MIT
Libraries | D>pace@MIT

MIT Open Access Articles

#-Adic properties of partition functions

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Belmont, Eva, Holden Lee, Alexandra Musat, and Sarah Trebat-Leder. “"#-Adic
properties of partition functions.” Monatshefte Fiir Mathematik 173, no. 1 (November 6, 2013): 1-
34.

As Published: http://dx.doi.org/10.1007/s00605-013-0586-y
Publisher: Springer Vienna
Persistent URL: http://hdl.handle.net/1721.1/107942

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher’s formatting or copy editing

Terms of Use: Article is made available in accordance with the publisher’s policy and may be
subject to US copyright law. Please refer to the publisher's site for terms of use.

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/107942

(-ADIC PROPERTIES OF PARTITION FUNCTIONS
EVA BELMONT, HOLDEN LEE, ALEXANDRA MUSAT, SARAH TREBAT-LEDER

ABSTRACT. Folsom, Kent, and Ono used the theory of modular forms modulo £ to establish
remarkable “self-similarity” properties of the partition function and give an overarching
explanation of many partition congruences. We generalize their work to analyze powers
p, of the partition function as well as Andrews’s spt-function. By showing that certain
generating functions reside in a small space made up of reductions of modular forms, we set
up a general framework for congruences for p,. and spt on arithmetic progressions of the form
£™n 4+ § modulo powers of £. Our work gives a conceptual explanation of the exceptional
congruences of p, observed by Boylan, as well as striking congruences of spt modulo 5, 7,
and 13 recently discovered by Andrews and Garvan.

Keywords: congruences, partitions, Andrews’ spt-function, modular forms, Hecke
operators

1. INTRODUCTION

A partition of a nonnegative integer n is a non-increasing sequence of positive integers
summing to n. Letting p(n) denote the number of partitions of n, we have that the generating

function for p is
o 1 (0.@)
= " 1.1
L[l g ;p(n)q (1.1)

Ramanujan congruences such as
p(5™n+d5(m)) =0 (mod 5™),

where 2405(m) = 1 (mod 5™), have been known for quite some time. Using the theory of
(-adic modular forms, Folsom, Kent, and Ono established a general framework for partition
congruences in [8], which not only explains this phenomenon but also allows them to show
additional congruences such as

p(13*n + 27371) = 45p(13%n + 162)  (mod 13?%).

More precisely, they defined a special sequence of power series L, (b, z) related to p(n), whose
(-adic limit resides in a finite-dimensional space. In particular, when the dimension of this
space is zero, which happens when ¢ = 5 7,11, one obtains the famous congruences of
Ramanujan modulo powers of /. Note that the congruences obtained in [8] are systematic
ones which can be controlled by the use of operators. They are not to be confused with
congruences of the type

p(59* - 13n +111247) =0 (mod 13),

proven by Ono in [12], which are explained by a different phenomenon.

1991 Mathematics Subject Classification. 11P83, 11F03, 11F11, 11F33, 11F37.
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2 EVA BELMONT, HOLDEN LEE, ALEXANDRA MUSAT, SARAH TREBAT-LEDER

We generalize their techniques, utilizing careful refinements due to Boylan and Webb in [6],
to establish a framework for the related functions p, and spt, to be defined below.

1.1. Powers of the partition function. For positive values of r, we let p,.(n) denote the
coefficients of the 7 power of the partition generating function:

Zpr . (1.2)

We can think of p,.(n) as the number of r-colored partitions of n. Congruences for p,(n) have
been well-studied; for example, in [4], Atkin showed congruences for p,(n) modulo powers
of 5, 7, 11, and 13, while in [5], Boylan classified Ramanujan-type congruences for p, under
mild assumptions.

To state our results, we define a sequence of generating functions related to p,.(n) which
are analogous to those that appear in [8] and [6],

b
Py(r,b; z) := Zpr (ETH_T) g, (1.3)

where ¢ denotes e?™*. Our main theorem is that these functions, reduced modulo powers of
¢, reside in a relatively small space.
Fixing integers b > 0,m > 1, following [6] we define

ALY bym) = Spang, ymz{n(€z)" Pu(r, 3;2) (mod £™) : 3> b odd} (1.4)
AS N (r bym) = SpanZ/emZ{n( 2)"Py(r,5;z) (mod ™) : §>beven}. (1.5)

[e.9]

a5

n=1

1—q

Here, 1(z) := q21 [](1 — ¢") is Dedekind’s eta-function. In Section 4 we will define dy(r) and
d(r), which are related to the dimension of the kernel of an important operator.
The following is our main result concerning the partition functions p,(n).

Theorem 1.1. Let { > r + 5 be prime and let m,r > 1. Then there is an integer by(r, m)
that satisfies the following.

(1) The nested sequence of Z/0™Z—-modules
A% 1,m) D ALY (r,3,m) DL D ALY (r 204 1,m) D
is constant for all b with 2b+ 1 > bj(r,m). Moreover, if one denotes the stabilized Z /0™ 7~

module by Q9%(r,m), then its rank, ry(r), is at most

kodd(y, r(0%— 0
L i 1>J _ L%J ke%(r 1) # 2 (mod 12),

12

Ry(r) :=

kgdd(r 1 r(2— 0 —
L - 1(2 )J - 1= L (2451)J kgd(r,1) =2 (mod 12),

where
ko 1) = (%)(f —1) ifr s odd,
B (52)(0—1) ifr is even.

(2) The nested sequence of even Z/{™Z-modules {A,"(r,b,m) : b > b,(r,m)} is constant
for all b with 2b > bj,(r,m). If we denote the stable module by Q25" (r, ) then its rank is at
most R(r).
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Moreover, if we define by(r,m) to be the least such integer, then
be(r,1) < 2dy(r)+1
be(r,m) < 2(de(r) + 1) + 2(dy(r) + 1) (m — 1).
Remarks.

(1) From the definition of dy(r) and basic properties of linear maps, we get the trivial bound
dz(”/’) S dim(Sg_l).

The constant dy(r) can always be calculated algorithmically. For example, when ¢ < 29 and
r is such that ry(r) = 1 we compute that dy(r) = 0. In most of these cases dj(r) = 0 as well;
in general dj(r) < dy(r)+1. The question of resolving when d,(r) is zero is an open problem.

(2) We shall make use of the theory of modular forms modulo ¢, which is coherent and well
developed for ¢ > 5. The restriction that £ > r+ 5, however, is necessary for the calculations
in some of our proofs. We make no claims for primes ¢ < r + 5.

When the dimension r4(r) is zero or one, we get the following congruences.

Corollary 1.2. Fiz r,m > 1, and let ¢ be a prime such that ro(r) < 1. If by, by > be(r,m)
and by = by (mod 2), then there is an integer Cy(r, by, ba, m) such that for all n, we have

O\ 20 +r "
pT< 51 ):C’g(r,bl,bg,m)~pT< 51 ) (mod ™).

If ro(r) =0, then Cy(r, by, by, m) = 0.

Remarks.

(1) When ry(r) < 1, Corollary 1.2 gives rise to natural orbits. In fact, there exist C§¥*(r,m)

by —b

and C944(r,m) such that if by, by are even, we have that Cy(r, by, by, m) = C£*"(r,m) =
by —b

and if by, by are odd, we have that Cy(r, by, by, m) = C4(r, m) “27". Hence there are at most

two orbits, possibly depending on the parity of b. In fact, there is only one orbit: if b is odd
then Lemma 2.1, together with the notation of (2.7), shows that

LE(Tu b+ 17 Z) = LZ(T7 b7 Z) | U<£) = Czdd(ra b7 b+ 27 m)Lg<7’, b+ 27 Z) ’ U(g)
= C%(r,b,b+2,m) Ly(r,b + 3, 2),

so C9dd = (Cgven,

We note that theorems of this type, and more generally all of the theorems in this paper,
can be implemented to get estimates of when the coefficients of the partition generating
functions are in any of the residue classes modulo ™, not just zero.

(2) Following [11] and [5], a pair (r,¢) is called ezceptional if there is a congruence of the
form p,(fn+a) =0 (mod ¢), and superexceptional if the congruence is not explained by any
of the three criteria Boylan gives in Theorem 2.3 in [5]. We find that for all pairs (r, ¢) which
are exceptional but not superexceptional and satisfy ¢ > r + 5, we have ry(r) = Ry(r) = 0.
For the first two superexceptional pairs, (5,23) and (7,19), we find that r,(r) = 1. In other
words, for m = 1 we have Cy(r,m) = 0, but for m > 1, Cy(r,m) # 0.
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Finally, as a direct corollary of Theorem 7.1 in [8], in the case r4(r) = 1 we have that
the forms Py(r,b;24z) (mod ¢™) converge to Hecke eigenforms as b,m — oo. This is the
analogue of Theorem 1.3 in [8]. For even r, Py(r, b, 242) has integral weight, while for odd r,
it has half-integral weight, so we first review the definitions of Hecke operators. For odd r
and ¢ a prime not dividing the level, recall that for A € Z and ¢ prime, the Hecke operator
T(c?) of weight A + £ with Nebentypus x is defined by

<Z a(n)q") |T(?) =) (a(c2n) + M (@) x(c)a(n) + C”‘la(n/c2)> q".

