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Abstract Let F be a totally real number field and let f be a classical cuspidal p-regular Hilbert
modular eigenform over F' of parallel weight 1. Let x be the point on the p-adic Hilbert eigen-
variety £ corresponding to an ordinary p-stabilization of f. We show that if the p-adic Schanuel
Conjecture is true, then &£ is smooth at z if f has CM. If we additionally assume that F/Q is
Galois, we show that the weight map is étale at x if f has either CM or exotic projective image
(which is the case for almost all cuspidal Hilbert modular eigenforms of parallel weight 1). We
prove these results by showing that the completed local ring of the eigenvariety at z is isomorphic

to a universal nearly ordinary Galois deformation ring.
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1 Introduction

The main goal of this paper is to study the geometry of the eigenvariety of Hilbert modular

forms at classical points of parallel weight one. Before proceeding further, we will first fix some
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notations and describe the objects of interest. Let p be a prime number, F C Q be a totally real
number field of degree d over Q with ring of integers Op, and n be an ideal of Op coprime to p.

We will denote by £ the p-adic Hilbert eigenvariety of tame level n constructed by Andreatta,
Tovita and Pilloni in [1], parameterizing systems of Hecke eigenvalues of overconvergent cuspidal
Hilbert modular eigenforms over F of tame level n, having weights of same parity and finite slope.
Recall that there exists a locally finite morphism w = (k,v) : £ — W called the weight map,
where W is the rigid space over Q) representing morphisms ZX x (Or ® Z,)* — G, Recall
also that locally on & and W, the morphism w is finite, open and surjective, though it is not
necessarily flat. Thus, the p-adic eigenvariety £ is equidimensional of dimension d + 1.

Let f be a classical cuspidal Hilbert modular eigenform over F' of tame level n having weights
of same parity. A p-stabilization of f with finite slope (when it exists) defines a point = on &.
A well-known result of Hida ([11] if F' = Q, [12] in general) asserts that w is étale at p-ordinary
eigenforms of cohomological weights (i.e. all of its weights have the same parity and are at least
2). The classicality criterion of Bijakowski and Pilloni-Stroh for overconvergent forms implies that
w is étale at z if f is p-regular and has a non-critical slope (see [6] and [18, Thm. 1.1]). However,
their results do not apply in the parallel weight 1 case.

From now on, we assume that f is a classical cuspidal Hilbert modular eigenform over F' of
parallel weight 1, tame level n and nebentypus x s, and let « be the point of £ corresponding to
a p-stabilization of f with finite slope. Our aim is to study the geometry of £ at x.

Before recalling the previous results (in both the elliptic modular and Hilbert modular cases)
and stating the results of this paper, we give some definitions first.

Fix an embedding ¢, : Q — 6;) and let Gr denote the absolute Galois group of F. Let n’
be the level of the newform underlying f. To introduce the definition of being “p-regular”, recall
that there exists a totally odd Artin representation gy : Gg — GLg (Gp) such that for all primes

q O, the representation g is unramified at q and
Tr o¢(Frobg) = a(q, f), det oy (Frobq) = xs(Frobyg),

where Frobq denotes an arithmetic Frobenius at q and a(q, f) is the Ty-eigenvalue of f (see [19],
[8], [21], and [20]).
For any prime p|p of O not dividing n’, let oy and [ be the roots of the polynomial

X? — Tr o4(Frobp) X + xs(Froby) .

For any prime p|p of O dividing n’, let ap and B, be the roots of the polynomial X2 —a(p, f)X,
where a(p, f) is the Up-eigenvalue of the newform underlying f. We say that f (or z) is p-regular
if ap # Pp for all p | p of Op. In all of our main results, we assume that f is p-regular.

Observe that, in the notation established above, the Up-eigenvalue of a p-stabilization of f is
either ap or Gp if p [h' and it is a(p, f) if p | n’. In the latter case, if a(p, f) # 0, then, combining
the local-global compatibility and the fact that image of g is finite, we see that a(p, f) is an n-th
root of unity. Therefore, it follows that a p-stabilization of f with finite slope is always ordinary.

So for the rest of the article, we will use this convention.
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Let G C PGL2(Q) denote the projective image of o ¢ It is well known that one of the following

three possibilities occurs:

(A) G is the Klein four-group Z/2Z x Z/2Z.
(D) G is the (non-abelian) dihedral group D, with 2r elements, where r > 3.
(E) G is exotic, that is, G is isomorphic to A4, Sy, or As. Here, A, (resp. S,.) denote the alternating

(resp. symmetric) group on r letters.

If G is a dihedral group, then gy = Indf( X, where K/F is a degree two extension and  is a finite
order character of G . Moreover if G is a non-abelian dihedral group, then such a K is unique.
We say that z is dihedral (resp. exotic) if the corresponding G is non-abelian dihedral (resp.
exotic). We say that = is a CM point if it is dihedral and K/F is a totally complex extension.

When F = Q, it was known from the work of Cho and Vatsal [9] that the weight map is
ramified at x if f is p-regular and has RM by a quadratic real field in which p splits. Recently,
Bellaiche and Dimitrov [2] showed that when F' = Q and f is a p-regular cusp form of weight
one, the Coleman-Mazur eigencurve is smooth at x, and gave a precise criterion for the étaleness
of the weight map.

For a general totally real field F', Betina [3] and Deo [10] have obtained results regarding the
smoothness of £ and étaleness of w at x which is p-regular and dihedral. These results depend
either on the splitting behavior of the primes of F above p in the extension K/F or on the number
of real embeddings of K. Most of these results depend either on Leopoldt’s conjecture or on the
p-adic Schanuel conjecture. To the best of our knowledge, no other work has been done on this
topic in the case of F' # Q. In particular, no results about the geometry of £ at an exotic point
are known so far.

