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Abstract The little Grothendieck problem consists of maximizing Zij Cijxix;j for
a positive semidefinite matrix C, over binary variables x; € {=£1}. In this paper we
focus on a natural generalization of this problem, the little Grothendieck problem
over the orthogonal group. Given C € R¥*4" 3 positive semidefinite matrix, the
objective is to maximize ) ; St (C; O; OJT) restricting O; to take values in the group
of orthogonal matrices Oy, where C;; denotes the (ij)-th d x d block of C. We
propose an approximation algorithm, which we refer to as Orthogonal-Cut, to solve
the little Grothendieck problem over the group of orthogonal matrices Oy and show a
constant approximation ratio. Our method is based on semidefinite programming. For
agivend > 1, we show a constant approximation ratio of arg (d)?, where arg (d) is the
expected average singular value of a d x d matrix with random Gaussian N (0, %) 1id.
entries. For d = 1 we recover the known ap(1)> = 2/7 approximation guarantee
for the classical little Grothendieck problem. Our algorithm and analysis naturally
extends to the complex valued case also providing a constant approximation ratio for
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the analogous little Grothendieck problem over the Unitary Group U,;. Orthogonal-
Cut also serves as an approximation algorithm for several applications, including the
Procrustes problem where it improves over the best previously known approximation
ratio of ﬁ The little Grothendieck problem falls under the larger class of problems
approximated by a recent algorithm proposed in the context of the non-commutative
Grothendieck inequality. Nonetheless, our approach is simpler and provides better
approximation with matching integrality gaps. Finally, we also provide an improved
approximation algorithm for the more general little Grothendieck problem over the
orthogonal (or unitary) group with rank constraints, recovering, when d = 1, the
sharp, known ratios.

Keywords Approximation algorithms - Procrustes problem - Semidefinite
programming

Mathematics Subject Classification 68 Computer science - 90 Mathematical
programming

1 Introduction

The little Grothendieck Problem [3] in combinatorial optimization is written as

n n
Xl_rél{alixl}zzCuxixj, (D

i=1 j=1

where C is a n x n positive semidefinite matrix real matrix.

Problem (1) is known to be NP-hard. In fact, if C is a Laplacian matrix of a graph
then (1) is equivalent to the Max-Cut problem. In a seminal paper in the context of the
Max-Cut problem, Goemans and Williamson [19] provide a semidefinite relaxation
for (1):

n n

sup max CiiXI'x:. 2
%XGRMZZ iiXi Xj )

It is clear that in (2), one can take m = n. Furthermore, (2) is equivalent to a semi-
definite program and can be solved, to arbitrary precision, in polynomial time [39].
In the same paper [19] it is shown that a simple rounding technique is guaranteed to
produce a solution whose objective value is, in expectation, at least a multiplicative
factor % ming<g<x ﬁ ~ (.878 of the optimum.

A few years later, Nesterov [27] showed an approximation ratio of % for the general
case of an arbitrary positive semidefinite C > 0 using the same relaxation as [19].
This implies, in particular, that the value of (1) can never be smaller than 7% times the
value of (2). Interestingly, such an inequality was already known from the influential
work of Grothendieck on norms of tensor products of Banach spaces [17] (see [31]
for a survey on this).

Several more applications have since been found for the Grothendieck problem (and
variants), and its semidefinite relaxation. Alon and Naor [3] showed applications to
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estimating the cut-norm of a matrix; Ben-Tal and Nemirovski [10] showed applications
to control theory; Brietet al. [6] explored connections with quantum non-locality. For
many more applications, see for example [2] (and references therein).

In this paper, we focus on a natural generalization of problem (1), the little
Grothendieck problem over the orthogonal group, where the variables are now ele-
ments of the orthogonal group Oy, instead of {£1}. More precisely, given C € R>dn
a positive semidefinite matrix, we consider the problem

S S CT00))

=1 j=1

where C;; denotes the (i, j)-th d x d block of C, and Oy is the group of d x d
orthogonal matrices (i.e., O € Oy if and only if 00T = 0T 0 = I;,).

We will also consider the unitary group variant, where the variables are now ele-
ments of the unitary group Uy (i.e., U € Uy if and only if UUH = UHU = ;).
More precisely, given C € C4"*4" a complex valued positive semidefinite matrix, we
consider the problem

maxeud Z Z tr (Ci‘;l U; UJH) . )

i=1 j=1

Since C is Hermitian positive semidefinite, the value of the objective function in (4)
is always real. Note also that when d = 1, (3) reduces to (1). Also, since /] is the
multiplicative group of the complex numbers with unit norm, (4) recovers the classical
complex case of the little Grothendieck problem. In fact, the work of Nesterov was
extended [25] to the complex plane (corresponding to U/], or equivalently, the special
orthogonal group SO») with an approximation ratio of 7 for C > 0. As we will see
later, the analysis of our algorithm shares many ideas with the proofs of both [27]
and [25] and recovers both results.

As we will see in Sect. 2, several problems can be written in the forms (3) and (4),
such as the Procrustes Problem [26,33,36] and Global Registration [13]. Moreover, the
approximation ratio we obtain for (3) and (4) translates into the same approximation
ratio for these applications, improving over the best previously known approximation
ratio of 21—2 inthe real case and % in the complex case, given by [30] for these problems.

Problem (3) belongs to a wider class of problems considered by Nemirovski [26]
called quadratic optimization under orthogonality constraints (QO-OC), which itself
is a subclass of quadratically constrainted quadratic programs (QC-QP). Please refer
to Sect. 2 for a more detailed comparison with the results of Nemirovski [26]. More
recently, Naor et al. [30] proposed an efficient rounding scheme for the non commu-
tative Grothendieck inequality that provides an approximation algorithm for a vast
set of problems involving orthogonality constraints, including problems of the form
of (3) and (4). We refer to Sect. 1.2 for a comparison between this approach and
ours.

Similarly to (2) we formulate a semidefinite relaxation we name the Orthogonal-Cut
SDP:
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n n

sup max ZZtr(CgXiXJI). 5)

mENXin‘TZIdXd i=1 j=1

Analogously, in the unitary case, we consider the relaxation

n n
sup max Z Z tr (CII;I Y; Y]H) . (6)
meN Yin‘H:IdXd i=1 j=1
Y; E(Cd xXm
Since C is Hermitian positive semidefinite, the value of the objective function in (6)
is guaranteed to be real. Note also that we can take m = dn as the Gram matrix
[X; Xjr]i, j does not have a rank constraint for this value of m. In fact, both Problems

(5) and (6) are equivalent to the semidefinite program

max tr(CG), @)

GEKdn xdn
Gii=lixd, G>=0

for K respectively R and C, which are generally known to be computationally
tractable! [1,28,39]. At first glance, one could think of Problem (5) as having d*n
variables and that we would have to take m = d?n for (5) to be tractable (in fact,
this is the size of the SDP considered by Nemirovski [26]). The savings in size (cor-
responding to number of variables) of our proposed SDP relaxation come from the
group structure of Oy (or Uy).

One of the main contributions of this paper is showing that Algorithm 3 (Sect. 1.1)
gives a constant factor approximation to (3), and its unitary analog (4), with an optimal
approximation ratio for our relaxation (Sect. 6). It consists of a simple generalization
of the rounding in [19] applied to (5), or (4).

Theorem 1 Let C = 0 and real. Let Vi, ..., V, € Oy be the (random) output of the
orthogonal version of Algorithm 3. Then

n

n n n
E| > > u(chviv])| z @’ max_ > > uw(choiof).

i=1 j=1 Lo di=1 j=1

where ar(d) is the constant defined below.
Analogously, in the unitary case, if W1, ..., W, € Uy are the (random) output of
the unitary version of Algorithm 3, then for C > 0 and complex,

n n n n
Hoyy v H 2 Hyy 7 H
E| 2> w(ciwwl) | = ac@) , om0 w(cluuf).,
seesn l=] ]:1

i=1 j=1

where ac(d) is defined below.

1 We also note that these semidefinite programs satisfy Slater’s condition as the identity matrix is a feasible
point. This ensures strong duality, which can be exploited by many semidefinite programming solvers.
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Definition 2 Let Gg € RY*? and G¢ € C?*? be, respectively, a Gaussian random
matrix with i.i.d real valued entries N (0, d _1) and a Gaussian random matrix with
i.i.d complex valued entries N (O, d _1). We define

d d
1 1
ar(d) =E 3;:1 0j(Gz) | andac(d) =E | - 2_ o (Ge) |,

where 0 (G) is the jth singular value of G.

Although we do not have a complete understanding of the behavior of g (d) and
ac(d) as functions of d, we can, for each d separately, compute a closed form expres-
sion (see Sect. 4). For d = 1 we recover the sharp ap(D)? = % and ac(1)? = T

results of, respectively, Nesterov [27] and Man-Cho So et al. [25]. One can also show
that limy_ o0 qu(d)2 = (%)2, for both K = R and K = C. Curiously,

2 8\> =« 2
ar (1) :;< I <Z:a(c(l).

