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Refined global Gan—Gross—Prasad conjecture
for Bessel periods

By Yifeng Liu at Cambridge, MA

Abstract. We formulate a refined version of the global Gan—Gross—Prasad conjecture
for general Bessel models, extending the work of Ichino-Ikeda and R. N. Harris in the co-rank
1 case. It is an explicit formula relating the automorphic period of Bessel type and the central
value of certain L-function. To support such conjecture, we provide two examples for pairs
SO5 x SO, and SOg x SO3 (both co-rank 3) in the endoscopic case via theta lifting.
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1. Introduction

About twenty years ago, Gross and Prasad [14, 15] made a series of fascinating conjec-
tures about restriction of representations of orthogonal groups, which are very important phe-
nomena in the study of automorphic representations. Recently, such conjectures are completed
to other cases of classical groups by the work of Gan, Gross and Prasad [8] in the framework of
Bessel and Fourier—Jacobi models. Among other things, the conjecture predicts a deep relation
between certain period integral of automorphic forms and special value of L-functions, the so-
called global Gan—Gross—Prasad conjecture. Roughly speaking, in the cases we consider here,
they conjecture that there exists a non-trivial period integral if and only if the central value of
the standard L-function L(1/2, ) is non-vanishing, where 7 is a cuspidal automorphic repre-
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134 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods

sentation of the product group G, x Gg. Here for @ = 0, 2, G, is the special orthogonal (resp.
unitary) group of a quadratic (hermitian) space Vy, where V} sits inside V, and its orthogonal
complement is split of rank 2r 4 1 for r > 0.

Recently, the influential work of Ichino and Ikeda [23] has refined the above global Gan—
Gross—Prasad conjecture to a conjectural formula which computes the norm of the period in-
tegral in terms of the central L-value, in the case of orthogonal groups of co-rank 1, that is,
r = 0. For unitary groups and r = 0, the similar work was later accomplished by R. N. Har-
ris [19]. In both cases, the domain of the period integral is simply the smaller group Gy. In
this article, we propose a conjectural formula which computes the norm of the period integral,
which will be introduced later, in terms of the central L-value, for both orthogonal and unitary
groups and general r.

To simplify the introduction, we consider only orthogonal groups here. Let F' be a num-
ber field with the ring of adeles A. Let V5, be a quadratic space over F which decomposes
orthogonally as V, = R @ Vp @ (w) & R* where R @ R* is the direct sum of r hyperbolic
planes and w is an anisotropic vector. Put G, = SO(Vy) fora = 0, 2. Assume thatdim V, > 3
and if dim Vy = 2, G is not split. We fix a complete filtration of R and let P be the parabolic
subgroup of G, stabilizing such filtration, with the unipotent radical N. The group Gy, viewed
as a subgroup of G, acts on N by conjugation. Let ¥ be a generic automorphic character
of N that is stable under the action of G¢. In particular, we may view i as an automorphic
character of N x G which is usually called the Bessel subgroup of G,. Let 7y (¢ = 0,2) be
an irreducible tempered cuspidal automorphic representation of Gy (A). For ¢, € my, define
the period integral

P(p2.900) = / @2(ugo)¢o(go)y " (u) du dgo,
NxGo(F)\NxGo(A)

which is absolutely convergent. Then the global Gan—Gross—Prasad conjecture predicts that
there exists some pair (@2, @) in (the Vogan packet of) 7 x mg with P (@2, ¢o) # 0 if and
only if the central special L-value L(1/2, my X 7g) # 0.

Now suppose that 7, decomposes as ®ymy,y (¢ = 0,2) into admissible representa-
tions over local fields. Assume ¢, = ®@q,v, then for each place v of F, we define a local
term aE (¢2,v, @o,v) by a regularized integral of matrix coefficient. We show that it is always
a non-negative real number, and equals 1 for almost all v. Therefore, the infinite product
I, 015 (¢2,v, @o,v) makes sense and is non-negative. Our refined Gan—Gross—Prasad conjecture
is the following formula:

1 Ag,L(5.m2 ® o)

1.1 P (02, 00)|* = U (0a0. Do)
(1.1 |P (92, po) S0l L(1. 7. Ad) L (1. 70. Ad) [ [ed@2.v.90.0)

v

after normalizing the Haar measure and local unitary pairings on my. Here, Ag, is a certain
product of abelian L-values and L(1, 4, Ad) is the adjoint L-value. See Section 2.1 for more
details. In particular, when Gy is the trivial group, the terms L(%, my W 7o) and L(1, g, Ad)
are both 1, then the refined formula computes the (square norm of the) Whittaker—Fourier
coefficient. In this case, the refined formula has also been conjectured by Lapid—Mao [33] for
more general groups; see Section 2.2 for details. The extra constant term 1/|8y| relates to the
Arthur parameter W of 715 X g, which was first observed by Ichino-Ikeda after summarizing
many low-rank examples in the case r = 0. We conjecture that for general r, one should expect
the same term.
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Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods 135

As we have said, the conjecture for r = 0 has originally been formulated by Ichino—
Ikeda and R. N. Harris. There are some new difficulties for » > 0. First, the matrix coefficient
integral aE (¢2,v. ®o,v) is absolutely convergent when r = 0, but not in general when r > 0 un-
less 75 is square-integrable. Therefore, we need a regularization. For v non-archimedean, we
use the notion of stable unipotent integrals introduced in [33]. Note that Waldspurger [46] also
regularizes such integral via a way similar to ours, while our treatment seems to be more con-
venient for unramified calculation. For v archimedean, we use Fourier transform of tempered
distribution to regularize oz\u,. Second, for the unramified computation of a5 (¢2.v, ®o,v), We en-
counter a new convergence issue, which does not exist in the case r = 0. This is overcome by
using a variant construction of Whittaker—Shintani functions.

To support formula (1.1), we provide two examples for pairs SO5 x SO, and SOg x SO3
(r = 1 in both cases) in this article. Like many other examples, we make use of exceptional
isomorphisms for low-rank orthogonal groups and exploit the machine of theta lifting. The
following theorem is a special case of (1.1) for SO5 x SO,, where we refer to Section 4 for the
details.

Theorem (Theorem 4.3). Let m be an irreducible cuspidal endoscopic automorphic
representation of SOs(A), where SOs is the split orthogonal group of rank 5; in other words
7 is a Yoshida lift. Let y be an automorphic character of SO2(A). For ¢ = Q¢y € 7,

_1r@QtrWL(z. 7 R y)

P, 0 =
[P, 01" = 3 L(1, 7, Ad)L(1, xx/F)

[T v, @i 1),

The non-refined version, that is, the global Gan—Gross—Prasad conjecture for the case
in the above theorem has already been proved by Prasad and Takloo-Bighash [38]. In some
special cases, the formula in the above theorem is known; see Remark 4.4 (2). Moreover, Qiu
[39] has recently obtained a formula for Bessel periods of Saito—Kurokawa representations
(which are not tempered).

There is a similar result for certain representations of SOg x SO3. Since the situation is a
little bit technical, we will not state the actual theorem here. The reader may consult Theorem
5.10, Remark 5.11 and Corollary 5.13 for details.

To prove formula (1.1) for unitary groups, Jacquet and Rallis [24] proposed an approach
using a relative trace formula in the case r = 0. Based on this relative trace formula, together
with the associated fundamental lemma proved by Yun [50] and smooth matching proved by
himself [53], W. Zhang [52] has recently made a significant progress toward the refined formula
(1.1) for Uy4+1 x Uy,. On the other hand, the author [35] extended the relative trace formula
approach for unitary groups for general r (and also the Fourier—Jacobi model which concerns
the product group U, x Uy, with n — m even). We hope that it will help to attack the refined
conjecture proposed in this article as well. For orthogonal groups, there is generally no relative
trace formula approach yet, except for SOs x SO,; see the work of Furusawa—Martin [7] and
the references therein.

The article is organized as follows. We will formulate the refined conjecture in details in
Section 2 and single out the particular case for Whittaker—Fourier coefficients in Section 2.2.
In Section 3, we develop the local theory. Precisely, we introduce the notion of stable unipotent
integrals in Section 3.1 and define the regularized Fourier coefficients for matrix coefficients at
non-archimedean places. In Section 3.2, we prove the convergence of the regularized matrix
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136 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

coefficient integral and also the positivity. We dedicate Section 3.3 to the calculation in the un-
ramified situation. In Section 3.4, we regularize the matrix coefficient integral at archimedean
places and show the positivity. In Section 3.5, we calculate regularized Fourier coefficients for
some local theta lifting, which will be used in our global examples later. Section 4 is devoted to
the global example for SO5 x SO, where the representation on SO5 is a Yoshida lift. We will
reduce the refined conjecture in this case to the Waldspurger formula, recalled in Section 4.5.
The final statement appears as Theorem 4.3. Section 5 is devoted to the global example for
SOg x SO3 where the representation on SOg is induced from a (tempered) theta lifting from
Us. We will reduce the refined conjecture to the one for Uz x U,, which is known for many
cases by W. Zhang. The final statements appear as Theorem 5.10 and Corollary 5.13. Section 6
contains three appendices. The first two are both solely used in the unramified calculation;
while the last appendix contains a list of explicit constructions of the exceptional isomorphism
for quasi-split orthogonal groups up to rank 6, which is well known for many readers and hence
simply for convenience.

Notation and convention. We fix a global field F' of characteristic not 2 with A its ring
of adeles. For any other global field F’ containing F,put Apr = A Q F’.

Let £/ F be a field extension of degree < 2 and ¢ the unique automorphism of E such
that E€=! = F. Let e/ F: EX\AYL — {£1} be the character associated to £/F via the
class field theory, which is either trivial or quadratic. Put NE* = {xx¢ | x € E*} which is a
subgroup of F*. Put E- ={x € E | x° = —x}and E*! = {x ¢ E | xx° = 1}.

For E/ F as above, define the affine group

Herm? = {5 € Resk Mat, | 's = 5}

of hermitian matrices of rank n, where Mat, is the affine group of n-by-n square matrices. In
particular, if £ = F, then Hermf is also denoted by Sym,,, the group of symmetric matrices
of rank n. There is a determinant morphism det: Hermf — Spec F[X].

Let f be a function on an abstract group G. For g € G, put L(g) f (resp. R(g) f) to be
the function sending g’ to f(g~'g’) (resp. f(g’g)). The identity element of any abstract group
will be denoted by 1.

Introduce matrices

1, Wn—1
Jn = 3 Wy = , wp = 1.

Let v be a place of F'. We write | |, for the norm on F, such that d(xy) = |x|, dy for any
Haar measure dy on F,. In several cases where we focus on local situation, we suppress v from
the notation and write | |z for | |y. If G is an algebraic group over F, we write Gy = G(F,) as
a Lie group. We denote by §g, the modulus function and say Gy is unimodular if g, = 1. An
admissible tempered representation of G, where G is reductive is assumed to be unitary and of
finite length. If G is reductive, we denote by A (G) the space of cusp forms on G(A).

Let G be a linear algebraic group over F'. We always take the adelic measure dg on G(A)
to be the Tamagawa measure. Therefore, if G is unipotent, then Vol(G(F)\G(A), dg) = 1.
Assume that G is reductive. We take positive local Haar measures dg, on Gy such that
Vol(Ky, dgy) = 1 for almost all v, where K, is a maximal compact subgroup of Gv. Then we
have dg = Cg [ dgy for some positive number Cg, called the Haar measure constant for G,
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Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods 137

following [23]. Let 7 be an irreducible unitary cuspidal automorphic representation of G(A)
realized on the space V; C Ao(G). PutVz = {f | f € V) which is naturally an irreducible
unitary cuspidal automorphic representation of G(A), denoted by 7. Then we have a canonical
bilinear pairing

BV ®V7; — C

defined by the Petersson inner product

Br(p1,92) = / ¢1(8)p2(g) dg,
Zg(A)G(F)\G(A)

where Zg is the maximal split torus in the center of G and dg is the Tamagawa measure on
(Zg\G)(A). In particular, 7 is isomorphic to the contragredient representation 7 of 7.
Throughout the article, all quadratic, symplectic, hermitian, or skew-hermitian spaces are
assumed to be non-degenerate.
For an even-dimensional quadratic space (V, q) over F, the discriminant quadratic al-
gebra K is defined as F(y/discq) (resp. F @ F)if discq & (F*)? (resp. discq € (F*)?),
where disc g = (—1)4mV/2 det g is the discriminant.

Acknowledgement. The author is indebted to Solomon Friedberg, Benedict Gross,
Atsushi Ichino, Kimball Martin, Zhengyu Mao, Yiannis Sakellaridis, Ramin Takloo-Bighash,
Hang Xue, Lei Zhang, Shou-Wu Zhang, and Wei Zhang for their interests, helpful comments
and discussions. He also thanks the anonymous referee for careful reading and useful sugges-
tions, especially drawing his attention to [49].

2. The refined formula for Bessel periods

2.1. Formulation of the formula. Let (V;,q) be a hermitian space over E (with re-
spect to the involution ¢), and

(V2.q2) = R® (V1,q1) ® R™,

where R @ R* is the direct sum of r hyperbolic planes with » > 0. In this notation,
q1:V1 x Vi — E is a (non-degenerate) hermitian form on Vj such that the norm of an el-
ement x € V7 is g1 (x, x), simply denoted as g (x).

Fix an anisotropic element w € Vj and let (Vj, go) be the orthogonal complement of
w in (V1,q1). Let ng be the rank of Vy for « = 0,1,2. Let Ism(Vy, go) be the isometry
group of (V. qe) and G4 = Ism®(Vy, g4 ) its connected component, which are both reductive
groups over F. We have successive embeddings Gog < G; < G,. When E = F, let K
be the discriminant quadratic algebra of the pair (12, Vp), that is, K = Ky, (resp. Ky,) if ng
(resp. nyp) is even.

Assume that ny + [E : F] > 4 and if ng = 2, then Gy is not split.

We fix maximal compact subgroups Ko = [[, Ko,y of Go(A) for @ = 0, 1,2 such that
[Ko @ Kat1 N Ky] < oo fora = 0, 1. Later in local situations, we will always assume that
K,y 1s in good position with respect to a chosen minimal parabolic.
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138 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

We define certain L-values attached to (dual) Gross motives [13] as follows:

172702 ¢ (20) if E = F and ny is odd,
Ag, = H?i/lz_l {rp(2i)- L(%. xk/F) if E = F and ny is even,
[T72, LG X ) if E # F.

We fix a complete flag
§0=RyC R C---CR =R
of the E-space R. Let Pg be the parabolic subgroup of G stabilizing the flag
RyCRyC---CR,=RCR&®V,

and Ng its unipotent radical on which G acts by conjugation. Fix a generic automorphic
character

Vw = vV w,v: Ng(F)\Ng(A) — C*

of Ng that is invariant under the conjugation action of Go(A). For an automorphic form ¢; of
G, define
T o)) = [ 020082 V5, () du,
Ng.(F)\Ng(A)

It is clear that the restriction Fy.. , (92)|G,(a) is invariant under the left translation by Go(F).
For cusp forms ¢y of Gy for @ = 0, 2, we introduce the period integral

P (02, 00) = f Ty (92)(80)90(50) dgo.
Go(F)\Go(A)

which is absolutely convergent.
Now let us consider the local analogue of the above period integral. We fix a place v of

F. Let 7y v be an irreducible admissible representation of G,y for @ = 0, 2. For a (smooth)
matrix coefficient @5  of 72y ® 72y, the integral

2.1 / D (u) Py () duy
N v

is absolutely convergent if 75 , is square-integrable, but not in general. Here, du, is the self-
dual measure. Therefore, we need to regularize the above integral.

We briefly explain the idea on how to regularize the above integral for v non-archimedean.
We prove that although not absolutely convergent, the integral (2.1) is stable in the sense that
there exists a compact open subgroup N of Ng , such that

/N’ CDZ,V(MV)W;g,lw,V(MV) duv = /N CI)Z,V(MV)‘/’Z‘;}w,V(uv) duv

for any compact open subgroup N’ of Ng , containing N. We denote the above stable value of
integral by

st
/ oy (u)YEL, () duy,

Nz .y
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Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods 139

and define
st

Ty (®2.)(g2) = /N L(g3 ) B2 ()Yl () dut,
Y

which is a locally constant function on G5 .
For ¢y ,y € mq,y and @g,v € 7oy, We introduce the matrix coefficient

q)wa,v®¢a,v(ga) = Bna,v (Tfa,v(goe)%z,v, Q‘v’a,v)’

where By, 7T,y ® Mg,y — C is the canonical Gy-invariant bilinear pairing for o = 0, 2.
Now we define

2.2)
(@20 G’ G0 Fos) = fG Ty (@ 050202000 0. (804) 20
0,v
and
2.3)

AGZ'VL(%7 T2,y X nO,v)
L(1,m3,y,Ad)L(1, g,y, Ad)

-1
055(‘/)2,% ¢2,V; ®o,v, ¢O,v) = ( ) Ay ((p2,v’ (/V)Z,V; ®o,v, (Z)O,V)'

If 7y, are unitary for « = 0,2, we may identify 774, with 774 via a Gy-invariant
pairing, denoted by By, ,: T,y ® e,y — C by abuse of notation. Put

T,y

(24) Oy ((p2,v; (/)O,V) = Oy ((p2,v’ (/_)2,v; ®o,v, (/_)O,v),
(2.5) 0‘5(‘/’2,v§ Pov) = aE(‘PLv’ @2.,v3 P0,vs P0,v)-

In Section 3.4, we define the above functionals for v archimedean as well, which will not be
discussed here.

Theorem 2.1. Assume that my y are tempered for a = 0, 2.

(1) If v is non-archimedean, the integral (2.2) defining oy (92 v, $2.v; Yo.v, Po.v) is absolutely
convergent for all vectors Qq.y € Tg,y and Qo .y € Tgy (€ = 0,2).

