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Abstract We consider a discrete model for anisotropic (2 + 1)-dimensional growth of an interface height
function. Owing to a connection with g-Whittaker functions, this system enjoys many explicit integral
formulas. By considering certain Gaussian stochastic differential equation limits of the model we are able
to prove a space-time limit of covariances to those of the (2 + 1)-dimensional additive stochastic heat
equation (or Edwards-Wilkinson equation) along characteristic directions. In particular, the bulk height
function converges to the Gaussian free field which evolves according to this stochastic PDE.
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1 Introduction

A key notion in statistical mechanics and probability is that of universality classes. Roughly, this holds
that the long-time and large-scale behavior of possibly complex stochastic systems group into broad classes
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which all show the same scaling exponents and statistics describing fluctuations. The connection between
microscopic dynamics and the associated universality class is generally facilitated by a few physically
relevant quantities which can be computed on the microscopic side. This article will probe the universality
class associated with two-dimensional interface growth.

1.1 Random growth in (2 4 1)-dimensions

Random growth models have received significant attention recently. In one spatial dimensional, generic
local random growth models with slope dependent growth rates fall into the (1 + 1)-dimensional Kardar-
Parisi-Zhang (KPZ) universality class of which quite a lot is now known — see the reviews and lecture
notes [7, 11,12, 19,20, 37, 38]. In two spatial dimensions much less is known. It is predicted (see, for
example, [11]) that generic local random growth models with slope dependent growth rates fall into one of
two (2 + 1)-dimensional KPZ universality classes — the isotropic or the anisotropic class. The archetypical
(2 + 1)-dimensional model is the continuum KPZ stochastic PDE

O (1,2) = 5Ah(t,2) + (Th, QUA)E, @) + €(t, ).

Here z = (w1,22) € R? and ¢t € R>( (despite saying “space-time” we put time ¢ before space ). The
function h(t,r) € R is the height above location z at time ¢, the Laplacian A is on R? and the noise &
is space-time white. The quadratic form in Vh is defined with respect to a 2 x 2 matrix (. When the
signature of @ is (4, +) or (—, —), the equation is called “isotropic” while in the mixed case (+,—) or
(—,+) (and the boarder case when one term is 0) it is called “anisotropic”. Presently this equation has
not been shown to be well-posed — the noise is sufficiently rough so that solutions are distribution valued
and hence not regular enough to define the non-linearity by standard means.

The difference between isotropic and anisotropic growth is quite marked. In the isotropic case, all
directions are roughly the same, and there is no theoretical prediction for the scaling exponent or fluc-
tuations. Numerics predict fluctuation growth of order %24 (with 0.24 only approximate, but different
from 1/4) — see [23]. The anisotropic case has very different behavior. In particular, it was predicted by
Wolf [11] in 1991 that the anisotropic equation should have fluctuations which grow like vInt and behave
asymptotically like the equation without non-linearity — the (24 1)-dimensional Edwards-Wilkinson (EW)
/ additive stochastic heat equation

O 1) = 5 Au(t, ) + (1), (L1)
This equation is not function valued, but rather takes values in the space of generalized functions. The
Gaussian free field is an invariant measure for the equation.

There are some results in the literature confirming the v/In ¢, and Gaussian free field behavior for certain
discrete growth models. Numerics performed by Halpin-Healy and Assdah [24] support the VInt prediction.
The first rigorous result was in 1997 by Prihofer and Spohn [34] who showed vInt scale fluctuations for
the Gates-Westcott model [21] through exact calculations. The Gaussian free field prediction (in addition
to the vInt scaling) was demonstrated in 2008 by Borodin and Ferrari [6] for a discrete model related to
Schur processes (the ¢ = 0 case of the model we introduce below). Aspects of that result were extended to
a slightly more general model recently by Toninelli [10]. These results (which are essentially the full set of
rigorous results for (2 4 1)-dimensional anisotropic KPZ models) deal only with behavior at a single time,
and it remained an important open problem to demonstrate the non-trivial temporal limit of such models.

To our knowledge, this present paper, along with the work of Borodin, Corwin and Toninelli [5] on
growth models on the torus (initiated near the completion of this present work, though completed prior to
it), is the first work in which a scaling limit to the (24 1)-dimensional EW equation has been established for
a model in the (24 1)-dimensional anisotropic KPZ universality class. The previous work mentioned above
have dealt with only a single time. From the outset, let us be clear about two things. First — we do not prove
convergence as space-time processes, but rather work with covariances (avoiding complications related to
working with generalized function valued solutions). Second — our convergence result is for a system of
SDEs which arise as limits of a particular discrete growth model. We rely on exact covariance formulas for
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Fig. 1: The plot of (/\,(C”), n) for 1 <k <n < N =5 yields an interlacing triangular array.

the SDEs which come from the fact that the discrete growth model is an “integrable probabilistic system”.
Direct analysis of the discrete model is presently beyond our techniques.

This paper is the first instance where bulk asymptotics have been extracted from Macdonald processes
(apart from the free-fermionic Schur case). The exact formulas provided by the structure Macdonald
processes results in a number of nice formulas as we take certain limits. For instance, in Section 3 we
demonstrate simple determinant form solutions to a system of ODEs which arises in describing the law of
large numbers behavior of the bulk as the Macdonald parameter ¢ — 1. Another example is the explicit
covariance formulas given in Section 4 for the SDEs which describe the fluctuations around that bulk law
of large numbers behavior.

1.2 The g-Whittaker particle system

Measures on interlacing partitions or Gelfand-Tsetlin patterns defined in terms of symmetric functions have
played an important role in asymptotic representation theory and probability, especially related to models
of interacting particles, growth, directed polymers, and more broadly the Kardar-Parisi-Zhang universality
class. In particular, special properties of families of symmetric functions, such as those in the Macdonald
hierarchy (including ¢-Whittaker, Hall-Littlewood, Jack and Schur), enable one to construct interesting
Markov dynamics which preserve these classes of measures, and also obtain exact and concise formulas
for expectations of many observables under these measures. While there have been some clear successes
in this direction (see for example [2,7,9,12] for some surveys and reviews) there remain many directions
untouched and many open problems unresolved. In this present paper we probe the bulk fluctuation
behavior of certain (2 + 1)-dimensional growth models associated with these measures, as well as study
certain SDE and SPDE limits.

Our investigation starts at the level of ¢-Whittaker processes. These are measures on interlacing se-
quences of partitions, or equivalently Gelfand-Tsetlin patterns, or interlacing triangular arrays of non-
negative integers — see Figure 1 for an illustration and Section 2 for definitions and notations related
to the objects we presently discuss. The measures we consider on such interlacing arrays are called g¢-
Whittaker processes and are specified by “specializations” p of g-Whittaker functions.

The g-Whittaker process under the “Plancherel” specialization p which is indexed by a parameter v > 0
can be realized as the time ~ distribution of a fairly simple Markov dynamic on the interlacing triangular
array {A\(7) : 1 <k < n < N}. Start with packed initial data Ay (0) = 0 for all 1 < k <n < N. At

time ~y, associate to each )\,(C") (7) a rate

(1= =XMWY (1 = A=A 4

1-— q*i")(v)—kinfl)(v)ﬂ

exponential clock (i.e. in time d7y the clock rings with probability given by dvy times the above rate).

When the /\,(C”) (7)-clock rings, find the longest string A,g") (y) = /\,(C”H)(fy) = = /\,(C”M) (7) and increase

all coordinates in this string by one. Observe that if )\,(cn) (v) = )\,(cn

El)(v) the jump rate automatically
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Fig. 2: An interface associated with the ¢-Whittaker particle system. The coordinates of the particles
: (n) s () _
corresponding to A, is (A, k+n,n).

vanishes, hence the interlacing partitions remain interlacing under these dynamics. This “push-block” ¢
Whittaker particle system was introduced in [2] and generalizes the ¢ = 0 dynamics of [6] which relate to
Schur processes (instead of g-Whittaker processes). Section 2.5 describes this and other dynamics which
grow g-Whittaker processes for various specializations.

The ¢-Whittaker particle system can also be mapped onto an interface growth model as illustrated
in Figure 2. In the ¢ = 0 case, this interface was shown to fluctuate like \/Iny and, after a suitable
change of variables, have Gaussian free field statistics at a single long time. The key to that result was the
“determinantal” structure of Schur processes which provides effective means to extract many asymptotic
limits. Presently we do not know how to prove an analogous set of results for the g-Whittaker process
— only for certain Gaussian limits of it which arise as we take ¢ — 1. Given similar results in the two
extremes of ¢ = 0 and ¢ — 1, it is reasonable to expect that the asymptotic behavior remains the same
for the whole range of ¢ € (0, 1).

In place of the determinantal structure of Schur processes, we instead have the following type of exact
formulas which follow from eigenrelations for ¢-Whittaker functions (see [2] or Proposition 2.1 for the
precise statement of this result along with the contours of integration):

m
(ny) g (i) qzzk Z; /
E A ()4 AT () j{ j{ 4(zik — zj0)

1<i<j<m k=1/{=1

ri(ri+l)
m (1) IT (2 —20® . )
1<k<b<r; (e
| M =y H T
i=1 1 (zix)ri k=1 ik
R=1

While these formulas contain enough information to entirely identify the distribution of the time ~ distri-
bution, combining them so as to extract useful asymptotics remains a challenge and has really only been
successful in the study of )\(") or )\(”)

Simulations of the ¢g-Whittaker particle system created soon after its introduction, such as illustrated
in Figure 3, revealed an interesting phenomena as ¢ = ¢™¢ — 1 (i.e. ¢ — 0). If time is scaled so that
~v = e~ '7, and the entire picture is centered by 7 and scaled by ¢!, then starting from the right, bands
of particles seemed to deterministically peel off. There still seemed to be some randomness, but on a
smaller e~1/2 scale. Indeed, the first set of results which we prove in this paper are a characterization of
this curious law of large number (LLN) behavior and then a description of the scale e~/ central limit
theorem (CLT) type fluctuations around the LLN. Following from our ¢-Whittaker dynamics, we can write
down ODEs for the LLN and SDEs for the CLT. Following from our integral formulas, we can also write
down explicit integral and determinant formula solutions to the LLN ODEs, and explicit integral formulas
for the space-time covariance of the SDEs. These LLN results are contained in Section 3 (in particular,
the integral formulas are given in Proposition 3.1 while the ODEs are verified in Corollary 3.5) while the
CLT results are contained in Section 4 (in particular the integral formulas for the covariance is given in
Proposition 4.1 while the SDEs are derived in Proposition 4.6). These explicit solutions / covariances are



Fig. 3: Simulation of ¢g-Whittaker particle system with N = 20 particles, ¢ = e¢™¢ and ¢ = 0.01. The
centered and diffusively scaled particle process A,g") (e717) is plotted for 7 = 1 and 7 = 10.

Fig. 4: A characteristic ray (dotted) comes from the origin at time 0 at a constant velocity. The dots
represent the spatial points associated with time S and time T

quite remarkable and we do not know of a mechanism which would produce them without having had the
prelimiting ¢-Whittaker analogs. Of course, once written down, it is possible to directly verify them.

Let us briefly note that there is another ¢ — 1 limit which was considered in [2,3]. In that case,
time is scaled like ¢~2. In this longer time scale, the triangular array LLN crystalizes with spacing of
order e~ ! Ine~! and fluctuation SDEs of order e~ around that given by the Whittaker process and SDEs
introduced in [30].

The system of SDEs derived in this ¢ — 1 limit is given in Proposition 4.6, and exact integral formulas
for the covariance of this system is given in Proposition 4.1. Given this limiting system, it was again our
goal to extract long-time and large-scale (N — o0) limits and recover the EW equation. The covariance
formulas take the form of random matrix type integrals, and unfortunately they were not yet in a form
amenable to perform the required asymptotic analysis to reach the goal.

In Section 5.1, we take yet another limit to further reduce the complexity of formulas and SDEs, still
keeping the model complex enough to be interesting. We consider the limit of the triangular array for fixed
N, as time goes to infinity and the SDE solutions (which are already centered) are rescaled diffusively.
Calling gk") (T) the resulting particle system, we show in Proposition 5.5 that the ¢ satisfy the system of

SDEs (the W,En) (T') are independent Brownian motions) indexed by {k,n € Z:1 <k <n}

n _n+1 n k—1 n— n—Fk n— n
e () = (T + e @)+ LT V) ) ar+ aw ()

and in Proposition 5.1 that their fixed time covariance is given by the following formula which holds for
ny > no, and any r; < n; fori =1,2:

Cov (Cm(T) + .4+ ¢ (D) (M) + o+ (2 (1))

%% TL T2 1 ( ) T1 esz ) T2 eTwm
>3 [T G I rdom) (T (o= i ] o duom)
B 1 o=1 2k T W ey (Zm)™ 1<i<j<rs w1 (Wm)"
B r elm o elwm 7
(j{ H (25 — 2i)° H Wdzm) (% H (wj —w;)? H dem.)
1<i<j<ry m=1 \#m 1<i<j<ro m=1 \Wm

where the integrals are around 0 and the z-contours contains the w-contours.



The remainder of the paper focuses on studying the large-scale N — oo behavior of this system and
its covariance. The SDEs are invariant under diffusive scaling (that is how they arose) so we keep T fixed.
Theorem 5.9 and Proposition 5.28 contain the limiting covariance for (. The asymptotics in Theorem 5.9
deal with the fixed time, two-point covariance and are quite involved and take up a considerable length of
the paper. There are essentially three contour integrals and the integrand (in exponential form, centered
around the critical points) has one slow-manifold and two fast-manifolds. We first integrate over the
fast-manifolds and then consider the asymptotic behavior along the slow manifold. The result of this
analysis shows that there are non-trivial fixed time covariances at distances O(N) with an explicit limiting
covariance function. Proposition 5.28 deals with the two-time covariance, and since the temporal dynamics
are at this point rather simple, this analysis is fairly straight-forward. It is also due to these simple temporal
dynamics that we see that fluctuations never fully decorrelate in time.

Having figured out the asymptotic covariance, we then consider the space-time covariance in v/N-
neighborhoods around rays emanating from the origin at time 7' = 0. These rays (illustrated in Figure 4) are
sometimes called characteristics. Fluctuations of space-time points not on such characteristics decorrelate
quickly, whereas those on the characteristics display the “slow decorrelation” phenomena. This phenomena
was observed in 1+ 1 growth models [14, 18], conjectured (but never proven) for models in 2+ 1 dimensions
as well [6]. In particular, Corollary 5.31 shows that for d > 0, a € (0,1), and T > S > 0 fixed, if we set,

for n = (m1,m2) € R2, (T, n; N) := NY2¢(™(T) where

n=(aN+ (myI—ad+mVad) VN)T, k= ((1-a)dN +n/T—a)dVN)T,

then for n, \, i, v € R?,

lim COV(C(TW,N) - C(Ta A7N)7 C(Saqu) - <(57V7N))

N—o0

S
B wdr/a(l — a)

The limiting covariance is in terms of

(G =) = Goln = vl) = G2 (1A = ul) + G (1A = w]) ).

T-S 1 2, 2 o
_ - v - = —(oi+03)/27 _ s—1 _—t
T T pr(0) 2777'6 , I'(s,x) /I t° e dt,

and, for r € (0, 00),
G.(r)= —F(O, ;) —In(r?) = — /]R2 pr(0)In (|cr — §|2)d0

where £ = (£1,&2), 7 = |£|. The reason we take differences of (’s above is that the individual covariances
grow like In NV, and taking differences cancels this divergence.

The covariance for ¢ can be matched to that of the EW equation (1.1) in equilibrium, which is given
by (Section 5.7)

- - 1 B B _ _
Cov[u(t,) — ult, ), u(t,7) —u(E,7)] = 1= (Groille = 7) = G-l — i) — Gy_illy — ) + Gpilly — 31)).
In particular, taking S = W, t = 0 and t = 7 gives an exact matching of the covariances as we hoped

to achieve. It is notable that for S fixed, as T varies from S to infinity, the parameter 7 goes from 0 to 1
and hence our ¢ process only relates to the EW equation for a fixed time interval ¢ € [0, 1]. We do not have
an explanation for why this occurs in our limit. We suspect that this apparent time dilation may result
from some of the intermediate limits we took of the g-Whittaker particle system. The Wolf prediction
would seem to suggest that had we taken the N — oo of the ¢-Whittaker particle system directly, the EW
equation would arise as the limit with time varying as ¢ € [0, 00). This is certainly a point which warrants
further study.



2 Notation and background
2.1 g-deformed functions

We will assume throughout that ¢ € (0,1) and generally associate ¢ with ¢ > 0 via ¢ = e ¢. The ¢-

Pochhammer symbol is defined as
n—1

(CL; Q)n = H (1 - qia)

i=0
with the obvious extension to the infinite product when n = co. We will make use of the following, readily
observed asymptotics that for a fixed, as e — 0,

In(a;e %) -1y, ~ e g,(b) and In(a; ef) -1y = e ' ga(—D),

where .
ga(b) = / In(1 — ae™*)ds.
0

A random variable follows the g-geometric distribution with parameters ¢, € (0, 1) if it takes values

in s € {0,1,...} according to probability
aS
P(s) = Q5 Q) oo-
(#) (g; q)s( )

Let ¢ € {0,1,...} U{+o0} and s € {0,1,...,c}. For real parameters ¢, &,n define

(/& 0)s(EDe—s (659)e
(1 9)e (¢ 9)s (¢ q)e—s

@q,é,n(sw) =¢°

with the obvious extension to ¢ = co given by

1/ 0)s(& @)oo

(1 9)oo (45 9)s
For ¢ € (0,1) and 0 < n < £ < 1, this defines a probability distribution on s € {0,1,...,¢} called the
q-Hahn distribution [13,33]. We will make use of another set of parameters which also defines a probability
distribution using this function. For g € (0, 1) and a, ¢ < b nonnegative integers,

Pq.6n(slo0) =¢&°

Pq=1,q%,q (S|C)
defines a probability distribution on s € {0,1,...,c}, as observed in [29, Section 6.1].

2.2 Partitions

A partition X is a non-increasing sequence of non-negative integers A\; > Ao > ---. The length of a partition
(written as ¢())) is the number of non-zero parts. We define [A| = > A;. A partition p interlaces with
A (written as p < X or A »= p) if for all i, A; > p; > Nip1. We will consider measures on sequences
of interlacing partitions \ = ()\(N) = AN = - )\(1)) wherein é()\(”)) =nfor 1 < n < N. For
notational convenience, we adopt the convention that A(?) is the empty partition containing only zeros,
and )\,(c”) = +oo for k < 0. In general, we will use a bar (e.g. A, ji) to denote a sequence of interlacing

partitions such as described above. We call such a sequence \ packed if )\,(C") =0foralll <k<n<N.