(1.6)
For even r and ¢ a prime not dividing the level, recall that the Hecke operator T'(c¢) on the
space M} (To(f), x) is defined as

> amq'|7(e) =Y (alne) + P x(e)a (%)) " (17)

Theorem 1.3. If ry(r) = 1, then Py(r,b;24z) (mod ™) is an eigenform of all the weight
k¢(r,m) — & Hecke operators on I'y(576), for b > by(r,m).

As an immediate corollary, we get the following congruences for p,.(n).

Corollary 1.4. Suppose ,r are such that ro(r) =1 and m > 1.
(1) If r is odd and b > by(r,m), then there is an integer A¢(m,c) such that for all n coprime

to ¢ we have
Eb 3 gb
A

(2) If r is even and b > by(r,m), then there is an integer \¢(m, c) such that for all n coprime

to ¢ we have
Occn+r\ ten +r .
Dr (T) = \o(m, c) [ . (T)] (mod ™).

1.2. The spt function. In the previous subsection, we obtained theorems analogous to
those proven in [8], where p(n) is replaced by p,(n). These theorems rely on the fact that
the generating functions for p,(n) are essentially modular forms. However, it turns out
that the general strategy for studying p,(n) also applies to partition functions which do not
directly relate to modular forms, for example, the spt-function introduced by Andrews in [2].

The spt function counts the number of smallest parts among the partitions of n. For
example, for n = 3, we have

The smallest parts are underlined, giving us spt(3) = 5. For convenience of notation, we
define s(n) := spt(n). Andrews [2] proved the following Ramanujan-type congruences

s(bn+4)=0 (mod 5),
s(Tn+5) =0 (mod 7),
s(13n+6) =0 (mod 13).
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Garvan recently proved that these three congruences are the simplest examples of elegant
systematic congruences modulo arbitrary powers of 5, 7, and 13, namely

s(5'n + 85(0)) =0 (mod 5177 ],
s(7Pn +6:(0)) =0 (mod 715 ]y, (1.8)
(13" + 613(0)) = 0 (mod 1315,

where 6,(b) denotes the least nonnegative residue of 241 modulo ¢°. For all primes ¢ > 5,
Ono [15] found a systematic modified type of congruence which Ahlgren, Bringmann, and
Lovejoy [1] have generalized to all powers of primes ¢ > 5.

We would like to apply similar techniques as in the p, case, but the generating function

for spt,
S s(n)g" = (Zmn ) (Z‘-’ Lo (1= )>, (1.9)

n>0 1=q"

is not modular. Instead, it is essentially the holomorphic part of a weight g harmonic Maass
form. More precisely, if we work with the sequence

a(n) :=12s(n) + (24n — 1)p(n), (1.10)
and define

= Za(n)qnfi, (111)

n>0

then a(24z) is the holomorphic part of a weight 3 weak Maass form, as shown by Bring-
mann [7].

Although harmonic Maass forms are modular, they have Fourier expansions that are not
holomorphic. Fortunately, we can return to the theory of modular forms by annihilating
the non-holomorphic part. Garvan [10] accomplished this by Atkin’s U(¢)-operator, while
Ono [15] used the weight 2 Hecke operator T'(¢?), and Ono and others have used the theory
of twists (for example, see Theorems 10.1 and 10.2 of [14]). We follow Garvan, and define

arz) =Y (a (en - i(ﬁ - 1)) — () la (%)) ¢, (1.12)

n>0

where yia(e) := (£2). As shown by Garvan in [10], for primes ¢ > 5, a,(z) is a weakly
holomorphic modular form of weight 2 (see the discussion before (1.20) of [10]). For the
primes 2 and 3, a fairly complete theory has been obtained by Folsom and Ono in [9], with
an alternate approach for the prime 2 by Andrew, Garvan, and Liang in [3]. We would like
to apply similar techniques as the p, case to obtain results for ¢ > 5.

Following Garvan, our main objects of study are the series

Pspt bi2) = 3 (a (ﬁb’gi 1) ~ ypa(0)la (%)) 5. (1.13)

n>—/¢

Note that Py(spt, 1;z) = ay(2).
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As in the p, case, fixing integers b > 0 and m > 1, we define
AEOdd(Spta b7 m) = SpanZ/ng{n(fz)Pg(spt, 57 Z) (mOd em) : ﬁ > b7 6 =b (mOd 2)}7
AN (spt, b, m) = Spang g {n(2) Pi(spt, B 2)  (mod ™) - B> b,8=b (mod 2)}

for odd and even b, respectively. The quantity dy(spt) is analogous to dy(r) defined earlier,
and is related to the kernel of an important operator we define in Section 4.

Theorem 1.5. If ¢ > 5 is prime and m > 1, then there is an integer by(spt,m) such that
the following are true.

(1) The nested sequence of Z /0" Z~modules
A% (spt, 1,m) D A% (spt,3,m) D ... D AL M (spt, 204+ 1,m) D -

is constant for all b with 2b+ 1 > b)(spt,m). Moreover, if one denotes the stabilized 7. /0" Z-

module by Q9%(spt,m), then its rank, ry(spt), is at most

S -SR] de#1 (med12),
Ry(spt) =

Ed V;Z;J if =1 (mod 12).

12

(2) The nested sequence of even Z/{™Z-modules {A,**“"(spt,b,m) : b > bj(r,m)} is constant
for all b with 2b > be(spt,m). If we denote the stabilized module by Q5**"(spt, m), then its
rank is at most Re(spt).

Moreover, if we define by(spt,m) to be the least such integer, then
be(spt,m) < 2(dy(spt) + 1)m + 1.
Remark. From the definition of dy(spt), we get the trivial bound
de(spt) < dim(Sp41).
For ¢ = 5,7, or 13, we have that r,(spt) = 0 and d,(spt) = 0, and therefore our gen-
eralization of the theory of [8] reproduces Garvan’s congruences but with the power of the
modulus is one smaller. It is interesting to note that /-adic theory can replace the theory of

modular equations. With slightly more extra input, we would be able to reproduce the full
congruences.
Corollary 1.6. For the primes £ = 5,7, and 13, we have

b—1

2

s(fPn +6,(b)) =0 (mod ol J)

For ¢ = 11,17,19, 29, 31, or 37, we have that r,(spt) = 1, and therefore we get the following
theorem.

Corollary 1.7. Let ¢ be one of the primes above and m > 1. If by,by > by(spt,m) and
b1 = by (mod 2), then there is an integer Cy(m, by, bs) such that for all n, we have

S (Ebln + §g(b1)) —x12(0) £ s (Ebl_Qn + 0(by — 2)) =
Co(m, b, ba) + [s (€0 + 6¢(b2)) — x12(€) €5 (€7 P+ §e(by — 2))]  (mod £™).

Remarks.



¢-ADIC PROPERTIES OF PARTITION FUNCTIONS 7

(1) Also note that when m = 1, the above formula dramatically simplifies as
s(0%'n + 64(b1)) = Cy(1, by, by) - s(£22n + 64(by))  (mod £).

(2) Just as in the case of p,, when 7,(spt) < 1 then the theorem above gives rise to natural
orbits.

Finally, we show that for small ¢, the forms Py(spt,b;z) (mod £™) converge to Hecke
eigenforms as b, m — oo, where the Hecke operators are as defined in (1.6). This is analogous
to Theorem 1.3 in [8].

Theorem 1.8. If 5 < ¢ < 37 is prime with ¢ # 23, then P,(spt,b;24z) (mod ¢™) for
b > by(m) is an eigenform of all the weight k¢(spt,m) — & Hecke operators on To(576).

As an immediate corollary, we get the following congruences for s(n).

Corollary 1.9. Suppose ¢ = 11, 17, 19, 29, 31, or 37, and m > 1. If b > by(spt,m), then
there is an integer \¢(m,c) such that for all n coprime to ¢ we have

ne® + 1 0 2ne3 + 1
() s ()

= \(m,0) [s (%—:1) (0t (M;—Z“)} (mod (™).

Remark. In the case when m = 1, this simplifies to

Pnc® +1Y\ lPnc+1
s (T) = Me(m,c)s (T) (mod ¢).