(2) Forallv, ay(¢2,v:¢o,v) = 0 for all (smooth) vectors ¢y, € g,y (¢ = 0,2).

Let us consider the unramified situation. We say a place v of F is good (with respect to
g,y fora =0,2)if

(1) v is non-archimedean;

(2) Ka,v is a hyperspecial maximal compact subgroup of G4,y (in particular, G4,y is unram-
ified over F) fora = 0, 2;

3) JCO,V C JCZ,V;
(4) Kq,y has volume 1 under the measure dg,, .y for o = 0, 2;

(5) Vg.w,v is unramified, that is, ¥g , y(uu’) = 1 for all v’ € Ng , N K>, if and only if
u € Ng, N Ko y;

(6) ¢a,v and @q,y are fixed by Kq v, and By,  (@a,v, Pa,v) = 1 (in particular, 7y, is an
unramified representation) for « = 0, 2.
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140 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods

Theorem 2.2. [f v is good and the integral defining oy (¢2,v, $2.v; ¥o.v, Po.v) is abso-
lutely convergent, then

Ag, L(3. 72,y R o)
L(19 7T2,V7 Ad)L(19 nO,Vv Ad) .

av(‘pZ,v» (Z)Z,v; ®o,v, ¢O,v) =

In general, there is a meromorphic continuation of oy (¢2,yv. 92.v; Qo,v, Po,v) to the entire do-
main of the Satake parameters of w3 y W gy, which is equal to the right-hand side of the above
identity.

Recall the multiplicity one theorem for general r proved in [25, Theorem A] and [8,
Corollary 15.3], based on the assertion for r = 0 (see [1,42,47]) that

dimc Homg,, ,xNg , (2,y B 7m0,y ® wg}w v C)<l1.

We propose the following conjecture.

Conjecture 2.3. Assume that 7y y are tempered for o = 0,2. Then
dimc Homg, ,xNg , (2,y M 7m0,y ® W%,lw,v» C)=1

if and only if oy (@2,v, P2.v: Yo Pov) 7 O for some Kq -finite vectors ¢qy € Mgy and
¢a,v € ﬁ'ot,v (. =0,2).

Remark 2.4. In the case of orthogonal groups (where £ = F’), Waldspurger [46, Sec-
tion 5.1] also defined the regularized integral ay(¢2,v, @2.v; @o,v, $o,v) in a similar way which
is equivalent to ours. Moreover, he confirmed the above conjecture in the case £ = F and
v non-archimedean [46, Proposition 5.7]. Similar results in the unitary case (where E/F is a
quadratic field extension) follow from [2]. When r = 0 and v is non-archimedean, the above
conjecture has also been proved by Sakellaridis and Venkatesh in [40, Proposition 6.4.1].

Let 7 be an irreducible cuspidal automorphic representation of G(A). Following [23],
we say that 7 is almost locally generic if for almost all places v of F, the local component
my is generic with respect to the unramified generic character. As explained in [23, Section 2],
such 7 should come from an elliptic Arthur parameter

U(n):¢r — LG = G xWg,

where £F is the conjectural Langlands group of F and LG is the Langlands dual group.
Define &p(ﬂ) := Centg (Im W(rr)) to be the centralizer of the image of W(rr) in the complex
dual group G. It is a finite elementary 2-abelian group when G = G4 (o = 0, 2). Moreover,
by the generalized Ramanujan conjecture, , should be tempered for all v.

Conjecture 2.5. Let my >~ Qymq,y be an irreducible cuspidal automorphic representa-
tion of Gy (A) that is almost locally generic. Identify 7ty (resp. Tq.v) With Ty (resp. Ta,y) for
o = 0,2. Let S be the set of places of F that are not good.

(1) The way we define o, (¢2.,v; @o.v) for ma,y (o = 0,2) tempered should apply here as well.
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Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods 141

(2) We have
dimg Homg, ,xg, (72,0 B 70,y ® Yz, C) = 1

if and only if oy (¢2,v: @o,v) > 0 for some Ko y-finite vectors ¢q,y € 7,y (0 = 0,2).
(3) For every non-zero cusp forms ¢4 = Qy@q,y in the space V., of my (¢ = 0,2),
| P (¢2. 0)|? _ Cag, Ag,L(5. 7 ® o)
Bﬂz ((PZ, @2)3710((%’ @0) |8‘I/(712) | |8‘~IJ(710)| L(l >, T2, Ad)L(l » 710, Ad)

065 (§02,v; QOO,V)
L By (02,0, 2,9) B, (90, Po,v)

where the product is in fact taken over the finite set S.

Remark 2.6. If we choose local Haar measures for Go such that Cg, = 1, and By, ,
such that B, =[] By, fora = 0, 2, then the formula in Conjecture 2.5 (3) can be simplified
as

1 AGzL(%,Hz X 79)

2.6) |P(p2.00)> = Yy vt D).

By linearity, both | (g2, 0)|* and [, ozs (¢2,v: @o,v) define elements in the space
®V(HOmG0’V[>(N%!V (7‘[2,\, g ]TO,V ® wg’lw,v, C) ® HOmGO.VKN%,V (ﬁZ,V g ﬁO,V ® w%’,w,V’ (C))a

which has dimension < 1. By Conjecture 2.5 (2), the functional [ [, aE is always a basis of the
above space.
Therefore, | (¢2, go)|? must be proportional to [, aﬂ, with the ratio, according to (2.6),
being
1 AG,L(3. 72 ® o)
18w () [18w(no) | L(1, 72, Ad)L(1, 9, Ad)”

We may also formulate Conjecture 2.5 (3) or formula (2.6) using partial L-functions.
Recall that away from a finite set S of places v, the representations gy, are unramified for

a = 0,2 and as(gozﬁv; @o,y) = 1. Therefore, (2.6) is equivalent to

| A3, L5, 72 B 70)

P (@2, 90)|* = ; )
|P (92, ¢0)] SecalBeo] L0, 12, AQ LS (1, 70, Ad) Vllozv(fﬂz,v Yo,v)

Finally, we remark that in the case [E : F] = 2, the adjoint L-function L(s, 7, Ad) is
simply the 4=-Asai L-function L(s, g, AsTV,

Remark 2.7. As pointed out in [33, Section 5], in the formulation of Conjecture 2.5,
one may avoid using Arthur parameters. The value |8y, )| may also be defined by functorial
transfer to certain general linear groups. But the reader should be cautious that our size of
() 1s twice the one defined in [33, Section 5].
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142 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods

Remark 2.8. In Conjecture 2.5,

e when r = 0 and E = F, it is a conjecture of Ichino-Ikeda [23] (we refer to that paper
for known examples in low-rank cases);

e whenr = 0and [E : F] = 2, itis a conjecture of R. N. Harris [19];

e whenr = 1,n, = 5and E = F (thatis, SOs x SO»), the identity (3) is also conjectured
by Prasad and Takloo-Bighash [37, Conjecture], conditional on the regularization of
and unramified calculation.

2.2. Whittaker-Fourier coefficients. When [E : F] + ng < 2, the group G, is quasi-
split; G is trivial; and Ng is a maximal unipotent subgroup of G>. Put Y = VY% .. Then
Fyx (@2) is a Whittaker-Fourier coefficient of ¢,. In what follows, we will suppress the sub-
script 2 for simplicity.

Conjecture 2.9. Let m >~ Qymy be an irreducible cuspidal automorphic representation
of G(A) such that m, is g -generic for every place v of F. We identify 1 (resp. 1) with 7
(resp. y). Then for every non-zero cusp form ¢ = Qy@y in the space Vy of 7,

Frs@OF 1 Ac D)
‘Brr((Pv@) |8‘~IJ(7T)| L(I’N’Ad) v Bn,v(wv,év)'
Remark 2.10. (1) Recall that an irreducible admissible representation 7, of Gy is called
Vg v-generic if Homng (v, ¥ .y) # 0, which then must be of dimension 1.
(2) The above conjecture is also formulated by Lapid—Mao for general quasi-split reduc-
tive groups G, and even for metaplectic groups, in [33]. Moreover, substantial progress for the
metaplectic case has been made in [32].

The following proposition is proved in [33, Proposition 2.10 and Section 2.5].

Proposition 2.11. The representation m, is Yg -generic if and only if a,(¢y; ¢v) # 0
for some K-finite vectors ¢, € mwy, and ¢y € 7y. Moreover, ay(¢y) > 0 for all (smooth)
vectors ¢y € Ty.

Corollary 2.12 (of Conjecture 2.9). Let 1 =~ ®y 7y be an irreducible cuspidal auto-
morphic representation of G(A). Then 1 is globally \rg-generic if and only if it is locally
Vx-generic, that is, wy is Y ,-generic for every place v of F.

3. Local theory

In this section, we develop the local theory. Therefore, F' is always a local field of
characteristic not 2 and £/ F is an étale algebra of degree at most 2. Moreover, from Section 3.1
to Section 3.3, I will be non-archimedean.

3.1. Stable unipotent integrals. We generalize [33, Sections 2.1-2.2] to any unipotent
subgroup U of G (= G» in application). Lapid—Mao’s results and arguments can be adopted
here almost without change. Therefore, we follow closely the discussion in [33].
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We recall [33, Definition 2.1, Remark 2.2]. Let U be a unipotent group and f a locally
constant function on U..

(1) We say f has a stable integral if there exists a compact open subgroup N of U which
stabilizes f in the following sense: for all other compact open subgroups N’ of U con-

taining N,
/ f(u)du =/ f(u)du.
N’ N

We denote the above stable value of integral by

/USt f(u)du.

(2) f is compactly supported after averaging if there exist compact open subgroups N, and
Nj of U such that R(§n,)L(,) f is compactly supported, where 6 denotes the Dirac
measure, that is, the Haar measure with total volume 1.

(3) If f is compactly supported after averaging, then it has a stable integral and

f S du = f (RGw,)LGN,) /) (@) du.
U U

Let G be an arbitrary reductive group over F' with a fixed minimal parabolic subgroup
Ppin. Let P O Py be a parabolic subgroup with the Levi decomposition P = Mp Np.
We fix a Haar measure du on Np. Let 7 be an irreducible admissible representation of G.
Let ¥: Np — C* be a generic character of Np. We have the following proposition which,
together with the proof, is essentially [33, Proposition 2.3].

Proposition 3.1.  For a matrix coefficient ® of m @ 1t, the function |y, - is compactly
supported after averaging.

It is clear that the function

st
[ L)@y d
Np
is locally constant on G, admitting the above proposition.

Let Q 2 P, be another parabolic subgroup with the Levi decomposition Q = Mg Ng.
Let W, Wp and W be the Weil group of G, Mp and Mo with the longest element wg, wp
and wg, respectively. Denote by W = wowowp the longest element of W \W/Wp. Then we
have the Bruhat decomposition

G= [ owr

WEW \W/Wp

Recall that the Bruhat order is defined in the following way: wi < wo in Wo \W/Wp if Qw; P
is contained in the closure of Qw, P.

If o is a representation of Mg, then we write Indo := Indg o for the normalized
parabolic induction. Denote by (Ind o)} the P-invariant subspace of Ind o of sections ¢ which
are supported on the open cell QwP.
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Lemma 3.2. Suppose that o is a representation of Mg and & = Indo. Then for every
¢ € m, there exists a compact open subgroup N of Np such that oy := R(Sn)(¢ - V) is in
(Indo)5p.

Proof. We prove by induction on the order of w € Wo\W/Wp that one can find a
compact open subgroup N of Np such that ¢,y vanishes on (_J,,,, OW P.

The statement is empty when w is minimal, that is, QwP = QP. Note that if ¢y 4
vanishes on QW' P, then ¢y~ vanishes on Qw'P for any N’ containing N. Therefore, we
only need to show that for w # W, if ¢|y,,_ owp = O then there is a compact open subgroup
N C Np such that n 4 |owp = 0.

Since w 7 W, it holds that V|, nw—1y,w # 1. For a sufficiently large N; satisfying

w|NlﬂW71NQW ¢ 1, we haVe

Ny (W) = / oW () du

Ny

/ / owu'u)y (' )y (u) du’ du
N]ﬂW_lNQW\Nl N]ﬂw_lNQW

e(wu)yr(u) /N Y(u')du' du = 0.

1NW—INow

/;Vlﬂw_lNQW\N]

It follows that g,y (W) = (R(U)@), ny—1 4 (W) = O for every compact open subset N of Np
and u € Np such that

(3.1) lp|uNu_lﬁw_lNQw gé 1.

The above condition is right N -invariant and also left P,,-invariant, where P, = P Nw~ ! Qw.
By induction assumption, the support of L(w~ )¢ on P is compact modulo P,. Choose a
compact subset 2 of P such that the above support is contained in P, 2. Choose a compact
open subset N of Np containing | J,,cq u~'Nyu. Thus, (3.1) holds for all u € 2, and hence
forallu € P,Q2N. Therefore, ¢,y vanishes on wP and hence on QwP. ]

Proof of Proposition 3.1. By Jacquet’s subrepresentation theorem, we may assume that
7 is a subrepresentation of 7/ := Indg o for a supercuspidal irreducible representation o of
Mg, and ® = @, 5 with ¢ € Indo, ¢ € IndG. For a compact open subgroup N of Np, we
have

RONLEONI(@-¥) = Py 6y 1+

Therefore, we may assume ¢ € (Indo)p and ¢ € (IndG)%. We show that @, 5|y, is com-
pactly supported.
We may write

3.2) Dy 5(u) = B (7' (W), §) = / , Bo (¢(Wpu). ¢(Wp)) dp.
w—lQwNP\P

for some quotient measure dp on w~!Qw N P\ P. Denote by Q’ the parabolic subgroup con-
taining Ppin that is conjugate to the opposite parabolic subgroup of Q. Let Q" = Mg/ Ny

be the Levi decomposition with Mg: = WEIMQWQ. Let N{D = w;lMQ/wP N Np and
Nj = wp'Ngwp N Np. Then Np = NpNp and Np C W' Qw. Since w™'Qw N Mp
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is a parabolic subgroup of Mp, we may choose a compact subgroup K of Mp such that
Mp = (W~ 'Qw N Mp)K. Then the integration (3.2) equals

(3.3) C / / Bo (p(Wu"ku), ¢(wu'"k)) du” dk,
K JN}

with some positive constant C and Haar measure du” (resp. dk) on N 1@.’ (resp. K).
Introduce the following partial matrix coefficient:

(D(bp,(b(g) = C/N” ﬂa(w(wu//g)’(z)(wu//)) du”.

P

Then
b -1

If we denote by €2 the support of the function CIDET(k)w’ﬁ (If)(bl Np Which is locally constant in
k, then the support of ®, 5|y, is contained in | J; cx K~ Q2xk. Therefore, we only need to
show that CIDZ#VJ Np has compact support for ¢ € (Indo)p and ¢ € (Ind)% by noting that
n(k)p € (Indo)p and 7 (k)¢ € (IndG)% forevery k € K.

In the integral defining CIDI’%@, u’ is confined to a compact open subset by the property of
@. Write u”u = ujus withu; € Np and up € Np. Then uy is confined to a compact open
subset by the property of ¢. Finally, we have

Bo (p(Wuruz), g(wu")) = Bo (o (W) (iuz), g(iu")).

Since o is supercuspidal, the support of its matrix coefficient is compact modulo center. There-
fore, u; is confined to a compact open subset as well. Altogether, CDZ) ¢| Np has compact
support. |

3.2. Convergence and positivity. As in [23, Section 4], we choose minimal parabolic
subgroups Py min of G for @ = 0, 1. We also choose the minimal parabolic subgroup P> min
of G, which stabilizes § and such that P min N G1 = Pi,min. Denote by E, the Harish-
Chandra’s spherical function on G, with respect to the pair ( Py, min, K¢) for o = 0,1,2. By
definition, E, is the unique section in Indg:‘ . 1 such that Eq|x, = 1. Choose a height
function [|-||: G» — R and define ¢(g) = fnax{l,log||g||} as in [46]. For g, ¢’ € G,, we
have

s(gg’) = 5(8) +5(g') = 25(g)s(g").

Applying Proposition 3.1t0 G = G3, P = Pg, Np = Ng and ¢ = W%lw, we obtain a

locally constant function ¥y« , (Py, 3,)- In this section, we show that the integral

/G ‘(F‘/’%,w ((D(02,(Z72)(g0)(b<p0,¢0 (go) dgo
0

is absolutely convergent for ¢, € 7y and ¢y € 7y, assuming m, are tempered for a = 0, 2,
which is the content of Theorem 2.1 (1).
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Choose a compact open subgroup N of Np = Ngx as in Lemma 3.2 such that
@5 1= (‘/’Z)N,wglw € (Indo)p and @) = ($2)N,yx,, € (IndG)p.

By definition,
Fuzw (Pps,3,)(80) = Fyg (cbwé,éé)(g(’)

for go € Gy, since Ng x G is unimodular. Therefore, we may assume ¢ € (Ind (7)°P and
@2 € (Ind5)5p.

Lemma 3.3. Assume @2 € (Indo)} and ¢ € (Ind&)%. There exists a compact open
subset Q of Np = Ng depending only on @2 and ¢ such that, for every g € Mp, the set
g- supp(L(g_l)@(pz,(b2 |Np) is contained in QgSQ.