For a collection of variables x = (x1,2,...), and any pair of interlacing partitions A\ = u, skew ¢-
Whittaker symmetric functions Py, (x) and @Qy,,(x) are symmetric functions in the x variables with
coefficients which are rational functions of g. They are the same as skew Macdonald symmetric functions
with the parameter ¢ = 0 (we will soon use ¢ to represent a time, having nothing to do with the Macdonald
t parameter). There exist explicit combinatorial formulas for these functions as well as many beautiful
relations and applications. In the present article we quote all necessary results pertaining to these functions.
Those unfamiliar with them and interested in learning more can refer to [2,28] for further information and
background.



2.3 ¢-Whittaker processes

A specialization of the algebra of symmetric functions Sym is an algebra homomorphism Sym — C. A
specialization is g- Whittaker non-negative if it takes non-negative values on all skew ¢-Whittaker P and @
functions. We will work with two types of g-Whittaker non-negative specializations — the alpha, and the
Plancherel (see [2, Section 2.2.1] for more on specializations). The alpha specialization is parameterized
by a finite collection of positive real & = (v, ..., ;) and amounts to substituting x; = «; for 1 <i <t
and z; = 0 for all other 7. The Plancherel specialization is parameterized by one positive real v and
corresponds to the t — oo limit of substituting z; = (1—¢)~/t for 1 <4 <t and a; = 0 for all other . These
specializations will be written as Py(«) or Py () (and likewise for Q). Equivalently, the specializations can
be defined through the values taken by gr = Q(x), the g-analog of the complete homogeneous symmetric
functions h,,, the monomials of which form a linear basis of Sym: for a formal parameter u,

Qa) = ng(a)u" = H W, and I (u;7y) = ng(’y)u" =™, (2.1)
g=1 2R

k>0 k>0

We do not consider the beta specialization (see [2, Section 2.2.1]) here since it is unclear whether it admits
a limit under the scaling we focus on soon. The alpha and Plancherel specializations are ¢-Whittaker non-
negative. Note that it is easy to combine the alpha and Plancherel specializations. We proceed considering
each separately, though all subsequent results can also be stated considering both simultaneously.

We now define the g- Whittaker process under the alpha or Plancherel specializations. Consider a se-
quence of positive reals a = (ay,...,an). For the alpha specialization, let a = (a1,..., ) be positive
reals such that a;o; < 1 for all ¢,j. For the Plancherel specialization let v be a positive real. Denote
both of these specialization by the symbol p. The ascending q- Whittaker process [2] is a measure Py;, on

interlacing partitions A defined by
) = Q) (p) Paowy jav—n (an) Pxv—1) jxov—2 (an—1) -+ - Pxay (a1)
Far 11(a; p)

where the normalizing constant (i.e. the sum of the numerators over all collections of interlacing partitions)
is given by
N
p) =[] (ai:p),
i=1
with p = ac or p =y and 11 (u; p) defined as in (2.1). Likewise define E,;, as the expectation operator with

respect to this probability measure. Figure 1 illustrates how to associate an interlacing triangular array
with a sequence of interlacing partitions A.

2.4 Integral formulas

Utilizing Macdonald difference operators, [2] provided a general approach to computing expectations of
a wide variety of observables with respect to Macdonald measures. This approach was generalized to the
full Macdonald process in [4]. The integral formulas we recall here follow from the Macdonald parameter
t = 0 degeneration of those results. In particular, Proposition 2.1 follows from [, Theorem 4.5] whereas
Proposition 2.2 follows from [4, Theorem 4.6].

Proposition 2.1. Fiz N > 1, positive reals a = (a1,...,an), m > 1, a sequence of m integers N > ny >
ng >+ >Ny > 1, and ri,...,7m such that 0 < r; < n; for 1 < i< m. Then for an alpha specialization
p = o with a;a; < 1 for all 1,7, or for a Plancherel specialization p =~ > 0,

i (ni) "
By | [[ 570 [1 [[[[eee—=
i (271) “7" Zik — 4%
i=1 1<i<j<m k=1t=1 ~bF q”
ri(ri+1)
2

m (_1) H (Zi,k - Zi,f) ri  mg

% H 1T§k<€Sm H H qzz k7p) dzik,
i1 ﬁ(zik)” b1 = 1sz_aE H(zlka )

k=1




Fig. 5: Contours for Propositions 2.1 (left) and 2.2 (right). Left: the inner contour is for all z, k, 1 < k < 7.

It encloses aq,...,an (represented as white dots). The next contour contains ¢ times this contour and is
for all zp—1%, , 1 <k < rpp_q. The final contour, which contains ¢ times all previous ones, is for zj g,
, 1 < k < ry. Right: all contours are chosen to lie on a small circle enclosing the aq,...,an, and not

intersecting the image of the contour times ¢—! (the smaller dotted circle) or the origin. For the alpha

specialization we also require the contours be contained in the large dotted circle centered at the origin of
radius ¢ min; aj_l

with IT(u; p) as in (2.1). We assume that the parameters have been chosen so that the following choice of
integration contours exist (see the left-hand side of Figure 5 for an illustration of such contours). The z; j
contour includes all ai,...,an as well as contains the image under multiplication by q of all zj ¢ contours
for 7 > and arbitrary {; no contours include 0.

Proposition 2.2. Fiz N > 1, positive a = (ay,...,an), m > 1, a sequence of m integers N > ny > ng >
>y > 1, and r, ...,y such that 0 < r; < n; for 1 <i < m. Then for an alpha specialization p = o
with a;a; < @™ for all i, j, or for a Plancherel specialization p =y >0,

T T

N T YT z z
Ea;plgq = A ‘|_ 27r1“7“'j{ j{ H HHZ”:k_q :LJ;Z

1<i<j<m k=1/{=1

i(ri—1)
m (_1)T 72 H (Zi7k7 - Zi;z) T nig —1
y 1<k<t<r; H zig (g ' zig:p) d=
=1 ﬁ (2ik)" iy sk — o Dzigsp)
h=1

with II(u; p) as in (2.1). We assume that the parameters have been chosen so that the following choice of
integration contours exist (see the right-hand side of Figure 5 for an illustration of such contours). The z; j,
contour includes all ay, ..., ayn, does not include 0, and is not contained in the image under multiplication
by ¢~ of any of the zj ¢ contours for j > i and arbitrary €. Additionally, for the alpha specialization, we

assume that the contours are contained in the disc centered at the origin of radius ¢ min; a;l

2.5 Dynamics preserving the ¢g-Whittaker process

Besides having many observables whose expectations admit concise formulas, Macdonald processes (or
in this case, ¢-Whittaker processes) arise as the fixed time marginals of certain Markov dynamics on
interlacing partitions. We will describe two dynamics — one in discrete time which relates to the alpha
specialization and one in continuous time which relates to the Plancherel specialization. In both cases
we will initialize A(0) to the packed configuration (i.e., )\,(c") =0for 1 <k <n < N). These two so-
called “push-block” dynamics were introduced in [2]. Their Schur analogs were introduced in [6] based
on a construction related to earlier work of [16]. There are other types of discrete and continuous time



dynamics which preserve the respective alpha and Plancherel specialized ¢g-Whittaker processes, such as
considered in [29,31,32]. Appendix B contains a description of some of these dynamics (including some
related to generalizations of the Robinson-Schensted-Knuth or RSK correspondence) as well as some of
the parallel analysis in those cases as we preform for the push-block dynamics below.

2.5.1 Alpha dynamics

We describe the push-block discrete time alpha dynamic which arises as the degeneration of [2, Example
2.3.4 (1)] when the Macdonald parameter ¢ = 0 (not to be confused with the time parameter ¢ we use in
what follows). Here the time parameter ¢ € {0, 1,...} and we assume a;a; < 1 for all 4, j. Proposition 2.3
shows that these dynamics preserve the ¢-Whittaker process. For arbitrary n > 1, given partitions p of
length n and A of length n — 1 which interlace as p = A, define a probability distribution on partitions v
of length n by

(2.3)

(VA 1) = const - ¢, /Py x(ac)’! v = Aand v = p,
o e 0 otherwise ’

Here const is a constant (with respect to v, though depending on all other variables) which makes this a
probability distribution on v and the factors

N, s L
o =1 (Y ) oo (g A ) o
Mi (¢; @)oo (qHi—Hit1H1; q)

i=1 o
L(N) o N
1/))\/ _ (q)\z #1+1;q)00(q,u1 A1+1+1;q)00
SN S NN

Given a sequence of interlacing partitions (recall the notation and definitions from Section 2.2) A\ =
()\(N) = AV=D = = (D) with E()\(") =n for all 1 <n < N, we define a Markov transition matrix to
another set of interlacing partitions 1 = (M(N) - M(N_l) = u(l) with ﬂ(u(") =nforalll <n<N
(recall the convention that A(®) and ;(%) equal the partition of all zeros) by

N
p£§ (A —f) = H P o (M(fl)m(ﬂ*l)’)\(n))7

n=1
where P, , is defined in (2.3).

Proposition 2.3. Define a Markov process indexed by t on mterlacmgpartztwns /\( ) with packed initial
data and Markov transition between time t — 1 and t given by Pfgt ()\( — (t ) Then, for any
t € {0,1,...}, A(t) is marginally distributed according to the q-Whittaker measure Pa.o) with c(t) =

(1y...,0n).

Proof. This is a direct consequence of the Macdonald ¢ = 0 degeneration of the results of [2, Section 2.3].
O

2.5.2 Plancherel dynamics

We define a continuous time push-block dynamic on interlacing partitions A(7), introduced in [2, Definition
3.3.3] (and called the ¢-Whittaker growth process therein). In this case, v > 0 represents time. This
dynamic, in fact, arises as the continuous time limit of the alpha push-block dynamics discussed above.
Proposition 2.4 shows that this dynamic preserve the ¢-Whittaker process. Given a state A at time ~y, for
1 <k<n<N,each )\,(C") has its own independent exponential clock with rate

(=) N A
R, =an oD (2.4)
1— qu =L +1
When the )\(”)—clock rings we find the longest string )\(") )\](C"H) = ... = A,g"+£) and increase all

coordinates in this string by one. Observe that if )\(") = )\(” Y the jump rate automatically vanishes,
hence the interlacing partitions remain interlacing under these dynamics.



Proposition 2.4. Define a continuous time Markov processes () with the above push-block dynamics
started from packed initial data. Then, for any v > 0, A(v) is marginally distributed according to the
Plancherel specialized q- Whittaker process Pa.~ .

Proof. This follows from the results of [2, Section 3.3]. O

3 Law of large numbers for the g-Whittaker particle system

As there are many parameters in play, it is possible to consider a variety of different limits of the g¢-
Whittaker process and the dynamics which preserve it. In [2, Section 4] one such limit was considered for
the alpha and Plancherel case. That limit involved simultaneously taking ¢ as well as the a’s and a’s to
1 while taking time to infinity in a suitable manner. That limit led to the Whittaker process as well as
certain dynamics preserving it (which turned out to relate to directed polymer models).

Here we consider taking ¢ = e~ — 1 while fixing the a’s and a’s. In the alpha case, time remains
discrete and is not scaled while in the Plancherel case, time is scaled so that v = ¢~!7 for some new time 7
which stays fixed. In this section we demonstrate how under these scalings, /\,(fn) (t) (respectively, /\(”) 7))
behave like 5‘%,&“) (t) (respectively, 5_1m,(€") (7)) where the z’s are deterministic functions. In particular,
this explains the curves that are peeling off in Figure 3. We provide integral formulas for exponentials of
sums of these x’s, as well as equivalent determinantal formulas which are useful in our subsequent analysis
of further limits. By appealing to the dynamics described in Section 2.5, we derive certain difference
/ differential equations that the x’s should satisfy. We do not prove these relations directly from the
dynamics, but rather show (for two of them) how one can directly observe that our formulas for the
2’s satisfy them. Appendix B contains derivations of other difference / differential equations relates to
alternative dynamics defined there in. We do not, in those cases, verify that our formulas indeed satisfy
these equations.

In Section 4 we probe beyond the law of large number behavior and study the scale fluctuations,
deriving a Gaussian limit of the g-Whittaker process as well as certain dynamics which act nicely on this
Gaussian measure.

In this section we work with both the discrete alpha dynamics and the continuous Plancherel dynamics.
In subsequent sections, we only consider limits of the continuous dynamics. We opt to consider the LLN
behavior of the discrete dynamics here since it leads to certain formulas which display greater symmetry.

—1/2

3.1 Integral formulas

Proposition 3.1 (Law of large number for the ¢g-Whittaker process).
Alpha case: For e > 0, consider the following scalings

qg=ce %, t, a, a fized, /\,(fn) (t) = 5_1x,(€“) (t;€). (3.1)
Then the following limit in probability exists

lim x; V(t;6) = 2™ (1),

e—0

and the limiting x,(fn) (t) satisfies the following (defining) integral formulas

e —(z (n)(t)+ +$n r1 ) — % %Sa(t N,Ty 21,0, Zf,«)d2'1 s er (32)

where, for a(t) = (a,..., o),

r(r+1)
2

(-1 T (ze—=20)? ,

t
Sa@) (M52, .0, 20) = 1Sk<fgr H (H ) H (1— a;z), (3.3)
@)l [T (z)" k=1 “W— A/




and where the integration is along counterclockwise simple loops enclosing ay, ..., a, but not 0.
Plancherel case: For ¢ > 0, consider the following scalings

qg=¢e°%, y=¢e"1r, a, 7 fized, )\,(Cn) = 1x,(€n) (1;¢€). (3.4)
Then the following limit in distribution (and in probability) exists

(n)

; AR (O]
Ell_I%xk (156) =2, (

7),
and the limiting x,g") (1) satisfy the same (defining) integral formulas as in (3.2) except with
Saw (n, 7521, .., 2) replaced by Fr(n,7;21,...,2.) where the only difference is that in (5.3), we replace

the last factor Hﬁzl(l — a;zi) with e #7,

Proof. The idea of the proof is encapsulated in the following example. Consider a sequence of random
variables x. such that E[e*’”f} — e~k for k = 1,2 and z deterministic. Then var (e*%) — 0 and thus by
Chebyshev’s inequality, e~*< converges in probability to the determinstic value e~*. This, likewise, implies
that x. converges in probability to x.. We now proceed with the proof.

The proof of both the alpha and Plancherel cases are effectively identical. As such, we will only write
the Plancherel case. Under the scaling (3.4), we have

m

A oA
Ea;p Hq it = Eaqy)p
i=1

m .
H e (Igﬁi)(T;€)+"'+Igi)ri+1(T;s))
i=1

which by the moment formula (2.2) can be written as a multiple contour integral, where the only e-
dependence is in the portion of the integrand given by

H Hquzk_Zgé HH qzzk7

Z, —qzy Z
1<i<j<m k=1/{=1 ik q%j. i=1 k=1 ik P

Here, in the Plancherel case, p = v = e~ 17, whereas in the alpha case p = a(t).

Set 9 > 0, then the integration contours in (2.2) can be chosen to be independent of € for all £ € [0, g¢]
by taking nested circles enclosing the given poles. Furthermore, on these given contours, we have the
following uniform convergence

q - e T L]Z m T
li ik T jZ -1 li ik P —ZRT
20 H H Zik — qZj ’ E%HHUZ”“ HH
1<i<j<m k=1/(=1 i=1k=1 1=1k=1
In the alpha case, the uniform convergence still holds, and the term e™*" in the second relation above is
replaced by ['_, (1 — c;z).
Therefore we have

m

Enp | [[e (57 0400 r9) H T L)}
i=1 i
. . (5 .
i.e., all the mixed moments of the vector {e (@5 (i)l rie )}1<T<n<N converge to the mixed
(n)
moments of the constant vector {ef( ] )}1<T<n<N In other words, this implies that

all of the variances converge to zero. Hence, by Chebyshev’s inequality, we conclude that each ran-
dom variable e_(r L R R CD) converges in probability to the deterministic limit of its mean

7(wgbm(T)Jr”'ﬂsln—)Hl(T)). This proves (3.3) (in the Plancherel case). The convergence of the x,g") (15¢€) to

the deterministic limits 2" (7) readily follows from this. O

Note that the above result was stated for a single time 7. However, it is easily extended to hold for
all 7 in an interval. This is because the x,(gn) (1;¢) are weakly increasing with 7 and the limiting a:,(cn) (1) is
continuous in 7. The convergence in probability can be extended to hold for any finite set of 7’s and in
this way we can show that the L norm of the difference between x,(c") (15¢) and x,g") (1) as T varies in an

interval must go to zero.



3.2 Determinant formulas

Our integral expressions for the law of large number (3.2) can be rewritten with the help of the Cauchy-
Binet formula as determinants. These formulas will be useful in subsequent asymptotics — in particular the
proof of Proposition 5.5. Appendix B contains a positivity results in the particular case when aq,...,ay =1
which relates these determinants to certain non-intersecting lattice path partition functions.

Lemma 3.2. The alpha case law of large numbers (3.2) can be rewritten as

17172 et [Amy (3.5)

o=@ ()4 o (9) = det [A(Z _])}
B we

i,j= 1_(

via function

27”]{ HW_ZH1—% (3.6)

=1

with the integral along a contour containing the ay,...,an but not 0, and the matriz entries

1 n

¢
Ay = o P Pi- 1(2)pj-1(2) H P H (1— a2 prs (3.7)

=1

where the p;(z)’s are any monic polynomials of degree j, and the contour is the same as above.
In the Plancherel case, the law of large numbers with a:,(cn) (1) replacing a:,(cn) (t) is given in the same

form, except with the term [['_,(1 — ;z) in (3.6) and (3.7) replaced by e~

Proof. Since the alpha and Plancherel cases are quite similar, we only treat the alpha case presently. Let
us first prove the equality with the determinant involving the kernel in (3.6). Using the identity

I1 <i _ l) _ (1) 2T oo, (21— 20)

e 2 [Tpey (z0) 1

(3.8)
1<k<t<r

and setting wy(2) := [[i_; (1 — aiz) 2 [/, ;% we have

_(p(m) (M) _
e~ @V (O++a, (1) — H 2k — 2z0)( -z H wp,(2)dzk
2771 7"

1<k<t<r

1 . r
= det [— fwn(z)zzﬂdz}
2mi ij=1

where in the second equality we used the Cauchy-Binet identity. The kernel of this determinant matches

that in (3.6). Turning to the second determinant expression, let @, (2) = [/, (1 — oit) =TT, o and

let p;j(z) = 2/ + ... be any polynomial of degree j with leading coefficient 27. Then [, <<, (20 — 21) =
det [pj 1(Z1)]1 o1 The Cauchy-Binet identity gives

T

%dzwn( 2)pi—1(2)pj—1(2) )

e @M O+ o+ ©) = (L1)r+D/2 gy { .
2mi

ij=1
completing the proof. O

In the case that a; = -+ = ay = 1, we provide an even more explicit determinant formula. For the
statement of the below corollary, we need one piece of notation. For two vectors b = (by,...,b;) and

c=(c1,...,¢), define e;(b;c), for 1 < i <t by the equality

The e;(b;c) are separately symmetric in both the b and ¢ variables.



