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Abstract A criterion for path selection for channels growing in a Poisson
field is presented. We invoke a generalization of the principle of local symme-
try. We then use this criterion to grow channels in a confined geometry. The
channel trajectories reveal a self-similar shape as they reach steady state.
Analyzing their paths, we identify a cause for branching that may result in
a ramified structure in which the golden ratio appears.

1 Introduction

Pattern formation in Laplacian fields has been well-studied in recent decades
[1-4]. Relevant models and processes include diffusion limited aggregation [5,
6], fracturing [3], dielectric breakdown [7] and viscous fingering|[1,2]. However,
in spite of its broad relevance, many pattern formation processes, such as the
generalized Stokes flow [8,9], reaction-diffusion processes in chemical and
biological systems [10], tearing of thin sheets [11,12] and natural evolution of
geological networks [13,14], often involve Poisson dynamics, which changes
the nature of the growth. While in the Laplacian case the forcing usually
comes from the boundaries or from isolated sources inside the domain, in
Poisson fields the driving force may be continuous throughout the domain.
In these cases, much less theoretical work exists, even for the simple case of
constant forcing, because the field becomes nonharmonic.

In a moving boundary problem, the motion of the boundary is typically
dictated by the normal derivative of the field at each point on the boundary
or the interface. However, in many cases, such as in a fracture in elastic
materials [15,16], river channels in a diffusion field [17], or flow patterns in
a viscous fluid with zero surface tension [1,2], the existence of a slit-like
shape breaks the smoothness of the boundary and generates a singularity
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that attracts most of the flux into the tip (the point of singularity). Thus,
the growth of a crack or a channel is much faster at its tip than at any
other point along the boundary. Here we study the shape of the field in the
neighborhood of a tip of a channel and derive predictions for path selection
based on the Poisson flux entering the tip. Our objective here is to better
understand the geometry of such Poisson paths.

To help fix ideas, consider the stream network in Figure 1. Groundwater,
sourced by rainfall, flows diffusively to the streams, which can be taken to
be absorbing boundaries. When the thickness of the groundwater layer is
much smaller that its lateral extent, the Dupuit approximation [18-20] of
hydrology yields the groundwater flow from the two-dimensional field v that
solves the Poisson equation

Arp = —1, (1)

where 9 is proportional to the square of the thickness of the groundwater
layer and we have assumed constant rainfall and hydraulic conductivity. A
model for network growth then follows if the following three ingredients can
be derived from the Poisson field: the direction in which tips grow, the ve-
locity at which they move, and the conditions that lead to bifurcation. Here,
we primarily concern ourselves with the first and third ingredients.

We dedicate this paper to the memory of Leo P. Kadanoff. The related
problem of Laplacian growth (wherein the right-hand side of equation (1)
vanishes), especially as it manifests itself in two-dimensional viscous flow,
occupied much of Leo’s attention (e.g., Ref. [21,2]). Leo perceived such prob-
lems as opportunities for understanding the nature of physical law [22]: how
simple mechanisms give rise to intricate structures such as the network of
Figure 1, why such structures are ubiquitous in the natural world, and, per-
haps most ambitiously, why these structures often seem to exemplify their
own kind of simple physical laws. He also believed that a focus on “particu-
lar types of systems that really arise in the physical world” [22] constitutes
a valuable approach toward these goals.

Accordingly, we note that casual inspection of Figure 1 suggests that
streams branch at a characteristic angle and that tributaries of roughly
equal length are spaced apart by roughly equal distances. The character-
istic branching angle turns out to be 27 /5 [23,24]. Here, we suggest that the
ratio of branch length to branch spacing is the golden ratio [25]. As we show
below, these observations appear to derive from a particular way in which the
trajectory of Poisson paths is similar to that taken by Laplacian paths [14]. If
we are correct, we will have found a way in which a phenomenon conjectured
to exist in the Laplace problem [26] exhibits itself in the seemingly more
complicated Poisson problem.