1.3. Examples. Here, we give numerical examples of the main theorems in this paper. In
all cases, using the methods in §6 of [6], we find that d,(r) and d,(spt) are zero.

Fxample 1. We illustrate Corollary 1.2 in the case that ¢ = 13, r = 2, and m = 1. We
calculate that
P13(274;Z> = 10'P13(27272) =1 +4q+q2 +e (IIlOd 13)
and therefore
p2(13*n 4 26181) = 10 - py(13?n + 155)  (mod 13).
More generally, for every even by, b, > 1, we have

13b1m + 2 by—by 13%2p 4+ 2
— | =10z _— d 13).
P2 ( o1 ) 0 P2 ( o1 ) (mod 13)

Example 2. We illustrate Corollary 1.7 in the case that m = 1 and ¢ = 11. We calculate
that
Pyi(spt,2;2) = Py (spt,4;2) =4q +7¢* +7¢* + -+ (mod 11)
and therefore
s(11°n + 116) = s(11*n + 14031)  (mod 11).

More generally, for every even by, by > 2, we have

11 41 1120 41
B — P 11).
S ( ol ) s ( 54 > (mod 11)
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Example 3. We illustrate Theorem 1.8 for £ = 17 when b = 2 and ¢ = 5. We calculate that
Pi7(spt,2;242) | T(5%) = 2P17(spt, 2;242) = 13¢* + 13¢™ + 4¢™° + 8¢ + -+ (mod 17)

and therefore
5(28599 + 36125n) = 2 - s(1144 + 1445n)  (mod 17)

for n relatively prime to 5.

1.4. Outline. In Section 2 we introduce the sequence of functions L,(r, b; z) and L(spt, b; z),
which are related to the functions Py(r,b;2) and P,(spt,b; z), and which are obtained by
repeatedly applying certain operators U(¢) and D(¢). We also recall various facts about
filtrations of modular forms that we will need. In Section 3, we show that U(¢) and D({)
preserve spaces of modular forms, and in Section 4, we show that iterating these operators
results in spaces y(r,m) and Q,(spt,m) with small rank. Since Ly(spt,b; z) and L,(r,b; z)
reside in these spaces, this proves the finiteness portions of Theorems 1.1 and 1.7 and their
corollaries. In Section 5, we prove the bounds on by(r,m) and b,(spt, m) given in these two
theorems. In Section 6, we give proofs of the main theorems.
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2. COMBINATORIAL AND MODULAR PROPERTIES OF IMPORTANT (GENERATING
FuUNCTIONS

2.1. Basic definitions. The proofs of the theorems in this paper rely on a detailed study
of a peculiar sequence of power series. To define them, we need combinatorial properties of
some very special generating functions.

Throughout the paper, we will consider ¢ > 5 prime. In the case of p,, we will always be
considering ¢ > r 4+ 5. Recall that the Atkin U(¢)-operator acts on g-series by

(Z a(n)q") U(0) =" a(mt)q". (2.1)

Following [8], we define

Dy(z) = , (2.2)

and define the operator D,.(¢) by

FIDe(€) := (f - (Pe(2))") [ U()- (2:3)

To study p, we will consider the sequence of operators U({), D,.(¢),U(¢), D,(£), . ... To study
spt we will consider the same sequence, with » = 1. It will occasionally be useful for us to



¢-ADIC PROPERTIES OF PARTITION FUNCTIONS 9

think of this sequence as simply repeated use of the operators U({) o D,.(¢) or D, (€) o U({).
To this end, we define

F1X:(0) = (F1U0) | Dr(£) and
FIY:(0) = (f1 D(0) [U(£).

We now define for b > 1 two special sequences of functions. Let L,(spt, 1; z) := n(£z)a(z2),
and for b > 2, define Ly(spt, b; z) by

Lo(spt.b: 2) = Lo(spt,b—1;2) |U(Y) ?f b %s even, (2.6)
Li(spt,b—1;z)| D1(¢) if b is odd.
Let Ly(r,0;z) := 1, and for b > 1, define L,(r,b; z) by
Lo(r.b: 2) = Ly(r,b—1;2)|U(¢) ?f b ?s even, 27)
Le(r,b—1;2)| D.(¢) if bis odd.

The following lemma will relate L,(spt,b; z) and L(r,b; z) to our main objects of interest,
the functions Py(spt,b; z) and Py(r, b; z).

Lemma 2.1. For b > 1, we have that

Ly(spt.b: 2) = n(z) - Py(spt,b; z) sz z's even, (2.8)
n(lz) - Py(spt,b;z) if b is odd.
For b >0, we have that
r . P . - ;
Lo(r.bi2) = " (z) - Po(r,b; 2) z.fb Z,S even, (2.9)
n'(Lz) - Py(r,b;z)  if bis odd.

Proof. Note that by definition, we have
Le(spt, 1; z) = n(lz) - Py(spt, 1; 2),
Lo(r,0;2) =n"(2) - Po(r,0; 2).

To prove the lemma in general, we use induction on b and the following fact about the
U(¢)-operator. If F'(q) and G(q) are formal power series with integer exponents, then

(F(g") - G(@) |U() = F(q) - (G(a) | U(0)). (2.10)

The lemma now follows by direct computation. 0

We now prove a result about the modularity of the functions L,(spt, b; z) and L(r,b; z).
Using standard notation, we denote by M (I'o(/N)) the space of holomorphic modular forms
of weight k on T'y(IV), and we denote by M} (I'q(IN)) the space of weakly holomorphic modular
forms on I'y(V) of weight k, i.e. those forms whose poles (if any) are supported at the cusps

of FQ (6)

Lemma 2.2. If b > 1 is a positive integer, then Ly(spt,b;z) is in My(To(€)) N Z[[q]] and
Ly(r,b; 2) s in My (To(0)) N Z[[q]].
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Proof. For b = 1, we have that L(spt,b; z) = ay(2)n(¢z), which is in M}(To(£)) by a result
from [10]. By well-known facts about the Dedekind n—function (for example, see Theorem
1.64 and 1.65 in [13]), it also follows that ®,(z) € M}(T(¢2?)). Moreover, it is well-known
(see for example Lemma 2.1 in [6]) that

U(€) : My(To(€%)) — My(To(0)),
and that

! |

U(£) - My(To(£)) — My(To(£)).

Combining the two facts above for k = 2, an inductive argument shows that L,(spt,b; z) is

in M3(To(¢)) NZ[[q]] for all b > 1. The case b = 0 is obvious for Ly(r,b; 2), so the analogous
result follows. ]

2.2. Filtrations. The theory of filtrations has classically been used to understand modular
forms modulo ¢. Following [16] and [17], we review some of the most pertinent facts.
For f € My N Z[[q]], define the filtration of f modulo ¢ by

we(f) := llﬁgg{k : f =g (mod ¢) for some g € M NZ[[q]]}. (2.11)

If f=0 (mod ¢) then define w,(f) = —oo. Note that if f = g (mod ¢) and g € M, then
we have wy(f) =k (mod ¢ —1).

We use filtrations to understand how U (¢) acts on modular forms modulo ¢. The following
is Lemme 2 on p. 213 of [16]; it tells us how U(¢) decreases the filtration.

Lemma 2.3. If f € M, NZ[[q]], then we have w,(f|U({)) <+ %

Next we will need the following facts from §2.2 Lemme 1 of [16], which shows how the 6
operator acts on this graded ring.

Lemma 2.4. Letting 0f := qdiqf, the following hold.
(1) We have we(0f) < we(f) 4+ €+ 1, with equality if and only if we(f) Z 0 (mod ¢).

(2) We have we(f") = iwy(f) for all i > 1.

In the case of spt, we will use the U(¢) and D;(¢) operators to decrease the filtration to
¢ + 1, at which point it is stable. In the case of p,, applying the operators decreases the
filtration to ¢ — 1, at which point we have

wilr,b; 2) = o o
e\, 0, 2) = k?dd(r, 1) if b is odd.

The following lemma describes this process in both cases.

Lemma 2.5. Let f € Z[[q]] be a modular form and ¢ be prime.
(1) Suppose £ > 5 and wy(f) =2 (mod ¢ —1).
a. If we(f) = €+ 1, then we have we(f|U(X)) = €+ 1 and we(f | X1(¢)) < €+ 1. Hence
U({) is a bijection on weight ¢ + 1 modular forms modulo £.
b. If we(f) =€+ 1, then we have wo(f | D1(¢)) < £+ 1.
c. If we(f) >+ 1, then we have we(f | X1(0)) < we(f).

(2) Suppose £ > 1 +5 and we(f) =0 (mod £ —1).
a. If we(f) < kg2(r, 1), then we have we(f|U(€)) <€ —1 and wy(f | X,(0)) < kg4(r,1).
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b. If w(f) =€ — 1, then we have wy(f | D.(€)) < kg%(r, 1).
c. If we(f) > kg% (r, 1), then we have wo(f | X,(£)) < we(f).

