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Abstract

In tokamak fusion plasmas, coherent fluctuations in the form of blobs or filaments are routinely

observed in the scrape-off layer. Radio frequency (RF) electromagnetic waves, excited by antenna

structures placed near the wall of a tokamak, have to propagate through the scrape-off layer before

reaching the core of the plasma. While the effect of fluctuations on the properties of RF waves has

not been quantified experimentally, it is of interest to carry out a theoretical study to determine if

fluctuations can affect the propagation characteristics of RF waves. Usually, the difference between

the plasma density inside the filament and the background plasma density is sizable; the ratio of

the density difference to the background density being of order one. Generally, this precludes the

use of geometrical optics in determining the effect of fluctuations since the relevant ratio has to

be much less than one; typically, of the order of 10% or less. In this paper, a full-wave, analytical

model is developed for the scattering of a RF plane wave by a cylindrical plasma filament. It is

assumed that the plasma inside and outside the filament is cold and uniform, and that the major

axis of the filament is aligned along the toroidal magnetic field. The ratio of the density inside

the filament to the density of the background plasma is not restricted. The theoretical framework

applies to the scattering of any cold plasma wave. In order to satisfy the boundary conditions at

the interface between the filament and the background plasma, the electromagnetic fields inside

and outside the filament need to have the same k∥, the wave vector parallel to the ambient magnetic

field, as the incident plane wave. Consequently, in contrast to the scattering of a RF wave by a

spherical blob [A. K. Ram, K. Hizanidis, and Y. Kominis, Phys. Plasmas 20, 056110-1–056110-10

(2013)], the scattering by a field-aligned filament does not broaden the k∥ spectrum. However,

the filament induces side-scattering leading to surface waves, and can also couple some power to

the cold plasma wave different from the incident wave. The changes induced by a filament in the

propagation of electron cyclotron waves and lower hybrid waves are illustrated by numerical results

displaying the properties of the Poynting vector. The Poynting flux in the wake of the filament,

and directed towards the core of the plasma, develops a spatial structure due to diffraction and

shadowing. Thus, the fluctuations affect the uniformity of power flow into the plasma.

PACS numbers: 52.20.Dq, 52.65.Cc
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I. INTRODUCTION

The scrape-off layer in a tokamak fusion plasma is replete with incoherent and coherent

fluctuations – the latter being intermittent and in the form of blobs and filaments [1–9]. The

edge plasma plays an important role in the transport of energy and particles to the divertor

region and the plasma facing components, as well as in the fusion performance of the core

plasma. In this paper, the role of the intermittent, coherent fluctuations on the coupling

and propagation of radio frequency (RF) waves is examined.

Radio frequency waves, commonly used for heating the plasma and for generating non-

inductive plasma current, are excited by an external antenna structure at the edge of a fusion

device. The RF waves have to propagate through the turbulent scrape-off layer on their way

toward the core of the plasma. While the effect of blobs and filaments on the RF waves

has not been quantified experimentally, a theoretical study is undertaken to determine if the

propagation of RF waves is modified by coherent fluctuations. The physical reason that such

a study is relevant is quite straightforward. Since the plasma permittivity inside the filaments

is different compared to the background plasma, the characteristic properties of the incident

RF waves can change during their transit through the fluctuations. This is clearly the case

in the conventional propagation of electromagnetic waves through different dielectric media

[10]. It is common to study these changes using the geometric optics approximation (see

[11] and references therein), wherein, rays, representing plane waves, are refracted due to

changes in the plasma permittivity. However, the domain of validity of this approximation is

quite limited; it requires that δn ≡ |nf −nb|/nb ≪ 1 (nf is the density of electrons inside the

fluctuation and nb is the background density). However, from experimental observations,

typically, δn ∈ (0.05, 1) in the scrape-off layer [5, 6]. Consequently, a description of the

scattering process requires a more general approach that is not limited by the bounds of the

geometric optics approximation.

A full-wave theoretical model, using Maxwell’s equations, is developed in this paper so

as to describe the scattering of a RF plane wave by density filaments. The model is based

on the conventional Mie theory for scattering of vacuum electromagnetic waves by spherical

dielectrics [12, 13]. The model advanced in this paper is appropriate for magnetized plasmas

for which the permittivity is given by a tensor, rather than a scalar. It follows previous

studies on the scattering of RF waves by spherical blobs [14, 15], but pertains to scattering
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off a cylindrical filament with its axis aligned along the magnetic field line.

In order to understand the effect of the filament on RF fields, and to remain consistent

with the approximations described below, it is appropriate to study the wave fields in close

proximity of the filament. Observations point to filaments having a correlation length of

meters along the magnetic field line, and ranging from 0.1 cm to 10 cm perpendicular to

the magnetic field [2, 6]. The RF beam size, limited by the toroidal extent of the antenna

structures, is small compared to the size of the filament along the magnetic field line. It is

also small compared to the toroidal circumference of the tokamak. Thus, the toroidal plasma

is assumed to have a large aspect ratio; in fact, it is approximated by an infinitely extended

slab in the direction of the magnetic field. The filament is assumed to be cylindrical and of

infinite axial extent along the magnetic field. The latter requirement is essentially needed

to ignore the effects due to the ends of a filament of finite axial length. There are two

distinct methods that can be followed for a finite size filament. The first method is to use

the tangential electric and magnetic fields of the waves on the surface of the filament to

construct the far-field solution, by integrating over the finite surface of the cylinder without

the end caps [16]. This technique is followed in studies on the scattering of electromagnetic

waves by a dielectric cylinder with scalar permittivity, [16]. It is limited to finding the

far-fields and not the fields in the vicinity of the filament. The far-field will be affected by

the inhomogeneities in the background plasma. The second method is more general and

includes the effect of the end caps by imposing the appropriate electromagnetic boundary

conditions in the axial direction. However, both of these formulations are well beyond the

scope of this paper.

The affect of the filament on a RF plane wave is modeled within the vicinity of the fila-

ment. Therefore, it is assumed that the background plasma around the filament has uniform

density. Thermal effects in the scrape-off layer are ignored, and the permittivity is that of a

cold plasma. The plasma inside the filament is assumed to be cold and uniform. However,

δn is allowed to be completely arbitrary and not limited to small density fluctuations. The

theoretical framework applies to plasma waves of any frequency, including ion cyclotron,

lower hybrid, and electron cyclotron waves.

Beyond their respective domain of validity, there are three primary differences between the

full-wave theory and the geometric optics approximation. First, whereas geometric optics

is used for describing refractive changes in the ray propagation, the full-wave model also
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includes effects due to reflection, diffraction, and shadowing. Second, in geometric optics,

the character of the wave does not change as the RF ray propagates through fluctuations.

For example, an incident ordinary wave in the electron cyclotron range of frequencies will

remain an ordinary wave during its encounter with fluctuations. In the full-wave model, the

fluctuations can couple power to other plasma waves. Thus, for the example considered, the

ordinary wave couples power to the extraordinary wave. This is not nonlinear parametric

coupling; it is linear coupling facilitated by the fluctuations. Third, due to diffraction of

waves by the filament, the scattered waves propagate in all radial directions relative to the

magnetic field line. Consequently, fluctuations can scatter some of the incident wave power

to surface waves which do not propagate into the core plasma. And, for an incident plane

wave, the Poynting vector of the scattered waves, directed towards to the core of the plasma,

is spatially inhomogeneous. These effects cannot be described within the geometric optics

approximation.

There is one important and interesting difference between scattering by a cylindrical

filament and scattering by a spherical blob [14, 15]. The kinematic property of the electro-

magnetic boundary conditions [17], which have to be necessarily satisfied at the interface

between the filament and the background plasma, requires that k∥ be preserved during the

scattering process. In other words, the electromagnetic fields inside and outside the filament

have the same k∥ as the incoming plane wave. For scattering off a spherical blob this is not

the case – k∥ is not preserved across the interface and, consequently, the scattered wave has a

broad spectrum in k∥ [14, 15]. For the filament, the kinematic boundary conditions decouple

the azimuthal modes so that the scattering is essentially two dimensional – a consequence

of the axis of the cylinder being aligned along the direction of the magnetic field. For the

spherical blob, for each azimuthal mode, the polar modes are coupled and the scattering is

three dimensional.

From experimental observations, the speed of propagation of the filaments and blobs is

of the order of 5 × 103 m s−1 [2, 3]. This is orders of magnitude slower than the group

velocity, typically near the speed of light, of the usual RF waves used in experiments. The

frequency of temporal variation of the fluctuations is less than 1 MHz, which is at least an

order of magnitude slower than the frequency of the RF waves. Consequently, in the model,

the filament is treated as stationary, with the density inside the filament being uniform in

time.
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The approach taken to develop the scattering model in this paper can be broadly stated

as follows. The formalism, guided by the filament, is carried out in the cylindrical coordi-

nate system. The Faraday-Ampere equation for the electromagnetic fields inside and outside

the filament uses the anisotropic, cold plasma permittivity. Its form is that of the vector

Helmholtz equation which can be solved by classical techniques using the vector cylinder

functions [19]. The electromagnetic fields of the incident plane wave, the scattered waves,

and the waves inside the filament are all expressed in terms of the vector cylinder func-

tions. The boundary conditions at the interface between the filament and the background

plasma couple the amplitudes of these waves. For each azimuthal mode number, a set of

four, coupled, algebraic equations are obtained. The polarizations of the waves and their

propagation characteristics are all included in these coupled equations. The four-equation

set can be solved for the amplitudes of the fields inside and outside the filament in terms

of the amplitude of the incident wave. The total fields are obtained by summing up the

contributions from all the azimuthal components.

