3.2 for notation.

(1) The Bessel integrals are holomorphic in s and satisfy the following functional
equation

B (55 @, 05) = BYe (1 = 53 p(Wy )@, Do)

For ¢, € Ay and ¢, € Ay such that W(Z; = Q,W, and W(},i =W, are
factorizable,

H Wy, (53 Wy, W)

1
Ly(s, my X o) '

=

1
B, .+ (pr,900) =L (E’ T X a)
ve My

where in the last product almost all factors are 1. In particular, there is a
nontrivial Bessel period of m ® o if and only if L (%, T X 0) # 0.

(2) The Fourier—Jacobi integrals are meromorphic in s (holomorphic when n >
m) and satisfy the following functional equation

Fa,'5- (53 0y 03 @) = T2 (1 = 55 p(Wo )P, @5 ).

For o € Ay, 9o € Ay and ® € S(WV(A)) such that W(Z; = Q,W,,
W(ZT =@y W, and ® = ®D, are factorizable,

9’“3:‘;* (9> Po; P)

=1,

_ Wy (55 Wy, Wy ®@ puyls @)
1) H v,r v v v v

) 1
ve Ly(s,my X 0y @ by ) 2
where in the last product almost all factors are 1. In particular, there
is a nontrivial Fourier-Jacobi period of m ® o for v, if and only if

L(%,nxa@u_l)#O.

Remark 1.5. The above theorem completely confirms [8, Conjecture 24.1] for split
unitary groups, that is, general linear groups.

The following is an outline of the article. In Sect. 2, we focus on the Bessel
models and periods on general linear groups, including the proof of Theorem 1.4
for the Bessel case. In Sect. 3, we focus on Fourier—Jacobi models and periods on
general linear groups, including a proof of Theorem 1.4 for the Fourier—Jacobi case.
After briefly recalling Bessel models and periods for unitary groups, we introduce
the relative trace formula in Sect. 4. We prove the matching of orbits and the smooth
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matching of functions at split places in Sect. 4.3. We formulate the fundamental
lemma and prove the vanishing part in Sect. 4.4. In Sect. 5, we repeat the previous
section, but for the Fourier—Jacobi models and periods. We also prove the full
fundamental lemma for U,, x U,, by reducing to the one for U, | x U,,. Section 5.4
is an appendix on integrals of local Whittaker functions on general linear groups. We
collect all the results we need in Sects. 2, 3 from existing literatures. In particular,
we have to use various sorts of auxiliary local Whittaker integrals in the theory of
Rankin-Selberg convolutions.

1.5. Notation and convention

Here are some general notation and conventions.

e Ifkisalocal field, we denote | | its normalized absolute value which satisfies
dab = |a|db for any Haar measure da on the additive group k.

e Let k be a (commutative unital) ring and 7: k — k an automorphism. For a
k-module M, we put M; = M ®y ; k and denote M = Homg (M, k) the dual
module.

e All quadratic, symplectic, hermitian, or skew-hermitian spaces are assumed to
be nondegenerate.

e For a smooth representation 7z, we denote 7 for its (smooth) contragredient
representation.

e Denote Ay (G) the space of cuspidal automorphic forms for a reductive group
G defined over a number field k, which is a representation of G(A) by right
translation where A is the ring of adeles of k.

e If G is alinear algebraic group over a number field k, we always use the Tam-
agawa measure for adelic integrals over G (A). In particular, if G is unipotent,
then the total volume of G (k)\G(A) is 1.

Throughout the article, we will fix a quadratic extension k/k’ of number fields
with A/A’ the corresponding rings of adeles. Denote .} (resp. .#}) the set of all
places of k (resp. k). Let T be the nontrivial element in Gal(k/k") and n: K'\A"™* —
{#1} the quadratic character associated to k/k’. We denote by Tr and Nm the trace
and norm of k/k’, respectively. Put k= = {x € k | x* = —x}. We fix a nonzero
element j € k~ once for all and define 'fr(x) = j(x—x%) € k' for x € k.In certain
situation, we will also refer k/k’ and the related notation to their localizations (or
possible general local fields).

e Denote Mat,, , the affine group scheme over Spec Z of m x n matrices; put
Mat,, = Mat, , with GL, the open subscheme of invertible matrices. For a
scheme S over Spec Z and a field k, put Sy = § Xgspecz Spec k.

e For 0 <m < n, denote 1, the identity matrix of rank n and put

W0:®, Wn=|:w l 1i|’ Wn,m=|:1m w i|
n— n—m

e Denote Her, (resp. Her,) the affine group scheme over Speck’ of n x n-
hermitian (resp. skew-hermitian) matrices with respect to the quadratic exten-
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sion k/k’, which is naturally a closed subscheme of Res; k' Maty, ¢. In partic-
ular, Hery (k") = k' (resp. Her (k') = k™). Put HerX = Her, N Resy /' GLj k.

o Denote S, C Resg/p GL,x the symmetric space, which is the closed
subscheme defined by the equation ss* = 1,. We have an isomorphism
Resy /i GLy x /GL, ¢ = S, given by g > gg™ L.

e We have a subgroup H C GL,, x x GL,, ¢ (resp. H' C U,, x Uy,) over Speck
(resp. Spec k), whose reductive quotient is GL,, x (resp. Uy,) in Sect. 2.1 (resp.
Sect. 3.1). In Sect. 4.2, we will introduce a subgroup H (resp. H') of Resy /1 H
(resp. H' x Speck’ H "). Moreover, in Sect. 5.2, we need to consider an auxiliary
quotient group H (resp. H*, H¥) of H (resp. H', H'). Here are two extremal
cases. Whenn—m < |,H =H' = GL,, xandH = GL,,, p (resp. H' = H¥ =
H = H* = U,). When m = 0, H = Resy ' H (resp. ' = H' xgpecrr H');
H' ~ Mat, 4 (resp. H* ~ Her| and H* ~ Her| Xgpec Hery).

2. Bessel periods on GL,, X GL,,
2.1. Bessel models for general linear groups

Let k be a local field and V be a k-vector space of dimension n. Suppose that V has
adecomposition V. = X ® W @ E d X*, where W, X, X* and E have dimensions
m,r,r*and 1, respectively. Thenn = m+r+r*+1. Let P, 41 -+ be the parabolic
subgroup of GL(V) stabilizingthe flag0 C X C X O W B E C V,and U, jy41
its unipotent radical. Then U, 41 -+ fits into the following exact sequence

0 — Hom(X*, X) — U 41, —> Hom(X*, W ® E) + Hom(W @ E, X) — 0,
which may be written as
00— XX ——= Ui —=>= XQWSE) +(WHEV)QX ——0.

Let£x: X — k (resp. £x»: k — X™) be a nontrivial k-linear homomorphism
(if exists), and Uy (resp. Ux+) a maximal unipotent subgroup of GL(X) (resp.
GL(X™)) stabilizing £y (resp. £x+). Moreover, let

Lw: (WOE)+ (WY®EY) -k

be a k-linear homomorphism, which is trivial on W + W" and nontrivial on E and
EY.Let€: Uy p+1.+ —> k be the homomorphism as the composition

Umityr—> XN QWOE)+(WOHE)R®X

€x+€\)/(*

2 WeE) + WY @ EY) Xk,

which is fixed by (Uy x Ux+) x GL(W). Therefore, we may extend ¢ trivially to
a homomorphism

£: H="Urpt1, % ((Ux x Uxx) x GL(W)) — k.
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Let ¥ : k — C* be a nontrivial character and A: Uy x Ux+x — C* a generic

character which can be viewed as a character of H. Let §y be the character of

GL(W) defined by dw(g) = |detg|2 ~". Then we can form a character v =
1

Wol)®AL® 8‘;7 of H. There is a natural embedding ¢: H — GL(V) and a
projection k : H — GL(W), which together induce an embedding (e,«): H —
GL(V) x GL(W). The pair (H, v) is uniquely determined up to conjugacy in the
group GL(V) x GL(W) by the pair W C V and (r, r*). We have the following
theorem.

Theorem 2.1. Let k be of characteristic 0. Let w (resp. o ) be an irreducible admis-
sible representation of GL(V) (resp. GL(W)).

(1) Ift and o are generic, dimc Hompy (r ® o, v) > 1.
(2) Ifr =r* dimc Homg(r ® o,v) < 1.

It is naturally expected that (2) is true for any r, r*. For the relative trace formula
we are going to consider, r is equal to r*.

Proof. Part (1) is due to Corollary 6.2(1). Part (2) is proved in [34] (resp. [1,2])
when r = 1 (resp. and k non-archimedean, and k = R). The case for general r is
reduced to the previous one, as shown in 271.! O

Definition 2.2. (Bessel model). A nontrivial element in the space Hompy (7 ® o, v)
is called an (r, r*)-Bessel model of m @ o. When r = r*, hence n — m is odd, it is
simply the one defined in [8].

Remark 2.3. In Theorem 2.1, if k is archimedean, 7 and o will be understood as
smooth Fréchet representations of moderate growth (in fact, they are Casselman—
Wallach representations) and the tensor product 7 ® o will be understood as com-
plete (projective) tensor product. This same convention will be adopted throughout
the article, unless otherwise specified.

2.2. Bessel integrals, functional equations and L-functions

Now we consider the global situation. Let k be anumber fieldand | |4 = [],. a1
anorm on A. For aplace v € .}, we denote k, the completion of k at v. We denote
o (resp. 0,) the ring of integers of k (resp. k, for v finite). For an algebraic group
G over k, we denote G, = G (k) the k,-Lie group for v € .#.

We define the pair (H, v) as in the local case, as well as, £x, £x+ and L. In
particular, ¥ : k\A — C* is a nontrivial character, and »: (Ux x Uxx)(k)\(Ux X
Ux+)(A) — C* is a generic character. Let 7 (resp. o) be an irreducible cuspidal
automorphic representation of GL(V)(A) (resp. GL(W)(A)). Then  (resp. o) is
isomorphic to a unique irreducible sub-representation A (resp. Ay ) of Ag(GL(V))
(resp. Ao(GL(W))).

1 Although the authors consider the case where k is archimedean, the proof works for
non-archimedean case as well without change.
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Definition 2.4. (Bessel integral and Bessel period) For ¢, € A;, ¢, € Ag, the
following integral, with a parameter s € C:

_1
By s (83 @n. 90) = / @ (6(1) o (k () ()" | det [, dh,
H(k)\H (&)

which is absolutely convergent, is an (r, r*)-Bessel integral of 1 ® 0. When s = %,

1
By o+ (@rs 90) = By (5; P %)

is an (r, r*)-Bessel period of m ® o (for a pair (H, v)). If there exist ¢, € A, 9o €
A such that B;” +(0r, 95) # 0, then we say m ® o has a nontrivial (r, r*)-Bessel
period.

It is obvious that B‘r”r* (¢x, 95 ) defines an element in

Hompa)(mr @ 0,v) = ® Homp, (1, ® oy, vy).
ve My

We now show that the Bessel period is Eulerian. Choose a basis {vy, ..., v} of X
under which

the homomorphism £x : X — k is given by the coefficient of v,;
Uy is the unipotent radical of the parabolic subgroup Py stabilizing the com-
plete flag 0 C (vy) C (v, v2) C-+- C (V1,..., V) = X;

e the generic character A|y, is given by

Aw) = (wip+uzsz+- +ur—1,),

where

1 uip urz -+ uip—1 ULy
I wuz3 -+ uzr1 Uz,

L < s B 7

u= . . . e Ux(A). 2.1
1 Ur—1,r
e 1 —
Similarly, we also choose a basis {v%.. ..., v}} of X* under which

e the homomorphism £y+: k — X* is given by x > cxv. for some ¢ # 0,
which will be determined later;

e Uy+ is the unipotent radical of the parabolic subgroup Pyx= stabilizing the
complete flag 0 C (v%) C (v, vfi_ ;) C -+  C (vh, ..., v}) = X*;
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e The generic character A|y,. is given by

)\,(M*) = df (M:(*!r*_l + u:*—l,r*—2 + e + M;,l) .

where
IR e SR S I
k * *
1 Upsypea 700 Wpeqp U
1 ceeut uh_
w* = ST R e Uk (A 2)
1 u;]
L I
Moreover, we choose a basis {w1q, ..., w,} of W and {wg} of E under which the
homomorphism £y : (W@®E)+(WY®EY) — kis givenby Ly (w;) = Ly (w)) =
0 (1 <i <m)and y(wy) = 1, where {wlv, ce Wy, wg} is the dual basis. Set

¢ = tw(wo) .
We identify GL(V) (resp. GL(W)) with GL,, x (resp. GL,, 1) under the basis

{wl,...,wm,vl,...,vr,wo,v;ﬁ,...,vf}, (2.3)
and view GL,, x as a subgroup of GL, i (through the first m coordinates).

Theorem 2.5. The Bessel integrals are holomorphic in s and satisfy the following
functional equation

B (55 0rs 06) = Bl (1 = 53 p(Wy ) Pr» B )-
Put W' (g) = W (Wng") € W(T. ¥) (resp. W' (8) = W Wing") € W, ).
If the Whittaker—Fourier coefficient W(XT = @, W, (resp. W(Zf, = ®,W, ) is fac-
torizable, then W(Z, = ®UV’I\/; (resp. W(Z = ®uW, ) is also factorizable with
Wy (g) = Wy(W,gh) (resp. Wy (g) = W, (W, gY)). In this case, for Res > 0,

BY (53 0ms 00) = Wr(s: WL WYY = [ Wors; W, W),
ve My

e
—

BY. (53 0Wo )P s §o) = W (55 p W) Wi, W)

= [T Wor(ss pWam) W, Wi).
vey

We refer readers to Sect. 5.4 for Whittaker functions and Wy, ,-(s; Wy, W) (6.1).
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Proof. Under the basis (2.3), the image of H(A) in GL(V)(A) consists of matrices
of the following form

h=h (n,n* b;u,u*;g)

— * * —_

Myps 00 Ny
* *
M r M
nyp o Al ni,0
: u b
Nyl - Nrm nyr,0
= , 2.4)
* *
Lo ng e - ng
*
u
where
nyy o Nym N1,0
n= € Hom(W @ E, X)(A),
| el 0 Nem N0
[ * *
My =00 Ny
n* = *3 * € Hom(X*, W @ E)(A),
nm,r* nm,l
* *
L o,x 0 Mg

b € Hom(X™*, X)(A), u € Ux(A), u* € Ux+(A), and g € GL(W)(A). Here, u
and u™ are upper triangular matrices as in (2.1) and (2.2). Thus the character v on
H(A) is given by

v(h) =v (h (n, n*, byu,u; g))

e | detgL?W (Ml,z + e + Mr—],r + nr,0+nar* + u;.k*’r*_l + e + ”;1) .

Put Ulf,m+1,1f* = Urm+1.+ X (Ux x Ux+) which is the unipotent radical of H.
Precisely,

Upr g A) = {u=u@n, n*, by u, u*) := h(n,n*, by u, u*; 1))} .
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Then
Br,r* (s3 (2 906)

= / / ox (ug) o (@) detely T @dudg,

GL,, (k)\ GLy, (AU * (k)\Ul" - (A)

17 m41,1" smA41,17

(2.5)
where we simply write
Y@ =y (wio+-+ w1y +no+nd .+ o+ tuzg).
We are going to use the Fourier transform. Let
0 --- 0 npo

0 -+ 0 nro
be a subgroup of Uy, , 1. For 1 <i <r,put
Lyiooor hip—1 iy
Li: L:L(li;no,n*,b;u,u*)|li: s
lm,i e lm,r—l lm,r

where [(l;; ng, n*, b; u, u™) is the one obtained from u (ng, n*, b; u, u*) by adding /;
above theentries [u1 41, ..., U1, 11,0] asin (2.4). In particular, L is the unipotent
radical of the (standard) parabolic subgroup stabilizing the flag

OCWd(v) W& (vj,v;) C---CV.