Proof. To prove part 1(a), use Lemma 2.4(1) repeatedly to see that we(0°f) = (i + 1)(£ +
1) for i < ¢ — 1. The identity (f|U)¢ = f — 6“1 f, also from [16], gives w,((f|U)?) =
max(f, 01 f) = ({ +1). By Lemma 2.4(2), we get wy(f|U) = £ + 1. From this and part
1(b) below, we have that w,(f|X;(¢)) <+ 1.

To prove part 1(b), first note that

2

Qy(2) =A(2) 2 (mod ¢). (2.12)
By Lemma 2.3 we have

2-1
— ¢

w (AT I0O) <+ SSHL< () + (- 1)

for ¢ > 2. Since the filtration is congruent to ¢ + 1 modulo ¢ — 1, the result follows.
For part 1(c), write wy(f) = k(¢ — 1) + 2 with & > 1. Using Lemma 2.3, we compute that

(f—l— k(é—zl)—i-l) NI S| ) 3049
we(f ] X1(0)) < 0+ i : _ﬁ((£2—1)7++k(€—1)+2>.
Since for ¢ > 2 and k > 1, we have that 222 < k(¢ — 1) + 2, this part follows.
For 2(a), using the definition of k¢44(r, 1), we get that

alplviey <o GENEEDZL oy (1+757).

Since ¢ > r + 4, we get that w,(f |U(¢)) < ¢ — 1. The second part of (a) follows from this
and (b) below.
For 2(b), we use Lemma 2.3 to see that

_ r(?=1) _
We(f|Dr(f))§€+(€ Dt 1=(€—1)(£+1+T+4

; 5 5 )<kf%nn+e—1

when ¢ > r + 4.
Lastly, for part 2(c), using Lemma 2.3, we get that

<£ - —“’f“;)’l) +r(8) —1

4

Computation shows that the right-hand side is less than wy( f) if and only if wy(f) > (%) (0—
1)+ 51+ 24 Since r +5 < 4, £ — 1 | wy(f), and we(f) > k¢*¥(r, 1), we find that this last
condition is satisfied. O

we(f| X (0)) <€+

3. THE ACTION OF U({) AND D(¥)

3.1. U(¢) and D({) preserve modular forms. We show in this section that the functions
L(r,b; z) and Ly(spt, b; z) are reductions modulo ¢ of certain cusp forms. For the spt case,
we need to show this for the base case b = 1. For both cases, we need to show the induction
step, that U(¢) and D(¥) preserve these spaces of modular forms. It is important to choose
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weights so that these operators preserve spaces of those weights modulo powers of . For the
spt case we define
ke(spt,m) == "1l — 1) +2;
and in the case of p, we will use the weights /™~1(¢ —1) (without special notation). For ease
of notation, we will write
fes (3.1)
if f is congruent modulo # to a modular form in a space S.
Following [8], we define

_ ')
Ay(2) - n(0z)’ (3.2)
Using standard facts about the Dedekind eta-function (see for example Theorem 1.64 and
1.65 of [13]), we see that Ay(z) is a holomorphic modular form of weight % on T'g(¢) with
Nebentypus (%) This function is useful to us because it changes the weight of a form while
preserving the form modulo /.

Lemma 3.1. If { > 5 is prime, then Ay(2)*" " € Mm-1¢4-1)(L'o(¢)). Moreover,
A(2)*" =1 (mod ™). (3.3)
Proof. See the proof of Lemma 4.1 in [8]. O
Recall that the weight k slash operator is defined by
(£ s A)(2) := (det A)*/2(cz + d) 7 f(A2),

a

where A = (c b). As in [16], we define the trace operator Tr : M} (T'¢(¢)) — M}, by

d

_k 0 -1
() = £+ 0O 00, wo = (7 ), 3.4
Note that Tr takes My (To(¢)) to M.
Proposition 3.2. If m > 1, then Ly(spt, 1;2) €™ Sk, (spt,m)-

Proof. Following [10], we define

n(z)
n(lz)
Note that Gy(z) € Myy1(I'o(€)) by Theorem 2.2 in [10], hence we have

La(spt, 1;2) ()" = Gol2) Ad(2)" ) € Myyaptmy (To(0))

Go(2) = ay(z) - (3.5)

and

Tr(Le(spt, 1; z)Ag(z)%mfl) = Ly(spt, 1; Z)Az(z)%mil
—1)em 149

_( m—1_
0 (G e WO - AT sy WD) 1U() € Mot

The first term is congruent to Ly(spt, 1; z) modulo ¢™ by Lemma 3.1, so it suffices to show
the second term has valuation at least m.
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We use equation (2.19) on page 9 on [10],

() B 5, (o (222) ) (25

n=-—=sy

where E(q) :=[](1 — ¢"), and the transformation law for 7 to calculate

_=nemTlie m—1_
- (GZ(Z)WW(@-A[(Z)W 1>|@m,1,1)(4,1)vv(£>) U(0)

(=1l 041 pm—1_ 1\ AT T e 7]( >
— gl T E— [g P} Sl(Q) . (82) (¢ 1)(¢ 1),@ 2 : (6_1)2([’”1—1)

z

,1)%(6%1—1)

| U(#)

=Ly
2

14

(=1 lyg 1
1 [ sz<q>}|U<£>=% S4(a).

where S}, S», S5 are power series with algebraic integer coefficients. Since ™! > m, we get
the desired conclusion. 0

Now we show D, (¢) preserves the spaces Sk, (sptm)-

Lemma 3.3. Suppose m > 1 and V(z) € Z][q]].

(1) Let £ > 5 be prime, and suppose that for all 1 < j < m, we have V(z) € My, (spt.j)-
Then for all 1 < j < m, we have ¥(2) | Di({) € Sk, (spt.j)-

(2) Letl > r+3 be prime, r > 2, and suppose that we have U(z) € My-1o—q) for1 < j <m.
Then for all 1 < j < m, we have ¥(z) | Y, (€) € Sp-1-1y.
Furthermore, defining

kg (r, §) =

we have that ¥(z)| D,(f) € Sieti(yjy for 1 < j < m.

2

Note that in (2), one application of D,.(¢) can increase the weight because AT(T) = )
(mod ¢) has large weight. However, if we use the operator Y, (¢) rather than D, (¢), the
weight is preserved.

Proof. The proof is similar to that of Lemma 3.1 in [6], so we will omit some details and
instead note the differences. For (1), we let g; denote the forms in My, (s j) congruent to
¥ modulo ¢/, and for (2), we let g; denote the forms in My-1(,—1) congruent to ¥ modulo ¢
and modulo #/, respectively.
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(1) For the first part, the base case j = 1 follows by Lemma 2.5(1)(b). We write ¥(z) | D1(¢)
as

¥ | D) = (k5 ) 1040 (37)

A2

i=2(p— gi—
+ (93‘11*75_1 e AQJejiz) | D1(¢) (3.8)
+(0(2) = GBS ) D) (mod &), (3.9)

It suffices to show that for each summand S, we have S €7 Sy, (5r.). For (3.7) and (3.8) we
will show this using properties of the trace operator and for (3.9) we will use the standard
filtration argument (Lemma 2.3). Note that we have the congruences

EY =A% =1 (mod #). (3.10)
Define
_ 9i-1(2) o -1
f(z) === Di(0) and hz):=Ei1(2) =0 Ep_q1(L2).
Ag(2)

By (3.10), the first summand (3.7) is congruent to f modulo ¢. We will show that
f=Tr (fh”_1> (mod £). (3.11)

Since Tr sends M, J(spt.g) (Lo(£)) to M, J(spt.j) and [ is cuspidal, this would show that

[ €7 Sky(spt.j)- (Because the coefﬁcnents of the terms with nonpositive exponents in Tr( f héj_l)

are 0 modulo ¢, we can subtract from Tr(f hY") a modular function to cancel out those terms,

and this will differ from fh? " by a multiple of #.)
To show (3.11), we use Lemme 9 of [16], which gives

ordz(Tr(fhgjil) — f) > min(j + 0rdz(f)’€jil + 1 +orde(f 2 W(£)) —1).

