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ABSTRACT: In six-dimensional supergravity, there is a natural sense in which matter lying
in certain representations of the gauge group is “generic,” in that other “exotic” matter
representations require more fine tuning. From considerations of the dimensionality of the
moduli space and anomaly cancellation conditions, we find that the generic sets of matter
representations are well-defined for 6D supergravity theories with gauge groups containing
arbitrary numbers of nonabelian factors and U(1) factors. These generic matter represen-
tations also match with those that arise in the most generic F-theory constructions, both
in 6D and in 4D, with non-generic matter representations requiring more exotic singular-
ity types. The analysis of generic versus exotic matter illuminates long-standing puzzles
regarding F-theory models with multiple U(1) factors and provides a useful framework for
analyzing the 6D “swampland” of apparently consistent low-energy theories that cannot
be realized through known string constructions. We note also that the matter content
of the standard model is generic by the criteria used here only if the global structure is
SU(B)C X SU(Q)L X U(l)y/Z6.
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1 Introduction

In principle, it seems possible to define low-energy field theories in various dimensions
with a given gauge group G and matter that can live in essentially any representation of
the group G. For example, one could imagine a quantum field theory with a U(1) gauge
group and elementary particles associated with excitations of matter fields that transform
with fairly arbitrary combinations of charges ¢;, or a QFT with an SU(2) gauge group
and elementary particles transforming in a representation of SU(2) with arbitrarily large
dimension. From this point of view, it may seem surprising that the standard model of
particle physics that we observe in nature has only very simple types of charges under the
electromagnetic, weak, and strong forces.

From the point of view of string theory, however, the most natural constructions tend
to lead to fairly simple representations, such as the fundamental, adjoint, and two-index
antisymmetric and symmetric representations of SU(N). There are also constraints from
quantum consistency conditions such as anomalies that limit the set of possible matter
representations, particularly in higher-dimensional theories with more symmetry.

In this paper we consider the question of whether some matter representations are more
generic than others in a concrete context where the notion of “generic” can be given a quan-
titative meaning. In particular, we consider matter spectra in six-dimensional N' = (1,0)
supergravity theories. Six is the largest dimension in which a supersymmetric theory
with a gauge group G can have matter in any representation other than the adjoint. Six
dimensional supergravity also has very strong conditions for the cancellation of gauge,
gravitational, and mixed gauge-gravitational anomalies [1, 2]; these anomaly cancellation
conditions, for example, restrict the set of possible matter representations of nonabelian
gauge groups to a finite set (at least when the number of tensor multiplets does not ex-
ceed 8) [3, 4], although they do not place a bound on U(1) charges [5]. Perhaps most
importantly, however, the space of six-dimensional supergravity theories consists of a set



of interconnected! branches, where each branch constitutes a moduli space of fixed di-
mensionality. By comparing the dimensionality of a branch of moduli space having, for
example, a U(1) gauge group and elementary charges ¢ = 1,2 with a branch having a U(1)
gauge group and elementary charges ¢ = 1, 2,3 and the same anomaly coefficients, we can
say that the former set of charges is more generic because the dimensionality of the first
branch of the moduli space is larger, so that the set of theories with charges ¢ = 3 requires
more fine tuning of the theory.

A precise definition of generic matter representations requires consideration of how the
matter content depends on the anomaly structure of the theory. After a brief review of 6D
anomaly conditions in section 2, we consider the notion of generic matter in 6D from the
points of view of moduli space dimension and anomalies in section 3, and in section 4 we
describe generic matter in F-theory and discuss how generic matter illuminates questions
about the 6D string landscape and swampland. By analyzing the dimensionality of various
branches of the 6D supergravity moduli space with different charge content, we find that
in many situations generic matter representations can be defined as those on the branch
of moduli space of greatest dimension, when the other discrete parameters of the theory
are taken to be fixed. In the simplest cases, with at most one nonabelian gauge factor
and one abelian U(1) factor, this notion matches well with the anomaly cancellation condi-
tions, in the sense that the number of distinct generic matter representations matches the
number of anomaly cancellation conditions, so that the generic matter content in a given
theory is determined as a unique solution of the anomaly cancellation equations restricted
to the generic matter fields; these equations are fixed in terms of the discrete parameters
characterizing the number of tensor multiplets, the gauge group, and the anomaly coeffi-
cients. Furthermore, we find that the types of generic matter singled out by moduli space
dimensions and anomaly cancellation conditions match precisely with the types of matter
constructed in the most generic F-theory models with a given gauge group. As examples, in
the case of a U(1) gauge group, all of these considerations point to ¢ = 1,2 as the generic
matter charges, and in the case of a single SU(2) gauge group, generic matter is in the
fundamental and adjoint representations. As the gauge group becomes more complicated,
however, generic matter becomes less uniquely defined; in particular, we find that when
there are multiple U(1) factors, the number of anomaly-inequivalent charge combinations
associated with generic matter becomes larger than the number of anomaly cancellation
conditions, so that in the “generic” models of maximal moduli space dimension, only a
subset of all the generic charge combinations are realized.

While most of the considerations in this paper are based on 6D supergravity, the
fact that the generic matter representations identified in 6D match with those constructed
by generic F-theory models suggests that the same or similar notions of generic matter
may be relevant in four dimensions. In section 5, we discuss how the framework of this

1t is not proven that all consistent 6D supergravity theories lie on a single connected moduli space. This
is true of all conventional F-theory models, since all elliptic Calabi-Yau threefolds are connected through
various topological transitions, as discussed in, e.g., [4]. There may, however, be other branches associated
with “frozen phase” F-theory models that are not connected in the same way with the set of conventional
F-theory models [6].



paper illuminates various questions relevant to both 6D and 4D supergravity, including the
possible relevance of this kind of analysis to the standard model. In section 6, we make
some concluding remarks and describe some further directions for related investigations.

We close this introduction with a brief discussion of the term “generic” and the sense
in which the matter representations we define as generic here are natural from a physics
perspective. The word “generic” is a somewhat dangerous term, which is used in many
different ways by physicists. We use this term here in a very specific way. In particular, we
define generic matter representations to be those that arise in 6D supergravity theories with
a fixed gauge group and number of tensor multiplets on the moduli space branch of highest
dimensionality given relatively small anomaly coefficients. We feel this term is appropriate
and useful in this context because it matches structure associated with anomaly cancellation
conditions and the geometry of F-theory. The idea that the generic matter fields are those
on the largest-dimensional component of moduli space essentially captures the idea that
other matter representations involve some fine tuning, in the same sense that an arbitrary
point x; in a 37-dimensional space is more generic than one that satisfies a system of 16
algebraic equations fj(x) = 0. An important aspect of this definition is, however, that we
have fixed the gauge group of the theory, and the generic matter fields are defined only
with respect to this certain choice of gauge group. More broadly speaking, some gauge
groups themselves may be non-generic from the point of view of string compactifications.
For example, in 6D supergravity theories coming from F-theory, if we fix the number of
tensor multiplets and the string charge lattice — associated with a given choice of elliptic
Calabi-Yau threefold for the F-theory geometry — the only generic gauge groups are those
associated with non-Higgsable clusters [7], which typically support no or minimal matter.
The generic matter fields for a given gauge group G that we describe here thus address
what is in some sense a second-order question, where the gauge group G itself may require
some fine-tuning of the geometry and we inquire about the expectations for generic matter
given that first-order fine tuning. In terms of the full 6D supergravity moduli space, the
branches with a tuned gauge group are themselves of smaller dimensionality than the
generic branches with only (supersymmetrically) non-Higgsable gauge group factors. How
this notion of genericity for either gauge groups or matter applies for four-dimensional
theories, from F-theory or otherwise, is much less clear, although at the geometric level
there are certain gauge groups that are similarly generic associated with 4D non-Higgsable
clusters [8]; we discuss questions of generic matter for 4D theories a bit further in section 5.2.

Finally, another important issue that we have not addressed here is the role of strongly
coupled matter, associated in the F-theory picture with (4,6) non-Kodaira type singular-
ities at codimension two in the base of the elliptic fibration. These are associated with
superconformal field theories (SCFTs) coupled to the gravity theory giving rise to “con-
formal matter” [9-12]. Studies of the global structure of the space of 4D F-theory models
show that such strongly coupled conformal matter appears quite broadly throughout the
string landscape [13, 14], and may in fact provide a natural mechanism for realizing the
standard model within 4D F-theory [15, 16]. Incorporating strongly coupled conformal
matter into our understanding of generic gauge groups and matter in a systematic way
presents promising avenues for further research.



2 Anomaly conditions in 6D supergravity

We write the gauge group in the form
T S
G =[G x[Ju@), (2.1)
k=1 =1

where the G are simple nonabelian gauge group factors. In general, we will use lowercase
Greek letters to index simple nonabelian gauge group factors, and lowercase Roman letters
to index U(1) factors. The numbers of simple nonabelian and abelian gauge group factors
are respectively denoted r and s. Hypermultiplets in the irreducible representation R
transform in the representation R, of G and have U(1); charge ggr;. That is, we indicate
the individual factors of a representation via

R= ®R,{®®QRJ‘. (2.2)
r=1 i=1

Note that a hypermultiplet we refer to as being in representation R actually contains fields

transforming in both R and R, as the matter representations in a 6D theory must be

quaternionic. For representations R that are themselves quaternionic, we may have “half-

hypermultiplets” with half the field content, only transforming in the representation R.
The dimension dg of the representation R is given by

dr = H dg, , (2.3)

where dp, is the dimension of the representation R, of the gauge group factor G,,. We use
% and d}f' to respectively denote the number of G, and G, X G, representations R, and
R, ® R, in R, given by
w=11ds.. a3 =]]dx,- (2.4)
A£K AFER, 1

We use z with various superscripts and subscripts to indicate the number of hyper-
multiplets transforming in a given representation. Subscripts indicate representations, and
superscripts indicate to which gauge factor these representations belong. Thus, for exam-
ple, 2% indicates the number of hypermultiplets transforming in the representation R of the
factor G, x%‘g indicates the number of hypermultiplets transforming in the representation
R ® S of the product G, x G, and x;],,lz,i indicates the number of hypermultiplets trans-
forming in the representation ¢®@r®s®t of the abelian product U(1); x U(1); xU(1)xxU(1),.
For ease of notation, we will omit the superscripts when they would include all factors of
the gauge group, so that, for example, x4, := xéjz for G = U(1)2. Because we use R,
to explicitly indicate a representation of factor G, and ¢; to indicate a charge of factor
U(1);, we will also use a compressed notation that omits the superscripts when they can

be inferred from the subscripts, e.g., Tg, g, = ZL";%’:L’RH.
These multiplicities are defined so as to account for the dimensions of the representa-
tions of the other group factors in every representation R of G that contains the relevant



representation, i.e.,

TR, = Zl’éd% (25)
RDR,,
Similarly, we have
_ KL
TR.,R, = ZdeR ,
ROR.®R,
meQi = : :méd“;}’
RDRH®qi
(2.6)
_ _ AR
LRi,qi a5 = E :deR’
ROR.®¢;®q;

Lqs,q5,q8,9¢ = Z deR .
RDqi®q;®q1®q
It is important to note that these multiplicities are related to one another when indices are
duplicated, e.g.,
Ziii = 5qrw2’§’f, (no summation) . (2.7)
The numbers of massless vector multiplets and hypermultiplets are denoted V and H,
respectively, and are given by

V=Vna+Va=) dag,+s, H=) zrdg, (2.8)
K R

where Vya is the number of nonabelian vector multiplets in the theory, VA = s is the
number of abelian vector multiplets, and Adj,, is the adjoint representation of the gauge
group factor G. The number of tensor multiplets is denoted by T

We will use tr to denote the trace in the fundamental representation and trg to denote
the trace in an arbitrary representation R.

The terms in the anomaly polynomial with no abelian field strength factors give rise
to the conditions for cancellation of gravitational, gauge, and mixed gauge-gravitational
anomalies for the nonabelian factors, which in the notation of [4] are

273 =H — V 4 29T, (2.92)
a-a=9-T, (2.9b)
1
@ be = —cAn (Z TR AR, — AAdj,_i) ; (2.9¢)
Ry
0=> xg,Br, — Badgj, , (2.9d)
Ry
1
by - bk = gAi <Z J;RKC’RK CAd‘]N> ) (296)
Ry
br by =Aedu Y TR R, AR AR, K F . (2.9f)
Re.Ry



A, B, C, D, Eg¢ E; Eg Fy Gy
A1 2 1 2 6 12 60 6 2

Table 1. Normalization factors for the simple Lie groups.

The anomaly coefficients a and b,; are SO(1,T') vectors in the string charge lattice I of the
6D theory, and the notation x - y denotes the (integer-valued) SO(1,T)-invariant product
Qupr®y? on T, where Q is an invariant symmetric bilinear form in SO(1, 7)) associated
with the Dirac pairing between string charges. Note that the indices &, 1 in eq. (2.9f) must
be distinct. For each representation R of a given gauge group factor, the group theory
coeflicients Ag, Bgr, and Cpg are defined by

trp F2 = Agtr F2,  trg F* = Bptr F* 4+ Cr(tr F2)*. (2.10)

These group theory coefficients can be computed by hand for any given gauge group fac-
tor SU(N) in a manner discussed in [3] and [17], among other sources, and can also be
determined systematically [18]. Note that for gauge groups without a quartic Casimir,
like SU(2), SU(3), and the exceptional groups, there is no coefficient Br and the anomaly
equation (2.9d) does not constrain the theory.

The A, are normalization factors associated with the simple nonabelian Lie groups
(given by A = 2¢)/Apqj, , where ¢” is the dual Coxeter number), given in table 1.

The terms in the anomaly polynomial with abelian field strength factors yield the U(1)
and mixed abelian-nonabelian anomaly equations, given by [19-21]

1
a- bl] = _6 qui,quin ) (211&)
qi,45
0=> r, . Er.ai, (2.11b)
Rfivqi
b bij = A D TR ARG (2.11¢)
Ry,qi,9;
bij - bre + bik - bje + bie - bjk = Y Tguq; 01,0099 ke - (2.11d)
qi,95,49k,49¢

The b;; are SO(1,T) vectors in I', where, under the additional mild assumption that the
6D supergravity theory can be compactified on any spin manifold with any smooth gauge
field configuration, we have the additional condition b; € 2I' [22], and the fourth group
theory coefficient E is defined by

trp F2 = Eptr F3. (2.12)

Note that the indices in eq. (2.11) need not be distinct.
We refer to egs. (2.9) and (2.11) collectively as the anomaly cancellation (AC) equations.
In addition to the local anomalies, there are also global gauge anomalies that must
cancel. These occur for gauge factors SU(2), SU(3), and Gg [22-25]. In particular, for



SU(2) and SU(3) with only fundamental and adjoint hypermultiplets, the conditions for
the global anomalies to cancel are

SU2):  zy+4zp)=4 (mod 6),

(2.13)
SU(3): 2= 0 (mod 6).

The condition b, € ' ensures that the cancellation of these global anomalies follows from
the cancellation of the local gauge anomalies.

3 Generic matter

In this section we describe generic matter in 6D supergravity from several perspectives.
We begin with gauge groups containing only up to three U(1) factors and only nonabelian
SU(N) factors, and discuss at the end of the section how more U(1) factors and other
nonabelian factors can be analyzed in a similar fashion. Note that the analysis in this
section is based only on the structure of 6D supergravity theories and is independent of
F-theory or any other UV completion.

3.1 Generic matter representations for G = SU(INy) X --- X SU(N,) x U(1)%,
s<3

We begin by tabulating in table 2 the set of fields that we identify as living in generic
matter representations for models of the form G = SU(Ny) x --- x SU(N,) x U(1)*, for
s < 3. In the following parts of this section, we describe in detail the sense in which
this set of representations can be considered “generic” from the points of view of moduli
space dimension and anomaly cancellation. In each case we identify a canonical subset
of the fields that matches the number of anomaly cancellation conditions. In all cases
with no more than three abelian gauge factors, when there is a solution to the anomaly
equations containing only the canonical set of generic matter fields, the dimensionality of
the associated branch of the 6D supergravity theory should be greater than (or equal to)
that of any other branch with the same discrete structure of tensor fields, gauge groups,
anomaly coefficients, and string charge lattice. As discussed further below, when there
are multiple abelian or nonabelian factors, the canonical set indicated in the table is not
uniquely determined; for multiple abelian factors, different subsets of the full set of generic
matter fields can be realized in models with different signs of anomaly coefficients. The
generic matter fields in table 2 arise with non-negative multiplicities in solutions to the
anomaly equations with small values of the anomaly coefficients; for nonabelian groups,
the corresponding dimension of the moduli space branch for a given gauge theory is larger
than for models with larger choices of anomaly coefficients. We illustrate the simplest
examples of generic matter in section 3.2, and discuss in section 3.5 some aspects of how
the definition of generic matter based on the dimension of moduli space branches relates
to the choice of anomaly coefficients.

There is extra freedom in the set of generic matter fields when multiple gauge factors
are involved, associated with the distinction between representations and their conjugates.
This kind of ambiguity in generic matter arises in particular in distinguishing the (D, i)



Canonical Representations Number Other Generic Representations
1 1

[ o r

0

Adj, r
(.0, B 0D,
Dl rs
- (r3 +7>4)s
I:](Ll) r(5)

1 S

15 S

L1, (5)

La,-1) (5)

Lo,-1) 2(5) L(2,1)
La1,-1) 3(3) L1

Table 2. Generic matter representations for gauge groups G = SU(N;) x --- x SU(N,.) x U(1)*®
with s < 3, along with the number of distinct (canonical) representations of each type. Here, ro,
r3, and r>4 are the number of SU(N) factors in G with N =2, N = 3, and N > 4, respectively,
with 7 = 79 + 73 + r>4. Note that for some fields charged under multiple gauge factors, the fields
in the first column are canonical choices and there are other “locally equivalent” generic matter
representations, as discussed in section 3.4; such further generic matter representations are listed
in the third column.

and ([_],[ ) representations of SU(N) x SU(M), as well as the (2,1) vs. (2, —1) represen-
tations of U(1)? and the (1,1, —1) vs. (1,1, 1) representations of U(1)3. In the first of these
cases, the matter fields are locally indistinguishable (since they are equivalent under conju-
gating one of the gauge factors and they contribute equally to anomalies) and the branches
of the moduli space with these alternate charges have equal dimension to the generic branch
listed in table 2. In the U(1)? and U(1)? cases, as discussed in sections 3.6 and 3.7, the sit-
uation is more subtle; different choices of signs of anomaly coefficients give rise to different
combinations of generic matter fields that lie on branches of equal dimension.