Section II summarizes the assumptions, the approximations, and the geometry that are

used in the scattering. The Faraday-Ampere equation for the wave fields, along with the

cold plasma permittivity are set up in Section III. The expression for a plane wave in terms

of the vector cylinder functions is derived in Section IV, which is followed by a description

of a plane wave in a plasma in Section V. The dispersion characteristics of a plane wave, the

identification of two wave modes that propagate in a cold plasma, and the corresponding

polarizations and wave electric fields are also set up in Section V. The boundary conditions

that need to be satisfied at the interface of the filament and the background plasma are

stated in Section VI. The kinematic property of the boundary conditions requires that all

waves have the same k∥ as the incoming plane wave. The electric fields of the waves inside

the filament and of the scattered waves outside the filament are obtained in Sections VII

and VIII, respectively. The algebraic equations which, self consistently, couple the incident

plane wave, the waves inside the filament, and the scattered waves outside the filament are

obtained from the dynamic properties of the boundary conditions in Section IX. At this

stage the theoretical formulation of the scattering of RF waves by a cylindrical filament is

complete. In Section X, the theory is applied to the scattering of waves in the electron

cyclotron and lower hybrid range of frequencies for parameters corresponding to a high

density and high magnetic field plasma. These parameters could be representative of an
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ITER-type edge plasma. However, the main purpose of this section is to illustrate the

physics of scattering of RF waves by a filament with a density that is different from the

density of the background plasma.

II. DESCRIPTION OF THE GEOMETRY AND THE PLASMA

We assume that a cylindrical filament, with a circular cross-section, has its axis aligned

along the ambient magnetic field line (Fig. 1). The axial extent of the filament is taken to

be infinite; this is a valid approximation if the RF beam width along the axial direction is

smaller than the length of the filament. Consequently, any effects due to the ends of a finite-

size filament are neglected. The density of the background plasma in which the filament

exists, and the density inside the filament are assumed to be spatially homogeneous with

the entire plasma being cold. There is no limitation on the ratio of the two densities.

The relationship between the cylindrical coordinate system (ρ̂, ϕ̂, ẑ), used as a basis

in the theory, and the Cartesian coordinate system (x̂, ŷ, ẑ) can be expressed in the form

taken by the position vector r (Appendix A),

r = x x̂ + y ŷ + z ẑ = ρ ρ̂ + z ẑ, (1)

where ρ =
√
x2 + y2, and z is along the axial direction. The origin of the coordinate system

is the center of the cylindrical filament. The ambient magnetic field in which the plasma

and the filament are immersed is taken to be uniform and along the z-direction.

III. PROPAGATION OF ELECTROMAGNETIC WAVES IN A PLASMA

For a cold fluid plasma, described by a linearized set of continuity and momentum equa-

tions for electrons and ions, Faraday’s and Ampere’s equations in Maxwell’s system of equa-

tions can be combined [18] to yield the following equation for the spatial variation of the

electric field,

∇×∇× E (r)− ω2

c2

↔
K (r) .E (r) = 0, (2)

where ω is the angular frequency of the perturbed electromagnetic fields and densities,

c is the speed of light, and
↔
K (r) is plasma permittivity tensor. We have assumed that

the plasma equilibrium is time independent, while the linearized perturbed electromagnetic
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fields, and electron and ion densities, have a time dependence of the form e−iωt, where t is

the time. In the cylindrical coordinate system where the ambient magnetic field B0 = B0ẑ

is aligned along the z-axis,
↔
K (r) has the form [18]

↔
K =



Kρ −iKϕ 0

iKϕ Kρ 0

0 0 Kz


, (3)

where

Kρ = 1 −
ω2
pe

ω2 − ω2
ce

−
∑
i

ω2
pi

ω2 − ω2
ci

,

Kϕ = −ωce

ω

ω2
pe

ω2 − ω2
ce

+
∑
i

ωci

ω

ω2
pi

ω2 − ω2
ci

, (4)

Kz = 1 −
ω2
pe

ω2
−

∑
i

ω2
pi

ω2
,

ωpe (ωpi) and ωce (ωci) are the angular electron (ion) plasma frequency and cyclotron fre-

quency, respectively, and the index i represents all the ion species in the plasma. The plasma

and cyclotron frequencies can, in general, be functions of space. The permittivity tensor of

the background plasma and of the filament are expressed in terms of their respective ion

compositions and constant, but different, densities. Subsequently, the elements of
↔
K are

constants in each region.

The electromagnetic wave equation (2) has the form of a vector Helmholtz equation. It

is solved in the cylindrical coordinate system using the vector cylinder functions discussed

in Appendix B.

IV. REPRESENTATION OF A PLANE WAVE IN VECTOR CYLINDER FUNC-

TIONS

In cylindrical coordinates, the spatial variation of a plane wave is [19],

eik.r = eikρρ cos(ϕ−ϕk) + ikzz =
∞∑

m=−∞

im Jm (kρρ) e
im(ϕ−ϕk) eikzz, (5)
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where Jm is the Bessel function of the first kind of order m. In this representation, ϕ and ϕk

are the azimuthal angles between the x-axis and r and k, respectively, and kρ =
√
k2x + k2y.

The Cartesian coordinate components of k are kx, ky, and kz. From (69) in Appendix B, it

follows that, 
ρ̂

ϕ̂

ẑ

 eik.r =
∞∑

m=−∞

im e−imϕk ( al1m + bm1m + cn1m) . (6)

The right-hand side is a sum of three dyadics, and the column vectors a, b, and c are given

by

a =
i

k2


−kρ cos (ϕ− ϕk)

kρ sin (ϕ− ϕk)

−kz

 ,b =
i

kρ


sin (ϕ− ϕk)

cos (ϕ− ϕk)

0

 , c =
1

kkρ


−kz cos (ϕ− ϕk)

kz sin (ϕ− ϕk)

kρ

 .

(7)

The vector cylinder functions l1m, m1m, and n1m are the same as lm, mm, and nm, respec-

tively, given in (69) in Appendix B, except with Zm replaced by Jm.

V. FORMULATING THE INCOMING PLANE WAVE

The incoming RF plane wave, propagating in the background plasma and impinging on

the filament, is taken to be of the form

EI (r) = E0 (k0, ω) e
ik0.r, (8)

where E0 is the electric field vector which is independent of space and time, and k0 is the

wave vector of the plane wave. Substituting this form into Eq. (2) yields,

↔
D0 (k0, ω) . E0 (k0, ω) = 0, (9)

where
↔
D0 (k0, ω) =

c2

ω2

(
k0k0 − k20

↔
I

)
+

↔
K0. (10)

Here k0k0 is a dyadic,
↔
I is the unit tensor, and

↔
K0 is the plasma permittivity

↔
K , given by

Eq. (3), of the background plasma. For a non-trivial solution of the wave electric field, we

require that

det

(↔
D0 (k0, ω)

)
= 0 (11)
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where det denotes the determinant of the tensor. Using (10) in (11) leads to the following

algebraic equation,

n4
0ρK0ρ + n2

0ρ

[
K2

0ϕ − (K0ρ +K0z)
(
K0ρ − n2

0z

)]
+ K0z

[(
K0ρ − n2

0z

)2 −K2
0ϕ

]
= 0, (12)

where the index of refraction n0 = ck0/ω has the components (n0ρ, 0, n0z) in the cylindrical

coordinate system determined by k0.

A. Dispersion characteristics of the wave

In experiments, the spectrum of the launched waves, along the direction of the magnetic

field, is determined by the antenna structure exciting the RF fields. For a given set of plasma

parameters, and a prescribed nz – component of the index of refraction along the magnetic

field – the algebraic equation (12) is the dispersion relation for the incident plane wave. Its

solution gives the magnitude of the ρ̂-component of the wave vector, or index of refraction.

The azimuthal symmetry around the magnetic field line eliminates any dependence on the

ϕ̂-component of the wave vector. There are two solutions of the bi-quadratic equation,

n2
0ρ± =

1

2K0ρ

(K0ρ +K0z)
(
K0ρ − n2

0z

)
− 1

2K0ρ

K2
0ϕ

± 1

2K0ρ

√[{
(K0ρ −K0z) (K0ρ − n2

0z)−K2
0ϕ

}2
+ 4n2

0zK
2
0ϕK0z

]
. (13)

The four values of n0ρ follow trivially from (13). In order to ensure that there are two

distinct solutions to n2
0ρ, the expression under the radical is assumed to be greater that zero.

If this expression is zero then the two solutions to n2
0ρ are degenerate, and if it is negative

the two roots are complex conjugate pairs. In RF heating and current drive experiments,

the frequency of the launched wave is chosen so as to avoid such a situation in the edge

region of the plasma. Otherwise, the wave power coupled into the core of the plasma is

significantly reduced.