The first argument is at least j; it suffices to show the second argument is at least j as well.
Note that if F'is a modular form modulo ¢ of weight w,

F|U) =" ZF|w( )
: kt —1 .
Letting vy, = 2 | We rewrite hla W(£) as
(4 1 k), (0 —1
_ -1 —
FaW(O =61 (—A o)l(o ) (r )

— g] 1|kg (spt,j— 1
=t " Bl 3.12
AQEJ 2|Z] ) [ 1)7 |0,y < )

Note that the extra factor of £ in (3.12), not present in [6], comes from combining the matrices
after the slash operator. The rest of the proof is the same: for k£ # 0 we decompose the
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AN
Tk = (K 0 / )
where k" is chosen so that k&' =1 (mod /), by = % For k = 0 we break up the matrix as

=) ()

Using transformation properties of g;_; and 7, we compute the following lower bounds for
the valuation of the factors in the terms in (3.12).

matrix vy as

gj—1 |l<:g(spt,j—1)7k (A%Jﬁ |£j—2(£—1) %)71 Dy o vk
1<k</?i-1 0 0 _%
k=0 ke(spt,j — 1) — 1 —1

(The only change from [6] is that in our case, k¢(spt,j — 1) replaces ¢*~2(¢ — 1).) From the
above table and (3.12) we get

P14 Ol“dg(fIQW(g)) > /e (/{?e(spt,j — 1) — 1) =7t P > 7,

as needed.
For the second summand (3.8), note that by (3.10), if we let
95— i
B =051~ ~gs By (3.13)
]
we get that (3.8) is congruent to Bj,| D1({) € M}W(spt’jfl)(lﬂo(é)) modulo ¢/. Furthermore,
we have
By =0 (mod /7). (3.14)

2_ 2_
Because Az = ®, (mod ¢), we can replace ®, with AT without changing B;, modulo

¢7. We will show that B;,| D;(¢) € Sk}(sptj—l)v where for convenience we set

2 2_1

- :Ej‘1(€—1)+2+€2 . (3.15)

Then, in light of (3.14), multiplying by a suitable power of E,_; will give that B;,| D;({) €’
Sk} (-1)’ finishing the proof of this part.
First, note that if we define

k() == ka(spt, j) +

i 21

ij = gj—_i . Eg] fAT,
then by the definitions of B, and D;(¢), we have

B | Di(f) = g, 1 AT |U(0) — Cj | U(0)

21 kb G-1)

= g AT U = 7 T (Ct Ly gy WD) (3.16)

KG-1)

+O0 ' j7€|k;r(j71)W(€) (mod fj).
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Note that the first term is the reduction of a cusp form in Skg(j—n' Since A7 € M,_1(T(¢)),

we have Cj, € Méz(j_l)(l“o(ﬁ)) and Tr(Cj, |k}(j—1) W) e My ;1) It remains to show that

kfG-1)

2 —1Cj,g|kz(j_1)W(f)zo (mod #).

By using transformation properties of g;_; and 1 we can compute

k (J 1)_1
Ol"dg 14 C]g |kT 1) W(ﬁ)
kﬁ(j—l) 0i—2 ‘*1
> 5 1 + ord, [(gj 1By AT ) |1w (spt,j—1)+01=2(0-1)+ 51 W(@]
— ordg(A3 [pi-2e—1) W (L))
kGG —1) ke(spt,j — 1)+ 072(0 — 1) + E51 gi=1 4 pi=2
S AU A —
2 2 2
as needed. (The only difference in [6] is that k.(spt,j — 1) in the last line above is replaced

by ¢772(¢ — 1); this bound for the valuation is 1 greater than in [6].)
Write the third summand (3.9) as Fj¢ | D1(¢), where Fj, is defined by

> J

0=2(0—1
Fio=g;—gi1E,_ 1( )

Since g; = gj—1 (mod ¢~ 1), we get the congruence

Fiy=0 (mod 1), (3.17)
We have that éj L A €S k() SO by a calculation using Lemma 2.3 we obtain
Fiy 2
we | =1 |Di(0) ) <(—1)(F=+1)+2. (3.18)

Multiplying by #~' and an appropriate power of E,_; gives that Fj,|Di(¢) € Sk,(sptj)-
This finishes the proof of the first part.
(2) The second part is similar except with the modified operator Y,(¢) and the weights
710 —1). Again we write ¥(z) | D,(¢) modulo # as in (3.7)-(3.9). The j = 1 case follows
from Lemma 2.5, so let j > 2.

To study the first summand (3.7), let f =

We have

w L | D,.(¢) and replace f | W () by f|o W ().

/-1

_ 9;'—1’51‘—2(1571)’71@ .
flow () =07 = P [o V-
% AP oy

We have the following lower bounds on the valuations of the factors.

i1l | (Al w) | 95 o
T<k<i—1 0 0 —_t
F=0 ) T —




¢-ADIC PROPERTIES OF PARTITION FUNCTIONS 17

(The change here is that the exponents coming from ®, are multiplied by r.) Hence we get
that

Ordg(f ’0 W(ﬁ)) > -1+ (61?2(6 N 1) _ il _ 7‘)
Sl (3.19)
From the inequality (Lemme 9 of [16])

ordg(Te(fAY ") — f) > min (j + orde(f), @7 + 1 4 orde(f |o W(£)))
and from (using ¢ > r + 3)
T rordy(floW() >0 =772 —p > j

we obtain as before that f &/ Sy-1,_1). Because U(f) = T(¢) (mod {™), we obtain
FIU(C) € Spi-1(4—1) as well.
For the second summand (3.8), note that replacing D;(¢) by D,(¢) means replacing A =z

r(£2-1)

by A7z . Thus the proof is similar to that of Proposition 3.3 in [6], with ﬁT’l replaced by
@. We get that Bj, | D,(¢) is the reduction of a cusp form of weight

. 2 -1
F20—1) + % (3.20)
When j > 2, this is at most ¢/~1(¢—1), since the inequality is equivalent to @ < 20—
1)%, which is true since r < %éi_ll). For j = 2, note that we get B;,| D,(¢) € S£—1+T(‘22’1>

and hence that
Bj.| D, (¢) € SL%JZ(Z—U'

By Lemma 2.3,

it <1

which shows, after multiplying by a suitable power of E,_;, that Bj|Y,({) € Syy-1).

(02—
For the third summand (3.9), we calculate the filtration of gj_"’l G | U(¢) using Lemma 2.3.
Since the filtration of 224 is at most #/~1(£ — 1), we get that

» (Bj,e |DT(€)|U(€)) <0+ [5]ec—1) -1

. 2
Fip \ -1 G0 —1) + @ -1
Wy (w_l 24 ’U(g)) §£+ 7 .
We also have that ¢ > r 4+ 3 and the filtration is a multiple of ¢ — 1, so we get that
F‘ r(e2-1 . 2 .
we (w% Ha U(é)) <(0—1) (w—? + T; ) < @0 - 1), (3.21)
Another application of U(¢) will not increase the filtration. O

Lemma 3.4. We have the following.

(1) Ifb>1 and m > 1, then we have that L(spt, b; 2) €™ My, (spt,m)- (Forb > 1, Ly(spt, b; z)
is a cusp form.)
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(2) If b > 0 is even and m > 1, then we have that L(r,b;z) €™ Mm-14_q). (Forb >0,
Ly(r,b; 2) is a cusp form.) If b 2 1 is odd and m > 1, then Lg(r b;z) €™ ngdd( ram)-

Proof. In both cases the proof is by induction on b. For (1), the base case b = 1 is Propo-
sition 3.2. For (2), the base case follows from 1 = EY" (mod #/) for all j. In (1), the
induction step for even b to b+ 1 is given by Lemma 3 3(1), while the induction step for
odd b comes from the fact that U(¢) = T'(¢) (mod #) as long as the weight is greater than
Jj, and the latter operator preserves spaces of modular forms. In (2), the induction steps for
even b to b+ 2, and even b to b+ 1, are given by Lemma 3.3(2). O

Remark. Let M, (¢, m) and M (¢, m) denote the space of modular forms in Mpm-1(_1) N
Zlg]] and Myoaa(my N Zey[[g]], respectively, with coefficients reduced modulo ¢™. The

previous corollary shows that we have the following nesting of Z/¢™Z-modules in the case
brt
M, (6,;m) D A (r,0,m) 2 A (r,2,m) 2 - D A (r,2b,m) O
MY (Em) 2 ALY 1m) 2 ALY 3,m) 2o DALY (204 1,m) D -

In the case of spt, let My, (¢, m) denote the space of modular forms in My, (spt,m) With coef-
ficients reduced modulo ¢™. Then we have the following inclusions:

Mgp(6,m) D A (spt, 2,m) D NS (spt,4,m) D -+ D A (spt, 2b,m) D
spt(e m) D AZOdd(Sptv 17 m) D A Odd(spta 37 m) 2 e 2 AZOdd(Sptv 20 + 17 m) 2
Since each sequence is contained in a finite-dimensional space, it must stabilize after a finite

number of steps.