Our computations strongly suggest that ar (d) is monotonically increasing while its
complex analog o (d) is monotonically decreasing. We find the fact that the approxi-
mation ratio seems to get, as the dimension increases, better in the real case and worse
in the complex case quite intriguing. One might naively think that the problem for
a specific d can be formulated as a degenerate problem for a larger d, however this
does not seem to be true, as evidenced by the fact that al%{(d ) is increasing. Another
interesting point is that ar(2) # ac (1) which suggests that the little Grothendieck
problem over O; is quite different from the analog in I/ (which is isomorphic to SO5).
Unfortunately, we were unable to provide a proof for the monotonicity of ek (d) (Con-
jecture 8). Nevertheless, we can show lower bounds for both a]%g (d) and a(%: (d) thathave
the right asymptotics (see Sect. 4). In particular, we can show that our approximation
ratios are uniformly bounded below by the approximation ratio given in [30].

In some applications, such as the Common Lines problem [37] (see Sect. 5), one
is interested in a more general version of (3) where the variables take values in the
Stiefel manifold O(g ), the set of matrices O € R*" guch that 00T = I;,4. This
motivates considering a generalized version of (3) formulated as, for r > d,

o0 B0, >SS (choio]). ®)

=1 j=1

for C > 0. The special case d = 1 was formulated and studied in [6] and [7] in the
context of quantum non-locality and quantum XOR games. Note that in the special
case r = nd, (8) reduces to (5) and is equivalent to a semidefinite program.

We propose an adaption of Algorithms 3, 9, and show an approximation ratio of
ar(d, r)?, where apr(d, r) is also defined as the average singular value of a Gaussian
matrix (see Sect. 5). For d = 1 we recover the sharp results of Briet el al. [7] giving a
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simple interpretation for the approximation ratios, as «(1, r) is simply the mean of a
normalized chi-distribution with r degrees of freedom. As before, the techniques are
easily extended to the complex valued case.

In order to understand the optimality of the approximation ratios o (d )2 and ac(d)?
we provide an integrality gap for the relaxations (5) and (6) that matches these ratios,
showing that they are tight. Our construction of an instance having this gap is an
adaption of the classical construction for the d = 1 case (see, e.g., [3]). As it will
become clear later (see Sect. 6), there is an extra difficulty in the d > 1 orthogonal
case which can be dealt with using the Lowner—Heinz Theorem on operator convexity
(see Theorem 13 and the notes [11]).

Besides the monotonicity of a]%((d) (Conjecture 8), there are several interesting
questions raised from this work, including the hardness of approximation of the prob-
lems considered in this paper (see Sect. 7 for a discussion on these and other directions
for future work).

Organization of the paper The paper is organized as follows. In Sect. 1.1 below
we present the approximation algorithm for (3) and (4). In Sect. 1.2, we compare our
results with the ones in [30]. We then describe a few applications in Sect. 2 and show
the analysis for the approximation ratio guarantee in Sect. 3. In Sect. 4 we analyze
the value of the approximation ratio constants. Section 5 is devoted to a more general,
rank constrained, version of (4). We give an integrality gap for our relaxation in Sect. 6
and discuss open problems and future work in Sect. 7. Finally, we present supporting
technical results in the “Appendices 1 and 2”.

1.1 Algorithm

We now present the (randomized) approximation algorithm we propose to solve (3)
and (4).

Algorithm 3 Compute X1, ..., X, € R (or Yy, ..., Y, € C¥>*™) q solution to
(5) [or (6)]. Let R be a nd x d Gaussian random matrix whose entries are real (or
complex) i.i.d. N (0, %). The approximate solution for (3) [or (4)] is now computed
as

Vi =P(XiR),

where P(X) = argming ., [|Z — X||p(or P(Y) = argming g, [|Z — Y||F), for any

X e R ory e C) and ||X||lr = Jtr (XXT)(IY||F = \Jtr (YYH)) is the

Frobenius norm.

Note that (5) and (6) can be solved with arbitrary precision in polynomial time [39]
as they are equivalent to a semidefinite program (followed by a Cholesky decomposi-
tion) with a, respectively real and complex valued, matrix variable of size dn x dn, and
d’n linear constraints. In fact, this semidefinite program has a very similar structure
to the classical Max-Cut SDP. This may allow one to adapt specific methods designed
to solve the Max-Cut SDP such as, for example, the row-by-row method [41] (see
Section 2.4 of [5]).

@ Springer
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Moreover, given X ad x d matrix (real or complex), the polar component P(X) is
the orthogonal (or unitary) matrix part of the polar decomposition, that can be easily
computed via the singular value decompositionof X = ULV as P(X) = UVH (see
[15,20,21]), rendering Algorithm 3 efficient. The polar component P(X) = UV is
the analog in high dimensions of the sign in O; and the angle in /; and can also be

_1
written as P(X) = X (XHX) 2,

1.2 Relation to non-commutative Grothendieck inequality

The approximation algorithm proposed in [30] can also be used to approximate prob-
lems (3) and (4). In fact, the method in [30] deals with problems of the form

sup Z Mqulqu Yklv (9)
X,YEON qul

where M isa N x N x N x N real valued 4-tensor.

Problem (3) can be encoded in the form of (9) by taking N = dn and having the
d x d block of M, obtained by having the first two indices range from (i — 1)d + 1
to id and the last two from (j — 1)d + 1 to jd, equal to C;;, and the rest of the
tensor equal to zero [30]. More explicitly, the nonzero entries of M are given by
M —1)yd+r,i—1)d+r,(j—Dd+s,(j—1)d+s = [Ci-/]rs’ foreach i, jand r,s = 1,...,d.
Since C is positive semidefinite, the supremum in (9) is attained at a pair (X, Y) such
that X =Y.

In order to describe the relaxation one needs to first define the space of vector-
valued orthogonal matrices Oy(m) = {X e RNMxm . xxT — xTx =
Inxy) where XXT and XTX are N x N matrices defined as (XXT)p =

q
>l 201 X pkr X ke and (XTX)pq = 31 2t Xupr Xegr-
The relaxation proposed in [30] (which is equivalent to our relaxation when M is
specified as above) is given by

sup sup z M pgiiUpg Vi, (10)
meN U,VEON(W[) qul

and there exists a rounding procedure [30] that achieves an approximation ratio of
217. Analogously, in the unitary case, the relaxation is essentially the same and the

approximation ratio is % We can show (see Sect. 4) that the approximation ratios we
obtain are larger than these for all d > 1. Interestingly, the approximation ratio of %,
for the complex case in [30], is tight in the full generality of the problem considered
in [30], nevertheless ac(d)? is larger than this for all dimensions d.

Note also that to approximate (3) with this approach one needs to have N = dn
in (10). This means that a naive implementation of this relaxation would result in a
semidefinite program with a matrix variable of size d°n” x d’n?, while our approach
is based on semidefinite programs with matrix variables of size dn x dn. It is however
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conceivable that when restricted to problems of the type of (3), the SDP relaxation
(10) may enjoy certain symmetries or other properties that facilitate its solution.

2 Applications

Problem (3) can describe several problems of interest. As examples, we describe below
how it encodes a complementary version of the orthogonal Procrustes problem and
the problem of Global Registration over Euclidean Transforms. Later, in Sect. 5, we
briefly discuss yet another problem, the Common Lines problem, that is encoded by
a more general rank constrained version of (3).

2.1 Orthogonal procrustes

Given 7 point clouds in R? of k points each, the orthogonal Procrustes problem [33]
consists of finding n orthogonal transformations that best simultaneously align the
point clouds. If the points are represented as the columns of matrices Ay, ..., Ay,
where A; € R?*K then the orthogonal Procrustes problem consists of solving

n
min oTA; — 0T A% 11
.. oneodijz_l"’ i = 0j AjllF (1)

Since (|07 A; — OT Aj1[% = | Aill% + 14113 — 2t ((Al-AJT.)TO,- 0./T)’ (11) has the
same solution as the complementary version of the problem

n

max > ((AiAj)Toi 0‘{) . (12)

Since C € R4 given by C; i = A,-AJT is positive semidefinite, problem (12)
is encoded by (3) and Algorithm 3 provides a solution with an approximation ratio
guaranteed (Theorem 1) to be at least ap (d)>.

The algorithm proposed in Naor et al. [30] gives an approximation ratio of —=

22
smaller than o (d)2, for (12). As discussed above, the approach in [30] is based on a
semidefinite relaxation with a matrix variable of size d2n? x d%n? instead of dn x dn
as in (5) (see Sect. 1.2 for more details).
Nemirovski [26] proposed a different semidefinite relaxation [with a matrix variable
of size d%n x d*n instead of dn x dn as in (5)] for the orthogonal Procrustes problem.
In fact, his algorithm approximates the slightly different problem

max tr( AAT T0~0T), 13
000; (4;ANH"0;0] (13)
which is an additive constant (independent of O1, ..., O,) smaller than (12). The

best known approximation ratio for this semidefinite relaxation, due to So [36], is
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@) (m). Although an approximation to (13) would technically be stronger

than an approximation to (12), the two quantities are essentially the same provided
that the point clouds are indeed perturbations of orthogonal transformations of the
same original point cloud, as is the case in most applications [see [30] for a more
thorough discussion on the differences between formulations (12) and (13)].

Another important instance of this problem is when the transformations are elements
of SO, (the special orthogonal group of dimension 2, corresponding to rotations of the
plane). Since SO, is isomorphic to I/; we can encode it as an instance of problem (4),
in this case we recover the previously known optimal approximation ratio of 7 [25].