The roots of the dispersion relation (13) are classified in the following way. For waves

propagating across the magnetic field n0z = 0, (13) yields,

n2
0ρ+ =

K2
0ρ −K2

0ϕ

K0ρ

, (14)

n2
0ρ− = K0z. (15)
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In the electron cyclotron range of frequencies (14) is the extraordinary wave dispersion

relation, while (15) is that for the ordinary wave. In the lower hybrid range of frequencies

these are referred to as the fast and slow lower hybrid waves, respectively. In the ion cyclotron

range of frequencies these are the fast Alfvén wave and slow Alfvén wave, respectively. The

two wave modes obtained from (13) will be denoted by n2
0ρX and n2

0ρO with the understanding

that for n0z → 0, they approach (14) and (15), respectively. The subscripts X and O refer

to the extraordinary, or fast, wave and the ordinary, or slow, wave, respectively.

B. Wave polarizations

The electric field E0 in (8) can be written as,

E0 (k0, ω) = E0
(
E0kρρ̂k + E0kϕϕ̂k + E0kzẑ

)
, (16)

where E0 is the amplitude of the electric field, and (E0kρ, E0kϕ, E0kz) are the components of

the polarization vector along
(
ρ̂k, ϕ̂k, ẑ

)
. The polarization of the wave electric field follows

from (9).

For numerical implementation of the theoretical model, it is suitable to define the wave

polarizations differently for the X and O waves. For the X, or fast, wave, the components

of the wave polarization vector are,

eXkρ = 1,

eXkϕ = − iK0ϕ

K0ρ − n2
0ρX − n2

0z

, (17)

eXkz = − n0ρXn0z

K0z − n2
0ρX

.

For the O, or slow, wave, the components of the wave polarization vector are,

eOkρ = −
n0ρ0n0z

(
K0ρ − n2

0ρO − n2
0z

)
(K0ρ − n2

0z)
(
K0ρ − n2

0ρO − n2
0z

)
−K2

0ϕ

eOkϕ = − in0ρOn0zK0ϕ

(K0ρ − n2
0z)

(
K0ρ − n2

0ρO − n2
0z

)
−K2

0ϕ

(18)

eOkz = 1.

The components (E0kρ, E0kϕ, E0kz) in (16) are defined as,

(E0kρ, E0kϕ, E0kz) =
1√

|ekρ|2 + |ekϕ|2 + |ekz|2
(ekρ, ekϕ, ekz) , (19)
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with the understanding that the subscripts for the X or O waves are to be included in

(ekρ, ekϕ, ekz) as appropriate.

The local characteristics of the plasma wave, launched by an antenna, and propagating

toward the filament are now defined. For a prescribed n0z, the wave number perpendicular

to the magnetic field n0ρ is given by one of the four roots of (13). The corresponding wave

electric field and polarization are obtained, as appropriate, from (19).

C. Electric field of the wave

The propagation characteristics and the electric field polarization of the incoming plane

wave have been determined in the
(
ρ̂k, ϕ̂k, ẑ

)
coordinates. The electric field vector can be

expressed in terms of the vector cylinder functions by transforming Eqs. (6) and (7) from the(
ρ̂, ϕ̂, ẑ

)
coordinate system to the

(
ρ̂k, ϕ̂k, ẑ

)
coordinate system by applying the rotation

matrices

(↔
Rρ

)−1

and
↔
Rk successively (Appendix A). Then,


ρ̂k

ϕ̂k

ẑ

 eik.r =
∞∑

m=−∞

im e−imϕk ( akl1m + bkm1m + ckn1m) , (20)

where

ak =
i

k2


−kρ
0

−kz

 ,bk =
i

kρ


0

1

0

 , ck =
1

kkρ


−kz
0

kρ

 , (21)

and k is the magnitude of k. The explicit form of the wave electric field is obtained by

substituting the expressions in (16), (20), and (21) into (8). The result is,

EI (r) = E0
∞∑

m=−∞

im
[{

−iE0kρJ
′
m (k0ρρ)−

m

ρk0ρ
E0kϕJm (k0ρρ)

}
ρ̂+{

−iE0kϕJ
′
m (k0ρρ) +

m

ρk0ρ
E0kρJm (k0ρρ)

}
ϕ̂+

E0kzJm (k0ρρ) ẑ

]
eim(ϕ−ϕk) eik0zz, (22)

where the prime denotes derivative with respect to the argument.
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VI. BOUNDARY CONDITIONS - KINEMATIC PROPERTIES

Even though the electromagnetic wave fields inside the filament and the scattered fields

outside the filament have not yet been determined, it is worth considering the implications

of the boundary conditions. It turns out that an important simplification arises from the

boundary conditions. Assuming that there are no free charges and currents in the interface

between the filament and the background plasma, Maxwell’s equations impose the following

conditions [10],

ρ̂. (DI +DS)
∣∣∣
ρ=a

= ρ̂.DF

∣∣∣
ρ=a

, (23)

ρ̂. (BI +BS)
∣∣∣
ρ=a

= ρ̂.BF

∣∣∣
ρ=a

, (24)

ρ̂× (EI + ES)
∣∣∣
ρ=a

= ρ̂× EF

∣∣∣
ρ=a

, (25)

ρ̂× (BI +BS)
∣∣∣
ρ=a

= ρ̂×BF

∣∣∣
ρ=a

. (26)

The subscripts I, S, and F refer to the incident, scattered, and filamentary wave fields,

respectively, D = ϵ0
↔
K .E is the wave electric displacement field, ϵ0 is the free-space perme-

ability, and E and B are the wave electric and magnetic field, respectively. The four sets

of boundary conditions follow from Gauss’ law, Gauss’ magnetism law, Faraday’s law, and

Ampere’s law, respectively. The left and right sides of Eqs. (23)-(26) are evaluated at the

boundary of the filament ρ = a.

The boundary conditions must be satisfied for all ϕ and z, and for all times t. Thus,

the (ϕ, z, t) variations of all the fields must be the same at ρ = a. In particular, as the

z and t variation of the incoming electromagnetic wave is eik0zz−iωt, the fields inside the

filament and the scattered fields must have the same variation with respect to z and t.

Consequently, the time variation of all the fields is e−iωt. And, importantly, the z variation

of all the fields is of the form eik0zz for all z; i.e., the component of the wave vector along the

magnetic field is preserved in the scattering process. This is a kinematic property that, for

example, in conventional electrodynamics, leads to Snell’s law for reflection and refraction of

electromagnetic waves at an interface [17]. The dynamic properties [17], such as amplitudes

and polarizations of the electromagnetic fields, which follow from boundary conditions will

be determined later in this paper.

The simplification that follows from the boundary conditions reduces the scattering pro-
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cess to two spatial directions. In contrast, the scattering of RF waves by spherical blobs

[14, 15] is three-dimensional, and the component of the wave vector parallel to the magnetic

field is not preserved.

VII. ELECTROMAGNETIC FIELDS INSIDE THE FILAMENT

The wave fields inside the filament, a spatially bounded plasma, are obtained from the

Faraday-Ampere equation (2) by using the Fourier transform in cylindrical coordinates,

EF (r) =

∫
d3k EF (k) eik.r =

∫ ∞

0

dkρ kρ

∫ 2π

0

dϕk

∫ ∞

−∞
dkz EF (k) eikρρ cos(ϕ−ϕk)eikzz.

(27)

Substituting this form in (2) yields∫
d3k

↔
D (k, ω) .Ek (k) e

ikρρ cos(ϕ−ϕk)eikzz = 0, (28)

where,
↔
D (k, ω) =

c2

ω2

(
kk− k2

↔
I

)
+

↔
K (ω) (29)

is the dielectric tensor corresponding to the plasma parameters inside the filament. Here kk

is a dyadic.

In general, Eq. (28) is satisfied if and only if,

↔
D (k, ω) .Ek (k) = 0. (30)

Since k = kρρ̂k + kzẑ, a non-trivial solution for the Ek requires that det
↔
D (k, ω) = 0.

This requirement, as in Section V, leads to a dispersion relation connecting kρ, kz, and ω.

The dispersion relation is the same as in (12) without the index 0; the solutions to the

bi-quadratic equation are analogues of (13).

At this stage, in order to simplify the algebra, it is convenient to impose the kinematic

property of the boundary conditions, namely that kz inside the filament is restricted to being

the same as for the incoming plane wave. Then, the dispersion relation det
↔
D (kρ, kz, ω) = 0,

derived for the plasma parameters inside the filament, is solved for the four branches in kρ.

However, since the dispersion relation is bi-quadratic in kρ, two of the roots are negative

of the other two roots. The negative roots, in the cylindrical coordinate system, can be

accounted for by a rotation in ϕk through π radians. Thus, there are only two independent
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wave branches. As a consequence, the Fourier transformed wave field can be written as,

EF (k) =
2∑

ℓ=1

Eℓ (k)
1

kρ
δ (kρ − kℓρ) δ (kz − k0z) , (31)

where the summation is over the two independent wave branches of the dispersion relation,

designated by kℓρ, and δ denotes the Dirac delta function.