Proof. For ¢, and ¢, as in the lemma, denote by Qg . the union of the support of
functions ¢ (Wu) and ¢>(Wu) in u € Ny, which is a compact open subset of Np. Denote by
Yy, .5, the union of the support of functions B (0'(q)@2(Wut), g2 (Wii)) ing € Mo N wPw!

forall u,u € Qg ., The parabolic subgroup Mg N WwPW~! of My has a Levi decomposition
(Mg NWwMpWw™) - (Mg NWNpWw™).
If we denote by
a: Mg NWPW ! — w1 (Mg NWNpw )W = Np

the continuous map sending g to v'v_luq\iv where u, is the unipotent part of g with respect to
the above Levi decomposition, then

Q/

02,60 " a(T‘P%‘Z’Z)

is a compact open subset of N,. We may choose a compact open subgroup 2 of Np which

contains
/ 4

72 (k)@2,72 (k)@ 72 (k) 2,702 (k) 2

forallk.k e K C M p. Moreover, we may assume €2 is normalized by K. We claim that 2
satisfies the requirement in the lemma.
Fixing g € Mp, consider the function

(3.5)  Bo(p2(wu"kgu), g2(wu"k)) = Bo (@2 (Wu"k gk~ kuk k), g2 (Wu"k))

inu € Np where u” varies in Q@ N N} and k varies in K. Write uy = kuk™!, kgk™! = qrk
with g € W 'QW N Mp and k € K. Then

(3.5) = By (w2 (k)2 (Wt qkeuy). 702 (k)G ("))
= Bo (ma(kk) g2 (it ;). 702 (k) G2 (")),

The above expression is non-zero only if u” qkUfy equQ. Thenug, = q,:lulqk u, for some
Ui, up € Q, thatis,u = g7 (k~'u1k)g(k~'k~Yuskk). Since  is assumed to be normalized
by K, we have gu € Qg<2. The lemma follows by (3.4). m)
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For vectors ¢ € 7y and ¢y € 714 (@ = 0, 2), define

(g2, $2: @0, o) = /G Fpzw (@g,.6,)(€0) Py, 50 (80) dgo,

0

and similarly for & (@2, ¢2: 9o, ¢o), @(¢2; o) and & (¢2: o) as (2.3), (2.4) and (2.5).

Proof of Theorem 2.1 (1). We only need to prove the case in which ® = & for

some @3 € (Indo)p and ¢ € (IndG)% . To shorten notation, we write

©2,02

Ng = gSupp(L(g_l)q)fpz,(ZJz'N%)g_l'

Let €2 be as in the above lemma and Cq = maxg ¢. Recall that we have Pg = MgNg with
Mg =~ (Resllf: E*)" x Gy. Form € Gy, we have

F o (®) ()] < [ 1D (um)| du

m

< / Ao Ba(um)s(um)® du

N

< AO/ Ez(um)(2CQ + g(m))B0 du

m

< Alg(m)Bf E2(um) du

m

for some real constants Bo, B > 0, where the second inequality holds because m, is tempered.
(In fact, we may take By to be 0; see [45, Lemme VI1.2.2].) By [45, Proposition 11.4.5], there
exist positive constants A, and Bj such that

(3.6) / S (um)g(um) ™8 du < 4224 (m)
Nz
for all m € G;. In particular,

/ Ex(um)du < (2Cq + g‘(m))B1 / Eo(um)c(um) B du

m Nm

< (2Cq + §(’?’l))B1 / Ea(um)s(um) 51 du
Nz

< 4281(m)(2Cq + ¢(m))”!

< A3E1(m)s(m)®2.

Therefore,

5.0 (P)m)| < AB1 ()5 (m)®
for all m € G;. The rest follows from the proof on [23, p. 1388] when £ = F and from
[19, Proposition 2.1] when E # F. ]

Now we prove Theorem 2.1 (2) in the non-archimedean case, that is,

I = a(p2;90) = /G ?l/fg,w (Pys,5,)(20) Py, 5 (80) dgo = 0
0
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for every vector ¢, (resp. @o) in the representation m, (resp. mp). As before, we may assume
that 9> € (Indo)p - Then

I= / / By (201) o0 (0) V0 ()~ dut dgo.
Go Ngz

Choose a sequence of compact open subgroups Ny C N C --- of Ng such that
\UN; = Ng. Foreachi > 1, let

G' :={g0 € Go | Py,,5,(gou) = 0 foru & N;},
which is an open subset of G. By the assumption on ¢,, we have | JG' = G. Put

Ii:/G /Nq’q)z,cﬁz(gou)cbwo,@o(go)w?g,w(u)_ldUdgo-
0 i

Lemma 3.4. The sequence (1;);>1 converges to I.

Proof. In the above proof of Theorem 2.1 (1), we have actually shown that

/ / ‘q)wz,éz(gou)(bwo,éo(go)‘dudgo
Go /N

is convergent. By definition,
[ —Ii| = ‘/ , [ Dy, 55 (0U) Py 30 (§0) ¥ (1) ™ du dgo
Go—G!? Ng\N,‘

= [ . / |(D(02,<52(g0“)q)¢0,¢0(g0)‘ du dgo.
Go—G' JNx
which converges to 0. O

Proof of Theorem 2.1 (2) for v non-archimedean. By the previous lemma, we only need
to show that /; > 0 for every i > 1. We closely follow the argument in [23, Section 4]. We
have

Pa.ia (010 Y5500 ™" du = NOIND (g 1 o), (80)-

l

where the notation (¢2) . vy and (¢2) N,y ,, are introduced in Lemma 3.2. Note that

(¢2)N,‘ Vg w (‘pZ)Ni ,Vfglw ’

Therefore, replacing ¢, by (¢2) R we only need to show that

L CD(OZ#_’Z(gO)q)(Do,(/-Jo(gO) > 0.
0

Let & = @y, 5, and P9 = Py, 5,- Then Py @ D¢ is a positive definite function in
L?>T¢(G, x Gyg) since m» and g are assumed to be tempered. To apply [20, Theorem 2.1]
as argued in [23], we only need to show that

/ Z5(g0) Eo(go) dgo < oo.
Go
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Since E,(m) shares the same upper bound with &1 (m) form € M 1+ min» the above convergence
follows from the proof of [23, Proposition 1.1, p. 1388]. Although only orthogonal groups
(E = F) are considered there, the argument on [23, p. 1388] works for unitary groups (E # F)
as well. O

When 75 is square-integrable, the Fourier coefficient is already absolutely convergent.
The following proposition shows the compatibility of the two different definitions.

Proposition 3.5. Let 7y be square-integrable and g be tempered. Then for every ma-
trix coefficient @y of my (o = 0, 2), the integral

Ty (®2)(g0) = fN s (gou)Prs.u ()~ du
&

is absolutely convergent for every go € Go, and the integral

[/ D2 (gou) Po(go) Y,w ()" dudgo
Go Ng

is absolutely convergent as well. Moreover,

st

/ (g0u) V.0 (1)~ du = / P (g0u) V.0 (1)~ du.
Ng Nz

Proof.  Since m; is square-integrable, the matrix coefficient @, is in the Harish-Chandra
Schwartz space of the derived group of G, by [45, Corollaire III.1.2]. By (3.6), we have the
estimate

/N (D2 (gow)] du < A 1(20)c(g0)"
&

for every go € Go and the rest of first statement follows from the proof on [23, p. 1388] when
E = F and from [19, Proposition 2.1] when E # F. The last statement follows from the fact
that for a function f € L!(Np) which also has a stable integral, we have

! f(u)du:/ f(u)du. ]
Np Np

3.3. Unramified calculation. In this subsection, we prove Theorem 2.2. We assume
the six conditions prior to that theorem. In particular, G, are all quasi-split for« = 0, 1,2. Let
By = Ty Ny be a Borel subgroup of G, where Tj, is a maximal torus of G, and N, is the
unipotent radical of B,. We assume that 7o C 77 C 7> and N9 C N1 C N».

If no + [E : F] < 2, that is, the group Gy is trivial, Theorem 2.2 was proved by
Lapid—-Mao [33, Proposition 2.14]. If r = 0, thatis, G; = G,, Theorem 2.2 was proved by
Ichino—Ikeda [23, Theorem 1.2] for [E : F] = 1 and by R. N. Harris [19, Theorem 2.12] for
[E : F] = 2. In what follows, we will assume that Gy is not trivial and r > 0.

Let 1, = I(E) = Indgzz(E) (resp. mo = 1(§) = Indgg (£)) be an unramified principal
series of G, (resp. Go). Here, E (resp. £) is an unramified quasi-character of 75 (resp. Tp). Let
&g (resp. ®¢) be the spherical matrix coefficient of 7 (resp. mp) such that @z (1) = 1 (resp.
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®g(1) = 1). We study the integral

I(g2:E.8) = /G Ty (D2)(g5 " 50)Pe (g0) dgo.
0

where we write Y& instead of ¥g ,, for short. We assume that both E and § are sufficiently
close to the unitary axis, and hence the above integral is absolutely convergent by (the proof
of) Theorem 2.1 (1).

Let fz € I(E) (resp. f¢ € 1(§)) be the spherical vector such that fgz(1) = 1 (resp.
fe(1) = 1). Then we have

bz (g2) = [K fa(kaga) ks, De(g0) = /x fi(kogo) dko.

Let #y = H(Ky\Gy/Ky) be the spherical Hecke algebra of G,. By the Satake iso-
morphism, we have homomorphisms

wy: ¥y — C, wo:Hg— C

of algebras associated to the unramified representations 7, and g, respectively. Recall that
a smooth function S on G, is called a Whittaker—Shintani function attached to (72, 7p) (see
[29, Section 0.1]) if the following conditions are satisfied:

* L(uko)R(k2)S = Yg(u)S for any kg € Ko and u € Ng;
* L(90)R(¢2)S = wo(po)w2(p2)S for any o € Hy.

Then I(—; E, £) is a Whittaker—Shintani function attached to (72, 77¢).
Applying Lemma 3.2 to Q = B, 0 = E and P = Pg, we know that for fixed elements

g2. &2 € Gy, there exists a compact open subgroup N, 5, of Ng such that

’V . _ G ~\ 0
£7% = RN, ) (ma(2) fa) € (Indg B)}

,v . v v G —~— (o)
2282 1= R(YgdN,, ) (F2(82) fg—1) € (Indg2 E7V) .

2.8

Lemma 3.6. For g, € G, and go € G, we have
st
Ty (P2)(85 ' g0) = w3 /K /N Fy (fo) (k1Wugo) (i (g2) fz—1) Uervine) du dcy,
1 /Ng
where W is the longest Weyl element in By\G»/Pg, and

. . AT AT] —1
we = | fe(Wu) fg—1 (Wu)dy = —2(—L) .

Proof. 'We have, by definition,

st

(BT Fy(Pz)(g5 ' g0) = /N B, (m2(g7 ' gow') fa, fa—1) ¥z~ du’
&

_ / By (2(g0t') fz 72(82) fat )W )~ it

Nz

Brought to you by | MIT Libraries
Authenticated
Download Date | 10/6/16 8:01 PM



151

Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

_ / By (1204 2(80) f 72(82) fo—1 ) s ()"’

Nz

= / 7 (ﬂz(u )ngng gg,]gz)w%(u/)—l du'.
Nz
We use the following realization of By, :

B Fr =z [ [ fering F i dud.
1 &

Then
(3.7) = w%l / / / JEOE2 (kpwun”) 5082 (kywu) g (u') ~! du dky dul
Ng K1 Ng =

where the integration is compactly supported. Then it equals

/ [ f‘ﬁ%(”2(g0)fu)(klwu)fg0’g2(kl\ivu) du dky

K1

= wi:«yl /JCI /N% Fy(2(g0) f2)(k1wu) (772(g2) fr—1) (k1wu) du dky
= w? /JQ /Ng Fy(fe)(k1wugo)(2(g2) fg—1)(k1wu) du dk;.

The computation for wg is well known.

Recall the Weyl element
Wr
W = 1n2—2r S Gz.
Wy
Put n = w1, where 7 € G1 C G, is the deliberately chosen representative of the dense orbit in
B1\G1/By in the case r = 0, which is defined in [23, Lemma 5.3] when £ = F and similarly

defined when E # F.
Let Yz ¢ be the unique function on G satisfying the following conditions:

(1) Yz elbagobou) = (B85 %)(b2) (85, %) (bo) Y)Yz £(g2) for every by € By,
bo € Bp and u € Ng;

(2) Yee(n) = 1

(3) Yz £(g2) = 0if g2 & Ban(B1 x Ng).
Put

Tg ¢(g2) = fGo Fy=(f2)(8280) fe(g0) dgo if g2 € Ban(B1 x Ng),
* otherwise.

Then we have Tz £(82) = Tz, (n)Yg-1 g-1(g2). Let us denote by E the restriction of

Eto 77.
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152 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

Lemma 3.7. The integral defining Tz £(g2) is absolutely convergent when (2,§) are
sufficiently close to the unitary axis.

We will also write { (&, §) for Tz ¢(n).

Proof. We may assume g» = 1. By Lemma 3.3, we can choose a compact open subset
N of Ng such that, for every go € Go,

Fyx(f2)(N8g0) Z/Nfa(ﬂgou)wg(u)_ldu.

Let us write fz y = R(w?;lN ) fz which is a section in I(E). There exists a positive constant
C such that | fz n(g2)| < Cfz|(g2) for every g» € G3. Therefore,

[ 170s o) ago) feeo)| dgo = € [ iz ngo) o) do
0 0
= [ iz ig0) i (g0 dgo.
Go
Then the lemma follows from the case r = 0; see [23, p. 1390]. O

By Lemma 3.6, we have

st
68 ez =ug' [ [ [ Te ik Giaten fo)
CTTETE S (ko) v () dut iy dk

st
= wg'Ts ¢(n) / / / Va1t (kiwuko) (72(82) fe-1)
Ko J K1 /Nx
% (klv'vu)ljl%(u) du dkq dkg

= w5 Te () /KO /Kl Va1 g1 (ko) 71 (2(92) fz1)
x (k1) dky dko,

where the double integral is absolutely convergent when (@, &) are sufficiently close to the
unitary axis by the case r = 0. Put

Sg-14-1(82) = / / Yg-1 g1 (k1Wko) Fy—1 (72(g2) fg—1) (k1) dky dko.
’ Ko J K &

The advantage of this Whittaker—Shintani function over the standard one is that it is easier
to obtain a wider region of convergence for (E, £), which is crucial for our computation of
I(1; E, ).

The following lemma compares the Whittaker—Shintani function defined above with the
standard one Sg ¢ in [29] which we recall as follows. Define a linear functional /g ¢ in

Homggwng (I(E). 1(§) ® y¥z') by
240 = [ f (@20 Vae(e) de
1
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Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods 153

for f € I(E), where f’ is any function in pr;l(f) and pr,: C°(G2) — I(E) is defined
similarly as pr;. Put
Sg,e(82) = By (fe. lz.£(m2(82) f2)).

Lemma 3.8. The function S’E £ equals (the analytic continuation of) the standard
Whittaker—Shintani function Sg ¢ multiplied by wg.

Proof. We only need to show the equality over the region where both are absolutely

convergent, for example, when Yg ¢ is continuous.
For f € I(E), consider the stable Fourier coefficient

FINE) = Fyor (Fga) = fN ? (g2 ¥ () du,
which is a smooth function when restricted to G; and hence a vector in I(é). Let
pry: C°(Gy) — I(E)
be the map given by
pry(F)(g1) = fB ETE0 fbrgn) dbr

Define
Iz e (Dteo) = [ Flrzo) Ve eleni e
1

where f is any function in pr; '(W/(f)|g,). It is not hard to check that & £ defines a func-
tional in Homg,xng (I(E),1(5) ® l/f?;l). Put

Sg.£(82) = Bry (fe. 15 £ (m2(82) f2))-

In particular, we may choose a function f supported on K1 with pry ( f ) = F'(m2(g2) f2)l6,-
Then

Sgelea) = [ elho) [ Flerko) Yz elerio de do

Ko G

- / F(kvko)Ya ¢ (ku) dicy dko
Ko J K1

- / / ' (m2(g2) f ) (k ko) Y ¢ (kuw) diy dko
Ko J K1

— [ [ Ty Grala) o) i) Ya g ko) s o
Ko J XK1 &

Therefore, we only need to show that /5 g = Wy lae
Let us first introduce more groups. For @ = 0, 1, 2, denote the opposite Borel subgroup
by Ba == TaNa. Put

Ta(o) - Ta N JCa, Néo) - Na N Ka, ]\_](150) - Na N JCO[.
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154 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods
Choose a longest Weyl element W jong € Ky of Gy such that Wy jong = WW1 jong. Choose an
Iwahori subgroup JCal) C Ky such that Noﬁ") C JC(E,I). Put
R = N 0D, NG = Wb g
Then we have an Iwahori decomposition J<§}) = NOE” TéO)NogO) . Finally, let
N =Ng N K. NG =Ngn N,
Since the dimension of Homg,xng (I(E), I(§) ® wgl) is 1, we only need to choose one

function f € I(E) such that Iz ¢(f)(1) # 0 and compute the ratio /7 z)_'(f)(l)/lg,;g(f)(l).
Take f = pra(ch K(l)n)‘ By the following lemma, we have
2

/
IE,S(PTZ(ChJ{S)n))(l) _ ApAg, _ .
lzg(ralchyen, (1)~ Ardg, °

Lemma 3.9. We have
1 0 1)7-1
Iz & (Pra(eh ) (1) = Vol (J{ )N NET™
1
Iz ¢ (pra(chyen ) (1) = vol(K (V).
Proof.  We first prove the second equation. By definition,
— — (1)
lEf(prz(Cthél)n))(l) = \/J(‘;]) Yz g (kan) dka = Vol(K, ),
since by our choice of 1,
1) (1) (0) A7 (0) = (0) £ (0)(g(1)
Ky 'nKy ' CT, Ny ' nTy" N, N% .
By the same inclusion relation, we have
o 1 ~—1¢1/2 .
09/ (pralehyg,))g2) = VOING) [ (7157 barch g, (bagain b
Therefore,

1) ; ;
I,E,E(prZ(ChJCé”n))(l) = VOl(N% )/J{l Chjcé"n(klw)YE,S(klw) dkq

= Vol(NY) /J{;n Yz ¢ (kuif) dky
= Vol(X{) [N : NPT
where the equality
f Yz ¢ (ki) dky = Vol (K (")
x®

is obtained in a similar argument for the second equation of the lemma. O

Proof of Theorem 2.2. The assertion follows from (3.8), Lemma 3.8, Corollary 6.2, and
Corollary 6.5. O
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Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods 155

3.4. Regularization via Fourier transform. Let F be an archimedean local field.
Choose a basis
{vl,...,vm;vm+1,...,vm+s;v;’,‘1,...,vf}
of V, such that

* the hermitian form ¢, is given by the matrix

Wm
vl

W

under the above basis for some v € {£1};
* R = E(vy,...,v;)fori =1,...,r,and R* = E(v;,...,v]);

ro

* Ygw) = ¥(Trg/r > ui) where u; = (uvjy1,v]) fori = 1,...,r — 1 and

ur = (uw, vy) for u € Ng for some non-trivial additive character y: F — C*.