Note that, since all instances of problem (3) can be written as an instance of
orthogonal Procrustes, the integrality gap we show (Theorem 14) guarantees that
our approximation ratio is optimal for the natural semidefinite relaxation we consider
for the problem.

2.2 Global registration over euclidean transforms

The problem of global registration over Euclidean rigid motions is an extension of
orthogonal Procrustes. In global registration, one is required to estimate the positions
X1, ..., Xg of k points in R4 and the unknown rigid transforms of n local coordinate
systems given (perhaps noisy) measurements of the local coordinates of each point in
some (though not necessarily all) of the local coordinate systems. The problem differs
from orthogonal Procrustes in two aspects: First, for each local coordinate system, we
need to estimate not only an orthogonal transformation but also a translation in R,
Second, each point may appear in only a subset of the coordinate systems. Despite
those differences, it is shown in [13] that global registration can also be reduced to the
form (3) with a matrix C that is positive semidefinite.

More precisely, denoting by P; the subset of points that belong to the i-th local
coordinate system (i = 1...n), and given the local coordinates

xl(i) =0/ (y —1;) + &

of point x; € P; (where O; denotes an unknown orthogonal transformation, #; an
unknown translation and &;; anoise term). The goal is to estimate the global coordinates
x;. The idea is to minimize the function

6=3 3 |-+

i=1lep;

over x7,1; € R, 0; € Oy. 1t is not difficult to see that the optimal x;* and # can be
written in terms of Oy, ..., O,. Substituting them back into ¢, the authors in [13]
reduce the previous optimization to solving

n n
max tr [BLTBT] O-0~T) , 14
g5, 23w ([s1187], 010 a4

i=1j=1
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where L is a certain (n 4 k) x (n + k) Laplacian matrix, LT is its pseudo inverse, and
Bis a (dn) x (n + k) matrix (see [13]). This means that BLTBT > 0, and (14) is of
the form of (3).

3 Analysis of the approximation algorithm

In this Section we prove Theorem 1. As (5) and (6) are relaxations of, respectively,
problem (3) and problem (4) their maximums are necessarily at least as large as the
ones of, respectively, (3) and (4). This means that Theorem 1 is a direct consequence
of the following theorem.

Theorem 4 Let C > 0 and real. Let X1, ..., X, be a feasible solution to (5). Let
Vie..., Vo € Oy be the output of the (random) rounding procedure described in
Algorithm 3. Then

E iitr(ch@yf) zaR(d)ziitr(Cnginr),

i=1j=1 i=1 j=1

where ar(d) is the constant in Definition 2. Analogously, if C > 0 and complex
and Y1, ..., Y, is a feasible solution of (6) and W1, ..., W, € Uy the output of the
(random) rounding procedure described in Algorithm 3. Then

E anzn:tr(CiI;WinH) Zac(d)zznlzn:tr<C£YinH),

i=1 j=1 i=1 j=I

where ac(d) is the constant in Definition 2.

In Sect. 6 we show that these ratios are optimal (Theorem 14).

Before proving Theorem 4 we present a sketch of the proof for the case d = 1 (and
real). The argument is known as the Rietz method (See [3]):2

Let Xq,..., X, € R!*" pe a feasible solution to (5), meaning that X; Xl.T =1.Let
R € R"*! be a random matrix with i.i.d. standard Gaussian entries. Our objective is
to compare E [ij Cijsign(X; R)sign(X R)] with 37 ; Ci; X; X . The main obser-
vation is that although E [sign(X,-R)sign(XjR)] is not a linear function of X; X]T,
the expectation E [sign(X; R) X R] is. In fact E [sign(X; R)X;R] = aR(l)X,-XJT =

\/g X; X]T—which follows readily by thinking of X; and X; as vectors in the two
dimensional plane that they span. We use this fact (together with the positiveness of
C) to show our result. The idea is to build the matrix S > 0,

Sij = (XiR — \/gsign(XiR)) (XjR - \/gsign(XjR)> .

2 These ideas also play a major role in the unidimensional complex case treated by Man-Cho So et al. [25].
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Since both C and S are PSD, tr(CS) > 0, which means that

0<E|> CjXiR - \/gsign(XiR))(XjR - \/gsign(XjR))

ij

Combining this with the observation above and the fact that E [X;RX;R] = X; X]T,
we have

n n
E Z Cijsign(X; R)sign(X ; R) > % Z CijXiX7.

iJ i
Proof (of Theorem 4) For the sake of brevity we restrict the presentation of the proof
to the real case. Nevertheless, it is easy to see that all the arguments trivially adapt to
the complex case by, essentially, replacing all transposes with Hermitian adjoints and
aR (d) with ac(d).

Let R € R"*4 pe a Gaussian random matrix with i.i.d entries N/ (0, %) We want

to provide a lower bound for

E Zn:itr(cijvivf) —E znlzn:tr(cgp(U,-R)P(UjR)T)

i=1 j=1 i=1 j=1

Similarly to the d = 1 case, one of the main ingredients of the proof is the fact given
by the lemma below. O

Lemma5 Letr > d. Let M, N € R sych that MMT = NNT = I;.q4. Let
R € R"*d pe q Gaussian random matrix with real valued i.i.d entries N (O, dl)
Then

E [P(MR)(NR)T] —E [(MR)P(NR)T] — ap(d)MNT,

where ar(d) is constant in Definition 2.
Analogously, if M, N € Caxnd gych that MM = NN = 1,4, and R € C"4>"
is a Gaussian random matrix with complex valued i.i.d entries N (O, %), then

E [P(MR)(NR)H] —E [(MR)P(NR)H] — ac(d)MN",

where ac(d) is constant in Definition 2.

Before proving Lemma 5 we use it to finish the proof of Theorem 4.
Just as above, we define the positive semidefinite matrix S € R4*4" whose (i, j)-th
block is given by

Sij = (UiR - aR(d)*IP(UiR)) (UjR - aR(d)*IP(UjR))T )
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We have
ES;; =E [U,»R(U,R)T —ar(d)"PWU;RY(U;R)T — ar(d)"'U;RP(U,;R)T
+aR(d)_2P(U,-R)P(UjR)T]
= UE[RRT|UT — an(@)™"E [ PW; RV, R |
—apd)"'E [UiRP(UjR)T] + ap(d)"2E [v,. VJ.T]
= VU] - UU] — U] + ar@ B[ VY]]
= an(@)E[Viv] |- yu].
By construction S > 0. Since C > 0, tr(CS) > 0, which means that
-
0<E[r (€S =t (CESH=D > tr (Cij (aR(d)’zE [V,- V].T] —U Uf)) .
i=1 j=1
Thus,
W "o
E[> > (cg Vi v].T) > ap@?> D>t (c§ Ui Uf) .
i=1 j=1 i=1 j=1

O
We now present and prove an auxiliary lemma, needed for the proof of Lemma 5.

Lemma 6 Let G be a d x d Gaussian random matrix with real valued i.i.d. N (0, 5)
entries and let ar(d) as defined in Definition 2. Then,

E (P(G)GT) —E (GP(G)T) — ar(d) Lixd.

Furthermore, if G is a d x d Gaussian random matrix with complex valued i.i.d.
N (0, dl) entries and o (d) the analogous constant (Definition 2), then

E (P(G)GH) ) (GP(G)H) — ac(d) Lixa.

Proof We restrict the presentation to the real case. All the arguments are equivalent
to the complex case, replacing all transposes with Hermitian adjoints and ag (d) with
ac(d).

Let G = UX VT be the singular value decomposition of G. Since GGT = UX?UT
is a Wishart matrix, it is well known that its eigenvalues and eigenvectors are inde-
pendent and U is distributed according to the Haar measure in Oy (see e.g. Lemma
2.6 in [38]). To resolve ambiguities, we consider X ordered such that X1; > ¥y >
cee > > dd-
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Let Y = P(G)GT. Since
PG)=PWUZVT) =UlgxaV7’,
we have
y=PrwzvhHhwsvhH! =vi,.v'vsu? =uzu?.

Note that GP(G)T = UzUT =Y.

Denoting uy, ..., ug the rows of U, since U is distributed according to the Haar
measure, we have that u ; and —u; have the same distribution conditioned on ¥ and
u;, for any i # j. This implies that if i # j, Y;; = uiEujT is a symmetric random
variable, and so EY;; = 0. Also, u; ~ u; implies that ¥;; ~ Y;;. This means that
EY = cl;«4 for some constant c. To obtain c,

1 1 1 J—
¢ == tr(lixa) = EIEtr(Y) = EEtr(UEUT) = E]E];ak(G) = ap(d),

which shows the lemma. O

Proof (of Lemma 5) We restrict the presentation of proof to the real case. Nevertheless,
as before, all the arguments trivially adapt to the complex case by, essentially, replacing
all transposes with Hermitian adjoints and ap (d) with ac(d).

Let A = [MT NT] € R¥>2@ and A = QB be the QR decomposition of A
with Q € R">*"4 an orthogonal matrix and B € R"?*2¢ upper triangular with non-
negative diagonal entries; note that only the first 2d rows of B are nonzero. We can
write

Bi1 B2
04 B
QTA —B— 04 04 c Rdn><2d,

04 04

where By € R4*? and By, € R4*“ are upper triangular matrices with non-negative
diagonal entries. Since

"™MHL "My = @"MNHT(Q"TMT) = MQQ"MT = MIyxnaM”
=MM" = I4x4,

Bi1 = (QTMT)y; is an orthogonal matrix, which together with the non-negativity
of the diagonal entries (and the fact that Bj; is upper-triangular) forces Bj; to be
Bi1 = laxa-

Since R is a Gaussian matrix and Q is an orthogonal matrix, QR ~ R which
implies
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E [P(MR)(NR)T] —E [P(MQR)(NQR)T] .