Corollary 3.3. For the alpha case, define (recall (x), =x(x+1)---(x+n—1) forn >0, (x)o =1, and

Ty = 0 form <0)
t
' ei(l —a;a)(r)m—i—1
Gri(m) := Z (m—i—1)! ’
i=0
which is 0 if m < 0. Then it holds
e~ (@ OF -+l (9) = et [Gm(n Flor4j— i)} - (3.9)
1,]=
In the Plancherel case, define ,
. T (T)m—i—1
Grr(m) := Z Mm—i— D
>0
Then it holds o .
e~ @A 0 (M) = o det |:Gr7‘r(n +l—r+j— Z)} . (3.10)
i,j=
Proof. Let us describe how to derive the alpha case result (3.9). With a1 = ... = ay = 1, let us choose

pr(2) = (z — 1)* in (3.7). By the change of variables w = 1 — z and setting m = n +2 — i — j we then
obtain

~ Dt 1T — o+ ogw)  dw ( )p (—1)iFi—1 dw
_ = 1 _
Aij = 27r1 f{ 1 —w) wmntl ZZ@E (- 5m—5 f{wmﬂfH

£=0 b>0

_ z+31 egl—aa T)m—t—1
Z (m—£—1)! ’

where the contour integrals in the first line are along small circles enclosing 0. Plugging this into (3.6),
taking out the (—1)* factor and reshuffling the columns with j — r + 1 — j we get (3.9). The derivation of
(3.10) follows similarly. O

3.3 Derivation of ODEs satisfied by the law of large numbers

In Section 3.1 we determined the law of large numbers for the alpha and Plancherel g-Whittaker processes
under certain specified scalings. In Section 2.5 we recalled various types of Markov dynamics which preserve
these classes of g-Whittaker processes. Therefore, it is natural to hope that taking a suitable limit of the
Markov dynamics will lead us to certain deterministic ODEs which the law of large numbers satisfy. (Later
in Section 4 we will push this further to consider fluctuations as well.) We presently provide heuristic (i.e.
without proof) derivations of the ODEs that we expect the law of large numbers satisfies. In Section 3.4,
in the case of the push-block ODEs, we provide direct verification that the formulas from Section 3.1 do
satisfy these equations. We do not pursue verifying the other cases.

3.3.1 Alpha ODEs

We consider the limiting difference equations which follow from the alpha dynamics introduced earlier in
Section 2.5.1. First consider how the dynamics observed by )\gl) behaves as ¢ — 0 and with the scalings
given in (3.1). In a single time step, the change /\gl) (t)— /\gl) (t—1) is distributed according to a g-geometric
distribution with parameter azaq. Thus, it suffices to consider how such a distribution behaves under our
scalings. Let us call b € (0,1) the fixed g-geometric parameter. Then, for ¢ = e~ and x such that e 'x is
a non-negative integer, we have
bs’lr bre—€

PX = ela) = L€ Do
(ei(S; eia)a—lw
The right-hand side will be maximal for z such that

zlnb—1In(e e )1y



is maximal. As observed in Section 2.1, as ¢ — 0, In(e=%;e7%).-1, ~ e g1 (x). Thus, P(X = e 'z) should
be maximal around the x which maximizes xInb — g1 (). Using the fact that - g,(z) = In(1 — ae™") we

readily deduce that the maximizing x is the solution to
Inb=1In(l —e™ "),
or in other words z = —In(1 — b). From this reasoning we expect the difference equation
sV =2t —1) = —In(1 — way). (3.11)

Proving the above law of large numbers for the g-geometric distribution should be quite doable, moreover
one expects that looking to higher order Taylor approximation terms, we should see a Gaussian fluctuations
of order e~/2. This would be relevant to the fluctuations of the alpha dynamics (though we do not pursue
these any further herein).

Let us turn to the general case of /\,(fn) (t). Given z(»~V(t) and (™ (t — 1) we seek to maximize over
all (™) (t) the log of the transition probability (recall the relation between z’s and \’s from (3.1) and the
definition of the probability distribution used below which is given in (2.3))

I Pa, (A (AT (1), X (¢ — 1)),

as € — 0. In fact, we really only need to identify the argmax of this quantity. In the same spirit as
above, we can express the maximization problem as equivalent to finding the ¢ — 0 limiting argmax over

(e (O))yr, of

n

> el ¢ = 1) = 2t = D) — 1 (@) - 27 - 1) = g2 (0 = 1) = 2 ()]

el
Il

+ 3 [0 @7 ) = e 0) = 1 (@) = 2V ®) = 91 (50 — o 0) | + Wlanan) Y @),
k=1 k=1

Differentiating in each x,(gn) (t) as 1 < k < n varies yields a collection of critical point equations which,

after introducing the notation

y () = e

(we assume the convention that y,(c”) (t)=1if k > n, and y,(c”) (t) =0if k < 0) becomes

ORI RI0! 1@ ) [ whho
v (®) v () 1 vl (t-1) v (1)
= — : (3.12)

0] o Coyie-n
y;cnfl)(t) y,(c")(t)

an

In Section 3.4 we provide a direct verification and proof that the integral formulas from Section 3.1
satisfy the above equation. Notice that when n = 1 this reduces to

1
vV (1)

ajop =1 — ——"—
y (1)

)

which is equivalent to (3.11) derived above.



3.3.2 Plancherel ODEs

We consider the limiting ODE which follow from the push-block Plancherel dynamic introduced earlier
in Section 2.5.2. Recall the scalings given in (3.4) and consider any particle /\,(fn) (t). The rate at which it

increases by one is given by R,(C”) in (2.4). Substituting the scalings from (3.4) we get a rate of (recall that

M () = el (r3€))

(1 — o T =al 50 ()Y (1 gerih (mio) =i (rie))

(3.13)

Qn (n—1)

1— gesi' V@) —uV (7o)
If we assume that all x,g") (7;¢) vary only on a time scale of order one in 7, then in time of order £~!, this
rate will remain essentially unchanged over a time interval of length e ~1§7 for some small §7. Hence the
law of large numbers for Poisson random variables suggests that the change in x,(gn) (1;€) over that e~ 1d7
time interval is exactly given by (3.13). As ¢ — 0 this suggests the limiting system of ODEs (with the

conventions x,g") (r)=0if k >n, and x,(:) (1) =4+ if £ <0)

() (1 - eri”m—z;’:”(r)) (1 - ezi’flm—z;")(r))
da, (1) _, (3.14)
dr " T COREARC)

In Section 3.4 we provide a direct verification and proof that the integral formulas from Section 3.1 satisfies
the above equation.

3.4 Direct verification of the push-block ODEs

In this section we give a direct verification that the integral formulas from Section 3.1 satisfy the push-block

L . . e .
ODEs heuristically derived above in the alpha and Plancherel cases. From (3.5) we have that e~ %n-r+1(*) ig
a ratio of two Toeplitz determinants with same symbol but different sizes. The following result is a general
identity concerning such ratios of specific types of Toeplitz determinants.

Proposition 3.4. For a function ¢(2) of a complex variable, denote by

1 dz

Di(p) =detlpijl; jm1s 6 =5~ F‘F’(Z)Zkﬂ’

where I' is any fized contour. For a function F(z) of a complex variable, define

Dyy1-k (H?:l # szl(l - alz)F(z))
D (i 725 Tl (1 - 0i2) F(2))

Then, (3.12) holds with the above redefinition of the a, «, and y parameters / functions.

() = -

We delay the proof of this result for a moment and record a corollary which shows that the limiting
law of large numbers a:,(cn) (t) computed in Proposition 3.1 satisfy the heuristically derived ODEs from
Section 3.3. We do not speculate here on whether these are the unique solutions to these ODEs, or if some

addition conditions are required to ensure uniqueness.

Corollary 3.5. Recalling the respective Plancherel and alpha limiting law of large numbers x,in) (t) and
x,g") (1) from Proposition 3.1, and defining
n e
u (1) = e

3 3

y () = e

we have that y,in) (t) satisfies (3.12), and that y,(c") (1) satisfies (3.14). Recall the conventions that x,in) =0
for k >n and x,(cn) =400 for k <0.



Proof. The fact that y,(cn) (t) satisfies (3.12) follows immediately in light of Lemma 3.2 and Proposition 3.4.
The fact that y(") (1) satisfies (3.14) follows from a simple limiting procedure. Let a,, = ¢ — 0. Then

%(tll)) on the right-hand side of (3.12) cancels with the corresponding time ¢ term (still on the right-
( )( t)
“”( 1
y,(cn)(t) in time, thus yielding the resulting left-hand side of (3.14). The left-hand side of (3.12) does not
change and becomes the right-hand side of (3.14). O

hand side). The remaining right-hand side term 1 — limits to minus the logarithmic derivative of

To prove Proposition 3.4 we need two identities for Toeplitz matrices. These are derived by the following
linear algebraic identities. The proof will be presented in Appendix C.

Proposition 3.6. Let B and C be two matrices of sizes at least (M + 2) x (M + 2) and assume that B
and C' are related by

O@j = Bi,j —|— ’YBi,j+17 1 S Z,j S M —|— 1 (315)
Then M+1 M M1 M
det[B; ;521 det[Cita ji1li =1 — det[Cy 5,00 det[Biya j1li—1 (3.16)
v det[ B j]i5t] det[Cip 4] =, =0,
and o "
det[B; 175} det[Cipy j1a]ii21 — det[Ci 4111 det[Biyy sty (3.17)

+det[B; j11] 15—, det[Cip 5] = 0.
Examples of matrices satisfying (3.15) are Toeplitz matrices with symbols ¢(z) for B and (1 +vz)p(2)
for C. Then (3.16) and (3.17) become the following identities.
Lemma 3.7. It holds
Dar1((2)) Dar (1 +72)9(2)) = Dara (1 +72)(2)) Das (10(2)

+7yDpr11(20(2)) Du ((1 +y2)2 " p(2)) = 0, (3.18)

and
Diry1(#(2)) Dar—1 (1 +72)0(2)) = D (1 +72)9(2)) Dar (0(2))

+vDw (2¢(2)) Do (1 +72)2~ Hp(2)) = 0.

Proof of Proposition 3.4. Let us use the notations

(3.19)

tfl

) 9(z) = (1 —@2)f(2),

—Z
Zl =1

h(z)z( i ) g(z>=( o )1<1—atz>f<z>.

ap — 2 Ay — 2

We factorize the 6 terms in (3.12) using either (3.18) or (3.19). The terms in the lhs. of (3.12) are

Ay wS O _ DD SE k( ) = D1 i(h) Dur(9)
! ™M (t) ! k() Dny1-1(9)
(3i8)Dn+1—k(Zg) n— k(z )
Dint1-1(9)Dn—k(h)

and
L 07O _ (Dok(@))* = Dusr-4(9)Dno1-i(9) BT Duoi(20)Dni(z""9)
y;(ﬂ)l(t) (Dn—k(9))? (Dn-k(9))?
and 1 o Dy 1(9)Dn—r(h) (3.19) Dy 1(9)Dn—r(h)
T R0 " Dyi(9)Dn—r(h) — Dpy1-£(9)Dn—1-k(h)  Dy_i(29)Dy_r(271h)’

n—1
v ()



The terms in the rhs. of (3.12) are
—1 1 yl(cn) (t) -1 Dn—k(g) n+1 k(.f) n+1 k(g)Dn—k(f)
e o ~5(@) D1 (/)
Y, (t—1) 9)Dnt1-k

<3g8>Dn+1,k(zf) H(z*lg)
Dn—k(g)Dn+1—k(f)

and
L y,i(”’)l@) _ (Dus1-1(9)* = Dusa1(9)D-k(9) B1T) Dus1-(29)Ds1-i(z"'9)
Nom (Dur1-1(9))? (Duir 1(9))?
and
1 _ Dpi1-%(f)Dnt1-k(9) 319 _ Dnt1-(f)Dnt1-4(9)
S T Dk PPnalo) = DacsdNDale) T Daaale D sle0)
Multiplying the above expressions one immediately gets (3.12). O

4 Stochastic differential equation limit for the fluctuations

From this point on we focus entirely on the Plancherel push-block dynamics. In Sections 3.3 and 3.4 we
derived (based on these dynamics) and then directly verified ODEs satisfied by the law of large numbers
for our g-Whittaker processes under certain prescribed scaling. In this section we probe the fluctuations
around the law of large number behavior. We start by determining the Gaussian fluctuation limit for the
g-Whittaker process and then describe the system of SDEs which come from the Plancherel push-block
dynamics and which preserves the covariance structure of this Gaussian fluctuation limit.

Let us start by fixing the scalings considered hereafter to be

g=c¢e %, t=¢"17, a fixed, )\,(c”) = 8_1x,(€") (1) + 8_1/2§,g") (15€) (4.1)

with x,(gn) (1) given by the results of Proposition 3.1. In other words, a:,(cn) (7) is the law of large numbers

1/2

(on the 71 scale) and 5,2") (7;¢) is the fluctuation around it (on the e~1/2 scale).

4.1 Fixed time Gaussian limit

We start by proving a Gaussian limit to the ¢g-Whittaker process under the scaling (4.1) for 7 > 0 fixed.
Let us first explain the strategy of the proof. Using the scaling (4.1) one has

m
(i) ...\ () () . )\ ()
i=1
N . (4.2)
i ( 28 (n4) i) g g (i)
ey ] (st g, s |
i i=1

As ¢ — 0, the r.h.s. of (4.2) behaves as

m

m n; (ng) n. n
H e*(wﬁzi )Jr”.ﬂn'i_”H)Em/QEa;p lH ((57(171) +oeeet fnlb—)rl+1) Ea;p {(f(m) +eee 61(111—7‘ +1)D ] . (4.3)
i=1

=1

Using the moment formula (2.2) we can analyze the € — 0 behavior of the integral and obtain that

{ ?(’L:h) -+ €7L7ZL_)T1+1 - Ea;p |: 7(’:;1) -t €7L7;LL_)T1+1:| }1<i<m

have centered Gaussian moments. One can then easily extend this to

{5,(;”) ~Bayp [ ’(“ni)} }1gi§m

by linear combination, see Remark 4.2.



Proposition 4.1. Consider the Plancherel specialization. Fiz N > 1, positive a = (a1,...,an), m > 1, a
sequence of m integers N >ny >mng > -+ >ny > 1, and ry, ...,y such that 0 < r; < n; for 1 <i<m.
Then, under the scaling (4.1) the following limit exists in distribution
€00 (7) 1= lim ) (7<),
£—

Uz

and the vector {f,g") (7')}1<k<n<N is a centered Gaussian (i.e. E(ﬁ,(c”) (1)) = 0) with covariance determined
by the following formula. For n; > nj,

Clni,riimyry) o= Cov (600(1) + o+ &0, (D600 (1) + .+ €02, (7))
7{%@t(m,zi;Tj,Zj)g(niariazi)g(njarjazj)dzidzj (4.4)
f&(ni,ri,zi)dzifg(nj,rj,zj)dzj

where z; := (z;1),"_,, dz; == ngl dz i, and

/L
Ce(r;, zi;75,25) = E E
k=1 /4=1
ri(rit1)
2

Zik —

I1 (Zi,k—zi,E)z r

1<k<t<r; .
S(ni,riy zi) = — f’?r H <H ay — 2 > e
2mi)rir! [ (zig)™ k=1 L

k=1

Here the integrals are counterclockwise oriented simple loops including the following poles: the contour for
Zik includes ai, ..., an, as well as all zj 4 for i < j — see Figure 5 for an illustration of such contours.

Remark 4.2. By linearity we immediately get that the vector & = (f;gn))lgkgngN is also centered Gaussian
with covariance matrixz given by

Cov(&n T+1( 7); 57(:,11,“(7)) =C(n,r;n’,r") = C(n,r —1;n',7") = C(n,r;n',r' = 1)+ C(n,r — ;0,7 —1).

Also, notice that for a given i, the collection of variables z; comes into the integrand (4.4) symmetrically,
and that the contours for these wvariable can be taken to be the same. This means that we can replace

ey . ; Zi,1
Ce(ri, 24375, 25) with —rir;-—= e

Remark 4.3. The alpha specialization version of Proposition 4.1 is proved identically to the Plancherel
case (in fact, since the proof is written using the notation I1(z; p) there is essentially no change needed). In

the alpha case, we employ the scaling (3.1) except refine it by setting )\,(Cn) (t) = 6‘1x,(€n) (t) _’_5_1/25]?1) (t;€).
All that changes in the above proposition is that the term e~ %-*" is replaced by Hizl(l — Qszip) in
S(nisriy2i).
In order to prove Proposition 4.1 we will use the following lemma.
Lemma 4.4. Consider the setting of Proposition J.1 and define
1- e_‘/g(fgﬁi)(7;5)“'""“5531)73“("'?5))
YS = . 4.5
i 7z (4.5)

Then (using the same contours as in Proposition 4.1)

H ~ Eayp [¥7))

m
lim E,, I O e ML C)
e—0

m (4.6)

X Z 7{ 74 H QtrJlﬁzJurJzazjz)Hg(nz‘,n‘,zi)dzi,

B perfect (41,j2)EB i=1
matching of

{1.cm)



if m is even and 0 if m is odd. When we write perfect matching of {1,...,m} we mean a set of m/2
ordered pairs of {1,...,m} which contains all elements of {1,...,m}, i.e.,

{{(z’l,jl),...,(im/g,jm/g)} C{1,...,m}2 ik < i, for all k,{iv, j1, - - im /2 jmy2} = {1,...m}}.

Further, for allt=1,...,m,
. _—
lim Bag, [Yi7] = 0.

Consequently, the {Yf}KKm converge as € — 0 in distribution to the Gaussian vector with limiting
covariance between lim. o Y and lim. g YF given by (4.4).

Proof. First note that the Gaussian convergence result stated at the end of the lemma follows immediately
from the method of moments (i.e. if all moments converge to those of a Gaussian, this implies convergence
in distribution to that Gaussian). Wick’s theorem shows that the limiting moments in (4.6) are those of
a Gaussian vector, and noting that

(I(nl)(T)-‘r +$ 77 +1(T>) = %S Mgy Ty Zz)dZm

as obtained in Proposition 3.1 (see (3.2)), we readily identify this limiting Gaussian with the covariance
given in (4.4).