In this paper, we study the smoothness of £ and the étaleness of the weight map w at an
exotic or CM classical p-regular point of parallel weight 1. More precisely, we give a criterion for
the étaleness of the weight map at an exotic or CM classical p-regular point of parallel weight
1 when F is Galois over Q in terms of the non-vanishing of the determinant of a certain p-
adic regulator matrix R, (f) € Mg(Q,,) introduced in Definition 3. On the other hand, without
assuming the hypothesis that F'/Q is Galois, we give a criterion for the smoothness of £ in the
CM case in terms of the non-vanishing of the determinant of another p-adic regulator matrix
R,(x™) € Mq(Q,) introduced in Definition 7 (see §3.3 for the definition of x~). Moreover, we
prove that the p-adic regulator matrices R, (f) and R,(x~) are invertible after assuming the p-
adic Schanuel conjecture. In fact, the coefficients of both R, (f) and Ry, (x ™) are p-adic logarithms
of certain global algebraic units and their construction makes them amenable for the use of p-adic
Schanuel conjecture.

We will now state the main theorems of this article and their corollaries.

Theorem A. Let f be a p-reqular classical cuspidal Hilbert eigenform over F' of tame level n and
parallel weight 1, and let © denote the point of € corresponding to an ordinary p-stabilization f of
f. Suppose that F/Q is Galois, that Leopoldt’s conjecture holds for F' and that x is either exotic
or CM. Let Ry(f) € Md(ép) be the p-adic requlator matrix introduced in Definition 3. Then:
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i. The weight map w : € — W is étale at x if det(R,(f)) # 0.
#i. If the p-adic Schanuel conjecture is true, then det(R,(f)) # 0.

In Corollary 5, we show that when [F' : Q] = 2, the determinant of R, (f) is non-zero if the
strong Four exponential conjecture (which is weaker than the p-adic Schanuel conjecture) is true.

Let S1(np, x7)[f] (resp. SI(n,Xf)[[f]]) denote the eigenspace (resp. generalized eigenspace)
attached to f inside the space of classical (resp. overconvergent) cuspidal Hilbert modular forms
of parallel weight 1, level np (resp. n), and nebentypus X . Using the étaleness result of Theorem A
along with the arguments of [3, §.7], we get:

Corollary A. Assume the same hypotheses as in Theorem A. If f is a newform of level n and
det(Ry(f)) # 0 (which is implied by p-adic Schanuel conjecture), then

S1(np, xp)[f] = ST(n, x)If] -

Let H denote the Galois closure over Q of the subfield of Q fixed by ker(ad 0f), where ad oy

is the adjoint representation of gy.

Theorem B. Let f be a p-regular classical cuspidal CM Hilbert modular eigenform over F of
tame level N and parallel weight 1, and Ry(x ™) € Md(ép) be the p-adic regulator matriz introduced
in Definition 7. Suppose Leopoldt’s conjecture is true for F. Let x be the point of € corresponding

to an ordinary p-stabilization of f. Then:

i. Let K be the unique quadratic extension of F' such that o5 ~ Indf( x- If all the primes of F
lying above p are either inert or ramified in K and Leopoldt’s conjecture is true for H, then
& is smooth at x.
. If det(Rp(x ™)) # 0, then & is smooth at x.
iii. If p-adic Schanuel conjecture is true, then det(R,(x~)) # 0.

We now describe an application of our results to Hida theory. When f is a newform of tame
level n, it has been shown in [3, Prop.6.8] that if £ is smooth at z, then the full p-adic eigenvariety

Ml is smooth at the point 2!

corresponding to the ordinary p-stabilization of f giving x. The
p-adic nearly ordinary Hida Hecke algebra of level np™ is an integral formal model of the open-
closed subset of £M! defined by | U, |,= 1. Combining these two facts with Theorem A and

Theorem B, we get:

Corollary B. Suppose f is a cuspidal Hilbert modular newform of tame level n. Assume that

one of the following conditions hold:

i. Hypotheses of Theorem A are satisfied and det(R,(f)) # 0,
ii. Hypotheses of Theorem B are satisfied and either no prime of F lying above p is split in K
and Leopoldt’s conjecture is true for H or det(R,(x ™)) # 0.

Then there ezists a unique nearly ordinary Hida family, up to Galois conjugacy, passing through

a given ordinary p-stabilization of f.
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A main theme in the theory of p-adic families of eigenforms is to relate the geometry of the
eigenvarieties to p-adic L-functions. To conclude the paper, we give an application of our main
results to p-adic L-functions similar to the ones obtained in [5,4].

Assume that gy = Indf( X, where K is a CM field with Leopoldt defect §x and that every
prime p of F above p splits in K into vp - Tp (this condition is often known to be the “ordinary
hypothesis for K and p”). Denote by ¢ the conductor of .

Katz ([16]) and Hida-Tilouine ([14]) constructed a measure i on the ray class group C4g (p>°c)
which interpolates the L-values at s = 0 of the Hecke L-functions L(s, 25) of admissible Hecke char-
acters ¢ : CLg (p*>°C) — 6;, where ¢ is the p-adic avatar of the Hecke character ¢ : Clg(p>c) —
C*. However, the finite order characters of C{x (p°°c) are not admissible (since their infinite type
is trivial), and hence they are away from the range of classical interpolation area for the Katz
measure fic.

When F = Q, the p-adic analogue of Kronecker’s second limit formula [15, §.1.5] yields that
te(x™) # 0 if and only if x~ |GQp7é 1, where x~ is the anti-cyclotomic character defined in §3.3.
However, there is no p-adic analogue of Kronecker’s second limit formula for a general totally
real field F'. So it is not known whether uc(x~) # 0.

Let 7 be a complex conjugation, tor denote the torsion subgroup of C/x(p°°c) and C;_ €
Ag = O[Clk (pc)/tor] ~ O[X1,.., Xa+1+s,] be the formal power series corresponding to the
the push-forward of ¢ by

Clx (p°¢) L2 g (poc) = A,

where T, is the x-projection sending z € Clk (p>°c) — x(2)[z] € Ay and 27 := 727~ *. The formal

power series C;_ € Ay is often called the anti-cyclotomic Katz p-adic L-function.