Since
↔
D .Eℓ (k) = 0 for ℓ = 1, 2, Eℓ can be expressed in terms of an overall electric

field amplitude and a polarization vector. Following the discussion on wave polarizations in

Section VB,

Eℓ (k) = Eℓ
(
Eℓkρ ρ̂k + Eℓkϕ ϕ̂k + Eℓkz ẑ

)
. (32)

The components of the polarization vector EP
ℓ = Eℓkρρ̂k + Eℓkϕϕ̂k + Eℓkzẑ, are as given in

Eq. (19), and either (17) or (18). These components depend on kℓρ, k0z, ω, and the plasma

parameters inside the filament. They are not functions of ϕk. However, in general, the

amplitude Eℓ can only be a function of ϕk; all the other wave and plasma parameters being

accounted for in the polarization vector. Any function of the angle ϕk has to be periodic in

ϕk. Thus, Eℓ (ϕk) can be expressed as a complex Fourier series,

Eℓ (ϕk) =
∞∑

m′=−∞

Eℓm′ eim
′ϕk , (33)

where Eℓm′ is the amplitude of the m′-th Fourier mode.

The wave electric field inside the filament is obtained by substituting (31), (32), and (33)

into the right-hand side of (27), and using (20) and (21) for the eikonal eik.r. The Dirac

delta functions simplify the integrals with respect to kρ and kz. The integral with respect

to ϕk is, ∫ 2π

0

dϕk e
im′ϕke−imϕk = 2πδm,m′ , (34)

where δm,m′ is the Kronecker delta function.

Finally, the wave electric field inside the filament is,

EF (r) =
2∑

ℓ=1

∞∑
m=−∞

im Eℓm
[{

−iEℓkρJ
′
m (kℓρρ)−

m

ρkℓρ
EℓkϕJm (kℓρρ)

}
ρ̂+{

−iEℓkϕJ
′
m (kℓρρ) +

m

ρkℓρ
EℓkρJm (kℓρρ)

}
ϕ̂+

EℓkzJm (kℓρρ) ẑ

]
eimϕ eik0zz, (35)
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where, without loss of generality, the factor of 2π from (34) has been absorbed in the

coefficient Eℓm.

It is important to note that, regardless of the choice of the incoming wave mode, the

wave fields inside the filament are a combination of the two independent cold plasma waves.

Thus, if the ordinary wave in the electron cyclotron range of frequencies is incident on

the filament, the fields inside the filament are a linear combination of the ordinary and

extraordinary waves. The boundary conditions, Eqs. (23)–(26), at the interface between

the filament and the background plasma cannot be satisfied without requiring both wave

modes to be present inside the filament.

VIII. ELECTRIC FIELDS OF THE SCATTERED WAVES

The construction of the wave fields in the background plasma, due to the scattering by

the filament, will take advantage of two points. The first point is that the component of

the wave vector along the magnetic field is the same as that of the incident wave – the

kinematic property of the boundary conditions. The second point is that the scattered

waves are outgoing and propagating away from the filament.

Since the vector cylinder functions form a complete set [19, 20], and are solutions of the

vector Helmholtz equation, the electric field of the scattered wave can be written, in general,

as a linear sum of the entire set of vector cylinder functions. Thus,

ES (r) =
∞∑

m=−∞

[E1mlm (ρ, ϕ, z; kρ, k0z) + E2mmm (ρ, ϕ, z; kρ, k0z) + E3mnm (ρ, ϕ, z; kρ, k0z)] ,

(36)

where E1m, E2m, and E3m are coefficients that can, in general, be functions of m and k. In

order to ensure an outgoing wave, in the vector cylinder functions (69), Zm (kρρ) is replaced

by the Hankel function of the first kind H
(1)
m (kρρ) [21].

The coefficients E1m, E2m, and E3m are determined by substituting (36) into (2). In

the resulting equation, the only dependence on ϕ is in the vector cylinder functions, and is

of the form eimϕ. The orthogonality of these functions forces each term in the summation

over m, in the right-hand side of the resulting equation, to be zero. Furthermore, H
(1)
m (kρρ)

and H
(1)′
m (kρρ) are independent functions of the argument [21]. (Here the prime denotes a
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derivative with respect to the argument.) Subsequently, equating coefficients of H
(1)
m (kρρ)

and H
(1)′
m (kρρ) in each vector component in the equation obtained by substituting (36) into

(2), leads to the following set of equations,

K0ρE1m + iK0ϕE2m − i
k0z
k

(
c2k2

ω2
−K0ρ

)
E3m = 0,

K0ϕE1m − i

(
c2k2

ω2
−K0ρ

)
E2m + i

k0z
k
K0ϕE3m = 0, (37)

ik0zK0zE1m −
k2ρ
k

(
c2k2

ω2
−K0z

)
E3m = 0.

The permittivity tensor elements in (37) are evaluated for the background plasma param-

eters. The three equations in (37) form a set of homogeneous algebraic equations for E1m,

E2m, and E3m and are almost of the form
↔
D0.ESk (k) = 0. Guided by the form of the wave

electric field in the filament (35), the following substitutions,

E1m = −ikρ
k2
ES

kρ − i
kz
k2
ES

kz,

E2m =
i

kρ
ES

kϕ
, (38)

E3m = − k0z
kkρ

ES
kρ +

1

k
ES

kz,

reduce (37) to, (
K0ρ − n2

0z

)
ES

kρ − iK0ϕE
S
kϕ + nρn0zE

S
kz = 0,

iK0ϕE
S
kρ +

(
K0ρ − n2

)
ES

kϕ = 0, (39)

nρn0zE
S
kρ +

(
K0z − n2

ρ

)
ES

kz = 0.

The set (39) gives exactly
↔
D0 (k, ω) .E

S
k (k, ω) = 0, where ES

k =
(
ES

kρρ̂k + ES
kϕϕ̂k + ES

kzẑ
)

is the electric field vector of the scattered wave. In a way, it is not surprising that the

characteristics of the electric field of the scattered wave follow the same pattern as the

incoming plane wave, as these waves are propagating in the same medium. The primary

difference being that the scattered wave is represented by Hankel functions of the first kind,

while the incoming wave is in terms of the Bessel function of the first kind. The former

leading to an asymptotic form of an outgoing wave, while the latter being continuous at

ρ = 0.

A non-trivial solution for the electric field components from (39) requires, as before, that

det

(↔
D0 (k, ω)

)
= 0. Since n0z is fixed by the incoming wave, the four solutions for nρ
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follow from (12). However, only the two solutions corresponding to outgoing waves are kept;

those solutions representing waves propagating towards the filament are discarded. If one

of the solutions is imaginary then its counterpart is the complex conjugate. The wave root

that corresponds to a decaying solution as a function of ρ is the one included in the analysis.

Let the two wave roots be denoted by nS
ℓρ = ckSℓρ/ω (ℓ = 1, 2). Then, the electric field

associated with the scattered waves takes on the form,

ES (r) =
2∑

ℓ=1

∞∑
m=−∞

im ES
ℓm

[{
−iES

ℓkρH
(1)′
m

(
kSℓρρ

)
− m

ρkSℓρ
ES

ℓkϕH
(1)
m

(
kSℓρρ

)}
ρ̂+{

−iES
ℓkϕH

(1)′
m

(
kSℓρρ

)
+

m

ρkSℓρ
ES

ℓkρH
(1)
m

(
kSℓρρ

)}
ϕ̂+

ES
ℓkzH

(1)
m

(
kSℓρρ

)
ẑ

]
eimϕ eik0zz. (40)

where the prime denotes the derivative with respect to the argument. The ES
ℓm are con-

stant coefficients, and the elements of the set
(
ES

ℓkρ, E
S
ℓkϕ, E

S
ℓkz

)
are the polarization vectors

equivalent to either (17) or (18).

IX. BOUNDARY CONDITIONS - DYNAMIC PROPERTIES

The magnetic fields associated with the incident wave, waves inside the filament, and

the scattered waves can be derived from the corresponding electric fields using Faraday’s

equation,

B (r) = − i

ω
∇× E (r) . (41)

Of the six boundary conditions (23) – (26), it can be shown that only four are independent

(Appendix C). Choosing the four conditions as those given by Eqs. (25) and (26), it follows

that the azimuthal and longitudinal components of the wave electric and magnetic fields are

continuous at ρ = a – the interface between the filament and the background plasma.

The azimuthal dependence of the m-th term in the series for the wave electric and mag-

netic fields, inside and outside the filament, is of the form eimϕ. The orthogonality of these

exponential functions implies that the m-th terms on the left and right-hand sides of (25)
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and (26) have to be the same. Let

αI
ϕm =

m

k0ρa
Jm (k0ρa)E0kρ − iJ′m (k0ρa)E0kϕ, (42)

αS
ϕℓm =

m

kSℓρa
H(1)

m

(
kSℓρa

)
ES

ℓkρ − iH(1)′
m

(
kSℓρa

)
ES

ℓkϕ, (43)

αF
ϕℓm =

m

kℓρa
Jm (kℓρa)Eℓkρ − iJ′m (kℓρa)Eℓkϕ, (44)

βI
ϕm = k0zJ

′
m (k0ρa)E0kρ − i

mk0z
k0ρa

Jm (k0ρa)E0kϕ − k0ρJ
′
m (k0ρa)E0kz, (45)

βS
ϕℓm = k0zH

(1)′
m

(
kSℓρa

)
ES

ℓkρ − i
mk0z
kSℓρa

H(1)
m

(
kSℓρa

)
ES

ℓkϕ − kSℓρH
(1)′
m

(
kSℓρa

)
ES

ℓkz, (46)

βF
ϕℓm = k0zJ

′
m (kℓρa)Eℓkρ − i

mk0z
kℓρa

Jm (kℓρa)Eℓkϕ − kℓρJ
′
m (kℓρa)Eℓkz, (47)