The proof of the limiting moment formulas follows the general approach of [8, Lemma 4.2]. We present
this in some detail for completeness. We start from (2.2) and rewrite it as

m
A oA
Ea.p Hq g ng—ril | — H Cro(r4,24375,25) HSE (ni,ri,z;)dz;, (4.7)
i=1

1<i<j<m
where
rj
q Zik — zg[
Crs(riazi;rjvzj HH > — gz ’
el 0—1 ik qzj.e
and

ri(ri+1)
2

[T (zir—zi0)? .,

1<k<f<r; II(qzii; p)
Fe(ni,riz;) = T H <Hz k—ag) I(zigip)
@mi)rir! T (zik)" k=1 ' o

k=1

Observe that by expanding the product on the left-hand side,

m
. (n$) (i)

Ea‘P H <q)\£:£1)+“.+)\"ib7‘i+1 — ]Ea-p |:qA(n1)+ +A"z1m+1:|) ‘|

i=1

(4.8)
( ) (nj)
_ § : (—1 \A\]E qu(m)Jr +)\le1)”+1‘| H]E LR 177 +1‘|
- ap .
AcC{1,....m} i€EA JZA

For a set A, we denote A?) := {(i,4)|i < j,4,5 € A}. Since the term Cr is not present when m = 1, using
(4.7) we find that

m

(4.8) ?{ ?{ Z ( 1)m-lAl H Crs(rjl,zjl;rh,zh)Hss(ni,m,zi)dzi. (4.9)

AcA{l,.. (j1.42)€AR) =1
In the € — 0 limit, Cre — 1 linearly in e. With this in mind, define €t by

Cre(rjy s 2413750, 2jy) = L+ € Ce(r,, 24,3755, Zjs )



Using this expansion we can rewrite (4.9) to show that

4 8 7{ 7{ Z ElB‘ H Q:ta(rjlazjﬂrjzazjz)

Bc{1l,....m}®@ (J1,J2)EB
(4.10)
X H&s (i, 7i,2i)dz; Z (=11l
i=1 Ac{L,...m},
Supp(B)CA
where Supp is the set of all elements of {1,...,m} which show up in B.
Next, using
PORCHISES PN
A:I1CACIs
we obtain
4 8 7{ 7{ Z €\B| H th(rjwzjﬁrjzvzjz)ng(niaﬁ‘,zi)dzi. (4.11)
Bc{1,.. m}(z) (j1,J2)€B i=1

Supp(B)={1,...,m}

We now seek to study the limit lim._oe~"/2 - (4.8). Note that B is a set of pairs and the condition
Supp(B) = {1,...,m} implies that |B| > [m/2]. If m is odd, then e~™/2¢/Bl — 0 as ¢ — 0 for all B,
while if m is even, the only non-vanishing terms in the ¢ — 0 limit are the perfect matchings of {1,...,m}
(with the second entries in the pairing to be larger than the first entries). We also have the following
uniform convergence to continuous functions (the contours are fixed)

;1_{% Ceo(74,,24,5 755 24y ) = C¥(1j,, 25,17y, Zjy)

, (4.12)
11111035(”1,7"¢,Z¢) = F(ni, i, 2:).
E—
Thus we can take the ¢ — 0 limit inside the integrals with the result
o —m)2 ——7 T [ AGO a0 AT A
lim e (4.8) =lime Ea;p H q i nimritl — Ea. ), [q i "i—“ﬁq
e—0 £e— iy
= Z 7{ 74 H Ce(rj,, 25,5755, 2j,) Hg(ni,ri,zi)dzi.
B perfect (41,j2)€EB i=1
matching of
{1,....m}
Recalling the scalings of (4.1) we have that
. —m/2 m s — acﬁff” T JrerslnL_)T 7)) 1: s
lim e™"/%(4.8) = (1) 1_1 e Ot Znn ) Tim By, 1_1 (Y = Eayp [Y7)) (4.13)

Thus we have proven that

. m . m wi"f” - +___+wi 1_)T
Jimn B H(nf—Ea;pW])]:(—l) [[/ o
x Z 7{7{ H Ct(rjlvzjl;rjzvzjz)Hg(niariazi)dzia
B pe}rfect (41,j2)EB i=1
matching of
{1,....m}

which by Wick’s theorem it is the mth moment of a Gaussian process with covariance given by (4.4).
Finally let us show that the average of Y;° goes to zero. We have

i (ng i (ny)
_(x(” )(T)+ +In1771+1(7)) o Ea;p [qA(" )+ Anlfrlﬁ»l}

_(I(m)(q-)-;- +a prios +1("’))E [Y.E] =
i Ve

(4.14)



and using (4.7) for m = 1 we have

ri(ry+1) II(gzi,k3p)
(-1) "= [licrerer, (Zik = 2i0)? < ) T(zi0)
4.14) = : i ik dz..
1 (2mi)7irs! IThi: (zig)™ 1;[ H Zik — Qg NG !
H(qzi’k:p) _
Since mz“‘”:) — 0 as € — 0 uniformly in the z’s on the chosen contours, we can take the limit ¢ — 0
inside and obtain that lim. o Ea;, [Y;7] = 0. 0

Proof of Proposition 4.1. From Lemma 4.4 we have that each Y7, for 1 < i < m, is tight as ¢ — 0 (joint
tightness of these random variables together follows immediately as well). This means that for all § > 0
there exists large M (d) > 0 and small £(§) > 0 such that for all € < &(9),

Pa, (V7] > M(6)) < 4.

Now fix any constant ¢ € (0,1) and observe that there exist constants ¢’,¢” > 0 depending on ¢ such
that for all z € [0, ¢]
—In(1 —z) < =, —In(l1+2) > —"x.

Define £(3) = min ((8), (¢/M(6))?) and M(8) = M(§)max(c,¢"). Set YV := &7 (rie) + - +
ff:j”_)r +1(73€). Then, it follows from the above inequalities and the fact that Y = —e~/2In(1 — £1/2Y¥)
that for all § > 0 there exists large M (8) > 0 (as given above) and £(5) > 0 (as given above) such that for
all e < £(9), ) )

Paip (1] > 11(3)) < 6.

It follows from this and Prokhorov’s theorem that every sequence in € of {171‘5 has a convergent

}1§i§m
subsequence. On such a convergent subsequence of €’s, Taylor expansion shows that the differences Y, —Y*
converge to zero in probability. Therefore, in light of the final statement of Lemma 4.4, on said subsequences

the {}7{5}1 <i<m converge in distribution to the centered Gaussian with covariance given in (4.4). Since
every subsequential limit point is the same, this implies convergence as ¢ — 0 of {17;‘5 }1 <i< bO this
Gaussian as well, completing the proof of the proposition. o O

Remark 4.5. Given the explicit form of the q- Whittaker process, one might hope to observe the Gaussian
limit from asymptotics of that formula. We did not see how to do this, which is why we pursued this
alternative route using the moment method.

4.2 Derivation of SDEs satisfied by Gaussian fluctuations

In Proposition 4.1 we have shown that at fixed time 7 the limit process ¢ is Gaussian. Here we consider
the SDE induced by the Plancherel push-block dynamics started with packed initial conditions and with
alla; = ... =ay = 1. We do not consider the limits of the various other ¢g-Whittaker preserving dynamics
considered earlier.

Proposition 4.6. Let us denote by y,(cn)( ) = e=mi (1) for 1 < k < n < N. Then, the evolution of
the vector &(1) = ( ,g") (7’))1<k<n<N starting from £(0) = 0 satisfies the system of SDE’s (all terms
y,&,0,a,b,c, W are functions of time T, though we suppress them to shorten expressions)

dé-](cn) _ _algn) (é. (n) g(n 1))d + b(n) (é— (n) é—(n) ) c]g") (é- (n) 5(" 1))d7’ 4 0.(”)dw(") (415)

where W,g") (1), 1 <k <n <N, are independent standard Brownian motions,

(n—1 n

1— Vi1 ) 1— y,E )

(n) (n)

O_(n) _ Yk Yr+1
v =

(4.16)



and

y(n) y(n—l) y]in:ll) yl(cn)
(n=1) 1 — (n) 1 — =5 m (1—==% I
(n) _ Ye—1 Yr+1 b(") _ Yk Yk (n) _ Yk Yk Yrt1 (4 17)
G =" S Yk T Ty NON L e o\ 2 : :
R Y1 1 — L Uk (1 g )

* yy Y B GR

This proposition can be proved via the argument of [5, Theorem 1]. Instead of reproducing that proof,
let us informally derive this result. First, however, note that this above SDE almost surely has a unique
continuous solution. To see this, note that the o, a, b, ¢ variables are all bounded as 7 varies in a compact
interval. The drift for the SDE is uniformly (as 7 varies in a compact interval) Lipschitz in the £ variables,
and the covariance is independent of the £ variables. Thus, standard uniqueness results for SDE apply.

Under the Plancherel push-block dynamics, each particle jumps rate according to independent Poisson
clocks whose intensity depends on the distances of (up to) three neighboring particles, see (2.4). Under
the scaling (4.1), we expect to obtain a diffusion process where the f,i”) (1) are driven by independent
Brownian motions. What remains is to determine the diffusion coefficients as well as the drifts.

To determine the drift, we need to determine, as ¢ — 0, the O(dr) term in

m,(cn) (t+dr) — m,(cn)

NG

The jump rate for /\,(Cn) is given by (2.4) (with a,, = 1), i.e.,

E ,g") (T +dr;e) — 5,(!1) (t;8)| = — (7) +eE A,g") (5717 + 871d7) — )\,(c”) (8717') .

1 —cre Ve ) (1 — cpe VED2)

R](gn) _ (

p——c (4.18)

with the short-hand notations
P G R Y SO N s S CO R Co)
and
b= (me) =g (o), b =gV (me) — g (mie), b=V (m5e) — "V (mie),
By (2.4) we have
(n) (n)
Cmy (rAdr) —x (1) dr A —a)(1—c) +O(dr?) (4.19)
Ve Ve o l-cs
and by (4.18) we have
VEE [A;’” (e lr + e ldr) — A (5—17)]
(4.20)

3 1—03 — Co 1—03

dr (1 —c1)(1— b b b
_ el -a)l—c) (1+\/Elcl : +\/2102 2 _ e )+O(dT2).
1
Combining (4.19) and (4.20) we see that the O(dr) term has a limit as € — 0, which is the drift term in

(4.15).
To determine the diffusion coefficient, we need to compute the O(dr) term in

2 2
E { ,g")(r+d7;s) —f,i”)(T;s)} — (IE { ,g")(r+d7;s) —f,in)(T;s)D ) (4.21)
We have
(M) —1_ , 1 (n)—1.4]? 2 dr (n) 2
(4.21):5]E[)\k (e r +eldr) — A (e T)} +0(dr?) = e R + O(dr?).

Ase — 0, R,(cn) — (=enlzca) "which is the square of U](JL) in (4.15) as stated in (4.16).

1763



5 Slow decorrelation and Edwards-Wilkinson asymptotics

In Proposition 4.1 we have obtained the covariance of the process for sums of random variables counted
from the edges. In this section we consider the limit when ny,no — 0o simultaneously but also 71,72 — o0
with the same speed, i.e., we would like to concentrate in the bulk of the macroscopic picture. For that
purpose we need to have manageable expressions (not (r1, r2)-fold integrals) for the covariance of the single
random variables. This is possible if we first consider the large time limit.

In this section we consider the Plancherel case with all a; = 1. Also, as it will be used often below, we
introduce the following notation: given a set S, ﬁ st dzf(z) means that the integral path goes around
the poles of S only, i.e., the integral is the sum of the residues of f at the elements of the set S.

5.1 Large time simplification

Since §§1) is a standard Brownian motion, at times 7 = T'L we need to consider the scaling L‘1/2§§1) (r=
LT) as L — oo in order to still see a Brownian motion. This suggest that we consider the same scaling

for the set {f,in), 1 <k <n < N}. Propositions 5.1 and 5.5, show how in the L — oo limit our Gaussian
process simplifies considerably.

Proposition 5.1. For any fized T > 0, the limit

() = lim L2 (LT)

exists and ¢ = {(,in) (T),1 <k <n< N} is a centered Gaussian process with covariance given through the
following formula. For ny > ns,

Cov (CEmI(T) + o+ ¢, (D (1) 4+ (02, (1))

Z Z H (zj — zi) —dzm) ( H (w; —w;) H 7dwm)
B =1 =1 kTN e =y (Fm)™ 1<i<j<rs =y (Wm)"2
B el o elwm ,
(% H (Zj — zi)Q H Wdzm) (% H (wj - wi)Q H dem)
1<i<j<r m=1 \#m 1<i<j<ry m=1 \Wm

(5.1)
where the integrals are around 0 and the z-contours contain the w-contours.

Proof. Consider (4.4) in which we set i = 1, j = 2, and we do the change of variables 21 — 1 — L™ 12,
1<k<riandz,—1- L~ 'wy, 1 < ¢ < ry. Now let us fix the integration contours for wy, to be circles
centered at 0 of a given radius and the ones for z; to be circles centered at 0 of a larger radius. Then

™1 T2 1

lim L= 'Ce(ry,z1;70,20) = g g
L—oo 1 =1 ZE — Wy

and

r1
H (21 o Zj)Q H eszZ;lnl

. _\ri(ri+1)/2 LTry yri(ri—1) 7 —nar _ lsi<ysn m=1
Lh_r},;o( 1) 1(r1 e 1 ralry L~ 1g(n1,’r1,z1) = (27Ti)r17’1! )

(5.2)

where the limits are uniform in the integration paths. The L-dependent prefactors in (5.2) cancel out with
the denominator in (4.4), leading to the statement of Proposition 5.1. O

From (5.1) it is possible to considerably simplify the covariance for the single random variables Cfﬁ)r 11
by using random-matrix type technology. Indeed, first notice that since all the z-contours can be chosen to

be the same (as well as all the w-contours are the same), we can by symmetry replace > ;1| > 2, ?1“”



with just riro 21Ewl . Then only z; and w; interact and we can put together the integration over zs, ..., 2,
into the notation

Tzm

1
@)t fl—‘o dZQ A dZTl H1§i<j§’r1 (ZJ - Zi)Q H;:l (Zm)"l

1 .02 1 eTzm °
@r)t fro dzrdzy ... dzr, [Ti<icjar, (25 = 20)* [ Inma (Zm)™1

Then, one recognizes that p™"1(z1) is the first correlation function of the determinantal measure (orthog-
onal polynomial ensemble) [T, o;_;,, (2j — 2:)* [T, (i% normalized to 1. Therefore, if we find the

orthogonal polynomials with respect to the dot product

. ZMfff

we can readily get p™™(z). Indeed, let p}(z) be the orthogonal polynomial of degree k, then (see e.g. [15,27])

pr" (z1) =

T, 7—1
Yy B (53)
z =0 pkvpk
By similar reasoning, we also have, for ni; > no,
Cov(CI(T) + -+ G (T); (2 (T) + -+d@> (T)
v ni—ri+1 ng—ra+1
(5.4)
lenl 72,12
74 27i 7{ 2771 z— (2)p (w).
Further, due to linearity of the covariance, using the sum formula in (5.3) we directly get
Tz Tw 71 2 72 2
Cov (C(?l)r1+1(T)a C’I(L’,QLQ—)T‘Q-'Fl % % 1 0 1aTL 75,]19T1 1( )) (p’Fz 1( ))
Io 27i Tow 27l 2 — w 2w <p'r1 17Pr1 1)na <Pr2 17Pr2 1>n2( )
5.5

Remark 5.2. The random matriz methods could be used also on the formula of Proposition 4.1 (i.e., with
finite L) to get p™™(z). However, the weight for the orthogonalization depends on r as well and therefore
the step from (5.4) to (5.5) does not work. This is the reason why in the L — oo limit the system is simpler
(although still quite nontrivial).

The orthogonal polynomials from (5.3) can be explicitly computed as follows. Note that we are free to
choose the norm of each polynomial.

Lemma 5.3. The functions

" (n— 1 =)
T =0
are orthogonal under (-, ), (as k varies in {0,1,..., N — 1} ) with norm squared
k!
no.n = -1 k Tn— 1
<pk7pk> ( ) (n—l—k)

Further, the following integral representations hold:

n _ Tn(_z)k > Y k n—1—k _—Ty
pk(z)_(n—l—k)!/o (1_;) yr ey

1 v\ k-1
_ _e—TzZn—l—kk! i (1 o _) ,Uk—neTvd,U
2w Jp, z

from which

n 2 n—1 00 —k—

(pk (Z)) _ _Z T 1— g k yn—l—ke—Tydy 1 1— 2 k=1 Uk_neTvdU.
n o n Tz

<pkapk>7l (& 0 z 27 I. z




Proof. We establish the desired results by comparing to the monic Laguerre polynomials (see e.g. [26])

F(n+a+1)1F1< -n )

P ) = (1) Ia+1) a+1'"

These are orthogonal with respect to the dot product (f,g), = fooo daf(z)g(x)z®e */I'(a+ 1) on [0, 00)
with norm squared (p ](c ),ﬁ,ga))a = k'% This holds (by analytic continuation in a) for all a. We
may easily compute the pairing of the constant function 1 and the power z* under both (-,-),, and (-, "),
finding

Tn—k-1 I(k+a+1)

O e M Sy rPEa Y

Considering (1,2%),, if we replace a by —n, x by —Tx, and multiply the result by an overall factor of
T 1/(n — 1)!, we arrive at the above expression for (1,z*),. From this consideration and the explicit

form of p( )( ), we conclude the p}(z) are orthogonal with the above specified norm-squared. The integral
representations are proved by employing the Binomial theorem and then performing the explicit integration
of each resulting term. O

Using Lemma 5.3 we finally get the formula for the covariance that we are going to use in the asymptotic
analysis as well.

Corollary 5.4. The covariance at T =1 is given by
Cov (¢, (T = 1),y (T = 1))
1 1 Rl 1 el
= d d d ro—1_ no—re —x_— d
a0, ([ wwmmrtemee g f aet)

1 e’
r 1 n T Yy
(/ dy 1— 17 Me™ _271'1 . dv (Z — U)Tl o ) . (56)

We turn now to time dynamics. By Proposition 4.6 the vector {(7") = {51(6”)( T),1 <k <n < N} satisfies

a system of linear SDEs. Therefore, one expects that the limit vector ((T') = {C(")( T),1<k<n<N}
likewise satisfies such a (perhaps simplied) system of linear SDEs.