We use in table 2 and in the rest of the paper a compressed notation for sets of
representations, in which SU(N) representations are denoted with Young diagrams, U(1)
charges are denoted with subscripts (except in some cases where there are no nonabelian
factors), and only nontrivial representations are listed. In this way, we refer to a set



of representations of a general given form. For example, the notation E](l 1) actually
designates the set

oy = {(1, DS N I 1)(07_._7071707_”’07_1707_.,0)} , (3.1)

while (D, i)o designates the set

(D,i)o — {(1,...,1,[],1,...,17i,17...,1>(0’m70)}. (3.2)

These sets contain all representations with the nontrivial charges listed in any factor and
in any permutation. Recall that a hypermultiplet we refer to as being in representation R
is in fact in the representation R® R, and so a negation of all U(1) charges and conjugation
of all nonabelian reps does not result in a new representation.

3.2 Examples: generic U(1) and SU(2) matter

To illustrate the basic ideas we begin with a simple example: generic matter when the
gauge group is just an abelian U(1) group. In this case, the anomaly equations are very

—6a-5:quq2,

q>0

35'B:Z:qu4.

q>0

simple, and read

(3.3)

Here, b := by is the single anomaly coefficient for the U(1) gauge factor, and z, is the
number of fields of charge ¢.

In this case, the generic matter charges from table 2 are ¢ = 1,2. There are two
independent anomaly equations constraining the charged matter, so for any anomaly coef-
ficients a, b there is a unique solution to the pair of equations

—6a - b=z + 43, (3.4a)
3b-b =z + 16x;. (3.4b)

We can easily show explicitly that whenever there is a solution to these equations with
non-negative charge multiplicities x1, 2, any other solution to the anomaly equations that
contains higher charges will have fewer uncharged scalar degrees of freedom, indicating that
the branches of supergravity moduli space with higher, “exotic,” U(1) charges will have
lower dimensionality. This can be seen by noting that the contribution to the anomaly
equations from a single field of charge ¢ is equivalent to that of a linear combination of
y1, yo fields of charge 1,2, respectively, determined by the equations

=y +4ya,

(3.5)
¢t =y + 16y, .

The solution to these equations is y; = —¢%(¢® — 4)/3,y2 = ¢*(¢®> — 1)/12. Because the
total number of hypermultiplets is fixed by the gravitational anomaly condition (2.9a), this



means that the following combinations of fields are equivalent under anomalies:

2(.,2 _ 2(.2 4 2
(q)_*_q(qgél) % (1) q (q12 1) % (2)+ (i—i]—kl) X (0) (36)

The number of uncharged scalars on the right-hand side is always positive for ¢ > 2, so
starting with the generic matter solution with only charges ¢ = 1,2 and then “exchanging”
these charges for any larger charge necessarily reduces the number of uncharged scalars.
Since any solution to the anomaly equations can be found by a finite combination of such
exchanges, this proves that the dimension of the moduli space on the branch with generic
U(1) matter is larger than that of any branch with larger charges, when a solution with
generic matter exists. Furthermore, as we discuss in more detail in section 3.5, when the
anomaly coefficient b is relatively small (subject to the condition that there is a solution
of the anomaly equations with any set of charges), there is always a solution of eq. (3.4)
with non-negative multiplicities 1, x2. Note that in this analysis, the equivalence (3.6) is
simply used as a formal way of relating different solutions to the anomaly equations. In
many cases, however, we expect that there are “matter transitions” in which these changes
in spectrum can be realized physically without changing the gauge group [26]. We discuss
“anomaly equivalences” like eq. (3.6) further in section 3.4.

The same kind of analysis can be carried out if the gauge group is SU(2). Again,
there are only two anomaly equations constraining the charged matter since SU(2) has no
quartic Casimir; these are

—6a-b:xD+4(a;Dj—1),
1 (3.7)
3b-b= ixD+8(xD:|_1)’

with b:=bgy(2). An arbitrary rep [ }-{ JofSU(2) has Ap= (k;rz) and Cr= (k§2) Wk%(w.
k
Expressing these as a linear combination of AD =1, CD = % and AD:| = 4, CD:| =38
leads to an anomaly equivalence
E+4)(k+2)(k+ 1)k(k—2)

(
)+ i <[]

k+3 (k+4)(k +3)(k + 1)(k — 1)(k — 2)
<—>< . >><D:]+ o

(3.8)

x1,

where the number of uncharged scalars on the right-hand side is again always positive for
k > 2. So again, the dimension of the branch of moduli space with only fundamental and
adjoint representations is larger than the branches containing any other combination of
matter fields for a pure SU(2) theory. And again, as discussed in section 3.5, when b is
small, there is always a good solution of the anomaly equations with only fundamental and
adjoint representations.

A similar analysis holds in an SU(2) x U(1) theory, where we expect that generic matter
will only involve matter charged under the fundamental or adjoint of SU(2) that is neutral

~10 -



under the U(1) ([_],,[ [ ],), matter that is neutral under SU(2) and has charge ¢ = 1 or 2
under the U(1) factor (11, 12), and matter that lives in the fundamental representation of
SU(2) and has charge ¢ = 1 under the U(1) ([_];). In this case, there are five independent
anomaly equations constraining the charged matter (the four considered above and one
equation of the form (2.11¢)), and correspondingly there are five charged generic matter
fields. A similar calculation to those above shows that an exchange that increases the
number of fields in some other representation E] . 'I:]q by one decreases the number of
[ —

k
uncharged scalars by

(k+4)(k+3)(k+1)(k—1)(k—2) N <q4 5q2) N k(k + 1)ék+2)q2

24 4 4

; (3.9)

which is positive for k > 2, for ¢ > 2, for k =2 and ¢ > 0, or for k=1 and ¢ > 1.

All these cases provide simple examples of situations where we can explicitly show that
the branch of moduli space with only generic matter types has greater dimension than any
branch with other “exotic” matter types, and that these generic matter types can appear
when the group theory anomaly coefficients b are not too large. In the subsequent parts of
this section, we explore the various perspectives on generic matter in more detail.

3.3 Anomaly constraints and generic matter content

Generalizing the examples just discussed, given a fixed gauge group G, and fixing the dis-
crete parameters 17" and a, by, b;; € I', if we consider matter charged under a number of
distinct representations equal to the number of nontrivial AC equations, then we can gen-
erally find a unique solution for the multiplicity xr of each representation R. In this sense,
any set of anomaly-inequivalent generic matter charges realized on a maximal-dimensional
moduli space branch should have a cardinality equal to the number of nontrivial AC equa-
tions. We now show that this is true for the canonical subsets of the generic matter charges
listed in table 2.
For SU(N), we have B =0 for N < 4 and Er =0 for N < 3. Suppose that

G = SU(Np) x --- x SU(N,) x U(1)® (3.10)

with s < 3, and let ro, r3, >4 be the number of SU(N) factors in G with N =2, N = 3,
and N > 4, respectively, with r = ry + 73 + r>4. Examining the AC equations in the order
presented (noting that eq. (2.9b) simply relates a and T', and so does not contribute), we
see then that the number of nontrivial AC equations is

nAG(ra, 73,754, 8) = L+ 7+rsg+r+ (;) + (<;)> F(rytreg)s T (;)) + <<Z>> (3.11)
(-7

gives the number of multisets of length £ on n symbols. Note that the term ((Z)) coming
from eq. (2.11d) includes (3) = 0, because s < 3.
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As desired, the counting in n(r, s) exactly matches the total number of representations
in the canonical sets of generic matter fields in table 2, noting that

()-£C0) s

7j=1
3.4 Anomaly-equivalent exchanges and ambiguities in generic matter

As we have seen in some simple examples in section 3.2, there are many situations in which
distinct combinations of matter representations will yield solutions to the AC equations 2.9
and (2.11) with the same anomaly coefficients on the left-hand side. For example, consider
the k = 3 case of eq. (3.8). In a G = SU(2) theory, the fundamental representation has
(A, C ) = (1,1/2), the adjoint has (A1, C ) = (4,8), and the triple-symmetric has
(A7 Crr1) = (10,41). Because these factors appear in the AC equations in sums
over all hypermultiplets, we see that the exchange

[T ]+uux[ J«+—6x[ ] J+14x1 (3.14)

relates distinct solutions to the AC equations with the same bgy(2). The singlet representa-
tions on the right side are necessary to balance the dimensions and satisfy the gravitational
anomaly condition (2.9a). Two solutions to the AC equations related in this way are re-
ferred to as anomaly-equivalent. As mentioned earlier, in many cases there are paths in the
supergravity moduli space that connect anomaly-equivalent matter spectra through matter
transitions [26], though this need not always be the case.

In table 2, we have chosen a canonical set of generic matter representations with a car-
dinality that matches the number of AC equations. Thus, every spectrum that is allowed
by anomaly cancellation will be anomaly-equivalent to some spectrum containing only the
matter representations listed in this table (with the caveat that the resulting spectrum
may have negative multiplicities for some representations). In many cases, exchanges will
change the number of uncharged scalar moduli fields. As seen in eq. (3.14), increasing
the number of triple-symmetric representations in an SU(2) theory requires reducing the
number of moduli. In this sense, the triple-symmetric representation is non-generic (or
“exotic”). More generally, from eq. (3.8), we see that the fundamental and adjoint repre-
sentations of SU(2) are generic in the sense that any other anomaly-equivalent combination
of representations will involve a smaller number of uncharged scalar moduli. We prove that
the representations in table 2 are generic in the sense that exchanges that result in models
containing only these representations can never decrease (but may increase) the number of
uncharged scalars in appendix A.

It is important to note, however, that as the size of the gauge group increases, the
set of matter representations that are generic in the sense of maximizing the dimension of
the moduli space branch also increases, and can exceed the number of AC equations. In
particular, when there are multiple gauge factors, there can be different anomaly-equivalent
combinations of matter fields that have the same number of uncharged scalar moduli. In
the simplest cases, there are certain combinations of matter representations under the
factors of the gauge group that are “locally” indistinguishable in the sense that they can
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be related by conjugating one of the factors in the gauge group in a way that does not
affect the anomaly conditions. For example, given a gauge group SU(N) x SU(M), the
matter representations (D, D) and (D, i) are precisely equivalent under anomalies,
since AR, Br,CRr are unchanged under conjugation of the representation R. In fact, by
choosing the conjugate realization of the gauge group SU(M), we can globally replace
all matter in every representation R with matter in the representation R, so theories in
which the complete spectrum is related by R <> R are globally equivalent. This leads to
some ambiguity in the choice of generic matter for product gauge groups. One way to
interpret this ambiguity is that, as we have done in table 2, we can choose a canonical set
of generic matter representations whose cardinality matches the number of AC equations,
and then there are other anomaly-free spectra in which these canonical choices can be freely
exchanged for other generic matter representations that are anomaly-equivalent but not in
the canonical set. Another way of framing this is simply to observe that the number of
generic matter fields is larger than the number of AC equations, so that with sufficiently
large product groups the AC equations do not uniquely determine the generic matter
content of the theory. The situation is slightly more complicated for models with multiple
U(1) factors, where for different choices of anomaly coefficients, different subsets of the set
of generic matter fields are realized, in each case having cardinality equal to the number
of AC equations; in these cases the different matter fields are similarly locally related by
conjugation but contribute differently to the anomaly conditions. This is discussed in more
detail for theories with two or three U(1) factors in sections 3.6 and 3.7. As we discuss in
section 3.8, with four or more U(1) factors the number of generic matter fields with the
same dimensionality of the moduli space branch increases still further.

In general, we will sometimes use the term “generic model” to describe a model liv-
ing on a maximal-dimensional moduli space branch; except for the ambiguity between
fundamental-fundamental and fundamental-antifundamental representations of SU(N) x
SU(M) product groups, and similar ambiguities discussed in section 3.8 that arise in the
presence of four or more U(1) factors, we expect that such generic models will always have
a number of anomaly-inequivalent matter representations equal to the number of anomaly
equations.

3.5 Generic matter and anomaly coefficients

One subtlety in using the dimension of moduli space branches to define generic matter
is that for different anomaly coefficients, different combinations of matter fields may be
possible. To unambiguously define the generic matter representations we are interested in,
we want to further focus on those representations that arise when the anomaly coefficients
b associated with the gauge group are relatively small. One could motivate this additional
component in the precise definition of generic matter by some general sense in which small
anomalies are more generic than large ones. A more satisfactory justification for focusing on
small b may be the fact that, at least for nonabelian groups, the branches of moduli space for
a given gauge group, among those arising from all possible compatible anomaly coefficients,
are largest when the bs are small. While we do not attempt to prove rigorously for all the
various nonabelian gauge groups considered here that the highest-dimensional branches
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of moduli space considered across all possible anomaly coefficients are always associated
with small anomaly coefficients, we do show this in some of the simplest examples and also
confirm in many cases that the matter content defined as generic in table 2 is realized with
non-negative multiplicities at small b. It is also the case that the models with small anomaly
coefficients and generic matter can generally be easily constructed in F-theory, while the
explicit construction of models with larger anomaly coefficients is generally more difficult
or impossible. In this subsection, we address this additional condition in the context of the
simplest cases considered in section 3.2.

To give a sense of how the small b condition affects the anomaly equations, we begin
with a somewhat qualitative discussion. For simplicity, we focus in this discussion on the
abelian anomaly equations and charges, though similar arguments hold in the nonabelian
part of the theory. The abelian anomaly equations (2.11a) that are linear in b are quadratic
in the charges associated with the representations on the r.h.s., while the abelian anomaly
equations that are quadratic in b are quartic in the charges. (The corresponding statement
for SU(2), for example, is that the anomaly coefficients Ay, Cy, for the k-index symmetric
representation scale as the third and fifth powers of k respectively, as noted in section 3.2).
Thus, as the charges of the matter representations increase, the ratio between the r.h.s.
of the equations quadratic in b and those linear in b increases roughly as ¢2. For fixed a,
then, we expect that small b will generally be associated with anomaly solutions with non-
negative multiplicities for small charges. As b increases, the typical charges of the solutions
will increase. Thus, the types of matter that we are identifying as generic here can also
be understood as those with relatively small charges. The exotic matter representations
are those with larger charges, which arise for larger values of b. Note that for many gauge
groups there are simple solutions with minimal anomaly coefficients b in which only the
representations with the very smallest charges have nonzero multiplicities (for example, for
a U(1) theory with b = 6 the spectrum contains 108 fields of charge ¢ = 1 and no other
charges); we are interested in more generic situations where b is large enough so that the
number of representations with nonzero multiplicities is large enough to match the number
of AC equations.

3.5.1 SU(2) generic matter and anomaly coefficients

To illustrate these issues, perhaps the simplest example is the case of theories with a single
SU(2) factor and no tensor multiplets (7" = 0). In this case, the gravitational anomaly
coefficient is —a = 3, and the anomaly equations restricted to the generic fundamental and
adjoint matter fields are

18b =z +4(z— 1),

) (3.15)
66" =z + 16(z 71— 1),
where b := bgy(2) is a non-negative integer giving the anomaly coefficient for the SU(2)
factor. It is straightforward to solve these equations, giving
z=2b(12 -b),
(b= 1)(b—2) (3.16)
xl:\:‘ - f .
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Thus, when b < 12 there is a good solution (i.e., a solution with non-negative multiplicities
for these generic matter fields) of the anomaly equations restricted to these two fields.
Furthermore, the number of charged matter fields is

6 + 87b — 5b2

5 (3.17)

Heharged = 20+ 321 =

This number is smallest for small b; computing the dimension of the branch of moduli
space, which is given from eq. (2.9a) by Hyncharged = 276 — Hcharged, for b < 12 gives

Hyneharged (b = 1,2, ..., 12) = 232,196, 165, 139, 118, 102,91, 85,84,88,97,111.  (3.18)

This dimension is clearly largest at small values of b. When b = 13, there is no solution
with generic matter; we naively would have = —26 and x 1= 66. This is anomaly-
equivalent through eq. (3.14) to a model with spectrum

b=13: (zporrprrrT) = (2.54,2),  Huncharged = 102. (3.19)

A similar analysis up to b = 24 gives models with fields in these three representations, and
Huncharged < 102. At this point, further representations such as [ [ | | ] would need to
be included for a non-negative spectrum. Thus, we see that for the gauge group SU(2) and
theories with no tensor multiplets, the largest-dimensional branches of moduli space are
associated with small values of b and are realized by the generic matter content described
in table 2.