Since MQ = [Bl,04xd..--,0axal = [lixd,Odxd:---+0dxqa]l and NQ =
[B]T27B2Tz’0d><d7""0dxd]9

E [P(MR)(NR)T] ) [P(Rl)(BszRl n BZTQRQ)T] :

where Rj and R are the first two d x d blocks of R. Since these blocks are independent,
the second term vanishes and we have

E [P(MR)(NR)T] —E [P(Rl)R]T] Bia.

The Lemma now follows from using Lemma 6 to obtain E [P(R 1 )RIT ] =ar(d)ixa
and noting that Bj, = (QTMT)T(QTNT) = MNT.

The same argument, with Q' B’ the O R decompositionof A’ = [NT MT] € Ri"*2d
instead, shows

E [(MR)P(NR)T] ) [R17>(R1)T] MNT = ap(d)MNT.

4 The approximation ratios oy (d)? and oc(d)?

The approximation ratio we obtain (Theorem 1) for Algorithm 3 is given, in the
orthogonal case, by ar (d)? and, in the unitary case, by a¢ (d)*.ap(d) and ac(d) are
defined as the average singular value of a d x d Gaussian matrix G with, respectively
real and complex valued, 1.i.d A/ (0, dl) entries. These singular values correspond to the
square root of the eigenvalues of a Wishart matrix W = GG, which are well-studied
objects (see, e.g., [34] or [12]).

For d = 1, this corresponds to the expected value of the absolute value of standard
Gaussian (real or complex) random variable. Hence,

2 T
ar(l) = \/;and ac(l) = \/;

meaning that, for d = 1, we recover the approximation ratio of % of Nesterov [27]
for the real case, and the approximation ratio of % of Man-Cho So et al. [25] in the
complex case.

Forany d > 1, the marginal distribution of an eigenvalue of the Wishart matrix W =
GGT is known [12,23,24] (see Sect. 1). Denoting by pflK) the marginal distribution
for K = R and K = C, we have

o0

ax(d) =~ i 2 p (x)dx. (15)
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In the complex valued case, ng) (x) can be written in terms of Laguerre polynomi-
als [12,23] and o (d) is given by

d—1 .o
ac(d):d—WZ/ x12e™* L, (x)%dx, (16)
0
n=0

Where L, (x) is the nth Laguerre polynomial. In Sect. 1 we give a lower bound to
(16). The real case is more involved [24], nevertheless we are able to provide a lower
bound for aR (d) as well.

Theorem 7 Consider ar(d) and ac(d) as defined in (2). The following holds,

8 5.05 8 9.07
A > — — 222 ndapd) > — — 220
acd) 2 35— == andop(d) =z 72 = —

Proof These bounds are a direct consequence of Lemmas 20 and 21.

One can easily evaluate limg_, o og (d) (without using Theorem 7) by noting that
the distribution of the eigenvalues of the Wishart matrix we are interested in, as d —
00, converges in probability to the Marchenko—Pastur distribution [34] with density

1
mp(x) = s—v/x(4 —x)1jo,4),
2mx
for both K = R and K = C. This immediately gives,

4 1 8
lim ok (d) =/ VX — /x4 —x)dx = —
d— 00 0 2w x

37’

We note that one could also obtain lower bounds for O‘I%& (d) from results on the rate of
convergence to mp(x) [18]. However this approach seems to not provide bounds with
explicit constants and to not be as sharp as the approach taken in Theorem 7.

For any d, the exact value of ok (d) can be computed, by (15), usingMathematica
(See table below). Figure 1 plots these values for d = 1, ..., 44. We also plot the
bounds for the real and complex case obtained in Theorem 7, and the approximation
ratios obtained in [30], for comparison.

d o (d) ag(d) ap(d) ~ R (d)* ~ ag(d) ~ ag(d)* ~
1 2 Vel 0.7979 0.6366 0.8862 0.7854
2 22l i 0.8102 0.6564 0.8617 0.7424
3 2/ Vs 0.8188 0.6704 0.8554 0.7312
00 = = 0.8488 0.7205 0.8488 0.7205
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(alphaC)?
< (alphaR)?
08 | limit = [E/(G'Pi)]2
: *+ Lower bound for (aIphaC)z
Lower bound for (aIphaF\)2
1449499949944 9949999944944 4dqqqqT — [NRV13] ratio (complex case) 1/2
0.7 qee® —— [NRV13] ratio (real case) 1/(2*sqrt(2))
<t prarere s
a R
a e+t A
set
L+
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L
+
+
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+
+
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. I | o) 1 1 ]
0 20 40 60 80 100 120

Fig. 1 Plot showing the computed values of qu(d)z, for d < 44, the limit of o (d)2 as d — oo, the
lower bound for o (d)? given by Theorem 7 as function of d, and the approximation ratio of 2]7 and %

obtained in [30]

The following conjecture is suggested by our analysis and numerical computations.

Conjecture 8 Let ar(d) and ac(d) be the average singular value of a d x d matrix
with random i.i.d., respectively real valued and complex valued, N (O, é) entries (see
Definition 2). Then, for all d > 1,

acd+1) =ac(d) and ar(d+1) = ar(d),

5 The little Grothendieck problem over the Stiefel manifold

In this section we focus on a generalization of (3), the little Grothendieck problem over
the Stiefel manifold Oy ), the set of matrices O € R4*" such that 00T = I;44. In
this exposition we will restrict ourselves to the real valued case but it is easy to see
that the ideas in this Section easily adapt to the complex valued case.

We consider the problem

n n
T T
0.,...?101,?2(’)(61,,) ;;tr (C,j 0:0; ) , (17)
for C > 0. The special case d = 1 was formulated and studied in [6] and [7] in the
context of quantum non-locality and quantum XOR games.

Note that, for » = d, Problem (17) reduces to (3) and, for » = nd, it reduces to the
tractable relaxation (5). As a solution to (3) can be transformed, via zero padding, into
a solution to (17) with the same objective function value, Algorithm 3 automatically
provides an approximation ratio for (17), however we want to understand how this
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approximation ratio can be improved using the extra freedom (in particular, in the
case r = nd, the approximation ratio is trivially 1). Below we show an adaptation of
Algorithm 3, based on the same relaxation (5), for Problem (17) and show an improved
approximation ratio.

Algorithm 9 Compute X1, ..., X, € RAxnd 4 solution to (5). Let R be a nd x
r Gaussian random matrix whose entries are real i.i.d. N(0, %). The approximate
solution for (17) is now computed as

Vi = Pua.rn(X;R),

where P(g.r)(X) = argming o, 1 Z = X||F, forany X € R s a generalization
of the polar component to the Stiefel manifold O ).

Below we show an approximation ratio for Algorithm 9.

Theorem 10 Let C > 0. Let Vi, ..., V, € O, be the (random) output of Algo-
rithm 9. Then,

n n

n n
E|Y. >u(chviv])|zax@rn? max > > w(cfo0l).
i=1 j=1 0102 On€0wn) 15

where ar(d, r) is the defined below (Definition 11).

Definition 11 Let r > d and G € R?*" be a Gaussian random matrix with i.i.d real
entries AV (0, %) We define

d
1
ar(d,r) :=E i Z;a,-(G) ,
P

where o (G) is the jth singular value of G.

We investigate the limiting behavior of ar(d, r) as r — oo and as r,d — 0o at a
proporitional rate in Sect. 5.2.

The proof of Theorem 10 follows the same line of reasoning as that of Theorem 1
(and Theorem 4). We do not provide the proof in full, but state and prove Lemmas 17
and 18 in the “Appendices 1 and 2”7, which are the analogous, to this setting, of
Lemmas 6 and 5.

Besides the applications, for d = 1, described in [6] and [7], Problem (17) is also
motivated by an application in molecule imaging, the common lines problem.

5.1 The common lines problem
The common lines problem arises in three-dimensional structure determination of

biological molecules using Cryo-Electron Microscopy [37], and can be formulated as
follows. Consider n rotation matrices Oy, ..., O, € SO3. The three columns of each
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rotation matrix form a orthonormal basis to R3. In particular, the first two columns of
each rotation matrix span a two-dimensional subspace (a plane) in R®. We assume that
no two planes are parallel. Every pair of planes intersect at a line, called the common-
line of intersection. Let b;; € RR3 be a unit vector that points in the direction of the
common-line between the planes corresponding to O; and O ;. Hence, there exist unit
vectors ¢;; and ¢j; with vanishing third component (i.e., ¢;; = (x;j, yij, 0)7) such that
Oicij = Ojcj; = b;j. The common lines problem consists of estimating the rotation
matrices O1, ..., O, from (perhaps noisy) measurements of the unit vectors c¢;; and
cji- The least-squares formulation of this problem is equivalent to

n
max Z tr(cjicg- Ol-T 0;)) (18)
i,j=1

However, since ¢;; has zero in the third coordinate, the common-line equations O;¢;; =
Ojcj; do not involve the third columns of the rotation matrices. The optimization
Problem (18) is therefore equivalent to

n
~ max tr(T(c;)(ci))" 0] 0)), (19)
0]1",.‘.,0,?60(2’3) l',jz_ll L

where IT : R? — R? is a projection discarding the third component (i.e., TI(x, y, z) =
(x,y))and OlT € O(2,3). The coefficient matrix in (19), C;; = H(cij)l_l(cj,-)T, is not
positive semidefinite. However, one can add a diagonal matrix with large enough
values to it in order to make it PSD. Although this does not affect the solution of (19)
it does increase its function value by a constant, meaning that the approximation ratio
obtained in Theorem 10 does not directly translate into an approximation ratio for
Problem (19); see Sect. 7 for a discussion on extending the results to the non positive
semidefinite case.