Proposition 5.5. For any 0 < Ty < 11, the limit
(1) = Jim L7V (LT)

exists in the topology C([Tg, Tl],C(]R)) (i.e., continuous space-time processes on [To,T1] x R) and ((T) =
{(,in) (T),1 <k <n < N} satisfies the system of SDEs

dCUTY = 37 AT oy ey (T)AT + dW S (T), (5.7)
(k" ,n")

where W,g") (T), 1 <k <n <N, are independent standard Brownian motions and the matriz A(T') has as
its only non-zero entries

-n+1 k—1 n—=k

T A(T)(k,n),(k—l,n—l):Ta A(T) (kn) (kin—1) = T

A(T)(k,n),(k,n) =

Remark 5.6. As one sees from the form of A(T), as T — 0 the matriz entries diverge. While it may be
possible (using a logarithmic time change) to prove convergence for all T > 0, we opt to deal only with
T € [Ty, Ty]. After all, in light of Proposition 5.1 we know the Gaussian process limit at time Ty, and thus
do not need to start the SDEs above at T = 0.



Proof. From Corollary 3.3 we know that for large 7 we have (setting r =n + 1 — k)

det (_(Zi;i—_rr—_;)z) .
= (1+0(r ).

n+j—r—i+1
det ((;Jrjfrfz”rl)!)

y () = e =

ij=1
This is obvious from the intersecting path interpretation since in (B.1) the leading term for large 7 is the
one with ¢ = 7. We claim that

det (Z).
(n r+j l)' i,j=1 :7_n+1_2,,4 (7’-1)' (58)

det Fr—rliji—i r—1 (n — T‘)'
(n—r+1+4j—1)! ij=1

It is easy to see that 7 factors out of the determinants and gives the right power. What remains is to show
the following evaluation formula (from which the desired ratio M (n,r)/M(n,r — 1) = (r — 1)!/(n — r)! is
clear) for the remaining Toeplitz determinant

1 " < (r—1—k
M(n,r) = det | —
(n,7) det((n—r+j_i)!>i7j X H n—r+k

To prove this it suffices to check (as is readily done after some cancelations) that it satisfies the Desnanot—
Jacobi identity, which is equivalent to

M(n,r)M(n — 2,7 —2) = M(n,—1,r — 1) = M(n,r — 1)M(n — 2,7 — 1).
With the identity (5.8) we have

W) = T O ),

Inserting this into the diffusion coefficient (4.16) and into the drift coefficients in (4.17) we get
op =140, af =7 (k- DA+, B =0, G =7 n-k)L+OF).

Taking L — oo and remembering that dr = LdT we arrive at the linear system of SDEs given in (5.7).
It remains to deduce that the convergence of the drift and standard deviation matrices implies conver-
gence of the full space-time process. To put this in a more general context, consider matrices A.(T) and
B(T) with entries uniformly bounded over all e € (0,1) and T € [Tp, T1] and which have likewise bounded
limits A(T) and B(T). Also, consider Gaussian initial data (at time Tp) given by X (7p) and assume it
has a limit in distribution to some Gaussian vector X (Tp). Let X.(T") denote the solution to the system
of SDEs dX(T) = Ac(T)X(T)dT + B.(T)dW(T') with initial data X¢(Tp). Then, we claim, X, — X in
the topology on C([Ty, T1],C(R)) where X (T) solves the SDEs with matrices A(T) and B(T) with initial
data X (Tp). This result is not hard to prove. For instance, one can use the results from Appendix A to
write down the multi-time covariance of X.. Given the hypotheses, this clearly has a limit as ¢ — 0, from
which follows convergence of finite-dimensional-distributions to those of X. Tightness of X, is quite readily
checked (for instance, also from the multi-time covariance). O

In order to determine the covariance of £’s at different times, we need to determine the propagator
(see (A.1)), i.e., the solution Y (T') of

4y (T)
dT

Since A(T) depends on T only by multiplication of 1/T', let us write A(T) = AT~*. Then, taking S = In(T')
we obtain T’ dd = from which

— AT)Y(T), Y(0)=1.

dS ’ v

= Av. 5.9

S (5.9)

In what follows we will determine the covariance at a fixed time Ty and then propagate from Tp, so that

the T—1 singularity of A does not pose a problem. Notice that setting S = In(7/Tp) we have still to find
a solution of (5.9) if we propagate from Tp.



Lemma 5.7. For any 1 <k <n, 1<k’ <n', we have

- ’ k — 1 n — k
S(1—n S n'—n
[exp(SA)](k,n), (k' 7y = € (=n) (e — 1) (k’ _ 1) (n’ - k’)'

Proof. First make the change variables n — k = x, n’ — k' = 2’ and likewise k — 1 =y, k' — 1 = y'. The
Markov chain on n, k with generator A turns into the Markov chain on x,y which, in fact, factorizes into
two independent Markov chains where = transitions to x — 1 at rate x and y transitions to y — 1 at rate
y. Call the generator of one of these two chains (as they have the same generator) L. Then our lemma
reduces (through the change of variables) to showing that

[exp(SL)]o.0r = (ﬁ)e—sm (5 _ 1

X

First note that for S = 0, the above expression equals the indicator function for x = 2’ (if 2’ > x the
binomial coefficient is zero, and if 2/ < z the term (e® — 1)~ is zero). We must then show that for any
function f, we have

O (exp(SL)f) () = (Lexp(SL)T) ).

Checking this is elementary. Let g(z) = (exp(SL)f)(z) = D wr<a (5)e 57(e® — 1)#=" f(2') and compute

, 1.8
3590 = 3 (5)e e e (55

and likewise

Ly@) =2 3 (xljl)eswn(es_ DU CORDY (j,>65w<es_ " ().
/' <x—1 /' <x

It is now easy to show, for each 2/, the equality of the summands in %g(x) and Lg(x), thus completing
the proof. O

As a consequence of Lemma 5.7 we readily have the propagator from time Tj.

Corollary 5.8. The propagator matriz from time Ty > 0 is given by

T\ /T =T\ (k=1\/n—k
T 0 0
Y Oluman=(7)  (m2)  (eor)(won) 310

for1<k<n<Nand1 <k <n' <N, and it solves

dy T )
o = A)Y™(T), Y(T,) =1.

According to the general theory of Gaussian processes (see Appendix A), if we denote by Cov(T}) the
covariance matrix at time Tp, then

Yo (T)Cov(Ty) (5.11)

is the matrix of covariances between time moments Ty and T > Ty.



Fig. 6: Ilustration of the integration contours of the limiting covariance (5.12).

5.2 Bulk scaling limit at fixed time

Now we want to determine the N — oo limit of the covariance at a fixed time. Without loss of generality
we can first consider 7" = 1 and by scaling one can get the covariance for any fixed time 7" > 0. Indeed,

¢ k") (T) @ VT¢ ,g") (T) since it is the scaling limit as I — oo, see Proposition 5.5. Our result is the following.
Theorem 5.9. Let us denote
2(c,b) = ¢(1 — 2b+ 2iy/b(1 — b)).

Take any a,b € (0,1), d > 0 and ¢ € (0,d] such that 2(c,b) # 2(d,a). Then, the large N limit of the
covariance is given by

. (dN) o (eN) o
Jim NCov(¢N) (T =1), ¢ (T = 1))

16 /Q(c,b) o 2(d,a) 07 1 1
i) Joen " Joww 2= W fay — 0(e,u)(W - R(e,b)\/(Z - 2(d,0))(Z - 2d,0))

(5.12)

where the path Z stays to the right of W (see Figure 6 for an illustration).

Surprisingly, there is a concise way of expressing the limiting covariance in terms of a complete elliptic
integral.

Proposition 5.10. It holds

16 Q(C,b) Q(d,a) 1 1

o2 ﬁ aw [ dZZ W — —

G Jawen w22 Wy — (e, )W = e )y (2 - 2@.a)(Z -2 ) 5

_ 4Kk K(x),

7/Im 2(d, a) Im £2(c, b)

. - 24/Re 2(d,a) Re £2(c,b) . e .
with k = e P —Re e+ (T 2@ T A and K is the complete elliptic integral of the first kind,
namely

! dx
= / Ja-2) 1 —ra?)



Proof. Let us first consider the case Re £2(d, a) > Re £2(¢,b). We use the notations {2(d,a) = Ry +1il; and
2(e,b) = Ry + ilz. Doing the change of variables Z = Ry +1Y and W = Ry +1X we get

1 1
5.37 dX
(5.37) = wZ/ / R - X) VT

—1)\Y

:_/ e MR- 32)/12 / s (5.14)

=4 / dAe*MRl*RﬁJO(IlA)JO(IgA),
0

with the Bessel function Jy (see e.g. Eq. 2.5.3.3 of [35]). Using the identity (see Eq. 2.12.38.1 of [30]) we

get
4 2/ 11 I
(5.14) = ———K(k), &= L2 .
/I VR =Rl + (I + L)

For Re £2(d,a) < Re £2(b, ¢), notice that for fixed £2(d,a), both sides of the equations are analytic as
a functions of Re 2(b, ¢) and Im £2(b, ¢) > 0 away from (2(b,c) = £2(d, a). Thus the identity holds also for
the general case by analytic continuation. O

5.3 Proof of Theorem 5.9
By simple rescaling, it is enough to consider the case d = 1, and clearly a shift by 1 in the r; has no

influence in the limiting result. Let us denote M = ¢/N. We do the change of variables w = NW, x = NX,
=NU+W),and z=NZ,y=NY,v=N(V +Z) in (5.6) with the result

Cov (¢, 41 (1), 74 Wi oaz
( N N+1 M— bM+1 27T1 Tow _ W
(e,b,W,X) eNG(e,b,W,U) 00 eNF(1,a,2Y) | eNG(1,a,2,V)
dX dUi in— dV —————
(/ 27Ti?§0 W+U ></0 Y -7 27Tij§0 Z+V )’
(5.15)
where

F(e,b,W, X)) =bcln(X = W)+ (1 = b)cln(X) — X,
G(c,b,W,U) = =bcln(U) — (1 = b)eln(W + U) + U + W.

5.8.1 Analysis of the slow manifold

In order to analyze the N — oo limit of the covariance, we need to understand the properties of the
functions F' and G. Notice that

F(c,b,W,X)=cF(1,b,W/c,X/c) — cln(c), G(c,b,W,U)=cG(1,b,W/c,U/c)+ clu(c). (5.16)

Therefore if we analyze the situation for ¢ = 1, the case for ¢ < 1 is obtained by scaling linearly with c all
the variables W, X, U. Therefore, below we consider first ¢ = 1 and we write F'(b, W, X) for F(1,b, W, X)
(and similarly for G).

Lemma 5.11 (Critical points). For given W, the critical points of F' and G are given by

1+W+A 1-Ww+A
Xi:;, and Ury=Xy W= ———|
2 2
where A= /(1 —W)2 + 4bW.
Proof. 1t is an elementary computation. O

The critical points are double critical point only for two values of W.



Corollary 5.12 (Double critical points). We have Uy = U- (and Xy = X_) if and only if
W e {W., W_.}, where
We=£02(1,b) =1 —2b+ 2i/b(1 —b).

Further, |W.| =1 and we define ¢, = arg(W..), and
Ue=Us(W,) =b—iy/b(1 —0),
Xe=X1(W.)=1-b+iy/b(l—b).
Proof. 1t is an elementary computation as well. O

We have an integral over (W, X, U) of the function e (F®:W.X)+GO.W.U) times M-independent terms.
If we compute the eigenvalues of the Jacobi matrix of (W, X, U) := F(b, W, X )+ G(b, W, U) one sees that
there is a zero eigenvalue. This means that for the steep descent analysis there is a slow mode and two
fast modes. Thus we have to study the submanifold where Re ®(W, X,U) = 0, that we call slow manifold.
We will then take W on this submanifold and integrate with respect to U, X (which will be essentially
Gaussian integrals) and only after that we integrate over W. The next goal is thus to say something about
the slow manifold.

Lemma 5.13. We have the following identities. First of all,
Fb,W,X4)+ Gb,W,Us) =0. (5.17)
Denoting HW) := F(b, W, X,) + G(b, W,U_) and H(W) := F(b, W, X_) + G(b, W, U,) we have

H(W) + HW (5.18)

) =
Proof. It is simple to verify the identity (5.17) and then (5.18) follows directly from (5.17). O
The next goal is to see that W on the slow manifold (W, X1 (W), UL (W)) can be parameterized as a
function in polar coordinates and it takes values inside the circle of radius one.
Lemma 5.14. Let W = re'?. Then A? = a +if8 = pel?, with
a = 2rcos(p)(rcos(p) — 1 +2b) +1 — 72,
B = 2rsin(p)(rcos(¢) — 1 + 2b),

p=+a2+ 32 0 =2arctan (p—oz)'

g

SV N N e S V/
e (=2) T ()

Proof. An elementary computation gives the values of o and . Then, using cos(arctan(z)) = 1/v/1 4 a2
and sin(arctan(z)) = z/v/1 + 22 we get the formulas for A = ,/pe!?/2. O

Further, it holds
ReA =

To understand where Re H(W') = 0, first notice that
H(W) = bln <%> +(1—b)hn (%) yy
Thus at least for the two critical points W € {W,, W.} we have H(W) = 0. Further,
i _ A
aw w
By Corollary 5.12 we thus know that dH =0 if and only if W € {W,,W_.}, i.e., where A = 0.

Lemma 5.15. We have
ReA =0 if and only if 3 =0 and o < 0.



Proof. If « = =0, then p = 0 and A = 0. Otherwise assume « # 0. Then Re A = 0 possibly only if

B 1o0.
First case: a > 0. Then as 3 | 0, Re A ~ \/a + O(5?), thus Re A 4 0,

Second case: @ < 0. Then as 5 | 0, Re A ~ 3/(2+/]«|) and Im A ~ 5/(2+/|al), which gives the result. O

From this it follows that
Corollary 5.16. It holds

Re A =0 if and only if rcosp =1 —2b and r > 1.

Proof. 3 =0 if and only if rcos¢ = 1 — 2b. Setting this into a leads to a = 1 — r2, which is negative if
and only if > 1. O

Next we consider the derivative of Re H with respect to r and ¢.

Lemma 5.17. We have

dReH _ReA
dr r

dReH

<0 and Im A.

In particular, on the circle of radius one, W = €%, ‘”;—ZH >0 onp € (0,0.) and d%ZH

This implies that on the circle of radius one, Re H < 0 except at the two critical points {W., W }.

<0 ong € (pem).

Proof. The identities follow from
dReH+,dImH_dH_deW_ A Red ImA

—1 ,

dr ldr T dr AW dr  r r r

and
dRe H +.alImH _dH dH dW

dp " dp  dp  dWdp
Using the formula for Im A in Lemma 5.14 we get ImA > 0 if and only if 3 > 0, i.e., if and only if
rcosg > 1—2b, and for r = 1, cosp > 1 — 2b if and only if ¢ € (0,¢.) (it suffices to consider ¢ € [0, 7]
only by symmetry). O

—iA = —-iReA+ImA.

Lemma 5.18. We have lim,_,g Re H = oo.

Proof. As r — 0, Uy — 1, U_ — —brel?, X, — 1, X_ — (1 — b)rel?. Thus, as 7 — 0, ReH ~

—=bIn(b) — (1 = b)In(1 — b) — In(r) — oco. O
The above lemmas imply the following.

Proposition 5.19. There exists a simple path IT = II1(b) around 0 such that for W € II

1. ReHW) =0,

2. W =r(p)e'?: where r(p) is a unique solution of Re H(W) =0 in [0, 1],

3. (e )el?e =W,

see Figure 7 for an illustration. We denote by IT.(b) the part of I1(b) with ¢ € [—¢e, @] and II_(b) the
remaining part.

Proof. By Lemma 5.17 we know that Re H (re'¥) is monotonically decreasing as r increases, and goes from
oo at 7 = 0 (Lemma 5.18) to Re H(W) < 0 for W on a circle of radius 1 (with equality if and only if
{W,.,W_.}) (Lemma 5.18), thus it has to cross 0 at some values r = r(¢) € (0,1] (with r(p) = 1 if and
only if ¢ = £p.). O

Along the path IT of Proposition 5.19, the real part of H is equal to zero and the imaginary part is
not constant.

Lemma 5.20. Along the path II of Proposition 5.19,

dimH  |A]?
= — < O7
dy ReA —

with equality if and only if A = 0.



Fig. 7: The thick blue curve is the path IT of Proposition 5.19. On the solid black lines Re H = 0 as well.
The dashed black lines are the discontinuities of Re H, which correspond to Re A = 0. The gray regions
are the ones with positive real part of H.

Proof. Let r = r(¢) and W = r(¢)e'?. Then,

dReH . dImH dH dHdW dlnr(p) : dlnr(p)
=—=——=(ImA-ReA—— | — A+ImA—— ).
i +1i i dp AW dp (m Re i ) 1(Re + Im i

Since the real part is by definition of r(¢) equal to 0, we have dlnd—g“’) = g’gﬁ. Thus

dimH _ |AP

dp ReA’

Finally, as a simple corollary we have:

Corollary 5.21. Along the path II of Proposition 5.19,
ReF(byW,X1)=—ReG(,W,U_) =Re F(b,W,X_) = —ReG(b, W,Us).

As we shall see, when integrating over W and Z, we will have to choose in some situations contours
which do not satisfy the original constraints (Z encloses ¢W¥). In these cases we will have to control the
residue term as well. For that purpose we need to see where the paths IT for different values of a,b,c
intersects. Since in the following the path IT as well as W, and related quantities depends on b, we will
write b explicitly when needed.

Lemma 5.22. Fiz 0 < a <b <1, from which we know that pc(a) < wc(b). We have:

(a) For ¢ €[0,¢c(a)l, ra(0) > 70(p)-
(b) There exists a unique @ € (pc(a), pc(b)) such that rq(p) = ().

(¢) For ¢ € [pe(b), 7], 7a(p) < 76(e)-

See Figure 8 for an illustration.