It is clear that for 1 <i < r, L;/L;4 is isomorphic to Mat,, | x, which may be

identified with the group of columns t[lu, <o, lyi].Forl <i <r,weregard ¥

as a character of L;(A) via the quotient group L,1(A). -
By the Fourier inversion formula for Mat,, 1 (k)\ Mat,, 1 (A), we have

o [y

GLn (K)\ GLyy (4) Maty.y (k)\ Maty. (&) € €K

m 1 r—r*
- et
x / wnang)w(Zeili,r)w(ndl ¢o ()l det g, > dndg,

Ly (O\L, (A) i=l
(2.6)

where n is the element u (n, 0, 0; 1,, 1,+) with

nip oo im0

ny1 - Nrm 0
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Let € be an element like u(e, 0, 0; 1., 1,+), where

0 0 0
¢ = 3

0 0 0

€1 €n O

If we conjugate [ by € from left to right, we can incorporate ¥ (Z eili,r) into ¥ (1)
and collapse the summation over ¢; € k. Then

(2.6) =
GL (k)\ GLj (A) Mat, 1 (k)\ Mat, 1 Jm (A) xMaty (A)

- ‘_l_;,_i
| [ eetneg@ | el angg. @)
r(O\L, (A)

We repeat the process for r — 1 more times. Then

2.7) =
GL, (k)\ GL, (A) Matr,m (A)

[ §— l_;,_ﬂ
x / 0x(Lng)Yy(DdL | ¢o(g)|det gl 7 2 dndg. (2.8)
1(\L1(A)
We will shortly see that when Re s > 0, the above integral is absolutely convergent

after integrating over L (k)\L(A). First formally interchange the order of g and
n,

2.8) =
Maty s (A) GLy () GLy (A)

- 1 rr*
x / 0z (g ¥ (DAL | 9o (9)ldetgly, >~ 7 dgdn
1(\L1(A)

Maty.u (A) GLy (k)\ GLy (A)

x / (p()gr) U)Y (DAL | ¢4 (g)| det gl 7 dgdn. (2.9)
LRONL (A)
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Now the inner iterated integral is simply the usual Rankin—Selberg convolution (see
[21]). The following calculation is well-known:

n—m

(0ex) U Y DL | ¢o(g)ldetgl, * dg
GL,, (k)\ GL,, (A) 1(O\L1 (A)

GLy (k)\ GLyu (A)

Vv y O g O Py
Z W ([0 ln_m][o ln_mD%(g)ldetglA dg,

Upm (k)\ GLy ()
(2.10)

which is absolutely convergent when Re s >> 0, where Uy is the standard maximal

unipotent subgroup of GL,, and W:// stands for the ¢ -Whittaker—Fourier coefficient.
Thus when Re s > 0, we may interchange the order of integration and summation
in the above expression, and then combine them to obtain

v vy 0 g 0 s—tg
(2.10)= / W o ([0 ln_m][o ln_mepa(g)ldetglA ¢ dg.
Uy (0\ GLay ()

@2.11)

Factorizing the integral over U= (A), we have

e [

Uym (A)\ GLyu (A) Upm ()\Uym (A)

12 u 0 8 0 Xf%
Wp(a)wn ([0 1n_m} [0 1y i|) ¢o(g)du |det g, dg

- v g 0
- / Wp(a)wn (|:0 1n_m:|)

Uym (A)\ GLyy (A)

Y (W)gs ()du |detgl), * dg
Uym (\Uym (A)

- v g 0 v st
= / W o en (|:O 1, m:|) W(/‘f;(g)|detg|A 2 dg

Uym (A)\ GLyy (A)

0 — g_n=m
— / W) ([g ln_m}g) W) ()l detgly > dg. (2.12)
Upn (A GL (A)
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Plugging (2.12) into (2.9), we have

(2.9) = / wy
Mat; ;u (A) Upm (A)\ GLy, (A)
g 0 0 _— n—m
S———
X x 1, 0 W(;fa(g)|detg|A > dgdx,
0 0 1,y

which we denote by W, (s; W;f;, W(;)/;). By Proposition 6.1 (whose proof uses a
gauge estimate in, for example, [20, Sect. 13] and [24, Sect. 3]) and Proposition
6.3, the above integral is absolutely convergent when Res > 0 and hence our
calculation is valid. _

We assume that W(;/; = ®, W, and W(},pa = ®, W, are factorizable with W,, €
W(my, ¥ry) and W~ € W(oy, ) such that for almost all finite places v, Wy, W~
are unramified satisfying W, (1,) = W, (1,,) = 1. Denote W, ,(s; W,, W) to be

g 0 0 g_n=m
[ owllw ot o )Wl T dnde,
Ulm,v\GLm,v Matr.m,u 0 O ln—m—r

Then for Res > 0,

BY o (53 @ 00) = W (s: WYL WDy = T Wor(s: Wo, W)
veMy

Now we discuss the functional equation for Bessel integrals. We have

B, 1+ (8 9r, 90)

GLn NG () Uy oy e NV (B)

Jm+1,

‘,l+ﬂ_
0 (ug")po (g detg [ > 7 Ywdudg

GLy (k)\ GLyn (A)

1 R
Tt ¥ (w)dudg,

Pr (' 95 () det g,

Upr gt ONUyp g A
which equals

GLy (k)\ GLy, (A) Ulr,m+111r* (k)\Ulr r* (A)

Jm+1,

__ _ _+l+r*;r_
X (P W) @re ) (W ntt' Wy )5 (8) | det gl 27 2 yr(wydudg. (2.13)
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Since Wy Uyr iy 17 Wam = Uyt ppq g and () = ¥ (W it Wi, ), we have

(2.13) =
Ly (DN GLin(A) Uy 1 RN (A)
X (0 W )37) )5 ()] det gl * T Y (w)dudg
=B (1 =53 p(Wop.) P+ P5)-
The theorem follows. |

By Propositions 6.1 and 6.3, we have the following corollary, which confirms
[8, Conjecture 24.1] for Bessel periods on split unitary groups, that is, general linear
groups.

Corollary 2.6. Let the notation be as above.

(1) Let m (resp. o) be an irreducible cuspidal automorphic representation of
GL(V)(A) (resp. GL(W)(A)). For a pair (r, r*) suchthatr +r* =n—m—1
and the automorphic representation v introduced above, we have, for ¢ € Az

and ¢, € Ay such that W(ZT = ®,W, and W(;,i = ®u W, are factorizable,

1 Wy (53 Wy, W)
v = — | | —vr v v
'Br’r*((ﬂndp(r)—L(z,n XG) Lo(s, 70y X 0y) |S:%5
veMy

where in the last product almost all factors are 1, and the L-functions are the
ones defined by Rankin—Selberg convolutions (see [21]).
(2) There is a nontrivial Bessel period of 1 ® o if and only if L (%, T X U) # 0.

3. Fourier-Jacobi periods on GL, X GL,,
3.1. Fourier—Jacobi models for general linear groups

Let k be a local field and V a k-vector space of dimension n > 0. Suppose that V
has a decomposition V = X @ W & X*, where W, X and X* have dimensions m,
r and r*, respectively. Then n = m +r +r*. Let P, , ,+ be the parabolic subgroup
of GL(V) stabilizing the flag0 C X € X @ W C V and U, .+ its unipotent
radical. Then U, ,, , fits into the following exact sequence

0 —— Hom(X*, X) —— U, ,,» — Hom(X™*, W) + Hom(W, X) —— 0,
which may be written as
0—— (X*)V QX —— Ur,m,r* —_— (X*)V QW+ wY ® X ——=0.

Let £x: X — k (resp. £x+: k — X™) be a nontrivial k-linear homomorphism
(if exists), and Uy (resp. Ux+) a maximal unipotent subgroup of GL(X) (resp.
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GL(X™)) stabilizing £x (resp. £x+). Then the above exact sequence fits into the
following commutative diagram

04>(X*)V®X Ur,m,r* WV®X+(X*)V®W4>0
e;*%l l exﬂ;*i
0 k HWY+W) ——— WV 4+ W ——0,

which is equivariant under the action of Uy x Ux+ x GL(W), where HWY + W) =
k + WY + W is the Heisenberg group of WY + W whose multiplication is given
by

wYwy — wy w
(1, wy, wi) (2, wy, wy) = (tl +1+ % wy + wy, wy + wz) .
Given a nontrivial character ¥ : k — C*, there is a unique infinite dimensional
irreducible smooth representation wy of H(W"Y + W) with central character v/,
which may be realized on §(W"), the space of Schwartz functions on WV, in the
following way. For ® € S(W"), put

wYw

(a)w(t,wv,w)@) (wb) =y (t—i—wbw—i— )@(wb—i—wv)

forall (1, wY, w) € H(WY +W). Moreover, if we choose a character ju: kX — C*,
we have a Weil representation w,, of GL(W) on §(W") by

1
(0.(8)®) (w") = pu(det g)| det g|Z D (w” - g),

where g € GL(W) acts on WV by (w” - Qw = wb(g - w) for all w € W. The two
representations wy, and w,, together form a representation wy ,, of Uy -+ X GL(W)
through the projection U, ,, ,» — H(WY 4+ W), and hence a representation of
H := Uy .+ % (Ux x Ux+ x GL(W)) by extending trivially to Ux x Ux~. Choose
a generic character A: Ux x Ux+ — C*, and define the representation

_1
V=0 YA = 0y @1 ® 8y
of H, which has the Gelfand—Kirillov dimension m. We also define
V=18 = vy AT = v YR,

As in the Bessel model, we have an embedding (e, «): H — GL(V) x GL(W).
Then the pair (H, v) is uniquely determined up to conjugacy in the group GL(V) x
GL(W) by the pair W C V, (r, r*) and p. We have the following theorem.

Theorem 3.1. Let k be of characteristic 0. Let t (resp. o ) be an irreducible admis-
sible representation of GL(V) (resp. GL(W)).

(1) If w and o are generic, dimc Homy (r ® 0 @ v, C) > 1.
(2) Ifr =r*, Homg(mr ® c ® 1,C) < 1.
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It is naturally expected that (2) is true for any r, r*. For the relative trace formula
we are going to consider, r is equal to r*.

Proof. Part (1) is due to Corollary 6.2(2). Part (2) is proved in [33] (for k£ non-
archimedean) and [34] (for k archimedean) when r = 0. The case for general r is
reduced to the previous one, as shown in [29]. O

Definition 3.2. (Fourier—Jacobi model). A nontrivial element in the space Hom (7 ®
o ®V, C)is called an (r, r*)-Fourier-Jacobi model of m @ 0. When r = r*, hence
n — m is even, it is simply the one defined in [8].

3.2. Fourier—Jacobi integrals, functional equations and L-functions

Let k be a number field, (H, v) the pair associated with a nontrivial character
¥ k\A — C* and a character p: k*\A* — C*. Let A be a generic character
(Ux x Ux*)(k)\(Ux x Ux*)(A) — C*. We have the representation v that realizes
on the space (WY (A)).

For ® € §(WY (A)), define the theta series as

Oy(h, ®) = Oyuyay(h. ®) = > 1) (W(h)®) ("),
w’eWV (k)

which is an automorphic form of H. Let m (resp. o) be an irreducible cuspidal
automorphic representation of GL(V)(A) (resp. GL(W)(A)).

Definition 3.3. (Fourier—Jacobi integral and Fourier—Jacobi period). Assume n >
m. For ¢; € Ay, 0, € Ay and ® € §(WY(A)), the following integral, with a
parameter s € C:

s—Lqpr_p
F3; 4 (Pn, 905 @) = / @r (€(h) o (k (h))05(h, @)|deth|, 2 dn

H(k)\H (A)

which is absolutely convergent, is an (r, r*)-Fourier—Jacobi integral of 1 Q@ o.
When s = %,

1
?3;’,* (@ @03 @) = ggﬁ,r* (_; P> Pos CD)

2

is an (r, r*)-Fourier-Jacobi period of 1 ® o (for a pair (H, v)). If there exist
¢r € Ax, 95 € Ag and ® € (WY (A)) such that F7 .. (¢r, 9o; P) # 0, then we
say 7 ® o has a nontrivial (r, r*)-Fourier—Jacobi period. The case m = n will be
discussed in Remark 3.5.

It is obvious that FJ 'r’ ++(@r, 9o ; @) defines an element in

Hom () (7 ® 0 ® 5, C) = (X) Homp, (1, ® 0, ® iy, C).
ve My
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We now show that the Fourier—Jacobi period is Eulerian. Choose a basis {vy, . . ., v}
(resp. {v]", RO 158 }) for X (resp. X*) in the same way as in Sect. 2.2 (with ¢ = 1).
We also choose a basis {wy, ..., w;,} of W with dual basis {wi/ e w%} of WV.

We identify GL(V) (resp. GL(W)) with GL,, x (resp. GL,, 1) under the basis
{wl,...,wm,vl,...,vr,v:‘*,...,vi‘}. 3.1
and view GL,, 4 as a subgroup of GL, ; (through the first m coordinates).

Theorem 3.4. Assume n > m. the Fourier—Jacobi integrals are holomorphic in s
and satisfy the following functional equation

T8} o (55 Prr 9o @) = T (1 = 51 p (W) Br . Pz P),

where the Fourier transform D is explicated as (3.9) in the proof below. Put

Wl (9) = W Wag) € WE, W) (resp. Wi (g) = W Wng') € WE, ).
If W(ZT = QuW, (res&_/W(;i = W, & = ®,®,) is factorizable, then

—

W;;/; = ®v‘7V\; (resp. W;;/Z, = Q,Wy, o = ®U5U) is also factorizable with
Wo(g) = Wy (Wag") (resp. Wi (8) = Wy (Wpg"), By = ). In this case, for
Res > 0,

Sgﬁ,,*(s;gon, Do s ®) = W, (s; W(/I)Z’ W(;;/f., ®M_l; o)

H Wy, r(s; Wy, W,; & /L,jl; D),
ve My

—
o~

TG, (53 0Wo )P By D) = Wy (55 p Wi ) Wit , Wy, @ i B)

[T wor(si pWa) W, Wy @ g @0).
veMy

We refer readers to Sect. 5.4 for Whittaker functions and W, ,(s; Wy, W, ; ®y)
(6.2), (6.3).

Proof. Under the basis (3.1), the image of H(A) in GL,(A) consists of matrices
of the following form

_ % «
T R I
8
* *
nm,r* o M
nypr - Nim
h=hn,n* b;u,u*; g)= . . u b , 32)
ny1 Nym
*
u
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where n, n*, b, u, u* and g are similar to those in Sect. 2.2, but without entries
related to wo. Put Uy, ,, 1+ = Uy r+ X (Ux X Ux~+) which is the unipotent radical
of H. Precisely,

Upr 1 (A = {u = u(n, n*, by u, u®) :=h(n,n*, b;u,u*; 1)} .