αI
zm = Jm (k0ρa)E0kz, (48)

αS
zℓm = H(1)

m

(
kSℓρa

)
ES

ℓkz, (49)

αF
zℓm = Jm (kℓρa)Eℓkz, (50)

βI
zm = ik0ρJm (k0ρa)E0kϕ, (51)

βS
zℓm = ikSℓρH

(1)
m

(
kSℓρa

)
ES

ℓkϕ, (52)

βF
zℓm = ikℓρJm (kℓρa)Eℓkϕ, (53)

where the superscripts I, S, and F refer to incident wave, scattered wave, and waves inside

the filament, respectively, and ℓ = 1, 2. The α’s and β’s defined above are functions of the

plasma parameters and are completely known once these parameters are specified. From

the continuity conditions (25) and (26), it follows that

αF
ϕ1mE1m + αF

ϕ2mE2m − αS
ϕ1mES

1m − αS
ϕ2mES

2m = αI
ϕmE0, (54)

αF
z1mE1m + αF

z2mE2m − αS
z1mES

1m − αS
z2mES

2m = αI
zmE0, (55)

βF
ϕ1mE1m + βF

ϕ2mE2m − βS
ϕ1mES

1m − βS
ϕ2mES

2m = βI
ϕmE0, (56)

βF
z1mE1m + βF

z2mE2m − βS
z1mES

1m − βS
z2mES

2m = βI
zmE0. (57)

For each azimuthal mode number m, these four linear equations can be solved for the

amplitudes E1m, E2m for the wave fields inside the filament, and ES
1m, ES

2m for the scattered

wave fields. These amplitudes are expressed in terms of the wave amplitude of the incoming

wave E0. Since the entire scattering model is linear, without any loss of generality, all the

wave amplitudes can be normalized to E0. Given these amplitudes, it is straightforward to
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construct the full wave electromagnetic fields inside the filament using (35), and outside the

filament using (22) and (40).

It is interesting to compare the model for the scattering of RF waves by cylindrical

filaments with the scattering by spherical blobs. In the former case, the amplitude equations

(54)–(57) are for a single azimuthal mode. While, in the latter case, the amplitude equations

couple different azimuthal modes [14, 15]. Numerically, the scattering off spherical blobs is

more challenging. The scattering off blobs is three-dimensional while that off filaments is

two-dimensional – a direct consequence of the kinematic property of the boundary conditions.

This completes the model for the scattering of RF waves in a plasma by a cylindrical

filament with its axis aligned along the magnetic field line.

X. RESULTS AND DISCUSSION

We illustrate the scattering of RF waves by a filament for some typical plasma parameters.

The aim is to provide physical insight into the scattering process and not get caught up

with the details of the plasma that may exist in the scrape-off layer in a fusion device. The

incoming RF plane wave is assumed to be either an electron cyclotron wave or a lower hybrid

wave.

Some of the features that result from the scattering model can be best displayed by the

time-averaged Poynting vector [19],

⟨S (t)⟩ =
1

2
Re (E×H∗) , (58)

where < . . . > denotes the time average, and H∗ is the complex conjugate of the magnetic

intensity H. In a plasma, the wave magnetic field B is related to H by B = µ0H, where

µ0 is the free-space permeability. In the numerical calculations, it is more appropriate to

quantify the normalized Poynting vector

P =
⟨S (t)⟩
| ⟨SI⟩ |

, (59)

where | ⟨SI⟩ | is the magnitude of the time-averaged Poynting vector of the incident plane

wave.
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A. Electron cyclotron waves

The results that follow are for a plasma composed of electrons and deutrons, in a magnetic

field B0 = 4.5 T. The incident RF wave has a frequency of 170 GHz and is assumed to be

propagating normal to the direction of the magnetic field, i.e., noz = 0. The phase ϕk in

(22) is set to zero so that the incident wave is propagating along the positive x-direction.

Figure 2 shows the real part of the four roots of the perpendicular wave number Re (nρ) as

a function of the electron density ne. The solid lines represent the dispersion characteristics

of the ordinary, or O, wave while the dashed line is that for the extraordinary, or X, wave.

The radial index of refraction nρ is imaginary in the regions where Re (nρ) = 0. The O wave

has a cutoff near ne ≈ 3.58×1020 m−3, while the X wave has two cutoffs near ne ≈ 9.29×1019

m−3 and ne ≈ 6.24×1020 m−3. The X wave also has a resonance, the upper hybrid resonance

[18], near ne ≈ 1.62× 1020 m−3.

1. Low density plasma

The electron density of the background plasma and of the plasma inside the filament is

taken to be neb = 2 × 1018 m−3 and nef = 2.5 × 1018 m−3, respectively, which implies that

δn = 0.25. The radial wave numbers for the scattered waves nS
1ρ = 0.9972 and nS

2ρ = 0.9938

correspond to the O wave and the X wave, respectively. Inside the filament n1ρ = 0.9965

and n2ρ = 0.9922 for the O wave and X wave, respectively.

Let the incident plane wave be an O wave so that n0ρ = nS
1ρ. For n0z = 0, only the E0kz

component of the wave electric field is non-zero. Consequently, the Cartesian components

of the Poynting vector for the incoming wave are, P I
x = 1, P I

y = 0, and P I
z = 0. The x-

direction is directed towards the core of the toroidal plasma and the y-component is along

the poloidal direction.

Figure 3 shows the contour plot for Px in the x − y plane. The filament has a radius

a = 1 cm, centered at x = y = 0, with its cross-section displayed as a white circle. The

O wave is incident from the left-hand side (x < 0). Since Px is positive, the power flow

is in the positive x-direction. The uniformity in the spatial region x < 0 indicates that

there is no backscattering of the incident wave due to the filament. The scattering in the

forward direction, and the power flowing into the plasma, is not spatially uniform in the
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y-direction, which would have been the case if the filament did not exist. However, the

spatial redistribution of power along the y-axis is small as indicated by the scale on the

right-hand side of Fig. 3.

If, instead, the incident wave is the X wave with n0ρ = nS
2ρ, the results (not shown) are

similar to those shown in Fig. 3 for the O wave. The scattering is in the forward direction

with essentially no reflected power from the filament.

Figure 4 is a comparison of Px as a function of y, in the wake of the filament at x = 2

cm, for an incident O wave (solid line) and X wave (dashed line). The non-uniformity in the

x-component of the Poynting vector is due to diffraction, and constructive and destructive

interference between the incident and scattered waves. This leads to shadowing, where Px

falls below 1, and focusing, where Px is greater than 1. The shadowing and focusing is more

noticeable for an incident X wave when compared to the O wave. However, the maximum

effect is limited to within 5%.

For either case of the incident plane wave, at x = −2 cm, in the region of backscattering,

Px is essentially 1 (to within 0.02%) as a function of y, thereby indicating that there is no

reflection of the waves by the filament.

If the density inside the filament is increased, the shadowing and focusing effects are

more pronounced. Figure 5 shows the results for an incident O wave (solid line) and X

wave (dashed line) when the density inside the filament is 3.7 × 1018 m−3. In this case,

δn = 0.85 and, inside the filament, n1ρ = 0.9948 and n2ρ = 0.9883 for the O wave and X

wave, respectively. Comparing Fig. 5 with Fig. 4 shows that an increase in δn enhances the

effect of shadowing and focusing, leading to a larger variation in the spatial profile of the

electron cyclotron waves propagating towards the core of a tokamak plasma.

2. High density plasma – effect of a wave cutoff

Consider a filament with density nef = 3.71×1020 m−3 embedded in a background plasma

with density neb = 3.4 × 1020 m−3. For these densities, as seen in Fig. 2, the O wave does

not propagate inside the filament. The radial wave numbers of the scattered O and X waves

are nS
1ρ = 0.227 and nS

2ρ = 1.048, respectively. Inside the filament n1ρ = 0.188i for the O

wave and n2ρ = 0.968 for the X wave.

It can be easily shown from Eqs. (17) and (18), that the Cartesian components of the
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Poynting vector for either of the incoming waves, O wave or X wave, are P I
x = 1, P I

y = 0,

and P I
z = 0.

Figures 6 and 7 display Px and Py, respectively, in the x−y plane for an incident O wave.

The filament blocks the O wave from propagating through it, leading to a shadow in the wake

of the filament. There is a focusing effect in the forward direction, as evidenced by spatial

regions of enhanced Poynting flux away from the shadow. The existence of diffraction-

type patterns, due to interference between the incident and scattered waves in the front of

the filament (x < 0), is a clear indication of backscattering, or reflection of waves, by the

filament. Moreover, as seen in Fig. 7, there is enhanced side-scattering with the Poynting

flux in the positive and negative y-directions; the flux being symmetric about the y-axis.

In contrast, as seen in Figs. 8 and 9, for an incident X wave, there is little or no backscat-

tering. The dominant scattering is in the forward direction with some side-scattering. The

differences between an incident O wave and X wave are illustrated in Figs. 10 and 11. The

shadow region created in the forward direction (Fig. 10), in the wake of the filament, is

prominently displayed for an incident O wave; the Poynting flux is appreciably enhanced for

the incident X wave. Figure 11 shows a large variation in the Poynting flux of the O wave

in the front of the filament due to backscattering; there being essentially no backscattering

of the X wave.