Continuing to consider the case of gauge group SU(2) and T' = 0, it is interesting to
note that for certain values of b there are anomaly-free non-negative spectra with positive
values only for I for example, at b = 14 we have the spectrum

b=14: (SL‘D, xl:\:" $D:\:|) = (0, 54, 4) s Huncharged =98. (3.20)

For this choice of anomaly coefficient, this spectrum maximizes the dimension of the branch
of moduli space. Thus, if we did not consider the range of anomaly coefficients b or make
an absolute comparison between the dimensions of branches for different values of b, it
might seem natural to define generic matter as depending on b, so that the representations
[ [ L[ T [ Jwouldbe “generic” matter for b = 14. From this point of view, eq. (3.14) could
be viewed as increasing the dimensionality of the moduli space branch by trading away
all fundamentals to end up at the maximal-dimensional branch with only representations
[ T LT ] J We choose to focus on the types of matter that arise at small b for several
reasons: first, this gives a more universal definition of generic matter; second, this definition
matches with the branches of moduli space of largest dimension compared across anomaly
coefficients for nonabelian groups such as SU(2); and third, this matches most naturally
with the structures we find from F-theory, as described later in the paper.
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3.5.2 U(1) generic matter and anomaly coefficients

Now let us consider the case of generic matter for models with a gauge group U(1), again
restricting to the case T = 0, where —a = 3 and b := by; is a non-negative integer. In
this case, there is an additional subtlety coming from the fact that for the smallest values
of b there are no solutions at all to the anomaly equations with non-negative spectra. In
particular, we can see immediately by taking the difference of the equations (3.3) that

3b(b—6) =Y z4q*(¢> — 1), (3.21)

q>1

so there can only be a non-negative spectrum for any set of charges when b > 6. Thus, when
we assert that generic matter representations should be associated with the matter fields
arising in the moduli space branch of highest dimension when the anomaly coefficients are
small, we must include the condition that the anomaly coefficients be at least big enough
that there is a possible non-negative spectrum.

With this condition, it is straightforward to compute the U(1) spectrum with charges
¢ = 1,2 when b is small but not less than 6. The result is

B 5(5 _ 6) (3.22)

This spectrum is simply that associated with Higgsing the SU(2) models in eq. (3.16), when
there is at least one adjoint matter field (see [5] for further related analysis). From this, it
is clear that there is an acceptable spectrum of the U(1) model with these charges whenever
bis even and 6 < b < 24 (note that, from eq. (3.21), there cannot be any solutions to the
anomaly equations when b is odd).

Note that for the U(1) gauge group, the dimension of the branches of moduli space does
not decrease with increasing b in the same way that it does for SU(2) and other nonabelian
gauge groups. This is related to the fact that for U(1) there are an infinite number of
possible solutions of the anomaly equations with arbitrarily large charges [5], unlike the
finite number of matter spectra allowed for a fixed nonabelian gauge group, which follows
from the fact that the dimensions of nonabelian group representations increase so that
only a finite set of distinct representations are allowed for a theory with a given nonabelian
gauge group, from the gravitational anomaly condition (2.9a).

3.5.3 Models with T' > 0

In the examples we have considered thus far, we have focused on the case with no tensor
multiplets (7" = 0). The observation that the generic matter fields are realized with non-
negative multiplicities in solutions to the anomaly equations for small values of the anomaly
coefficients b also holds more generally, though the analysis is a bit more involved.

Part of the challenge in dealing with models at larger values of T is that the constraints
on the anomaly coefficient a and the positivity cone in the string charge lattice are not as
well understood from the low-energy point of view [4]. Here, we briefly consider the analysis
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for the gauge group SU(2) at 7' = 1 using the simplest positivity cones that are known to
come from F-theory; a further analysis for larger values of T is included in appendix B.

When T > 0, the string charge lattice is a unimodular lattice I' [27] and —a is a
characteristic vector in I" [22] that satisfies a-a = 9—T'. The anomaly coefficients b;;, b, for
each abelian and nonabelian factor lie in a positivity cone in I' (this provides the proper
sign for the gauge kinetic terms). For 7' = 1, the two simplest choices of inner products
associated with I and positivity cones that come from F-theory are

(z,y) - (@",y) =2y +y2'; x,y>0 (3.23)
and
(z,y) - (2,y) =2’ —yy's z,y+a>0. (3.24)

We consider these cases in turn. (The structure of these two unimodular lattices I' is
described in more detail in section 4.3.1.)

In the first, “even” case (3.23), we can choose a basis where —a = (2,2). The SU(2)
anomaly equations for a gauge factor with anomaly coefficient b = (bg, b1) are then

—6a-b= 12(b0+bl) ::El:‘+4(l'l:|:|* 1),

(3.25)
6b- b= 12byb; = T + lﬁ(xl:\:‘ — 1) .
Solving for generic SU(2) matter, we have
T = 16(bg + b1) — 4bgby , (3.26)

zD:‘::l—Fbobl—bo—bl.

As shown in figure 1, these equations have non-negative solutions whenever by, by < 8,
except at bg = 0,b1 > 0 and by > 0,b; = 0. However, there are no solutions at all to the
AC conditions for choices of b where b; = 0,b1_; > 1: as discussed in appendix B, any valid

model must have
b-(b+a)

2
We see that when b; = 0, g = 1 — b1_;, and so there are no valid solutions in these cases.

g= +1>0. (3.27)

Alternatively, we see that for solutions in terms of generic matter, T[] =g, s0 any choice
of b; for which the generic matter solution has a negative multiplicity of adjoints has no
good solution for any set of representations. Thus, there are valid generic matter models
for all by, b1 < 8 in the positivity cone for which there are any valid solutions.

We can use a similar approach for the “odd” case (3.24). Here, we can choose a basis
where —a = (3, —1). The SU(2) anomaly equations then become

*6a-b:6(3b0+bl) :$|:|+4(l'l:|:|* 1),

3.28
6b- b= 6(b5 — b7) = 2+ 16(z 71— 1), (3.28)
yielding
2 = 24bo + 8by — 2b5 + 207,
1., (3.29)
$D:|=§(b0—bl—3bo—bl+2).
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Figure 1. Plot of the (bg, b1 )-plane for an SU(2) model with T' = 1, even string charge lattice, and
positivity cone by, by > 0. Choices of b = (by, by) within the positivity cone (bounded by the yellow
curves) for which the AC equations have non-negative solutions with only generic matter are shaded
in solid blue. The solid curves denote g = 0 (bg,by = 1) and the gravitational bound (2.9a) on
generic matter, which becomes a bound on by, b; using eq. (3.26). The dashed curves are by, b; = 8.
The solid and dashed curves bound the hashed region where g > 0 (a constraint necessary to have
any good solutions to the AC conditions), the gravitational bound is satisfied, and by, b; < 8 (the
small b constraint). The hashed region lies entirely within the solid shaded region, showing that
all such choices of b yield non-negative solutions of the AC equations with only generic matter. As
described in section 4.3.3, the models within the hashed region have a simple F-theory construction
using a Tate tuning, while the models in the shaded but not hashed region would require a more
sophisticated F-theory Weierstrass model, which may or may not exist.

As above, a choice of b that yields any good solution of the AC equations will have

=920 (3.30)

for the solution with generic matter.

As shown in figure 2, the multiplicities (3.29) are positive for all choices of b with
bop < 12 and by + b; < 8 that satisfy g > 0. Thus, we see that generic matter is realized
with non-negative multiplicities for appropriate small values of b in the positivity cone on
the odd lattice as well.

In appendix B, we use a different approach to demonstrate these results for higher
T > 0 in a way that does not rely on a choice of positivity cone.
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Figure 2. Plot of the (b, b1)-plane for an SU(2) model with 7' = 1, odd string charge lattice,
and positivity cone bg,b; + by > 0. Choices of b = (bg,b1) within the positivity cone (bounded
by the yellow curves) for which the AC equations have non-negative solutions with only generic
matter are shaded in solid blue. The solid curves denote g = 0 (bg + b1 = 1, bg — by = 2) and the
gravitational bound (2.9a) on generic matter, which becomes a bound on by, b; using eq. (3.29). The
dashed curves are by = 12,by+ by = 8. The solid and dashed curves bound the hashed region (again
indicating the models with an F-theory Tate tuning) where g > 0 (a constraint necessary to have any
good solutions to the AC conditions), the gravitational bound is satisfied, and by < 12,b9 + b; < 8
(the small b constraint). The hashed region lies entirely within the solid shaded region, showing
that all such choices of b yield non-negative solutions of the AC equations with only generic matter.

3.6 Two abelian factors: U(1)2

When the gauge group contains multiple abelian U(1) factors, the structure of generic
matter becomes more complicated. In particular, the number of generic matter fields
becomes larger than the number of anomaly cancellation equations, and different choices
of anomaly coefficients give rise to different subsets of the set of generic matter fields. In
the case of two U(1) factors, the fields

(1,£1), (2,£1), (1,%2) (3.31)

are all included in the set of generic matter fields. In any valid “generic” model (i.e., with
a maximal-dimensional branch of moduli space for given relatively small anomaly coeffi-
cients), however, at most four of these six fields have nonzero multiplicities. This matches

~19 —



with the number expected from the anomaly cancellation conditions. The way in which
these fields appear, however, is somewhat different than in the previously examined cases.

3.6.1 Choices of generic matter spectra for U(1) X U(1) theories

The fields in eq. (3.31) are related in pairs by conjugating one of the U(1) factors, similar
to the story with ([_],[_]) and (I:], i) matter fields for the group SU(N) x SU(M). When

abelian U(1) factors are involved, however, even matter fields that are locally equivalent
under a conjugation of a gauge factor can be anomaly-inequivalent. For example, with a
gauge group of SU(N) x U(1), the representations [ ], and [ | ; are locally equivalent, in
that one representation switches to the other under a conjugation of either gauge factor;
however, these representations are actually distinguished by the anomaly equation (2.11b),
and hence are not anomaly-equivalent and are separately listed as generic matter represen-
tations in the canonical set in table 2 that matches the number of AC equations. Similarly,
for U(1)? the representations (1,1) and (1, —1) are distinguished by the anomaly equations
(2.11), as are the representations (2,+1), etc.

The abelian and mixed abelian-nonabelian anomaly equations (2.11) have the feature
that they are invariant under a simultaneous change of signs

G (3.32)
bij — —bij, Vj 7'5 )
for any fixed choice of i. Thus, in a theory with G = U(1) x U(1), a valid spectrum of
matter fields z, , that solve the anomaly equations with a fixed anomaly coefficient by2 is
related to another solution with the anomaly coefficient b}, = —b12, where the multiplicities
of the matter fields in the sign-flipped solution are

bis — b/12 = —bio = 1‘;7(1 =Tp,—q- (3.33)

While all six fields in eq. (3.31) can arise as generic matter fields, for any fixed choice
of anomaly coefficients we expect from the number of AC equations that at most four
of these fields will have positive multiplicities in a valid generic model with a maximal
dimension of the moduli space branch. Indeed, this is the case. While generic U(1) x U(1)
models contain fields of both sign choices (1,+1), the solutions with the largest number of
uncharged scalars (at small b) have only one each taken from the pairs (2,+1) and (1, £2).
In table 2, we have made a canonical choice of the fields with both signs negative, but the
other three choices of sign combinations are also possible.

One way to understand this is from anomaly equivalences. From the anomaly equa-
tions, we can find the anomaly equivalence

(2,1)+(2, =1)+6% (0, 1)+8% (1,0) +— 2x(2,0)+4x(1,1)+4x (1, —1)+6x(0,0).  (3.34)

Thus, we can always exchange a pair of charges (2,1) + (2, —1) for other generic matter
(assuming a sufficient number of fields of charges (0, 1) and (1,0)) and increase the number
of uncharged scalars. A similar statement clearly holds for (1,2) + (—1,2) matter. When
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we only have (2,1) matter fields and no fields of charge (2, —1), however, we cannot make
further exchanges without decreasing the number of uncharged scalars. Thus, a model
with generic matter is expected to have only one of the types of charge (2,1) or (2,—1),
and only one of the types of charge (1,2) or (—1,2).

In fact, the sign choices of the allowed matter fields are determined directly by the
structure of the anomaly coefficients. As described in more detail in appendix C, solving
the eight relevant anomaly equations for the canonical choice of generic U(1) x U(1) matter
content in table 2 gives

1
T2 1 = —bia- <a + 21?11) ,

1
T_12 = —bia- (a + 2522) .

These multiplicities are non-negative when the r.h.s. of both equations is non-negative.

(3.35)

This combination of signs for the r.h.s. of eq. (3.35) and the subset of generic matter fields
containing (2, —1), (—1, 2) represents one consistent class of models associated with specific
signs for the anomaly coefficients. Because there is no positivity constraint on the anomaly
coefficient b12, we can consider another closely related model, as discussed above, in which
the sign of this coefficient is flipped; this corresponds to an equivalent model in which one
of the U(1) factors is conjugated, giving a model with a spectrum related to the original
spectrum through eq. (3.33). In particular, the resulting model has generic matter fields
of types (2,1) and (1,2). Indeed, explicitly solving the eight relevant anomaly equations
for the generic matter content with this choice of fields gives

1
21 = b1 - (a + 2511> ;

1
x12 = bia- (a + 2b22> .

(3.36)

When T = 0, we can show that in fact these two types of matter spectra are the only
possible combinations consistent with the anomaly constraints. From eq. (3.4) (noting
that these equations will hold separately for each U(1) factor), we see that for each U(1)

; 1 1

For theories with T" = 0, the anomaly coefficients a,b;; are integers, and —a = 3, so
eq. (3.4a) implies that b; > 0. This implies that for each i, a + b;; /2 > 0. As a result, the
r.h.s. of eq. (3.35) always both have the same sign when 7" = 0, as do the r.h.s. of eq. (3.36).

When T' > 0, however, the terms on the r.h.s. of the two equations (3.35) can have

factor we have

opposite signs. In this case, we get a mixed spectrum, with either charges (2,1),(—1,2)
or (1,2),(2,—1). In these cases, the expressions for the multiplicities of the non-negative
charges of these types are given by one equation from eq. (3.35) and one equation from
eq. (3.36), as appropriate. We describe an explicit example of such a spectrum below.
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3.6.2 Generic U(1) x U(1) matter from Higgsing nonabelian theories

One illuminating perspective on these spectra can be understood from the point of view
of Higgsing a nonabelian theory. As described in [28]%, the canonical U(1) x U(1) generic
matter types from table 2 can be realized when a theory with nonabelian gauge group
G(2) = SU(2) x SU(2) x SU(3) and generic matter is broken by Higgsing pairs of bifunda-
mental (], 1,[ ]) and (1,[ ][ ]) fields to give the U(1) x U(1) model.?

In particular, we can embed the two U(1) factors into G o) as

100
1
U(1)1—><0_01> +<gg> +10-10] ,
1 2 000

3 (3.38)
00 0
00 10
of¢! 1
()2—><00>1+<0_1>2+ 01 0

00 -1

3

Here, the subscript on each matrix indicates which factor of G(o) it acts in. With this
embedding, we see that the generic matter types for G(3) descend to the canonical generic
matter types for U(1) x U(1). For example, the adjoint of SU(3) contains fields that will
give charges (2,—1) and (—1,2), as do the bifundamental fields ([ ], 1,[ ]) and (1,[ ],[ ).

If we denote the anomaly coefficients in the nonabelian G ) model by A = bgy9),, B =
bsu(2),> C = bsu(3), then it is straightforward to deduce that

b =2(A+0C)
boo = Q(B + O) (3.39)
bio = —C'.

With the canonical choice of generic matter and the above embedding, we can then interpret
the multiplicities (3.35) in terms of the original nonabelian model. In particular,

291 =C-(a+A+C)=C-A+29c —2, (3.40)

and a similar relation holds for z_j 2, where go = C - (a + C)/2 + 1. This immediately
matches with the analysis above: C - A is the number of ([ ], 1,[ ]) fields (which give one
(2,—1) field each), gc is the number of adjoints (which give two (2, —1) fields each), and
two bifundamental fields need to be used for the Higgsing.

From this point of view, many consistent generic U(1) x U(1) spectra can be realized
by Higgsing a nonabelian model with gauge group G ). The alternative spectra with (2,1)

2In the model in [28], the sign of by is such that the spectrum contains (2,1), (1,2) charged matter, but
the embedding construction there is essentially equivalent to that used in the discussion here to realize our
choice here of canonical U(1) x U(1) matter.

3Note that in this and the following sections on U(1)* models for s = 3,s > 3, we choose to use
fundamental-fundamental SU(N) x SU(M) matter as canonical rather than fundamental-antifundamental
matter to simplify the structure of the Higgsing and embedding formulae; a different choice of signs for the
embedding would match with the fundamental-antifundamental canonical matter choice in table 2.
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and (1, 2) matter can be realized similarly by using eq. (3.32), which can be done explicitly
by simply flipping the sign of one of the U(1) factors in the embedding (3.38) and changing
the sign of bj2. Not all generic U(1) x U(1) models can be unHiggsed in this fashion,
however. In some cases, there may not be enough uncharged scalar matter. Another more
interesting class of cases arises when we have the mixed matter types such as (2,1) and
(1, —2). We conclude this section with a simple example of such a case.

Consider the case of T = 1 with the odd string lattice and positivity cone (3.24).
We choose

b1 = (6,0) s boo = (8, —4) R b1o = (0, 1) . (3.41)

We see that in this case, we expect the spectrum

1
xo 1= —bia- <a + 2b11> =1,
: (3.42)
T2 = bio-[a+ 5[)22 =3.

This cannot come from a Higgsed nonabelian model as described above, however. Choosing,
for example, C' = bj2 and A = by1/2 — C, we see that the nonabelian model would have no
SU(3) adjoint matter and only one ([ ], 1,[ ]) bifundamental field, so there would not be
sufficient matter available for the Higgsing. Nonetheless, as we discuss further in section 4,
it seems likely that this U(1) x U(1) spectrum can be realized in F-theory.

3.6.3 Generic U(1) x U(1) matter at small b, T =0

We believe that for all sufficiently small choices of b that have good solutions to the AC
conditions, a subset of generic matter representations with cardinality equal to the number
of nontrivial AC conditions is realized with non-negative multiplicities. We prove that this
is the case for T' = 0 models here, and briefly discuss the more general case in appendix C.
We have already seen in section 3.6.1 that for any choice of b;; that yields good so-
lutions of the AC equations, at most one of the pairs (2, —1),(—1,2) and (2,1), (1,2) can
have nonzero multiplicities in a generic model on a maximal-dimensional branch of moduli
space. Thus, we only need to inspect the multiplicities for the remaining generic matter
representations. The full set of equations determining these multiplicities is given in ap-
pendix C. For T = 0, we find that for all b;; with by1 + boo < 24 that yield good solutions
of the AC equations, there exists a good solution with generic matter for one of the two
choices of (2,+£1),(£1,2) for all |bi2| < min(by1,ba2)/2. This result is shown in figure 3.