,m, 1

For ® € §(WY (A)), we have
by _ btr x * b
(@ ®) ") = P @y (0”10 1) DO+ 1),
where z(&) = W(ull + -+ Ur—1,r + br,r* + u;k*,r*—l + -+ M;’l). Then

HTH;,)J*(S; Oy Pos qD)

_1
= / / 0 (Ug) 0o (8)05(ug, )| det g[, >dudg.
GLu (\ GLn (A) U, o ONU, - (A)
(3.3)

There are two cases.
Case 1: r > 0. We have

Oug, ®) = D 2w (0, wg)®) (w’)|detg|,>
wPeWV (k)

*

> W) (wyu(n,ug)®) 0) detgl >,
nreMaty , (k)

where n, = u(n,,0,0;1,,1,+), and

0 ... 0
ny =
0 ... 0
nr1 Nyr.m

Let Ly11 = {u(0, n*, b; u, u*)} be a subgroup of Uy pyr-Forl <i <r,put

Ly - DLy
Li=11=10;0,n"biu,u*)|l; =] : ,

lmj T lmJ

where [(l;; 0, n*, b; u, u™*) is the one obtained from u(0, n*, b; u, u*) by adding
l; above the entries [u1;,...,u1,] as in (3.2). It is clear that for 1 < i < r,
L;/L;+1 is isomorphic to Mat,, 1 x, which may be identified with the group of
columns “[[; ;, -+« , Ly;]. For 1 <i < r, weregard ¥ as a character of L;(A) via
the quotient group L, 41 (A). B
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Expand the theta series and summate the last row in n over Mat ,, (k). We have

3.3) =
GL,, (k)\ GLy, (A) Mat,— 1 (k)\ Mat, 1 5 (A) xMaty py (A) Ly41 (K)\Ly41(A)
[ _ K +ﬂ
02 (L1895 (8) P (n,8) ¥ (Du(det g)~'| det gly * didndg,  (3.4)
where n, only remembers the last row of n. If we repeat the process (2.6), (2.7),
(2.8) and (2.9), then

3.4) =
GLy (k)\ GLi (A) Maty, m (A)

x / (p@ox) A2 TDAL| g0 ()P, ) (et )" det g[S 7" dndsg.
1(\L1(A)
3.5)

We will shortly see that when Re s >> 0, the above integral is absolutely convergent
after integrating over L (k)\L(A). First formally interchange the order of g and
n. By the classical argument for the Rankin—Selberg convolution, we have that for
Res >0

GBS =W W W @u @)=
Um (A)\ GL,, (A) Matr—l,m (A) 1v[atl,m (A)

g 0 0 0
wv (1% = O 0 i oy et o) det o2 dydad
[ y O 1 O (ﬂag y/,LCg egA ng9
0 0 0 1

which is absolutely convergent and hence our calculation is valid. If w) = Ry Wy,

W;Z =®yW, and ® = ®,P, are factorizable, we have

?gr,r*(s;(/?n, Qo3 D) = WV, (s; W(/ﬁ’ W(Z/: ®/L_1; o)

IT worts: W, Wy @ uy's @,).
veMy

where

. - —1.
"I"v,r(ss Wy, WU Q my s ®,) = / / /
Ulm,v\ GLy v Matr—l,m,v Matl,m.v

W;(gv)q)v (Yv) ey (det gv)71 | det gu|f1_Tdyvdxvdgv~

=

<

o

s

L
o - O O
S o O
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Case 2: r = 0 but r* > 0. Let P, be the standard mirabolic subgroup of
GL,, consisting of (invertible) matrices whose last row is e,;, = [0,...,0,1] €
Mat; ,, (k). Then

Ou(gu. ®) = D AW (0pu(gW)®P) ()| detg|,”
wPeWV (k)

m—n

1
= Mw)pu(det g)|det g|; ®(0)|det g|,*

L m—n
+tuetg)ldetgll D AW (0uy @) (enyg)ldetgl,”
¥ € P (k)\ GLy (k)

where the first term (for 6y) contributes O to 3"35‘,!7,” (85 @r, @o; P) since @5 is a

cusp form. Therefore,

F30.1-m (5 s o3 @) =
U,y yn=m ON\U,, 1n—m (A) Py (k)\ GL, (A)

0 (8100 (2) D (em @)V (emgn*ejy) ¥ (w)pu(det g)~"| det glx%dgdz, (3.6)

where u = u(#, n*, %; @, u*), since r = 0 and ¢}, = '[1,0, ..., 0]. Applying the
Fourier inversion formula to ¢, we have for Res > 0,

- [

Uy yn=m )\U,, yn—m (&) Upm (k)\ GLyy (A)

m

_ - pnzm
0x QWY ()P (emg)V (emgn*ey,) Ywp(detg) " [det g, * dgdu.

3.7

Factorizing the inner integral through U= (k)\ U= (A) and incorporating this unipo-
tent part into i, we get the integral over Uy» (k)\Uj» (A), where Uj» is the standard
maximal unipotent subgroup of GL,,. Moreover, if we interchange the order of g

and u € Upn(k)\Ui»(A) when Re s > 0, all terms involving ¢ will form a generic
character y of Ujn (k)\Ui»(A) as

z(u) =y (u1,2 + -+ un—l,n) .
In all, for Res > 0,

(7) = / / 0 U F@WWY ()P (emg)pa(det )™
Uym (A)\ GL;, (A) Upn (k)\Uqn (A)

| det glsA__Tdudg

— v 8 0 v _1
B / W‘Pﬂ (|:0 1, ]) W(pg (g)¢(€mg)u(det g)
Uym (A)\ GLyy (A)

n—m

|detgl, * dg. (3.8)
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We denote (3.8) by Wy (s; W(:fr, W(Zf, ® u_l; @), which is absolutely convergent

when Re s > 0. Moreover, if W(;f, = Wy, W;f, =®,W, and ® = ®,P, are
factorizable, we have

Fm (53 P 003 @) = Wols; W, W) @u™"; @)

= H Wyo(s; Wy, W ®M;l; D),
veMy

where
Wy0(ss Wy, Wy @y 'y @)

0 _ _ _n—m
= / W, ([%) L D W, (80)@u(emgu) ity (det g) I det goly 2 dgy.
n—m
Upm ,\ Loy

Now we discuss the functional equations of the (r, r*)-Fourier—Jacobi inte-
grals 33}, ,+(s; ¢n, po; ®). Thereis alinear map ~: S(WY(A)) — §(W(A)) given
by

d(wh) = / O w")y (w’(wh) dw’. (3.9)
WY (A)
If we identify W with W through the basis {w1, ..., w;,}, then " is an endomor-

phism of §(WV (A)). Consider the group isomorphism ¢« ,: H — H given by
trr(UG) = Wy mU'Wy mg'. For h € H(A), we have the following commutative
diagram, which can be checked directly

S(WY (A)) —= S(WY (A)) (3.10)
X'w@wﬂfl (‘r*.r(h))l l)\'wll/,u(h)

S(WY(A)) ——= S(WY(A)).

Then

G35 1+ (85 @n, 93 @)

= / / 0r (g o (805 (ug', @) detgl,’ >dudg
GLy (k)\ GLy (A) Ul’*,m.lr (k)\Ul,* T (A)

GLy (k)\ GLy (A) Ul’* o (k)\Ul,* T (A)

— — —s+%
(0 Wi )@ ) (Wop it Wiy 1 )@ ()05 (ug', )| det g|,” > dudg,
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which equals

(0 Wam)Pr ) (u8)P5 ()65 (1r+,r (1g), P)
Ly ()\ Ly (A) U 1 N s (A)

gl
| det gl " 2dudg. (3.11)

But by the Poisson summation formula and (3.10),

O (1 @), ®) = > AW (0,01 (e W) @) (@)l detg'], T

wleWV (k)
_ A r*—r
= > W (w@ﬂ (tr*,r(zg))GD) (wF)| det g'[ .2
wieWY (k)
= > W (0puwg)®) (wh|detg|, >
wreWY (k)
= 05(ug. ).
Therefore,
G.1D) = / / (P Wam)@r ) (U8)Ps (8)05(ug, ®)
GLy O\ GLyn (A) Uy 1 CONU s ()
l—s—%
|detgl,  “dudg
=53, (1 = 5; pWo ) Pr > 5 D).
The theorem follows. |

Remark 3.5. (The case n = m). We have V. = W and H = GL,. We will see
that this is exactly the case of Rankin—Selberg convolution for GL, x GL,,. For
simplicity, we assume that 7 Ko ® u_l is unitary. Fix a basis {vy, ..., v,} for V
and identify V" with Mat; , . In this case, there is no need to choose of A.

For ® € §(VV(A)), and a character x : k*\A* — C* such that y- x is unitary,
we define

‘_l nS—l
0 (s: g, @, x) = |detgl) * / > (osten)®) @il ara
EX\AX U’GMatl,n(k)_{O}

which is absolutely convergent when Res > 1 and has a meromorphic continu-
ation to the entire complex plane that is holomorphic at s = % (see [23]). For a
holomorphic points, 6" (s; g, ®, x) isin.A (GLy,x) with the central character x ~'.

Moreover,

1
0F (5; g —, X) (v, 8(VY(A)) - A (GLyx)
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is GL,, (A)-equivariant. We denote Z,, the center of GL,,, x (resp. xo ) the central
character of 7 (resp. o), and put

F90,0(s: ¢, 003 @) = / 0 (900 ()07 (s5 g, D, xr - X0)dg,
Zn(A) GL,, (k)\ GL, (A)
(3.12)

which is the usual Rankin—Selberg integral (see [21,23]). It is absolutely convergent
when Re s > 1. The Fourier—Jacobi period

1
F30.0(¢x 901 @) = Tl o (5; Y5 Yo' CD)

defines an element in

Homgp, (a)(mT ® 0 @ v, C) = ® Hompy, (7, ® 0y @ 1y, C).
veMy

Unfolding 6, we see that

(3.12) = / O (g)%(g)@(eng)u(detg)_lldetglsAdg
Py (k)\ GL, (A)

= [ WLeW@o@onday dagldg. (313)

Ul" (A)\ GL, (A)

Denote (3.13) by Wy (s; W(}fr , W(;f, ® y,_l ; @), which is absolutely convergent when

Res > 0. Moreover, if W(;/fr = R, Wy, W(},ﬁ = @®W, and & = ®,P, are
factorizable, we have

F30.0(5; ¢n, 9o; D)

=Wo(s: W W @u i @)= [] Wools: W Wy @ uy's @),
ve My

where
Wy0(s; Wy, W, ® M;l; D)

- / Wa(g0) W, (g0) B (engo) o (det g0)~" | det gulf dg.
Upn y\GLy

Moreover, we have the following well-known functional equation
F35.0(53 0x, 9o @) = Ty o (1 — 55 Pz Pos ®).

The function ?HS’O(S; O 9o ; D) will have possible simple poles at s = —io and
s=1—1io witho realonly if 71 =& ®,u|det|iA".
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By Proposition 6.1 and (6.3), we have the following corollary, which confirms
[8, Conjecture 24.1] for Fourier—Jacobi periods on split unitary groups, that is,
general linear groups.
Corollary 3.6. Let the notation be as above.

(1) Let w (resp. o) be an irreducible cuspidal automorphic representation® of
GL(V)(A) (resp. GL(W)(A)). For a pair (r, r*) such thatr +r* = n—m and
the representation v = v(u, ¥, 1) introduced above, we have, for ¢ € Ax,

9o € Ay and ® € S(WY (A)) such that W), = @,W,, W, = ®,W, and
® = R, are factorizable,

1 _
F3; 0« (@r 90 @) =L (En X0 ® U 1)

% H Wy, (55 Wy, WJ@MJI; d,)
et Ly(s, my X oy ®/,L;l)

|S:%,

where in the last product almost all factors are 1, and the L-functions are the
ones defined by Rankin—Selberg convolutions (see [21]).

(2) There is a nontrivial Fourier—Jacobi period of 1 ® o for v if and only if
L(%,n x0®u_l) # 0.

4. A relative trace formula for U,, x U,,: Bessel periods
4.1. Bessel models and periods

Let us briefly recall the definition of Bessel models and periods for unitary groups in
[8]. We will fix a (nondegenerate) hermitian line E over k. First, let us consider the
local situation. Let k" be a local field and k/k’ an étale algebra of degree 2 with the
unique nontrivial involution . Let V, (', ) be a hermitian space over k of dimension
n and W C V a subspace of dimension m such that the restricted hermitian form
(', )|w is nondegenerate. We assume that the orthogonal complement of W in V
has the decomposition W+ = X @ X* @ E such that X, X* are both r-dimensional
isotropic subspaces orthogonal to E. Then n = m + 2r + 1. The hermitian form
restricted on W (resp. X @ X*) identifies W (resp. X*) with W_/ (resp. X;). We
denote U(V) (resp. U(W)) the unitary group of V (resp. W) which is a reductive
group over k’. Let Pr’)m 41 be the parabolic subgroup of U(V) stabilizing X and
U, 41 its unipotent radical. Then U], | fits into the following exact sequence

0 AZX U/ pi1 — Hom(W @ E, X) —0,

where /\%X C X: ® X = Homg(X), X) consists of homomorphisms b such
that bY = —b. Here, by is simply b": XV — X, but viewed as an element in
Homy (XY, X).

2 Whenn = m, to prevent the occurrence of a pole at s = % we assume that the character

X ® o ® ! is unitary for simplicity.
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Let E/X : X — k be a nontrivial k-linear homomorphism (if exists), and U }’( a
maximal unipotent subgroup of GL(X) stabilizing . Let £}, : k — W @ E be
a nontrivial k-linear homomorphism whose image is contained in £. We have a
homomorphism

PR )V el
0 U’erl — Homy(W @ E, X) ——— k,

r

which is fixed by U}, x U(W). Thus we may extend ¢’ trivially to H = Ur/,m+1 X
(U% x U(W)), which is a homomorphism to k. Let ¢': k' — C* be a nontrivial
character and : Uy, — C* a generic character. Put v’ = (¢ o Tro¢') ® A/ which
is a character of H'. We have an embedding (¢, x): H' — U(V) x U(W). Up to
U(V) x U(W)-conjugacy, the pair (H’, v') is uniquely determined by W C V.

Let  (resp. o) be an irreducible admissible representation of U(V) (resp.
U(W)). A nontrivial element in Hompg' (7 ® o, V') is called a Bessel model of
7 ®o . In particular, when k / k' is split, the Bessel model is simply the (r, r)-Bessel
model for general linear groups introduced in Sect. 2.1. We have the following
multiplicity one result.

Theorem 4.1. Let k be of characteristic O and v, o as above. Then
dimc Hompy (7 ® o, V) < 1.

Proof. When m = n — 1, this is due to [34], or [2] when & is non-archimedean. For
general (n, m), this is due to [27], or [8, Sect. 14] when k is non-archimedean. O

Now we discuss the global case. Let k/ k" be a quadratic extension of number
fields. We have the notions o/, k;,, 0;, forv' € M. Let ': K'\A" — C* be a
nontrivial character and ": U} (k)\Uy (A) — C* a generic character, which give
rise to the pair (H’, V') similarly in the global situation.

Let 7 (resp. o) be an irreducible representation of U(V)(A") (resp. U(W)(A))
which occurs with multiplicity one in the space Ao (U(V)) (resp. Ag(U(W))). We
denote by A, C Aog(U(V)) (resp. A, C Aog(U(W))) the unique irreducible
(resp. o )-isotypic subspace.

Definition 4.2. (Bessel period). For ¢, € Ay, ¢, € Ay, we define the following
integral

BY (¢r. 9o) = / r (e (W) o (e (W)Y (W) ~'
H'(K)\H'(A)

which is absolutely convergent, to be a Bessel period of m ® o (for a pair (H', V')).
If there exist ¢, € Ay, 9o € Ay such that B) (¢r, ¢s) # 0, then we say 7 ® o
has a nontrivial Bessel period. It is obvious that B‘r’/ (¢r, 9o ) defines an element in

Hompa)(m ® o, V) = ® Homy (7 ® oy, v;,).
U’EL/Mk/

We choose a basis {vy, ..., v} of X under which
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the homomorphism ¢ : X — k is given by the coefficient of v,;
Uy is the unipotent radical of the parabolic subgroup Py stabilizing the com-
plete flag 0 C (vy) C (v, v2) C-+- C (v1,..., V) = X;

e the generic character A is given by

Ny =y (Te (W), +ubs+-+ul_y ).

We denote by {v1,...,0,} the dual basis of X). We also choose a basis
{wi, ..., wy} of W and {wp} of E, under which the homomorphism Z/W: k —
W @ E is given by a — awg. Put 8 = [(w;, wj)]l’,”'j:1 € HerS(k"), po =
(wg, wo) € k>, and

B = [ﬂ ﬁo} € Her,, | (K'). 4.1)

We identify U(V) (resp. U(W)) with a unitary group U, (resp. U,,) of n (resp. m)
variables under the basis {vy, ..., v, Wi, ..., Wy, W, Uy, ..., U1}, and view U,
as a subgroup of U,,. Let U{ ol = Ur mal X Uy be the un1p0tent radlcal of H'.
The image of H'(A') in U, (A') consists of the matrices h’ = k' (n, b'; u'; g') =

u'(n',b';u')- g, where g’ € U, (A") and

n'n’,
1, #n  w, (b/ + 2" )
Z/ _ E/(n/7 b M/) _

Lyt ”;3/
1,
M/
x | € Ulr i1 (A)
IZ/
for n’ € Mat, 11(A), b’ € Her,(A), u' € Uy(A); nly = —B~"n""w,, and

i’ =W, ‘u’""'w,. The character v’ on H'(A’) is given by

V(R Y=V (W' b u's g = W) =y (Tr (i p + - ul_y 1)) s

and the Bessel period

BY (9rs o) = / / 02 (') 0s (¢ Y (u))du'dg'.
Un NUn(A) Ul GO\ (A)

4.2. Decomposition of distributions

We describe the relative trace formula on unitary groups concerning Bessel periods.
Let f, € 8(U,(A")) (resp. f € 8(U,,(A"))) be a Schwartz function on U, (A")
(resp. U, (A")). We associate to f, ® fp a kernel function on (U, (k")\U,(A") x
U (K)\Uy (A)) as

Kpon (el g g e =D, L '¢'eh) D fulei '€, 42

¢'eUn (k) §'eUn (k')
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and consider the following distribution

I(fn ® fm)

= // K oo (8(h)), ke (h)); (R, i (h5)) v/ (W hb)dR AR, (4.3)
(H'(K)\H'(A"))?