Let P> min be the minimal parabolic subgroup that preserves subspaces E(vp,...,v;) for
1 <i < m. Let My min C P2 min be the subgroup that preserves E(v;) for 1 < i < m
and Ay C M> min the maximal split torus. Put Pimin = Pamin N G1 and A1 = A2 N Gy.
Then Pj min is @ minimal parabolic subgroup of G containing A; as a maximal split torus. We
also choose a minimal parabolic subgroup Py min 0of Go which contains Ag := A; N Gg as a
maximal split torus. We view G, as a subgroup of GLj;,4+5(E) via the above chosen basis.
Let Ky = Gg N Uz (E) which is a maximal compact subgroup of G for o = 1,2, where

Uomts(E) = {g € GLam+s(E) | '8¢ = Lomys)

(resp. Uom4s(E) = Upys(F) X Ugpygs(F)) if E is a field (resp. E = F & F). Then
Gy = Py minKq for o = 1,2. We also fix a maximal compact subgroup Kq of Go such that
[JC() . JCI N JC()] < oo and G() = Po,minxo.

For 0 < j < m, let P/ C G, be the parabolic subgroup that preserves subspaces
E{vy,...,v;) for 1 < i < j, which has a Levi decomposition P/ = MJN/ where M/
is the subgroup that preserves subspaces E(v;) for 1 < i < j and N/ is the unipotent
radical. In particular, P* = M = G,, P™ = Pjpin, M™ = My min, P7 = Pg and
N" = Ng. Put X/ = K> N M/. Then K/ is a maximal compact subgroup of M~/ such
that M/ = (P™ N M7)X/, and in particular X" = K. Denote by E/ Harish-Chandra’s
spherical function on M7 with respect to the pair (P™ N M/, X7). In particular, 2° = E,
and B"|g, = E1. For1 < j <randy > —o0, put

N)f :{ueNj | luil < forl <i < j}.
The unipotent subgroups N/, Nloo for 1 < j < r are all stable under the conjugation action

of Gy. In what follow, for two non-negative real valued functions f and g, we write f < g if
there exists a real constant C such that f < C - g.

Proposition 3.10. There exists some real constant 8 > 0 such that

/ E2(1go)Eo(go) dudgo < yP
NJ Go

fory > 1, where du (resp. dgo) is a fixed Haar measure on N (resp. Go).
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156 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

For0 < j < m,let A/ denote the maximal split torus in M7/ and G/ C M/ the subgroup
stabilizing every elementin £ (vy,...,vj, v}, ..., vy). Denote by P/ C G the parabolic sub-
group opposite to P/ with the unipotent radical N/ . For an element g € G2, denotebyap,(g)
the A/ -component in the Iwasawa decomposition G, = P/ K/ andap,(g)i = ap,;(g)vi/v;
forl <i <.

Lemma 3.11. There exists a real constant a > 0 such that, for g, g’ € G,

E2(gg") < Ea(g)e® @),

Proof. The proof is similarly to the proof of property (5) in [46, Section 3.3]. What we
need is the following estimate in the archimedean case:

sup 8pm(apm(kg’)) < es(&")
kGKz

for some real constant & > 0. One apparently can assume that g’ € A,. Then it follows from
(the much stronger result) [30, Theorem 4.1]. ]

For a real number b, we introduce the function 1. -5 as the characteristic function of the
subset {g € G2 | ¢(g) < b}, and similarly for 1.-p. Proposition 3.10 is essentially proved
in [46, Section 4] where E = F is non-archimedean. We provide the modification for F
archimedean and possibly £ # F.

Proof of Proposition 3.10. For a fixed D > 0, let

Iy, p(y. go) = /N’ E2(ugo)s(ugo)” du.

v
We claim that

(3.10) 1.0 (v, 20) < vP(20)? E1(g0)

for some real numbers B, 8/ > 0. Then the proposition follows from the case r = 0 which is
proved in [23] and [19]. Now assume r > 1. For x € G, put

Irl,D(y, X) = [ 1 Eo(ux)g(ux)D du.

Ny

Assume that
(3.11) I (rx) < yP8p1 (1) 2(x0) P B (v)

for some D’ > 0. Then

Ir,D(V,g0)=/ / E%(uvgo)s(uvgo)? du dv
G'nN}, JN}

[ g do
GINN)
<P / 2! (vg0)c(vgo) > du
GINN}

=P 1,1 g0).

Therefore, (3.10) follows by induction on r.
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To prove (3.11), we decompose IrlD(y, x) = IrlD(y,x)<b + IrlD(y,x)Zb forb > 0
where

o002 = [ oap@n)20osu)® du

vy

IrI’D(y, X)sp = /;v‘ lgzb(ux)EO(ux)g(ux)D du.

vy

By [17, Section 10, Lemma 2], there exists D’ > 0 such that
/ Eo(ux)g(ux)D_D/ du < 8p1 (x)l/zEl(x).
N1
Then
Irl’D(y, x)<p < bP dp1 (x)l/zEl(x).
Choose a splitting N! = N_looNT1 where N,rl C N'!is a subgroup. Put Nle =N, N N’rl
which is compact. Then

Irl’D(y,x)szfl /1 lgzb(uvx)EO(uvx)g(uvx)Ddudv.
NT,V N-ooo

Since ¢c(uvx) < ¢(u) + ¢(v) + ¢(x) and ¢(v) < y, there exists ¢; > 0 such that

su) =z crg(uvx) —y —g(x) = bey —y —g(x).
By Lemma 3.11 and the fact that Vol(NT1 y) < eV, we have
I p(r.x)5p < e2Ve25) /N  Lezbei—y—o(m 0B )s ()P du
for some ¢, > 0. Again by Lemma 3.11, there exists ¢3 > 0 such that
e < 8551 (x) /22 (x)

for all x € G'. By the lemma below, choose b = e_lcl_l (c2 +c34+€)(y +¢(x)) and we have

Irl’D()/, X)>p < 8P1(x)1/281(x).

Therefore, (3.11) holds. O
Lemma 3.12. Forr > 1, define

Do ®) = [ ep@)E s b

for b > 0. Then there exists some constant € > 0 such that J, p(b) < e~€b.

If £ = F is non-archimedean, there are similar estimates in [46, Lemma 4.5] for r > 2
and in [46, Lemma 4.6] for r = 1. We verify the case where r > 2 and E is an (archimedean)
field. The cases where r = 1 or E = F & F are much easier and will be left to the readers. The
same argument can be applied to the archimedean case and possibly £ # F as well, except
that in the second half we need a different trick.
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158 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

Proof. We may assume that b is sufficiently large. In the proof, we take

2m—+s
gl = D" lgijlc + 1€ Mijle
i,j=1
for g € GLoy+5(E). We also put
2m+s )
ol =Y e
i=1
for an element v = (v!,..., v2"T%) € Vo > E?2M+S,

Denote by V}, the orthogonal complement of E (vy, v2; v, v}) in V2 whose dimension is
atleast 1. Forx € V},, y € E, z € E™, there is a unique element u(x, z, y) € N1 such that

u(x,z,y)vy =vi +x + yva — (q2(x) + z)vs.
The map
Vyx E-x E — N! o (x.z,y) > u(x,z,y)

is an isomorphism. Put u(x,z) = u(x,z,0) and u(y) = u(0,0, y). Let Nﬁ1 C N1 be the
subgroup consisting of u(x,z,0) and ¥ C N!__ be the subgroup consisting of u(y). Let Vy
be the orthogonal complement of E (v, v3) in V2 Put Gy = Ism° (V) and Pﬁ1 =Pln Gy.

Then N, ! is the unipotent radical of Pﬂ1 Write Pﬁf = P/ N Gy and similarly for P/, Aé , Nﬁj
for3 < ] < m. Then P;" is a minimal parabolic subgroup of Gy.

Write u(x,z) = apmu(x,z))u pm(u(x, z))k(u(x, z)) under the Iwasawa decomposi-
tion G, = P™K,. Then

(3.12) k(u(x,2) 70T = apmux, 2))7 (0] = x = (g2(x) = 2)v1),
which implies that there exists a constant &’ > 0 such that
}aﬁm (M(X, Z))l }E > e(x/g(u(X,Z)).

Since
apﬁm(u(x,z))l =apmu(x,z))1, apmu(x,z)) =1,

and
app(W(x,2)); = apm((x,2));

for 3 < j < m, we have

8 pm (@ pm 0, 20)) % = Japn (e, )1 |8 e (@ e u(,20) 2

For a real number p > 0 which will be determined later, let

I} p(b) = / / 12 (a2 () g <5 (U () E e (x, (1))
% ¢ (u(x. ()P dulx. Hu(y).
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By Lemma 3.11 and [17, Section 10, Lemma 1 (2)], we have

JlD(b) </ / Lespu(x, Du(y)le<pp W(¥))8pm (@ pm (u(x, Z)))1/2
x e OD ¢ (u(x, 2)u(y)) P du(x, 2)u(y)

for some D’ > D. Repeat the argument on [46, p.212] and use [16, Lemma 89]. We may
choose a sufficiently small constant ;& > 0 such that

Tl p(b) <e 1P

for some real constant €; > 0.
We need to estimate the difference

J2p(b) == Jrp () = J L D).

Putx’ = x//|ylc + 1,2/ =z/(lylc + 1) and a(x’, z') = apm(u(x’,z’)). By the Iwasawa
decomposition

1 Yy
1 y| |[vVIIc+1 1 Ylc+l  Vlcti
- 1 ylc 4 Iyl 1

1 NGIRES]

Y CyJlctl Vet

in SL,(£) and using the calculation on [46, p. 213], we have
u(x, 2)u(y) € N"a(y)a(x',z2a(x',z'; y") Ka,

where

Viyie +1
Viyle +1

a(y): ’
1
VIylc+1

1

Vyle+1 ]

and a(x’,z’;y") € A, with

a(x. 25y = \JlaG 27 yay ()| + 1.
a(x',z';y")2 = a(x’,z'; y")7! and all other components being 1. In particular,

4—|E :Fl4+2m+
Spm(a(y) = |lylc + 1|3 EFIF2mEs,

Spma(x', 2 y)) = |a(x".2)7 y(ga(x") + e + 1‘;.

By [17, Section 10, Lemma 1 (2)] and changing variables (x, z) + (x’, z’), we have

(.13) T2pb) < / / oo e laCe, NS ( pp . 20) 2

x [Ja(x, )7 v (g2(0) + 2)| ¢ + 1[5

x [Iyle + 157 cu(x, 2)Pu(y)? du(x, ) du(y).
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160 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

Put g(x,z) = ¢q2(x) + z € C. Apparently,

(3.13) </ / oo O, 2115 85 (@ u(x. )2
x [laCe, 27 yqe, )| e + 17 [Ile + 172 c ) dulx, 2) du(y)
/ / oo Qe e 201 [ 5 5y u(x, ) 2

x g e, )| 27 117 ()P dux, 2) du(y)

for0 < B <1land0 < B’ < 1/2 satisfying B — 2" > 0 to be assigned later. We only need to
show that the integral

(3.14) /Nl }a(x, Z)1 |2E-ﬁ/_ﬂ(gl_)£n (aﬁé’n (u(x, Z)))l/z}q(x, Z)‘Ezﬂ/ du(x,z)
#

is convergent. Let Vb1 be the subset of V}, & E~ consisting of (x, z) such that |¢(x, z)|c = 1.
The group {x € E | |x|c = 1} xIsm(}}) acts transitively on Vb1 by conjugation in Gy. Choose
a positive measure du(x, z) on V1 which is invariant under the above group action. Then

(3.15) (3.14) = / /|a(zxtz)1 55—m(a,;m(u(zx tzz)))l/z

where d*¢ = ¢! dt. Decompose the integral (3.15) into two parts: J<j for 0 < ¢ < 1 and
J>1 for ¢t > 1. Then J~ is absolutely convergent by [16, Lemma 89]. The rest is to show that
J<1 is convergent. If dim ¥}, = 0, then it is trivial. Ifdim V}, = 1 and £ = F, one may choose
B’ small enough such that J<; is convergent, since the set {x € V4 | |¢(x)|c < 1} is compact.
Now we assume that dim V}, + [E : F| > 3, thatis,2m +s —7+ [E : F] > 0. Put

J(1) =/Vl‘a(tx,t22)1|E 'BSPm( Pm(u(tx t2))) 1z du(x, z).

b

Equation (3.12) implies that |a(x,z)1|c = 1 + ||x]| + |¢(x,z)|c. Hence for 0 < ¢ < 1 and
(x,z) € Vbl, we have

(3.16) la(x.21lg = la(x,1?2)1| = |tlglatx, 21
We claim that for (x, z) € Vb1 and 0 < <1,
8pyn(@pm (u(tx,t?2)))1/?
" Sppappuix, )2

Assume this inequality holds. Then, combining with (3.16), we get

(3.17) <t |1 @mts=S+[E:F])

J(l) < J(t) < |t|2+2/3’—/3—(2m+s—5+[E2F])J(l).

Therefore, J(1) < co and
Jei = / Ol e E < ) [ tl5 >0 P @,
0
which is convergent if we take, for example, § = 1/2 and B’ = 1/6.
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The remaining task is to show (3.17). Put

t
ar = 12m+s < Ag’ - Gﬁ
=1

For an element g € Gy, let g = n(g)a(g)k(g) denote the components under the Iwasawa
decomposition G# = Né"Aa”JCﬁ where Ky = K> N Gy. Then

u(tx,t?z) = aqu(x, z)a; ' = a;i(u(x, 2))a(x, 2))ku(x, z))a; !
= il'aga(u(x, 2))i(k(x, z))a; Va(k@u(x, 2)a; )k (k@(x, 2))a; ),
where i’ = a;ii(u(x,z))a; ! € Nﬁm. Put
" = aiauix, 2)a(k((x, 2)a; a(u(x, 2)) " ayt € N,
k = k(k(u(x,2))a;') € Ky We also decompose a(k(u(x,z))a;') = a'a”, where a’ acts

trivially on the orthogonal complement of E(vy, v}) in V# and a| = 1. Recall that we have

a; = avy/vy fora € A&". Therefore, a(u(tx,t?z)) = asa(u(x,z))a’a” and

_ _ 2.\ 1/2
G.18) 8ppi(apy(utx,1°2))) _ ‘a(tx, 122), ‘—(2m+s—5+[E:F])/28Pm(a”)l/z'
81,3?(6115‘;,1(u(x,z)))l/2 a(x,z)1 |E 4
By [30, Theorem 4.1] and linear programming, we have
(3.19) |t|552m+5—7+[E1F])/2 < 5Pﬁm(a//)l/2 < |t|1—5(2m+s—7+[E:F])/2‘
Then (3.17) follows from (3.16), (3.18) and (3.19). O

Corollary 3.13 (of Proposition 3.10). Let my be an irreducible tempered Casselman—
Wallach representation of Gy (see, for example, [48, Chapter 11]) and &, a smooth matrix
coefficient of wy for o = 0, 2. Then the integral

Ay, @ (U) 1= / D (uu'go) Po(go) du’ dgo

N’ Gy

is absolutely convergent. Moreover, the function ag, &, defines a tempered distribution on
N"/NI  ~E".

Proof. Choose a subgroup Ny of N” such that the induced projection NT’ — N"/N!
is an isomorphism and Gy acts trivially on NTr . By the Dixmier—Malliavin theorem [5], we may
assume ®, = R( )P, for some function f € CZ°(Ny) and smooth matrix coefficient .
Then

ad,, o, (1) =/Nr/r . F W)@, (uu'v" go)Po(go) du’ dgo du”,
¥ —oc0U0

which is absolutely convergent by Proposition 3.10 and [41, Theorem 1.2]. The second part
also follows from Proposition 3.10. o
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Let N be an abelian Lie group over E. Denote by D(N) (resp. S(N)) the space of
tempered distributions (resp. Schwartz functions) on N. By definition, we have a bilinear
pairing (, ):D(N) x 8(N) — C. Define the Fourier transform " : D(N) — D(N) by the
formula (&, ¢) = (a,$) forall ¢ € S(N).

Proposition 3.14. The Fourier transform Ge, o, is smooth on the regular locus
(N7 /NI )8, which is an open dense subset of N” /NT .

Proof. Denote by T the subgroup of M" which acts trivially on V7. It is isomorphic to
(E*)". We may write an element ¢t € T as (t1,...,t;) where t; = tv;/v; for 1 <i <.
We also write an element u € N"/N”_  as (uy,...,u,) where u; = qa(uv;y1,v;) for
1 <i <r—landu, = g2(uw,v)). The group T actson N" /N’ by conjugation. Precisely,
tut~! = (tltz_lul, .. .,tr_ltr_lur_l,trur) fort € Tandu € N"/N’_,. Therefore, T acts
on D(N"/NT_.), denoted by C. Fix a real number ¢ > 0. Then T acts on L>*¢(G,) by
conjugation, which we also denote by C.

