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Refined global Gan–Gross–Prasad conjecture
for Bessel periods
By Yifeng Liu at Cambridge, MA

Abstract. We formulate a refined version of the global Gan–Gross–Prasad conjecture
for general Bessel models, extending the work of Ichino–Ikeda and R. N. Harris in the co-rank
1 case. It is an explicit formula relating the automorphic period of Bessel type and the central
value of certain L-function. To support such conjecture, we provide two examples for pairs
SO5 �SO2 and SO6 �SO3 (both co-rank 3) in the endoscopic case via theta lifting.
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1. Introduction

About twenty years ago, Gross and Prasad [14, 15] made a series of fascinating conjec-
tures about restriction of representations of orthogonal groups, which are very important phe-
nomena in the study of automorphic representations. Recently, such conjectures are completed
to other cases of classical groups by the work of Gan, Gross and Prasad [8] in the framework of
Bessel and Fourier–Jacobi models. Among other things, the conjecture predicts a deep relation
between certain period integral of automorphic forms and special value of L-functions, the so-
called global Gan–Gross–Prasad conjecture. Roughly speaking, in the cases we consider here,
they conjecture that there exists a non-trivial period integral if and only if the central value of
the standard L-function L.1=2; �/ is non-vanishing, where � is a cuspidal automorphic repre-
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134 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

sentation of the product group G2 �G0. Here for ˛ D 0; 2, G˛ is the special orthogonal (resp.
unitary) group of a quadratic (hermitian) space V˛, where V0 sits inside V2 and its orthogonal
complement is split of rank 2r C 1 for r � 0.

Recently, the influential work of Ichino and Ikeda [23] has refined the above global Gan–
Gross–Prasad conjecture to a conjectural formula which computes the norm of the period in-
tegral in terms of the central L-value, in the case of orthogonal groups of co-rank 1, that is,
r D 0. For unitary groups and r D 0, the similar work was later accomplished by R. N. Har-
ris [19]. In both cases, the domain of the period integral is simply the smaller group G0. In
this article, we propose a conjectural formula which computes the norm of the period integral,
which will be introduced later, in terms of the central L-value, for both orthogonal and unitary
groups and general r .

To simplify the introduction, we consider only orthogonal groups here. Let F be a num-
ber field with the ring of adèles A. Let V2 be a quadratic space over F which decomposes
orthogonally as V2 D R ˚ V0 ˚ hwi ˚ R

� where R ˚ R� is the direct sum of r hyperbolic
planes andw is an anisotropic vector. PutG˛ D SO.V˛/ for ˛ D 0; 2. Assume that dimV2 � 3

and if dimV0 D 2, G0 is not split. We fix a complete filtration of R and let P be the parabolic
subgroup of G2 stabilizing such filtration, with the unipotent radical N. The group G0, viewed
as a subgroup of G2, acts on N by conjugation. Let  be a generic automorphic character
of N that is stable under the action of G0. In particular, we may view  as an automorphic
character of N Ì G0 which is usually called the Bessel subgroup of G2. Let �˛ (˛ D 0; 2) be
an irreducible tempered cuspidal automorphic representation of G˛.A/. For '˛ 2 �˛, define
the period integral

P .'2; '0/ D

Z
NÌG0.F /nNÌG0.A/

'2.ug0/'0.g0/ 
�1.u/ du dg0;

which is absolutely convergent. Then the global Gan–Gross–Prasad conjecture predicts that
there exists some pair .'2; '0/ in (the Vogan packet of) �2 � �0 with P .'2; '0/ ¤ 0 if and
only if the central special L-value L.1=2; �2 � �0/ ¤ 0.

Now suppose that �˛ decomposes as ˝v�˛;v (˛ D 0; 2) into admissible representa-
tions over local fields. Assume '˛ D ˝'˛;v, then for each place v of F , we define a local
term ˛

\
v.'2;v; '0;v/ by a regularized integral of matrix coefficient. We show that it is always

a non-negative real number, and equals 1 for almost all v. Therefore, the infinite productQ
v ˛

\
v.'2;v; '0;v/ makes sense and is non-negative. Our refined Gan–Gross–Prasad conjecture

is the following formula:

jP .'2; '0/j
2
D

1

jS‰j

�G2L.
1
2
; �2 � �0/

L.1; �2;Ad/L.1; �0;Ad/

Y
v

˛\v.'2;v; '0;v/;(1.1)

after normalizing the Haar measure and local unitary pairings on �˛. Here, �G2 is a certain
product of abelian L-values and L.1; �˛;Ad/ is the adjoint L-value. See Section 2.1 for more
details. In particular, when G0 is the trivial group, the terms L.1

2
; �2 � �0/ and L.1; �0;Ad/

are both 1, then the refined formula computes the (square norm of the) Whittaker–Fourier
coefficient. In this case, the refined formula has also been conjectured by Lapid–Mao [33] for
more general groups; see Section 2.2 for details. The extra constant term 1=jS‰j relates to the
Arthur parameter ‰ of �2 � �0, which was first observed by Ichino–Ikeda after summarizing
many low-rank examples in the case r D 0. We conjecture that for general r , one should expect
the same term.
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Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods 135

As we have said, the conjecture for r D 0 has originally been formulated by Ichino–
Ikeda and R. N. Harris. There are some new difficulties for r > 0. First, the matrix coefficient
integral ˛\v.'2;v; '0;v/ is absolutely convergent when r D 0, but not in general when r > 0 un-
less �2 is square-integrable. Therefore, we need a regularization. For v non-archimedean, we
use the notion of stable unipotent integrals introduced in [33]. Note that Waldspurger [46] also
regularizes such integral via a way similar to ours, while our treatment seems to be more con-
venient for unramified calculation. For v archimedean, we use Fourier transform of tempered
distribution to regularize ˛\v. Second, for the unramified computation of ˛\v.'2;v; '0;v/, we en-
counter a new convergence issue, which does not exist in the case r D 0. This is overcome by
using a variant construction of Whittaker–Shintani functions.

To support formula (1.1), we provide two examples for pairs SO5 �SO2 and SO6 �SO3
(r D 1 in both cases) in this article. Like many other examples, we make use of exceptional
isomorphisms for low-rank orthogonal groups and exploit the machine of theta lifting. The
following theorem is a special case of (1.1) for SO5 �SO2, where we refer to Section 4 for the
details.

Theorem (Theorem 4.3). Let � be an irreducible cuspidal endoscopic automorphic
representation of SO5.A/, where SO5 is the split orthogonal group of rank 5; in other words
� is a Yoshida lift. Let � be an automorphic character of SO2.A/. For ' D ˝'v 2 � ,

jP .'; �/j2 D
1

8

�F .2/�F .4/L.
1
2
; � � �/

L.1; �;Ad/L.1; �K=F /

Y
v

˛]v.'v; N'vI�v/:

The non-refined version, that is, the global Gan–Gross–Prasad conjecture for the case
in the above theorem has already been proved by Prasad and Takloo-Bighash [38]. In some
special cases, the formula in the above theorem is known; see Remark 4.4 (2). Moreover, Qiu
[39] has recently obtained a formula for Bessel periods of Saito–Kurokawa representations
(which are not tempered).

There is a similar result for certain representations of SO6 �SO3. Since the situation is a
little bit technical, we will not state the actual theorem here. The reader may consult Theorem
5.10, Remark 5.11 and Corollary 5.13 for details.

To prove formula (1.1) for unitary groups, Jacquet and Rallis [24] proposed an approach
using a relative trace formula in the case r D 0. Based on this relative trace formula, together
with the associated fundamental lemma proved by Yun [50] and smooth matching proved by
himself [53], W. Zhang [52] has recently made a significant progress toward the refined formula
(1.1) for UnC1 �Un. On the other hand, the author [35] extended the relative trace formula
approach for unitary groups for general r (and also the Fourier–Jacobi model which concerns
the product group Un �Um with n � m even). We hope that it will help to attack the refined
conjecture proposed in this article as well. For orthogonal groups, there is generally no relative
trace formula approach yet, except for SO5 �SO2; see the work of Furusawa–Martin [7] and
the references therein.

The article is organized as follows. We will formulate the refined conjecture in details in
Section 2 and single out the particular case for Whittaker–Fourier coefficients in Section 2.2.
In Section 3, we develop the local theory. Precisely, we introduce the notion of stable unipotent
integrals in Section 3.1 and define the regularized Fourier coefficients for matrix coefficients at
non-archimedean places. In Section 3.2, we prove the convergence of the regularized matrix
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136 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

coefficient integral and also the positivity. We dedicate Section 3.3 to the calculation in the un-
ramified situation. In Section 3.4, we regularize the matrix coefficient integral at archimedean
places and show the positivity. In Section 3.5, we calculate regularized Fourier coefficients for
some local theta lifting, which will be used in our global examples later. Section 4 is devoted to
the global example for SO5 �SO2 where the representation on SO5 is a Yoshida lift. We will
reduce the refined conjecture in this case to the Waldspurger formula, recalled in Section 4.5.
The final statement appears as Theorem 4.3. Section 5 is devoted to the global example for
SO6 �SO3 where the representation on SO6 is induced from a (tempered) theta lifting from
U3. We will reduce the refined conjecture to the one for U3 �U2, which is known for many
cases by W. Zhang. The final statements appear as Theorem 5.10 and Corollary 5.13. Section 6
contains three appendices. The first two are both solely used in the unramified calculation;
while the last appendix contains a list of explicit constructions of the exceptional isomorphism
for quasi-split orthogonal groups up to rank 6, which is well known for many readers and hence
simply for convenience.

Notation and convention. We fix a global field F of characteristic not 2 with A its ring
of adèles. For any other global field F 0 containing F , put AF 0 D A˝F F 0.

Let E=F be a field extension of degree � 2 and c the unique automorphism of E such
that EcD1 D F . Let �E=F WE�nA�E ! ¹˙1º be the character associated to E=F via the
class field theory, which is either trivial or quadratic. Put NE� D ¹xxc j x 2 E�º which is a
subgroup of F �. Put E� D ¹x 2 E j xc D �xº and E�;1 D ¹x 2 E j xxc D 1º.

For E=F as above, define the affine group

HermEn D
®
s 2 ResEF Matn j ts D sc

¯
of hermitian matrices of rank n, where Matn is the affine group of n-by-n square matrices. In
particular, if E D F , then HermEn is also denoted by Symn, the group of symmetric matrices
of rank n. There is a determinant morphism detWHermEn ! SpecF ŒX�.

Let f be a function on an abstract group G. For g 2 G, put L.g/f (resp. R.g/f ) to be
the function sending g0 to f .g�1g0/ (resp. f .g0g/). The identity element of any abstract group
will be denoted by 1.

Introduce matrices

Jn WD

"
1n

�1n

#
I wn WD

"
wn�1

1

#
; w1 D 1:

Let v be a place of F . We write j jv for the norm on Fv such that d.xy/ D jxjv dy for any
Haar measure dy on Fv. In several cases where we focus on local situation, we suppress v from
the notation and write j jF for j jv. If G is an algebraic group over F , we write Gv D G.Fv/ as
a Lie group. We denote by ıGv the modulus function and say Gv is unimodular if ıGv D 1. An
admissible tempered representation of Gv where G is reductive is assumed to be unitary and of
finite length. If G is reductive, we denote by A0.G/ the space of cusp forms on G.A/.

LetG be a linear algebraic group over F . We always take the adèlic measure dg onG.A/
to be the Tamagawa measure. Therefore, if G is unipotent, then Vol.G.F /nG.A/; dg/ D 1.
Assume that G is reductive. We take positive local Haar measures dgv on Gv such that
Vol.Kv; dgv/ D 1 for almost all v, where Kv is a maximal compact subgroup of Gv. Then we
have dg D CG

Q
dgv for some positive number CG , called the Haar measure constant for G,
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Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods 137

following [23]. Let � be an irreducible unitary cuspidal automorphic representation of G.A/
realized on the space V� � A0.G/. Put V N� D ¹ Nf j f 2 V�º which is naturally an irreducible
unitary cuspidal automorphic representation ofG.A/, denoted by N� . Then we have a canonical
bilinear pairing

B� WV� ˝ V N� ! C

defined by the Petersson inner product

B�.'1; '2/ D

Z
ZG.A/G.F /nG.A/

'1.g/'2.g/ dg;

where ZG is the maximal split torus in the center of G and dg is the Tamagawa measure on
.ZGnG/.A/. In particular, N� is isomorphic to the contragredient representation L� of � .

Throughout the article, all quadratic, symplectic, hermitian, or skew-hermitian spaces are
assumed to be non-degenerate.

For an even-dimensional quadratic space .V; q/ over F , the discriminant quadratic al-
gebra Kq is defined as F.

p
disc q/ (resp. F ˚ F ) if disc q 62 .F �/2 (resp. disc q 2 .F �/2),

where disc q D .�1/dimV=2 det q is the discriminant.

Acknowledgement. The author is indebted to Solomon Friedberg, Benedict Gross,
Atsushi Ichino, Kimball Martin, Zhengyu Mao, Yiannis Sakellaridis, Ramin Takloo-Bighash,
Hang Xue, Lei Zhang, Shou-Wu Zhang, and Wei Zhang for their interests, helpful comments
and discussions. He also thanks the anonymous referee for careful reading and useful sugges-
tions, especially drawing his attention to [49].

2. The refined formula for Bessel periods

2.1. Formulation of the formula. Let .V1; q1/ be a hermitian space over E (with re-
spect to the involution c), and

.V2; q2/ D R˚ .V1; q1/˚R
�;

where R ˚ R� is the direct sum of r hyperbolic planes with r � 0. In this notation,
q1WV1 � V1 ! E is a (non-degenerate) hermitian form on V1 such that the norm of an el-
ement x 2 V1 is q1.x; x/, simply denoted as q1.x/.

Fix an anisotropic element w 2 V1 and let .V0; q0/ be the orthogonal complement of
w in .V1; q1/. Let n˛ be the rank of V˛ for ˛ D 0; 1; 2. Let Ism.V˛; q˛/ be the isometry
group of .V˛; q˛/ and G˛ D Ism0.V˛; q˛/ its connected component, which are both reductive
groups over F . We have successive embeddings G0 ,! G1 ,! G2. When E D F , let K
be the discriminant quadratic algebra of the pair .V2; V0/, that is, K D Kq0 (resp. Kq2) if n0
(resp. n2) is even.

Assume that n2 C ŒE W F � � 4 and if n0 D 2, then G0 is not split.
We fix maximal compact subgroups K˛ D

Q
v K˛;v of G˛.A/ for ˛ D 0; 1; 2 such that

ŒK˛ W K˛C1 \K˛� < 1 for ˛ D 0; 1. Later in local situations, we will always assume that
K˛;v is in good position with respect to a chosen minimal parabolic.
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138 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

We define certain L-values attached to (dual) Gross motives [13] as follows:

�G2 D

8̂̂<̂
:̂
Q.n2�1/=2
iD1 �F .2i/ if E D F and n2 is odd,Qn2=2�1
iD1 �F .2i/ � L.

n2
2
; �K=F / if E D F and n2 is even,Qn2

iD1L.i; �
i
E=F

/ if E ¤ F:

We fix a complete flag

FW 0 D R0 � R1 � � � � � Rr D R

of the E-space R. Let PF be the parabolic subgroup of G2 stabilizing the flag

R0 � R1 � � � � � Rr D R � R˚ V1;

and NF its unipotent radical on which G1 acts by conjugation. Fix a generic automorphic
character

 F;w D ˝v F;w;vWNF.F /nNF.A/! C�

of NF that is invariant under the conjugation action of G0.A/. For an automorphic form '2 of
G2, define

F F;w
.'2/.g2/ D

Z
NF.F /nNF.A/

'2.ug2/ 
�1
F;w.u/ du:

It is clear that the restriction F F;w
.'2/jG0.A/ is invariant under the left translation by G0.F /.

For cusp forms '˛ of G˛ for ˛ D 0; 2, we introduce the period integral

P .'2; '0/ D

Z
G0.F /nG0.A/

F F;w
.'2/.g0/'0.g0/ dg0;

which is absolutely convergent.
Now let us consider the local analogue of the above period integral. We fix a place v of

F . Let �˛;v be an irreducible admissible representation of G˛;v for ˛ D 0; 2. For a (smooth)
matrix coefficient ˆ2;v of �2;v ˝ L�2;v, the integralZ

NF;v

ˆ2;v.uv/ 
�1
F;w;v.uv/ duv(2.1)

is absolutely convergent if �2;v is square-integrable, but not in general. Here, duv is the self-
dual measure. Therefore, we need to regularize the above integral.

We briefly explain the idea on how to regularize the above integral for v non-archimedean.
We prove that although not absolutely convergent, the integral (2.1) is stable in the sense that
there exists a compact open subgroup N of NF;v such thatZ

N 0
ˆ2;v.uv/ 

�1
F;w;v.uv/ duv D

Z
N

ˆ2;v.uv/ 
�1
F;w;v.uv/ duv

for any compact open subgroup N 0 of NF;v containing N . We denote the above stable value of
integral by Z st

NF;v

ˆ2;v.uv/ 
�1
F;w;v.uv/ duv;
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Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods 139

and define

F F;w;v.ˆ2;v/.g2/ D

Z st

NF;v

L.g�12 /ˆ2;v.uv/ 
�1
F;w;v.uv/ duv;

which is a locally constant function on G2;v.
For '˛;v 2 �˛;v and L'˛;v 2 L�˛;v, we introduce the matrix coefficient

ˆ'˛;v˝ L'˛;v.g˛/ D B�˛;v

�
�˛;v.g˛/'˛;v; L'˛;v

�
;

where B�˛;v W�˛;v ˝ L�˛;v ! C is the canonical G˛-invariant bilinear pairing for ˛ D 0; 2.
Now we define

˛v.'2;v; L'2;vI'0;v; L'0;v/ D

Z
G0;v

F F;w;v.ˆ'2;v˝ L'2;v/.g0;v/ˆ'0;v˝ L'0;v.g0;v/ dg0;v

(2.2)

and

˛\v.'2;v; L'2;vI'0;v; L'0;v/ D
� �G2;vL.

1
2
; �2;v � �0;v/

L.1; �2;v;Ad/L.1; �0;v;Ad/

��1
˛v.'2;v; L'2;vI'0;v; L'0;v/:

(2.3)

If �˛;v are unitary for ˛ D 0; 2, we may identify L�˛;v with N�˛;v via a G˛-invariant
pairing, denoted by B�˛;v W�˛;v ˝ N�˛;v ! C by abuse of notation. Put

˛v.'2;vI'0;v/ D ˛v.'2;v; N'2;vI'0;v; N'0;v/;(2.4)

˛\v.'2;vI'0;v/ D ˛
\
v.'2;v; N'2;vI'0;v; N'0;v/:(2.5)

In Section 3.4, we define the above functionals for v archimedean as well, which will not be
discussed here.

Theorem 2.1. Assume that �˛;v are tempered for ˛ D 0; 2.

(1) If v is non-archimedean, the integral (2.2) defining ˛v.'2;v; L'2;vI'0;v; L'0;v/ is absolutely
convergent for all vectors '˛;v 2 �˛;v and L'˛;v 2 L�˛;v (˛ D 0; 2).

(2) For all v, ˛v.'2;vI'0;v/ � 0 for all (smooth) vectors '˛;v 2 �˛;v (˛ D 0; 2).

Let us consider the unramified situation. We say a place v of F is good (with respect to
�˛;v for ˛ D 0; 2) if

(1) v is non-archimedean;

(2) K˛;v is a hyperspecial maximal compact subgroup of G˛;v (in particular, G˛;v is unram-
ified over Fv) for ˛ D 0; 2;

(3) K0;v �K2;v;

(4) K˛;v has volume 1 under the measure dg˛;v for ˛ D 0; 2;

(5)  F;w;v is unramified, that is,  F;w;v.uu
0/ D 1 for all u0 2 NF;v \K2;v if and only if

u 2 NF;v \K2;v;

(6) '˛;v and L'˛;v are fixed by K˛;v, and B�˛;v.'˛;v; L'˛;v/ D 1 (in particular, �˛;v is an
unramified representation) for ˛ D 0; 2.
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140 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Theorem 2.2. If v is good and the integral defining ˛v.'2;v; L'2;vI'0;v; L'0;v/ is abso-
lutely convergent, then

˛v.'2;v; L'2;vI'0;v; L'0;v/ D
�G2;vL.

1
2
; �2;v � �0;v/

L.1; �2;v;Ad/L.1; �0;v;Ad/
:

In general, there is a meromorphic continuation of ˛v.'2;v; L'2;vI'0;v; L'0;v/ to the entire do-
main of the Satake parameters of �2;v��0;v, which is equal to the right-hand side of the above
identity.