A comparison between Fig. 7 and Fig. 9 indicates that the O wave does not propagate

inside the filament while the X wave does. The differences in the overall scattering patterns

between the two incident waves can be attributed to the dissimilarities in the wave fields

inside the filament. The connection between the fields inside and outside the filament being

through the boundary conditions.

In the vicinity of the filament, the side-scattered Poynting flux in the forward and back-

ward regions, as displayed in Figs. 12 and 13, respectively, is spatially structured in space.

Figure 13 shows that the O mode undergoes backscattering while the X mode does not.

B. Lower hybrid waves

The effect of a filament on the propagation of waves in the lower hybrid range of frequen-

cies is discussed in this section. As for electron cyclotron waves, the plasma is assumed to

be made up of electrons and deutrons confined in a magnetic field of 4.5 T. The incident
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wave has a frequency of 4.6 GHz with noz = 2. Without loss of generality, the phase ϕk in

(22) is set to zero, so that the incident wave vector is in the x− z plane.

Figure 14 shows the Re (nρ), for the four roots of the dispersion relation, as a function of

ne. The solid lines represent the dispersion characteristics of the slow lower hybrid waves,

while the dashed line is that for the fast waves. For ne
<∼ 2.09×1020 m−3, the perpendicular

wave number for the fast wave is purely imaginary, indicating the region in which the wave

is evanescent.

1. Low density plasma

As in the case of electron cyclotron waves in a low density plasma, the electron density of

the background plasma and of the plasma inside the filament is taken to be neb = 2× 1018

m−3 and nef = 2.5 × 1018 m−3, respectively. For these densities, the slow wave is the only

propagating wave; the fast wave is evanescent everywhere. The radial wave numbers for the

scattered waves are nS
1ρ = 4.423 and nS

2ρ = 1.725i for the slow and fast waves, respectively,

and inside the filament n1ρ = 5.01 and n2ρ = 1.722i, respectively.

In the lower hybrid range of frequencies, the slow wave is a backward wave [18]; the group

velocity of the wave is in a direction opposite to the phase velocity. Thus, in order to have

the Poynting flux directed toward the positive x-direction, the appropriate choice for an

incident slow wave is n0ρ = −4.423. The normalized Cartesian components of the Poynting

vector for the incident plane wave are, P I
x ≈ 0.32, P I

y = 0, and P I
z ≈ 0.95.

Figure 15 shows the effect of the filament on Px in the x− y plane. While the power flow

is in the positive x-direction, the diffraction pattern, due to the phase mixing of the incident

and scattered waves, is directed towards the negative x-direction. This is a consequence

of the backward nature of the slow wave [18]. The power flow is along the direction of

the group velocity. Figure 16 is a plot of Px as a function of y at x = 2 cm in the wake

of the filament (solid line), and at x = −2 cm in front of the filament (dashed line). In

the forward direction Px is close to P I
x while in the backward direction there is spatial

redistribution of power with enhanced Poynting flux in the vicinity of the x-axis. There

is constructive interference between the incident and scattered waves along the negative x-

axis, and destructive interference away from the x-axis in the region near y ≈ ±1.5 cm. The

contour plot of Pz in Fig. 17 shows features similar to Fig. 15 for the backscattered fields;
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the forward scattering, unlike in Figs. 15 and 16, develops an interference pattern due to the

combined fields of the incident and scattered waves. Figure 17 shows an enhanced Pz inside

the filament, indicating power flow in the axial direction. The filament almost behaves like

a transmission line with power flowing in its interior.

Besides affecting Px and Pz, the principal components of the Poynting vector of the

incident plane wave, the filament also leads to side-scattering as seen in Fig. 18. The

cumulative affect of the filament is to change the spatial structure of the slow lower hybrid

wave propagating into the core of the plasma, as well as scatter power back in the direction

of the incoming plane wave.

2. High density plasma with density depleted filament

The final set of results is to demonstrate the effect of the filament when the density inside

the filament is less than the background density. It is also illustrative of the role that the

filament plays in the scattering process even when the wavelength of the incident wave is

much larger than the transverse dimension of the filament.

Let the electron density of the background plasma and of the plasma inside the filament

be neb = 2.2 × 1019 m−3 and nef = 1.9 × 1019 m−3, respectively. The dispersion relation

in Fig. 14 shows that only the slow lower hybrid wave can propagate inside the filament,

while both the slow and fast waves can propagate in the background plasma. For these

parameters, the radial wave numbers for the scattered slow and fast waves are nS
1ρ = 14.475

and nS
2ρ = 0.578, respectively. Inside the filament, the radial wave numbers are n1ρ = 13.599

and n2ρ = 0.742i, respectively. The corresponding wavelengths in the background plasma

are λS1ρ = 2πc/ (n1ρω) = 0.45 cm and λS2ρ = 11.28 cm. Inside the filament, the wavelength

of the slow wave is λ1ρ = 0.48 cm.

Let the incident plane wave be the fast lower hybrid wave with n0ρ = 0.578. The wave-

length of the wave, 11.28 cm, is much longer than the radius, a = 1 cm, of the filament.

The components of the Poynting vector for the incident wave are, P I
x = 0.127, P I

y = 0, and

P I
z = 0.992. Figure 19 is a contour plot of Px in the vicinity of the filament. It is notewor-

thy that the filament acts like an antenna radiating circular waves in the x− y plane. The

incident fast wave has coupled power to the only mode that propagates inside the filament

– the slow wave. The fields inside the filament, in turn, affect the scattered field so that Px
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has the pattern seen in Fig. 19. In order to capture the effect of the filament on a scale that

is representative of the wavelength of the incoming fast wave, a spatially extended view of

the scattering contours is displayed in Fig. 20. The filament leads to regions of enhanced

and depleted Poynting flux as the scattered waves emanating from the filament interfere,

constructively and destructively, with the incident field.

The incident fast wave induces charge oscillations inside the filament. These charge

oscillations induce internal waves that are consistent with the plasma permittivity inside

the filament, and with its boundary. Hence, the oscillations inside the filament are the short

wavelength, slow lower hybrid waves and the wave patterns are essentially concentric circles.

This is an interesting result given the fact that the radial wavelength of the incident wave

is much longer than the radius of the filament. For such a disparity in radial scales, it

would seem that the filament has little or no affect on the propagation of the incident wave.

Clearly, this is not the case.

It is important to note that the fast wave, unlike the slow wave, is a forward wave. Hence,

the diffraction pattern is in the forward direction. However, since the slow wave excited by

the filament is a backward wave, the pattern, unlike for electron cyclotron waves, originates

from the front of the filament which faces the incoming wave.

XI. CONCLUSIONS

Density fluctuations and coherent structures, like blobs, are ubiquitous in the scrape-off

layer in the edge region of a tokamak plasma. RF waves, excited by antennas or waveguides,

have to propagate through this region on their way to the core of the plasma. Since RF

waves are the mainstay for heating fusion plasmas and for generating plasma currents, it

is desirable to understand the effect of fluctuations on the propagation characteristics of

the waves. The variation in the fluctuations, relative to the background plasma density, is

large enough that geometric optics is not an appropriate description for studying their effect

on RF waves. This is particularly true for the propagation of RF waves through coherent

fluctuations, like blobs and filaments.

In this paper, a full-wave theoretical model has been developed for describing the scat-

tering of plane RF waves by a cylindrical filament embedded in an ambient, magnetized

plasmas. The plasma inside and outside the filament is assumed to be cold and homoge-
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neous; however, the density difference between the two regions is completely arbitrary and

not limited by the approximations necessary for applying geometric optics.

The spatial structure of the electric and magnetic fields is given by the Faraday-Ampere

equation, which has the same form as the vector Helmholtz equation. Mathematical tech-

niques developed for Mie scattering [12, 13], and scattering of RF waves by spherical blobs

[14, 15], are used to solve the partial differential equation and determine the electric and

magnetic fields inside and outside the filament.

The cold plasma supports two independent plasma waves that satisfy the appropriate

dispersion relation [18]. The incident RF wave is one of these two plasma waves. The wave

modes excited inside the filament, by the RF wave, are a linear combination of the two

cold plasma waves satisfying the dispersion relation inside the filament. These wave modes

propagate in all directions relative to the direction of the magnetic field, and, in turn, lead

to wave modes outside the filament that are a linear combination of the cold plasma waves

in the background plasma. The wave modes outside the filament similarly propagate in all

directions. The self-consistent form of the wave fields is obtained by enforcing the boundary

conditions at the interface between the filament and the background plasma. Since the

scattered fields propagate in all directions, there is forward scattering in the wake of the

filament, backward scattering, or reflection, in front of the filament towards the incoming

plane wave, and side-scattering leading to surface waves. These features are similar to those

associated with the scattering of RF waves by spherical blobs [14, 15].

There are two striking differences between scattering by a spherical blob [14, 15] and by a

cylindrical filament. First, the former leads to the spreading of the parallel (to the magnetic

field) component of the wave vector, while the latter preserves the parallel component,

keeping it the same as that of the incident plane wave. Thus, scattering from a blob leads

to a broadening of the spectrum for the wave propagating towards the core of the plasma.

Second, the fields reconstitute in the wake of blob but not in the wake of the filament.

Consequently, there is considerable spatial structure in the Poynting flux directed towards

the core of the plasma when scattering off a filament.