For an element 1 € T, define y; by ¥z w (tfut~1). Then the assignment ¢ > 1, is
an isomorphism from 7" to (N" /N’ )™ under which the measure |¢1|dt is the restriction
of the dual measure of du on N” /N’ __ to the regular part, up to a positive constant. We
may assume that the constant is 1. Pick up a Schwartz function ¢ € S(N" /N’ ) which is
compactly supported on the regular part. We identify ¢ as an element in C°(T). Conversely,
we may identify f € C°(T) as an element in S(N" /N’ ). Then

CHmmand) = [ [ f0a0, 00 unde @ a

- [ o / 0.0 (1) (rut ™) du di
T N7/N!'

- / / Q.0 (10) £ () (¢ ur V)] dr” du
NT/N” o JT

_ / / 0000 (0) () / SOV (™Y 1| de]e]] de’ du
r/NLOO T T

- / / 00,00 (1) (1) / S ur =Y 4| dr du
N7/NZ o JT T

— [ [ awseyfu) g o
T JNT/N o

Thus, the restriction of m to (/ZV”TZ\@)reg is the function t = (ag, @, C(t™1) f )
that is smooth.
On the other hand, for f € CZ°(T'), we have

C(fONr xT)A®y,0, (1) = /Tf(f)3NLooxT(f)aq>2,<1>0(l_luf) dr
= [ S@nrr @ [ @t undgo)otgo) i agoar
T N’ Gy
— [ ], rO®0 g @00 ' dgo
T JNT G0
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=/T/ G F() D2t un’ got)Po(go) du’ dgo dr
—oc0U0

:/ FOC(f)Pa(uu’go)Po(go) du’ dgo
N’ oGo
= Ac(f)®2,%0-

Therefore, dc(7)a,,a, is smooth on (m)reg. Finally, by the Dixmier—Malliavin theo-
rem [5], every smooth matrix coefficient @, is a finite linear combination of C( /) ). |

For smooth vectors ¢y € 7y and ¢y € 7 (@ = 0, 2), define
(92,9290, 90) = OB, g0 By gae (VEw):

and similarly for an((pz, ?2: 00, P0), a(p2; o) and ozt'((pz; o) as (2.3), (2.4) and (2.5). In fact,
for our purpose of regularizing the matrix coefficient integral, it is enough to show that 0%, .oy
is continuous on (N" /N’ )™ in the above proposition.

Proof of Theorem 2.1 (2) for v archimedean. For a smooth vector ¢, € 7y (0 = 0,2),
put Do (ga) = (7o (ga)Pa, Po). We show that
a/m |(m)reg Z 0

Equivalently, we show that
(@®,,00. [$lc) = 0

for every function ¢ € S(m) that is compactly supported in (m)reg . By the
cross-correlation theorem, we have

|$|Tc(u) = / dur’)p ') du'.
N"/N”
Therefore,
(T0s,00. 19lC) = (ad,, 30 |$|TC)

_ [ / 0,00 ()P Q)P (u’) du dut
N7/N! /NI o

:/ / Ay o (' )P ()P (1) du dud'.
N7/NT oo JNTINT o,

View giA) as a function on N{ , the group chosen in the proof of Corollary 3.13. The above
expression is equal to

[, B (ra 2o R @2, RPIp2) By (o0, o) do

The positivity follows by applying [20, Theorem 2.1] to the group G = G2 X Gy and the
unimodular subgroup H = N’ __ x G and using Proposition 3.10. |
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164 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

Proposition 3.15. Let 7y be square-integrable and wy be tempered.

(1) For every smooth matrix coefficient 4 of my (@ = 0, 2), the integral
/ / D2 (ugo) Po(g0)Vg,w ()~ du dgo
Go Ng

is absolutely convergent.

(2) The above integral coincides with Ga, &, (Vg,w)-

Proof. The proof of (1) is same as the proof of Proposition 3.10 (1), except that we use
[48, Theorem 15.2.4] instead of [45, Corollaire 111.1.2], and also use [17, Section 10, Lemma
2]. Part (2) is obvious. m)

Remark 3.16. The way of regularization described above works for non-archimedean
places as well, where the estimate in Proposition 3.10 has been obtained by Waldspurger [46,
Assertion 4.3 (3)]. It is easy to see that such regularization coincides with the one described in
Section 3.2. In fact in the cited article, Waldspurger regularizes the matrix coefficient integral o
via a third (but equivalent) way that is more or less a combination of the two methods provided
here.

The idea of using Fourier transform of tempered distribution to regularize the matrix
coefficient integral appears in [40, Section 6.3] for the Whittaker case at non-archimedean
places. Such idea is also used in [34].

3.5. Regularized unipotent integral for theta liftings. Let F' be any local field of
characteristic not 2 and E/F an étale algebra of degree < 2. Let (V, gy ) be a hermitian space
over E of dimension m. For1 <n <m —2+ [E : F] and an element T € Hermf (F), we
write Q7 = {x € V" | gy (x) = T} where gy (x) is the moment matrix of x. If T is regular,
that is, det T # 0, Q7 is a single orbit, if non-empty, under the action of H = Ism(V, gy).
In that case, fix a representative w7 € Q7 and let H, .. be the stabilizer of w7 in H. Then
Q7 ~ H,,\H. Fix a non-trivial additive character y: F — C*.

The abelian unipotent group Herm,]f (F) is selfdual. In fact, all characters of Hermf (F)
are of the form v, defined by ¥, (T) = Y (truT), for some u € Hermf (F). Denote by
Helrm,‘lE (F)' C Hermf (F) the open dense subset of non-singular hermitian matrices and by
Hermf (F)%e its complement. We recall the following well-known lemma.

Lemma 3.17. Let (V,qy) be a hermitian space over E of dimension m. There is a
unique H -invariant positive measure dh on Qr ~ H; ;.\ H for every regular T € Hermf (F)
such that, for every ¢, € S(V"),

/ $(x)dx = f [ o(h~ ur) dhdT,
yn Herm,f:(F)Wg H, \H

where dx (resp. dT ) is the selfdual measure on V'™ (resp. Hermf (F)) with respect to .

Remark 3.18. We call the measure d 4 in the above lemma the Siegel-Weil measure.
If F is a global field, ¢: F\A — C* is automorphic, and w7 is in V" (E), then the product
of Siegel-Weil measures (possibly regularized by a convergence factor) at all places is the
quotient measure of Tamagawa measures on H(A) and H,, (A).
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Choose an orthogonal decomposition V = X & V* @ X*, where V" is an anisotropic

kernel of V; X and X* are totally isotropic subspaces. Choose a basis {vy,...,v,} (resp.
{v].....,v}}) of X (resp. X™*) such that (v;, vJ’.*) = §;j. Assume that dim V'*" = s and choose
abasis {Vy41,..., 45} if s > 0. We identity V' with £ under the basis

{V1,..  Vrgs, 05, 0f ) Qr+ s =m),

and hence H with a subgroup of GL,,(E). Through the basis of X, we also get a minimal
parabolic subgroup Ppin = MpinNmin of H, which is the one preserving the flag

0C{vi}C---Clvr,..., v}

Let A C My, be the maximal split torus and fix a maximal compact subgroup K g of H that
is in good position with respect to Ppiy.

Lemma 3.19. Let 0 be an irreducible unitary admissible representation of H satis-
fying the following estimate on matrix coefficients: There exists a positive constant A with
A>1—n/(m—3+4 [E : F]) such that for every smooth matrix coefficient ®, there exists a
positive constant Ce such that |®(a)| < Cedp_ (a)* foralla € A*. Then for any such ® and

min

any two Schwartz functions ¢1, 2 € S(V'™), the following integral is absolutely convergent:
[ [ o167 g 0 axan.
HJV"

The above estimate is satisfied, for example, when
(H)n>=m—-34+[E: F],or
(2) 2n >m —3 + [E : F] and o is tempered.

Proof.  'We have the minimal parabolic subgroup Ppin = MpinNmin of H, where the
Levi factor My, 18

n
1_[ Resg GL(Spang{x;}) x Ism(V®™) ~ (E™)" x Ism(V*"),
i=1
and
y (F)™ ifE=F®F,
| (FX)"  otherwise.
We write elements in A as a = a(ay,...,d;) in the first case and a = a(ay,...,a,) in the

second case.
Recall the formula

/ (k) dh = f (@) f Flkaks) dky dk, da
H A+ KxK

for every integrable smooth function f on H, where u(a) = Vol(KaK)/ Vol(K). It suffices
to show that

//¢1(f_1x)¢2(X)<D(a)dxda
a+ Jyn

is absolutely convergent. For this, as we will see, it suffices to assume that |¢;| and |¢p»| are
bounded by Schwartz functions.
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Case 1. F isafield and [E : F] + s > 1. Then the simple roots of (Ppin, A) are given

by

ai(a@) =aja}ly, 1<i<r—1; aa)=arora;.
Therefore AT = {a = a(ay,...,a,) | |a1| <--- < |ay| < 1}. There exists a constant C; > 0
such that

| lor@ a0 ax < € [Tl

i=1

fora € AT. Assume the bound |®(a)| < C28p.. (a)* where

-
8Pmm (a) — l_[ |ai |m—1+[E:F]—21
i=1

and0 < A < % Then we have

[A ) /V [pr(@™ a(1)9(@)] dx da

.
<c / 5@ 7 [l ¥y - d¥ay.
lay|<<lar|<1

i=1
which converges absolutely if and only if A > | —n/(m —3 + [E : F]).
Case 2. s = 0 and £ = F. Then the simple roots of ( Ppin, A) are given by

wi(a) =aja;}y. 1<i<r—1 (@) =arar.

Therefore A = {a = a(ai.....a,) | |a1| = -+ < |as|:lar—1ar| < 1}, and

/A+ /Vn ‘¢1(a—1x)¢2(x)<b(a)‘ dxda < C1 1, + Ca 15,

where

,
I = / 8y (@ [Jlail" s -+ d%ay.
lay|<-<lar|<1

i=1
r—1
I = / f §p. (@) Va,| ™" l_[|a,-|" d*ay--- d*a, < Iy.
lar[>1 |a1|§"'§|ar—1|§|ar|_l i=1
Therefore, the integral is absolutely convergent if and only if A > 1 —n/(m — 2).

Case 3. £ = F & F. Then the simple roots of ( Py, A) are given by «;(a) = a,-al.J:1
for1 <i <m — 1. Therefore AT = {a = a(ay.....am) | la1| <--- < |am|}, and

-1 T,
/A+ [Vn}d)l(a x)qbz(x)cb(a)}dxda fjgocjlj,

where

J m
_1 _
I] :/ / 8Pmin(a)A' |al|n |al| nanl.‘. dxam,
1<laj 41|<<lam| J|ai|<~<la,|<1 | | | |

i=1 i=j+1

which are all absolutely convergent if and only if A > 1 —n/(m — 1). m)
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From now on, we assume that | <n <m —2 + [E : F] and o satisfies the estimate in
Lemma 3.19. We first consider the case where F' is non-archimedean.

Lemma 3.20. Let ¢y, ¢2, ® be as before. Then the integral

620 o= [ [ oG kg ) o) dhd
Hu, \H JH
is absolutely convergent for all T € Hermf (F)'8 and is locally constant.

Proof. Fory € GL, (E), we have

Loy (105 Nd2,0(T) = 241,620 VETY).

There is a compact open subgroup I" of GL, (£) which acts trivially on ¢y and ¢,. Therefore,
261.00,0(VTY) = g¢,.4,,0(T) forall y € T. In particular, gg, 4,,o(T) is a locally constant
function on Hermf (F) N GL,(E). By Lemma 3.19, g4, 4,,® is integrable on Hermf (F),
which implies that (3.20) is absolutely convergent for all T € Hermf (F)ree. ]

Proposition 3.21.  For ¢1, ¢2 € S(V™) and ® a matrix coefficient of o, define a function
Jo1.40,0 0N Hermf (F) by the formula

Jo1.60,0M) == /H/V" ¢1(h_lx)¢2(x)1ﬂqv(x)(u)<l>(h)dx dh,

which is locally constant. Then fg, ¢, & - V7 U has a stable integral for T € Hermf (F)res,
More precisely,

/H Foo 0 VT () d

ermnE(F)

0 ifQr =0,
= / f o1 ) o (h ) B(h) dh dh otherwise,
HJH,\H

if we take dx (resp. du) to be the selfdual measure on V" (resp. Hermf (F)) with respect to V,
and d h the Siegel-Weil measure.

We say a Schwartz function ¢ € S(V"™) is regularly supported if (supp ¢) N Q7 = @ for
all T e Hermf (F)%e, In particular, for every x € supp ¢, the components of x are linearly
independent.

Proof. First assume that supp¢o N Q27 = @. Choose a compact open subset U of
Hermf (F) such that g7 (supp¢2) C U and T & U. Then there exists a compact open sub-
group N C HermZ (F) such that y7/_r is non-trivial on N for all T’ € U. We have

| formoirn™ au =0

for every compact open subgroup N’ of Hermf (F) containing N. In general, we may write
¢2 = ¢, + ¢ as a sum of two Schwartz functions such that 7 & g7 (supp ¢5) and ¢5 is
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168 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

regularly supported. Then

[ Sormature au= [ fy g 00 b

Therefore, we may assume ¢, is regularly supported at the beginning. Then by Lemma 3.20,

Jo1.62,0u) = / 8o1.00,0(T)Yr ()~ 1 dT,
HermZ (F)

n

and the proposition follows from the Fourier inversion formula. O
Now we consider the case where F' is archimedean.

Proposition 3.22. Let ¢1, 2, ® be as before and assume that ® is smooth. Then the
integral

G2 gpane(T) = / f 1 ™ )b (b ) d(h) dhd b
H, \H JH

is absolutely convergent for all T € Hermf (F)™8. Moreover, g¢, ¢,,@ Iis a function in
L! (Hermf{j (F)) (by Lemma 3.19) which is continuous on Hermf (F)ree,

Proof. The group GL, (E) acts on 8(V™) by right multiplication. We may choose func-
tions ¢o € S(GL,(E)) and ¢7, ¢5 € 8(V") such that
* [$1(x)] < R(po)¢](x) forall x € V7";

* |p2(xy)| < P5(x) forall x € V" and y € supp ¢o.
Then

1861 d0.0(T)| < / / / 0B, (™ B g )b (b pery)| @) | dh d b dy
Hy \H JH JGL,(E)

< / b0 (181 0510/ Y TY)dy,
GL (E)

which is absolutely convergent by Lemma 3.19.

For continuity, we only need to show that for a sequence y; € GL,(FE) converging to 1,
Zo1.62,0( v§ Ty;) converges to g4, ¢,.a(T). We can choose ¢}, ¢ € 8(V") and a sequence
¢; of positive real numbers converging to 0, such that

o (Xyi) — P (X)| < cigy(x)
forall x € V* and @ = 1, 2. Then

861,62, 0CViTVi) — 841.,62,0(T)|
<¢? / / & ) )| PG| dh d
Hy \H JH

+ ¢ /
Hyp

- "'/ f & (W ) g (h ™ )| @(x)| dh d i,
HILT\H H

y /H 61 B )| Sy )| @) dh d

which converges to 0. m)
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Corollary 3.23. For ¢1, ¢ € S(V™) and ® a smooth matrix coefficient of o, define a
function fg, 4, & on Hermf (F) by the formula

J1.62.0 1) :=/H/VH P1(h 1 X) 2 (X) Vg, () () P() dx dh.

Then fg, ¢,,@ is a tempered distribution on HermZ (F) and its Fourier transform is continuous
on Herm,lf (F)ree. More precisely, for T € Hermf (F)res,

- 0 ifQr =90,
et = / / $1(h T ) ga (b ur)@(h) dhdh  otherwise,
H JH,\H

if we take dx (resp. du) to be the selfdual measure on V" (resp. Hermf (F)) with respect to V,
and d h the Siegel-Weil measure.

4. Global examples for SOs5 x SO,

In this section, F' will be a number field and we fix a non-trivial additive character
v F\A — C*.

4.1. Theta integrals. Let W, (, ) be the standard symplectic space over F' of dimen-
sion 2n. Let V, (', ) be a quadratic space over F of dimension 2m and W = V ® W equipped
with the symplectic form {(, )) = (, )® (, ). Put G = GSp(W) and H = GO(V') which
form a reductive dual pair in GSp(W). Denote by H® = GSO(V') the identity component of
H . Write v for the similitude character in various groups and put

R =G(Sp(W) xO(V)) := {(g,h) €Gx H |v(g) =v(h)}.
Then Sp(W) x O(V') C R. Put
GA)T = {g € G(A) | there exists 1 € H(A) such that v(g) = v(h)}

and G(F)*™ = G(F) N G(A)*T, G = G(F,) N G(A)™ for a place v of F. We note that in
the above definition of G(A)™, we may replace H(A) by H?(A).

Let Wi = Spang{eq,...,e,} and W[* = Spang{e],...,e;} which form a complete
polarization of W such that (e;, e;‘) = §;;. Denote by P C G the Siegel parabolic subgroup
stabilizing W1, which has the standard Levi decomposition P = MN, where M is the subgroup
stabilizing both W} and W*, and N is the unipotent radical. Then M ~ GL, xF* and N is
isomorphic to Sym,,. For an element 7" € Sym,, (F), we define an automorphic character 7
of N >~ Sym,, by the following formula:

U (u(s)) = Y (tr Ts):N(F)\N(A) — C*.

