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Thesis Title: A Calculation of the Energy Bands of the
Graphite Crystal by means of the Tight-
Binding Method
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Submitted to the Department of Physics on August 20,
1956, in partial fulfillment of the requirements for the
degree of Doctor of Philosophy.

The graphite crystal 1ls approximated by a two-dimen-
slonal hexagonal lattlce of carbon atoms. One-electron
wave functions of eppropriate translational symmetry are
formed by making Bloch waves from the ls, 2s, 2px, 2py,
and 2pz Hartree-Fock atomic orbitals of carbon. The crys-
tal potentlal is taken to be a superposition of spherically
symmetric atomic potentlals formed from the effective nu-
clear charge function of atomlc carbon. From the usual
veriational principle, the energy bands (energy values as
a functlion of the Bloch wave vector) are given by the so-
lution of an 8 by 8 secular equation formed from the o
gtates whlch are symmetric in the plane of the graphlte
sheet and a 2 by 2 secular equatlon formed from the ™
states which are antisymmetric in the plane of the graphlte
sheet. The secular equation matrix elements, besides being
dependent on the wave vector, require one-electron two-
and three-center integrals formed from the atomlc orbitals
and the atomic potentlial. The two-center integrals are
evaluated up to the ninth neighbor distances and the three-
center integrals are evaluated up to the fourth nelighbor
distances. The secular equations are solved for 25 repre-
sentative wave vectors.

The resultant one-electron energy bands show ¢ bands
which cross over parts of the ™ bands. However, there 1is
an energy gap ln the ¢ bands which encloses the Ferml level
in the 1 bands. Thus there is support for the usual ap-
proximation of only considering the ™ states 1in calcula-
tions of the conduction properties of three-dimensional
graphite. 1In addition the width of the valence bands ls
found to be 1n good agreement with the experimental measure-
ment by Chalkin.

The energy bands are also examined with respect to
simplifying approximations. The incluslon of three-center
integrals and of the 1s Bloch waves is found to be necessary.
The 7w bands are stable when higher than third nelghbor dis-
tance two-center integrals are neglected and the o~ bands
are essentially stable when higher than fifth nelghbor dis-
tance two-center integrals are neglected.



Comparlson 1s made with a graphite energy band calcu-
lation by Lomer. It 1s concluded that hls energy bands,
which differ from the present result, can only be consild-
ered quallitatively since an insufficient number of higher

nelghbor distance lntegrals were used.
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Chapter 1

Introduction

The present work describes a calculation of the energy
bands of a simplified graphite crystal by means of the tight-
binding method. The structure of the real graphite crystal
is that of ¢arbon atoms hexagonally arranged in layers,
(nearest-neighbor distance: 1.42 & ) which are stacked with
a falrly large interlayer distance (3.35 A ). It is gener-
ally assumed that the interlayer binding energy of graphite
is much weaker than the intralayer binding energy, a result
supported by the ease of formation of stacking faults in
observed crystalsl. Thlis qualitative behavior is associated
with tightly bound intralayer elLectronic states and loosely
bound 1lnterlayer electronic states. One approach to deserib-
ing these states is to make up approximate electroniec crystal
wave functions as linear combinations of atomic orbitals.

In analogy to the general theory of molecular binding
in organic molecules, the crystal wave functions (called T
states) whicn are made up of the 2p atomic orbitals with
nodal planes colncident with the graphite hexagonal sheets
are then assigned the major share of the interlayer binding.
Correspondingly, the crystal wave functions Called ¢ states)
made up of the remaining two 2p orbitals and the 1ls and 2s
orbltals are seld to give rise to major part of the intra-
layer binding of graphite. This description 1s the essence

of the well-known tight-binding method or Bloch method?



when it 1s further assumed that the crystal electronic states
can be considered as independently occupied such that the
crystal electronic elgenfunctions are one-electron functions
governed by an one-electron effective Hamiltonian operator.

The first tight-binding calculation of three-dimensional
graphite energy bands was made by Wallace® in 1947. He
assumed that the energies of tne ¢~ and 7 states were suffici-
ently separated to allow neglect of the ¢ states. This
assumption, however, had only a gqualitative justification
but has been the basis of most of the subsequent caleculations
of graphite energy bands such as the recent work of Johnston®.
An exception to this is the essentially quaslitative and em-
pirical discussion made by Coulson and Taylorb of the graphite
¢ and T energy bands wherein they show the possible impor-
tance of the ¢ states. In addition, a calculation of the
energy bands of a single two-dimensional graphite layer which
included both ¢ and W states has been recently made by
Lomer®. However, as wlll be seen in the concluding chapter
an approximation was made in Lomer's work such that his re-
sults must be interpreted as cualitative ones.

The present work 1s an attempt to bridge the gap between
the cualitative energy band treatments and the rigorous energy
band treatments which are extremely difficult. 1In particular,
aé in Lomer's calculation, a single two-dimensional graphite
layer was taken to represent a graphite crystal. However,
in contrast to Lomer's work, no reccurse has been made to

empiriczl values and the stablility of the final solution with



respect to the various possible mathematical approximations

has been established.



Chapter 2

Theory and Formulation

Section ai: Energy Bands and the Tlght-Binding iMethod

The theory of the tight-binding method wes flret formu-
lated by 310357, ls comprehensivély described 1n the text
by Seitze, and has been recently feexamined by Slater and
Kosters. In this section, the essentlal theory of the
method glven ln these references wlll be briefly reviewed
in the interest of completeness.

The basic principle of the tight-blnding method 1s to
approach the problem of a crystal by means of a one-
electron approximation wherein the one-electron crystal
wave functions are taken to be linear combinatlions of
atomic orbitals (usually abbreviated: AO's) denoted by'qﬂ.
These linear combinations of atomlc orbitals are restricted,
however, by virtue of the translational symmetry of a crys-
tal. In particular, such linear combinatlons must also be
eigenfunct;gps of & translatlon operator T, representing a
translationf%hich takes the crystal lattice into ltself.
This is because the translation operator commutes with the

usual one-electron Hamiltonlen operator

Wiry= -Lo"- Vik (2-1)

where UA) is an effective crystal potential function which
has the same symmetry as the crystal lattice. (Unless other-
wise stated, atomic unlts are used where the unit of length
is the first Bohr radius and the unit of energy 1s two

Rydbergs; the sign of the potentlal term in eq. 2-1 1s assumed



for convenlence.) To consider in an orderly fashion a
crystal which is infinite 1n size, the customary perlodic
boundary conditions are used; the infinlte crystal 1s
taken to be made up of an infinite number of 1ldentical N-
unit cell sub-crystals. The formelism of letting N ap-
proach infinity then systematlcally ylelds the properties
of the infinite crjstal. Under these condltions, the
appropriate linear combinatlons, called Bloch waves,‘are

! ik R A (2-2)
Vidn-L2¢e ¥k
Rn

where the sum 1s over the lattice vectors to each of the N

unit cells of the crystal lattiqgand'the elgenvalue of the
iti?(

translation operator T is @,

An immediate but important result is that matrix ele-
ments taken between Bloch waves of different wave vectors
are zero for operators such as the one-electron Hamiltonian
which are invariant under the translations T which take the
crystal into itself. This follows quickly from the fact
that the matrix element integrel is taken over ail space,
and hence the value of the integral 1s lnvariant to any
translation of the integrand coordinates and in particular

to those translations T. Thus the equation
* -
O = f Pk, % 0w G
% o = E(E'—i)- R!



allows one to conclude that C% 1s zero unless‘z;=zh
Consequently, Just as the wave vector E characterizes
the translational eligenvalues, it can be used to charact-
erize the Hamlltonlan elgenvelues. For this purpnose it is
convenlent to define a reciprocal lattice. Thus if the
vectors ﬁ& are linear comblnatlions with integral coef-
ficlents of the primitive translation vectors ﬁ; whiech

define the crystal lattice unit cell, then the equations
b (2-4)
@b = &

.where 1 and ] take on as meny values as there are crystal
dimensions, define the E whlch are the primitive transla-
tions of the reciprocal lattice unit ceéll. As will soon
be seen, the reciprocal lattlice vectors are the natural

. e
basis with which to express the wave vector R .



In order to explore further the usefulness of the re-

ciprocal lattice, the followlng definitions are made:

-ﬁ‘ - Z Rw '&'.‘; , ?\u‘ u..T:*\.‘l : (2-5a)
Kt. = 2y z KU-L: " K‘; M‘G-M (2-5b)

g = 2T z 'k;qp:i i ‘&; ol valuea (2=5¢)

Then it 1s clear that for any wave vector 1¥ , one may choose

— > i/ — e
a \(5 such that %= +\{5 where IH is less than any of the non-

zero |K,| . However, because of the relation
R (KR, ElRe (2-6)
e 2t g

which results from the definition of the reclprocal lattice
vectors n: » 1t 1s clear that the Bloch waves for @ and -E’
are ldentical so that the two values of the wave vector can
be used interchangeably. Thus the elgenvalues and eigenfunc-
tions of a spatlal operator OR)are invariant in the recipro-
cal lattice under translations 12;.

It is Just this translational property in the reciprocal
lattice which allows one to define polyhedral surfaces in the
reciprocal lattice which form concentric zones about F;'=°
such that each zone contains a set of wave vectors assoclated
with one set of the wave vector dependent eigenvalues of a
spatial operator. These zones are called Brillouln zones.
When one restricts the wave vectors to values lying within the

flrst zone about ?},o , the convention is to call this set



of vectors the "reduced" wave vectors and all subsequent
references in this work will be to these reduced vectors.
This 1s in contrast to the other convention often used with
plane wave epproximations to the elgenfunctions where ags a
function of the wave vector the lowest eigervalues'are
essoclated with the first Brlllouln zone, the next highest
eigenvalues with the second Brilloin zone, etc. A partlcu-
larly simple way of obtalning the polyhedral surface enclosing
the first Brillouln gone 1s to construct perpendicularly bil-
secting planes through the lines between Ei=c> and all
the other E: polnts in the reclprocal lattice; the resul-
tant innermost envelope about 'E;=o then encloses the first
Brillouln zone.

Heving established the form of the aoproximate one-
electron elgenfunctions, the usual varlational procedure can
be applied. Thus the best crystal elgenfunctlons are taken |

as & linear combination of M Bloch waves with the same wave

vector

™M
$ €)= 2 Cu®EER (2-7)
L : (e

where the coefficients are determined by minimizing the

stationary expectatlon value of the Hamlltonlan operator

. (2-8)
(T EHNOE, Ry
E [k) = —
¢ § @R FA R dv

with respect to the coefficlents Cyg. Using the Hermltlan

property of the Hamiltonlan, the variation leads to the

secular eguation



Z (6 Cjh) = Erl'>ZJ & G, (B

JSP

(2-9)
wilo 3
Wiy (k) = _J’?,‘ (k, %) Wew) %‘(E:x) dr

dih = | Bien) Tanir
)

which for a fixed value of the wave vector has M solutlons
5@ = l, 2,....M. Considered as continuous functioné of
the wave vector'f, these Hamiltonlan eligenvalues are called
energy bands. The secular equation 2-9, which is more
general than the usual type because of the nonorthogonality
of the Bioch waves, can be solved by matrix techniques which
are described in Appendix B.

A further property of the energy bands obtained by
the solutlion of the secular equation results from additional
non-transiational symmetry of the Hamiltonlan operator. In
particular, the atomic orbitals used to form the various
Bloch waves can be grouped into sets of basis funetions which
transform into each other under the appllcation of the crystal
symmetry operators. It wlll now be shown that when the Bloch
waves used in the variational procedure are made up of all
the atomic orbitals in a given set of basls functlons, the
elgenvalues resulting from the variational procedure will be
invariant under the application of the crystal symmetry
operators to the wave vector. Thus 1f the symmetry operators

, i
are deslgnated by r1 , the Bloch waves of wave vector I & are



n
zi'
M M7
O (v
S
T
&

After relabeling the sum one obtalns
a it-t,ﬂ - = - =
T =vLN%Q > iRy = SR Egm) e

where the le are the unitary matrix elements describlng the
transformetion effected on the atomic orbital by the symmetry
operator. Now if Ckﬁ)is an operator having the same symmetry
as the Hamiltonlan operator or as the unit operator, then

because of the fact that

the matrix elements of O become
- + T A Hal
Oij (&):fﬁ-‘(l’é,x) or xﬂg‘(l’&,a) dr {e-13)
—1*
=Z /“' O‘;/(F) l;"j!
{,4

The last expression is recognized however as the transforma-
tion which describes a change of the variational basis states
by means of the unitary matrix )1i'- Thus the elgenvalues of
the secular equation 2-9 will be invariant with respect

to the crystal symmetry operators applied to the wave vector.
In & two-dimensional graphite crystal this allows one to

only consider 1/12 of the first Brillouln zone.
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Chapter 2

Section b: Application to a Graphite Sheet

In the preceding section, the general theory of the tight-
binding-method has been outlined. The present section will
treat the expllclt case of the graphlite crystal in terms of
the preceding formulation. The graphite crystal structure
1s well-known and consists of hexagonal layers of closely
packed carbon atoms (nearest-neighbor distance: 1.42 A° )
which are stacked with a fairly large interplane distance of
3.35A? . The stackling arrangement of the layers cen be of
two forms designated as ABAB... or ABCABC... . Experimental
evidence indicates that the most pertect crystals are of the
ABAB... form whefeas crystals which are grown from carbon
blacks usually are mixtures which approach . the ABAB... form
as the crystal size increasesl. Thus it seems clear from this
evidence and the large interplane distance that the interlayer
binding is not strong. One would hope then that a two-dimen-
slonal model for graphite would have considerabie physical
slgnificance, especlally for those one-electron wave functlons
which describe the intraplane binding. The usual designatlion
is to call the latter ¢ states, corresponding to the Bloch
waves constructed out of the ls, 2s, and two 2p atomic orbitais
which are symmetric on reflectlon‘through the hexagonal plane.
To the same approximate separation of effects, the Bloch weves
constructed out of the 2p atomic orbitals which are anti-
gymmetric on reflection through the hexagonal plane are called

X states and are associated with the interplane bindlng. The
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o and W designetions are only rigorous symmetry designations
however in the single-plane approximation to graphite since
in a true three-dimensional graphite crystal the reflection
symmétries no longer hold. The present calculation is based
on the two-dimensional single-plane approximation to graphlite
since the computatlonal difficulties of the three-dimensionel
crystal are considerably greater. Thus, fairly good signiif-
cance can be attached to the results arising from the @
states and only approximate validity can be given to the
results of the w states. For comparison the various
nelghbor distances are glven in table 2-1 and figure 2-1.

Table 2-1

Lattice Nelghbor Distancesof Two-Dimensional Graphite
Neighbor Distance in Atomic Units
0 0
2.6845206

4,6457261
5.3690412
T-1025739
8.05350L17
9.2994521A
9. 6791766
10. 7380823

W o WM o ou R e

11.7015559

In fig. 2-2 is shown a diagram of two-dimenslonal graphite
where the vectors a: and a; are the primitive translation

vectors of thne lattice and define the lozenge-shaped unit cell
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additional neighbors in three-dimensional graphite. )
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which lncludes two carbon atom lattice sites. The auxiliary
vector :E = -_f; (—5: -l-&:) is introduced for later convenlence.
The corresponding two-dimenslonal reciprocal lattice is

shown in fig. 2-3, where the vectors I, and I:,_ are the
primitive translations of the reciprocal lattice. The hexa-
gon outlines the first Brillouln zone and the shaded triangle
represents that smallest area of the zone from which the re-
" maining zone energy eigenvalues may be determined by the
symmetry of the Brillouin zone.

The fact that there are two carbon atoms per unit cell
of the space lattlce requires that the definition of the
Bloch waves of the preceding sectlon be. extended. The obvious
procedure 1s to construct Bloch waves out of atomic orbiltals
located on each of the two sites in the graphlte unit cell.
Thus each €arbon atomic arbital used wiilL give rise to two
Bioch waves. It is of no particular adventage to attempt
to use bonding and antl-bonding pairs of atomlc orbitals to
construct each Bloch wave since thls concept of linear com-
binations of the atomic orbitals, based on maximum or minimum
electronic charge overlap, continually changes as the wave
vector is allowed to vary through the Brillouiln zone.
Furthermore, it is clear that the variational secular equa-
tion procedure used will in the end arrive at the same
result. | 7

The present calculation 1s vased on the computation of
the energy bands arising from the Bloch waves formed from
the real ls, 2s, and 2p atomic orbitals of the free darbon

atom. This gives rise to eight ¢ states and two W states



le

yielding an 8 by 8 and a 2 by 2 secular eq&ation, respectively,
for each value of the wave vector. Although these secular
equations are capable of further factorlzgtion along the
symmetry points and lines of the Brillouin zone, either by
intuition or by group theoretical methods, no attempt was

made to lncorporate these factorizations into the computation
because of the ccmputer programming cdnvenience in having one

“form of computation for all values of the wave vector.
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Chapter 2

Section ¢! Matrix Element Formulation

Having seen that the solution of the energy band problem
stems from a secular equation, the next step 1s to examine
the matrix elements formed from the basis states of Bloch
functions. For numerical solutions, it is a great simpli-
fication to have real matrix elements, whereas the previous
Bloch functions will, in general, yield complex elements.
However, 1t 1ls clear that any unitary transformation can be
made on the original basis set of functions without alter-
ing the final solution. Consequently a judiclious choice of
unitary transformations are applied to palrs of the Bloch

functions to yield
(2-14)

Y, P ALEAT
~qfip € mm,,-a,,)j

where
% = |l o -1
fi - ‘k ('1':-3’-2)
W (hyx)
'L‘i. = u’i\ ("u‘:‘u‘%l
M(iJsli)

L = ndwm= 1s,25,2p%x, 2pY4,2p%&
T
t= 4 (-a+4.)
Next computing the matrix element of the Hamiltonien operator,

one finds
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(2-15)

—

It is first observed that the sum over R; can be removed.
This is done by replacing in each integral the variable X
- “*;?

by the variable ¥+K, . The vector &;—» then can be relabeled

— ]
ﬁi and the sum over E; changed to an equlvalent one over Kin
Then slnce W{A’i-.f?;),ﬂ/(f), every one of the N terms in the sum

-

over @L is the same, so that performing the sum Jjust cancels
the already present factor of Z@. As a further step the
signs of the arguments of 7/{' and ;{" in the second and fourth

integrals are reversed which gives new factors of pipi

Then because of the fact that
o o P oo /%0 o>
f f Jf(—:g -4, -2) dedydz = f f F009,3) dydydz (2-16)
-0t -0 ) - ot Y—0ty V-0b

and WFJ:):%{&‘) s the slign of -]: can be reversed in the
arguments of the second and fourth lntegrals. The result of

the above steps 1s
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Now hecause the sum over RL i1s over the entire periodic lattlice,
1 ) i
¥ can be replaced by—iL in the second and fourth sums of
+ 1 o - A 4 1a ?
eq. 2=-17,s80 that if we let a new vector ﬂ~ be elther K

- ) &
or R’+t the expression can be wriltten 1in the final form

Moy 0 2 b St 49 em )
L [1-56h 45 MW}H ()
j f.;f Qk) { ‘ % ﬁ:= o-H%

where

Hae (0 = [W-B-FoNes Boiw-Fipur (2-15)

and § is the ordinary Kronecker delta function.