For a filament of finite axial extent, the formulation has to be modified in the following

way. The Fourier transform in kz in (27) has to be replaced by a finite Fourier transform.

For a filament of length L located in the interval z ∈ [−L/2, L/2], the electric field takes on
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the form

EF (r) =

∫ ∞

0

dkρ kρ

∫ 2π

0

dϕk

∫ L/2

−L/2

dkz EF (k) eikρρ cos(ϕ−ϕk)eikzz, (60)

that has to be substituted in the Faraday-Ampere equation (2). Unlike for an infinitely

extended filament, kz is not the same as for the incident plane wave. It is determined by

the boundary conditions at the ends of the filament z = ±L/2,

ẑ. (DI +DS)
∣∣∣
z=±L/2

= ẑ.DF

∣∣∣
z=±L/2

, (61)

ẑ. (BI +BS)
∣∣∣
z=±L/2

= ẑ.BF

∣∣∣
z=±L/2

, (62)

ẑ× (EI + ES)
∣∣∣
z=±L/2

= ẑ× EF

∣∣∣
z=±L/2

, (63)

ẑ× (BI +BS)
∣∣∣
z=±L/2

= ẑ×BF

∣∣∣
z=±L/2

. (64)

These boundary conditions, which are in addition to those in equations (23)-(26), determine

the range of kz excited inside the finite filament, and, importantly, the spectrum of kz in the

scattered field. It is to be expected that, similar to the scattering by a spherical blob, a finite

cylindrical filament will lead to a spreading of the parallel component of the wave vector.

As noted in the introduction section of this paper, the theoretical modeling of scattering by

a finite filament is a topic for a separate paper.

In low density plasmas, electron cyclotron waves are scattered in the forward direction

by the filament irrespective of an incident O wave or X wave. The component of the

Poynting vector, representing power flow, directed towards the core of the plasma is spatially

structured due to diffraction. The interference between the incident and scattered fields leads

to regions of enhanced power flow, due to focusing of the fields, and depleted power flow,

due to shadowing behind the filament. The spatial variations in the power flow increases

as the density inside the filament is increased relative to the background density. There is

essentially no side-scattering or backscattering of the electron cyclotron waves. In a high

density plasma when the O wave does not propagate inside the filament, the scattering

of incident O and X waves is quite different. For the O wave, the shadowing and focusing

effects are prominent in the wake of the filament. This is accompanied by backscattering and

side-scattering. The filament acts as a barrier with no discernible wave activity inside the

filament. For an incident X wave, forward scattering is dominant, with some side-scattering

and negligible backscattering. There are regions of substantially enhanced Poynting flux, or
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electric fields in the forward direction. The X waves also propagate in the interior of the

filament which help reduce the effect of shadowing when compared with an incident O wave.

Some of the features associated with the scattering of lower hybrid waves by a filament are

in stark contrast to the results for the electron cyclotron waves. In a low density plasmas, in

which only the slow wave is propagating, the backscattering of the wave is prominent. The

diffraction pattern, formed by the incident wave and the scattered waves, is in the backward

direction even though the Poynting flux is the forward direction. This is a consequence of

the backward wave characteristic of the slow wave – the group velocity of the wave is in

a direction opposite to the phase velocity. Regions of large electric fields occur near the

boundary layer separating the filament from the background plasma. Inside the filament,

power flows along the magnetic field line – the filament behaves like a transmission line.

The diffraction patterns also exist in the forward direction.

The linear coupling of power from one cold plasma wave, excited by an external source, to

the other cold plasma wave is a natural consequence of the scattering process by the filament.

This is illustrated by considering lower hybrid wave scattering in a high density plasma. An

incident fast wave, with its radial wavelength much larger than the radial dimension of the

filament, excites, within the filament, a slow wave, with a much shorter wavelength than the

fast wave. The filament behaves like an antenna and excites a slow wave in the background

plasma showing linear conversion of power from the fast wave to the slow wave.

The scattering of RF waves by arbitrary shaped density fluctuations, with inhomogeneous

density profiles, will require a completely numerical approach. The theory developed in this

paper can be used as a check of these, more general, simulation codes.
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Appendix A CYLINDRICAL COORDINATE SYSTEM

The rotation matrix transforming the Cartesian coordinate system (x̂, ŷ, ẑ) to the spatial

cylindrical coordinate system
(
ρ̂, ϕ̂, ẑ

)
is,

↔
Rρ =



cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1


, (65)

where ϕ is the angle between the position vector r and the x-axis.

The rotation matrix transforming the Cartesian coordinate system to the wave vector

cylindrical coordinate system
(
ρ̂k, ϕ̂k, ẑ

)
is,

↔
Rk =



cosϕk − sinϕk 0

sinϕk cosϕk 0

0 0 1


, (66)

where ϕk is the angle between the wave vector k and the x-axis.

It is easy to show that
↔
Rρ.

↔
K .

↔
R

−1

ρ =
↔
K and

↔
Rk.

↔
K .

↔
R

−1

k =
↔
K , where

↔
K is the permit-

tivity tensor in (3).

Appendix B VECTOR CYLINDER FUNCTIONS

The Faraday-Ampere equation (2) is of the form of a vector Helmholtz equation. The

solutions to a vector Helmholtz equation can be constructed from the scalar Helmholtz

equation

∇2ψ (r) + k2 ψ (r) = 0, (67)

using the procedure described in [19]. Here k2 = k.k is assumed to be a constant and ψ is

a scalar field that is a function of the position vector r. The solution to (67) is obtained by

separation of variables [19],

ψ (r) =
∞∑

m=−∞

cmψm ≡
∞∑

m=−∞

cmZm (kρρ) e
ikzz+imϕ, (68)
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where cm is a constant for all m, Zm represents either Bessel functions or Hankel functions

of order m [21], kz = k. ẑ, kρ = |k − kzẑ|, and ϕ is the azimuthal angle. The Bessel and

Hankel functions can be of the first or second kind [21].

The vector cylinder function are then obtained from (68) as follows [19].

lm (ρ, ϕ, z; kρ, kz) = ∇ψm =

[(
∂

∂ρ
Zm

)
ρ̂+

{
im

ρ
ϕ̂+ ikz ẑ

}
Zm

]
eikzz+imϕ,

mm (ρ, ϕ, z; kρ, kz) = ∇× (ψmẑ) =

[
im

ρ
Zm ρ̂−

(
∂

∂ρ
Zm

)
ϕ̂

]
eikzz+imϕ, (69)

nm (ρ, ϕ, z; kρ, kz) =
1

k
∇×mm =

[
ikz
k

(
∂

∂ρ
Zm

)
ρ̂−

{
kz
k

m

ρ
ϕ̂−

k2ρ
k
ẑ

}
Zm

]
eikzz+imϕ.

The argument of the Z functions is kρρ

The vector cylinder functions are such that ∇× lm = 0, ∇×mm = knm, and ∇× nm =

kmm. Thus, lm represents a purely longitudinal electromagnetic wave. Such waves do not

exist in vacuum, but can exist in plasmas.

Some additional properties are: ∇.mm = 0, ∇.nm = 0, ∇ × (∇× lm) = 0,

∇× (∇×mm) = k2mm, and ∇× (∇× nm) = k2nm.

The vector cylinder functions do not form an orthogonal set [19]. However, they form

a complete set [19, 20] – a property that is important for constructing the electromagnetic

fields of the scattered waves.

Appendix C INDEPENDENT BOUNDARY CONDITIONS

Of the six boundary conditions Eqs. (23) – (26) only four are independent. The four

boundary conditions that follow from Eqs. (25) and (26) have been imposed at the interface

ρ = a in order to complete the formulation of the scattering theory. In this section, it is

shown that the other two boundary conditions, given by Eqs. (23) and (24), follow from

these four equations.

Since there is no coupling between different azimuthal modes, each term in the summation

over m can be treated independently. Consider the expression for the incoming plane wave

given by Eq. (22). For a given m, the electric and magnetic field vectors of the wave are,

respectively,

E
(m)
I =

(
−iE0kρJ

′
m − m

ρk0ρ
E0kϕJm

)
ρ̂+

(
−iE0kϕJ

′
m +

m

ρk0ρ
E0kρJm

)
ϕ̂+ E0kzJmẑ, (70)
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B
(m)
I =

(
−i m
ρk0ρ

k0zE0kρJm − k0zE0kϕJ
′
m +

im

ρ
E0kzJm

)
ρ̂+(

k0zE0kρJ
′
m − im

ρk0ρ
k0zE0kϕJm − k0ρE0kzJ

′
m

)
ϕ̂+ ik0ρE0kϕJmẑ, (71)

where the terms E0, eim(ϕ−ϕk), eik0zz, and −i/ω have been factored out. These terms do not

affect the discussion that follows. The expression for the magnetic field (71) is obtained

from (70) using Faraday’s equation (41).