Such distribution formally computes

S TBY (0 ers (i) 0a)BY @, 7o),

T,0
where the inner sum is taken over orthonormal bases of A, and A, .

Remark 4.3. The integral (4.3) is not absolutely convergent in general and needs
regularization. In order to see what we should expect for these distributions, we
will not treat the convergence problem in this article. In particular, the following
calculation of decomposition into orbital integrals will be formal, unless we put
certain restrictions on f, ® f;, to make it convergent—for example, we may assume
that the function f (4.6) supports only on regular elements. The remark applies
similarly to later distributions (4.9), (5.5), and (5.10).

Plugging in (4.2), we have

an= [ X new)cem)
(H/(k’)\H/(A/))z f/EUn(k/)

D fule ()T E k(o) (T Ry AR di
§'eU (k)

(H/(k/)\H/(A/))z &'eUp (k)
D falelh)TE e (hy)) fn (e (W) E ke (o) (B Ry di iy
¢'eU, (k")
(H,(k,)é,/,(A,))z §'eH'(K) ¢'eU, . (KO\UL (k)

Su(e@€ R T e (hh) fon e (&R ™ e (By))V' (' )k d,

which equals

H'(K)\H'(A") H'(A)
> Fu(er) ' e (hy) fou e (W)™ i (W) (B~ o) AR d).
¢'€U s i (ONUR(K)
4.4
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If we write 1} = u;g;, then
oo [ %
HI(ONH (A Uy (A U (A7) /€U (RONUn ()
Fa(@y T T e (M) fin (81 e (W)Y (V' () d g duy iy,

which equals

2

H/RNH (W) Uy () Un (A7) 8 U1 g (U ()
S (@ ey T T e (h) fou (g DY @Y () d gl du diy. (4.5)
Define a function f € 8§(U,(A")) by

Flgh = / a8 fun(g)dg]. 4.6)
U (A)

Then
4.5) = >
{/EU{,~,m+1 (k’)\U,l (k/)H/(k/)\H/(A’)
/ Flehy) ™ wi e e (hh) Y (v () du di).
U{r.erl(A)

The group H’ acts on Uir,m+1 \U,, by conjugation. Denote (U/’,m-H (K'))\U, (k")) /
H' (k") the set of conjugacy classes of k’-points and then the above expression equals

> [

{/G(U{r.UH»l(k,)\U"(k,))//H/(k/)StabH/(k’)\H/(A’) U]/r 1 (A/)

F ey ™ e ()Y @ (hy)dudy diy. 4.7
We introduce a k’-algebraic group

H =H' x H' C H xspeck H',

Upn
which acts on U, from right in the following way. For a k’-algebra R, h' =
W (uy, us; ¢') € H(R) with uj € Uy, (R), g € Uy(R) and g € Uy(R),
the right action is given by [g]h’ = ¢/~ 'u/~ 1guzg’. We denote by [U,, (k")]/H' (k')
the set of k’-orbits under this action. Deﬁne a character (also denoted by) ﬂ’ of
H'(A) by

ﬂ/(h/) — z/ (h/(ﬂ/lv llz; g/)) w (u/ 1 /)
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Then
@n=aH:= >, )
¢'e[U, (k")]/H' (k")

where

do(f) = / f(IE )y (h)dh'.

Stab?,’ (K)\H'(A)

We denote U, (K’ )reg the set of regular k’-elements, a notion that will be defined
in Definition 4.9. In particular, the H’-stabilizer Stab?,/ is trivial for ¢’ € Uy, (k") reg

by Proposition 4.12, and the corresponding term O(f, ¢) := J./(f) is an orbital
integral. If f = ®,/ f,/ is factorizable, then

of.ch= ] 0. o).
U/Egﬂk/

where

O(fu ¢ = / Fo (@)Y (b )dh,.
H/

In particular, if f supports only on regular elements, then

() = dreg(f) = > Jo(f) = > [T o o).

¢ €[Up (K )reg ] /H (k') ¢"€lUn (K regl/H/ (K') v €My

Now we discuss the relative trace formula on general linear groups concern-
ing Bessel integrals. We identify GL,, y C GL, x with GL(W) C GL(V), and
view GL, 1 C Resg/r GLy i (resp. GL,, 1 C Resgr GLyy i) through the basis
{vl, e U, WL, ey Wi, WO, Vs e e e 131}.3 Let Z/, (resp. Z,,) be the center of
GL,, i (resp. GL,, p). Put ¢ = ¢ o Tr and

v(h) =v (gg) =v (h (n, n*, b;u,u*; g)) =YW,

where Z(Z) = 1#(”1,2 +-- -t u—1,t+n0+ /30’7()‘;,,, + u;k’r_l + -+ ”;1)'

Take F,, € 8(GL,(A)) and F,, € 8(GL,,(A)). Associate to F,, ® F,, a ker-
nel function X7, g7, (g1. 82: g3, 84) on (GL, (k)\ GL, (A) X GL,, (k)\ GL,, (A))?
(averaged by Z!, x Z; ) by the formula

D> Falgr'ziggs)dz / D Fulg; '28ga)dn,
Z! (k' )\Z., (A ¢ eGLy (k) Z], (kK\Z}, (A &€GLy (k)
4.8)

3 Note that this basis is different from (2.3).
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Consider the following distribution

I(s; F ® Fpy) =
Z,,(A") GLy, (K")\ GLyy (A') Z}, (A7) GLy, (K")\ GL,, (A") H (k)\ H (&)

_1
Koo, (€(h), k(h); g1, g2)v(h ™) det ), >n(det g2)dhdgidga,

Z3,(A") GLyy (K")\ GL4 (A) Z}, (A7) GLyy (K)\ GLy (A) Z3, (k\Z},, (A) Z3, (kD\Z;, (A7) H (k)\H (A)

D EeMT'nicg) D Falc(h) ' 2kg)

¢eGL, (k) £eGL,y, (k)
_1
v(h~ Y| deth[, *n(det g2)dhdzidzadgidgn,

which equals

GLuy (K)\ GLy (A') GLy (K)\ GLu (A) Utr 1,17 (O\NH (A)

_1
> Fule(h)™'¢g1) Fu(k ()™ g2)v(h™")| det i} > n(det g2)dhdgdg).
¢eGLy (k)
(4.9)

Such distribution formally computes

DD B (si p(F)er, p(Fu)ps) P (@) Pn (@5),

I,z

where the inner sum is taken over orthonormal bases of A and Ayx. Decompose
h = ug and note that the group H (A) is unimodular. We make a change of variable
as g — gz_lg. Then

o [
GLy (K)\ GLyy (A") GLy, (K)\ GLyy (A") Uyr 1,17 CONULr 1,17 (&) GLiy (A)

> Fle'gu ten Py

¢eGLy (k)
_1 _1
| det g[, *|det gaf, *n(det g7)dgdudg dg,. (4.10)
Define a function l:"s on GL, (A), which is holomorphic in s, by

- 1
Fy(3) = / Fu(g7'@) Fu(g™ "l det gl *dg.
GLu (A)

We have a surjective linear map o : 8(GL, (A)) — 8(S, (A")) given by

o(F)(gg™ ™ = / F(g§)dg. (4.11)
GL, (A
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Put Fy = o (Fy). Using the isomorphism GL,, (k)/ GL, (k") ~ S, (k') and combin-
ing the previous two operations together, we obtain

410 = >

EESnUDGL,, (K')\ GLin (A) Uy 117 CNUr 1 17 ()

_1
Fy(gy 'u™"cut go)y (") det g}, ?n(det go)dudgy.  (4.12)

Similar to the case of unitary groups, we introduce the following k’-algebraic
group

H = Resy /1 (Urr m+1,1r) X GLy, v C Resyyp H,

which acts on S,, from right in the following way. For a k’-algebra R, h = h(u; g)
withu € Uy 41,1 (R®k), g € GL,,(R) and s € S,,(R), the right action is given
by [s]Th = g~ 'u='su"g. We denote by [S,(k’)]/H(k’) the set of k’-orbits under
this action. Define a character (also denoted by v) of H(A") by

Y =yhwe) =yu "),
and put deth = det g. We have

(4.12) = J(s; Fy) == > G Fy).
C€[Sn (k)] /HK")
where
1
dc(s; Fy) = / Fy([¢Th) ¢ (h)| dethlj& “n(deth)dh.
H(A")/ Stab} (k')

We denote S, (k")req the set of regular k’-elements, a notion that will be defined
in Definition 4.9. In particular, the H-stabilizer Stab? is trivial for ¢ € S, (K’ reg by
Proposition 4.12, and the corresponding term O(s; Fy, ¢) := J (s; Fy) is an orbital
integral. If Fy = ®,/ Fj . is factorizable, then

OGs; Fo o) = [T 063 Fours 0,
U/E,ﬂk/
where
1
OCs; Fs,v’v {) = / Fs,v’([é‘]hv’)zu/ (hy)n, (dethy)|deth,, |i,/ 2 dh,.
H,
In particular, if F; supports only on regular elements, then

3(s; Fy) = Oreg (s Fy) = > (s Fy)

CE[Sn (K )reg]/H(K')

= Z H O(S;Fs,v’sg)-

¢Sy (k/)reg]/H(k/) U’E%k/
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When s = %, the terms involving | det | disappear and we suppress s in notation.
In particular,

Je(F)=0(F,¢) = / F([¢]h)y (h)n(deth)dh.
H(A)

We expect that the above orbital integral has a close relation with the following one

o (f) =0(f.¢") = / FI¢ )y’ (h)dh’

H/(A)

introduced previously, assuming that ¢ and ¢’ are both regular, and match in a
natural sense defined in the next subsection.

Remark 4.4. If tpe origingl functions F,, = ®,F,, and F,, = ®yFy,, , are fac-
torizable, then Fy = ®, F;, and Fy = ®, Fy s are also factorizable. If for some
(finite) place v, F}, v has the property that {| detgly | Fv(8) # 0} ={N}isa
singleton, then Fy v = Fy - N =3 for a function F,/ that is independent of s. In
particular, this is the case for almost all v’.

4.3. Matching of orbits and functions

Suppose we are in either local or global situations. We say two elements 81, 82 €
Her) (k") are similar, denoted by B1 ~ fa, if there exists g € GL,, (k) such that
B2 ="g" B1g. We denote [Her S (k")] the set of similarity classes. We write wh =w
and VP =V = WP @ X @ X* @ E, if the matrix representing the hermitian form
on W is in the class 8 € [Her,: (k)] also Uff, (resp. Uff, H?) for UWF) (resp.
U(V#), H'). Define

m(m—1)

eB)=n (=15 detp) € (£1)

to be the e-factor of 8, which depends only on its similarity class.
We first define the notion of pre-regular orbits. Recall that we have the action of
H (resp. H'), and hence its unipotent radical Resy /i U1r 1,17 (resp. (U{,.,mH)z),

on S, (resp. Ug).

Definition 4.5. (Pre-regular element). An element ¢ € S, (k") (resp. ¢P € Uf (k")
is called pre-regular if its stabilizer under the action of Resy/x U1r ju+1,1 (resp.
(U/,7m+1)2) is trivial.

Let B be the Borel subgroup of GL,, consisting of upper-triangular matrices and
A = (GL)" be the maximal torus consisting of diagonal matrices. Let W,, be the
Weyl group of GL,,, which we identify with the subgroup of permutation matrices in
GL,,. Moreover, let Wg C W,, be the subgroup consisting of elements whose square
is1,. Let P be a standard parabolic subgroup of GL,, x whose unipotent radical is U.
Let M be a Levi subgroup of P consisting of diagonal blocks. The group Resy /i P
acts on S, from right by [s]p = p~lsp®. First, we have the following lemma.
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Lemma 4.6. Anelement ¢ € S, (k") has trivial stabilizer under the action of U(k) C
P(k) if and only if its orbit intersects with [W]M(k), where w = W,, is the longest
element in W,,. Moreover, the intersection contains at most one element.

Proof. By [7, Proposition 3], we have the following Bruhat decomposition for
S (k')

Suky =[] twiB).

weWs

It implies that for general P, we have

Suky = | wiPth) = | [wIM®t)UK).

weWs weWs$

Therefore, in a U(k)-orbit, there is a representative of the form [w]m. We assume
that ¢ = [w]m = m~Ywm?®. Then its stabilizer is trivial if and only if

{u*‘wuf —wlue U(k)} = (1,). (4.13)

Note that u~'wu® = w is equivalent to wuw = u®. Therefore, if w = w is the
longest Weyl element, u = 1, and [w]m is the only point where its orbit and
[w]M(k) intersect.

Conversely, we need to show that if (4.13) holds, then w € [w]Wy, where
Wm € W, NM(k) is isomorphic to the Weyl group of M. We observe that w € Wg
is adisjoint union of transpositions. We use induction on n. The case n = 1 is trivial.
Suppose that the above assertion holds for numbers less than z. If the transposition
(1, n) appears in w, then we reduce to the case of n —2 and we are done. Otherwise,
(1, a) will appear in w with 1 < a < n. Suppose that M = GL,,; x --- x GL,,
(arranged from upper-left to lower-right) with n = ny + --- + ny, n; > 0, and
t > 1 (otherwise, the proof is trivial). If n —a < n;, then w’ = (a, n) is an element
in Wy € M(k). The conjugation w'~!'ww’ € W3 will contain the transportation
(1, n) and we are done. Otherwise, n — a > n;, and we consider the transportation
(b,n)inw’with1 < b < n.Ifb—1 < ny, then we can conjugate w by (1, b) € Wy
and we are again done. The remaining case is that b — 1 > n|. We define an element
u € U(k) whose entries are 1 at diagonals and positions (1, b), (a, n); 0 elsewhere.
Then wuw = u = u" which contradicts (4.13). O

Applying the above lemma to the parabolic subgroup P = Pyr ;41,1 stabilizing
the flag

Oc{n}c--CXCXOWoECXoWaeE®{j}C --CV,
which s standard under the basis {vy, . .., vy, W1, ..., Wy, Wo, Uy, ..., U1} adopted

in this section. Since w normalizes Pjr y41.17, the Uyr 41,17 (k)-orbit of a pre-
regular element { must contain a unique element of the form
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1) |

1-(¢)
Pr(¢) , (4.14)

(67!

Kl

with £;(¢) € k™ and Pr(¢) € S;,41(k"). We call it the normal form of ¢. We say ¢
is normal if it is in the above form.
Now we consider the unitary group U,’f . We fix a minimal parabolic subgroup

Pg such that its unipotent radical Ug contains Uy, Let Ag be a maximal torus

,m+1°
inside Pg , and W,’? the Weyl group. Let P’ be a standard parabolic subgroup of Uff
with U’ its unipotent radical, and M’ D Ag a Levi subgroup. The group (P)? acts

on Uf from right by [g](p1, p2) = pl_lgpz. We have the following lemma similar
to the one for symmetric spaces.

Lemma 4.7. An element {' € Uf,j (k') has trivial stabilizer under the action of
U'(K')? c P'(K')? ifand only ifits orbit intersects [wP M (k')? = M/ (K"YwPM' (k'),
where wP is the longest element in W,’? . Moreover, the intersection contains at most
one element.