5.2 The approximation ratio ap (d, r)>

In this Section we attempt to understand the behavior of aR (d, r)?, the approximation
ratio obtained for Algorithm 9. Recall that o (d, r) is defined as the average singular
value of G € R4*" a Gaussian random matrix with i.i.d. entries A/ (0, %)

For d = 1 this simply corresponds to the average length of a Gaussian vector in
R’ with i.i.d. entries A/ (0, 1). This means that ag (1, r) is the mean of a normalized

chi-distribution,
. \/3 r (=
oar(l,r) =/ -—7~".
r T (3)

In fact, this corresponds to the results of Briet et al. [ 7], which are known to be sharp [7].
For d > 1 we do not completely understand the behavior of o (d, r), nevertheless
it is easy to provide a lower bound for it by a function approaching 1 as r — oo.
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Proposition 12 Consider ar(d, r) as in Definition 11. Then,

d
arp(d,r)y>1-— \/; (20)

Proof Gordon’s theorem for Gaussian matrices (see Theorem 5.32 in [40]) gives us

Id
Espnin(G) = 1 — 4/ —,
r

where s,,i,(G) is the smallest singular value. The bound follows immediately from
noting that the average singular value is larger than the expected value of the smallest
singular value.

As we are bounding ag(d, r) by the expected value of the smallest singular value
of a Gaussian matrix, we do not expect (20) to be tight. In fact, for d = 1, the stronger
ar(l,7) = 1 — O (1) bound holds [7].

Similarly to o (d), we can describe the behavior of ar (d, 7) in the limitasd — oo
and 7 — p. More precisely, the singular values of G correspond to the square root
of the eigenvalues of the Wishart matrix [12] GGT ~ W, (%, r). Letus set r = pd,

for p > 1. The distribution of the eigenvalues of a Wishart matrix Wy (pid d), as

d — 00 are known to converge to the Marchenko Pastur distribution (see [12]) given
by

LV + VD2 =0 — (1= VD)
dvix) =7 ax Lamvm.asvmmd

where A = 1.
Hence, we can define ¢ (p) as

d(p) == dli)H;OOlR(d’ pd)

2 2
1)y _ — (1= /L
oy (D) o (- 5))
= Jx— dx.
Ji-iy V5 =
Although we do not provide a closed form solution for ¢ (p) the integral can be easily

computed numerically and we plot it below. It shows how the approximation ratio
improves as p increases (Fig. 2).

6 Integrality gap

In this section we provide an integrality gap for relaxation (5) that matches our approx-
imation ratio ar (d)2. For the sake of the exposition we will restrict ourselves to the
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p
Fig.2 Plot of ¢(p) = limy_, o0 @R (d, pd) for p € [1, 5]

real case, but it is not difficult to see that all the arguments can be adapted to the
complex case.

Our construction is an adaption of the classical construction for the d = 1 case (see,
e.g.,[3]). Asit will become clear below, there is an extra difficulty in the d > 1 orthog-
onal case. In fact, the bound on the integrality gap of (5) given by this construction is
af (d)?, defined as

d
1
= (d) = E— (GD), 21
o) = max dZM ) 1)

ID)%=d, D=0 i=1

where G is a Gaussian matrix with i.i.d. real entries N (0, %)
Fortunately, using the notion of operator concavity of a function and the Lowner—
Heinz Theorem [11], we are able to show the following theorem.

Theorem 13 Let d > 1. Also, let ar(d) be as defined in Definition 2 and ap(d) as
defined in (21). Then,

ap(d) = ar(d).

Proof We want to show that

max E» 0i(GD) =E > 0i(G),
i=1

D diagonal ‘1
IDI3=d 'T
D>0

where G is ad x d matrix with i.i.d. entries A" (0, 1). By taking V = D?, and recalling

the definition of singular value, we obtain the following claim (which immediately
implies Theorem 13) O
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Claim 6.1

den'zz);nalEtr [(GVGT)é] =Etr |:(GGT)2:| .

tr(V)=d
V=0

Proof We will proceed by contradiction, suppose (6.1) does not hold. Since the opti-
mization space is compact and the function continuous it must have a maximum that
is attained by a certain V' # I;4. Out of all maximizers V, let V& be the one with
smallest possible Frobenius norm. The idea will be to use concavity arguments to build
an optimal V @9 with smaller Frobenius norm, arriving at a contradiction and hence
showing the theorem.

Since V) is optimal we have

Etr [(GV(*)GT)é] = aj(d).

Furthermore, since V® # Ijxq, it must have two different diagonal elements. Let
V) be a matrix obtained by swapping, in V), two of its non-equal diagonal ele-
ments. Clearly, |V || = ||[V®|r and, because of the rotation invariance of the
Gaussian, it is easy to see that

Etr [(GV(**)GT)%} = ().

Since V® > 0, these two matrices are not multiples of each other and so

V& Ly

V(card) — ,
2

has a strictly smaller Frobenius norm than V ). It is also clear that V (<& s a feasible
solution. We conclude the proof by showing

Etr [(GV(Card)GT)%} > % (]Etr [(GV(*)GT);] +Eur [(GV(**)GT);})
— ai(d). (22)

By linearity of expectation and construction of V€@ (22) is equivalent to

1
GVWGT + Gv»GT \?
E|tr 5

—% (tr [(GV(*)GT)é] Fu [(GV(**)GT)é}) > 0.
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This inequality follows from the stronger statement: Given two d x d matrices A > 0
and B > 0, the following holds

1 1 1
A+ B\?2 A2 + B2
( + ) _AT+B (23)

2 2 -

Finally, (23) follows from the Lowner—-Heinz Theorem, which states that the square
root function is operator concave (See these lecture notes [11] for a very nice intro-
duction to these inequalities). O

Theorem 13 guarantees the optimality of the approximation ratio obtained in Sect. 3.
In fact, we show the theorem below.

Theorem 14 For any d > 1 and any ¢ > 0, there exists n for which there exists
C e R9"xdn guch that C > 0, and

mgxeal Z Z tr (C,; O; OJT)

11]1

T T

max ZZU (Cinin)
XX _IdXdz 1j=1

XeRdxdn

<ap(d)? +e. (24)

We will construct C randomly and show that it satisfies (24) with positive prob-
ability. Given p an integer we consider n i.i.d. matrix random variables Vj, with
k=1,...,n,where each Vi is ad x dp Gaussian matrix whose entrles are NV (0, dp)
We then define C as the random matrix with d x d blocks C;; = n_2 Vi Vj . The idea
now is to understand the typical behavior of both

n n n n
w, = max ZZtr (CﬂX,-XJT) and w,=  max ZZU (C,TO,'OT).
xT— : 01....0,€0, J J
XiX; =lixa i=1 j=1 s On €0 i=1 j=1
XieRdxdn

For w,, we can rewrite

2
1 1 n
We = max = — tr ((V‘VT)TO‘O-T) = max - olv;
‘7o, oneodnziz L e 01,000y ng' ! ’F
Lsn oly,
If D = w 2i=1 O then Jwe, = >/ tr(maxg,eo, O] V;DT)

iy ovi|
= > tr (P(V;iDT)TV;DT). The idea is that, given a fixed (direction unit frobenius-
norm matrix) D, >7_, tr (P(V;DT)T V;DT) converges to the expected value of one of
the summands and, by an e-net argument (since the dimension of the space where D is
depends only on d and p and the number of summands is » which can be made much
larger than d and p) we can argue that the sum is close, for all D’s simultaneously, to
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that expectation. It is not hard to see that we can assume that D = \/LE [D 0] where D

is diagonal and non-negative d x d matrix with ||D||%, = d. In that case [see (21)],

d
Etr (P(;D")TV,D") = Eﬁ > ou(GD) < @aﬁ(d),
k=1

where G is a Gaussian matrix with i.i.d. real entries N (0, %) This, together with
Theorem 13, gives E tr (P(ViDT)TViDT) < \/gaR(d). All of this is made precise

in the following lemma.

Lemma 15 For any d and ¢ > 0 there exists po and no such that, for any p > po
and n > no,

with probability strictly larger than 1/2.
Proof Let us define

n

o

i=l

A(V) = max
01,...,0,€0,4

F

We have

1 n
A(V) = max max  trf — Z olvip"
DeR4*Pd:||D| =1 O1,...,0n€0(d) L

,,,,,

1 n
= max - max ftr (OiTViDT)
DeR4*rd:||D|p=1 1 ) 0;€0(d)

n

1 T
= max - tr (’P (V,- DT) \/iDT) .

DeRIxpd:|D||p=1 N 0

For D with | D||r = 1, we define

n

Ap(V) = %Ztr (P (wDT)T wDT) .

i=1

We proceed by understanding the behavior of Ap (V) for a specific D.