It is obvious that the matrix elements of W(i')affe real
when the basis states glven by the set 2-14 are used. However,
thls 1s not the only set that will do the task. By exemining
the derivation of eq. 2-18 1t can be seen that the only

essential feature utilized was the centrosymmetric property,
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?ﬂf}:ﬂ%ﬂ), 80 that in general one would follow the pattern
of the above derivation using undetermined coefficients for
the original unitary transformation applied to the Bloch
functions and then by inspectiorn determine the appropriate
basls functions; if thls were not possible by inspection,
recourse to group-theoretical methods would be required.

In addition, the derivation of the formula for the
overlap matrix elements follows precisely the same form as
for the Hamlltonlan matrix elements where EE;JQK) only
differs from ]E;QD in that ¥&) is replaced by unity in the
integral. This matrix element form allows reiatively straight-
forward computer coding for automatic generation of the
metrix elements as a function of TZ .

As a final step in the analysis of the matrlx elements,
the integral values Tﬂﬂﬁ)and Eig(ﬁJ will now be taken one
step further so as to minimize the number of baslic integral
values required. In particular, the indices 1 and i’ refer
to orbitals which are quantized with respect to the fixed
coordinates of the lsttice whereas the more elementary
description 1s to quantize the orbitals with respect to the
two-center axls of ?: . Thus if the two-dimensional graphite
sheet is taken to lie in the x-y plane, the 1ls, 2s, and 2pz
orbilale, will B bnveriant wwdon Thie alione whoiras the 2px aud 2py
orbitals will form new linear combinations. This new quanti-
zation of the orbitals about the axis of F; is labeled by ¢ ,

T énd T as stown in fig. 2-4. The corresponding integrals
involving these new orbitals are given without a bar as Fhr(ﬁ3
and Sw(f’&). The transformation which 1s the same for the H

or S5 integrals 1s given algebralically as
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.

X (m coming out of paper)

o

ﬁkti

center of 1f{and ])lf

center of ’r’?and ’f;a

(7 coming out of paper)

Fig. 2-4
Geometry of requantization from ']‘-JI-;1,(F.) to M,-j»(f:) integrals, where the
arrows at the centers give minus-to-plus directions of the 2p orbitals
and the 1, i' indices refer to 1s, 2s, 2px, 2py, 2pz orbitals and the j, j'
indices refer to 1se, 2s¢g; 2po, 2pmw, 2pw orbitals.
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Mii’ ({h) = ? Z U‘j l}t'.j’ MJJ’ (r.g,) (Z-IQ)
where using the angles deslgnated in fig. 2-4 the transfor-

matlion matrices are

| i=\s 2s 2ps 2pn 2pT™
=15 /} o (@) o O\
230 | @} o (@)
Uij = 2px | © (0] ~Co3 O - A 6y, O
2py 0O (@) - cn (64 T/.l.) - A (94“'7/.1.) o
2p: \O (o) 0 @ )
je1s s 2pe ipn 2p%
i=1s [ ] ®) O @) O
U= 2|0 l & g 5
4 2k O O Con B, din O, (@
2yl 0 O Coa (%) Am(O%) o
22\O0 O o - o |

Now in the computer program used to generete the Fﬂp(ﬁ)and
gw(r:) from the Hi;'(f;) and S;;'(e;) the following short-cuts
were used to erfect the above transformation. Flrst because
of the basic factorization of the secular equation.into

the so-called ¢ states and T states and the equlvalent trans-
formatlion properties ofls, 2s, and 2z states under rotation

in the graphite sheet, the secular equatlions arising from the
2pz Bloch waves were solved separately by allowing the 2pz
input data to masquerade as 2s input data. !Horeover by
plcking speclal values of 9; and &;for the non-directional

ls and 2s functions it was possible to effect the transforme-

tion in a uniform way by means of tane formula
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Mii, (f:) T {Co:(o,‘,-gg)(‘m (9""9:-') Mnlr, nie (f:—)
+ o (92-9:) A (6a-6y) Mmr, wtx (fa)

+ Ain (0r-6)) W3 (0a762) Mgy e (o

+ Aon (B1-8;) oy (0,-6) Mnlﬂ, wha (FJ:) } (2-20)

where

O;

9, 7}3};{(:2/9} ' M 9;’:7'-/2) Yt"=.2pj
0: = 6T L{st,zs,zpa P S '{i’a /S,25,2 p%

0)[((=sz 3 9‘.,;'0 /‘15’.:2/&

u

1]

It should be clear that the requantizatlon transforma-
tilon matrices would have become more compiicated 1f higher
quantum number orbltals had been used. In fact,the machlnery
for systematically handllng these rctations 1s glven in
Chapter 5 where the generel rotation of spherical harmonlcs
1s discussed. However, this machlnery was only developed
towards the concluslon of this work so that ln retrospect it
is felt that rather than the above short cuts the more
elaborate yet systematic and general matrix techniques should
have been used.

The specification of input data for the secular egua-
tions 1s thus resolved to the baslc HuTﬁband'fidﬂ)integrals.
The Hamiltonian integrals are next separated into kinetic

and potentlal energy terms. Thus

Hee’(fl) 5 "l—.';*(fi) - Viy (f’l) (2-21)
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where [ ([’;) - j-'-k:*(i— ¥ - f:-.) ["’ -}_U"] 1‘? ('i-;/,_) dv
- - FET:
Vir) - S E-%- ?‘)[%%ﬁl] ¥ (r-%) dr
and the slgn convention of VW is taken for convenlence.

To discuss further the computation of thece integral
values, 1t is useful to replace the vector ﬁ_tw the co-
ordinate indices %Pv . The index % willi label the nelzhbor
distance from the lattice point ﬁ,:f/:_ which is )t/a-»: ooco .,
The index M labels the sequence of lattice points at
distance X which occur upon counter-clockwlse rotation in
the first 120°- sector from the x-axis. Finelly the index v
labels the 120°- sector. These coordinates are 111uétrated
in flg. 2-5. It is first observed that the overliap and

kinetle energy integrals depend only on distance. Thus

Sir (Ap») = Siiv (2 00) (2-22)
Tiy (M) = Tivr (A00) (2-23)

The bomputation of the latter integrals is described in
Chapter 4 so that there only remains to discuss the more
complicated potential integrals.

Now because of the trigonal symmetry of the graphilte
lattice, 1t can be lmmedliately observed that

Vi Oyur) = Vo (Apo) (2-24)

The remalilning symmetry properties are not so obvious but are
obtained most easlly by inspection of fig. Z-5 . It is

found that up to A=9 , the following relations hold when
\/‘.‘.,(“o) exlsts:

Vi (Aio) = l{i,(Aoo)) fov ii’ of O Il‘""" o T, T

with the exception of the \=5 case.  (2-25)



239

Jo0

qi2

Fig. 2-5
Two-dimensional graphite neighbors in terms of the indices )\,w,

where A is the neighbor distance index, AKis the triad index, and -

V is the sector index.
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and Vl't" (/\ID) = l/'-‘-l (,[oo) : {ﬂ, i o?uc fmm 0":‘1")7!"‘. (2-26)

with the speclal case of
Vier(Aoo) = o, fon Tht i of B form o, 0
amd M=z 0,1,3,5,8 (2-27)

Thus if the metrix elements of the secular equation are to
be constructed from the \=o tc 9 components, the Viy integrals
arising from the following neighbor sltes must be speclfled.
))w-- 000, 100, 200, 300, 400, 500, 510, 600, TOU, 80O, 900.

Having minimized the number of basic V,/ 1ntegrals it

remalns to decompose these into the final three-center

integrals. Thus

Viy/ ('\)*.°> =Z' R (Aol Ap'V!

Ay (J‘A‘f)
where
£ g "'_.—- Z({—f;"d') / e =
Folbpelip) e [Rle ) LI W Ry

It is the Ry which are in generel calied three-center integrals
and whose computation 1s discussed in Chapter 5. PFinally we
note that the two-center approximation, (i.e. neglect of three-
center potential integrals), in this formulatlon, consists of
making the assumption that

P OpeNp¥) =0 (-29)
for X%AMOUﬂﬁAMMVQO.
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Chapter 3

Choice and Fitting of Atomic Orbitals and Effective Potential

The atbmic orbltals used to make up the one-electron
Bloch waves were the Hartree-Fock atomic orbitals of the
ground state neutral carbon 2P configuration calculated by
Jucysg. The 1ls and 2p orbitals were each fitted by a lineer
comblnation of three corresponding analytic Slater atomic
orbitals, and the noded 2s orbital was fitted by a sum of
three ls and three 2s Slater atomic orbitals. The fits were
of high accuracy and were mede for ease in the calculation
of the many integrals. In the sense that the energy band
calculation mede was a one-electron approximation, it was
necessary to choose an effective potential for the'crystal.
The crystal potential was taken to be a superposition of
spherlically symmetric atomlec potentials. The atomic potén-
tial in turn was assumed to be the Coulombic potentizal
arising from the effective nuclear charge function,
centered on the atomic nucleus. The iﬁ, funection for the
3p conflguratlion has been calculated by Freemanlo, and it
was because of thls convenience that the particular configu-
retion of carbon chosen was used since it was not felt that
the current knowledge of energy band solutions gave any
other conclusive choice. For computational convenience,.the

i; function was also fitted, a linear combination of four
exponentlials being used.

The semi-automatic analytic fitting process deserves

further mentlion since it represents a departure from the
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11

usual graphical techniques of Slater or the algebrailc

12

techniques of Lowdin. The process developed was an itera-

tive one and 1s only sultable for use on & high-speed com-
puter.

In particular when the redial part of a numerically
tabulated Hartree-Fock atomlc orbital is divided by appro-
priate powers of r, (or in the case of a noded 2s function
by a node factor, r,,y, - r), the resultant numerical
function 1s found to be exponential-like with the approxi-
mate form efﬁh . Due to screenling effects, these ex-
ponential-llke functions are found to start out near r = 0
with a high value of b and to shift to lower values of Db
as r approaches infinity, the shift belng empiricaliy
observed as monotonic. Thus, as 1s well-known, the possi~
bllity exists of approximating the numerical function by a
linear combination of exponentials all with positive coef-
ficlents.

The graphical fltting method gave the motivation for
the computer method which was developed. Graphically, one
first plots the exponential-like functlon on a seml-log
paper. This yields a nearly stiraight line with negative
slope and positive second derivative. Next one approximates
the fitting exponential having the lowest value of b with a
straight line fit through two points of the tall region
(1.e. large r). From the difference between the exponential-
like functlon and the tall region exponentlal, one determines
a second exponential describing the correctlon necessary for

the inmer region. 1In most cases, however, the inner reglon
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exponentlial makes a substantial contribution to the tail
reglon so that the sum of the two fitting exponentials
is too large 1ln the tail. By using the first approximation
determined for the inner region exponentlal, it 1s poscgible
though to @ake a. second approximation to the tall region
exponential. For a two exponehtial fit, recyecling of this
process by graphical trial-and-error ususlly gives satls-
factory consistency.

| For more than two exponential fits the graphical pro-
cedure becomes somewhat complex because of the several de-
grees of freedom. However, because of the great i1terative
capaclty of a computer, extending the phllosophy of the
graphical procedure 1s & feasible method. The function to
be fitted is divided up into as meny regions as there are
to be fitting exponentials. With each of these regions a
fitting exponential is assigned and two representative
values of r are chosen which will serve as fitting points.
The final fitting condlitlons will then be when each expon-
entlal at 1ts two fitting poinﬁs Just equals the difference
between the exponential-like function and the sum of 2ll the
other exponentlals. These conditlions are not 2 solutlon
though since they involve knowlng all the exponentials at
once, whereas each ocondition can only be solved for oreexpon-
entlial.

An appropriate procedure is to first determine the ex-

ponentlal for each of the various regions by neglectlng the

effect of all the other exponentials. Thus the initial ap-
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proximation to the exponential of each reglon is determined
by two polnts of the exponentlal-like function. UNext the
exponentlel of each reglon 1s recomputed taklng slight
account of all the other approximate exponentiasls. This
process of recomputation 1s repeatedly recycled with gradu-
ally more and more account being taken of all the other
approximate exponentials. Finally when each exponential is
belng computed with essentially full consideration being
glven to all the other approximately correct exponentials,
continued iteration should yleld the deslired self-consistent
solution.

The computer process thus proceeds as follows. If the
exponentlal-like factor of the numerically-given orbitsl 1is
designated by EEqu) , then for an n-exponential fit, n
pairs of r/ and r? are chosen from the different regions
of the funetion such that r! > ri > r] > 1 =>... > n =8,
In addition a new function is defined to be the jth approxi-
mation to Eo?h-) .

" . _gﬁ,m 2
Bl =2 %27 i

i
The lterative process then consists of cyclically evaluating
the left-hand sldes of the followlng pair of equatlions for
values of 1 successlvely assuming the values 1, 2, ... n.
Thus using the definition

J+!

) Gl w0 e o _5 g
—Djth) = E()-(1- \5)[2&? Q&A}Za; e *n'] (3-2)

k=1 L )
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the pair of equations are

: g
ﬁ.ﬁ': I D'(M)J (3=3)
' D)
Jt J ! 3,?.“/»{ ‘
& =Dy e (3-4)

where z\ is an arbitrary positive constant slightly less
than unity, and the initial ccnditions are

d,-t-ﬁ“:o (3-5)
Examination of these equations reveals that as j approaches
a large value J, the coupling factor, /-—AJ , approaches
unity and the cyclical equations approach the 2n conditions
of

E'n)-ET 0 (3-6)

and
J —®
oty = E () (3-7)

Thus if A is not too close to unity and J is large enough,
the set of af and f:f will smoothly approach the desired para-
metric values.

To show algebraically the validity of egs. 3-6 and 3-7,
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it is assumed that for large J, the approximate relations

hold
Q.‘, = ai. (3=-8)
J (3-9)

L

:
Thus since N\ is negligible compared to unity, eq. 3-2 be-

comes
J
h - St 3 .Y
Dinr=E - Ey+ae (3-10)
J- r
5 oo ¥ - hi‘
A Y= E m)—E @Y+ 6C (3-11)
so that
T 'y (D) -E o+ Ew)
ﬁ't # -2l QM{ TA‘ = :r“,—
D' —-E (aD+ E') (3=12)
T+l
Tt J i & ny’
@, [ Dty - Eey+ E T | €
; (3=13)
Consequently the conditions
o0 J
B iy BEtd= o . aigi” (3-14)

are self-consistent with egs. 3-3 and 3-4.
For convenience, after convergence of the iterative
g . 3 ) < I g
fitting process is attained, the error function, £ (r)-E ()

can be automatically plotted and photographed on the com-
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puter osclilloscope cémera. From the shape of the error
curve, new cholces of the fitting points, r! and r{' ,can
be made and with a few re-runs, optimization of the fit can
be essentlally attalned.. Empirically it appears that all
Hartree-Fock atomlc orbitals can be fitted in this manner.
The coupling factor, |- )é s of eq. 3-2 deserves
further comment. As a first ettempt to develop the preced-
ing iterative scheme, the coupling factor wes omitted (i.e.
replaced by unity). This led to & numerical "catastrophe"
whereln during calculation the argument of the logarithm
taken 1in eq. 3-3 became negative. 1In other words the more
stralght-forward cyclical equations were unstable in the
sense that during the early iterations the approximate
exponential fit "over bit" into the exponential-like func-
tion belng fitted. Consequently, the coupling factor was
introduced so as to have the effect of gradually changling
over from the computation of a well-defined sclution to the
somewhat unstable solution of the coupled cyclical equatlions.
In practice, for n = 3.a value of N from .75 to .93 was
used and the total number of iterations, J, required varied
Trom B0 te 300. Plgsa. 3-1; -2 and_}-} give plots of the
Hartree-Fock radial probability functions, P(r), (r times
the normalized radial factor of the atomic orbital), of the
ls, 28, and 2p atomic orbitals which were to be fltted.
(The function P (r) rather than E(»)was used for minimizing
the fitting error because of its more obvious physical slg-
nificence.) Figs. 3-4, 3-5 and 3-6 give plots of the P(r)
error function arising from the roughly optimum 3-exponential

fitting functions. Table 3-1 gives the flttlng parameters



34

which were found including the relative coefficients of
the exponentials, Q; , and the analytically renormalized

coefficlents which give the correct linear combination of

analytic Slater atomlec orbitals.
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Fig. 3-1
Plot of P, q(r)
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Fig, 3-2
Plot o 1
t of Pzﬁ(l)
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Fig 3-4

Plot of P,.,(r) -P (r) for 1s Orbital
fit num



39

+.015

sdev syl sianidanny

LR L

-
- .
. - » .