In fact, every automorphic character of N is obtained in this way.
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Let wy be the Weil representation of R(A) which is realized on 8(V"(A)), the space of
Schwartz functions on V" (A), where we identify V' ® W}* with V" through the previously
chosen basis. Precisely, for (g, ) € Sp(W)(A) x O(V)(A),

oy(Lp(x) =p(h~'x).
wy (m(a). D (x) = xy(deta)|detal  ¢(xa).
oy (u(s), NP(x) = Y (trqy (x)s)$(x),
oy (W, D (x) = $(x).
For (g, h) € R(A), we have
wy (8. Mp(x) = [v(h)[ 2wy (g1, NP (" x),

where
1,
g1 = [ b IJ g € Sp(W)(A).
For ¢ € 8(V™(A)), we attach the theta series
0(g.hip) = D wy(g. (),

xeVI(F)

which is a smooth function on R(F)\ R(A) of moderate growth. For a cusp form f € Ao(H),
define the theta integral

0(f:)(g) = / 0(g. hhg: ) f(hhg) dh
O(V)(F)\O(V)(A)
and its variant
00/ 9)(g) = / 0(. hhg: $) f(hhg) dh
SO(VY(F)HI\SO(V)(A)

as functions on G(A)™, where /i, is some element in H(A) with v(hg) = v(g). They are
left invariant under G(F)™, and hence define functions on G(F)T\G(A)T. We view them
as functions on G(F)\G(A) through extension by zero with respect to the natural embedding
G(F)T\G(A)T — G(F)\G(A).

4.2. Global Bessel periods of theta lifting of GSpy. Assume m > n = 2, that is,
G =~ GSpy. For T € Sym, (F), define
Mr = {(g.detg) e M | "gTg = detg - T},

which contains the center of G that is isomorphic to F*. Assume that det7 # 0. Then T
induces a (non-degenerate) quadratic form g7 on W;. We have

M7 = GSO(W;) ~ ResX K*,

where K = K, is the discriminant quadratic algebra. According to our general convention,
we will assume that K is a field. Put

M7 (A)t = {g € M7 (A) | there exists h € H°(A) such that v(g) = v(h)}

and
M7 (F)" =Mr(F) nMr(A)Y, ME =Mgp(F,) N Mr(A)T.
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Fix an automorphic character y: M7 (F)\M7(A) — C*. For a cusp form ¢ € Ay(G)
with central character y~!|s=, we define the integral

P9, ) =/ / pug)yr )~ x(g)dudg,
AXM7(F)\M7(A) IN(F)\N(A)

which is considered in [38].

Let o be an irreducible unitary cuspidal automorphic representation of H(A) realized on
the space V, C Ag(H), with central character y5, = y~!|ax. Let 7 = 6(0) be the global
theta lifting which is realized on the space

Ve = {R()O(f:9) | [ € Vo, ¢ €8(V*(A)), g € G(A)}.

We will assume the conditions on o specified in [9, Section 7.2] such that 7 is cuspidal (and
hence unitary). Then for g € M7 (A)™, we have

@.1) [ 60(f: ) (ug)yr(u)~" du
N(F)\N(A)

/ (/ O(ug. hhg: ) f(ihg) dR) yr ()~ du
N(F)\N(A) *JSO(V)(F)\SO(V)(A)

> wy(ug. hhg)p(x) f(hhe)yr ()" dh du

x€V2(F)

/N(F)\N(A) /;O(V)(F)\ SO(V)(A)

oy (ug, hhg)$ (xX)yr ()~ duf (hhg) dh,

/SO(V)(F)\ SO(V)(A) /N(F)\N(A)

x€V2(F)

where hg € HC(A) is any element such that v(hg) = v(g).
By definition,

oy (ug. hhg)p () = 1y () B h 380 (o (1),
Therefore,
/ w0y (ug. hhg)d (O ()" du =0,
N(F)\N(A)

unless there exists x € V2(F) with the moment matrix gy (x) = T. Denote by V2(F)r the
set of all such x, on which SO(V)(F) acts transitively. If V2(F)r # @, we pick up a base
point y in V2(F)7. The quadratic space (W;,qr) is isomorphic to the subspace generated
by the components of . Therefore, we may identify W) as a quadratic subspace of V. The
stabilizer of u in SO(V) is SO(WIJ-). We have

@n= | §(h™" 1) fhgh) dh,
SO(Wi-)(F)\SO(V)(A)

where hg € H O(A) is some element which preserves Wj(A) and restricts to g on Wy (A).
Therefore,

4D PESid). ) = / Ap R £, ) (h~" ) d,

SO(WiH)(A)\ SO(V)(A)
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in which

Au(fox) = /

AX GSO(W1)(F)\ GSO(W1)(A) ( /SO(Wll)(F)\ SO(WiH)(A)

f(g'hg)x(g)dg’ dg.

f(g'he) dg’) x(g)dg

/AX GISO(W-)xSO(WD](F)\ G[SO(W-)xSO(W1)](A)
where (g, g) € G[SO(W;h) x SO(W)](A) C GSO(Wih)(A) x GSO(W)(A).
Recall that we have a short exact sequence
det
1 —-SOWV)—>0W) — u, — 1.
Fix a splitting i, — O(V) and view u, as a subgroup of O(V'). For any integrable function
® on O(V)(F)\O(V)(A), we have

/ ®(h)dh = / / L(e)®(ho) dhg de,
O(M(FI\O(V)(A) m2(F)\p2(A) JSO(V)(F)\SO(V)(A)
where de is the Tamagawa measure on 2 (A). In particular,
o)) = [ 0°(/<: 6°)(g) de.
w2 (F)\p2(A)

where € = L(¢) f and ¢¢ = wy (€)¢.
We have

43) | PO :9). ) = //[ o PO 0 PO e
2 n2(A)]?

P(f¢;¢°)de,

/Mz(F)\Mz (A)

where

P(fi¢) = / P(6°(F<: ). ) POO(f: ). 1) de.

w2 (F)\p2(A)

4.3. The group GO4. Now assume that V' has dimension 4 and discriminant 1. Then
there exists a unique quaternion algebra B over I’ with an F'-algebra embedding K — B such
that there exists an isometry (V, gy ) — (B, vg) under which WIJ- is mapped to K, where vp
is the reduced norm on B. The group B* x B* acts on the vector space V' ~ B by the formula
(b1,b2).x = b1xb}, where 1: B — B is the canonical involution. In particular, we have

H =GO(V) ~ (B* x B*) x (t)/AF*,
where AF* = {(x,x7 1) | x € F*} C BX x BXand t € O(V) is the involution on B* x B*
by changing two factors. We identify p, with (t). The following lemma is straightforward.
Lemma 4.1. The subgroup G[SO(Wit) x SO(W;)] C GSO(V) =~ B* x BX/AF*
consists of elements (x, y) with x,y € K*, and the projection

G[SO(Wih) x SO(Wy)] — GSO(W;) ~ Resk K>

is given by (x,y) — xy.
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Put
(B* x B*)! = {(b1,b2) € B x B* | vg(b1b2) = 1}.

Then SO(V) = (B* x B*)!/AF* and SOW)\SO(V) = AK*\(B* x B*)! where
AK* = {(x,x7!) | x € K*} C (B* x BX)L.

4.4. Local Bessel periods of Yoshida lifts. We fix a place v of ' which will be sup-
pressed from notation in this section.

Let o be an irreducible unitary admissible representation of H such that its big theta
lifting ©% (o) := Hompy (c—inngrXH wy, &), which is a smooth representation of G, is non-
zero. Then ® T (o) has a unique irreducible quotient, denoted by 8 (o) (see [9, Theorem A.1]).
We have a unique (up to scalar) R-equivariant map

0:wy @0 — 6" (0).

Let m = 6(0) = Indg + 67 (0), which is an irreducible admissible representation of G by
[9, Lemma 5.2]. We assume that 7 is unitary (and non-zero), which is the case if o is the local
component of an irreducible unitary cuspidal automorphic representation that has non-zero
cuspidal global theta lifting.

Let By: wy ® wy — C be the canonical bilinear pairing defined by

Bo(h.§) = /V BPdx.

By [9, Lemma 5.6], the pairing Zh (o ®06)® (wy @ wy ) — C, defined as

§F(2)¢F(4)

L(l, o, Std) o) B (a)w (h)¢’ ¢)°(8U (U(h)f’ f) dh,

ZNf, i, @) =

where the integral is absolutely convergent by Lemma 3.19, descends to a bilinear pairing
By ® m — C. In other words, we have

Bz (0(f.¢).0(f.9) = Z'(f. [, 9).

+
Lemma4.2. Let g € M.

(1) If F is non-archimedean, the function B (rw(eg)0(f, ¢),0( f , &))1&7? U has a stable in-

tegral. More precisely,

_ tr(2)lF4)

st ~ o~ —1
/Ni;’ﬂ(n(ug)@(f,rb),9(f»¢>))¢T(“) du = L(1, 0, std)

x / / (3 = 7 )P 1) B (0 (hhg) £, ) d .
o(V) JSO(W{H\ so(V)

where hg € H 0 is some element which preserves Wy and restricts to g on Wy, du is the
selfdual measure on N with respect to W, and d h is the Siegel-Weil measure in Lemma
3.17.
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174 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods

(2) If F is archimedean, the function B (w(eg)0(f, $), 0( ]; . 9)) is a tempered distribution
on N whose Fourier transform is continuous on N™¢ ~ Sym, (F')™¢. More precisely,

CF(2)EF(4)
L(1,0,std)

x f / T ™ B )G 1) B (0 (hhg) £, ) dh i,
o(V) Jso(wiH\so(V)

Br(1(e)0(£,9).0(f, ) (Y1) =

where hg € H°, du and d h are as in case (1).

In both cases, we use the same Haar measure dh on O(V') on the two sides of the identities.

Proof.  'We apply Proposition 3.21 for (1) and Corollary 3.23 for (2). Notice thatn = 2,
m=4and £ = F. O

For ¢ € mw and ¢ € 7, we put

st
~ [ Br (Jr(ug)(p, @)WT (u)"'du if F is non-archimedean,
b7 () = 1N

By (7(0g)0(f.¢),0(f,$))(¥r) if F is archimedean.

Define

L(1,0,Ad)L(1, xx/F)
(F(DCr(@L(5.0 B ) JF\Mr

(4.4) g, @ ) = 629 (g) x(g) dg.

Take the measure dhg = 2 dh|so(y), which is twice the restriction of the measure d/ to
SO(V'). Then

SFQ)IEF(ANT 5 1/ / o
45) (LN Thed oy = § - =
(43) <L(1,o,std)) w(8) 5212 So(V) SO(WIJ-)\SO(V)¢ (g ho " 11g)

X p(h™' 1) By (0 (hohg) £€, ) dh dho.

Simplify and substitute & = h;lhhohg, h= h. We have

1 T ~ ~. ~
=25 ' wdh~ 1) Bo (o (h hgh) f€, f) dhdh,
- 621 2 /SO(V) /SO(WlJ‘)\SO(V)¢ g™ ) Bo (o (" hgh) <, ) d

which is equal to

1

2 [so(WlL)\SO(V) /S‘O(WIJ-)\SO(V) /SO(WIJ-)
x $(h~" 1) Bo (0 (g'hgh) f€.5(h) f) dg’ dh dh.

¢ (h™ ')
e==+1

Introduce a new measure

g @

-~ L(L.xk/F)
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on the (inside) quotient group SO(WIJ-)\ SO(V') to make the volume of the orbit of the maximal
compact open subgroup to be 1 at unramified places. We have

(4.6)
1 . L .
4hH=> 5 // ¢S (h Wp(h™ WL k(o (h) £€.5(h) f: x) d'hdh,
e=+1 [SO(W{H)\ SO(V)]2
where
~ L(1,01,Ad)L(1,0,,Ad)L(1, 2
Lu(f, fiy) = L ou ADLAL 02 ADL(L X/ F)

(F(2)2L(5.01. X)L(3.02. %)

) /FX\Gso(Wl) <fso(Wﬁ) Balo(g'hi) . /) dg/))((g) o

4.5. Waldspurger formula. Let K be a quadratic field extension of F. Let B be a
quaternion algebra over F with a fixed embedding K < B. Let 0 >~ ®y0y be an irreducible
unitary cuspidal automorphic representation of B*(A) realized on V,; C Ag(B*) such that
Xo - Xlax = 1. For f € V, define the following period integral:

&= [ forme

Ak
Let v be a place of F. For f, € o, and fv € oy, the integral

,Bv(fv’fv;)(v) = /;PX\KX £Uv(0v(tv)fwfV)XV(tv) dzy

v v

is absolutely convergent. Put

L(1.0v. A)L(L. xk./F,)
tF,(2)L(3.0v. xv)

BE(fos fuiav) = By (fos o 1),

where the L-factors assure that ,35( s f:,; xv) = 1 for almost all places v.
Assume that Cpx = 1 and By = [[, Bs,. We have the following formula due to
Waldspurger (see [43] and [23, Section 6]):

1 {rQ@L(3.0.0)

4.7) Qy(NHz(f) = 2L(1,0,Ad)L(1, xg/F)

H:B\u/(fw f:/; ).

4.6. Period formula of Yoshida lifts. Assume that o is induced by the representation
01 Moy of BX(A) x BX(A). For f = fi ® f2 € Vo, ® Vs,, we have

Ap(f, 0)(h) = /AXKX\AX S1(x1h) x(x1) dxg /AXKX\AX Sf2(x2h2) y(x2) dx2

for h = (h1, hy) € SO(V)(A). Locally by Lemma 4.1,

Lu(f f30) = BYfis fi: 0B fas fos ).
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Assume that Csoy)y = Csow,) = CSO(WI 1y =1.By(42) and the Waldspurger formula
4.7,

Py -] ¢F(2)*L(5.01. Y)L(3.02. 1) / 1—[//
4 L(1,01,Ad)L(1,02,Ad)L(1, XK/F)? J i (F)\ua(a) [SO(WiH),\ SO(V), ]2

(TT B0 f)ar G fdat 1) )5 (7 )by i ) iy de

a=1,2

_ 1 r@LGon 0L(G.02.0) / 1—[//
4L(1,01,AD)L(1,02, Ad)L(1, xg/F)? Jya(F)\ua(a) [SO(W;H),\ SO(V), ]2
Ly (0 (hy) ££.5 () fos )9S (3 1)y (' ) dhy diy de

=l L(z»UI’X)L(z,UZ X //
8 L(l,U],Ad)L(l,GZ,Ad)L(l,XK/F) o (A) [SO(WIL)V\SO(V)V]Z
L0 (r) £, 6 (ho) fos ) 8§ (hy i) o (g 1) dhy d'hy de.
By (4.6), the above expression equals

L(3.01. ) L(5.02. 1)

! : F 7
gL(l,O’l,Ad)L(l,O'z,Ad)L(l,)(K/F) l_[av(e(fV’d)V)’Q(fV7¢V)’XV)a

since o o
@l (OCfv 80). 0(fos )i xv) = A (OCLE D), O(LE, D) 1)
for any ¢ € ,uz(A). We have

Lio1, 0)L(3, 02, 1)
16 L(l o1, Ad)L(1, 02, A L(I, xg/F

We fix a decomposition By, = [[ Bo, , fora = 1,2. The local bilinear pairing B4, , ® 8o, ,
induces a local bilinear pairing i)’ao for the representation o0 of H?, and then induces a local
bilinear pairing 8B, for the representation oy of H,. We have B,0 = 5 L1 Bso. By [9, Lemma
2.1], we have B,0 = 28,. Therefore, By = 3 ]_[ £09‘ Combining with [9, Proposition 7.13],
we have

(4.3) =

) HQE(G(JIV: ¢V), Q(f_v, ¢Zv)§ XV)-

1 L(l o, std)
T A rQr(4) [

Moreover, since the Tamagawa number of M7/ F* ~ K*/F* is 2, we have

By =2]]By..

Altogether, we have proved the following theorem.

Theorem 4.3. Let (11, V) be an irreducible unitary cuspidal (endoscopic) automorphic
representation of GSp,(A), that is, a theta lifting from GO(V') for some quadratic space V of
dimension 4 and discriminant 1. For a non-degenerate symmetric matrix T € Sym,(F),
denote M = GSO(W1, q1) ~ GSO3 as above. Let y be an automorphic character of M (A)
such that yn - yx|ax = 1. Assume that By = [| Br,, By = [| By,, and the Haar measure
constant Cpy, = 1. Then for each vector ¢ = @y, € Vy,

15r@)5F@LG, 7 B )
8 L(1, 7, Ad)L(1, xg/F)

[P e 0 =

H“B((ﬁv’ @y Xv)-
\%
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Remark 4.4. (1) When 7 has the trivial central character, we may view 7w (resp. y)
as an irreducible cuspidal automorphic representation of A*\ GSps(A) =~ SOs5(A) (resp.
AX\Mr(A) >~ SO,(A)). Then the above theorem confirms Conjecture 2.5 for such (7, x)
since [8y(r)| = 4 and [Sy(y)| = 2.

(2) When ¢ is the Yoshida lift of two classical normalized newforms of weight 2 (of
PGL; @) and y is trivial, a similar formula in Theorem 4.3 can be deduced from the work
of Bocherer and Schulze-Pillot [3, Corollary 2.4] and Furusawa [6, (4.3.4)], where they use
classical language.

(3) By the Gan—Gross—Prasad conjecture [8], we should also consider pure inner forms
of the pair (G2, Go). In this case, we should consider not only GSp,, but also GSpf , whose
adjoint group is isomorphic to SO(V5>) with non-split quadratic space V, of dimension 5. More
precisely, let D be a quaternion division algebra over F' whose local Hasse invariants coincide
with those of V5. Define

G =GSp? :={g € GLo(D) | gw2'g' = X -wa, L € F*},

where ¢ is the standard involution on D. Let V,( , ) be a skew-hermitian left D-module of
rank 2 and H = GU(V). Then there is a theta lifting from H to G, analogous to Yoshida
lifts discussed above. In fact, a cuspidal automorphic representation of H(A) is given by
two cuspidal automorphic representations, one of B{‘(A) and the other of B(A), with the
same central character, where By and B, are two (different) quaternion algebras over F. The
previous calculation works in this case as well, except that we need to use a regularized Siegel—
Weil formula for quaternionic hermitian spaces (see [49, p. 1386, Theorem] for ¢ = 1 and
m = n = 2), or rather its corollary, the Rallis inner product formula. We then also have
Theorem 4.3 for inner forms.

