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ABSTRACT

The advent of ultra-narrow lasers, ultra-fast lasers, and optical frequency combs 1n the last several
decades have enabled a new generation of atomic clocks based on optical transitions as opposed to
microwave transitions While optical atomic clocks in the laboratory outperform microwave standards by
orders of magnitude, their complexity, size, weight, and power have so far precluded their application to
fielded, compact systems Efforts described 1n this thesis to transfer optical atomic timekeeping technology
from the laboratory to the field and to improve analytic tools for spectroscopy with ultra-narrow lasers are
motivated by a need to support GPS-denied operations (a DARPA objective) and to enable a broad range
of positioning, navigation, and timing applications 1 civil, commercial, and defense sectors

Existing theoretical frameworks describing coupling strength for atom-laser interactions n optical
atomic systems mmplicitly assume broad laser linewidths This thesis explores possible spectroscopic
implications of ultra-narrow lasers interacting with atoms Additionally, a simple optical atomic clock
archrtecture based on thermal calcium Ramsey-Bordé (R-B) matter-wave interferometry 1s described
Experimental investigations 1n this thesis were carried out 1n two systems a compact, deployable Ca Beam
Optical Timekeeping (CaBOT) clock, and a second-generation laboratory clock at NIST (Ca-2) This thesis
describes a performance evaluation of the CaBOT frequency reference exhibiting fractional frequency
mnstability of 5 0x1071 at one second Measurement noise floor analyses revealed excess laser noise to be
the dominant performance limitation With modest improvements, instability 1s projected to reach the 107
decade In the Ca-2 system, temperature fluctuations were observed to drive mstability for time scales
>100s, and a temperature-frequency correlation study indicated that temperature control at the mK level
would enable 107'® instability A thermal enclosure limiting frequency reference temperature variations to
10s-mK enabled repeatable, sustamed Ca-2 operations with <2x107'¢ instability between 10s-1,000s
Finally, a thermal-fluid temperature control system was designed for the deployable CaBOT clock to
dissipate ~220W and maintain mK level mstability for the <0 09 m? chassis with low added noise Physical
demonstration of sub-mK temperature control with a model liquid cooling circuit indicated the potential
for excellent mid- to long-term stability of the CaBOT clock when fully mtegrated
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Chapter 1

Introduction

1.1. Research motivation

1.1.1. GPS-denied positioning, navigation, and timing

Today there is a widespread dependence in public, private, and defense sectors on Global
Positioning Services (GPS) and other global navigation satellite systems (GNSS) around the world. Figure
1-1 depicts the GPS constellation (a) and photographs corresponding to several applications that rely on the
satellite network (b). Chief among these applications are land, sea, air, and space vehicles, as well as the
tracking and communication systems that support these various forms of transport. In the space domain, for
instance, NASA’s Tracking and Data Relay Satellite (TDRS) constellation and the Deep Space Network
(DSN) currently provide communications between ground stations and spacecraft near and far from Earth,

respectively. Both of these networks rely on precise timing and positioning information aided by

GPS/GNSS to determine orbit properties and to aid propulsive calculations for commanded maneuvers. In

Figure 1-1. Global Positioning System and applications: (a) graphic of GPS system, courtesy of NOAA;
(b) collage of applications enabled by GPS, courtesy of Leveson 2015.
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addition to supporting astrodynamics calculations, precision timing 1s also relied upon to maintain network
synchronicity of spacecraft with network nodes and ground stations

While a reliance on GPS/GNSS may be most visible 1n transportation and communication
networks, a similar reliance extends nto a broad range of industries critical to worldwide infrastructure and
commerce In 2015, the National Space-Based Positioning, Navigation and Timing Advisory Board
reported that commercial applications of GPS accounted for approximately $68 7 billion of the annual
United States Gross Domestic Product [Leveson 2015] The broader impact around the globe for GNSS
applications was reported n the European GNSS Agency’s 2015 market report Core and enabled markets
including road, matitime, aviation, rail, location based services, agriculture, surveying, and timing and
synchronization were found to account for an estimated core market size of €60B and an enabled market
size of €230B 1n 2014, with 3 6 billion GNSS devices mn use [European GNSS Agency 2015]

Despite the prevalence of GPS/GNSS 1n commerce and industry, the role that these satellite systems
and the role that their timing signals play often go unnoticed A 2008 assessment of GPS criticality found
that “not all users are or were aware of the fact that their reference systems rely on GPS,” and that
disruptions to electric power and telecommunications networks were often caused by a loss of accurate
timing [Carroll and Montgomery 2008] The near-ubiquitous dependence on GPS/GNSS mmplies
vulnerability Tactical, civil, and commercial positioning, navigation, and timing (PNT) operations in
regions with insecure GPS access 11sk service degradation or loss In addition, there 1s an elevated risk
posed by malicious actors that are capable of jamming or spoofing GPS signals m order to disrupt or corrupt
the flow of GPS information to end-users

One approach to reducing the dependence on GPS/GNSS 1s to use local tuming and frequency
references that can replace GPS/GNSS timing signals for extended periods of time for critical infrastructure
and service operations including network synchronization By coupling these local references with
stationary beacons and stable time transfer protocols, positioning and navigation solutions may also be
provided without GPS/GNSS Unfortunately, there 1s no deployable frequency reference that 1s capable of
providing GPS-level timing and frequency performance While there are mature technologies including

14



cesium beam clocks and hydrogen masers that have been regularly used for a broad range of PNT related
tasks in the field, their fractional frequency instability at short-term and mid-term time scales do not meet
the challenge of supporting the most demanding GPS-denied operations.

A recent study by the Defense Advanced Research Projects Agency (DARPA) [DARPA 2014]

identified a fractional frequency instability of 1x10™"* at one second and 1x107™'"® at one month as a target
performance for a low size, weight, and power (SWaP), deployable form factor for immediate application
in the field to support GPS-denied operations. Among nascent technologies that hold promise to meet this
objective, optical atomic timekeeping provides a viable path given the rapid advances in laboratory clocks
in the last two decades, surpassing performance of even the most advanced microwave atomic clock
technologies by several orders of magnitude [Poli ef al. 2014]. Unfortunately, there have yet to be any
optical clocks produced in a deployable and compact form factor comparable to currently available
microwave standard. Instead, optical atomic clocks today are large, complex, and costly laboratory
assemblies.

The research conducted in this thesis concerns the design and evaluation of a compact and simple
optical atomic clock design based on Ramsey-Bordé (R-B) atom interferometry with a thermal beam of
neutral calcium. Figure 1-2 depicts a qualitative comparison between the large size and complexity of state
of the art laboratory optical atomic clocks such as the Ytterbium (Yb) optical lattice clock and the optical

clock design described in this thesis. The Ca Beam Optical Timekeeping (CaBOT) clock depicted in Figure

Figure 1-2. Optical atomic clocks: (a) Yb optical lattice clock at NIST [Hinkley ef al. 2013]. (b) a compact,
fieldable optical atomic clock chassis designed as part of this thesis research for the CaBOT clock.
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1-2 relies on a single laser and thermal atomic beams, significantly reducing complexity, cost, and SWaP
over contemporary optical atomic clocks nvolving many lasers and complex measurement schemes
involving cooled and trapped atoms or 1ons While the primary motivation for CaBOT 1s a fielded clock
capable of meeting the DARPA objective for GPS-denied operations for critical services with small SWaP,
CaBOT may also be applied to other precision tuming applications In addition to the CaBOT clock, this
thesis mvolves research conducted with the second generation thermal Ca R-B frequency reference at NIST
(Ca-2) [Olson et al 2017, Olson et al 2019] While CaBOT was designed for compact, fielded application,
Ca-2 was designed for laboratory evaluation of the limitations and ultimate performance objectives for a

thermal Ca R-B architecture

1.1.2. Other science and industry applications

In addition to enabling GPS-denied operations, a compact, deployable optical atomic clock would
be widely applicable to Earth and space services and fundamental science investigations The primary
application of the NIST Ca-2 effort, for instance, involves laser frequency stabilization that may be readily
applied to laboratory clocks at the forefront of timekeeping technology [Olson et al 2019]

Uses of ultra-stable frequency references and precise timekeeping solutions include tests of
relativity [Ashby, Parker, and Patla 2018, Georgescu 2017, Chou et al 2010] and searches for gravity waves
[Abott ef al 2016, Acernese et al 2014, Graham et al 2016], dark matter, and variation of fundamental
constants [Stadnik and Flambaum 2016, Derevianko and Pospelov 2014, Safronova et al 2018] Quantum
simulation and quantum control experiments including recent explorations of SU(n) interactions also
require ultra-stable references [Zhang et al 2014, Schnudt-Kaler ef a/ 2003] Quantum manipulation
methods relying on stable frequency references underlie the emerging industry of quantum computing, and
so compact, fieldable, and cost-effective optical atomic clocks may prove useful m a wide range of future
systems Furthermore, the demonstration of stable transfer [Leopardi e al 2017, Sinclair et al 2018] across

the electromagnetic spectrum indicates immediate applicability of optical atomic clocks to civil,

16



commercial, defense, and science operations including advanced positioning, navigation and timing,
communication, and radar systems

In addition, ultra-stable clocks would transform deep space exploration Today, all deep space
navigation relies on two-way communications with the Deep Space Network (DSN) on Earth, a process
that 1s both slow and costly With on-board stable local oscillators, deep space missions would need only
one-way communication with the DSN for navigation, enabling a higher degree of autonomy for more
flexible missions Two-way communications with the DSN would still be necessary to exchange mission
and telemetry data Even so, relaxing navigation-related communications requirements would reduce deep
space misston cost, risk, and complexity, and would enable the DSN to service more missions than currently
possible NASA’s Deep Space Atomic Clock (DSAC) aims to enable this transformation [Prestage and
Weaver 2007], though DSAC 1s based on a microwave transition in mercury 1ons and so further
performance improvements would be possible with a design based on an optical transition In addition to
navigation, high precision on-board clocks would enable solar system relativity tests, gravimetry of

planetary bodies, and radio occultation measurements

1.2. Timing and frequency reference overview

1.2.1. Atom-based timekeeping background

All clocks are composed of two basic components a frequency reference and a counter Examples
of a frequency reference mclude a swinging pendulum 1n a grandfather clock or a vibrating quartz crystal
mn a smartphone The function of a clock’s counter 1s to convert the frequency reference oscillations mto
the final, useable timing signal such as the movement of a second, minute, or hour hand 1n an analog clock
or the digital readout of time 1n an electronic device An atomic clock 1s no different Instead of a quartz
oscillator or pendulum, the frequency splitting of an atomic transition serves as the oscillating reference to

be counted to generate a timing signal
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Unlike a classical pendulum or crystal oscillator that feature frequency drifts corresponding to the
macroscopic nature of their composition, construction, and local environmental conditions, the basis of an
atomic clock’s signal 1s the physical structure of the atom itself, which remams well 1solated from the
environment and constant from atom to atom In addition, electronic transitions m atoms occur at 1elatively
high frequencies as compared with crystal oscillators or pendulums, a property that contributes to enhanced
clock performance

Spectroscopy provides a mechanism by which atomic energy levels are used as a clock’s oscillator
By sweeping a coherent radiation source such as a laser or microwave generator across the resonant
frequency of an atomic transition, a fluorescent feature 1s generated corresponding to the atomic resonance
frequency By locking to this fluorescent signal, the atom provides a frequency reference from which the
clock timing signal 1s based Even if the source frequency 1s subject to drift, the atomic resonance remains

stable and so only perturbations to the atomic structure result i clock frequency drifts

1.2.2. Accuracy, stability, and Allan deviations

There are two metrics by which a clock’s performance may be evaluated clock uncertainty, or
accuracy, and clock nstability, or precision An accurate clock measures seconds with the correct length as
defined by international standards Evaluating the accuracy of an atomic clock amounts to measuring the
absolute atomic frequency and comparing against catalogued values 1n the literature for the same transition
A precise or stable clock, on the other hand, may be said to measure seconds that are the same length,
regardless of whether each second 1s the right length A stable clock produces repeated frequency
measuiements that are clustered closely to one another

The applications motivating this research prioritize clock stability over clock accuracy In general,
short-term stability enables reliable, repeatable, and quick measurements for dynamic and network

applications and for pre-stabilization of other types of oscillators Long-term stability enables maintenance
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of network synchronicity and constant standards for time, thus, this type of performance 1s especially useful

for distributed networks

The standard method of characterizing frequency nstabulity 1s the standard Allan deviation o, (T )

or the square root of the two-sample Allan variance The two-sample Allan variance O'y2 (1') measured

over N time ntervals lasting 7 seconds 1s defined to be [Allan 1966, Allan et al 1997]

0, (1) = s 3 (3o (1) -7, ()

2(N-1) & .

Each y, m equation (1 1) 1s the mean of /7, individual frequency measurements acquired at a rate 1z,
beginning at the #” mterval, where 7, 1s the sample interval The factor of % 1s ncluded so that the Allan

variance 1s equal to the classical variance in which ), values are random and uncorrelated The same set

of clock frequency error values may be separated mto different sized bins according to different values of
7 and assessed for instability at different averaging times In order to provide a universal performance
metric, the Allan deviation of fractional frequency measurements 1s usually reported in which each
measured frequency 1s divided by the expected frequency For clock Allan deviations, this expected
frequency 1s the clock frequency

A key feature of Allan deviations 1s that instability arising from noise processes 1s measured as

opposed to an absolute frequency error measurement A white noise process will produce an Allan deviation

profile that trends as 1/ Jr , a linear drift process results in an Allan deviation that trends as 7 In addition

to the standard Allan deviation corresponding to the two-sample variance m equation (1 1), there are
alternative types of Allan deviations that are sometimes used to analyze frequency data sets including the

Total Allan deviation and the Modified Allan deviation (for further information, see [Allan et al 1997])
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1.2.3. Atomic clock instability limit and ideal clocks

An atomic clock’s fractional frequency mstability and associated standard Allan deviation 1s

theoretically limited by the quantum atom shot noise inherent to the transition and to the population utilized

for measurement Atom shot noise instability o, ... (’Z') over an averaging time 7 1s [Fox efal 2012]

ov |1
O-atom shot (T) = V_ _]V—T (1 2)
0

In equation (1 2), v 1s the frequency width of the locking feature, Vv, 1s the resonant atomic transition

clock frequency, and N 1s the rate of atoms participating n the measurement, 1 e the number of atoms
contributing to the fluorescence signal measurement per second assuming that each atom contributes at
most one photon The form of equation (1 2) illustrates the characteristics of an atomic clock that are most

desirable Reduced atom shot noise over a given measurement period 1s possible with high transition
frequencies v, narrow locking features OV and high rates of atom contributions to the signal N

The 1deal clock transition based on a quantum system occurs at the highest possible fiequency
(gamma radiation), and would be a delta-function m frequency space, corresponding to a vanishingly
narrow natural Iimewidth and an infinite excitation hifetune Because an mfinite excitation lifetime 1mplies
zero signal, since there would be no spontaneous emisston to measure, a means of cycling excited state
atoms to a third, short-lived state would be desired Additionally, an 1deal quantum reference would be
1solated to the greatest possible extent from the environment

Given these criteria for the 1deal clock, nuclear transitions might in principle be considered as the
most desirable frequency references Not only are nuclear transition frequencies many orders of magnitude
higher than atomic transitions, but nucler are also well shielded from the environment by electrons
However, nuclear clocks are not yet achievable given the lack of narrow linewidth coherent sources at

gamma, x-ray, and ultra-violet regions of the spectrum Until stable, narrow-linewidth lasers at these
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frequencies and methods to stably convert these frequencies for distribution are developed, clocks based on
electronic transitions will continue to provide the best candidates for quantum-based clocks

Aside from the selection of a good candidate clock transition, efforts must be made to prepare or
mterrogate atoms such that perturbations to the relevant energy structure are mmimized For atomic clocks,
common approaches include cooling or trapping atoms These techniques rely on the fact that large Doppler
effects are elimmated with slow- or non-moving atom samples In addition to cooling and trapping
approaches, Doppler-free spectroscopic approaches such as saturation spectroscopy are commonly
employed for the same reasons An 1deal clock would feature atoms at zero absolute temperature in an
equally cool environment nvolving no Doppler or blackbody effects, completely 1solated from external
fields Atoms optically confined in vacuum come close to this 1deal scenario, though perturbative effects of

confinement can be mitigated but not totally eliminated

1.2.4. Atomic clock technology trends

Until the turn of the 21% century, atomic clocks were limited to atomic transitions mn the microwave
(1-10 GHz) region of the electromagnetic spectrum Despite the identification of optical frequency
standards, there was no technology available to transform and distribute the high frequencies (100s of THz)
associated with optical transitions nto the radio frequency (RF) domam Microwave based atomic clocks
are well surted to conversion and distribution in the RF domain and have been improved over the decades
with sophisticated methods to produce narrow-linewidth, high signal-to-noise spectroscopic signals as m
the Cs fountain clocks developed and operated at NIST [Heavner ef al 2014]

Over the last few decades the landscape of precision timekeeping has changed dramatically with
rapid advances 1 laser and laser-based technologies that enabled the application of optical frequency
references to atomic clocks Principal among enabling technologies were ultra-narrow lasers characterized
by Hz-scale and sub-Hz linewidths at visible wavelengths [Salomon ef a/ 1988] and ultra-fast lasers

capable of producing femtosecond-scale pulse durations [Morgner et al 1999, Sutter et al 1999] A
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combination of these technologies with a method for high resolution spectroscopy depending on fast
(picosecond) lasers [Eckstein et al 1978] resulted i the invention of the optical frequency comb technique
that ultimately earned Glauber, Hall, and Hansch the 2005 Nobel Prize in Physics [Trabesinger 2005] This
technique generates a series of regularly spaced, sharply peaked comb “teeth” in frequency space The most
common optical frequency comb variety relies on a mode-locked ultrafast (femtosecond pulse) laser as
described, for instance, in [Cundiff and Ye 2003] The laser pulse repetition rate, ranging from tens of MHz
to several GHz, determines the spacing of individual harmonics and the pulse duration determines the
carrier envelope width within which comb teeth are observed The inverse relationship between time and
frequency domains enables femtosecond scale laser pulses to generate wide carrier envelopes spanning an
optical frequency octave or more, with shorter pulses providing wider carrier envelope bandwidths

By beating an optical frequency reference signal with a single tooth of an optical frequency comb,
the reference signal can be transformed nto microwave and ultimately RF frequencies while maintaming
the stability inherent 1n the optical signal With this mnovation, optical frequency references characterized
since the 1970s could be utilized as frequency references for atomic clocks In addition to enabling the
invention of the optical frequency comb technique, lasers with linewidths <1 Hz may function
independently as highly stable flywheel oscillators at short time scales to be used to generate optical atomic
resonance features and which underlie enhanced optical atomic clock performance

Aside from a transition to optical transition frequencies, laboratory timekeeping efforts are
increasingly employing cooling and trapping techmques for atoms and ions to narrow locking features and
to ehminate environmental perturbations to the clock signal These methods have resulted in record-

breaking clock accuracies and imstabilities e g Hinkley 2013, owing principally to the reduced fractional

frequencies O v/ v, achievable The optical lattice 1s currently the best performing method used to prepare

atoms for mterrogation Using a standing wave tuned to a so-called “magic” wavelength (1 e , a wavelength
that perturbs the two states of the clock transition equally), multiple atoms can be individually trapped 1n

potential wells of an electromagnetic field that preserve the clock transition frequency between ground and
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excited states Cold atoms loaded into the optical lattice experience a pristine and stable environment,
thereby preserving to the greatest extent possible the atomic structure energy levels to reduce instabilities
mn the clock signal [Ludlow et al 2015]

Unfortunately, the large number of lasers and the high degree of complexity and cost associated
with these approaches, as well as the large SWaP mvolved, have precluded widespread deployment in the
field and commercialization Highly stable and compact laser oscillators are emerging i the marketplace,
as are highly stable and compact optical frequency combs What 1s lacking are highly stable and compact
optical atomic frequency references that would be required 1n conjunction with lasers and combs to field
optical atomic clocks

In this thesis, a compact and deployable optical atomic clock based on thermal Ca Ramsey-Bordé
atom nterferometry 1s described, along with theoretical and experimental ivestigations concerning the
clock’s operational principals and performance Unlike other approaches to field optical atomic clocks, the
CaBOT clock does not require atom cooling or trapping, nor does 1t require multiple laser frequencies for
atom signal generation and locking Rather, it relies on only a single cavity stabilized, narrow lmewidth
laser and a fiber optic frequency comb With this simple architecture, optical frequency standards may be
deployed to the field to enable extended GPS-denied operations and other science and industry applications

requiring ultra-stable timing references
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1.3. Research focus: thermal calcium Ramsey-Bordé atom

interferometry

1.3.1. Calcium intercombination line

The optical clock transition used in this research is the (482) g —(4s4p) °B, transition in neutral

“Ca, often referred to as calcium’s intercombination line. This transition features a narrow (374 Hz)
natural linewidth at 657 nm [Degenhardt ef al. 2005]. The relevant level structure is depicted in Figure 1-
3

This transition is semi-forbidden since the coupling involves a violation of the selection rule for

spin conservation, but spin-orbit (L-S) coupling enables a weak coupling through an electric dipole

transition. Specifically, the two valence electrons of neutral *'Ca are excited from a ground singlet

configuration in which the electrons have paired, opposing spins represented in ket notation as
(|’N«>—|~LT>)/\E to an excited state triplet configuration represented as (“»L>+‘~LT>)/\/E in ket

notation. This transition involves linearly polarized light, and while the total spin changes from zero to one,
the final, excited state spin projection quantum number is zero. A qualitative explanation for this semi-

forbidden transition may be found by considering L-S coupling: the electrons’” angular motion about the

Excited (454;9)3}71

=374 Hz
A=657nm
Ground (452)150

Figure 1-3. Energy level diagram for neutral calcium’s intercombination line.
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nucleus generates an additional, induced magnetic moment This moment enables a non-classical spin
transition mediated through weak coupling to resonant electromagnetic radiation to an excited triplet state

By contrast, a more common (and not forbidden) electric dipole transition would mvolve ground
state and excited state coupling in which the total spin angular momentum 1s conserved In this case, a
singlet ground state couples with a singlet excited state, or a triplet state couples with a triplet state These
transitions between strongly coupled states involve short natural lifetimes and wide natural linewidths since
the atom may readily transition from one state to the other

Given the myriad of spectroscopy techniques that may be employed to utilize the Ca
intercombination line for a frequency reference, this thesis utilizes one of the oldest and simplest methods
a thermal atomic beam, as pioneered by early atomic clock efforts as reviewed in Holloway, et al 1959
By utilizing a Ramsey-Bordé atom interferometry scheme involving four coherent atom-laser interaction
sites, a Doppler free, narrow linewidth spectroscopy signal can be produced with a thermal atomic beam

for stable timekeeping

1.3.2. Thermal atomic beams

The geometry of a laser spectroscopy setup based on a Ca atomic beam 1s shown 1n Figure 1-4 A
calctum oven at the left of the figure contains a crucible that vaporizes a Ca sample, and a nozzle at the
right side of the oven allows a beam of atoms to exit moving from left to right along the Z axis, intersecting
with a laser oriented in the orthogonal X axis An aperture downstream from the oven further collimates
the atomic beam nto an angle @ 'm the X—Z plane A detector 1s positioned beyond the atom-laser
interaction site and beyond the collimating aperture m order to collect fluorescence from excited Ca atoms
In the figure, a parabolic reflector aids fluorescence detection by increasing the overall collection fraction
that may be observed from the 1sotropic spontaneous emission of the excited Ca

By sweeping the laser frequency across the clock transition frequency, a Doppler-broadened profile

results with a full-width half maximum (FWHM) frequency width Av .. given by [Foot 2005]
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Figure 1-4. Laser spectroscopy of a collimated atomic beam.
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In equation (1.3), A is the clock transition wavelength and (v) is the most probable speed of the atoms.

The most probable velocity (v) is determined from kinetic theory by the temperature of the atomic sample

and the atomic mass. For a Ca oven mean temperature of 7" = 625"C, the most probable atomic velocity
of (v)=4/3/242k,T/M =748 m/s is calculated for the Maxwellian gas distribution that may be

expected with an effusive oven [Ramsey 1956]. For an angle of & =6.8 mrad and A =657 nm, a
FWHM of Av,,,,, =5.5MHz is predicted. This may be compared with the Doppler width of a signal
resulting from the same conditions, but without beam collimation, for instance for a thermal gas cell of Ca.
In this case, the expected FWHM for the isotropic gas distribution would be Av,,,,. =0.8 GHz.

Even with collimation, the spectroscopy signal resulting from a single atom-laser interaction is
many times wider than the natural linewidth of 374 Hz. In order to make use of the high atom fluxes possible
with an atom beam, additional laser interactions may be employed to eliminate the first-order Doppler shift

and otherwise produce a narrow spectroscopic signal to which a laser clock oscillator may be locked.
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1.3.3. Doppler-free spectroscopy and R-B atom interferometry

Several examples of Doppler-free spectroscopy include saturated absorption spectroscopy, spectral
hole burning and two-photon spectroscopy Each of these techniques involves counter-propagating lasers
In the first two methods listed, only one photon scattering event 1s necessary to drive the transition while
one laser drives absorption, the second laser drives stimulated emission, producing a saturation dip, often
referred to as a hole, 1n the resonant spectrum By contrast, two-photon spectroscopy mvolves an atomic
transition that requires resonant scattering of two photons to achieve the state transition, because the
photons are arriving from opposite directions, the recoil associated with their absorption cancel

These techmiques are relevant to the current thesis only msofar as they represent alternate
approaches to Doppler-free spectroscopy For further information on these topics, please refer to resources
such as [Foot 2005, Letokhov and Chebotaev 1977, Demtroder 1996, Corney 2000, or Meschede 2004]
For a description of spectral hole burning techniques, some recent research includes [Thorpe et al 2011]
and [Cook et al 2015]

In the field of atom interferometry, there 1s one approach to Doppler-free spectroscopy that 1s
particularly interesting as an applicable technology for compact optical timekeeping and which lies at the
heart of this thesis Ramsey-Bordé atom interferometry This method 1s introduced in the seminal reference
[Bordé er al 1984] This method elimmates leading Doppler shifts for a molecular beam with the use of
four traveling wave lasers oriented in the manner depicted in Figure 1-5a In general, this method may be
described as an application of the Ramsey method as described i [Ramsey 1956] The Ramsey method
enables sub-Doppler width resolution of an atomic resonance feature through the use of separated
oscillatory fields traveling i the same direction To eliminate leading Doppler effects, Bordé et al 1984
demonstrated the use of two successive Ramsey sequences oriented with traveling wave vectors in opposing

directions from one sequence to the next
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Figure 1-5. R-B atom interferometry with a thermal Ca beam. (a) Atoms pass through four mutually
coherent laser beams, resulting in two output ports in which the atomic wavefunction exhibits
interference. (b) Sweeping the laser frequency at the MHz scale produces a Doppler-broadened feature.
(c) At the center of the Doppler feature, kHz-scale R-B fringes may be observed corresponding to the
two output ports of the interferometer.

A Ca atomic beam crosses four mutually coherent laser beams from left to right in Figure 1-5a. At
each atom-laser interaction site, there is a probability that the atom will undergo a change in internal energy
and momentum states via photon absorption or stimulated emission. Internal states are denoted by color:
green corresponding to the ground state and purple corresponding to the excited state. Momentum states

separated by individual photon recoils are identified by the angle of atom trajectories traced through the

interferometer. After all four optical laser beams, there are 2" possible final states for the atomic states,

four of which are traced in the figure. The atomic wavefunction recombines in two distinct interferometer
output ports, indicated by P, (+) and P, (—) with signs indicating a positive or negative recoil shift from
the initial momentum state. The laser phase is imprinted on the atomic wavefunction throughout the

interferometer such that the final atomic phase corresponds to the sum of the difference of laser pairs
separated by distance “D” in Figure 1-5a.

By sweeping laser frequency across the intercombination resonance, a Doppler-broadened feature
at the MHz scale is observed as depicted in Figure [-5b, and Ramsey fringes are observed in the saturation

dip of the Doppler profile, at the kHz scale as depicted in Figure 1-5c. Separation between fringes is
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determined by the number of photon recoils separating the two ports (in this case, two recoils), and
individual fringe widths are determined by atom time-of-flight between lasers 1-2 and 3-4

Unlike previous efforts mvolving R-B with the intercombination line of Ca (e g Barger ez al 1979,
Kisters 1994, Kersten 1999, Oates 2000, Degenhardt ez al 2005, McFerran and Luiten 2010, Fox 2012,

Zhang 2016), this approach requires only a single laser in combination with a thermal atomic beam This-

allows for an inherently simple, compact design With a mean oven temperature of 7" = 625 °C and Ramsey
laser pair separations of oven mean temperature of D =50 mm, the CaBOT frequency reference
generated fringes with widths of roughly 3 kHz, as depicted 1n experimental data shown 1n Figure 1-5¢ In
the final clock, these narrow features are to be used as a locking feature to stabilize the CaBOT laser, which
1s down converted to a useable timing signal in the radiofrequency domain by the optical frequency comb

and associated electronics The Ca-2 frequency reference has a larger beam separation of D =90 mm

with a nommal R-B signal width of 1 6 kHz when atom ovens are operated at 7" = 625°C
The primary advantage gained by using Ramsey-Bordé atom mterferometry with a thermal beam

of atoms 1s that a narrow resonant feature can be resolved with a large number of participating atom

oscillators The large signal-to-noise ratio arising from a large number of atom contributors labeled N in
equation (1 2) coupled with the narrow fractional frequency resolvable with matter-wave interferometry
together enable promising timekeeping performance with a simple architecture In addition, this technique
avails itself to frequency reference operation with only a single laser, further limiting the complexity and

SWaP of an optical atomic clock based on R-B nterferometry
1.3.5. Precedents for thermal Ca R-B atom interferometry

Ca R-B efforts historically benefit from characterization of the Ca intercombination lme as in
[Barger ef al 1979] Some of the mitial efforts between 1994-2005 to apply R-B interferometry to the Ca
mtercombination line employed laser-cooled Ca [Kisters, et al 1994, Oates, et al 2000 and Degenhardt ez

al 2005], while another effort used a thermal beam with the aim of constructing a transportable reference
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[Kersten, et al 1999] In [Oates et al 2000] and [Degenhardt et a/ 2005], an R-B laser 1s used mn
conjunction with a blue laser for light-induced fluorescence (LIF) of the excited state atoms of the semi-
stable excited state

The trade to use blue LIF benefits from a higher possible signal-to-noise ratio at the cost of adding
another laser A higher excited state 1s coupled strongly to the excited Ca intercombination state, resulting
in higher spontaneous emission rates than the lower clock transition The result 1s that even with thermal
atomic velocities, atoms exiting the R-B interferometer in the excited-state can be cycled repeatedly while
still within the fluorescence detection region, releasing many blue photons for each excited state atom The
mmplication of course, 1s a larger available signal, especially when considering that in addition to many
more photons being available for detection, the blue LIF frequency may be readily distinguished from the
red clock transition frequency using in R-B mteractions, reducing susceptibility to noise from scattered
light

Among efforts between 1994-2005, [Oates et al 2000] achieved the best fractional frequency

stability of 4x107" at once second of averaging time [Kersten, ef al 1999] demonstrated a relative

frequency uncertainty of 1 3x107" at one second for therr reference aimed at transportability, though no
further developments have been reported

More recently, [McFerran and Lurten 2010] used a blue LIF laser and achieved a frequency stability
of 92x107™" at one second with a readout fluorescence shot noise of 7x107" at one second This effort
was not mtended to be a transportable or fieldable package, but rather only a laboratory-based
demonstration of a promising architecture for fielded technology Another effort using blue LIF architecture
was designed for transportability, achieving a fractional frequency stability of 1x107" at one second
[Zhang et al 2016] No size, weight, or power specifications are reported for this effort, making it difficult
to directly compare with the transportable clock described 1n this thesis Finally, Hemingway et al 2018

describes an effort to produce a compact thermal Ca R-B frequency reference also using blue LIF This
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effort did not measure a fractional frequency instability, but instead projects an stability of 5x107"
based on observed fringes with a measured width of 15 kHz
Though significant advantage 1s provided by blue LIF, a notable effort using only a single red laser

demonstrated excellent short term nstability for a thermal Ca R-B mterferometer at NIST, [Fox et al 2012]

demonstrated a fractional frequency stability of 5 5x107"° at one second with a laboratory-based, single
laser architecture This represents more than 10x short-term stability improvement over the dual-laser
[McFerran and Luiten 2010] approach, and served as the basis for CaBOT and Ca-2 design objectives
While the design of the CaBOT frequency reference was largely based on the single-laser
architecture of [Fox et al 2012], design modifications were mtroduced to reduce overall clock SWaP and
mmprove long term stability for a design capable of operating 1n a wide range of uncontrolled environmental
conditions Continued thermal Ca R-B efforts have been conducted at NIST with Ca-2, a second-generation
thermal Ca apparatus following [Fox et al 2012] Ca-2 was designed with a blue LIF fluorescence capture
system for improved performance at the cost of SWaP [Olson et a/ 2017, Olson et al 2019]
Communication between the NIST and Draper teams has been crucial for the mutual development of

designs and strategies for frequency drift mitigation for both the CaBOT and Ca-2 efforts

1.4. Context: optical atomic physics and modern
timekeeping

1.4.1. Atom-beam interaction modeling for a single pulse

1.4.1.1. Rabi method and two level systems: the standard description

Atom-light interactions underlie the operations of optical atomic systems as well as the atomic
molecular and optical physics field In 1939, 1 I Rabiand colleagues [Raby, et al 1939] developed a method
by which a nuclear magnetic spin transition frequency was measured using a molecular beam passing
through a driving oscillating magnetic field A static reference field was provided by external magnets The

magnetic moments of nuclear spins were aligned to the static reference field and driven 1n an oscillating
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manner according to a Rabi rate Q = 7/|B| where 7 1s the gyromagnetic ratio and B 1s the transverse,

oscillatory magnetic field While this treatment of a Rabi rate 1s expressed 1n the classical limit, 1€ without
quantized spin, the concept 1s readily extended to a treatment of any quantized atomic system that may be
driven with an external field

For optical atomic systems relevant to optical timekeeping, the clock transition 1s usually an electiic
dipole transition mn a two level system with a ground state | g> and excited state je} For such a system,

the so-called bare Rabi rate 1s given by

2 = E
F Elg)= %(e

., €

e—n

QE—;-@

g) (14)

where E 1s the electric field vector with amplitude |E LI = E and where (e 1_:;_" é‘ g> 1s the matrix dipole

element for the two level system In equation (1 4), ¢ 1s the electric field polarization, and 7, , = —eF 1s
the atom’s electric dipole operator written m terms of the electron charge e and the dipole vector direction

7 For off-resonant driving, 1€ when theie is some detuning 6 = @ — @, of the driving field frequency

@ as compared with the transition resonant frequency @, then there 1s an extra source of oscillation

contributing to Rabi fluctuations The generalized Rabi rate in this case 1s expressed as €2 g = VQ? + 67

Assuming laser polarization along the atom’s dipole moment, 1e for 7|l €, the probability of

excitation from ground to excited state after an atom-field interaction time 7 1s given by

% QT
P, v (r)=stm2( ; ] (15)

g

It 1s clear from Equation (1 5) that the probabulity of transition 1s maximized when €2 ;¥ = 7, an interaction

that 1s 1eferred to as a 7 -pulse For an interaction time 7 = 7r/ (2Q ¢ ) , referred to as a 7[/ 2 -pulse, there

15 50% probability that the atom remains 1n its mitial state and 50% probability that a transition occurs
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After longer times, the atomic population oscillates between ground and excited states By tuning the
mteraction time and driving oscillator strength, 1t 1s possible to manipulate atomic wavefunctions much like
light 1s manipulated with common optics, for mstance, a 7 -pulse serves for an atomic wavefunction as a
mirror serves for an optical wavepacket, similarly, a 77/2 -pulse behaves as a beamsplitter for the atomic
wavepacket

In practice, optimization of an optical atomic mteraction generally involves modulation of the
driving radiation intensity until saturation 1s observed The bare Rabi rate 1s related to the intensity of the

resonant electromagnetic radiation / and the transition’s natural linewidth I" by the following relation

(Foot 2005 Equation 7 86)