Proof. We have the usual Bruhat decomposition

UA (k') = [I P&wPE)
weWy \W/ /Wy
- ]_[ U ()M’ (k) wM' (KU (k).
weWy \WE /Wy

Therefore, in a U’ (K’ )z-orbit, there is a representative of the form mjwm,. We
assume that ¢’ = mwmy. Then its stabilizer is trivial if and only if

wU KHw ' NnU ) = {1,). (4.15)

LetRT (Ag, 16/ (resp. R (AP M')) be the set of positive roots of Ag (resp.inM).
Then a double coset of WMr\Wf,j /Wy has a unique representative w satisfying
w(@) < 0and w (@) < 0 forall @ € R+(Aﬂ, M’). Assume that w satisfies

(4.15) and the above condition. Then w(e) < 0 for € RT (Aﬂ , U,’f ). Therefore,
—wh
w = wP.
Conversely, if w = w?, then (4.15) holds, and the intersection is a singleton. O

Applying the above lemma to P/ = Pﬁ the standard parabolic subgroup

the

,m+1°

stabilizing the flag 0 C {v;} C --- C X C V. Since w# normalizes Plﬁ,,mﬂ,
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Uy P (k")?-orbit of a pre-regular element ¢# must contain a unique element of
the form

1 (¢P)]

t-(¢P)
Pr(¢?) , (4.16)

(P!

Rk

with 7;(¢#) € k* and Pr(¢#) € UP | (K'), where U2 , | = U(WP @ E). We call it
the normal form of ¢#. We say ¢# is normal if it is in the above form.

Remark 4.8. There is a more natural way to define the invariants ;. For ¢ € Mat, (k)
andi = 1,...,r,let ¢[i] be the left-lower i x i block of ¢, and s;(¢) = det ¢[i]
which is invariant under the action ¢ +— wu¢u’ for u,u’ € Ujr jy41.1- (k). Then
¢ € Sk’ (resp. ¢# € U,f(k’)) is pre-regular if and only if s;(¢) € k™ (resp.
si(£P) € k) for all i, where we view ¢ (resp. ¢#) as elements in Mat,, (k) through
the natural inclusion S,, C Resy/» Mat,, x = End(V) (resp. U,’? C Resy,p Mat,, ).
Moreover, the invariants ; and s; are related by #; (¢) = s;_1(£)s: ()" (so = 1),
and similarly for ¢#.

Recall that we have natural inclusions S,,+1 C Resy, /& Maty 41 = End(W &
E) and U51+1 C Resg/p Maty, 41 k.

Definition 4.9. (Regular element). An element & € Mat,, (k) is called regular if
it satisfies

e £ isregular semisimple as an element of Mat,,, | (k);
e the vectors {wg, Ewg, ..., EMwo} span W @ E;
e the vectors {wy, wy&, ..., wy&™} span WY @ EV.

An element ¢ € S,(k') (resp. ¢# € Ug (k")) is called regular, if it is pre-
regular and Pr(¢) € Mat, 41 (k) (resp. Pr(;ﬁ) € UZ+1(k)) is regular. An H-orbit
¢ e [Sp(K)]/H(K) (resp. HP-orbit ¢# e [UL (k"))/HP (k) is called regular if
some and hence all elements it contains are regular. We denote by Mat,; 11 (k)reg,
GLjp41(K)reg = Maty41(k)reg N GLy41(k), Sy (k/)reg (resp. [Sh (k/)reg]/H(k/))
and U,’? (k")reg (resp. [Ug (k")regl/ HP (k")) the various sets of regular elements (resp.
orbits).

To proceed, we recall some results from [32, Sect. 6]; see also [22,37,38]. To
include the whole action of H (resp. H?), we need to consider the conjugation action
(from right) of GL,, ;- (resp. U,é,). We consider more generally the conjugation
action of GL,, . Recall that, by our choice of coordinates, the group GL,, x embeds

into GLj, 41, via
g
o [ 1]
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For & € Mat,,41(k), put
o ai®)=Tr\ tforl<i<m+1;
o Dbi(5) =wy& woforl <i<m;
e D to be the matrix [(wgg"—l)(sf—lwo)];'jjzll; and
i—1 +1
o T: =det[(wyé&' )(wj_l)]Z’jzl.
It is clear that if £ is regular, A¢ # 0. Moreover, we have the following lemma.

Lemma 4.10. Two regular elements &, ' in GL,, 11 (k) are conjugate under GL,, (k)
ifand only ifa;(§) = a; (") (1 <i <m+1)and b;(§) = b;(§") (1 <i <m). The
GL,,-stabilizer of a regular element is trivial.

Proof. See [32, Proposition 6.2 and Theorem 6.1] for the (equivalent version of
the) first and second statements, respectively. O

To include all unitary groups at the same time, we consider the set L, of
pairs (B8, £#) where 8 € Her ) (k'), and

%-/3 c UiJr](k/)reg = {Eﬁ € Matm+l(k)reg | I(Eﬁ)rﬁ/sﬂ = ,3/} s

where B is defined in (4.1). The group GL,, (k) acts on U,; by (8, Eﬁ)g =
(thIBgr g_léﬂg)- For & € S (k/)reg = Spp1(k) N Matm+1(k)reg» we denote
by £ & (B, &P) if there exists g € GL,, (k) such that ¢ = g~ '£Pg. The following
lemma is also considered in [22,38].

Lemma 4.11. For & € S;, 4+ (k’)reg, there exists a pair (B, Eﬁ), unique up to above
action of GLy, (k), such that € < (B, EP). Conversely, for every pair (B, £P) e
U1, there exists an element & € S, 41 (k" )reg, unique up to the conjugation action
of GL,, (k"), such that & < (B, £P).

Proof. We first point out that two elements &, &’ € S,,41(k")reg are conjugate
under GL,, (k) if and only if they are conjugate under GL,, (k). In fact, assume
g '€g =& Then g l6g = gm 6™~ 1g7 = g7 1£g7 which implies g = g7.

It is easy too see that for & € Mat, 1 (k)reg, § and '& have the same invariants
ai, b;. By the above lemma, there is a unique element g € GL,, (k) such that
g g ="£.1fE € Spuy1 (K reg, then’é € Sy 1 (K )reg. Therefore, wehave g¥ = g.
Also, ‘g'etg™! = &; g'eg™! = £, which imply that g = ’g. Together, we have
g € Her) (k). Moreover, since "7 (g~ )& = g~!, we have £ € Uiil(k/)reg and
£ g6

Conversely, given (8,&) € ,41, we have ‘6876 = BT, and hence
BT 11gpT = £51 Moreover, there is an element y € GL,, (k) such that
y~ley ="6 Wehave g7~y ~leygT = €071 thatis, (yBT)T'E(ypT) = &7
By regularity, yB% € S,,(k"). Therefore, there exists g € GL,, (k) such that
yBT = gg©~!. Then

g g ' Eggn TIET = 1y = g 'Eggm T ETS”
=lpy1 = (8 '€9)(g7'68)" = Lus1,

that is, g7 '&€g € Syt (k")reg. The uniqueness part is obvious. O
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We have the following proposition.

Proposition 4.12. Let the notation be as above.

(1) There is a natural bijection

S Kree/HE) <[] (UK eeed /HER).
Bel[Her,; (k)]

IfFN¢P = ¢, we say that they match and denote by ¢ <> ¢P.

(2) The set S, (k' reg (resp. U,’? k' )reg) is non-empty and Zariski open in S, (resp.
U,f ). Moreover, the H-stabilizer (resp. HP -stabilizer) of regular ¢ (resp. ¢P)
is trivial.

Proof. For (1), we start with an element ¢ € S, (k' Jreg and consider its normal
form. We obtain invariants #1(¢), ..., #(¢) and an element Pr(¢) € S;,41 (k’)reg.
By Lemma 4.11, there is a pair (8, £#) such that £ = g~ '£fg. We fix 8, and
then £7 is uniquely determined up to the qu (k")-conjugation. Define an element
¢ € U (K )reg by

1) |

1-(¢)
é—ﬁ — %‘/5
()01

L@t

By construction, ¢ > ¢# defines a map

N: [Su(K)egl/HK) > [ [US K )regd /HP (&),
Be[Her,, (k)]

which is injective. The other direction is similar.

For (2), the openness is due to the following two facts: the set of pre-regular
elements in both cases corresponds to the unique open cell in the Bruhat decom-
position; and the three conditions in Definition 4.9 are open. The non-emptiness
is essentially exhibited in [22, Sect. 3] combining with the exponential map. For
the last part, we prove for £ € S, (k")reg, and the case of unitary groups is similar.
Write ¢ in its normal form. If g~ 'u='cu®g = ¢, then ul_lg_lgguf = ¢ with
uy =g lug e Uir m+1,17 (k). We have ¢ 'cg =¢,and then g7! Pr(¢)g = Pr(¢)
which implies that g = 1,,, and hence u = 1,,. O

It is clear from the above discussion that the regular orbit ¢ € [S,, (k’ Jregl/ H(k")
or [Uf (k/)reg]/H/3 (k") is determined by its invariants ; (£) (i = 1,...,r),a;(¢) :=
aiPr¢) @ =1,...,m+ 1)and b; (¢) := bj(Pr(¢)) (i = 1,...,m). We have
¢ < ¢Pif and only if they have the same invariants. For simplicity, put T; = Tpi(r)s
D; = Dpr(p) and Ay = Apyp).
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Conjecture 4.13. (Smooth matching). Let k' = ki, be a localization. Given
a Schwartz function F € 8(S,(k')), there exist Schwartz functions (fﬂ €
S(Uf (k")) p for each B € [Her, (k')] such that

O(F, £) =t()O(fP, P

for all ¢ € [Sy(K)eel/H(K') and ¢ < ¢P which are both normal. Conversely,
g

given functions fP e S(U,’f (k")) for each B € [Her,: (k")], there exists a function
F € 8(S, (k")) such that the above identity holds. Here, t is a certain “transfer
factor” on [S,, (k' regl/ H(k"); for example, when n is odd (and hence m is even),

t(¢) = n(T, - (detPr(2))~2).

If F and (f#) p satisfy the property in the above conjecture, we say they match
and denote by F < (fﬁ),g.

Proposition 4.14. Ifv' is splitink, then the above conjecture of smoothing matching
holds.

Proof. Suppose that v’ splits into two places v,, v, € .#. In this case, t is trivial.
We may identify S,, ,» with the set of pairs (ge, go) € GL, , x GL,, ,, With g¢go =
1,,, hence with GL,, ;v by (ge, go) = &e. Then F,y becomes a function on GL,, ,,
and

oFr o= [ [ R ey e )dudude
GLoy o/ (Uyr pay.1r )2
for the generic character
Y@ = (j (w124 upony 4 nno + Bong, +uf,_y 4 u3 )
where j = (j, —j).

On the other hand, we may identify U, ,» with the pairs (g, go) such that
g = ng,l ’g:lwﬁé, hence with GL,, v by (g, go) > ge. Here,

W,
W, = B, ;
w,

where g = (B, B.). Then f,, becomes a function on GL,, ,v, and
Of.¢) = / [ re i e @ ad g’
m v’(Ulf 41,17 v /)

Moreover, in this case, that ¢ and ¢’ match exactly means { = ¢’ € GL, .
Therefore, if f,, = F,/, we have O(Fy, ¢) = O(fy, ¢) for all regular ¢. O
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4.4. The fundamental lemma

To establish the equality between two relative trace formulae, one needs to prove the
corresponding fundamental lemma. Let m be a nonnegative integer. Let k&’ be a non-
archimedean local field and k/k" a separable quadratic extension of fields. There
are only two non-isomorphic hermitian spaces of dimension m, if > 0, which are
distinguished by the factor € (8). In the following discussion, we use the superscript
=+ instead of 8 in the way that € () =

Assume that the extension k / k’ and the character " : k' — C* are both unram-
ified. As before, we write o’ (resp. o) for the ring of integers of k" (resp. k). Denote
val: k* — Z the valuation map. We also assume that 8y € o’. Thus, W™ contains
a selfdual o-lattice Ly that extends to a selfdual o-lattice Ly in V. The unitary
group U} (resp. U;N) is unramified and has a smooth model over Spec o’ defined
by Lw (resp. Ly). The group of o’-points U} (o) (resp. U, (o)) is a hyperspecial
maximal subgroup of U} (k') (resp. U;F (k")). We identify GL, (o) with GL,(Lv),
a hyperspecial maximal subgroup of GL,, (k), and put S,,(¢’) = S, (k") N GL,,(0).

We denote by S(U;F (k") // U (0")) (resp. S(GL, (k) // GL,(0))) the spherical
Hecke algebra of U (resp. GL, k). There is a base change map b: S(GL, (k) /
GL,(0)) = S(UF (k") /U, (0')), and also a linear map o : S$(GL, (k) / GL,(0)) —
8(S, (k")) defined by (4.11), for the local situation. For the transfer factor, we have

(= )VATe Tz 5O) y is 0dd

4.17
(—1)valTe) m is even. (@.17)

t(§)=[

Conjecture 4.15. (The fundamental lemma) For an element F € 8(GL, (k) /
GL,(0)), the functions F = o (F) and (f*, f~) match, where f* = b(F) and
f~ = 0. In particular, we have

tOOys gy, 1) ¢ = ¢T e UF(K)

Os, @), &) = [ ¢« ¢ e U k),

where ¢, ¢ are normal, and

O(Ls, ), ¢) = / Ls, (o) ([ Th) ¥ (h)n(det h)dh;
H(k")
O(]IUI(U/), g’+) - / ]lU;’F(O/)([g—+]h/)£/(h/)dh/.
H+(k/)

Itis easy to see that ¢ matches some element ¢+ € U, (k') (resp. ¢~ € U, (k')
if and only if val(A;) is even (resp. odd).

Proposition 4.16. If val(A;) is odd, then O(1g, (¢, ¢) = 0.
Proof. The following argument is modified from the one in [38]. Put

W,
W= 1m+]
W,
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It is easy to see that 1, (o) (s) = g, (o) (W'sW). Since ¢ is normal,

s, 8) = / / Lsuce (Wt””gt{[gilr - )ﬂ(ﬂfl)n(detg)dgdz
Uir mt107 (k) GLy (k')

which equals

Ls, o) ((W whtwy T g (wow) tg*l(wlf"lw)’)
Ul’,m+|,1’ (k) GL;, (k,)
¥ )n(det g)dgdu. (4.18)

Since W’¢w and ¢ are both normal and have the same invariants, in the proof of
Lemma 4.11, we see that there exists 4 € GL,, (k") such that w/¢w = h~'¢h
and n(deth) = —1. Moreover, ¥ (1) = K(W’f’_lw). After making change of

variables as W/ u™~'w > wand h'g~! > g, we have

@iy == [ [ s (s cour) pnet dgd

Urr 1,17 (k) GLy (k)

which implies O(1g, (¢, ¢) = 0.

5. A relative trace formula for U,, x U,,: Fourier-Jacobi periods
5.1. Fourier—Jacobi models and periods

Let us briefly recall the definition of Fourier—Jacobi models and periods for unitary
groups in [8]. We keep the setup in Sect. 4.1. Let V, (, ) be a hermitian space
over k of dimension n and W C V a subspace of dimension m, such that the
restricted hermitian form (, )|w is nondegenerate. We assume that the orthogonal
complement of W in V has the decomposition W+ = X @ X* where X, X* are
both r-dimensional isotropic subspaces. Then n = m + 2r. The hermitian form
restricted on W (resp. X @ X*) identifies W (resp. X*) with W_/ (resp. X;). We
denote U(V) (resp. U(W)) the unitary group of V (resp. W) which is a reductive
group over k’. Let P/, be the parabolic subgroup of U(V) stabilizing X and U, ,
its unipotent radical. Then U], fits into the following exact sequence

0 A2X U/ Homg (W, X) — 0.

Let ¢'s: X — k be a nontrivial k-linear homomorphism (if exists), and U
a maximal unipotent subgroup of GL(X) stabilizing ¢’;. The homomorphism £/,
induces two homomorphisms

A2l A2X = AZk=k" DK,
Resy/p K/XS Homy (W, X) — Homy (W, k) = Homy (Resy/x W, kK = (Resy/pr W)Y,
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The hermitian pair ( , ) of W induces a symplectic pair Tr( , ) on the 2m-
dimensional k’-vector space Res; /&' W, through which (Resy/p/ W)V is identified
with Res;/i» W. Let H(Resy /- W) be the Heisenberg group. We have the following
commutative diagram

0 AZX U/ Homy (W, X) —=0  (5.1)
A%(’Xl \L Resy /7 Z’X\L
0 k' H(Resg/pr W) — Resg/p W —— 0.

For a nontrivial character ¥': k' — C*, we have the Weil representation a){//, of

H(Resg/» W) x Mp(Resy ;i W). If we choose a character p: k> — C* such that
Wlx = n, we will have a splitting map

Mp(Resi i W) 5.2)

S

U(W)S——= Sp(Resg v W)

(see[14,§§1,2]). By restriction, we obtain the representation “):0’, u of H(Resy /i W)
x U(W), and hence a representation of U r/ m > U(W) through the middle vertical
map in (5.1). Let A": Uy — C* be a generic character. Put v/ = v/'(u, ¥', 1) =
), , ®2/ which s a smooth representation of H' := Uy, x (Uy x U(W)). Then

= v (n~L, ¥, 1), As before, we have an embedding H' — U(V) x U(W). Up
to conjugation by the normalizer of H' in U(V) x U(W), V' is determined by v’
modulo Nm k> and pu.