The remainder of the paper is organized as follows. First, we show that
paths taken in a Poisson field curve in such a way that preserves the symmetry
of the field in the vicinity of channel tips. Next, we use this result to simulate
the growth and interaction of growing channels. Two empirical observations
emerge from simulations. First, there is a nearly constant spacing between
paths at long times, independent of their initial positions. Second, there are
universal features in the ways in which the curvature of the average path
evolves. We show how these features can be related to the aforementioned



Fig. 1: A channel network located near Bristol FL [23]. The water flows
toward the left.

characteristic angle of 27/5 [23,24] and the golden ratio. Finally, we discuss
how these findings suggest a mechanism for branching.

2 The Laplacian case

A harmonic field (solution for the Laplace equation), at the vicinity of a tip
of a slit (see Fig. 2), has the following shape when the field vanishes at the
slit (¢ =0 for 0 = £m) [27,3],

&(r,0) = a;rt/? cos (Z) + agrsin(f) + O(r3/?). (2)

where a1, as are coefficients defined by the global field and the boundary
conditions, r is the distance from the tip and # = 0 points forward in the
direction of the channel. The first term of the flux —V ¢ has an inverse square-
root singularity at the tip and its prefactor a; is usually called the intensity
of the field [3]. Clearly, the first dominant term in Eq. (2) is symmetric with
respect to the channel and therefore, the knowledge of the flux intensity alone



does not provide any other trajectory except from a straight path [3,28,29,
11]. To study path selection, we need to break the symmetry and consider
also the asymmetric terms in the expansion.

AD=f
D=0 <0

r

Fig. 2: A semi-infinite channel.

In fracture mechanics, it is widely accepted that a crack evolves in a direc-
tion that maintains a symmetric field around it. For that, it was justified by
showing that in this direction the crack releases the maximum elastic energy
in its growth [3,28,27]. Since the first term in the expansion is symmetric
with respect to the crack tip, it is necessary and sufficient to consider the next
sub-dominant term that breaks the symmetry. Hence, the principle of local
symmetry states that the evolution of the channel requires that this term
goes to zero, i.e as must vanish. Path selection of a channel in a Laplacian
field shares a similar property. It was recently shown that the growth of a
channel according to the principle of local symmetry is equivalent to growth
along the flow line intersecting with the channel tip [14,30]. In this direction,
the channel also maximizes locally the flux entering its tip. In the next sec-
tion, we find the analog of the principle of local symmetry in a Poisson field
for a constant forcing.

3 Local Symmetry and path selection in a Poisson field

The general Poisson equation in 2D can be expressed as
A@(l‘,y) = f($7y)7 (3)

where @ is the Poisson field, A = (66—;2 + 68—;2) is the Laplace operator and
f, in general, can be any function. If f = 0, we have the Laplace equation,
and @ is an analytic function since it obeys Cauchy-Reimann conditions [31].
In this case, all the theorems of analytic functions in the complex plane can
be used to find the field and to describe its properties. That is not the case
when f # 0. In the Poisson equation, the field @ is not an analytic function.
However, in several cases when f is an analytic function and, in particular,
a constant (a constant obeys Cauchy-Reimann conditions), A® becomes an
analytic function. For simplicity, we choose f = —1 and the Poisson equation
as

A= —1. (4)



Applying the Laplace operator on both sides of Eq. (4), the field ¢ be-
comes a solution of the bi-harmonic equation, i.e.

N2 = 0. (5)

Although @ is not an analytic function, we can express the field as the
sum of two analytic functions [32],

P(2,2) = R{p(2)Z + x(2)}. (6)
where ¢(z) and x(z) are unknown analytic functions, z = x +1iy is a complex
number and Z is its complex conjugate. Applying Eq. (4) to Eq. (6),

AP = 40,0:u = AR{Y'(2)} = —1. (7)
Since ¢(z) is an analytic function, its derivative ¢’(z) is also an analytic func-

tion. From Cauchy-Reimann equations, if a real part of an analytic function
is identically constant, the function is a constant. Thus,

¢'(2) = Ch. (8)
Ci = —i +¢D; and D1 is a real number. Integrating once,
p(2) = Crz + Ca, 9)
where Cy is an integration constant. Substituting ¢(z) in Eq. (6),
D(2,Z) = R{C12Z + Coz + x(2)}. (10)

Note that R{C22z} = R{Cs2} and is analytic and thus can be included in
the analytic function x(z).