(4) The unrefined version of Theorem 4.3, that is, the equivalence between non-vanishing
of L-values and non-triviality of period integrals, has been obtained in [38] (including inner
forms). In fact, our explicit calculation in this section is inspired by that article.

5. Global examples for SOg x SO3

In this section, F' will be a number field; E/F will be a quadratic field extension; and
we fix a non-trivial additive character ¥: F\A — C*.

5.1. Theta integrals and regularized Rallis inner product formula. Let W, (, ) be
the standard skew-hermitian space over £ of dimension 2n. Let V, (', ) be a hermitian space
over E of dimension m. Put W = Resg V ® g W which is naturally a symplectic space
over F. Put G = GU(W) ~ GU,, and H = GU(V') which form a reductive dual pair in
GSp(W). Denote by v the similitude character in various groups and put

R=GUW)xU(WV)):={(g.h) € GxH|v(g) =v(h)}.
Then U(W) x U(V) C R. Put
GA)T = {g € G(A) | there exists h € H(A) such that v(g) = v(h)}

and G(F)™ = G(F) N G(A)*, Gf = G(F,) N G(A)™ for a place v of F. The following
lemma is elementary.
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178 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

Lemma 5.1.  Assume that m is odd. Then G(A)™ (resp. GF) consists of all g such that
v(g) € NA% (resp. v(g) € N E\). In particular, the natural map

AR UMW) FNUW)(A) - AL GF)\G(A)*

is an isomorphism.

Let Wi = Spang{ei,...,e,} and Wi* = Spang{ef,..., e, } which form a complete
polarization of W such that (e,',e]’-") = §;;. Denote by P C G the hermitian Siegel parabolic
subgroup stabilizing W;, which has the standard Levi decomposition P = MN, where M is
the subgroup stabilizing both W; and W*, and N is the unipotent radical. Then N is isomor-
phic to Hermf . For an element 7" € Hermf (F), we define an automorphic character Y7 of
N ~ Hermf by the following formula:

Yr(u(s)) = v(trTs):N(F)\N(A) — C*.

In fact, every automorphic additive character of N is obtained in this way.

Fix an automorphic character y: E*\A% — C* such that y[ax = x7% JF Let wy, y
be the Weil representation of R(A) which is realized on S(V"(AE)), the space of Schwartz
functions on V" (A ), where we have identified V ® g W;* with V" through the previously
chosen basis. In particular,

wy,x(m(a), D¢ (x) = x(deta)|deta|? ¢(xa)
for m(a) € M(A). For ¢ € S(V*(AE)), we define the theta series to be

Ox(g.h:) = D wyy(g,MPx),

xeV(E)

which is a smooth function on R(F)\ R(A) of moderate growth. For a cusp form f € A¢(H),
define the theta integral

6,(f:)(g) = / 6,(g. hhg: $) f(hhg) dh

UM ENUI)(A)

as a function on G(A)™, where hg is some element in H(A) with v(h) = v(g). The theta
integral is left invariant under G(F)™, and hence defines a function on G(F)*T\G(A)*. We
view 0, (f;¢) as a function on G(F)\G(A) through extension by zero with respect to the
natural embedding G(F)T\G(A)T — G(F)\G(A).

We have the following special case of regularized Rallis inner product formula, in view
of Lemma 5.1.

Theorem 5.2 ([10, Theorem 1.3]). Assume that n = 2 and m = 3. Let 0 be an
irreducible unitary cuspidal automorphic representation of H(A) realized on Vo C A(H).
Then for f = @y fv € Vo and ¢ = @y, € S(V2(AE)),
2L(1,0,std)

4 .
[Ti=; LG, XZE/F)

where the normalized zeta integral ZE, is defined in (5.2). Here, we normalize the local Haar
measures such that Cy(yy = 1 and the bilinear pairing 8, such that 85 =[], B, -

0(f.9)(2) O, (f $)(g) dg = [TZ5 A foi gy b,

/AXG(F)\G(A)
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5.2. Global Bessel periods of theta lifting of GUz >. Assume thatn = 2 and m > n.
In particular, G >~ GU3 > and M =~ Resg GLy g xF*.For T € Hermf (F), define

Mr = {(g, v)eM |'gTg = detg-T}.

Assume that det 7 # 0. Then T induces a (non-degenerate) hermitian form g7 on Wj. In
particular, M7 is identified with GU(Wy, g7 ) or simply GU(W}). Put

M7 (A)T = {g € M7 (A) | there exists & € H(A) such that v(g) = v(h)}

and
Mr(F)" =Mr(F) NMr(A)Y, ML =Mgp(F)NMp(A)*.

Let 7 (resp. mg) be an irreducible unitary cuspidal automorphic representation of G(A)
(resp. M (A)) realized on the space V (resp. V) with the central character y, (resp. y ).
Assume that yn - yz, = 1. For ¢ € V; and ¢g € Vy,, define the integral

P(p.p0) = / o(ug)¥r () po(g) du dg.

AEMr (F)\M7(A) [N(F)\N(A)

Now assume that w C 6y (0) for an irreducible unitary cuspidal automorphic representa-
tion (0, Vi) of H(A) whose central character y, satisfies x2 - o * xz, = 1. Here,

0y (0) = {R(&)0x([39) | f €V, ¢ €S(VZ(AE)), g € G(A)}.

As in Section 4.2, P (0, (f. ¢), o) = 0 if Wy cannot be embedded into V' as hermitian spaces.
Otherwise, we fix an embedding u: W; — V, that is, an element ;1 € V?2(E) such that
qv(u) = T. Then

5.1) P(0,(f. ). 90) = / AR £, 00)d(h ) i,
U(Wﬁ)(A)\H(A)
where
A, 00) = / / x(det g) £(g'he)po(g) dg’ dg.
AXM7 (F)H\M7(A)T U(WlJ‘)(F)\ U(WIJ‘)(A)

5.3. Local Bessel periods of theta lifting. We fix a place v of F which will be sup-
pressed from notation in this section. We temporarily allow arbitrary m,n with 1 <m < 2n.

Lemma 5.3. Let 0 and ™ be irreducible admissible representations of H and G,
respectively. [f Homg (wy,y,0 R tt) # 0, then 1+ o Ad(go) # nt forany go € G\ G™.

Proof. Assume that G properly contains G T; otherwise the lemma is vacuous. Choose
a similitude 7: V' — V' with the similitude factor vgy. Since go ¢ G, V' is not isometric to
V.Let H = GU(V') and R’ C G x H' be the group defined similarly as R. For simplicity,
we denote by w (resp. @’) the corresponding Weil representation for V' (resp. V) with respect
to ¢ and y. Then, for every ¢’ € S(V'™), (g, h) € R,

o(g,h)(¢' o1) = (0 (g",thi™")) o1,
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c,—1
1 0 1 0
g = g :
0 Vo 0 Vo

Suppose the lemma were false. We have both

where

Hompg(w,0 ®7t)#£0 and Hompg (o' o' Ra™)#0,

where o is the ¢-twist of o. But this contradicts the theta dichotomy (predicted in [18]; see
[36, Theorem 2.9] for the archimedean case, and the proof of [12, Theorem 2.10] in the non-
archimedean case), since m < 2n. D

Let o be an irreducible unitary admissible representation of H such that its big theta
s . .Gt - Do . .
lifting @;(0) := Homgpgy (c—1ndg *H Wy, x> 0), which is a smooth representation of G, is
non-zero.

Assumption 5.4. We say o satisfies the strong Howe duality (SHD) (for the group G)
if @; (o) has a unique irreducible quotient, denoted by 9;‘ (o).

Lemma 5.5. The SHD is satisfied if
(1) F is archimedean or has odd residue characteristic; or

(2) o is supercuspidal.

Proof. For the isometry case, (1) is due to [22] and [44], and (2) is due to [31]. The
similitude case follows from [51]. D

If o satisfies SHD, we have unique (up to scalar) R-equivariant maps
Oy: gy ®0 = 05 (0), O7:dyx ®F — 05 (3).
Lemma 5.3 implies the following lemma.

Lemma 5.6. Assume that 0f (o) is unitary. Then m = Oy(0) := Inngr 0.5 (0) is
irreducible and moreover, we have

Br(m(ge1.902) =0

forg € G\G™ and @1, ¢> € 9;‘(0). Here, By @ 1 — C is a G-invariant bilinear pairing
and we regard 9; (0) as a subrepresentation of 7w|g+.

Remark 5.7. The above lemma implies that globally, given 0 = ®y0, an irreducible
unitary cuspidal automorphic representation of H(A) satisfying SHD (that is, oy satisfies SHD
for all v), if 0, (o) is cuspidal, it is irreducible. Moreover, 0,(0) >~ ®0,, (oy).

From now on, we assume that n = 2, m = 3, and also that o satisfies SHD. Let
By: wy,y ® Wy, y — C be the canonical bilinear pairing defined by

Bu(9.5) = [ od0o) dx.
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Define the pairing Z: (0 ® 5) ® (Wy,y ® Wy, y) — C by the formula
4 .
l_[i=1 L(l? XZE/F)
L(1,0,std)

where the integral is absolutely convergent by Lemma 3.19, since n = 2, m = 3, and we have
[E : F] = 2. By the assumption on o, Lemma 5.6 and (the proof of) [9, Lemmas 5.6, 5.7], the
pairing Z" descents to a bilinear pairing B;:7 ® 7 — C.

(52) Z(f. [:¢.9) = /U ), Bolovx(1)6.6) 85 (000 . /)

+
Lemma 5.8. Ler g € M.

(1) If F is non-archimedean, the function B (w(eg)0y(f.$), 92(f~, ¢~)))1//7_~1 has a stable
integral. More precisely,

(f 5 -1 _
\ £n(”(ug)0x(ﬁ¢)’Gx(f"b))WT(”) du = L1, 0, std)

Bl 11 3(h 1) By (0 (hhy) f. A\ dh.
X/U(V)/I‘J(Wli)\U(V)qs( o h™ ug)p(h™" 1) By (0 (hhg) f. f) dh

/ [Tio) LG, X p) x(detg)

where hg € H is some element which preserves W1 and restricts to g on Wy; du is the
selfdual measure on N with respect to W, and d h is the Siegel-Weil measure in Lemma
3.17.

(2) If F is archimedean, the function Bz (mw(eg)0,(f, ¢). Gi(f, $)) is a tempered distri-
bution on N whose Fourier transform is continuous on N'& ~ HermZE (F)re. More
precisely,

[Tio LG, xg p) x(detg)
L(1,0,std)

Br(1(e2)0(f.9).0(f.9))(¥r) =

he'h ' pg)g(h ' 1) B (o (hhg) f. f) dhdh,
></U(V) A(Wll)\U(V)¢( & b png)eh 1) (0( g)f f)__

where hg € H, du and d h are as in case (1).

In both cases, we use the same Haar measure dh on U(V') on the two sides of the identities.

Proof. 'We apply Proposition 3.21 for (1) and Corollary 3.23 for (2). Notice thatn = 2,
m=3and [E : F] =2. i

For ¢ € 7, ¢g € mp, ¢ € m, and @9 € 7o, we put

~ /St B (n(ug)@x(f, P), 92(];, qg))wT (u)"'du if F is non-archimedean,
b%¥(g) = 1N

B (”('g)g(ﬁ ?), Q(f, Qg)) (Yr) if F is archimedean.
Define
L1, 7, Ad)L(1, o, Ad)
L(l’ XE/F)3 H?:Z L(l, XZE/F)L(%’ x X 7T0)
x /E ik x(det g)by, 5(8) By (70(8)%0. Po) dg.

T

(5.3) a* (@, §: 90, Go) =
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182 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods

Similar to the calculation in Section 4.4, we have

4 Pyl
(Hi=1L(l’XE/F))_IB£’¢(g) =/ / / P00
L(1.0, std) U\ U0 JuwiH\um) Juawih

x $(h™ W) Bo (0 (¢'hgh) 1.5 (h) f) dg’ dh dh.
Since m = 3, WIJ- has dimension 1. We introduce a new measure
dh=tr@)LG. xg/F)dh

on the (inside) quotient group U(WIJ-)\ U(V') to make the volume of the orbit of the maximal
compact open subgroup to be 1 at unramified places. Since

L(s,m,Ad) = L(1, xg/r)L(s,0,Ad)L(s,0,std),

we have
(54) (5.3) = [/ (=" W WLy (o () £.5(h) - wo. Go) ' d.
[U(WIL)\U(V)]2

where
L(1,0,Ad)L(1, o, Ad)
3 .oq 1 / + X(detg)
l—[i=1 L(l’ XE/F)L(E’ (U ® X) X 7[0) E>X\My
([ Balo('h) £ F)dg') By (o). o) dg
uwi)

1

B L(1,0,Ad)L(1, o, Ad)
[T LG Ay )L (5. (0 @ 2) B 7o)

x / 2(det ) B (0(9) /. ) Bro (70(8)0. ) d.
u(W)

L. (f. fi 90, o) =

5.4. Period formula of tempered theta lifting. For /' € V; and g9 € V,,

Mt =2 [ x(detg) f(2)go(g) dg = Q. 00 - 1)
A7 UW)(F)\UW)(A)
where
Q(f.p0- 1) = / 1(det g) £(g)eo(g) dg.
UWD)(F)\UW1)(A)
By (5.1),
1204, 8).00)|* = / QR®) f. 90 1) @R .90 - 7)
[UWiH A\ H(A)]2

x ¢(h ) (h~" ) dh dh.
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Conjecture 5.9 (Conjecture 2.5 for U3 x Up). Let the notation be as above. Assume
that (0, V) (resp. (7o, Vr,)) is a tempered cuspidal automorphic representation of U(V)(A)
(resp. UW1)(A)), and Bs = [[Bo,, Bry = [[Bry, Cuvy = 1. For f = Qyfy and
=@y 1), (resp. o = ®vwo,y) in the space Vg (resp. V), we have
Q(fopo- 1) QS 90 1)
B I [T=i LG, Ay ) L3, (0 ® 2) B o)
1$w(0) 18w (o)l L(1,0,Ad)L(1, 7o, Ad)

1_[ Lﬂ(fv’ f_v/; ®o,v, (/_)o,v).

vVEX

If o and ¢ are representations of the similitude groups as in the previous discussion,
then we say Conjecture 5.9 holds for (o, 79) if it holds for every pair (o', ) of irreducible
sub-representations of (o'|y()(a). oluw,)(a))- Here, we are restricting functions, not repre-
sentations.

Since m is odd, we have |8y )| = [Sw()| and [Sy(r)| = |8q,(,,6)|. Assume that
Conjecture 5.9 holds for (o, 7p). Then we have
1 L, xg/r)L(3. (0 ® y) ® o)

2
PO =
[P Ex(1#). 90)] 18w [ Bw(y)|  L(1,0,Ad)L(1, o, Ad)

X l_[ / ]L//,(O—(hv)fv» 6'(]:;v)f_v; ®o,v, @0,v)¢v(hv_l:u)¢_)v(l:iv_lﬂ) dhy d/h~v
> [UWH) \H, ]2

for ¢ = ®v¢y. By (5.4),

POy (£ 8). 90)|” = L LOLxe/r)L(. (0 ® x) B o)
x(J:®), %o [8w(0) | 18w (o) L(1,0,Ad)L(1, 79, Ad)

x [T e (0r, (Sr- 00). 07, (for B0): Po.v. Bo.v)-

vEY

By Theorem 5.2, we have

2L(1,0,std) 1—[£

4 . ; T2,y
[Ti=i LG g p)

Together, we prove the following theorem by noticing that [8y ()| = 2[8w(0)|-

B, =

Theorem 5.10. Let v = 6,(0) be an irreducible unitary cuspidal (endoscopic) auto-
morphic representation of GU3 2 (A) which is the global theta lifting of an irreducible tempered
unitary cuspidal automorphic representation (0, V) of GU(V)(A) with dim V = 3 satisfying
SHD. For a non-degenerate hermitian matrix T € HermZE (F), let (7o, V) be an irreducible
tempered unitary cuspidal automorphic representation of Mt (A), where M ~ GU(W1,qT)
as above, such that y* - yo + Ymy = 1. Assume that By, = [[8Br,, for @ = 0,2 and
Cwmy; = 1. Suppose that Conjecture 5.9 holds for (o, o). Then for vectors ¢ = Q¢, € Vx
and @9 = Q@@o,v € Vr,, we have

_ LrQLr#LG. xg/r) L, xg/r)*L(z, 7 ® 7o)
18w () || 8w (o) | L(1, 7, Ad)L(1, o, Ad)

1P (¢. o) |?

X 1_[ 0‘5 (v, Ov: o,v: Po,v)-

v
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184 Liu, Refined global Gan—-Gross—Prasad conjecture for Bessel periods

Remark 5.11. By [52], Conjecture 5.9 holds if the following conditions are satisfied:
(1) E/F splits at all archimedean places.
(2) There exists a split place v such that oy and mg,, are supercuspidal.
(3) For a non-split place v, if oy and ¢,y are not both unramified, then they are supercuspidal.

In particular, condition (2) implies that |8y ()| = 4 and |8y (x,)| = 2. Moreover, we assume
that oy is supercuspidal if v has residue characteristic 2 to meet SHD.