Let 7 (resp. o) be an irreducible admissible representation of U(V) (resp.
U(W)). A nontrivial element in Hom g/ (m ® o ® v/, C) is called a Fourier—Jacobi
model of 7 @ o . In particular, when k / k' is split, the Fourier-Jacobi model is simply
the (r, r)-Fourier—Jacobi model for general linear groups introduced in Sect. 3.1.
We have the following multiplicity one result.

Theorem 5.1. Let k be of characteristic O and , o as above. Then
dim¢ Hom /(1 ® 0 ® v/, C) < 1.

Proof. 1t is proved in [33] (for k£ non-archimedean) and [34] (for k archimedean)
when r = 0. The case for general r is reduced to the previous one, as shown in
[29], or [8, Sect. 15] when k is non-archimedean. |

Now we discuss the global case. Let k/ k" be a quadratic extension of number
fields, ¥': kK'\A’ — C* nontrivial, u: k*\A* — C* such that u|yx = 7, and
A Uy (k)\Uy(A) — C* a generic character, which give rise to the pair (H’, v")
similarly in the global situation. To define a global period, we need to fix a model
for the Weil representation. Let L C (Res/r» W) be a Lagrangian (k’-)subspace,
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and S8(L(A")) the space of Schwartz functions on L(A"). For ¢ € S(L(A")), define
the theta series to be

O @) = D W) (), (W) w),

weL (k)

which is an automorphic form on H’.

Let 7 (resp. o) be an irreducible representation of U(V)(A") (resp. U(W)(A"))
which occurs with multiplicity one in the space Ag(U(V)) (resp. Ao(U(W))).
We denote by A, (resp. As) the unique irreducible 7 C Ag(U(V) (resp. ¢ C
Ao (U(W)))-isotypic subspace.

Definition 5.2. (Fourier—Jacobi period). For ¢, € A, 9o € Ay, and ¢ €
S(L(A")), we define the following integral

59! (0r. 0o $) = / P (e ()@ (ke (h"))05 (h'; ¢)dR’,
H'(K)\H'(A)
which is absolutely convergent, to be a Fourier—Jacobi period of m ® o (for a
pair (H',v")). If there exist ¢; € Az, 9, € Ay, and ¢ € S(L(A')) such that
’J"Hf/ (¢, ¢o; @) # 0, then we say m ® o has a nontrivial Fourier—Jacobi period. It
is obvious that S’Hf/ defines an element in

Hom (4 (r ® 0 ® 1/, C) = (X) Homy (y ® oy @ v, C).

'U/E.//k/
We choose a basis {vq, ..., v,} of X as in Sect. 4.1, and denote {f)], e 5,}
the dual basis of XTv We also choose a basis {wy,...,w,} of W. Put

B = [(w,-,wj)]l’."’j:1 € Her) (k). We identify U(V) (resp. U(W)) with
a unitary group U, (resp. U,) of n (resp. m) variables under the basis
{vi, ..., v, wWr, .oty Wiy, Upy ..., U1}, and view U, as a subgroup of U,. Let
Uir,, = U, » Uy be the unipotent radical of H’. The image of H'(A’) in
U, (A) con51sts of the matrices i’ = h'(n',b';u’; g") = u' (', b';u) - g, where
g €U,(A) and

lr n (b/—i- ""ﬁ) u'
E/ = Z/(”l/s biu') = 1 " 1, € Ul/r’m(A/)
m 1/3 M
r

for ' € Mat, ,(A), b’ € Her,(A"), u' € Ux(A), nfy = =~ 'n/"w, and i’ =
W, w/"w,. If r > 0, let U* be the unipotent radical of the parabolic subgroup
of U({U,, f)r} @ W) stabilizing the flag 0 C {v,}. Put H* = Ut x U(W) (resp.
H¥=UW))ifr >0 (resp. r = 0). There is a natural map H' — H*. We write
h* = u*g’ to be the image of i’ under this map. Then we have

V(') =y @), (B =y (Tr (W), + -+ u)_y ) o), ().



48 Y. Liu

5.2. Decomposition of distributions

This time, we start from the relative trace formula on general linear groups.
We identify GL,, x C GL, with GL(W) C GL(V), and view GL, ;» (resp.
GL,, 1) as a subgroup of Resy i GLy i (resp. Resg/p GLyy k) via the basis
{vl,...,vr,wl,...,wm,ﬁ,,...,171}.

Recall that we realize the Weil representation wy, , on the space S(W" (A))
where ¥ = ¥’ o Tr. Put

r r r r
W+=®k/wiv, sz@kfwiv, W+=@k/wi, W_=@k7w,-,
i=1 i=1 i=1

i=1

which are vector spaces over k’. Then Resy /i W = W, @ W_ and Resy/p WY =
W+ @ W. We also put Wi = W+ @ W,, which is a vector space over k.
Define a linear isomorphism from S(WV(A)) to S(WT(A')) by ® > &7, where
for ® € (WY (A)),

o (wh, wy) = / O wt, w)Y(w wy)dw™. (5.3)
W= (A)

If r > 0, let U™ be the unipotent radical of the parabolic subgroup of
GL({vr., U, } @ W) stabilizing the flag 0 C {v,} C {v,} @ W.Put H' = U x GL,,
(resp. H' =GL,)ifr >0 (resp. r = 0). It consists of elements h=ufg =
u'(nt,n=, ny,n_,b")g where

- . 1 nt+n= b+ —(n++ni)2("++"’)
,n,ng,n_,b') = 1, ny+n_
1

T(n-i-

with nt € Maty ,(k'), n= € Maty ,(k™), ny € Mat, 1(K'), and n_ €
Mat,, 1(k~). We have a natural quotient homomorphism H — H f,
Define a representation a)TE - of H(A) on S(WT(A)) by

; T
f T
of _®' = (o ;W) .
It is easy to see that a)% Z factors through H and

(a)i (ET (n"', n",ng,n_, bT) g) CDT) (wh, wy)

v
+ _ —
= n(det g)V (bJr +whtn_ +n"wy + %) o'
x ('t +n)g, 7wy =) (5.4)

if g € GL,, (k"). Moreover, we have the Poisson summation formula

Z o' (w'h) = Z o (w").

wieW? k') wPeWwv (k)
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Until the end of this subsection, we assume that n is odd, and hence m is odd
as well. Since the other case is similar and will lead to the same fundamental
lemma, we omit it in the following discussion. We proceed exactly as in Sect. 4.2
and take u to be the character used in (5.2) which is assumed to be unitary. For
F, € 8(GL,(A)), F,, € $(GL,,(A)) and ® € S(WVY(A)), we associate to F,, ® F,
a kernel function Kr, g r,, (g1, g2; &3, g4) as (4.8) and consider the distribution

3M(S;Fn®Fm®<D) =
Z,, (A") GLyy (K")\ GLyy (A') Z}, (A7) GLyy (K")\ GL, (A") H (k)\H (&)

_1
Kr,@8, (e(h). k(h); g1. 82)05(h, ®)| det [, >dhdgidg.
(5.5)

Such distribution formally computes

> D 58, (s; p(F)er, p(Fn)es; D)P@mP @),

In,x

where the inner sum is taken over orthonormal bases of Ap and Ay. Proceeding
similarly as in (4.9), we have

(5.5 =
Z;/«n (A/) GL, (k/)\ GLy, (A/) Z;, (A,) GL, (k/)\ GL, (A/) Ulr,m.lr (k)\Ulr.m4 1 (A) GLy, (A)

_1
> Fug ey uT g Fan(s )05 (ugag. @) det gl
¢eGLy (k)

_1
| det go[, >dgdudgdg,,
which equals

/

GLy,; (k")\ GLy, (A Ulr.m,l" (k)\Ulr,m,lr(A) GL;, (A)

D o(F)g ey u cuT g2g") Fr(g™ )b (ugag, ®)
CE€S,(K)

_1 _1
| det gl *|det ga,, *dgdudgy. (5.6)
Unfolding Uyr .17 (k), we have

- T [

CElSu () Urr e OGL, N U
1 OCLu kN CL(A) g 07 oy, CLon )

s—1
o (F) (g™ gy (151 g28™) Fin (g~ )5 (ugag, @) det gl

_1
| det g2, dgdudg,
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which equals

> / [

CElSn (kN1 Uyr 17 (k) — / /
17 m,1 Smbgl M ENUyr e (A) GLy, (K')\ GLy; (A) GLy, (A)

oL
o (F) (g~ gy ' Cealw)g™) Fu(g ™65 (gz, w;ﬁ(zg)Q) Yl detgly
|det gal}, * dgdgadu (5.7

On the other hand, we have

5 (2. 05 wg)®) = bz (07 (820 1 we)®) (")
weWV (k)

> (ot (oppwne) ) @

wieWf k)

S s (op ) ®) (e2gr'y).

xeMaty ,, (k') yeMat,, 1 (k")

To proceed, we introduce a k’-variety
Sn,m =S, x Matl’m,k/ X Matm,l’k/ .

As before, we put H = Res/x (U1r m,17) % GL,, p» which acts on S, ,, from right
in the following way. For a k’-algebra R, h = h(u, g) with u € Uyr . 1r (R @ k),
g € GL,;(R) and [s, x, y] € S,.m(R), the right action is given by [s, x, y]h =
e 'u="sug, xg, g~ 'y]. Denote [S, , (k')]/H(K') the set of k’-orbits under this
action. We also put ¢ (h) = 1//(4_1), and deth = det g. Then

(5.7 =3(s: Fy @ Fy ® @) 1= > Irxy) (55 Fu ® Fp © @),

[é‘»x»y]e[sn,m (k/)]/H(k/)

where

3{2,)(,))](5; Fn ® Fm ® (I)) = / /

Stabg_” JO\H(A) GLy (A)

N s—1 1

o (F)(g ™ 1€ Ihg") Fu(g™) (] (he)®") (x, )y ()| dethl} | det g, * dgdh.
(5.8)

We denote S, ,, (K’ )reg the set of regular k’-elements, a notion that will be defined

in Definition 5.9. In particular, the H-stabilizer Stab[}g Xy is trivial for [¢, x, y]
regular, and the corresponding term )

Opu(s5 Fy ® Fin ® @, [8,x, Y1) := Fpp (55 Fu @ Fin ® @)
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is an orbital integral. If F;, = @y F;, v, Fiy = ®yFy, and & = @, P, are
factorizable, then

OM(S; F,Q F, ® ®,[¢,x,y]) = H Ouv/(S; Fov @ Fiy @ Oy, [, x, yD,
v/e//k/

where the local orbital integrals O, , are defined similarly as in (5.8) with A (resp.
A) replaced by k!, (resp. k). In particular, if the function

i1
cxle [ o e Fute ™) (@] @) (ol detal g
GLu (A)

supports only on regular elements, then

3" (53 Fn @ Fiy @ @) = 3l (Fr ® Fu @ @)

= Z I[J;‘,x,y](S;Fn®Fm®cD)
[,x,Y1€[Snm (K )reg] /H(K)
= Z H OMU/(S;Fn,v’®Fm,v/®q>v/:[§’xvy])~

[¢,x,Y1€[Sn.m (K )regl/H(K') v/ €M1
When s = %, we suppress s in notation. In particular, if [¢, x, y] is regular,

3  A(Fa®Fu®®) = 0,(F, ® Fu ® [, x, y])
[¢,x,y]

- / / o (F) (s~ TeThg ) Fu(g ™)
H(A) GL,, (A)
(o 9)®") (v, Y (Mydgdh.  (59)
Now we describe the relative trace formula on unitary groups. Take f, €

S(U,(A)), fn € 8(U,(A)) and ¢ € S(L(A")) for o = 1,2. As before, we
have the kernel function X, 7, (4.2). Put

3"(fn ® fin ® $1 ® ¢2)

= // K f,0 £ (), k(H)); £(h)), k(B85 (', 10y (hs, d2) AR dh).
(H'(6)\H' ()
(5.10)

Such distribution formally computes

> 3T 0 f)or. 0ot 81T @ B ).

T,0
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where the inner sum is taken over orthonormal bases of A, and A, . Collapse the
summation over &’ and make a change of variable as gé_l g) +> g}. We have

- [ [ 3

Un W \Un (8) (U}, (RN, (4)2 U (46U D

folet™ 85 T uhgh) fn (817105 (whgh o, (8119
O (urgh. ¢2) dgjdu)du)dg). (5.11)

PutU, ;, := U, xResy/p Maty , . Recall that we have defined an k’-algebraic
group H' in Sect. 4.2, which acts on U, ,, from right in the following way. For a

k'-algebra R, h" = W (u}, u}, g) € H'(R) and [g, z] € U,(R) x Maty ,,(R ® k),

the right action is given by [g, z]h' = [¢/~'u}” 1gg’zg’, zg']. We also put

z/(h/)zz/ (h/(ﬁ/laﬂ/z;g)) l/f(u/ 1 /)
and deth’ = det g’. Introduce the group
H* = H* x H* (resp. Uy,)

if r > 0 (resp. r = 0), whose elements are denoted by h¥ = ht (ﬂ, g%; g") where
where
. io—1t, %t
i U g mE
u =u; (nl, l)_ 1, _ﬁflznii,t
1
for nlj; € WY(A) and bl: € A™. We have a natural quotient homomorphism H' —
H*.
Lemma 5.3. Let a)% be the representation of H* on the space S(W" (A)) defined
by the formula

(o5:099) @ = (oF (Wl i ) 9) )
= (b} — bk + o7t (0™ i)
g ) g (e 40 +nd) 2).

which we also regard as a representation of H' via the inflation H' — H*. Then
(the complete projective tensor product) a)W _® a) v viewed as a representation
of H', is isomorphic to a)%, under which we have

07 (18 91) 0 (1rg'. #2) = ¥'0) 3 (od (0) (91 ®92)7) @)
zeWV (k)

for W = W, uy, g") € H via restriction, where (¢p1 ® ¢2)* is the image of
d1 Q@ ¢ under such isomorphism.
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Proof. The isomorphism is given by [14, Proposition 2.2 (i), (ii)], which comes
from a (partial) Fourier transform, and the last formula follows from the Poisson
summation formula. |

By the above lemma and repeating the processes in (5.6), (5.7), (5.8), we have

S.11) = 3" (fa ® fn ® $1 ® ¢2)
= > (o (fn ® fon ® 61 ® ),

[f/;Z]E[Un,m (k/)]/H/(k/)
where

e (fa ® fn @ 91 ® d2) = / /

Stabg’,d (k)\H (A7) Un (&)

S(& ™ S (8 (‘”fw("/) (@ (&)1 © 92) ) (¥ (h)dg/dh’.
(5.12)

We denote Uy, , (k' )reg the set of regular k’-elements, anotion that will be defined

in Definition 5.9. In particular, the H'-stabilizer StabH

(e 2] is trivial for [¢/, z] regular,
and the corresponding term

Ou(fa ® fn ®d® b2, [¢',2]) := Fppr 1 (fu ® fin ® d1 ® $2)

is an orbital integral. If f, = Qu fu.v's fm = Qv v and ¢; = Qy¢h;y are
factorizable, then

Ou(fn ® fn @1 @ 2. 182D = || Ouy (farv ® fn ® b1 ® b, [, 2D,
U’E.//fk/

where the local orbital integrals O, , are defined similarly as in (5.12) with A’
replaced by k. In particular, if the function

ot [ AT (o )0 9 02) g
U (A

supports only on regular elements, then

(o ® fn ® 91 ® $2) = Jiee (fu @ fin ® 1 @ $2)

= > I (fn © fn ® d1 ® $2)
[¢7,z1€lUp m (K reg ] /H (K)
= Z H O;LL,/ (fn,v/ ® fm,v’ ® ¢l,v’ ® ¢2,v’a [é-/a z]).