3.7 Three abelian factors: U(1)3

Turning to U(1)3, in addition to the canonical fields in table 2, matter fields of the form
(1,1,1) are locally equivalent to those with charges (1,1, —1), and can also play the role of
generic matter fields. Similarly to the case of charges (2,1) and (2, —1), we find that there
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Figure 3. Plot of the (b11,be2)-plane for a U(1) x U(1) model with " = 0. Choices of b11, baso
for which the AC equations have non-negative solutions with only generic matter (either with the
(2,-1),(—1,2) or the (2,1),(1,2) pair of charge combinations) are shaded in solid blue. Integer
choices of b;; for which there is such a solution with integer b;; are superimposed in black. Below
the dashed curve b1y + bao = 24, all choices of b;; that yield any good solutions of the AC equations
lie within the blue shaded region, and within this region, there is a good solution with one of the
two above subsets of generic matter for all |byo| < min(byq, bao)/2.

is an exchange

(1,1,1) + (—=1,1,1) + (1,-1,1) + (1,1, -1)
+4 x (1,0,0) +4 x (0,1,0) +4 x (0,0,1)
— (3.43)
2x(1,1,0) +2 x (1,0,1) +2 x (0,1,1) + 2 x (1,—1,0)
+2x (1,0,—-1) +2 x (0,1,-1) + 4 x (0,0,0),

so that, assuming there are a sufficient number of fields of charges (1,0,0), (0,1,0), and
(0,0,1), we can always remove quartets of charges (1,1,1)+(—1,1,1)+(1,—1,1)+(1,1,-1)
and increase the number of uncharged scalars. Thus, we expect that models with generic
matter and a maximal number of uncharged scalars (at small b as usual) should only have
a size three subset of these four charges present. Note that the number of canonical fields
listed in the table has cardinality 3(;), which matches the number of AC equations, while
the number of fields of type (1,1,1) is (g)

For each pair of U(1) charges, we can again use the analysis of the previous section

to show that there are only one each of the pairs (2,41,0), (1,£2,0), etc. Furthermore,
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because the analysis for each pair of U(1) factors considered independent of the third charge
is unchanged, we can read off which elements of each of the (2, £1,0) type pairs are realized
directly from the signs of the terms b;; - (a + b;;/2), analogous to egs. (3.35) and (3.36), for
each pair i, j.

While the structure of the minimal set of three of the four (1, +1, £1) type fields (recall
that (1,—1, —1) is the same type of matter as (—1,1, 1)) is correlated with the structure of
the (2,+1,0) type fields, in some cases the minimal set of (1,41, 1) fields is not determined
uniquely by the (2,41,0) type fields or by the signs of the terms b;; - (a + b;;/2). To say a
little more about this, it is helpful to distinguish two classes of configurations. To illustrate
the first class, let us start with a case where —b;; - (a + b;;/2) > 0 for all six possible pairs
i,7 (with b;; = bj;). In the spirit of the discussion above for two U(1) factors, such a U(1)3
model can be realized by Higgsing a model with gauge group G(3) = SU(2)3 x SU(3)3,
where the U(1) factors are embedded as shown in table 3. Roughly speaking, the SU(2)
factors are associated with the anomaly coefficient combinations b;; /2 + ) j b;; for each 1,
and the SU(3) factors are associated with the —b;;, i # j. With such an embedding, it is
straightforward to see that the SU(3) adjoint and bifundamental fields realize U(1) charges
in the canonical set listed in table 2. Thus, when all these signs are consistently chosen in
this way for the anomaly coefficients, we should realize this canonical set of generic matter
fields (for sufficiently small b, as usual). For example, when T = 0, this corresponds to the
case where all b;; are negative.

For simplicity, let us continue to consider the case where T' = 0, so the anomaly
coefficients are integers. We assume all b;; are nonzero; when one or more of these co-
efficients vanish, the configuration is degenerate and missing some generic matter fields.
From the preceding Higgsing construction, we can consider three other classes of models
that are realized by implementing the change of signs (3.32) for each of the three choices
of 4. This will give a total of four possible minimal sets of generic matter fields that we
expect to be associated with moduli space branches of maximal dimension; these four sets
are given by the canonical set listed in table 2 and the sets realized by flipping the signs
of g; in all charges for each choice of i. For T = 0, where the b;; are integers, these four
classes of models correspond to sets of b;; where an even number of these anomaly coef-
ficients are positive. In analogy with a spin model where b;; gives the coupling between
pairs of spins, we refer to this as a “non-frustrated” configuration. In these cases, the
type (1,£1,£1) matter choices in generic models are also fixed by the anomaly coefficient
signs. It is interesting to also consider the four “frustrated” configurations of b;;, where an
odd number of the off-diagonal abelian anomaly coeflicients are positive. In these cases,
again the spectrum of (2,+1) type matter is determined from the sign of the b;; (or in
models with 7" > 0 by the signs of b;; - (a + b;3/2)). The spectrum of (1,%1,+1) type
fields is, however, not determined uniquely from the signs of the anomaly coefficients in
these cases. Roughly speaking, the choice of (1,+1,£1) type fields follows whichever non-
frustrated configuration is “closest” to the given frustrated configuration. For example,
with anomaly coefficients b; = 8,b10 = —2,b13 = —2,b23 = 1, we get the canonical set of
(1,£1,+£1) fields, while with b; = 8,bj2 = —2,b13 = —1,by3 = 2, which have the same
signs, we get the set of generic matter fields (1,1,1),(1,—1,—1),(1,—1,1) associated with
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U(1) U(1) U(l)

SU@) 00 00 1 0
00 0 0 0 -1
00 1 0 00
2
ol (00) (00 ()
SU() 1 0 00 00
0 —1 00 00
000 1 0 0 00 0
Su@3)| [o o o 0 —1 0 01 0
000 0 0 0 00 -1
1 0 0 00 0 ~1.0 0
SUB)||lo -1 0 000 0 00
0 0 0 000 0 01
-1 00 00 0 000
SUB)||l o o0 o0 01 0 000
0 01 00 -1 000

Table 3. Embedding of U(1)? into SU(2)? x SU(3)3. The generator of a given U(1) factor is the
sum of the SU(N) generators in the corresponding column.

positive choices of by3, beg (which can be related to the canonical set of generic matter fields
by flipping the sign on g¢3).

To conclude this section, we consider how the anomaly-equivalent representations
(C}[ 1) and (D, (], 1) of SU(3)* C G(3) behave under Higgsing to U(1) x U(1). As
discussed above, with the embedding of table 3, the fundamental-fundamental matter field
gives rise to only the canonical choices of generic matter fields. On the other hand, the
fundamental-antifundamental field gives rise to charges including (—1,—1,2). (Note that
such a charge can also arise from fundamental-fundamental matter fields when the signs
on the embedding are chosen differently). While this may seem to suggest that (2, —1, —1)
type matter fields may arise in generic U(1)® models, this is not the case. Comparing
the complete sets of fields that arise from the fundamental-fundamental and fundamental-
antifundamental SU(3) x SU(3) representations, we find that the resulting sets of U(1)?3
fields have an anomaly equivalence

(2,-1,-1)4+(2,0,0) + (1,1,—-1) + (1,-1,1) + (1, -1,0)
+(1,0,—1) + (0,1,1) + (0,1,0) + (0,0, 1)
PR (3.44)
(2,0,—1)+ (2,—-1,0) + (—-1,1,1) + (1,1,—-1) + (1,1,0)
+(1,0,1) +2 x (0,1,—1) + (0,0,0) .
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This illustrates several things: first, it gives a simple understanding of the anomaly equiv-
alence from (2,—1,—1) to canonical generic matter; second, it is an example of how Hig-
gsing matter that is anomaly-equivalent to generic matter can give non-generic matter
fields; third, it emphasizes the point that while they are anomaly-equivalent, the repre-
sentations (][ ]) and (D, i) of SU(N) x SU(M) behave physically quite differently in

many circumstances.

3.8 Generic matter with more than three U(1) factors

For gauge groups with more than three U(1) factors, there are still further ambiguities in
what defines generic matter. For a gauge group U(1)® with s > 3, in addition to the generic
matter charge types (0), (1), (2), (1,£1), (2, £1) and (1, £1, +1) that can arise with a gauge
group of U(1)3, among generic matter charge types we must also include fields with charges
(1,41,41,41) for any subset of four of the U(1) factors. Based on the structure of U(1)3
generic matter and on counting of anomaly cancellation conditions, in any given generic
U(1)® model we might expect that for each subset of four U(1) factors only one of the
possible eight of these charge types will appear for any given set of anomaly coefficients.
This turns out not to be the case, however, as we now describe in further detail.

From the point of view of counting anomaly constraints, we see that eq. (2.11d) gives
an additional (Z) constraints beyond those considered in the analysis for up to three U(1)
factors, so including one new charge type for each set of four U(1) factors would give a set
of generic matter fields that matches the number of AC equations, as we might desire for
the subset of generic matter types realized in any given generic model. We can, however,
identify anomaly equivalences that exchange any field of charge type (1,41,£1,+1) for
any other field of another such charge type under the same set of four U(1) factors without
changing the number of uncharged scalars, assuming sufficient quantities of all other generic
matter fields. Restricting attention to the simplest case of U(1)*, we have for example the
anomaly equivalence

(1,-1,1,—-1)+(=1,1,1,0)+(1,0,—1,1)+(1,—1,0,1)+(0,1,1,—1)
+(1,0,0,—1)+(0,1,-1,0)4(0,1,0,1)+(1,0,1,0)
— (3.45)
(1,-1,-1,1)+(1,0,1,—-1)4+(1,-1,1,0)+(0,1,—1,1)+(—1,1,0,1)
+(0,1,0,—1)4(1,0,—1,0)+(1,0,0,1)+(0,1,1,0).

This anomaly equivalence suggests that there can be multiple anomaly-equivalent models
with different subsets of the generic matter fields; furthermore, we may expect to see
“generic models” of maximal moduli space dimension that contain more distinct matter
charges than the appropriate number of AC equations. In fact, this seems to indeed be
possible, and can be understood in relation to the anomaly equivalence of the fundamental-
fundamental and fundamental-antifundamental fields for an SU(N) x SU(M) gauge group.

To explore this further, we can take an embedding of U(1)* into G4y = SU(2)*xSU(3)°,
analogous to that given in table 3 for U(1)3. The charges resulting from the Higgsing of
such a model with generic matter for the nonabelian gauge group are of the forms (0), (1),
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(2), (1,1), (1,-1), (2,-1), (1,1,-1), (1,1, —1,—1). (Note that other choices of embedding,
or including fundamental-antifundamental fields in the nonabelian theory can give rise to
charges type (1,£1,+1,+1) with different sign choices. Other embedding choices can also
give rise to charges of type (2,£1,+1), but these can be removed in favor of the generic
matter types using the anomaly equivalence (3.44).) While this Higgsing construction gives
rise to a set of U(1)* models with only generic matter types, it generally will give more
than one set of (1,1,—1,—1) type charges. While we can exchange one such charge for
another through eq. (3.45), this does not change the number of uncharged scalar fields,
so this construction gives models with more distinct generic matter charge types than
expected from the number of AC equations, although these models should be generic in
the sense of maximizing moduli space dimension. Indeed, from the point of view of this
Higgsing process, the equivalence (3.45) can be associated with the Higgsed version of the
anomaly equivalence between fundamental-fundamental and fundamental-antifundamental
SU(3)xSU(3) representations. This can be further understood, in particular, by noting that
the L.h.s. and r.h.s. of the anomaly equivalence are related by simply flipping the signs on the
last two charges. Thus, we see that at four (or more) U(1) factors, just in the same way as
for multiple nonabelian factors, the number of distinct types of generic matter fields realized
in any given generic model can exceed the number of anomaly cancellation equations.

Combining this analysis with our understanding of generic matter with three or fewer
nonzero abelian charges, we can summarize the situation for the generic matter spectrum
of a general U(1)® theory: the bi-charged matter under any pair of U(1) factors will be
determined just as in the U(1)? and U(1)3 cases from the anomaly coefficients, with in
particular the types of (2, £1) matter being determined by the signs of the terms b;; - (a +
bi;/2). Similar to the analysis of U(1)3 models in the previous subsection, we can consider
each U(1)? subgroup of U(1)* to be “frustrated” or “non-frustrated” depending on the
signs of the relevant b;; anomaly coefficients, and the spectrum of (1,41, 41) matter will
be correlated to these anomaly coefficients for each U(1)? subgroup as discussed above. For
4-charged matter of the types (1,+1,+1,+1), however, we may generally expect to find
models with different combinations of matter charges even for fixed anomaly coefficients;
such models will be related by anomaly equivalences such as eq. (3.45). While for certain
combinations of anomaly coefficients we expect only certain types of (1,41, £1,+1) to be
possible in generic models, we leave a systematic analysis of the constraints and possibilities
for further work.

3.9 Other nonabelian factors

The analysis of other nonabelian factors is closely parallel to that of SU(N). While we have
not carried out this analysis at the same level of detail as with SU(N), we can enumerate
the types of representations we expect to find as generic for the other compact simple Lie
groups. Namely, for Sp(/N) we expect to find fundamentals, adjoints, and antisymmetric
representations, as for SU(N), while for SO(NN) we expect to find fundamentals, spinors,
and adjoints. The exceptional groups have no quartic Casimir, and so behave like SU(2) and
SU(3); thus, we expect only fundamentals and adjoints to appear generic for these groups.
(For the exceptional groups the relevant fundamental representations are the smallest-
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dimensional nontrivial representations, i.e., the 7 of Go, 27 of Eg, etc.). Note that for Eg,
there are not distinct fundamental and adjoint representations, and so there appears to be
a counting mismatch with the AC conditions; however, we do not expect to find matter in
6D supergravity theories with gauge group Eg, and so this is not an issue.

We expect for each of these nonabelian gauge factors that the representations listed
play the same role as the analogous representations for SU(NV), with in particular matter
charged under multiple fields including a given nonabelian factor involving the fundamental
in the same way as for SU(N). Thus, for example, for Go x SU(2), generic matter includes
bi-charged matter in the (7,2) representation (which is self-conjugate, and so can appear
in half-hypermultiplets).

4 Generic matter in F-theory and the string swampland

From the point of view of F-theory, the generic matter representations described in sec-
tion 3.1 arise naturally through the simplest Weierstrass model constructions of both non-
abelian and abelian gauge groups. Other “exotic” matter representations require more
complicated constructions that involve more singular geometries and tuning additional
moduli. The framework of F-theory also provides explicit constructions of “matter tran-
sitions,” which exchange one kind of matter fields for another anomaly-equivalent set of
matter fields without changing the gauge group. We summarize here how the models con-
structed in F-theory fit into the framework of generic matter defined earlier. In section 4.1,
we describe F-theory models with SU(N) gauge factors only; F-theory models with other
nonabelian gauge factors besides SU(V) can be constructed in a similar fashion to the sim-
plest SU(N) models (using Tate tunings), and similarly give rise to generic matter fields.
In section 4.2, we describe F-theory models with one or more U(1) factors.

F-theory gives rise to most 6D supergravity theories that can be realized in any version
of string theory.* In section 4.3, we describe how generic matter provides a helpful paradigm
with which to explore the “swampland” of 6D models that appear acceptable from anomaly
cancellation and other known quantum consistency conditions, but which are not realized
in F-theory.

4.1 Tate and Weierstrass models for SU(IN) gauge groups

We review briefly the basic elements of F-theory that are involved in constructing a 6D
theory with a gauge group SU(N). For a more extensive background on F-theory see the
original papers [31-33] or the reviews [34, 35].

An F-theory model of a 6D supergravity theory is described by an elliptically fibered
Calabi-Yau threefold encoded in a Weierstrass model

=2+ fr+g, (4.1)

where f, g are functions (or more properly sections of certain line bundles) on a complex
surface base B. The geometry of the Calabi-Yau threefold encodes the physics of the

4Some exceptions include models that can be realized in the “frozen” phase of F-theory [6], or which
include exotic matter that cannot be realized in conventional F-theory [29, 30].

~ 99 —



corresponding 6D theory; the number of tensor multiplets is given by 7' = h%!(B) — 1, the
6D string charge lattice is given by I' = HY1(B,Z), and the anomaly coefficient a is the
element in I' associated with the canonical class Kg of the base. The gauge group and
matter fields are encoded in singularities of the elliptic fibration.

The F-theory model gives an SU(N) gauge group over a divisor (complex codimension
one locus) o = 0 when the discriminant

A =413 4274 (4.2)

vanishes to order N over o, while either f or g does not vanish over o. In general, this
condition requires a precise cancellation of the terms in the discriminant at each order in
0. The simplest way that these cancellations can be imposed is through a “Tate form”
model [36, 37]

Y2+ arxyz + asyz® = 3 + aga®2® + aszz* + ag2® . (4.3)

When eq. (4.3) is converted into Weierstrass form by completing the square and clear-
ing the quadratic term in x (and setting z = 1), an SU(V) singularity is realized over
the divisor ¢ = 0 when the a, coefficients vanish to the orders [a1,as,as,aq,a6] =
0,1, [N/2), (N + 1)/2), N].