Recall the multiplicity one theorem for general r proved in [25, Theorem A] and [8,
Corollary 15.3], based on the assertion for r D 0 (see [1, 42, 47]) that

dimC HomG0;vËNF;v.�2;v � �0;v ˝  
�1
F;w;v;C/ � 1:

We propose the following conjecture.

Conjecture 2.3. Assume that �˛;v are tempered for ˛ D 0; 2. Then

dimC HomG0;vËNF;v.�2;v � �0;v ˝  
�1
F;w;v;C/ D 1

if and only if ˛v.'2;v; L'2;vI'0;v; L'0;v/ ¤ 0 for some K˛;v-finite vectors '˛;v 2 �˛;v and
L'˛;v 2 L�˛;v (˛ D 0; 2).

Remark 2.4. In the case of orthogonal groups (where E D F ), Waldspurger [46, Sec-
tion 5.1] also defined the regularized integral ˛v.'2;v; L'2;vI'0;v; L'0;v/ in a similar way which
is equivalent to ours. Moreover, he confirmed the above conjecture in the case E D F and
v non-archimedean [46, Proposition 5.7]. Similar results in the unitary case (where E=F is a
quadratic field extension) follow from [2]. When r D 0 and v is non-archimedean, the above
conjecture has also been proved by Sakellaridis and Venkatesh in [40, Proposition 6.4.1].

Let � be an irreducible cuspidal automorphic representation of G.A/. Following [23],
we say that � is almost locally generic if for almost all places v of F , the local component
�v is generic with respect to the unramified generic character. As explained in [23, Section 2],
such � should come from an elliptic Arthur parameter

‰.�/WLF !
LG WD OG ÌWF ;

where LF is the conjectural Langlands group of F and LG is the Langlands dual group.
Define S‰.�/ WD Cent OG.Im‰.�// to be the centralizer of the image of ‰.�/ in the complex
dual group OG. It is a finite elementary 2-abelian group when G D G˛ (˛ D 0; 2). Moreover,
by the generalized Ramanujan conjecture, �v should be tempered for all v.

Conjecture 2.5. Let �˛ ' ˝v�˛;v be an irreducible cuspidal automorphic representa-
tion of G˛.A/ that is almost locally generic. Identify L�˛ (resp. L�˛;v) with N�˛ (resp. N�˛;v) for
˛ D 0; 2. Let S be the set of places of F that are not good.

(1) The way we define ˛v.'2;vI'0;v/ for �˛;v (˛ D 0; 2) tempered should apply here as well.
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(2) We have
dimC HomG0;vËNF;v.�2;v � �0;v ˝  

�1
F;w;v;C/ D 1

if and only if ˛v.'2;vI'0;v/ > 0 for some K˛;v-finite vectors '˛;v 2 �˛;v (˛ D 0; 2).

(3) For every non-zero cusp forms '˛ D ˝v'˛;v in the space V�˛ of �˛ (˛ D 0; 2),

jP .'2; '0/j
2

B�2.'2; N'2/B�0.'0; N'0/
D

CG0
jS‰.�2/jjS‰.�0/j

�G2L.
1
2
; �2 � �0/

L.1; �2;Ad/L.1; �0;Ad/

�

Y
v

˛
\
v.'2;vI'0;v/

B�2;v.'2;v; N'2;v/B�0;v.'0;v; N'0;v/
;

where the product is in fact taken over the finite set S.

Remark 2.6. If we choose local Haar measures for G0 such that CG0 D 1, and B�˛;v

such that B�˛ D
Q

B�˛;v for ˛ D 0; 2, then the formula in Conjecture 2.5 (3) can be simplified
as

jP .'2; '0/j
2
D

1

jS‰.�2/jjS‰.�0/j

�G2L.
1
2
; �2 � �0/

L.1; �2;Ad/L.1; �0;Ad/

Y
v

˛\v.'2;vI'0;v/:(2.6)

By linearity, both jP .'2; '0/j2 and
Q

v ˛
\
v.'2;vI'0;v/ define elements in the space

˝v
�
HomG0;vËNF;v.�2;v � �0;v ˝  

�1
F;w;v;C/˝ HomG0;vËNF;v. N�2;v � N�0;v ˝  F;w;v;C/

�
;

which has dimension � 1. By Conjecture 2.5 (2), the functional
Q

v ˛
\
v is always a basis of the

above space.
Therefore, jP .'2; '0/j2 must be proportional to

Q
v ˛

\
v, with the ratio, according to (2.6),

being
1

jS‰.�2/jjS‰.�0/j

�G2L.
1
2
; �2 � �0/

L.1; �2;Ad/L.1; �0;Ad/
:

We may also formulate Conjecture 2.5 (3) or formula (2.6) using partial L-functions.
Recall that away from a finite set S of places v, the representations �˛;v are unramified for
˛ D 0; 2 and ˛\v.'2;vI'0;v/ D 1. Therefore, (2.6) is equivalent to

jP .'2; '0/j
2
D

1

jS‰.�2/jjS‰.�0/j

�S
G2
LS.1

2
; �2 � �0/

LS.1; �2;Ad/LS.1; �0;Ad/

Y
v2S

˛v.'2;vI'0;v/:

Finally, we remark that in the case ŒE W F � D 2, the adjoint L-function L.s; �˛;Ad/ is
simply the˙-Asai L-function L.s; �˛;As.�1/

n˛
/.

Remark 2.7. As pointed out in [33, Section 5], in the formulation of Conjecture 2.5,
one may avoid using Arthur parameters. The value jS‰.�˛/j may also be defined by functorial
transfer to certain general linear groups. But the reader should be cautious that our size of
S‰.�˛/ is twice the one defined in [33, Section 5].
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142 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Remark 2.8. In Conjecture 2.5,

� when r D 0 and E D F , it is a conjecture of Ichino–Ikeda [23] (we refer to that paper
for known examples in low-rank cases);

� when r D 0 and ŒE W F � D 2, it is a conjecture of R. N. Harris [19];
� when r D 1, n2 D 5 andE D F (that is, SO5 �SO2), the identity (3) is also conjectured

by Prasad and Takloo-Bighash [37, Conjecture], conditional on the regularization of ˛v

and unramified calculation.

2.2. Whittaker–Fourier coefficients. When ŒE W F �C n0 � 2, the group G2 is quasi-
split; G0 is trivial; and NF is a maximal unipotent subgroup of G2. Put  F D  F;w . Then
F F

.'2/ is a Whittaker–Fourier coefficient of '2. In what follows, we will suppress the sub-
script 2 for simplicity.

Conjecture 2.9. Let � ' ˝v�v be an irreducible cuspidal automorphic representation
of G.A/ such that �v is  F;v-generic for every place v of F . We identify L� (resp. L�v) with N�
(resp. N�v). Then for every non-zero cusp form ' D ˝v'v in the space V� of � ,

jF F
.'/.1/j2

B�.'; N'/
D

1

jS‰.�/j

�G

L.1; �;Ad/

Y
v

˛
\
v.'v/

B�;v.'v; N'v/
:

Remark 2.10. (1) Recall that an irreducible admissible representation �v ofGv is called
 F;v-generic if HomNF;v.�v;  F;v/ ¤ 0, which then must be of dimension 1.

(2) The above conjecture is also formulated by Lapid–Mao for general quasi-split reduc-
tive groups G, and even for metaplectic groups, in [33]. Moreover, substantial progress for the
metaplectic case has been made in [32].

The following proposition is proved in [33, Proposition 2.10 and Section 2.5].

Proposition 2.11. The representation �v is  F;v-generic if and only if ˛v.'vI L'v/ ¤ 0

for some Kv-finite vectors 'v 2 �v and L'v 2 L�v. Moreover, ˛v.'v/ � 0 for all (smooth)
vectors 'v 2 �v.

Corollary 2.12 (of Conjecture 2.9). Let � ' ˝v�v be an irreducible cuspidal auto-
morphic representation of G.A/. Then � is globally  F-generic if and only if it is locally
 F-generic, that is, �v is  F;v-generic for every place v of F .

3. Local theory

In this section, we develop the local theory. Therefore, F is always a local field of
characteristic not 2 andE=F is an étale algebra of degree at most 2. Moreover, from Section 3.1
to Section 3.3, F will be non-archimedean.

3.1. Stable unipotent integrals. We generalize [33, Sections 2.1–2.2] to any unipotent
subgroup U of G (D G2 in application). Lapid–Mao’s results and arguments can be adopted
here almost without change. Therefore, we follow closely the discussion in [33].
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We recall [33, Definition 2.1, Remark 2.2]. Let U be a unipotent group and f a locally
constant function on U .

(1) We say f has a stable integral if there exists a compact open subgroup N of U which
stabilizes f in the following sense: for all other compact open subgroups N 0 of U con-
taining N , Z

N 0
f .u/ du D

Z
N

f .u/ du:

We denote the above stable value of integral byZ st

U

f .u/ du:

(2) f is compactly supported after averaging if there exist compact open subgroups Nr and
Nl of U such that R.ıNr /L.ıNl /f is compactly supported, where ı denotes the Dirac
measure, that is, the Haar measure with total volume 1.

(3) If f is compactly supported after averaging, then it has a stable integral andZ st

U

f .u/ du D
Z
U

�
R.ıNr /L.ıNl /f

�
.u/ du:

Let G be an arbitrary reductive group over F with a fixed minimal parabolic subgroup
Pmin. Let P � Pmin be a parabolic subgroup with the Levi decomposition P D MPNP .
We fix a Haar measure du on NP . Let � be an irreducible admissible representation of G.
Let  WNP ! C� be a generic character of NP . We have the following proposition which,
together with the proof, is essentially [33, Proposition 2.3].

Proposition 3.1. For a matrix coefficientˆ of �˝ L� , the functionˆjNP � is compactly
supported after averaging.

It is clear that the function Z st

NP

L.g�1/ˆ.u/ .u/ du

is locally constant on G, admitting the above proposition.
LetQ � Pmin be another parabolic subgroup with the Levi decompositionQ DMQNQ.

Let W, WP and WQ be the Weil group of G, MP and MQ with the longest element w0, wP
and wQ, respectively. Denote by Pw D wQw0wP the longest element of WQnW=WP . Then we
have the Bruhat decomposition

G D
a

w2WQnW=WP

QwP:

Recall that the Bruhat order is defined in the following way: w1 � w2 in WQnW=WP ifQw1P
is contained in the closure of Qw2P .

If � is a representation of MQ, then we write Ind � WD IndGQ � for the normalized
parabolic induction. Denote by .Ind �/ıP the P -invariant subspace of Ind � of sections ' which
are supported on the open cell Q PwP .
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144 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Lemma 3.2. Suppose that � is a representation of MQ and � D Ind � . Then for every
' 2 � , there exists a compact open subgroup N of NP such that 'N; WD R.ıN /.' �  / is in
.Ind �/ıP .

Proof. We prove by induction on the order of w 2 WQnW=WP that one can find a
compact open subgroup N of NP such that 'N; vanishes on

S
w0<wQw0P .

The statement is empty when w is minimal, that is, QwP D QP . Note that if 'N; 
vanishes on Qw0P , then 'N 0; vanishes on Qw0P for any N 0 containing N . Therefore, we
only need to show that for w ¤ Pw, if 'j[w0<wQw0P D 0 then there is a compact open subgroup
N � NP such that 'N; jQwP D 0.

Since w ¤ Pw, it holds that  jNP\w�1NQw 6� 1. For a sufficiently large N1 satisfying
 jN1\w�1NQw 6� 1, we have

'N1; .w/ D
Z
N1

'.wu/ .u/ du

D

Z
N1\w�1NQwnN1

Z
N1\w�1NQw

'.wu0u/ .u0/ .u/ du0 du

D

Z
N1\w�1NQwnN1

'.wu/ .u/
Z
N1\w�1NQw

 .u0/ du0 du D 0:

It follows that 'N; .wu/ D .R.u/'/uNu�1; .w/ D 0 for every compact open subsetN ofNP
and u 2 NP such that

 juNu�1\w�1NQw 6� 1:(3.1)

The above condition is right N -invariant and also left Pw-invariant, where Pw D P \w�1Qw.
By induction assumption, the support of L.w�1/' on P is compact modulo Pw. Choose a
compact subset � of P such that the above support is contained in Pw�. Choose a compact
open subset N of NP containing

S
u2� u

�1N1u. Thus, (3.1) holds for all u 2 �, and hence
for all u 2 Pw�N . Therefore, 'N; vanishes on wP and hence on QwP .

Proof of Proposition 3.1. By Jacquet’s subrepresentation theorem, we may assume that
� is a subrepresentation of � 0 WD IndGQ � for a supercuspidal irreducible representation � of
MQ, and ˆ D ˆ'; L' with ' 2 Ind � , L' 2 Ind L� . For a compact open subgroup N of NP , we
have

R.ıN /L.ıN /.ˆ �  / D ˆ'N; ; L'N; �1 :

Therefore, we may assume ' 2 .Ind �/ıP and L' 2 .Ind L�/ıP . We show that ˆ'; L' jNP is com-
pactly supported.

We may write

ˆ'; L'.u/ D B� 0.�
0.u/'; L'/ D

Z
Pw�1Q Pw\PnP

B�

�
'. Pwpu/; L'. Pwp/

�
dp;(3.2)

for some quotient measure dp on Pw�1Q Pw\ P nP . Denote by Q0 the parabolic subgroup con-
taining Pmin that is conjugate to the opposite parabolic subgroup of Q. Let Q0 D MQ0NQ0

be the Levi decomposition with MQ0 D w�10 MQw0. Let N 0P D w�1P MQ0wP \ NP and
N 00P D w�1P NQ0wP \ NP . Then NP D N 0PN

00
P and N 0P � Pw

�1Q Pw. Since Pw�1Q Pw \MP
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is a parabolic subgroup of MP , we may choose a compact subgroup K of MP such that
MP D . Pw�1Q Pw \MP /K. Then the integration (3.2) equals

C

Z
K

Z
N 00P

B�

�
'. Pwu00ku/; L'. Pwu00k/

�
du00 dk;(3.3)

with some positive constant C and Haar measure du00 (resp. dk) on N 00P (resp. K).
Introduce the following partial matrix coefficient:

ˆ[
'; L'
.g/ WD C

Z
N 00P

B�

�
'. Pwu00g/; L'. Pwu00/

�
du00:

Then

(3.3) D
Z
K

ˆ[
�.k/'; L�.k/ L'

.kuk�1/ dk:(3.4)

If we denote by �k the support of the function ˆ[
�.k/'; L�.k/ L'

jNP which is locally constant in
k, then the support of ˆ'; L' jNP is contained in

S
k2K k

�1�kk. Therefore, we only need to
show that ˆ[

'; L'
jNP has compact support for ' 2 .Ind �/ıP and L' 2 .Ind L�/ıP by noting that

�.k/' 2 .Ind �/ıP and L�.k/ L' 2 .Ind L�/ıP for every k 2 K.
In the integral defining ˆ[

'; L'
, u00 is confined to a compact open subset by the property of

L'. Write u00u D u1u2 with u1 2 N 0P and u2 2 N 00P . Then u2 is confined to a compact open
subset by the property of '. Finally, we have

B�

�
'. Pwu1u2/; L'. Pwu00/

�
D B�

�
�. Pwu1 Pw�1/'. Pwu2/; L'. Pwu00/

�
:

Since � is supercuspidal, the support of its matrix coefficient is compact modulo center. There-
fore, u1 is confined to a compact open subset as well. Altogether, ˆ[

'; L'
jNP has compact

support.

3.2. Convergence and positivity. As in [23, Section 4], we choose minimal parabolic
subgroups P˛;min of G˛ for ˛ D 0; 1. We also choose the minimal parabolic subgroup P2;min

of G2 which stabilizes F and such that P2;min \ G1 D P1;min. Denote by „˛ the Harish-
Chandra’s spherical function on G˛ with respect to the pair .P˛;min;K˛/ for ˛ D 0; 1; 2. By
definition, „˛ is the unique section in IndG˛P˛;min

1 such that „˛jK˛
� 1. Choose a height

function k�kWG2 ! R�1 and define &.g/ D max¹1; logkgkº as in [46]. For g; g0 2 G2, we
have

&.gg0/ � &.g/C &.g0/ � 2&.g/&.g0/:

Applying Proposition 3.1 to G D G2, P D PF, NP D NF and  D  �1
F;w

, we obtain a
locally constant function F F;w

.ˆ'2; L'2/. In this section, we show that the integralZ
G0

F F;w
.ˆ'2; L'2/.g0/ˆ'0; L'0.g0/ dg0

is absolutely convergent for '˛ 2 �˛ and L'˛ 2 L�˛, assuming �˛ are tempered for ˛ D 0; 2,
which is the content of Theorem 2.1 (1).
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Choose a compact open subgroup N of NP D NF as in Lemma 3.2 such that

'02 WD .'2/N; �1F;w
2 .Ind �/ıP and L'02 D . L'2/N; F;w

2 .Ind L�/ıP :

By definition,
F F;w

.ˆ'2; L'2/.g0/ D F F;w
.ˆ'02; L'

0
2
/.g0/

for g0 2 G0, since NF Ì G0 is unimodular. Therefore, we may assume '2 2 .Ind �/ıP and
L'2 2 .Ind L�/ıP .

Lemma 3.3. Assume '2 2 .Ind �/ıP and L'2 2 .Ind L�/ıP . There exists a compact open
subset � of NP D NF depending only on '2 and L'2 such that, for every g 2 MP , the set
g � supp.L.g�1/ˆ'2; L'2 jNP / is contained in �g�.

Proof. For '2 and L'2 as in the lemma, denote by �00
'2; L'2

the union of the support of
functions '2. Pwu/ and L'2. Pwu/ in u 2 N 00P , which is a compact open subset of N 00P . Denote by
‡'2; L'2 the union of the support of functions B� .�.q/'2. Pwu/; L'2. Pw Lu// in q 2 MQ \ PwP Pw�1

for all u; Lu 2 �00
'2; L'2

. The parabolic subgroupMQ\ PwP Pw�1 ofMQ has a Levi decomposition

.MQ \ PwMP Pw
�1/ � .MQ \ PwNP Pw

�1/:

If we denote by

˛WMQ \ PwP Pw
�1
! Pw�1.MQ \ PwNP Pw

�1/ Pw D N 0P

the continuous map sending q to Pw�1uq Pw where uq is the unipotent part of q with respect to
the above Levi decomposition, then

�0
'2; L'2

WD ˛.‡'2; L'2/

is a compact open subset of N 0P . We may choose a compact open subgroup � of NP which
contains

�0
�2.k/'2; L�2. Lk/ L'2

�00
�2.k/'2; L�2. Lk/ L'2

for all k; Lk 2 K � MP . Moreover, we may assume � is normalized by K. We claim that �
satisfies the requirement in the lemma.

Fixing g 2MP , consider the function

B�

�
'2. Pwu00kgu/; L'2. Pwu00k/

�
D B�

�
'2. Pwu00kgk�1kuk�1k/; L'2. Pwu00k/

�
(3.5)

in u 2 NP where u00 varies in � \N 00P and k varies in K. Write uk D kuk�1, kgk�1 D qk Qk
with qk 2 Pw�1Q Pw \MP and Qk 2 K. Then

(3.5) D B�

�
�2.k/'2. Pwu00qk Qkuk/; L�2.k/ L'2. Pwu

00/
�

D B�

�
�2. Qkk/'2. Pwu00qku Qkk/; L�2.k/ L'2. Pwu

00/
�
:

The above expression is non-zero only if u00qku Qkk 2 qk�. Then u Qkk D q
�1
k
u1qku2 for some

u1; u2 2 �, that is, u D g�1.k�1u1k/g.k�1 Qk�1u2 Qkk/. Since� is assumed to be normalized
by K, we have gu 2 �g�. The lemma follows by (3.4).
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For vectors '˛ 2 �˛ and L'˛ 2 L�˛ (˛ D 0; 2), define

˛.'2; L'2I'0; L'0/ D

Z
G0

F F;w
.ˆ'2; L'2/.g0/ˆ'0; L'0.g0/ dg0;

and similarly for ˛\.'2; L'2I'0; L'0/, ˛.'2I'0/ and ˛\.'2I'0/ as (2.3), (2.4) and (2.5).

