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We reveal the existence of a state in soft composites, characterized by the omni-directional nega-

tive group velocity in the vicinity of elastic instability. We show that the appearance of the negative

group velocity in layered and fibrous composites foreshadows microscopic loss of the stability. In

contrast with classical instability-induced pattern transformations, the transition between states

with positive and negative group velocities is not accompanied by geometrical rearrangements and

can be triggered by very fine variation of the compressive deformation in stable composites.

Finally, we analyze the effect of the geometrical characteristics and elastic moduli of the constitu-

ents on the strain range for induced state with negative group velocities. Published by AIP
Publishing. https://doi.org/10.1063/1.5042077

Expansion of knowledge about wave propagation phe-

nomena is pivotal to various modern applications, such as

ultrasound imaging, noise reducing, and waveguiding. Of

particular interest is the exploration of the metamaterials,

which can exhibit such exotic wave phenomena as negative

phase and group1,2 velocities, mode splitting3,4 and conver-

sion,5 frequency filtering and elimination,6 electromagnetic

and acoustic cloaking,7,8 one-way9 and other extraordinary

subwavelength transmission phenomena.10 Soft metamateri-

als have the potential to actively tune wave propagation by

external stimuli.11–15 The intrinsic connection between wave

propagation and elastic instabilities16–18 opens a way to har-

ness instability induced pattern transformation to create vari-

ous metamaterials with tunable acoustic properties.19,20

Here, however, we spotlight that drastic change in the acous-

tic properties can be harnessed to predict the oncoming buck-

ling of soft composites.

In this letter, we reveal the existence of the special

reversible state, preceding the onsets of elastic instabilities in

soft composite materials. In particular, we show that the

group velocities of the transverse or shear S-waves propagat-

ing in layered and fibrous composites (FCs) significantly

decrease and then become negative (antiparallel to the phase

velocity) in the vicinity of the microscopic instability.

Moreover, negative group velocity phenomenon, observed

near instability, can be induced for any direction of wave

propagation. In contrast with instability-induced pattern

transformations, the transition between states with positive

(PGV) and negative (NGV) group velocities is fully revers-

ible and is not accompanied by any significant changes in the

composite geometry. Remarkably, this transition can also be

used for achieving extremely low group velocity, also known

in literature as slow light21,22 or sound.23 This, in turn, can

be used to improve the nonlinear wave interactions,24–26

which can further facilitate design of controllable phase

shifters, optical/acoustical amplifiers, and other novel

acousto-optical devices.27

To analyze S-wave propagation in finitely deformed peri-

odic materials, we consider small amplitude motions superim-

posed on a finitely deformed state.17 Recall that in a periodic

structure plane waves can be described by the Bloch func-

tion.6 Consequently, we implement the small amplitude

motions in terms of Bloch waves uðx; tÞ ¼ UðxÞ exp½iðk � x
�xtÞ�, where u is the incremental displacement, x is the

angular frequency, k is the Bloch wave vector in the deformed

configuration, and U is a periodic function subjected to the

periodicity condition Uðxþ rÞ ¼ UðxÞ with r being a spatial

periodicity vector in the deformed configuration. To perform

the analysis, we utilize the finite element method with the

help of COMSOL 5.2a. By gradually increasing the applied

deformation, we obtain a solution for the finitely deformed

periodic composite. Then, we superimpose the Bloch-Floquet

conditions on the deformed state for each strain level.

Sweeping through the values of k, we find the corresponding

solutions of the eigenvalue problems, associated with the

wave equation. Therefore, for each level of deformation, we

obtain the dispersion relation x(k) vs k. The deformation

level, for which x(k) ¼ 0 (k 6¼ 0) appears, corresponds to the

onset of elastic instabilities. For detailed description of this

procedure, readers are referred to the previous works employ-

ing this method.18,28

We describe the behavior of composite constituents with

the neo-Hookean strain energy density function integrated in

COMSOL 5.2a as

w ¼ l
2
ðF : F� 3Þ � l lnðdet FÞ þ K

2
lnðdet FÞð Þ2; (1)

where F is the deformation gradient within the composite

constituent, l is the shear modulus, and K is the first Lame’s

parameter; recall that K relates to the bulk modulus asa)Electronic addresses: slslesarenko@technion.ac.il and sl.slesarenko@gmail.com
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K ¼K þ 2 l/3. The double dot product F : F reads as F : F