3.2. Reducing the weight of modular forms. The next lemma shows that X;(¢) and
Y, (¢) reduce the weight of those modular forms modulo ¢ in the Z/¢Z-kernel of U({) or
D(¢). Think of the lemma as an analogue of Lemma 2.5 when we’re considering g¢-series
modulo higher powers of £.

Lemma 3.5. Let n > 1 and ¥(2) € Z[[q]].
(1) Let £ > 5 be prime. Suppose that, for all 1 < j < n, we have V(z) € My, sptj)- If
U(z)| D1(€) =0 (mod £), then for all 2 < j < n, we have VU(z) | Y1(£) € Sk,(sptj-1)-

(2) Let £ > r+5 be prime. Suppose that ¥(z) €' M,y and for all 2 < j < n, we have ¥ &’
Myi-1(o—1y. If U(z) =0 (mod ¢), then for all 2 < j < n, we have ¥(2) | Y, (€) € Sp—=2(_1).

Proof. This proof follows the same argument as Lemma 3.6 in [6]. We keep the notation
from the proof of Lemma 3.3.

(1) We break up ¥(z)|Y;(¢) into three summands as follows:

v (0 = (S5 2) o (322

0172 (0~ gj—1 j—1
O G (323

+ (9= 9B V) IO (mod ), (3.24)
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We prove that for each summand S we have S €7 Sho(spt,j—1)1 and begin by assuming j > 3.
First summand (3.22): By hypothesis, 0 = f(z)| D1({) = Aw > | D1(¢) (mod ¢). Hence

using Eyp_1(2)? " =1 (mod #71), (3.22) is congruent to G;(z) | U(¢) modulo ¢/, where

Culz) = (% Dy >) Eer(2)°™ € MYy sy 1y1a(Tol0)).

We have that
07 2(/z 1)
O T (G lrutspri—ny W(0) = G [U(0) + G iyt WO
We will show that the valuation of the last term is at least j. Since Tr sends M, (sptj— 1y (To(0))
to M, ,and Gj,;(2) | U(¢) is cuspidal, this would show that G;;(2) | U(£) € Sk,(spt,j—1)s

ke(spt,j—1)
as needed.
Note that w 3 | D1(0) |a W (£) is given by (3.12). Hence, we have

(/Z 1)

7 2-1)
ordy [ £ 2 Gj,f|kg(spt,j—1)W(€)

20— 1 j—2 95—

> —(2 ) + ordy <El€fl ’gjfz(g_l) W(€)> + ord, (W;w_z | D, (f) |2 W(€)>
=20 — 1 I=2(0 — 1 .

> CUZD EUED |t -1 -6 -1 25

Second summand (3.23): Defining B;, as in (3.13), we see that (3.23) is congruent to
B;,|Y1(¢) modulo #. From (3.15) and Lemma 2.3 we get

2 -1

wg(B | Dy (¢ )>§61—2(£—1)+2+ , S0

(i1
G2 —-1)+2+ 51 -1
2

/i1 S ké(sptaj - 1)

Multiplication by an appropriate power of Ey_; then shows Bj,(2) | Y:(¢)
Third summand (3.24): Defining Fj, as in (3.17), we find that (3.24
Fj ;| Y. (¢) modulo . Using (3.18), Lemma 2.3 gives

o (P2 1D01U0) < o DD I g oy,

We finish with the same argument as before.

wg(B | Dy (¢ )]U(é)) </l+

6 k‘g spt,j—1)-
) is congruent to

(2) First consider j > 2. Asin the first part, we decompose ¥(z) | Y;.(¢) into three summands,
each of which we will show to be the reduction of a form in Sp—2¢,_1):

gj—1 31
w100 = (Lot B ) 100 (325)
l
i=2(p— g;— ji—1
# (amaBE 0 - L2 ) 17000 (3.20
14

+ (0= g BLV) 10, (3.27)
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First summand (3.25): Letting G, ,(2) = (Agg’)—;gf),g | DT(€)> Ei1(2)" " € Méj_Q(Zfl)(Fo(f))

. . VAC 4
and recalling Ef " =1 (mod #~"), we find that the first summand is congruent modulo ¢/
to Gj(2) | U(¢). As before, considering

097200-1)

g720-1) _
2 TTe(Gu(2) [U0) = Ge(2) |UW) + €2 1 Gya(2) [er—20—1) W (0),

it suffices to show the valuation of the last term is at least j. Using (3.19), we have that

g2
ordy (€ 2 1Gj,e(2’) ’w‘*Z(z—l) W(Z))

_ (w - 1) + ordy ( Ii=L 1 D1(6) o W(é)) + ordy (Ef:2 |ei—2(-1) W(g))

2 A2
i=2(p — 1 , I=2(0 — 1

The second summand (3.26) is B;, | D,(¢) | U(¢), where we define B, as in (3.13). From (3.20)
it follows that Bj,| D,(£) €7 S, Lemma 2.3 and the fact that r + 2 < £ then

give

i=2(0—1)+ T(ﬂ;l) :

20— 1)+ "E=0 g
o (555100100 < £+ 3
Since (Bjo | D,(€)) |U) = f;01U(¢) = 0 (mod #~'), we may multiply by an appropriate
power of Ey_y to show (Bj,| D, (€))|U(€) € Syi-2(4—1) modulo ¢,

For the third summand, we define F}j, as in (3.17). From (3.21) we have that F},(z) | D,(¢)
is congruent modulo ¢ to a form in S(gj72+%+1)(g_1). Again using Lemma 2.3, we get

wy (ﬂ | D,.(0)| U(é)) </(+ s +2)<€ —b-t <O2(0-1).

Bis < P20 -1).

2

Exactly as before, multiplication by a power of E,; gives that F;(z)|D,(¢)|U(¢) €
ng72(g,1).

To check the j = 2 case, note that by hypothesis, we have w (2) < ¢(¢ — 1). Applying
Lemma 2.3 repeatedly and noting 2¢ > r 4 3 gives

(2120 s (13),

w (Mw(z)) <01

Hence ¥ | Y,.(¢) = go | D,.(¢) | U(¢) (mod ¢?) is the reduction of a form in S,_; modulo /2. O

4. THE SPACES Q9°°(m) AND Q)V™(m)

In this section, we will give injections from our stabilized spaces into spaces of cusp forms
of small weight.
Following [6], we recall two elementary commutative algebra results.

Lemma 4.1. Let A be a finite local ring, M be a finitely generated A-module, and T : M —
M be an A-isomorphism.



¢-ADIC PROPERTIES OF PARTITION FUNCTIONS 21

(1) There exists an integer n > 0 such that T™ is the identity map on M.
(2) For all p € M and n >0, we have
pe AT (), T (), - - ).
Now, we will state our main theorem, which we will need a few lemmas to prove.

Theorem 4.2. The following hold.
(1) If¢ > 5 is prime and m > 1, then there exists an injective Z /0™ Z~module homomorphism
7% (spt) = Q2%(spt, m) < Sea O Zgy[[g]]
satisfying the following property: for all v € Q% (spt, m) with ord,(v) = j < m, we have
% (spt)(v) = v (mod #11).

(2) If ¢ > r+5 is prime and m > 1, then there exist injective Z /(™ Z—module homomorphisms
15" (r) = Qg°"(r,m) — Se—1 N Zyy[[q]], [%(r) = Q% (r,m) — Sppaa1y N Ziey (]
satisfying the following property: for all py € Q™ (r,m) and py € Q% (r,m) with ord,(p;) =

7i < m, we have
e (r) () = pa (mod @), TIZ%(r) (pg) = pp - (mod #27).
We will work out the first case in detail, and state results for the second only when they

differ significantly from the r = 1 case in [6].
For the spt case, we consider the following two submodules of Sy, (spt,m) N Ze)[[q]]:

So(spt,m) = { F(2)Een(2)™ 71 f(2) € Sean ﬂZ(g)[[q]]} and (4.1)

Si(spt,m) = {g(z) cg(z) = Z ;¢ € Sky(sptm) N Zwy|lg]] with mg > dim(SgH)} .
Jj=mo

(4.2)

By the existence of “diagonal bases” (with integer Fourier coefficients) for spaces of cusp
forms, we have Sy, (spt.m) N Zpyllg)] = So(spt,m) @ Si(spt,m). We define S (spt,m) C
Sky(spt;m) N Zoy[[q]] to be the largest Z/¢™Z-submodule such that X;(¢) is an isomorphism
on 8°%(spt, m) modulo £™.

For p,, we consider the following two submodules of Sym-1(—1) N Z)[[q]]:

ngen(r’ m) — {f(Z)Eg_l(Z)KWHl_l : f(Z) € Sg_l N Z(g)[[(_[]]} and (43)
vaen(,r’ m) — {Q(Z’) : g(Z) — Z ajqj € ng—l(g,l) with mgy > dim(Sel)} . (4.4>

We similarly see that Sem-1(_1y N Zg[[q]] = S5 (r) ® S§¥°"(r,m), and define S°"(r) to be

the largest Z/¢™Z-submodule such that Y;.(¢) is an isomorphism on S¢**(r, m) modulo ¢™.