Proof of Theorem 2.1 (1). We only need to prove the case in which ˆ D ˆ'2; L'2 for
some '2 2 .Ind �/ıP and L'2 2 .Ind L�/ıP . To shorten notation, we write

Ng D g supp
�
L.g�1/ˆ'2; L'2 jNF

�
g�1:

Let � be as in the above lemma and C� D max� & . Recall that we have PF D MFNF with
MF ' .ResEF E

�/r �G1. For m 2 G1, we have

jF F;w
.ˆ/.m/j �

Z
Nm

jˆ.um/j du

�

Z
Nm

A0„2.um/&.um/
B0 du

� A0

Z
Nm

„2.um/
�
2C� C &.m/

�B0 du

� A1&.m/
B

Z
Nm

„2.um/ du

for some real constants B0; B � 0, where the second inequality holds because �2 is tempered.
(In fact, we may take B0 to be 0; see [45, Lemme VI.2.2].) By [45, Proposition II.4.5], there
exist positive constants A2 and B1 such thatZ

NF

„2.um/&.um/
�B1 du � A2„1.m/(3.6)

for all m 2 G1. In particular,Z
Nm

„2.um/ du �
�
2C� C &.m/

�B1 Z
Nm

„2.um/&.um/
�B1 du

�
�
2C� C &.m/

�B1 Z
NF

„2.um/&.um/
�B1 du

� A2„1.m/
�
2C� C &.m/

�B1
� A3„1.m/&.m/

B2 :

Therefore,
jF F;w

.ˆ/.m/j � A„1.m/&.m/
B

for all m 2 G1. The rest follows from the proof on [23, p. 1388] when E D F and from
[19, Proposition 2.1] when E ¤ F .

Now we prove Theorem 2.1 (2) in the non-archimedean case, that is,

I WD ˛.'2I'0/ D

Z
G0

F F;w
.ˆ'2; N'2/.g0/ˆ'0; N'0.g0/ dg0 � 0
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for every vector '2 (resp. '0) in the representation �2 (resp. �0). As before, we may assume
that '2 2 .Ind �/ıPF

. Then

I D

Z
G0

Z
NF

ˆ'2; N'2.g0u/ˆ'0; N'0.g0/ F;w.u/
�1 du dg0:

Choose a sequence of compact open subgroups N1 � N2 � � � � of NF such thatS
Ni D NF. For each i � 1, let

Gi WD
®
g0 2 G0 j ˆ'2; N'2.g0u/ D 0 for u 62 Ni

¯
;

which is an open subset of G0. By the assumption on '2, we have
S
Gi D G0. Put

Ii D

Z
G0

Z
Ni

ˆ'2; N'2.g0u/ˆ'0; N'0.g0/ F;w.u/
�1 du dg0:

Lemma 3.4. The sequence .Ii /i�1 converges to I .

Proof. In the above proof of Theorem 2.1 (1), we have actually shown thatZ
G0

Z
NF

ˇ̌
ˆ'2; N'2.g0u/ˆ'0; N'0.g0/

ˇ̌
du dg0

is convergent. By definition,

jI � Ii j D
ˇ̌̌Z
G0�Gi

Z
NFnNi

ˆ'2; N'2.g0u/ˆ'0; N'0.g0/ F.u/
�1 du dg0

ˇ̌̌
�

Z
G0�Gi

Z
NF

ˇ̌
ˆ'2; N'2.g0u/ˆ'0; N'0.g0/

ˇ̌
du dg0;

which converges to 0.

Proof of Theorem 2.1 (2) for v non-archimedean. By the previous lemma, we only need
to show that Ii � 0 for every i � 1. We closely follow the argument in [23, Section 4]. We
have Z

Ni

ˆ'2; N'2.g0u/ F.u/
�1 du D Vol.Ni /ˆ.'2/Ni ; �1F

;. N'2/Ni ; F
.g0/;

where the notation .'2/Ni ; �1F;w
and . N'2/Ni ; F;w

are introduced in Lemma 3.2. Note that

. N'2/Ni ; F;w
D .'2/Ni ; �1F;w

:

Therefore, replacing '2 by .'2/Ni ; �1F;w
, we only need to show thatZ

G0

ˆ'2; N'2.g0/ˆ'0; N'0.g0/ � 0:

Let ˆ2 D ˆ'2; N'2 and ˆ0 D ˆ'0; N'0 : Then ˆ2 ˝ ˆ0 is a positive definite function in
L2C".G2 � G0/ since �2 and �0 are assumed to be tempered. To apply [20, Theorem 2.1]
as argued in [23], we only need to show thatZ

G0

„2.g0/„0.g0/ dg0 <1:
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Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods 149

Since„2.m/ shares the same upper bound with„1.m/ form 2MC1;min, the above convergence
follows from the proof of [23, Proposition 1.1, p. 1388]. Although only orthogonal groups
(E D F ) are considered there, the argument on [23, p. 1388] works for unitary groups (E ¤ F )
as well.

When �2 is square-integrable, the Fourier coefficient is already absolutely convergent.
The following proposition shows the compatibility of the two different definitions.

Proposition 3.5. Let �2 be square-integrable and �0 be tempered. Then for every ma-
trix coefficient ˆ˛ of �˛ (˛ D 0; 2), the integral

F F;w
.ˆ2/.g0/ WD

Z
NF

ˆ2.g0u/ F;w.u/
�1 du

is absolutely convergent for every g0 2 G0; and the integralZ
G0

Z
NF

ˆ2.g0u/ˆ0.g0/ F;w.u/
�1 du dg0

is absolutely convergent as well. Moreover,Z
NF

ˆ2.g0u/ F;w.u/
�1 du D

Z st

NF

ˆ2.g0u/ F;w.u/
�1 du:

Proof. Since �2 is square-integrable, the matrix coefficientˆ2 is in the Harish-Chandra
Schwartz space of the derived group of G2 by [45, Corollaire III.1.2]. By (3.6), we have the
estimate Z

NF

jˆ2.g0u/j du � A„1.g0/&.g0/B

for every g0 2 G0 and the rest of first statement follows from the proof on [23, p. 1388] when
E D F and from [19, Proposition 2.1] when E ¤ F . The last statement follows from the fact
that for a function f 2 L1.NP / which also has a stable integral, we haveZ st

NP

f .u/ du D
Z
NP

f .u/ du:

3.3. Unramified calculation. In this subsection, we prove Theorem 2.2. We assume
the six conditions prior to that theorem. In particular, G˛ are all quasi-split for ˛ D 0; 1; 2. Let
B˛ D T˛N˛ be a Borel subgroup of G˛, where T˛ is a maximal torus of G˛ and N˛ is the
unipotent radical of B˛. We assume that T0 � T1 � T2 and N0 � N1 � N2.

If n0 C ŒE W F � � 2, that is, the group G0 is trivial, Theorem 2.2 was proved by
Lapid–Mao [33, Proposition 2.14]. If r D 0, that is, G1 D G2, Theorem 2.2 was proved by
Ichino–Ikeda [23, Theorem 1.2] for ŒE W F � D 1 and by R. N. Harris [19, Theorem 2.12] for
ŒE W F � D 2. In what follows, we will assume that G0 is not trivial and r > 0.

Let �2 D I.„/ D IndG2B2 .„/ (resp. �0 D I.�/ D IndG0B0 .�/) be an unramified principal
series ofG2 (resp.G0). Here,„ (resp. �) is an unramified quasi-character of T2 (resp. T0). Let
ˆ„ (resp. ˆ� ) be the spherical matrix coefficient of �2 (resp. �0) such that ˆ„.1/ D 1 (resp.
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150 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

ˆ�.1/ D 1). We study the integral

I.g2I„; �/ D

Z
G0

F F
.ˆ„/.g

�1
2 g0/ˆ�.g0/ dg0;

where we write  F instead of  F;w for short. We assume that both „ and � are sufficiently
close to the unitary axis, and hence the above integral is absolutely convergent by (the proof
of) Theorem 2.1 (1).

Let f„ 2 I.„/ (resp. f� 2 I.�/) be the spherical vector such that f„.1/ D 1 (resp.
f�.1/ D 1). Then we have

ˆ„.g2/ D

Z
K2

f„.k2g2/ dk2; ˆ�.g0/ D

Z
K0

f�.k0g0/ dk0:

Let H˛ D H .K˛nG˛=K˛/ be the spherical Hecke algebra of G˛. By the Satake iso-
morphism, we have homomorphisms

!2WH2 ! C; !0WH0 ! C

of algebras associated to the unramified representations �2 and �0, respectively. Recall that
a smooth function S on G2 is called a Whittaker–Shintani function attached to .�2; �0/ (see
[29, Section 0.1]) if the following conditions are satisfied:

� L.uk0/R.k2/S D  F.u/S for any k˛ 2K˛ and u 2 NF;

� L.'0/R.'2/S D !0.'0/!2.'2/S for any '˛ 2 H˛.

Then I.�I„; �/ is a Whittaker–Shintani function attached to . L�2; L�0/.
Applying Lemma 3.2 to Q D B2, � D „ and P D PF, we know that for fixed elements

g2; Lg2 2 G2, there exists a compact open subgroup Ng2; Lg2 of NF such that

f
g2; Lg2
„ WD R. �1F ıN

g2; Lg
0
2

/.�2.g2/f„/ 2 .IndG2B2 „/
ı
PF
;

f
g2; Lg2
„�1

WD R. FıNg2; Lg2
/. L�2. Lg2/f„�1/ 2 .IndG2B2 „

�1/ıPF
:

Lemma 3.6. For g2 2 G2 and g0 2 G0, we have

F F
.ˆ„/.g

�1
2 g0/ D w

�1
F

Z
K1

Z st

NF

F F
.f„/.k1 Pwug0/. L�2.g2/f„�1/.k1 Pwu/ du dk1;

where Pw is the longest Weyl element in B2nG2=PF, and

wF D

Z
NF

f„. Pwu/f„�1. Pwu/ du D
�T2
�G2

��T1
�G1

��1
:

Proof. We have, by definition,

F F
.ˆ„/.g

�1
2 g0/ D

Z st

NF

B�2

�
�2.g

�1
2 g0u

0/f„; f„�1
�
 F.u

0/�1 du0(3.7)

D

Z st

NF

B�2

�
�2.g0u

0/f„; L�2.g2/f„�1
�
 F.u

0/�1 du0
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D

Z st

NF

B�2

�
�2.u

0/�2.g0/f„; L�2.g2/f„�1
�
 F.u

0/�1 du0

D

Z
NF

B�2

�
�2.u

0/f
g0;g2
„ ; f

g0;g2
„�1

�
 F.u

0/�1 du0:

We use the following realization of B�2 :

B�2.f;
Lf / D w�1F

Z
K1

Z
NF

f .k1 Pwu/ Lf .k1 Pwu/ du dk1:

Then

(3.7) D w�1F

Z
NF

Z
K1

Z
NF

f
g0;g2
„ .k1 Pwuu0/f

g0;g2
„�1

.k1 Pwu/ F.u
0/�1 du dk1 du0;

where the integration is compactly supported. Then it equals

w�1F

Z
K1

Z
NF

F F
.�2.g0/f„/.k1 Pwu/f

g0;g2
„�1

.k1 Pwu/ du dk1

D w�1F

Z
K1

Z st

NF

F F
.�2.g0/f„/.k1 Pwu/. L�2.g2/f„�1/.k1 Pwu/ du dk1

D w�1F

Z
K1

Z st

NF

F F
.f„/.k1 Pwug0/. L�2.g2/f„�1/.k1 Pwu/ du dk1:

The computation for wF is well known.

Recall the Weyl element

Pw D

264 wr

1n2�2r

wr

375 2 G2:
Put � D Pw Q�, where Q� 2 G1 � G2 is the deliberately chosen representative of the dense orbit in
B1nG1=B0 in the case r D 0, which is defined in [23, Lemma 5.3] when E D F and similarly
defined when E ¤ F .

Let Y„;� be the unique function on G2 satisfying the following conditions:

(1) Y„;�.b2g2b0u/ D .„�1ı
1=2
B2
/.b2/.�ı

�1=2
B0

/.b0/ F.u/Y„;�.g2/ for every b2 2 B2,
b0 2 B0 and u 2 NF;

(2) Y„;�.�/ D 1;

(3) Y„;�.g2/ D 0 if g2 62 B2�.B1 Ë NF/.

Put

T„;�.g2/ D

´R
G0

F F
.f„/.g2g0/f�.g0/ dg0 if g2 2 B2�.B1 Ë NF/;

0 otherwise:

Then we have T„;�.g2/ D T„;�.�/Y„�1;��1.g2/. Let us denote by Q„ the restriction of
„ to T1.
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152 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Lemma 3.7. The integral defining T„;�.g2/ is absolutely convergent when . Q„; �/ are
sufficiently close to the unitary axis.

We will also write �.„; �/ for T„;�.�/.

Proof. We may assume g2 D �. By Lemma 3.3, we can choose a compact open subset
N of NF such that, for every g0 2 G0,

F F
.f„/.�g0/ D

Z
N

f„.�g0u/ F.u/
�1 du:

Let us write f„;N D R. �1
F
N/f„ which is a section in I.„/. There exists a positive constant

C such that jf„;N .g2/j � Cfj„j.g2/ for every g2 2 G2. Therefore,Z
G0

ˇ̌
F F

.f„/.�g0/f�.g0/
ˇ̌
dg0 � C

Z
G0

fj„j.�g0/fj�j.g0/ dg0

D C

Z
G0

f
j Q„j
. Q�g0/fj�j.g0/ dg0:

Then the lemma follows from the case r D 0; see [23, p. 1390].

By Lemma 3.6, we have

I.g2I„; �/ D w
�1
F

Z
K0

Z
K1

Z st

NF

T„�1;��1.k1 Pwuk0/. L�2.g2/f„�1/(3.8)

� .k1 Pwu/ F.u/ du dk1 dk0

D w�1F T„;�.�/

Z
K0

Z
K1

Z st

NF

Y„�1;��1.k1 Pwuk0/. L�2.g2/f„�1/

� .k1 Pwu/ F.u/ du dk1 dk0

D w�1F T„;�.�/

Z
K0

Z
K1

Y„�1;��1.k1 Pwk0/F �1F
. L�2.g2/f„�1/

� .k1 Pw/ dk1 dk0;

where the double integral is absolutely convergent when . Q„; �/ are sufficiently close to the
unitary axis by the case r D 0. Put

S 0
„�1;��1

.g2/ D

Z
K0

Z
K1

Y„�1;��1.k1 Pwk0/F �1F
. L�2.g2/f„�1/.k1 Pw/ dk1 dk0:

The advantage of this Whittaker–Shintani function over the standard one is that it is easier
to obtain a wider region of convergence for .„; �/, which is crucial for our computation of
I.1I„; �/.

The following lemma compares the Whittaker–Shintani function defined above with the
standard one S„;� in [29] which we recall as follows. Define a linear functional l„;� in
HomG0ËNF

.I.„/; I.�/˝  �1
F
/ by

l„;�.f /.g0/ D

Z
G1

f 0.g2g0/Y„;�.g2/ dg2
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for f 2 I.„/, where f 0 is any function in pr�12 .f / and pr2WC
1
c .G2/ ! I.„/ is defined

similarly as pr1. Put
S„;�.g2/ D B�0

�
f� ; l„;�.�2.g2/f„/

�
:

Lemma 3.8. The function S 0
„;�

equals (the analytic continuation of) the standard
Whittaker–Shintani function S„;� multiplied by wF.

Proof. We only need to show the equality over the region where both are absolutely
convergent, for example, when Y„;� is continuous.

For f 2 I.„/, consider the stable Fourier coefficient

F 0.f /.g2/ WD F �1F
.f /.g2 Pw/ D

Z st

NF

f .g2 Pwu/ F.u/ du;

which is a smooth function when restricted to G1 and hence a vector in I. Q„/. Let

pr1WC
1
c .G1/! I. Q„/

be the map given by

pr1. Qf /.g1/ D
Z
B1

. Q„�1ı
1=2
B1
/.b1/ Qf .b1g1/ db1:

Define
l 0„;�.f /.g0/ D

Z
G1

Qf .g1g0/Y„;�.g1 Pw/ dg1;

where Qf is any function in pr�11 .W 0.f /jG1/. It is not hard to check that l 0
„;�

defines a func-
tional in HomG0ËNF

.I.„/; I.�/˝  �1
F
/. Put

S 0„;�.g2/ D B�0

�
f� ; l

0
„;�.�2.g2/f„/

�
:

In particular, we may choose a function Qf supported on K1 with pr1. Qf / D F 0.�2.g2/f„/jG1 .
Then

S 0„;�.g2/ D

Z
K0

f�.k0/

Z
G1

Qf .g1k0/Y„;�.g1 Pw/ dg1 dk0

D

Z
K0

Z
K1

Qf .k1k0/Y„;�.k1 Pw/ dk1 dk0

D

Z
K0

Z
K1

F 0.�2.g2/f„/.k1k0/Y„;�.k1 Pw/ dk1 dk0

D

Z
K0

Z
K1

F �1F
.�2.g2/f„/.k1 Pw/Y„;�.k1 Pwk0/ dk1 dk0:

Therefore, we only need to show that l 0
„;�
D wF � l„;� .

Let us first introduce more groups. For ˛ D 0; 1; 2, denote the opposite Borel subgroup
by NB˛ D T˛ NN˛. Put

T .0/˛ D T˛ \K˛; N .0/
˛ D N˛ \K˛; NN .0/

˛ D NN˛ \K˛:
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154 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Choose a longest Weyl element w˛;long 2 K˛ of G˛ such that w2;long D Pww1;long. Choose an
Iwahori subgroup K

.1/
˛ �K˛ such that N .0/

˛ �K
.1/
˛ . Put

NN .1/
˛ D NN˛ \K.1/

˛ ; N .1/
˛ D w�1˛;long

NN .1/
˛ w˛;long:

Then we have an Iwahori decomposition K
.1/
˛ D

NN
.1/
˛ T

.0/
˛ N

.0/
˛ . Finally, let

N.0/
F
D NF \K2; N.1/

F
D NF \N

.1/
2 :

Since the dimension of HomG0ËNF
.I.„/; I.�/˝  �1

F
/ is 1, we only need to choose one

function f 2 I.„/ such that l„;�.f /.1/ ¤ 0 and compute the ratio l 0
„;�
.f /.1/=l„;�.f /.1/.

Take f D pr2.ch
K
.1/
2 �

/. By the following lemma, we have

l 0
„;�
.pr2.ch

K
.1/
2 �

//.1/

l„;�.pr2.ch
K
.1/
2 �

//.1/
D
�T2�G1
�T1�G2

D wF:

Lemma 3.9. We have

l 0„;�
�
pr2.ch

K
.1/
2 �

/
�
.1/ D Vol.K.1/

1 /
�
N.0/

F
W N.1/

F

��1
;

l„;�
�
pr2.ch

K
.1/
2 �

/
�
.1/ D Vol.K.1/

2 /:

Proof. We first prove the second equation. By definition,

l„;�
�
pr2.ch

K
.1/
2 �

/
�
.1/ D

Z
K
.1/
2

Y„;�.k2�/ dk2 D Vol.K.1/
2 /;

since by our choice of �,

K
.1/
2 �K

.1/
0 � T

.0/
2 N

.0/
2 �T

.0/
0 N

.0/
0 N.1/

F
:

By the same inclusion relation, we have

F 0
�
pr2.ch

K
.1/
2 �

/
�
.g2/ D Vol.N.1/

F
/

Z
B2

.„�1ı
1=2
B2
/.b2/ch

K
.1/
2 �

.b2g2 Pw/ db2:(3.9)

Therefore,

l 0„;�
�
pr2.ch

K
.1/
2 �

/
�
.1/ D Vol.N.1/

F
/

Z
K1

ch
K
.1/
2 �

.k1 Pw/Y„;�.k1 Pw/ dk1

D Vol.N.1/
F
/

Z
K
.1/
1

Y Q„;�.k1 Q�/ dk1

D Vol.K.1/
1 /

�
N.0/

F
W N.1/

F

��1
;

where the equality Z
K
.1/
1

Y Q„;�.k1 Q�/ dk1 D Vol.K.1/
1 /

is obtained in a similar argument for the second equation of the lemma.

Proof of Theorem 2.2. The assertion follows from (3.8), Lemma 3.8, Corollary 6.2, and
Corollary 6.5.
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3.4. Regularization via Fourier transform. Let F be an archimedean local field.
Choose a basis ®

v1; : : : ; vmI vmC1; : : : ; vmCsI v
�
m; : : : ; v

�
1

¯
of V2 such that

� the hermitian form q2 is given by the matrix264 wm

�1s

wm

375
under the above basis for some � 2 ¹˙1º;

� Ri D Ehv1; : : : ; vi i for i D 1; : : : ; r , and R� D Ehv�r ; : : : ; v
�
1 i;

�  F;w.u/ D  .TrE=F
Pr
iD1 ui / where ui D .uviC1; v

�
i / for i D 1; : : : ; r � 1 and

ur D .uw; v
�
r / for u 2 NF for some non-trivial additive character  WF ! C�.