Corollary C. Suppose that Leopoldt’s conjecture holds for K, that every prime p of F above p
splits in K into vp - Tp, that x~ |GK,,p7é 1 for all primes p | p of F and that det(R,(x ™)) # 0.
Then ¢ (0) # 0. In particular, one has pc(x™) # 0.

We will prove this corollary in §4.

We now give an outline of the proofs of Theorems A and B. Let 7 and A denote the completed
local rings of £ and W at = and w(z), respectively. Let m be the maximal ideal of A and let
7y = T /M7 be the algebra of the fiber of w at x. Note that 7 is an artinian ring, since w is a
locally finite morphism, while the ring 7 has Krull dimension d 4+ 1 as £ is equidimensional of

dimension d + 1. Let t7 (resp. t77) denote the tangent space of 7 (resp. 7j). Thus, proving that:

i. £ is smooth at z is equivalent to showing that the tangent space t7 has dimension d + 1.

li. w is étale at x is equivalent to showing that the tangent space ¢7y is zero.

To compute these dimensions, one relates the rings 7 and 7 to the universal rings R and
R representing the nearly ordinary deformation functor D of ¢y and the functor of ordinary
deformations with constant determinant Df of gy, respectively. Let D’ be the constant determi-
nant counterpart of D. These functors, which will be introduced in §2, are representable precisely

because of the p-regularity hypothesis and the fact that gf is absolutely irreducible. In §3.2 and
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§3.3, we show that the dimensions of the tangent spaces ¢p, and ¢p are 0 and d + 1 under the
hypotheses of Theorem A and B, respectively.

For this computation of dimensions, we first follow the strategy of [2] to get a description of
the tangent spaces tp; and tps in terms of elements of (Hom(Gg, Gp) ®adogf)Ga1(H/F) satisfying
the suitable p-ordinary and p-nearly ordinary deformation conditions, respectively.

We first treat the case of Theorem A. In this case, we study a certain non-torsion Z-submodule
of maximal rank of the group of global units of the field H and use the techniques of [2], along
with the description of elements of tp,, to find a matrix Ry(f) € M4(Q,) such that an element
of tp; corresponds to an element in the kernel of (R,(f))". This yields that dim#p; = 0 when
det(Rp(f)) # 0. In the case of Theorem B, we again use the description of an element of ¢tp to find
an explicit basis of tp/. This process needs Leopoldt’s conjecture in the first case of Theorem B.
While in the second case, we need the matrix R,(x ™) to be invertible for this process. A direct
consequence of both computations is that dim ¢p = d+ 1. We also prove that the matrices R, (f)
and R, (x ) are invertible if the p-adic Schanuel conjecture is true in §3.2 and §3.3, respectively.
For proving these results, we use the description of these matrices along with the results of §2.

The proofs of the main theorems are based on proving an R = 7 theorem, and are then

completed in §4.

Notation

To ease notations, with no further description, by p we will always mean a prime ideal of Op
dividing p. Throughout the article, f will denote a p-regular cuspidal Hilbert modular eigenform
over F' of parallel weight 1, tame level n and nebentypus xs. By z, we will refer to the point of
& corresponding to an ordinary p-stabilization of f. We will denote the absolute Galois group of
a field M by Gyy.

2 Preliminaries

In this section, we will define the relevant deformation functors and collect various results which
will be used in proving the main theorems. Since most of this material is well known, we will be

rather brief in most parts of this section.

2.1 Deformation functors

Before proceeding further, let us describe the choice of a basis (v1,v2) of 6;, which we will use
to regard the projective image G of gy inside PGL2(Q).

If G is exotic, then we choose a basis (v1,v2) such that 07(Gr) C GL2(Q). If G is a non-
abelian dihedral group, recall first that there exists a unique quadratic extension K/F such that

0f =~ Ind% x for some character x of Gk. Fix a lift o of the non-trivial element of Gal(K/F) in

© 2020 Springer-Verlag GmbH Germany, part of Springer Nature.



Gr and let x° be the character of Gx defined by x7(g) := x(ogo~!) for all g € Gx. We then
choose (v1,v3) so that in this basis we have:

Looflax =x®x7-

. NP . (01 _

ii. The projective image of gf(o) is Lo € PGL2(Q).

Note that these two conditions imply that under the basis (v, v2), we have of(Gr) C GL2(Q).

We fix this choice of basis throughout the article unless mentioned otherwise.

For each p|p, choose an embedding «(p) : Q — 6p such that the diagram
Fp(—> 6}) (

I

F——=Q

—_
~—

is commutative. Note that these embeddings might be different than the embedding ¢, fixed in
the introduction. There exists a unique prime pg of F dividing p for which we can choose ¢(po)
to be ¢, and we make this choice. Let Dp (resp. Ip) denote the decomposition (resp. inertia)
group at p. The choice of the embedding ¢(p) provides an identification of G, with Dp which
is a subgroup of Gr. We will now use this identification for the rest of the article for restricting
representations of Gr to GF,.

Let f be an ordinary p-stabilization of f and let z be the point on £ corresponding to it.
Recall that, for any p|p of Op, there exists a basis (vip,v2,p) of 612, such that v;p € Qui ® Quz

for i = 1,2 and under this basis

Qf'GFp :Gp(w{))@ép( |/)/)7 (2)

where 1/),’3 :Gp, — 6; is a character and 1/)"3/ :Gp, — 6; is an unramified character such that
Yp # Yy and Y7 (Frobp) is the Up-eigenvalue of f. Note that the p-regularity of f implies that
o # 0.

Definition 1. Let C denote the category of local artinian rings R with maximal ideal Mg and
residue field R/mp ~ Gp. Define functors D,D',Dj, : C — Sets in the following manner. For
R € C, let:

i. D(R) be the set of strict equivalence classes of representations or : Gp — GLa(R) such that
or = ¢f (mod mg) and pr ts nearly ordinary at p. Recall that we say that or is nearly

ordinary at p if for every p|p we have

w;/;R *
QR|GFP l’( 0 ¢, )
P,

where Y] p : G, — R* is a character such that Vg p =1y (mod mg).

ii. D'(R) be the subset of D(R) of strict equivalence classes of representations or such that
det(or) = det(oy).