This simple Tate form (4.3) for SU(N) gives rise to a 6D theory where the SU(V)
anomaly coefficient is the class in I' = HY(B,Z) associated with the divisor o (b = [0]),
and SU(V) matter fields transform under the fundamental, adjoint, and two-index antisym-
metric matter representations — precisely the generic matter types listed in table 2. This
can be seen geometrically in the F-theory picture from the fact that adjoint representations
arise from the genus of a smooth divisor, and the fundamental and two-index antisym-
metric matter representations arise from simple codimension-two singularities associated
with points on o where A vanishes to orders higher than N through a simple singularity
enhancement described using the Kodaira classification as Ay_1 — Ax, Axy_1 — Dy, re-
spectively. The Tate form construction of Sp(N) and SO(N) gauge groups proceeds in a
similar fashion, and for exceptional groups the Tate construction is even simpler, involving
only conditions on the orders of vanishing of f and g.

Any other kind of matter representation for SU(NN) (or any other nonabelian gauge
factor) in F-theory requires some additional more special tuning of the Weierstrass coeffi-
cients f,g. There is only one case in which it is known that this can be achieved through a
Tate-type tuning: it was shown in [38] that a special Tate tuning of SU(6) can be realized
when the a,, coefficients vanish to orders [0, 2, 2, 4, 6] (instead of the usual Tate SU(6) tuning
[0,1,3,3,6]). In this case, at the locus a; = A = 0 there arise higher singularities associated
with the three-index 20 representation of SU(6). Since a4 generally has at least as many
degrees of freedom at order o as a3 does at order o2, and ay generally also has degrees of
freedom at order o, it turns out that this exotic Tate tuning always reduces the number
of degrees of freedom in the model, in accord with the principle that exotic matter always
reduces the number of degrees of freedom (uncharged matter hypermultiplets) in the theory.

A systematic approach to tuning SU(N) Weierstrass models by arranging an order-
by-order cancellation in the terms of the expansion of A in terms of expansions of f, g as
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power series in o was carried out in [39]. In that paper, the assumption was made that o
is a smooth divisor, and that the ring of functions on o is a Unique Factorization Domain
(UFD). From this point of view, the three-index antisymmetric tensor representations of
not only SU(6) but also SU(7) and SU(8) can be realized explicitly as tuned Weierstrass
models. In each case, it can be seen explicitly that more degrees of freedom must be tuned
away (associated with a decrease in the number of uncharged hypermultiplets) to realize
the three-index antisymmetric tensor representations.

A further study of exotic matter was carried out in [40]. In that paper it was shown
explicitly how the two-index symmetric representation of SU(N) and the three-index sym-
metric representation of SU(2) can be realized through a non-UFD tuning of SU(N) on a
singular divisor . Again, in these situations, tuning the curve o so that it is singular and
the spectrum includes exotic matter representations removes degrees of freedom encoded
in uncharged hypermultiplets. In that paper, it is also argued that these are the only ex-
otic representations of SU(/N) that can be realized in conventional F-theory. Furthermore,
for other gauge factors including in particular the exceptional gauge algebras, the same
argument shows that no other non-generic matter parameterization should be possible in
conventional F-theory other than for SU(N) and closely related Sp(IV) cases.

Note that, as discussed in [40], although exotic matter representations can generally
only be achieved by fine-tuning from a model with only generic matter, there are cases in
which models with generic matter are ruled out by anomaly cancellation considerations that
would imply that some matter representations have negative multiplicity, as mentioned in
section 3.4. In such situations, there can be F-theory models that realize a given gauge
group on a divisor ¢ of a certain class with exotic matter, where no generic matter model
is possible. In general, this occurs precisely where the anomaly coefficient b becomes too
large for generic matter to be possible with non-negative multiplicities.

As an example of how F-theory realizes generic SU(N) matter through Tate tunings
at small b, we consider the simplest case of the base P2, corresponding to 7 = 0. In
this case, homology classes in H!(P?) are given by integer multiples of the generating
class H, so anomaly coefficients are simply denoted by integers. The anomaly coefficient
—a = 3 corresponds to the anticanonical class —K = 3H. A Tate tuning of SU(2) is
possible up to b = 12, giving the generic matter SU(2) models listed in eq. (3.18). For
b > 12, any F-theory model must be described by a more general class of Weierstrass
model that does not take the Tate form; in particular, as described in [40], the divisor o
must have a triple-point singularity for each (half-hyper) matter multiplet in the [ [ [ ]
representation. While there is no completely systematic construction of such models, some
F-theory models of this type with b > 12 are explicitly constructed in [41]; for example
(see table 3.22 in that paper) there is a model with b = 13 that has 6 triple-symmetric
matter fields, associated with 12 triple-point singularities in the locus ¢ = 0. The F-theory
construction of such exotic matter models is discussed further in section 4.3.

For SU(Ny) x - -+ x SU(N;) theories, standard F-theory constructions using the Tate

construction for each factor yield the generic representations of the form 1, [ ], Adj, —,

(E], i), and (E], E]) Some more exotic representations, such as <H, D), can also be
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constructed with a reduction in the number of uncharged scalars, though the Weierstrass
models for such exotic multiply-charged have not been systematically described.

It is interesting to consider how the anomaly-equivalent generic matter representations
(I:], i) and ([_],[]) arise in simple F-theory models. While determining which of these
representations arises at a given singularity involves somewhat subtle global aspects of a
given Weierstrass model [39], it is straightforward to see that many general Tate models
for SU(N) x SU(M) will include both types of representations, using a simple Higgsing
argument. Consider, for simplicity, models with no tensor multiplets, corresponding to
F-theory on P2, We can perform a Tate tuning of SU(/N) on a smooth curve of degree d,
which has self-intersection n = d* and genus g = (d — 1)(d — 2)/2. The resulting SU(N)
model has generic matter content

ng@+ua1—m+48—Nyqx[pwn+2—zwxE} (4.4)

We can break SU(N) — SU(N — k) x SU(k) by Higgsing on a pair of antisymmetric matter
fields. The resulting model has the spectrum we expect from a Tate tuning of the product
gauge group on a pair of distinct divisors of degree d. Under this Higgsing process, the

decomposition of the — representations of SU(N) includes bifundamental representations

((CJ[]), while the decomposition of the adjoints of SU(N) includes (2x) fundamental-

antifundamental matter representations (E], i) Thus, the resulting SU(N — k) x SU(k)
model contains, among other fields, the matter representations

@x@jiyuf—@mj[y (4.5)

As expected from anomaly cancellation, the total number of fields in these two represen-
tations sums to d?, which is the number of points where the two degree d curves intersect;
however, the spectrum includes d? — 3d + 2 fundamental-antifundamental matter fields and
3d — 2 bifundamental fields. This is a simple example of how F-theory generically gives rise
to a mixture of the different anomaly-equivalent generic matter representations in cases
where there are more generic matter fields than anomaly cancellation equations.

4.2 U(1) matter in F-theory

F-theory constructions of 6D models with abelian gauge groups are not well understood
beyond the simplest models with a single U(1) factor and the generic ¢ = 1,2 matter
representations. We summarize briefly here the situation of what is known. The generic
matter analysis for U(1)2, U(1)3, and U(1)%,s > 3 models carried out above gives new
insights into the structure of F-theory constructions in these cases.

4.2.1 One U(1) factor

A general construction of an F-theory model over a given base B with a single U(1) factor
was given by Morrison and Park in [42]. In the Morrison-Park model, the only matter
fields that arise are the generic charges ¢ = 1,2. Thus, again, in this case the simplest
F-theory construction gives a model with only generic charges.
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There are only a limited set of explicit Weierstrass model constructions known that
give rise to U(1) theories with charges ¢ > 2. A specific set of models with ¢ = 3 was first
identified in [43]. This set was generalized to a more general class of models with ¢ = 3
charges and related to non-UFD singularities in [44]; in this paper, Raghuram also identified
a limited class of models with charge ¢ = 4. At this time, there are no explicit Weierstrass
model constructions known for any U(1) charges ¢ > 4, although general arguments from
Higgsing known nonabelian models suggest that there should be F-theory models with
U(1) charges ¢ = 5,6 that arise from Higgsing simple Tate SU(N) models over the base
B = P? [5] and F-theory models with U(1) charges up to ¢ = 21 at least that arise from
Higgsing more exotic nonabelian models on other bases [45]. A recent paper [46] gives
an alternative construction of F-theory models with charge ¢ = 4 matter through a weak
coupling limit of type IIB string theory, and identifies IIB models that should correspond
to charge ¢ = 5,6 matter.

4.2.2 Two U(1) factors

For models with two U(1) factors (G = U(1) x U(1)), a rather general construction was
put forth in [28], following some more specific constructions with more constrained matter
content [47-50]. The matter content of the general U(1)? construction matches well with
the generic U(1) x U(1) matter content described above, and can be understood as coming
from the Higgsing of a nonabelian model with gauge group G(9) = SU(2) x SU(2) x SU(3).
Here, the U(1) factors are associated with divisors AC, BC, where the nonabelian factors
are supported on A, B, C; this leads to a natural embedding of the U(1) factors in the
Cartan subalgebra of the nonabelian group as in eq. (3.38). The explicit analysis of the
U(1) x U(1) Weierstrass model in [28] was shown to give the generic matter spectrum
described in section 3.6 with charges (2,1) and (1,2). This setup should also allow for
the construction of models with generic matter charges (2, —1) and (1, —2), with different
choices of divisors associated with the anomaly coefficients b;;, though that is not addressed
directly in the paper; we leave an investigation of the details of this analysis for further
work. One interesting feature of the construction in [28] is that the most general model
there automatically includes non-generic charge (2,2) matter. A slightly more restricted
version of the model gives only the generic matter charges in table 2.

4.2.3 Three or more U(1) factors

At this point there is very little understanding of explicit F-theory Weierstrass models
for theories with more than two U(1) factors. In [51], a model was given with three
U(1) factors, but it provides only a very limited class of spectra and does not contain all
expected generic matter fields or generic models. In [52], explicit Weierstrass models were
given for K3 surfaces of Mordell-Weil rank up to 4, but the matter spectra of F-theory
compactifications on these surfaces was not explored. There are also some explicit 6D
models known with Mordell-Weil rank up to 8 and no matter charged under the U(1)
factors (i.e., non-Higgsable U(1) factors) [53, 54]. These models are rather special. We
can, however, from the analysis of generic matter, gain some insight into the structure one
might expect for a general F-theory construction of generic U(1)® models.
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Following the structure of the general U(1)? F-theory model, it was conjectured in [28]

s

that a general class of U(1)® models could be constructed from the Higgsing of a model

with gauge group
G =SU(2)* x SUB3)) x SUM4)G) x ... x SU(s)* x SU(s + 1), (4.6)

in which each U(1) has a component in one of the SU(2) factors, each pair of U(1)s has a
common component in one of the SU(3) factors, and so on. From the analysis of generic
matter in U(1)® models above, however, and the structure of the anomaly equations, it
seems that a broad class of generic matter models can be realized from Higgsing nonabelian
models with the simpler gauge group

Gsy = SU(2)* x SU(3)(2) . (4.7)

Here, there is an SU(2) factor associated with each U(1) factor, and an SU(3) factor
associated with each pair of U(1) factors. We can always construct an embedding of
U(1)* into this gauge group analogous to the embedding of U(1)? into Gz = SU(2)? x

8 using such

SU(3)3 given in table 3. Higgsing a G (s) model with generic matter to U(1)
an embedding gives a spectrum with charges of the generic matter types described in the
previous section.

While it is straightforward to construct an F-theory model with generic matter and
gauge group G, with any desired (relatively small) anomaly coefficients using the Tate
construction, unfortunately it is not clear given such a Weierstrass model how to perform a
Higgsing. The existence of the nonabelian model guarantees that there should be a Weier-
strass model for the resulting Higgsed U(1)® model, which with an appropriate embedding
will have generic matter fields as described in sections 3.7 and 3.8. Unfortunately we do
not know how to compute this model explicitly. One approach would be to simultaneously
tune Morrison-Park type U(1) factors on the relevant combinations of SU(2) and SU(3)
divisors, but it is not clear even in the case of U(1)? how to derive the general model of [28]
from this point of view. Indeed, understanding high-rank abelian gauge groups associated
with large rank Mordell-Weil groups in the F-theory geometry is an open problem that
deserves further attention; hopefully the structure of generic matter analyzed here may
help provide some insights into these problems.

4.3 Generic matter, string universality, and the swampland

The concept of “generic” matter representations in 6D supergravity theories is a useful
tool in analyzing the relationship between low-energy constraints on supergravity theories
and UV complete models that come from F-theory or other string compactifications. It
was conjectured in [55] that “string universality” may hold for 6D N = (1,0) supergravity
theories, meaning that every massless 6D spectrum of tensor fields, gauge fields, and matter
representations that can be consistently coupled to quantum gravity is realized in string
theory. Currently, there is still a significant gap in understanding whether this is true; in
particular, even for theories with no tensor multiplets there is an infinite family of U(1)
charge spectra that are consistent with anomalies and other known low-energy consistency
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conditions but are not realized in F-theory [5]. The set of theories that satisfy known quan-
tum consistency conditions but that are not realized by known string theory constructions
has been dubbed the “swampland” [56, 57].7 At least for theories with generic matter
types, it seems that some simple assumptions about the structure of the low-energy theory
suffice to limit the swampland almost completely. This essentially focuses general ques-
tions about string universality and the swampland to more specific questions about exotic
matter and some subtle issues related to the positivity cone of the low-energy theory. We
summarize here briefly the general setup and explain how the swampland is substantially
reduced for theories with generic matter.

4.3.1 Structure of 6D supergravity theories

Elaborating further on the basic framework described in section 2, a 6D N = (1,0) su-
pergravity theory is described by some basic data for the low-energy theory. Any such
theory has one gravity (super)multiplet, 7" tensor multiplets, a gauge group G associated
with dim(G) gauge multiplets, and H matter hypermultiplets that transform under various
representations of the group G. In addition to this structure, there is a signature-(1,7’) in-
teger lattice I', often referred to as the “anomaly lattice,” which must be unimodular [27].
There is a gravitational anomaly coefficient a € I', which satisfies a - a = 9 — T by the
gravitational anomaly condition. For each nonabelian factor of the gauge group there is an
anomaly coefficient b, € I', and for each pair of abelian factors there is an anomaly coef-
ficient bj; € I'. These anomaly coefficients satisfy the anomaly constraints 2.9 and (2.11),
which lead to various further integrality constraints [22, 55], including the condition that
for a theory with U(1) gauge factors the anomaly coefficients b;; are even, in the sense
that b; € 2I'. Finally, there is a positivity cone in the anomaly lattice, corresponding to
the Kéahler moduli space of the theory. All of these quantities have a direct interpretation
in the geometry of F-theory: the lattice I' is the homology lattice of the base surface B,
the positivity cone is the cone of effective divisors, a corresponds to the canonical class, b
corresponds to the divisor class of the seven-branes supporting a given gauge factor, etc.

For each value of T', then, we can classify theories beginning with a choice of a and
lattice I' with positivity cone. It was shown in [22] (based on some minimal assumptions)
that a is a characteristic vector for I', meaning that a-z+xz-2 € 2I" for any x € I'. For small
values of T, there are only a few possible choices of lattice and a, and the characteristic
vector condition suffices to limit the possibilities to those that can arise from F-theory. In
particular, for 7' = 0 the lattice I' is uniquely defined as I" = (1), and —a = 3 is the unique
choice for a (with the sign fixed by the condition that —a lies in the positivity cone, which
by convention we take to be the set of positive values in I'). For T' = 1, there are two
possible unimodular lattices: the odd lattice with inner product

Q) = ((1) _01> (4.8)

5Note that different authors use the term swampland differently. We refer to the swampland as containing

any model that does not violate known quantum consistency conditions but does not have a known explicit
string construction. Thus, the swampland by this definition is time-dependent and can shrink as new
constraints and new string constructions are identified.
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and the even lattice with inner product

01
o (1)) o

We denote the corresponding string charge lattices by I'1,I'g. For I'j, the only possible
choice for a so that a-a =9 —-T =8 is —a = —a; = (3,—1), up to symmetries. For T'g,
there are two possibilities: —a = —ag = (2,2) and —a = —aj, = (4,1). The second choice
is, however, not a characteristic vector, so is not allowed in a consistent low-energy theory.
For T' = 0,1, these allowed combinations of the anomaly lattice and a are precisely those
allowed by F-theory. In fact, if we assume that the anomaly lattice for any higher value
of T has the inner product diag(+1,—1,—1,...,—1), then it seems that the characteristic
vector condition uniquely determines the value —a = (3,1, —1,...,—1).

4.3.2 Positivity cone and anomaly lattice related swampland issues

There are several aspects of the anomaly lattice I' and the positivity cone that are not
fully understood from the low-energy point of view. In particular, it is not clear how the
low-energy theory constrains the positivity cone, and while in F-theory any vector in the
positivity cone that has an inner product with itself x-x < —2 must support a gauge group
SU(3) or larger [7], this has not been proven purely from consistency considerations arising
from coupling the low-energy theory to quantum gravity. These issues lead to various
families of swampland theories that cannot be realized in F-theory but do not violate any
proven quantum consistency conditions on the low-energy theory. It seems likely that these
parts of the swampland can be removed by considering consistency conditions on the world-
volume of strings that couple to the tensor fields [55] (see, e.g., [58-63] for some recent
progress in understanding these string world-volume theories). There are thus various
important open swampland questions related to the anomaly lattice and positivity cone.
Here, however, we assume that the lattice and positivity cone are of a form compatible
with F-theory, and consider various gauge groups and matter content in that context.

4.3.3 The swampland for generic matter

Restricting attention to anomaly lattices I' and positivity cones compatible with F-theory,
and focusing only on theories with the matter fields we have identified as generic, the only
questions about theories in the swampland arise from three issues:

(a) large anomaly coefficients b,

(b) ambiguities between fundamental-fundamental /fundamental-antifundamental matter
for products of nonabelian factors and the related ambiguity associated with the
anomaly equivalence (3.45) for theories with more than three U(1) factors,

(c) alack of explicit Weierstrass models for generic models with multiple abelian factors.