Let P2;min be the minimal parabolic subgroup that preserves subspaces Ehv1; : : : ; vi i for
1 � i � m. Let M2;min � P2;min be the subgroup that preserves Ehvi i for 1 � i � m

and A2 � M2;min the maximal split torus. Put P1;min D P2;min \ G1 and A1 D A2 \ G1.
Then P1;min is a minimal parabolic subgroup ofG1 containing A1 as a maximal split torus. We
also choose a minimal parabolic subgroup P0;min of G0 which contains A0 WD A1 \ G0 as a
maximal split torus. We view G2 as a subgroup of GL2mCs.E/ via the above chosen basis.
Let K˛ D G˛ \U2mCs.E/ which is a maximal compact subgroup of G˛ for ˛ D 1; 2, where

U2mCs.E/ D
®
g 2 GL2mCs.E/ j tgcg D 12mCs

¯
(resp. U2mCs.E/ D U2mCs.F / � U2mCs.F /) if E is a field (resp. E D F ˚ F ). Then
G˛ D P˛;minK˛ for ˛ D 1; 2. We also fix a maximal compact subgroup K0 of G0 such that
ŒK0 WK1 \K0� <1 and G0 D P0;minK0.

For 0 � j � m, let P j � G2 be the parabolic subgroup that preserves subspaces
Ehv1; : : : ; vi i for 1 � i � j , which has a Levi decomposition P j D M jN j where M j

is the subgroup that preserves subspaces Ehvi i for 1 � i � j and N j is the unipotent
radical. In particular, P 0 D M 0 D G2, Pm D P2;min, Mm D M2;min, P r D PF and
N r D NF. Put Kj D K2 \M

j . Then Kj is a maximal compact subgroup of M j such
that M j D .Pm \M j /Kj , and in particular Kr D K1. Denote by „j Harish-Chandra’s
spherical function on M j with respect to the pair .Pm \M j ;Kj /. In particular, „0 D „2
and „r jG1 D „1. For 1 � j � r and  � �1, put

N j
 D

®
u 2 N j

j jui j � e for 1 � i � j
¯
:

The unipotent subgroups N j , N j
�1 for 1 � j � r are all stable under the conjugation action

of G0. In what follow, for two non-negative real valued functions f and g, we write f � g if
there exists a real constant C such that f � C � g.

Proposition 3.10. There exists some real constant ˇ � 0 such thatZ
N rG0

„2.ug0/„0.g0/ du dg0 � ˇ

for  � 1, where du (resp. dg0) is a fixed Haar measure on N r (resp. G0).
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156 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

For 0 � j � m, letAj denote the maximal split torus inM j andGj �M j the subgroup
stabilizing every element inEhv1; : : : ; vj ; v�j ; : : : ; v

�
1 i. Denote by NP j � G2 the parabolic sub-

group opposite toP j with the unipotent radical NN j . For an element g 2 G2, denote by a NP j .g/
the Aj -component in the Iwasawa decomposition G2 D NP jKj and a NP j .g/i D a NP j .g/vi=vi
for 1 � i � j .

Lemma 3.11. There exists a real constant ˛ > 0 such that, for g; g0 2 G2,

„2.gg
0/ � „2.g/e˛&.g

0/:

Proof. The proof is similarly to the proof of property (5) in [46, Section 3.3]. What we
need is the following estimate in the archimedean case:

sup
k2K2

ı NPm.a NPm.kg
0// � e˛&.g

0/

for some real constant ˛ > 0. One apparently can assume that g0 2 A2. Then it follows from
(the much stronger result) [30, Theorem 4.1].

For a real number b, we introduce the function 1&<b as the characteristic function of the
subset ¹g 2 G2 j &.g/ < bº, and similarly for 1&�b . Proposition 3.10 is essentially proved
in [46, Section 4] where E D F is non-archimedean. We provide the modification for F
archimedean and possibly E ¤ F .

Proof of Proposition 3.10. For a fixed D � 0, let

Ir;D.; g0/ D

Z
N r

„2.ug0/&.ug0/
D du:

We claim that

Ir;D.; g0/ � 
ˇ&.g0/

ˇ 0„1.g0/(3.10)

for some real numbers ˇ; ˇ0 � 0. Then the proposition follows from the case r D 0 which is
proved in [23] and [19]. Now assume r � 1. For x 2 G1, put

I 1r;D.; x/ D

Z
N 1

„0.ux/&.ux/D du:

Assume that

I 1r;D.; x/ � 
D0ıP 1.x/

1=2&.x/D
0

„1.x/(3.11)

for some D0 � 0. Then

Ir;D.; g0/ D

Z
G1\N r

Z
N 1

„0.uvg0/&.uvg0/
D du dv

D

Z
G1\N r

I 1r;D.; vg0/ dv

� D
0

Z
G1\N r

„1.vg0/&.vg0/
D0 dv

D D
0

Ir�1;D0.; g0/:

Therefore, (3.10) follows by induction on r .
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To prove (3.11), we decompose I 1r;D.; x/ D I 1r;D.; x/<b C I
1
r;D.; x/�b for b � 0

where

I 1r;D.; x/<b D

Z
N 1

1&<b.ux/„
0.ux/&.ux/D du;

I 1r;D.; x/�b D

Z
N 1

1&�b.ux/„
0.ux/&.ux/D du:

By [17, Section 10, Lemma 2], there exists D0 > 0 such thatZ
N 1
„0.ux/&.ux/D�D

0

du � ıP 1.x/
1=2„1.x/:

Then
I 1r;D.; x/<b � b

D0ıP 1.x/
1=2„1.x/:

Choose a splitting N 1 D N 1
�1N

1
�

where N 1
�
� N 1 is a subgroup. Put N 1

�;
D N 1

 \ N
1
�

which is compact. Then

I 1r;D.; x/�b D

Z
N 1
�;

Z
N 1�1

1&�b.uvx/„
0.uvx/&.uvx/D du dv:

Since &.uvx/ � &.u/C &.v/C &.x/ and &.v/ �  , there exists c1 > 0 such that

&.u/ � c1&.uvx/ �  � &.x/ � bc1 �  � &.x/:

By Lemma 3.11 and the fact that Vol.N 1
�;
/ � e , we have

I 1r;D.; x/�b � ec2ec2&.x/
Z
N 1�1

1&�bc1��&.x/.u/„
0.u/&.u/D du

for some c2 > 0. Again by Lemma 3.11, there exists c3 > 0 such that

e�c3&.x/ � ıP 1.x/
1=2„1.x/

for all x 2 G1. By the lemma below, choose b D ��1c�11 .c2C c3C �/.C&.x// and we have

I 1r;D.; x/�b � ıP 1.x/
1=2„1.x/:

Therefore, (3.11) holds.

Lemma 3.12. For r � 1, define

Jr;D.b/ D

Z
N 1�1

1&�b.u/„
0.u/&.u/D du

for b > 0. Then there exists some constant � > 0 such that Jr;D.b/ � e��b .

If E D F is non-archimedean, there are similar estimates in [46, Lemma 4.5] for r � 2
and in [46, Lemma 4.6] for r D 1. We verify the case where r � 2 and E is an (archimedean)
field. The cases where r D 1 orE D F˚F are much easier and will be left to the readers. The
same argument can be applied to the archimedean case and possibly E ¤ F as well, except
that in the second half we need a different trick.

Brought to you by | MIT Libraries
Authenticated

Download Date | 10/6/16 8:01 PM



158 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Proof. We may assume that b is sufficiently large. In the proof, we take

kgk D

2mCsX
i;jD1

jgij jC C j.g
�1/ij jC

for g 2 GL2mCs.E/. We also put

kvk D

2mCsX
iD1

jvi jC

for an element v D .v1; : : : ; v2mCs/ 2 V2 ' E2mCs .
Denote by V[ the orthogonal complement of Ehv1; v2I v�2 ; v

�
1 i in V2 whose dimension is

at least 1. For x 2 V[, y 2 E, z 2 E�, there is a unique element u.x; z; y/ 2 N 1
�1 such that

u.x; z; y/v�1 D v
�
1 C x C yv2 � .q2.x/C z/v1:

The map
V[ �E

�
�E ! N 1

�1; .x; z; y/ 7! u.x; z; y/

is an isomorphism. Put u.x; z/ D u.x; z; 0/ and u.y/ D u.0; 0; y/. Let N 1
]
� N 1

�1 be the
subgroup consisting of u.x; z; 0/ and Y � N 1

�1 be the subgroup consisting of u.y/. Let V]
be the orthogonal complement of Ehv2; v�2 i in V2. Put G] D Ism0.V]/ and P 1

]
D P 1 \G].

Then N 1
]

is the unipotent radical of P 1
]

. Write P j
]
D P j \ G] and similarly for NP j

]
; A

j

]
; NN

j

]

for 3 � j � m. Then Pm
]

is a minimal parabolic subgroup of G].
Write u.x; z/ D a NPm.u.x; z//u NPm.u.x; z//k.u.x; z// under the Iwasawa decomposi-

tion G2 D NPmK2. Then

k.u.x; z//�1v�1 D a NPm.u.x; z//
�1
1

�
v�1 � x � .q2.x/ � z/v1

�
;(3.12)

which implies that there exists a constant ˛0 > 0 such thatˇ̌
a NPm.u.x; z//1

ˇ̌
E
� e˛

0&.u.x;z//:

Since
a NPm

]
.u.x; z//1 D a NPm.u.x; z//1; a NPm.u.x; z//2 D 1;

and
a NPm

]
.u.x; z//j D a NPm.u.x; z//j

for 3 � j � m, we have

ı NPm
�
a NPm.u.x; z//

�1=2
D
ˇ̌
a NPm.u.x; z//1

ˇ̌�1
E
ı NPm
]

�
a NPm

]
.u.x; z//

�1=2
:

For a real number � > 0 which will be determined later, let

J 1r;D.b/ D

Z
Y

Z
N 1
]

1&�b.u.x; z/u.y//1&��b.u.y//„
0.u.x; z/u.y//

� &.u.x; z/u.y//D du.x; z/u.y/:
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By Lemma 3.11 and [17, Section 10, Lemma 1 (2)], we have

J 1r;D.b/ �

Z
Y

Z
N 1
]

1&�b.u.x; z/u.y//1&��b.u.y//ı NPm.a NPm.u.x; z///
1=2

� e˛&.u.y//&.u.x; z/u.y//D
0

du.x; z/u.y/

for some D0 � D. Repeat the argument on [46, p. 212] and use [16, Lemma 89]. We may
choose a sufficiently small constant � > 0 such that

J 1r;D.b/ � e��1b

for some real constant �1 > 0.
We need to estimate the difference

J 2r;D.b/ WD Jr;D.b/ � J
1
r;D.b/:

Put x0 D x=
p
jyjC C 1, z0 D z=.jyjC C 1/ and a.x0; z0/ D a NPm.u.x

0; z0//. By the Iwasawa
decomposition"

1 y

1

#
D

"p
jyjC C 1

1p
jyjCC1

#"
1
jyjC
y

1

#24 1p
jyjCC1

y
p
jyjCC1

�
jyjC

y
p
jyjCC1

1p
jyjCC1

35
in SL2.E/ and using the calculation on [46, p. 213], we have

u.x; z/u.y/ 2 NNma.y/a.x0; z0/a.x0; z0Iy0/K2;

where

a.y/ D

2666666664

p
jyjC C 1 p

jyjC C 1

: : :

1p
jyjCC1

1p
jyjCC1

3777777775
;

and a.x0; z0Iy0/ 2 A2 with

a.x0; z0Iy0/1 D

qˇ̌
a.x0; z0/�11 yqV .x0/

ˇ̌
C C 1;

a.x0; z0Iy0/2 D a.x
0; z0Iy0/�11 and all other components being 1. In particular,

ı NPm.a.y// D
ˇ̌
jyjC C 1

ˇ̌4�ŒE WF �C2mCs
E

;

ı NPm.a.x
0; z0Iy// D

ˇ̌ˇ̌
a.x0; z0/�11 y.q2.x

0/C z0/
ˇ̌
C C 1

ˇ̌�1
E
:

By [17, Section 10, Lemma 1 (2)] and changing variables .x; z/ 7! .x0; z0/, we have

J 2r;D.b/ �

Z
Y

Z
N 1
]

1&>�b.u.y//ja.x; z/1j
�1
E ı NPm

]

�
a NPm

]
.u.x; z//

�1=2(3.13)

�
ˇ̌ˇ̌
a.x; z/�11 y.q2.x/C z/

ˇ̌
C C 1

ˇ̌�1=2
E

�
ˇ̌
jyjC C 1

ˇ̌�1=2
E

&.u.x; z//D&.u.y//D du.x; z/ du.y/:
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160 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Put q.x; z/ D q2.x/C z 2 C. Apparently,

(3.13) �
Z
Y

Z
N 1
]

1&>�b.u.y//ja.x; z/1j
�ˇ
E ı NPm

]

�
a NPm

]
.u.x; z//

�1=2
�
ˇ̌ˇ̌
a.x; z/�11 yq.x; z/

ˇ̌
C C 1

ˇ̌�ˇ 0
E

ˇ̌
jyjC C 1

ˇ̌�1=2
E

&.u.y//D du.x; z/ du.y/

�

Z
Y

Z
N 1
]

1&>�b.u.y//
ˇ̌
a.x; z/1

ˇ̌2ˇ 0�ˇ
E

ı NPm
]

�
a NPm

]
.u.x; z//

�1=2
�
ˇ̌
q.x; z/

ˇ̌�2ˇ 0
E
jyj
�1�2ˇ 0

E &.u.y//D du.x; z/ du.y/

for 0 < ˇ < 1 and 0 < ˇ0 < 1=2 satisfying ˇ � 2ˇ0 > 0 to be assigned later. We only need to
show that the integralZ

N 1
]

ˇ̌
a.x; z/1

ˇ̌2ˇ 0�ˇ
E

ı NPm
]

�
a NPm

]
.u.x; z//

�1=2ˇ̌
q.x; z/

ˇ̌�2ˇ 0
E

du.x; z/(3.14)

is convergent. Let V 1
[

be the subset of V[ ˚ E� consisting of .x; z/ such that jq.x; z/jC D 1.
The group ¹x 2 E j jxjC D 1º� Ism.V[/ acts transitively on V 1

[
by conjugation inG]. Choose

a positive measure du.x; z/ on V 1
[

which is invariant under the above group action. Then

(3.14) D
Z 1
0

Z
V 1
[

ˇ̌
a.tx; t2z/1

ˇ̌2ˇ 0�ˇ
E

ı NPm
]

�
a NPm

]
.u.tx; t2z//

�1=2(3.15)

� jt j
�4ˇ 0

E jt j
2mCs�5CŒE WF �
E du.x; z/ d�t;

where d�t D t�1 dt . Decompose the integral (3.15) into two parts: J�1 for 0 < t � 1 and
J>1 for t > 1. Then J>1 is absolutely convergent by [16, Lemma 89]. The rest is to show that
J�1 is convergent. If dimV[ D 0, then it is trivial. If dimV[ D 1 and E D F , one may choose
ˇ0 small enough such that J�1 is convergent, since the set ¹x 2 V] j jq.x/jC � 1º is compact.

Now we assume that dimV[ C ŒE W F � � 3, that is, 2mC s � 7C ŒE W F � � 0. Put

J.t/ D

Z
V 1
[

ˇ̌
a.tx; t2z/1

ˇ̌2ˇ 0�ˇ
E

ı NPm
]

�
a NPm

]
.u.tx; t2z//

�1=2 du.x; z/:

Equation (3.12) implies that ja.x; z/1jC D 1 C kxk C jq.x; z/jC . Hence for 0 < t � 1 and
.x; z/ 2 V 1

[
, we have

ja.x; z/1jE � ja.tx; t
2z/1jE � jt jE ja.x; z/1jE :(3.16)

We claim that for .x; z/ 2 V 1
[

and 0 < t � 1,

1 �
ı NPm
]
.a NPm

]
.u.tx; t2z///1=2

ı NPm
]
.a NPm

]
.u.x; z///1=2

� jt j
1�.2mCs�5CŒE WF �/
E :(3.17)

Assume this inequality holds. Then, combining with (3.16), we get

J.1/ � J.t/ � jt j
1C2ˇ 0�ˇ�.2mCs�5CŒE WF �/
E J.1/:

Therefore, J.1/ <1 and

J�1 D

Z 1

0

J.t/jt j
�4ˇ 0

E jt j
2mCs�5CŒE WF �
E d�t � J.1/

Z 1

0

jt j
1�2ˇ 0�ˇ
E d�t;

which is convergent if we take, for example, ˇ D 1=2 and ˇ0 D 1=6.
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The remaining task is to show (3.17). Put

at D

264t 12mCs

t�1

375 2 Am] � G]:
For an element g 2 G], let g D Nn.g/a.g/k.g/ denote the components under the Iwasawa
decomposition G] D NNm

]
Am
]

K] where K] DK2 \G]. Then

u.tx; t2z/ D atu.x; z/a
�1
t D at Nn.u.x; z//a.u.x; z//k.u.x; z//a

�1
t

D Nn0ata.u.x; z// Nn
�
k.u.x; z//a�1t

�
a
�
k.u.x; z//a�1t

�
k
�
k.u.x; z//a�1t

�
;

where Nn0 D at Nn.u.x; z//a�1t 2 NN
m
]

. Put

Nn00 D ata.u.x; z// Nn
�
k.u.x; z//a�1t

�
a.u.x; z//�1a�1t 2

NNm
] ;

k D k.k.u.x; z//a�1t / 2 K]. We also decompose a.k.u.x; z//a�1t / D a0a00, where a0 acts
trivially on the orthogonal complement of Ehv1; v�1 i in V ] and a001 D 1. Recall that we have
a1 D av1=v1 for a 2 Am

]
. Therefore, a.u.tx; t2z// D ata.u.x; z//a0a00 and

ı NPm
]
.a NPm

]
.u.tx; t2z///1=2

ı NPm
]
.a NPm

]
.u.x; z///1=2

D

ˇ̌̌a.tx; t2z/1
a.x; z/1

ˇ̌̌�.2mCs�5CŒE WF �/=2
E

ıPm
]
.a00/1=2:(3.18)

By [30, Theorem 4.1] and linear programming, we have

jt j
.2mCs�7CŒE WF �/=2
E � ıPm

]
.a00/1=2 � jt j

�.2mCs�7CŒE WF �/=2
E :(3.19)

Then (3.17) follows from (3.16), (3.18) and (3.19).

Corollary 3.13 (of Proposition 3.10). Let �˛ be an irreducible tempered Casselman–
Wallach representation of G˛ (see, for example, [48, Chapter 11]) and ˆ˛ a smooth matrix
coefficient of �˛ for ˛ D 0; 2. Then the integral

aˆ2;ˆ0.u/ WD

Z
N r�1G0

ˆ2.uu
0g0/ˆ0.g0/ du0 dg0

is absolutely convergent. Moreover, the function aˆ2;ˆ0 defines a tempered distribution on
N r=N r

�1 ' E
r .

Proof. Choose a subgroupN r
�

ofN r such that the induced projectionN r
�
! N r=N r

�1

is an isomorphism andG0 acts trivially onN r
�

. By the Dixmier–Malliavin theorem [5], we may
assume ˆ2 D R.f /ˆ02 for some function f 2 C1c .N

r
�
/ and smooth matrix coefficient ˆ02.

Then
aˆ2;ˆ0.u/ D

Z
N r
�

Z
N r�1G0

f .u00/ˆ02.uu
0u00g0/ˆ0.g0/ du0 dg0 du00;

which is absolutely convergent by Proposition 3.10 and [41, Theorem 1.2]. The second part
also follows from Proposition 3.10.
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162 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Let N be an abelian Lie group over E. Denote by D.N / (resp. S.N /) the space of
tempered distributions (resp. Schwartz functions) on N . By definition, we have a bilinear
pairing . ; /WD.N / � S.N / ! C. Define the Fourier transform O WD.N / ! D.N / by the
formula . Oa; �/ D .a; O�/ for all � 2 S.N /.

Proposition 3.14. The Fourier transform 2aˆ2;ˆ0 is smooth on the regular locus
.4N r=N r

�1/
reg, which is an open dense subset of 4N r=N r

�1.

Proof. Denote by T the subgroup of M r which acts trivially on V1. It is isomorphic to
.E�/r . We may write an element t 2 T as .t1; : : : ; tr/ where ti D tvi=vi for 1 � i � r .
We also write an element u 2 N r=N r

�1 as .u1; : : : ; ur/ where ui D q2.uviC1; v
�
i / for

1 � i � r�1 and ur D q2.uw; v�r /. The group T acts onN r=N r
�1 by conjugation. Precisely,

tut�1 D .t1t
�1
2 u1; : : : ; tr�1t

�1
r ur�1; trur/ for t 2 T and u 2 N r=N r

�1. Therefore, T acts
on D.N r=N r

�1/, denoted by C. Fix a real number " > 0. Then T acts on L2C".G2/ by
conjugation, which we also denote by C.