1i. D{(R) be the subset of D'(R) of strict equivalence classes of representations or for which w")’R

s unramified.
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2.2 Tangent spaces

We will first recall cohomological descriptions of the respective tangent spaces ip, tp/, and tp,
of the functors of Definition 1.

Let ad oy be the adjoint representation of ¢y, and ad’ oy be the subrepresentation of ad oy
given by the subspace of End(V) of trace zero endomorphisms.

Remark 21. Recall that if G is exotic, then ad® g is irreducible. If G is dihedral, then ad® o; =
€K @Indf( (X / X"), where ex is the non-trivial character corresponding to the quadratic extension
K/F. Moreover, if G is dihedral and non-abelian, then we have that Indf( (X / XU) is irreducible.

Note that tp ¢ H'(F,ad oy) and tp, C tpr C H'(F,ad Q(}). We aim now at a description of
these tangent spaces which will be more amenable for computation. For this purpose, we will first
set up some more notation and make some observations.

Let H be the normal closure over Q of the subfield of Q fixed by the kernel of ad o;. Now let
P := P(p) be the prime of H rendering the following diagram

R Hp—Q, (3)
j J Jb(p)
Ic H¢ Q

commutative. Using (3), regard G, C Gg, as the decomposition subgroup Dp of Gg at P.
Let Ip C Dp be the inertia subgroup at P.

Let hy,...,hqg : H — H be lifts of the d different embeddings of F' into H satisfying that the
diagram

he _
Hp—+———>0Q, (4)
tp

is commutative for some prime P of H which is one of the primes chosen in diagram (3) and
some hp. As we have chosen «(p) to be ¢, for a suitable prime p in diagram (1), it follows that
one of the h;’s can be chosen to be the identity. We make this choice and assume without loss
of generality that h; is identity. When we want to emphasize that one of the primes P = P(p)
chosen above p is relative to the embedding h;, we will sometimes write P (h;).

Denote by Op the ring of integers of H and by G the Galois group Gal(H/F). Observe
that the inflation-restriction exact sequence applied to the extension H/F yields the following

isomorphism:
— G
H'(F,ad ¢f) =~ (Hom(Gr,Q,) ®ady) (5)

where we view Hom(G g, 6;;) ® ad gy as the space of matrices

b —
(a d) with a,b,c,d € Hom(Gg,Q,), (6)
c
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equipped with an action of G given by

g (Z Z) = 05(9) (i:ij:g) or(g)™" (7)

Note that, we have the exact sequence of Q,[G]-modules
0 — Hom(Gy1.Q,) — Hom ((Oy ©2,)*,Q,) — Hom (05.3Q,). 0

coming from global class field theory.
Let log,, : 6; — 61, be the standard p-adic logarithm sending p to 0. Note that |_|§i=1 tpoh;G
is a partition of the set of embeddings of H into Gp, and that

(Lig)izt,...dgeG » where L; 4 := log,(tp 0 h; o g '),
is a basis of Hom((Oy ® Zp)x,ép)-

Lemma 1 We have an isomorphism of Q,[G]-modules:

d
HOHI((OH ®Zp)><76p) =~ @6})[(;] = @ﬂ—ddimﬂ—v
i=1 T
given by sending a homomorphism of the form t: u® 1 — E?Zl >_gec Ciglig(u), for some
Cig € Q,, to the element Z?Zl >geG Cigg-
See [10, p. 11] for more details.
Combining (5), (6), (7), (8) and Lemma 1, it follows that if ¢ € tp/, then we can write

d
a; b _ =
t= Z Z or(g) (Ci —a~> 05(9) 1Li’9 where ai, by, c; € Q,.

i=1 geG 4

Now, we give a more precise description of an element of ¢p; in the form given above (see [10,

Prop. 2] and its proof for more details):

Lemma 2 There exist matrices My, ..., My € GLo(Q) such that any t € tp, can be written in
the form

d
0b; _ B
t= Z > orlo)M; (0 0) M; " or(9) ™ Lig,

where by,...,bg € 6p.

Suppose G is dihedral. We will now give a description of elements of tp/ in this case. We first
define a partition {1,...,d} = I; U I3 U I3 in the following manner. Recall the notation P(h;)
appearing just below (4). We set ¢ € I; if the prime p of F lying below P(h;) is split in K and
such that x7|c,, = ¥ and we set i € I> if the prime p of F' lying below P(h;) is split in K and
such that X|Gpp = ¢, where 1 is as in (2). Finally, we define I3 to be the subset of indices 4
for which the prime p of F lying below P(h;) is either inert or ramified in K.
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Lemma 3 Let My, ..., My € GLo(Q) be the matrices chosen in Lemma 2. Then:

i. For each i € I3, there exists a unique homogeneous linear polynomial H;(X,Y) € 6P[X, Y]
such that for every a,b € 61,, there exist x,y € 61, such that

O N Ay
y  —Hi(z,y) 0—a
i. If t € tp/, then

t=> or(@Aios(@) 'Lig+ D or9)Bios(9) 'Lig+ Y 05(9)Ciop(g)  Lig,

i€l,geG ic€lsy, geG i€ls, geG

A= a; b; B a; 0 o= Hi(bi, ai) b; )
0 —a; b; —a; a; —H;(bs, a;)

and a;,b; € Gp

where

Proof. Note that the existence and the uniqueness of the H,’s follow from the specific shape of
the matrices M; given in [10, Eq. (5.3)]. The description of ¢ € tp, follows directly from [10, Eq.
(5.3)]. 1

Remark 22. As explained in [10, p. 3898-3900], in case that G is dihedral, under the basis (vy,v2)

that we have fixed, we get an isomorphism

(Hom(GH,ép) ® ad® gf)G ~ (Hom(GH,Gp) ® €K)G &) (Hom(GH,Gp) ® Ind% (X/XU))G (10)

. ( _‘)) - () = ((0 _O> ’ (O g)) |

2.3 On the ad’ o r=isotypic component of the units of H

which is given by

Let hq,...,hqg € Gal(H/Q) be as in §2.2. Recall that, we have assumed, without loss of generality,
that hq is the identity. Fix an embedding ¢ : Q — C. For this choice of an embedding of Q into
C, let 71,...,74 € G be the complex conjugations associated to hi,...,hy. Hence, for every
1 <i<d, h;lﬁhi = 7;. For i = 1,...,d and a finite dimensional representation 7 of G, let
7le=} (resp. 7l +}) denote the subspace of m on which 7; acts by —1 (resp. +1).