Proof. By Lemma 5.17 and Lemma 5.14 we get

dr ImA /o242 -«

dp  'Red " 3
Let ¢ € (0, 9c(b)). Then 5> 0 and
d
é :r( (a/ﬁ)2+1—a/ﬁ) >0, (5.19)



II_(a) \ 114 (b)

Fig. 8: An illustration of Lemma 5.22. For a = 0.2 (blue) and b = 0.4 (red) we plot the lines where
Re H(W) = 0. Inside the closed contours Re H(W) > 0. Along the dashed contours, the Re H(W) = 0 as

well.

where
o 1 1—72

3 tang tar sin(p)(rcos(¢) — 1+ 2b)°

From (5.19) together with the fact that r(¢) = 1 only at ¢ = ¢., we have that 1 = rq(pc(a)) > ry(pc(a)).
Similarly, for ¢ € (p(b),7), 8 < 0 and

& == V@l +1-a/1al) <o (5.20)

where
« 1 1—72

B tang  2rsin(p)(rcos(p) — 1 +2b)
From (5.19) together with the fact that r(¢) = 1 only at ¢ = ¢., we have that 1 = ry(¢c(b)) > rq(pc(b)).
Case (b): (5.19) and (5.20) imply that for ¢ € (p.(a), (b)), 74 is (strictly) decreasing starting from 1
and 1y, is (strictly) increasing ending at 1. Thus, by continuity of r(y), there is a unique intersection point
of rq(p) and ().
Case (a): At (r,¢) € [0,1] x (0,¢c(a)), b +— rcos(p) — 1 + 2b is increasing in b. Thus b — «/F is

/2 2_
decreasing, but since x — /22 + 1 — x is also decreasing, this implies that b — r%
in b. Thus, if there is an intersection of the paths IT, and II;, for this range of angle, say at (rg, o), then
at this point

is increasing

drg d
0<L<ﬁ'

This would then imply that r4(pc(a)) < ry(¢c(a)), which is false. Therefore by contradiction we have
shown part (a).

Case (c): It is similar to case (a). At (r,¢) € [0,1] x (¢c(b), ), b+ rcos(p) — 1 + 2b is increasing in
b. Thus b — «/f is increasing as well. The map x — —(v/a? + 1 — x) is increasing, which implies that

oI P —a
B8

of angle, say at (19, ¢o), then at this point

b—r is increasing in b. Thus, if there is an intersection of the paths II, and II, for this range

dry dry,

This would then imply that 74(c(0)) < r4(@c(b)), which is false. Therefore by contradiction we have
shown part (c) as well. O

Here is a corollary.

Corollary 5.23. If IT, (a) N eIl (b) # @, then I1_(a) N clI(b) = @.



Proof. There are a few cases to be considered:

(a) IT4(a) NIl (b) # @ and b > a can not occur together. Otherwise, by continuity I74 (a) N IT(b) # &
as well, which contradicts Lemma 5.22(a).

(b) Iy(a) Nell(b) # @ and b < a. In this case by Lemma 5.22 there is no intersection of IT_(a) and
I1(b), which implies that I7_(a) Ncll(b) = & as well.

(¢) II+(a) Nell4(b) = @ but 11 (a) Ncll_(b) # &. In this case also IT;(a) N II_(b) # &, meaning by
Lemma 5.22 that b < a, which in turns implies I7_(a) N I1(b) = @, thus also IT_(a) N clII(b) = @. O

5.8.2 Analysis of the fast manifolds

For a given W on II, we deform the integration paths for X and U so that they pass through some critical
points X+ (W) and Uy (W). Through which critical points the paths must pass is determined by the fact
that X needs to start at 0 and end at oo and U is closed loop around 0 not including —W. There is a
difference on whether W is in the part of IT between W, and W, or not. As we shall see, in the first
case, the paths needs to pass through both critical points, while in the second case X passes only through
X4+ (W) and U through U_(W).

Proposition 5.24. Let us denote by I'y :={X € C| Re F(b,WW, X) = Re F(b, W, XL (W))} and similarly
I'y == {U € C|ReG(b,W,U) = ReG (b, W,Ux(W))}. Parameterize W = r(p)e'? on II as in Proposi-
tion 5.19. Let vx C C be any deformation of the path from 0 to oo of the real line and vy C C any simple
counterclockwise oriented loop around 0 but not including the point U = —W .

1. For ¢ € [0,¢.], any path vx which satisfies Re F(b, W, X) < Re F(b, W, X+ (W)) need to pass through
both critical points X+ (W) and X_(W).

2. For ¢ € [@¢, 7], any path yx which satisfies Re F(b, W, X) < Re F (b, W, X1 (W)) need to pass through
critical points X (W) but not through X_(W).

3. For ¢ € (0,9, any path vy which satisfies Re G(b, W,U) < Re G(b, W,U(W)) need to pass through
both critical points U (W) and U_(W).

4. For ¢ € [pe, 7|, any path vy which satisfies Re G(b,W,U) < Re G(b, W,U(W)) need to pass through
critical points U_ (W) but not through Uy (W).

Proof. First we consider the extreme cases, ¢ = 0 and ¢ = 7.

Case 1: ¢ = 7. In this case W = —r € R_ and thus A = /(1 +7r)2 —4br > 1 —r =1+ W (since
b<1),butalso A=./(1-7r)2+41-br<1l+r=1-W.Thus X_ = (1+W — A)/2 € (W,0) and
X+ =(1+W+A4)/2>0. Thus we have obtained

W< X_ <0< X,

We know that the function Re F(b, W, X) = —co at X = W, 0, c0 and it goes to co when going to infinity
in the directions with negative real part. For W real I'x is symmetric with respect to complex conjugation.
Further there are only two points where branches of I'y comes together, namely at X = Xy. Thus two
of the branches that leave the point X_ need to close on the left of W, the other two have to go around
0 and meet at X, from which point they open up asymptotically in the vertical direction. See Figure 9
(left) for an illustration of I'x.

Case 2: ¢ = 0. In this case W =7 € Ry and thus A = /(1 +7r)2 —4(1—b)r <1+7r =1+ W, but
also A >1—W. Thus X_ = (1+W — A)/2 € (0,W) and Xy = (1 + W 4+ A)/2 > W. Thus we have
obtained

0<W<X_<X,.

The same argument as in Case 1, but with the roles of W and 0 interchanged leads to I'x as in Figure 9
(right).

Case 3: ¢ = @.. In this case W = W, and thus A = 0. It is the situation where the two critical points
comes together, see Figure 10.

By continuity, to go from the topological situation of Case 1 to the one of Case 2, there is only one
possibility, namely when X, and X_ comes together. But this happens only at the value of ¢ of Case 3.
Statements (1) and (2) then follows from these observations.

(3) and (4) are proved similarly to (1) and (2). O



FX FX

Fig. 9: Illustration of the path I'y for the case W € R_ (left) and W € Ry (right). In the shaded regions
ReF(X) < Re F(X4).

Fig. 10: Illustration of the path I'x for the case W = W, for which X, = X_. In the shaded regions
ReF(X) < Re F(X4).

Remark 5.25. The paths I'x and Iy are just a shift by W of each other. Further, at X1 the branches of
I'x form a cross with w/2 degrees, except for the case when X, = X_ where the angles are 7/3 between
each branch.

Proof of Theorem 5.9. Let us recall the formula for the covariance that we want to compute, namely
(5.15):

(V)
COV(QN—aNH( ), CM par1( (2mi)? ]{ 7{“0 . — W
o NF(ehbW.X) 1 oNG(eb,W,U) 0 NF(LaZY) { eNG(1,0,2,V)
D Ay S ) A — ) N S | VA
X(/O X_W 2w17£po W+ U ></0 Y _Z 2wi?{p0 Z5V >

(5.21)

First case: I1;(a)Ncll(b) = @. First we consider the case where the path 11 (a) for Z does not cross
the path for W (I1L(b) are defined in Proposition 5.19).
We divide the integrations in four terms:

W. Z. We Z. W Z. We Z.
]{ aw az = / aw [ dz+ /_ aw [ dz+ / aw [ dz+ /_ aw | dz (5.22)
Iy I'o,w c Ze c Ze c Ze c Ze

where W, = 2(c,b) and Z. = (1, a). Here the integration path from W, to W, passes to the right of the
origin, while from W, to W, to the left of the origin (similarly for 7).

By Proposition 5.19 we can choose the path for Z from Z. to Z, satisfying Re H(Z) < 0 and staying
outside ¢I(b) (the initial choice of the path for W). Thus in this case we do not have to deal with potential
residue terms arising from the factor 1/(Z — W) in the integrand.

Now we discuss which contributions remain in the N — oo limit from the integration over W. The
same argument goes through for the contributions for the integration over Z. For simplicity we consider
c =1, as in the generic case one has just to replace W — ¢W in the final expression.
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Fig. 11: Tllustration of the integration paths vyx and ~y for the case ¢ € (p., 7.

(a) Contributions for W € IT_(b) and Z € II_(a) (or a deformation of them). As discussed in
Proposition 5.24, the paths for X and U can be chosen to pass by only one of the critical points, namely
X4 and U_, see Figure 11 for an illustration.

Then there are paths vx (resp. ) such that Re F'(b, W, X) reaches its maximum at X = X (resp.
Re G(b, W, U) reaches its maximum at U = U_). Further, due to the linear term in X, when X — oo
along vx, Re F'(b, W, X) decreases linearly in the real part of X. Thus vx and vy can be taken to be steep
descent paths and the leading contribution to the integrals comes from a d-neighborhood of Xy and U_;
the contribution from the remainder is O(e= V%) for some ¢(8) > 0 (with ¢(8) ~ 6% as § — 0 away from
the critical points and ¢(§) ~ 6% as § — 0 at the critical point). This does not change if we deform the
path for W to a path I (p) to stay outside IT_(p) (and to the left of the critical points, i.e., to the left
of the dashed lines in Figure 7).

It remains to determine the contribution coming from the neighborhood of (X1,U_) (as outside a
d-neighborhood the contribution is exponentially small in N). As X, and U_ are (simple) critical points
of F(b,W,X) and G(b, W,U) respectively, they are determined by the Gaussian integrals up to smaller
order in N. We have

1 1
Fb,W,X)~F(b,W,X,) — §a+(X - X.)% GO, W,U)~Gb,W,U_)+ 5a_(U —U_)?,  (5.23)

where o4 is defined by
9? 1-b b
) =~ F WDy, =L
Thus, the integrals over yx and vy will be dominated by the Gaussian integrals around the critical points,
with the result

(5.24)

1 eNRe F(b,W,X4) eNReG(b,W,U-)
— (1+ O(N~/2y). (5.25)
NA(Xy = W)\Jor (W) (W +U-)\/o_(W)

The error term O(N -1/ 2) is the correction to the Gaussian integrals coming from the higher order non-zero
terms. The term in the exponential is NH (W), where H(W) was defined in Lemma 5.13.

Let I1¢ (b) the region of IT_(b) at distance & from W, = 2(1,b). For W at distance ¢ from the critical
points, by Lemma 5.17 we get Re H(W) < —C(g) < 0 with C(e) ~ €%/ as € — 0 (the reason being that
A2 ~ 4i\/b(1 = b)(W — W.) as W — W.). Thus the contribution of the integral over II_(b) \ II (b) is
exponentially small in N, bounded by 0(6_663/2) for some ¢ > 0.

To estimate the integral over II¢ (b), we use that

2v/=1(1 — b)3/4p~1/4
o+ (W) >~ \/_fX'Jr(V[ic)‘*

W —W. (5.26)

as W — We. Since [ e~ N2 p=1/2 0 = O(N~1/3), the contribution of the integral over W € II¢ (b) of
(5.25) is of order N"*N~1/3, We shall see that the leading terms as N — oo is of order N~'. Thus this
contribution is at least N~/3 times smaller and it becomes irrelevant as N — co.



Fig. 12: Tllustration of the integration paths yx and vy for the case ¢ € [0, ).

(b) Contributions for W € II,(b). As discussed in Proposition 5.24, the paths for X and U have
to be chosen to pass by both critical points, see Figure 12 for an illustration.

We split the integrand over X into two pieces: the first going from 0 to W and the second from W to
o0o. We thus have

o NFOLWX) | NG (b,W,U) W NF(bWX) | NG (b, W,U)
/ dXi—,]{ dUiz/ dXi—,yé AU ————
0 X-W 2rmi Jp, W +U 0 X-W 27 Jp, W+U

o NFOBW.X) | oNG(b,W,U)
xe e
/ X~ 27r1% W=7

(5.27)

At this point we can deform the integration path for W, namely 1 (b), in different ways depending on
whether we want to estimate the first or the second term in (5.27).

(b.1) Contribution of the first term of (5.27). The integration path for X passes by X_, while the
integration path for U passes by both Uy and U_. The leading term of the integrand comes from the inte-
grals around the critical points. At (X_,U_) the term in the exponent is NF (b, W, X_)+NG(b,W,U_) =
0, while the term in the exponent at (X_,Uy) is NF(b,W,X_) + NG(b,W,Uy) = —NH(W). Thus we
deform the path IT,(b) into I, (b) such that H(W) > 0 along Il (b). To do this is enough to deform
I7, (b) slightly in the interior of IT(b). Then, the contribution of the integral coming from the neighbor-
hoods of (U, X_) can be estimated exactly as we did for the previous case (i.e., for (a) Contributions
for W € IT_(b)) and in the N — oo limit will become irrelevant.

It remains to determine the contribution coming from the neighborhood of (X_,U_) (as outside a
0-neighborhood the contribution is exponentially small in N). As X_ and U_ are (simple) critical points
of F(b,W,X) and G(b,W,U) respectively, they are determined by the Gaussian integrals up to smaller
order in V. We have

F(b,W,X) ~ F(b,W,X_) — %o—, (X —X_)2, GO,W,U)~G(b,W,U_)+ %o—,(U U, (5.28)

where o_ is defined in (5.24). Thus

/ dXeNF(b,W,X)L/ dUeNG(b,W,U) 1 NoT —ivor
| X—X_|<5 X -W 2m |U—-U_|<$5 W +U 271 (X,—W)«/U,N (U7+W)1/0'7N

(5.29)
up to smaller terms in N (of order N~3/2 instead of N~1).

(b.2) Contribution of the second term of (5.27). This case is analogous to the previous one,
except that now the integration over X passes by X . This time the term in the exponent at (X4, U_)
is NF(b,W,Xy)+ NG(b,W,U_) = NH(W) and therefore we deform the contour for W to stay slightly
outside 14 (b) (without crossing the dashed lines in Figure 7). The leading contribution is then

eNFObWX) NG(b,W,U) 1 NG o

€
dXi—,/ dU = —
/X—X+S5 X=W 2riJyvy<s  WHU  2m(Xy = W)y/o N (Uy +W)y/or N
(5.30)




Fig. 13: An illustration of the case where IT_(a)Ne I1(b) # &. The closed paths are IT(a) (blue) and ¢I1(b)
(red). Here the parameters are a = 0.6, b = 0.2 and ¢ = 0.8. The intersection in the upper half plane is
denoted by 6.

up to smaller terms in N.
Summing up, we have obtained that, up to smaller order terms in N, the leading contribution of (5.27)
is given by (5.29) plus (5.30). An explicit computation gives

4 B 4

r.hs. (5.29) +r.hs. (5.30) = =
N\JW = W)W =) Ny (W — Q(1Lb)(W — (1, b))

(5.31)

To resume, the integral over W becomes in the N — oo limit the integral over W from §2(1,b) to
£2(1,b) (passing to the right of the origin).

The analysis of the integral over Z is almost verbatim as the one for W and thus we are not going
to repeat it. The result is that the integral over Z becomes the integral over Z from 2(1,a) to 2(1,a)
passing to the right of the origin and to the right of W, namely we get

]\ZILIIIOONCOV(CJ(\/]\/_)QN.FA ) CM bM+1( ))

(e,b) 2(1,a)
[ 1 .
(272 Jaep) 201,00 £ W VOV = 20e,0)(W ~Be.0)y/(Z - 2(1,0)(Z - T(1,0))
(5.32)
which is what we had to prove for d = 1, see (5.12).

Second case: IT_(a) NcII(b) # @. This situation is illustrated in Figure 13.

The same argument as for the first case can be applied for most of the contributions. However, it remains
to deal with the residue obtained for Z = W for the portion of W from © — 2(c,b) — 2(c,b) — O.
What we are going to show below is that the mixed terms (i.e., the ones involving H(W) or H(W)) all
give vanishing contributions in the N — oo limit.

Assuming that this is shown and using the fact that for the portion of the integration from @ — 2(c, b)
and as well from 2(¢,b) — © only mixed terms are present, the final result will be (5.32) with the path
Z passing to the left of W plus the residue at Z = W. Deforming the contours back to have Z passing to
the right of W leads to the claimed result.

Thus now let us verify that the mixed terms in the residue at Z = W for the integration from @ to ©
all asymptotically vanish. We have the following four possible mixed terms (we write only the exponential
part, of course for each term with an H there are also the denominators as in (5.25)):

eN(Hb,c(W)+Ha,1(W)), eN(Hb,c(W)_Ha,l(W)), eN(—Hb,c(W)-i'Ha,l(W)), eN(—Hb,c(W)—Ha,l(W)),

where Hy (W) := cHp1(W/c) with Hp 1 (W) = H(W) of Lemma 5.13. B
(1) The contribution containing e™No.c(W)+Ha,1(W)) vanishes because from © to © we can choose a
path satisfying Re(Hp, (W) + Hq1(W)) < 0. Indeed, we could just use W € cII(b) as on this path



Fig. 14: Ilustrations with the same parameters as in Figure 13. (Left) The shaded region is where
Re(Hp,(W) + Hq,1(W)) < 0. (Right) The shaded region is where Re(Hp (W) — Hq 1 (W)) < 0.

Re Hp (W) = 0 and Re H, 1 (W) < 0, or any other path in the shaded region of Figure 14(left) passing to
the right of the origin. Then, the integration over W gives a term of order N~! smaller than the leading
term (in total O(N~2)).

(2) The contribution with e™(=Hv.c(W)=Ha1(W)) vanishes as well. Indeed, by Corollary 5.23, we can
choose a path from © to @ in the intersection of the interiors of IT(a) and cII(b), where both terms are
negative.

(3) The contribution including e™(Ho.c(W)=Ha1(W)) 3150 vanishes. First notice that W = 0 is not a
pole of eNWHe.c(W)=Ha,1(W)) Tndeed, by looking at the asymptotic behavior at W = 0, we have that
Hy (W)= Hy 1 (W) ~ (1—c)In(W)+0(1), thus N He.eWV)=Har (W) 7 (1=e)N We have Re(H, (W) —
H,1(W)) = 0 for W € {6,0}, Re(Hy (W) — H,1(W)) < 0 on W € cﬂ(b)|(6’§) since it is in the
interior of the region with Re H, 1(W) > 0 (by Corollary 5.23), and Re(—Hp (W) + H,,1(W)) < 0 on
W e H(a)‘é_g. Taking this as integration path we get that the contribution of this term is also vanishing.
See Figure 14 for an illustration.

(4) The contributions with eN(=He.eWV)+Hea(W)) Tt is similar to case (3), except that now
Re(—Hy,c (W) + Hy1(W)) <0on W € H(a)‘(a@).