For an element t 2 T , define  t by  F;w.tut
�1/. Then the assignment t 7!  t is

an isomorphism from T to .4N r=N r
�1/

reg under which the measure jt1j dt is the restriction
of the dual measure of du on N r=N r

�1 to the regular part, up to a positive constant. We
may assume that the constant is 1. Pick up a Schwartz function � 2 S.4N r=N r

�1/ which is
compactly supported on the regular part. We identify � as an element in C1c .T /. Conversely,
we may identify f 2 C1c .T / as an element in S.4N r=N r

�1/. Then

�
C.f /aˆ2;ˆ0 ; O�

�
D

Z
N r=N r�1

Z
T

f .t/aˆ2;ˆ0.t
�1ut/ O�.u/ dt du

D

Z
T

f .t/jt1j

Z
N r=N r�1

aˆ2;ˆ0.u/
O�.tut�1/ du dt

D

Z
N r=N r�1

Z
T

aˆ2;ˆ0.u/f .t
0/ O�.t 0ut 0�1/jt 01j dt

0 du

D

Z
N r=N r�1

Z
T

aˆ2;ˆ0.u/f .t
0/

Z
T

�.t/ �1t .t 0ut 0�1/jt1j dt jt 01j dt
0 du

D

Z
N r=N r�1

Z
T

aˆ2;ˆ0.u/�.t/

Z
T

f .t 0/ �1t 0 .tut
�1/jt 01j dt

0
jt1j dt du

D

Z
T

Z
N r=N r�1

aˆ2;ˆ0.u/
Of .tut�1/ du�.t/jt1j dt:

Thus, the restriction of 5C.f /aˆ2;ˆ0 to .4N r=N r
�1/

reg is the function t 7! .aˆ2;ˆ0 ;C.t
�1/ Of /

that is smooth.
On the other hand, for f 2 C1c .T /, we have

C.f ıN r�1ÌT /aˆ2;ˆ0.u/ D

Z
T

f .t/ıN r�1ÌT .t/aˆ2;ˆ0.t
�1ut/ dt

D

Z
T

f .t/ıN r�1ÌT .t/

Z
N r�1G0

ˆ2.t
�1utu0g0/ˆ0.g0/ du0 dg0 dt

D

Z
T

Z
N r�1G0

f .t/ˆ2.t
�1uu0g0t /ˆ0.g0/ du0 dg0 dt
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D

Z
T

Z
N r�1G0

f .t/ˆ2.t
�1uu0g0t /ˆ0.g0/ du0 dg0 dt

D

Z
N r�1G0

f .t/C.f /ˆ2.uu0g0/ˆ0.g0/ du0 dg0

D aC.f /ˆ2;ˆ0 :

Therefore, 4aC.f /ˆ2;ˆ0 is smooth on .4N r=N r
�1/

reg. Finally, by the Dixmier–Malliavin theo-
rem [5], every smooth matrix coefficient ˆ2 is a finite linear combination of C.f /ˆ02.

For smooth vectors '˛ 2 �˛ and L'˛ 2 L�˛ (˛ D 0; 2), define

˛.'2; L'2I'0; L'0/ D 7aˆ'2˝ L'2 ;ˆ'0˝ L'0 . F;w/;

and similarly for ˛\.'2; L'2I'0; L'0/, ˛.'2I'0/ and ˛\.'2I'0/ as (2.3), (2.4) and (2.5). In fact,
for our purpose of regularizing the matrix coefficient integral, it is enough to show that 2aˆ2;ˆ0
is continuous on .4N r=N r

�1/
reg in the above proposition.

Proof of Theorem 2.1 (2) for v archimedean. For a smooth vector '˛ 2 �˛ (˛ D 0; 2),
put ˆ˛.g˛/ D .�˛.g˛/'˛; N'˛/. We show that

2aˆ2;ˆ0 j.3N r=N r�1/reg
� 0:

Equivalently, we show that
.2aˆ2;ˆ0 ; j�jC/ � 0

for every function � 2 S.4N r=N r
�1/ that is compactly supported in .4N r=N r

�1/
reg. By the

cross-correlation theorem, we have

bj�jC.u/ D
Z
N r=N r�1

O�.uu0/ O�.u0/ du0:

Therefore,�2aˆ2;ˆ0 ; j�jC� D �aˆ2;ˆ0 ; bj�jC�
D

Z
N r=N r�1

Z
N r=N r�1

aˆ2;ˆ0.u/
O�.uu0/ O�.u0/ du du0

D

Z
N r=N r�1

Z
N r=N r�1

aˆ2;ˆ0.u
0�1u/ O�.u/ O�.u0/ du du0:

View O� as a function on N r
�

, the group chosen in the proof of Corollary 3.13. The above
expression is equal toZ

N r�1G0

B�2

�
�2.u

0g0/R. O�/'2;R. O�/'2
�
B�0.�0.g0/'0; '0/ dg0 du0:

The positivity follows by applying [20, Theorem 2.1] to the group G D G2 � G0 and the
unimodular subgroup H D N r

�1 ÌG0 and using Proposition 3.10.
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Proposition 3.15. Let �2 be square-integrable and �0 be tempered.

(1) For every smooth matrix coefficient ˆ˛ of �˛ (˛ D 0; 2), the integralZ
G0

Z
NF

ˆ2.ug0/ˆ0.g0/ F;w.u/
�1 du dg0

is absolutely convergent.

(2) The above integral coincides with 2aˆ2;ˆ0. F;w/.

Proof. The proof of (1) is same as the proof of Proposition 3.10 (1), except that we use
[48, Theorem 15.2.4] instead of [45, Corollaire III.1.2], and also use [17, Section 10, Lemma
2]. Part (2) is obvious.

Remark 3.16. The way of regularization described above works for non-archimedean
places as well, where the estimate in Proposition 3.10 has been obtained by Waldspurger [46,
Assertion 4.3 (3)]. It is easy to see that such regularization coincides with the one described in
Section 3.2. In fact in the cited article, Waldspurger regularizes the matrix coefficient integral ˛
via a third (but equivalent) way that is more or less a combination of the two methods provided
here.

The idea of using Fourier transform of tempered distribution to regularize the matrix
coefficient integral appears in [40, Section 6.3] for the Whittaker case at non-archimedean
places. Such idea is also used in [34].

3.5. Regularized unipotent integral for theta liftings. Let F be any local field of
characteristic not 2 and E=F an étale algebra of degree � 2. Let .V; qV / be a hermitian space
over E of dimension m. For 1 � n � m � 2C ŒE W F � and an element T 2 HermEn .F /, we
write �T D ¹x 2 V n j qV .x/ D T º where qV .x/ is the moment matrix of x. If T is regular,
that is, detT ¤ 0, �T is a single orbit, if non-empty, under the action of H D Ism.V; qV /.
In that case, fix a representative �T 2 �T and let H�T be the stabilizer of �T in H . Then
�T ' H�T nH . Fix a non-trivial additive character  WF ! C�.

The abelian unipotent group HermEn .F / is selfdual. In fact, all characters of HermEn .F /
are of the form  u, defined by  u.T / D  .truT /, for some u 2 HermEn .F /. Denote by
HermEn .F /

reg � HermEn .F / the open dense subset of non-singular hermitian matrices and by
HermEn .F /

deg its complement. We recall the following well-known lemma.

Lemma 3.17. Let .V; qV / be a hermitian space over E of dimension m. There is a
uniqueH -invariant positive measure d h on�T ' H�T nH for every regular T 2 HermEn .F /
such that, for every �2 2 S.V n/,Z

V n
�.x/ dx D

Z
HermEn .F /reg

Z
H�T nH

�.h�1�T / d h dT;

where dx (resp. dT ) is the selfdual measure on V n (resp. HermEn .F /) with respect to  .

Remark 3.18. We call the measure d h in the above lemma the Siegel–Weil measure.
If F is a global field,  WF nA ! C� is automorphic, and �T is in V n.E/, then the product
of Siegel–Weil measures (possibly regularized by a convergence factor) at all places is the
quotient measure of Tamagawa measures on H.A/ and H�T .A/.
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Choose an orthogonal decomposition V D X ˚ V an ˚ X�, where V an is an anisotropic
kernel of V ; X and X� are totally isotropic subspaces. Choose a basis ¹v1; : : : ; vrº (resp.
¹v�1 ; : : : ; v

�
r º) of X (resp. X�) such that .vi ; v�j / D ıij . Assume that dimV an D s and choose

a basis ¹vrC1; : : : ; vrCsº if s > 0. We identity V with Em under the basis

¹v1; : : : ; vrCs; v
�
r ; : : : ; v

�
1 º .2r C s D m/;

and hence H with a subgroup of GLm.E/. Through the basis of X , we also get a minimal
parabolic subgroup Pmin DMminNmin of H , which is the one preserving the flag

0 � ¹v1º � � � � � ¹v1; : : : ; vrº:

Let A � Mmin be the maximal split torus and fix a maximal compact subgroup KH of H that
is in good position with respect to Pmin.

Lemma 3.19. Let � be an irreducible unitary admissible representation of H satis-
fying the following estimate on matrix coefficients: There exists a positive constant � with
� > 1 � n=.m � 3C ŒE W F �/ such that for every smooth matrix coefficient ˆ, there exists a
positive constant Cˆ such that jˆ.a/j � CˆıPmin.a/

� for all a 2 AC. Then for any suchˆ and
any two Schwartz functions �1; �2 2 S.V n/, the following integral is absolutely convergent:Z

H

Z
V n
�1.h

�1x/�2.x/ˆ.h/ dx dh:

The above estimate is satisfied, for example, when

(1) n � m � 3C ŒE W F �, or

(2) 2n > m � 3C ŒE W F � and � is tempered.

Proof. We have the minimal parabolic subgroup Pmin D MminNmin of H , where the
Levi factor Mmin is

nY
iD1

ResEF GL.SpanE ¹xiº/ � Ism.V an/ ' .E�/r � Ism.V an/;

and

A '

´
.F �/m if E D F ˚ F;

.F �/r otherwise:

We write elements in A as a D a.a1; : : : ; am/ in the first case and a D a.a1; : : : ; ar/ in the
second case.

Recall the formulaZ
H

f .h/ dh D
Z
AC

�.a/

Z
K�K

f .k1ak2/ dk1 dk2 da

for every integrable smooth function f on H , where �.a/ D Vol.KaK/=Vol.K/. It suffices
to show that Z

AC

Z
V n
�1.t

�1x/�2.x/ˆ.a/ dx da

is absolutely convergent. For this, as we will see, it suffices to assume that j�1j and j�2j are
bounded by Schwartz functions.
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Case 1. E is a field and ŒE W F �C s > 1. Then the simple roots of .Pmin; A/ are given
by

˛i .a/ D aia
�1
iC1; 1 � i � r � 1I ˛r.a/ D ar or a2r :

Therefore AC D ¹a D a.a1; : : : ; ar/ j ja1j � � � � � jar j � 1º. There exists a constant C1 > 0
such that Z

V n

ˇ̌
�1.a

�1x/�2.x/
ˇ̌
dx � C1

rY
iD1

jai j
n

for a 2 AC. Assume the bound jˆ.a/j � C2ıPmin.a/
� where

ıPmin.a/ D

rY
iD1

jai j
m�1CŒE WF ��2i

and 0 � � � 1
2

. Then we haveZ
AC

Z
V n

ˇ̌
�1.a

�1x/�2.x/ˆ.a/
ˇ̌
dx da

� C

Z
ja1j�����jar j�1

ıPmin.a/
��1

rY
iD1

jai j
n d�a1 � � � d�ar ;

which converges absolutely if and only if � > 1 � n=.m � 3C ŒE W F �/.
Case 2. s D 0 and E D F . Then the simple roots of .Pmin; A/ are given by

˛i .a/ D aia
�1
iC1; 1 � i � r � 1I ˛r.a/ D ar�1ar :

Therefore AC D ¹a D a.a1; : : : ; ar/ j ja1j � � � � � jar jI jar�1ar j � 1º, andZ
AC

Z
V n

ˇ̌
�1.a

�1x/�2.x/ˆ.a/
ˇ̌
dx da � C1I1 C C2I2;

where

I1 D

Z
ja1j�����jar j�1

ıPmin.a/
��1

rY
iD1

jai j
n d�a1 � � � d�ar ;

I2 D

Z
jar j>1

Z
ja1j�����jar�1j�jar j�1

ıPmin.a/
��1
jar j
�n

r�1Y
iD1

jai j
n d�a1 � � � d�ar � I1:

Therefore, the integral is absolutely convergent if and only if � > 1 � n=.m � 2/.
Case 3. E D F ˚ F . Then the simple roots of .Pmin; A/ are given by ˛i .a/ D aia

�1
iC1

for 1 � i � m � 1. Therefore AC D ¹a D a.a1; : : : ; am/ j ja1j � � � � � jamjº, andZ
AC

Z
V n

ˇ̌
�1.a

�1x/�2.x/ˆ.a/
ˇ̌
dx da �

mX
jD0

Cj Ij ;

where

Ij D

Z
1<jajC1j�����jamj

Z
ja1j�����jaj j�1

ıPmin.a/
��1

jY
iD1

jai j
n

mY
iDjC1

jai j
�n d�a1 � � � d�am;

which are all absolutely convergent if and only if � > 1 � n=.m � 1/.
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From now on, we assume that 1 � n � m � 2C ŒE W F � and � satisfies the estimate in
Lemma 3.19. We first consider the case where F is non-archimedean.

Lemma 3.20. Let �1; �2; ˆ be as before. Then the integral

g�1;�2;ˆ.T / D

Z
H�T nH

Z
H

�1.h
�1h�1�T /�2.h

�1�T /ˆ.h/ dh d h(3.20)

is absolutely convergent for all T 2 HermEn .F /
reg and is locally constant.

Proof. For  2 GLn.E/, we have

g! ./�1;! ./�2;ˆ.T / D g�1;�2;ˆ.
tcT /:

There is a compact open subgroup � of GLn.E/ which acts trivially on �1 and �2. Therefore,
g�1;�2;ˆ.

tcT / D g�1;�2;ˆ.T / for all  2 � . In particular, g�1;�2;ˆ.T / is a locally constant
function on HermEn .F / \ GLn.E/. By Lemma 3.19, g�1;�2;ˆ is integrable on HermEn .F /,
which implies that (3.20) is absolutely convergent for all T 2 HermEn .F /

reg.

Proposition 3.21. For �1; �2 2 S.V n/ andˆ a matrix coefficient of � , define a function
f�1;�2;ˆ on HermEn .F / by the formula

f�1;�2;ˆ.u/ WD

Z
H

Z
V n
�1.h

�1x/�2.x/ qV .x/.u/ˆ.h/ dx dh;

which is locally constant. Then f�1;�2;ˆ �  
�1
T has a stable integral for T 2 HermEn .F /

reg.
More precisely,Z st

HermEn .F /
f�1;�2;ˆ.u/ T .u/

�1 du

D

8<:0 if �T D ;;Z
H

Z
H�nH

�1.h
�1h�1�T /�2.h

�1�T /ˆ.h/ d h dh otherwise;

if we take dx (resp. du) to be the selfdual measure on V n (resp. HermEn .F /) with respect to  ,
and d h the Siegel–Weil measure.

We say a Schwartz function � 2 S.V n/ is regularly supported if .supp�/\�T D ; for
all T 2 HermEn .F /

deg. In particular, for every x 2 supp�, the components of x are linearly
independent.

Proof. First assume that supp�2 \ �T D ;. Choose a compact open subset U of
HermEn .F / such that qT .supp�2/ � U and T 62 U . Then there exists a compact open sub-
group N � HermEn .F / such that  T 0�T is non-trivial on N for all T 0 2 U . We haveZ

N 0
f�1;�2;ˆ.u/ T .u/

�1 du D 0

for every compact open subgroup N 0 of HermEn .F / containing N . In general, we may write
�2 D �02 C �

00
2 as a sum of two Schwartz functions such that T 62 qT .supp�02/ and �002 is
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168 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

regularly supported. ThenZ
N 0
f�1;�2;ˆ.u/ T .u/

�1 du D
Z
N 0
f�1;�002 ;ˆ

.u/ T .u/
�1 du:

Therefore, we may assume �2 is regularly supported at the beginning. Then by Lemma 3.20,

f�1;�2;ˆ.u/ D

Z
HermEn .F /

g�1;�2;ˆ.T / T .u/
�1 dT;

and the proposition follows from the Fourier inversion formula.

Now we consider the case where F is archimedean.

Proposition 3.22. Let �1; �2; ˆ be as before and assume that ˆ is smooth. Then the
integral

g�1;�2;ˆ.T / D

Z
H�T nH

Z
H

�1.h
�1h�1�T /�2.h

�1�T /ˆ.h/ dh d h(3.21)

is absolutely convergent for all T 2 HermEn .F /
reg. Moreover, g�1;�2;ˆ is a function in

L1.HermEn .F // (by Lemma 3.19) which is continuous on HermEn .F /
reg.

Proof. The group GLn.E/ acts on S.V n/ by right multiplication. We may choose func-
tions �0 2 S.GLn.E// and �01; �

0
2 2 S.V n/ such that

� j�1.x/j � R.�0/�01.x/ for all x 2 V n;
� j�2.x/j � �

0
2.x/ for all x 2 V n and  2 supp�0.

Then

jg�1;�2;ˆ.T /j �

Z
H�T nH

Z
H

Z
GLn.E/

�0./�
0
1.h
�1h�1�T /�

0
2.h
�1�T /jˆ.h/j dh d h d

�

Z
GLn.E/

�0./g�01;�
0
2;jˆj

.tcT / d;

which is absolutely convergent by Lemma 3.19.
For continuity, we only need to show that for a sequence i 2 GLn.E/ converging to 1,

g�1;�2;ˆ.
tci T i / converges to g�1;�2;ˆ.T /. We can choose �001 ; �

00
2 2 S.V n/ and a sequence

ci of positive real numbers converging to 0, such that

j�˛.xi / � �˛.x/j � ci�
00
˛.x/

for all x 2 V n and ˛ D 1; 2. Thenˇ̌
g�1;�2;ˆ.

tci T i / � g�1;�2;ˆ.T /
ˇ̌

� c2i

Z
H�T nH

Z
H

�001.h
�1h�1�T /�

00
2.h
�1�T /jˆ.x/j dh d h

C ci

Z
H�T nH

Z
H

ˇ̌
�1.h

�1h�1�T /
ˇ̌
�002.h

�1�T /jˆ.x/j dh d h

C ci

Z
H�T nH

Z
H

�001.h
�1h�1�T /j�2.h

�1�T /jjˆ.x/j dh d h;

which converges to 0.
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Corollary 3.23. For �1; �2 2 S.V n/ and ˆ a smooth matrix coefficient of � , define a
function f�1;�2;ˆ on HermEn .F / by the formula

f�1;�2;ˆ.u/ WD

Z
H

Z
V n
�1.h

�1x/�2.x/ qV .x/.u/ˆ.h/ dx dh:

Then f�1;�2;ˆ is a tempered distribution on HermEn .F / and its Fourier transform is continuous
on HermEn .F /

reg. More precisely, for T 2 HermEn .F /
reg,

3f�1;�2;ˆ. T / D
8<:0 if �T D ;;Z

H

Z
H�nH

�1.h
�1h�1�T /�2.h

�1�T /ˆ.h/ d h dh otherwise,

if we take dx (resp. du) to be the selfdual measure on V n (resp. HermEn .F /) with respect to  ,
and d h the Siegel–Weil measure.

4. Global examples for SO5 � SO2

In this section, F will be a number field and we fix a non-trivial additive character
 WF nA! C�.

4.1. Theta integrals. Let W; h ; i be the standard symplectic space over F of dimen-
sion 2n. Let V; . ; / be a quadratic space over F of dimension 2m and W D V ˝W equipped
with the symplectic form hh ; ii D . ; /˝ h ; i. Put G D GSp.W / and H D GO.V / which
form a reductive dual pair in GSp.W /. Denote by H 0 D GSO.V / the identity component of
H . Write � for the similitude character in various groups and put

R D G.Sp.W / � O.V // WD
®
.g; h/ 2 G �H j �.g/ D �.h/

¯
:

Then Sp.W / � O.V / � R. Put

G.A/C D
®
g 2 G.A/ j there exists h 2 H.A/ such that �.g/ D �.h/

¯
and G.F /C D G.F / \ G.A/C, GCv D G.Fv/ \ G.A/C for a place v of F . We note that in
the above definition of G.A/C, we may replace H.A/ by H 0.A/.