) - .
.. .

*w _o%en > -
(>} g.,.......\;S..-........f..:...|.....‘...|...a....‘.........|.........|....'l....| ......... Provannina ferness ELT LTI |

r Hoaly - - .

.t Pt e |

" -

— 015

Fig. 3-5
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Table 3=1

Parameters of the Analytie Fits to the 3P Carbon Atomic Orbitals

The ¥ designate normalized Slater A0's. The C; were de-
termined by analytic renormaligzation.

ls orbltal:

L3y b
Yk (4 ia.‘ g

-~

L2

= :%: ¢ V(s & IR)

E

L a; -7, e;

3 3.967302 2.518314 . 06755376
2 23.51620 5.459509 . 9217881
. - 2187563 3« 1228886 .01282078

28 orbltal:

z
"k;(’f): (411')-'4' (0. 375'0000-)1‘) Za‘. e‘““‘:a

i=7

& = |
= > el Plsihiln) + > o flas 14, /3)
{3

=y

¢ : : I N4

1 4. 652416 5. LEBTA +.06871681 - 05806577
2 8. 667200 2.579525 +.3923166 . T024676

3 2.356427  1.428921  +.2587076 ~ . 8362388

E_P orbital:

A L, ok
1@,,(5) NEINACOPR g

¢3)

» i ¢; Plapz[h; IR)

1) 2.061€80 4,459757 . 04253098
2 2.943143 2.013452 L 4433220

B . 8774781 1.3160518 5853019
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The poﬁential function, Z?Ch) which was also filtted,
is given in flg. 3-7. Careful inspection of the funectlon
on & semi-log graph revealed &a negative second-derivative
in one reglon so that in order to fit accurately, at least
one of the exponentials used for fitting had to have a
negative coefficient. Consequently, a slight modification
of the previous orbital fitting scheme was required;
namely, 1t was necessary to start the lterative process as
though several iterations had already occured. Thls re-
quired a guess for the initial @; and 4; ; 1t was found
that a 4-exponential fit gave satisfactory accuracy. The
resultant error function is plotted in fig. 3-8. Table
3-2 gives the parameters of the fit, and Table 3-3 gives

the generated numerical values of the fitted ‘ZP function.
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Table %-2

Parameters of the Analytic Fit to the Z? Funection

n et

L

= b A
Z, () = Z_a; e

e
- 1.079855
+ 8. 842369
-14.32999
+18.56748

20,

-

o kad
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Thble 3-3
Numerical values of the analytic fit to Zp(r) given on the mesh used

for the numerical quadratures described in chapter 5.
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The negative second derivative of the function ﬁ.Zf
(or equivalently of Zr itself), requires further discus-
sion. This 1s because the second derivative of Zf’ must be

positive definite as indicated by the equation

2,0 Ploy (3-15)
e

da*

where ’ 2
’Pﬁh) =.:E;(Z£H)Tam(“)

the P,, are the radial probebility functions of the orbi-
tals, and the primed sum 1s taken over all the occupied
orbitals. This inconsistency 1in the tabulated..Z} function
was not realized untll lste in the calculation. Further
investigation has shown that the negative second derivative
represents simple numerical error in Freeman's Zp Tfunction.
In particular, the ZF function was recomputed from the

Integral equatlon
n gosi |
Al5ar P 4 (3-16)
2ﬂ@=£~{L?m)A+§£ e A} g

using the analytic fits of the atomlc orbitels and the
generation and integration machinery described in Chapter 5.
The latter Z?, was compared with the analytic fit to Freeman's
Z‘F ; the magnitude of the maximum error was found to be

.006, a value about equal to the original fitting error l1n-
dicated in fig. 3-8. Thus 1t appears that Freeman's data

had more numericsasl error in it than expected. It 1s clear
though that this error did not affect the present calcula-

tion except in the sense of unnecessary fitting difficultiles.
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Chapter 4

Evaluation of Two-Center Integrals

This chapter is primerily concerned with the compute-
tion of the previously defined 3§ and T.ﬂ integrals of
Chapter 2. The reader therefore may convenlently ekip this
chapter 1f he so desires. The basic evaluation techniqgue
i1s that whilch has been developed for the computation of
two-center integrals between analytic Slater AO!s £ Ul
and conslsts of transforming the integrals into.prolate
soheroidal coordinates. When thls 1s done, it 1s found
that all two-center, one-electron integrals are express-
ible as linear combinations of the auxiliary functions ' Il
A6 and B,(x) . The later functions are readlly computable
by relatively standard procedures which are described in a
recent article by the wrlter, given as Appendix A.

To 1llustrate briefly the technique, a two-center
overlap integral between ls Slater AO's 1s derived. The

normalized ls orbital is defined as

Y  —en
P (loo| k1R = =% © (4-1)

so that the overlap integral between a 1ls orbital on center

1 and a 1s orbital on center 2 at a distance a apart 1s

<i00|loe) =j!,0(1oo]|<.lff.) Yloo] 1 |1R3) dr “-2)
Using prolate spheroidal coordinates 3;],lfwhere
Ry = ($41) %% (4-3)
by (5904

dr = &8 (5= ) dsdydf
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one easlly obtains
3K

Y
<I00|loo>= (K_';ri) a’i{“’d“"

o0

[JS (32#1:.) e"sfe"?r (4 -4)

where p= (Ki+wka)of,  amd —=(k-kK)Y%

By definition of the auxiliary functions
1 Nn ..Sf *| (4"b)
Ca(s - esz ¢ ‘dg = r“ el A

and L,
B, (™ = Lv Sl @-6)

one finds that

% | i
Kloo|1oo> = 2 (i Ka) Cf[B,(r)C,_Cf)— Y‘Ba(cr)C,(r)] Gr)

(m+z5
The cholce of the C4 rather than the A, functlon was be-
cause the Cu are not singular for f=o and theretore the two-
center integral 1s convenlently evaluated for any distance
without the spurious introduction of singularities from the
A, functlons.

The above technique works equally well on the higher
gquantum number Slater AQ's without any particular complications.
The kinetlec energy integrals are also simple lnasmuch as the
function Vz'-an!m) is a linear combination of Y(ulm) , @(n-1,2m)
and P(x-2,4wm) . Finally the two-center potentlal integrals
.where a function j‘.te:-mis placed on center 1, one Slater ACQ
on center 2, and the other Slater AQ on center 1 or 2, are
easily evaluated in the same way as the above overlap integral.

The A, and B, functions are tabulated sparsely Dby

Kotanl, et al,l5 but, inasmuch as the labor of interpolatlion
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would have been severe without even considering the humean
reliabllity problem, it was felt that a C, and B, subroutine
for the Whirlwind computer would be desirable. Such a sub-
routine was wrltten and tested against the Kotanl tables;
the subroutine used simple upward recursion to obtain the
Cw and a rerormulation in terms of spherical Bessel function
of imeginary argument to compute the more difficult B,
functions. The basls of this subroutine is described in
Appendix A.

With the C, and B, generation subroutine available,
an integral comblning program was then written. Thlis program
computed the overlap, kinetic energy and potential integrals
between the Carbon Hartree-Fock orbitals which had been
fitted with Siater AQ's and the similarliy fitted potential

functlion. Thus the orbital input data was of the form

YRy Z e (kiR @y
and the potential of the form J
K] A i
vl L3 ee oD

where the @ are the analytic Siater AC's. It is pertinent to
remark that the combining program required as much eifort to
create as the original G, and B, subroutine. Inasmuch as

the Hartree-Fock orbitals in general required three Slater

AO's for a fit, this meant that a single overlap or kinetlc
energy integral between Hartree-Fock orbitais required 9 baslc
integrals between Sliater AO's. Similarly tor the potential
integrals, because of the four exponential fit of the potentlal,

there were 36 baslc integrals per resultant integral between
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Hartree-Fock orbitals and potential. Each of these basic
Siater AO integrals required from one to two seconds of
machine time to compute and were obtalnable with six to
seven I'lgure accuracy.

t should be cliear from the preceding remarks, that
these expliclt two-center methods beccme less etfticient for
applicatious involving atomic orbitals expreésed as linear
combinations of Slater AC's, in contrast to the multi-center
technlqgues. given 1n the next chapter. 1In faet, as soon as
the general two-electron integral is conslidered, the effici-
ency loss 1s profound. However, for the oresent calculation,
the advantages of easy operation and known accuracy behavior
more then offset any computer time which might have been
saved. In addition, the comparisons possible between the
two methods were important internal checks on the computatlions.

In summary, the foregoing method and combination pro-
cedures were used-to-compute all the two-center integrals,
inﬁegrals which depend only upon the dlstance between the
two centers. To be explicit, these lntegrales are the follow-

ing, which were defined 1n Chapter 2.

Sjj" (’y&o) = j‘%}*{i‘—f;ﬂo) %J\ (r'Fua)dT (4-10)
—]j—j/ (/\/&0) s —Zf-j%"}';_ f;o) V&z.’ (/’l‘“—[_i:”) dr (4_’,)

Byt (4pvl009) =ﬁ’§?ﬁ‘- Fipe) VIE=Fro) ¥ (B=Prad dr (4-12)

By ool Y'Y= [ 15 Py VI3 Fpir) Y (5-fddr 1)
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where j,j/-.:.is) 15) an-') :"P“.):'P-ﬁ_
and o,w,F refer to the two-center axles as described by

fig. 2~4 of Chapter 2.
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Chapter 5

Eveluation of Three-Center Integrals

In this €hapter the evaluation of the previously defined
'E;Owoh}bBintegrals wlll be described. To evaluate the
threc-center integrals, the procedure used 1s a very general
one capable of being used on all multi-center integrals be-

tween atomic orbitalsl6.

As might be expected, however, the
computation rapidly becomes complex for the more general
classes of integrals. The procedufe consists of taking all
atomlic wave functions, describved in spherical coordinates
around one center in space and expanding in spherical coordi-
nates about another center, in perticular, the center of the
atomic potential function, Y(R) ; in this application;
then the resultant single-center integrals are calculated by

numerical quadrature. Much of this procedure is not new,

having been examlned previously by Goolidgel7, Barnett and
Coulsonla, Lowdinl9 eand others, but there are many detalled

conventions which must be consistently adhered to. Inasmuch
as the exact methods used do not follow any of the afore-
mentioned writers' conventions, but instead were developed
independently, they willl be given now.

In particular, the expansion of a normalized complex
Slater AO is defined, the conslderation of real Slater AQ's

being treated later. The definition 1s:

1

-l =K __ —
Y (nhm|k(R) = M(“QMW)KU‘"') < (Icaa) ¢, (®

2¥" K (28+1) (9;-nmi)l.'l"i
(an)! (R+iwl) !

(5-1)

where N (rfwlx) = [

€ @)= @rte™
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For convenlence the unnormalized Slater AQ is also defined

U (ndm[KIR) = [M (Yllmik)]-‘(fﬂ(”jm i) (5-2)

Then in terms of the coordinates of flg. 5-1, the expansions

about the center r=o0 can be written

= : : wl
Pndm |\ R) = Z(ljﬂ) “ﬁ“f_:‘“““*"')?' (00)F () (5-3)

j:h\l 3
V(afwm\ K %Y = . ‘(nfmlka.lb(&) iml (5-4)
b ;eujﬂ) s F; 9,9

so that

: o(:i(nlnﬁlklﬂ-lh) b M(ﬂlmlm) Pj(\ﬂlm lKa.lK)b) (5-5)

The choice of the form of the u% functions was suggested by
the resultant simplicity in the final integrzal formules.

The absolute value signs on m serve to make the C% functions
depend only on lml , thereby reducing the functlons required
and also eliﬁin&ting the usual confusion over the conventlons
for spherical harmonics of negative m. Further, the stralight-
forward result

é; (Vem [Kal Kka)=K* [P, (nlw|kalkn) —2n Fj (n=1,0m| kel k) + (weLfn-L-1) [&i(n-z, b |xal Kn.)} (5-b)
is glven where the notation %ibvhﬁmlkahoé means the expansion
function corresponding to the function ¥ 2~ (nimlik]A’)

Thus 1t is clear that the expansion proldem depends entirely
on the Pﬁ functions. In addition, the expansion functlons

of Hartree-Fock AO's which have been fitted by a llnear conm-
bination of Slater AO's can be obtained by the same linear
combination of the corresponding o functions of the Slater

3
AQ's.
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The computation of the ﬁ; functions 1s next considered,
By rewrliting an expression given by Watson R in terms of
spherical Bessel functlons of imaginary argument, one finds
after using the coordinates described by flg 5-1 that

~ KN’ =) "
ot = Zu.jw) iifti?j(cwa) (5-7)

Kb’ j c.o

where ij.-.-.ii(cr‘) § hj.—. kj(f’) s - and f being the lesser and
greater, respectively of ka,«a . By differentiating with

respect to Kk one obtains the numerically accurate form,

e ZGM [ b~ i, &i]?j(ene) i

jaé
To abbreviate the notation in the followlng discussion, the
veriables ka and Kn are dropped from the Pi functions.
Then from the two preceding relations and tne definition of

the Pﬁ*!m) functions, one immediately obtains

Pj(ooo)= Kn i"-ftj (5-9)
PJ (IOO) = kn [f EO &J'.., AT rijn &J] (5'10)

which clearly depend on only the spherical Bessel functlons of
imaglnary argument.

The % functions are the same functions as those used
to generate the B, auxiliary functions discussed in the
preceding chapter. The generation of the. i; and B, functions
1s described in & recently published paper by tne writer, given
in Appendix A. A more extenslve discussion of the generatlon

of both the ij and ki can be found i1n a recent progress report21
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Fig. 5-1
Relation of Coordinates

¢ = 0 half-plane includes +x axis and O"
¢' = 0 half-plane includes + x axis and O"
¢'"= w half-plane includes +z axis
+ X
Fig. 5-2

Three-Center Geometry

Fig. 5-3
Eulerian Angles



57

of the Solid-State and Molecular Theory Group with which

the writer has been associasted. A comprehensive description
of the generation procedures for spherical Bessel functions
of both real and lmaginary arguments 1ls the subject of a
paper.which 1s belng prepared for publication with co-author
J. Uretsky.

Returning to the Pi functions, one could laboriously
build up higher quantum numbers by continued differentiation
of egs. 5-7 and 5-8. Instead a recursion scheme turns out
to be much simpler to apply. From fig. 5-1 the following

geometric relatlons are observed.

(AY = 6+ A - 2an Com® (5-11)
AMen8 = —a +aCHn0 (5-12)
)\’Ma'-: AMQ (5_13)

By multiplying the deflning equation 5-4 for the Pj function
by each of egs. 5-11, 5-12, and 5-13 and then using the

recursion formulas for Legendre polynomials

(2n+1) L0 P:..mtw 8) = (n-mmi+1) P,:;»O) + (n+iml) R::'(abe) (5-14)

w|
(an+r) MQ’DM CHE MHQ‘w,G) ? ?Cne (5-15)

ﬂﬂ

to reduce to a single summatlon, one obtaeins a set of recurslon
relations for the PjUdmo . To describe these relations

succinetly, auxiliary operators are lntroduced.

L Uj B3 0tm)= Be, (nl) (5-16)
Li Pﬁ (ﬂ’.ﬂ): ?3..; (nﬂm) (5_17)
and (5“15)

.=-5F|[L U;)
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Z = —Ka + (.z #)[(1'-IMDLJ- + (G +Imj+1) ({J (5-12)
2 x 2 & , .
7?}. = (ka)+ln) — %[(j—tmi)% + (j+(mi+1) %J (5-20)
then one obtalns the recursion relatlons
piteen4) < K] (049 e
Pj. @, e, b )= (2840 Xi Fj (a bk (5-22)

U1 5 j T 2 !
P(O-'H Q--H C) (!, Ic.l-H) J(ﬁj(dlfg (mRJeJ(&‘)Q_{J()S-QEJ

where in the last relation.hékuﬁ-bg is to be taken as zero.
The recursion scheme then proceeds as follows. Starting

with the set ?j(oco) 1f7‘vu-1 is even or pjflo@ 04 el is

odd, for all the regulred ] values plus n extra, we recurse

using eq.

a

5=-21 until pj (n-8,00) is reached. Eq. 5-22 is
then applied m times to Pj(u_,l,oo) to yleld Pj(h-h-m)mm) The
latter result along with the relation pﬁ(n-i-t-m,m,m-\-l):o

is used to steart the upward recursion of eq. 5-23; after 1-m
steps, the desired set of ﬁjhwm) are obtalned.