I 207
— == (16)
sat F
where the saturation intensity 7, 1s given by [Foot 2005 Equation 7 85]
7 he
=221 17
sat 3 2’3 ( )

In terms of the itensity of resonant light, then, the bare Rab1 frequency 1s expressed as [Degenhardt et al

2
0= /—;chrﬂ (18)
hy,

where the relation ¢ = v, 1s used and where v, = @, /27 1s the clock transition frequency and A 1s the

2005 Equation 5b]

tiansition wavelength

1.4.1.2. Applied models for single pulse interactions: the Bordé ef al. 1984 description

Equations (1 4)-(1 8) assume interaction between a perfectly homogeneous and 1sotropic driving
field and a single atom In practice, this will not be the case and instead the driving radiation will be non-

uniform and atoms participating in the nteraction will have some velocity distribution A model for
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experimental application must take 1nto account the atom population’s distribution and associated Doppler
shufts to the radiation frequency in the atoms’ frame relative to the mertial frame
In [Bordé et al 1984], a matter-wave interferometer was described i which the mteraction between

a molecule and driving radiation was treated 1n the molecular rest frame In this frame, the electric field 1s
written as E(?,t) =Reé* E*U* (vl (r—1, ))exp[z(ya)t FThvtFhz+¢* )J where ¢, E, U, k,and ¢

represent, respectively, the polarization vector, the amplitude, the transverse dependence, the wave number,
and the phase of each wave Molecular flow 1s along the X axis and the field 1s propagating along the z

axis as in Figute 1-5a, and the second order Doppler is captured by the relativistic ¥ When accounting for

both energy and momenta in the description of the molecular states, each interaction results in both a change

of the atom’s internal state and a photon momentum exchange 7k The Schrodinger equation for the spinor

corresponding to ground and excited states 1n the rotating frame, g andé, can be written m terms of the

Pauli spin matrices & and the identity matrix o, as

o|e 1= _ e
55@ =~ Pua 0+Qoao]{g} (19)
where coupling rates are given by
Q, =QU* cos ™
QB()I{I’L’ QZ = QUi S goi

Q, = (yo-a,)Fhv, =[(m21)’ =m* |5, +1(r.~7,) /2 (110)

2
Q, = —[(mil) + m2:|5, —(2mt1)kv, +z()/e +7, )/2
In equation (1 10), 7 1s the number of photon recoils corresponding to the interaction, where the mitial

ground state corresponds to 72 =0 and an excited state after a single interaction corresponds to m =1

Laiger numbers of recoils correspond to multi-pulse interaction states The recoil frequency is written as

5 =nk’ [2M where M 1s the mass of the molecule, and relaxation constants for the excited and ground
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state are written as y, and y,, respectively Positive or negative superscripts indicate interaction with a

laser beam oriented along *Z axis, and the magnitude of the coupling rate vector may be written simply

as 52230, e = QzBm,e = Q§ + O’ For the case where the electric field has no transverse dependence, 1 e for

U* =1, the solution to the Schrodinger equation (1 9) may be evaluated to be

1 el i ] o

which, when introducing the Pauli matrices and the coupling rate definition 1n equation (1 10), becomes

{é(f)}_ AeXpBQW_t“)} Bexpl 19" {e((r;ﬂ
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After a single laser pulse mteraction of duration ¢, the ground state and excited state probabilities

P, sorde (t) and P, 5, (t ) are calculated simply as

Pg,Borde (t) = §m=0 (t)gm=0 (t)*

I)e,Bo;a'e (t) = é’m=] (t) é.'m=0 (t)*

These probabilities may be used to estimate the total excitation fraction expected from an interaction with

(113)

the laser field
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1.4.2. Limitations of the Bordé er al.1984 interaction model

The most prominent limitation of the treatment of the atom-laser interaction as described in [Bordé
et al 1984] and captured by equations (1 9)-(1 13) 1s the implicit assumption that all atomic velocity classes
can nteract with the laser, simply by selecting a laser wavelength detuned by a Doppler shift corresponding
to the atom’s velocity While this may be an adequate description of atom-laser interactions with wide
Iinewidth lasers, this treatment does not accurately capture conditions involving narrow-linewidth, near
monochromatic lasers that are currently used in optical atomic experimental setups around the world,
including the NIST test laser utilized n this thesis for CaBOT and Ca-2

When considering a nearly monochromatic Gaussian laser, strict conservation of momentum would
imply that atom-laser nteractions are only allowed for each atom velocity class 1f a corresponding wave

vector Doppler shifted to the proper frequency is piesent The Gaussian laser beam waist therefore

—

represents a critical experimental paiameter for these scenarios since the dispersion of wave vectors k
depends not only on the linewidth of the laser, but on the waist size according to usual Gaussian beam
propagation Historically, inteiaction rates for experimental setups mvolving narrow lmewidth radiation
sources driving atomic transitions have been optimized empirically with saturation studies i which the
beam waist and driving radiation intensity are varied until saturation 1s observed or until spectroscopic
contrast 1s maximized

In order to supplement empirical methods, a theoretical framework can be developed that accounts
for momentum conservation between a localized atomic wavepacket and a near-monochromatic Gaussian
laser to calculate expected interaction strengths and transition probabilities as a function of experimental
parameters Chapters 2-3 of this thesis itroduce such a theory that may be extended not only to multi-pulse
interactions for thermal atomic systems like CaBOT and Ca-2, but also to cold atom experiments and a
broad range of associated atomic molecular and optical physics experiments and applications involving

narrow linewidth lasers
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1.4.3. Multi-pulse interactions: the standard description

1.4.3.1. Ramsey method and atom interferometry overview

A description of multiple atom-laser interactions 1s traditionally introduced with a standard

approach following from the single-pulse description mn Section 14 11 Rabi method and two level

systems the standard description A two-pulse imteraction was first established in seminal spectroscopy

efforts by Norman Ramsey and colleagues m order to overcome the expertmental limitations associated
with the Rab1 method, namely that the spectroscopy experiment precision relied on a long-duration
characterized by a high degree of 1sotropy and homogeneity

Ramsey proposed a method by which an atom or molecule interacts only briefly with two separated

oscillatory fields with the same directionality as opposed to one large oscillatory field [Ramsey 1956] If
the intensity of radiation in the first of the oscillating field regions 1s tuned such that a 7/2 -pulse 1s
delivered to an atom, then that atom’s wavepacket 1s coherently split into equal probabilities of excited and
ground state populations after the interaction A second 7/2 -pulse following a dwell time 7" n a “dark”

region, the atomic population 1s once again split and an interference pattern can be observed 1n the emission
spectrum of the final excited state population The final excitation probability at the end of the sequence 1s

derrved 1n several textbooks, e g [Ramsey 1956, pp 127-128], and may be expressed as

2
2 Qr Qr Q7
P, ramsey (z)= 4Q2 sin? | —— || cos| —£ cos[—ST) _ o sin| —£ sm(éi (114)
’ Q, 2 2 2) 9, "\ 2 2

Unlike the Rabi expression of equation (1 5), population mversion for the Ramsey method as described by

equation (1 14) 1s maximized on resonance, 1€ for & =0 when Q7= 7[2,1e for two /2 -pulses as

opposed to one 7 -pulse like the Rabi method While the Rabi method’s linewidth can be made narrower

by reducing the driving oscillator power alone, the Ramsey method can be used to produce much narrower

linew1dths by increasing the free precession (dark) ttme 77 When inhomogeneity 1s present in the driving
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oscillator’s radiation, 1t 1s therefore preferable to use the Ramsey method, since the Rabr method relies on
averaging over an extended atom-oscillator interaction

A key feature of the Ramsey method 1s that longer dark times 7 directly correspond to narrower
resulting interference fringes The power of the Ramsey method lies i the fact that in order to improve
frequency resolution, it 1s not necessary to produce a perfectly homogenous driving radiation as in the Rabi
method, elongating interaction times to enable extensive averaging Instead, it 1s only necessary to lengthen
the dark tume between the two brief interactions that serve as the interferometer beamsplitter and combiner
Thus, the experimental effort does not require an extended, coherent driving oscillator, but only a sufficient
vacuum to allow the participating atoms to remain n a coherent superposition state throughout the
sequence

A similar mechanism 1s used by an optical Mach-Zehnder interferometer light 1s split between
two pathways and the difference in the length of the pathway 1s revealed when observing the phase of the
laser light when the two laser pathways aie recombmed In the Mach-Zehnder optical interferometer,
fringes are visible because the resulting optical phase at the end of each pathway 1s different This may be
caused by differing interferometer arm lengths or by some other phase-shifting effect that differs from one
arm to the other

In the Ramsey sequence as with any matter-wave interferometer, the same principles of
interferometry apply When passing through several mteraction regions, an intially ground-state atomic
wavepacket has a probability of resonant interaction and resulting excitation If coherence 1s maintained,
part of the atomic wavepacket may be excited at one pulse while another component 1s excited at the second
pulse Because the atomic phase precesses at a different rate when the atomic wavefunction 1s n the ground
state as opposed to the excited state, an overlap of the two excited wavepackets results 1n an interference
pattern 1n their internal atomic phase just as an overlap of two coherent laser beams traveling different
distances reveal an nterference in their relative phase when recombined m the Mach-Zehnder

interferometer
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For matter-wave interferometry in the Ramsey sequence to occur, the displacement of the

nterfering wavepackets must be shorter than the coherence length L, of the atom This coherence length

1s determined by the atom’s momentum uncertainty Ap accordingto L, = h/Ap [Sterr etal 1992] The

largest displacement of the atomic wavepacket 1n this sequence 1s along the principal laser beam
propagation axis Z , with a magnitude given by Az = Thk. /M where hk_ 1s the momentum component
of the laser beam along the principal laser axis Z and M 1s the mass of the atom The implication 1s that
while the Ramsey method may be readily applied to microwave transitions m thermal beams as originally
implemented, optical transitions require vanishingly sh<;rt separations 7  given their larger photon

momentum transfers 7k_ For mstance, a thermal Ca beam with a temperature of 625°C has a momentum
uncertamty of Ap ~m, (700 m/s) =47x107” kg m/s corresponding to a coherence length of

L

«n @14 pm The coherence requirement Az < L, requires 7' <94 ns, corresponding to a beam

separation of <07 um In order to see mterference, either cold atoms need to be used, or atomic

transitions featuring lower energy separations By comparison, separations at the cm-scale and beyond are

afforded for thermal beams mvolving microwave transitions as described in [Ramsey 1956]
1.4.3.2. Ramsey-Bordé atom interferometry

The challenge of performing matter-wave interferometry with optical transitions was addressed by
the development of the Ramsey-Bordé method An R-B atom interferometer 1s essentially composed of two
Ramsey interferometers oriented such that the laser propagation vectors from one interferometer to the next
are counter-propagating, resulting i a final wavepacket displacement along the laser beams of Az =0
regardless of how large the Ramsey separation 7" [Sterr er al 1992] Figuie 1-6 depicts this configuration
for a generalized Ca thermal beam architecture The opposing geometry and parallelism of all four laser
beam fields produces a Doppler-free spectroscopic signal to first order, since photon recoil effects of the

first interferometer are counteracted by those of the second In a physical apparatus, residual Doppler shifts
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Figure 1-6. R-B configuration with a thermal Ca beam.

arising from imperfect geometry will arise, and second-order Doppler shifts corresponding to the atom’s
absolute speed are not avoidable.

[Bordé et al. 1984] or [Sterr et al. 1997] provide derivations for excitation probabilities in this
configuration. In the latter reference, the interference term for both recoil components is expressed as:

2 2 2 2
P ., =4cos|2T| 5+ N zm“ _hk +¢, |+A4,co8| 2T | 5 + eiom f"’ + i +o, | (115
‘ 2c 2m,., ' 2c 2m,, ‘

where A, and A, are the recoil component amplitudes that depend on the Rabi frequency, v is the

atom
magnitude of the atom velocity, and ¢ is the speed of light. The phase difference between the laser beams
is indicated by @, = @, — @, + @, — @,, for laser phases ¢ .

Atom interferometers have broad applications beyond timekeeping along in atom-based inertial

and environmental sensing, as well as fundamental science. The interested reader is encouraged to refer to

[Cronin, Schmeidmayer, and Pritchard in 2009] for a review of the subject.
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1.4.4. State of the art timekeeping

1.4.4.1. Current leaders in stable timekeeping

An overview of timekeeping stability leaders is depicted on an Allan deviation plot in Figure 1-7.
Not shown in the figure are the smallest SWaP precision timekeeping devices including chip-based atomic
clocks, oven controlled crystal oscillators, and rubidium cell atomic clocks. The reason these are not
included is that these options generally do not offer instability performance capable of servicing GPS-
denied operations or other ultra-stable timekeeping objectives. A proposed GPS-denied clock performance
objective based on [DARPA 2014] is shown in blue with performance lying between currently fielded mid-
to long-term timekeeping solutions and leading laboratory timekeeping options that operate predominantly
at short time scales.

Fabry-Pérot cavities are leading solutions for stable local oscillators at short time scales as

described, for instance, by [Barger 1973, Jiang 2011, Nicholson 2012, Kessler 2012, Cole 2013, Haefner
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Figure 1-7. Fielded timekeeping and frequency reference instability comparison. Cesium beam and
active hydrogen maser data from [Microsemi website, 5071A Cesium Clock Primary Frequency Standard
and MHM 2010 Active Hydrogen Maser].
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2015] These cavities are used primarily for laser pre-stabilization, most notably for high-performance

laboratory optical atomic clock lasers The main limitation of these cavities 1s fluctuations to cavity length

due to thermal effects, i order for these cavities to approach mstabilities of 1x107" at one second,
researchers are turning to cryogenic designs to reduce thermal fluctuations However, cryogenics
significantly increase the SWaP, cost, and complexity of these designs Even with cryogenic temperatures,
though, thermal fluctuations will always place a limit on the performance gains of future cavities, and so a
search for alternatives becomes necessary for further short-term stability improvements

An atom-based alternative 1s based on spectral hole burning techniques [Thorpe 2011, Cook 2015],
though these methods are still costly and complex, and on-going approaches suffer from a small number of
contributing atomic oscillators A second path currently being explored 1s the Ca-2 thermal Ca Ramsey-
Bordé¢ atom interferometer at NIST, the collaborative effort to this thesis [Olson et al 2017, Olson et al
2019] While the Draper CaBOT clock does not aim to compete with short-term stability leaders, efforts to
identify long term frequency instability sources of the Ramsey-Bordé atom interferometer and to generate
a compact and fieldable design for a clock based on this concept are directly transferable

At mud to long averaging times, the leading fielded options are (for decades now) the compact and

modest SWaP cestum beam clocks and the more complex and larger active hydrogen masers These devices

have representative Allan deviations of 1x10™"" at one second and 1x10™" at one second, respectively,
as depicted in Figure 1-7 for the “High Performance” version of the 5071A Cescium Clock Primary

Frequency Standard and the MHM 2010 Active Hydrogen Maser, which are available commercially at

Microsemi While each device can reach mstabilities 1n the 1x107™" decade, long averaging times are
needed to reach this low instability Furthermore, both of these devices are mature technologies with little
remaining scope for major improvements SWaP values corresponding to these devices are noted next to
their Allan deviations in Figure 1-7 An objective for the final CaBOT clock 1s to provide performance

commensurate with or exceeding the active hydrogen maser with a SWaP nearer that of the Cs beam clock
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1.4.4.2. Efforts to field optical atomic clocks

There are currently no commercially available optical atomic clocks, though there have been
several notable efforts to build and demonstrate transportable units Before describing these examples
further, 1t must be emphasized that these previous approaches mnvolve SWaP, cost, and complexity far
beyond the efforts described 1n this thesis The comparison 1s equivalent to that between a multi-million-
dollar facility re-creating the demonstrated laboratory performance of leading optical clocks for mainly
scientific applications as compared with a more widely applicable and deployable system that trades some
performance for drastic reductions 1n size, weight, power, cost, and complexity

In broad terms, optical atomic clocks can be sorted into two categories architectures mvolving
cooling or trapping (for a thorough review of these clocks see [Ludlow et a/ 2015]) and architectures that
rely on thermal atoms Figure 1-8, depicts the various optical atomic clocks and optical frequency references
designed for transportability that have been demonstrated to-date 1n a Venn diagram constructed to provide
context for this thesis research

Koller et al 2017 describes the demonstration of a transportable strontium (Sr) optical lattice clock
installed 1nside an air-conditioned car trailer, which achieved a frequency uncertainty of 7 4 x 107" with

a one-second mstability of 1 3x10™"° No routes for SWaP, cost, or complexity reduction are provided
Even so, the demonstrated capacity to perform optical atomic timekeeping measurements at two different
locations with the same apparatus represents a critical and necessary step toward international frequency
comparisons of leading optical atomic clocks The European Space Agency has its own Sr optical lattice
clock development as described 1n two arXiv preprints Poli ef al 2014 and Bongs et al 2015 for eventual
deployment as a Space Optical Clock (SOC) With this effort as with Koller ez al 2017, the objective 1s a
small enough SWaP for deployment in a physically mobile form factor, but at the high costs and

complexities associated with a major scientific effort As with Koller et al 2017, ESA’s SOC technology
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Figure 1-8. Optical atomic clock Venn diagram with selected references and research corresponding to
this thesis “Sheerin Ph.D. Research” boxed in grey.

does not have broad applicability across industries and instead represents a multi-national, expensive effort
to generate a new timekeeping standard for space science and possibly a future, optically-based GPS
successor.

Transportable clock designs based on trapped ions are described by Brewer ef al. 2014 (an IEEE
conference talk, published as an abstract) and Cao e al. 2016 (arXiv preprint). The former reference appears
to be an abandoned project to transfer aluminum quantum logic clock technology from the laboratory to the
field. Neither performance nor SWaP figures are readily available for this approach. In general, efforts with
aluminum quantum logic clocks largely fell off with the introduction of the optical lattice. For more

information, the reader is referred to the review Ludlow et al. 2015.
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By contrast, the latter 1on reference (Cao et al 2016), describes a demonstrated frequency reference
based on singly-ionized Ca and seems to be promising 1n two regards first, the entire frequency reference
not including an optical frequency comb and associated electronics 1s designed to fit inside a box measuring

120 cm x 90 cm x 50 cm, second, the reference has a measured fractional frequency nstability of

23x107"* at one second with a measured fractional frequency uncertainty (maccuracy) of 7 7x107"7
The principal drawback of this approach 1s the high complexity and power necessary for operation no
fewer than five lasers are needed, as well as an RF source to drive the 10n trapping mechanism At the same
time, the specified volume 1s some 6x larger than a usual rack-mountable electronics product, not to mention
m a geometry prohibitive to installation on a standard rack For these reasons, the Cao et al 2016 clock
may be best considered as a stand-alone facility that requires dedicated space and power much like an active
hydrogen maser No information 1s given about power consumption for this clock, which 1s a primary driver
for the cost of operation should this design be fielded

Considerably less complex than these cooled and trapped atom and i1on examples are thermal
architectures for optical atomic clocks Among these, calctum Ramsey-Bordé atom interferometers are of
particular terest given this thesis’ focus on the same method Precedents for Ca R-B iterferometry are

introduced 1n section 1 3 5 Precedents for thermal Ca R-B atom interferometry and shown i context with

general architecture design choices 1n the Venn diagram of Figure 1-8 In addition to R-B approaches,
another thermal Ca beam effort based on a fully sealed vacuum tube [Shang et a/ 2017] This effort does

not utilize interferometry but instead relies on a two-laser saturation spectroscopy architecture and blue LIF
for signal detection A fractional frequency instability of 1 8 x 107" after 1600s of averagig 1s reported
with a one second mstability of 5 5x10™ and a total volume, not including electronics, of 0 3 m®> With

electronics volume projected to be 0 18 m’, the total clock volume would be ~ 0.5 m®

As a pomnt of comparison, the CaBOT chassis of this thesis including all electronics measures

<009 m’, with an external thermal control unit measuring < 0 02 m®> mnvolving only a single laser The

ultimate goal would be for the CaBOT clock to have similar size to a modern Cs beam clock, with
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performance exceeding the most advanced hydrogen masers In addition to designing and evaluating the
fiequency reference of CaBOT, this thesis research also cludes the chassis design and thermal control
archrtecture design and prototyping for CaBOT Finally, this thesis research includes sensitivity studies and
the design and operations of a temperature controlled thermal enclosure for the NIST Ca-2 thermal Ca R-

B system with blue LIF [Olson et al 2017, Olson et al 2019]

1.5. Research contributions

1.5.1. Contributions as organized into thesis chapters

Novel contributions contained n this thesis pertaining to the optical atomic physics and
timekeeping community nclude both theoretical results and experimental demonstrations The mtroduction
of ultra-narrow linewidth lasers 1n the last few decades motivates a reconsideration of the underlying theory
concerning optical atomic mteractions Chapter 2 of this thesis introduces a theory that appears to be the
first of its kind to describe the mteraction of a Gaussian laser and a localized atomic wavepacket at the
monochromatic limit of a narrow lmewidth laser as well as the application of this new theory to the
prediction of excitation probabilities for single atom-laser interactions A comparison of this theory to a
standard formulation of an atom-laser interaction model presented in [Bordé et al 1984] illustrates a
divergence 1n the theoretical predictions for optical saturation properties parameterized according to laser
waist size and other experimental parameters

Experimental objectives are described to supplement the Iimited experimental data currently
available to further elucidate the merit and applicability of this new theory to optical atomic physics
experiments and applications As an immediate example of applicability, both the CaBOT and Ca-2 systems
exhibited higher R-B fringe contrast with narrow laser beam waists that produced widely diverging beams
at the atom-laser interaction regions despite the lower optical intensity present as compared with the case

of a higher degree of laser collimation It 1s hypothesized that the driving mechanism underlying this
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observation may be described by the theory presented in this thesis when extended to a multi-beam
mteraction

In addition to presenting a new theory for single atom-laser interactions and a specific application
to thermal atomic beams, a path to application to cold atoms and multi-pulse matter-wave interferometry
with thermal and cold atoms 1s presented, providing a new class of mvestigations that hold promise for
mmproving experimental methods and optimization techniques for a broad range of applications mnvolving
ultra-narrow linew1dth lasers

Chapter 3 contains details relevant to contributions concerning the development of a first-of-its-
kind optical atomic clock’s frequency reference The CaBOT thermal Ca R-B atom interferometer
frequency reference was designed to meet and exceed currently fielded timekeeping options and to be one
of the first optical atomic frequency references to transfer optical timekeeping technology from the
laboratory to the field The form factor 1s orders of magnitude smaller than any other transportable optical

atomic clock currently in development and 1s designed to be operable in environmental temperatures

ranging from 0—50°C Aside from frequency reference design activities, a noise characterization study
1s also mcluded 1 Chapter 3 that identified the limiting sources of instability for the CaBOT system
Avenues for performance improvements are identified as well as the underlying mechanisms contributing
to measured instability providing a roadmap for future CaBOT and thermal Ca R-B optical atomic clock
development

Chapter 4 describes contributions corresponding to chassis-related design considerations and
sensitivity measurements for frequency reference signal instability obtained with the Ca-2 system These
sensitivity measurements were conducted to characterize the frequency reference response as a function of
experimental parameters and environmental conditions including most notably the local temperature

Temperature control of a thermal enclosure for the NIST Ca-2 frequency reference was demonstrated and

-16
experimental instabilities <2 x 107" were measured, representing an order of magnitude improvement over

any previous thermal atomic architecture to date [Olson et al 2019]
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In addition to Ca-2 related research, Chapter 4 includes details corresponding to the designed,
analysis, and experunental demonstration of a thermal-fluid control system for CaBOT The engineering

challenge was to remove a large heat load (~220 W) from a small volume (17 x 25” x 12 25” chassis)

without the use of convective cooling in an environmental temperature 0 —50 °C, and to otherwise 1solate
the frequency reference from environmental or other perturbations to ensure ultra-stable conditions to
enable excellent short- and long-term stability performance of the CaBOT clock This challenge was
addressed with a full system design and a scaled prototype demonstration of system temperature
maintenance with an nstability at the mK level Results from the engineering effort described show promise
for the relatively inexpensive and simple approach to robust thermal control for the Draper CaBOT clock
that may be applied to future fielded, compact optical atomic clocks that require exceptional temperature

stability and environmental isolation
1.5.2. Summary

CaBOT related research contained 1 this thesis resulted i a demonstrated optical atomic clock
frequency reference and a thermal control architecture for a new atomic clock to outperform other options
in the marketplace The 7U (12 25” tall x 17” wide x 25” deep) chassis form factor makes CaBOT widely
applicable, and the low power consumption corresponding to the simple design would make the costs of
operation appreciably lower than any other transportable optical timekeeper concept to date Ca-2 related
research contained in this thesis contributed to a series of experimental instability measurements exceeding
any other thermal atomic experimental result to date by an order of magnitude

Theoretical investigations conducted for atom-beam nteractions produced a new theory with broad
potential application across the optical atomic physics and timekeeping community to improve
methodology by providing researchers with a new tool to assess the impact of experimental parameters on

the coupling strength that may be predicted for a given setup
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In summary, the clock of this thesis is a first-of-its-kind effort to produce a transportable, compact,
optical atomic clock designed for extended autonomous operations with unprecedented instability. The
simplified architecture of just one laser with a thermal atomic beam for Ramsey-Bordé atom interferometry
marks a departure from all other transportable optical clock technologies, ushering in the possibility for

accessible optical timekeeping technology across a broad range of science, industry, civil, and defense

applications.
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Chapter 2

Modeling atom beam interactions with a
restricted Rabi rate theory

2.1. Motivation and theory overview

2.1.1. Momentum conservation with narrow linewidth lasers
Existing theoretical treatments for the interaction of atomic wavepackets and lasers including
[Bordé ef al 1984, Sterr et al 1992, and Sterr et al 1994] account for energy and conservation but in doing

so mmplicitly assume that all atomic velocity classes may interact with the laser beam For an absorption

event in which an atom 1n the ground state |g> with momentum p absorbs a photon with momentum #k

and 1s raised to the excited state Ie> , energy and momentum conservation 1s given by [Sterr et al 1992]

+heo, =——+hao, Q20

where @, 1s the laser photon angular frequency, @, 1s the atomic transition frequency, and m,, 1s the
mass of the atom The subscript Ca 1s included to indicate the application of this conservation equation to
calcium, though equation (2 1) applies to any atomic or molecular two level system The wavevector

has a magnitude |/€ | = @, [c where ¢ 1s the speed of light, and a direction corresponding to the propagation

direction and dispersion of the laser beam Equation (2 1) can be simplified to

k p
me,

a

_k?

2mCa

=6 (22)
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Figure 2-1. Interaction geometry for theoretical treatment of an atom beam and laser beam interaction.

where 6 = @, — @, is the laser detuning and hk? / (Zm(.“ ) is the single photon recoil frequency in angular

units. This momentum condition stipulates that for detuning values & # hk? / ( 2m,., ) , a laser wave vector
component parallel to the atom momentum vector must be transferred to the atom with a magnitude equal

to the first order Doppler shift given by k- Po )/ m,., . Equations (2.1)-(2.2) also apply to a stimulated
0 Ca

emission event in which an atom in the excited state 16) with an initial momentum P + ik emits a photon

with momentum #ik resulting in a final atomic momentum p . In this casé, the stimulated emission event
can be illustrated by reading equation (2.1) from right to left.

For an atom-laser interaction geometry in which the atom propagates along the X axis, and the
principal laser propagation axis lies in the Z axis as depicted in Figure 2-1, the momentum conservation
condition expressed by equation (2.2) stipulates that a photon momentum component 7k is transferred to

the atom in the case of absorption, or stimulated back into the radiation field in the case of stimulated

emission. For absorption, this means that the resonant transfer would never occur for a perfectly collimated
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laser when & # hik> / (2mCa) since perfect collimation along Z implies no dispersion of laser momenta

components 1n X In practice, no laser 1s perfectly collimated For Gaussian laser beam profiles, the angle
of dispersion of laser momentum components 1s determined by the laser beam waist

While Gausstian lasers have momentum component dispersion strictly determined by the beam

waist size, a broad range of transverse momentum components 7k, may be accessed with a laser with a

wide laser inewidth A@, given the variability of wave vector magnitudes associated with this frequency

width given by the dispersion relation A|l€| =Aw, [c For a narrow linewidth laser with a nearly

monochromatic frequency composition, 1t 1s not guaranteed that there exists a photon momentum

component 7k, that satisfies the momentum condition expressed m equation (2 2) for a given atom

momentum to produce a spectroscopic feature of interest

Laser technology has rapidly advanced 1n recent decades, and ultra-narrow linewidths at optical
frequencies are now common in atomic, molecular, optical physics laboratories and commercial
applications around the world There 1s great potential value mn exploring the possible spectroscopic

mmplications of ultra-narrow laser lmewidths
2.1.2. Theory overview

A theoretical framework 1s presented n this thesis that accounts for momentum conservation
between a localized atomic wavepacket and a near-monochromatic Gaussian laser, deriving expected
interaction strengths and transition probabilities as a function of experimental parameters This theory may
be extended not only to multi-pulse mteractions for thermal atomic systems like CaBOT and Ca-2, but also
to cold atom experiments and a broad range of associated atomic molecular and optical physics experiments
and applications involving narrow linew1dth lasers

A standard approach 1s used 1n which an interaction Hamiltonian corresponding to an electric dipole

transition 1s employed m a Schrodinger picture describing the time evolution of ground and excited state
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atomic wavepackets The method departs from extant theory 1n that the interaction Hamiltonian involves a
Gaussian laser field composed of a superposition of wave vectors that are constrained to mteraction with
the atom assuming monochromaticity and strict momentum and energy conservation Resulting equations
of motion derrved with the Schrodinger picture are solved with perturbation theory resulting in the
derrvation of momentum dependent Rabi rates as well as expressions for ground and excited state
amplitudes that can be directly integrated over momentum space to derive transition probabilities Derived
Rabi rates and associated atomic state distributions are dependent on atom momenta and the atom-laser
geometry, and feature the wave vector restriction corresponding to the assumption of a monochromatic
laser beam With appropriate mnitial and boundary conditions, a comparison can be made between the
restricted Rabi rate theory, extant theory, and available experimental data to compare predictions and

observables for single-pulse interactions under various experimental conditions

2.2. Equations of motion for an atomic wavepacket
illuminated by a Gaussian, narrow linewidth laser

2.2.1. Gaussian laser mode description

. Consider a scalar field description of a Gaussian laser beam 1n terms of a superposition of plane

waves The electric field amplitude £ =lEL| of a Gaussian laser beam with a circular cross section

characterized by a l/ ¢’ waist radius w, can be described in CGS units as

2)exp(zl? (ﬁ—Fw)) 2 3)

E=E W J' d’k 5(|I"c'|—k )@exp[—%i/?xleo
i .

where the wave vector k£ spans a Gaussian spatial mode with a principal wave propagation vector X, along
the center of the beam In equation (2 3), 7 1s the position operator, and 7, 1s the beam waist position E,

1s the electric field amplitude m units of statvolt/cm An orthogonal basis can be defined in terms of /;0 and
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two vectors defining the beam’s cross section geometry For an elliptical beam shape, the semi-major axis

can be defined as €, while the second component has a direction vector along €,, For elliptical waists

wl

w, and w, decomposed along é,, and €, respectively, equation (2 3) becomes

Equations (2 3) and (2 4) are used 1n the derivation of the interaction Hamiltonian to describe the
equations of motion of atoms interacting with the Gaussian laser beam These expressions for the electric
field can be shown to match the description of a Gaussian beam provided by [Enderlein and Pamploni1 2004]

by replacing the position vector argument of equations (2 3)-(2 4) with the classical relative position vector

(F — 7'w) — p In addition, a Cartesian coordinate system 1s defined by the waist vector components and

the central wave vector accordingto k, =k €, k, = k é, and k, =k k,, such that the expression for

wl?

the classical electric field can be simplified to

ww, k.p, +1k,p,

1
E=E 1% dk. dk exp| ——(w?2k> +w k ?) lex
'y ak2+kfzskz Y p( 4( b 2 Y)] P +z,/ko’-’—kx2—ky2 ]

k k,>0

(25)

The restriction k. + ky2 < k,? follows as a requirement that the wave vector remain real-valued, while the

restriction k /_C;) > 0 establishes the direction of laser beam propagation Equation (2 5) matches the form
for a Gaussian laser profile as presented in [Enderlein and Pamploni 2004] and can be directly integrated

to derive an expression for the electric field amplitude as well as the total optical laser power P,
At the peak intensity along the central axis of the laser where p, = p,, = 0, the ntegral expression
in equation (2 5) evaluates to 477/ (wlwz) The total magnitude of the electric field at peak intensity 1s
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therefore given by £ = E An expression for the optical power P, of the beam 1s derived by integrating
over wavevector components of (2 5)at p, =0

wWw,

16

(2 6)

= [1EP — cE 2
P=o JIEF| dxdy=cE,

Pr=

Using equation (2 6), the electric field amplitude 1n equations (2 3)-(2 4) may be written 1n terms of the
total optical laser power according to E, = /16P, /cw,w, Next, these expressions for electric field

amplitude are used to dertve an interaction Hamiltonian and ultimately equations of motion for the ground

and excited atomic wavepackets participating in atom-laser mteractions
2.2.2. Atom Hamiltonian in the laboratory frame

In the laboratory frame, the atomic state Hamiltomian for a two-level system driven by

electromagnetic radiation 1s given by

a,=L +0 +7 27

] 2my,
where the atom’s kinetic energy contribution 1s given by the operator ﬁz / (ZmCa) and where the atomic
internal energy operator 1s given n bra-ket notation by fAfn = h(a)g | g> <g| +m, Ie) <e |) where the ground
state 1s represented by |g> and the excited state by |e> , with their characteristic frequencies separated by

the transition frequency @, =@, —®, In a thermal atom system like CaBOT, the effect of gravity 1s

negligible, and thus no gravity term 1s included in the Hamiltoman For simplicity, we also do not attempt

to account for photon spontaneous emission The final term of the lab-frame Hamiltonian 1s the interaction

Hamiltonian corresponding to an electric dipole transition H, =er,  £e, In this expression, 7 1s the

position operator, 778_, 1s the relative electron-nucleus position operator, and € ;. 1s the polarization vector

7

of the laser electric field The electric field amplitude is given by E , and e 1s the electron charge
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The nteraction Hamultonian /7, for the case of the Gaussian laser beam described by equation

(2 4) for an elliptical beam 1s written as

~

H =er,_, -Ee,

A 2 2
ke, +w,

=_£Zo_wlw2 .[d3k
2 4rx

ERL (o
. 5(|k‘—ko) exp| ——[w?
k, 4

i, P (7oi )

50 explik ¥ =7, |-kt

(28)

where % ¢ represents the Hermitian conjugate term For the case of an interaction of an atom with a
monochromatic laser, conservation of energy and momentum must be preserved, and so equation (2 2) will

be applied as a new constraint, restricting the action of the component field’s modes to the atom’s momenta
To do so, 1t 1s necessary to express the Hamiltonian as a superposition of momentum state functionals ( Z)|

The lab-frame Hamiltonian given by equation (2 8) can be expressed in terms of the matrix coupling

element (e|é, 7.

e—n

g) and the coupled pair of states {|g>| f)>,|e>| D +hl€>} by applymng a product of

mternal and center-of-mass motion momentum space 1dentity operators given by 1mt = (| g> <g| + | e> <e|)

and 1,_, E( J d3ﬁ| Z))(ﬂj respectively Finally, with an application of the position operator 7 ,

physically allowed terms of the Hamiltonian may be written! as

! See Appendix A 1 The atom-laser interaction Hamiltonian
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H=1_1 H 1
)
S e [ o 5(jq|-.) e
2h [kl =k? Ek,>0 -
f;—pz[a_:”‘l] exp(—(zk Fw+zkact))
Hl =h 'Ca Mca L

(£ £)
~Selele, Bl fdp | 4% (%)=

Ik] =k? Ek>0

k kp_| hk
Mea ZmLa

_exp(zlz T, + lkOCl‘)

29

-k —oexp{—

I wf\/E éw,2 |
w2k e[ )] lle)] 5+ k) el(p]

| le‘/; 6, 2 -
o2k e[ ) ]|l B el(p k]

The first term 1 equation (2 9) corresponds to a photon absorption event ] g)l ﬁ) - |e)| p+ hi) , while

the second term corresponds to a stumulated emission event |e> l p+ h/_c.> - |g>| ﬁ)