Let W1 D SpanF ¹e1; : : : ; enº and W �1 D SpanF ¹e
�
1 ; : : : ; e

�
nº which form a complete

polarization of W such that hei ; e�j i D ıij . Denote by P � G the Siegel parabolic subgroup
stabilizing W1, which has the standard Levi decomposition P D MN, where M is the subgroup
stabilizing both W1 and W �1 , and N is the unipotent radical. Then M ' GLn �F � and N is
isomorphic to Symn. For an element T 2 Symn.F /, we define an automorphic character  T
of N ' Symn by the following formula:

 T .u.s// D  .trT s/WN.F /nN.A/! C�:

In fact, every automorphic character of N is obtained in this way.
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170 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Let ! be the Weil representation of R.A/ which is realized on S.V n.A//, the space of
Schwartz functions on V n.A/, where we identify V ˝ W �1 with V n through the previously
chosen basis. Precisely, for .g; h/ 2 Sp.W /.A/ � O.V /.A/,

! .1; h/�.x/ D �.h
�1x/;

! .m.a/; 1/�.x/ D �V .det a/jdet aj
m
2

A �.xa/;

! .u.s/; 1/�.x/ D  .tr qV .x/s/�.x/;

! .wn; 1/�.x/ D O�.x/:

For .g; h/ 2 R.A/, we have

! .g; h/�.x/ D j�.h/j
�n
2! .g1; 1/�.h

�1x/;

where

g1 D

"
1n

�.g/�1 � 1n

#
g 2 Sp.W /.A/:

For � 2 S.V n.A//, we attach the theta series

�.g; hI�/ D
X

x2V n.F /

! .g; h/�.x/;

which is a smooth function on R.F /nR.A/ of moderate growth. For a cusp form f 2 A0.H/,
define the theta integral

�.f I�/.g/ D

Z
O.V /.F /nO.V /.A/

�.g; hhg I�/f .hhg/ dh

and its variant

�0.f I�/.g/ D

Z
SO.V /.F /nSO.V /.A/

�.g; hhg I�/f .hhg/ dh

as functions on G.A/C, where hg is some element in H 0.A/ with �.hg/ D �.g/. They are
left invariant under G.F /C, and hence define functions on G.F /CnG.A/C. We view them
as functions on G.F /nG.A/ through extension by zero with respect to the natural embedding
G.F /CnG.A/C ,! G.F /nG.A/.

4.2. Global Bessel periods of theta lifting of GSp4. Assume m � n D 2, that is,
G ' GSp4. For T 2 Sym2.F /, define

MT D
®
.g; detg/ 2 M j tgTg D detg � T

¯
;

which contains the center of G that is isomorphic to F �. Assume that detT ¤ 0. Then T
induces a (non-degenerate) quadratic form qT on W1. We have

MT D GSO.W1/ ' ResKF K
�;

where K D KqT is the discriminant quadratic algebra. According to our general convention,
we will assume that K is a field. Put

MT .A/
C
D
®
g 2 MT .A/ j there exists h 2 H 0.A/ such that �.g/ D �.h/

¯
and

MT .F /
C
D MT .F / \MT .A/

C; MCT;v D MT .Fv/ \MT .A/
C:
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Fix an automorphic character �WMT .F /nMT .A/ ! C�. For a cusp form ' 2 A0.G/

with central character ��1jA� , we define the integral

P .'; �/ D

Z
A�MT .F /nMT .A/

Z
N.F /nN.A/

'.ug/ T .u/
�1�.g/ du dg;

which is considered in [38].
Let � be an irreducible unitary cuspidal automorphic representation ofH.A/ realized on

the space V� � A0.H/, with central character �� D ��1jA� . Let � D �.�/ be the global
theta lifting which is realized on the space

V� D
®
R.g/�.f I�/ j f 2 V� ; � 2 S.V 2.A//; g 2 G.A/

¯
:

We will assume the conditions on � specified in [9, Section 7.2] such that � is cuspidal (and
hence unitary). Then for g 2 MT .A/C, we haveZ

N.F /nN.A/
�0.f I�/.ug/ T .u/

�1 du(4.1)

D

Z
N.F /nN.A/

� Z
SO.V /.F /nSO.V /.A/

�.ug; hhg I�/f .hhg/ dh
�
 T .u/

�1 du

D

Z
N.F /nN.A/

Z
SO.V /.F /nSO.V /.A/

X
x2V 2.F /

! .ug; hhg/�.x/f .hhg/ T .u/
�1 dh du

D

Z
SO.V /.F /nSO.V /.A/

X
x2V 2.F /

Z
N.F /nN.A/

! .ug; hhg/�.x/ T .u/
�1 duf .hhg/ dh;

where hg 2 H 0.A/ is any element such that �.hg/ D �.g/.
By definition,

! .ug; hhg/�.x/ D �V .�.g//�.h
�1
g h�1xg/ qV .x/.u/:

Therefore, Z
N.F /nN.A/

! .ug; hhg/�.x/ T .u/
�1 du D 0;

unless there exists x 2 V 2.F / with the moment matrix qV .x/ D T . Denote by V 2.F /T the
set of all such x, on which SO.V /.F / acts transitively. If V 2.F /T ¤ ;, we pick up a base
point � in V 2.F /T . The quadratic space .W1; qT / is isomorphic to the subspace generated
by the components of �. Therefore, we may identify W1 as a quadratic subspace of V . The
stabilizer of � in SO.V / is SO.W ?1 /. We have

(4.1) D
Z

SO.W?1 /.F /nSO.V /.A/
�.h�1�/f .hgh/ dh;

where hg 2 H 0.A/ is some element which preserves W1.A/ and restricts to g on W1.A/.
Therefore,

P .�0.f I�/; �/ D

Z
SO.W?1 /.A/nSO.V /.A/

ƒ�.R.h/f; �/�.h�1�/ dh;(4.2)
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in which

ƒ�.f; �/ D

Z
A� GSO.W1/.F /nGSO.W1/.A/

� Z
SO.W?1 /.F /nSO.W?1 /.A/

f .g0hg/ dg0
�
�.g/ dg

D

Z
A� GŒSO.W?1 /�SO.W1/�.F /nGŒSO.W?1 /�SO.W1/�.A/

f .g0hg/�.g/ dg0 dg;

where .g0; g/ 2 GŒSO.W ?1 / � SO.W1/�.A/ � GSO.W ?1 /.A/ � GSO.W1/.A/.
Recall that we have a short exact sequence

1! SO.V /! O.V /
det
�! �2 ! 1:

Fix a splitting �2 ! O.V / and view �2 as a subgroup of O.V /. For any integrable function
ˆ on O.V /.F /nO.V /.A/, we haveZ

O.V /.F /nO.V /.A/
ˆ.h/ dh D

Z
�2.F /n�2.A/

Z
SO.V /.F /nSO.V /.A/

L.�/ˆ.h0/ dh0 d�;

where d� is the Tamagawa measure on �2.A/. In particular,

�.f I�/.g/ D

Z
�2.F /n�2.A/

�0.f �I��/.g/ d�;

where f � D L.�/f and �� D ! .�/�.
We haveˇ̌

P .�.f I�/; �/
ˇ̌2
D

“
Œ�2.F /n�2.A/�2

P
�
�0.f �I��/; �

�
P .�0.f "I�"/; �/ d� d"(4.3)

D

Z
�2.F /n�2.A/

P .f "I�"/ d";

where
P .f I�/ D

Z
�2.F /n�2.A/

P
�
�0.f �I��/; �

�
P .�0.f I�/; �/ d�:

4.3. The group GO4. Now assume that V has dimension 4 and discriminant 1. Then
there exists a unique quaternion algebra B over F with an F -algebra embeddingK ,! B such
that there exists an isometry .V; qV / ���! .B; �B/ under which W ?1 is mapped to K, where �B
is the reduced norm on B . The group B��B� acts on the vector space V ' B by the formula
.b1; b2/:x D b1xb

�
2 where �WB ! B is the canonical involution. In particular, we have

H D GO.V / ' .B� � B�/ Ì hti=�F �;

where �F � D ¹.x; x�1/ j x 2 F �º � B� �B� and t 2 O.V / is the involution on B� �B�

by changing two factors. We identify �2 with hti. The following lemma is straightforward.

Lemma 4.1. The subgroup GŒSO.W ?1 / � SO.W1/� � GSO.V / ' B� � B�=�F �

consists of elements .x; y/ with x; y 2 K�, and the projection

GŒSO.W ?1 / � SO.W1/�! GSO.W1/ ' ResKF K
�

is given by .x; y/ 7! xy.
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Put
.B� � B�/1 D

®
.b1; b2/ 2 B

�
� B� j �B.b1b2/ D 1

¯
:

Then SO.V / D .B� � B�/1=�F � and SO.W ?1 /nSO.V / D �K�n.B� � B�/1 where
�K� D ¹.x; x�1/ j x 2 K�º � .B� � B�/1.

4.4. Local Bessel periods of Yoshida lifts. We fix a place v of F which will be sup-
pressed from notation in this section.

Let � be an irreducible unitary admissible representation of H such that its big theta
lifting ‚C.�/ WD HomH .c-indG

C�H
R ! ; N�/, which is a smooth representation of GC, is non-

zero. Then‚C.�/ has a unique irreducible quotient, denoted by �C.�/ (see [9, Theorem A.1]).
We have a unique (up to scalar) R-equivariant map

� W ! ˝ � ! �C.�/:

Let � D �.�/ D IndG
GC

�C.�/, which is an irreducible admissible representation of G by
[9, Lemma 5.2]. We assume that � is unitary (and non-zero), which is the case if � is the local
component of an irreducible unitary cuspidal automorphic representation that has non-zero
cuspidal global theta lifting.

Let B! W! ˝ N! ! C be the canonical bilinear pairing defined by

B!.�; Q�/ D

Z
V 2
�.x/ Q�.x/ dx:

By [9, Lemma 5.6], the pairing Z\W .� ˝ N�/˝ .! ˝ N! /! C, defined as

Z\.f; Qf I�; Q�/ D
�F .2/�F .4/

L.1; �; std/

Z
O.V /

B!

�
! .h/�; Q�

�
B�

�
�.h/f; Qf

�
dh;

where the integral is absolutely convergent by Lemma 3.19, descends to a bilinear pairing
B� W� ˝ N� ! C. In other words, we have

B�

�
�.f; �/; �. Qf ; Q�/

�
D Z\.f; Qf I�; Q�/:

Lemma 4.2. Let g 2 MCT .

(1) If F is non-archimedean, the function B�.�.�g/�.f; �/; �. Qf ; Q�// 
�1
T has a stable in-

tegral. More precisely,Z st

N
B�

�
�.ug/�.f; �/; �. Qf ; Q�/

�
 T .u/

�1 du D
�F .2/�F .4/

L.1; �; std/

�

Z
O.V /

Z
SO.W?1 /nSO.V /

�.h�1g h�1h�1�g/ Q�.h�1�/B�

�
�.hhg/f; Qf

�
d h dh;

where hg 2 H 0 is some element which preserves W1 and restricts to g on W1; du is the
selfdual measure on N with respect to  ; and d h is the Siegel–Weil measure in Lemma
3.17.
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174 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

(2) If F is archimedean, the function B�.�.�g/�.f; �/; �. Qf ; Q�// is a tempered distribution
on N whose Fourier transform is continuous on Nreg ' Sym2.F /

reg. More precisely,

5
B�

�
�.�g/�.f; �/; �. Qf ; Q�/

�
. T / D

�F .2/�F .4/

L.1; �; std/

�

Z
O.V /

Z
SO.W?1 /nSO.V /

�.h�1g h�1h�1�g/ Q�.h�1�/B�

�
�.hhg/f; Qf

�
d h dh;

where hg 2 H 0, du and d h are as in case (1).

In both cases, we use the same Haar measure dh on O.V / on the two sides of the identities.

Proof. We apply Proposition 3.21 for (1) and Corollary 3.23 for (2). Notice that n D 2,
m D 4 and E D F .

For ' 2 � and Q' 2 N� , we put

b'; Q'� .g/ D

8̂̂<̂
:̂
Z st

N
B�

�
�.ug/'; Q'

�
 T .u/

�1 du if F is non-archimedean,

5
B�

�
�.�g/�.f; �/; �. Qf ; Q�/

�
. T / if F is archimedean.

Define

˛\.'; Q'I�/ D
L.1; �;Ad/L.1; �K=F /

�F .2/�F .4/L.
1
2
; � � �/

Z
F �nMT

b'; Q'� .g/�.g/ dg:(4.4)

Take the measure dh0 D 2 dhjSO.V /, which is twice the restriction of the measure dh to
SO.V /. Then��F .2/�F .4/

L.1; �; std/

��1
b'; Q'� .g/ D

X
�D˙1

1

2

Z
SO.V /

Z
SO.W?1 /nSO.V /

��.h�1g h�10 h�1�g/(4.5)

� Q�.h�1�/B�

�
�.h0hg/f

�; Qf
�

d h dh0:

Simplify and substitute h D h�1g hh0hg , Qh D h. We have

(4.5) D
X
�D˙1

1

2

Z
SO.V /

Z
SO.W?1 /nSO.V /

��.h�1�/ Q�. Qh�1�/B�

�
�. Qh�1hgh/f

�; Qf
�

d Qh dh;

which is equal to X
�D˙1

1

2

Z
SO.W?1 /nSO.V /

Z
SO.W?1 /nSO.V /

Z
SO.W?1 /

��.h�1�/

� Q�. Qh�1�/B�

�
�.g0hgh/f

�; N�. Qh/ Qf
�

dg0 d Qh dh:

Introduce a new measure

d0 Qh D
�F .2/

2

L.1; �K=F /
d Qh
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on the (inside) quotient group SO.W ?1 /nSO.V / to make the volume of the orbit of the maximal
compact open subgroup to be 1 at unramified places. We have

(4.4) D
X
�D˙1

1

2

“
ŒSO.W?1 /nSO.V /�2

��.h�1�/ Q�. Qh�1�/L�.�.h/f
�; N�. Qh/ Qf I�/ d0 Qh dh;

(4.6)

where

L�.f; Qf I�/ D
L.1; �1;Ad/L.1; �2;Ad/L.1; �K=F /2

�F .2/2L.
1
2
; �1; �/L.

1
2
; �2; �/

�

Z
F �nGSO.W1/

� Z
SO.W?1 /

B�

�
�.g0hg/f; Qf

�
dg0
�
�.g/ dg:

4.5. Waldspurger formula. Let K be a quadratic field extension of F . Let B be a
quaternion algebra over F with a fixed embedding K ,! B . Let � ' ˝v�v be an irreducible
unitary cuspidal automorphic representation of B�.A/ realized on V� � A0.B

�/ such that
�� � �jA� D 1. For f 2 V� , define the following period integral:

Q�.f / D

Z
A�K�nA�K

f .t/�.t/ dt:

Let v be a place of F . For fv 2 �v and Qfv 2 N�v, the integral

ˇv.fv; QfvI�v/ D

Z
F �v nK

�
v

B�v

�
�v.tv/fv; Qfv

�
�v.tv/ dtv

is absolutely convergent. Put

ˇ\v.fv; QfvI�v/ D
L.1; �v;Ad/L.1; �Kv=Fv/

�Fv.2/L.
1
2
; �v; �v/

ˇv.fv; QfvI�v/;

where the L-factors assure that ˇ\v.fv; QfvI�v/ D 1 for almost all places v.
Assume that CB� D 1 and B� D

Q
v B�v . We have the following formula due to

Waldspurger (see [43] and [23, Section 6]):

Q�.f /Q N�. Qf / D
1

2

�F .2/L.
1
2
; �; �/

L.1; �;Ad/L.1; �K=F /

Y
ˇ\v.fv; QfvI�v/:(4.7)

4.6. Period formula of Yoshida lifts. Assume that � is induced by the representation
�1 � �2 of B�.A/ � B�.A/. For f D f1 ˝ f2 2 V�1 ˝ V�2 , we have

ƒ�.f; �/.h/ D

Z
A�K�nA�K

f1.x1h1/�.x1/ dx1

Z
A�K�nA�K

f2.x2h2/�.x2/ dx2

for h D .h1; h2/ 2 SO.V /.A/. Locally by Lemma 4.1,

L�.f; Qf I�/ D ˇ
\.f1; Qf1I�/ˇ

\.f2; Qf2I�/:
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Assume that CSO.V / D CSO.W1/ D CSO.W?1 /
D 1. By (4.2) and the Waldspurger formula

(4.7),

P .f I�/ D
1

4

�F .2/
2L.1

2
; �1; �/L.

1
2
; �2; �/

L.1; �1;Ad/L.1; �2;Ad/L.1; �K=F /2

Z
�2.F /n�2.A/

Y“
ŒSO.W?1 /vnSO.V /v�2� Y

˛D1;2

ˇ\v..�.hv/f
�

v /˛; . N�.
Qhv/ Nfv/˛I�v/

�
��v .h

�1
v �/ N�v. Qh

�1
v �/ dhv d Qhv d�

D
1

4

�F .2/
2L.1

2
; �1; �/L.

1
2
; �2; �/

L.1; �1;Ad/L.1; �2;Ad/L.1; �K=F /2

Z
�2.F /n�2.A/

Y“
ŒSO.W?1 /vnSO.V /v�2

L�
�
�.hv/f

�
v ; N�.

Qhv/ NfvI�v
�
��v .h

�1
v �/ N�v. Qh

�1
v �/ dhv d Qhv d�

D
1

8

L.1
2
; �1; �/L.

1
2
; �2; �/

L.1; �1;Ad/L.1; �2;Ad/L.1; �K=F /

Z
�2.A/

Y“
ŒSO.W?1 /vnSO.V /v�2

L�
�
�.hv/f

�
v ; N�.

Qhv/ NfvI�v
�
��v .h

�1
v �/ N�v. Qh

�1
v �/ dhv d0 Qhv d�:

By (4.6), the above expression equals

1

8

L.1
2
; �1; �/L.

1
2
; �2; �/

L.1; �1;Ad/L.1; �2;Ad/L.1; �K=F /

Y
˛\v
�
�.fv; �v/; �. Nfv; N�v/I�v

�
;

since
˛\v
�
�.fv; �v/; �. Nfv; N�v/I�v

�
D ˛\v

�
�.f "v ; �v/; �. Nf

"
v ;
N�v/I�v

�
for any " 2 �2.A/. We have

(4.3) D
1

16

L.1
2
; �1; �/L.

1
2
; �2; �/

L.1; �1;Ad/L.1; �2;Ad/L.1; �K=F /

Y
˛\v
�
�.fv; �v/; �. Nfv; N�v/I�v

�
:

We fix a decomposition B�˛ D
Q

B�˛;v for ˛ D 1; 2. The local bilinear pairing B�1;v˝B�2;v

induces a local bilinear pairing B�0v
for the representation �0v of H 0

v , and then induces a local
bilinear pairing B�v for the representation �v ofHv. We have B�0 D

1
2

Q
B�0v

. By [9, Lemma
2.1], we have B�0 D 2B� . Therefore, B� D

1
4

Q
B�0v

. Combining with [9, Proposition 7.13],
we have

B� D
1

4

L.1; �; std/
�F .2/�F .4/

Y
B�v :

Moreover, since the Tamagawa number of MT =F
� ' K�=F � is 2, we have

B� D 2
Y

B�v :

Altogether, we have proved the following theorem.

Theorem 4.3. Let .�;V�/ be an irreducible unitary cuspidal (endoscopic) automorphic
representation of GSp4.A/, that is, a theta lifting from GO.V / for some quadratic space V of
dimension 4 and discriminant 1. For a non-degenerate symmetric matrix T 2 Sym2.F /,
denote MT D GSO.W1; qT / ' GSO2 as above. Let � be an automorphic character of MT .A/
such that �� � �jA� D 1. Assume that B� D

Q
B�v , B� D

Q
B�v , and the Haar measure

constant CMT D 1. Then for each vector ' D ˝'v 2 V� ,

jP .'; �/j2 D
1

8

�F .2/�F .4/L.
1
2
; � � �/

L.1; �;Ad/L.1; �K=F /

Y
v

˛]v.'v; N'vI�v/:
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Remark 4.4. (1) When � has the trivial central character, we may view � (resp. �)
as an irreducible cuspidal automorphic representation of A�nGSp4.A/ ' SO5.A/ (resp.
A�nMT .A/ ' SO2.A/). Then the above theorem confirms Conjecture 2.5 for such .�; �/
since jS‰.�/j D 4 and jS‰.�/j D 2.

(2) When ' is the Yoshida lift of two classical normalized newforms of weight 2 (of
PGL2;Q) and � is trivial, a similar formula in Theorem 4.3 can be deduced from the work
of Böcherer and Schulze-Pillot [3, Corollary 2.4] and Furusawa [6, (4.3.4)], where they use
classical language.