¼ FijFij in index notation. To preserve the nearly incom-

pressible behavior of the constituents, we set a high ratio

between the first Lame’s parameter and the shear modulus,

namely, K/l ¼ 103 in all simulations. Figure 1 presents the

representative volume elements (RVEs) for the layered com-

posites (LCs) and fibrous composites (FCs) considered in this

work. For completeness, we verified our numerical results

against the exact analytical solutions for finitely deformed 3D

periodic layered12 and fibrous15 materials in the long wave

limit, and found an excellent agreement.

In the central part of this letter, we consider a periodic

layered composite constructed of two alternating phases with

the volume fractions vl and vm ¼ 1 – vl, subjected to in-plane

deformation defined by the following homogeneous macro-

scopic deformation gradient:

�Fps ¼ k�1e1 � e1 þ ke2 � e2 þ e3 � e3; (2)

where k is the applied macroscopic stretch ratio, � denotes

tensor product, and the basis vectors are specified in Fig. 1.

The similar analysis for layered and fibrous composites sub-

jected to uniaxial compression in a fully 3D framework is

presented in the supplementary material. Here and thereafter,

the fields and parameters of the constituents are denoted by

subscripts ð•Þl and ð•Þm. Geometrically, the layers are charac-

terized by their thicknesses dl ¼ vld and dm ¼ vmd, where d
is the initial period of the laminate [see Fig. 1(a)].

Recall that the soft composites with periodic microstruc-

ture, such as LCs or FCs, may lose their stability under

deformation. In general, the elastic instabilities are associ-

ated with the loss of ellipticity of the equilibrium equations.

Depending on the period of the newly formed buckled shape,

the instabilities can be classified as macroscopic or micro-

scopic.16,29,30 Macroscopic instabilities are characterized by

the critical wavelength, significantly exceeding the period of

the structure, while microscopic loss of the stability is asso-

ciated with the formation of a new periodicity, comparable

with the dimensions of the primitive unit cell.28,31,32

We start with the wave propagation analysis in LCs

undergoing instabilities via the macroscopic mechanism.

Here, we focus on S-waves propagating in the direction of

the layers with wavevector k ¼ k2e2 and in-plane polariza-

tion along e1 vector, because their phase velocities become

zero first upon achieving critical deformation.12 Figure 2

shows the frequency (a), the phase velocity (b), and the

group velocity (c) as functions of the normalized wavenum-

ber ~k2 ¼ k2d=ð2pÞ for the in-plane S-wave propagating

along the layers in the LC with vl ¼ 0.2 and ll/lm ¼ 15 sub-

jected to the in-plane contractions (2) along the layers. The

frequency is normalized as f � ¼ xd
2p

ffiffiffiffiffiffiffiffiffiffi
�q=l^

q
, and the phase

and group velocities are normalized by v0 ¼
ffiffiffiffiffiffiffiffiffiffi
l^ =�q

q
, where

l^ ¼ ðvl=lf þ vm=lmÞ�1
is the weighted harmonic mean

shear modulus and �q ¼ vlql þ vmqm is the weighted arith-

metic mean phase density. Here and thereafter, we consider

composites with constituents having identical densities,

namely, ql/qm ¼ 1. Clearly, the contraction of the LC along

the layers, especially for stretches approaching to the critical

value kmacro
cr ¼ 0:906, considerably influences the long S-waves.

In particular, the phase velocities of the long S-waves signifi-

cantly decrease in the contracted LC [see Fig. 2(b)]. Finally,

when the applied stretch reaches the critical value, the phase

velocity for ~k2 ! 0 becomes zero, which corresponds to the

macroscopic loss of stability. However, the contraction barely

influences phase velocities of the short S-waves with the wave-

lengths being slightly lower than the period of the LC (l � d,

where l¼ 2p/k2 denotes wavelength). The group velocities of

S-waves in the contracted LC can either increase or decrease

depending on the wavelength, but for all stretches they remain

positive [see Fig. 2(c)].