Define §°4(r, m) similarly but use k94 (r, m) in place of £™~*(¢—1) and with k?dd(r’%)__lkzdd ()

in place of /m~1 —1.
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The following lemma, holds for both spt and p,, and for both S¢°" and §°4. Therefore, for
brevity, we shall let S = §°¥(spt,m), S°(r,m), or S°4(r,m), and let Sy, and S; denote
the corresponding spaces.

Lemma 4.3. Suppose that f(z) € S has ord,(f) =i < m, and that f(z) = fo(2) + fi(2)
with f;(z) € S;. Then we have ord,(f;) > i and ord,(fy) = 1.

Proof. Using Lemma 2.5, this proof proceeds as Lemma 4.4 of [6]. U
Now, we state a corollary of Lemma 4.3, whose proof follows Corollary 4.7 of [6] exactly.

Corollary 4.4. Let f(2),g9(z) € S, and suppose that f(z) = fo(z) + fi(z) and g(z) =
g0(2) + g1(2) with fi,g9; € S;. Suppose further that fo(z) = go(z) (mod ™). Then we have
f(z) = g(z) (mod (™).

We are now ready to construct our injection and prove Theorem 4.2.

Proof of Theorem 4.2. We construct the injection I199(spt) as the composition of three
Z,/0"Z-module homomorphisms W (spt), Uo(spt), and U3(spt). By Lemma 3.4, we have that
X (¢) is an isomorphism on Q944 (spt, m), which implies that Q9 (spt, m) C S°d4(spt, m) by
the definition of §°d4(spt, m). Therefore, we let the map W;(spt) be defined by

Wy (spt) = QoY (spt, m) — S°(spt, m).

To define Wy (spt), we let f(2) = fo(z) + fi(z) € S°(spt, m) with f; € S;(spt,m), and we
suppose that ord,(f) < m. Lemma 4.3 implies that f(2) = fy(2) (mod "% +1) Therefore,
we can let Wy(spt) : S (spt, m) — Sy(spt, m) be defined by

Wy(spt) : f(2) — fo(z) (mod ¢ordelN+1y,
This map is injective by Corollary 4.4.

We next define the map W3 : So(spt,m) — Si1NZy[[g]]. Suppose that f(2) € So(spt,m).
By the definition of Sy(spt, m), there exists g(z) € Sp31NZ[[g]] such that f(2) = g(2)Er_1(2)"" .
We therefore define

Ws(spt) : f(2) = g(2).

Since the first two are injections and the third is an isomorphism, the composition I1994(spt)
is an injection.

Moreover, if we suppose that f(z) € Q99(spt, m) with ord,(f) < m, then we have that

3% (spt)(f(2)) = f(2)  (mod ¢raeP+),

This proves the theorem for the spt case. The homomorphisms Wy (r), Uy(r), and Ws(r),
whose composition gives us TI$¥"(r) or [1949(r), are defined similarly. O

Remark. These injections preserve the order of vanishing. Since applying D, (¢) to a form
gives g-expansions satisfying
FID,(0)= > anq"

r(e2-1)
N2 =%

this gives us that

ranky /mz (Qz’dd(spt,m)) < dim (Se41) — { 24/ J '
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For the p, case, note that we have isomorphisms Dy(r) : S®"(r,m) — S°%(r,m) and
U(0) : 8°9(r, m) = §°¥1(r,m). Hence

, r(? -1
ranky pmz, (" (r, m)) = rankgmz (€20 (r,m)) < dim (Skl?dd(m)> — {gJ :

240

5. BOUNDS ON by(r,m) AND by(spt,m)

In this section, we prove that under certain assumptions, we can give bounds for by(r, m)
and by(spt,m) of size roughly 2m. We will first introduce some notation.

Let S(spt) := S(spt, 1) denote the largest subspace of Spi1 N Zy)|[g]] over Z/{Z on which
X;(¢) is an isomorphism. As in [6], we define d,(spt) by

dy(spt) »=min{t > 0: Vf € Mooy N Z[g]], f | D1(O)| X2 (0)" € S(spt)}. (5.1)

Similarly define S (r) := S®*"(r, 1) to be the largest subspace of S;_1 N Z)[[q]] over Z/(Z
on which X,.(¢) is an isomorphism and S$°¥(r) := §°44(r 1) to be the largest subspace of
Skodd(y,1y o1 Which Y,.(¢) is an isomorphism. We define

de(r) :==min{t > 0: Vf € My_1 N Zwllql], f | D-(¢) | X, (€)' € Sedd (1)}, (5.2)
We also define a related quantity

r(2-1)

dy(r) == min{t > 0: Vf e M, mq[ %[[q]],fm(f)t €SV (r)}.  (5.3)

(=23

By the fact that we have isomorphisms Dy (r) : S&¥(r) = S°d(r), U(f) : S°4(r) 5 Seven(y)

and the fact that ®} |U(¢)|U(¢) only has terms with exponents at least P(sz;)

that dg(r) < dj(r) + 1 and d)(r) < dy(r) + 1. We conjecture that dy(r) =0 for all £ > r + 5.
The same is not true of dj(r); however in many cases we still have dj,(r) = 0.
We will prove the following theorem, which gives the last component of our main theorems.

-‘ , we have

Theorem 5.1. If m > 1, then the following bounds hold.
(1) For £ > 5 prime, we have

be(spt,m) < 2(de(spt) + 1)m + 1.
(2) For ¢ > r+5 prime, we have
be(r, 1) < 2dy(r) + 1,
be(r,m) < 2(de(r) +1) +2(dy(r) + Y(m = 1),  m =2
Remark. Notice that if dy(spt) = 0 and dy(r) = dj(r) = 0, then we get that
be(spt,m) < 2m + 1 and by(r,m) < 2m.

Our proof will be similar to the proof of Theorem 5.1 in [6]. We will need the following
lemmas which we will use in the proof of Theorem 5.1.

Lemma 5.2. The following hold.
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(1) Suppose that, for some odd b > 0, we have f(z) € ALY (spt,b,m) and 0 < ord,(f) < m.
If, moreover, we assume that there exists g(z) € Moy N Zy[[ql] such that

f(Z) = gordz(f)g<z) (HlOd gordg(f)Jrl)’
then there exists h(z) € Q5" (spt, m) such that
F(2) | Di(0) | X1(0)"0P) = h(z)  (mod ¢4 H),

(2) Suppose that, for some even b > 1, we have f(z) € A, ""(r,b,m) and 0 < ordy(f) < m.
If, moreover, we assume that there exists g(z) € My—1 N Z[[q]] such that

f(z) =74 Wg(z)  (mod (rdeIH),
then there exists h(z) € Q9% (r,m) such that
f(2) | D(0) | X, (0)%") = h(z) (mod ¢orde(D+1y,
Proof. See the proof of Lemma 5.2 in [6]. O
We will also need the following lemma about the spaces Q5" (spt, 1) and Q994(r, 1).

Lemma 5.3.
(1) If ¢ > 5 is prime, then we have that

Ly(spt, 2dy(spt) +3;2) (mod ¢) € Q% (spt, 1).
(2) If ¢ > r+ 5 is prime, then we have that

Lo(r,2dy(r) + 1;2)  (mod ¢) € Q9%(r, 1).
Remark. Notice that the lemma gives the case m = 1 of Theorem 5.1.
Proof. (1) Let
f(2) = L(spt, 1;2) € A" (spt, 1, 1).

Notice that if ay(z) = 0 (mod ¢), then L,(spt,b;z) = 0 (mod ¢), and the conclusion holds
trivially.

Therefore, we may assume ay(z) # 0 (mod ¢), which implies that ord,(f) = 0. By
Théoréme 11 on p. 228 of [16], we have that f(z) €' M,,;. By Lemma 5.2 we obtain
h(z) € Q9% (spt,m) such that

F(2)[U) | D1(0) | Y1(0)* = Ly(spt,2ds(spt) + 3;2) = h(z) (mod ¢).

Since reduction modulo ¢ maps Q44 (spt, m) to Q9%(spt, 1), the conclusion now follows.

(2) The proof is similar to that of the first part of this lemma. We start with L,(r,0;z) = 1,
use Lemma 5.2, and argue as above. U

We use the next lemma in the proof of Lemma 5.5.