[g/»ZIEIUn,m (k/)reg ]/H/(k/) U/Ek%k/
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Remark 5.4. Take a place v’ of k" and let [¢, x, y] be a regular element. The orbital
integral O, , (—, [¢, x, y]) introduced above actually factors through (the algebraic
tensor product) 8(S,(k/,)) ® 8(GLy, (ky)) ® 8(WY (ky)). Note that the (Fréchet)
space 8(Sy(k;,) x GLy, (ky) x WY (k,)) has a natural topology under which the
subspace 8(S,, (k],))®8(GL;, (ky))®S (WY (k) is dense (which is the whole space
if and only if v’ is non-archimedean). In fact, the linear functional © wy (= 18, x, ¥])
is continuous and hence extends uniquely to a continuous linear functional on
8(Sn(k!,) x GLy (kyr) x WY (ky)). Similar, for a regular element [¢’, z], the linear
functional O, , (—, [¢’, z]) extends uniquely to (U, (k],) x Uy, (k],) x L(k’v,)@z).
If v’ splits in k, we will give a direct construction of such extensions in Proposition
5.11.

5.3. Matching of orbits and functions

Suppose we are in either local or global situations.

Definition 5.5. (Regular element). Put 9, = Mat,, x Mat; ;, x Mat,, ;. An ele-
ment [£, x, y] € M, (k) is called regular if it satisfies

e & isregular semisimple as an element of Mat,, (k);
e the vectors {x, xE, ..., x&m_l} span the k-vector space Matj ,, (k);
o the vectors {y, &y, ..., ™'y} span the k-vector space Mat,, 1 (k).

FOr [Ev -xv )’] € S:);nm(k)’ put

a;([E,x,y]) =Tr /\iéforl <i<m;
bi([&,x,y]) =xE'yforO<i<m—I;

[ ]
[
X
x§
Tig ey =det| . |:
xér.nfl

o D,y to be the matrix [x$i+j_2y];f’j=1; and
* Apgxy = detDigx .

Itis clear that Ag ) # 0if [€, x, y] is regular. The group GL,, acts on 9, from
right by [£, x, ylg = [¢'£g. xg, g~ y], under which a;, bi, Di¢ x.y) and Afe x )
are invariant. We denote 90, (k)reg the set of regular elements.

Lemma 5.6. Two regular elements [£, x, yland [€, x, y'] are in the same GL,, (k)-
orbit if and only if a; ([€, x, y]) = a; ([§', x', y') (1 <i < m)and b;([§, x, y]) =
b ([, x", D) (0 <i <m —1). The GL,,-stabilizer of a regular element is trivial.

Proof. See [32, Proposition 6.2 and Theorem 6.1] for the first and second state-
ments, respectively. O
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We define two more spaces

Gy = {[Es X, y] € My (k)reg | § € Sy (k"), x € Maty , (K"), y € Matm‘l(k,)}§
Ui = {[B: 67,2, 2"1| B € Her)\(k), [£P, 2, 2] € My (K)reg. P € UL (K), ¥ = B~ 127},

where Ufl = UWP?). For )JE,,, we also define a right GL,,(k)-action by
[B:£F.2.2"1g = ['g"Bg: g '€g.2¢.¢7'2*]. For [£,x,y] € &,, we write
[£,x,y] < [B;&P, z, z*] if there exists g € GL,,(k) such that [£,x,y] =
[%ﬂ, z, z2*]g. We have the following lemma which is similar to Lemma 4.11.

Lemma 5.7. For [£,x,y] € &, there exists an element [B; P, z,z*] € iJ.En,
unique up to the previous GL,, (k)-action, such that [&,x,y] < [B; &P, z, z*]
Conversely, for [B; &’3, z,7*] € il,un, there exists an element [€, x, y] € &, unique
up to the GL,, (k')-action, such that [€, x, y] < [B; £, z, 1.

Proof. We first point out that two elements [£, x, y] and [§/, x', y'] of &,, are
conjugate under GL,, (k) if and only if they are conjugate under GL,, (k). In fact,
assume [£, x, ylg = [£/,x/,y']. Then g~ '&g = & implies that g©~l£g” = &/;
xg = x' implies that xg® = x’; g~ 'y = y’ implies that g©~!y = y’. Therefore,
g§=3"

It is easy to see that for [, x, y] € M (k)reg, [£, x, y] and ['£, "y, "x] have the
same invariants. Therefore, there is a unique g € GL,, (k) such that g leg =g,
xg = 'y, g7y = "x. Now if [£,x,y] € &, then ['£,7y,'x] € &,,, which
implies that g = g*. Moreover, we have g = ‘g and '€7¢g~'& = g~!. Therefore,
g~ ! € HerX (k') and £ € U}, l(k’). We also have y = (g~ !1)~!x” which means
that [g™'; &, x, y] € 4y and [£, x, y] < [7g711 &, x. 1.

Conversely, given [B; &, 7, z*] € 0, since 'EBTET = BT, Tl 1gpT = £,
¢ = B711z7 we have ['€,7z%,7Z]B° = [€71, 27, (z¥)7]. Moreover, since

(&, z, Z*] and ['€,'z*, 'z] have the same invariants, there exists y € GL,, (k) such
that [§, z, 2]y = [’s 'z%,'z]. Therefore, [§,z, 2*1(yB%) = [§771, 27, (2],
which implies that y87 € S,,(k'); yB7 = gg=~! for some g € GL,, (k). Then
(¢7'6¢)(g7'£8)" = 1,,. Moreover, zgg™ ! = 77 implies zg = (z¢)";¢7¢ " '¢* =
(z*)" implies g~'z* = (¢7'z")". Inall, [, 2, z"1g = [¢7'€g, 28,87 '] € G
The uniqueness of g is obvious. O

For f € [Her)\(k)], we write WA = Wand VP =V = W @ X @ X* if the
matrix representing the hermitian form on W is in the class 8. Write Uﬁ, (resp. Uf ,
U ., HP) for UWP) (resp. U(VF), U(VA) x Resy Mat 1, H).

Definition 5.8. (Pre-regular element). An element [, x,y] € S,n(k") (resp.

(8, z] € Ugﬂm(k/ )) is called pre-regular if the stabilizer of ¢ (resp. ¢#) under
the action of Resy/xr Uyr .17 (resp. (U{,’m)z) is trivial.

Applying Lemma 4.6 to P = Pyr 4, 17, the Uyr s, 17 (k)-orbit of ¢ for which
[¢, x, y] is pre-regular necessarily contains a unique element of the form (4.14)
with ; (¢) € k* and Pr(¢) € S,,(k'). It is called the normal form of [¢, x, y], and

we say [¢, x, y] is normal if it is of such form. Applying Lemma 4.7 to P’ = 1 m>
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the (Ul/r)m)z—orbit of g“ﬂ for which [Cﬁ, z] is pre-regular necessarily contains a

unique element of the form (4.16) with ti(gﬂ) € k* and Pr({ﬂ) € U,’f, (k" Tt is
called the normal form of [(’3, z], and we say [{'3, z] is normal if it is of such form.

Definition 5.9. (Regular element). An element [¢, x, y] € S, (k) (resp. [g“ﬁ, z]l €
Uf,m(k’)) is called regular if it is pre-regular and [Pr(¢), x,y] € &, (resp.

[B: Pr(¢P), z,z*] € il,un). We have the notions S, ,, (k") reg, Uf?,m(k’)reg for the sets
of regular elements.

As before, we have the following proposition whose proof we omit.

Proposition 5.10. Let the notation be as above.

(1) There is a natural bijection

S K /HEKY <> [ UL, K )regl/HP ).
Be[Her,y; (k)]

IfN[¢#, z] = [¢,x, y], we say that they match and denote by [, x, y] <
[P, z].

(2) The set Sy pm(k")reg (resp. Uf,m(k’ )reg) is non-empty and Zariski open in
Sn.m (resp. U,’im ). Moreover, the H-stabilizer (resp. HP -stabilizer) of regular
(¢, x, y] (resp. [£P, z]) is trivial.

It is clear that the regular orbit [{,x,y] € [Spm(k )regl/H(K') (resp.
[ch.z] € [Uf’m(k/)reg]/Hﬁ (k")) is determined by its invariants #;(£) (resp.
P (o= 1,...,0), ai([g, %, y]) = ai([Pr(¢), x, y]) (resp. a;([¢F,z]) =
a;i([Pr(¢P),z, ") (i = 1,...,m), and b;([¢, x, y]) := b; ([Pr(¢), x, y]) (resp.
bi(¢P, 2]) = bi([Pr(¢P), z,2*D) (i =0, ..., m—1). Wehave [¢, x, y] < [¢F, 2]
if and only if they have the same invariants. For simplicity, we put Tp; » y] =
Tipe().x.y1s Przoxyt 7= Dipee).x.y) and A x yp i= Apprg).x.y)-

Proposition 5.11. (Smooth matching at a split place). Let v’ be a place of k' which

splits into two places ve and v, of k. Then [Her,$ (k)] is a singleton and we suppress
B in notation.

(1) For [¢,x,y] € Sum (k’)reg, we may extend the local orbital integral
Ouu/ (=, [¢, x, y]) uniquely to a continuous linear functional on §(S,, (k;,) X
GL (ky) x WY (ky)).

(2) For [¢',z] € Upp(k')eg, we may extend the local orbital integral
Ouw(_’ [£, z]) uniquely to a continuous linear functional on (U, (k;,) X
U (k) x Lk )®).

(3) There is a surjective continuous linear map

SM: 8(Sy(kjy) x GLy (ky) x WY (ky)) = 8(Uy (k) x Uy (k) xL(k;/)EBZ)
such that for all ¥y in the former space,
O;,Lv/ (Fv/v [{5 -x’ )’]) = Ouv/ (SM(FU/)s [é‘/v Z])? (513)

for every pair of normal elements [¢, x, y] and [¢’, z] that match.
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Proof. Since v’ is split, we may take 8 = 1,,,. As in the proof of Proposition 4.14,
we identify S, ,» (resp. U, ) with GL, ;s (resp. GL, /), and moreover S, ,,
(resp. Uy ) With GL,, iy x Maty ,, v X Mat,, 1, (resp. GL,, X(Matl)m’v/)z).
Then [¢, x, y] < [Z, (x.'y)].

For (1), consider Fy, y @ Fy, o @@y € 8(S, (k) @8(GLyy (k) @S(WY (k).
By (5.4) and (5.9), we have

Ou/(an’®Fmv’®q>vv (¢, x,yD

/ // // Fuw(gs e uy cug80) Fouw (8, 80071

GLm v/(Ul' m T /) (GLm v

t e+ ()0 _ r)e+ (17),
(0550 200 (( PO o (y _ %))

(- = nf),— (), (n)e — ()0
z(Z']Eo)w(J((b”)._(br,r)o—f-x( ) 2( ) Lo . n y

+(nr)o(n:<)o - (nr)o(n:()o)) dgedgodu,du,dg,

where

V=9 wat Furtul, +otusy))s 7=0 -0

and
Luiyp ni,1 nim by b1
Ur—1,r :
I n Rrm by br1
* *
1 nyr 1
u= : E
* *
1 nr,r nr,l
*
1 ur,rfl
*
Uz
1
. * I *
nr:[n’!l n”], n, = [nl,r nr,r]'

By (5.3) and (5.4),

i 1
(w@ﬁ(g., go)<I>v/) (x,y) = n(det g, ' go)l det gagoly,

Dy ((x + 2)&e, (x — 2)80) ¥/ (jzy)dz,

Matl.m,u’
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where ;1 = (u, u~!) by abuse of notation. Therefore, the functional assigning
F, € S(Sn(k;,) x GL,, (ky) x WY (k) to

ouu/(Fv/,[z,x,y]F/ // ///

GLmA/(U]V,m, 1r_U/)Z(GLm,U’)ZMatl‘m,v/

Fugs e uy cuoggo, (8o 80)~ ")

W(‘] ((br,r). - (br,r)o —+x (nr). — (I’lr)o + (I’l,«). - (”lr)oy

2 2
+(nr)o(n;k)o - (nr)o(n;k)o))

5o+ 1y _
¥ (z._]zo) v’ (jzg—1 (y - M))u(det g2 'g0)

1
| det gogol, dzdgedgodu,du dg, (5.14)
where
nr)e + (1,)o _ nr)e + (1y)o _

is the desired extension which is apparently unique.
For (2), consider fn,v’ ® fm,v’ ® ¢1,v’ & ¢2,v’ € S(Un (k;/)) ® S(Um(k:,/)) ®
S(L(k;,)) ® S(L(k;,)). By Lemma 5.3(1) and (5.12), we have

O//.v/(fn,v/ & fm,v/ (29 ¢],v’ ® ¢2,v/v (¢, (x, t)’)])

- / // / fn’v/(g:lgilﬂrlgﬂog)fm,u’(g:])

GL’"J’/(UI",m.lr,v’)2 GL

m,v’

((optern) o) ((x+ 225 )

. ’(y (), ‘ (nf)o),g_l)

W(‘] ((br,r). - (bi’,r)o +x (nr). — (nr)o + (nr)' - (nr)oy

2 2

+(nr)o(n:)o - (nr)o(n:)o))
¥ (') dgud,du,dg.

By Lemma 5.3, we have
ks
(@ 2 (g)d10) @ o) (.9

1
= p(detg, )| det Gely / G100 ((x +2)80) P20/ (x — DY (jzy)dz.

Matl.m_v/
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Therefore, the functional assigning f,; € 8(U, (k],) x Uy, (k!,) x L(k/ N¥2) to

Opy (b [, 2]) = / // / / fr(e.'e ug cu g 8", 0)

GLm,v/(Ulrtm,]r.v/)z GLm‘v’ Matl.mm’

W(j ((br,r), — (bryr), +x (), = (n5). 4 e — (e

2 2

+(nr)o(”:<)o - (nr)o(nj)o))

9, + (1 .
v (5w, w/(jzg‘l (y - M))u(det g

1
| det g, dzdgedu,du dg, (5.15)
where
nr)e + (1r)o - nr)e + (Nr)o _
l:((er—( ) 2( o | g ])gg.,(x+—( r) 2( e _ g l)g),

is the desired extension which is apparently unique.
For (3), we put

1
SMUF, ) 8o ) = [ Fygon (g0 85 o o) ptdet g0l det gl e,
GL

m,v’

where we have naturally identified S, (k],) (resp. GLy,(ky,) and WY (k,/)) with
U, (k) (resp. Uy (k;,) and L(k;,)eﬂ). Then (5.13) follows by (5.14) and (5.15).
The continuity of SM is clear. We only need to show the subjectivity. Consider
8(Uy (k) x Uy (k) x Lk, ,)®?) as a smooth Fréchet representation p, of GL,, (k,,)
via the action

1
(0o (8)E) (I, ge (x, ) = £y (hgo, g, (X, ¥8o))u(det go)| det gol -

By Dixmier-Malliavin theorem [5], there exist finitely many functions o) €
S(GL,, (ky,)) and fﬁi) € S(Unk),) x Up(kl,) x L(k;/)@z) such that £y =
> po(w(i))féf). Put

Fy(h, (80.80). 2. 3) = > ¢V (s (B, gu, x. ).

1

Then SM(F,/) = f,/ by construction. |

Remark 5.12. For almost all split places v" where everything is unramified, if we
take the test functions to be the characteristic functions on corresponding hyper-
special maximal compact subgroups (or the image in the symmetric space) and
lattices, then the two orbital integrals are equal. More precisely, the one for the
unitary group is the image of the one for the general linear group under SM.
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Inspired by the split case in Proposition 5.11, we conjecture that, similar to
Conjecture 4.13, the smooth matching of functions in 8(S, (k; ) X GL,, (ky) x
WY (ky)) and 8(U, (k;,) x Uy (k],) x L(k;,)@z) holds for all places v'. We omit
the explicit form of this conjecture in the current case.