Remarkably, the picture is completely different for the

in-plane S-wave in the LCs undergoing instabilities via the

microscopic mechanism. Figure 3 shows the frequency (a),

the phase velocity (b), and the group velocity (c) as functions

FIG. 1. RVEs of layered (a) and fibrous (b) composites.

FIG. 2. Frequency (a), phase velocity (b), and group velocity (c) curves against wavenumber for the in-plane S-waves propagating along the layers in LC with

vl ¼ 0:2; ll=lm ¼ 15, and ql=qm ¼ 1. The LC is subjected to the in-plane contractions of k ¼ 0:91 (dotted red curves), k ¼ 0:94 (dashed blue curves), and k

¼ 1 (continuous green curves). The corresponding critical stretch ratio is kmacro
cr ¼ 0:906. The frequency is normalized as f � ¼ xd

2p

ffiffiffiffiffiffiffiffiffiffi
�q=l^

q
; velocities are nor-

malized by v0 ¼
ffiffiffiffiffiffiffiffiffiffi
l^ =�q

q
.
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of the normalized wavenumber for the in-plane S-wave prop-

agating along the layers in the LC with vl ¼ 0.02 and ll/lm

¼ 15 subjected to the in-plane contractions (2) along the

layers. Note that the LC loses the elastic stability at critical

stretch ratio kcr ¼ 0.871 with the corresponding wavelength

of lcr ¼ 0.19d. Now, the contraction of the LC, especially for

stretches approaching to the critical value, preferably affects

the S-waves with the wavelength being lower than the period

of LC, namely, d=10 � l � d. In particular, the dispersion

curves develop negative slopes [see Fig. 3(a)], resulting in

the appearance of negative group velocity induced by com-

pressive deformation in yet stable composite [Fig. 3(c)].

Figure 3(d) shows evolution of group velocities as functions

of applied deformation at different normalized wavenumbers
~k2. Initially, applied deformation results just in slight linear

changes in the group velocity values. However, after reach-

ing a certain compressive deformation level, the dependence

becomes highly non-linear. Note that ~k2 ¼ ~k
cr

2 ¼ 5:28 corre-

sponds to the critical wavenumber, which defines the new

postbuckling structure to be developed upon exceeding the

critical level of compressive deformation. We note that nega-

tive group velocity cannot be induced in the stable composite

for ~k2 � ~k
cr

2 [see Fig. 3(d)]; whereas, for ~k2 < ~k
cr

2 , NGV can

be induced by deformation. Note that the material remains

stable in the observed NGV state until critical stretch value

is reached. Remarkably, the similar behavior is observed in

the fibrous and layered composites subjected to the uniaxial

compression in a fully 3D framework (see the supplementary

material for details). Therefore, when the primary buckling

mode of the LCs or FCs corresponds to the microscopic

instability, the negative group velocity for the S-waves,

propagating along the layer/fiber direction, is observed in the

vicinity of the critical stretch.

Figures 3(e) and 3(f) illustrate the deformation induced

change in the wave propagation modes; the modes are plotted

for the undeformed [k ¼ 1 shown in Fig. 3(e)] and deformed

[k ¼ 0.873 shown in Fig. 3(f)] states. In the undeformed state,

the maximal displacement amplitude occurs in the soft matrix,

whereas, in the deformed LC, the largest part of the energy

propagates through the stiff layer, where the maximal dis-

placement amplitude is observed [see Fig. 3(f)]. We should

note that this switch in the wave modes occurs at the compres-

sive deformation level (k � 0.94 for ~k2 ¼ 4:6), which corre-

sponds to the change in the dependence of group velocity on

compressive deformation [see Fig. 3(d)]; a further increase in

the compressive level leads to a rapid decrease in the group

velocity value, which then changes the sign and becomes neg-

ative (if ~k lies in the NGV admissible wavenumber range).

Thus far, we analyzed the S-waves propagating in the

direction of layers only. To clarify how the characteristics of

in-plane S-wave change with the propagation direction, we

present the equi-frequency contours in Fig. 4. We observe

the negative group velocity in the vicinity of the microscopic

instability for all directions of wave propagation with the

only exception of direction perpendicular to the layers. The

region of wavevectors for which group velocity is antiparal-

lel to phase velocity is bounded by dashed red lines in Fig. 4.