As a consequence of Minkowski’s proof of Dirichlet’s unit theorem, we have:

Lemma 4 We have an isomorphism of GP[G]—modules:

d

Hom(0Oj,Q,) ~ @ (Ind?lm} 1) \ 1 @W”” @147t

i=1 T#1

where N, = Z?zl dim 7{o+},
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See [10, p. 12] for more details.
Remark 23. Note that if G is exotic, then for every 1 < i < d we have dimé ad’ g}i’ﬂ =1.
If we are in the CM case (that is, G is a non-abelian dihedral group and K/F is totally

complex), then none of the 7; belongs to Gx. Thus we have
dimaIndf((X/XU){i’H =1 e%’” =0.

Note that as gy is a totally odd representation, H/Q is a totally complex extension. Therefore
rk(O};) = [H : Q]/2 — 1. The following result can be easily deduced from [17, Thm. 3.26] and its
proof, and may be regarded as a refinement of Lemma 4. We will use it to obtain a non-torsion

Z-submodule of Oj; of maximal rank which will be crucial for our purposes.

Lemma 5 There exists n € Ojf such that 71(n) = n and such that, if S' denotes a set of
representatives of left cosets of {1, 71} in Gal(H/Q), then
ITam =1 (11)
ges’
is the only non-zero algebraic relation involving the elements of {g(n)}ges’ -

For the rest of this subsection, assume F' is Galois over Q. Let S be a set of representa-
tives of left cosets of {1,71} in G. Since G is a normal subgroup of Gal(H/Q), it follows that
{h;'g}1<icages is a set of representatives of left cosets of {1, 71} in Gal(H/Q).

For the rest of this subsection, let n € O be the unit found in Lemma 5. Consider the
Z-module

Vi= < [T am) Y ag =05 . (12)
ges ges
Lemma 6 V; is stable under the action of G and we have an isomorphism of GP[G]—modules:

Vi ®Q ~ (Ind%ﬂ} 1) \ 1~ @ﬂ-dimﬂ—{i,+} \1. (13)

Proof. Tt is easy to verify that V; is stable under the action of G using the facts that G [Gdl(H/Q)
and 7; € G. Note that h;'g(n) = h; ' ghi(h; ' (n)) and 7:(h; ' (1)) = hy ' (n) as hy '71h; = 7;. Since
G CGh(H/Q), h; 'gh; € G. For 1 <i <d, let S; := {h; 'ghi | g € S}. So S; is a set of repre-
sentatives of left cosets of {1, 7;} in G. Thus we have V; = {ngsi (ghy t(n))2 | D oges; g = O}.

The rest of the lemma now follows from Lemma 5. 1

It is also plain from the definition of V; that if hﬂz;l = h,;lg for some g € G, then
hi(V;) =V (14)

Choose any element gy in S. Let S be S\ {go}, so that it has cardinality S| — 1 = [H :
QJ/(2d) — 1. For g € S, write
Ni,g = hi_ll,g(n) .
T hi go(n)
We will later require the following result, whose proof is immediate from Lemma 5 after taking

S" = {h; 'gh<icdges-
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Lemma 7 We have that:

i. (1,g)geg 1 a Z-basis for V;.

.. . . d
ii. Bven more, (1ig);—y  4ges 15 a Z-basis for P;_, Vi.

In particular, if i # j, then V; N'V; = {0}.

3 Tangent spaces of ’D(‘):'and yale
3.1 Definition of R, (f)

The goal of this subsection is to define the p-adic regulator matrix R, (f) appearing in Theorem A
under the hypotheses of Theorem A, which we assume throughout this subsection. We first
establish some background results which will give us the units constituting the entries of R, (f).
We keep the notation from §2.3.

Fori =1,....d, let W;5 ~ Q[G] denote the Q[G]-submodule of Hom ((Oy ® Z,)*,Q,)
obtained as the Q-linear span of (L;4)4ec. Denote by K, g the kernel of the map W;5 —

K2

Hom(V;,Q,) , which is obtained by restriction with respect to the diagonal inclusion V; — (Oy ®
Z,)*, where V; is as defined in (12). We will now prove a result similar to [2, Thm. 3.5] for K 5.

Lemma 8 Forit=1,...,d, we have that

Ki76’: @ Wdimﬂ.

=1 or nli:+}=0

Proof. The proof is an adaptation of that of [2, Thm. 3.5]. As explained in loc. cit., we have a

biequivariant structural morphism
Wig~Q[G] — Hom(V; ® Q,Vi ® Q). (15)
By the Baker-Brumer theorem (see [7, Thm. 1]), the map
Vi©eQ—=Q,,  u®uv log,(tp(hi(u)))e(v)

is injective. Therefore K ;,0 coincides with the kernel of (15) and hence, it is both a left and a right
Q[G]-module. Hence, it follows, from standard facts of representation theory of finite groups, that
if V is an irreducible Q[G]-submodule of K ;.9 then V' does not appear in V; ® Q (see proof of |2,
Thm. 3.5] for more details). The lemma now follows from combining this with (13). 1

Recall that by Lemma 2, any element ¢ € ¢p, can be written in the form
d
a; B o [ Bi 01 - _
t=> b , with = or(9)M; M 05(9) " Lig,
-1 Vi —; Vi —Q; geo 00
where by,...,bq € Gp and My,..., My € GLQ(G)