2.2.3. Atomic wavefunctions and the Schriodinger equation

The atom state Hamiltonian given by equation (2 7) 1s used to develop equations of motion for an

atomic wavepacket |‘P (t)> composed of a superposition of ground and excited state wave functions given

by "I’ g (t)> and I‘Pe (l‘)> respectively The states may be expressed as expansions in momentum states

| 13) n anticipation of applying the electromagnetic Hamiltonian (2 9) The following form 1s proposed for

the atom state superposition coupled by the electromagnetic field

[ (@O)=[¥, ())+¥. (1)

|‘Pg (t)> =|g>_[d3ﬁ Iy (f?,t)exp(—za)gt—z

|‘-P (t jd pf. (p, )exp[—m)t—zz
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In equation (2 10), the distribution functions f, ( ]3,1‘) and f, ( f?,t) are yet to be determimed, and the

-2 =2

terms exp[—la)et—l P tJ and exp(—za)gt—l

2m,

a

t] are phase terms corresponding to freely
mCa

propagating particles The solution must be normalizable, 1 e <‘I’(t)|‘P(l‘)> =1 Applying this condition

to equation (2 10) results 1n the probability conservation condition

1B =1 @11)

2 —
J'dBPIIf:g(pr,t)l +J‘d3p'
Equation (2 11) represents the sum of excited and ground state atom probabilities Thus, we interpret the

terms of the sum as

F(0)=[5 |1, (70
P(0)=[a B (5.0) (212)
P (t)+ P (1) =1

where both Pg (t) and P, (l‘ ) are physical observables corresponding to whether the atom 1s 1n the ground
or excited state internal state Finally, the time-dependent Schrodinger equation for this atomic system may

be expressed 1n terms of the wavefunction '\I’(t» and the laboratory-frame atomic Hamiltonian /7, as

zh%I\I’(t)) =H,

P (1)) (2 13)

It can be shown? that when projecting ground and excited states into momentum space, the Schrodinger

equation (2 13) reduces to a set of coupled equations given by

2See Appendix A 2 Deriving equations of motion 1n the laboratory frame

59



ik . ’ .
z%;;(*, )——% e, 7., |g) ) zj“ k5[] -k )( p ) =3 w2 B e[ )| |7 ((P-nk).0)
s ol )
E (K &,)|exp| - il
AL )=-Teele, ot aks(fi]-g) w2k e )] |2 ((B+k).0)
gff[a_zilj xexp(z/; r“)

2 14)

These equations of motion (EOMs) feature slightly different integral bounds and distribution function
arguments This 1s a consequence of the fact that the time dependence of an excited (ground) momentum

state l ﬁ) 1s driven by ground (excited) state lf? ?hl;> due to momentum imparted by the atom laser

mnteraction In other words, a single photon momentum couples the ground and excited state amplitudes

Stated in mathematical terms, 1n the case of the excited state distribution function time evolution, projection

into the momentum state l ﬁ) of the atomic state |e>‘ p'+ hE) of equation (2 9) involves the dot product

< ]3| p+ hE> The resulting momentum projection shifts all momenta p" —> p — Ak n the first lne of

equation (2 14), affecting both the argument of the ground state distribution and the integral constraint By

—|2
using the relation ‘k’ = /’{02 , the shifted momentum condition 1s stmplified as

k (ﬁ—hl?):[é_ v ]

me, 2m,,

a

) (2 15)
k

72
= (5 + ik, ]
mCa 2mCa

In the case of the ground state distribution time evolution, 1 e 1n the second line of equation (2 14), the dot

S

product < f?| ﬁ') selects momentum states p' = p, and so the momentum conservation constraint remains
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, and the argument of the excited state distribution function becomes

2.2.4. Comment on reference frames and equations of motion

While this treatment considers a derivation of the atom state Hamiltonian 1n the laboratory frame,
an equivalent derrvation could be performed mn the atom rest frame In this case, the frame co-moving with
the atom must account for the time-dependent position of the atom and corresponding Doppler shifts
resulting 1n the description of the Gaussian laser field Resulting equations of motion would involve a

transformation of distribution function arguments and momentum conditions for the wave vector integrals

2.3. Initial conditions in momentum and position space

2.3.1. Comments on momentum distributions and initial conditions

For atom-laser interactions involving a thermal atomic beam, the momentum distribution boundary
conditrons are determmed by the oven temperature, nozzle properties, and atom beam collimation as
determined by apparatus geometry No attempt 1s made here to carefully investigate initial atom states or
to model a thermal atom source However, simple examples of two classes of atom state descriptions are
considered One description of the atomic distribution function involves treating each atom as a wavepacket
exhibiting the momentum spread of the entire atomic beam A second approach models a statistical mixture
of atomic wavepackets that together exhibit the momentum distribution of a thermal atomic beam

In either case, boundary and initial conditions corresponding to ground and excited state
distributions at # = 0 must be provided to solve the coupled, first order differential equations of motion

given by equation (2 14) The simplest selection 1s to consider the atomic distribution to begin  the ground
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. 2
state, 1 'f a’p' | Se ( pt= O)I =1, orequivalently, £, (t = 0) =1, though a superposition of ground and

excited states could just as well be considered as long as probability 1s conserved as described in equations

2 11)-(2 12)
2.3.2. Accounting for a free particle initial position

It 1s desirable to obtain expressions for the coupled equations (2 14) that explicitly incorporate
dependence on the 1nitial atom state The reason 1s that both boundary and nitial conditions are required to
solve the coupled first order time dertvatives An approach to assign a position dependent initial condition
involves the introduction of free motion of the atomic wavepacket without any laser field interaction The
ground state wavefunction 1s considered first Once a description of the initial state 1s dertved, the equations
of motion can be integrated to determine a transition probability after interaction with a laser field

The spatial wave function for a free particle beginning n the ground state 1s derived by projecting

equation (2 10) into position space with <l7 |

(f|lpg(r)>=jd3p fg([),t)exp[—m)gt—z f’zhrJ(f )

2my
17~ 5]

<’_:|LPg (f)>=(271r_h)2 jd3[) f (ﬁ,t)exp[—za)gt—zzj htjexp(l ﬁhF]

o)W

pr
—_— 216
wofi27) 010

Ca

The mittal momentum state corresponding to a free particle at position 7, at time ¢ =0 1s considered

explicitly with a definition for the ground state distribution function

£, (Bt) =7, (f),t)exp(—l pﬁ"a} 2 17)
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When applying this definition to equation (2 16), it can be shown that stationary phase for the position

space wavefunction’s integration 1s near < p/ m)l‘ - (7 - I_’;) Recalling that the position operator 1s
represented 1n momentum space as 7= thV;, the expectation value of the position operator 1s given by
(Fy=[d'p 1,(p:1) (V2s, (B:1))
=ih[d*p f, (B.t) [vi, (4 (1) + 7, (ﬁ,t)[—z%")] 218)
=i +m[dp [ (B1)'V, (fg' (ﬁ,t))
The expression zhj d’p fg' ( D t)* 2 ( fg' ( ﬁ,t)) 1s real-valued for momentum distributions that vanish

at mfinity The (*) symbol indicates the complex conjugate If fg' ( ﬁ,t) 1s real-valued, 1e conjugate

symmetric, then the mtegral must necessarily vanish, since 1n that case the integral must also be conjugate

symmetric Thus, 1f a momentum distribution of the form given by equation (2 17) 1s specified with a real-

valued fg’ ( D l‘) , then the expectation value of particle position at =0 1s 7,

By substituting equation (2 17) and an equivalent form for free particle motion of the excited state

distribution function, 1€ f, ( pit) = A ( f),t) exp[—z P T,

j the equations of motion given by equation

(2 14) become
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xexp(z/; (7, -7, ))

2

(£ £,)|exp| -1 Wl e
L) =Sl 79t [ eEs(E]-k ) w2 £ o] )| |7 ((2+58).1)
g;_k{s_zlsnzj) xexp(—llz (7, -7, )

2 19)

The transformed equations of motion now carry mformation about the mitial atom location with

respect to the initial position of the beam waist as quantified by (fa - Fw) The coordinate frame origin can

by convention set 7, =0 In that case, 7, 1s the vector displacement between the atom 1nitial position and

the initial position of the laser beam waist These coupled integral equations are not separable In order to

address this challenge, a perturbation theory 1s devised

2.4. Perturbation expansion of EOMs and atomic state
solutions

2.4.1. Perturbation theory derivation and restricted Rabi rate definitions

The coupled equations given by (2 19) do not have an analytic solution mn terms of elementary
functions, given the convolution of the momentum distributions on the right hand sides of (2 19) However,
a perturbation theory approach may be devised that allows for a hierarchy of simple solutions describing

the state evolution of the ground and excited states With this objective, an expansion 1s performed for both

the ground and excited distributions ﬁ( ﬁ—h/;) and fc(f?+hl€), respectively, about the points

S ( p- hEO ,t) and f, ( p+ 7’7/_(.0 ,t) The ground state expansion results 1n
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B+ 7k, ) (h(l?—l?o))} 221)

In equations (2 20)-(2 21), H 1s an operator corresponding to a Hessian matrix for a second order

~ P
momentum space derivative, and higher order terms are captured by O| ||A{ k — & Substituting (2 21
0 g

into the coupled equations (2 19) results in
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- k k, w?lk é, -
d 5(‘k|—k{,)( r )exp —% +1WJ2 ‘]} ;wzz exp(zk (7, -7, ))
_f;'(ﬁ’t): . - .
. k|| £, (P-1k )+ 2V, £, (1K) (-h(k-K))
W] =2 & &> N L
L] || Y H(E-R)) (1) (-4(E-R)
o |a(E-&)f )
T
- (l; /20) 1805 ’/E e,
5(|k‘—k(,) exp| —— B , exp(—zk (7 —rw))
. k 4 + 22 |k é
Efg(l—’st)= - \

k|| £ (5+ 1k, )+ 69, 1, (B +k,) (h(E k)
[[_] ‘e _( (F-&)) By (p+nk) (n(k-5))

)

+g30(”h (F-&)

(222)

where the smallness parameter £ 1s exhibited to reflect the size order of terms in the gradient expansion
The ground and excited state distribution functions are assumed to have forms expressible in terms of an
expansion of terms of decreasing size

[ (Bot) = foo (Bot)+& 1,y (Bit)+6° £, (Bot) +

(2 23)
Lo (Bt) = foo (Bot) + 61y (Bot) + 8 fo0 (Do) +

Considering the first of equations (2 22) cortesponding to the time evolution of the excited state distribution

function, a substitution involving equation (2 23) 1s used to equate equal powers of the smallness parameter
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and der1ve a hierarchical perturbation expansion of inhomogeneous equations, where higher order equations

contamn mhomogeneities depending on lower order solutions Toward solving the coupled equations, the
substitution p —> p+ hlzo 1s also made, resulting 1n the following expressions for the first two leading

orders of the excited state time evolution

2 (elé, ol
d . _ k k, wrlk e, ’ o
Eﬁo<p+hk0,t)=1 IR é‘(lk|—kﬂ)( )exp —% +lw2]_€ ; , exp(zk (ra—r,,,)) >
F=k?, EE,>0 ’ "
E(ZMEU):[ +7r,:_1] foo(Bst)
d _5(‘1€| k)(’; k) [l e (& (7 ‘))_
- — —K, ——eX — . €X v, —F,
Efe,l (p+hk0,t)=< Py k, ’ 4 +w22 k é‘n‘ v " (
Ilfl(sz;: )/z b0 [ (Bs1)
pthky zlx,,2 — —
B {51—] Y, fyo (Bot) (—h(k— 0)) |

At this stage of the derivation, the following momentum dependent frequencies are defined
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Lefefo, )2 |
0, () = o ER) [ el )
ro\P)= j d%é‘(’kl—ko)—k—exp I R exp(zk (F, -7 ))
& =+, EE,>0 o +w22 ‘k e
kp_( hk,
L) |
o lele, 7le)
B - A Sl o P - 2
Q‘“(‘D)E J. d3l€5(|k| )(k ko)exp —% " |k 4eWI R exp(zk (r —7, ))(k 0)
|k[ =2, FE,>0 ° +W22|k €, b
o) -
(2 25)

where the mtegral constrant
mCa 2mCa

k (p+7k, ) e
—= =0+ from equation (2 24) 1s simplified to

kp_[ nk’ SR
o- > 1n equation (2 25) with use of the identity ’k‘ =k~ Using these rate definitions,
mCa mCa

the two leading orders describing the time evolution of the excited state distribution function, 1e equation

(2 24) can be written as

Dt (P4t =L £,y (51200 (P)
ccc;t 2 (2 26)
Ef;,l (1—)'*' )Eé[fgl(pat)gleo(p) hkovpfg,o (ﬁ’t)'ﬁR,l (ﬁ):l

Applying the same method to the ground state distribution function time evolution from equation (2 22)

results 1n
1 (Bt =2 1 (5 + )0 (5) .
%fg,l (B1)= 5| oy (B+ st ) (B) + 1KY, (g (B+ Whyst)) Gy () ]
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In equation (2 27), (*) denotes complex conjugate Taking another time derivative and combining equations
(2 26)-(2 27) results 1n 1solated expressions for the excited state time evolution for the leading and first

order perturbation expansion

2

e Lo (B Wt )+ 510 (B oo (B ) =0

[ll

2

O Lo (B4 W)+ 1100 (B .y (Mt =

2k, (V, (£, (B + Host))) 1m( Qo () Oy (7))

+hk, fO(P"‘hk st)éR,l (1—5) v, (QR’O (ﬁ)*)
(2 28)

N

Similarly, the ground state evolution can be expressed as

j—;fg,o (p.1)+ %|QR,0 (15)|2 fo0(Bo2)=0
2ihk, (V Soo (P ) Irn(QR,0 ([9) Qp, (f,))
H =tk £ (1), () (Y, 9%, (B))

(2 29)

d? - 1 2 - ~1
?fg,1(pat)+z|gk,o(p)| fg,l (P:t)=

Equations for both the excited and ground state distributions have the same overall form The
leading order perturbation expansions describe temporal harmonic oscillation and the first-order
perturbative solutions correspond to driven harmonic oscillation where one of the drive terms 1s purely
imaginary To solve these equations, boundary and initial conditions must be assigned The nitial value of
the distribution 1s assumed to be captured by the zeroth order solution, corresponding to the case that the
first order solution 1s everywhere zero at the initial time The general zeroth order solution 1s given by a

superposition of sies and cosines

fg 0 (p,t) gLnLral (}—5)0 | (p)| ———=t |+b p)Sln pLz(ﬁ)lt
. . (2 30)
’ general 2 2
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where the mnitial values a( ﬁ) , b( p) , c( f?) ,and d ( f?) correspond to mitial values of the distribution
functions

The form of equation (2 30) reveals the fact that 2, ( ]3) behaves much like the standard Rabi

rate (Q 1n an 1deal interaction between a single atom and a resonant laser frequency The difference, of

course, 1s that the Rabi rates involved 1n equation (2 30) are momentum dependent and also mvolve an
tegration over wave vectors k thatis restricted to a set of wave vector components that satisfy momentum

and energy conservation for a monochromatic laser Given the action of €2, ( ﬁ) , 1t 1s introduced as the

leading order for the restricted Rabi rate, with Q R ([7) mtroduced as the first order perturbation to the

testricted Rabi frequency
2.4.2. Normalization conditions for the general zeroth order solution

General solutions for the ground and excited states presented in equation (2 30) may be considered

1n the context of persistence of normalization given by equations (2 11)-(2 12),1e for Pg (t) +P, (t) =1,

ENE:
1 ( p ,t)| =1 Conservation of probability requires that the

A w[dp

or equivalently, Id p'
general solution for the excited state 1s also represented in terms of the initial state distributions a( Z?) and

b(p), and it can be shown that the relationships c( p)=b( [)) and d ( P)=a(p) enforce conservation

of probability With these substitutions, equation (2 30) becomes

o (ﬁa’)gmm, =a(p)cos B%.(ﬁ_ﬂt +b(p)sm IQR’Oz(ﬁ)|t
Q,, (P o (3 (231)
Seo (ﬁ+hE°’t)ge,,e:a1 =b(ﬁ)cos -‘—Mf +a(p)sm Mt

The corresponding expression for the zeroth-order ground and excited state probabilities after interaction

with a laser field for a duration of ¢ seconds 1s given by
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2

? cos? [—|QR 2 (ﬁ)l t]

2z

Py (1) = J.dSI—’ +|b(ﬁ)’2 stn’ (T(p)]t]
+(a(5)b(p) +a(p) b(ﬁ))cos['g" -7 t}mLIQR 02 (5) t}
g [ () ]

la(B)

2

- o 1)

2

_(a(ﬁ)b(]—,)* +a(p) b(ﬁ))cos[w,}ln[wt}

2

(2 32)

Equation (2 32) permit the evaluation of the leading order time-dependent state probability for an atom or
a statistical mixture of atoms when subjected to a light pulse with a narrow-linewidth Gaussian laser at the
lim1t of monochromaticity

The form of equations (2 32) provide a means to directly compare the zeroth order restricted Rabi

rate (2, ( f?) to the standard Rabi rate treatment corresponding to an ideal interaction between an atom

and laser without Doppler shift effects Recall that for zero detuning & =0, the standard Rabi theory

predicts an excitation probability of £, (t ) = sin’ (Qt/ 2) for ground state atoms where the Rabi rate 1s
defined to be Q2 = eE, (G}Ii_n éI g> / i For the equivalent case where atoms begin n the ground state n
the restricted Rabx rate theory, b (f)) =0 for all momentum classes and the excited state probability given

by equation (2 32) reduces to £, (t) = IdBﬁla(ﬁ)lz sin’ (|QR’0 (ﬁ)ll/Z) The choice of the restricted

Rabi rate definition 1n equation (2 25) was selected mn part to enforce this close relationship between the

function of the restricted Rabi rate and the standard Rabi rate when predicting atom transition probabilities
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2.4.3. Green’s function integration for generalized ground and excited state

solutions

While the zeroth order solution 1s simple to obtan, the first order can be derived, 1n general, as a
sum of a homogeneous solution and a particular solution of the second order time differential equations
given by equations (2 28) and (2 29) Use of a time domain Green function provides a mechanism to derive

a particular solutton With a comparison to the standard driven harmonic oscillator, 1t can be shown® that a

relevant Green’s function G(t,t') can be expressed as

2_sm 2 (ﬁ)l (r—1t")

92,00 (7))

G(tt')=0(t-1)

(2 33)

where ®(t - t') 1s the Heaviside step function Using equation (2 29) and equation (2 33), the particular

solution for the ground state distribution can be expressed as

={"drG (t,t’)fﬂ

paiticular m
2 {Iﬂm @l . } 1| 200k, (V, £y (o)) 1m(Qs (B) O (7))

— Sin - _ .
R()(p)l 2 4 —hkofgo(l—?,f')gm(}—’) (V,;Qko(ﬁ))

Ser (P:1)

=J._wdt'®(t—t')lg
(234)

An equivalent expression can be derived with equation (2 28) for the excited state distribution It can be

shown* that the particular solutions for the ground and excited state distributions are evaluated to be

3 See Appendix A 3 1 Gieen’s function application to the driven harmonic oscillatot
4 See Appendix A 3 2 Use of Gteen’s function to detive state amplitude solutions
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—hk,

2k,

The perturbation theory solutions for atomic distributions as given by the leading (zeroth) order

distribution functions 1 equation (2 31) and the first order distribution functions i equation (2 35) provide

ameans to describe the time evolution of the ground and excited state atomic wavefunction when subjected

£.(p0f

to a laser pulse with P, (l‘) = jd3]3'|fg (ﬁ',t)l2 and P, (t) = Jd3ﬁ'

2.5. Numerical evaluation of restricted Rabi rate integrals

The perturbation theory results for atomic state distributions given by equations (2 31) and (2 35)

are expressed mn terms of the scalar Rabi rate ( ]3) and the vector Rabi rate Q) Rl ( f?) defined n
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equation (2 25) The restricted Rabi rates €2 20 ( f)) and Q 1 ( f)) must be compared against each other in
order to validate the underlying assumption of the perturbation theory that the first order distributions

ng ( f)',l‘) and fL,)1 ( f?',t) are 1 fact much smaller contributions to the overall distribution function as
compared with the zeroth order distribution terms f, ( D'yt ) and f,, ( f?',f) This would be established

for the case that }QRJ (ﬁ)| < |QR,0 (13)|

Given the restriction on the wave vector integrals for each of these frequencies, these Rabr rates
represent restricted Rabi rates corresponding to an atomic wavefunction’s mteraction with a narrow

linew1dth Gaussian laser pulse at the limit 1n which the laser wavelength 1s monochromatic As such, these

;%e_" é| g)/h

as mtroduced 1 [Rabi ef al 1939] and as applied to experimental atom distributions as in [Bordé et al

rates depart the standard treatments for interactions mvolving the 1deal Rabi rate 2 = ek, (e

1984, Sterr et al 1992] A quantitative comparison of the momentum dependent restricted Rabi rates with
the standard treatment 1s required to assess wheie the theories depart and where they overlap n predictions
for atom-laser interaction strength In addition, because these restricted Rabi rates depend on the

experimental parameters as defined by the atom momentum, laser collimation, and atom-laser geometry, a
sensitivity study for €, ( ]3) and QRI (ﬁ) on these experimental parameters 1s critical to identify

implications for optical atomic experiment and system design For reference, the two restricted Rabu rates

from equation (2 25) are reprinted here
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Evaluation of these restricted Rabi rates reduces to an exercise 1n evaluating the wave vector integrals This

evaluation begins with a coordinate frame definition and the transformation of integral constraints to

mtegrand terms 1n the relevant frame

2.5.1. Coordinate frame and integral constraints for restricted Rabi evaluation

A coordinate frame spanned by the basis vectors €,, €,, and €, may be defined in terms of the

atom momentum vector p and principal laser wave vector &, according to

é1=é,ak°_( : ﬁ)fv
1-(%, f))
6, =8,=6,%x¢ = f”ile" 2 236)
1-(, )
észAng:f’
||

With this coordmate frame, an arbitrary wave vector £ can be described in spherical coordinates as
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- 2 sin 6 +e¢,smé, sin
K=k (el , cosg, +e, k ¢k] 237

+é, cos b,
where 0, 1s the polar angle and ¢, 1s the azimuthal angle describing the orientation of the k vector An
elliptical laser beam 1n this coordinate frame has an 1/ e’ semi-major radwus of w, and a semi-mmor radius
of w, 1n the plane orthogonal to /20 While the rotation of the beam 1s possible along this axis, the semi-

major and semi-minor axes are taken to be oriented such that for an orthogonal &k, and p, w, 1s oriented

along the atom momentum vector p and w, 1s oriented vertical to the interaction plane, 1e along é2 For
simplicity, the case of a circular laser beam cross section 1s also considered i which the beam waist radius

1s given by w, =w, = w,
~2 5
Concerning the three wave vector integral constraints, |k| =k,” 1s already embedded m the

definitions for restricted Rabi rates in the form of the delta function integrand & (llg l - ko) The second

condition k£ k, >0 requiring a single direction for laser propagation may be represented as a Heaviside

step function @( k k, ) The energy and momentum conservation condition can be reduced to a restriction

of the polar spherical angle by applying the geometric definition of the dot product according to

£ B k 2 k.
p:(é._hk,, = cosl, = mC‘L o0——2 J (233)
mc, 2m, k, Pl 2m,

a

The application of this condition can be installed into the integration by mcluding a delta function in the

itegrand of the form

2
5| cosd, —%[5— ik, J (2 39)

ko Z? 2 mCa
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When expressing the full integrand in spherical coordinates, the definition u , =CO8 6, , or equivalently,

m hik 2

[2)

1_5| B 2m,

.a

u =

szu

1s used along with the Heaviside step function ® (l—yup‘) enforcing the

requirement that # = cosd, cannot exceed unity One subtlety that must be considered 1s that the delta
q P k

function (2 39) concerns a dimensionless variable, and so a dimensionless scaling factor N, must also be

included 1n the integrand to account for the fact that (2 39) 1s only a constraint in direction and not 1n

magnitude The dimensionless scaling parameter N, will be derived by correspondence to the single recoil
detuning scenario 1n which & = h/;o2 / (ZmCa) and where the momentum condition of (2 39) vanishes By

evaluating the restricted mtegral at & = hl;t.o2 / (2mCa), the integration result should match that of the

unrestricted integration over the electric field of a Gaussian laser as captured by equation (2 5) With this

evaluation, an expression for N, can be derived
In order to derive N, and calculate quantitative results, the remaining integrands of Q, , ( ]3) and

Q R ( fa) can be transformed 1nto the spherical coordinate frame and the integrals can be solved in terms

of experimental parameters
2.5.2. Scalar Rabi rate integral

For simplicity, a circular laser beam cross section 1s considered An mnitial atom position placed at

the origin 7, = 0, the integral of Q RO ( }3) can be reduced to an expression mvolving an integration over

asingle variable When substituting u, =cos@, and sm g, =, /1 —u p2 , 1t can be shown’ that the integral

can be expressed as

> See Appendix B 1 Integrating 1estricted Rabi rate integials for evaluation
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(2 40)

This result comprises an integral with one degree of freedom, completely defined in terms of dot products
of relevant system orientation and position vectors that can be readily integrated numerically The two

Heaviside step functions correspond to an application of the integial constramnts described m section 2 5 1

Cootrdinate frame and integral constiaints for 1estricted Rabi evaluation, and N, 1s the dimensionless factor

corresponding to the application of the momentum conservation delta function given by equation (2 39)

Equation (2 40) features integrands that are strongly suppressed everywhere except near

¢, = 0,27 , which corresponds to a situation where the wave vector of integration 1s along the €, axis as

defined 1n equation (2 36) This wave vector must lie nearly parallel to the central laser wave vectol Eo for

any appreciable coupling to occur

This ntegral can be numerically evaluated with an appropriate Riemann sum Alternatively, an

analytical solution can be derived by expanding the mntegral about ¢, = 0,27 nvolving an expansion of

cosine and sine terms to leading ordets in ¢, The result of analytical integration for the circular cross

section laser beam profile can be expressed as®

6 See Appendix B 1 Integrating testricted Rabi tate integials for_evaluation
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2 41)

leading order Rabi rate €, ( f)) n further theoretical mnvestigations

2.5.3. Vector Rabi rate in first order perturbation theory resuit

w2 (1-u,? ) -
X{

(2 fl-u7 (1) & )Z

The accuracy of analytical expression (2 41) was verified with numerical integration of equation (2 40) for
various experimental parameters Given the computational speed of using the analytical expressions, this

verification 1s critical for further use of equation (2 41) as the restricted integral for computation of the

A necessary condition for validity of the perturbation expansion 1s that ’fl R1 ( f))l < IQ R0 ( [9)|
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in the nclusion of the vector (/; —k ) / k, as a multiplicative factor n the mtegrand of O R1 (j'?) The
evaluation of Q R ( f?) can proceed by returning to equation (2 40) and by multiplying the integrand by

(E=k)/k

When evaluating the integral equations Q RI ( f)) numerically, 1t 1s observed that

, a fact that may be mturtively understood by considering that near ¢, = 0,27

€21 (B)] < Q0 (P)
where the integral 1s not strongly suppressed, the vector difference (1? - /20 ) / k, 1s very small It can be

shown’ that the magnitude of the vector Rabu rate |fl Rl ( f?)| 1s at least two to three orders of magnitude
smaller than the magnitude of the scalar Rabi rate lQ RO ( ji)| for a thermal calctum atom with a velocity

between 600-800 m/s For this reason, the remaining discussion focuses on €2, ( }3) as the principal driver

of interactions in the context of a thermal atomic beam as in the CaBOT and Ca-2 R-B atom interferometers

2.5.4. Normalization of the restricted Rabi rate integral
In the ntegral evaluations presented, the dimensionless scaling factor N, was introduced along

with the application of the integral constraint corresponding to the conservation of momentum given by the

delta function 1n equation (2 39) By evaluating the restricted integral corresponding to the scalar Rabi
Qpo ( p) at 0 = h/_c:,z / (ZmCa), the momentum-dependent constraint on the integral vanishes since
P =0 Under these circumstances, the restricted mtegral bounds are 1dentical to the general Gaussian

k,

beam 1ntegral given by equation (2 5), and so the integration result of the generalized integral can be used

to derive NV,

7 See Appendix B 2 Computing restricted Rabi rate magnitudes
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For a circular laser beam cross section, the general, un-restricted field mtegration of equation (2 5)

evaluates to 477/ w,_? at the peak mtensity along the central axis of the laser Setting this result equal to the

analytic integral for the restricted Rabi rate given by equation (2 40) and applying /20 P =0 results in the

following relationship

4 _ N, (k ? —2‘/;] (242)

2 ]
0 Woko

Equation (2 42) 1s readily solved for the scaling factor N,

_nr

N, =
‘ k() w()

(243)

The units of the wave number &, =27/A 15 m™', while the units of the circular beam waist radius w, 1s

m, resulting n N, being dimensionless as required With this scaling factor, a direct comparison can be

conducted for restricted Rabi rates and other theoretical Rabi rates and atomic state probabilities after

interaction with a laser beam can be calculated
2.5.5. Comments regarding application to thermal and cold atoms

At the large atom velocities and momenta associated with a thermal atomic beam, the zeroth order
description for interaction coupling as described by equation (2 32) 1s sufficient When cold atoms are

considered, however, the momentum space gradients mmvolved in the first order distribution functions given
by equations (2 35) mvolving the Rabi vector Q 21 (f)) provide a larger contribution and must be

considered for an accurate description of the momentum-dependent, restricted wave vector interaction
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2.6. Restricted Rabi rate calculations

2.6.1. Evaluation of the restricted Rabi rate and a comparison to ideal coupling

Both the restricted Rabi rates and the standard definition for the Rabi rate involve the electric field
magnitude £ and the matrix coupling element (e ’é_n él g) corresponding to the electric dipole transition

between the ground and excited states Recall that the standard definition for the Rabi rate for an ideal

interaction 1s Q = ek <e T, é‘ g) / h As described n section 2 2 1 Gaussian laser mode description, the

electric field amplitude £ can be expressed m terms of the total optical power of the laser beam 2, by

equation (2 6), namely E =.,/16P, /cw,w, In order to derive a quantitative Rabi rate, the matrix

coupling element must also be evaluated in terms of experimentally measured parameters

~n
— A

v, - el g) using the natural linewidth

Ferm1’s Golden Rule provides a mechanism to evaluate (e

of calcium’s mtercombination line I' =27 x374 Hz and the center frequency of the semi-forbidden

transition given by @, — @, = @, =27 x 456 THz according to

4 o’ n 2
r=2% | 5 7 le | 2 44
L0 s, 10 @ a0
Solving for the matrix element yields
A2 3c?
e, r,_.le |= r 245
‘(gl L | > 4aa)03 ( )

Where a = e’ / hc 1s the fine structure constant Evaluating the coupling matrix element for the calcium

intercombination line relevant to the clock transition results in 9 60x 107 cm
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Using equations (2 6) and (2 45), 1t 1s possible to evaluate both the standard, bare Rabi rate

r_, é’ g) / i as well as the restricted Rabi rates given by equations (2 25) For a laser with a

circular cross section waist radus w, =0 5 mm and total optical power F, =1 0 mW,, the electric field

at the Gaussian peak 1s given by

| =E-= /16133 — 0 04620 Statvolt (2 46)
peak W,” =1 mw cm

w,=05 mm

The elementary charge in CGS 1s equal to e = 4 8032043 x 107" statC, and the reduced Planck’s constant

7 1 CGS units 1s equal to 1 055x107 erg s Using these values, the bare Rabu rate 1s calculated to be

=27 x321 kHz 247

Fy=1 mW
w,=0 5 mm

Evaluation of the restricted Rabi rate requires a selection of atom-laser geometry and atom

momenta Assuming the 1deal geometry in which the principal laser vector and the atom momentum vector

are orthogonal, a velocity distribution for thermal calcium 1s considered for the calculation of Q ( ﬁ)

Figure 2-2 depicts 1n (a) a longitudmal velocity distribution for a calcium oven at 625°C using the

Maxwellian distribution described in [Ramsey 1956] for effusive ovens Plot (b) depicts ‘Q RO ( ﬁ)’ for

w, =05 mm and F, =1 0 mW at several values of laser detuning from the Ca clock transition At small

detuning, the Rabi rate asymptotes at 'Q R0 ( f))l et =27 x321 kHz, matching the standard 1deal

coupling rate 1n equation (2 47)

At a detuning equal to a single recoil frequency, 1e atS = #k, / (2m,,) =11 5 kHz, there 1s no

momentum dependence n the Rabi rate as expected from the fact that this detuning corresponds to an

unrestricted wave vector integration The horizontal line in orange corresponds to this detuning and exhibuts
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Optical power P o= 1 mMW; Laser waist W= 0.5 mm
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300
0.02r
N 250} Detuning & = 0 kHz
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= 0015 % 200 Detuning & = 115 kHz
s o Detuning 6 = 1150 kHz
S o001t :c 150
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Atom Longitudinal Velocity (m/s) Atom Longitudinal Velocity (m/s)

Figure 2-2. (a) Ca atom velocity distribution along the longitudinal direction of the atomic beam and (b)
momentum-dependent restricted Rabi rates for various detuning when the atom passes through the center
of a Gaussian monochromatic laser beam.

a Rabi rate of 27 x321 kHz. When & =0 (blue line), atoms with longitudinal velocities < 500 m/s do
not reach this maximum coupling, though the Rabi rate rapidly reaches the asymptote as atom velocities
are increased. As detuning is further varied, fewer atoms at low velocities exhibit the maximum couplingl
strength. Detuning corresponding to 10 times the recoil frequency and 100 times the recoil frequency are
depicted in yellow and purple, respectively.

The effect of the momentum dependence on the Rabi rate is most strongly exhibited when detuning
is large. For instance, for the largest detuning plotted, negligible coupling exists for atoms traveling slower
than 500 m/s, and even for the fastest moving atoms considered, which are well beyond the Maxwellian
distribution envelope, the maximum Rabi rates calculated are still only about half as large as the ideal

coupling frequency.
2.6.2. Restricted Rabi rate sensitivity to experimental parameters

2.6.2.1. Laser beam waist dependence on Rabi rate magnitude

The restricted Rabi rate €, ( f?) depends on experimental parameters that include atom

momentum, atom-laser interaction geometry, detuning, and laser beam characteristics including total

84
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Figure 2-3. Restricted Rabi rate vs. atom longitudinal velocity for a Gaussian laser with a beam waist of
(a) 0.25 mm, (b) 0.5 mm, and (c) 1.0 mm.

optical power and beam waist size. The dependence on momentum and detuning was introduced in the
plots of Figure 2-2 in the context of ideally orthogonal atom-laser geometry for a single laser waist size and

optical power. When maintaining the same optical beam power but varying the laser waist with the same
atom-laser geometry, the effective Rabi rate magnitude IQR‘O ( f))' is scaled corresponding to the local

electric field amplitude. This is illustrated in Figure 2-3. The figure depicts the same momentum-dependent

Rabi rate calculation as in Figure 2-2, but for three different waist parameters. The plots in (a), (b), and (c)

correspond to waist radii of w, = 0.25 mm, w, = 0.5 mm, and w, =1.0 mm, respectively. Recall that

the Rabi rate scales linearly with electric field strength, ie. Q,,(p)x E, and E, = ,(16P, / (cwoz) .
When maintaining a fixed optical power of the laser beam P, the restricted Rabi rate magnitudes
|Q R0 ( ﬁ)[ scale inversely with the waist size w,,. This relationship is demonstrated in Figure 2-3. For a
waist size of w, = 0.25 mm as depicted in (a), the maximum Rabi rate is ’QR,O ( ﬁ)| = 642 kHz ; when

doubling the waist size to w, = 0.5 mm as plotted in (b), the Rabi rate is reduced by half to 321 kHz.
Finally, by doubling the waist size once again to w, =1.0 mm in (c), the Rabi rate is again reduced by a

factor of two to 161 kHz .
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2.6.2.2. Laser steering along Doppler and out-of-plane axes

For an optical atomic clock relying on optical spectroscopy, the tolerance for atom-laser steering
uncertainty or errors must be known 1n order to optimize coupling strength and overall signal size Figure

2-4 depicts restricted Rabi rate calculations as a function of atom-laser steering 1n two axes as compared

with the nomunal orthogonal interaction geometry for zeto laser detuning & = 0

The plots depict the relationship between the zeroth order restricted Rabi rate magnitude ‘Q R0 ( ]3)|

with a waist radius of w, =0 5 mm , an optical laser power of F, =1 0 mW , and for an atom longitudinal

speed of (v) = 748 m/s corresponding to the most probable atomic velocity for a Ca oven temperature of
p p

625°C For both the blue and red curves, a relative steermg angle of 0 rad corresponds to a perfect

alignment n which the atom momentum vector p nteisects with an orthogonal laser principal vector &,

exactly at the waist of the laser beam (for a graphical depiction, see Figuie 2-1) The initial atom position

and laser waist position are separated by 9 cm, coriesponding to the separation distance between the atom

oven nozzle and the first R-B laser interaction site in the CaBOT frequency reference
The broader blue curve in Figute 2-4 depicts the restricted Rabi rate lQR,O (ﬁ)l as the atom

momentum vector 1s steered out of the interaction plane with an addition of a transverse velocity component

v normal to both the principal atom and laser directions, 1 e along the cross section of the laser

out-of-plane

waist The relative out-of-plane steering angle 6

out-of-plane

1s calculated as the ratio of the out-of-plane atom

velocity v to the longitudinal atom velocity v, = <v> =748 m/s This longitudinal velocity and

out-of-plane
the atom collimator geometry for the CaBOT frequency reference are used to calculate the range of

v

outofplane that are sampled Specifically, the atom collimator has a height of 6 mm 1n the out-of-plane

direction and 1s separated from the atom source by 22 cm — for more information, see section 324 2

Atom source
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The 1/e full width of the blue curve in Figure 2-4 is 11 mrad and exactly matches the angular size

of the laser waist diameter, in this case equal to 1 mm/90 mm =11 mrad . Recall that the beam waist

radius is defined as the distance from the beam center to the point where the optical field power drops to

1/ e’ of the peak value, or equivalently where the electric field amplitude drops to 1/e of the peak value.
Since |Q RO ( ﬁ)’ scales with the electric field, a 1/e width is the proper comparison.