Let D = UL[X 0]U I{ , where X is a d x d non-negative diagonal matrix, be the
singular value decomposition of D. For each i = 1, ..., n, we have (using rotation
invariance of the Gaussian distribution):
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r (P (V,-DT)T v,-DT) ~tr

/N

P (ViwLlz O]UR)T)T Vi (UL[Z O]UR)T)
uLP (vi [31)" Vi [3] ULT)

(vi[5)" vi[3])

tr (P (G«/EE)T G«/EZ) ,

2
=
<

oM

4
=

— o~~~
R}

l

S

where G is a d x d Gaussian matrix with N (0, %) entries.
This means that

1 n
Ap(V) = ;Z}xi,
1=

-+
Since ||[vdX|% = d, by (21), we get

T
with X; id. distributed as L tr (7? (Gﬁz) Gﬁz).

Etr (P (GJEE)T GJEE) < doli(d).

This, together with Theorem 13, gives

EX; < \/g“ﬂ“‘”‘ (25)

In order to give tail bounds for Ap(V) = %Z:’l:l X; we will show that X; is
subgaussian and use Hoeffding’s inequality (see Vershynin’s notes [40]). In fact,

X; ~

1 T 1
N (p (Gﬁz) Gﬁz) < ﬁnmc;z) IFIGE | F

d d
=,/=IGDIF = [—IGlF.
p p

Note that \/% |G| F is a subgaussian random variable as |G| r is smaller than the

entry wise £; norm of G which is the sum of > half-normals (more specifically, the
absolute value of a N (0, %) random variable). Since half-normals are subgaussian
and the sum of subgaussian random variables is a subgaussian random variable with
subgaussian norm at most the sum of the norms (see the Rotation invariance Lemma
in [40]) we get that X; is subgaussian. Furthermore, the subgaussian norm of X;, which

we define as || Xilly, = sup -~ p~'/2(E[X|?)"/7, is bounded by [ X;|ly, < c,/% =

C ip, for some universal constant C.
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Hence, we can use Hoeffding’s inequality (see [40]) and get, since EX; <

\/%ak(d),

d crt*n
Prob| Ap > | —ar(d) +1t| <Prob[|Ap —EX;| >1t] <expl | — 7
P 1113,
2
t
< 3exp (—cld—5n> ,

where ¢; are universal constants.
To find an upper bound for A = max pcraxpd.|p| =1 Ap We use a classicl e-net

argument. There exists a set N of matrices Dy, € R4 pd satisfying || Dy || r = 1, such
that forany D € R4*P4 with Frobenius norm 1, there exists an element Dy € N such
that ||D — Dy||r < €.\ is called an e-net, and it’s known (see [40]) that there exists

such a set with size
2\¢’P
INT < (1 + E) )

By the union-bound, with probability at least

2
d 2\4°? i
1 —|N|Prob| Ap > |—agr(d)+t|>1—|{1+= 3exp —cl—n ,
p € d3

all the Dy’s in NV satisfy
d *
Ap, < | —ap(d) +1t.
p

If D is not in A\, there exists Dy € N such that || D — Dy || < €. This means that

n n

o= S ) L 00 )

1 c T r T 1 ; T T
< (P(ViD*) ViD*)+;Z||P(V,-D) VillellDs = Dl
1 i=1

d 1 -
/;aﬂz(d)ﬂﬂ(;ZuwnF).
i=1

We can globally bound (l > ||Vl'||[7) by Hoeffding’s inequality as well

n
(see [40]). Using the same argument as above, it is easy to see that | V;||r has

A
|
=

IA
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subgaussian norm bounded by +/d, and an explicit computation shows its mean is

\/_ ”%’2’;/‘2))/ 2) < 2+/d, where the inequality follows from lemma 20.

ThlS means that by Hoeffding’s inequality (see [40])

1 < t?
Prob [—Z IVillp > 2\/E+r} < exp(l - C“—”z)
" i=1

Vil 11y,
<3 2n
<3exp|{—-c3— ).

P d
with ¢; universal constants.

By union-bound on the two events above, with probability at least

’n 2\4’P ’n
1—3exp (—C3 7) - (1 + E) 3exp (—clﬁ) ,
d k
A< |—ap(d)+1t+ed+1).
p

. _ 1 _ 1
Choosing t = o and € = ap e get

d 1
A< [—ap(d) + —,
p p
with probability at least

1—3exp(—c3-= ) = | (1 + 12ap)PP 3exp [ —c1 ——
-4p2 4p2d3

_ dZ n

we have

which can be made arbitrarily close to 1 by taking n large enough.
This means that

2
d 1
< “ap(d)? + -

with high probability, proving the lemma.

Regarding w,, we know that it is at least the value of & Pl z tr ((V VT)TX XT)
for X; = P(V;). Since, for p large enough, V; Vl ~ ;x4 we essentially have w, 2

~
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n2 Zl g IVi VT ||2 which should approximate E| V; VT ||F % This is made precise
in the followmg lemma:

Lemma 16 For any d and ¢ > 0 there exists po and ng such that, for any p > pg
and n > no,

1 n
= 2t (V) Piaan (VO Paap (V') =

i,j

SRS
|
»

with probability strictly larger than 1/2.

Proof Recall that Py 4p)(V;) is the d x dp matrix polar component of V;, meaning
that

d
 (Pla.an (V0T Vi) = S oxVh.
Hence,

2
l — 1 —
) Ztr ((Vi VJT)TP(d,dp)(Vi)P(d,dp)(Vj)T) = H p ZP(VI')TVi

i,j

> ;[1 Zn:tr (Pai” Vldpxdp):|2 p[ ZZ@(V)}

”Idpxdp”F i=1 i=1 k=1

We proceed by using a lower bound for the expected value of the smallest eigenvalue
(see [40]), and get

d
1
E Vi) >d Eopin(V;)) =d{1 — — ).
kEZIGk( ) Omin(V;) ( ﬁ)

Since ZZ: 1ok(Vi) < Jd||Vi|lF, it has subgaussian norm smaller than Cd, with
C an universal constant (using the same argument as in Lemma 15). Therefore, by
Hoeffding’s inequality (see [40]),

n d 2
1 t
Prob|: Zak(V,-) §d(1——)—tj| < exp °l n
1 k=1 vr sz 10k (Vi) ’
2

i=
t2
< exp (1 — czd—zn) ,

where c¢; are universal constants.
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i = 4
By setting t = 75 Ve get

1< d 1)
— 2 u(vivhH! Vi vif)z==(1-2—=) .
nzzj: e (VYD Paan Vo Paan (V") = p( ﬁ)

with probability at least 1 — exp (1 — czén) =1—0,(1), proving the Lemma. O

Theorem 14 immediately follows from these two lemmas.

We note that these techniques are quite general. It is not difficult to see that these
arguments, establishing integrality gaps that match the approximation ratios obtained,
can be easily adapted for both the unitary case and the rank constrained case introduced
in Sect. 5. For the sake of exposition we omit the details in these cases.

7 Open problems and future work

Besides Conjecture 8, there are several extensions of this work that the authors consider
to be interesting directions for future work.

A natural extension is to consider the little Grothendieck problem (3) over other
groups of matrices. One interesting extension would be to consider the special orthog-
onal group SOy and the special unitary group SUy, these seem more difficult since
they are not described by quadratic constraints.>

In some applications, like Synchronization [9,35] (a similar problem to Orthogonal
Procrustes) and Common Lines [37], the positive semidefiniteness condition is not
natural. It would be useful to better understand approximation algorithms for a version
of (3) where C is not assumed to be positive semidefinite. Previous work in the special
case d = 1, [2,14,29] for O; and [25] for U, suggest that it is possible to obtain
an approximation ratio for (3) depending logarithmically on the size of the problem.
Moreover, for Oy, the logarithmic term is known to be needed in general [2].

It would also be interesting to understand whether the techniques in [3] can be
adapted to obtain an approximation algorithm to the bipartite Grothendieck problem
over the orthogonal group; this would be closer in spirit to the non commutative
Grothendieck inequality [30].

Another interesting question is whether the approximation ratios obtained in this
paper correspond to the hardness of approximation of the problem (perhaps condi-
tioned on the Unique-Games conjecture [22]). Our optimality conditions are restricted
to the particular relaxation we consider and do not exclude the existence of an effi-
cient algorithm, not relying on the same relaxation, that approximates (3) with a better
approximation ratio. Nevertheless, Raghavendra [32] results on hardness for a host
of problems matching the integrality gap of natural SDP relaxations suggest that our
approximation ratios might be optimal (see also the recent results in [8]).

3 The additional constraint that forces a matrix to be in the special orthogonal or unitary group is having
determinant equal to 1 which is not quadratic.
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Appendix 1: Technical proofs—analysis of algorithm for the Stiefel Man-
ifold setting

Lemma 17 Letr > d. Let G be a d x r Gaussian random matrix with real valued
iid N (0, %) entries and let ar(d, r) as defined in Definition 11. Then,

E (Pd,,(G)GT) —E (GPC,,,(G)T) = ar(d, 1) lixd.