Proposition 2. Fori=1,...,d, there exists a unit u; € V; such that B;(u;) # 0.
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Proof. Set T := Qa; + QB3; + Qv; (resp. T := QB; + Q~;). We claim that
T = Q[G]B; ~ ad” of (resp. T = Q[G]B; ~ Indﬁ(x/x”)) . (16)

Indeed, recall that for any finite dimensional Q[G]-modules V and W, we have an isomorphism

¢: (We Ve — Homg;¢(V, W). We know that (ai b ) €W, 5® ad® o) and when f is

1
Yi —QG

0 6 : . .
CM, ( ﬁ) EW,g® Ind% (x/x?))¢ (by Remark 22). From this and using the selfduality of
Vi '

ad’ oy (resp. Indf((x/ X?)), it becomes apparent that T is a subrepresentation of Q[G] ~ W.a

3
and, in fact, that 7T is isomorphic to a subrepresentation of ad’ o; (resp. Ind% (x/x%)).
(2

01
Note that T' # {0}. Indeed if T' = {0}, then it implies that M; (O O) M, * is the zero matrix

(resp. is diagonal) which is clearly not true. Now (16) follows from the fact that ad” o (resp.
Ind% (x/x?)) is irreducible.

Suppose now that for every u € V;, we have that 8;(u) = 0, that is, §; € K, 5. It is immediate
from (16) that T' = Q[G]5; C K, 5 and hence, K, 5 has a G-sub-representation isomorphic to
ad®(o;) (resp. Ind%(x/x?)). But Lemma 8, Remark 23, and Schur’s lemma give a contradiction.

—1

Note that there are 3; , € Q such that §; = >ogec Biglig €W, 5.
Definition 3. Let u; € V; be as in Proposition 2 and define a p-adic regulator matriz

Rp(f) = (wijhi<ijga = (Bi(w)) ;g = > BigLig(u))

9e@ 1<i,j<d

3.2 Dimension of {p;

We assume the hypotheses of Theorem A throughout this subsection.

We show in the following lemma that the dimension of ¢p, depends on the rank of Ry (f).

Lemma 9 One always has dimtp, < d—rk(R,(f)). In particular, tp; = 0 when det(R,(f)) # 0.

Proof. We recall that, by the exact sequence (8), we have that ¢t = Z;.i:l b; (ai fi ) € tp,
Vi —0

implies that
B'Rp(f) = (Ov"'>0)’

where B = (by,...,bq) € 62 The lemma follows directly from this. 1

We show in the next proposition that the non-vanishing of the determinant of R, (f) is pre-

dicted by p-adic Schanuel conjecture. Thus, we would always expect that tp; = 0.
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Proposition 4. Suppose that the p-adic Schanuel conjecture is true. Then, the determinant of

R, (f) does not vanish and in particular, tp, = 0.

Proof. Note first that, as hy is the identity, by (14) and part ¢) of Lemma 7 the diagonal terms

of R,(f) can be written in the form

T = 3 Biglog, (ip(nr.g)) (7)

ges
for some B; 5 € Q. Similarly, if i # j, we have that

zij = ) Bijg 108, (1o (g)) (18)

ges
where 3;;; € Q and hihj_1 € hl_lG with h; # hi. Note that Proposition 2 ensures that the
product of diagonal terms H?Zl x;; does not vanish. Therefore, by equations (17) and (18), we

have that det(R,(f)) is the sum of a nonvanishing Q-linear combination of terms of the form

H log,, (¢p(11,5))"7 , for ng € Z with Z ng =d,
ges ges

and a Q-linear combination of terms of the form

d
TT IT togy (en(rmg))™

I=1ges

for n; 5 € Z with 27:1 2gesug = dand nyg # 0 for some [ # 1 and some g € S. So, the first
linear combination is a homogeneous Q-polynomial in {log, (77175—,)}@ cg of degree d while the sum
of their exponents occurring in each term of the second linear combination is strictly less than d.
Thus det(Rp(f)) is a nonzero polynomial in {log,,(tp(n1,5)) }1 <)< 4 geg With coefficients in Q. From
part i) of Lemma 7, we know that {n,5}, ;< 55 Is a set of algebraic units which are linearly
independent over Z. So if the p-adic Schanuel conjecture ([10, Conj. 1]) is true, then we get that
{log,,(tp(m.g)) M<i<ages is a set of elements of Q, which are algebraically independent over Q.
Therefore, we can now conclude that det(R,(f)) is nonzero if the p-adic Schanuel conjecture is

true (see [10, §8, p. 3905] for more details). —1

As a consequence of the proof above, it follows that when [F' : Q] = 2, we can conclude
the non-vanishing of det(R,(f)) assuming a weaker conjecture. We record this observation as a

corollary:

Corollary 5. Suppose [F : Q] = 2 and the strong four exponential conjecture is true. Then, the

determinant of Ry,(f) does not vanish and in particular, tp, = 0.

Proof. When [F : Q] = 2, we see, from (17), (18) and Lemma 7, that the two rows of R,(f) are
linearly independent over Q, and the two columns of R, (f) are also linearly independent over Q.
Hence, the strong four exponential conjecture ([4, Conj. 1.7]) predicts that det(R,(f)) # 0.

—1
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3.3 Dimension of tp/

The goal of this section is to prove that dimép tpr < d under the hypotheses of Theorem B, which
we assume throughout. In particular, we have a decomposition ad® o ;= €K @Indf( (X / XU)~ Recall
that, we have chosen a lift o of the non-trivial element of Gal(K/F') in Gr. By abuse of notation,
we will also denote its image in Gal(H/Q) by o. Let C denote Gal(H/K), and note that o € G\C.
Let x~ be the anti-cyclotomic character x?/x. So we have Indf{; (X/XU) = Indﬁ X~ . We will use
this notation throughout this subsection. We keep the notations established in Lemma 3.