The narrower red curve in Figure 2-4 depicts the effect of steering the atom momentum vector

with the addition of a velocity component along the principal laser propagation direction. This steering

direction introduces a Doppler shift and the relative angle &

bopp from the nominal orthogonal geometry is

calculated as the ratio of the transverse velocity in this direction v, with the longitudinal velocity Visug*

Dopp

As before, the CaBOT frequency reference geometry is used to set the limits for the transverse velocities

selected, corresponding to an atom collimator width of 1.5 mm and an atom-to-laser separation distance

9m1-of-piane
1/e width )
. matches
laser waist =
| diameter y4 \
= % » gom-of-plane
F 1/e width In x-y plane
matches
L dispersion -
of k-vectors P
} O
In x-z plane
z Gaussian laser 0 . . ' :
- -0.015  -0.01 -0.005 0 0.005 0.01 0.015
Py =1mwW
9 . 5=0 Relative Steering Angle (rad)

Figure 2-4. Restricted Rabi rates calculated for thermal Ca beam with a most probable velocity of 748
m/s as a function of atom momentum steering with respect to a fixed laser beam. (a) Model scenario
geometry and experimental parameters; (b) Interaction strength as a function of atom Momentum
Steering: the blue curve depicts steering out of plane in which the atom momentum vector traverses the
laser cross-section, while the red curve depicts steering in plane in which the atom momentum is swept
along the laser propagation direction; relative steering angle is calculated as the ratio of the transverse
velocity to the longitudinal velocity for Doppler shift-inducing and out-of-plane directions.
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of 22 cm  In this case, the 1/e full width of the red curve, 0.8 mrad, matches the angular spread of the

wave vector distribution of the laser beam, or more specifically, the 1/e full width of the wavenumber

distribution given by 4/ (kowo) =0 8 mrad

When taken together, the product of the full widths in the two scenarios will be independent of
beam waist, since one width 1s beam-waist proportional, the other inversely proportional to beam waist A
useful property of the out-of-plane sweep shown in the blue plot 1s that expected changes to the curve are
observed when altering the atom’s initial position For instance, wider widths are predicted when moving

the atom’s mitial position closer to the laser field to the mit in which an infinite width 1s predicted for the
case where the atom begins at the laser waist,1e 7, =7, = [O 0 O] In this way, the restricted Rabi rate

theory as described 1n this thesis provides a mechanism to derive the interaction time between an atom the
laser field given a beam waist size and an 1nitial atom position and momentum vector This interaction tume
may be used n evaluating expected transition rates and saturation profiles as in section 2 73 Doppler

profiles and satuiation study

The effect of laser detuning 1s considered n Figure 2-5 The same exact configuration as modeled
i Figuie 2-4 1s considered for detuning values of 11 5 kHz, 63 4 kHz, and 115 kHz These detunings are

plotted m solid, long dash, and short dash plots, respectively, and correspond to 1x, 5 5x, and 10x the single

photon momentum reco1l frequency given by & = k> / (2mCa) =115 kHz As mn Figure 2-4, blue plots

with a fixed Doppler-inducing angle of &, =0,

correspond to varying out-of-plane angles & opp

out-of-plane

while red plots correspond to varymng Doppler-inducing angles 6, with 6, ¢ 0 =0

As depicted 1n Figure 2-5, red curves for different detuning values do not change shape but instead

with the case of § =&, peakmng at &, =0

are shifted telative to one another with respect to 6, opp

opp ?
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Restricted Rabi Rate Sensitivity to Atom-Laser Steering
Vi 748 mIsP0 =1 mW, w, = 0.5 mm, (ra-rw)= [0, 0, -9] cm

350 e
300 F
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Figure 2-5. Restricted Rabi rates calculated for atomic beam steering for three different laser detunings.
Blue curves correspond to atom momentum steering out-of-plane, across the laser waist cross section,
and red curves correspond to atom momentum steering in the Doppler-inducing direction, along the
principal laser direction.

Larger detunings feature red curves that are shifted to positive values of &, such that the Doppler shift

opp
of the laser frequency as experienced by the atom is sufficient to produce an effective detuning in the atom
rest frame equal to one photon recoil frequency. A consequence of this is that the observed shift in the red
curves scale linearly with the detuning.

Blue curves associated with each detuning are relatively flat at the scale shown in Figure 2-5 and

are not shifted in in the same way as the red curves. While all the red curves feature the same peak Rabi

=27%x321 kHz and

=1 mW
w,=0.5 mm

rate magnitude corresponding to the ideal restricted Rabi rate of IQ R0 (f))”

are shifted in the horizontal axis, the blue curves are scaled, with larger detunings associated with smaller
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peak Rabi rates Recall that the blue curves show the effect of varying the out-of-plane angle 6 for

out-of-plane

a fixed Doppler-inducing angle gDOPP =0 For all detunings & # &, , a non-zero Doppler-inducing angle

Opopp 15 required to maximize the restricted Rabi rate This implies that associated blue curves will never
1each the 1deal restricted Rabi rate for § = 5, when the Doppler-inducing angle GDOPP =0 This effect 1s

exaggerated for the short dotted blue line corresponding to & =106, , where the Rabu rate peak reaches

only 306 kHz as compared with the global maximum of 321 kHz

2.7. Excitation probability calculations

2.7.1. Excitation probability formulas for comparison with the literature

2.7.1.1. Atom state probabilities with formalism from Bordé et al. 1984

As described 1n section 1 4 1 2 Applied models for single pulse interactions the Boidé et al 1984

desctiption, [Bordé er al 1984] presents a theoretical treatment for a matter-wave interferometer involving
the interaction of a molecule traveling predominantly along the X axis with several laser beams oriented

along the Z axis This approach 1s now applied to the case of the Ca intercombination hine and a single
atom-laser interaction for comparison with the restricted Rabi rate introduced 1n this thesis

In [Bordé et al 1984], the electric field associated with each laser interaction 1s expressed in the
atom rest frame as E(F,r) =Reé* E*U* (Vt (t—1, )) exp[z (;/a)t FhvtFhz+¢* )} where ¢, E, U,

k, and @ represent, respectively, the polarization vector, the amphtude, the transverse dependence, the
wave number, and the phase of each laser For the case where the electric field has no transverse

dependence, 1e for U * =1, the solution to the Schrodinger equation describing the relevant equations of
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motton for an interaction between the atom and laser beginning at time #, and ending at time £ 1s written

as

. terlioc-]  senle] ﬂ%}

Cexp[zgoi] Dexp[%Qo (r—1t,) g(n)

— Q —
A =cos { s ét b )} +1 QQ3 s1nI: Borde ét b )} (2 48)
Borde
B=C=1 Q sm{QB"”’e (t—to)}
QBorde 2
D = Cos QBorde (t - tO ) —1 Q3 sin QBorde (t - tO )
2 QB(»de 2

where @ and € are spinors corresponding to the ground and excited states expressed i the rotating frame
and where coupling rates governing the interaction strength are given by

Q, =QU* cos ™
Borde QZ = QUi s ¢i

Q, =(yo—a,)Fhv. —[(m:tl)2 —m2:|5, +z(}/e —7g)/2

Q, =—[(mil)2 +m2}§r —(2mi1)kvz +1(}/e +7/g)/2

ol

(2 49)

In equation (2 49), m 1s the number of photon recoils corresponding to the interaction, where the nitial
ground state corresponds to m =0 and an excited state after a single interaction corresponds to m =1

Larger numbers of recoils correspond to multi-pulse interaction states The recoil frequency 1s written as

§r = hk* / (2mCa ) , and relaxation constants for the excited and ground state are written as », and ¥ 2>

respectively Positive or negative superscripts mdicate iteraction with a laser beam oriented along +z

g)/h

~

v,_, €

axis As usual the standard bare Rabu 1s defined as Q) = eE, (e

91



Equations (2 48)-(2 49) are used directly to calculate the observable ground and excitation

é(t)
2(t)

with a laser beam for a duration of (t - to) seconds For an atom mitially beginning in the ground state at

probabilities, P

g, Borde :| mteracting

(t ) and P, ;. (t), for an atom beginning m a state given by |:

é(t, =0)

t,=0,1¢ fi .
0 1e Or|:g(t0=0)

i| = I:J interacting with a laser beam oriented 1n the +Z axis, atomic internal

state probabilities as a function of tume are given by

‘Pg,Borde (t) = §m=0 (t)§m=0 (t)*

SmeokJSmeo ¥ (2 50)
B,Borde (t) =€ (t)em=1 (t)

In equation (2 50) subscripts explicitly identify the number of recoils m to be used when applying

equations (2 48)-(2 49) to solve for iternal state probabilities Probability of conservation requires
P, sonde (l‘) + P, porde (t) =1, implying that only one or another of the probabilities need to be calculated to

determine the atom population’s internal state fraction For the purposes of this discussion, spontaneous

emission 1s not considered, and so 7, =0 and y, =0

2.7.1.2. Atom state probabilities with restricted Rabi rate formalism

As described 1n section 2 4 2 Normalization conditions for the general zeroth order solution, the

restricted Rabi rate 1s given by equation (2 32) This expression 1s a function of momentum and time and it

1s reprinted here for reference
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Py ()= [ B| +p(P)f s’ [w]

+(a(za>b(za)‘+a(ﬁ>*b(ﬁ>)cos['“";(ﬁ )'t}m[""*;‘ﬁ)'t]
la(B)f s’ {pz_(p)lt}
a0 ferp o) ot 222

_(a(ﬁ)b(f))* + a(‘;,)* b(ﬁ)) COS[|QR oz(ﬁ)l t]Sln[|QR 02(!3)| t]

For an atom begmning in the ground state i the restricted Rabi rate formalism, b( f?) =0 for all

momentum classes and the ground state probability reduces to
Py (t) = [d*Bla(P)| cos’(|Qu, (P)t/2) @ 51)

with a corresponding excitation probability given by £, (t) =1-F,, (t)

Given equations (2 50) and (2 51), all that remams 1s a description of the atom momentum

distribution for a calculation of expected transition probabilities for a given simulation

2.7.2. Atom source models and experimental parameters

2.7.2.1. Momentum distribution sampling

In [Bordé et al 1984], calculations for excitation probabilities are presented corresponding to a

single atom longitudinal velocity v,,,, along the principal atom beam direction and a flat distribution of

transverse velocities v

trans

along the principal laser axis in the Z direction While not explicitly stated, the

bounds for transverse velocities are presumed to be selected according to the width of the atom beam

collimator and the distance from the atom source to the collimator Excitation probabilities are averaged
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across this distribution, resulting in the final simulated states. While [Bordé et al. 1984] presents results for
simulated excitation probabilities corresponding to four atom-laser interactions, the formalism presented in
equations (2.48)-(2.50) provides a mechanism to calculate transition probabilities for a single pulse
interaction with the same underlying theoretical framework.

In order to perform a comparison with the restricted Rabi theory and experimental data using a
thermal atomic beam, this approach of averaging probability calculations across transverse momenta is
extended to account for the Maxwellian distribution of longitudinal momenta as may be expected in a
thermal atomic beam. The longitudinal velocity space is discretized with each velocity class assigned a

weight according to the Maxwellian shown in Figure 2-6 (a). This particular Maxwellian corresponds to a

thermal beam of calcium generated by an oven at 625°C with the cubic relationship to atom velocity
given by [Ramsey 1956 p.20].

Each longitudinal momentum class in the discrete set will be treated in two ways: i) excited state
amplitudes of the various momentum classes will be combined to compute an overall excited state
amplitude; and ii) probabilities of the various momentum classes will be combined to compute overall

excited state probability. The former corresponds to a thermal source model comprising atoms each of

0.025 »
‘(7; Mln vwans
~ 0.02 E 6.
E’ E 5T Ma:vtvmms
= Rk
> 0.015 e
@ :
: 2
2 001}
;
(] > 5t \
> 0.005 | Z o
(L]
= g
0 - ; , ‘ ‘ o | | | | .
0 500 1000 1500 2000 2500 b 0 500 1000 1500 2000 2500
(a) Lopudinal-y sigly, Viong (m/s) ( ) Longitudinal Velocity, Viong (m/s)

Figure 2-6. (a) Maxwellian Ca atom velocity distribution along the longitudinal direction of the atomic
beam used to weight longitudinal atom velocity contributions to probability calculations and (b) range of
transverse velocities allowed for each longitudinal velocity class in probability calculations corresponding
to experimental apparatus geometry and longitudinal velocity; all transverse velocities are weighted
equally.
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which are a coherent superposttion of thermal momenta (see “Case 2” in section 2 72 2 Cases for modeling

probabilities _atom source description and tiansit time), the latter corresponds to a thermal source

comprising atoms of thermally distributed energies (see “Case 3” 1n section 2 72 2 Cases for modeling

probabilities _atom source description and transit tune)

For each longitudnal velocity, a flat distribution of transverse velocities are allowed with mmimum

and maximum v,

hY

frans

determined by the separation of the atom source to the laser beam and the atom

beam collimating aperture dimensions Mimimum, mean, and maximum v, _ velocities that are included 1n

hans
the atom momentum distribution are depicted in Figure 2-6 (b) as a function of longitudinal atom velocity
for an atom source-to-laser separation distance of 9 cm and an atom beam collimator width of 1 5 mm
Faster longitudmnal velocities afford a greater spread of transverse velocities since the time in which the

atom traverses the distance from the source to the collimator 1s shorter than the time for transit associated

with smaller longrtudinal velocities As m [Bordé er al 1984], the velocity 1n the out-of-plane ( J) axis 1s

taken to be zero,1e v, =, = 0 and so all velocities are assumed to lie in the plane defined by the

ut-of-plnae

atom and laser beams

2.7.2.4. Laser intensity model for pulse interaction

For probability calculations with [Bordé ef al 1984] as with the restricted Rabi theory, interactions
are assumed to be a square pulse featuring an intensity equal to the peak Gaussian laser intensity
corresponding to the beam waist and overall optical power This simple model matches the square pulse
treatment explicitly employed 1n transition probability calculations presented in [Bordé et al 1984] and
also represents a good reference to compare with restricted Rabi rate probability calculation The reason 1s
that the lowest order perturbation of the restricted Rabi theory does not describe the position space motion
of an atom through the laser beam Effectively, the atom i1s modeled as illuminated by the peak Gaussian

laser intensity for the duration of the interaction For initial comparative studies, this simple model 1s
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sufficient, though a more sophisticated treatment of the localization of the atom and laser beam m position

space 1s desirable for more detailed theoretical investigations

2.7.2.2. Cases for modeling probabilities: atom source description and transit time

For probabulity calculations, a 1/ e’ beam waist radius w, and a laser waist position 7, are selected,

assuming the initial atom position 7, 1s the origin For each case, a probability of excitation 1s calculated

corresponding to an interaction time determined by the geometry of the scenario and each of the atomic

momentum points sampled 1n longitudinal and transveise space as described in section2 72 1 Momentum

distribution sampling A weighted sum 1s then calculated in which each velocity class 1s assigned a weight

corresponding to the longitudmnal and transverse velocity Longitudinal velocities are assigned weights
corresponding to the Maxwellian distribution while transverse velocities are assigned equal weights All
contributions are normalized such that the weighted sum for the ground state population with no laser power
results in a ground state probability of unity

Case 1 corresponds to calculations with [Bordé et al 1984]’s theoretical treatment Cases 2-3
correspond to calculations using the restricted Rabi theory with two different approaches to modeling the
atom source Case 2 represents atoms leaving the souice as each constituting a superposition of all possible
momenta states leaving the oven, while Case 3 reptesents the description of atoms leaving the oven as a
statistical mixture of atomic wavepackets with a range of most ptobable velocities assoctated with the atom

beam distribution

Case 1: For calculations with [Bordé et al/ 1984], atom momenta are treated discretely, without a

description for the momentum distribution of a given atom An nteraction time 1s determined uniquely for

each longitudinal momentum class according to ¢ = 2w / Vieng Where W, 1s the 1/ e’ beam raduws at

spol spot

the iteraction site as determined by the waist location and Gaussian beam divergence
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Case 2: For calculations with the restricted Rabi rate theory one approach involves each atom being treated
as a coherent superposition of all possible momentum classes exhibited in the atomic beam In this case, a

single interaction time should be used corresponding to the transit time of the most probable atom velocity

of the thermal beam For a thermal Ca beam at 7" = 625°C, the most probable longitudinal velocity 1s

given by <v,ong> = \/3/ 2\/2kBT /m, =748 m/s [Ramsey 1956] For this case, a probability calculation

1s performed with an interaction time given by £ = 2w, (v,(mg >

Case 3: Alternatively, the atom beam can be modeled with the restricted Rabi theory as a statistical mixture

of atom velocity classes, each of which corresponds to a different transit time corresponding to
t=2w,, / Vieng  In this picture, the statistical mixture consists of atoms with discrete energies according

to the thermal momentum distribution of the atomic beam Corresponding pulse times n this case match

those used for the evaluation of probabilities with the [Bordé ef al 1984] treatment of Case 1

It 1s interesting to compare Case 2 and Case 3 with experimental data, with an eye to assessing which better

agrees with measurement
2.7.2.3. Momentum distribution comment on atomic diffraction

The question of the significance of atomic diffraction through the collimator apertures can be

addressed by considering the relative size of the collimator size and the coherence length of the atomic
wavepackets A thermal Ca beam with a temperature of 625°C has a momentum uncertainty of

Ap = m, ><(7OO m/s)correspondmg to a coherence length of L

‘coh

~14 pm as calculated with

L., =h/Ap [Sterr et al 1992] The collimator aperture for CaBOT that 1s considered in this analysis

measures 1 5 mm by 6 mm Given this large discrepancy, diffraction 1s not a concern and need not figure

1nto a discussion of atomic momentum distributions

97



2.7.3. Doppler profiles and saturation study
2.7.3.1. Theory comparisons

For a given l/ e’ beam waist radius w, and laser optical power P, and waist position 7, —F,

excitation probabilities are calculated as a function of laser detuning from the Ca clock transition resonance

at @, = 27 x 456 THz for the three cases mtroduced 1n section 2 72 2 Cases for modeling probabilities

atom souice description and tiansit time first, with [Bordé et al 1984], second, with the restricted Rabi

theory corresponding to an atom source modeled as a single atomic wavepacket composed of a
superposition of all momentum classes present in the atomic beam , and third with the restricted Rab: theory
corresponding to an atom source modeled as a statistical mixture of individual wavepackets

Figuie 2-7 depicts the resulting weighted sum of transition probabilities for ground state atoms as

a function of laser detuning For these calculations, the interaction geometry 1s assumed to be 1deal in which

the atom and laser beam principal axes are orthogonal and the laser waist size1s wy, = 0 5 mm A geometry

1eptesentative of the CaBOT frequency 1eference 1s selected in which 7, —7 = [362 0y —143?] cm

where the atom 1nitial position 1s taken to be the origin, 1e where 7, = 0 This scenario approximates the
interaction geometry of the CaBOT frequency reference if there were no R-B optics to produce four parallel
beams and 1nstead 1f only a single laser were introduced to the vacuum chamber In this scenario, the beam
waist 1s located 36 cm away from the interaction region along the principal laser axis, and the interaction
region 1tself 1s displaced 14 cm from the atom oven nozzle along the axis of atom propagation

In Figuie 2-7, a range of total laser optical powers F, aie depicted for the same experimental
parameters At low optical powers, Cases 1-3 agree reasonably well The “flat top” profile of the Doppler

feature 1s an artefact of the flat transverse momentum distribution As the optical power 1s increased, the

Doppler feature for Case 1 (yellow) steadily grows until 1t s the largest Doppler profile by the last frame
cortesponding to £y =5 5 mW By contrast, the Doppler profiles corresponding to Case 3 (blue) do not
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Figure 2-7. Doppler profiles for Cases 1-3 for optical laser powers between 0.1-5.5 mW.

perceptibly grow for powers exceeding 2-3 mW. Finally, the orange plots of Case 2 seem to exhibit Rabi
flopping as the profile alternates between growing and shrinking with increased optical power.
By plotting the maximum Rabi rate values from Figure 2-7 in a single plot as a function of laser

power, a saturation study can be considered directly. Figure 2-8 depicts the saturation characteristics

associated with the same w, = 0.5 mm trials depicted in the series of Doppler profiles of Figure 2-7,

plotted for a range of optical powers between F, = {0.1 mW - 50 mW} . Even at 50 mW, the excitation

probability computed with the [Bordé er al. 1984] treatment in Case 1 (yellow) does not reach saturation.

Interestingly, while the statistical mixture (Case 3, blue) reaches saturation near 3 mW and exhibits a
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Figure 2-8. Saturation study for laser beam waist radius of 0.5mm.

roughly flat shape with higher powers, the superposition state (Case 2, orange) continues to exhibit Rabi

flopping, notably with an average centered along the statistical mixture trace.

The saturation properties of Cases 1-3 vary as a function of waist size. Figure 2-9 shows two

boundary cases for the same experimental scenario this time for optical powers between
P = {0.1 mW —-10 mW} corresponding to waist sizes that may be achieved with common adjustable
fiber collimators. (a) depicts the saturation characteristics predicted for a small waist radius of
w, = 0.1 mm, while (b) corresponds to a large waist radius of w, =1.0 mm . In both the small and large

waist cases, the [Bordé et al. 1984] profile of Case 1 (yellow) does not saturate as readily as the restricted
Rabi rate calculations of Case 2 and Case 3. While the predictions for Cases 1-3 agree for low powers in
the wide waist scenario of (b), the [Bordé et al. 1984] and restricted Rabi predictions do not agree even at

low powers for the small waist size depicted in (a). Another immediate observation may be made that the

100



Saturation Study, Single Pulse Saturation Study, Single Pulse

o7 W, =0.1mm;(r, -r,)=[36,0,-14] cm 53 w,=1mm;(r -r )=[36,0,-14] cm
2 , 2
= { oy O =
3°%° &N e 279 Boosf
o R P Eﬁ}—% o2 e < ¥ < <]
2 0.5 [ Boogoo— 07
& 05 [fRoogoe ™\ 4 = &
Soafp M & A0e Lo—5-a
8 = o B0 00—
3 P g g o P
W a 0.04 R i
1S
g 0.2 g . .
E —&— Case 3: Restricted, 'Stat Mix’ = 0.02F »— Case 3: Restricted, 'Stat Mix
8 0.1f —&— Case 2: Restricted, 'Single Pack' 3 —&— Case 2: Restricted, 'Single Pack
= Case 1: Borde's4 = Case 1: Borde's4
0 i " " i ) 0 i 1 é i
0 2 4 6 8 10 4 6 10
(@) (b)

Optical Power (mW) Optical Power (mW)

Figure 2-9. Saturation profiles for laser waist radius of: (a) 0.1 mm and (b) 1.0 mm.

[Bordé er al. 1984] plots for the small waist in (a) do not reach the excitation probabilities of the restricted
Rabi Cases 2-3, while the [Bordé er al. 1984] plots rapidly exceed the excitation probabilities for Cases 2-
3 at the larger waist size in (b).

Interestingly, Cases 1-3 all exhibit appreciably larger excitation probabilities in (a) as opposed to

those in (b), indicating that the small waist produces a stronger coupling between the atoms and the laser

field. In fact, for the restricted Rabi Cases 2-3 of (a), a maximum probability of P, = 0.5 is reached. In

other words, all three cases considered produce an effective 7/2 pulse. This is particularly interesting

given the fact that with such a small waist, the dispersion of laser wave vectors k is broad, indicating in
the context of the restricted Rabi rate theory that a broad set of wave vector components are available for
coupling with the atom. By contrast, Cases 2-3 saturate at a transition probability some 10x lower, around
P, =0.05, for the larger waist size as depicted in (b), with fewer Rabi flops exhibited by Case 2 in (b) as
compared to (a). As in the other saturation studies, the “single pack™ Case 2 restricted Rabi plots for both
(a) and (b) exhibit Rabi oscillations in the predicted transition probability with increased laser power with
an average probability prediction centered on the statistical mixture Case 3.

Further theoretical investigations are needed to characterize the underlying mechanisms driving

these observations. For instance, one hypothesis that may be proposed for higher coupling with narrower
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waists may be that a narrow waist produces a higher laser mtensity at the mteraction region, leading to

higher expected Rabi rates as a function of the local electric field amplitude For the cases modeled 1n

Figure 2-9, the spot size diameter for the w, =0 1 mm waist of (a) 1s 2w, ,, @ = 1 5 mm, while the spot

size diameter for the w;, =1 0 mm 1s nearly 1dentical to that at the waist 2w,

o 20 mm These spot

sizes are not appreciably different at the scale that the transition probabilities might otherwise indicate 1f
electric field amplitude alone were the reason for a difference 1n saturation properties, and so an alternative
hypothesis 1s warranted

In these studies, the Maxwellian longitudinal and flat transverse distributions were discretized into
various bin sizes to assess the effect of “granularity” of discretization It may be noted that when
discretization 1n the transverse direction for the most probable longitudinal velocities approached the single
photon recoil velocity for calcrum at 15 cm/s, little further variation was observed with further grid

discretization
2.7.3.2. Comparison to a measured saturation profile

During experimental efforts with the CaBOT system at NIST, a saturation study was performed for
the four-beam R-B atom interferometry interaction sequence The study was conducted to optimize the
optical power to select a setting with a large R-B fringe contrast, a large overall signal as indicated by the
height of the Doppler feature observed, and small relative background scattered light signal One data set
collected as part of this study was the base-to-peak size of the Doppler, which 1s used as a rough comparison
for overall saturation characteristics (for more information about the saturation study performed for R-B
optimization, see section 3 3 3 Optimization of R-B signal)

Figure 2-10 depicts this four-pulse saturation data alongside predictions corresponding to the
[Bordé et al 1984] treatment (Case 1 yellow), the restricted Rabi rate superposition state (Case 2 orange),
and the restricted Rabi rate statistical mixture (Case 3 blue) To produce these predictions, the same

experimental conditions are assumed as with the saturation studies depicted for the single pulse models of
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Figure 2-10. Saturation study extended to a four-pulse analogue for comparison with a related data set
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measured with the CaBOT frequency reference.

Figures 2-7-2-9, except that another three identical pulses are applied to the atoms such that the same
excitation fraction results from each of four successive interactions. In order to produce the “Scaled 4-Pulse
Data” from the experimentally measured saturation profile, a conversion (with substantial uncertainty) was
determined between observed R-B signal power and the excitation probability for atoms in the Ca beam
assuming all atoms begin in the ground state before interacting with the first laser beam.® In the CaBOT
frequency reference, the laser beam is expanded by a factor of 5.5x in the vertical (out-of-plane) direction.
To directly compare with the theoretical model constrained to the plane of atom and laser beams, the
effective power of the laser along the plane is plotted. I.e. while the maximum laser power measured was

14.7 mW, because the beam was expanded by 5.5x in the vertical (out-of-plane) axis, the effective power

8 See Appendix Appendix C On the comparison of theoretical predictions with a measured saturation profile.

103



of a circular beam with the same horizontal waist size 1s 5 5x lower, 2 7 mW Finally, grven the uncertainty
of the scaling calculation, two multiplicative factors were selected to compare the experimental data set
with theoretical predictions These scalars are listed 1n the legend of Figure 2-10 a scalar of 2 4x 1s used to
compare with [Bordé et al 1984], and a scalar of 3 6x 1s used to compare with the restricted Rabi cases
While the beam waist was not carefully measuted for the data set collected, saturation was clearly
observed at an optical power around 7 mW (or 13 mW adjusted for the beam expansion) A good-faith

estimate of the beam waist based on observed beam expansion over the optical beam path was used to arrive
at the waist radius selection of wy =0 125 mm

For laser waists near that which may have been used to generate the data depicted, both the [Bordé
et al 1984] and restricted Rabi rate predictions seem to match the data reasonably well, though
measurements at higher optical powers are necessary to make further evaluative claims Of course, further
experiments mvolving different waist sizes and additional measurements for the purposes of a single pulse
study are necessary to further investigate the predictive power of the restricted Rabi rate theory 1n 1ts cunient

state and to compare 1ts predictions with existing theoretical frameworks

2.8. Discussion and future work for restricted Rabi rate
theory

The fact that the restricted Rabi 1ate theory as mtroduced predicts saturation at laser power levels
easily accessible for experimental setups already in use provides a positive mdication of the theory’s
relevance to realistic scenarios A peculiar feature of the restricted Rabi rate theory as introduced 1s that the
interaction between the atom and laser 1s exhibited with Iimited dependence on atom position This arises
from the fact that the lowest order perturbation theory does not contain time dependence of the atom-laser
interaction strength A more sophisticated tieatment would more effectively account for the position space
time history of a localized wavepacket passing through a localized Gaussian laser beam

Future work may be separated into theoretical and experimental objectives Among a broad range

of theory improvements, an accounting of tume dependence of the atom-laser interaction 1s desnable, as 1s
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an extension of the theory to account for multi-pulse interactions and matter-wave interferometry for direct
application to R-B modeling An itermediate objective toward the goal of four-pulse mterferometry 1s
application to two-pulse saturation spectroscopy Because saturation spectroscopy does not rely on atom
interferometry, a careful description of the atomic phase 1s not necessary, allowing for a simple treatment
of initial conditions similar to the approach taken for single pulse excitation probability calculations

In addition to multi-pulse applications, a concentrated effort to apply the restricted Rabi theory to
cold atom experiments would be highly valuable to the optical atomic physics community In order to do
so, the next order of the perturbation theory mtroduced must be investigated to account for larger gradients
in the momentum distribution

As for future work mmvolving experimentation, 1t would be highly useful and potentially impactful
for a set of single pulse experiments to be conducted with Hz-scale lasers and a thermal atomic beam or
with a cold atom setup The restricted Rabi rate theory produces a broad divergence in saturation
characteristics as compared with extant theory, which would be readily tested with the proper experiment
As part of CaBOT and Ca-2 experimental work at NIST with a Hz-scale laser, 1t was routinely necessary
to tighten the laser waist such that a wide beam divergence was afforded to the atom beam in order to
optimize overall signal size R-B interference signal and overall Doppler size were observed to drop when
modifying the small waist size to a large waist size to collimate the laser light

In experiments, higher coupling was observed for smaller waist sizes at fixed power levels, and
specifically for very small waist sizes placed far away from the interaction region The intensity of laser
light 1n these interaction geometries 1s lower than for the case of highly collimated light with larger waist
sizes Absent another explanation, a lower optical intensity at the laser site would correspond to a weaker
interaction strength One hypothesis might be that the transit time was significantly longer for the narrow
waist case, but this 1s unlikely given the high speeds of the atoms The fact that the narrow waists regularly
produced larger signals than wide waists may be readily explained by the momentum condition present for
ultra-narrow linew1dth lasers, a constrant that has begun to be explored with the restricted Rabi theory
presented 1 this chapter
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Chapter 3

Frequency reference design and evaluation

3.1. Thermal Ca Ramsey-Bordé atom interferometry:
application overview

3.1.1. Context

The Draper CaBOT and the NIST Ca-2 frequency references are based on Ramsey-Bordé atom
interferometry with a thermal calcium beam Neutral calcium’s 45 'S, — 454 p°P, transition, otherwise

known as the Ca intercombination line, 1s an excellent candidate for an optical frequency reference, given
the fact that the transition has a natural linewidth of just 374 Hz centered at 657 nm (456 THz) [Degenhardt
et al 2005] However, despite the small natural linewidth of the Ca intercombination line, environmental
and systematic effects lead to frequency shifts that broaden an observable spectroscopic signal Atom
cooling and trapping techniques are most commonly employed 1n optical atomic clock efforts to mitigate
frequency shifts and broadening mechanisms (for a review, see Ludlow et al 2015) Given the need for
multiple lasers and complex procedures, these approaches mvolve large system SWaPs, posing formidable
challenges to fielding optical atomic clocks based on cooling and trapping architectures

CaBOT and Ca-2 rely on a different approach, using Ramsey-Bordé atom interferometry with a
simple atomic beam to produce narrow spectroscopic signals By foregoing laser atom cooling and instead

using a thermal beam and R-B atom 1nterferometry, significant SWaP reductions and large atom fluxes are

possible An added benefit to this approach 1s relaxed vacuum requirements (< 1x107 Torr) as compared
with that needed for the more delicate environments necessary for optical lattice clocks (< 1x107° Torr)

or 10n traps (< 1x107° Torr) Reduced vacuum requirements further reduce the complexity of the system
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With this approach, strengths of the standard cesium beam clock combine with an optical frequency

transition to enable ultra-stable, deployable optical timekeeping technology for PNT 1n the near term

3.1.2. Application of Ramsey-Bordé method

3.1.2.1. Method review

The CaBOT vacuum R-B atom mterferometry with traveling waves, as mtroduced by Ch Bordé
and colleagues 1n Bordé et al 1984, relies on separated oscillatory fields to generate Ramsey fringes with
sub-Doppler resolutton When employed mn a four-traveling-wave, counter-propagating geometry, the
method 1s Doppler-free to first order Figure 3-1a depicts an R-B atom interferometer of this type At the
left, a Ca atomic beam composed of atoms initially in the ground state moves from left to right, crossing
four mutually-coherent laser beams At each atom-laser interaction site, there 1s a probability that the atom
will scatter with the laser light, undergoing a change in internal energy and momentum states via photon
absorption or stimulated emission

Figure 3-1a denotes imnternal states by color green corresponds to the ground state and purple

corresponds to the excited state Momentum states separated by mdividual photon recoils are 1dentified by

the angle of atom trajectories traced through the interferometer There are 2* possible final states for each

atom passing through the iterferometer, four of which are shown 1n Figure 3-1a The atomic wavefunction
recombines 1n the excited state in two distinct interferometer output ports indicated by P, (+) and P, (—)

with signs indicating a positive (blue) or negative (red) recoil frequency shuft, respectively

The laser phase 1s imprinted on the atomic wavefunction at each interaction site such that the final
atomic phase corresponds to the sum of the laser phase differences —¢, + @, and —¢@, +@,, where

subscripts correspond to lasers 1-4 as labeled m Figure 3-1a As a function of laser detuning from resonance

0 , excitation after the fourth laser-beam interaction site scales as [Sterr et al 1992]
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Figure 3-1. R-B atom interferometry with the Ca clock transition. (a) Four traveling wave, counter-
propagating geometry with atom state labeling and interferometric output ports identified. (b)
Fluorescence emission data with CaBOT frequency reference and a test laser at NIST.
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In relation (3.1), v_ is the atom’s speed from left to right in Figure 3-1a, D is the distance between lasers
1 and 2 and between lasers 3 and 4, and 7k’ / 2m,., is the single photon recoil frequency in angular units

expressed in terms of the reduced Planck constant 7, the mass of the Ca atom m,. . and the laser