Note that in contrast with classical 2D-phononic crystals,

where the equi-frequency contours are closed curves, for LC

the equi-frequency contours in the vicinity of the elastic

instability are the straight open lines due to the absence of

crystal periodicity in the layer direction. Based on Fig. 4, we

FIG. 3. Frequency (a), phase velocity (b), and group velocity (c) curves vs normalized wavenumber (~k2) for the waves propagating along the layers in the lay-

ered composite (LC) with vf ¼ 0:02 and ll=lm ¼ 15. The LC is subjected to the in-plane contractions of k ¼ 0:872 (dotted red curves), k ¼ 0:875 (dashed-dot-

ted green curves), k ¼ 0:895 (dashed blue curves), and k ¼ 1 (continuous black curves). Dependence of group velocity on stretch ratio k (d) and eigenmodes

(~k2 ¼ 4:6) for undeformed (k ¼ 1) (e) and deformed (k ¼ 0:873) (f) LC. The area filled in blue color corresponds to the negative group velocity (NGV) region

(c) and (d). The color on the eigenmodes shows the relative displacement amplitude (blue—lowest, red—highest); the black streamlines represent the displace-

ment direction tangents (e) and (f).
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can also conclude that the frequency range, for which the

negative group velocity (k � vgr < 0) is observed, is indepen-

dent of the wave propagation direction.

We revealed that in LCs (and also 3D periodic fiber

composites discussed in the supplementary material) NGV

state precedes the onset of the microscopic instability. A

question, however, arises: how wide is the range of deforma-

tions, where NGV behavior is observed in stable compo-

sites? Figure 5 shows the width of the corresponding stretch

range Dk (in percent) for the NGV state as the function of

stiffer layer volume fraction and contrast in elastic moduli.

The Dk width is calculated as the difference between the

stretch k0 for which the negative slope of the dispersion

curve is first identified and the critical stretch kcr. It appears

that Dk tends to increase with a decrease in the elastic modu-

lus contrast and the volume fraction of stiffer layers. For

instance, for the LC with vl ¼ 0.1 and ll/lm ¼ 25 (the onset

of instability at kcr ¼ 0:912 and at the wavelength of

lcr ¼ 1:30d), the width of the NGV state is only 0.14%,

while for the composite with vl ¼ 0.01 and ll/lm ¼ 5 it is

1.5%. The dashed curve in Fig. 5 separates the compositions

of the LCs, in which the revealed NGV state precedes the

elastic instability, from the compositions corresponding to

the composites, in which the group velocity of S-waves,

propagating along the layers, remains positive until the buck-

ling. At the same time, due to the existing intrinsic connec-

tion between NGV state and elastic instabilities, the same

dashed curve separates the LCs that undergo microscopic

instabilities (with compositions laying on the left side), from

those, that experience macroscopic loss of stability (with

compositions laying on the right side). We note that we have

found similar behavior in LCs and 3D periodic fiber compos-

ite subjected to uniaxial compression in fully 3D settings.

We revealed the dramatic changes in the characteristics

of the S-waves propagating in finitely deformed layered and

fibrous materials prior to the stability loss. In particular, we

demonstrated that there is a special state in layered and

fibrous composites in the vicinity of the elastic instability,

which is characterized by the omni-directional negative

group velocities. Thus, the appearance of NGV state fore-

shadows the onset of microscopic instability. Moreover,

since the composites remain stable in the vicinity of the

instability point, the transition between the states with posi-

tive and negative group velocities is reversible and can be

triggered by small controllable variation of the compressive

deformation. The strain range for which the group and phase

velocities are antiparallel (k � vgr < 0) is relatively narrow;

however, it can be increased by decreasing the elastic modu-

lus contrast and the volume fraction of the stiffer layers.

Finally, we note that since the finite deformation of the soft

materials can be induced by other external stimuli,33–35

potentially the observed NGV state can be induced and con-

trolled, for instance, by external electric field.36,37

See supplementary material for the similar analysis of

S-wave propagation near elastic instabilities in fibrous and

layered composites subjected to compression in 3D

formulation.
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