5.4. The fundamental lemma

We now state the fundamental lemma for Fourier—Jacobi periods. We use the nota-
tion in the beginning of Sect. 4.4, except that we have

(=) Tiexn Thiz1 5©O) s even

t((¢, x, y]) = [ (1) lTi s (5.16)

m is odd.
For simplicity, we only consider the fundamental lemma for unit elements.

Conjecture 5.13. (The fundamental lemma) Assume thatk / k', ¥',  are all unram-
ified and j € o. Then we have

Ou s, 015 IMaty (o) © IMat,, (0> [§5 %, Y1)

— {t([§7 X, y])oﬂ(]lU;:'(o’)v ]lMath(O)a [CJ’_’ Z]) [é" X, Y] <~ [§+a Z] GU;:_’m(k/)
0 [¢,x,y] < [¢7, z1€U, , (K),

where [, x, y],[¢ T, z] are normal, and
Ou (s, (0); IMaty (o)) @ IMat,. i (0)- [£5 x5 YD

= / ]lsn(o/)([C]h) (w%ﬁ(h) (]lMatl,m(o/) ® ]lMatm.l(o’))) (x, )’)ﬁ(h)dh,
H(K')
Oyt oy Ity o)+ 67 2D)
= / ILU;(U/)([{"']h’) (w%,ﬁ(h/)ﬂMatl,m(o)) (Z)ﬂ/(h/)dh/.
H+(k/)
When n = m, the above orbital integrals become the following ones

O, (s, 015 IMaty »(0) ® IMat, (05 [5 X, ¥])

= / ]15,,(0’)(g_lfg)]lMath(o’)(Xg)]lMatn,l(o’)(g_ly)n(detg)dg;
GL, (k')
Ou(]lU;r(g/)§ ]lMatl,,,(o), [§+, z]) = / ]lU;r(o/)(g/il§+g/)]lMat1,n(u)(Z8/)dg/,
Uyl (k)
which are much simpler.

It is easy to see that [, x, y] matches some element [¢ T, z] € U,;im(k’) (resp.
[c7,z] € U,:m(k’)) if and only if val(A¢ x,y) is even (resp. odd).
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Proposition 5.14. If val(A(; 1) is odd, then

Ou(Ls, 0y IMaty (o)) @ IMat,, 1 (0)s [5 X, y]) = 0.
Proof. The proof is similar to Proposition 4.16. We first assume that r > 0. Put

W,
w = 1,,
W,

Expanding all the definitions, we have

Ou s, 015 IMaty (o) © IMaty, (0, [§5 %, ¥]) =
Uyr 1 (k) GLyy, (k)

Is, (o (g_li_lizrg) Iaty (o) (6 + 1)) Imar, (o) (g_l(y - n+))

ntn_ —n"ng

E(b*—i—xn_—i-n_y-i- :

)y@l)n(detg)dgdz, (5.17)

where u (nt,n™, ny, n_, b") is the image of u under the projection H — H'. By
the following identities
Ls, (0 (8) = Ls, )W sW), Lt (o) (%) = LIiag,, (o) (%),

Lntaty, 1 (0) () = Ivtaty (o (),

we have

sim= [ [ s (ewrwo ommw )
Upr mar &) Loy )

]lMat]Vm(o/) ((ty _ t}’l+) l‘g—l) ]lMatm,l(o’) (tg(lx 4 ln+))
tn_ —

7 (bT Fan_+ny+ %) Y (et 9)dgdu. (5.18)

Since [¢, x, y] and [W’¢w, 'y, 'x] have the same invariants, as we see in the proof
of Lemma 5.7, there exists & € GL,,(k’) such that w'¢w = h~'¢ch, 'y = xh,
'x =h~'y,'h = h, and n(det h) = —1. Plugging h, we have

cam= [ [ tse (@l ow )

Uyr m,1r (k) GLy (K')
C(hWth’_IWh_l)r (htg—l))
1 ( ot -1 ro—1 to—IN=l/y o gt +
Mat (0" | (X + (="ngh™ ) (h"g™) ) Imat, (0 \(h' g )™ (y —(=h'n™))

+ _ —
v (b* Fxn_+nTy+ %) Yy (det g)dgdu. (5.19)
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Note that z(g’l) =y ((hw ’g”’lwh”)_l), and

. + _ —n
E(lf—%—xn_%—ny—i——n . 2n n+)

+ —
(s . . 1 nTn_—n"ny
—W(b —i—x(hn)—i—(n,h )y+—2 )

v (—bT’T +x (h tn_) + (’n_h_l) y

+(—’n+h’1) (h'n=) = ('n_h™") (—h’n*)).

2

If we make the following change of variables: Aw ‘u® " 'Wh™! > u, hig™! > g,
then

—tnyh Vet ik Ve nTy —h'nt e g h'nT e ol —bTT e bl
Therefore, (5.19) = n(det 1) x (5.19) = — (5.19), which confirms the proposition.
The case r = 0 follows from a similar, but much simpler argument. O

Theorem 5.15. (Fundamental lemma for U, x U,). Assume char(k) > n, or
char(k) = 0 and the residue characteristic is sufficiently large with respect to
n. Then the fundamental lemma holds for U,, x U,, that is, we have the following
equality

Ls, (o) (8" ¢&) Inaty (o) (¥8) Ita, (o) (& ¥)(det g)dg
GL, (k")

N / Lyt (o) (&' 8) Ivtaty (0 (28))d
Uy (k)

when [£, x, y] and [¢ T, z] match with ¢+ € UF(K').

The proof uses the Cayley transform to reduce the statement to the Lie algebra
version of the fundamental lemma for U,,41 x U,,, which is proved in [37]. The idea
of using Cayley transform is inspired by the work of Zhang [38]. In what follows,
we fix a basis of V™ = W™ such that 87 is simply the matrix 1,,. We first recall
the following well-known lemma.

Lemma 5.16. (Cayley transform) Let s,, (k) (resp. u, (k")) be the subset of Mat,, (k)
consisting of matrices A such that A* = —A (resp. 'A" = —A). Let s,(0’) (resp.
u, (0")) be the intersection of s, (k") (resp. u, (k")) with Mat,, (o).

(1) IfAisins,(k"), then 1, + A is invertible and (1, — A)(1, + A) "V isin S, (k');
conversely, if A is in S, (k') for which —1 is not an eigenvalue, then 1,, + A is
invertible and (1, — A)(1, + A) "V is in s, (k'). Moreover, A belongs to s, (0")
if and only if (1, — A)(1,, + A)~! belongs to S, (0");
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(2) IfAisinu,(k'), then1,+ A is invertible and (1, — A)(1, + A) L isin U;F(k);
conversely, if A is in U;f (k") for which —1 is not an eigenvalue, then 1, + A is
invertible and (1, — A)(1, + A) "V is in u,, (k'). Moreover, A belongs to u, (o)
if and only if (1, — A)(1, + A)~! belongs to U (o').

The following lemma in linear algebra will be used shortly.

Lemma 5.17. Let A be a matrix inw, (k') that is regular semisimple. Then for every
element z € Maty , (k) there exists an element d € o N k™~ such that

t.T
[ Ji J_Z } (5.20)

which is a matrix in u,11(k"), is also regular semisimple.
Proof. Let P;(A) be the characteristic polynomial of (5.20). Then
Pi(h) = (A +d)Pa(2) + Q(A),

where P4 is the characteristic polynomial of A, and Q is a polynomial of degree
n—1, whose leading coefficientis j?z ‘z*. The matrix (5.20) is regular semisimple if
and only if the resultant Res(Py, P)) of Py and P} is nonzero. Since Res(Py, P)) =
det S(P4, P)), where S(Py, P)) is the Sylvester matrix of P; and P, which is a
(2n 4 1) x (2n + 1) matrix here. A simple calculation shows that det S(Py, P)) is
a polynomial in d whose highest degree term is (—1)" Res(Py4, Pg)dz”. Since A
is regular semisimple, Res(Py, P)) # 0. Therefore, there are only finitely many d
such that (5.20) is not regular semisimple. The lemma follows immediately. O

Proof of Theorem 5.15. By multiplying a scalar & € k!, we may assume that ¢+
does not have — 1 as an eigenvalue. By Lemma 5.16(1), AT = (1,—¢ )1, +¢7)~!
is in 1, (K), and T+ oy (¢ 71¢Tg") = Ty, (0 (g''ATg'). Applying Lemma 5.17
to the matrix A™ and z, we may choose an element d € o N k™ such that

. A t,T
+ _ J 'z
A _[JZ —d]

ILUrf(o/)(g/_l §+g/)1Mat1,n(o) (Zg/) = ILu,,+1 (a’)(g/_1 A+g/),

is regular semisimple. Then

where U, embeds into U}/ | via

!/
’ 8
gH[ 1]

We do the same process to the symmetric space. Since [{, x, y] and [¢T, z] match,
¢ does not have —1 as an eigenvalue. By Lemma 5.16(2), A = (1, — ¢)(1,, + g“)_]

isin s, (k"). Put
oAy
A_[Jx —d}’
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which is in s, 1 (k). Then

Is, (0" (g_lé“g)]lMat.,,,(o’)(xg)]lMatn,l(o/)(g_IY) =1,,,,0)(g 'Ag),

where GL,, embeds into GL, 4+ via

ee[]

By definition, A is strongly regular semisimple in the sense of [37, Definition
2.2.1]. Moreover, A and A match in the sense of [37, Definition 2.5.1] (and hence
A is strongly regular semisimple as well). By the main theorem of [37] (under the
assumption on the characteristic), we have

s, 0 (g ' Ag)n(det g)dg = / Ly, o8 "ATg)dg,
GL, (k) Uyt (k')

which is equivalent to the identity in the theorem.
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referee for the careful reading and constructive comments. The author is partially supported
by the NSF grant DMS-1302000.

A. Appendix: A brief summary on local Whittaker integrals

We collect some facts about integrals of local Whittaker functions that are used in
this article. All the results here can be found in [4,18,21,23-25].

Let k be a local field, ¥ : k — C* a nontrivial character. We write | | = | |, and
Mat, ; = Mat, (k) for simplicity. Let 7 (resp. o) be an irreducible admissible rep-
resentation of GL,, = GL, (k) (resp. GL,, = GL,,(k)). Let W(y) = Indgan” () be
the space of all smooth functions W (g) on GL,, satisfying W (ug) = v (u)W(g) :=
Yo+ +uy—1,,)W(g) forallu = (u;;) € Uy, the group of upBer—triangular
unipotent matrices. It is a smooth representation of GL,, by right translation. Let
Vr be the space where 7 realizes. If k is archimedean, then we take V; as the
canonical Casselman—Wallach completion of the corresponding Harish—Chandra
module of . A fundamental theorem of Gelfand—Kazhdan and Shalika states that
there is at most one GL,-equivariant map, up to a constant multiple, from V; to
W(r). If it exists, then we say 7 is generic. Being generic is independent of ¢ we
choose. Same arguments apply to o. In what follows, we will assume that = and
o are generic. We denote by W(r, ¥) (resp. W(o, ¥)) the nontrivial image of Vy
(resp. V) in W(ir) (resp. W(¥)). Moreover, we have

WE, ¥ = {v’f/(g) = Ww, g™ | W e W, w)} .

Pute, = [0,...,0,1] € Maty ,,. For W € W(r,0), W~ € W(o,¥) and ® €
S(Maty ;,), we consider following integrals
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(1) Forn>mand0<r<n—-m-—1,

g 0 0
W, (s; W, W) = / / Y o
Uym\ GL;, Maty, 0 0 1,_,—
|det g~ "2 dxdg. (6.1)

(2) Forn>mandl <r <n-—m,

W, (s; W, W™ @) =

g 0 0 0
x L, 0 0 _
/ / / w y o0 1 0 W= ()@ (y)
Uym\ GL,, Mat, _1 ,, Maty 0 0 0 1,
|det g|°~"2" dydxdg. 6.2)

(3) Forn>m,

e wwe = [ w([g ln(im]) W () d(ems)

Uym\ GL,,
|det g|*~ 7" dg. 6.3)
We put
3r(r x o) ={W,(s; W, W) | W e W(rr,0), W € W(o, )}
forO<r<n—-—m-—1,and
I xo)={U,(s; W, W ;@) |WeW(r,0), W € W(o, ), d € S(Maty )}

for 0 < r <n — m, which are complex vector spaces.

The following proposition is proved in [4,18,21,25]. For simplicity, we state
the result for k non-archimedean only, while the statement for £ archimedean can
be found, for example, in [18, Sect. 2].

Proposition 6.1. Let w and o be as above, and w the central character of o. Then

(1) EachelementinJ,(w x o) and J!.(w x o) is absolutely convergent for Re s >
0, and has a meromorphic continuation to the entire complex plane.

(2) There exists a unique function L(s,m x o) of the form P(q ==L where
P € C[X] and q is the cardinality of the residue field of k, such that

dr(r x0)=73,(m x0)=L(s, 7 x0)-Clg™*, ¢"]

for every possible r. In particular, for every so € C, there exist W, W~ (resp.
and ®) such that

W, (s; W, W™) W,.(s; W, W—; D)
_— |S:S0 resp.

|s=so

L(s,m x0) L(s,m x0)

is nonzero.
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(3) There is a factor €(s, w X 0, Yr), depending only on v, o and V, of the form
cq™ 'S such that

W1 (1 — 53 W, W) O W, (ss W, W)
= _1 " ) 9 T N
L(—s,7x0) 0o (=D els, 7w x 0, ¥) L(s,m x0)

forn > m, and

Wy (=5 W, W—: - W, (s: W, W—: @
nomr (= W W ®) iyile(s, e x o, )2 )
L(l—s,m x0) L(s,m x0)

for n > m, where ® is the \r-Fourier transform of ®, that is,

B(y) = / S () (x ' y)dx,

Maty
in which the measure dx is selfdual.

Proof. The proof of these statements can be found in the literature mentioned
previously, except for J.(7 x o) when n > m. We provide a proof for the latter
case, following [21].

By the functional equation, we can assume that 0 < r < n — m. Put

Wy = / 0 1, Wd(—"u)du,

Maty, i 1Lyim—r—1

whichis in W(r, ¥). Then W, (s; Wi, W) = W,(s; W, W—; ®). To conclude, we
only need to show that Wy, _,, 1, (s; IO(Wn,m) Wl W) =, (53 oWy m) W,
wW—; 5), which is implied by the Fourier inversion formula.

Put

W wey = Y W)
R T T il
Ve (s; W, W™ @)

L(s,m x0)

WEW, W @) = sz - (6.4)

Corollary 6.2. Assume 7w and o are both generic.

(1) Whenn > m, the Whittaker integral ‘-If,u (W, W™) (6.4) defines a nonzero element
in Hompy (7 ® o, v) by choosing a suitable basis as in Sect. 2.2.

(2) When n > m, the Whittaker integral \IJE(W, W™, ®) (6.4) (with o replaced by
o @ u~') defines a nonzero element in Hompy (m ® 0 ® v, C) by choosing a
suitable basis as in Sect. 3.2.

When £ is archimedean, or the representations 7 and o are unramified, we can use
the Langlands parameter to define the representation & Mo, its L-factor L(s, w Xo')
and e-factor € (s, m X o, ). We have the following proposition.
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Proposition 6.3. [4,18,23-25] Let the notation be as above.

(1) Ifk is archimedean, then L(s,m x 0) = L(s,t o) ande(s,m X 0,¥) =
e(s,m Xo, ).

(2) If k is non-archimedean with o its ring of integers, take ¥ to be unramified.
Let w (resp. o) be an unramified representation associated to a semisimple
conjugacy class Ay € GL,(C) (resp. Ac € GL,(C)). Let W, (resp. W)
be the unique GL,(0)- (resp. GL,,(0)-) fixed Whittaker functions such that
W@, = 1 (resp. W-(1,,) = 1), and ®, the characteristic function of
Maty ,, (0). Then

W, (55 Wo, W) = W, (53 Wo, W) @) =det(l —g Ay @ Ay) ™!
=L, 7t xo)=L(s,m Xo)

for every possible r.

Proof. In (2), the proof for the integral Wo(s; W,, W) when n > m, and for the
integral Wo(s; W,, W."; ®,) when n = m can be found in [23]. The remaining part
follows easily as in Proposition 6.1. O
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