SThanks to Noam Elkies for helpful discussions on this point.
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In essentially all of these cases, the appearance of swampland models is associated with
our incomplete understanding of how to construct Weierstrass models describing elliptic
Calabi-Yau threefolds with sufficiently complicated structure. We now briefly review how
the known classes of F-theory constructions described in sections 4.1 and 4.2 match with
the set of allowed low-energy theories with generic matter, and where the limitations of
these constructions lead us to the swampland.

Recall that for generic matter for any combination of nonabelian and abelian gauge
fields, we have found that the anomaly constraints uniquely identify the set of allowed
matter representations given the gauge fields and associated anomaly vectors by, b;;, up to
the ambiguities in item (b) above. Thus, we can define an apparently consistent low-energy
theory by choosing a set of gauge group factors Gy, U(1); and associated values of b, b;;
that are sufficiently small that the anomaly equations are satisfied by a subset of the set of
generic matter fields. In cases with multiple nonabelian factors, or more than three abelian
factors, there may be a family of theories associated with choosing different multiplicities
of the anomaly-equivalent sets of generic matter fields associated with item (b) above. The
swampland question in this context is: for which models in this class does there exist an
explicit F-theory construction through a Weierstrass model, or more indirectly an F-theory
construction of a model with a larger gauge group that can be Higgsed to the desired model.
(There are currently no non-F-theory constructions of models in this class that cannot also
be realized by conventional F-theory.)

Many of the theories in this general class can be directly constructed using the Tate
form (4.3), as long as the anomaly coefficients are not too large. While there is no direct
known Weierstrass construction for generic models with more than two U(1) factors, for
small values of the anomaly coefficients as described in sections 3.7 and 3.8 we can realize
models with more U(1) factors by Higgsing a Tate model with the appropriate number of
SU(2) and SU(3) factors. These approaches essentially lead to F-theory models for any low-
energy theory that does not suffer from issues (a) and (b), though for multiple U(1) factors
the details of the Higgsing construction and associated embeddings have not been worked
out in detail for all generic matter combinations. To illustrate the relevant issues more ex-
plicitly, we focus first on models with a single gauge factor, where only issue (a) is relevant.

As the simplest example, as discussed in [5], when the gauge group is SU(2) and 7' = 0,
there are anomaly-consistent theories for each value 1 < b < 12, and all of these theories can
be directly constructed as Weierstrass models using the Tate form, so there is no associated
swampland for models with only generic matter (except for one subtlety regarding the case
b = 12, which we return to below). The situation is less clear at larger values of T'. A Tate
SU(2) construction is possible when b < —4a, meaning that —4a — b is in the positivity
cone. The condition for generic matter, however, is that b-b < —4a - b, which is a weaker
condition. Thus, there are some cases that admit generic matter solutions to the anomaly
equations, for which a Tate construction is not possible.

As an example, consider the case of the even lattice (4.9), with positivity cone as
defined in eq. (3.23); this corresponds to the class of F-theory models compactified on
the Hirzebruch surface Fg = P! x P!. In this case, —a = (2,2). The anomaly coefficient
b = (2,9) (which lies in the shaded but not the hashed region in figure 1) is too large
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for a Tate SU(2) construction, but is compatible with a spectrum T = 104,37D:| =38
(with 15 uncharged scalars needed to saturate the gravitational anomaly bound). Note
that, as guaranteed by b € I'g, this model does satisfy the global anomaly cancellation
condition (2.13). This model is thus currently in the swampland, since it satisfies the
known quantum consistency conditions (see figure 1) but does not at this time have a
known F-theory construction.

While there is no Tate form Weierstrass model for this SU(2) theory on Fy, it is
possible that the more general class of non-UFD constructions analyzed in [40] can realize
this model. Specifically, this could occur if the genus 8 curve describing the divisor ¢ in
the class b where the SU(2) (A;) singularity is localized is taken to be singular, so that
some of the eight adjoints become localized; in this case the non-UFD ring of functions
on ¢ can lead to nontrivial cancellations giving an SU(2) Weierstrass model that is not in
Tate form. We leave a more explicit analysis of this and related situations for future work.
Note that the model with anomaly coefficient b = (1,9) is not consistent as it violates the
gravitational anomaly bound; since the corresponding curve would be rational (genus 0),
the non-UFD construction possibility is not an option in this case.

For theories with a single SU(N) factor more generally, similar issues can arise, giving
possible swampland models when the combination bN is too large for a Tate realization.
In general, a Tate realization of a theory with gauge group SU(N) will be possible when
bN < —8a. When this condition is violated (but the Kodaira bound bN < —12a is still
satisfied), there may be Weierstrass constructions even when there is no Tate construction,
as in the above SU(2) example, but there is no general methodology known or general
condition for when such a Weierstrass model will exist. Another, slightly more subtle issue
can arise when tuning maximal even or odd rank SU(N) factors through Tate [25, 39, 64].
The simplest example of this is found when trying to construct an SU(23) or SU(24) group
on a divisor b = 1 in P2, In this case, the Tate tuning of SU(23) automatically forces
a gauge group SU(24). So, the T' = 0,b = 1 model with gauge group SU(23) is in the
swampland; it is not clear if there is a non-Tate F-theory realization of such a model, but
it seems unlikely since, unlike in the SU(2) case mentioned above, the genus of the b = 1
curve is zero, so there is no opportunity for non-UFD structure. Similar issues arise when
tuning, for example, an SU(15) on F; or Fa.

An even more subtle issue is relevant in the SU(24) case. In this case, the Tate tuning
gives a model with gauge group SU(24)/Zs. This model has only matter in the two-index
antisymmetric tensor representation, which is invariant under the Zs center. In fact, this
seems to be a general pattern: in any model with no massless matter transforming under
a central component of the gauge group, the resulting F-theory model has a gauge group
that is quotiented by that central component. Since every known F-theory model that
we are aware of satisfies this condition, it is natural to make the hypothesis that this is
universally true for all F-theory constructions.

For example, with 7" = 0,b = 12 the SU(2) model described earlier has only 54 adjoint
fields and no fundamentals, and the gauge group is actually SO(3) = SU(2)/Zz [5, 65]. This
is reminiscent of the completeness hypothesis [66, 67] stating that any theory coupled to
quantum gravity must contain matter transforming in all nontrivial charges under the gauge
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group, but this condition applies only to massless fields and is therefore much stronger. It
would be interesting to understand whether this condition is truly a universal constraint;
for now, the models like those with a gauge group SU(24) and only two-index antisymmetric
matter lie in the swampland.

Turning to models with a only single U(1) factor, again, generic matter content of
charges ¢ = 1,2 is produced in many cases by the Morrison-Park model [42]. As discussed
in [5], in the simplest cases where T = 0, with the allowed values of a and positivity cones
compatible with F-theory geometry, the U(1) anomaly constraints precisely match those
for the existence of a Morrison-Park model, and there is no swampland (with the exception
of the model with only charge 2 matter that arises from Higgsing the SU(2),b = 12 model
mentioned above, which violates the general condition discussed there). For larger values
of T, the anomaly constraints are weaker but, as in the SU(2) case discussed above, have
a seemingly parallel form to the constraints for a Morrison-Park model that would be
interesting to understand better. An example of a swampland model here would be the
Higgsing of the b = (2,9),T = 1 SU(2) model mentioned above; presumably this model can
be realized in F-theory if and only if the corresponding SU(2) model can also be realized.

Now considering theories with a gauge group containing multiple nonabelian factors, for
a gauge group G =[], SU(Ny) in general a Tate realization will be possible if ), b.N, <
—8a, and again there will be cases where this condition is violated but the Kodaira bound
> bNie < —12a is still satisfied where there may be exotic non-UFD or other F-theory
constructions. A further issue that arises here is that the Tate construction will give
some specific combination of fundamental-fundamental and fundamental-antifundamental
matter for each product of nonabelian factors; there will be other anomaly-equivalent
models with different multiplicities after exchanging these equivalent representations, and
we do not currently have a general approach to analyzing or constructing the sets of
models with arbitrary distributions of these anomaly-inequivalent representations. This
contributes to parts of the swampland related to issue (b) above.

Finally, the F-theory construction of models with more than two U(1) factors is still
not well understood (issue (c) above). For two U(1) factors, the general construction in [28]
gives a general class of models with generic matter types. Presumably, like the Morrison-
Park model discussed above, there will be cases at T' > 0 where no Tate tuning is possible
but we expect a valid spectrum, which will contribute to the swampland of U(1)? models.
As discussed in section 4.2.2, the original analysis of these models made specific positivity
choices for the anomaly coefficients, and a complete story would involve generalizing this
analysis to all sign choices, though it seems likely this will lead to a consistent construction
of all the different classes of (2,41) matter spectra. For more than two U(1) factors,
there is no general explicit model known, so the most general approach available is to
implicitly construct U(1)3 and higher rank U(1)* models by Higgsing generic nonabelian
Gs) = SU(2)* x SU(B)(S) models. This will give a broad class of generic U(1)® models, but
as for the lower rank models discussed more explicitly, there will likely be similar further
components of the swampland. The swampland for U(1)* and higher models will also
contain components from different distributions through the anomaly equivalence (3.45),
associated with issue (b) above.
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4.3.4 Exotic matter and the 6D swampland

The concept of generic matter is thus helpful in organizing analysis of questions related to
string universality and the swampland for 6D supergravity theories. Going beyond generic
matter, the question of which exotic matter types are allowed in F-theory involves much
more complex questions of algebraic geometry. For exotic matter charged under nonabelian
gauge groups, a systematic analysis of three-index antisymmetric (“genus 0” [17]) SU(N)
matter was carried out in [26, 39], and a general methodology for understanding “higher
genus” matter representations in terms of singularities over divisors that themselves are
singular was developed in [40]. While in many cases there are F-theory models with exotic
singularity structures that match with anomaly-free low-energy theories with certain exotic
matter content, in other cases it is not known whether F-theory models exist, and in still
other cases it is known that F-theory models cannot exist and there are apparently consis-
tent models in the swampland. It may be that some exotic matter is consistent and can be
realized in string theory but not conventional F-theory; incorporating such exotic matter
such as E7 x SU(2) bifundamental matter into F-theory may involve the “T-brane” world-
volume fields on 7-branes [30], and other exotic matter may appear in the “frozen phase”
of F-theory [6]. For abelian exotic matter, the story is even less clear. As discussed earlier,
explicit models for F-theory constructions with abelian charges ¢ = 3,4 were constructed
in [43, 44, 46], and Higgsing nonabelian constructions can give certain F-theory models with
charges up to ¢ = 21, but there still exists an infinite swampland of higher-charge U(1)
models that have no F-theory realizations, even though there is no clear understanding of
what the finite maximum U(1) charge allowed in F-theory constructions can be.

4.3.5 Swampland summary

Summarizing our discussion of the swampland and string universality, there are open ques-
tions at the level of the positivity cone, some detailed questions about which generic matter
models can be realized for large gauge groups and at larger values of b, T, and questions
about which exotic nonabelian and abelian matter representations can be realized in F-
theory. The analysis of generic matter that we have carried out here provides a useful
framework in which to organize further research in these directions.

5 Generic matter with global gauge group structure and 4D physics

5.1 Generic matter and the global structure of the gauge group

In our discussions of generic matter for SU(N) and U(1) gauge groups, we have primarily
assumed that there are no subtleties in the global structure of the gauge group. In partic-
ular, we have assumed that the semisimple part of the gauge algebra is associated with a
simply connected gauge group and that the gauge group is connected. One can consider
more complicated cases where the nonabelian part of the gauge group is not simply con-
nected, or where the gauge group has discrete structure and is not connected. The global
structure of the gauge group played a role in the last section in the discussion of swampland
models with no massless matter charged under a central component of the gauge group.
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A complete analysis of these more general cases is beyond the scope of this paper, but we
make some basic remarks here about a few aspects of these questions.

One useful tool in considering both low-energy 6D theories and their F-theory construc-
tions is the Higgsing process, which can connect theories with different gauge groups.” We
have used Higgsing processes in many places in this paper to describe generic U(1)® mod-
els from the Higgsing of generic nonabelian models with gauge groups G(,) = SU(2)* x

SU(3)(§), for s =1,2,3,.... For nonabelian groups such as SU(N), a theory with generic
matter content will still have generic matter content when a Higgs transition occurs from
giving a vacuum expectation value (VEV) to a pair of fields in the fundamental represen-
tation, for example. In this case, the new gauge group is SU(N — 1), and the other matter
fields in the fundamental of SU(N), for example, decompose as N — (IN — 1) + 1 under
SU(N —1).

It is interesting to consider, however, what happens when we take an SU(N + 1)
theory with generic matter including at least one adjoint multiplet, and Higgs on an adjoint
field with the VEV diag(1,1,...,1,—N). In this case, the new gauge group is SU(N) x
U(1)/Zy, where the discrete group Zy has elements of the form diag(w,w,...,w) x w™! €
SU(N) x U(1), with w an Nth root of unity. That these elements of the discrete center
of SU(N) x U(1) correspond to trivial elements of the original group SU(N + 1) can be
seen from the fact that the SU(N) factor embeds naturally in the first N components
of SU(N + 1), while the U(1) factor is generated by diag(1,1,...,1,—N). Under such a
Higgsing, the “bifundamental” type fields that are charged under both SU(NN) and U(1)
take forms that differ from the generic form when the SU(V) factor is simply connected. In
particular, fields that take a given representation of SU(N) lead to U(1) charges that can
only differ by shifts through multiples of N. When the U(1) charges are labeled in units
of 1/N, this corresponds to unit shifts of the U(1) charges. For example, a fundamental of
SU(N + 1) leads to a fundamental of SU(NN) with U(1) charge 1, which may naturally be
described as charge 1/N, and a single hypermultiplet that is uncharged under SU(N) and
has U(1) charge N, naturally described as charge 1 in the units where the fundamental
has charge 1/N. It is interesting to note that it was observed that this same shift property
seems to be generic for certain F-theory realizations of SU(N) x U(1) gauge groups [68]
(see also footnote 9), though it is not known that all F-theory models with such a gauge
group can be thought of as coming from a Higgsing of a larger gauge symmetry such as
SU(N +1). Note that there are multiple possible actions of the Zy on the product group.
For instance, when N is prime, we can have a gauge group SU(N) x U(1)/Zy where the
discrete group consists of elements of the form diag(w,w, ... ,w) x w™* € SU(N) x U(1),
with w an Nth root of unity and k the modular multiplicative inverse of k, which allows
representations such as | |, .

7 Actually, since there is no superpotential in six dimensions, 6D supergravity theories with different num-
bers of tensor multiplets, different gauge groups, and different matter representations generally all live on
branches of a single moduli space, connected through Higgs transitions, tensionless string transitions (which
trade a tensor multiplet for 29 scalar multiplets in the simplest situations), and matter transitions [26]. For
convenience, however, we often refer to branches of the theory with different massless spectra as different
models or “theories.” See also footnote 1.
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SU(N) x U(1) SU(N) x U(1)/Zy

Generic Matter Generic Matter
19 1o
1 1 1 1
1, 1,

Do Dk/N
L, DlJrk/N
[, D—1+k/N

u! "

Adjg Adj,

Table 4. Generic matter representations for gauge groups SU(N;) x U(1) and SU(N7) x U(1)/Zy-.
Here, k € Z is determined by the embedding of the Zy in the center of SU(N) x U(1), and we have
—N/2 < k < N/2. If k is not relatively prime to N, then the quotient reduces to a quotient by the
relevant subgroup of Zy, which is the trivial group for k£ = 0.

The intuition gained from Higgsing SU(N + 1) — SU(N) x U(1)/Zy naturally leads
us to the question of determining the full set of generic matter for the latter gauge group.
Under this Higgsing, the generic matter of SU(N + 1) decomposes as

D%DUN+11’

H - HZ/N + D71+1/N ; (5.1)

Adj = Adjo+2x[ ],y + 10,

where we have chosen to label the U(1) charges in units of 1/N. The AC conditions tell
us that we expect eight generic representations in this case, and indeed, if we add 12 to
the representations on the right-hand side of eq. (5.1), this collection of representations
appears to be generic.® Note that these representations look very similar to the generic
representations for SU(N) x U(1), in that they agree in the N — oo limit. More generally,
the discrete subgroup Zy can be embedded in the center of SU(N) x U(1) in multiple ways,
as noted above, and the choice of embedding determines the offset of the U(1) charges from
those for the SU(N) x U(1) generic matter, as shown in table 4.

Another set of questions involves 6D theories with discrete gauge groups. These have
been a subject of much recent research ([65, 69-73], see [35, 74] for reviews and further

8We have not proven this in complete generality, but have checked other allowed representations with
small charges and confirmed that all the representations we checked can be exchanged for these generic
representations with an increase in moduli space dimension.
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references). We make only a few brief comments here. Starting from a U(1) theory with
generic matter, we have only charges ¢ = 1, 2. Higgsing such a theory on fields of charge ¢ =
2 leads to a theory with discrete gauge group Zo and charges ¢ = 1. Thus, there is a natural
sense in which the discrete gauge group Zo fits into the generic class of 6D supergravity
theories. On the F-theory side, however, and from the point of view of counting uncharged
scalar hypermultiplets, it is not clear why a Z, discrete gauge group is more “generic” in
any meaningful sense than a theory with a Zs discrete gauge group. We leave a further
exploration of these questions to future research.

5.2 Generic matter in 4D supergravity theories and F-theory models

From the point of view of the low-energy supergravity theory, much of the structure we
have used in 6D to classify generic matter is not available in four dimensions. In particular,
for 4D theories with A/ = 1 supersymmetry, there is in general a superpotential that lifts
many or most of the uncharged scalar moduli fields, so the notion of generic matter as
being associated with a larger number of moduli does not hold in the low-energy 4D
theory; one may expect that the number of flux vacua will be exponentially larger on
higher-dimensional moduli spaces [75], but the details of this are a bit harder to quantify
explicitly. Furthermore, the absence of a purely gravitational anomaly in 4D means that
there is not as clear an upper bound on the number of fields in the theory in 4D, as opposed
to 6D where eq. (2.9a) puts a strict bound on the number and complexity of charged and
uncharged matter fields for a given gauge group.