Furthermore, if G is a d x r Gaussian random matrix with complex valued i.i.d.
N (O 1) entries and o (d, r) the analogous constant (Definition 11), then

r

E (Pd,r(G)GH) —E (GPL,,,(G)H) = ac(d. 1) Lixa-

The proof of this Lemma is a simple adaptation of the proof of Lemma 6.

Proof We restrict the presentation to the real case. As before, all the arguments are
equivalent to the complex case, replacing all transposes with Hermitian adjoints and
ar(d, r) withac(d, r).

Let G = U[X 0]V be the singular value decomposition of G. Since GGT =
Ux2UT is a Wishart matrix, it is well known that its eigenvalues and eigenvectors
are independent and U is distributed according to the Haar measure in O, (see e.g.
Lemma 2.6 in [38]). To resolve ambiguities, we consider ¥ ordered such that ¥1; >
Yo > = Xgq.

Let Y = Py, (G)GT. Since

Pla.r(G) = Pun(UIZ 0IV") = Ullgxa 01V,
we have
Y =PunUIZ0IVHYWUIZ 0V = Ullyxa 01V VEUT = USUT.
Note that GP - (G) = UZUT =Y.
Since Y;; = ui)Z)ujT., where uy, ..., uq are the rows of U, and U is distributed
according to the Haar measure, we have that u; and —u ; have the same distribution

conditioned on any u;, fori # j, and X. This implies that, if i # j, Y;; = u; Eu]T is
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a symmetric random variable, and so E£Y;; = 0. Also, u; ~ u; implies that ¥;; ~ Y;;.
This means that EY = cl;«4 for some constant c¢. To obtain c,

1t(I ) lEt (Y) lEt wxzuh I]E En (G) d,r)
= —1r = — T = — T = — = ,r s
Cc Cd dxd d d d k:10k OR

which shows the lemma. O

Lemma 18 Ler r > d. Let M, N € R" such that MMT = NNT = I;.4. Let
R € R™M*" be g Gaussian random matrix with real valued i.i.d. entries N' (0, %)
Then

E[Pun(MRWNRT | =E[(MRPun(NR)| = ar(d. nMNT,

where ar(d, r) is the constant in Definition 11.
Analogously, if M, N € Caxnd gych that MM = NN = 1,4, and R € C"4*"
is a Gaussian random matrix with complex valued i.i.d. entries N (O, %), then

E [P(d,,)(MR)(NR)H ] -F [(MR)PM,,)(NR)H ] — ac(d, r)MNH,

where ac(d, r) is the constant in Definition 11.

Similarly to above, the proof of this Lemma is a simple adaptation of the proof of
Lemma 5.

Proof We restrict the presentation of proof to the real case. Nevertheless, all the
arguments trivially adapt to the complex case by, essentially, replacing all transposes
with Hermitian adjoints and o (d) and agr(d, r) with ac(d) and ac(d, r).

Let A = [MT NT] € R¥>2d and A = QB be the QR decomposition of A
with Q € R™>*"d an orthogonal matrix and B € R"¢*?¢ upper triangular with non-
negative diagonal entries; note that only the first 2d rows of B are nonzero. We can
write

By By»
04 B
QTA — B — Od Od c Rdnx2d7

04 04

where Bi; € RY*? and By, € R?*¢ are upper triangular matrices with non-negative
diagonal entries. Since

"MHT "My = @TMHT(QTMTY = MQO"MT = MILuxnaM”
= MM" = I4x4,
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Bi1 = (QTMT)y is an orthogonal matrix, which together with the non-negativity
of the diagonal entries (and the fact that Bj; is upper-triangular) forces B to be
By = Ijxa.

Since R is a Gaussian matrix and Q is an orthogonal matrix, QR ~ R which
implies

E [P(d,,)(MR)(NR)T] ) [P(d,r)(MQR)(NQR)T] .

Since MQ = [B]|,04xd....,0axal = [lixd.Odxd:--..0axq] and NQ =
[B{27327‘210d><d7"'30d>(a']9

E [P(d,r)(MR)(NR)T] =E [P(d,r)(Rl)(BszRl + BszRz)T] ,

where R and R; are the first two d x r blocks of R. Since these blocks are independent,
the second term vanishes and we have

E [P(d,,)(MR)(NR)T] —E [P(d,r)(Rl)RlT] Bia.

The Lemma now follows from using Lemma 17 to obtain E [P(d,r)(Rl)RlT ] =
ar(d, r) I xq and noting that B, = (QTMT)T (QTNT) = MNT.

The same argument, with Q' B’ the O R decompositionof A’ = [NT MT] e Ri"*2d
instead, shows

E [(MR)P(d,,)(NR)T] —E [RIP(d,,)(Rl)T] MNT = ag(d, )MNT.

Appendix 2: Bounds for the average singular value

Lemma 19 Let Go € C¥4 be a Gaussian random matrix with i.i.d. complex valued
N(0, d~") entries and define ac(d) == E [5 Z?:l aj(G(c)]. We have the following
bound

8 5.05

d) > — 222
acd) z 35 =~

Proof We express ac(d) as sums and products of Gamma functions and then use
classical bounds to obtain our result.
Recall that from equation (16),

d—1
acd) =d7PY T, (26)
n=0
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where

00
T, = / xl/Ze—an(x)de’
0

and L, (x) is the nth Laguerre polynomial,

n _)k
L,(x)= Z (Z)( k') xk.

k=0

This integral can be expressed as [see [16] section 7.414 equation 4(1)]

noo(=ly (—
T +3/2) 5 ( (F) Em on

" T+ D &) (—n— b,

where (x),, is the Pochhammer symbol

_ I'x +m)
(X)m = W

The next lemma states a couple basic facts about the Gamma function that we will
need in the subsequent computations. O

Lemma 20 The Gamma function satisfies the following inequalities:

L w1
Jn S Tm+1/2) ~ Jn-1/2

i< th s

'n+1/2) —
Proof See [4] page 255. O

We want to bound the summation in (27), which we rewrite as

S (G e S GhE = G
z _Z (,121!)2 - Z (,121!)2

N2(—p — L -
m=0 (mh)=(=n z)m m=0 m=n+1

~ Z G, _Cmm )
= (mh? (=1 — $m
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For simplicity define

=3
- ot (m!)2
2 (F

(I11):

Il
M-
A/-\
3 oL
|~
SRS
/N
—

|

T

3

N

3
v

so that (27) becomes
_I'(n+3/2)

"= TerD () +UD+UID).

The first term we can compute explicitly (see [16]) as

4
(I =—.
T

For the second term we use the fact that (_71),” =I(m—1/2)/T'(—1/2) to get

< 1 Pm—1/2% 1 <~ T(m—1/2)?
(II)_m:Zn-H F(=1/22 Tm+1? — 4x “ Tm+1)? "’

Using the first inequality in Lemma 20 and the multiplication formula for the Gamma
function,

I'm—1/2) 1 'm+41/2) _ 1
Tm+1)  m—1/2 Tm+1) ~— (m—1/2)Jm
so we have
 J— 1 1 [ 1 1
e ¥ e [ tam
4 ] (m—1/2)"m ~ 4 J,_12 x 27 (2n — 1)
For the third term, we use the formula (x),, = % to deduce
noozly2 _
iy =y Dy _n
£ () (=1 — D

1 < T(m —1/2)? 1_F(n+1)F(n—m+3/2))
_Emzo T(m + 1)2 ( T(n+3/2T(n—m+1)

_ T4 1 Tm—1/2)7° (r(n+3/2)_r(n—m+3/2))
T Tm+3/2)4r &= Tm+ D> \ T+1) Tn—-m+1) )
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Using the second bound in Lemma 20,

'n—m+3/2) >m

'h—m+1)
and also
'n+3/2)
rntn —Voth
so that
1
I = —— n+1/ Z((m—l/Z) _m+1/) («/n—l—l—\/n—m—i-l/Z).

If we multiply top and bottom by /n + 1 + /n — m + 1/2 and use the fact that

m+1/2 _m+1/2
VnFl+n—m+12 " Jyn+1’

then

vn+1/ — (m —1/2)*(m +1/2) /n+1

(111)54

1 1
=t mzzo (m —1/2)2

1 8+ 72

n+1 2w
3

n+1

IA

Combining our bounds for (I), (IT) and (IID),

S T@m+32)
Tn—m[(l) n — I
>M(i_ 1 _3 )
Fn+1) \x 27@2n—12 n+1
4 1 3
ZV'“L1/2(5_271(2n—1)2_n+1)’
and by (26),
R 4 1 3
“C(d)zm;vn“/z(;_zmzn—lﬂ_n+1)'
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The term d3 Vel Zd YaymF1 /2/m is the main term and can be bounded below by

4«/11 + 1/ 1
d3/2 Z

> e (@= 1722~ apP)

v

8
(1-Qd) ™ H——@d>"
3

8 8 1
> — — d=!.
T 3 (371 + 2)

The other error terms are at most

d—1
3 ! 4
3/2 / -
z nlz (2 n )2+n+1)§d3/2nZ:;7r(n+l)vn+1/2
d—1

1 4
= d3/2 Z; 7(n+ 1)1/2
n=

Combining the main and error term bounds, the lemma follows. O

Lemma 21 For Gxg € K%* g Gaussian random matrix with i.i.d. K valued
N(0,d™") entries, define ax (d) = E[ Z, 10 (GK)] The following holds

ac(d) — ap(d) < 4.02d7".