The four terms that are part of the left-hand side of Eqs. (25) and (26) follow from (70)

and (71),
m

ρk0ρ
E0kρJm − iE0kϕJ

′
m, (72)

−E0kzJm, (73)

k0zE0kρJ
′
m − im

ρk0ρ
k0zE0kϕJm − k0ρE0kzJ

′
m, (74)

−ik0ρE0kϕJm. (75)

The contribution to the left-hand side of (24) from the incident wave is,

−i m
ρk0ρ

k0zE0kρJm − k0zE0kϕJ
′
m +

im

ρ
E0kzJm. (76)

This form can be easily obtained from (72) and (73), by multiplying the terms in (72) and

(73) by −ik0z and im/ρ, respectively, and adding the resulting expressions. Since k0z is a

constant, ρ = a at the boundary, and each azimuthal modem is independent, the multipliers

are constants. Hence, for the incoming wave, the expression on the left-hand side of (24) is

a linear combination of the two expressions obtained from the left-hand side of (25).

Since D = ϵ0
↔
K .E, the contribution of the incoming wave to the left-hand side of (23) is,

Kρ

(
−iE0kρJ

′
m − m

ρk0ρ
E0kϕJm

)
− iKϕ

(
−iE0kϕJ

′
m +

m

ρk0ρ
E0kρJm

)
, (77)

where the multiplier ϵ0 has been factored out. From the polarization equation
↔
D .E = 0, it

follows that,

KρE0kρ = n2
0zE0kρ + iKϕE0kϕ − n0ρn0zE0kz, (78)

KρE0kϕ = −iKϕE0kρ + n2
0ρE0kϕ. (79)

Substituting (78) and (79) in (77) yields,

c2

ω2

{
−ik20zE0kρJm + ik0ρk0zE0kzJ

′
m − m

ρk0ρ

(
k20ρ + k20z

)
E0kϕJm

}
. (80)
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This form can be easily obtained from (74) and (75). Multiplying the terms in (74) and (75)

by −ik0z and im/ρ, respectively, adding the resulting expressions, and multiplying it all by

c2/ω2 yields (80). Using the same argument as before, it follows that, for the incoming wave,

the expression on the left-hand side of (23) is a linear combination of the two expressions

obtained from the left-hand side of (26).

It can be shown that the four expressions in (72) – (75) are linearly independent since

the Bessel function and its derivative are linearly independent [21]. Thus, for the incoming

plane wave, of the six terms contributing to the left-hand side of (23) – (26) only four are

linearly independent.

From the form of the electric fields of the scattered waves and the waves inside the

filament, the same discussion, as for the incoming wave, applies. The two wave modes, that

appear in the fields for the scattered waves and for the waves inside the filament, can be

treated independently of each other. Consequently, the combined electric fields that appear

on either side of Eqs. (23) – (26) lead to just four independent boundary conditions.
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FIG. 1: The origin of the coordinate system is at the center of the cylindrical filament of

radius a. The ambient magnetic field is along the axial direction ẑ, and ρ̂ and ϕ̂ are the

unit vectors along the radial and azimuthal directions, respectively. The effect of the ends

of the filament are ignored by assuming that L→ ∞.
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FIG. 2: (Color online) The real part of the radial, or perpendicular, wave number nρ as a

function of the electron density ne for electron cyclotron waves. The solid line corresponds

to the ordinary wave while the dashed line is for the extraordinary wave. The wave

frequency is 170 GHz, the parallel index of refraction n0z = 0, and B0 = 4.5 Tesla. The O

wave is evanescent for ne
>∼ 3.58× 1020 m−3, while the X wave has two cutoffs and a

resonance (the upper hybrid resonance).

FIG. 3: (Color online) Contours of Px in the x− y plane for an incident O wave. The

circular cross-section of the filament has a radius of 1 cm, and is indicated by the white

circle. The relevant parameters are given in the text.
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FIG. 4: (Color online) Px versus y at x = 2 cm, corresponding to a location in the wake of

the filament. The solid line corresponds to an incident O wave and the dashed line to an

incident X wave. The shadowing effect occurs in regions where Px < 1, while the focusing

effect is for Px > 1. For an incident O or X wave, P I
x = 1. The wave and plasma

parameters are the same as for Fig. 3.
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FIG. 5: (Color online) Px versus y at x = 2 cm. The solid line corresponds to an incident

O wave and the dashed line to an incident X wave. The plasma parameters are the same

as for Figs. 3 and 4, except that the density inside the filament is nef = 3.7× 1018 m−3.

The shadowing and focusing effects are more prominent when compared to Fig. 4 (drawn

to the same scale). As before, for an incident O or X wave, P I
x = 1.
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FIG. 6: (Color online) Contours of Px in the x− y plane for an incident O wave. In this

case of a high density plasma, the O wave propagates in the background plasma but is

cutoff inside the filament. The shadowing and focusing of the waves is evident. In contrast

to Fig. 3, the diffraction pattern in the region x < 0 shows significant backscattering of the

waves.

FIG. 7: (Color online) Contours of Py in the x− y plane for the same parameters as in Fig.

6. It shows side-scattering of the incident O wave in the wake of the filament as well as in

the front of the filament facing the incoming wave. Side-scattering will lead to surface

waves in a tokamak plasma.
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FIG. 8: (Color online) Contours of Px in the x− y plane when the X wave is incident on

the filament. The X wave also propagates inside the filament. In contrast to the results in

Fig. 6, there is essentially no backscattering. Also, the shadowing effect is reduced as the

magnitude of Px is not zero in the wake behind the filament.

FIG. 9: (Color online) A contour plot of Py in the x− y plane for an incident X wave.

Beside side-scattering in the forward direction, there are wave fields inside the filament.

This is unlike the results in Fig. 6 and 7 where no fields are observed inside the filament.
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FIG. 10: (Color online) A comparison of Px as a function of y at x = 2 cm (forward

scattering) between an incident O wave (solid line) and X wave (dashed line). For the O

wave, the shadowing effect is prominent, while for the X wave the Poynting flux into the

core of the plasma is spatially structured. The parameters are the same as for Fig. 6.
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FIG. 11: (Color online) A comparison of Px as a function of y at x = −2 cm (backward

scattering) between an incident O wave (solid line) and X wave (dashed line). Since

P I
x = 1 for the incident wave, it is noticeable that there is effectively no backscattering of

the X wave. The same is not true for the O wave.
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FIG. 12: (Color online) A comparison of Py as a function of y at x = 2 cm between an

incident O wave (solid line) and X wave (dashed line). Since P I
y = 0 for either of the

incident waves, the filament side-scatters some of the incoming wave power to surface

waves that do not propagate into the core of the plasma.

42



−2 −1 0 1 2
−0.5

−0.25

0

0.25

0.5

y (cm)

P
y

FIG. 13: (Color online) A comparison of Py as a function of y at x = −2 cm between an

incident O wave (solid line) and X wave (dashed line). The side-scattering is in front of the

filament as opposed to the results in Fig. 12, in which the side-scattering is in the wake of

the filament. There is essentially no side-scattering of the X wave; however, that is not the

case for the O wave. The enhanced side-scattering of the O wave is correlated with the

significant reflection of the wave (Fig. 6).
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FIG. 14: (Color online) The real part of the radial, or perpendicular, wave number nρ as a

function of the electron density ne for lower hybrid waves. The solid line corresponds to

the slow wave while the dashed line is for the fast wave. The fast wave is evanescent for

densities ne
<∼ 2.09× 1020 m−3. The wave frequency is 4.6 GHz, the parallel index of

refraction is n0z = 2, and B0 = 4.5 Tesla.
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FIG. 15: (Color online) A contour plot of Px in the x− y plane for the low density case.

Only the slow lower hybrid wave propagates in the background plasma and inside the

filament. The wave is incident on the filament from the left-hand side as Px is positive. The

backscattering of the wave is obvious as the intensity of Px is large for x < 0. The effects

due to the interference between the incident and scattered waves are clearly discernible.
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FIG. 16: (Color online) Px versus y at x = 2 cm (solid line) and x = −2 cm (dashed line)

as obtained from Fig. 15. For the incoming slow wave P I
x ≈ 0.32. The Poynting flux in the

wake of the filament is not affected, while the interference between the incident and

scattered waves is exhibited by the variations in Px in the front of the filament (solid line).

This is different from the scattering of the electron cyclotron waves as the slow hybrid

wave is a backward wave. The interference patterns are formed by the phases of the

incident and scattered waves.
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FIG. 17: (Color online) A contour plot of Pz in the x− y plane for the same case as Fig.

15. For the incoming slow wave, P I
z ≈ 0.95. The high intensity inside the filament is

illustrative of a transmission line behavior.
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FIG. 18: (Color online) A contour plot of Py in the x− y plane showing side-scattering of

the incident wave. The parameters are the same as Fig. 15 For the incoming slow wave,

P I
y = 0.
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FIG. 19: (Color online) A contour plot of Px in the x− y plane for the case when the

density inside the filament is less than the background density. The incident wave is the

fast lower hybrid wave which is evanescent inside the filament. For the incident wave

P I
x ≈ 0.127. The filament excites the slow lower hybrid wave in the background plasma.

The radial distance between the peaks of two neighboring fringes outside the filament is

approximately 0.45 cm, which, in turn, is approximately the wavelength of the slow wave

in the background plasma.
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FIG. 20: (Color online) A contour plot of Px in the x− y plane. The parameters are

exactly those used in Fig. 19 except that the scattering is viewed over a larger spatial

domain (x, y)ε[−20, 20]. The diffraction pattern occurs over a larger scale since the

wavelength of the incident fast wave is approximately 11.3 cm. The importance of the

filament, even though its radius is much smaller than the incident wavelength, is clearly

depicted in this figure.
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