The numerical properties of the above recurslon scheme
are not complietely known, elthough, inspection lndicetes no
obvious problems. However, before this recursion scheme
was fully worked out, a generatlon program was written for
the Whirlwind computer which used the R;)XJ- am(zj operators
to construct the expansion functions of the atomlc orbltals
with quantum numbers nfm egual to: 000 160, 200, 300, 110,
210, 310, 111, 211, 311. No noticeable numerical faillures

have appeared with these expansion functions.
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Having seen how the Bi functions and thus the og'functions
are generated, it 1s now possible to derive certaln integral
formulas. Considerihg first the 2-center overlap and kinetic
energy integrals, and using the coordinates of tig. 5-1

it then follows that

] -2
<“I2|mll“aﬁlm’> =2 J‘f*(ﬂ.(.m.lm \3;) l{)(“zga.\“zl Kﬂ-f‘:/)d'i’ o
m, *
:J12L4q)dlinﬂnml%hbhﬁii‘eﬁbaﬁéwh@o‘
.zg 7+ 043 e, K] \»)ijz‘u, 0 F, ) drdlad dy
j“'n:.]

Integrating over the angular funtions and using the ortho-

normality relatlons

J E:F“’) P, @) dp = SOmp) (5-25)

(-]

liMl ml
(o Tp, Godpm= S 2 (it iml)! (5-26)
J. 0 Ty, pIAm )%“ b

one obtalns

4, +m)! f:(n,t, [k oIy e, (b Kelal®) Do .
(mf;m/%/zmﬁ-’s(muma)z[2"""’)@’5:;;,;,7).: & m [ lolny oty ( 4

The last formula holds also for WM replaced by ¥ ntm,

Thus the overlap and kinetic energy integrals can be done by
a single numerical quedrature of a rather-difficult-to-obtain
integrand. It was for the latter reason that the overlap and
kinetic energy integrals used in the present calculation were
those obtained by the use of the more convenlient and precise

2-center integral techniques described in the previous chapter.
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However, values were spot-checked by means of the numerical
quadrature method given-here and were found to be in agree-
ment with the 4 to 6 decimal trigure accuracy of the numerical
quadrdtures.

Formelly eq. 5-27 also holds for u,ém, replaced by '77!,1;»1,
but prectlically is a very poor form to use. The reason
for this is that the expanslon functlons of Vﬁﬂ%&d are much
more localized as a function of the variable r than are the
corresponding expension functlons'of q%ﬂh). In faet, the
expansion :unctlons of VE%WQ actually have a cusp-like
benavior (1.e. discontinuous first-derivative) at r=a .
Consequently & numerical guadrature, which 1ls based on a
finite number of 1ntégrand roints and assumed continulity of
integrand derivatives, must be done with particular care 1f
accuracy is to be maintained.

In order to treat the 3-center potentlal integrals
involving two atomic wave functions and an atomlc potentlal
by the presently discussed methods, 1t is clear that two of
the three functions must be expanded about another center.
With reference to fig. 5-2 it would be simplest to place one
wave function on center 0, another on center O', the potential
function on center 0", and then expand all the functions about
center 0. Before the angular integrations can be performed,
however, it ls necessary to transform the spherlcal harmonics
arising from the potential expansion along the 00" axis to
thé spherical coordinates of the 00' axis. The usual addition

theorem of spherical harmonics will accomplish this for a
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potential which 1s symmetric about the 00" axis. A serious
drawback though will arise from the fact that the singular
nature of the potentlal requires that the expansion functlons
have cusps at r = b. Thus the same diffliculties 1in the
numerical guadrature whick arose with certaln kinetic energy
integrals wlll also occur here. A further difficulty arises
from the fact that in order to generate the expanslon func-
tions of the potential by the technigues which have been
described, i1t would be requlired to have the potentlal fitted
by & linear combination of Slater AO's. Hence, 1ln general,
an arbitrary numerically-glven potential could not be used,

although in the present work “&s fltted potential was used.

The difficulties which arise from expanding the poten-
tial function are obviously avoided if instead both wave
functions are expanded about the center of the potential.
However, a new complication arises 1ln that the usual spheri-
cal harmonic addition theorem will no longer suffice 1n
general to transform the spherical harmonics from the coor-
dinates of one expansion axis to those of the other. There-
fore the general rotation of spherical harmonics will next
be discussed.

The coefficients describing the rotation of spherical

harmonics are defined as

hﬂ'l ~Iml —thl-t ~tm¥ _1ml (5-28)
B i) &,99 = Z"r——u‘;" ®c AOTEN)
where o,p¥ are in this equation the Eulerian angles of

rotation of the unprimed to the primed coordinate axes. To

be unambiguous the exact prescription for rotating the axes
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1s glven where all rotations are in a right-hand screw sense.
1. Rotate the Y=% line in the x-y plane about the +#
axls until it intercepts the x' - ¥' plane. Call
this angle ¥ .
2. Rotate the +2 axis about the new =7 axis in the

XI

- y' plane until it coincides with the +z’/ axis.
Call this angle P .
3. Rotate the new Y=% axis in the x' - y' plane about
the +# axis until it coincides with the ¥2% axis
in the x' - y' plane. Call this angle o .
Flg. 5-3 1llustrates these angles. The particular rotatlon
formula glven by eq. 5-28 has been chosen becausé for m'= ©,
there results the ordinary addition theorem of spherical
harmonics where F:lom(p)'--—a‘?lcmp) .
The formula for the F functions can be deduced from &
formula of Wigner22. Wigner ambiguously states his normeliza-
tion and his Eulerian angles, besides using a left-handed

coordinate system. After elimination of all these confusing

factors, the following formula wes obtalned.

(e Hemepat, | aobnt (5-29)
(_?(p: (—l)“w* | %hrul)! (1+m’n!Zf-*)*——(“—°ﬁ)— i)
- (U-m-)! (e m=t)! (4+ m-m)! !

where t takes on all velues giving non-negative factorlals.
The F functlon can also be expressed in terms of the hyper-
geometric function23 which in turn is closely related to the
Jacobl polynomial. For the case of mém’

(5-30)

i (=t Iml+m's w1 )
a+ GELL+MH|M-m#d@Af%T)

W)
F ?P) = {1

) (R im)L (G péjﬂm Wﬁi)m-mp
(=)L (24 w)! (m-m")}
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By studyling egs. 5-28, 5-29 and 5-30 the following relations
can . be found.
F—-'ﬂm’ _—.-m,-m‘ (5—31)

G (£ wtm’ —m'm i Wem’ L mem’ e
1P = l_i (P) =(=1) l’:( (P) —(_—1) r—} (_P) = 1) F; ) (““‘P)
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Having establlshed the preceding relationships, it is
Nnow Dos 51ble to conslder the 3-center potential integrels
The foilowing deflinition 1s made
b [VIntomy= [@hgm %) Vi) Pontum IR d (5-32)
where VY(X) 1s a numerically given spherically symmetric
potential having roughly the behavior of .iff«d sy and the
coordinates are those of fig. 5-2. When the wave functlons
are expanded about the C center, it then follows that the
rotation of the spherlcal harmonics not expressed in terms
of 6, is given by eq. 5-28 where o=Y-o . This leads to
the expression |

A Lom |V M L,y = jz<zg+f)ot(mt.mlu.lalnﬁ’ im0y Ey @ Vo (5-33)
(o)

" Z(3£+Qo(£(nzgzhfzfle-e-l&)z(&w (p)SE @) drd(cob)dy
%

After the usual integration over angles, one obtalns

= R (5-34)
tom Windm> = 2 0 @ F @y &Givigy

£
where oo
(j/V/j) =]‘xjrm, (16 |aln) I/(a)o(j (n, bom, [ic, [ B]2) dr
In the present calculation the atomlc orbitals of inter-
est are the ls, 2s, and 2p of Carbon. These real orbitals
can be readlly expressed in terms of the above complex orbitals
of quantum numbers nlm by the transformatlons
(18)z (lee’) = (100) (5-35)
(25)= (2097) =(200)
(2pr) = (2107) = (210)
(2pn)=z (2177) = &= [(Z.H)-t- (21,-')]
(2pT)z (217) = 2= {@n)- @)
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where the o/3’and T’ refer to the usual symmetry with re-
spect to the translation axes of the real atomi§ orbitals
from the expanslon center r= 0. The ¢’ and 7’ orbitals
are e?en and the T’ orbitals are odd with respect to reflec-
tion in the plane 00'C" of fig. 5-2. ( It is noted that for
descriptive convenlence the axes of flg. 5-2 are permuted
with respect to the axes of flg. 2-2, however because all
further descriptions are of the ¢,n -type no confusion

will arise.) In terms of the real orbitals, one then ob-

tains for the non-zero three-center integrals,

5= -
<m!.1f|V|VI;f;.a"7 = 2&2(1J+D l:;m(ﬁ)<j‘vlj> ' (5‘37)
573

NAFIN|MalTD = o 2 o[F e +Flp)<aivip (5-38)
J=»

T IVILLEY = 5 = (g |)[ F‘i”((;)— F'j"zé,ﬂq‘ N> (5-39)
_j=° i

where the <5lvh} stlll are the same as in eq. 5-34.

Several of the above sums were computed manually out to
J= 9 with the convergence varying from good to poor. During
computatibn an important point appeared, namely, that the <jlv]j>
are in general monotonically decreasing with an approxlimate
behavior of A&jwhere A and h are empirical constents de-
pending on the integral involved. :(An exception to the mono-
tonicity occurs when one or both of the orbitals is a noded 2s
function which has been fitted by a linear combination of Ls
and 2s Slater AO's; however, the monotonicity is restored when

the integrals involving ls and 2s Slater AO components are
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evaluated separately.) For the cases of poor convergence,
which correspond to the expansion of highly locallzed
orbitals or large exgansion-distances, a correction proce-
dure has been developed which will now be described.

Egs. 5-36 to 5-39 are summarized in the form

<"I£|M|‘Vl“zgzmz> = i Gj ((3)<5|V|§> 7 (5-40)
and can be rewritten a;-o
L o : <= (5-41)
<ﬂ|1|m|l\/,'ﬂz!:jh> = A H(F)‘F%‘;C?j(@ [(j ‘Vlj)"Alv.?] +ZG_1' (@)[<5le>—,ué )
where [z

°° .
==
HE=> FGeE
=
The correction procedure used is to adjust A and h so that
the last sum from N + 1 to oo 1s approximately zero and can
be neglected; simple fitting from <N|VIND> and <n=t]ViIN-Dwea s

found to be adequate. Before this procedure could be made
useful however iﬁ we.s necessary to express the H functions
in closed analytic form.

It can be shown by tedious ldentification through the

MW, |
hypergeometric function relatlion of the FS}@ funcetions that

o 8 (5-42)
Fj@y T, @
= binp T | (5-43)
e
il 1=l Sy _,,.-——.l L, ‘;..__\ y
ERGICHACIE (8" Ty @®- G T (5-44)

TF@-Fel- 2T.® | (5-45)
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w
where the j;qaare Gegenbauer polynomlalsa4- The generatling

functlion of the Gegenbauer polynomials 1is

@m-1)"" Z{J [P) (5-46)
mus

JGO
where - iﬂzﬁ&b}*at
and (2m-1)!! = (2m-1)(2m-3)(2m-5) --- 1

After appropriate differentiation by h andP s formation of
linear combinations and considerable involved algebra, there

result the expressions

Zﬂ (2J'+:)“j(" (IA) = *—-ﬁ: (5-47)
J'St.)
S Gk Ew- ~{é£fj&£ggﬁ (5-48)

g _‘DS/

= i [E e e, eR0-E2) . {5 74H)
T e
5-50

2’1 (25+) &7 [_F (B)- l- (pJJ € {I “

Tbege results were checked by the alternative procedure of
examining the F}?PB in terms of Jacobil polynonials and using
the corresponding generating function; however, the compli-
cated algebra dld not particularliy simplify.

The above tall-summation correction procedure was
successful in giving the right order of magnitude for poorly
convergent potential integrals, lntegrals whose values in-
variably turned out to be comparable to the numerical gquad-
rature and summation truncation errors in the more important
potential integrals. Thus it appears to be a good assumption
that in more general calculations the elaborate tall-summation

procedures are not necessary, provided the ma jor integrals
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are obteined with sufficient accuracy. .In any cese, in
the present calculation @he tail-summation procedufe gserved
to ensure the accuracy of the potential integrals.

Having discussed the baslc procedures for obtaining
the three- center potentlal integrals, it remains to make
the connection with the required ]ij:OyOIKLGK) which were
defined and discussed in Chapter 2. From the definlitlon.

-51
’Pﬁ,(x,mlx’,;v’)=_f1/;-*rs-ﬁ,.,) V&E- Fo) V}(n:—f:o.,)dr i i

where

§.1j'= 1s,25,2p7; 2p7 2P
and from fig. 5-2, it is clear that the center O must corres-
pond to P'A},y,-_-o , the center 0' to F:..=o , and the center
Q" to Px”°=° . However the W? are not the atomic wave
functions described by eq. 5-35 since they are angularly
quantized with respect to the axis 0'C" rather than to the
axes 00' and 00". Whern jJ and j' are equal to the 1ls, 2s, or
2p% functions, which are lnvariant under rotation about an
axis perpendicular to the plane 00'0C", there 1s no difference
between the two angular guantizations. However for the J or
J' equal to 2pes or 2p7 , there 1s an additional trans-
formatlon required. The transformations are

- == 4 TR ¥ (5_52)
1{;}‘_(5:-(...): ot Y’ Ufp,.f(m—fuo) + i ¥ 7/";1”: (- Poos)

Vope (3l = s’ Yoper O fi) - 20 Voo (A-fiog  (5-53)

-and

A

?r
Yoo (=P = ¥ Yo (A Pipe) + e ¥ Yo ) (5759

(B-Prpy= 0¥ Vit (B fiue) —din ¥ Yo (8- ) (575%)
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Diagram of the x-z plane of fig. 5-2 showing the requantization of the
2p9' and 2pw' orbitals into the 2peo-and 2pw orbitals.
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where the angles are illustrated in fig. 5-4. Thus the
lntegrals are in general a linear combination of four basic
integrals when J and J' are 2p atomic orbitals. If higher
symnetries of atomlc orbitals had been used in this calcu-
lation, the above direct approach by inspection would have
become much more difficult; the solution to this problem
has already been established though in the F;h; functions
discussed earlier which allow one to make rotations of all
spherical harmonics.

Having dlsplayed all the details of evaluating the
integrals, a summary of the whole procedure wili now be
glven with particuler reference to the scope of the compu-
tatlons and to the mechanizations which[gggg to carry out
the procedures. The first stage of calculation involved

the computation of the expansion functions, for the

g )
carbon atomic orbitals ls, 2s (conslsting of two nodeless
sections: the ls and 2s), 2po" , and 2px’ which had been
fitted with linear comblnations of Slater AO's. This was
done on the computer with an ‘*5 generation program which
started from the fitting parameters of a glven atomic orbital
and computed the combined Slater AC expansion functions for
the orbital. For each of the five nodeless atomic orbitals
expanded at a gilven dlstance there were ten expansion func-
tions, (or nine for the 2px’ function), corresponding to a

maxlmum-) equal to 9, or a total of 49 functions. For con-

venience, the generated expansion functions were punched out
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on paper tape by the computer in such a fashion that the
functions could be automatically read back into the computer
without any transcription or proofreading requirements.

Thls generation and punchout process was done for expansion
distances equal to the first four graphite neighbor dis-
tances; 1n addition, for the trivial case of zero expansion
distance, tne single non-zero expansion function for each of
the four darbon atomic orbltals was generated and punched
out. Thus the results at this stage consisted of a total

of 200 functlons each represented by a mesh of 82 points,
glving a total of 16,400 numerical values. The machine time
required to produce these expansion functions was about two
hours. To lndicate the unwieldiness of this quantity of
numericeal data, it has been estimated that it would take
about'an hour of machine time to merely automatlically display
all the numbers, not to mention the 400 frames of microfilm
which the display would reguire.

The second stage of the potentlal integral computation
consisted of evaluating from the multitude of «3 functlons
and the potentidi function the <le137 numerical quadratures
of eq. 5-34. This was accomplished on the computer by a
speclally written numerical guadrature program whlch was
designed for easy operation. The 82 point numerical quadra-
tures were done by Simpson's rule. The reason for using
such a low order integration rule was the fact that the
functions for the orbitals used at worst had discontinuous
third and higher derivatives at the expanslon distance.

Consequently no extra integration error was lntroduced by not
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making the expansion dlstance a mesh roint since Simpson's
rule only assumes continuity up to and inciuding the second
derivetive. The results of the numerical quadratures were
also punched out onto paper tape by the computer in a
fashion such that they could be automatlcally read back into
the computer. All told there were about 2500 non-zero
integrals which had to be computed in a fairly intricate
sequence. The total machine time was about three hours for
this process. The resultant numerical quadratures were also
adtomatically dlsplayed vie microfiilm for inspeetion and
checking.

+ computation

i3
conslisted of formlng the summatlons of the numerical quadra-

The third and final stage of tne T

tures modulated by the ]:?1?) functions as indicated by
eq. 5=36 to 5-39. For this purpose a special summetion
program wes written which used a subroutine written for the
purpose of generatiné the F functlons by straight-forward
application of eq. 5-29. In addition, the tall-summation
correctlon procedure was incorporated in the program. Further
features installed in the program were the transformation of
the '#Qrf' and V&,;f indicated by eq. 5-51 to 5-55 and the
consolidation, (after summation), of the two nodeless com-
ponents of the noded carbon 2s orbital.