A clearer indication perhaps for four dimensional theories is that the same geometric
structures arise in constructing 4D N = 1 supergravity theories from F-theory as arise in
6D. In particular, the kinds of singularities that are most generic in Weierstrass models
give rise to common types of matter in 4D and 6D. There are further subtleties related to
fluxes, the superpotential, and chiral matter (see [35] for a recent detailed review), but there
is a sense in which the same types of matter fields that are generic for 6D are also the most
generic constructions in 4D F-theory models. Thus, we would expect that for SU(V) gauge
groups coming from generic F-theory constructions without exotic singularities and associ-
ated matter, the natural representations would be the fundamental, adjoint, and two-index
antisymmetric representations. Similarly, for a theory with a U(1) gauge group we would
expect generically only charges ¢ = 1,2, unless as discussed in the previous section the U(1)
is part of a larger group like SU(N) x U(1)/Zy that has more complicated global structure.

5.3 Generic matter and the standard model

The structure of generic matter seems to shed some interesting light on a long-standing
question regarding the standard model of particle physics. The gauge group of the standard
model is generally described as Ggny = SU(3)c x SU(2)r, x U(1)y, with matter fields
taken by standard convention to have fractional charges under the U(1)y gauge field.
For example, the left-handed quarks in the standard model transform in the fundamental
representations of SU(3) and SU(2) with U(1)y charge Y = 1/6, while the right-handed up
quark transforms in the fundamental representation of SU(3) and the trivial representation
of SU(2), with U(1)y charge Y = 4/6. If the gauge group of the standard model observed
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in nature really has the global structure of G(gyr), the natural units of charge would be
such that the left-handed quarks would have a unit charge 6Y = 1, while the right-handed
electron would have charge 6Y = —6. Independent of charge normalization, this global
structure of the gauge group would make it appear to be an accident of nature that the
electron has an electromagnetic charge three times as large as the natural charge units
for quarks. An alternative hypothesis is that the actual global structure of the standard
model gauge group is G = G(sm)/Ze, where the discrete Zg has elements of the form
diag(w?) ® diag(w?) ® w, with w a sixth root of unity; all the charges of the fundamental
particles in the standard model are invariant under the central Zg, so there is no empirical
evidence for or against this alternative hypothesis. (In fact, there is also no empirical
evidence that the U(1)y factor is compact instead of a non-compact R gauge group).
See [76] for a recent analysis and further references regarding this ambiguity in the gauge
group of the standard model.

From the point of view of the generic matter representations identified in this paper,
the standard model gauge group without the Zg quotient seems unnatural, in the sense that
the matter fields do not fit into the generic classes of fields listed in table 2. In particular,
as mentioned above the right-handed up quark has 4 units of U(1)y charge, the left-handed
leptons have —3 units of U(1)y charge, etc. It is natural, therefore, to consider generic
matter for the gauge group SU(3). x SU(2);, x U(1)y/Z¢. The generic matter we find,
along with each corresponding multiplet from the MSSM, is shown in table 5.

Since our concrete definition of generic matter relies on the structure of 6D supergrav-
ity, this is the context in which we have determined the generic matter fields in table 5. We
have not proven rigorously that all possible other representations can be exchanged for the
fields in this table, but we have checked this by hand for all reasonably small representa-
tions. In particular, for the gauge group of the SM, eq. (2.9a) tells us that H < 285 for any
T (the bound becomes more strict for larger T') in a 6D supergravity theory. Thus, at least
for 6D theories with this gauge group, it suffices to check that the representations in table 5
are generic for all exchanges with representations of dimension at most 285. Carrying out
this brute force check, we do find that exchanges to the representations in table 5 never
decrease the number of uncharged scalars.

The upshot of this analysis is that the matter content of the MSSM consists of generic
matter field types, so long as the global structure of the gauge group is SU(3). x SU(2)y, x
U(1)y/Z¢. Note that this structure of the gauge group can arise in particular when the
standard model is realized by breaking a GUT group such as SU(5), Eg, E7, or Eg.

It is also interesting to consider the question of whether there are nontrivial 4D chiral
matter models that contain only generic matter for the gauge group SU(3). x SU(2)y, x
U(1)y (without the Zg quotient). For generic matter, we therefore consider the possible
multiplicities of the fields from table 2 for a chiral theory with this gauge group. The AC
conditions in 4D are linear and cubic in the hypercharge, rather than quadratic and quartic.
These models can indeed have chiral matter, and so we can ask how the multiplicities of
each representation must be related to those of their conjugates in order to satisfy anomaly
cancellation. We note immediately that fields like the left-handed quark fields, which
transform under all three gauge factors, are not among the set of generic matter fields.
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Generic Matter MSSM Multiplet

(1,1)0 Ne¢
(1,1) E¢
(1,1),
1)y Ue
1 D¢

1D Q- (g)

Table 5. Generic matter representations (not including conjugates) for the gauge group SU(3). x
SU(2)1, x U(1)y /Zg, which include all the left-handed MSSM multiplets. The generic matter for
the group SU(3). x SU(2)r, x U(1)y does not include the MSSM multiplets.

Furthermore, the only field charged under both the SU(2) and U(1)y factors has
charges (1,[ )1, so the difference between left- and right-handed multiplicities of this field
must vanish by the U(1) SU(2)? anomaly. This implies that we cannot have any chiral
matter that is charged under both the SU(2);, and the U(1)y, including, e.g., a field like
an “electron.” There is, however, a nontrivial multi-parameter family of solutions to the
complete set of 4D anomaly equations. Defining Axgr := zr — 2, we find a family of
solutions of the form

Az, =a, Azar),=b, Aznga, =¢, Azaag), =4,
Ax(l:“)l = A‘T(D,l)—l =€, Aw(l:“:‘)o = (—a - 26)/2, (52)
Al‘(LD)I = Ax(1,1)1 = Ax(171)2 =0.

If the standard model gauge group did not have a global structure with the Zg quotient,
this would appear to be the most generic type of matter we would expect from considera-
tions of 6D supergravity and F-theory geometry. This would be a less phenomenologically
rich world than the one we live in, however, with no chiral fields simultaneously charged
under the SU(2) and U(1)y gauge factors, like the left-handed quarks and charged lep-
tons. In the context of F-theory, we might expect to have constructions leading to either
the MSSM with the gauge group having the quotient structure and the standard MSSM
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matter fields associated with generic matter from table 5, or the gauge group having the
product structure without the quotient and a spectrum in the family of fields listed in
eq. (5.2). The MSSM with the gauge group having no quotient taken, however, seems
to involve non-generic matter and is likely disfavored by F-theory or perhaps any other
approach to string compactification.”

6 Conclusions

In this paper, we have introduced a notion of “generic” matter representations for dif-
ferent gauge groups in supergravity theories. This notion is given a specific and quan-
titative meaning in the context of six-dimensional supergravity theories, where we define
generic matter representations to be those that arise on the branches of the moduli space of
largest dimension for a given gauge group when the anomaly coefficients are suitably small.
This definition matches nicely with the anomaly cancellation conditions in six dimensions,
and also matches with the matter representations that arise through the most direct and
straightforward geometric constructions in the language of F-theory. While we use six
dimensional supergravity to give a concrete definition to the notion of generic matter, the
correspondence with natural constructions in F-theory suggests that this notion should
also be meaningful for four-dimensional supergravity theories containing gauge groups and
matter fields in various representations.

The notion of generic matter illuminates some outstanding puzzles related to 6D su-
pergravity and F-theory. As we have described in section 3, the structure of generic matter
clarifies what kinds of charged matter we expect in the most generic constructions of F-
theory models with multiple abelian gauge factors, and may be helpful in guiding further
research on the challenging problem of explicitly constructing such models.

% Note that in [68], a swampland hypothesis was put forward regarding F-theory constructions of theories
with product groups, and it was suggested that this implied that the standard model gauge group as
constructed by F-theory would generally have the Zg quotient. That argument is somewhat different from
what we are saying here. The precise statement made in [68] depends upon the assumption that in a theory
with a U(1) factor, the lattice of singlet charges associated with fields charged under that U(1) but no other
factors determines the preferred normalization of that U(1) charge. For theories with only a single U(1)
and no other gauge factors, this is a special case of the massless field swampland hypothesis mentioned
in section 4.3.3. Under the more general hypothesis that this statement is true even in the presence of
one or more nonabelian factors, [68] argue that in any F-theory model, all fields that transform in a given
representation of the remaining gauge factors must differ by a multiple of the normalized U(1) charge.
Several comments on this result and the connection to the present work: 1) This argument does not rule
out in any way the existence of F-theory models with a standard model gauge group (without Z¢ quotient)
and spectrum composed of the fields listed in eq. (5.2), as long as there is at least one multiplet with charges
(1,1)1 (note that this multiplicity need not vanish in 6D theories or for vector-like 4D multiplets). 2) It is
not clear that the assumption quoted above is correct. In particular, consider a theory with gauge group
SU(2)xU(1) with T, = 0 but z1,, T, # 0. This would not be allowed by this assumption. Nevertheless,
there are anomaly-free models with such spectra in 6D. While no F-theory constructions for such models
are known, this is likely because DQ is a non-generic representation and would require a fine-tuned exotic
Weierstrass model; thus, we see no reason why such models cannot exist. 3) The statement that any model
where the singlet U(1) charge can be used as a measuring stick for the massless charged fields must have a
gauge group with a quotient structure is again a special case of the massless field swampland hypothesis of
section 4.3.3.
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Generic matter also provides a useful tool for framing questions about the string
swampland. As discussed in section 4, when we restrict to 6D supergravity theories with
a string charge lattice and positivity cone compatible with those known to arise from ge-
ometric constructions, the swampland of apparently consistent theories with no known
realization in F-theory is rather limited for theories with only generic matter content. The
main questions in this regard can then in large part be related to questions about exotic
matter representations and the construction of Weierstrass models realizing sufficiently
exotic singularities to realize these representations.

Perhaps the most interesting application of these ideas is in the context of 4D physics.
Naively, even taking the structure of the standard model gauge group SU(3). x SU(2), x
U(1)y to be fixed, one could imagine consistent theories with an essentially infinite number
of possible different combinations of light matter fields in different representations. Of
course, the standard model is known to have one of the simplest combinations of such
fields that satisfies 4D anomaly cancellation conditions, but the notion of generic matter
gives a concrete framework that motivates why such a “simplest combination” may be
favored by nature, at least in the context of a UV completion such as F-theory. In fact,
as we have found here, the matter representations in the standard model are only generic
if the gauge group has the global structure SU(3). x SU(2)y, x U(1)y/Zg. While there is
as yet no simple and direct experimental mechanism for testing this aspect of the global
structure of the gauge group, this distinction is a promising sign that this kind of analysis
may eventually lead us to new insights regarding important and observable features of
physics beyond the standard model.

As mentioned at the end of the introduction, it is important to note that we are
defining generic matter in this paper in terms of a fixed choice of gauge group. Thus,
the analysis presented here represents a refinement of our understanding of the space of
6D supergravity theories and F-theory vacua that goes beyond the more basic question of
which gauge groups are most generic or prevalent in the broader landscape of supergravity
or string vacua. As also noted in the introduction, we have not here discussed strongly
coupled conformal matter associated with gravitationally coupled SCFTs, which represent
another important and interesting arena for study.
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A Generic matter for SU(N;) X --+ x SU(N,) x U(1)?

In this appendix, we will prove that the matter representations given in table 2 are generic
in the case of [[; SU(N;) x U(1)3, in the sense that exchanges from other representations to
these representations never decrease the number of uncharged scalars. We will first prove
this to be true for canonical generic matter for SU(N) and U(1)? individually, after which

47 —



we can use these results in the proof for SU(N) x U(1)? and [, SU(;) x U(1)3. We have
addressed the non-canonical generic matter types in the various sections of the main text.

A.1 SU(N)

Note that, defining
(Th2)ij = 01651 — 0i20j2
(T34)ij = 03303 — 0404, (A1)
(Th23)ij = 6i1041 + ;2052 — 203053 ,

the group theory coefficients Ag, Br, Cr, Er can be computed directly via

AR = %trR T2, (A.2a)
Bp+2CRr = %trR T4, (A.2D)
Cr = %trR T3T3, (A.2¢)
ERr = —% trp Tihs . (A.2d)

In this section, we take the definition of Cr in eq. (A.2¢) at face value, so that Cr = 0
for SU(2) and SU(3), while Br does not necessarily vanish. This is in contrast to the
conventions of section 2, where we take Br = 0 for SU(2) and SU(3), and would have
Cr = %trR T, for these groups.

Consider a theory with gauge group G = SU(N). An exchange that trades a hyper-
multiplet charged under the non-generic representation R for some combination of hyper-
multiplets charged under the canonical generic matter representations in table 2 increases
the number of uncharged scalars by an amount

3N +1 N(N -3
X:d+< 1; >gR+(6)C’R—NAR (A.3)
where
d=dmR,
(A.4)
gr = Br+2Cr — ARr.
In terms of traces, we can rewrite X in the form
X = d+ trid STLT + (N — 3)T2 — 5] + T2 (T2 — 1 A5
=a+1irg 812[12+( T3y ]+24 (T, —1) ¢ - (A.5)

Recall that the irreducible representations of SU(NV) are in bijection with Young dia-
grams with at most N — 1 rows. Let A be the partition such that the Young diagram of
shape A, which we will call [A], corresponds to the representation R. The basis elements of
the representation R then correspond to semistandard Young tableaux (SSYT) of shape A
with entries in 1,..., N; we denote the set of such Young tableaux as SSYTn()).
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Using this fact, the trace in eq. (A.5) can be evaluated as a sum over SSYT (A):

X= > {1+N(m—m)Q[(m—uz)2+9(N—4)(N—3)(u3—u4)2—5}

8
TESSYTn (M) (A.6)

+ ol = ) (1 = )? 1] } .

Here, u = (p1, 2, - - -, ) is the weight of the SSYT T, so that the entry i occurs p; times
in T, and 6 is the Heaviside step function.

Our goal is to show that X is always non-negative. We proceed by casework. We
want to identify the SSYT for which the corresponding summand is negative, so that we
can ensure they are compensated for by other positive summands and the resulting sum is
never negative. For ease of notation, denote the contribution from SSYT T of weight © by
S,,, so that

X =) Su. (A7)
TeSSYTnN(N)
Note that if p17 = po, then S, = 1.

We first consider the case that ps = pg; this also covers the cases where N < 4, in

which case there is no quartic Casimir and thus no generator T34. In this case, we have

E2—1
3

k2
S#—1+8[N(/£2—5)+

(A.8)

for yu1 = pis &k, which gives S, = 1for k=0,5,=1-5 fork=1,5,=3 - % for k =2,
and S, > 1 for k > 2.
Next, we consider the case 3 = g £1 and N > 4. In this case,

K2 —1
3

2

SM:1+2[N2+N(I<:2—8)+

(A.9)
for p1 = po + k, which gives S, = 1 for k =0, S, = 1+W
S, >1for k> 1.

For |pu3 — pa| > 2, S, > 1 for all values of i1, pa.

> —% for k = 1, and

Thus, there are only three types of tableaux we must consider to ensure that X > 0:
those with s = g (or N < 4) and p1 = po =1 or pug = pe £2, and those with ug = pg £ 1
and m1 = (2 + 1.

First, note that S, > 0 for all 7" when N = 2, so X > 0 for SU(2).

For N > 2, it will be useful to consider the collective contribution Sy = ZWQSN Sr(w)
from all diagrams of a given weight p and all of its permutations. To see why, we briefly
introduce some facts about the Kostka numbers. The number of SSYT of shape A and
weight p is given by the Kostka number Ky, [77]. A useful fact is that the Kostka number
Ky, is invariant under permutations of the weight p [78], ie., Ky, = K Ar(u) for any
permutation w € Sy. Thus, every term in ZWESN Sr(u) Will be proportional to Ky,.
Another useful fact is that if p,u' are partitions (i.e., they are weakly decreasing) and
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p >, then Ky, > Ky, [79]. Here, &> is the dominance order, under which (p1,...,un) >
(1o i) 3E D00y s > o0 g for all 1 <k < N.

We now move on to consider N > 2. We will carefully elaborate the argument for
N = 3, and then appeal to similar reasoning for NV > 3. For N = 3, the only tableaux that
contribute negatively are those with py = pe + 1, which contribute S, = —%. Consider the
summed contribution Su for weight u = (j,7 + 1, k") with fixed j, k. We know the result
will be proportional to K),, and the contributions S, each only depend on the relative
differences of the p;, so for notational simplicity we can instead refer to a “relative weight”
p—pp = [0,1,k] for k = k" — j, where we are using square brackets to indicate that the
entries are taken relative to p1. Furthermore, we will still account for all possible cases
if we assume k > 1, because S, does not depend on the sign of the differences 11 — o
and p3 — p14. The tableaux of weights [0,1, k] and [1,0, k] each contribute —K)y,/2. We
have the cases k = 1, kK = 2, and £ > 2. In the case £k = 1, the contribution from
tableaux of weight (1,1,0) is +K),, as S, = 1 for all tableaux with p1 = po. In the case
k > 2, the contribution from tableaux of weight (0,k,1) is at least +K),, as S, > 1 for
all tableaux with |1 — ua| > 2. The only case in question is then k£ = 2, in which case the
weights [1,2,0] and [2,1,0] each contribute an additional —K), /2 and the weights [0, 2, 1]
and [2,0, 1] contribute nothing. Thus, 5”[271’0} = —2K), and all other contributions S’u are
non-negative. We will defer the discussion of this case to later in this section.