Ca?

wavenumber k = 277/ . As usual, the detuning is given by § = @, — @, where @, is the laser frequency

and @, = 27V, is the clock transition frequency, both of which are also written in angular units.
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At the interferometer exit ports, spontaneous emisston of excited atoms 1s collected by fluorescence
detectors viewing the atomic beam By sweeping the laser frequency applied to the CaBOT frequency
reference across the Ca resonance at 657 nm, fluorescence detection yielded Ramsey fringes as shown in

Figure 3-1b The width of an mdividual Ramsey fringe depends on atom times of flight between lasers 1
and 2 and between lasers 3 and 4, determined by the inter-laser spacing DD and the atom mean speed, 1 ¢

m terms of D/ v, The R-B signal in Figure 3-1b, featuring a fringe width of 3 kHz, 1s generated with

D =50 mm and an oven temperature of 625°C, which corresponds to a most probable atomic velocity

of <v>:\/3/2\/2kBT [m., =748 m/s as calculated by assuming a Maxwellian gas distribution

collimated by an effusive oven nozzle [Ramsey 1956] One of these fringes 1s used as a locking feature to
stabilize the CaBOT laser and ultimately the outgoing timing signal Separation between the centers of R-
B fringe envelopes in the spectroscopic signal 1s determined by the two photon recoils separating the two

ports, corresponding to 23 kHz
3.1.2.2. Conditions for interferometry and design considerations

Equation (3 1) assumes an infinite coherence length for the atomic beam, 1 e an atomic beam

composed of atoms with 1dentical momenta and with a longitudinal velocity width Av_ =0 [Sterr et al
1992] An actual atomic beam has a finite coherence length m the longitudinal axis given by
L = h/ (mCaAvx) (32)

‘coh

For a calcum atomic beam with a temperature of 625°C, Av, =700 m/s and L, =14 pm

Interference fringes are visible only when the spatial displacement of the atomic wavefunction at the output

port 1s smaller than the coherence length For the R-B interferometer shown in Figure 3-1a, the final

transverse displacement of each exit port 1s Az =0 In the longitudinal axis, the positive recoil port P, (+)

and the negative recoil port P, (—) are displaced by [Sterr et al 1992]
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Equation (3.3) is used to plot atomic wavepacket displacements as a function of laser detuning & in Figure
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3-2a. CaBOT’s geometry is used, and the most probable longitudinal velocity v, :(v): 748 m/s

corresponding to an atom oven temperature of 625°C is assumed. The atomic wavefunction displacement
for the positive (blue) and negative (red) recoil components are shown along with the atom beam coherence
length (black dotted horizontal lines) representing the maximum displacement allowed in either the positive

or negative longitudinal X direction for fringes to be visible. Red and blue dotted vertical lines indicate the
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Figure 3-2. R-B atom interferometry with the Ca clock transition. (a) Four traveling wave, counter-

propagating geometry with atom state labeling and interferometric output ports identified. (b)
Fluorescence emission data with CaBOT frequency reference and a test laser at NIST.
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boundaries at which fringes are expected to disappear when the displacement of atomic wavepackets
exceeds the coherence length Frigure 3-2b plots the CaBOT R-B fringes measured at the same oven
temperature and along the same detuning axis As the calculation predicts, fringes disappear beyond
detuning values corresponding to wavepacket displacements greater than the atomic beam coherence
length

Based on equation (3 1), a large nter-laser spacing D 1s desired to produce a narrow resonant
locking feature with potential for better frequency mstability performance SWaP concerns drive a desire
to limut the overall spacing to enable a small form-factor for the final clock At the same time, equations
(3 2)-(3 3) indicate that for a given oven temperature, increasing the spacing D also narrows the window

y

in which fringes are visible While a maximum fringe contrast of % 1s possible 1n this configuration for
each recoil component (with a total contrast of % achievable when the recoil components are allowed to
overlap as with cold atom experiments) [Sterr et al 1997], the actual fringe contrast that may be observed
1s limited by the window size determined by the atom oven temperature and the inter-laser spacing D For
a fixed source temperature, then, there are competing objectives D must be large to produce narrow
fringes, but short enough to preserve the coherence of the interferometer A separation distance of 50 mm

was selected for CaBOT following the successful operations of a 27 mm separation used 1n the Fox et al

2012 design
3.1.3. Time-Domain and other Ramsey-Bordé Interferometer Applications

Before discussing the CaBOT frequency reference implementation further, alternative R-B
schemes and applications are imtroduced for context R-B interferometry may also be conducted n the time
domain instead of passing an atom through four spatially separated laser fields, stationary atoms may be
subjected to four laser pulses separated in time The primary advantage of this approach 1s capacity to more
readily modify interferometer characteristics and to work with cold atoms Additionally, beam parallelism

1s guaranteed for the four pulses Recently, the method has provided an exciting avenue for fundamental
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physics research With cold atom time-domamn R-B interferometers, extremely large area atom
mterferometers may be achieved, imvolving many photon recoil exchanges separating atomic wavepackets
before recombination at the interferometer output ports Examples include recent measurements of the fine
structure constant [Bouchendira et al 2011, Muller 2008, Chiow ef al 2009, Cadoret et al 2008,
Bouchendira et al 2013, Wicht et al 2002, Weiss et al 1994], of local gravity measurement [Renee
Charriere et al 2012], and gravity wave detection [J M Hogan, et a/ 2011] For a further description of
the state of the art m large area atom interferometry using time-domain R-B methods and their application
to mertial sensing, fine structure constant measurement, and gravitational wave detection, see Chiow et al
2011

Time-domain R-B atom mterferometry does not readily apply to thermal atoms, given requirements
for interference For atoms to contribute to the interferogram, they must be exposed to all laser pulses
w1th;)ut being disturbed by collisions or other external mfluences, and they must remamn within the
mnteraction region for the duration of the pulse train This imphies the use of one of two approaches either
atoms must be cooled and trapped as previously discussed, which offers the advantage of interferometer
flexibility and scientific application at the cost of large SWaP and high complexity, or pulse separation
times must be exceedingly short, leading to broader Ramsey fringes that may not be adequate for
experimental or operational purposes

Because this effort has a focus of fielded timekeeping applications 1n which low SWaP 1s
prioritized, the time domain 1s not selected for the CaBOT architecture Instead, R-B mterferometry m the
spatial domain 1s selected While low frequency 1nétab111ty timekeeping 1s the current focus, spatial R-B
atom mterferometers may more broadly be applied to applications ranging from space-time curvature
mvestigations [Jurgen Audretsch and Karl-Peter Marzlin, 1994] to tests of the Sagnac effect [Riehle et al
1991] and laser pre-stabilization for laboratory timekeeping and fundamental science objectives [Olson et

al 2017, Olson et al 2019]
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3.2. Calcium Beam Optical Timekeeping (CaBOT)
frequency reference design

With a thermal beam, only one laser needed for interferometry, and with entirely passive
fluorescence detection, CaBOT represents a simplified and potentially fieldable approach to optical
timekeeping 1n contested environments In order to realize the performance and SWaP made possible by a
thermal calcium R-B atom interferometry architecture, CaBOT was designed to maintam a stable
environment and geometry for atom-laser interactions These efforts were addressed both with the design

of the frequency reference itself, as well as the clock chassis
3.2.1. CaBOT block diagram

A functional block diagram for the Calcium Beam Optical Timekeeping clock 1s depicted m Figure
3-3 The frequency reference, top left, maintains a four-traveling-wave, counter-propagating R-B geometry
with 657 nm light from a frequency doubled, cavity stabilized 1314 nm laser A Pound-Drever-Hall (PDH)
feedback loop stabilizes the 1314 nm laser wavelength to an external cavity using an acousto-optical
modulator (AOM 1 m Figure 3-3) A second AOM (AOM 2 mn Figwe 3-3), modulates the frequency-
doubled light to lock to a single Ramsey fringe using feedback from fluorescence detectors viewing the
atom beam at the output of the interferometer The lock 1s achieved by modulating the laser frequency
between two frequencies, one on each side of the R-B fringe peak (or trough) such that the two frequencies
are separated by the FWHM of the fringe and have similar signal magnitude The signal difference 1s the
control mput used for the lock 1f the laser frequency drifts with respect to the R-B signal, the difference
between these two frequencies grows, and control feedback modulates the 1314 nm laser frequency and the
corresponding frequency doubled 657 nm frequency to reduce the signal difference A fiber-based optical
frequency comb 1s locked to the atom-stabilized 1314 nm light with heterodyne beating, and outputs an 80
MHz optical pulse train that 1s down-converted with digital division designed for low added noise to a final

10 MHz signal for distribution

114



4
; Fluorescence R-8 control
> [F( SP“ detection at  [fr———— and feedback
2 657 nm
g 4H—r : High finesse
o " Fabry-Perot
= - = AOM1
; 2 r . AOM 2 for R-B )I Laserand |€ reference cavity
e £ feature locking fraquancy —3 and € 3
w2 douhling PDH
o®
E Y
E = Fiber-based optical frequency comb
= $ *
§ | rI | Beat mode from laser | = Electrical connection
b4 Il ‘ h | _and nearest comb tooth | ==== Servo control feedback
]
iy | - = 1314 nm
. Output Pulse : Rep ratecontrol and ceo | 657 nm
MH © | frequency measurement |
(MHn) Loy mesmrement ) Comb output pulse
Y
Digital
Ph°:.';.d '°d°; | pivision | S| 10MHzRF
amptlhlerian (80 MHz to output
synthesizer 10 MHz ]

Figure 3-3. Block diagram for the Calcium Beam Optical Timekeeping clock.

The selection of a 1314 nm laser with frequency doubling and a fiber-based comb were intended
as a compromise between reduced SWaP and performance reliability concerns. While chip-scale lasers and
combs are available, these options suffer from relatively high instabilities making them unsuitable for
application to CaBOT. The telecommunications and manufacturing industries are currently driving rapid
advances in near-IR optical lasers in the 1000-1500nm range, which has driven down costs and SWaP of
lasers in this region of the electromagnetic spectrum. In addition, laser performance at these wavelengths
has also improved, making narrower linewidths and lower instabilities more readily available as compared
with lasers at shorter wavelengths. Similarly, the rapid development of fiber-based optical frequency combs
in recent years has enabled a reduction of optical comb SWaPs to those that are applicable to CaBOT and
other fielded applications.

The thermal Ca R-B frequency reference and fluorescence detection system at the top left of the
functional block diagram of Figure 3-3 are the focus of the remaining sections of this chapter. These critical

subsystems provide the spectroscopic signal ultimately responsible for the final atom-based timing signal
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and are the principal drivers of overall CaBOT performance and SWaP The next chapter details

mvestigations pertinent to clock chassis design and thermal control
3.2.2. Frequency instability design error budget

Table 3-1 compiles a design error budget for the CaBOT frequency reference, including major
sources of frequency error (uncertainty and nstability) that were expected, as well as proposed mitigation

strategies to ensure long term (up to and exceeding 10,000 second) fractional frequency instability 1n the

1x107'® decade Long term, low 1nstability performance was emphasized i design objectives for CaBOT
to support GPS-denied applications Today, there are no fielded systems today that can achieve both
excellent short and long term stability performance, an application area m which CaBOT would stand

alone

Table 3-1. Approximate CaBOT design error budget for frequency uncertainty and instability

Shift Long term .
t . - i € £ X «
Effec magnitude instabihity Proposed mitigation approach
Fust-order < 20 mHz <20 mHz Beam alignment parallelism to < 1 prad , k-teversal
Doppler <44%x107" <4 4x107" forward/ieveised beam anti-parallelism to < 1 prad
0 1 K atom souice temp contiol nested 1nside temp-controlled
Sec:)lnd' 750 Hz 25 mHz zone including atom source, ntetaction 1egion, and optics, laser
order 2 7 -
D oppler 16x107™" 55x%x107" fractional powet diift held to < 2x 10" with active power
control
. ~06Hz/G® = ~60 Hz/mT" shuft, holding field of
Magpetic 24Hz 5 mHz ;
ficlds: 53510 11x10" 2G =02mT controlled to fractional variation < 1x10~ ,
Zeeman x x1 magnetic shielding, possible field measuiement and
compensation
Electri
fiel ds‘c <80 mHz <5 mHz Place interaction 1egion in metal case (same as magnetic
S tmk. <18x107"° <l1x10™" shielding)
Blackbody 10 Hz 10 mHz 0 7 K temperature variation i interaction region tetmp contiol
Stark 22x107" 22%x107" zone mcluding atom source, interaction 1egion, and optics
<15 mHz <15 mHz Low phase noise comb and digital division synthesizei
Techmcal i, o,
<33x10 <33x10 electronics
Total < 80 mHz
ota
<18x10™
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As listed 1n Table 3-1, the two largest contributors to instability are expected to be first- and second-

order Doppler shifts For a single atom-laser interaction, the first-order Doppler shift 1s given by k Voom

where k£ 1s the wavevector of the laser and v, 1s the atom velocity vector Unlike the first-order Doppler

atom

effect, the second-order Doppler does not depend on geometry but instead depends entirely on the atom

-2
velocity The shift magnitude 1s given by yw, =27y, (l ~ Voo / ¢’ ) , where @, = 27V, 1s the angular

atom

clock transition frequency, and ¥ 1s the usual relativistic term relating atom velocity v,,,,, = V. with

atom

the speed of light ¢  While the uncertainty associated with high atom velocities cannot be directly addressed
(note the relatively large shift uncertainty of 750 Hz), mstability corresponding to the second-order Doppler
shift may be controlled with stable atom source temperatures A target of 0 1 K temperature control for the

atom oven was 1dentified as a requirement for integration with CaBOT chassis temperature control to limit

second-order Doppler shift instabilities to < 0 025 Hz as indicated 1n the table
In addition to inhomogeneous shifts arising from individual atom velocities, homogeneous effects
related to the presence of external magnetic and electric fields were also considered Magnetic and electric

fields modify the internal atom energy structure with Zeeman and Stark shifts, respectively, potentially

affecting the energy splitting mvolved mn the 4s*'S; — 4s4p°P, clock transition Because the clock

transition couples the magnetic sublevel m =0 of the ground state to the 7’ = 0 sublevel of the excited

state, the transition 1s mnsensitive to magnetic fields to first order A weak bias magnetic field of several
Gauss (G) 1s sufficient to hft the degeneracy of the excited m' = {O, il} states to ensure this msensitivity
In this manner, the usual Zeeman shift, which scales with the dot product of the atom’s magnetic moment

vector i with the magnetic field vector B according to ji B / 71, 1s suppressed to some 0 6 Hz/G* A

magnetic shield, 1e a mu-metal case, 1s employed to protect the interaction region from any external

magnetic fields
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Frequency shifts corresponding to static and varying electric fields (DC and AC fields,
respectively) are mitigated with a Faraday cage (the same metal case used for magnetic shielding), as well
as with amplitude control of the R-B laser light In the atom-laser interaction region, light shifts
corresponding to the AC Stark effect from the laser itself reduce the ground state energy and raise the

excited state energy of the effective two level transition The perturbation to the energy splitting scales with
Q g2 / v, where Q =+ Q? + 8 1s the generalized Rabi rate expressed mn terms of the bare Rabi rate O

and the laser detuning & Because the bare Rabi rate i1s orders of magnitude smaller than the transition
frequency v, , this light shift 1s only appreciable with large detuning O , which are not present given the

need to keep the laser frequency near the transition frequency for R-B atom interferometry

In addition to the DC and laser-induced AC Stark shifts, temperature changes alter blackbody
radiation-induced Staik shifts By maintaining the temperature variations within interaction zones to a range
of 0 7 Kelvin, shifts imited to exceeding 0 010 Hz may be expected This analysis accounts only for
temperature-induced frequency shifts i the internal atomic energy structure More stringent control
requirements arise from temperature variations in the physical apparatus of the frequency reference
Frequency shifts are mediated by beam steering resulting from thermal expansion of optical components or
mounts exposed to thermal gradients and transients Experimental assessment of thermal sensitivity 1s
discussed 1n section 5 2 of this thesis

Finally, technical noise associated with laser, optical comb, and synthesizer electronics constitutes
the last item of the frequency mstability design budget of Table 3-1 The target instability contribution from

low noise components and low added noise digital division techniques was 0 015 Hz When summing all

expected contributions, < 0 080 Hz total frequency instability with a corresponding fractional frequency

mnstability of 1 8x107'® was proposed for the CaBOT clock
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3.2.3. Critical design overview

3.2.3.1. Principal design attributes

The CaBOT frequency reference was designed to operate 1n support of CaBOT clock performance

targets indicated 1n the Table 3-1 for months at a time without supervision and subject to a broad range of

environmental conditions mcluding local temperatures between 0—50°C  As such, standard laboratory
optical fixtures and practices were avoided as these are usually intended for short duration oﬁeratlons and
typically require constant supervision and manual adjustment Components and interfaces are designed to
accommodate the fundamental requirements to mantain a stable atom-laser interaction geometry for
extended pertods of time, to mitigate sources of instability in the laser field shape, intensity, and phase and
n the atom beam shape and intensity, to ensure low noise fluorescence detection and overall atom-based
signal quality 1n the spectroscopic output of the frequency reference, and to mitigate external environmental
perturbations including temperature, vibrations, and electrical and magnetic fields

Critical design attributes selected to achieve mstability performance goals mclude the use of
monolith structures wherever possible among optical elements and vacuum system elements, the selection
of coefficient of thermal expansion (CTE) matched materials, and a minimization of adjustment points to
ensure atom beam and laser beam alignment and optical contrast maximization 1n fluorescence signals A
common reference datum was used for physical mtegration of optics, atom ovens, and atom collimator slits
to ensure laser parallelism and consistent R-B geometry Feedback control was employed to maintain
stability 1n laser and atom beams The same optics plate was designed to host optics both inside and outside
of vacuum to mitigate alignment risk, and monolithic optics including penta-mirrors penta-prisms and a
roof mirror produce a highly parallel R-B laser geometry even for a range of imperfect mput steering angles

The CaBOT frequency reference as a unit 1s composed of a vacuum system, atom source, an optics
delivery system, and fluorescence detection system An external view of the vacuum chamber integrated

with the CaBOT optics baseplate 1s shown mn Figure 3-4 Optical elements form and shape a single laser
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Figure 3-4. CaBOT frequency reference hardware: exterior view of vacuum chamber integrated with
optics baseplate

input along one of two pathways indicated by dotted red lines. Monolithic optical elements inside and
outside the vacuum chamber steer the laser into an R-B geometry to intersect with an atomic beam inside
the vacuum chamber. The atom ovens were designed with a shroud for water cooling in order to limit the
temperature gradients inside the vacuum chamber and along the optical path of the R-B laser.

Vacuum pumps include two non-evaporative getter (NEG) pumps, an ion pump, and a pinch-off
tube leading to a roughing pump used in vacuum commissioning. Four photodiodes were integrated along
the laser delivery pathways in order to pickoff laser light for laser intensity amplitude control, and their
power supply terminal is indicated in the photograph. Not shown in the photo are fluorescence detectors
that were integrated at the outermost vacuum chamber windows, as well as an optical switch to be used to
alternate between the two laser input pathways.

The two laser input paths represent one of two mechanisms were employed to directly address the
problem of residual first-order Doppler shifts for instability performance indicated in Table 3-1. At the
outset of design, the R-B technique with opposing lasers was selected in part because this method is

Doppler-free to first-order [Bordé e al. 1984, Sterr et al 1997]. Even so, residual first-order Doppler shifts
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Figure 3-5. CaBOT operational modalities; (a) an atom beam traveling from left to right and with laser
pathway 2 used as input; this mode, boxed, corresponds to the nominal configuration as tested at NIST
and as pictured in the diagram of Figure 3-1a; (b) k-reversal of (a) with laser pathway 4 used as input; (c)
same configuration as (a) but with opposing atom beam; (d) k-reversal of (c).

arising from imperfect atom-laser geometry would still be expected in a physical apparatus, and so
additional means of reducing these shifts have been introduced.

Laser directionality switching, referred to as “k-reversal” after the reversing of laser wavevector

/;7. [Durfee, Shahan, and Kasevich 2006, Fox et al. 2012], allows for sequential R-B locks to be made to an
atom-based signal derived from each laser direction. Asymmetries that lead to frequency shifts for one laser
direction are canceled by equal and opposite shifts for the opposing laser direction with a sequential
measurement of the frequency center of an R-B fringe generated with either directionality. The average of

sequential locks produces an output frequency signal with laser directionality dependent shifts eliminated.
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To accomplish laser directionality switching, equivalent optical pathways were populated on CaBOT

baseplate, each of which produces an R-B laser geometry, but with opposite directionality Figuie 3-5a and

Figure 3-5b show two such laser configurations that can be employed for R-B interferometry with a single
atomic beam With use of a 1x2 optical switch, laser light entering the vacuum chamber may begin at laser
2 as i Figure 3-5a, or at laser 4 as in Figute 3-5b, resulting 1n the opposing laser directionality shown in
the images In addition to mitigating residual first-order Doppler shifts, k-reversal also provides a means to

discriminate against mertial effects, to be discussed further 1n section 3 2 3 2 Inertial effects

The second mechanism introduced approaches the same problem of geometry dependent, residual
first-order Doppler shifts and nertial effects with a reversal of atom direction as opposed to laser direction
To accommodate rapid, sequential R-B locking for oppositely-directed atomic beams, the CaBOT vacuum
chamber was designed to host two opposing atom ovens, as well as two fluorescence detection zones With
atoms moving 1n both directions, and with fluorescence detection regions at erther side of the four R-B laser
interaction zones, leading residual Doppler and mertial shifts may be mitigated by the counteracting
influence of signals produced by the opposing atom velocity The use of opposing atom ovens 1n this manner
was most 1ecently demonstrated with Ca-2 at NIST [Olson et a/ 2017, Olson et al 2019]

With a dual atomic beam and k-reversal, four distinct configurations exist for R-B atom
mterferometry with CaBOT, all of which may be combined n a sequential R-B signal locking scheme to
produce a single averaged frequency measurement to discipline the 1314 nm laser, the fiber comb, and the
ultimate CaBOT timing signal Figure 3-5 depicts each of these modalities 1n turn (a) and (b) correspond
to two different laser directionalities and an atom beam generated by an atom oven located at the left of the
vacuum chamber, 1 e for atoms traveling from left to right, (c) and (d) show the complementary k-1eversal
options for the opposing atom oven, 1 e for atoms traveling from right to left

Beyond the frequency reference, the chassis 1s designed to monitor the chassis environment as well
as the external environment A two-layered mu-metal magnetic shield structure was designed to encase the
frequency refeience to protect the atom-laser mteraction zones from external electric and magnetic fields,
and passive shock mounts between the frequency reference and the chassis provide vibrational 1solation for
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the frequency reference A thermal fluid temperature control system was designed to both heat the
frequency reference and chassis up to an operational temperature above the maximum expected
environmental temperature, and then use the ambient air and a set of water-cooling loops to extract waste
heat from electronics and active components 1n the chassis, but also to maintain mK-level temperature

control for the frequency reference
3.2.3.2. Inertial effects

Linear accelerations and angular rotations of the CaBOT frequency reference affect the final clock
stabihity by imprinting phase shifts onto the R-B signal To first order, the total phase shift Ag . .
associated with these mertial effects 1s given by

A(0mert1al = Aqoaccel + A(Drot (3 4)

where A@, . 1s the phase shift corresponding to linear accelerations and Ag_, 1s the phase shift

corresponding to rotation rates The CaBOT frequency reference 1s most sensitive to mertial inputs acting
along the direction of laser propagation, 1 e for linear accelerations along the principal laser axis and for
angular rotations with a rate vector normal to the plane of the atom-laser interaction Figure 3-6 depicts the
coordinate frame of the CaBOT frequency reference and the associated orientations for linear accelerations

and rotations which would produce the largest phase shift of the R-B fringes

The magnitude of phase shifts for an acceleration a,_ along the principal axis of laser propagation
and for angular rates @, rotating about the out-of-plane axis are given by [Audretsch and Marzlin 1994]

AQ, g =—ka,T(T+T")

35
Ay = 2kv,0, T (T +T") G2

where k =27/ 1s the wavenumber of the laser, v, 1s the velocity of the atom along the principal atom

beam direction, and 7" = D/v_ 1s the transit time for an atom passing through beams 1-2 and between
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Figure 3-6. Coordinate frame and directionality for CaBOT sensitivity to inertial inputs.

beams 3-4. Finally, 7" is the transit time for an atom passing through the central region of length d between
beams 2-3. From an engineering perspective with thermal atomic beams, phase shifts approaching 7

radians for the most probable atom velocity may be considered as a threshold for significant contrast loss.

The reason is that thermal beams exhibit a large range of atomic momenta: given the dependence of Ag, .

on atomic velocity, a 7 radian phase shift for the most probable velocity would imply a range of phase
shifts for the full momentum distribution spanning a large fraction of the full 27 phase space. The
consequence of this would be diminished coherence that is necessary for interference.

To illustrate the magnitude of expected shifts with the CaBOT frequency reference, accelerations
and rotations corresponding to Earth’s gravity and rotation rate may be considered. A particularly
illustrative scenario involves the operations of CaBOT at the equator with the frequency reference tilted

such that the principal laser axis is oriented along the gravity vector. In this case, gravity acts along the
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sensitive linear acceleration axis, 1 e the Z axis, and Earth’s rotation results i an angular rate about the
sensitive rotation axis, 1e the p axis While CaBOT was designed to operate i Earth’s gravity with the

laser fields oriented orthogonally to the gravity vector, this hypothetical scenario 1s illuminating nonetheless
to estimate the sensitivity of a stationary CaBOT to tipping and tilting, and also to determine the sensitivity

of future versions of CaBOT that may be envisioned for space-based operations With an oven temperature
of 625°C the most probable atom velocity along the x axis 1s <v> =748 m/s Given the inter-laser
separations of D =5 cm and d =1 5 cm for CaBOT, corresponding transit times for use in equations
(35)are T =67 ps and T' =20 ps

With these values and with the wavenumber corresponding to the Ca intercombination line at 657
nm, Earth’s gravity at the equator (9 8 m/s?) results 1n a phase shift of Ag,_, =—054 rad =~ 7/6 Fora

nominal angular rate of one rotation per day (73 prad/s), the resulting phase shift for this scenario 1s
Ap,, =6 0 mrad ~ 7/500 These phase shifts are converted to frequencies by noting that the CaBOT
frequency reference produces fringes with a FWHM of 3 kHz, which corresponds to z radians of the

nterference signal Using the conversion factor of 3 kHz/7 rad, the expected frequency shifts for

acceleration and rotation are given by Av, , =-052kHz and Av,, =58 Hz, respectively In

accel —

fractional frequency terms, acceleration due to gravity produces a shuft of Av,_, /v, =—1 1x107, while
the Earth’s rotation produces a shift of Av,, /v, =1 3x 107" for the assumed scenario

Given the GPS-denied objective for short-term fractional frequency nstability of 1x 10™ and a

long-term 1nstability of 1x 107", the relatively large magnitude of shifts arising from linear accelerations
and angular rates must be considered both n design and nominal operational configuration of CaBOT As

noted 1n section 3 2 3 1 Principal design attributes, the design of CaBOT includes the use of k-reversal and

opposing ovens to produce a single averaged signal from sequential operations of the four modes depicted

m Figure 3-5 Given the fact that equations (3 5) are derived with the atom beam and laser beam
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directionality and geometry depicted in Figure 3-6 (and Figuie 3-5a), either changing the direction of the

lasers or changing the direction of the atom beam would flip the sign of both A¢, ., and A@,, By

averaging the central frequency of the R-B signals observed for each of the four operational configurations
depicted in Figute 3-5, leading shifts corresponding to wnertial effects acting along the laser beam may be
discriminated against

The simple scenario considered for vertically-oriented CaBOT operations at the equator with a
single operational mode may be used to estimate the sensitivity of the CaBOT frequency reference to tips
or tilts before averaging across the four operational modes afforded by k-reveral and opposing oven

operations As described in the model scenario, tilting CaBOT about X axis such that the lasers propagate

along the gravity vector would result in a fractional frequency shift of Av,_ /v, =—1 1x 10" 1In order

to limit the fiactional frequency shift to 1x10™'® for nommal operations with the laser fields ortented
orthogonally to the gravity vector, the tilt angle of the CaBOT frequency refernece should be Iimited to less

than or equal to ~ 100 prad For the CaBOT chassis, which measures 63 5 cm (25”) 1n the axis along the

laser propagation, a 100 prad tilt about x corresponds to a relative displacement of 63 5 pm (2 5 mils),

which 1s a reasonable engineering objective for a static environment

Given the 1nertial sensitivity of the CaBOT fiequency reference, operational settings that minimize
time-varying linear accelerations along the laser beam and rotations in the atom-laser plane are most
favorable For this reason, static environments are preferable to dynamic platforms Even so, constant
accelerations and constant angular rates mn a static environment may not compromise high performance
operations since GPS-denied operations as well as a broad range of other fielded applications envisioned

for the CaBOT clock ultimately rely on timing stability as opposed to timing accuracy
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3.2.4. Frequency reference subsystems

3.2.4.1. Vacuum chamber .

The CaBOT vacuum chamber contains the atom ovens and collimators, as well as optics necessary
to steer an mput laser into the required R-B geometry In addition, the vacuum chamber accommodates two
fluorescence detection zones that include parabolic reflectors m-vacuum and a light baffle tube that not
only shields the fluorescence zone from background light by reducing overall scattered light mside the
vacuum, but also prevents calcium deposition on optics or other structures within the vacuum chamber
Finally, permanent magnets with Gauss-scale magnetic strength are placed on top of the vacuum chamber
over the atom-laser mnteraction zones to provide a bias field for the atomic beam to maximize couphing with
the linearly polarized R-B laser fields

The chamber was machined from a single block of 316 stainless steel and was designed for sealing
via traditional flanges and O-rings to interface with flat stainless steel plates Stainless steel was selected as
amaterial for 1ts low thermal conductance to help provide thermal 1solation of the critical R-B optics needed
to generate the highly parallel and stable laser geometry In addition, 316 stainless steel 1s less magnetic
than other alloys and so provides a level of magnetic 1solation for the atom-beam nteraction zones to
supplement that provided by the double layered mu-metal magnetic shielding To further address thermal
radiation concerns, thermal baffles were machined as part of the primary structure to shield the mteraction
region mn-vacuum optics from the atom ovens A removable steel insert in the thermal baffle immediately
1n front of each oven was included to allow for quick removal and cleaning of residual calcium build-up 1f
necessary between operational runs when calcrum 1s reloaded mto the crucibles The windows of the

vacuum chamber were designed with a pitch tilt of 3° to reduce the effect of back reflection
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Figure 3-7. CaBOT vacuum chamber detail: (a) vacuum chamber interior, with single atom oven and
parabolic mirror installed for NIST testing; (b) light baffle design graphic.

In the NIST experimental campaign, a roughing pump with a copper pinch-off was used for initial
pump-down, while two 40 L/s NEG pumps performed primary pumping with an estimated pump rate near
the R-B interaction region of 30 L/s, with a single 2 L/s ion pump placed outside the mu-metal magnetic
shielding to avoid the strong magnetic field at the pump from interfering with the bias magnetic field at the
interaction zones. Both the NEG pumps and ion pump were designed for continuous, low-noise operations
while the frequency reference is in use.

Figure 3-7a shows an interior view of the vacuum chamber in the configuration used for
experiments conducted at NIST. Operation of the Ca oven at left in the photograph results in an atom beam
passing through the light baffle from left to right. A thermal baffle wraps around the atom oven, physically
separating the oven from the rest of the vacuum chamber. While there is an identical space and thermal
baffle at the right of the vacuum chamber to host dual, opposing atom beam operations, experiments at
NIST were conducted with only the single oven installed. In place of a second atom oven, a NEG pump is
placed opposite a single Ca oven in this configuration. For dual-oven use, this NEG pump would instead
be placed at an alternate vacuum flange location to match the configuration at the other side of the vacuum
chamber. The reason for the alternate NEG pump placement was a higher conductance for the pump when
operated at this location, ensuring low vacuum pressures for operational testing even without actively
cooling the atom oven.

Critical to the long-term operational success of the frequency reference is the maintenance of optics
cleanliness as well as the mitigation of background laser light that might contribute to noise in the

fluorescence readout. Figure 3-7b shows a graphic depicting the light baffle tube designed to address both
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concerns This rectangular structure 1s designed with several tens of removable baffles, separating zones 1n
which laser light passes through and in which fluorescence detection occurs In one sense, the tube serves
as a traditional light dump, preventing background levels of light from reaching the fluorescence regions
located at the ends of the light baffle tube At the same time, the tube also collects stray calcium as the
atomic beam passes through, mitigating unwanted deposition elsewhere 1n the vacuum chamber Both the
interior of the light baffling structure, as well as the interior of the vacuum chamber including the backs of
the in-vacuum chamber R-B optics were coated with Aquadag, a blackening agent, to further reduce
background scattered light

Laser light entering the vacuum chamber from the windows at the bottom of the photograph n
Figure 3-7a passes through holes 1n the light baffle and 1s steered with reflections off the R-B optics at the
back of the vacuum chamber and several optics outside of the vacuum chamber (not pictured) for interaction
with the atom beam For further information regarding R-B laser optics design, see section 3 2 4 3 Optics,

laser delivery, and alignment In the fluorescence detection region, a parabolic mirror 1dentified in Figure

3-7a allows for additional light collection than would otherwise be achieved with fluorescence detection

optics located at the vacuum chamber window alone For more information regarding the fluorescence

capture system, see section 3.2 4 4 Fluorescence detection

Over the course the experimental campaign at NIST, vacuum pressures between 1x 107 Torr and

-7
1x10™ Torr as measured by 1on pump current were common during operation with a single atom oven

and no active shroud cooling of the atom oven as discussed further in the next section, 3 2 4 2 Atom source

The use of a thermal beam allowed for relaxed vacuum requirements (< 1x 107 Torr) as compared with

optical lattice clocks, or 1on traps, neither of which could be accomplished with relatively simple O-ring

design used for CaBOT
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3.2.4.2. Atom source

On each side of the vacuum chamber, vacuum flanges for atom oven interfacing were welded to be
precisely aligned with respect to a common vacuum chamber datum pomnt The same datum 1s used to
reference the optics plate that serves as the base of the vacuum chamber and that hosts the R-B optics and
atom collimator slits, enabling precise alignment of the atom and laser beams Both ovens are 1dentical and
are composed of a heating element and an effusion cell that fits inside the heating element They were
designed with the objective of producing a high flux atomic beam with minimal thermal radiation so as to
prevent localized heating of the R-B optics that lead to phase shifts in the laser light

In order to mitigate thermal radiation, three Ta shielding layers and a water-cooled shroud were
designed to surround the heating element of the ovens The reason for selecting water over air for use as a
thermal fluid 1n the shroud tubing 1s that water flow 1s less noisy than air flow, mitigating vibrational
perturbations that may impact laser or atom beams Even so, water cooling 1s not strictly required for
operations, and was not employed during the NIST experimental campaign

Figure 3-8a depicts effusion cell elements prior to assembly, and Figuie 3-8b shows both atom
ovens fully assembled, 1e with Ca-filled effusion cells integrated with the oven body Figuie 3-8c and
Figure 3-8d show a single atom oven from a side-view and from a head-on view, respectively The ovens
were designed to accommodate any number of nozzle designs featuring a channel with or without
microtubules The reason was to enable expeiimental trials with different nozzle geometries to provide
different atomic beam fluxes to maximize observed R-B signal and contrast All nozzle designs featured a
narrow dimension along the axis of the laser beam propagation to limit Doppler shifts experienced by the
atomic beam

In addition to determining the flow rate of atoms from the crucible, the nozzle provides an nitial
degree of atom beam collimation Nozzles with channel lengths between 1 cm and 3 cm were fabricated
for use with the oven while the 1 cm varieties allow for more Ca to be placed 1n the crucible, the shorter

channel length results in higher atom fluxes and higher rates of Ca depletion The molybdenum ciucibles
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Figure 3-8. CaBOT atom source: (a) effusion cell components before assembly; (b) fully-assembled atom
ovens; (c) side view of single atom oven with vacuum flange and water-cooled shroud labeled; (d) head-
on view of single atom oven assembled with microtubule nozzle variant.

in Figure 3-8a were designed to have a capacity of 15 cubic centimeters and may be filled with high-purity
= 99% calcium to be heated to an average temperature between 500" C-725°C .