This program after evaluating the ‘Ef values also per-
formed the elementary summation required to give the ultlmately

desired
Vigr Gmed= D> Ty (ol 45 (5-56)

’,

Py
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The results of the summation program then conslsted of the
individual Tﬂf end the resultant ‘@-’ . As a check on the
correction procedure, two sets of simultaneous results were
actually obtalned, corresponding to the computation with
and without the teil-summation correction procedure. The
results were automaticélly recorded on microfilm and the
total computer time for this last stage was about one hour.
A finel comment should be made on the degenerate two-
center cases of the T?-f , which are important terms in a
tight-binding calculation. Because the atomlic orbltals were
only expanded for the first four neighbors, the sum of [}’
involved in V&y(ooo) were premeturely truncated; however
because of the two-center degeneracy, and the fact that the
potential functlon was analyticelly fitted, 1t was posslble
to compute, by the techniques of Chapter 4, the remaining
terms and thus obtain the correct %f(ooo) values. These
corrections were rather slight. Similarly in the general
\Gf(&uq) summation, the lmportant two-center terms were
necessarily omitted in the numerical guadrature process for
PN greater than four. These missing terms also were obtalned
by the two-cénter integral procedures of the previous chapter

and used to correct the iérﬁpoj values for )\ greater than

four.
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Chapter 6
Application of the Whirlwind Computer

It is perhaps illuminating to give some of the computa-
tlonal perspective involved in the over-all calculatlon.
Inasmuch as the magnitude of numerical work lnvolved was
such that accuracy would.have been difficult to maintain in
any hand calculation, most of the computational work was
done on the high-speed electronic computer Whirlwlind I. The
nearly total mechanization of the problem, although elimina-

ting almost entirely any possible random mistakes, had the

disadvantage of tending to obscure possible systematic mistakes.

The later shift of emphasis 1s one of the prinecipal feasons
that make the programming of a computer a non-trivial affalr.
A consequence 1s that logical simplicity of the computational
procedure becomes a goal which is often iIn opposition to com-
putational efficlency. There ls also a great deal ot dlffl-
culty in devising adequate test procedures for computer
programs, since of necessity they must be taillored to the
program itself. The ability of a programmer to cope with
these problems develiops mostly with experience. A large
fraction of the time spent on the present calculatlon was
thus used leerning how to obtaln the full potentlalilty of a
high-speed computer.

In carrylng out the calculatlon, the work fell into
stages for each of which special computer prograns were
written. These were; a program for the semi-automatlc

flitting of the atomlc orbitals and the ZF function ; &

=
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program for generating the two-center integrel auxiliary
functions and then automatlcally combining terms to give the
integrals between Hartree-Fock orbltals; a.program for genera-
ting the atomic orblital expanslon functlons necessary for the
three~center potential inteérals; a program for performlng
the baslc numerical guadratures of the three center potentlial
integrels; and a requantization and summation program for
formlng the appropriate three-center integrals from the basic
numerical quadratures. The foregolng computer programs were
sufficient machinery to prepare the basiec two-center
Hemiltonlan and overlap integrals which served as input for
the final master program which performed the energy band cal-
culation.

The computatlional steps covered by the above programs
have been indicated in the block dlagram given in flg. 6-1.
Each solid-lined box of the diagram indlcates a separate
computational program which on the average took a few months
to organize, wrlite, trouble-shoot znd test. In the case of
the final master program, several programs of similar domplexity
were arranged to work automatically together as a single large

program as indicated by the dotted enclosure.

The operation of the preparation programs have been dee-
scribed in Chapters 3, 4 and 5. These programs served &s the
basis of the two-center integral input data of the final
master energy band calculatlion program whose operation will

now be summarized. Explicltly the basic input integrals
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were of the form
SR -
M, () - (Yo me Yo dr (6-1)

where the Y~ are atomic orbitals, ﬁ: l1s the neighbor vector,

dady-1 , Ovedap e

Mx)- 3 =
W@y =-L1v™ f—}g(_——%’ s Pnsid T
L

and

the sum 1n the potential term belng over all nelghbor vectors.
In the present calculation, the three-center potential terms
were neglected when IF],J o ['(';—@.I exceeded the fourth-neighbor
distance in the sum over ?; .

The operation of the master energy band program then
proceeded as follows. For a gliven value of the reduced wave
vector, E; s, the program computed the Hamiltonian and overlap
matrix elements arising from the Bloch waves constructed from
the atomic orbitals. These matrix elements were made real
by taking Judiclous linear combinations of the Bloch waves as
basls states, as was described in Chapter 2, and had the form

gl G-
mijri'):Z-r M; (f:){:((;."o‘) ' e
~ A
where the terms in which f: exceeded the ninth-neighbor
distance were neglected. The program next solved the usual

variationally-derived secular equation of the form

Z?v‘ & Co @ = Ed Z ) Gel®

and stored for later use the elgenvalues E;ﬂ5. A new velue

(6-4)

of the wave vector was then selected and the generatlon and

solution of the secular equation repeated until the pre-set



values of the wave vector were exhausted. This cycle of

the wave vectors was done twice, once for the sequence of

8 by 8 secular equatlions arising from the ¢* states and

once for the 2 by 2 secular equations of the W states.
Finelly for convenlence, the program displayed graphically

on a photographic oscilloscope cross-sectional views of both
the ¢ and T energy bands, E;(iz.)m..{ y for values of the wave
vector along the edges of a basic non-repeating 30" - 60 - o
triangle of the first Brillouln zone.

The solution of the secular equatiqn was done by utiliz-
ing a Jacobli's method matrix diagonalization program in con-
junction with standard matrix mu;tiplipation techniques. This
solution process is described in detail in the memorandum,
given as Appendix B, describing two generai purpose secular
equation utility programs which were by-products of the present
calculation.

In view of the intimate application of a hlgh-speed
computer to the present cesleculation, 1t 1s worthwhile to dis-
cuss further some 6f the general conclusions which arose out
of this experience. Perhaps the most difficult readjustment
of mental appréach requlred for machine computétion versus
the traditional desk calculatér computation is taklng proper
account of the shift in usefulness.of a modern computer.
Although in the sense of arithmetlc operations, a computer
" 1s an extrapolation of a desk caldulator, because a computer
must be given in advance a complete set of logical Instructlons

which anticipate a2ll contingencies, there 1s a sharp: shift
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in the cholce of useful applications. Thus a desk computer
1s valuable for non-systematic computations where there is a
high degree of logical complexity with very few repetitions.
Conversely the modern computer 1s at its best when doing very
repetitious eiementery logical steps on vast guantities of
data.

A modern computer also presents a further complication
which arlses from the organization required to coupnle-together
a series of programs which are equivalent to many steps of
hand computation; at times invery compllcated and large
computer programs, this "Jjuggling act", which increases in
difficulty in a greater than linear way with the magnitude of
program, severely taxes the concentratlon and memory for
detalls of the programmer.

The great intensity of effort required by the programmer
also aggravates a more personal problem associated with com-
puter work. Thls problem is the all-or-nothing nature of =
program and the accompanying personal involvement and frus-
tration. The average large program, thanks to the capacity
and versatility of modern computers, 1s usually an ambltlous
affair. Thus the typlcal computer program will involve many
hundreds of instructions which at the first writing lnvarlably
wlll contain mistakes, eometimes of a clerical nature or,
even worse, sometimes involving serious logical confusions,

(a mistake per hundred instructions 1ls low even wlth consider-
able programming experience). Clearly these mlstakes have
to be discovered and removed, a process often called trouble-

shooting.



The progremmer flrst plans out a testing procedure for
the program which, i1f well-done, will test every coﬁtingency
of the progrem operation. This often requires an'organiza-
tlon and decomposition 1nto'many small test procedures which,
in the end, results in another computer program rivaling the
original program in difficulty and complexity. The trouble-
shootlng process then begins and the comblned original program
and test program are_run'on the computer. Since most mistakes
result in logical absurdities which stop the computer, the
test run usually fails to finish correctly. The programmef
then infers from any partial test results he mey have obtained
plus the knowledge of how the program stopped what mistake
among the hundreds of instructions ilnvolved might have pre-
cipitated the fallure. If the programmer, after several hours
of study, fails to find the mistake he must, of course, back-up
and make & more detalled test run so as to have additional
information.for .inference. When he 1s successful 1ln finding
his mlstake, he then makes a correction and repeats the
trouble-shooting process until after many runs he 1s finally
able to get the entire program tested.

Besides the uncertzinties of how many mlstakes a program
will contaln, (stolcism is an asset), the trouble-shooting
process 1s aggravated by the necessarlly cooperative-nature
of a:machine computation center. Thus all computing mechlnes,
in order to be efficlently operated, must not only be used by
several dozen progremmers but also must have priorities and
scheduled running times. This invariably results in delays

ranging from several hours to several days before e partially
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tested program can be corrected and rerun.

From the previous discussion of the trouble-shooting
process and scheduled operation of comouters 1t is clear
that the use of a modern computer bears considerable re-
semblance to the use of nuclear reactors, cyclotrons and
other large experimental devices. At the present time there
1s no escaping the fact that 1t 1s very difficult to use a
digital computer casually, although, the current evolutlon
of programming techniques 1s lmproving this situation. An
indication of the current stetus of programming technique 1s
the rule-of-thumb that computetions which require less' than
one to three months should stlll be done with a desk computer.

Turning from general remarks, the magnitude of program-
ming 1n the present calculation was qulte large. Roughly
speaking this programming wes split into two major parts: the
evaluation of the two- and three-center integrals and the
generation and solution of the energy band secular equatlons.
At the start of the present calculation it was hoped that two-
center integrals would suffice and that in the matrix element
generation not many neighbor distances, (0, 1, 2, and 3),
would have to be considered. Thus the programs for two-center
integrals, described in Chapter 3, and a secular equation
generation and solution program were written. Upon obtelining
energy bend results from these programs, both programs were
found to be inadequate;, crude estimation of three-center
integrals indicated an important effect being omlitted and the
failure of the overlap matrix to be positive definlte, (1.e.

have positive definite eigenvalues), at certaln wave vector
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values revealed that several more neighbor distences were
required for accurate overlap matrix elements.

These fallures forced the calculation from the initially
moderate amount of progremming to the rather large and lengthy
final form. It was necessary to completely revise the secular
equation generatlon and solutlon program so as to have the
addlitional nelghbor distance generality required. In addition
the rather elaborate energy band display program was devised
for the convenience of rapid interpretation of the band
structures.

The three-center lntegral procedures also requlred new
programns since the method had not been applied before on the
Whirlwind computer. Because of the generallty of the method
used for these integrals, two utlility programs, the expansion
function generation program and the numerical quadrature
program, were written with special cere given to flexibility
and ease of application; hindsight has shown that such care
was quite justified since these programs have been lnstrumen-
tal in lightening the labor of the integral evaluations re-
quired by several other members of the Solid-State and
Molecular Theory Group.

From the above remarks, it can be seen that there were
two major difficulties in the present calculatlion. First
there was an underestimation of the scope of the computatlon
required for meaningful solutions. 1In a certaln sense this
difficulty represented a result in itself since 1t gave
guentitative information concerning the application of the
tight-binding method to crystals. In any case there are

always some magnitude uncertainties in research work



involving numerical methods although careful preliminary
estimatlion can minimize one's efforts. The second difticulty
involved the unavailabllity of the machlnery for the two-

and three-center integrals and the subsequent programming.
Beeause such programs have general interest in molecular
structure studies, 1t seems clear thet they ultimately can
be developed into relatively standard forms so that computa-
tlons simlilar to the present one will be greatly simplified
in the future.

The unlqueness of the Whlirlwind I computer also had an
effect on the present calculation. In particular, tooc many
mathematical functions were not available in adequate
program form. Thus because of unrelisbility, poor efficlency
or unavailarility, it was necessary to write and test progrems

for generating many functions, (e. g. 1,,(x), ko (x), &

G ()5 By, (), 'ﬂ?mzp) ). The experience galned as a Research
Asslistant in Numerical Analysls and Machine Computation weas
especially valuable for this purpose. It is to be hoped that
in the future as computing machines become more standardized
that a large stock of function generation programs will be-
come avellable as a result of the efforts of many programmers.
Finally it is of interest to note some of the d@ficilencies
in the final programs for this calculation. The secular equa-
tion generation program could have been more general in two
ways. First, it would have been desirable to have the possi-

bility of including more excited Bloch wave states, or perhaps

even better, including excited plane wave states (1. e.
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essentlally developlng a modified orthogonalized plane wave
method). These additional basis states would then allow one
to test the accuracy of the valence electron energy band
solutions, which in a mathematlcal sense only depend on the
original cholice of the crystal potential. Second, it would
have been very deslrable to have been able to treat the
three-dimensional graphite band structure, with its correspond-
1ng 20 by 20 secular equation, by simply including more in-
tegral values. The factorization which was made into ¢ and
T energy bands is no longer considered very useful in a
calculation of the present complexlty slnce the programming
was necessarlily more complicated and the machine time saved
was negligible.

To accomplish these two improvements in the secular
equation generation, i1t is strongly felt that systematic
matrix technigques should be introduced wherever possible and
that the geometry aequantizations and sign conventlon diffi-
culties should be minimized by use of the F, "(p) function
discussed in Chapter 5. The use of such technliques ln a
progrem would simplify the wrlting and testing and minimize
the possibllity of an error.

In an attempt to summazrize the remarks of thls chapter,
1t is felt that a considerable part of the computational
effort in the present work was spent on the more general
problem of efficiently utilizing a modern digitel computer.
Since the latter problem is of considerable complexity, most

computing centers have a group of staff members who prepare
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useful programs for general use. On the basls of the needs
of the present calculation, it would appear that these pro-
grams fall into three categories: specialized problem pro-
grams, subroutlne programs, and utility programs. .

Consldering the specialized problem programs, examples
are the generation of the atomic orbital expansion functions
and the two-center integral programs. This type of progranm
is usuelly quite complex and limited in application to a
speciflc field of research. Consequently the development of
these programs willl probably receive low oriority by computer
steff members and will have to be done by computer-experienced
research workers of the various flields.

Subroutines are the most valuable prepared programs in
computer work since they represent mathematically closed
problems. Thus, the input and output data of these programs
1s sucecinetly stated in mathematlcal terms. Examples of
these programs are function generation, matrix diagonallze-
tion and numerical integration. Because of the wlde-spread
applications of subroutines they are best developed by the
more experlenced computer staff.

Utility programs are defined to be programs which ac-
complish one or more mathematical operatlons with very sim-
ple directions and with virtually no programming requlred.
Excellent examples of this type of progrem are the secular
equation utility programs described in Appendix B. Utllity
programs are made up usually of one or more baslc subroutlnes

but have the essential difference that no programming is re-



gquired to operate the subroutines nor to teke the results
out of the machine. Present experience with the seculér
equation and numerical quadrature programs has indlcated
that utility oprograms can greatly speed up the process of
using a computer, even for an experlenced programmer. As
with the subroutlnes, these programs can be prepared by com-
puter steff members.

Thus 1t 1s clear that e great deal of standard progrem-
ming can be done in anticipation of general computer use.
The gradual development of the ease of computer apnlicablil-
i1ty 1s still growing so that as yet there 1ls no llmlt to the
complexity of the computational problems which will be solved
in the future, although drastic improvements over pregent

computations would appear unllkely.
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Chapter 7

Regults and Conclusions

A physically significant result in a two-dimensional
energy band calculation of graphite 1s the size of the gap
between the five lowest (occupied) and the higher (excited)

7~ bands, and in particular whether or not the two lower

® bands (valence and conductlion), which are degenerate
at one value of the wave vector, have thelr polnt of de-
generacy in the ¢ band gap. If such a ¢ band gap is
large enough to include all of the W bands, then it follows
from peeturbation theory that a reasonable approximation for
computing the conduction properties of a three-dimensional
graphite would be to ignore the 0~ states; (as pointed out
earlier, the o and w are no longer "good" symmetry desig-
nations in the three-dimensional crystal since the o~ and T
Bloch wgves of alternate graphite layers interact, but the
terminology is still used.)

A second result of this band calculation which 1s of
Interest is the wldth of the occupied bands formed from the
Bloch waves of 2s eand 2p atomic orbitals. This width 1is
directly comparable with the energy width of the soft X-ray
emission spectra of the graphite valence band which has been
obtained by Chalk1n25. As estimated by Coulson and Taylor5
the experimental width 1s about 15 e.v. although examination
of the data curve indicates a possible latitude of a few
electron volts more or less.

The energy band solution of the present calculation is
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shown in flg. 7-1 where the horizontal dimensions are the
edges of the basic triangle of the first Brillouln zone as
shown 1n filg. 2-3. Energy values of interior polnts of the
trlangle were also found and are included in Appendix D
whlich glives the complete numerical results. These interior
energy bands vary smoothly from the edge band values so

that theylare only included in the numerical tabulation of
the results given in Appendix D. In addition, the two low-
est 0 ban&s, whilch arise almost entirely from the Bloch
waves of ls atomic orbltals, are omitted from fig. 7-1 since
the bands are nearly independent of the wave vector and at
an average value of -15.75 Rydbergs.' Finally fig. T7-2,
which 1s the same as fig. 7-1 except for a partially coarser
mesh of wave vector values, 1s the output of the master en-
ergy band calculation computer program.