Similar arguments can be considered for N > 3. Using such arguments, we can see
that if the relative weight [0, p2 — 1, ..., N — p1] contains an entry of 3 or greater, then
5”# will be non-negative, because the negative contributions will be outweighed by large
positive contributions from the differences of at least three in the relevant permutations.
Thus, we restrict to relative weights with only entries 0,1,2. Again, similar arguments
lead to the conclusion that the only relative weight that gives a negative 5'# is of the form
[2,1,...,1,0], with a single 2, a single 0, and all other entries 1. Using the result above for
the values of S, for a given u, we find that in this case,

S0 =0-N)Ky,, N=3. (A.10)

This includes the only possible trouble case we found for N = 3.

We thus restrict our attention to relative weights of the form [2,1,...,1,0] for N > 3.
Our arguments thus far have only dealt with the weight p of the tableaux, but not the
shape A. Consider a weight = (2+k,1+k,...,1+k, k). Note that if the diagram [\] has
fewer than 2 + k columns, then Ky, = 0; in fact, [\] must have at least k + 1 boxes outside
of the first k + 1 columns, as there can be at most N — 1 rows in the Young diagram [\]
corresponding to an irreducible representation of SU(N). In the case k = 0, [A] can have
a single box in the second column and none in the third. In this case, [A] is the adjoint
representation and p = (2,1,...,1,0). Here, we can see that the negative contribution is
(1-N)K), =1— N, which is exactly balanced by the positive contribution K, = N —1
of diagrams with weight ' = (1,...,1). These are the only diagrams that contribute, so
in this case X = 0, as we already knew because the adjoint is one of the representations in

our set of generic matter.
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In all remaining cases, there are at least two boxes outside of the first £ + 1 columns,
at least one of which must be in the first row. First, consider the case that there are two
additional boxes in the first row, i.e., the first row contains at least £+ 3 boxes, and consider
tableaux of weight u = (k,2+k,1+k,...,1+k). Because such tableaux have at least k43
columns and only k + 2 instances of the entry 2, and also have more of each entry higher
than 2 than of 1 entries, there must be at least one column with no entry 2 but containing
higher entries. Thus, from each such tableau we can produce a new valid tableau of the same
shape as follows: in the leftmost column that contains no 2 but does contain higher entries,
we replace the lowest entry greater than 2 with a 2. This maps each tableau of shape A and
weight 1 to a new tableau of shape A and weight (k,3+k, 14k, ..., 1+k, Kk, 1+k,...,1+k),
although which other entry has only k instances depends on the original tableau. This map
is not generally invertible, as it may not be injective; however, because all 2 entries occur
in the first two rows, the map is at most two-to-one. Thus, although Ky 31,..,1] < Ky
(because of the dominance order), we see that

Fou = 2(N = 2)Kx0,03,1,..1] (A.11)

where the factor of N — 2 accounts for all possible entries higher than 2 that could have
been traded for an additional 2 in the above map, and the factor of 2 accounts for the map
possibly being two-to-one. The negative contribution we must balance is (1 — N)K,, and
so the more useful inequality is

(N = 1)Ky, <2(N = 1)(N = 2)Kyj0,03,1,...,1] - (A.12)

Now, if we consider all tableaux of shape A with weight ¢/ = (k,3+ k,k, 1+ k,..., 1+ k)
or any permutation thereof, their total contribution to X is

%(N —2)(TN? +9) Ky - (A.13)

Using the inequality (A.12), we then have

1

(N - 2)(TN? + 9) Ky — (N — 1)Ky, > =(N —2)(TN? + 9) K,

1
2
— 2N = 1)(N = 2) Ky )

_ %(N — 2)[N(TN — 4) + 13Ky

>0.

Thus, the positive contribution from such tableaux is always sufficient to balance the neg-
ative contributions from those of relative weight [2,1,...,1,0] and its permutations, when
[A] has at least k + 3 boxes in the first row.

In the remaining cases, [A] must have at least two boxes in the column k + 2, and no
boxes in column k+ 3. We can then use a similar approach as above. In this case, we again
consider tableaux of weight (k,2+ k,1+k,...,1+ k), and note that we can map each to
a new tableau by replacing with a 3 the least entry greater than 3 in the leftmost column
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that contains no 3 but does contain higher entries. This is again at most a two-to-one map.
This proves that
(N = 1)Ky, <2(N = 1)(N = 3)Kx0,022,1,..1] - (A.15)

Considering all tableaux of weight p/ = (k, k,2+k,2+k,1+k ..., 1+k) or any permutations

thereof, we see that these tableaux collectively contribute

[;N(N —1)(N-2)— 2} Ky - (A.16)

We then have

%N(N ) (N-2)— 2] Ko — (N = DK, > BN(N SN —2) — 2| Ky

—2(N = 1)(N = 3)Ky\»

. (A.17)
= (N =2)[N(N = 5) + 8Ky
>0.
This shows that the negative contribution from tableaux of relative weight [2,1,...,1,0]

and its permutations is compensated in all remaining cases, completing the proof. Thus,
the representations presented in table 2 are generic for the gauge group G = SU(N).

A2 U(1)3

Now we consider a theory with gauge group G = U(1)3. An exchange that trades a hyper-
multiplet charged under the non-generic representation (g1, ¢2,¢3) for some combination
of hypermultiplets charged under the canonical generic matter representations in table 2
increases the number of uncharged scalars by an amount

¥ = = [208(Qs — 1)+ @2(Q2 — 6) + @} + 4(Qx2 +3Q11) +16], (A18)
where
Q1=q +q +qs3,
Q=G+6+d,
Qi =qq + g3+ ¢2q3
Q2 = ¢ig5 + ¢ia3 + 4343 -

(A.19)

This polynomial is non-negative for all integer charges ¢; € Z. To see this, first note
that

Q22 +3Q11 = ¢192(q192 + 3) + q143(q193 + 3) + q2q3(q2q3 + 3) (A.20)

has a minimum value of —2 on the integers, so 4(Q22 + 3Q11) + 16 > 8 on the integers.
The term Qf is clearly non-negative, as it is a fourth power. Thus, the only negative con-
tributions can occur whenever Q2 < 7. We can easily enumerate the possible charge com-
binations for which this is true: (0,0,0), (1,0,0), (1,£1,0), (1,1,+1), (£2,0,0), (2,+£1,0),
(2,1,£1), (2,—1,-1), and their permutations (and conjugates). However, most of these
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representations are members of the set of generic matter in table 2, and so we already
know that their exchanges do not change the number of uncharged scalars, and we can
check the remaining cases by hand. We find that Y is non-negative for all cases, so the
representations presented in table 2 are generic for the gauge group G = U(1)3.

A.3 SU(N) xU(1)3

We now consider a theory with gauge group SU(N) x U(1)3. An exchange that trades a hy-

permultiplet charged under the non-generic representation R y for some combination

41,492,943
of hypermultiplets charged under the canonical generic matter representations in table 2

increases the number of uncharged scalars by an amount
Pr=X+dY —d+ NAgr(Q2 — Qn), (A.21)

in terms of the quantities defined in appendices A.1 and A.2. We know already that
X,Y > 0 for any R and q1,q2,q3 € Z. To deal with the final two terms, note that
Y — 1 > 0 for all charge combinations other than (1,0,0), (1,+1,0), (1,1,-1), (2,0,0),
(2,—1,0), and their permutations (and conjugates). For each of these charge combinations,
Q22— Q11 >1,and so X —d+ NAR(Q2 — Q11) > 0 because Cg,gr > 0. Thus, P, > 0 for
all representations R, 4,.45)-

A.4 SU(N;) x SU(N3) x U(1)3

We now consider a theory with gauge group SU(N7) x SU(Ns) x U(1)3. An exchange that

trades a hypermultiplet charged under the non-generic representation (Rj, Ra)( ) for

q1,42,93
some combination of hypermultiplets charged under the canonical generic matter represen-

tations in table 2 increases the number of uncharged scalars by an amount
Py = d1X2+d2X1+d1d2Y+N1A1N2A2—2d1d2+(d1N2A2+d2N1A1)(Q2—QH) , (A.22)

in terms of the quantities defined in appendices A.1 and A.2, with Xj, d;, and A; := Ap, for
i = 1,2 corresponding to the respective SU(XV;) gauge factors. Using the same arguments
as in the previous section, we can account for one factor of —d;ds by absorbing it into Y
for most values of the ¢;, or into the nonabelian terms in the remaining cases.

To account for the other factor of —dids, we appeal to the fact that NA; > d; for
all representations other than the singlet. This fact can be demonstrated using the same
approach as in appendix A.1; in this case, we find that the only “trouble cases” are the
relative weights of the form p = [1,..., 1], which contribute —K,. Using the approach of
appendix A.1, we consider the map between tableaux that replaces the entry in the box
immediately to the right of the final 1 (which must exist, as there are N(1 + k) boxes and
1 + k instances of entry 1 in at most N — 1 rows, for some k) with a 1. Unlike the earlier
cases, this map is a bijection, and thus shows that

Ky < (N =1)Kyp1,..1,0 - (A.23)
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The tableaux of weight ¢/ = (24 k,1+k,...,1+ k, k) and its permutations collectively
contribute N(N + 1)K/, and we then have

NN + DK — Ko = [IN(N +1) = (N = D] Ko
= (N? + 1)Ky (A.24)
>0.

Thus, in the case that neither R; nor Ry is the singlet, N1 A1 NoAs > dido; in the case that
one of them is the singlet, say R; = 1, then do X = dydo, balancing the remaining —d;ds.

Thus, P» > 0 for all representations (R, Rg)(qhq%qs).

A.5 SU(Ny) X --+ x SU(N,) x U(1)3

Because the generic matter in table 2 only has matter charged under at most two of the
nonabelian factors, we can see that the result of appendix A.4 generalizes trivially to an
arbitrary number of SU(N) factors, completing the proof that the canonical matter in
table 2 is generic for the gauge group G = SU(Ny) x --- x SU(N,) x U(1)3. By taking the
all hypermultiplets to be uncharged under some or all of the U(1) factors, this also proves
the result for SU(Np) x --- x SU(N,.) x U(1)%, s < 3.

B Generic SU(2) matter at small b, T" > 0

Here, we will generalize the proofs given in section 3.5.3 to higher T, using an approach
that does not rely on the positivity cone. We will restrict our attention to SU(2) theories.
Consider the lattice

I' = diag(1,-1,-1,...,-1), (B.1)

for 1 <T <9, with corresponding —a = (3, —1, ..., —1), which is fixed by the characteristic

vector criterion shown in [22]. (Note that the even lattice (4.9), which was already treated

in section 3.5.3, only arises at T' = 1, so we do not revisit that case here.) We wish to

prove that for sufficiently small values of b = (by, ..., br), there is always a solution of the

AC conditions with only fundamentals and adjoints. We define n =5b-b and v = —a - b.
The genus is defined as

W+1:";7+1. (B.2)

g:

This expression is given by the Riemann-Roch formula in the F-theory setting, but from
the low-energy point of view, this can be taken as a definition of the quantity g. By taking
the appropriate combination of egs. (2.9¢) and (2.9¢), we can write the genus for an SU(2)

model as 1
9="15 > wr(2Ck — Ag). (B.3)
R
Thus, we can assign to each representation R a genus
QCR — AR
= - B.4
9R TR (B-4)
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so that g is the sum of the gr over all hypermultiplets. As mentioned in section 3.2, an
arbitrary SU(2) representation [ }-{ |has Ar = (k?) and Cp = (ﬁ?)%. From
k
(k+3)(k+2)(k+ 1)k(k—1)

= . B.
9R 120 (B.5)

We see that 9g1=0,9r71=1, and that the genus is strictly increasing in k. Thus, for a

these, we see that

given choice of b, the genus must be non-negative for there to be any solutions to the AC

equations, so we must have
n—"

+1>0. (B.6)

Now consider a choice of b for which there is no valid solution (one with non-negative
multiplicities) in terms of generic matter. There is a unique solution for the multiplicities
T1, T[] T[] for this b, and we know that T[] = g must be non-negative from the
above argument. We further know that x1 > 0, because if this were not the case, then no
exchanges of the form (3.8) could result in a valid solution, as they all reduce the number
of uncharged scalars in exchange for larger representations. Thus, we must have v <0,
by the assumption this choice of b does not have a valid solution with only these three
representations. This gives us the further constraint

r]=8y—2n<0. (B.7)

For there to be a valid solution at all with this choice of b, there must be a sequence of
exchanges for larger representations that will result in all non-negative multiplicities. As
shown in eq. (3.8), exchanges to higher representations produce fundamentals but consume
adjoints, and so there must be a sufficient number of adjoints in order for exchanges to give
a positive multiplicity z[ without 2 becoming negative. From eq. (3.8), an exchange

to E] . E] produces
[ —

k
(k+4)(k+2)(k+Dk(k—2)  4(k+4)(k —2) B3)
30(F12) - (k+3) (k1) '

fundamentals for every adjoint it consumes. This ratio is strictly increasing in k, and
approaches 4 as k — oo. Thus, we must have

.CI}D Z —4.CU|:\:| (B.g)

in order for there to be a sufficient number of adjoints for exchanges to make all multiplic-
ities positive. This gives us the third constraint

8y —2n > —4(”57 + 1) . (B.10)

This constraint along with eq. (B.7) implies eq. (B.6). We see then that the range of
possible v, n where there may be a problem with generic matter solutions is the set of
integer pairs in the range

v>0, n>4dy. (B.11)
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From —a = (3,—1....,—1), we have

T T
n=>by—> b}, y=3b+> b (B.12)
i=1 =1

For each fixed T, z, from the inequality

T 2
(Z b,) : (B.13)
we have

T 2 2
n§b8;<2bi) :bg('yj‘?b(]). (B.14)

We see that for a fixed T the resulting parabola is tangent to the line n = 4+ when
bp=6+2v9—-1T. (B.15)

For smaller values of by, the parabola lies outside the region (B.11), so there is always a
solution with non-negative multiplicities of generic matter when T' < 9, by < 6. An explicit
check shows that the first integer value of by that exceeds the value in eq. (B.15) for each
T corresponds to a valid choice of b that does not admit generic matter. For example, at
T =3,b=(11,2,2,2) gives v = 27,n = 109, which has n > 4. In figure 4, we show the
parabolas n = b3 — w with by = [6+2v/9 — T +1] for each T, and how they intersect
the line n = 4.

For T = 9 with the unimodular lattice (B.1), the same result holds. While from the
low-energy point of view we cannot rule out the unimodular lattice U @ Eg at T =9, the
only F-theory construction with this lattice uses the Enriques surface and does not admit
any gauge group since the canonical class is trivial up to torsion. Similarly, any F-theory
model with 7" > 9 must have a larger gauge group than SU(2) from non-Higgsable clusters,
so this argument shows that there is a non-negative generic matter spectrum for all SU(2)
models that are not already in the swampland for other reasons.

Note that this proof does not require a choice of positivity cone, and so is strictly more
powerful than the arguments given in section 3.5.3, even for the case of T' = 1.

C Generic matter spectra for G = U(1)?

In this appendix, we briefly discuss generic matter for the group G = U(1)? with general T

Solving the AC equations (2.11) for the two nine-element subsets (including (0,0))
of generic U(1)? matter that include the (2,—1),(—1,2) and (2,1),(1,2) pairs of charge
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Figure 4. A plot of the parabolas n = b3 — w with the critical value by = |6 +2v9 —T +1],
forT'=1,...,9. These values are by = 12,12,11,11,11,10,9,9,7 for T =1,...,9, respectively. The
lightest yellow curve is the parabola n = v2/9, relevant for T = 0, and the curves for T =1,...,9
appear in progressively darker colors. The dashed line is n = 4+, the line below which there exist
valid choices of anomaly coefficient that do not yield generic matter solutions. In black are points
within the parabolas for T' = 1,...,9 for which there are valid solutions of the AC conditions but

no solutions with generic matter.

combinations, we find that

Z1,0
Zo,1
2.0
0,2
T1,4+1
T1,F71

T2 +1

T41,2

|
oo

o O O O O N O

+7
+7
F1
F1
¥9
+1
+1
+1

|
S

oS O O O W

|
—_

o O O O O k= O

+2 -1 £3 0 a- by

+3 -1 +2 -1 a-bio

F5 0 0 0 a- by

0o 0 F5 1 b2

) T2 3 1 (C.1)

T 3 F3 0 bi1 - b1z

Fz g Fz O [ bun-baa+20%

+2 0 0 0 bag - b1a

0 0 1 o0 b2,

Similarly, solving the AC equations (2.11) for the two nine-element subsets (including
(0,0)) of generic U(1)? matter that include the (2,—1),(1,2) and (2,1),(—1,2) pairs of
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charge combinations, we find that

710 -8 £1 0 -1 £2 -1 F3 0 a- b

0,1 0 F1 -8 0 +3 -1 F2 -1 a-bio

2,0 :F1 0 F F2 0 0 0 a - by

To2 [ _ |0 #1530 0 0 x5 g b3, ©2)
T1 41 0 F5 0 0 F3 1 +L o0 bi1 - bi2

171 0 5 0 0 F& 3 £3 0 [/[b11-b2+2b

To 41 0 £1 0 0 + 0 0 0 bao - b2

T+19 0O F1 0 0 0 0 F& 0 b3,

By inspecting these matrices, we see that in all four cases, a good solution with non-
negative multiplicities must have bys satisfying

1 1 1
—b11 - (a + 2b11> > +£bqo - (a + 2b11) >0

X ; , (C.3)
§b22 ' (CL + 2b22> > +bia - <a + 2522> >0

for the relevant choice of signs. Note that any good solution must have
—a b1y, —a-baa, biy, by, biy - bao + 2075 > 0, (C.4)

following directly from the forms of the AC equations (2.11).
In section 3.6.3, we show that when T = 0, there is always a non-negative generic
matter spectrum when the anomaly coefficients b are not too big.

Open Access. This article is distributed under the terms of the Creative Commons
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