Figure 3-9 shows photographs of two different nozzle varieties. (a) and (b) depict a nozzle with
microtubules with an inner radius of 7,,, =190 pm . (a) depicts the Mo crucible and nozzle alone, and (b)
shows this assembly integrated into the rest of the atom oven, with a final Ta cover and the water shroud
tubing seen head-on. (c¢) depicts an integrated atom oven with a nozzle that does not have microtubules but
that instead features an open channel that was predominantly used during NIST frequency instability

evaluations primarily because of the high atom fluxes and correspondingly large signals observed with this

nozzle design.
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Figure 3-9. CaBOT nozzles with diagrams labeling principal dimensions for a microtubule nozzle (a) and
(b) and an open channel nozzle (c). (a) microtubule nozzle resting within a Mo crucible; (b) the nozzle and
crucible from (a) integrated into the atom oven with an outer Ta shield and water cooling shroud viewed
head-on; (c¢) the same integrated oven as (b), but with an open channel nozzle.

Approximate calculations for atom flow rates corresponding to various nozzle designs may be used
to estimate the lifetime of 15 cc of solid calcium loaded into the Mo crucible at the start of CaBOT oven

commissioning. For the case of a nozzle with microtubules, the flow rate N, , of each microtubule is

expressed as [Loeb 1934]:

3
_ 2” p vga.wrurhe
tube 5 /

tube

(3.6)

where sz/(kHT) is density in atoms/cm’ calculated with the calcium vapor pressure P and

temperature 7  at the high pressure end of the nozzle and where v

gas

is the mean atomic speed inside the

oven crucible in em/s, 7, is the microtubule radius in cm, and / ,, is the length of the tubule in cm. For
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the case of a nozzle with an open channel, the flow rate of atoms through the channel N, ., 1s given by

hanne

[Ramsey 1956 p 14]

1
N channel = (l/ K) Z p vgcm Achannel (3 7)

where A4, . 1sthe area of the channel opening and (l/ K) 1s a constant that depends on the geometry of

the channel opening For a long rectangular slit opening with a channel length of / channel width of

channel >

W, amer and channel height of %, . m which the channel length far exceeds the channel height

[

/

ch

>w

channel >

amel > Pgumy and channel width / and where the channel height far exceeds the

channel

channel width 4, , > w this constant 1s given by [Ramsey 1956 p 14]
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For an oven temperature of 625°C, equations (3 6)-(3 8) are used to populate Table 3-2 Among the nozzle

designs considered for CaBOT, four versions are analyzed in the table a microtubule nozzle design with

tube lengths of /,,, =1 0 cmand /,,, =3 0 ¢cm, and an open channel nozzle designwith 7, ., =1 0 cm
and /,,., =3 0cm The microtubule design had 7,, =190 pm with an array of 5x9 (45 total)
microtubules, while the open channel design corresponded to w,,,.., =015 cm and £, ., =060 cm

for channel width and height measurements, respectively Mass flow rates are calculated assuming a
calcium density of 1 55 g/cc for solid calcium pellets loaded into the molybdenum crucible

The analysis shown n Table 3-2, quantifies a comparison between nozzle design options open
channels produce higher flow rates than nozzles with microtubules, and shorter nozzle tube and channel
lengths produce higher flow rates This may be understood from a geometric perspective the solid viewing

angle through a short channel 1s larger than that for a long channel As the channel 1s lengthened, the solid
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angle mnto which atoms are allowed to exit becomes smaller In other words, longer channels collimate the
beam to a greater extent and fewer atoms are able to exit the oven mn much the same way that the

microtubules collimate the atomic beam

Table 3-2. Nozzle design flow rate and lifetime approximations

Atom flow rate Mass flow rate 15 cc calcium
(atoms/s) (g/s) hfetime (days)
Miciotubules, 6 =
l, =lcm 19x10 13x10 210
tbe
Microtubules, 5 ;
l, =3cm 64x10 42x10° 640
ibe
Open channel, 7 »
L. . =lcm 23x10 15x10 17
Opcn channel,
I, =3cm 2.2x10% 15x107° 180

The open channel / =1 0 cm design was selected for use in frequency reference evaluations

chanmel
at NIST grven a priority to maximize atom flow rate and the corresponding atom interferometry signal The
width and height of the channel i this design were w,,.., =015cm and A4, =060 cm
1espectively Operations lasting longer than 17 days were possible, indicating that the open channel results
included 1n Table 3-2 are conservative For long term operations, a more efficient nozzle would be
recommended

Figure 3-10 depicts the atom source, collimation, and fluotescence detection geometry for one of

the two CaBOT ovens The CaBOT geometry 1s symmetric, so the geometry depicted 1s representative of
both configurations After exiting the nozzle at the left of the figure and traversing the interaction region,
the atom beam 1s collimated by an aperture card 22 cm downstream from the oven nozzle The collimating
aperture 1s mounted to a thiee-pont stand on the optics plate mside the vacuum chamber in a position
referenced to the common vacuum chamber datum The collimator mount was designed to accommodate
replaceable aperture cards that may be screwed nto place During testing at NIST, an aperture with
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Figure 3-10. CaBOT atom source, collimation, and detection geometry.

dimensions 0.15 ¢cm x 0.6 cm were selected to match the dimensions of the open nozzle channel width and
height dimensions, respectively. Following collimation, atomic fluorescence is captured 2 cm further
downstream with a 1-f imaging system capturing a 6 mm x 6 mm area of the fluorescent beam with a 6 mm

X 6 mm imaging plane, described further in section 3.2.4.4. Fluorescence detection. With this design, a

Doppler profile full-width half max (FWHM) of 5 MHz was observed for an atom oven temperature of

625°C, as described further in section 3.3.2. Integration of R-B optics and test laser at NIST.,

3.2.4.3. Optics, laser delivery, and alignment

Principal design objectives for the optics of CaBOT include preservation of beam parallelism and
enforcement and preservation of atom and laser beam alignment. The first objective is addressed with the
use of penta-mirrors, penta-prisms, and a roof-mirror, each of which steers the R-B laser beam precisely
90° or 180° for penta- and roof- optics, respectively. The use of these monolithic structures allows for beam
parallelism across all four R-B lasers even with input steering angle deviations. The second objective is
primarily addressed by means of construction of the entire optics train as well as the atom collimation

apertures on a single, common baseplate, including both in-vacuum and out-of-vacuum components. By
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Figure 3-11. Populated CaBOT optics baseplate. All external optics are rigidly mounted while in-vacuum
R-B optics are kinematically mounted; the approximate area of the vacuum chamber is identified with a
narrow blue box.

using a common datum on the vacuum chamber structure to reference the placement and orientation of the
atom ovens, the atom beam collimation apertures, and R-B optics, atom-laser beam geometry is enforced.
The use of rigid, monolithic optics mounts with three contact points for all elements mounted on the
common baseplate ensures the preservation of laser beam geometry, and to ensure the R-B optics inside the
vacuum are not stressed with gravity, pressure, or thermal loads, the R-B optics are kinematically mounted
to the baseplate at locations also referenced to the common vacuum chamber datum.

The floor of the vacuum chamber was designed as a flat plate that extends beyond the vacuum
chamber, forming the baseplate of optical elements both inside and outside vacuum. This design choice
minimized mechanical tolerance stack-up over the laser beam propagation distance, reducing misalignment
risk. Figure 3-11 shows a photograph of the populated baseplate without the vacuum chamber sides or top.
Diffractive optics external to the vacuum chamber were rigidly mounted, as opposed to traditional thumb-
screw lens mounts. Optical mounts were designed with three points of contact and with sturdy construction
to minimize drift in the optical beam path over continuous, long-duration operation of the frequency
reference. Multiple locks for each mount aimed to reduce risk of long term drifts in alignment from

mechanical slip arising from gravity or other environmental factors. Relative alignment of the atom beam

136



and the optical beams must be well-defined and highly stable. The atom beam geometry is constrained by
atom collimators that were mounted also with three contact points on the same optics base plate on which
the optical mounts are placed, ensuring mutually consistent datum referencing.

Unlike other thermal Ca R-B optical atomic clock efforts like [McFerran and Luiten 2010] and
[Fox et al. 2012], both of which place all critical optics outside of vacuum, the CaBOT frequency reference
was designed with some optics inside the vacuum chamber. This design was chosen for optical phase
stability: reducing in-air propagation reduces optical frequency shifts corresponding to atmospheric
disturbances. Additionally, reducing the number of air-to-vacuum interfaces reduced risk of misalignment

of the parallel R-B traveling waves from index of refraction changes along the path of laser propagation.
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Figure 3-12. CaBOT optics. (a) in-vacuum R-B optics and diagram depicting R-B geometry; (b) diagram
depicting penta-mirror and penta-prism steering; (¢) detail of a penta-mirror; (d) detail of an athermalized
anamorphic prism pair beam expander; (¢) detail of a dual fiber collimator mount.
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Figure 3-12 contains photographs and graphics depicting the CaBOT optics (a) shows a
photograph of the in-vacuum R-B optics with additional elements and the laser pathway labeled The
configuration shown matches the operational geometry employed i NIST experiments (b) depicts the
action of the penta-mirrors in-vacuum and the penta-prisms outside the vacuum, which steer the laser beam
at a right angle while maintaining polarization, and (c) shows a photograph of a single penta-mirror for
reference ‘At the begimning of the optical tram, a dual fiber collimator mount, pictured m (e) provides an
interface for laser light to be collimated mto a beam for free space propagation Like the optical mounts,

this mount was designed for robustness and stability with three contact points for nterfacing with the
baseplate The laser beam exiting these collimators 1s circular with a 1/ e” beam diameter of 1 5 mm, though

an adjustable collimator may be employed to vary this waist size Rusley prisms and tip-tilt mounts are used
to angle the laser beam along the mput train, and an athermalized anamorphic prism pair beam expander,
pictured 1n (d), expands the beam along the vertical axis by a factor of 5 5x to produce an elliptical beam
shape The anamorphic prism pairs provide mitigation against thermal expansion of the mount and low-
CTE glass, further improving the design’s robustness to environmental fluctuations

The m-vacuum R-B optics were designed to ensure a high degree of parallelism mvolving discrete,
monolithic optical elements like the penta-mirror shown mn Figure 3-12¢ [Sinclair, Kelsey, and Stoner
2017] Each individual element was optically bonded to a common, low coefficient of thermal expansion
(CTE) glass This carrier glass plate was then kinematically mounted to the common baseplate to account
for differential thermal expansion and vacuum pressure- and gravity-induced loading One of three
kinematic mounts 1s labeled 1n Figure 3-11 The penta-mirrors and roof-mirror used in-vacuum were paired
with two penta-prisms located just outside vacuum, which together with an optical mount placed for two
degree-of-freedom adjustment, steer a single laser beam into the four R-B parallel lasers for atom
interferometry After the laser exits the vacuum chamber for the final time, the laser beam was designed to

be picked off by a photodiode for power modulation through feedback control
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Penta-mirrors and penta-prisms are critical to achieving reliable, stable parallelism of the laser
beams given their function of inducing a 90° deflection between incident and outgoing beams independent
of the input beam’s orientation with respect to the optic. This is graphically depicted in Figure 3-12b. This
is the principal reason for their selection over a simple monolithic ULE mirror.

The difference between the penta-mirror and penta-prism concerns changes to the index of
refraction in the optical pathway. For the penta-mirrors inside vacuum, the optical field does not pass
through glass and is instead reflected between the mirrors while remaining in vacuum. Alternatively,
steering with penta-prisms involves a change in the index of refraction from the air to the glass optic back
to air as the light is steered within the penta-prism. These changes of index, as well as any remaining

alignment problems between co-propagating laser pairs in the R-B geometry, may be addressed with a
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Figure 3-13. Finite element analysis for CaBOT optics plate for deflection under the influence of vacuum
pressure and gravity.
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Risley prism pair used for adjustment and alignment between the penta-prisms outside the vacuum as
depicted in Figure 3-12a

One implication of using the same stainless steel baseplate as an optics plate both outside and 1nside
vacuum 1s pressure-induced deflection To address this effect, finite-element analysis was conducted by
Draper staff for proposed baseplate designs to determine the deflection of the baseplate and associated beam
steering implications for the final CaBOT optics plate design assuming gravity and vacuum pressure

loading Figure 3-13 depicts the results of this analysis for 0 75” stainless steel optics plate The maximum

deflection calculated was just over 2 um with < 7 prad patch (rotation about X ) and yaw (rotation about

¥ ) angular deviation of the laser beam from the designed optical path, indicating that atom-laser alignment

and laser beam parallelism may be preserved with the existing baseplate design In the figure, the baseplate
1s oriented with the vacuum chamber at the bottom, with plate deflection shown corresponding to vacuum
forces acting on the center of the chamber floor to raise the plate as indicated With this minimal deflection,

the design with 0 75” optics plate thickness was determined to be sufficient
3.2.4.4. Fluorescence detection

Figure 3-14 shows a photograph of three fluorescence detectors considered for CaBOT including a
Thorlabs Photo-Multiplier Tube (PMT) and Hamamatsu’s Multi-Pixel Photon Counter (MPPC) modules,
one with an active detection area of 3mm x 3mm (“Hamamatsu MPPC 3x3”), and another with an active
detection area of 6 mm x 6 mm (“Hamamatsu MPPC 6x6”) Aside from the advantage MPPCs provide with
their small SWaP, the chip-based modules feature lower dark currents than PMTs at elevated temperatures
and feature good detection sensitivity Each MPPC module is hard-wired with a pre-selected gain setting
and a mechanism to automatically disconnect power from the sensitive detector array 1f incident light

exceeds a threshold
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Thorlabs PMT
PMMO2
71 mm? sensing area

Hamamatsu MPPC 3x3
C13365-3050S with
S13360-3050CS built-in
9 mm? sensing area

Hamamatsu MPPC 6x6
C13365SPL with
S13360-6075CS built-in
36 mm? sensing area

Figure 3-14. Fluorescence detectors considered for CaBOT; Hamamatsu MPPC 6x6 selected.

Even though the PMTs offer variable gain and higher detector sensitivity, and even though the
detector collection area is larger for the PMT, the MPPCs are selected for their greater versatility and low
dark currents at elevated operational temperatures. All experimental data discussed in section 3.4. CaBOT

frequency measurements and instability analysis involve the use of the 6 mm x 6 mm MPPC depicted at

the bottom of Figure 3-14.

Fluorescence capture occurs at either end of the vacuum apparatus at a location 35 mm downstream
from the final atom-laser interaction site as depicted graphically in Figure 3-10. A lens tube mounted to
each of the outermost vacuum chamber windows was designed to house a bandpass filter and a biconvex
lens with a clear aperture of 24 mm. By spacing the biconvex lens two focal lengths both from the atom
beam and the detector plane, a 6mm x 6mm area of the atomic beam is imaged on an equal area at the

Hamamatsu MPPC pictured at the bottom of Figure 3-14 (“Hamamatsu MPPC 6x67).

The half-angle field of view for the imaging system is FOV,, =45.9 mrad , corresponding to a

total solid angle of ® =27 |:1 - (:OS(FOVU2 ):| =7.68 %107 sr. This accounts for approximately 0.06%

of the total fluorescence emitted in 47 sr from the center of the fluorescence capture region. This is the

proper figure of merit since the Ca optical clock transition’s spontaneous emission profile is spatially
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homogeneous Inside the vacuum, a parabolic reflector was placed opposite the fluorescence capture lens
tube, providing a two-fold improvement in collected light, yielding an estimated 0 12% collection fraction

Sensitivity analyses were conducted at Draper for PMT and MPPC modules, using an unfocused
laser source outputting 26 mW optical power at a throw distance of 40 6 cm (16”) For each detector tested,
a lens tube forward of the detector contained a line filter and neutral density filters to reduce the incident

light to pW scale incident power This source of light was calibrated to have an intensity of
170x107 W/m? using a Thorlabs digital handheld optical power and energy meter The Hamamatsu

MPPC modules output a signal with a bandwidth of 2 MHz A chip-sized 20 kHz low-pass RC filter
fabricated at Draper was used to filter MPPC output The Thorlabs PMT has a bandwidth of 20 kHz and
was not filtered further A laboratory oscilloscope was used to measure detector signals

The average sensitivity measured across five Hamamatsu MPPC 6x6 detectors was

2 6x10° V/W , with a variance of 0 0066x10° V/W To compare gross noise between the MPPC and

PMT, the PMT was set to a gain at which a sensitivity of 2 3x10° V/W was measured At these

sensitivities, the fractional signal standard deviation (1 e the signal standard deviation divided by the signal
mean) was measured to be lower for the Hamamatsu MPPC 6x6 (0 09) than for the PMT (0 13), indicating

the high level of performance available from the chip-based MPPC sensor

3.3. CaBOT frequency reference integration

3.3.1. Vacuum chamber commissioning

3.3.1.1. Atom oven commissioning

A staged integration approach was employed to reduce risk leading to experimental operations of
the frequency reference Before mtegrating the in-vacuum R-B optics as described 1 section 324 3

Optics, laser delivery, and alignment, atom ovens were commissioned with an engineering model of the 1n-
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Figure 3-15. CaBOT vacuum operations for calcium oven commissioning. (a) interior view shortly after
removing the vacuum chamber lid following operations (b) view of the thermal baffle with slot removed,
showing atom beam passage to light baffle; (c) light baffle card showing ring of calcium deposition (d)
opposing atom oven nozzle with calcium deposition; (e) interior view of vacuum chamber after operations
with engineering optics model removed; (f) engineering optics model.

vacuum optics. One objective was to observe calcium deposition after sustained operations on the order of

days with calcium oven mean temperatures between 500°C-700"C, as well as to ensure that the R-B optics
and the local region in the vacuum chamber near the optics would remain clear of deposition. A second
objective was to ensure that the atom ovens were aligned so that the principal atom propagation vectors
were anti-parallel.

FFigure 3-15 shows a series of photographs taken after this initial oven commissioning phase for the
oven used in the NIST test campaign. (a) shows a perspective of the interior of the vacuum chamber after
removing the lid. The white area with a visible black slit just forward of the oven is oxidized calcium on
the removable slot of the thermal baffle, with a slit for the passage of the atomic beam along the light baffle
rectangular structure through the vacuum chamber. An image with the atom oven, thermal baffle slot
removed to show the atom beam’s entrance to the light baffle is shown in (b). After removing the
engineering optics model shown in (f) and inspecting the local region around the optics as shown in (¢) no
visible trace of calcium deposition was found, indicating that the actual in-vacuum optics would also remain

clean throughout nominal operations.
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In order to assess the pointing of the atom beam, the optical baffle cards were individually inspected
as shown in (¢). The calcium deposition ring around the open slot in the card shown indicates that the slot
was well aligned with the calcium beam. The best indication of atom beam steering within the vacuum
chamber is evidence of calcium deposition on the opposite oven’s nozzle, as pictured in (d). The angle
between the nozzle orientation and the deposited calcium indicates a relative angular azimuthal difference
between the orientation of the two ovens. Even so, the centroid of the deposited calcium overlaps with the
nozzle center, indicating good alignment for the oven tested. Finally, (e) and (f) illustrate key observations
regarding calcium deposition: neither the region around the engineering model R-B optics, nor the optics
themselves indicated any visible trace of calcium, indicating that calcium containment was successfully

achieved with the vacuum chamber design.
3.3.1.2. Uncollimated atom beam and single laser interactions

During initial vacuum operations without the final R-B optics, a 100-kHz linewidth Toptica 657
nm laser was used for frequency reference subsystem commissioning involving a single atom-laser

interaction site. Figure 3-16 depicts the Doppler profile measured when sweeping the laser frequency across

— avErage
---- fit

(=]
~
T

(=2
[=)]

Fluoescence (pW)
[e)] [e2]
H (8,

(o33
w

(2]
N

-200  -150 -100 -50 0 50 100 150 200
Frequency (MHz)

Figure 3-16. Doppler profile data and Gaussian fit with a single atom-laser interaction and no atom beam
collimation.
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the atomic resonance and when no atom beam collimation was used beyond the collimation that is derived
simply from the nozzle and light baffle card slots. Data (black) is depicted along with a Gaussian fit (red
dotted) in the figure. In this experiment, atoms from the right-hand side atom oven were utilized for
interaction with a laser beam introduced along laser path #4 as numbered in Figure 3-5. Fluorescence was

captured by the same system described in section 3.2.4.4. Fluorescence detection without the use of an in-

vacuum parabolic reflector, i.e. with just the collection optics outside the vacuum chamber.

As a quick verification check that the fluorescence signal observed was indeed an atom-based
Doppler profile, a correlation was probed between the beam steering angle and the central resonance
frequency as indicated in the Toptica laser user interface. Figure 3-17 depicts this rapid verification study.

(a) depicts a graphical representation of the experimental setup. In this instance, the right-hand atom oven

Vacuum chamber 2
Calcium oven

Calcium " *

I‘2f

. S A‘ = )

: 1
| \
| 2f \
| Angle +6 .
Fluorescence \| 657 laser light
Detector

Signal (arb)

Frequency (arb)

Figure 3-17. Verification of correlation between laser steering and fluorescence signal; (a) Doppler shift
experimental set up; (b) Doppler profile measurement for laser input angle of € ~—1°, (¢) @ ~0°, and

(d) @ ~+1°.
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was used, and the laser input angle was changed by an angle 6 in order to test to see if there were any
corresponding movement of the peak as would be expected if the fluorescent signal was indeed a Doppler
feature. (b)-(d) depict the observed fluorescence signal as a function of laser frequency at three laser angle
settings. As can be seen, with a change in input laser angle, a Doppler shift in both directions can be
observed, establishing without a doubt that the feature observed was indeed the atom-based Doppler
resonance.

Returning to the data in Figure 3-16, it was observed that, when unmitigated, background laser light

produces 62 pW of power at the fluorescence detector, while the Doppler feature rises above the background

light another 5.7 pW. For these experiments, the average oven temperature was 725 C, representing the
hot extreme of oven operation and hence the highest atom flux that might be expected from the CaBOT
system with microtubule nozzle design shown in Figure the nozzle utilized, in this case one with

microtubules as shown in Figure 3-9a-b and 3-15d.

This experiment indicated that vacuum pressure was found to be sufficiently low, measured to be

between 1x10™ Torr and 1x 107 Torr with ion pump current. Secondly, background light was found to

be substantial, motivating efforts to mitigate the high intensity of scattered light.
3.3.1.3. Background light mitigation

Background light scatter was qualitatively assessed by introducing laser light to the fully-populated

optics plate isolated from the vacuum chamber as depicted in Figure 3-11. A qualitative study of scatter

--

Figure 3-18. (a) Light scatter from optics without background mitigation; (b) light scatter from optics
with three baffle cards placed in air-side locations; (c) blackening agent used inside vacuum chamber and
also to coat the back surface of R-B optics in-vacuum to further reduce background light.
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light 1s depicted 1n (a) and (b) of Figure 3-18 These photographs depict the background scatter present just
behind the mn-vacuum optics as indicated by the laser light that was visible on a piece of white paper (b)
shows the effect of placing three baffle cards at locations on the optics plate that are nommally out of
vacuum The baffle card placement resulted in a perceptible reduction in background scatter To further
reduce background scatter, the vacuum chamber back wall and floor were painted with Aquadag, a
blackening agent as shown 1n (¢) The same blackening agent was used on the back of the in-vacuum optics
to further reduce transmitted light contributing to the background light scatter signal measured 1 mitial

Doppler feature measurements

3.3.1.4. Typical vacuum chamber and temperature measurements

For each experimental run with an operational vacuum, commissioning activities included
elevating the vacuum chamber and atom oven(s) in temperature (“bakeout”) to allow the roughing pump to
remove excess particles and to prepare for NEG pump activation Following NEG pump activation, bakeout
heaters were removed and the atom oven(s) were heated to operational temperature for experimental
operations

In order to assess the thermal response of the system at various locations to changes in oven
temperature, we placed RTDs at various locations mside and outside the vacuum system and measured
temperature vs time subsequent to oven temperature adjustment During one vacuum chamber
commussioning effort, a single atom oven was prepared for experiments that involve a dry operation of the
ovens, 1 ¢ without water-cooling of the oven shroud An RTD was placed inside the vacuum chamber near
the active atom oven, taped to the inactive water cooling shroud with vacuum-compatible Kapton tape, and
three more RTDs were taped to the R-B optics mside the vacuum chamber Four additional RTDs were
placed at various locations on the optics baseplate, with a final sensor was placed 1n a location to sense
ambient laboratory temperatures

Figure 3-19 depicts temperature data as well as the locations of each of the RTD sensors on

photographs of the experimental hardware The temperature data begins with initial commissioning of the

147



+«—— Vacuum bakeout & Oven temperature

140 NEG activation complete raised to 625°C
G120 L—
f— Oven Shroud
€ 100 - \ Oven temperature :::::: '(-:B"t
= 1 enlter
g raised to 575°C VacBS Right
g- 80 - Lab Temp
@ FS Back Left
F 60 — = FS Back Right

= = T - IRy = = =FS Center
a0 - > — = «FS Front Center
20

Oven Shroud
VacBS Left

Vac BS Center
¥ Vac BS Right
Lab Baseline
FS Back Left
FS Back Right
FS Center

FS Front Center

XXX

et
PN

* % XXX

Figure 3-19. Thermal data corresponding to vacuum system commissioning with dry atom oven operations,
and with temperature data referenced to the ambient laboratory temperature. Photographs indicate the
locations of temperature sensors different temperatures.

vacuum chamber, just before NEG pump activation, when the vacuum chamber and entire frequency
reference system is still wrapped in insulating material and heated by resistive Variac heaters. As indicated
in the labeling of the plot, the temperature data extends beyond the end of bakeout operations when
insulating material and Variac heaters are removed from the exterior of the apparatus, and into nominal

experimental operations with the raising of atom oven temperatures.

An initial operational temperature of 575°C was selected for the atom oven and the system was
allowed to cool down to nearly steady state. With a mean atom oven temperature of 575°C and a laboratory

(uncontrolled) temperature of 22°C, the outer shroud was measured at steady state to be 117°C.

Following this, the atom oven temperature was raised once again to an average temperature of 625°C.
With a mean atom oven temperature of 625 C in an uncontrolled laboratory environmental temperature
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= 22°C, the outer shroud temperature was measured to be 120°C With the use of water cooling, the oven

shroud temperature 1s expected to be a cooler 70°C Even without active temperature stabilization, the

frequency reference physics package was observed to be insensitive to ambient laboratory temperature
fluctuations on the order of 0 1°C

Vacuum pressures varied between 1x 107 Torr and 1x 107> Torr when operating the NEG pumps
in their nominal positions In order to achieve low vacuum pressures for NIST testing, a re-configuration
of the vacuum system to place a NEG pump at the location of one of the atom ovens yielded higher

conductance for pumping and lower operational vacuum pressures
3.3.2. Integration of R-B optics and test laser at NIST

The Draper CaBOT frequency reference performance evaluation at NIST mvolved integration of a
test laser featuring a linewidth of several Hz at 657 nm to the optics train of the CaBOT system A
photograph of the integrated CaBOT frequency reference at NIST 1s shown n Figure 3-20

Only one of the two laser delivery patilways was populated, as only one k-vector (one laser
direction) was used for 1nitial alignment and R-B signal optimization NIST laser light was mtroduced to
the system by means of the yellow and green pigtail at the bottom-right of the optics baseplate The
electrical termnals on the bottom-left of the baseplate provided power to operate photo-diodes 1n the optics
train, which were 1lluminated by 1% pick-offs and used for optical power control with a NIST servo Back-
reflections from the flat pigtail (green connector) were utilized 1n another servo loop for phase stabilization
of the red laser light As experimentally confirmed, operations of the CaBOT system with NIST test laser
light could only generate stable Ramsey-Bordé fringes with both amplitude and phase modulation servos

active
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With all vacuum chamber components installed for nominal operations with a single laser k-vector
and atom beam, the optics were manually adjusted to produce R-B fringes in the fluorescence signal, and
baffles were placed at the out-of-vacuum optics to block stray light contributing to background scatter.
Figure 3-21a-b depicts the fluorescence signal across a detuning range to view the entire Doppler profile.
The measured signal has a FWHM of 5.0 MHz. Based on the collimation geometry and operational

temperature, the FWHM predicted for this interaction is given by equation (1.3) [equation 8-8 from Foot’s

Atomic Physics 20051 Av ..,

1.2 av, ,
T “en = 5.5 MHz where @ is the collimation angle along the

A

theory - 1

laser beam propagation axis, V, is the most probable atom velocity, and A is the clock transition

alem
wavelength. A Gaussian shape scaled to the same magnitude with a FWHM corresponding to theoretical

prediction is shown (dotted) along with the experimental data (gray) in Figure 3-21a.
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Figure 3-21. Atom fluorescence measurements as a function of laser detuning with the NIST test laser (a)
measured and theoretical Doppler profiles; (b) Doppler-broadened resonance signal data with FWHM
labeled; (c) kHz-scale frequency sweep data near resonance, depicting measured R-B fringes.

While the data indicates a FWHM of 5.0 MHz, some artificial narrowing of the measured data may
be expected since large frequency modulations on the order of 10s MHz with the NIST laser had been

previously observed to result in reduced AOM modulation efficiency at the extremes of the frequency

sweep. This effect is small, but may explain the discrepancy between data and theory for the Doppler width.

With a mean oven temperature of 625 C and with a separation distance of D =50 mm

between laser beams 1-2 and between laser beams 3-4 as described in section 3.1.2. Application of

Ramsey-Bordé method, Ramsey fringes with widths of roughly 3 kHz were measured with the CaBOT

frequency reference as depicted in an oscilloscope average of 128 samples as shown in Figure 3-21c.

3.3.3. Optimization of R-B signal

Before measuring the instability of the CaBOT frequency reference, a saturation study was
conducted to optimize the R-B signal. Objectives for the study were to identify an operational optical power
resulting in large overall signal (large base-to-peak Doppler amplitude), high R-B fringe contrast (high ratio
of R-B fringe amplitude to Doppler amplitude) and low background scatter (optical power measured at
fluorescence detector at Doppler feature base). Figure 3-22a-¢c show measured values for each of these

metrics as a function of optical laser power. The measured laser power indicated for all plots was not the
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Figure 3-22. Saturation study to select laser optical power for CaBOT frequency reference performance
evaluation; (a) Doppler signal and background signal vs. optical laser power; (b) R-B signal peak-to-peak
vs. laser power; and (c) contrast of R-B signal over Doppler signal vs. laser power. Based on this study, an
optical power of 2-3 mW was selected.

total laser power entering the vacuum chamber, but rather the total power measured with a slightly over-
filled Thorlabs hand-held power meter just before the elongated, elliptical laser beam entered the vacuum
chamber.

Experimental parameters for the saturation study include oven temperatures of 652.3 degrees
Celsius and 597.7 degrees Celsius for the oven tip and oven crucible, respectively. This corresponds to an
average source temperature of 625 degrees Celsius using the narrowest beam waist available for the
Schafter + Kirchhoff 60FC-F-0-M12-33 adjustable collimator mated with an optical fiber with a nominal

mode field diameter of 4.5 um and using an oscilloscope output of 512 trace averages for the fringe power

measurements.
Ultimately, observed fringe contrast was limited to roughly 5%, as depicted in Figure 3-22¢, most
likely owing to imperfect alignment. Similar efforts with thermal beams have achieved 13-18% signal

contrast, for example [Olson et al. 2019], and so this fringe contrast is expected to be improved in future
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experiments Based on the data depicted, an mput power between 2-3 mW was selected for use n nominal

CaBOT operations at NIST to maximize the R-B fringe signal while mmimizing background light

3.4. CaBOT frequency measurements and instability
analysis

3.4.1. Fractional frequency instability measurement

Using an R-B signal with features equivalent to those depicted m Figure 3-21, the NIST test laser
was locked to a single Ramsey fringe for frequency instability analysis with a measured optical power
entering the chamber of 2 7mW The primary objective for the measurement campaign was to evaluate the
CaBOT frequency reference with the simplest configuration and without environmental temperature control
to assess baseline short term (1s) performance

The frequency lock was achieved by modulating the laser frequency back and forth across a single
3 kHz fringe The difference of the fluorescence signal measured at each side of the FWHM of the fringe
was used as the control mnput for the lock whenever the laser frequency drifted with respect to the atom-
derived R-B feature, one of the measured fluorescence mnputs would increase and the other would decrease
as the center of modulation moved away from the center of the fringe This difference between fluorescence
measurements served as the control input, and the lock servo loop aimed to reduce the difference to zero to
center the modulation center on the center of the R-B fringe The dwell time utilized for the lock was 9 84
ms, corresponding to a locking bandwidth of 101 6 Hz

Figure 3-23 shows the fractional frequency standard Allan deviation measured over a 37 minute
run 1 which the oven temperature was measured to be 625 5 °C Frequency data collected corresponds to
laser correction control mnputs based on the R-B fringe signal lock, and a linear drift rate commensurate

with drift rates historically observed for the same cavity was 1dentified and removed from the data As

shown 1n the plot, a standard Allan deviation of 5.0 x10™* at one second was observed This measured

mnstability may be mterpreted as the CaBOT frequency reference mstability without need for another
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Figure 3-23. CaBOT frequency reference standard Allan deviation between 0.0098s — 322s of averaging
time with linear cavity drift removed.

external reference given the fact that the laser alone is more than an order of magnitude more stable at these

time scales. Specifically, the Fabry-Pérot cavity used to prestabilize the test laser used in the experiment

has an Allan deviation of 2x10™" at one second. The higher stability of the cavity also explains why at
short time scales, the atom-referenced signal exibits worsening performance (and higher instabilities) with
longer averaging times. At about 0.1s averaging time, the atom-referenced signal begins to improve in
performance as indicated by reduced instabilities measured at still longer averaging times. Near the
measurement interval of interest, namely near 7 =1s, the CaBOT frequency reference instability

approximates the white noise asymptote (red dashed line) associated with a fractional frequency instability

of 5.0x10™" at one second.

To characterize the measured short-term (one second) CaBOT frequency reference performance in
context with the experimental conditions and to identify leading instability drivers limiting CaBOT
performance, an investigation of noise processes was conducted. First, the quantum limit to CaBOT
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performance was calculated with an atom shot noise calculation Next, technical and laser noise sources

were mvestigated
3.4.2. Atom shot noise

At atomic clock has a theoretical performance limited by atom shot noise given by [Fox et al

2012]

ov |1

o-atom shot (T) = Z E (3 9)

where SV 1s the frequency width of the locking feature, v, 1s the clock transition frequency, N 1s the
number of atoms per second that contribute to the locking signal, and 7 1s the signal integration time
For the CaBOT system as operated during the experiment shown 1n the Allan deviation of Figure

3-23, the locking feature measured Sv =3 kHz, and the resonant clock transition frequency was

v, =456 THz The total number of atoms contributing per second to the Ramsey fringes in the

fluorescence signal, NV 1s given by

N =4y, /hv, (3 10)

where 4. 1s the amplitude of the R-B fringes as detected with fluorescence optical power at the locking

mge

R-B fringe, and Av, 1s the single photon energy given by Planck’s constant and the clock frequency The

R-B signal used had an R-B fringe optical power amplitude of A, . =0 55 pW Using this value and the

Tinge

single photon energy, N = 4 .. / hvy =1 8x10° The resulting root mean squared (RMS) quantum noise

floor at one second 1s therefore 0, ., (r) =49x107"

This atom-shot noise limited nstability 1s an order of magnitude lower than the measured

instability Therefore, the Allan deviation measurement 1n Figure 3-23 was not atom shot-noise limited, but
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instead limited by the measurement noise floor composed of technical noise derived from shot noise at the

MPPC detector and noise on the laser light

3.4.3. Detector and laser noise

3.4.3.1. Measured and calculated voltage fluctuations

The total measured voltage fluctuations &V corresponding to the electrical noise floor

etector+laser
of the detected light 1s the root sum square of the voltage fluctuations corresponding to the detector

SV gereetor Measured without laser Iight, and the voltage fluctuations corresponding to laser noise 5V

aser

Measured voltage fluctuations related to laser noise are composed of fluctuations from optical, 1€ photon,

shot noise 0 VOpt and relative mtensity noise (RIN) Vg, These relationships are captured by equation
(311)

=o1? +6V?

detector laser
=oV*?