From fig. 7-1 1t 1s observed that the highest occupled
point in the sigma bands occurs at pt. O, (kK = 0), with &
value of + .430 Rydbergs. The lowest excited ¢ band has
roughly a constant minimum value for wave vector values
forming an epproximate circle about pt. ©C, the minimum value
being about +1.158 Rydbergs. The degeneracy polnt of the
bends falls at +.570 Rydbergs, a value representing the
Ferml level for zero temperature. Thus 1t is clear that
these results support to some extent the usual approxima-
tion of neglecting the & states in calculations of graphite
conduetion prOpertieQ,Which depend on the nature of the

energy bands in the vlcinity of the Ferml level. However,
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this calculation shows by virtue of the overlapping of the o
and T bands that for a coheslve energy calculation, which
depends on energy values for all wave vectors of the
Brillouin zone, the ¢  states must be included.

The bottom of the ¢ band in fig. T7-1 occurs at pt. O
with a value of —.787 Rydbergs; thus the width of the
calculated velence band is 1.357 Rydbergs. This value
corresponds to 18.5 e.v. which is in good agreement with
the approximate experimental width of 15 e.v.

Consideration can elso be made of the potentiazl func-
tion used in the present calculation. The potential, which
was formed by superpositions of theiZP function, clearly
omits exchange effects. Slater has glven a procedure for
introducing an approximate exchange potentlal correction
within the framework of the one-electron approximation25.
This exchange potential correction, if applied, would be
proportional to the cube root of the charge density of the
occupied crystal wave functions. Consequently, one would ex-
pect the occupled bands to be lowered more 1ln energy than the
unoccupled bands slnce the unoccupied wave functlons are
orthogonal to the occupled wave functions. Thus, 1t is
plausible that a more careful consideration of exchange ef-
fects in the present calculation would only broaden the ¢
band enérgy gep and would leave the present results quali-
tatively unchanged.

One of the more striking features of the present re-

sults is the smoothness of the energy bands. In fact, these
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bands are similar to those obtalﬁed from the Slater and
Koster interpolation procedure wherein.the tight-binding
method 1s used with neglect of all but a few nearest-
neighbor integralsa. An example of thls interpolation 1s
given in fig. 7-3 where the overlap matrix was assumed to
be a unit matrix and the effectivé Hemiltonlan integral
values are those obtalned by Slater and Koster with an em-
pirical fit at symmetry points of dlamond energy bands.
The Hamiltonlan integral values ueed are glven 1in Appendlx
c.

Because of the rough similarity between the present
calculation and the interpolation example, it 1s of interest
to examine the stability of the present results in view of
the several possible simplifying approximations.

Omission of the ls Bloch waves was found to have an
overallrlowering and warplng effect on the o Dbands in such
a way that the ¢ band gap was roughly reduced by half,
This modified solution igs shown in fig. T7-4.

This result indicates that the ¢ states formed from
2s and 2p atomic orbitals were seriously non-orthogonal to
the ls Bloch waves. The variation in the slze of the gap
shows esvecially that meaningful results cannot be obtained
without inclusion of the ls Bloch waves.

A second possible approximation made was the omlsslon
of 2ll the three-center potential integrals. This left the

T bands nearly the same but made a very pronounced change

in the ¢ bends, again closing the ¢ band gap down 1o
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about half but also lowering the gap so far that the W band
Fermi level no longer was included. PFig. T7-5 illustrates
this solution. The altered Hamlltonlan integral values are
given in Appendix C. It should be noted that the integrals
used to give the results of fig. 7-5 were obtained by the
methods of chapter 4 before the machinery of chapter 5 had
been prepared. Thus the two-center potential integrals
differ slightly from those used for the results of fig. 7-1.
However, these discrepancies are not meaningful since they
affect the accuracy of the matrix elements less than the ex-
clusion of the three-center potential integrals.

Finally the solutions were examined wlth respect to the
approximetion of omitting the higher neighbor distance in-
tegrals in the generation of the secular equation matrix
elements. The stable solution (fig. 7-2), which inciuded up
to ninth neighbor dlstance integrale, was graphically un-
changed when only up to eighth neighbor distance lntegrels
were included (fig. 7-6), so 1t 1s clear that all the matrix
eiement series had converged. The solution was found to be
only slightly warped when only up to fifth nelghbor distance
integrals were included in the 6  bands and when only up
to third neighbor distance integrals were included in the K
bands. The solution including up to fifth nelghbor distance
integrals is shown in fig. 7-7 and the solution including up
to third neighbor distance integrals ls shown in fig. T7-8.
As 1is seén in these figures, truncation of fifth or less

neighbor distance integrals in the ¢~ bands caused large
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Fig. 7-6
Energy Bands (Code No. 1088)
Ninth Neighbor-Distance Integrals omitted

in Hamiltonian and Overlap Matrix Elements
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changes. It 1s for thls reason that the numerical calcu-
lation made by Lomer6, which included only zero and first
neighbor distance integrals, 1s not believed to be valid.

In addition the effects of truncating only Hamilton-
ian or only overlap nelghbor distance integrals were 1in-
vestigated. It was found that the solutlon was sensitive to
both Hamilitonlan and overlap neighbor distance truncation
to roughly the same extent and that the two effects were
essentially eddltive. Flgures 7-9 and 7-10 indicate the
effects of truncating the Hamiltonian integrals after the
fifth and third neighbor distances, respectively; flgures
7-11 and 7-12 1ndicate the effects of truncating the overlap
integrals after the fifth and third neighbor distances,
respectively.

Thus the results of all the approximation tests indli-
cate clearly that the tight-binding method when used in a
non-empirical way must be carried out with conslderable
mathematical rigor in order that a meaningful solution will
be obtained. Furthermore, when the effect of a Slater
exchange correctlon potential 1s consldered, it 1s seen
that the present convergence problem in the matrix element
generation would have been even worse since this correctlon
potential is more extensive as a function of A4 then the %%
function whlch was used. Thus the integrals required would
have fallen off very slowly with increasing nelghbor distance.

There remains to consider the future prospects of the

present calculation. Probably the most interesting extension



101

...... -e e L L L L L L EE TR T
--.--‘14--,-‘.. tRcemes . et samssresaee - .!..‘... .. - -

.

°
.
.
.
.
.
»
.
.
.
.
-

Fig. 7-9
Energy Bands (Code No. 1059)
Sixth and Higher Neighbor-Distance Integrals

omitted in Hamiltonian Matrix Elements



102

.
'I..o.-.-n-.

iF

.
.
.
.
.
.
.
.
.
.
.

Ry s

Fig. 7-10

Energy Bands (Code No. 1039)

N

Fourth and Higher Neighbor-Distance Integrals

omitted in Hamiltonian Matrix Elements



103

Fig. 7-11

Energy Bands (Code No. 1095)

Sixth and Higher Neighbor-Distance Integrals

omitted in Overlap Matrix Elements
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of the work would be to solve the full 20 by 20 secular
equation arising from the same wave functions in & three-
dimensional graphite crystal. It 1s felt that the addi-
tlonal required integral values could be obtalned by in-
terpolation of the already known integrel values glven in
Appendix C. The major part of such a calculatlon would be
the computation of the wave vector dependent matrix ele-
ments and, unfortunately, the present computer program for
this is not readily generalized. The procedures to write

a new program were already dlscussed in chapter 6.

The most comparable calculation to the present one 1s

he two-dimensional graphite calculation of Lomeré, where
he factorized the secular eguation by group-theoretical
methods at the three symmetry polnts, (0, A &nd B of fig.
7-1), and used only zero and first neighbor dlstence in-
tegrals to form the low-order secular equation matrix ele-
ments. For essy comparlson, Lomer's results, which only
include the four occupied valence bands, have been replotted
in figs. 7-13 and T7-14. The zero of energy has been read-
justed in these figures so that the lowest o band at point
O agrees with the corresponding value of fig. 7-1. The
bends of fig. 7-13 were based on the assumptlion that the
first neighbor integrals used to form the matrix elements
obeyed the relation H;j tfi) = (-1eew) S‘S(f:“) . The bands of
fig. T-14 were based on the essumption that Hy (fa)= Hii(e) S (fa) =
=¥= -3ew . In both cases estimations were made for

the remaining unspecified Hamlltonlan integrals and the over-
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lap integrals were obtalned from nodeless Slater Ao’s.

At Tirst glance the bands of filgures 7-13 and 7-14
are simllar to those of figure 7-1 with the ordering of the
bands belng nearly the same, the only exception being the
Inversion of the lower T and the doubly degenerate &~
bands at point O, Closer inspection shows, however, that
wlith respect to the present work, the energy values differ
conslderably and that the bands, which are of a total width
of 10 to 12 e.v., are flatter. Moreover, the present cal-
culation shows that many more nelghbor distance integrals
.than Lomer used are requlired for meaningful convergence of
the secular equation matrix elements. Thus 1f Lomer had
included, for example, second neighbor distance overlap
integrals, his results would have been qgulite different.
Consequently Lomer's results must be viewed as an applica-
tion of the Slater and Koster interpolation scheme where
the effective integral parameters were obtalned by quali-
tative arguments.

In summary, the present two-dimensional graphlte cal-
culation, by virtue of the o~ band energy gap enclosing
the T band degeneracy point, supports the usual approxi-
mation of using only the w states to study the vicinity of
the Fermi level in three-dimensional graphite. The present
results are also consistent with the experimental width
measured for the graphite valence band. Finally the calcu-
lation demoqstrates that very few approximations are legitl-
mate in a/tight-binding calculation of graphite and yet the

results resemble those obtainable from the Slater and Koster
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interpolation scheme, which requires but a few parametric

effective integral values.
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Reprinted from TuE Jour~aL oF CHEMIcAL Prysics, Vol. 24, No. 2, 452-453, February, 1956
Printed in U. S. A,

On the Computation of Auxiliary Functions for Two-Center Integrals
by Means of a High-Speed Computer*

F. J. CorBaTO
Massachuselts Institute of Technology, Cambridge, Massachusells

(Received April 22, 1955)

With the view of computing simple two-center integrals by means of a high-speed computer, programs
for certain basic auxiliary functions, which are essentially the usual 4,(y) and B, (x), have been prepared.
Computational procedures for generating these functions are given.

LL two-center integrals between Slater AO’s
except the exchange integrals, can be expressed’
in terms of integrals of the type

@ 1
yesserisiass [ g [ dnese(etns(e—n)
1 —1

X1+ (A— &) (£-1)1—-9%), (D)

where (£7) are prolate spheroidal coordinates. The
integrals, Eq. (1), can be expressed in terms of the
auxiliary functions

Cu(y)=y"Hev f tre=tdt, (y>0)
1
(2)

=nl yYi|, (all y)
=0

and

Ayt f tre-tedi= - C o (—5)— e*Ca(a)].  (3)

The functions C,(y) are preferable to the more
familiar functions,? 4,(y)=y"""'¢¥C,(y), since they

* This work was assisted in part by the Office of Naval Research
under Contract N5 ori 60.

! Ruedenberg, Roothaan, and Jaunzemis, “Laboratory of Mo-
lecular Structure and Spectra,” University of Chicago, Technical
Report 1952-1953, Part 2, p. 137. (To be published as a paper in
this journal.) In the case considered here a, 8, v, 8, € are positive
exponents.

2E.g., see Kotani, Amemiya, and Simose, Proc. Phys.-Math.
Soc. Japan 20, Extra No. 1 (1938); Extra No. 2 (1940).

permit reducing the internuclear distance to zero with-
out numerical difficulties. Their computation presents
no problem since they contain only positive terms, and
if one needs the set #=0(1)N, the upward recursion
relation

Cu(y)=y"+nCr1(y) (4)

is most convenient.

The traditional way of computing the B,(x), which
corresponds to Eq. (3) has the disadvantage of rapidly
losing significant figures unless « is large compared to 7.
To avoid this drawback a reformulation has been made
using the expansion of #* in Legendre polynomials® and
the integral representation of the spherical hyperbolic
Bessel functions of the first kind, i.e.,

n

tr= 3" aniPi(t)
i=0,1
with
aj=nl(2j+ D[ (n—j) !(n+j+1) 11 ]
2.'=sum over: j even if # even; j odd if # odd (5)
nll=n(n—2)(n—4)---(2or1)
and

in (@)= (2/ 200  niy(2) =3 (— 1) f

—1

1

P.(fe=dt (6)

where 7,.1(x) is the ordinary modified Bessel function.*

3 E. T. Whitaker and G. N. Watson, Modern Analysis (Cam-
bridge University Press, London, 1946), p. 310.

¢ G. N. Watson, A Treatise on the Theory of Bessel Functions
(Cambridge University Press, London, 1952), p. 77.
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453

Substitution of Eq. (5) and Eq. (6) in Eq. (3) yields

Ba(@)=2(=1)" 3/ tuyi(2). %

1=0,1

Because the sign of 7,,(x) is always the same as that of x,
it follows that the B,(x) are expressed as a sum of
either all positive or all negative terms, and hence can
be computed accurately by the use of Eq. (7) if the
1.(x) are known.

The i,(x) are efficiently obtained by the following
technique. First a set of ratios

72(%) = ing1(x) /in(x) (8)
are computed using the recursion relation
ro1(x) = 2n+1+4ar, (x) ]! (9)

in the numerically accurate downward direction starting
from n= M where 7, is made zero.® It can be shown
that the choice® of M > N+5+10]x| (N+2)~! gives
seven significant figure accuracy in the ratios for # < V.
Having obtained the ratios, the function 7y(x) is found
by using a relation resulting from the Wronskian of
the spherical hyperbolic Bessel functions, i.e.,

[ in () kna (®) Fin1 () ka(x) =1, (10)

where
()= (2/mx) K o y3 ().

For n=0, Eq. (10) becomes after inserting the explicit
forms of ko(x) and kq(x)

io(x) =e'=[1+4 | x| +aro(2) 17, (11)

® The procedure of using ratios is essentially due to J. C. P.
Miller, British Association for the Advancement of Science, Mathe-
matical Tables, Vol. X, Bessel Funclions, Part IT (University
Press, Cambridge, 1952), p. xvi.

8 A better but more elaborate expression for M can also be
found—in any case, unduly high values of M are avoided by
using the closed form, or, equivalently, the wpward recursion
formula for the 7,(x) when x>4N 2.

AUXTLIARY BEUNCTFONSEFOR STWOSCENTER [INTEGRALS

where the absolute value signs maintain a numerically-
accurate form. Hence using Eq. (11) to compute p(x),
all 7,(x) up to ix(x) can be computed by successive
application of Eq. (8). A variation of the above pro-
cedure which avoids the cumulative round-off error of
the successive ratio multiplications is the following.
One puts formally

1'fn(x) = sn(x)iM(x)a {ng M) (12)
and determines the s,(x) by the recursion relation
Sn1(x) = 2n+1)a7 5, (2)+ 501 (), (13)

starting with su(x) =1, sare1(2x)=0. Then 4y(x) is found
from Eq. (11), and thereby 4y (x) is determined. The
final step consists of the independent normalization of
each i.(x) according to Eq. (12). The alternative pro-
cedure is not appropriate on a computer for very small x,
because of the excessive variation of the orders of
magnitude, and ~0 must be handled as a special case
of the program. It should be noted that the above
procedures for determining the 7,(x) are more efficient
than the usual method where ixy_i1(x) and iy(x) are
determined from the power series form and then used
to start the downward recursion relation.

A completely automatic generation subroutine pro-
gram which computes the C,(y) and B,(x) functions by
the above schemes has been written for the Whirlwind
computer at M.L.T., and the results indicate six to
seven significant figure accuracy, a limitation due only
to the computer arithmetic. For N=6, the time re-
quired for the computation of the C,(y) and the B, (x),
n=0(1)N, is about a second. In addition, by using
this basic subroutine, programs have been prepared for
all the one-electron integrals between the orbitals 1s, 2s,
and 2p. Each of these integrals requires between one
and two seconds.

After the completion of this work, it has been brought
to the author’s attention that C. C. J. Roothaan has
recently investigated the functions B,(x) along similar
lines.
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Memorandum DCL=58 / Page 1 of 12 pages

Digital Computer Laboratéry

Massachusetts Institute of Technology
Cambridge 39, Massachusetts

SUBJECT: PROGRAMS FOR SOLVING SECULAR EQUATIONS

To: Scientific and Engineering Computation Group
From: F.J. Corbatd
Introduction

Production programs for Whirlwind I are now available for
solving two types of secular equations by use of the techniques described
in a report by A. Mecklerl and are summarized briefly below. These are
the ordinary variety, (case I), %ijw’jk = \|Iik)\k, and the general

variety, (case II),,jZ Hi;j ij = % Sij \p’jkkk’ wherae k = X, 2. ...y By

H and S are real symmetric matrices and S is positive definite. The two
programs, for case I and for case II, can handle matrices of order
14 n <€ 32. The results are given photographically and consist of the

input data and the )\k and \lfjk where in case I, Zj wijf ij & Sik

and in case II, § : %i*sij ]fjk = gye In addition the intermediate
i,

results of case II; if desired may be displayed.

Methods of Solution

Matrix diagonalization is the elementary process used to solve

both cases. The diagonalization of a symmetric matrix M,Ek = Hk!t is
accomplished by successive 2 by 2 "rotations" of all the matrix elements
associated with the indices i and j where Mi j is the largest off-diagonal

element. It can be simply shown that such a process converges. The ex-
plicit transformations applied are:

1°A° Meckler; Quarterly Progress Report, Solid-State and Molecular Theory

Group, M.I.T., Oct. 15, 1954, p. 15.
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?
1 {
W = % LF 13 i g
i
M. = cMik+ijk X ¥ 1.3
: + k £ 1
Mjk = "SMik CMjk 9d
]
Mii = czMii + 2scM‘ij + szujj
! 2
ij = g Mii - 2scM’ij + czij
]
Mij = 0
where
c = 1
1+ t2
s = te
and

2 2
bow O -m) v NG - M2 4007, on,> My5)

‘2Mij

+2Hij

(Mg = M) = N0, - 80% + 406,07, (<)

\

Similarly, the unitary transformation, U , (initially a diagonal
unit matrix), is modified after each 2 by 2 rotation by the corresponding
transformation affecting the ith and jth columms.