5.5. From GU3 3 to SOg. So far, we have not touched orthogonal groups yet. In fact,
they are related via the subgroup

G' =GUT(W):={g € G = GUW) | detg = v(g)"}

of G. Notice that SU(W) is the intersection of GUT(W) and U(W). Let n = 2 be as above
and let V5 be the unique up to isometry quasi-split quadratic space over F' of dimension 6 and
discriminant algebra E. Then we have the short exact sequence

1> F*X >G> 500h) —> 1,

which identifies GT with GSpin(V»); see Section 6.3. Let PT = P N GT whose unipotent
radical is again N, and MT = PT N M. We have the Levi decomposition PT = MTN. Put
M; = M7 N MT. Then we have the short exact sequence

1—>FX—>M;—>SO(V0)—>1,

which identifies MT with GSpin(Vp), where Vj is the quadratic space over F' of dimension 3
determined by 7. Note that the natural inclusion F* \MT — EX\Mr is an isomorphism.
Let (0, Vs ) be an irreducible unitary cuspidal automorphic representation of H(A). For

f €Vsand ¢ € S(V*(AE)), we put Hi(f;qﬁ) = 0y (f:9)|Gi(a)- Define
03(0) = {plgra) | ¢ € Ox(0)}.

which is an automorphic representation of GT(A), not necessarily irreducible.
From now on, we assume that m = 3, o satisfies SHD, and w = 0,(0) is cuspidal.
Define
Xr = {0:AYGT(A)G(F)\G(A) - C* |7 @ w ~ 7},

which is a finite group by [21, Lemma 4.11]. For ¢ € m = 6,(0) being stabilized under all
twists of X, we have

(5.5) 9(9)9p(g) dg = |X|Bx (9. d)

/AXGT(F)\GT(A)

by [21, Remark 4.20]. Let (72, Vz,) be an irreducible summand of 0;{ (o). The following
lemma is a special case of [33, Lemma 3.6].

Lemma 5.12.  We have that |8y (z,)| = [Xx| - [Sw(m)l-
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For o € Vz, (@ = 0, 2), recall that

P (@2, 90) =/

/ 02 (ug) (1) po(g) du dg.
AXME.(F)\MI-(A) IN(F)\N(A)

Locally, for ¢y € my and ¢y € 7y (@ = 0,2), we define
L(1,7, Ad)L(1, 7y, Ad)
L(. xe/r)? 1=, LG, X’E/F)L(%, 7 X o)

<[ Het )8 ()8 (o200, o) s dg.
F>X\Mj.

a¥ (g2, §2: 9o, Go) =

By (5.5), [21, Lemma 4.12] and Lemma 5.12, Theorem 5.10 implies

Agt L(3. 72 ® o)

c(/j b 2 = u b D ; 9 D
|P (92, o) Seoal Seo] L2 ADL(L 70, Ad) [Ted (@2 B2.v: 00,0 G0.0)

v

for vectors ¢4 = ®Q@qv € Vg, (¢ = 0,2). Here, we view my as a representation of
M; (A) and hence the factor L(1, yg/F) is removed from its adjoint L-function. We also
have L(1, 7, Ad) = L(1, yg/r)L(1, w2, Ad). To summarize, we have the following corollary.

Corollary 5.13.  Let the situation be as above. When 15 (resp. wg) has the trivial central

character, we may view 1, (resp. 7o) as an irreducible cuspidal automorphic representation of
AX\ GU;2 (A) >~ SO(V2)(A) (resp. AX\M; (A) >~ SO(Vy)(A)). Then we have

1 AGzL(%’ﬂ2®n0)

P (g2, 00)|* = 1 (@20, B2v: POy POy
|P (92, 90)| St et L(L 72, AO L (1. 70, Ad) Uav(wz,v ®2,v: %0,v, 90,v)

which confirms Conjecture 2.5 for such (12, 7o), where Gy = SO(V3) as always.

6. Appendices

6.1. Formulas for {(Z,&). We keep the notation and conventions from Section 3.3.
In particular, Gy is not trivial and r > 0. Choose a decomposition Vo, = S & V,, & S*
where Vj, is an anisotropic kernel of V> and S, S* are totally isotropic. Denote by m the

dimension of S, which is the Witt index of V5. Choose a basis {e1,...,e,} of S and a
dual basis {e],...,ey,} of S*. Assume that in the filtration §, R; = Spang{ei,...,e;}
for0 <i < rand R* = Spang{ej,...,e;}. Since the group G is quasi-split, we have that

dimg Van < 2. Precisely, we fix a basis of V,, as follows: V,, = Spang{eo} when n, is odd;
Van = Spang{eg, e} (eg is not supposed to be the dual of eg) when n5 is even, [E : F] =2
and K is a field; and V,, = 0 otherwise. Note that m > r, since Gy is not trivial. Therefore,
we may also assume that the anisotropic vector w belongs to Spang{e, 41, e 1)

We identify 7> with []j—, GLEg (¢;) x Ism®(Vj). Consider the maximal parabolic sub-
group Pr41 C Gy stabilizing the subspace Spang {eq, ..., e,+1} with the standard Levi sub-

~

group Reslljz GL, 41 xXGY, where G| C Go. We separate the parameter E into two parts:
—~/

" = (Ei1....,E,41) which produces an unramified representation t = Ind(Z’) of
Resf GL;+1,and E' = (E, 42, ...) which produces an unramified representation o = Ind(&")

of G. Then 75 =~ Ind,GafH 7 ® 0. We choose the isomorphism such that fg maps to the un-
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186 Liu, Refined global Gan—Gross—Prasad conjecture for Bessel periods

ramified section which takes value f; ® fo at 1, where f; (resp. fo) is the unramified section
of t (resp. o) such that f;(1) = 1 (resp. fo(1) = 1).

Proposition 6.1. We have the following relation:
L(%, 7 X ) 1 =
: [ a7
L, tXao)L(1,1,p) LE(l,aicuj )

1<i<j<r+1

£(8,8) =

where
o p= A2 If[E: F] = 1andny is even;
o p=Sym? if[E : F] = 1 and n is odd;
o p is the Asai representation As™, if [E : F] = 2 and n» is even;

* pis the Asai representation As™, if [E : F] = 2 and ny is odd.

Proof. The proposition follows from [11, Theorem 4.5] for [E : F] = 1 and from
[26, Theorem 3.9] for [E : F] = 2. Note that the extra factor [, ;< ;<41 LE(1, B/ EF )™
comes from the normalization of the unramified Whittaker function, which follows from the
Casselman—Shalika formula [4]. O

Corollary 6.2. We have the following formulas for { (8, §):

() If[E:F]=1,K=F® F andny odd, thenm = (n, —1)/2. Let E = (E1,...,
and & = (&r41,...,Em). We have

(1]

m)

cE.s=[Jra.ep™t ] ra.gEp'La.EiEh!
i=1 1<i<j<m
x 1 rassp'rasghH™

r+l<i<j<m

S CEDRCEEY

1<i<j<m
| |
X l_[ L(E’disj)L(E’di éj)
r+l1<j<i<m
) If[E : F]l=1, K =F & F and n, even, thenm = ny/2. Let E = (Eq, ..., Ep) and
E=(E+1.....Em—1). We have
tE.9= [] ra.zEp'La.gerh)!

1<i<j<m

m—1
< [T ca.ehp™ [ La.&g'La.&gH™

i=r+1 r+l<i<j<m-—1

I s

1<i<j<m—1

< T1 L(%,Eigj)L(%,ai—lgj).

r+l1<j<i<m
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(3) If[E : F] =1, K is a field and ny odd, thenm = (np — 1)/2. Let 2 = (E1,..., Em)
and & = (&r41,...,Em—1). We have

(@6 =[[eaep™ [ ra.espraesh™

i=1 1<i<j<m

m—1
< [T La.&n'La.xgn™  J]  LO.&ETLAEEDHT

i=r+1 r+l<i<j<m-—1

LI e

1<i<j<m—1
< T e(5Es)L Et_lgf)ﬁL(l’El)L(l,xul).
r1<j<izm 2 2’ LiT\2 2

@) If[E : F] =1, K is a field and ny even, thenm = ny/2 — 1. Let E = (E1,..., Em)
and & = (&r41,...,Em). We have
m
gE.H=[]ra.gn'La. gy J] La.EE)T'LOEEH)T

i=1 1<i<j<m

< [T caenp™ [ raag)'La&ghH™

i=r+1 rl<i<j<m
|- |
X 1_[ L(E,DiSj)L(E,DiSj )
I<i<j<m
1 — 1 —~—1 a 1 1
X ]_[ L(E,ﬂiéj)L(E,ﬂ, Sj).l_[ L(E’Ei)L(E,Xsi)
r+l1<j<i<m i=r+1

(5) If[E : F] =2, Eisafield and ny odd, thenm = (np — 1)/2. Let & = (E1,...,
and & = (&441,...,&m). We have

(1]

m)

m
(8.6 =[[Lr. 807 'Le(L BN [] Le(LEE) 'Le(l.& &

i=1 1<i<j<m

<[] Le(&s)'Le.ggH™!

r+l<i<j<m

T ea(ms)es(hag)

1<i<j<m

X 1_[ LE(la‘-‘l%-])LE( H_lgj)

r+l<j<i<m
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(6) If[E : F] =2, E is afield and ny even, then m = np/2. Let E
€= (rt1,...,Em—1). We have

(E.6)= ] Le(.&E)'Le(1,EEH™

1<i<j<m

m—1

x [T Lr.xg) " LeQ.E)

i=r+1

X 1_[ LE(l,Sifj)_lLE(l’fifj_l)_l

r+l1<i<j<m-—1

X 1_[ LE(%,EI'SJ)LE(l,E,‘E-_l)

2 J
I<i<j<m-—1

< 1 LE(I’uz%)LE(l Er'y).

. 2’
r+l1<j<i<m

(7) If E = F & F and ny odd, then m = (ny — 1)/2. Let &
£ = +1,...,6m). We have

= (E1,...,Bm: Ep) and

m
(E.6)=[]Lr(1.88)7" [ Lr(1L.E8E)'Lr(1.EETH

i=1 1<i<j<m

< [ LrO.&g) ' LegsH™!

r+l1<i<j<m

x I Le (% EiSj)LE (% Eiéj_l)

I<i<j<m

1 1 i 1
X 1_[ LE(E’EiEj)LE(E’Ei_lgj) l—[ LF(E,EOEJ').

r+l1<j<i<m Jj=r+1

@) IfE = F @& F and ny even, then m = ny/2. Let B = (Eq,...
§=(Grq1.....6m—1:80). We have

t@.6= J] Lr.EE)'Lp(1.EEH)!

1<i<j<m

m—1
x ] Lrét)™  J]  Lr(&&) 'Lr@ &g H™

i=r+1 r+l<i<j<m-—1

I s(hEe)(hag)

I<i<j<m-—1

X l_[ LE(l’uléj)LE( ,u_ISJ)HLF(—,uféo)-

r+l1<j<i<m

In (3) and (4), y equals yg,F. In (5) and (6), x equals xg/F.
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Proof. By Proposition 6.1, we only need to prove the corresponding formula for
¢(£,E’). Let g be the cardinality of the residue field of F. When ¢ is odd, cases (1)—(4)
follow from [23, Section 5] and cases (5)—(8) follow from [19, Section 2.2.1]. When ¢ is even,
it suffices to show that (£, &’) is an element in Q(q%, £, E’). By an argument at the end of
[23, p. 1393], the function /(1:§, g’ (defined in Section 3.3) is an element in Q(q% £.E).
From the decomposition I(1; £, E') = { (£, 8 )S —1 g'—1(1), we only need to show that the
Shintani function S -1 81 (1)isin Q(g2 > LE B, Wthh is the case due to the explicit formula
for Shintani functions available for all q. Here, we only use the explicit formula for Shintani
functions when r = 0, whose references will be listed in the next section. O

6.2. Whittaker—Shintani functions of Bessel type. We follow the notation and setting
used in Section 3.3. By Lemma 3.8 and its preceding discussion, Sz ¢(g2), as a function of
(8, &), has a meromorphic continuation to a region 2 where (2, &) are sufficiently closed to the
unitary axis. We may assume that €2 is invariant under the action of the Weyl group W, x W.
Our goal in this subsection is to provide an explicit formula of Sz ¢(1) for (£,§) € . For
this purpose, we further assume that the residue characteristic of F' is not 2. Such a formula
already exists in literature in the following cases:

e E=Fand K = F & F, due to [29];

e F = Fandr = 0, due to [23];

» E is a quadratic field extension of F' and r = 0, due to [19,27];
e E=F @& Fandr = 0, due to [28].

All remaining cases have » > 0, in which the one when £ = F and K = F @ F (that is,
G, and Gy are both split orthogonal groups) has been treated in [29]. For the rest of them, we
follow the method in [29, Sections 10, 11] and also [23, Section 5].

Lemma 6.3. The quality SE’S(gz)Q’(E,E)_l is Wo x Wy-invariant as a function of
(8,8).

Proof.  The proof is similar to [23, Lemma 5.2]. Note that /(g2, Pz, P¢) is W2 x Wp-
invariant, since ®g, ®¢ and {(E,§)¢ (271, &1 are also W, x Wy-invariant by the explicit
formulas in Corollary 6.2. The W, x Wy-invariance of Sz ¢(g2)(E, £)~! follows from the
equality

I(g2,P5,Pg)  Sg-1-1(82)
CE.65E-LETD  LETLET
by (3.8) and Lemma 3.8. O

Denote by A, C T, the maximal split torus. Put

A; = {t € As | |a(t)| < 1 for any positive root « of (G, Az)},
A$ = {t € Ao | la(2)| <1 for any positive root & of (Go, A)}.

See the proof of Lemma 3.19 for the explicit description of A;r and A(T . Then we have the
Cartan decompositions G, = JCZA;' Ko and Gy = JCOA(")" Ko. For each positive root & of G,
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(resp. Go), we denote the c-function of Harish-Chandra by ¢ (E) (resp. ¢ (£)) and put

(B =[] @@, cw®= [] cl®.
a>0,wra>0 a>0,wopa>0
When wy (resp. wy) is the identity element, we put ¢2(E) = €y, () (resp. €o(§) = Cuyy (§)).

We fix a basis {2,u, bwyew, (1esp. {g0,wo hwoews) Of 1(E)%2 (resp. 1(§)%0) as in [29,
Proposition 1.10] (whose proof works for any unramified group G). In view of the relation
(3.9), we have the following formula similar to [29, Theorem 10.7]:

Sgelton™ ') Ag,Ag,
£(8.) Ar,Ar,
x> cws(wz2B.wof) - (w28) 78y % (1) - (wo) '8y % (10).

wr eWr,woeWy

where cws(E,§) = ¢2(E)co(§)¢(E, £) 7L

Proposition 6.4. We have

> ews(w2E.wok) = Ag).

wreWr, woeWy

Proof. We closely follow [29, Section 11]. As in [29, Section 10.2], let e2(E&) (resp.
€o(£)) be the numerator of ¢, (E) (resp. ¢o(§)) and d,(E) (resp. do(£)) be the denominator
of ¢2(E) (resp. ¢o(£)). Denote by b(E, £)~! the product of all terms involving L(%, —) in the
formula of (&, &) in Corollary 6.2. Then we have

o €a(B)eo(t) - bED
Put
_ = _ b(sz,woé) + _ =1 e—1
Ar,no - Ar,no(u,%-) - E dZ(UJZE)dO(UJOS)’ Ar,no - Ar,no(u ,%- )

wr W5, woeWy

We regard E and £ as indeterminates (with suitably many components) and hence A;r,no is in
the ring C[E*!, £*1]. Similarly, we put

bl (2.5 =bEE). dl@) =da(ET). dj®) =doE).
Let py be the half-sum of positive roots of (Gy, Ay) for @ = 0,2. Put
D2(8) = E”dJ(E). Do(§) = §7d ().
Then

Al =D2(B) Do) D sgn(wa) sgn(wo)wawo (EFEPD], (E.)).

wor eWr,woeWy
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We say a monomial EA£H is regular if 2W2AgWolkt = gAgM implies that both w, and wo are
identities. Set B, ,,, = E"Zépobi’no(E, §) and expanditas ). EAEM. We have

Al =D2E) Do®)™ Y can Y. sen(wy)sgn(we)wawo(EEH).

EAEM regular w2 eW2,woeWy

Repeat the proof of [29, Lemma 11.5] for the eight cases in Corollary 6.2, where the original
proof is for case (1). We conclude that A;r,no is constant in & and independent of r. Therefore,
the proposition reduces to the case r = 0 which is known. |

Corollary 6.5. We have

Ag,

Se (1) =
z,t(1) An AT,

¢(8,8).

6.3. Realization of low-rank orthogonal groups. Let V' be the unique up to isomor-
phism quasi-split quadratic space over F' of dimension m and discriminant algebra £ when m
is even.

e If m = 2, then SO(V) ~ E*! ~ Res& EX/F*.
e If m = 3, then SO(V) >~ PGL,, which acts on the space

V:{vz {‘CZ _ba} )a,b,ceF}

with the norm g(v) = a? + bc by g.v = gvg™!.

« If m = 4, then SO(V) ~ GLET / F* We have
GLYT = {g e ResEGL, | detg € F*Y,

which acts on the space

e b
V:{v:{ :|‘b,C€F,€€E}
c —e€

with the norm g(v) = ee€ + bc by g.v = gvg® L.

» If m =5, then SO(V') >~ PGSp,. We have

GSp, = {g € GLy4 | "gJ2g = v(g)J2}.

which acts on the space

a b X
¢ —a —x
V=qv= ‘a,b,c,x,yeF
-y a c
y b —a

with the norm ¢ (v) = a? + bc + xy by g.v = gvg~ L.
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[16]
(17]
[18]
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« If m = 6, then SO(V) =~ GU} , / F* where

GU] , = {g € ResE GL4 | 'g%Jag = v(g)d2. detg = v(g)?).

which acts on the space

e b X
c —e¢ —x
V=qv= b,c,x,y e F, e E
-y e c
v b —e€

with the norm ¢(v) = ee€ + bc + xy by g.v = gvg® 1.
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