+OV72 L+ 0V ri

SV*?

detector+laser

(3 11)

detector opt

A Stanford Research Systems spectrum analyzer was used to assess the measurement noise of the
signal fiom the Hamamatsu MPPC 6x6 fluorescence detector Two measurements were conducted first,

measurements of the voltage fluctuations 6V with no laser light input to the vacuum chamber, and

etector

second, measuiements of OV with laser light frequency shifted such that the detected

etector+laser

fluorescence signal was just off the R-B fringes but still inside the saturation dip at the peak of the Doppler

profile The measured values were OV eoior = ].LV/ VHz and 0V =20 uV/ VHz and the

etector+laser
noise spectrum of the latter measurement with a 20x gamn setting 1s shown i Figuie 3-24  Using these

measurements and equation (3 11), the corresponding laser noise was calculated to be

&V, =194 uv/VHz
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Figure 3-24. Spectral noise measurement of total detected signal. The average noise over the relevant

bandwidth (101.6 Hz) is measured with a 20x gain setting to be 400 p,V/ vHz , corresponding to
5I/:ieteclor+tascr =20 l.lV/ ¥ Hz .

Based on these results, the MPPC detector was found to produce only a small noise contribution to
the measurement signal. Instead, the laser induced fluctuations dominate the total measurement floor noise
budget. For improved performance then, the laser induced fluctuations need to be addressed. The
components of laser induced voltage fluctuations are optical shot noise and relative intensity noise. The

optical shot noise fluctuations can be expressed as:

_ [2n
SV, =V ;" (3.12)

where ¥ is the average voltage measured at the R-B signal, and P is the average power measured at the

R-B signal. This expression is the square root of the power spectral density (PSD) of the optical power at
= -1

the clock frequency approximated by 2hv, / P, which carries dimensions of (HZ) . Using relevant

experimental parameters, i.e. P =26.5pW, ¥ =0.0655V, voltage fluctuations corresponding to

optical shot noise were approximated to be & Vo =9.89 p.V/ v Hz . Equation (3.11) was used to calculate

the approximate RIN induced fluctuations, resulting in 6V, =16.7 ].LV/ vHz .
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3.4.3.2. Fractional frequency instability from voltage fluctuations

In order to derive the fractional frequency instability contribution of measurement noise sources, a
conversion factor WV /Hz was needed. This factor was determined by calculating the slope of the locking
feature, i.e. the discriminator, of the R-B signal captured by the fluorescence detector. Analysis
corresponding to this discriminator slope measurement is shown in Figure 3-25. The signal voltage of the
R-B signal as measured by the MPPC detector is shown as a function of laser detuning. A zoomed
perspective of the fringe used for frequency locking of the laser is shown on the right in Figure 3-25. Linear

fits for each side of the locking feature were calculated as shown in the plot, and the absolute value of

resulting slope calculations were averaged resulting in a discriminator of m = 0.632 pV/Hz.

R-B Signal

0.0615 R-B Locking 'Featt{re

Data
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S S
= < 0.0605
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Figure 3-25. R-B signal discriminator measurement.

Fractional frequency instabilities o corresponding to voltage fluctuations &V were calculated

using this discriminator 7 according to:

og="—— (3.13)
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uV/\/ﬁ;L

-1
V/Hz H = (\/HZ) Table 3-3 catalogues the voltage
uwV/Hz Hz

where the corresponding units are [0']=

fluctuations (equation (3 11)) measured and calculated, as well as the fractional frequency instability

corresponding to each noise source (equation (3 13)) with the measured discrimmator m = 0.632 pV/Hz
The measurements contributing to the reported Allan deviation were performed with a bandwidth

of Af =101.6 Hz corresponding to the 9 84 ms dwell time of the frequency lock when modulating

between each side of the R-B feature FEach measurement therefore had an RMS noise of

§Kietector+1ascﬂ/Af =69x 10_14/\/HZ x4/101 6 Hz =7 0x10™ RMS For the 1deal case of zero dead

time between measurements and no correlation between consecutive measurements, 101 6 independent

measurements are made n one second In this i1deal case, the fractional frequency noise floor would be

calculated to be 7 0x1072//101 6 Hz = 6 9x10™ /\/Hz

Table 3-3. CaBOT electrical measurement noise budget

Measured total Measured Calculated Calculated Calculated
electrical noise detector noise | laser induced | optical shot RIN
(with laser) | (Without laser) noise noise
Measurement noise
representation
oV, 5V, 3V,
é‘VdetectorHaser detector laser opt ) VRIN
le3
detector+laser O-detecton Glaser O-opt GRIN
Voltage noise oV
20 50 194 99 167

[67]=nv (VEz)”

Fractional
frequency noise &

[C’]z(*/H_)_l 69x10™

with

1.7x107™ 67x107" 34x10™ | 57x107™"

m=0632 pV/Hz
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The result for the measurement noise floor of 6 9x10™™ at one second matches closely to the

actual measured Allan deviation of 5.0x107™'* at one second, indicating that measurement noise floor
Iimited the CaBOT frequency reference mstability Based on the mstability budget contained in Table 3-3,

laser noise currently drives the system instability

3.4.4. Prospects for reducing measurement noise

3.4.4.1. Qualitative description of noise reduction methods

Measured instability may be reduced by a combination of approaches mcluding active RIN
subtraction, background light mitigation, improved fluorescence collection efficiency, and R-B signal
contrast improvements Table 3-4 depicts the qualitative effect of each measurement noise reduction
method 1n the context of discriminator slope, voltage fluctuations, and fractional frequency instabilities

In RIN subtraction, a pickoff photodiode 1s used to directly measure the laser light, and the
measured mtensity fluctuations are removed from the fluorescence measurements Because CaBOT already
includes four photodiodes and 1% pickoffs in the optics baseplate design, the addition of RIN subtraction
would not entail a large SWaP increase — mstead, another small electronics board would be needed The
technique 1s commonly used n applications mcluding optical gyroscopes and optical fibers, as reviewed
for example 1n [NIST 1994] Background light mitigation refers to objective of 1solating the fluorescence
detector such that the only light reaching the MPPC detector plane 1s atomic fluorescence Improved
fluorescence collection corresponds to increasing this atom signal by capturing a larger solid angle of atom
fluorescence mn the detection region R-B signal contrast improvement corresponds to increasing the ratio
of the R-B signal to the resonant Doppler feature by increasing the fraction of interfering atoms through an

enforcement of precise atom-laser alignment
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Table 3-4. CaBOT electrical measurement noise budget.

Key:
R-B Signal ; : ;
o S Detector technical Optical shot Relative
+ performance boost discriminator ; . p ; ;
noise noise intensity noise
slope m
— performance drop
Noise type o Wowss | Toense | Fom O opt Vam | Orix
RIN subtraction 0 0

Background scatter
reduction

Collection efficiency
improvement

Fringe contrast
improvement

Considering once again the contributions to the signal noise given by equation (3.11), i.e.

SV? =0V’ +6V°,, +6V yn, and the scaling to the final measured fractional

detector-+laser detector opt

=0V,

detector+laser /(mvo ) ’ each noise

frequency instability given by equation (3.13), i.e. Oyeciortiaser

reduction method can be described in terms of the effect on voltage fluctuations and fractional frequency

instabilities of the reference.
Active RIN subtraction reduces oV, without impacting other noise processes and without
altering the R-B signal discriminator slope m. Background light mitigation without additional signal gain

results in both a reduced RIN 6V, and reduced absolute optical shot noise ¥, . While the fractional

opt

fluctuations scale with the square root of detected power as & V(,pt

/ V o« 1/ \/? indicating a higher shot
noise for a lower power, the measured voltage scales directly with power V oc P. This implies

o I/;)pt AV , resulting in a reduction of the absolute voltage fluctuations with reduced power collection
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as would be the case with background scatter light reduction Neither the detector voltage fluctuations nor
the overall signal discriminator slope m are effected by reducing background light

Improved fluorescence collection efficiency without added background noise increases both the

o~

measured RIN voltage fluctuations 6V and optical shot noise fluctuations & V;pt given the larger signal

voltage, but the increased signal size also directly increases the slope m of the R-B signal discriminator
This results 1n a reduction of all noise processes 1n the fractional frequency nstability o of the reference
Fmally, improving R-B signal contrast does not directly affect voltage fluctuations sice the average signal
size remains the same as does the relative intensity noise on the signal Rather, the action of improving R-
B signal contrast 1s in an increase of the discriminator slope m, which as noted for the collection efficiency,

directly improves the measurement noise floor fractional frequency mstability
3.4.4.2. Noise reduction recommendations and projected performance

As quantified in the measurement noise floor budget in Table 3-3, excess laser noise dominated by
relative mtensity noise was found to drive overall observed instability of the CaBOT frequency reference
Two methods to reduce detector voltage fluctuations corresponding to RIN that were qualitatively described
in Table 3-4 include active RIN subtraction and background scatter light reduction These would be the first
approaches to consider to reduce measured instabilities Reasonable objectives for the application of these
methods as well as implementing mncreased fluorescence collection and R-B contrast improvements are
considered quantitatively in Table 3-5

In the table, different scenarios for reasonable experimental improvements are listed as rows, with
associated improvement factors 1n terms of decibels of detected power for each scenario listed mn the first
column These are designated as RIN subtraction (RINs), background light reduction (BkRedux),
fluorescence collection improvement (Coll), and R-B fringe contrast improvement (Fringe) Associated
discriminator slopes m are listed along with the fractional frequency nstabilities & corresponding to

detector shot noise, optical shot noise, and RIN are listed 1n the next four columns The final two columns
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list the total measurement noise floor Gy, . i1ase;r @0 the limiting performance as indicated by the atom

shot noise o, A new atom shot noise 1s calculated according to the projected size of the R-B signal

atom shot
with equation (3 9) evaluated at 7 =1 s using equation (3 10) and the projected amplitude of the R-B fringe
signal The first row of data in the table corresponds to CaBOT measurements

Given precedents for active RIN subtraction, a modest objective for noise reduction would be a 10
dB improvement This corresponds to a reduction of voltage fluctuation amplitudes by a factor of \/1_6

Without any other noise reduction, a 10 dB reduction of RIN 1n detected power would result n a detector

-1

voltage fluctuation contribution from RIN of 16 7/ J10 nv (\/HZ)_I =53 uV(\/HZ) Using

equations (3 11) and (3 13), and assuming no other improvements to the system are made, a corresponding

total measurement noise floor of 4 3x107"* / vHz would be expected This scenario 1s presented 1n the

second row of data in Table 3-5

In addition to RIN subtraction, mitigation of background light would also help to reduce the
measured RIN This would be most readily achieved with further baffling and applying more blackening
agent mside and outside the vacuum chamber A 10 dB reduction of detected background light 1s a
reasonable objective given the fact that nearly half the measured signal in the current CaBOT configuration

15 background scattered light (for more information, see the saturation study i Figure 3-22) Unlike RIN
subtraction, which only reduces the RIN contribution to voltage fluctuations 6Vgp , background light

scatter also reduces the absolute magnitude of optical shot noise derived fluctuations according to

o V;pt oC \/? where V7 1s the average voltage measured at the R-B signal Using equations (3 11), (3 12)
and (3 13) assuming the same signal size and detected background scattered light reduced by 10 dB (with

a voltage amplitude reading reduced by a factor of +/10), a total measurement noise floor of

34x107" / VvHz would be expected The third row of Table 3-5 depicts performance projections
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corresponding to the scenario in which both a 10 dB of RIN subtraction and a 10 dB background light
reduction are achieved.
Table 3-5. Projected fractional frequency instability assuming various combinations of noise reduction

efforts including: RIN subtraction (RINs), background light reduction (BkRedux), fluorescence capture
improvement (Coll), and fringe contrast improvement (Fringe).

Theoretical
Detector limit:
technical Optical ‘Total meas. | Atom shot
Configuration R-B Signal noise shot noise RIN noise floor noise
discriminator O detector O-"P‘ Orin O detector+laser O atom shot
slope m

avye | (V) | ()" | ()| (Je) | (Ve

Current CaBOT 0.632 1.7x107™" | 3.4x10™ | 5.8x107™| 6.9x10™ | 4.9x107"

10 dB RINs 0.632 1.7x10™" | 3.4x107™" | 1.8x107™"

10 dB RINs N
10 dB BkRedux B 1.7x10™ 26""’ M1 14x10™

TP

10 dB RINs e
10 dB BkRedux 1.999 5.5x10™" | 1.3x10™ | 6.9x107"*
10 dB Coll o Rl S

A

10 dB RINs : 1R - e
10 dB BkRedux 6.320 1.7x107" | 7.0x107" | 3.7x107"
20 dB Coll . : o

10 dB RINs

10 dB BkRedux 2 . -
20 dB Coll 12608 | 8.7x10™ | 3.5x10™* | 1.9x10™

6 dB Fringe

10 dB RINs

5 33 2§ﬁedux 19.986 | 55x107 | 2.2x10™ | 1.2x107

10 dB Fringe

In addition to approaches to reduce relative intensity noise, options exist to improve the signal
strength of the R-B fringes. Increasing the detected atom fluorescence with an improved collection
efficiency would produce increased optical shot noise related voltage fluctuations at the fluorescence

detector, but also a steeper discriminator slope leading to an overall improvement in fractional frequency
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noise In the current CaBOT configuration, the collection efficiency was estimated to be only 0 12% This
fraction can be substantially improved with modifications to the fluorescence capture optics design
mvolving a closer placement of the detector to the atom beam and the use of multiple detectors

Scenarios 1n Table 3-5 ivolving collection improvements mclude options for a 10 dB and a 100

dB mmprovement mn detected power A 10 dB mmprovement would result in a discrimmator slope

improvement by a factor of +/10 , resulting 1n an atom shot noise projection of 1 5x107"°, while a 100 dB

improvement would correspond to a discriminator slope improvement by a factor of 10 with a projected

atom shot noise of 4 9x10™'® With a combination of 10 dB RIN subtraction, 10 dB background light

reduction, and 10 dB collection fraction improvement, the resulting total measurement noise floor 1s
projected to be 1 6x107'* With the same RIN subtraction and background light reduction targets, a more

ambitious 100 dB collection improvement reduces the measurement shot noise mto the 107" decade

Finally, improving the fringe contrast provides a powerful mechanism by which the overall
measurement instability can be reduced Recall that the fringe contrast directly determines the discriminator
slope m, which determines the overall fractional frequency nstability from voltage fluctuations according
to equation (3 13) Unlike collection efficiency improvements, fringe contrast improvements do not raise
the average signal size, and so improving contrast does not mvolve an optical shot noise penalty like
increasing the collection fraction of fluorescent light

Two scenarios for fringe contrast improvements are considered in Table 3-5 a 6 dB and a 10 dB
fringe improvement corresponding to a detected signal amplitude increase of ~2x and ~3x, respectively
These are reasonable targets for CaBOT given that a maximum fringe contrast of 5% has currently been
measured with the CaBOT system This may be compared with observed fringe contrasts between 13-18%
m the Ca-2 system [Olson et al 2019] Of course, the two systems are not 1dentical, and so there may be
constraints on the maximum fringe size achievable with the CaBOT system With a combination of 10 dB

RIN subtraction, 10 dB background light reduction, 20 dB collection fraction improvement, and 6 dB fringe

contrast improvement, the fractional frequency noise floor 1s projected to be 4 1x 107", while the same
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configuration with a 10 dB fringe contrast improvement over the current CaBOT system would result i a

measurement noise floor of 2 6x107"

In general, improved fringe contrast can be achieved with better alignment of R-B lasers, though
some concerns specific to CaBOT must be addressed Challenges to alignment with CaBOT principally
stem from the fact that two penta-prisms are placed outside the vacuum chamber to steer the R-B laser This
design choice was made to allow for an added degree of freedom to enable alignment corrections, but n
practice, the decision resulted n two potential challenges first, the vacuum chamber window pitch of 3°
implies a corresponding pitch (X ) tilt of 15 prad from the air-to-vacuum transition, even assuming the
window were perfectly flat (a wedge 1n the window would result in additional beam steering) Window
induced tilts induce one co-propagating beam pair, while remaining parallel to each other, to be pitched up

by 15 prad, and the other pair to be pitched downward by 15 purad Thus, the two laser beam pars are
pitched 30 prad with respect to one another A pomt of reference of the impact of pitch changes was

provided by a sensitivity study conducted at NIST thus study revealed that a pitch (rotation about X )

change of 100 prad with their apparatus resulted in a fringe contrast reduction of 50%, while the same

contrast reduction was observed for a yaw (rotation about y ) change of 1mrad While the NIST

sensitivity study used a different apparatus, 1s 1t reasonable to expect that CaBOT would have sensitivity to
laser beam pitch error

Second, the separation of the R-B optics mnside the vacuum and the penta-prisms outside the
vacuum allow physical deformation of the optics baseplate with pressure and gravity loading to affect beam
steering While pitch (rotation about X ) and yaw (rotation about 3 ) were predicted to be < 7 prad with
finite element analysis of the structure 1n a temperature controlled environment, CaBOT was operated while
exposed to laboratory temperature conditions and so actual pitch and yaw effects might have exceeded the

7 urad nominal value, thus reducing fringe contrast
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In order to address laser beam steering errors, an optical interferometer could be used to 1lluminate
the evacuated R-B optics train with a large radius coherent wavefront A six-inch commercial interferometer
would be appropriate for this task The interferometer would allow for an optimization of alignment as well
as an assessment of the lumitations to alignment Even without a large aperture optical nterferometer, more
precise manual adjustment could result in improved signal contrast beyond the 5% contrast already

observed

3.5. Discussion and next steps

In addition to the methods already described to reduce the measurement noise floor including RIN
subtraction, background scatter reduction, collection efficiency improvement, fringe contrast improvement,
larger signal s1ze and improved noise properties can also be achieved with increased atom fluxes Higher
flow rates with raised oven temperatures or nozzle designs would increase the number of atom oscillators
that can contribute to the interference signal Oven lifetime reduction with higher atom flow rates would
need to be weighed against the performance gains possible with these modifications

Future work beyond improving short-term instability performance through noise reduction and
signal improvements involves the implementation of CaBOT frequency reference features to realize long-
term 1nstability design goals This includes the application of k-reversal and dual oven operations, as well
as the operation of water-cooling for atom ovens to reduce temperature gradients and the associated thermo-
mechanical deformations, that would affect laser beam steering Integration of the CaBOT frequency
reference 1n the clock chassis with active temperature control 1s the final objective for the CaBOT system
commuisstoning to enable unprecedented long-term instabilities for use n fielded applications

Concerning recommendations for design improvements in future versions of the CaBOT frequency
reference, 1t might be desirable in future versions for all R-B steering optics to be placed within the vacuum
chamber on the same ULE monolithic structure The NIST Ca-2 frequency reference placed all optics 1n-

vacuum The success of Ca-2 1n producing high signal contrast indicated that the additional degree of
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freedom CaBOT provides was probably not necessary By eliminating this adjustment, the signal quality
of CaBOT may be readily improved Additionally, a fluorescence capture system that collects a larger
fiaction of emitted light would be helpful, and so a design in which multiple fluorescence detectors may be
placed closer to the atom beam, potentially even from within the vacuum chamber, would be highly

impactful

168



Chapter 4

Thermal control with Ca-2 and CaBOT

4.1. Introduction to temperature control and chassis
objectives

Thermal design plays a critical role in the performance of thermal Ca R-B optical atomic clocks

While the frequency nstability budget described 1n section 4 2 2 includes a blackbody Stark contribution

to fractional frequency mstability of 2x 107" with temperature excursions limited to a range of 0 7 K, this
calculation disregards other effects of temperature on the system, most notably temperature-dependent
expansion of the physical apparatus components These changes may involve changes to optical surface
orientation and placement, altering the R-B laser path and hence the R-B laser phase contributing to the
mterferometry signal These sources of phase mstability occur at timescales commensurate with the thermal
time constant of the system

In this chapter, a temperature control system and thermal enclosure designed and built for the NIST
Ca-2 system are described that substantially improved measured Ca-2 frequency stability With the active
thermal enclosure operation, frequency instability was reduced by a factor of 5x at 2000 seconds when
comparing agamnst an experimental run without thermal control A corresponding sensitivity study

mvolving active heat application resulted i the determination of a demonstrative thermal control

requirement of mK-level stability to enable clock instability at the 107" Jevel Also described in this thesis

1s the demonstration of a thermal fluid temperature control system for the compact, fieldable CaBOT clock

that showed temperature stabilization to ~56 pK RMS n the presence of 0 5°C full scale temperature
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variation 1n ambient laboratory temperature This performance level 1s appropriately matched to the thermal
control requirements determined fiom the Ca-2 system
In order to motivate the CaBOT thermal design discussion, Ca-2 thermal sensitivity and thermal

control are discussed first Section 42 Ca-2 temperatuie contiol and frequency instability analysis

describes thermal design and experimental efforts with the Ca-2 system Although the specific designs of
the Ca-2 and CaBOT frequency references differ, both rely on the same underlying physical principles and
both employ ultra-low expansion glass for R-B optical elements, so sensitivity analyses performed with Ca-
2 are qualitatively representative for CaBOT and other thermal Ca R-B optical atomic clocks that mvolve
a vacuum chamber housing ULE optics critical for R-B laser beam steering

Next, section 4 3 CaBOT tempetature control and chassis design describes thermal and chassis

design and integration, in addition to expertmental efforts related to the CaBOT system Thermal design
efforts with CaBOT focused on delivering a stable temperature environment for the thermal Ca R-B
frequency reference, and chassis design efforts focused on integrating all required CaBOT clock
components and electronics 1n a small volume while 1solating the frequency reference to ensuie quiet
operational conditions despite local environmental conditions An added challenge to the thermal design
for CaBOT involved the need to remove heat loads on the order of 220 W from a small volume without use

of convective cooling and with minimum mechanical vibration

4.2. Ca-2 temperature control and frequency instability
analysis

4.2.1. Ca-2 experimental setup

Like CaBOT’s frequency reference, Ca-2 1s also a frequency reference based on R-B atom
interferometry using thermal calcium beams Both systems were designed to operate with dual, counter-
propagating atomic beams, though Ca-2 was not designed to accommodate laser directionality switching

as demonstrated 1n the first generation NIST thermal Ca R-B frequency reference described in [Fox et al
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2012]. Aside from this, the principal difference between Ca-2 and CaBOT involved the detected signal: Ca-

2 employs a blue light induced fluorescence (LIF) technique for SNR enhancement in which excited state
electrons are rapidly cycled between the excited (454 p) *P. clock state to a shelving (4 pz) °P, state

through a strong coupling at 431 nm. The higher excited state accessible with 43 1nm has a natural linewidth
of 40 MHz (as may be compared with the clock transitions natural linewidth of 374 Hz), enabling many
excitations to occur while the atoms pass through the fluorescence detection region. Thus, many blue light
photons can be produced by each excited state Ca, for each red photon produced in passive fluorescence
collection.

The bias magnetic field in the Ca-2 system is generated with Helmholtz coils in Ca-2 as opposed
to permanent magnets placed on the vacuum chamber as in CaBOT, and all R-B steering is performed

inside the vacuum chamber with a single monolithic optical element composed of mirrored elements
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Figure 4-1. Ca-2 frequency reference experimental setup and measurement scheme. (a) Frequency
reference graphical depiction; (b) approximate laser and atom beam geometry for blue LIF detection; (c)
approximate laser and atom beam interaction geometry in R-B zone. (d) An optical comb is stabilized by
an ytterbium optical lattice clock signal before beating with the Ca-2 reference for frequency instability
measurements. Figure (a-c) credit: J. Olson ef al. 2019.
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optically bonded to an ultra-low expansion glass spacer This ULE optic was designed with angular
tolerances ~1 arcsecond and with characteristic separations between laser fields 1-2 and between fields 3-
4 of 9 cm, generating R-B fringe FHHM widths of 1 6 kHz This separation distance was selected to produce
much narrower fringes than those observed in the previous, first generation NIST thermal Ca R-B atom
interferometer described 1 [Fox et al 2012], which featured a separation of 2 7 cm and fringe widths <5
kHz As a pomnt of comparison, the compact, fieldable CaBOT frequency reference was designed with
optics that feature separations between these two values 1 CaBOT, a 5 cm separation resulted in measured
fringe widths of 3 kHz

Figure 4-1 depicts the experimental setup for the Ca-2 system with a graphic of the apparatus from
[Olson ef al 2019] A graphical block diagram 1s shown 1n (a) both 657 nm and 862 nm (later frequency
doubled to 431 nm) lasers are pre-stabilized by Fabry-Pérot cavities by means of a Pound-Drever-Hall
feedback control loop as with the CaBOT system Input optics for the blue and red lasers affixed to the
vacuum chamber shape and deliver the light mto the vacuum chamber The vacuum chamber itself 1s
partitioned 1nto three zones 1n the center, the R-B zone, and on either side of this central region, two blue
detection zones (B1 and B2) Apertutes placed between zones collimate the counter-propagating atomic
beams, and a monolithic ULE optic 1n the R-B zone produces a four-beam R-B geometry from a single
input red laser Zones B1 and B2 are physically 1solated from the R-B zone for 1solation of focusing optics
for blue LIF Atoms originating m the oven labeled “Oven 1” pass thiough four red laser beam fields in the
R-B zone, and continue to pass mto the zone labeled “B1 Zone” where excited state atoms are rapidly
cycled mnto the shelving state for LIF signal generation (b) and (c) depict approximate shapes for laser and
atom beam geometries in the blue LIF and R-B interaction zones, respectively

Because the Ca-2 system achieves fractional frequency nstabilities lower than that of the cavity-
stabilized R-B laser, the R-B laser could not be used as a short term reference, as 1n the case of the CaBOT
stability assessment A measurement scheme mvolving a more stable reference was needed to evaluate the
Ca-2 frequency reference stability performance NIST’s ytterbium optical lattice clock [Hinkley et al
2013] was used as an absolute frequency reference Figuie 4-1d depicts a block diagram for this
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measurement scheme The Ca-2 referenced signal was mixed with a Yb-stabilized optical frequency comb
tooth to produce a final beat note with frequency deviations representative of the frequency mstability of
the Ca-2 reference

Locking a laser to Ca-2 could offer a means to not only improve 1ts long term stability, but its short
term stability as well Improvement mn short term laser stability 1s an application under consideration for R-

B based stabilization as described further i [Olson er al 2019]

4.2.2. Ca-2 instability characterization without temperature control

In order to assess mid- to long-term (> 100 s) instability drivers for the thermal Ca R-B approach,
sustained operations lasting multiple hours 1n an uncontrolled laboratory environment were performed with
sensors collecting env1ronmenta1 and experimental parameters at 0 1 Hz Experimental and environmental
parameters were recorded including temperatures, laboratory pressure, red and blue optical ntensity, and
bias magnetic field intensities Correlations between this data and Ca-2 clock frequency measurements were
sought 1n order to characterize and quantify mstability drivers

Over > 100 s time scales, a strong dependence of measured Ca-2 frequency to system temperature
was observed as evidenced by a correlation of temperature excursions and frequency drift Figure 4-2
illustrates the correlation by depicting the Ca-2 frequency data and a scaled sum of resistive temperature -
detector (RTD) data collected over the same time period These RTDs were located on the bottom side of
the vacuum chamber exterior, with one near the back of the chamber, rear of the R-B ULE optics, and
another near the front of the chamber, forward of the R-B ULE optics (a) depicts the relative location of
the RTDs with respect to the ULE optics and red input optics, and (b) depicts Ca-2 frequency drift over a
12,000 second period (black trace), along with combined and scaled temperature data The red trace depicts
the raw combined temperature data, while the blue trace depicts the Gaussian smoothed profile included to

provide a clearer picture of the scaled temperature fluctuations in time
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Figure 4-2. Ca-2 temperature-frequency correlation with uncontrolled temperatures: (a) two RTD
readings are combined for comparison with frequency data; (b) frequency drift (black trace) shown with
scaled and combined raw and Gaussian smoothed temperature data (red and blue traces, respectively).

Fluctuations in the frequency data depicted in Figure 4-2 indicated that temperature may be a
leading instability driver at time scales >100 s. Absent a rigorous method to predict the thermal
mechanical impact on Ca-2 frequency instability of temperature fluctuations at the specific RTD locations,
relative weights were selected to produce a scaled sum of the temperature data to best match the observed
frequency drift. The same scaling (+5x the forward RTD and -8x the rear RTD) was applied to temperature
data in experiments where heat was applied to the system at the RTD locations, and again the scaled data
correlated strongly with observed frequency drift. This latter investigation is discussed further in section

4.2.3. Ca-2 temperature sensitivity study.

4.2.3. Ca-2 temperature sensitivity study

The correlation observed between temperature and frequency measured with an uncontrolled
environmental temperature as shown in Figure 4-2 motivated a more detailed investigation of Ca-2
frequency with temperature. In order to do so, thin-film heaters were placed at the two RTD locations

described in Figure 4-2. The primary objective for these measurements was to establish causality as
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opposed to mere correlation in system temperature and observed frequency drifts, and also to identify a
representative figure of merit corresponding to the temperature stability that would be required to enable
107" level frequency instability at time scales > 100 s.

To firmly establish a direction of causality, a 12.6 W heat load was applied to the base of the Ca-2
vacuum chamber near the rear temperature sensor indicated in Figure 4-2a., and subsequent evolution of
system temperatures and Ca-2 reference frequency were measured. Temperatures at the front and back of
the vacuum chamber base with the heater on and off were measured, while simultaneously measuring the
frequency response of the Ca-2 system. The results of this study are shown in Figure 4-3.

Figure 4-3a depicts the rear and forward temperature profiles in red and pink respectively as
measured before, during, and after heat load application. Figure 4-3b depicts a comparison between the

measured Ca-2 frequency (black) and a combination of the rear and forward temperature sensor readings
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Figure 4-3. Temperature sensitivity: driven heat load. (a) Rear and forward temperature sensor data from
the bottom of the Ca-2 vacuum chamber; (b) Frequency data (black) and a combination of the rear and
forward temperature data (blue) over the same time period that the bottom plot’s data is recorded.
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(blue) The combination scaling used for this comparison was the same ratio 1dentified in the uncontrolled
temperature correlation depicted in Figure 4-2, 1 e. a ratio of +5x to -8x corresponding to the forward and
rear sensors, respectively As with the uncontrolled case, the observed frequency i1esponse stiongly

correlated with the combined temperature profile over the same period of time
Based on this study, a fractional frequency sensitivity of 6 rnK/ 107" was measured for the Ca-2

frequency reference with respect to the temperature measured at the rear of the chamber near the heat load
6 mK 1s a stringent, but feasible, temperature control requirement for achieving the desired long term Ca
reference stability

Regarding the applicability of this result to the CaBOT system, 1t should be emphasized that while
Ca-2 vacuum chamber 1s physically larger than the CaBOT vacuum chamber, Ca-2 1s constructed from
alummum as compared with CaBOT’s steel design, and so the overall system masses are comparable
Comparing the thermal characteristics of the two systems 1s complicated by the fact that both the
temperature coefficient of expansion and the thermal conductivity of aluminum are greater than that of 316
stainless steel differential expansion from thermal gradients 1s larger in aluminum, but the higher thermal
conductivity of alummum suppresses formation of thermal gradients On balance, thermomechanical

pioperties of the two systems may be fairly comparable
4.2.4. Ca-2 temperature control

Motivated by the assessment of Ca-2’s frequency dependence on ambient temperature, an enclosure
for the Ca-2 system was designed and implemented to reduce Ca-2’s environmentally driven temperature
variations Temperature control of the enclosure was effected with a commercial off-the-shelf (COTS)
controller (Wavelength Electronics RHMSK-CH) Figuie 4-4 shows photographs of one of five 1dentical
walls prepared to enclose the Ca-2 system Aluminum sheet metal was used for the wall structure, and four

thin-film Kapton heaters were placed on the exterior of each, in addition to a single thermistor placed at the
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Figure 4-4. NIST Ca-2 enclosure for thermal insulation and active temperature control.

center of the panel. Two layers of aluminum-coated bubble wrap insulation were affixed over the heaters
and thermistor as shown in the photographs.

Ca-2 was rigidly mounted to the optics bench and so instead of placing a sixth wall underneath the
Ca-2 system, insulation material was used to cover the optics bench surface on the interior of the five walls
to complete the box. Because the five walls extended some six inches beyond the surface of the optics
bench, a strip of the aluminum sheet metal insulated identically to the five walls was used to complete the
floor section of the enclosure. In addition to the thermistors placed at the center of each of the five walls,
additional thermistors were thermally contacted to the Ca-2 vacuum chamber and the red laser input optics,

and a final thermistor was placed outside of the enclosure to provide a laboratory temperature reference.
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One of the thermistors placed in the interior of the thermal enclosure was used as the control input for the
COTS controlter.'

Data were acquired with a Keithley 2000-20 multimeter with an installed scanner card. In addition
to the thermistor voltages and the COTS controller outputs, additional experimental parameters including
oscilloscope outputs corresponding to red and blue cavity transmission and reflection measurements and
vacuum chamber pressures. All measurements logged were recorded at a 0.1 Hz rate. The COTS controller
was set to a temperature above the maximum ambient laboratory temperature so that only heating was
required for temperature control. The COTS proportional-integral-derivative (PID) feedback controller
simultaneously commanded all Kapton heaters, and a thermistor placed inside the enclosure on the Ca-2
vacuum chamber served as the temperature control sensor.

Figure 4-5 shows a comparison of two data sets: grey data corresponds to the uncontrolled 12,000s

run described in section 4.2.2. Ca-2 instability characterization without temperature control, while black

data corresponds to a second run of equal duration conducted with temperature control. Figure 4-5a

illustrates a relative comparison of frequency drifts over the duration of the 12,000s experimental run for
each case, and Figure 4-5b depicts the measured temperature at the vacuum chamber base at the forward

and rear temperature RTD sensor locations. In order to directly compare temperature profiles, the grey data
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Figure 4-5. Results for temperature-controlled enclosure vs. no temperature control: (a) frequency drift
comparison; (b) vacuum chamber temperature measurements for each experimental run.
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corresponding to the uncontrolled case is shifted by +9°C as indicated in the legend, i.e. the laboratory
environment on the day of the uncontrolled run depicted was 29°C.

The uncontrolled temperature case exhibited free drift of the vacuum chamber temperature over
~500 mK, with corresponding frequency drifts spanning ~18 Hz. In contrast, the controlled case involved
temperature excursions < 25 mK at the vacuum chamber with frequency drifts limited to < 4 Hz.

Figure 4-6 depicts the standard Allan deviations, i.e. the fractional frequency instabilities, for the
frequency data plotted in Figure 4-5a. While short term instabilities are comparable, the temperature
controlled case (black) features instabilities ~70% lower after 10 seconds of averaging time. By 30 seconds,
the instabilities are separated by an order of magnitude, and by 100 seconds, the difference in instability

approaches 30x. While the temperature control achieved with the thermal enclosure described was not

o
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Figure 4-6. Fractional frequency instability comparison for 12,000s long experimental runs without

temperature control (grey) and with temperature control (black); Allan deviations depicted do not include
any drift removal and represent raw data characteristics for each experimental run.
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perfect, allowing for temperature fluctuations at the vacuum chamber and the red input optics of <25 mK
and < 36 mK, respectively, the stark improvement in frequency response in the controlled case provides
evidence for the importance of robust temperature control for mid- to long-term clock performance.

Finally, using the temperature enclosure and active temperature regulation, a long-duration,
continuous run was conducted with the Ca-2 system and the measurement facilities at NIST. Figure 4-7
shows a 15-hour segment of this run depicting clock frequency variation (a) as well as an average of
temperature data from thermistors placed in the enclosure (b). The last plot in the figure, (c), depicts a
scaled sum of the same two vacuum chamber temperature sensors used for previous temperature studies is
presented over the same time period. The same ratio of 5x to -8x corresponding to the forward and rear
sensors, respectively, is employed once again.