Lemma 5.4. The following hold.
(1) If € > 5 is prime and f(z) € 8°(spt,m) is such that 0 < ord,(f) < m, then for all
1 <s<m—ord(f), we have that f(z) €orde(H)+s Sy (spt.s)-

(2) If £ > r 45 is prime and f(z) € S"(r,m) is such that 0 < ord,(f) < m, then for all
1 < s <m—ord(f), we have that f(z) €Dt Sy vy 4.
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Proof. (1) See the proof of Lemma 5.3 in [6]. We use induction on s, the case s = 1 being
Lemma 4.3. The proof goes through the same way because k¢(spt, s + 1) — ki(spt, s) equals
ke(s 4+ 1) — ke(s) as defined in [6].

(2) The proof follows the same outline as in [6], but for the even rather than the odd space.
O

The following lemma is the last lemma required in the proof of Theorem 5.1. Multiple
applications of U(¢) and D,(¢) to Ly(spt,b;z) and Le(r,b;z) form a finite sequence that
(-adically approaches elements of Q94 (spt,m) and Q5" (r,m), respectively; we count the
number of steps this process takes.

Lemma 5.5. The following hold for m > 2.

(1) Suppose £ > 5 is prime. If 1 < s < m—1, then there exist fis(z) = f1(2(de(spt) +1)s+
17 Z) S ngen(spt’ m) and f2,s(z) = f2(2(dg<8pt) + 1>8 + 17 Z) S Skg(spt,m—s) ﬂZ(g)[[q]] such that
the following properties hold.

a. We have that fs5(z) =0 (mod ¢*).

b. For all k with s +1 < k < m, we have that fy(z) € Shy(spt k—s) -

c. We have that Li(spt,2(di(spt) + 1)s + 2; 2) = f15(2) + fo,s(2) (mod ™).

(2) Let r be given and suppose { > r +5 is prime. If 0 < s < m, then there exist f14(z) €
QF"(r,m) and fao5(2) € Spm—s-1(0-1) N Zy)|[q]] such that the following properties hold.

a. We have that f>4(z) =0 (mod £°).

b. For all k with s + 1 < k < m, we have that f5(z) € Sek—s(0-1)-

c. We have that Le(r,2(de(r) + 1) + 2(dp(r) + 1)(s — 1); 2) = f1.5(2) + fos(2) (mod ™).
Proof. In both parts we follow Lemma 5.5 in [6] and proceed by induction on s.

(1) We will only sketch the base case, since the induction step follows exactly as in [6].

Using Lemma 5.3, we get a form g(z) € Q994(spt,m) with Ly(spt, 2d,(spt) + 3;2) = g(2)
(mod ¢). Since U(¢) : Q¥ (spt,m) — Q994(spt, m) is a bijection, it follows that there exists
J1(2de(spt) + 2; z) € Q3" (spt, m) such that

fi(2d(spt) +2;2) [U(€) = g(z)  (mod £7).

Now we will apply Lemma 3.5 to Ly(spt, 2de(spt) +2; z) — f1(2d,(spt) +2; z). It is easy to
check that the hypotheses of Lemma 3.5 are satisfied. Thus we get, for every 2 < k < m, a
form hy(2) € Sk, (spt,e—1) such that

(Le(spt, 2dy(spt) + 2; 2) — f1(2de(spt) +2;2)) | X, (£) = he(2) (mod £%).
If we define fo(2(de(spt) + 1) +2;2) := hp(z), then fo(2(de(spt) +1) +2;2) =0 (mod ¢),
and fo(2(de(spt) + 1) + 2; 2) € Spr-s-1(p_1)42. Moreover, we have
Ly(spt, 2d,(spt) + 4; z) =f1(2ds(spt) + 2; z) | Y1(¢)
+ (Le(spt, 2dy(spt) + 2; 2) — f1(2de(spt) + 2; 2)) | Y1(€)
=f1(2d,(spt) + 4; 2) + f2(2de(spt) +4;2) (mod ™),

which gives the conclusion.
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(2) By Lemma 5.3 we get a form g(z) € Q94 (r, m) with Ly(r, 2ds(r) + 1;2) = g(2) (mod ¢).
Let

fr1(2) = g(2) [U(0) € Q7" (r,m),
fo1(2) = Lo(r, 2(de(r) + 1); 2) — g(2) [ U(0).

This shows the base case.
For the induction step, assume the lemma true for s — 1; we show it holds for s. By
Lemma 3.5 applied to e%l fa.s—1, we have that one application of Y(r) decreases the weight:

foso1]Ye(0) €F Sek—s(e-1)5 s <k <m.

By definition of dj(r) we obtain that dj(r) more applications of Y;(r) brings f» into the
stabilized space:

f2,s—1 |}/T(€)d2(7‘)+1 s Es—levenOa, 1)
Suppose fas—1 = (mod £°) where 3 € ¢571Q5"(r,m) and let
frs = froa [ Yo% 4 5
f2,s = fQ,S*l ’ Y;(g)dfe(r)#»l - ﬁ
This completes the induction step.

O

We will now return to the proof of Theorem 5.1. We use Lemma 5.5 along with a similar
argument for going from m — 1 to m.

Proof of Theorem 5.1. The proof being similar to that in [6], we will give full details for the
spt case, and for the second statement we will only sketch the details.

(1) We will show that
L(spt, 2(de(spt) + 1)m + 1; 2) € Q9% (spt, m).

The case m = 1 is Lemma 5.3(1). Now suppose m > 1. Using Lemma 5.5 with s =m — 1,
we get f1(2(de(spt) +1)(m —1) +2;2) € Q¥ (spt,m) and fo(2(de(spt) +1)(m—1)+2;2) €
Se+1 N Zy[[q]] satisfying the properties in Lemma 5.5. We have

f2(2(de(spt) +1)(m —1) +2;2) =0 (mod £™1).
If fo(2(de(spt) +1)(m — 1) +2;2) =0 (mod ¢™), then we get that
Lo(spt, 2(dy(spt) + 1)(m — 1) + 2; 2) = fi(spt, 2(de(spt) + 1)(m — 1) +2;z) (mod ™),

so L(spt,2(de(spt) + 1)(m — 1) + 2; z) € Q5" (spt, m).
Since we have

Ly(spt, 2(dg(spt) + 1)m + 1; 2) = Ly(spt, 2(dy(spt) + 1) (m — 1) + 2; 2) | D1(£) | Xy (0)%sPt),

it follows that Ly(spt,2(d,(spt) + 1)m + 1; z) € Q999 (spt, m).
If ord,(fa(2(de(spt) + 1)(m — 1) 4+ 2;2)) = m — 1, then by Lemma 5.2 we find h(z) €
Q044 (spt, m) with

Fo(2(dg(spt) + 1)(m — 1) + 2;2) | D1(£) | X1 (£)%CP) = h(2)  (mod (™).
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Hence
L(spt, 2(de(spt) + 1)m + 1;2) = Ly(spt, 2(de(spt) + 1)(m — 1) + 2; 2) | Dy(£) | X, (€)%t
= (f1(2(de(spt) + 1) (m = 1) + 25 2) [ Dy (£) [ X1 ()P + h(z))
+ (f2(2(de(spt) + 1) (m = 1) +2; 2) [ D1 (0) | X3 (0)“CP) — h(z2))
= f1(2(de(spt) + 1)(m — 1) + 2;2) | Dy (£) | X1(0)™P) + h(z) (mod £™),
and therefore L,(spt,2(dy(spt) + 1)m + 1; 2) € Q§V°"(spt, m), proving the theorem.

(2) If m = 1, this follows directly from Lemma 5.3(2); if m > 2 this follows directly from
the s = m case of Lemma 5.5.

O

6. PROOFS OF MAIN THEOREMS

Proof of Theorems 1.1 and 1.5. By the remark after Lemma 3.4, the stabilized modules
Q044 (spt,m) and Q¢¥"(spt,m) exist. By the remark following the proof of Theorem 4.2,
we have that the ranks of these modules are at most Ry(spt). Theorem 5.1 gives the bound
on by(spt, m) that is stated in Theorem 1.1 and 1.5. The same reasoning holds for p,. O

Proof of Theorems 1.3 and 1.8. In the case of spt, one easily checks that the ¢-adic limit of
the spaces Q9% (spt, m), Q5" (spt, m) is in the ordinary part of the space of f-adic modular
forms. For these primes, the dimension of the space is 1. The theorem follows by Theorem
7.1 of [8].

For p,, the same argument applies when r is odd. When r is even, the theorem follows
by classical facts about p-adic modular forms and the ordinary space, since P(r,b;24z) has

integral weight. U

Proof of Theorems 1.4 and 1.9. Let n — nc in (1.6) and (1.7). The conclusion follows from

Theorems 1.3 and 1.8 because (2¢) = 0 and a(n/c) = 0 when n is coprime to c. O
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