In the vicinity of the tip (¢ = 0) for a semi-infinite slit, the expansion
of the analytic function x(z) that satisfies the boundary condition ¢ = 0 at
0 = =7 becomes

i n € N. (11)

The coefficients a,, are real and are defined by the far field. Lastly, we can
write the solution in polar coordinates,

&(r,0) = Z anr™'? cos(nd/2)+ Z a,r"? sin n9/2)—ir (1—cos(20)).

n=1,3,.. n=24,..

pMH

(12)
The expansion for the Poisson field around the slit in Fig. 2 is therefore
similar to that for a Laplacian field up to the order of r2. The growth of a
channel according to local symmetry considers only the first two dominant
terms (up to the order of r), and therefore the requirement for as holds as
in Laplacian growth. In [14], it was shown empirically that this principle
predicts the growth direction of streams in the river network shown in Fig.
1. We emphasize that although path selection and the growth mechanism
are similar for both Laplacian and Poisson field, the trajectories are usually
different because they are sensitive to the coefficients a; that are determined
by the global field.
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Fig. 3: The geometry of the domain. The boundary conditions are the follow-
ing: Solid boundary and curves are absorbing (¢ = 0); the dashed boundary
is reflecting (g—f = 0). The top boundary is far from the growing channels
and was chosen as L = 50l. The marked area indicates the region that is

magnified in Fig. 4.

4 Trajectories of growing channels

We now use this criterion for path selection to grow channels in a Poisson
field in the geometry of Fig. 3. We initiate the channels at the bottom at
random positions, perpendicular to the boundary {z = z;;0 < y < 0.011},
where x; was chosen randomly for the ¢-th channel out of a uniform distri-
bution goes from {—0.81,0.8]}. The Poisson field ¢ = 0 along the channel.
We allow the channels to grow with constant velocity according to the prin-
ciple of local symmetry; we grow one channel in a small step each time in
a different direction. Then we solve numerically the Poisson equation in the
whole domain and study the first two terms in the expansion of the field, Eq.
(12), in the vicinity of the channel. From the field, we find the coefficients
of the expansion and choose the direction in which the second term in the
expansion vanishes, i.e. gives as = 0. More about this algorithm can be found
in Appendix B of Ref. [14].

We start with two channels and grow them simultaneously according to
the principle of local symmetry. In Fig. 4a, the trajectories of pairs of channel
in 200 independent simulations are shown. Each channel initially curves and
then converges toward a straight trajectory, results in dividing the box into
three non-equal parts. The middle area between the two channels has almost
a constant width of [, = 0.522+0.0007, and two other areas bounded between
one channel and the wall, with the average width of [,, = 0.74 £ 0.027. The
lengths [. and [, are normalized by half-width of the channel [. We also
study the case of three channels in 150 simulations. As shown in Fig. 4b, we
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Fig. 4: The trajectories of channels in Poisson field. (a.) Simulations of two
channels growing together. Solid blue line: an example of a pair initiated at
opposite sides. Dashed red line: A pair of channels initiated in the left half of
the domain. (b.) Simulations of three channels. Solid blue line: an example
of a triplet in one simulation.

find that the channels again become closer to each other (I, = 0.39 £ 0.013)
relative to the wall (I, = 0.60 4 0.031). We note that evolving channels grow
closer to each other than along a developed channel. This observation can be
used to identify the growth order in a well-developed network.

5 Branching and the golden ratio

The above results address the motion and interaction of channel tips. We
now address the conditions that lead channels to branch and form ramified
structures such as the one shown in Figure 1. In fracture mechanics, a branch-
ing instability is usually associated with the splitting of a crack’s tip when
the crack propagation exceeds a critical velocity in a brittle material [33,34].
Here we suggest instead a side-branching mechanism. Although most of the
Poisson flux goes to tips, it also goes to the sides of channels. As channels
become more curved, the flux to the convex side increases while the flux to
the concave side decreases. We conjecture that a new tip nucleates on the
convex side of the most highly curved part of the trajectory. We proceed to
consider geometric consequences of this conjecture.