We define the space
W C (Hom ((OH@Zp)XaGp) ® ad’ Qf)G (19)

made of elements of the form

t= Z of (9 )Alé)f( L19+ Z 1Qf ng+ Z Cioy (9)” 1Li,ga

i€l geG i€lz, geG i€l3,geG

where A;, B; and C; are as in (9). We will write V_:= W N (Hom(Gx,Q,) ® ad’ Qf)G. By
Lemma 3, we have tpr C V.
We will accomplish the goal of this section by showing that dimép V = d. We begin by treating

the simplest case in the following lemma.

Lemma 10 If I; = I, = () and Leopoldt’s conjecture is true for H, then dimép V =d.

Proof. As I = I, = (), it follows that if ¢ € W, then

Z Z 07(9)Cio0s(9) 'Lig,

1<i<n geG

where C; is as in (9). By Remark 23, taking the ex-isotypical component of each term of the

exact sequence (8) tensored with ad’ o r, yields an isomorphism
— G — G
(Hom(Gy,Q,) ®ex) =~ (Hom((On ® Z,)*,Q,) ®ek) . (20)

Therefore, t € V if and only if t* € (Hom(Gx,Q,) ® Ind% X‘)G, where #* is the antidiagonal
component of ¢ as defined in Remark 22. If Leopoldt’s conjecture is true for H, then the last arrow
of (8) is surjective and hence, by Remark 23, dim@) ((Hom(GH,Gp) ® Indf} Xf)G) = d. Note
that we are free to choose the anti-diagonal entries of C; and they determine the diagonal entries
of C; uniquely (see Lemma 3). Hence, it follows that if I; = Iy = () and Leopoldt’s conjecture is
true for H, then dimap V=d. 1

Now for the rest of this section, assume that I; U Is # (). Let V; be the subspace of elements
of V for which the matrices A;, B;, and C; are diagonal.
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Proposition 6. We have that dimg Vi = |I1| + |I2|. Moreover, (t;)jecr,ur,, where

ti=>Y_ os(9) (; _01> 01(9) "Ly, € (Hom ((On © Z,)%,Q,) ®ad® o5)°

geqG

constitute a basis for Vi.

Proof. Note that t; € W. Recall that we have fixed a basis (v1, v2) of 612, such that g (c) is diagonal
for every ¢ € C and pf(0) is anti-diagonal. This implies that ¢; € (Hom(((’)H ®Zp)*, 61)) ®6K)G,
and the isomorphism (20) then shows that ¢; € (Hom(Gg,Q,) ® eK)G C (Hom(Gx,Q,) ®
ad’ Qf)G. We conclude that t; € V.

Since t; are linearly independent, we get that dimg V1 > |I1] + |I2|. On the other hand, if
a matrix C; is diagonal, then it must be the zero matrix. Hence, we have dimg V1 < |I1| + | 12|
which concludes the proof. 1

Our goal now is to define a subspace Vo C V such that V; &V, = V' and such that dimap Vo =
|I3]. To this aim, we will require the next lemma. Let us first introduce the following notation.
For i € {1,...,d}, define

1 ifiel
6(i) :==
0 otherwise.
We use the notation Resk O ®Q in the following lemma to indicate that we are viewing O, ®Q
as a C-representation.

Let Oj[x~] be the x -isotypical component of Resf( OF ® Q. By Frobenius reciprocity,

Remark 23 and Lemma 4 we get that

dim O} [x "] = dimg Home (Resg O ® Q,x ™) = dimg Homg (O} ® Q,Indje x ™) =d.

Lemma 11 There exist units u1,--- ,uq € OF such that {3 .o ¢ Hu;) @ x(¢) }1<i<a forms a
basis for OF x|

Proof. Note that {hy',---,h;'} is a set of representatives of right cosets of G in Gal(H/Q). We
claim that Sp := {ch; '}eec,1<i<d is a set of representatives of left cosets of {1, 71} in Gal(H/Q).
To prove the claim, suppose clhi_1 and czhj_1 are in the same left coset for some ci,co € C
and 1 < 4,7 < d. Then (Cth_l)_lclhi_1 = hj(cyter)h; ! € {1,71}. Conjugating by hj_l, we get
(cztci)hithy € {1,h;171hj} = {1,7;} C G. Since ¢; '¢; € C C G, we have h; ' € Gh;1 which
means i = j. So, ¢; "1 € {1,7;}. Since K is a CM field, C' = Gal(H/K) is a set of representative
of left cosets of {1,7;} in G (for any 1 < i < d). As 02_101 € C, it follows that 02_101 = 1. Thus no
two distinct elements of Sy belong to the same left coset of {1, 7} in Gal(H/Q). Matching the
cardinalities of both Sy and Gal(H/Q)/{1, 1} proves our claim.

Let n € Oy be the unit found in Lemma 5 and u; := h; '(n). Let u; - == > o7 (u) ®
X" (¢). So uj,- € Oflx7] for all 1 < i < d. By Lemma 5, it follows that the elements
Ui y—» ", Uqgy~ are linearly independent over Q. Since O} [x~] has dimension d, we conclude
that {u; ,~,1 < i <d} forms a basis of Of[x"].

1
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Definition 7. Let {u;,-,1 <i < d} be the basis of O [x~] as in Lemma 11. We let the ma-
triz Rp(x ™) := (L 500 (uk,X*))Kk icq C M4(Q,) be the p-adic regulator of the anti-cyclotomic

character x~.

Lemma 12 Assume that the p-adic Schanuel conjecture holds, then the p-adic requlator matriz

R,(x ™) is invertible.

Proof. See [10, §8, p. 3905].