T m F 1,
]

w0 g el

]

Ukj =---sUki + cUkj

This process continues until Mij £ 2c, where ¢ is the preset criterion

value; the result being that the diagonal of the final Mij (i.e. the eigen-
values, h) and the final U satisfy the conditions:

w .
M,.U. = U_X, or M/ = U\ (where A does not
22; 1 3k Rl K multiply as a vector

but as a scalar)
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In nearly all applications; the original matrix, M, was computed
from an operator,” , by means of a set of basis states. These states
can be represented as a set of unit vectors, 3;, in a Hilbert space, and
what is desired is the transformation which when applied to the original
basis states gives a new set of basis states that when applied to the
operator 7"/, yield a diagonal matrix. To obtain this transformation it
is noted that if

T <(:§}|9n|a}:>>

g St = iZj I
then S e = ; U;i<€\ilh|?j sx
% <§L_ ”;Filj"'lzj U:j?>
s

Jeja Stated in another
manner, the kth eigenvalue of M is associated with an eigenvector consisting
of the kth column-vector of Ujk where the components of the eigenvector

refer to the original basis states used to compute M.

L
Thus the desired transformation is'@i = 5{: ﬁi'A
J

For case II, the procedure of solution is the following. First
L 1 -
S is diagonalized so that SUg,= Ug,S , where S 1is diagonal. Then S 1/2

- - '
1s formed where §~/2 = Ug,(s*) l/éﬁ* and the new matrix H is formed by

' . =
matrix miltiplication where H = S™/25s™2/2, Then a second diagonalization
is made such that

f

H U,

= UH' x
and finally V = s“lf 2UH, where it is seen that \{!'rs V=1

To verify that this A and ]P form desired solutions, it is
observed that
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. I:USE(S')I/zU*U (") V2| sy, -

fas]
5
afl
>

ss

sY/%'y,, - Y% N -

]

o /28 s P 6 g

ss~/ 20, N

= SYN .

Specification of Input Data
Both programs have their input data, (also called parameter

sets), located in the same storage locations and moreover do not destroy
during operation any of the necessary input information. Thus a series
of secular equations each differiné from the previous by the addition of
a row and column could be conveniently solved by supplying the complete
matrix (or pair of matrices in case II) in the first parameter tape and
then merely changing the matrix order; n, for each subsequent parameter.
Furthermore; a parémater tape for case II could be used with program I,
but would; of course, give solutions for case I. (Program I would also
disturb the storage of the unnecessary S matrix.)

In the listing of the input data, two types of number conventions
are used. These are the single-register (15,0) integer, (less than 32768
in magnitude), which may have a sign but no decimal point; and the double=
register (24,6) generalized decimal number which must have both a sign
and a decimal point. The specific locations of the input data are:

34| +n matrix order, 1£ng32 i
35 *og diagonalization criterion of S, cg>=60 A (15,0)
36| +oy diagonalization criterion of H, c p-60 | 17t08°TS
37 +x identification number

2048 +H); listing of the H matrix %)

(continued on next page)
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e

*Hyy

+H13

23

s o000

+H

+Hnn ? (24,46)

3104 +3 listing of the S matrix numbers

2 |

*810

*San

+S13

+823

0000

+
snn

Both programs start at register 32 decimal and stop on an "si O"
instruction in register 33 decimal (41 octal). If many sets of parameters
are to be included in one big tape and are to be automatically run con=-
secutively, all but the last set should contain an additional 33I sp26,
and the last set should contain a 33| 8i0. Each set on a multiple=-
parameter tape must be preceded by a "fc" and then a "(24,6)"; the per-
formance request should have, under the heading of operation instructions,
a "Turn off si 1 switch®™ on the line preceding the multiple-parameter
tape operation instruction.

Criterion Values

The values of CH and CS are used to terminate the diagonalization
procedures after sufficient accuracy has been obtained. For both the H

and the S diagonalization;, each ¢ should be chosen such that
maximum absolute error ‘ maximum absolute error
in eigenvector components| ~ lin eigenvalues

2 <
P‘im}‘j lmax\ 1 l)\kl max

c
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The accuracy of the computations is such that the right-hand side of the

above relation can never be made less than about 10'7. Empirical values

for this last figure ares

Case I (n = 5) Case II (n = 5)
Eigenvalues: 1 x 10”7 4 x 1077
7 T

Eigenvectors: g 5 x10°

Case I (n = 18)
7

7

Eigenvalues: 3ix 10
Eigenvectors: 8 x 10°

For an example of the determination of ¢, suppose that 6 figures were
designed in the eigenvectors and that Iki - le max'ﬂ’B' Then

= x 10°7

- = 150 x 10™9 <256 x 107928730 . 24

2°<3 x
and therefore cmaxgé =24, (A useful relation is that 210 o 1024 3'10*3).
In practice; one would probably use +c = =30 to be certain of the desired
accuracy. As is implied; the value of ¢ can always be safely lowered
(except not below approximately =60) since the only effect will be to
raise the computation time somewhat (i.e. at worst up to 50 or 100% more
time). For case II when the eigenvalues of S and H are both of the same
order, Cq and q should be about the same, since the overall accuracy
is determined by the least accurate diagonalization.

Form of Output

All of the program output is given photographically with each
secular equation solution beginning on a new frame. The various displays
may be divided into three classes: 1) the initial data, 2) the inter-
mediate results (case II only), and 3) the final results. Each display
of the first two classes will consist of a "heading" line followed by
either a "symmetric®" or "square" pattern of the pertinent numbers. The
third class consists of a heading line followed by the "rectangular"
pattern of )\k in the first columm and then the -‘I{'}l to “Gn, each in a
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colum, starting from the third column. The first class is normally dis-
played but may be suppressed; the second class is normally suppressed but
may be displayed;, and the third class is always displayed. The program
will use as many frames as are necessary to include all the displays,
starting on a new frame if a particular display will not entirely fit on
the remainder of a frame.

The "heading"™ line will have in the first column, the identifying
code number of the solution; ki in the second column the criterion value,
°y (except on the display of S); in the third column the criterion value
Cqs (except on the display of H); and in the fourth column, an intermediate
result identification number; i, (only for class 2 displays). Case I
results may be distinguished from Case II results by the absence of cq in
the result heading line.

The selection or suppression of the various displays depends on
the contents of the associated suppressor registers: +0 for display;

=0 for suppression. These displays and their suppressor registers are:

Display Contents ©Pattern Decimal Address of
Suppressor Register

Class 1 {H £ e 1598
S S sSym.
1 st sym. 1599
2 Ug, 8q. 1600
Class 2 3 S=1/2 sym. 1601
4 Y2 4. 1602
5 H! sym. 1603
6 B, 5q. 1604
Class 3 {)u- ' ny rect. e
Symbolically; we have for the various forms of output:
— -‘ ——————————————— fom o oo o a w— o—— o —
"Heading® k g Cg i
1 2 4 v
"Symmetric"
3 5 8

(continued on next page)
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"Symmetric®
(continued)

"Square"

-

"Rectangular®
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6 9
10
11
12
33 coso
=2
15
[ (1] [=1] [et] P} |
eg. é;. 5;. 2;.
4n+l
§;° o s o
SRS R IS i S W R T
1 1 n+l
e;, o;, 550
2n+1 3n+l
ggo ;;. o o

The total number of film frames required per solution depends

on the number of displays not suppressed but may be computed from the

schedules given below.

If two or more displays are to fit on the same

frame, they will be separated by two additional spacing lines beyond that

given in the schedules.

(For n>8, no two displays will fit on the same

frame.) Each frame can contain a maximum of 36 lines.

number of lines (or frames = f)
matrix order head. + sym. | head. + sq. | head. + rect.
i § 3 3 3
2 4 4 4
3 5 5 9
(continued on next page)
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4 6 6 11
5 12 13 13
6 13 15 15
7 14 17 25
8 15 19 28
9-10 f f f
11-12 - 2f 2F
13=14 2f 2f 2f
15=16 2f 2 g 3f
17 2f 5 4 < q
18 2f s 5f
19 2f 5f 6f
20 3f 5f 6f
21=22 4L 6f 6f
23=24 4 6f 7t
25=26 5f 7t Tt
27-28 5L ¥ ¢ 4 af
29=30 6f af 8f
31-32 6f 8f of

For convenience the most common situations are summarized:

number of frames per solution

normal normal full suppression of
matrix order case I case II cases I and II
14 1 1 il
5=6 1 2 1
7=8 2 2 1
9-10 2 3 1
11-12 3 4 2
13-14 4 6 2
15=17 5 i 4 3
18 7 9 5
19 8 10 6
20 9 12 6

(continued on next page)
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21=22 10 14 6
23=24, 11 15 )
25=26 12 17 7
27=28 13 18 8
29=30 14 20 8
31-32 15 21 g

Information for Filling Out Performance Requests

1. Time estimates: These are difficult to state in general but

roughly T 2T and T & Kn> where Km% sec, Variations

case I case I
from this formula depend on the difficulty of diagonalization (i.e. on the
size of the off-diagonal elements and the stringency of the criteria). *

2. Program stop: Stops automatically on si0 in register 41

case II =

octal.

3. Camera output: See film frame schedules above for the
number of frames per solution. Camera first used in O sec.

4. Magnetic drum: Oase I uses auxiliary drum groups 1, 2, 33
case II uses auxiliary drum groups 1, 2, 3, 4. Drum first used in O sec.

5. Operating instructions: These are for a single-parameter

tape
ngbA gRI’
fb 10172-20-B, RI,
fe C s RE, RS.
where A = "dummy logging tape"s 334y (case I)
, % gl B
ihiﬁ? room will prepare 331, (case IT)

C = parameter tape number
For multiple~-parameter tapes, the corresponding instructions are

E, b A » Ry
1ol 72
fb 3972-20-B, RI,
Turn off si 1 switch

fe C s RI.

* An additional time of about 10 seconds must be added for each full
frame displayed.
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Program Alarms

Probable

Type of Alarm Octal Identification Immediate Cause Cause

1. Check register PC = 3764 GD no. unscale- a
, AR = 3453 factored
2. Check register PC = 3764 GD no. in MRA too asb
AR = 3503 large to store
3. Check register (case II PC = 2601 An eigenvalue of a,b,c
only) S is<0
L. Divide error (case II only) PC = 3612 An eigenvalue of a,bsc
S=0

Probable Causes
a. GD number of initial data out of phase, due to either a missing decimal

point, a missing seventh hole in the tape, an incorrect storage address,
or a faulty parameter tape read-in by the computer. Compare print of
data tape with display of input data.

b. Input data is very poorly scale-factored or, (case II only), one of
the eigenvalues of S is extremely small.

¢. The matrix S is not positive definite.

Additional Remarks for Experienced Programmers

1. If matrix elements are to be generated, decimal registers
38 to 1563 inclusive are available for programs and will be restored after
each solution. Additional storage is available on the auxiliary drum
starting at the decimal address 7630 (case I) and 10206 (case II). All
generation program tapes must have a NOT PA included; the PA already in
the program contains buffers b and 6b inclusive and a single cycle counter.
Thus all cycle instructions may be used, but no "isc" orders (except iscO).
Buffers b through 3b are used as temporary storage during a solution and
4b through 6b are unused.

2. The program also contains a DIB/DOB subroutinej the decimal

entries are:
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for DIB for DOB
spl605 spl610
[om] core memory address [cM]
[pa] aux. drum address [Da]
w no. of reg. to transfer w

«—— return. point in wi mode —

7 bt

Pl Corbatg
March 15, 1955
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Integral Values
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TABIE C-1

Energy band interpolation integral values obtained by Slater and
Koster for the diamond crystal, (private communication)., These
integrals were used for the interpolation example of the graphite
crystal given in figure 7-3. For A values not listed, the
integrals were set equal to zero., The integrals are listed in
symmetric matrices of vectors where each vector is a 1list of the
integrals for the Ay values: 000, 100, 200, Energy units are in
Rydbergs.

Ny
Hamiltonian Integrals 'A{IJ (,\/(y)

'
’;\ 1sg~ 2sg” 2po~ epr 2ol
1sc -20., 0 0 0 0
0 0 0 0 0
0 0 0 0 0
2sd -1.,45 0 0 0
g --33 --25 O : O
+.03 = 05 0 0
20~ +.45 0 0
-.61 0 0
-, 04 0 0
2 +.,45 0
i +,22 0
+.05 0
ool -. 45
i -, 22

-.05
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TABIE Cc-1 (cont,)

Overlap Integrals: SJJ'G/V)

o’ ¢ 1so 2s0” 2pd- 27
1s0- +1. 0 0 0
0 0 0 0
0 0 0 0
2a0- i 0 0
0 0 0
0 0 0
2p0 -1 . 0
0 0
0 0
207 =1
0
0
23y 3

o
o
N

OO0 & e N @lle e

SO OIS
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Overlap and kinetic energy integrals used for figure 7-1 solution.
These integrals, which only depend on A , are listed in symmetric
matrices of vectors where each vector represents the integrals for
the A walusay 0, 1, 2% 3 4, By H; Ty Sy By Non-significant zeros
are omitted for legibility. Energy units are two Rydbergs.

Overlap Integrals: 5;;'(/’/‘)/)

o

x 187 2s0” 2pd~ 2p7 207
1sa~ +1,00000 +,00006 +,00000 +.00000 +,00000
+. 9 -, 4407 +. 8308 0 0

0 -, W46 +, 1365 0 0

0 -« ‘286 . £, BT 0 0

0 -. i R R 0 0

0 = 6 +. 53 0 0

0 = 1 e 15 0 0

0 - 1  +, 10 0 0

0 0 +. 4 0 0

0 0 Fe 1 0 0

280 +1.00000 -.00000 +.00000 +.00000
+,40955 - 45082 0 0

+., 9923 -,16985 0 0

+. 5383 -, 10580 0 0

+. 1080 -. 2939 0 0

+, 420 -, 1369 0 0

L -, 479 0 0

s VO R L 0 O

+. 25 R L 0 0

+. 8 -. 56 0 0
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Overlap Integrals (cont.):C@f{b‘)ﬂ

';\'( 150~ oso- coo 207 o7
2p0 -1.00000 +.00000 +.00000
+.24397 0 0

+.,10386 0 0

+.14020 0 0

+, 5238 0 0

+. 2812 0 0

+, 1170 0 0

+. 886 0 0

e, 190D 0 0

+a 187 0 0

2p7 -1,00000  +.00000
-.31310 0

-, T600 0

-, 2354 0

-. 1070 0

-, 481 0

-, 165 0

=+ 118 0

- 46 0

- 19 0

oo +1.00000
+.31310

+. 7600

+. 4351

+, 1070

+. 481

+. 165

+¢ 148

+. 46

+, 19
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TABIE C¢-2 (cont.)

Kinetic Energy Integralszzz;&}«)ﬂ

x 1s0~ 2so 2po- opIT o7
1s¢ +16.06086 +4,17349  +,00000 +,00000 +,00000
= kg -+, BBS . TOY 0 0
& 4+, 198 -, 2Ly 0 0
0+, o4 -, 156 0 0

0 +. 13 -. 41 0 0

0 +. o - 18 0 0

0 +. 1 - 6 0 0

3 . TP 4 0 0

0 0 o i 0 0

9) 0 - 1 0 0
+1.54411 =-,00000 +,00000 +.00000

+, 5475 | -, 48845 0 0

-, 1201 -. 529 0 0

-, 1006 +, 392 0 0

~ SRR BET 0 0

w_ ABE U el BYY 0 0

“ig BT | 4t 123 0 0

- 34 +. Q2 0 0

= 12 +. 4o 0 0

-. Y +. 18 0 0
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TABIE C-2 (cont,)

ineti ST
K1nsz ic Energy Integrals (cont.) #,W)))

X 1s0 280" 2ps 2p7 i/ a
2po -1.24920 +,00000 +.00000
+.24684 0 0

+, 4117 0 0

+, 1602 0 0

s 159 0 0

-. 243 0 0

o TR 0 0

P 0 0

o MRl 0 o

= La 0 0

oo -1.24920  +.00000
=+ 9050 0

-l  44% 0

+. i 0

+, 207 0

+. 67 0

+. 30 0

+. 23 0

+. 10 0

+. 5 0

+. 9850

+, 411

“ i

s . ROF

T L0 VES

= 30

=i 25

=, 10

. 5
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TABLE C-3

Two-center potential integrals obtained by the procedures of
chapter 4, These integrals, which depend only on ) , are
listed in symmetric matrices of vectors where each vector rep-
resents the integral value for the necessary A =0, 1, 9.5
4, 5, 6, 7, 8, 9. Non-significant zeros are omitted for legi-
bility. Energy units are two Rydbergs.

2
Potential Integrals: ’{3)%/53(000“’/0)")
o =
4 287~ 2pa” ep? 2y
h iso- 2s p D,

1s¢~ +23.82009 +3.848TH L 00000 +.00000  +.00000

+. 2064 =, 138 0 0 0
+. 52 -, 2 0 0 0
+. X = i 0 0 0
0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
280~ +1.51502 +,00000 +.00000 +,00000
+. 8397 0 0 0

+. 272 0 0 0

+. 72 0 0 0

+. 3 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
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TABLE C-3 (contd,)

<
Potential Integrals (contd.):}j%/z-z(ﬂaﬂu;“')f)

.