(3) By the Gan–Gross–Prasad conjecture [8], we should also consider pure inner forms
of the pair .G2; G0/. In this case, we should consider not only GSp4, but also GSpD4 , whose
adjoint group is isomorphic to SO.V2/ with non-split quadratic space V2 of dimension 5. More
precisely, let D be a quaternion division algebra over F whose local Hasse invariants coincide
with those of V2. Define

G D GSpD4 WD
®
g 2 GL2.D/ j gw2

tg� D � � w2; � 2 F
�
¯
;

where � is the standard involution on D. Let V; h ; i be a skew-hermitian left D-module of
rank 2 and H D GU.V /. Then there is a theta lifting from H to G, analogous to Yoshida
lifts discussed above. In fact, a cuspidal automorphic representation of H.A/ is given by
two cuspidal automorphic representations, one of B�1 .A/ and the other of B�2 .A/, with the
same central character, where B1 and B2 are two (different) quaternion algebras over F . The
previous calculation works in this case as well, except that we need to use a regularized Siegel–
Weil formula for quaternionic hermitian spaces (see [49, p. 1386, Theorem] for � D 1 and
m D n D 2), or rather its corollary, the Rallis inner product formula. We then also have
Theorem 4.3 for inner forms.

(4) The unrefined version of Theorem 4.3, that is, the equivalence between non-vanishing
of L-values and non-triviality of period integrals, has been obtained in [38] (including inner
forms). In fact, our explicit calculation in this section is inspired by that article.

5. Global examples for SO6 � SO3

In this section, F will be a number field; E=F will be a quadratic field extension; and
we fix a non-trivial additive character  WF nA! C�.

5.1. Theta integrals and regularized Rallis inner product formula. Let W; h ; i be
the standard skew-hermitian space over E of dimension 2n. Let V; . ; / be a hermitian space
over E of dimension m. Put W D ResEF V ˝E W which is naturally a symplectic space
over F . Put G D GU.W / ' GUn;n and H D GU.V / which form a reductive dual pair in
GSp.W /. Denote by � the similitude character in various groups and put

R D G.U.W / � U.V // WD
®
.g; h/ 2 G �H j �.g/ D �.h/

¯
:

Then U.W / � U.V / � R. Put

G.A/C D
®
g 2 G.A/ j there exists h 2 H.A/ such that �.g/ D �.h/

¯
and G.F /C D G.F / \ G.A/C, GCv D G.Fv/ \ G.A/C for a place v of F . The following
lemma is elementary.
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178 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Lemma 5.1. Assume that m is odd. Then G.A/C (resp. GCv ) consists of all g such that
�.g/ 2 N A�E (resp. �.g/ 2 NEv). In particular, the natural map

A�;1E U.W /.F /nU.W /.A/! A�EG.F /
C
nG.A/C

is an isomorphism.

Let W1 D SpanE ¹e1; : : : ; enº and W �1 D SpanE ¹e
�
1 ; : : : ; e

�
nº which form a complete

polarization of W such that hei ; e�j i D ıij . Denote by P � G the hermitian Siegel parabolic
subgroup stabilizing W1, which has the standard Levi decomposition P D MN, where M is
the subgroup stabilizing both W1 and W �1 , and N is the unipotent radical. Then N is isomor-
phic to HermEn . For an element T 2 HermEn .F /, we define an automorphic character  T of
N ' HermEn by the following formula:

 T .u.s// D  .trT s/WN.F /nN.A/! C�:

In fact, every automorphic additive character of N is obtained in this way.
Fix an automorphic character �WE�nA�E ! C� such that �jA� D �m

E=F
. Let ! ;�

be the Weil representation of R.A/ which is realized on S.V n.AE //, the space of Schwartz
functions on V n.AE /, where we have identified V ˝E W �1 with V n through the previously
chosen basis. In particular,

! ;�.m.a/; 1/�.x/ D �.det a/jdet aj
m
2

A �.xa/

for m.a/ 2 M.A/. For � 2 S.V n.AE //, we define the theta series to be

��.g; hI�/ D
X

x2V n.E/

! ;�.g; h/�.x/;

which is a smooth function on R.F /nR.A/ of moderate growth. For a cusp form f 2 A0.H/,
define the theta integral

��.f I�/.g/ D

Z
U.V /.F /nU.V /.A/

��.g; hhg I�/f .hhg/ dh

as a function on G.A/C, where hg is some element in H.A/ with �.h/ D �.g/. The theta
integral is left invariant under G.F /C, and hence defines a function on G.F /CnG.A/C. We
view ��.f I�/ as a function on G.F /nG.A/ through extension by zero with respect to the
natural embedding G.F /CnG.A/C ,! G.F /nG.A/.

We have the following special case of regularized Rallis inner product formula, in view
of Lemma 5.1.

Theorem 5.2 ([10, Theorem 1.3]). Assume that n D 2 and m D 3. Let � be an
irreducible unitary cuspidal automorphic representation of H.A/ realized on V� � A.H/.
Then for f D ˝vfv 2 V� and � D ˝v�v 2 S.V 2.AE //,Z

A�G.F /nG.A/
��.f; �/.g/ ��.f; �/.g/ dg D

2L.1; �; std/Q4
iD1L.i; �

i
E=F

/

Y
Z\v.fv; NfvI�v; N�v/;

where the normalized zeta integral Z
\
v is defined in (5.2). Here, we normalize the local Haar

measures such that CU.V / D 1 and the bilinear pairing B�v such that B� D
Q

v B�v .
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5.2. Global Bessel periods of theta lifting of GU2;2. Assume that n D 2 and m � n.
In particular, G ' GU2;2 and M ' ResEF GL2;E �F �. For T 2 HermE2 .F /, define

MT D
®
.g; �/ 2 M j tgcTg D detg � T

¯
:

Assume that detT ¤ 0. Then T induces a (non-degenerate) hermitian form qT on W1. In
particular, MT is identified with GU.W1; qT / or simply GU.W1/. Put

MT .A/
C
D
®
g 2 MT .A/ j there exists h 2 H.A/ such that �.g/ D �.h/

¯
and

MT .F /
C
D MT .F / \MT .A/

C; MCT;v D MT .Fv/ \MT .A/
C:

Let � (resp. �0) be an irreducible unitary cuspidal automorphic representation of G.A/
(resp. MT .A/) realized on the space V� (resp. V�0) with the central character �� (resp. ��0).
Assume that �� � ��0 D 1. For ' 2 V� and '0 2 V�0 , define the integral

P .'; '0/ D

Z
A�EMT .F /nMT .A/

Z
N.F /nN.A/

'.ug/ T .u/
�1'0.g/ du dg:

Now assume that � � ��.�/ for an irreducible unitary cuspidal automorphic representa-
tion .�;V� / of H.A/ whose central character �� satisfies �2 � �� � ��0 D 1. Here,

��.�/ D
®
R.g/��.f I�/ j f 2 V� ; � 2 S.V 2.AE //; g 2 G.A/

¯
:

As in Section 4.2, P .��.f; �/; '0/ D 0 if W1 cannot be embedded into V as hermitian spaces.
Otherwise, we fix an embedding �WW1 ! V , that is, an element � 2 V 2.E/ such that
qV .�/ D T . Then

P .��.f; �/; '0/ D

Z
U.W?1 /.A/nH.A/

ƒ�.R.h/f; '0/�.h�1�/ dh;(5.1)

where

ƒ�.f; '0/ D

Z
A�EMT .F /CnMT .A/C

Z
U.W?1 /.F /nU.W?1 /.A/

�.detg/f .g0hg/'0.g/ dg0 dg:

5.3. Local Bessel periods of theta lifting. We fix a place v of F which will be sup-
pressed from notation in this section. We temporarily allow arbitrary m; n with 1 � m � 2n.

Lemma 5.3. Let � and �C be irreducible admissible representations of H and GC,
respectively. If HomR.! ;�; � � �C/ ¤ 0, then �C ı Ad.g0/ 6' �C for any g0 2 G nGC.

Proof. Assume that G properly contains GC; otherwise the lemma is vacuous. Choose
a similitude � WV ! V 0 with the similitude factor �0. Since g0 62 GC, V 0 is not isometric to
V . Let H 0 D GU.V 0/ and R0 � G �H 0 be the group defined similarly as R. For simplicity,
we denote by ! (resp. !0) the corresponding Weil representation for V (resp. V 0) with respect
to  and �. Then, for every �0 2 S.V 0n/, .g; h/ 2 R,

!.g; h/.�0 ı �/ D
�
!0.g�0 ; tht�1/

�
ı �;
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180 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

where

g�0 D

"
1 0

0 �0

#
g

"
1 0

0 �0

#c;�1
:

Suppose the lemma were false. We have both

HomR.!; � � �C/ ¤ 0 and HomR0.!0; � t � �C/ ¤ 0;

where � t is the t -twist of � . But this contradicts the theta dichotomy (predicted in [18]; see
[36, Theorem 2.9] for the archimedean case, and the proof of [12, Theorem 2.10] in the non-
archimedean case), since m < 2n.

Let � be an irreducible unitary admissible representation of H such that its big theta
lifting ‚C� .�/ WD HomH .c-indG

C�H
R ! ;�; N�/, which is a smooth representation of GC, is

non-zero.

Assumption 5.4. We say � satisfies the strong Howe duality (SHD) (for the group G)
if ‚C� .�/ has a unique irreducible quotient, denoted by �C� .�/.

Lemma 5.5. The SHD is satisfied if

(1) F is archimedean or has odd residue characteristic; or

(2) � is supercuspidal.

Proof. For the isometry case, (1) is due to [22] and [44], and (2) is due to [31]. The
similitude case follows from [51].

If � satisfies SHD, we have unique (up to scalar) R-equivariant maps

��W! ;� ˝ � ! �C� .�/; � N�W N! ;� ˝ N� ! �C
N� . N�/:

Lemma 5.3 implies the following lemma.

Lemma 5.6. Assume that �C� .�/ is unitary. Then � D ��.�/ WD IndG
GC

�C� .�/ is
irreducible and moreover, we have

B�.�.g/'1; '2/ D 0

for g 2 G nGC and '1; '2 2 �C� .�/. Here, B� W�˝ N� ! C is a G-invariant bilinear pairing
and we regard �C� .�/ as a subrepresentation of �jGC .

Remark 5.7. The above lemma implies that globally, given � D ˝v�v an irreducible
unitary cuspidal automorphic representation ofH.A/ satisfying SHD (that is, �v satisfies SHD
for all v), if ��.�/ is cuspidal, it is irreducible. Moreover, ��.�/ ' ˝v��v.�v/.

From now on, we assume that n D 2, m D 3, and also that � satisfies SHD. Let
B! W! ;� ˝ N! ;� ! C be the canonical bilinear pairing defined by

B!.�; Q�/ D

Z
V 2
�.x/ Q�.x/ dx:
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Define the pairing Z\W .� ˝ N�/˝ .! ;� ˝ N! ;�/! C by the formula

Z\.f; Qf I�; Q�/ D

Q4
iD1L.i; �

i
E=F

/

L.1; �; std/

Z
U.V /

B!

�
! ;�.h/�; Q�

�
B�

�
�.h/f; Qf

�
dh;(5.2)

where the integral is absolutely convergent by Lemma 3.19, since n D 2, m D 3, and we have
ŒE W F � D 2. By the assumption on � , Lemma 5.6 and (the proof of) [9, Lemmas 5.6, 5.7], the
pairing Z\ descents to a bilinear pairing B� W� ˝ N� ! C.

Lemma 5.8. Let g 2 MCT .

(1) If F is non-archimedean, the function B�.�.�g/��.f; �/; � N�. Qf ; Q�// 
�1
T has a stable

integral. More precisely,Z st

N
B�

�
�.ug/��.f; �/; � N�. Qf ; Q�/

�
 T .u/

�1 du D

Q4
iD1L.i; �

i
E=F

/�.detg/

L.1; �; std/

�

Z
U.V /

Z
U.W?1 /nU.V /

�.h�1g h�1h�1�g/ Q�.h�1�/B�

�
�.hhg/f; Qf

�
d h dh;

where hg 2 H is some element which preserves W1 and restricts to g on W1; du is the
selfdual measure on N with respect to  ; and d h is the Siegel–Weil measure in Lemma
3.17.

(2) If F is archimedean, the function B�.�.�g/��.f; �/; � N�. Qf ; Q�// is a tempered distri-
bution on N whose Fourier transform is continuous on Nreg ' HermE2 .F /

reg. More
precisely,

5
B�

�
�.�g/�.f; �/; �. Qf ; Q�/

�
. T / D

Q4
iD1L.i; �

i
E=F

/�.detg/

L.1; �; std/

�

Z
U.V /

Z
U.W?1 /nU.V /

�.h�1g h�1h�1�g/ Q�.h�1�/B�

�
�.hhg/f; Qf

�
d h dh;

where hg 2 H , du and d h are as in case (1).

In both cases, we use the same Haar measure dh on U.V / on the two sides of the identities.

Proof. We apply Proposition 3.21 for (1) and Corollary 3.23 for (2). Notice that n D 2,
m D 3 and ŒE W F � D 2.

For ' 2 � , '0 2 �0, Q' 2 N� , and Q'0 2 N�0, we put

b'; Q'� .g/ D

8̂̂<̂
:̂
Z st

N
B�

�
�.ug/��.f; �/; � N�. Qf ; Q�/

�
 T .u/

�1 du if F is non-archimedean,

5
B�

�
�.�g/�.f; �/; �. Qf ; Q�/

�
. T / if F is archimedean.

Define

˛].'; Q'I'0; Q'0/ D
L.1; �;Ad/L.1; �0;Ad/

L.1; �E=F /
3
Q4
iD2L.i; �

i
E=F

/L.1
2
; � � �0/

(5.3)

�

Z
E�nMCT

�.detg/b'; Q'.g/B�0

�
�0.g/'0; Q'0

�
dg:
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182 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

Similar to the calculation in Section 4.4, we have

�Q4
iD1L.i; �

i
E=F

/

L.1; �; std/

��1
b'; Q'� .g/ D

Z
U.W?1 /nU.V /

Z
U.W?1 /nU.V /

Z
U.W?1 /

�.h�1�/

� Q�. Qh�1�/B�

�
�.g0hgh/f; N�. Qh/ Qf

�
dg0 d Qh dh:

Since m D 3, W ?1 has dimension 1. We introduce a new measure

d0 Qh D �F .2/L.3; �E=F / d Qh

on the (inside) quotient group U.W ?1 /nU.V / to make the volume of the orbit of the maximal
compact open subgroup to be 1 at unramified places. Since

L.s; �;Ad/ D L.1; �E=F /L.s; �;Ad/L.s; �; std/;

we have

(5.3) D
“
ŒU.W?1 /nU.V /�2

�.h�1�/ Q�. Qh�1�/L�
�
�.h/f; N�. Qh/ Qf I'0; Q'0

�
d0 Qh dh;(5.4)

where

L�.f; Qf I'0; Q'0/ D
L.1; �;Ad/L.1; �0;Ad/Q3

iD1L.i; �
i
E=F

/L.1
2
; .� ˝ �/� �0/

Z
E�nMCT

�.detg/

�

� Z
U.W?1 /

B�

�
�.g0hg/f; Qf

�
dg0
�
B�0

�
�0.g/'0; Q'0

�
dg

D
L.1; �;Ad/L.1; �0;Ad/Q3

iD1L.i; �
i
E=F

/L.1
2
; .� ˝ �/� �0/

�

Z
U.W1/

�.detg/B�

�
�.g/f; Qf

�
B�0

�
�0.g/'0; Q'0

�
dg:

5.4. Period formula of tempered theta lifting. For f 2 V� and '0 2 V�0 ,

ƒ�.f; '0/ D 2

Z
A�;1E U.W1/.F /nU.W1/.A/

�.detg/f .g/'0.g/ dg D Q.f; '0 � �/;

where
Q.f; '0 � �/ D

Z
U.W1/.F /nU.W1/.A/

�.detg/f .g/'0.g/ dg:

By (5.1),ˇ̌
P .��.f; �/; '0/

ˇ̌2
D

Z
ŒU.W?1 /.A/nH.A/�

2

Q
�
R.h/f; '0 � �

�
Q
�
R. Qh/f; '0 � �

�
� �.h�1�/ N�. Qh�1�/ dh d Qh:
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Conjecture 5.9 (Conjecture 2.5 for U3 �U2). Let the notation be as above. Assume
that .�;V� / (resp. .�0;V�0/) is a tempered cuspidal automorphic representation of U.V /.A/
(resp. U.W1/.A/), and B� D

Q
B�v , B�0 D

Q
B�0;v , CU.V / D 1. For f D ˝vfv and

f 0 D ˝vf
0

v , (resp. '0 D ˝v'0;v) in the space V� (resp. V�0), we have

Q.f; '0 � �/Q.f 0; '0 � �/

D
1

jS‰.�/jjS‰.�0/j

Q3
iD1L.i; �

i
E=F

/L.1
2
; .� ˝ �/� �0/

L.1; �;Ad/L.1; �0;Ad/

Y
v2†

L�
�
fv; Nf

0
v I'0;v; N'0;v

�
:

If � and �0 are representations of the similitude groups as in the previous discussion,
then we say Conjecture 5.9 holds for .�; �0/ if it holds for every pair .� 0; � 00/ of irreducible
sub-representations of .� jU.V /.A/; �0jU.W1/.A//. Here, we are restricting functions, not repre-
sentations.

Since m is odd, we have jS‰.�/j D jS‰.� 0/j and jS‰.�/j D jS‰.� 00/j. Assume that
Conjecture 5.9 holds for .�; �0/. Then we haveˇ̌

P .��.f; �/; '0/
ˇ̌2
D

1

jS‰.�/jjS‰.�0/j

L.1; �E=F /L.
1
2
; .� ˝ �/� �0/

L.1; �;Ad/L.1; �0;Ad/

�

Y
v2†

Z
ŒU.W?1 /vnHv�2

L�
�
�.hv/fv; N�. Qhv/ NfvI'0;v; N'0;v

�
�v.h

�1
v �/ N�v. Qh

�1
v �/ dhv d0 Qhv

for � D ˝v�v. By (5.4),ˇ̌
P .��.f; �/; '0/

ˇ̌2
D

1

jS‰.�/jjS‰.�0/j

L.1; �E=F /L.
1
2
; .� ˝ �/� �0/

L.1; �;Ad/L.1; �0;Ad/

�

Y
v2†

˛]v
�
��v.fv; �v/; � N�v.

Nfv; N�v/I'0;v; N'0;v
�
:

By Theorem 5.2, we have

B�2 D
2L.1; �; std/Q4
iD1L.i; �

i
E=F

/

Y
B�2;v :

Together, we prove the following theorem by noticing that jS‰.�/j D 2jS‰.�/j.

Theorem 5.10. Let � D ��.�/ be an irreducible unitary cuspidal (endoscopic) auto-
morphic representation of GU2;2.A/ which is the global theta lifting of an irreducible tempered
unitary cuspidal automorphic representation .�;V� / of GU.V /.A/ with dimV D 3 satisfying
SHD. For a non-degenerate hermitian matrix T 2 HermE2 .F /, let .�0;V�0/ be an irreducible
tempered unitary cuspidal automorphic representation of MT .A/, where MT ' GU.W1; qT /
as above, such that �2 � �� � ��0 D 1. Assume that B�˛ D

Q
B�˛;v for ˛ D 0; 2 and

CMT D 1. Suppose that Conjecture 5.9 holds for .�; �0/. Then for vectors ' D ˝'v 2 V�
and '0 D ˝'0;v 2 V�0 , we have

jP .'; '0/j
2
D
LF .2/LF .4/L.3; �E=F /

jS‰.�/jjS‰.�0/j

L.1; �E=F /
2L.1

2
; � � �0/

L.1; �;Ad/L.1; �0;Ad/

�

Y
v

˛]v.'v; N'vI'0;v; N'0;v/:
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Remark 5.11. By [52], Conjecture 5.9 holds if the following conditions are satisfied:

(1) E=F splits at all archimedean places.

(2) There exists a split place v such that �v and �0;v are supercuspidal.

(3) For a non-split place v, if �v and �0;v are not both unramified, then they are supercuspidal.

In particular, condition (2) implies that jS‰.�/j D 4 and jS‰.�0/j D 2. Moreover, we assume
that �v is supercuspidal if v has residue characteristic 2 to meet SHD.

5.5. From GU2;2 to SO6. So far, we have not touched orthogonal groups yet. In fact,
they are related via the subgroup

G� D GU�.W / WD
®
g 2 G D GU.W / j detg D �.g/n

¯
of G. Notice that SU.W / is the intersection of GU�.W / and U.W /. Let n D 2 be as above
and let V2 be the unique up to isometry quasi-split quadratic space over F of dimension 6 and
discriminant algebra E. Then we have the short exact sequence

1! F � ! G� ! SO.V2/! 1;

which identifies G� with GSpin.V2/; see Section 6.3. Let P� D P \ G� whose unipotent
radical is again N, and M� D P� \ M. We have the Levi decomposition P� D M�N. Put
M�
T D MT \M�. Then we have the short exact sequence

1! F � ! M�
T ! SO.V0/! 1;

which identifies M�
T with GSpin.V0/, where V0 is the quadratic space over F of dimension 3

determined by T . Note that the natural inclusion F �nM�
T ! E�nMT is an isomorphism.