Proof To find an explicit formula for o (d) we need an expresswn for the spectral
distribution of the wishart matrix dGpr GR, which we call p, R (x), given by equation
(16) in [24]:

Py (x) = ! 2Rq(x) — ML[I 1) {¥1 (x) — Y2 ()}
"= rg |

where

(k+d—2)/2

Yi(x) =e " Z Sk Loky1—ic (x),

k=0

Yo (x) = (%)_me’

)=
1
—
|
ES
~
—~
(ST
S~ =
=
~—
+
[\
X
|
—_
| I
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d—1
Ra(x) = e > (Lm(x))*,
m=0
5 — Fk+1-%)
k= —(k+___),

k=d mod2andI'(a,y) = fyoo t“~le~!dt is the incomplete Gamma function.
This means that

o0
apr(d) :d_l/z/ xl/zsz(x)dx
0

1 * 1/2
:W/o 2R, (x)dx

1o T ()
2d3/2/0 xl/sz)zLd 1) {1 (x) — Y2 ()} dx.

Recall that (see Sect. 5)

d-1 .
ac(d)=d* " / x2e™ L, (x)%dx
0

n=0

which implies

1 « 1 2F (% %)
or(d) = ac(d) = 377 /O xt/ La-1 () {1 (0) = Y2 ()} dx. (28)

+
d
r(s)
We are especially interested in the following terms which appear in the full expression

for ag (d):
O(m, k) = / x2e™* Ly (x)Li(x)dx. (29)
0

From [16] section 7.414 equation 4(1), we have

l m
F(z+3 DIm—i—1/2)Tk—i—1 2)
Q(m, k) = Z / / /
= FG+1) Tm—-i+1) Tk-—i+1)
The following lemma deals with bounds on sums involving Q(m, k) terms. O

Lemma 22 For Q(m, k) as defined in (29) we have the following bounds

2Tk +1/2)
§—F(k+l) 0(2m,2k) <2.8 (30)
=Tk +3/2)
k; TET D 02m—1,2k—1)<5.6 (31)
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Proof Note that in (30),

1 %F(i+3/2)r‘(2m—i— 1/2)TQk —i —1/2)

Q(z’"’Zk)ZE: TG+l TQm—it+1) TQk—it1)

since m > k.
For 0 <i < 2k — 1, the ith term in the summation of Q(2m, 2k) can be bounded
above by

TG +3/2)TCm—i—1/2)TQk —i—1/2)
TG+1) T@m—i+1) T@k—i+1)

<+i+1

1 1
Qk— i)k —i—1Q2m—i)v2m —i —1

|
< i 1 .
=V S T ) am — i — 1)

This means that

00m. 2k < - F@m—1/2T@k—1/2)
TS 8E Tem e Drek+ D)
2k—1

1 —
1=

1
k=i~ 1P@m—i+t 1P
1 _TQk+1/2)TQm—2%k+1/2)

G FQk)y TI'Qm-—2k+2)
1 Tk +3/2) T2m — 2%k — 1/2)
e aX( TQk+1) T@m—2k+1)

+ (—27), 0) .

We bound the sum from i = 1 to 2k — 3 by

1
ki D am =i+ 1)

2k—3

Z—i 1 1

LS vt 1

IA
|

1
ki S am— 2k + 13

I /Zk—z NES]
0

< e,
= 47 (2m — 2k + 1)3/2 2k —x — 1)32

1 Vak
< ek 4+ —~—,
_4n(2m—2k+1)3/2( +2k—1)

dx
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so that for k > 1,

1 TQm—1/)Tk —1/2)
Q@m.2k) =< & e @M+ DI @k + 1)

1 Vak
V8k + ——
+4n(2m—2k+1)3/2( +2k—1)
1 V2k—1

4 2m — 2k + 3)3/2

1 ,TQRk+1/2)T@2m—2k+1/2)
+Eﬁ F(2k) T'Qm—2k+2)
1 (F(2k+3/2)F(2m—2k— 1/2)

4+ — max
47 FrRk+1 T'@Cm—-2k+1)

For k = 0, Q(2m, 0) < 0 except for the term Q(0, 0) = /7 /2 which also becomes
negative in the full sum, so we ignore these terms.

We now turn our attention to the full sum > J" FIE’ZI‘:H)” Q(2m, 2k). As before, we
define for clarity

m

1 F'tk+1/2) TQ2m —1/2)T' 2k — 1/2)
) = 3
JT P 'tk+1) rem+nHrek+1)

L G Tk +1/2) 1 Ak
(D '_EZ Tk+1) (2m—2k+1)3/2(&+2k—1)

1 G Tk+1/2) V2k =1
=4 T(k+1) (2m —2k+3)32

1 ~=Tk+1/2)TQk+1/2) T2m —2k +1/2)
(V)=
4ym & Tk+1) ['(2k) L 2m — 2k +2)

W)= = SRR (F(2k +3/2) TQm =2k — 1/2)

Ar = T+ 1D TQk+1) TQ@m—2k+1)

(=2v7), 0) .

Using the bounds in lemma 20,

- 1 1 1 1
H=> 5T < :
= 32Tk 2 mk 2m =12k =1 ~ 327

un = 1

1
~dr ]; K1722m — 2k + 1)3/

S (@vk)

51(1-;)51,
T V2m —1 T
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(111)<liL—V2k_l
T An & k12 2m — 2k + 3)3/2
1

vy = — z o " 1 VT
- — k2 Qm -2k + 1)m
L l
- 2 + 2’
1 TCm+3/2)T(m+1/2)
(V)= —4n
47 r2m+1) Tm+1)
< % < /3.
Finally,
- 1/2
Zr(k;(rk)/ )Q(Zm,2k)5(1)+(11)+(111)+(IV)+(V)
k=

<2.8.

To deduce the inequality (31), we use the previously derived bounds to show that

2k—3
1

o2m—1,2k—1) < — Z Vit i
1 r(zk— 1/2) TQ2m — 2k +1/2)
—Jm
ax¥ 7 TQk—1) TQm—2k+2)
1 Tk +1/2) T 2m — 2k + 1/2)
™ X( T2k T@m—2k+2) (_2*/’7)’0)’

+

4

sothat Q(2m — 1,2k — 1) < Q(2m, 2k). Now it suffices to note that in the full sum,
S B2 oem—1.2k—1) <235, M2 02m — 1,2k — 1) and we get

L Tk +3/2)

I'(k+1/2)
ragn 2em-LAk-D= Z 0@m, 2k) < 5.6.

P (k)

m}

We now return our focus to finding a bound on the expression for ar(d) given in
(28). Since 1, ¥» depend on the parity of d, we split in to two cases.
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Oddd =2m +1
From (see [16] section 7.414 equation 6),

o0
/ e 2 Loy (x)dx = 2,
0

thus Eq. (28) becomes

ac(m+1) —ar(m +1)

B 1 Fm+1) [~ Tk+1/2)
C Cm+1D32T(m+1/2) Z (k)

0@2m, 2k) — 2‘/2),

k=0

and using the first bound in Lemma 22,

1 —1
ac@m +1) —ap@m +1) < 28J/m +1/2 oy <m

Evend =2m
For d = 2m, we have

1 o0 r 1/2
an(om) = ac@m) =3 [P L @ 0= pa(dr.

We split the integral into two parts,

- 1 o ]/ZF(m+1/2)
) = W/() X WLZm—I(x)WI(x)dx
. -1 o ]/ZF(m+1/2)
) = W/() X WLZm—l(x)WZ(x)dx-

Expanding from the definition of | above, we have

I ©Tm+1/2) 4, LS Tk
= 2(2m)3/2/0 comy Fan-1(0¢ g F(k+1/2)L2k71(x)dx

m

B 1 Tm+1/2) < T(k+3/2)
- 22m)32 T(m) Z Ck+1)

02m —1,2k —1),
k=1

so by Lemma 22,

I Ton+1/2) 1
D=2 2 Ty = mi
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The other part of the integral is

__ =L [F aplm+1/2) —172
(”)_Z(Zm)3/2/0 X o) Loy—1(x)(x/2)

- [2r(1/2,x/2) ~ 1} i

T(1/2)
-1 [®Tm+1/2) 22012, x/2)
- 4m1/2/ Ty Lam-100e r(1/2)
1 Tm+1/2)
2m3/2 T'(m)

where we use the fact that for odd 2m — 1 (see [16] section 7.414 equation 6),

o0
/ Lom_1(x)e™?dx = 2.
0

We can bound the first integral in the expression of (II) by

‘/OO Lom—1(x)e™?T(1/2, x/2)dx
0

00 1/2 00 1/2
< (/ X Lom—1(x) dx) (/ F(1/2,x/2)2dx)
0
) 1/2
|: _l/ze_'dt) dxj|
00 [ee) 2
[ fdt) dx+/ (/ z‘”%"d;) dxi|
1 X

1/2
r(1/2)% + / (eX)zdx) <(m+e2/2)12

1/2

so finally

m+1/2eH20m+172)  m!/?
2 /mTm3/? (m) 2m3/2
<1.01m™!

an =

Combining the above bounds we see that in the case of even d = 2m,
ac(m) —ar@m) =)+ 1) < 2.01m~!
O
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