Summing up, as soon as |2(1,a) — £2(c,b)| are bounded away from zero (which implies that the same
holds for [£2(1,a) — O] as well), all the mixed terms (i.e., the ones containing H(W)) are exponentially
small in NV and thus they become irrelevant in the N — oo limit. This completes the proof of the result. [

For what we are going to do later, it is important to understand when, in the proof of Theorem 5.9,
the hypothesis that [£2(1, a) — £2(¢, b)| bounded away from zero is used. The hypothesis was not used when
determining the leading contribution coming from integrating out the X, U (resp. Y, V') variables as those
depend only on £2(c,b) (resp. £2(1,a)). We obtained

(5.33)

/Oo dXML ]{ eNGlebWU) 41+ ONY ) lween, o) Lwecn (v
— : — +1/3
0 X=wamJn o WU N - e -y VY

and similarly for the integration over Z.

(dN) (1) C(CN)

As a consequence, the integrals over W, Z in COV(C(l_a)dN (1_b)cN(1)) in which we do not consider

the residue terms give

1 1 7{ 1 <
— - dW dz
N (271)2 Jem) @ Z-W

1+ ON"Y)lween, v N 1Wecn_(b)>
W = Q)W - Dep) N
1+ ON" ) zen, lzen_ (o)

— + N1/3 :
Z — Q(la a’))(Z - Q(la a’))

(5.34)
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For the residue terms, as mentioned above, only between 2(c,b) and £2(c, b) there are terms which are
not mixed. These give a contribution to the covariance equal to
11 /‘?(C’b) i 4(1 4 O(N—1/2)) 4(14+ O(N~1/2))
NamtJaeo (W — 2(e,b)(W — Qe ) /(W — (1) (W — 2(1,a))

(5.35)

Finally, let us consider the mixed residue terms. When the two critical points are close to each other
(of distance going to 0 as N — o0), the statements mentioned above are still true, but the exponential
decay in N when integrating over W is less strong. Indeed, by Lemma 5.17 and the fact used already
just above (5.26), if we move in a steep descent direction of H (W) starting from W = @ (which is of
distance O(N~1/?) from the double critical point), then 0 > Re Hy, (W) ~ (W — ©)3/2 for small W — 6.
Moreover, since © is close to the double critical point, we have to be a little bit careful with the term
in the denominator of (5.25), but by (5.26) we know that o (W) ~ /W — £2(b,¢). Since we have the
contribution from W and the one from the residue at Z = W, overall the denominator is just of order
N~1/|22(1,a)—£2(c, b)|. Further, since for v > 0, [ dze=7N="? = O(N—2/3), the full contribution for each
of the possible four cases for the mixed terms will be O(N~172/3/|02(1,a) — 2(c,b)|). As a consequence,
if we consider [£2(1,a) — £2(¢,b)| — 0 as N — oo, we get

Cov (¢ (10,¢ hen () = +0 (2 e i) — e b)|) +(534) + (5.35).  (5.36)

In particular, if |2(1,a) — 2(c,b)] = O(N~1/2), the error terms from the mixed terms in the residue are
O(N~1/6). Moreover, as we will see below, in this case the leading contribution to the integrals comes
actually from the two neighborhoods of the double critical points only, i.e., from the regions where Z — W
is small.

5.4 Logarithmic correlations at short distances

In Theorem 5.9 we have obtained the limiting covariance. Here we consider the limiting covariance and
investigate its behavior at short distances, i.e., in the limit when [£2(d, a) — £2(c,b)| = § — 0. We obtain a
logarithmic divergence as § — 0.

Proposition 5.26. Let a € (0,1) and d > 0 be fized. Then

s dw dz
@) Jaen - Jaaa 2= W o — (e 0) (W~ Te.0)\ /(2 — 2(d,0)) (2 ~ (d.a))
_ 4 In(]£2(d, a) — £2(c, b))

o v/Im 2(d, a)/Im 2(c, b) o)

as |£2(d,a) — 2(c,b)] — 0.

16 /Q(C,b) Q(d,a) 1 1

(5.37)

Proof. Let us set 0 = |§2(d,a) — £2(¢,b)|. Let us denote 21 = 2(d,a), 25 = 2(c,b) and the unit vector
e = |21 — 27121 — 25). Because of the assumptions, ¢y := Im 1 = 2y/a(1 —a) > 0 and thus for §
small enough, Tm (25 > ¢(/2 as well. Then in (5.37) we choose the paths for W, Z as follows:
(1) Z has a first straight piece of length ¢¢/4 in the direction e,
(2) W has a first straight piece of length ¢g/4 in the direction —e,
(3) for the rest, on {z € C,Im z < 0}, the contours stay at a distance at least ¢o/4 of each other and from
01,8,
(4) the contours are chosen symmetric with respect to complex conjugation.

Pick a small positive € < c/2. We divide the integral in (5.37) into I, := {|Z — 21| + |[W — 5] < €},
I. = {|Z — | + |W — 25| < &} and J. = (I. UI.)°. The integral over J. is bounded by O(1/¢), since

z—1/\/T > is integrable around 0. For the integral over I., we consider the parametrization: Z = {21 + ye
and W = 29 — ze, where z + y < . Plugging in these we get, for the integral over I.,

16 16 1
2 Saz [aw(..)= dr | d +0(1), (5.38)
(2mi)? / / (2W)2i\/(§1 — 1) (025 — (25) / / yﬁ\@(d +oty)




where the integral is over {z,y > O|z+y < €}. The O(1) error term comes from replacing 1/v/Z — 4 = (1+
OZ—-D)/V 21— and 1/vW — () = (1+(’)(W—§2))/_\/§2 — (2. Indeed, doing these replacements,

due to the fact that |W — (25| < |W — Z| and similarly |Z — 21| < |Z — W| on I, the integrals with these
error terms are bounded. Doing the change of variables u =z — y, v = x + y we get

1 N 1 v 1
/dx/dyﬁ\/@(é—i—x—i—y):/o dv&—l—vf,vdum:ﬂln(5+€)_ﬂ-ln(5)'

Therefore the integral over I. leads to

2
T/ Im Ql Im .92

since we can take € small but fixed, the statement to be proven holds. The contribution of the integral
over I is the same. This finishes the proof. O

In(1/6) + O(1),

Remark that the logarithmic correlations at small distances follow also from the expression in Propo-
sition 5.10 together with the asymptotic behavior (see Eq. 13.8(10) in [1])

K(k) =In(4/v1—r2)+ O((1 — s*)1In(l — %)), asrk — 1. (5.39)

5.5 Two-time covariance in the bulk scaling limit (and slow decorrelation)
We have seen that the covariance of N/ 2C((1C]_Vg)CN(T = 1) has a non-trivial limit as N — oco. Now we
argue that if we consider the covariance of the process at different times, we effectively see the covariance
observed at fixed time. Recall that the covariance at two times is obtained by applying the propagator
(5.10) to the fixed time covariance (see (5.11)), namely

Yo (T)Cov(Tp).

Thus, to study the space-time covariance we have to understand which regions at time T}, are correlated
with a given point at time 7". This is done by studying the propagator (5.10). In Lemma 5.27 we show that
the correlated region is around the characteristic and it is of order v N (linear scale) only, independently of
T > Ty. By Theorem 5.9 we know that the limiting covariance changes over O(N) only. Thus, as stated in
Proposition 5.28, the two-time covariance is asymptotically the same as the fixed time covariance between
points scaled linearly in 7'. The reason is that along the ray of fixed direction (characteristic lines for our
system) the correlation persists forever, which is at first unexpected.

Lemma 5.27. Consider the propagator (5.10), namely,

TN (T=T\"™ (k—1\/n—k
T, _ (1o 0
v (T)](k,n)7(k/,n/) - <T> < To ) <k’ - 1) <n’ — k’>'

ForT >1="Ty, we set

k= (1-a)dT'N, k' =(1-a)dN+o01/(1—a)dN,

(5.40)
n=dTN, n' =dN +01y/(1—a)dN + oyVadN.

Then, as N — oo,

1 1 0?4 03

(k). m) = 20 (T = 1)JT Ja(l = @)aN " <_ 5T —1)/T

The result still holds if T goes to infinity with N at any speed, in which case (T — 1)/T is replaced by 1.

[YTo(T)] ) (1+o(1)). (5.41)



Proof. Using Stirling formula we have

(:,) = mem’“(l +0(1)), B(k,K)=kln(k) — k' In(k') — (k — k') In(k — k).

Also, (:f_ll)’% = (:/) Thus

[YTD (T)] C(k, kl, n, TLI, T)efnln(T)e(nfn/) ll’l(Tfl)eB(k,k/)eB(nfkmlfkl)(1 + 0(1)),

(k) (k'n')

where

K n—k
kK \n,n/,T) =T '
Otk k,m, ', T) \/Zwk(k—k’)\/27r(n’—k’)(n—n’—k+k’)

A computation gives

T(o} +03)

—nIn(T) + (n —n')In(T — 1) + B(k, k') + B(n — k,n' — k') = — O O(N~/?),
and T
"n,n',T) = —3/2y,
Ok ) = et —wa -y O

This gives the result for 7" independent of N. However, inspecting the computations one realizes that if
T — oo as N — oo, then the same result holds, where of course one replaces T'/(T — 1) by its limit, which
is 1. O

As a consequence of this result we have

Proposition 5.28. Take any a,b € (0,1), d >0 and ¢ € (0,d]. Then for any T > 1,

Jim NCov (¢ (1), ¢ (T = 1))

(1—a)dNT (1=b)eN
- N2 [ - — — — )
@m)* Jaen - Jowa 2= Wy — (e b)) (W - e.0)\/(Z - 2d,0))(Z - T(d,a))

(5.42)
where the path Z stays to the right of W. Here T can even go to infinity as N — oo.

1
a(l—a)dN
variables (k',n’) — (o1, 02), necessary to turn the sum in

Z [YTO (Tﬂ (k,’n),(k/,n/) COV(TO)(k’,n’)7(k”777,”)

/ !’
k' \n

Proof. First of all, notice that the prefactor in (5.41) is the volume element of the change of

into an integral over (o1,02). We can write (using (k',n’) as in (5.40))
NCov (C(dfg)dNT(T)a C(clj\ib)cN(l))

, (5.43)
= /d01d02\/ a(l —a)dN [YI(T” ((1=a)dNT,dNT),(k',n') NCov (Cz—k’(l)’ C(clj\ib)cN(l)) ’

where the integrand is thought to be piece-wise constant so as to coincide with the sum (i.e., we just have
rescaled (k',n’) but not taken any limit).
For any R > 0, consider the integral of (5.43) restricted to {|o1|,|02| < R}. From Lemma 5.27, it is

a convolution of a Gaussian kernel (with variance /(T — 1)/T) and of NCov (Cﬁl_k, (1), C(Clj\ib)cN(l)). By

Theorem 5.9 the latter is independent of o1 and o9 in the N — oo limit. Thus the contribution of (5.43)
2

restricted to {|o1],|o2| < R} is given by (5.42) times Mp = (Erf(R/\/Z - 2/T)) as R — oo (which

is the mass of the Gaussian in the integration domain). Since Mr — 1 as R — oo, this will be the full
contribution to the two-times covariance in the large-N limit.



The contribution of (5.43) outside {|o1], |o2| < R} is of order O(1)(1 — Mg) — 0 as R — oo. To see
this, first observe that the limiting covariance (multiplied by N) is uniformly bounded as soon as (a) the
s for (k',n') and for (bcN,cN) away from each other or (b) away from Im {2 = 0. Case (a) is violated
only for some o1, 05 of order v/N, the region where anyway the propagator vanishes as exponentially in
01,09 (on top of it, from Proposition 5.26, when two points (k,n) and (k’,n’) are at distance N with
small 0, then their covariance is only diverging like In(¢), which can still be integrated.). Case (b) is also
not a problem, since this breaks down as well for o1, o5 of order VN and when Tm 2 — 0, the covariance
might diverge but only polynomially in IV, which is dominated by the Gaussian decay of the propagator.
Thus taking N — oo and then R — oo one establishes the result. O

5.6 Correlations close to the characteristic lines

In Proposition 5.28 we showed that there is slow-decorrelation and the time correlations equal at first
order the correlations at fixed time. This holds in the case when the projections along the characteristic at
fixed time of the space-time points under focus are at distance of order O(N) of each other. Now we want
to consider the correlations close to the characteristic lines. (5.41) suggests that non-trivial correlation are
present when we consider space-time points at distance @(v/N) from a given characteristic line. This is
what we show in the next proposition.

Proposition 5.29. Let d > 0, a € (0,1), and T > 1 be fized. For any given &, € R, consider the
scaling

k= (1-b)eN = (1—a)dN +&+/(1—a)dN, n=cN=dN +&+/(1—a)dN +&VadN.

Then,

. (dNT) (cN) — In(N/d) =
]\;1—120 NCOV(C(l_a)dNT(T)’ C(l—b)CN(T - 1)) o m o
- 1 (5.44)

T el =) 2r(T = /T Jga

doydoge (1 +03)/(T=1)/T) In[(oy — €1)% 4 (02 — &)?].

Remark 5.30. In particular, at equal time T = 1, setting ¢ = 1+ &/ (1 —a)/N + &+/a/N, and b =
a+ (&ov1 —a—&va)y/a(l —a)/N, then we have
. In(N) -1
lim NCov (¢ 1), (eN) 1)) — = In[¢2 + £2]. 5.45
Jim NCov (¢, (1,2 (1) — - N RN (5.45)

Proof of Proposition 5.29. The covariance to be computed is given explicitly by (5.43) with

EF=(1-d)dN=(1-a)dN +o1\/(1—-a)dN, n'=dN=dN +o1\/(1—a)dN +csvVadN, (5.46)

in which we can insert the asymptotics of the propagator (5.41) (the control for large o1, o2 is as in the proof
of Proposition 5.28 and thus we do not repeat the details). The difference with respect to Proposition 5.28
is that the distance between the double critical points £2(d,a) and 2(d’,a’) scales as N ~'/2 and therefore
we need to be a bit more careful and use (5.36) which holds in that regime. An explicit computation gives

|£2(e,b) = 2(d', )| = /(&1 — 01)? + (&2 — 02)2/d/N(1 + O(N~V/2)). (5.47)

Let us verify that the error terms are all negligible in the N — oo limit. The O(N -1/ 2) error terms in
(5.34) are all neglibible: (a) when W € ¢l (b) and Z € II;(a), then we can do the approximation of the
integrals used to prove Proposition 5.26 and the O(1) in (5.37) is multiplied by O(N~/2); (b) when either
W e eIl (b) or Z € Il (a), then with the same strategy of the proof of Proposition 5.26 we get that the
double integral is bounded times O(N~'/3). The reason is that in this case, see (5.34), one of the inverse
square root term is not present, which means that in (5.38) either 1/,/y or 1/y/x is absent; (c) when
W € cIl_(b) and Z € IT_(a), then the term is O(N~2/3) since 1/(Z — W) is integrable in two-dimensions.
The same holds for the error terms in (5.35). Finally, the error term in (5.36) is clearly integrable in two
dimensions and it goes to 0 as N — oo.




What remains to be done is to determine the asymptotics of (5.43) in which we consider only the
non-error terms in (5.36), namely the Lh.s. of (5.37). However, Proposition 5.26 is not good enough, since
we want to prove the limiting covariance up to O(1). Instead, for the Lh.s. of (5.37) we can as well use the
exact expression contained in Proposition 5.10. The asymptotics (5.39) of the complete elliptic integral

gives us o(1) instead of O(1) in (5.37). Thus, up to o(1) terms, NCOV(C(dNT) (1), C(CN) (T'=1))is

(1—a)dNT (1=b)eN
given by
U /
—1 / daldage*("f”g)/(?(T*l)/T)é IHHQ(Ca b) — 2(d ,a )H ' (5.48)
2n(T = 1)/T Jge m \/Im (¢,b) \/Im
Using Im(2(c, b)) = 2d\/a(1 — a) + O(N~1/2), Tm(£2( = 2d+/a(l —a) + O(N 1/2 , and (5.47) we
obtain the clalmed result. O

5.7 Identifying the additive stochastic heat equation

One might ask what is the behaviour of the limiting double integral in Proposition 5.29. We use 7 =
(T — 1)/T and use polar coordinates, &1 = R\/T cos(¢) and & = R+/7Tsin(¢), the change of variables
=& + A\/Tcos(0+ ¢) and o2 = & + A\/Tsin(f + ¢) leads to

o doydoye T2 (0 — &) + (02 — &)%) = In(7) + C(R) (5.49)
R2

C(R) = — dAAIn(\)e~ ATHE/2 " dpeNReos(0) _ oo R2/2 dAAIn(N)e ' /2I,(AR).  (5.50)

R+ —T R+

This is a function that goes from C'(0) = In(2) — Yguler to C(R) ~ 2In(R) as R — oo. It can be expressed
in terms of incomplete Gamma function,

F(s,x):/ ts e tat,

as follows
C(R) = I'(0, R?/2) + In(R?).

This can be readily proved by subsisting the series expansion for Ip(22) = > pe 2%¥/(k!)? into the last
integral in (5.50), interchanging the integral in A with the sum in & (easily justified) and then evaluating
the resulting A integrals

/ AN log(A\)e ™ 2eA/2 = 21k (log 2 + (1 + k),
0

where 1 is the digamma function. The resulting sum can be identified with a series expansion [17, Equation
(8.19.9)] for the incomplete Gamma function (equivalently the exponential integral EY).

For the general statement below, we define a parameter 7 depending on T' > S > 0, and we will work
with the following function for r € (0, 00):

G-(r) = =I'(0,5) — In(r?),
where § = (§1,&2), 7 = [¢].
Corollary 5.31. Fizd >0, a € (0,1), T > S > 0. For n= (n1,m2) let {(T,n; N) = N2 (1)
where n = (dN n (m\/m + ngx/@) \/N) T, k= ((1 — a)dN + nl\/m\/ﬁ) T
Then for n, A, v € R? (all different),
i Cov (C(T,m; N) = (T, A N, €S, 5 N) = (S, v N))

W%fo—( (1= 1) = G (1 = ) = GoIA = ) + G (A = ) ).



Proof. Due to the scaling in Proposition 5.5,

Cov (C(T,m: ), ¢(S,vi N) ) = 8 Cov (¢(T/8,m: N), ¢(1,5 N) ).