Let .�;V� / be an irreducible unitary cuspidal automorphic representation of H.A/. For
f 2 V� and � 2 S.V n.AE //, we put ���.f I�/ D ��.f I�/jG�.A/. Define

���.�/ D
®
'jG�.A/ j ' 2 ��.�/

¯
;

which is an automorphic representation of G�.A/, not necessarily irreducible.
From now on, we assume that m D 3, � satisfies SHD, and � D ��.�/ is cuspidal.

Define
X� D

®
!WA�EG

�.A/G.F /nG.A/! C� j � ˝ ! ' �
¯
;

which is a finite group by [21, Lemma 4.11]. For ' 2 � D ��.�/ being stabilized under all
twists of X� , we have Z

A�G�.F /nG�.A/
'.g/'.g/ dg D jX� jB�.'; Q'/(5.5)

by [21, Remark 4.20]. Let .�2;V�2/ be an irreducible summand of ���.�/. The following
lemma is a special case of [33, Lemma 3.6].

Lemma 5.12. We have that jS‰.�2/j D jX� j � jS‰.�/j.
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For '˛ 2 V�˛ (˛ D 0; 2), recall that

P .'2; '0/ D

Z
A�M�T .F /nM

�
T .A/

Z
N.F /nN.A/

'2.ug/ T .u/
�1'0.g/ du dg:

Locally, for '˛ 2 �˛ and Q'˛ 2 N�˛ (˛ D 0; 2), we define

˛\.'2; Q'2I'0; Q'0/ D
L.1; �;Ad/L.1; �0;Ad/

L.1; �E=F /
3
Q4
iD2L.i; �

i
E=F

/L.1
2
; � � �0/

�

Z
F �nM�T

�.detg/b'; Q'�2 .g/B�0

�
�0.g/'0; Q'0

�
du dg:

By (5.5), [21, Lemma 4.12] and Lemma 5.12, Theorem 5.10 implies

jP .'2; '0/j
2
D

�
G
�
ad

jS‰.�2/jjS‰.�0/j

L.1
2
; �2 � �0/

L.1; �2;Ad/L.1; �0;Ad/

Y
v

˛\v.'2;v; N'2;vI'0;v; N'0;v/

for vectors '˛ D ˝'˛;v 2 V�˛ (˛ D 0; 2). Here, we view �0 as a representation of
M�
T .A/ and hence the factor L.1; �E=F / is removed from its adjoint L-function. We also

have L.1; �;Ad/ D L.1; �E=F /L.1; �2;Ad/. To summarize, we have the following corollary.

Corollary 5.13. Let the situation be as above. When �2 (resp. �0) has the trivial central
character, we may view �2 (resp. �0) as an irreducible cuspidal automorphic representation of
A�nGU�2;2.A/ ' SO.V2/.A/ (resp. A�nM�

T .A/ ' SO.V0/.A/). Then we have

jP .'2; '0/j
2
D

1

jS‰.�2/jjS‰.�0/j

�G2L.
1
2
; �2 � �0/

L.1; �2;Ad/L.1; �0;Ad/

Y
v

˛\v.'2;v; N'2;vI'0;v; N'0;v/;

which confirms Conjecture 2.5 for such .�2; �0/, where G2 D SO.V2/ as always.

6. Appendices

6.1. Formulas for �.„; �/. We keep the notation and conventions from Section 3.3.
In particular, G0 is not trivial and r > 0. Choose a decomposition V2 D S ˚ Van ˚ S�

where Van is an anisotropic kernel of V2 and S , S� are totally isotropic. Denote by m the
dimension of S , which is the Witt index of V2. Choose a basis ¹e1; : : : ; emº of S and a
dual basis ¹e�1 ; : : : ; e

�
mº of S�. Assume that in the filtration F, Ri D SpanE ¹e1; : : : ; eiº

for 0 � i � r and R� D SpanE ¹e
�
1 ; : : : ; e

�
r º. Since the group G2 is quasi-split, we have that

dimE Van � 2. Precisely, we fix a basis of Van as follows: Van D SpanE ¹e0º when n2 is odd;
Van D SpanE ¹e0; e

�
0 º (e�0 is not supposed to be the dual of e0) when n2 is even, ŒE W F � D 2

and K is a field; and Van D 0 otherwise. Note that m > r , since G0 is not trivial. Therefore,
we may also assume that the anisotropic vector w belongs to SpanE ¹erC1; e

�
rC1º.

We identify T2 with
Qm
iD1 GLE .ei / � Ism0.V0/. Consider the maximal parabolic sub-

group PrC1 � G2 stabilizing the subspace SpanE ¹e1; : : : ; erC1º with the standard Levi sub-
group ResEF GLrC1 �G01, where G01 � G0. We separate the parameter „ into two parts:
„0 D .„1; : : : ; „rC1/ which produces an unramified representation � D Ind.„0/ of
ResEF GLrC1, and Q„0D .„rC2; : : : /which produces an unramified representation � D Ind. Q„0/
of G01. Then �2 ' IndG2PrC1 � ˝ � . We choose the isomorphism such that f„ maps to the un-
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186 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

ramified section which takes value f� ˝ f� at 1, where f� (resp. f� ) is the unramified section
of � (resp. � ) such that f� .1/ D 1 (resp. f� .1/ D 1).

Proposition 6.1. We have the following relation:

�.„; �/ D
L.1

2
; � � �0/

L.1; � � �/L.1; �; �/
Y

1�i<j�rC1

1

LE .1;„i„
�1
j /

�.�; Q„0/;

where

� � D ^2, if ŒE W F � D 1 and n2 is even;
� � D Sym2, if ŒE W F � D 1 and n2 is odd;
� � is the Asai representation AsC, if ŒE W F � D 2 and n2 is even;
� � is the Asai representation As�, if ŒE W F � D 2 and n2 is odd.

Proof. The proposition follows from [11, Theorem 4.5] for ŒE W F � D 1 and from
[26, Theorem 3.9] for ŒE W F � D 2. Note that the extra factor

Q
1�i<j�rC1LE .1;„i„

�1
j /�1

comes from the normalization of the unramified Whittaker function, which follows from the
Casselman–Shalika formula [4].

Corollary 6.2. We have the following formulas for �.„; �/:

(1) If ŒE W F � D 1, K D F ˚ F and n2 odd, then m D .n2 � 1/=2. Let „ D .„1; : : : ; „m/
and � D .�rC1; : : : ; �m/. We have

�.„; �/ D

mY
iD1

L.1;„2i /
�1

Y
1�i<j�m

L.1;„i„j /
�1L.1;„i„

�1
j /�1

�

Y
rC1�i<j�m

L.1; �i�j /
�1L.1; �i�

�1
j /�1

�

Y
1�i�j�m

L
�1
2
;„i�j

�
L
�1
2
;„i�

�1
j

�
�

Y
rC1�j<i�m

L
�1
2
;„i�j

�
L
�1
2
;„�1i �j

�
:

(2) If ŒE W F � D 1, K D F ˚ F and n2 even, then m D n2=2. Let „ D .„1; : : : ; „m/ and
� D .�rC1; : : : ; �m�1/. We have

�.„; �/ D
Y

1�i<j�m

L.1;„i„j /
�1L.1;„i„

�1
j /�1

�

m�1Y
iDrC1

L.1; �2i /
�1

Y
rC1�i<j�m�1

L.1; �i�j /
�1L.1; �i�

�1
j /�1

�

Y
1�i�j�m�1

L
�1
2
;„i�j

�
L
�1
2
;„i�

�1
j

�
�

Y
rC1�j<i�m

L
�1
2
;„i�j

�
L
�1
2
;„�1i �j

�
:
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(3) If ŒE W F � D 1, K is a field and n2 odd, then m D .n2 � 1/=2. Let „ D .„1; : : : ; „m/

and � D .�rC1; : : : ; �m�1/. We have

�.„; �/ D

mY
iD1

L.1;„2i /
�1

Y
1�i<j�m

L.1;„i„j /
�1L.1;„i„

�1
j /�1

�

m�1Y
iDrC1

L.1; �i /
�1L.1; ��i /

�1
Y

rC1�i<j�m�1

L.1; �i�j /
�1L.1; �i�

�1
j /�1

�

Y
1�i�j�m�1

L
�1
2
;„i�j

�
L
�1
2
;„i�

�1
j

�

�

Y
rC1�j<i�m

L
�1
2
;„i�j

�
L
�1
2
;„�1i �j

� mY
iD1

L
�1
2
;„i

�
L
�1
2
; �„i

�
:

(4) If ŒE W F � D 1, K is a field and n2 even, then m D n2=2 � 1. Let „ D .„1; : : : ; „m/

and � D .�rC1; : : : ; �m/. We have

�.„; �/ D

mY
iD1

L.1;„i /
�1L.1; �„i /

�1
Y

1�i<j�m

L.1;„i„j /
�1L.1;„i„

�1
j /�1

�

mY
iDrC1

L.1; �2i /
�1

Y
rC1�i<j�m

L.1; �i�j /
�1L.1; �i�

�1
j /�1

�

Y
1�i�j�m

L
�1
2
;„i�j

�
L
�1
2
;„i�

�1
j

�

�

Y
rC1�j<i�m

L
�1
2
;„i�j

�
L
�1
2
;„�1i �j

� mY
iDrC1

L
�1
2
; �i

�
L
�1
2
; ��i

�
:

(5) If ŒE W F � D 2, E is a field and n2 odd, then m D .n2 � 1/=2. Let „ D .„1; : : : ; „m/

and � D .�rC1; : : : ; �m/. We have

�.„; �/ D

mY
iD1

LF .1; �„i /
�1LE .1;„i /

�1
Y

1�i<j�m

LE .1;„i„j /
�1LE .1;„i„

�1
j /�1

�

Y
rC1�i<j�m

LE .1; �i�j /
�1LE .1; �i�

�1
j /�1

�

Y
1�i�j�m

LE

�1
2
;„i�j

�
LE

�1
2
;„i�

�1
j

�
�

Y
rC1�j<i�m

LE

�1
2
;„i�j

�
LE

�1
2
;„�1i �j

�
:
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(6) If ŒE W F � D 2, E is a field and n2 even, then m D n2=2. Let „ D .„1; : : : ; „m/ and
� D .�rC1; : : : ; �m�1/. We have

�.„; �/ D
Y

1�i<j�m

LE .1;„i„j /
�1LE .1;„i„

�1
j /�1

�

m�1Y
iDrC1

LF .1; ��i /
�1LE .1; �i /

�1

�

Y
rC1�i<j�m�1

LE .1; �i�j /
�1LE .1; �i�

�1
j /�1

�

Y
1�i�j�m�1

LE

�1
2
;„i�j

�
LE

�1
2
;„i�

�1
j

�
�

Y
rC1�j<i�m

LE

�1
2
;„i�j

�
LE

�1
2
;„�1i �j

�
:

(7) If E D F ˚ F and n2 odd, then m D .n2 � 1/=2. Let „ D .„1; : : : ; „mI„0/ and
� D .�rC1; : : : ; �m/. We have

�.„; �/ D

mY
iD1

LF .1;„0„i /
�1

Y
1�i<j�m

LF .1;„i„j /
�1LF .1;„i„

�1
j /�1

�

Y
rC1�i<j�m

LF .1; �i�j /
�1LF .1; �i�

�1
j /�1

�

Y
1�i�j�m

LE

�1
2
;„i�j

�
LE

�1
2
;„i�

�1
j

�

�

Y
rC1�j<i�m

LE

�1
2
;„i�j

�
LE

�1
2
;„�1i �j

� mY
jDrC1

LF

�1
2
;„0�j

�
:

(8) If E D F ˚ F and n2 even, then m D n2=2. Let „ D .„1; : : : ; „m/ and
� D .�rC1; : : : ; �m�1I �0/. We have

�.„; �/ D
Y

1�i<j�m

LF .1;„i„j /
�1LF .1;„i„

�1
j /�1

�

m�1Y
iDrC1

LF .1; �0�i /
�1

Y
rC1�i<j�m�1

LF .1; �i�j /
�1LF .1; �i�

�1
j /�1

�

Y
1�i�j�m�1

LE

�1
2
;„i�j

�
LE

�1
2
;„i�

�1
j

�

�

Y
rC1�j<i�m

LE

�1
2
;„i�j

�
LE

�1
2
;„�1i �j

� mY
iD1

LF

�1
2
;„i�0

�
:

In (3) and (4), � equals �K=F . In (5) and (6), � equals �E=F .
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Proof. By Proposition 6.1, we only need to prove the corresponding formula for
�.�; Q„0/. Let q be the cardinality of the residue field of F . When q is odd, cases (1)–(4)
follow from [23, Section 5] and cases (5)–(8) follow from [19, Section 2.2.1]. When q is even,
it suffices to show that �.�; Q„0/ is an element in Q.q

1
2 ; �; Q„0/. By an argument at the end of

[23, p. 1393], the function I.1I �; Q„0/ (defined in Section 3.3) is an element in Q.q
1
2 ; �; Q„0/.

From the decomposition I.1I �; Q„0/ D �.�; Q„0/S
��1; Q„

0�1.1/, we only need to show that the
Shintani function S

��1; Q„
0�1.1/ is in Q.q

1
2 ; �; Q„0/, which is the case due to the explicit formula

for Shintani functions available for all q. Here, we only use the explicit formula for Shintani
functions when r D 0, whose references will be listed in the next section.

6.2. Whittaker–Shintani functions of Bessel type. We follow the notation and setting
used in Section 3.3. By Lemma 3.8 and its preceding discussion, S„;�.g2/, as a function of
.„; �/, has a meromorphic continuation to a region�where .„; �/ are sufficiently closed to the
unitary axis. We may assume that � is invariant under the action of the Weyl group W2 �W0.
Our goal in this subsection is to provide an explicit formula of S„;�.1/ for .„; �/ 2 �. For
this purpose, we further assume that the residue characteristic of F is not 2. Such a formula
already exists in literature in the following cases:

� E D F and K D F ˚ F , due to [29];

� E D F and r D 0, due to [23];

� E is a quadratic field extension of F and r D 0, due to [19, 27];

� E D F ˚ F and r D 0, due to [28].

All remaining cases have r > 0, in which the one when E D F and K D F ˚ F (that is,
G2 and G0 are both split orthogonal groups) has been treated in [29]. For the rest of them, we
follow the method in [29, Sections 10, 11] and also [23, Section 5].

Lemma 6.3. The quality S„;�.g2/�.„; �/�1 is W2 � W0-invariant as a function of
.„; �/.

Proof. The proof is similar to [23, Lemma 5.2]. Note that I.g2; ˆ„; ˆ�/ is W2 �W0-
invariant, since ˆ„, ˆ� and �.„; �/�.„�1; ��1/ are also W2 � W0-invariant by the explicit
formulas in Corollary 6.2. The W2 � W0-invariance of S„;�.g2/�.„; �/�1 follows from the
equality

I.g2; ˆ„; ˆ�/

�.„; �/�.„�1; ��1/
D
S„�1;��1.g2/

�.„�1; ��1/

by (3.8) and Lemma 3.8.

Denote by A˛ � T˛ the maximal split torus. Put

AC2 D
®
t 2 A2 j j˛.t/j � 1 for any positive root ˛ of .G2; A2/

¯
;

AC0 D
®
t 2 A0 j j˛.t/j � 1 for any positive root ˛ of .G0; A0/

¯
:

See the proof of Lemma 3.19 for the explicit description of AC2 and AC0 . Then we have the
Cartan decompositions G2 DK2A

C
2 K2 and G0 DK0A

C
0 K0. For each positive root ˛ of G2
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(resp. G0), we denote the c-function of Harish-Chandra by c˛.„/ (resp. c˛.�/) and put

cw2.„/ D
Y

˛>0;w2˛>0

c˛.„/; cw0.�/ D
Y

˛>0;w0˛>0

c˛.�/:

When w2 (resp. w0) is the identity element, we put c2.„/ D cw2.„/ (resp. c0.�/ D cw0.�/).
We fix a basis ¹g2;w2ºw22W2 (resp. ¹g0;w0ºw02W0) of I.„/B2 (resp. I.�/B0) as in [29,

Proposition 1.10] (whose proof works for any unramified group G). In view of the relation
(3.9), we have the following formula similar to [29, Theorem 10.7]:

S„;�.t0�
�1t2/

�.„; �/
D
�G2�G0
�T2�T0

�

X
w22W2;w02W0

cWS.w2„;w0�/ � .w2„/
�1ı

1=2
2 .t2/ � .w0�/

�1ı
1=2
0 .t0/;

where cWS.„; �/ D c2.„/c0.�/�.„; �/
�1.

Proposition 6.4. We haveX
w22W2;w02W0

cWS.w2„;w0�/ D �
�1
G0
:

Proof. We closely follow [29, Section 11]. As in [29, Section 10.2], let e2.„/ (resp.
e0.�/) be the numerator of c2.„/ (resp. c0.�/) and d2.„/ (resp. d0.�/) be the denominator
of c2.„/ (resp. c0.�/). Denote by b.„; �/�1 the product of all terms involving L.1

2
;�/ in the

formula of �.„; �/ in Corollary 6.2. Then we have

�.„; �/ D
e2.„/e0.�/

b.„; �/
; cWS.„; �/ D

b.„; �/

d2.„/d0.�/
:

Put

Ar;n0 D Ar;n0.„; �/ D
X

w22W2;w02W0

b.w2„;w0�/

d2.w2„/d0.w0�/
; A�r;n0 D Ar;n0.„

�1; ��1/:

We regard „ and � as indeterminates (with suitably many components) and hence A�r;n0 is in
the ring CŒ„˙1; �˙1�. Similarly, we put

b�r;n0.„; �/ D b.„�1; ��1/; d
�
2.„/ D d2.„

�1/; d
�
0.�/ D d0.�

�1/:

Let �˛ be the half-sum of positive roots of .G˛; A˛/ for ˛ D 0; 2. Put

D2.„/ D „
�2d

�
2.„/; D0.�/ D �

�0d
�
0.�/:

Then

A�r;n0 D D2.„/
�1D0.�/

�1
X

w22W2;w02W0

sgn.w2/ sgn.w0/w2w0
�
„�2��0b�r;n0.„; �/

�
:
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We say a monomial „��� is regular if „w2��w0� D „��� implies that both w2 and w0 are
identities. Set Br;n0 D „

�2��0b
�
r;n0.„; �/ and expand it as

P
c�;�

„���. We have

A�r;n0 D D2.„/
�1D0.�/

�1
X

„��� regular

c�;�
X

w22W2;w02W0

sgn.w2/ sgn.w0/w2w0.„���/:

Repeat the proof of [29, Lemma 11.5] for the eight cases in Corollary 6.2, where the original
proof is for case (1). We conclude that A�r;n0 is constant in „ and independent of r . Therefore,
the proposition reduces to the case r D 0 which is known.

Corollary 6.5. We have

S„;�.1/ D
�G2

�T2�T0
�.„; �/:

6.3. Realization of low-rank orthogonal groups. Let V be the unique up to isomor-
phism quasi-split quadratic space over F of dimension m and discriminant algebra E when m
is even.

� If m D 2, then SO.V / ' E�;1 ' ResEF E
�=F �.

� If m D 3, then SO.V / ' PGL2, which acts on the space

V D

´
v D

"
a b

c �a

# ˇ̌̌
a; b; c 2 F

µ

with the norm q.v/ D a2 C bc by g:v D gvg�1.

� If m D 4, then SO.V / ' GLE;�2 =F �. We have

GLE;�2 D
®
g 2 ResEF GL2 j detg 2 F �

¯
;

which acts on the space

V D

´
v D

"
e b

c �ec

# ˇ̌̌
b; c 2 F; e 2 E

µ

with the norm q.v/ D eec C bc by g:v D gvgc;�1.

� If m D 5, then SO.V / ' PGSp4. We have

GSp4 D
®
g 2 GL4 j tgJ2g D �.g/J2

¯
;

which acts on the space

V D

8̂̂̂̂
<̂
ˆ̂̂:v D

266664
a b x

c �a �x

�y a c

y b �a

377775
ˇ̌̌
a; b; c; x; y 2 F

9>>>>=>>>>;
with the norm q.v/ D a2 C bc C xy by g:v D gvg�1.
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192 Liu, Refined global Gan–Gross–Prasad conjecture for Bessel periods

� If m D 6, then SO.V / ' GU�2;2 =F
� where

GU�2;2 D
®
g 2 ResEF GL4 j tgcJ2g D �.g/J2; detg D �.g/2

¯
;

which acts on the space

V D

8̂̂̂̂
<̂
ˆ̂̂:v D

266664
e b x

c �ec �x

�y e c

y b �ec

377775
ˇ̌̌
b; c; x; y 2 F; e 2 E

9>>>>=>>>>;
with the norm q.v/ D eec C bc C xy by g:v D gvgc;�1.
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