1

Lemma 13 Let 0 € {0,1} and fix j € I3. The following are equivalent:
i. The vector (b j)i1<i<d € 6;5 satisfies

b1, 2cec X () Ljcoo(u1))

Rp(x7) | ¢ | =—¢ : : (21)

b, > cec X () Ljeon(ua))

1. The element
tj = > 0r(9)Aior(9) " Ligt Y ep(9)Bios(9) ' Lig+ Y 0r(9)Ci05(9) Ly
1€ UI3\{j}, g€G i€l2,g€G geG

of (Hom ((OH ®Zp)x,6p) ® ad’ Qf)G belongs to the space (Hom(GH,Gp) ® Indf( X’)G,

where
bij b
Ai = 0 J 5 Bl = 00 , C] = 0 5] .
00 bi,; 0 6 0

Proof. Recall that, we have fixed a basis (vy,vq) of 612) such that of(c) is diagonal for every
01 — -
¢ € C and the projective image of ps(co) is (1 0) € PGL2(Q). This gives us the shape of t;

which implies that ¢; € (Hom (O ® Z,)*,Q,) ® Ind% X’)G. Therefore, by (8), it follows that
t; € (Hom(Gy,Q,) ®Indj X‘)G if and only if Z;(u) = 0 for every u € O}.
By definition of uy, ..., uq, there exist y1,...,yq € Q such that

in(C)Li,c Zyk ZX C i,c uk

ceC = ceC
Z X_ (C)Li,coa Z Yk Z X C i,coo uk)
ceC k=1 ceC

for every 1 <i <d. If (b; )1<i<d € Qp satisfies (21), then

d
z(zx—<c ) ,j_zykz(zx—<c>Li,mé<i><uk>) by =

i=1 \ceC i=1 \ceC

:_QZ%ZX C j,coo uk: :_QZX C j,coo u)

k=1 ceC ceC
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Conversely, if (22) is satisfied for every u € O}, then (b; j)1<i<d € GZ satisfies (21). But it is
clear that (22) holds if and only if £;(u) = 0 for every u € Oj;. —1

Corollary 8. Suppose det(R,(x 7)) # 0. For every j € I3, there exist b; ; € Gp forie{1,...,d}

such that the elements

b= Y o) (8?’) 0@ 'Lyt Y orlo) (b(~)»8> 0r(9) ' Ligt

i€l ,geG i€ls,geG

Hi(biy,0) b .
S D) ( o H,(bj” 0)> 07(9) " Lig+
i€\ (7},9€G —Hilbig,

H;(bj,j,1) bj,; -
- Qf(9)< 7 ’ 07(9) ' Ljg-
gEZG 1 —H,;(bj;,1) 9

belong to V.

Proof. For every j € I3, let (b;;)i<i<a be a solution of (21) with § = 1, which exists be-
cause R,(x7) is invertible. It is clear that the corresponding ¢t; € W. Note that the antidi-
agonal component t; of t; is precisely the element 7; defined in Lemma 13. Therefore, t? €
(Hom(GH,Qp)(@Indf( X‘)G. Since the isomorphism (20) shows that tg. € (Hom(GH,Qp)@)eK)G,

we deduce that

t; =t + 1 € (Hom(Gy,Q,) ®@ad’ o)) NW = V.

L1

Proposition 9. Suppose det(Ry(x™)) # 0. The elements (t;)jcq1,....ay constitute a basis for V.
In other words, if we let Vo denote the linear span of (t;)jcr,, then V =V1 & Va.

Proof. Since the elements ¢; are linearly independent, we only need to check that they generate V..
Let ¢ be any element in V. By subtracting suitable multiples of the elements ¢; from ¢, we obtain

an element ¢ which in the expression of (19) is given by matrices of the form

A= 00, B = 00 o H;(b;,0) b; ’
00 b; 0 0 —H,(b;,0)

where b; € Gp. Since t' € V', we have that

(t')* € (Hom(Gy,Q,) ® Indj; X_)G

Then Lemma 13 implies that the vector (b;)1<j<q is a solution to (21) with = 0. But the
assumption det(R,(x ™)) # 0 implies that there is no non-zero solution to (21) with ¢ = 0. Thus,
we have (t')f = 0. Since the polynomials H;(X,Y) are homogeneous, it follows that each C; = 0

and hence, t' = 0, and we get that ¢ is a linear combination of the ¢;’s. 1
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4 Proofs of Theorems A, B and Corollary C

As explained in §1, in order to prove Theorem A (resp. Theorem B), we need to show that
dimap try =0 (resp. dim@) tr =d+ 1) .

Let R, (resp. R) be the universal deformation ring representing the functor Df, (resp. D). Recall

that [10, Prop. 5] there is a surjective continuous homomorphism

Ry CZA  (resp. R 7. (23)

Combining all the results of §3.2, we get that dimap tr; = 0 under the hypotheses of Theorem A.
This means that Rj ~ Q, and hence, Rfy ~ 7; ~ Q,,. This immediately implies Theorem A. Note
that this also implies

R~T
under the hypotheses of Theorem A.
Combining all the results of §3.3 we get that dimap tpr < d under the hypotheses of Theorem B.
Combining this inequality with Leopoldt’s conjecture for F', we get that dimap tr < d+1 (see the
proof of [10, Prop. 1] for more details). Therefore, we get surjective maps, Q,[T4,---,Tg41] 1
R [ 1The fact that 7 has Krull dimension d+1 implies that the morphism Gp [Ty, ,Ty+a] T

7T obtained by composing the two morphisms above is an isomorphism. Hence, we get that
R~T ~ 6p[[T17 e 7Td+1ﬂ'

This completes the proof of Theorem B.

Proof of Corollary C:

Since every prime p of F' above p splits in K, there exists a nearly-ordinary CM family 6,
specializing to x in weight one. On the other hand, the eigenvariety £ is smooth at x under our
assumption by Theorem B. Hence, it follows that ©, is the unique nearly ordinary family passing
through z. Thus it follows that the congruence ideal Cy(x) C Ao attached to the CM family O, is
not contained in the maximal ideal of Ay[1/p] given by the equation X1 = X9 =--- = Xg41 =0
and corresponding to x (see [14, (6.9)] for the definition of the congruence ideal Cy(x)). Let
(Hy) C Ap be the smallest principal ideal containing the congruence ideal Cy(x), so H,(0) # 0. On
the other hand, Hida-Tilouine showed in [14, Thm.I] the divisibility (_ | Hy (i.e (Hy) C (¢ -))-
Finally, it follows, from the above divisibility and the fact that H, (0) # 0, that G- (0) £ 0.
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