By this and linearity, it suffices to show that
In(N/d) 1 eo(in—vl)
rdv/a(l—a) wdy/a(l—a) ! ’

where 7 is defined with S =1 (i.e. 7 = (' — 1)/T). This follows from the result of Proposition 5.29. In
that result, replace for the moment the notation a, d by a, d. Then, there are four free variables @, d, &1, 6.
If we make the following substitutions

]\ZIPOOCOV(C(T,T];N),C(LV;N)) -

N B/ /P W S/ | R v —n/T e+ T (v — )
d=a+ 2L BN-12 0 Jogy AN-V2 g = 2B e o .
T T Y= anoa © Tvad

then up to negligible error, we turn the expression in Proposition 5.29 into the desired left-hand side
formula above. u

The following calculations are formal. Consider the (2 + 1)-dimensional EW equation (1.1). We will
calculate the covariance formally, ignoring the fact that w is not function valued (see, for example, [22]). We
start by computing the invariant measure which turns out to be a Gaussian free field. Assuming ergodicity,
the invariant solution can be written as

u(t, x) / /ptsx— &(ds, dy)
]RZ

where the heat kernel is as above. From this, and the delta covariance of £ we find that
~ t t
Covfutt.). @) = [ [ [ [ pesw = we s =) Covle(ds du). €(as. )]
min(t,t)
/ ds /RQ dypr—s(x —y) pr_o(Z —y).

— 0o

From this we can calculate the full space-time covariance structure. First assume ¢ = ¢ in which case the
above integral evaluates to

8§=0C

x — Z|?
Covlu(t,z), u(t,&)] = (4m)~'T <0’ | 4s | >

s=0
Notice that for s near infinity,

-1 |z _iﬂ2 -1 ~
(Am)—'r O’T ~ (47) ' (Ins —In|z — & + ¢
s

for some constant ¢, whereas for s near zero, the expression goes to 0. Therefore, if we look at the covariance
of differences, we can remove the In s divergence and the constant c¢. This implies that

COV[u(ta {E) - U(t, y)vu(ta ‘%) - U(t,g)] = —(27’(’)_1(113 |!E - j| —In |x - g' —In |y - j| +In |y - g')a
which shows that for any fixed time ¢, u(t,z) is a Gaussian free field in « € R [6,39].

To compute the space-time covariance, we can use the above formulas. Alternatively, by the Duhamel
principle we can write for ¢ > 0,

u(t; x) /dypta:— uo(y //ptsx— &(ds, dy).
RQ



For initial data ug(x) given by the Gaussian free field with the above covariance, using the independence
of the noise £ with ug we compute

Cov (u(t, z),u(0,0)) / dy pi(x — y) Cov[uo(y), uo(0)] _1/ dypi(x —y) In(y]) = t4(7|rm|)

By translation invariance we thus conclude that for t > ¢

Covlu(t,z) —u(t,y), u(t, &) —u(t,§)] = (4m)~! (Gt_f(lm—i“l) =G i(Je—=yl) —Gt_f(ly—5|)+Gt_f(|y—z?|)) :

A Generalities of Gaussian processes

Here we recall some basics of Gaussian processes as we will use them (see e.g. [25, Section VIIL.6]) An n-dimensional diffusion
process X with linear drift, say drift 4 = AX; for a given matrix A (possibly time-dependent), and space-independent
dispersion matrix o is a solution of a system of SDE’s

dXF = A(t)Xidt + o(t)dWs

with W; being a standard n-dimensional Brownian motion. Then, the probability density P(z,t) that the process X is at x
at time t satisfies the Fokker-Planck equation

dP(gct d?P(z,1)
ZA’]d (x; P(z,t)) + = ZB»J drdwj7

where B = 0T ¢ is the diffusion matrix.

In particular, if one starts with d-initial condition at x(0), i.e., P(x,0) = [[;_; 6(z; — 24(0)), then
E(X(t)) = Y (8)X(0),

where Y(t) is the evolution matrix satisfying

dY (t
dzE ) =A®)Y (t), Y(0)=1. (A.1)
Further, the solution of the Fokker-Plank equation is given by

1

P0 = (omn denzyie ™

b (—%(:c —E(X@®)TE (2 - IE(X(U))

where Z(t) is the covariance matrix given by

=) :/O dsY ()Y ~1(s)B(s)Y ~T ()Y T (2).

Further, = can be characterized as the solution of the equation

d=
— =A=5+=2AT+B, =2(0)=o0.
dt
We compute the two-time distribution when such a Gaussian transition probability is applied to a Gaussian distribution
1T
—32 O

1
with covariance matrix C1 := Z(t1), i.e., with density given by const - e *. Denote as well C12 = Z(t2,t1) and

t =to —t1. Then,
_ 1 T ~—1 T ~—1
P(z(t1) € dz, z(t2) € dy) = const exp -5 [® Crz+(y—-Y@®) Cia(y—Y(t)z)| |dzdy.

The quadratic form in the parenthesis can be written as

o (O YOO YT (4
(v )< —ordve ol )( )

We use the block matrix inversion formula

ab)
cd
with m = bd—1c — a and obtain

Crt+y@wTey e -y - B ( C1 C1YT () >
—Cr,Y(t) Cia TA\Y@)C1 Cr2+Y(#)C1YT(2).

o —m~1 m~lbd~1
“\dtem™td ' —d tem~tbd !

Thus this is the covariance matrix for the two-time distribution. In particular, the covariance between a site z(¢1) and y(¢2)
is given by the application of the propagator Y (t2 — ¢1) to the covariance C1 at time ¢1.



B Additional g-Whittaker dynamics

B.1 Alpha dynamics

In addition to the push-block alpha dynamics, there is also an RSK type dynamic (see [29, Section 6.2], or [32]). Considering
interlacing partitions A\, we define a Markov transition matrix PgEK ()\ — 17) to a new set of interlacing partition v according

to the following update procedure. For k£ = 1,..., N choose independent random variables v, distributed according to the
g-geometric law with parameter aay (see Section 2.1). For 1 < k <n —1, let ¢ = V,gn_l) — )\én_l). Choose w1, ..., Wn—1
independently so that wy € {0,1,..., ¢} is distributed according to

Plwy = s) = _ . n_1) (s|c
(wg, ) <Pq_l’qk§cn)7k§cn 1)7q)\§c—11>_/\§c 1)( | k)y

where we recall the convention that )\(()n) = 400 for all n.
Now update

yin) = ,\5") + w1 + vn, and for k > 2 y,gn) = )\](Cn) + wp + Cp—1 — Wg_1-

Proposition B.1. Define a Markov process indezed by t on interlacing partitions \(t) with packed initial data and Markov
transition between time t — 1 and t given by PS(EE{ ()\(t -1) — )\(t)). Then, for any t € {0,1,...}, A(t) is marginally
distributed according to the q- Whittaker measure Pq.q(¢) with a(t) = (a1, ..., at).

Proof. This follows from [29, Theorem 6.4]. O

In Section 3.3.1 we probe the limiting difference equation which arises from the push-block dynamics as ¢ — 1. There
should be difference equations for the RSK type dynamics above, though we do not pursue this here. We also do not pursue
any fluctuation limits.

B.2 Plancherel dynamics

We consider two additional dynamics besides the push-block Plancherel dynamics.

The “right-pushing dynamics” were introduced as [10, Dynamics 9]. For 2 < k < n < N, each )\](Cn) evolves according
to the push-block dynamics. The only difference is in the behavior of )\gn). For 1 <n < N, each )\gn) jumps (i.e., increases
value by one) at rate anqk(lnil)*kén). When )\gn) jumps it deterministically forces )\gn-H)
one. It is clear that these dynamics preserve the interlacing structure of A.

S )\SN) to likewise increase by

The “RSK type dynamics” were introduced as [10, Dynamics 8] (see also [32]). For 1 < n < N, each )\gn) has its own
independent exponential clock with rate a,. When the clock rings, the particle )\gn) jumps (i.e., increases value by one).

These are all of the independent jumps, however there are certain triggered moves. When a particle )\,(6"71) jumps, it triggers

a single jump from some coordinate of A(™). Let ¢ (k) represent the maximal index less than k for which increasing Aé?;l) by

one does not violate the interlacing rules between the new A(™ and A(®~1)_ With probability
(n—1) _y(n)
A\ S

n—1 n—1
RGN

q

(recall the convention that )\(()n) = +00) )\27(2) jumps; and with complementary probability )‘1(:}—)1 jumps. It is clear that these

dynamics maintain the interlacing structure of \.

Proposition B.2. For each of the right-pushing and RSK type dynamics described above, define continuous time Markov
processes, all denoted by A\(7y), started from packed initial data. Then, for any v > 0, A(v) is marginally distributed according
to the Plancherel specialized q- Whittaker process Pa; .

Proof. This follows from a combination of [10, Proposition 8.2 and Theorem 6.13]. O

In the same manner as in Section 3.3.2, we can derive ODEs for the LLN from the above continuous time dynamics. In
(n)

the right-pushing case, the dynamics are the same as in the push-block case aside from A} "’. Hence by the same reasoning
that for & > 2, (3.14) still holds. From the right-pushing rule, we similarly deduce that the following should hold

oV (1) _ et D ke ) Zl dai)(r)
dr dr
=1
For the RSK type dynamics, let us assume that all particles are well-spaced (as they surely will be after a short amount
of time). Then we need not worry about transferring jumps in the RSK type dynamics. Thus, by similar reasoning as in the
push-block case we find that

d

d d (n e () (n—1)
oV =a, el ) = an+ e () e (O D

dr



r+t T
r r—1
0 0

1 n 1 n

Fig. 15: Karlin-McGregor interpretation of the determinant in (3.9) and (3.10).

and for k > 2,

d —25 0 (e ()

dr

mz(cn)(T) = iwén_l)(T)e_zgcn)('r)*'z;cn_l)(ﬂ Lo

(n—1)
dr 1_e

2"V (e ()

(n—1) (n)
. - ol e ()
+ 2 (”‘”(7)<1_e—will(rwwifl”(r) 1—e k2 ko )

dek—l (n—1)

1— eimgcn—gl)(ﬂ‘kzk_l ()

In these equations, on the right-hand side the differential term d/dr gives the rate of jumps from below whereas the terms
multiplying that correspond to the proportion of this jump rate which is transferred to z,(cn).
We do not pursue these alternative dynamics any further, though note that they may yield different fluctuation SDEs

than in the push-block case (though they will all have the same marginals).

B.3 Positivity in determinantal expressions

Recall that in Corollary 3.3, equation (3.10) provides the determinantal formula

ei(zszn) (T)+"'+I£znj7‘+1(7)) = E_TT det [GT,T(TL + 1—r + ] - Z) " .
i,j=1
We show below that -
e " det [GT,.,—(n +1—r+j— z)} = e T"pl(r),
VeSS
where pl'(7) is a polynomial in 7 with positive coefficients. This positivity is surprising and its origins warrants further
investigation.

The above representation is shown by realizing the determinant as a partition function for a certain system of non-
intersecting paths with positive weights. We explain this for the above determinant, equation (3.10) in the main text, as well
as the alpha version, equation (3.9) in the main text.

It is possible to represent the determinant in (3.9) in terms of the partition function for a collection of r non-intersecting
paths on a certain weighted lattice. Consider the lattice on the left of Figure 15 which has width n and height r + ¢. The
bottom r portion of the lattice is the standard square lattice, and every edge (horizontal and vertical) has a weight of 1.
The top t portion of the lattice is composed of vertical edges and diagonal up-right edges. Each diagonal edge between level
r+ £ and r + £ + 1 has weight 1 — ay and each vertical edge between those levels has weight ay. The weight of a directed
path (only taking up or right edges for the first r levels and then up or up-right edge for the remaining levels) from level 1,
position 7 to level r +t, position j (1 < i < j <n) is the product of the weights along the path. The partition function is the
sum of these weights over all such paths and is readily computed as

i g P
Z (c i i)ej-fc(l —o;o) = Z eo(1 — a;a)4(; _)7;:*;),' =Grj—i(j —i+1). (B.1)
c=1 £=0 :

The Lindstrom-Gessel-Viennot theorem implies that the partition function for a collection of r non-intersecting paths is
written as an r-by-r determinant. In particular, taking the starting points on level one of the r paths to be (1,...,r) and the
ending points on level 7+t to be (R +1—r,...,n) we find that this partition function is exactly det[Gr¢(n+1—r+j—9)]7 ;_;.

Similarly, in the Plancherel case of (3.10) (see the right part of Figure 15) we consider r non-intersecting paths from
positions (1,...,7) to (n +1 — r,...,n) such that in the first part they either go up or to the right until reaching level
r — 1, in the second part they perform one-sided continuous simple random walk with jump rate 7 during a time span of
1. A combination of the Lindstrom-Gessel-Viennot and Karlin-McGregor theorems imply that the probability that these r



paths do not intersect is proportional to e~ 7" det[Gr(n + 1 — 7+ j — 1) gjzl' On the other hand, for a single path, the
probability of going from a fixed starting point to fixed ending point is proportional to e~ 7 times a polynomial in 7 with
positive coefficients. Therefore the probability of the r non-intersecting paths also takes the form e~ 7" times a polynomial

in 7 with positive coefficients, which shows the positivity of the polynomial p!* (7).

C Proof of Proposition 3.6

Let us first prove (3.16). Doing linear combinations of columns and using the relation (3.15), the determinants in (3.16) can
be rewritten as follow:

Cin -+ Cium Bi, vt
Q1 :=det[B; jli<ij<m41 = : B : : ,
BISh S : : : : (C.1)
Crig11 - Cyrgi,m By, vt
Q2 :=det[Cip1 51111521,
and Mt
Qg = det[ci»j}i,jiv
C! e C B
y 2.,2 2.,M 2,1.u+1 (C.2)
Q4 := det[Bi+1yj+1]i,j:1 = : : : )
Crviy11 - Cyi,m Bygi, vt
and finally
Ci2 - Cim41 B,y
Qs imndailB it == || o ) ©
Criv1,2 - Cargr,m41 By, m41 ’
Qe = det[Cip15]M ;.
With these notations we have (3.16) = Q1Q2 — Q3Q4 + Q5Qs.
Let us define the following (2M + 1) x (2M + 1) matrix,
Ci2 -+ Cim Cr,m41 Binvi1 Cia o .- 0
0= Criv1,2 - Cyugr,m Cargr,m41 By, 1 Cvgin 0 0 (C.4)
0 - 0 Com+1 Bam41 Coa Cha - Coum .
o - 0 Cym+1,m+1 Brvi,vv1 Cyvt11 Cuyi,2 -0 Curvra, v
Next, notice that for a square block matrix of the form ?)C g), its determinant is always zero unless « (and thus ) are

square matrices. Adding the block of the last M — 1 columns to the first M — 1 columns and then subtracting rows 1 + j
from M +1+j,j=1,...,M, we obtain a matrix block matrix with zeroes but with « of size (M + 2) x (M + 1). Thus
det(Q) = 0.

In @ there are three columns without zero entries. Call the first block with C’s above the zeroes as A; and the last block
below the zeroes as As. Then we can write @ in the following form

(A1 UL U2U3s O
Q‘(o Ly L2L3A2>’ (C5)

where U; are (M + 1)-vectors and L; are M-vectors. By multi-linearity of the determinant, we have that det(Q) equals the
sum of the determinants of the matrices obtained by replacing for each pair (U;, L;), ¢ = 1,2, 3, one of the elements by the
vector of zeroes. Thus obtained matrices are of the block matrix form with zero corners as described above but, except if one
sets exactly one of the U; = 0, the o matrix is not square. Thus we have

- _ Ay 0 U Uz 0 A1 U 0 Us O
O_det(Q)_th< 0L 0 0 A2>+det< 0 0 Ly 0 A2>

A1 UL Uz 0 O

(C.6)
+ det ( 0 0 0 Ls Az) =-Q1Q2+ Q3Q4 — Q5Q6 = —(3.16).

Next we prove (3.17). In the first step, using linear combinations of columns, we can replace in the determinants of (3.17),
the B; ;’s with Cj ;’s except for the last column. This gives
Py =y det[B; ;]ME] = Q1, Po = det[Ciya 1] 2],

ij=1 "

(c.7)
P3 = det[Ci,]-}%:l, P4 = det[Bi+1,j+1]%:1 = Q4,



and finally
Ci2 - Ci,m Bim+1

Pyi=detlBijmlijm = || 0 1 ] (©8)
Cumy2 - Cy,m Buar+a .

Ps := det[C’i+1,]’]%:1.

We have to prove (3.17) = Py P» — P3Py + PsPs = 0. Now we have written all the P;’s in terms of C; ;’s and sometimes one
single column of By pr41’s. Let us show that the factor multiplying By as41 equals zero for all k = 1,..., M + 1. First, for
k=1 (resp. k = M + 1), it is immediate to see that the factors are zero, since there are only two contributing terms: one
from P; and the other one from Py (resp. Ps). Now take a fixed k € {2,..., M}. Then, the factor in (3.17) which multiplies
By, pr41 s given by the sum of these three terms:

Cao -+ Conm
: o 0
Cymi12 - Cvgi,m
A = ) ) C.9
1 Cl,l . Cl,M ) ( )
0 © No Cj.
Cymye2 -+ Cum
where No (. means that the row with the C} ;’s is missing,
Ci1 -+ Cim
S 0
Cyma s Cyvm
Ay = — J ’ , C.10
2 Ca2 Ca ( )
0 © No Cj.
Crvy12 - Cumyim
and
Co1 -+ Conmr
: S 0
Cymi11 0 Cvgr,m
Az = ) ) . C.11
3 Ci2 -+ Ci,m ( )
0 No Cy..
Cymye2 -+ Cum
We need to show that A; + As + A3 = 0. Define the matrix
Ciqp - Cim Ci,2 C1,m
: . . 0
Crai - Crm Cr,2 Cr,m
| 0 | (©12)
Cyvt11 o Cyvvi,m Cvuv12 0 Cuywm
Ca,2 Com
0 . NoCp.
Cum 2 Cuvmr

where the top-right (M + 1) x (M — 1) block contains only three non-zero rows. It is easy to verify that det(P) = 0, since by
linear combinations of rows and columns we can delete the three lines in the just mentioned block. Expanding the determinant
by multi-linearity, for each of the three rows of P without zeroes, we can decide whether to keep the first M terms or the
last M — 1. Only when we replace with zeroes exactly one set of the M terms and the other two sets of M — 1 terms we
get a non-zero determinant by the same argument with block matrices with zero corners as used above. Up to reordering

the columns, we have a block diagonal determinant, leading (up to a (—1)™ factor) to A; when we keep (Cr2,-,Cr,m),
to Az when we keep (Cas41,2,-+ ,Car41,m) and Az when we keep (C1,2,- -, C1 ar). This finishes the proof of the identity
(3.17).
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