:;(\ 180 28y _2pa” 2p7 2p7

2po -.96436 +.,00000 +.,00000
-,11216
=L | BEY
- SN

-

D Ge® Oy A
0 OO0 0 00609
SLONED O IS O &)

2pll -.96436

e
@)
®)
O
)
55

&= lle M el ol el oS e M 6

207 +.96436
+. 3328
P e
+, 34
+5

QeSS D=



137

TABLE C-3 (contd,)

Potential Integrals :ﬁ’@“)’/ﬂﬂﬂ)

-/

d 2 -
".\ 187~ 280 2pa— 2po o7

180~ +23.82009 +3.84874  +.00000 +.00000  +.00000

+. 23 -.38821 +.75232 0 0]
0 -, 3815 +.12021 0 0

O 7 45058 +; 6118 0 0

0 =, 4T 4. 3400 0 0

s R 53 +., U457 0 0

o -, 30 », 4132 0 0

0 M &, 90 0 0

o -, 2  +. 31 0 0

0 0 +. 12 0 0

280 +1.51502 =,00000 +,00000 +.00000
+.11411 ~.18611 0 0

+. 1362 -, 3634 0 0

+. 588 -, 1905 0 0

+. 72 - 382 0 0

+. 22 =, 154 0 0

+. 4 - 46 0 0

+. 3 = 3P 0 0

+. i SRR 11 0 0

o -, 4 0 0



138

TABLE C-3 (contd,)

Potential Integrals (contd.):ﬁ?C%ﬂDﬂdMMQ

-

v 180~ 280 2pg- 2oy
2po- -.96436  +.00000
+.15470 0
+. 3054 0
+. 1607 0
SHC 0
+. 133 0
+. 4o 0
+. 27 0
+. 10 0
+. y 0
207 -.96436
= 2g
T . TER
S IR
= 48
e s 5
- y
- 3
- :L
0
207

+.00000

R OISNC W@ O 5

o
(@]
O
O
O
O

o e R @ B o I @ [ e s B

+.96436
7022
724

s e
W
o
&=

-
=
=~

+ 4+ + + + 4+ + +
=
(&9

@ B
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TABLE C=3 (contd.)
Potential Integrals: /f":"@l)’“/“ﬂ)
¥
i ~ —
% 1so 280 2pe 2o 207

1s7 +23,82009 +3.84874 +.00000 +.00000 +.00000

+. 23 =, 234 4, 406 0 0
0 - /) + 1 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

2s 0 +1.51502 -.00000 +.00000 +.00000
+.11411  -.11150 0 0

+. 1362 -, 1882 0 0

+. 588 -. 603 0 0

+. e ® =4 75 0 0

+. 22 e, 23 0 0

+. L -. 5 0 0

+. 3 ~ k. 0 0

+. : SRR i 0 0

0 0 0 0
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i

2pa

iso 289"

2pll

27

+ + + +

140

2ps~

-.96436
+,15470
+. 3054
+. 1607
+. BT
+. 133
40
27
10
4

Potential Integrals (contd.):é?C%ﬂud&ﬂg)

2p7

+.00000

oo @Gl o Ml & T o )

.96436
« o282
724
324
48

]
'_\
O P WwE

EpEF
+.00000
0]

0

0

0

0

0

0

0

0

+ .00000
0

0

0

0

0

0

0

0

0
+,96436
+, TO22
+. T24
+. 324
+. L8

+.

+e
s

+
=
O P W
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TABLE C-4

Hamiltonian integrals computed from two-center integrals of tables

C-2 and C-3. These integrals, which were used (along with the overlap
integrals of table C-2) for the solution of fig, 7-5, depend only

on A and are listed in a symmetric matrix of vectors where each
vector represents the integrals for the values 'A = 0y X, 23 35 B,

5, 6, 7, 8, 9. Non-significant zeros are omitted for legibility.
Energy unlts are two Rydbergs.

Hamiltonian Integrals:ﬁ@qﬂﬂﬂd
&F)

K . 150~ 280~ 2pr 2pr’ 2p7
/

1s/ -7.85167 +.32874 =-,00000 +.00000 +.00000

-. 9% +.,39861 -,74932 0 0

0O +, 4014 =-,12267 o) 0

0. +, 1678 ' =,.6269 o) 0

O ¥, 192 =, 1801 0 0

0 +. 5T e 475 0 0

0 +. 12 e 438 0 0

0 +. 7 = ol 0 0

0 4, 2 -, 32 0 0

0 0 = 12 0 0

2sd™ -.24154 +,00000 +.00000 +.00000
“AT3%T +.13516 0 ;

-. 3924 +, 4488 0 0

-. 2182 +. 2900 0 0

<. 480 +, 911 0 0

= 19T 4. 453 0 0

-. 58 &, 19 0 0

e 4o 4. 126 0 0

- 13  +, 52 0 0

" B #, 23 0 0
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TABLE C-4 (cont.)

Hamiltonian Integrals (cont.) /%'Q/‘V)

of
;QL 1507’ 1V . opE@r 27’ 27
2po— +.09060 +.00000 +,00000
-, 6257 0 0
-. 1992 0 0
-, 1613 0 o)
=, 823 0 0
-. 508 0 0
-. 246 0 0
-, 194 0 0
e 896 0 0
X 49 0 0
2p7 +.09060  +.,00000
+. 4195 0
+,. 1036 0
+. 656 0
. +. 203 ‘0
+. 101 0
+. 39 0
e . BO 0
¥g 18 0
+. 5 0
epll +.17724
~. 4408
-. 1036
s 686
-. 203
-, 409
4 39
“, | 29
w1 4
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TARIE C-5

Two=- and three-center potential integrals computed by the tech-
niques of chapter 5. Parentheses indicate corrections based on
the two-center integrals of table C-3. It is noted that

Yy O9) =2, G 7 Hx7)
where the Kb’ values listed include the parenthetical cor-
rections, Energy units are 2x10~° Rydbergs. The P integrals
given are rounded off from the precise values used in The com=
puter to obtain the V integrals.

Potential Tntegrals: /5 (200liAY)

Fie. C-I
X' 3,35 1sr,1se 1se,250 1sr,2p7 1s7,2pT 250,250 250°,200°

000 +2382028 +384879 0 0 +151503 0
100 $3037 =232 -565 0 +8352 411740
101 +3037 =25 +283 +489 +8352 -5870
102 #3037 ~238 +283 =489 +5352 -5870
200 +76 -5 -4 +5 +271 +424
210 +76 5 0 +0 +271 0
201 +76 =5 +5 +5 +271 -414
211 +76 -5 +3 =5 +271 414
202 +76 -5 0 -0 +271 0
212 +76 =1 -8 -5 +271 +414
300 +21 -1 -1 +2 +72 +68
301 +21 -1 +2 0 +72 . -136
302 - +21 -1 -1 -2 +72 +64
400 +1 0 0 0 +3 +6
410 +1 0 0 0 +3 -1
o1 +1 0 0 0 +3 -5
411 +1 0 0 0 +3 -5
402 +1 0 0 8 +3 ;;
412 +1 0 0 +3 6
(higher (+1) (0) (0) (0) (+3) (0)

neighbors)

Vyulom) +2301665 +384148 0 0 +1T8HLT 0
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TABLE C-5 (contd.)
Potential Integrals (contd.):{ﬁ}(bﬂoﬁuﬂuf)

MY 3,55 28,20 2pr,2pr 2pr, 20T  2pT 20T 207,207

000 0 =96436 0 =96436  +96436
100 0 =19103 0 =3323 +3323
101 -10167 -7268 -6833 -15158 +3323
102 +10167 -7268 +6833 =15158 +3323
200 =239 -772 +382 -331 +111
210 -478 - -1141 0 -992 +111
201 -239 -772 -382 -331 +111
211 +239 =772 +382 4231 +111
202 +478 “114 0 =992 +111
212 +239 -772 -382 =331 +111
300 -118 =101 +121 =241 +34
304 0 =29 0 =329 +31
302 +118 -101 -121 -241 +31
400 -2 -16 +5 -3 +1
410 -6 -2 - =57 +1
401 - ~10 -8 -8 +1
411 +4 -10 +8 -8 +1
ho2 +6 -2 +3 -4T7 +1
b2 +2 -16 by - +1
(higher (0) 13 (0) (~43) (+2)
neighbors)

Y (000) 0 =-133967 0 =133967 +1071T4
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TABIE ¢-5 (contd.)

Potential Integrals: ﬁ’&ﬂﬂ/j}t’y’)

000
100
200
101
102
2 2
300
210
202
302
400
201
242
412

Y/000)

Ay 3, 3= 2sr,2pr

000
100
200
101
102
o 2
300
210
202
302
400
201
244
412

Vs (190) |

+23
+23

slleielelaisicholieolelale

+46

0

0
-1298
-1016
+1016
+12908
=17h
-170
+170
+175
-18
_17
+17
+18

0

-38821
gt
-}

o
-127

Fi16.C-2
AV 3,05 lsr,ds 1se,2s0 AsT,2pF 1s7,2pr

+75232
+406
+7
+249
+249
2 o
+1
+5
+5
+1

0

+4
+4

0)

+76171

0

o)
i -
+21
21
=1

0

+1
4 -

0
o)
0
0
0
0

28¢,287

+11411
+11411
+1043
+1043
+1043
+1043
+06
+06
+96
+96
+19
+19
+19
+19

+27456

2pF,2pr 2p0,20T  2p7,2pW  2pF,2p7

+15470
+15470
-1069
~1069
~-1069
-1069
+21
+21
+21
+21
ol
-87
~HT

-l 7
|

+26401

0

0
+2704
=330
+330
-2798
+273
+60

B

0

~273.

+50
_23
23
-59

0

=D
=HEEP
-1603
-1603
-lﬁOB
=1£03
i 4
=378
=312
“3Te
-26
-26
-26
-26

~22046

LTORR
+7022
+255
255
255
+255
+19
+49
+19
49
+7

+7

g 14

7

+15167
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TABIE C~5 (contd.)
Potential Integrals:ﬁ'@ﬂﬂw“w

+(0

252 / FlGe C-3
ARV 3, 5= 1sg,1s00 184,20 1S, 2pe iS¢, 20 250,280 257, 2pe
000 0 -3815  +12021 0 +1362 -3634
200 0 -1 +1 0 +1362 -1382
100 0 =24 +66 - +3452 ~-5958
300 0 0 0 0 +324 =164
101 0 -15 +47 +3 e =924
210 0 0 +1 0 +100 -176
242 0 0 +1 0 +109 -176
102 0 -11 +37 -1 +65 -o81
400 0 0 0 0 +65 +47
410 0 0 0 0 +1 -2
302 0 0 0 0 +6 =16
ha2 0 0 0 0 +6 -t

1

-3867  +12175 +7182  -12667

=

Vo)

’ / — =
ARV 3,3= 284,200 2pr,2pr  2p@G2pl  2pW,2pT  2p7, 207

000 0 +3054 0 -T724 +724
200 0 +3054 0 -T724 +724
100 +2446 +0875 -4220 =247 +640
300 -450 +319 +1353 -668 +57
101 -398 +319 +178 -668 +57
210 =491, +248 +311 =391 +22
212 +191 +244 =341 =351 +22
168 © +42 =271 +37 -60 +22
400 +49 e -216 -60 2
410 * +2 +5 i 0
302 +13 5 b =33 g
112 +12 +5 -36 o & +1

K2m)  +1702  +16567  -2906  =6179  +2292



Potential Integrals:/(@00|\AV’)

000
300
210
101
100
200
440
201
212
400

Y600)

V' 3,35 287,207 200, 208

000
300
210
101
100
200
410
204
242
400

5609

90O O s g a O

]

0
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TABLE C-5 (contd.)
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TABIE C¢-5 (contd.)
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TABIE C-5 (contd.)

Potential Tnteggrals:ﬁ(ﬁ'ﬂol 'V)
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212 0 0 0 0 +42 -14¥
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TABLE C=5 (contd.)

Potentlal Integrals: /gy G0 I,l;l(')/)
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TABIE C-5 (contd.)
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TABIE Cc-5 (contd.)
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TABLE C-5 (contd,)

Pontentlal Integrals: /Jf,(fm!%'pj
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TABLE C-5 (contd.,)

Potential Integrals: ;, (fﬂp/%!yo

FiG. C-1l

a;(')), J',j-/: 1sl, sk 1s 280~ 1sh2p8 1s0,20W 28,250
000 (0) (0) (+12) (0) (0)
900 (0) (0) (0) (0) (0)
200 0 0 0 0 +2
400 0 0 0 0 +2
/ﬁ/(?ﬂo) 0 0 +12 0 +3

,}Q'y’ J,J'/: OST, 2020 73200 2p0n20 207,200 2p7, 20T

000
900
200
400

éﬁ/ (?00)

(+4)
(+4)
+32
+32

o

(0)
(0)
+2
-

-1

(0)
(0)
-1
-1

-2



155

TABLE C=6

Hamiltonian integrals computed from the kinetic energy integrals of
table C-2 and the potential integrals of table C=5, These integrals
which were used (along with the overlap integrals of table C-2)

for the solution of figures 7-1 and 7-2, depend only on A4 and are
listed in a square matrix of vectors where each vector represents
the integrals for the values AM = 00, 10, 20, 30, 40, 50, 51, 60,
70, 80, 90, Non-significant zeros are omitted for legibility.
Energy units are two Rydbergs.

Hamiltonian I*tegrals:ﬂbMCLﬁﬂ)
‘o

J. ; ’ L
’X 1so™ 2a8F . 2pe~’ 2pr 2p7
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+., 4065 =, 8383 +.,12138 =, 1702 0
+. 1694 -, 4249 4+, 6858 0 0
+s 393 =, 2172 4, 65T &, 8 0
+. o -. 455 e 1253 0 - 0
$y, Bl =, #ES s 1907 0 0
PO SRR | e SR R 16 0
+. T s 23 ke BRR %, 1 0
+. =l 21 +, 86 0 0
17 A B 4, 38 0 0
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TABLE C-6 (cont,)
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Appendix D

Numerical Results
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The following 100 microfilm prints give the numerical
results of the most accurate solutions indicated in part by
fig. 7-1. The first set of 25 prints glves the ‘%45(55
and a425(33 matrices of the 7 states. The second set
of 25 prints glves the corresponding matrices of the o~
state solutions. The thifd and fourth sets of 25 prints
give the En(t) and (;, (&) solutions of the * and o states,
respectively, The matrix element Tﬂq is taken to be the
elémenp of the i1th row and the _jth column. The basls states

for the matrices are:

~

Besls state Bloch wave subscript
T states: 1 2pz, i
e 2pz, = 1
o states 1 28; + 1
g 28, - 1
E 2ox, + 1
4 Z2px, - 1
b 2py, +1
6 2py, - 1
T 1s, +1
8 I, =1

The wave vector polnts for which solutlons are glven are
indicated by fig. D-1.

The numbered wave vector points of flg.-D—l are assocl-
ated with 1ldentifying code numbers 1lndicating different
computer runs; the unprimed and primed point numbers refer

to solutlions with code numbers 1099 and 129¢, respectively.
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Fig D-1

Wave Vector Points of the Numerical Results
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Every matrix and solutlon has an identifyling heeding block
of three rows which always has a code number (first row,
first column), a point number (second row, first column)
and a blank space (first row, fourth column). (In the
prints, +.10990000/4+-04 means +.1099 x 10%.) The various
heading blocks are lllustrated where ﬂ, and Qi are the
wave vector components as defined in eq. 2-5c.

Hemiltonlan matrix headling:

Code no. -30
Point no. 9 9
96 o6k, 96 k.
Overlep matrix heading:
Code no. -30
Point no. 9 9

96 o6k, o6 Rk,

Solution heading:

Code no. -30 -30
Peoint no. ° 9
96 96 &, 96 &,

All other forms of heading blocks (present only in T state
prints) are for internal check results.
The GV' and JL matrices, which are given in a symmetric

matrix display form, are found at the top of the appropri-

ate print in all cases. The solutions are glven as consecu-
tive vectors left-to-right, row-after-row with the sequence
of: +the elgenvalues as a vector, a blank vector, the first
eigenvector, the second eigenvector, etc. The o~ state so-

lutions start from the top of the appropriate print and the
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T state solutions are found at the bottom.

‘To avoid ambiguity, the followlng chart of frame

numbers 1s given:

Point number

W O ~ v W W Y e D

=
O

T states
%4 £,C
5413 5414
5415 5416
5417 5418
5419 5420
5421 5427
5423 5424
5425 5426
5427 5428
5429 5430
5431 5432
54355 5434
SEEDD 5436
9373 O4T4
9475 o476
O4TT o478
9479 9480
9481 9730
o483 o4 84
o485 o486
o487 o488
0491 o492
G493 0404
9495 9496
9487 9498

5499

8500

7" states
%4 EC
54473 54438
5449 BAEA
5455 5460
5461 5466
5467 5472
5475 5478
S4T9 5484
5485 5490
5491 5496
5497 5502
5503 5508
5509 5514
9507 9512
9515 ©518
95318 o524
9525 9530
8530 9536
o537 9542
9543 9548
9549 9554
9561 9556
9567 9572
oY 9578
9579 9584
9585 95580
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