Figure 5 shows that the average Poisson trajectory exhibits a clear max-
imum of the curvature. We denote the vertical coordinate of this maximum
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Fig. 5: The mean curvature as a function of y for simulations of two (black)
and three (red) growing channels. A maximum is obtained at y/l = yo =
0.81 £+ 0.02 and yo = 0.63 4 0.02 for two and three channels, respectively.
These results follows from averaging 200 two-trajectory simulations, and 150
simulations of three trajectories.

by yo, as shown in the schematic diagram of Figure 6. When two channels
interact, we find that the average yg = 0.81 £ 0.02. When three channels
interact, the mean yy = 0.63 4 0.02. We expect that 1y is analogous to a
screening length, as it represents the (vertical) distance a path must travel
beyond its origin (which is itself a kind of branch point). We also expect that
lc, the asymptotic distance between paths, should be related to yg. We find
that yo/l. = 1.56 £ 0.05 for the two-channel interaction and 1.61 4 0.10 for
the three-channel case. Both ratios are broadly consistent with the golden
ratio ¢ = 1.618. . ..

Some years ago, Arneodo et al. [26] suggested that diffusion-limited ag-
gregation —an archetypal model of Laplacian growth [6]—exhibits mani-
festations of the golden ratio and five-fold symmetry. Subsequent work has
further shown how angles of 27 /5 = 72° occur in other problems of Lapla-
cian growth [35-37,23,24]. Angles of 27 /5 and the golden ratio occur in the
golden triangle, which contains two 72° angles and has sides of length 1 and
¢ [25]. Our Poisson paths do not grow in a Laplacian field, but as we showed
earlier, aspects of their evolution are nevertheless similar. Do our Poisson
trajectories exhibit angles of 27 /57

As discussed above, the interacting channels first move away from the
nearest boundary or path, and later they are repelled by the nearest boundary
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Fig. 6: An illustration of the channel shape. The curvature vanishes at the
point of inflection 7, and reaches maximum at a vertical distance yy from the
bottom. The tangent at the point of inflection makes an angle o with respect
to the horizontal.

or path on the other side. The point of transition corresponds to an inflection
point in the trajectory where its curvature vanishes. We measure the angle o
of the slope at the inflection, as indicated in Figure 6. The two-channel case
yields o = 72.4° £ 10.3°; for the three-channel model, we find 74.7° + 9.5°.

These results suggest that paths growing in a Poisson field exhibit some
of the same geometric properties associated with Laplace systems. They also
imply an interesting model of branching geometry. As shown schematically in
Figure 7, “main” branches separated by a distance [, give rise to secondary
branches separated by a distance yg = ¢l., with branch points existing at
locations with the highest curvature.

6 Discussion and Conclusion

Path selection in a Poisson field follows from an analogy with Laplacian
growth: A channel develops in a direction that maintains locally a symmetric
field around it. In this direction the sub-dominant term as in the expansion
of the field in the vicinity of the channel tip must vanish. Growing several
channels in a Poisson field using this principle reveals three interesting phe-
nomena: Constant spacing between channels, an apparent angle of 72° at the
point of inflection, and a ratio of length scales that may equal the golden
ratio.

Growing channels reach their steady state at a constant distance between
each member and between the wall. A channel tends to move further from
the absorbing wall, which can be regarded as an infinite channel, than to
their neighboring growing channels. This interesting fact may be useful for
analyzing the history of a network when some channels grow parallel to each
other. The distance between the channels can indicate the growth order and
the relative timing of when each channel evolves.
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Fig. 7: Hypothesis for the geometry of the branching transition. Before
branching, the point of highest curvature of the right-hand trajectory oc-
curs at a normalized distance yo from the horizontal channel. At this point,
the flux, which is the driving force for the growth and the evolution of the
network, is maximized. This may cause nucleation of a new channel. The
ratio yo/l. = ¢, the golden ratio. The slope of the trajectory at the point of
inflection makes an angle of 72° with the horizontal.

We identify a length scale in which the channel reaches a maximum cur-
vature that may cause a side-branching instability. This characteristic length,
together with the angle of 72° at the point of inflection, generates an inter-
esting structure that appears to culminate in the appearance of the golden
ratio. Why this ratio prevails in a Poisson field is still not well understood.
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