A qualitative comparison indicates that temperature fluctuations still dominated the large scale

structure of frequency instability variations. Nevertheless, the construction of a simple temperature-
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Figure 4-7. Measurements with Ca-2 for a 15-hr period: (a) frequency drift of the Ca-2 signal; (b) average
of temperatures recorded by thermistors at enclosure walls and on Ca-2 frequency reference vacuum
chamber and red input optics; (c) combined sum of temperature data from rear and forward RTDs.
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controlled enclosure provided meaningful performance improvement temperature and frequency
excursions were strongly correlated at time scales longer than 10 seconds, and better temperature control
would reduce drifts at these time scales for laboratory and fielded applications According to the

measurements reported here, a further reduction of temperature variations by ~8x would reduce temperature

driven fractional frequency variations to below 1x107'¢ This 1s quite feasible given the relatively large
temperature fluctuations (<36 mK at the red input optics, <25 mK at the vacuum chamber) allowed by the
current thermal enclosure design For more information regarding the frequency instability budget of Ca-2,

the reader 1s referred to J Olson’s 2019 Ph D thesis [J Olson 2019]

4.3. CaBOT temperature control and chassis design

4.3.1. Thermal fluid system

Liquid cooling was selected as a means to remove a large thermal load (~220 W) from a small
volume without use of convective cooling The reason to avoid convective cooling related to the need to
mamtain a quiet environment for free space optical propagation of the R-B laser mnside the frequency
reference and a desire to avoid unnecessary disturbances to the laser phase The thermal fluid control system
designed for CaBOT used a 70% water, 30% propylene glycol working fluid to remove waste heat from
clock subsystems, by means of cold plates and externally mounted radiators Ohmic heating elements are
used to elevate the working fluid temperature for clock operation commussioning such that the internal
CaBOT chassis temperature exceeded the maximum expected environmental temperature enabling
feedback control mvolving only active cooling Pulse width modulated fans, mounted to radiators n-line
with the working fluid, provided a mechanism to control the chassis temperature Figure 4-8 shows a
schematic for the water cooling architecture employed

The same cooling architecture 1s used n high-performance personal computer cooling systems,

which provided a rich library of cheap, commercial off-the-shelf components These cheap, quiet and
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Figure 4-8. Thermal-fluid architecture for water cooling.
SWaP-compatible COTS components were exploited not only to solve the problem of removing a large
thermal load (~220 W) from a small enclosure without convective cooling and with minimal vibration, but
also to achieve temperature stabilization at the mK level.

Figure 4-8 depicts a simplified block flow circuit model of a liquid cooling system. It is identical
in concept to an automotive cooling system in that it employs conductive coupling of waste heat to a flowing
liquid coolant, which transports thermal energy via flow to a water-to-air heat exchanger. The system

controls temperature by controlling the so-called thermal resistance, which is the coefficient relating the

temperature difference between the air temperature 7, and the target component temperature 7, to the

air comp ?
rate of thermal energy dissipation. In principle, this can be done by varying either the liquid coolant flow
rate or the heat exchanger fan speed. However, in addition to gross heat extraction, the CaBOT cooling
system must, as well as possible, minimize thermal gradients. Further, the CaBOT cooling system must
minimize time variation of thermal gradients as well as measured temperature. These needs require that the

coolant flow rate be held constant, at the highest value consistent with tolerable flow noise. This leaves fan
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speed variation as the preferred modality to control thermal resistance, and the method chosen for CaBOT

thermal control

In Figure 4-8, the mass flow rate of water passing through the system 1s m while the mass flow

water

rate of air passing through the radiator 1s m,, Water enters the cold-plate at temperature 7, ,, , while
the temperature of the component module to be cooled 1s at a temperature 7., =~ A heat load g, 1s
transferred through the cold plate to the water, heating the water to a final temperature 7., The water

1s then pumped through a radiator with a fan blowing air through the radiator, if the ambient air 1s cooler
than the temperature of water entering the radiator, then heat 1s transferred from the water to the air, cooling
the water so that 1t might return to the cold plate to execute another loop of cooling In an actual system,
the pump would also add heat to the water, though this is not included mn the elementary thermal model
depicted 1n the figure It 1s common to place the pump as the last element downstream from the radiator so
that added heat will not disturb components to be cooled

The system thermal resistance, a function of the radiator model and fan speed, can be calculated n

the following manner, as described for instance 1n [Incropera 1985, Kays 1984, or Stmons 2002] Given the

heat to be dissipated through the cold plate g, , the target temperature of the component to be cooled and

the thermal resistance of the cold plate R, , the required inlet temperature of the cold plate 7, ,, 1s
calculated as
T, water,m Tc,:omp —q; ch (41

Next, with the starting temperature of the water from equation (4 1), the outlet temperature of the

cold plate T,

water, out

1s determined by

q;
cpmwaterp (4 2)

water, out ~ " water, in
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where ¢, =4 183 kJ, / (kg K) 1s the specific heat of water and p 1s the density of water at the working

temperature and pressure The outlet temperature of equation (4 2) 1s used to determine the required radiator

thermal resistance R_, to achieve the temperature change

rad

Rrad _ T, water, out  * ar

% (43)

In order to determune overall system flow rate and radiator size, the total heat load of the clock
subsystems must be tabulated However, in addition to accounting for heat removal, thermal circuit design
must also prioritize system elements i terms of their respective thermal stability requirements A series
thermal circuit has the fundamental property that upstream variations 1n thermal load will perturb the
temperature of downstream elements System components with the most stringent thermal stability
requirement must be the first elements in the thermal circuit In addition, temperature sensors should be
placed on the temperature-critical components Less temperature-critical items or items generating large
thermal loads should be downstream of more temperature-critical components Figure 4-9 includes a table
of power dissipation requirements (left) as well as the two cooling circuits required for the CaBOT system

(right) Loop 1 first incorporates the R-B optics and the vacuum chamber adjacent to 1t, which we 1dentified
as having the most stringent temperature requirement (recalling the 6 mK/ 107'® fractional frequency

coefficient determined 1n measurements described 1n section 4 2 3 Ca-2 temperature sensitivity study)

Less critical system elements are incorporated 1n a parallel network downstream of the R-B optics Loop 2
components are less temperature sensitive, and are placed 1n order of increasing thermal load

For each loop, equation (4 2) 1s applied to determine the rise in water temperature required to

accommodate the loop’s total heat load as A7y pe = 91 / (c M ot p) As can be seen from Figure 4-9,

by splitting up the total heat dissipation requirement nto two loops of 100 W and 120 W, the total
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Figure 4-9. Thermal-fluid architecture. Approximate heat dissipation requirements for clock subsystems
are listed on the left; both Loops #1 and #2 assume a flow rate of 0.5 gallons per minute and water as the
working fluid. In Loop #1, 0.9 degrees change in the working fluid are necessary to dissipate 120 W, while
only 0.8 degrees change in the working fluid are necessary for dissipation of 100 W in Loop #2.
Components are ordered according to temperature sensitivity (most sensitive first) and thermal load
(smaller loads first).

temperature rise of the working fluid is <1°C in both loops. Minimizing the temperature increase of the
coolant across the loops is advantageous, because it bounds possible temperature variations in downstream
components.

In Figure 4-9, “Atom Chambers™ correspond to cold plates placed beneath the vacuum chamber at
the location of atom ovens. “Comb Optics” and “Comb Electronics™ correspond to the optical frequency
comb electronics and physics package; likewise, “Laser Optics” and “Laser Electronics” correspond to the
cavity-stabilized laser and driving electronics. The atom ovens are outfitted with water-cooling shrouds,
which are labeled “Oven Shroud”; finally, “Draper Electronics” correspond to the thermal board, laser lock
board and other electronics necessary to drive chassis thermal control and monitoring functions. All

components are listed with estimations for nominal power dissipation, selected to be conservative.
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Figure 4-10. Swiftech MCR-220 thermal resistance curves for different water coolant flow rates.
Horizontal lines correspond to upper limits for thermal resistance for design.

To assess thermal extraction achievable with this hardware suite, and the range of control provided
by fan speed variation, we analyzed a lumped circuit in which a single cold plate represented the collective
heat load of the clock chassis components. An MCR220 Swiftech radiator was modeled with manufacturer-
provided operating parameters. Thermal resistance as a function of fan speed is shown in Figure 4-10 for
water flow rates of 0.5 gallons per minute (gpm), 1.0 gpm and 1.5 gpm. By using equations (4.1)-(4.3)
calculations for the maximum radiator thermal resistance permitted to dissipate thermal load for each of
these flow rates are plotted as horizontal lines. Fan speeds were required that yielded thermal resistances

below these limit lines, thus placing lower bounds on fan speeds for each flow rate considered. A worst-
case condition was assumed, wherein the CaBOT system, with design internal temperature of 57°C, was

to operate in a maximum ambient temperature of 50°C .
The performance plots in Figure 4-10 indicate that the radiator is calculated to provide better-than-
required thermal resistance with fan speeds exceeding 1000 rpm. Figure 4-10 also shows that a change in

the water flow rate beyond 0.5 gpm does not have a large impact in radiator performance. As earlier stated,
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lower flow rates are favored since they produce less noise and vibration as compared with fast flow rates,
as well as reducing the necessary pump power for operation.

Having specified a circuit order and series-parallel connectivity scheme based on control criteria,
it was necessary to select the water pump and tube diameter for the system that could achieve the requisite
0.5 gpm flow rate. This selection was based on a system pressure analysis, the results of which are presented
in Figure 4-11. The Innovatek HPPS+ pump was evaluated as a possible candidate. Blue, purple, and
magenta curves with negative slopes correspond to the pump head available for the Innovatek pump in three
modes of operation: “Silent,” “Normal,” and “Power.” Pressure losses as a function of flow rate for cold
plates, a radiator (“MCR220-QP”) and tubes connecting system components are shown in orange, yellow
and green, respectively and have positive slopes corresponding to increased resistance with increased flow
rates. Two different flow circuits are considered: one in which all component cold plates are placed in series
(plain yellow line), and one in which a parallel circuit is considered (starred yellow line). The sum of all

pressure loss terms are plotted as black lines; the plain black line corresponds to a sum including the circuit
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Figure 4-11. Pressure analysis for thermal fluid circuit design.
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involving all cold plates 1n series, while the black line with stars includes loss terms from cold plates 1n a
parallel circuit

For a 5-meter length of tube, an nner diameter of 3/8” 1s selected with a simulation of multiple
pipe diameters with flow rates between 0 5 — 2 gpm, calculations for pressure loss are performed with the
use of the Darcy-Weisbach equation for pipe loss mn the case of turbulent flow, and the Samee-Jain
approximatton of the Darcy friction factor 1s used given the roughness of the plastic tube interior and the
Reynolds number of flow corresponding to the range of flow rates and tube diameter In the bottom-left of
the plot (at 0 5 gpm), the starred-black pressure loss curve mtersects with the pump pressure curves It 1s at
these points that the pump head 1s sufficient to drive water through the system at 0 5 gpm This simulation

indicates that the HPPS+ 1s capable of pushing the desired 0 5 gpm flow through the system

4.3.2. CaBOT temperature control design evaluation with demonstration circuit

In order to verify the results of the pressure and thermal analyses described above, a demonstration
circuit was constructed Figute 4-12 depicts a diagram (a), temperature sensor readings (b), and a
photograph of the actual demonstration ciicuit used for testing (c) An Innovatek HPPS+ pump was used
to propel water through a flow meter and fan-driven radiator before the water entered an msulation box (not
shown 1n the photograph) housing a Lytron CP-30 cold plate Riding the cold plate was a thin-film resistive
heater that was used to output 100 W of power, simulating the heat load of one of two representative loops
i the CaBOT thermal fluid system

Temperature control was executed by a MicroZed board and carrier card with an ARM processor
and an FPGA m conjunction with a custom thermal control board and a custom MATLAB Sunulink
controller program including a PID loop with temperature imputs indicated in Figute 4-12a,¢) The thermal

control board was developed by Draper and 1s described further in section 4 3 3 Electronics for chassis and

clock control It should be noted that 1) the card accommodated multiple temperature sensors and sensor
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Figure 4-12. CaBOT thermal-fluid control demonstration circuit: (a) schematic of experimental setup; (b)
measured temperatures presented as binned averages (160s bin size for 1 Hz data) corresponding to control

point at the cold plate inlet (blue), control target (green), and ambient laboratory (red); (c) labeled

photograph of thermal fluid components used for demonstration (driving electronics and insulation not
shown).

types; supported Pulse Width Modulation (PWM) control of the radiator fans; provided current control for
CaBOT Ca ovens; provided controlled current for multiple Watt-scale ohmic heaters; and provided a fully
programmable custom thermal control capability. The controller used the cold plate inlet temperature as

the primary input and control was exerted by varying the speed of the fans affixed to the radiator,

dynamically tuning the thermal resistance of the heat exchanger.
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The ambient lab temperature over the course of a 15-hour test 1s shown 1 red in Figure 4-12b,
while the control temperature, 1 e the cold plate outlet temperature, over the course of the test 1s shown 1n
blue, the green line indicates the target temperature that the controller 1s commanded to maintamn All
temperature data was collected at a frequency of 1 Hz and binned into 160s windows for evaluation of
performance While the red plot of Figure 4-12b, the ambient laboratory temperature, exhibited excursions
> 500 mK over the time period sampled, active temperature control limited cold plate temperature

excursions shown 1n blue to < 8 mK , with an RMS error of 56 pK This result strongly indicates that the

fan speed temperature control modality was robust against exterior temperature variation Given that the
temperature sensitive components of the CaBOT system were designed to be enclosed within multiple
layers of insulation, variations of less than a degree m their effective environmental temperature could
reasonably be expected Given these considerations, 1t 1s likely (but not proven, short of a full CaBOT
demonstration) that the fan speed control modality 1s adequate to support excellent long term stability of
the CaBOT frequency reference

In addition to providing a stable temperature environment for the components within the CaBOT
frequency reference, low vibrational noise was also prioritized for the thermal fluid control system To
assess mechanical vibrations, a frequency content analysis was performed for the Innovatek HPPS+ pump
used for the demonstration circuit Figure 4-13 depicts the results of this analysis

An Axivity AX3 accelerometer was taped to the outer casing of the water pump with a coordinate
frame orientation depicted 1n the figure The pump was not attached to any structure and was only held 1n
place by the mlet and outlet tubes connecting the other circuit components as shown 1n the photograph of
Figure 4-12¢ In this manner, any vibrational frequency content measured at the pump was ensured to reflect
the mechanical properties of the pump itself and not of a larger rigid structure affixed to the pump A fast
Fourier transform of the accelerations measured during pump operations in the “normal” operational setting
1s plotted 1n Figure 4-13 1n red blue and green corresponding to the three principal axes shown These plots

represent the frequency spectrum of pump-driven vibrations that may be presented to the CaBOT chassis
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Figure 4-13. Innovatek HPPS+ pump vibration analysis.
during clock operations. By turning the pump off, accelerometer noise content is identified and plotted in
grey.

From the analysis, 60-65 Hz, 125-130 Hz and 380-385 Hz were identified as principal pump-
induced vibration frequencies of concern, with dominant vibrations measured in the plane normal to the
pump inlet axis (the x and z axes labeled in red and green, respectively, in the figure). This frequency
content analysis was used to specify dampening rubber mounts for use in isolating the thermal fluid pump
and radiators from the CaBOT chassis body to ensure that the vibration frequencies driven by the pump are

not allowed to propagate to the frequency reference from the pump.
4.3.3. Electronics for chassis and clock control

Draper thermal control electronics incorporated a MicroZed system-on-module 72020 board and
input/output (I/O) carrier card and breakout board. The AVNet MicroZed development board is based on

the Xilinx Zynq®-7000 All Programmable system-on-chip (SoC). A custom thermal control interface and
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Figure 4-14. Integration concept for Draper electronics with photographs of MicroZed SOM and
thermal control board.

sensor board were interfaced with the MicroZed, which itself contained an ARM processor and an FPGA.
A MATLAB Simulink controller program in conjunction with Xilinx software was used to write firmware
to perform control tasks such as the temperature control demonstration.

A concept for the integration of all boards including a laser lock board is shown in Figure 4-14,
along with photographs of the MicroZed and thermal control boards. The laser lock board, intended to
process fluorescence data and to apply various optical frequency modulation patterns for stabilization of
the laser to the Ca resonance, was not designed or built. The MicroZed system-on-module board as well as
its breakout board are depicted in red in the diagram, with the SOM board shown in the accompanying

photograph.
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4.4. Integration and next steps

The CaBOT chassis was designed to house all necessary subsystems of the clock, including the
optical frequency reference, the cavity-stabilized laser, the optical frequency comb, all Draper electronics
and thermal fluid system hardware. In addition to providing structural support for CaBOT components the
chassis must isolate the sensitive CaBOT components including the frequency reference, laser, and comb
from the local environment. Because the thermal fluid system included noisy mechanical components such
as water pumps and fans, these components were housed in a structure physically removed from the rest of
the chassis, mounted with rubber vibration-damping sandwich mounts. Figure 4-15 shows photographs of
the CaBOT chassis without the thermal fluid attachment (a), a prototype of the thermal fluid plate (b), and

the Draper electronics (c).

Figure 4-15. Photograph of CaBOT chassis.

Integration activities involved a fit-check and thermal fluid system check-out, a photograph of
which is shown in Figure 4-16. The open chassis sitting on the optics bench was integrated with a loaded
frequency reference, with the same vacuum, oven and optics configuration subsequently used in
performance evaluation at NIST. In addition, all system cold plates and the bottom-half of magnetic
shielding necessary for the final, fully integrated configuration were included. On a wheeled cart in the
foreground, the top-shelf of the chassis can be seen with three cold plates carrying three dummy-load
resistive heaters to stand in for Draper electronics, comb, and laser electronics. This top shelf also had
temperature sensors integrated for temperature sensing and data acquisition commanded by the thermal

control board.
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Figure 4-16. Frequency reference, chassis, and thermal control electronics integration at Draper.

The Draper electronics appear at the top left of the photograph, and the thermal fluid plate at the
top center of the photograph. A 100 kHz linewidth Toptica laser and optics train are located at the right of
the photograph. This laser was used for preliminary testing at Draper before the delivery of optics and
before integration with the NIST test laser featuring a narrow (~1 Hz) linewidth for R-B atom interferometry
and fractional frequency instability measurements.

Future work for the thermal control would include closed loop testing equivalent to that conducted
for the demonstration circuit. The laser lock board would need to be designed, fabricated and integrated,

and compact laser and optical comb elements would also require integration.
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Chapter 5

Conclusion

5.1. Principal results and contributions review

Over the last several decades, the introduction of transformative laser technologies including ultra-
narrow lasers [Salomon ez al 1988], ultra-fast lasers [Morgner et al 1999, Sutter et al 1999], and optical
frequency combs [Eckstemn et al 1978, Cundiff and Ye 2003, Trabesinger 2005] have transformed the
atomic molecular and optical physics community Among other applications, these technologies have
enabled the first optical atomic clocks that outperform existing microwave standards by orders of magnitude
i laboratory demonstrations While these rapid advances have opened new avenues of research and
application, they have also introduced new challenges, both 1n the theoretical treatment of optical atomic
interactions and 1n efforts to field technologies for broader application beyond the laboratory

Thus thesis provided a description of a design and experimental evaluation of an optical atomic
clock architecture relying on a thermal calcium Ramsey-Bordé matter-wave mterferometer and relevant
work toward realizing a first-of-its-kind compact, deployable optical atomic clock based on the same
architecture In addition to these efforts, a theoretical framework was mtroduced to explore the possible
spectroscopic implications of using ultra-narrow linewidth lasers, like that used n the thermal calcium R-

B optical atomic clocks considered 1n this thesis

5.1.1. Theoretical contributions
The the ultra-narrow linewidth of modern lasers mtroduces a challenge to the application of
traditional theoretical descriptions of optical atomic mteractions Because the narrowness of the laser line

probing the optical clock transition drives the short term noise of the frequency reference, the use of this
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kind of laser 1s critical to the performance of optical timekeeping devices Spectroscopic approaches that
probe absorption and stimulated emission events for atomic or molecular systems with quantized internal
and momentum states involve the transfer of momentum from the laser to the atom not just in the laser
propagation direction, but also m the (often orthogonal) atom propagation direction This transverse
momentum transfer compensates for the Doppler shift experienced by the atom [Sterr et al 1992]

Quantitatively, the momentum and energy condition for a single photon absorption at the calcium clock

transition frequency can be expressed as k Vo, =0-— hik> / (2mCa) where k 1s the laser wave vector, ¥,
1s the principal atom velocity vector, ¢ 1s the laser detuning, and hk? / (ZmCa ) 1s the single photon recoil

frequency Thus, the condition for absorption at detuning values o # hk? / (sza) 1s that a laser

momentum component along the atom propagation direction 1s transferred to the atom

In standard theoretical treatments including that described in [Bordé et al 1984], an implcit

assumption 1s made that a sufficiently wide dispersion of laser wave vectors k exists to satisfy this

momentum and energy conservation condition for each atomic velocity class For a Gaussian laser with a

fixed beam waist, the angular range of wave vectors k£ 1s fixed, and so this assumption 1s better stated as

an assumption of a sufficiently wide frequency linewidth to allow for a range of wave vector magnitudes

A‘E l to accommodate the Doppler shifts demanded by energy and momentum conservation While this

treatment provides a useful description of atom and molecule interactions with coherent radiation, the
underlying assumption of a broad laser linewidth means that extant theory cannot explore the implications
of using ultra-narrow, Hz-scale laser linew1dths to drive optical atomic transitions

In this thesis, a theory was presented 1n which an expression for a Gaussian laser electric field was
introduced and an mteraction Hamiltonian was derived for absorption and stimulated emission events that
incorporates strict energy and momentum conservation assuming a monochromatic laser Equations of

motion were then derived by introducing the Schrodinger equation for a superposition of ground and excited
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states of the atomic wavepacket Solutions for ground and excited states were derived with a perturbation
theory that introduced a new momentum- and laser-mode-dependent Rabi rate

An vestigation of basic implications of this restricted Rabi rate resulted 1n the prediction of a
strong dependence of the interaction strength with laser steering along the plane of the atom-laser
interaction, with a weaker dependence with steering out of the plane for the model scenarios considered
This result directly correlates to an intuitive qualitative understanding of the strong sensitivity of atom-laser
interactions with Doppler shifts When evaluating the restricted Rabi rate for a variety of momentum classes

and laser beam waist sizes and optical powers, the peak restricted Rabu rate calculation matched the standard

“bare” Rabi rate given by the classic relation Q = eF <e

v, é’ g) / 7, lending further confidence m the

viability of the theory

In order to compare the momentum-dependent, restricted Rabi rate theory to the existing theoretical
framework, atom source models were introduced to represent a thermal calcrum beam configuration, and
excitation probability calculations using both existing theory [Bordé et al 1984] and the new theory are
presented to investigate some basic spectroscopic signal predictions Various beam waists were selected
corresponding to common experimental parameters and for each a saturation study was performed i which
excitation probabilities were calculated as a function of laser optical power The momentum dependent,
restricted Rabi rate theory exhibited saturation with properties that diverged from those predicted by [Bordé
et al 1984] To the extent that a comparison with experimental data and extant theory could be made, 1t
would appear that the restricted Rabi theory may offer new nsights into spectroscopy with ultra-narrow

lasers Of course, this will need to be further investigated in experimental and theoretical work to come

5.1.2. Experimental contributions
The Calcium Beam Optical Timekeeping clock 1s a first-of-its-kind design for a compact optical

atomic clock based on a thermal Ca R-B matter-wave optical atomic frequency reference, designed to

operate mn environmental temperatures rangmg from 0—50°C and withm a full form factor measuring
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<0 11m’ CaBOT and similar optical atomic clocks including those that may be based on the NIST Ca-
2 thermal Ca R-B frequency reference enable a broad range of positioning, navigation, and timing
applications in fundamental science and defense, commercial, and civil sectors

After describing motivation for design and specific subsystem integration efforts, this thesis
described experimental and analytical evaluation of the CaBOT fiequency reference This was followed by

the description of an mvestigation of noise processes that currently limit the technology’s performance A
fiactional frequency mstability of 5 0x 107" / vHz was measured, and the observed R-B signal’s atom

_15
shot noise was estimated to be o =4 9x107" at one second Excess laser noise was 1dentified as

atom shot
the primary limitation to clock performance preventing atom shot noise limited instability After
distinguishing and 1dentifying leading mstability drivers, simple improvements to the CaBOT reference
were proposed ncluding the use of relative intensity noise subtraction, background scattered light
reduction, fluorescence capture efficiency improvement, and R-B signal contrast improvement While the
first two methods address the relative mtensity noise of the laser, the latter methods mvolve an impirovement
of the R-B signal size and hence mvolve not only a 1eduction of electrical shot noise of the measurement
noise floor, but also a reduction of the theoretical limit to clock instability performance as represented by

the atom shot noise Piojected performance calculations for a range of improvement options were presented

that allow for reductions in measured mstability well mto the 1x 107" / VHz decade

Experimental efforts with the NIST Ca-2 frequency reference supplemented CaBOT research and
were also desctibed 1n this thesis Sensitivity studies with Ca-2 enabled an evaluation of the impact of
experimental and envionmental parameters on a clock signal derived form a thermal Ca R-B atom
interferometer frequency reference Characterizing the dependence of clock signal nstability on local

temperature was described in this thesis including a temperature-driven sensitivity study that identified mK-

level temperature control as an indicative requirement to achieve instability at the 1x107" level The

design and operations of a thermal enclosure and temperature control system were also described that
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regulated Ca-2 frequency reference temperatures to 10s-mK during experimental operations With

environmental 1solation provided by the thermal enclosure, frequency measurements performed with the

Ca-2 system resulted 1n regularly measured mstabilities of <2 x 107" between 10-1,000s, corresponding
to more than an order of magnitude improvement over any previous thermal atomic architecture to date
[Olson et al 2019]

Finally, this thesis described a thermal control system for the compact, fieldable CaBOT clock
addressing the engineering challenge of removing a large heat load (~220 W) from a small volume without
the use of convective cooling, and to otherwise 1solate the frequency reference from environmental or other
perturbations A demonstration thermal fluid cooling circurt was designed, constructed, and evaluated,
successfully providing sub-mK temperature stability with the use of a water cooled cold plate system inside
the physics package with radiators and a pulse-width modulated fan for control placed on the exterior of
the CaBOT chassis A full thermal fluid system based on the same operational principles was presented for
the CaBOT chassis, providing a simple approach with relatively mexpensive components to achieve stable
thermal control for the Draper CaBOT clock The impact of the thermal fluid design extends beyond
CaBOT the same architecture may be applied to any fielded optical clock architecture that requires mK-
level temperature stability and the removal of a large thermal load from a small volume without the use of
convection cooling

While CaBOT design efforts described 1n this thesis were supported by Draper and NIST staff,
subsystem and CaBOT frequency reference integration and evaluation were led by the author of this thes:s,
as well as the design and demonstration of the thermal control system Additionally, thermal sensitivity
studies with NIST’s Ca-2 and the design, construction, and operations of the Ca-2 thermal enclosure were

also led by the author of this thesis

5.2. CaBOT and Ca-2 in context

Figure 5-1 depicts the fractional frequency mnstability performance of the CaBOT and Ca-2 systems
as they compare with current leading fielded timekeeping solutions as represented by data corresponding
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to a commercially available cesium beam clock and active hydrogen maser. These experimental
performance curves are accompanied in the plot by the GPS-denied objective identified by DARPA
[DARPA 2014] and general performance characteristics of laboratory cavities and optical lattice clocks.
Measured CaBOT performance exceeds the performance of the Microsemi MHM 2010 Active
Hydrogen Maser at short time scales, but exhibits increased instability at larger time scale. This may be
expected since the CaBOT configuration tested did not include temperature control or environmental
isolation, and did not employ k-reversal or dual oven operations, each of which were designed to be utilized
in the CaBOT clock to mitigate mid to long term instability drivers. With minor and entirely feasible
improvements to the CaBOT frequency reference, including relative intensity noise subtraction, scattered

light induced noise reduction, fluorescence collection improvement, and increased signal contrast, CaBOT

instability may approach 1x107" / VHz at short time scales, exceeding the GPS-denied objective and
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Figure 5-1. CaBOT and Ca-2 performance in context with current timekeeping leaders and the GPS-denied
performance objective. Cesium beam and active hydrogen maser data from [Microsemi website, 5071A
Cesium Clock Primary Frequency Standard and MHM 2010 Active Hydrogen Maser].
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exceeding the performance of the leading fielded standard, the hydrogen maser, by nearly two orders of
magnitude

Even without these improvements, a CaBOT clock featuring performance equivalent to that already
demonstrated would demonstrate a leap forward for fielded timekeeping, given the fact that this
performance 1s commensurate with the hydrogen maser delivered by a device contained 1n a form factor
comparable to the cestum beam clock Given the near-term and reasonable performance improvements
identified with the noise contribution study, prospects are promising for a CaBOT clock featuring
performance exceeding the H-maser 1n a form factor comparable with the cesium beam clock

The measured Ca-2 performance not only exceeds the GPS-denied objective, but also exceeds all
previous thermal atomic timekeeping efforts by more than an order of magnitude [Olson ef al 2019] While
the Ca-2 clock 1s not designed for compactness or field deployment, and most notably includes the use of
a secondary blue laser to mmprove signal strength with light induced fluorescence, the measured
performance 1s representative of the ultimate performance of a thermal Ca R-B atom iterferometer applied
to optical timekeeping As such, the same systematic and experimental sources of frequency nstability that
affect the Draper CaBOT system are also present in the NIST Ca-2 system, and so the performance of this
system 1ndicates the opportunity for extending the thermal Ca R-B architecture to applications that may
accommodate larger size, weight and power In addition, improvements are still possible for the Ca-2
system

Together, the CaBOT and Ca-2 systems represent a potentially revolutionary approach to achieving
practical optical timekeeping, demonstrating the applicability of a simple, thermal atomic beam based
architecture to timekeeping solutions, and a means to transition optical timekeeping advances from the

laboratory to the field in small SWaP packages
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5.3. Future work and concluding remarks

5.3.1. Future work relating to the restricted Rabi rate theory

The momentum dependent, restricted Rabi rate theory as presented depicts a single atom-laser
interaction 1 a momentum space description with no inherent time dependence As such, the theory 1s not
readily applied to a position space description of an interaction of an atomic wavepacket moving through a
laser field One future improvement to the theoretical framework would be to include time dependence in
the formulation

Even 1n 1ts current state, the utility of the theory may be readily mvestigated with single-pulse
experiments involving saturation studies as a function of laser waist and total optical power Such
experiments may be conducted at any facility with a narrow linewidth laser involved 1n either thermal or
cold atom experiments This additional experimental data may be readily used to compare the restricted
Rabi rate theory predictions with those that may be derived with existing mteraction models and further
elucidate implications and validity of the theory

Finally, an extension of the theory to multiple atom-laser interactions would allow for the theory’s
application to saturation spectroscopy as well as matter-wave interferometers mncluding the Ramsey-Bordé
atom nterferometer m CaBOT and Ca-2 As with the single-pulse theory, application of the theory to either
thermal atomic beam or cold atom systems are possible and associated experimental efforts to accompany
theoretical investigations are desirable for the broadest application of the theory to improve understanding
of atom-laser interactions and to improving design and optimization efforts for experiments and fielded

operational systems alike

5.3.2. Future work related to CaBOT and Ca-2 clocks
Improvements to both the CaBOT and Ca-2 systems are possible that would reduce measured
instability at short and long time scales Laser noise reduction including relative intensity noise subtraction
and background noise mitigation may be complemented by signal improvements possible with increased
" fluorescence capture and improved R-B signal contrast In addition, the implementation of both k-reversal
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and dual oven operations with CaBOT, as well as full integration within the CaBOT chassis with
temperature control was not achieved Integration of the full chassis ncluding the compact 1314 nm laser
and fiber optical comb as well as a laser lock board would realize the final CaBOT optical clock as designed
Regarding the Ca-2 system, improvements to the thermal enclosure are possible that would further 1solate
the Ca-2 frequency reference from temperature variations and that would improve long term stability
performance

Concerning the CaBOT system 1n particular, several design changes may be introduced to improve
performance and to reduce SWaP The most dramatic improvements to clock performance, as well as an
overall SWaP reduction, may be achieved with a modest re-design of the frequency reference to afford
significant improvement to fluorescence capture efficiency A possible redesign would feature a frequency
reference with only a single atom oven and a fluorescence capture region characterized by a small radius
glass tube extending outside the vacuum chamber, separated by the rest of the vacuum chamber by a narrow
aperture With this updated design, background hight would be significantly reduced, and collection
efficiency could be improved by orders of magnitude since many fluorescence detectors could be placed
very close and at multiple locations along the atom beam that enters the glass tube extending outside the
mamn vacuum chamber body While dual oven operations would not be possible, k-reversal could still be
employed to elimmate residual first-order Doppler shifts to the clock frequency derived from atom-laser
geometry imperfections

In addition, another proposed design improvement for CaBOT 1s the expansion of the existing R-
B optics in-vacuum to include elements that are currently outside the vacuum chamber While the placement
of penta-prisms outside of the vacuum chamber was included 1n the current CaBOT design to ensure a
degree of freedom to improve R-B signal contrast, the separation of the R-B steering optics resulted m
reduced R-B contrast and more difficult alignment processes As demonstrated by the Ca-2 system, a single
R-B steering element in-vacuum 1s possible and produces higher R-B signal contrast without significant

alignment or steering effort (13-18% measured for Ca-2 as opposed to 5% measured for CaBOT)
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5.3.3. Concluding remarks

Optical atomic clocks based on thermal Ca R-B matter-wave interferometry that were ivestigated
in this thesis and with related research at Draper and NIST represent a unique and exciting avenue for
thermal atomic beams to be employed 1n new optical atomic clock applications both i the laboratory and
the field The architecture mvestigated involves simple and compact technologies that provide a pathway
to transferring optical atomic technology to the field for application across fundamental science, industry,
civil, and defense sectors Accompanying theoretical investigations for the interaction of narrow linewidth
lasers and atoms as introduced m this thesis apply not only to optical atomic systems relying on thermal
beam, but also to those employing cold atoms As such, the new theoretical framework introduced may
help to supplement current practices to deepen our understanding and to improve experimental design and
implementation approaches across a large range of optical atomic physics experiments and future quantum-
based systems and fielded experiments

Taken together, the theoretical and experimental contributions contained 1n this thesis represent
exciting progress toward transferring the latest optical atomic technologies from the laboratory to practical
application m the field In particular, thermal Ca Ramsey-Bordé atom interferometry has been shown to
offer a promising path to realize optical atomic timekeeping in a simple, compact device capable of ensuring
greater security for critical infrastructure across civil, commercial, and defense sectors, and also of enabling

new science and engineering opportunities near and far from Earth
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Appendix A
Restricted Rabi rate theory derivations

A.1. The atom-laser interaction Hamiltonian

In the laboratory frame of reference, the atomic Hamiltonian for an atom interacting with an

elliptical laser beam takes the form

>

2 A A
e, r,_,+hc

exp(zE (1% -7, ) - zkoct)
(A11)

where the atom’s kinetic energy contribution 1s given by the operator ﬁz / (2mcﬂ) and where the atomic

mternal energy operator 1s given by lflo The operators n equation (Al 1) are written 1n bra-ket notation

in which the ground state is represented by |g> and the excited state by |e> , with their characteristic

frequencies separated by the transition frequency @, = @, — @, The position operator 1s written as 7 ,and

~
=
rE—H

1s the relative electron-nucleus position operator, and €, 1s the polarization vector of the laser electric
field The field 1s a Gaussian mode propagating along &, with the beam waist located at the origin Note

205



that the interaction Hamiltomian H, 1s composed of the term shown, which includes time evolution of the

1

Gausslian wave as €Xp (—zkoct) , as well as the Hermitian conjugate term (4 ¢ ) that includes exp(lkoct)

The lab-frame interaction Hamiltonian given by H , In equation (A1 1) can be expressed m terms

of the matrix coupling element (e|é, i |g) and the coupled pair of states {|g>|jy>,|e>| p +hl€>} by

applying a product of internal and center-of-mass motion momentum space i1dentity operators given by

1. = (lg><g|+’e><e|) and 1_, = (jd%?lf?)(ﬁl} respectively

1, =(lg) el +e)el)

~(Jenial)

_ (E /20) 1
‘%%[Jd*plp)@l]u 7E Sk ) e -
o exp(zl? (f—f")—lkact>
o FR) [
‘%%U ‘plp)<p|] [ aF S b
AR 20
exp(—zk (I:—l")+lkact)
- o e P
o afa) E B gl i A
e L L e
£F,>0 e\(p(tk (l:—l—)*lk ct)
| - (E k, 1 w? ‘/; é“l|2
N i i
LAL::S exp(:E (f—f‘,)ﬂk,,cr)
(A12)
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To simplify the expression in equation (A1 2), the position operator 7 acts on the momentum states
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The electric field adds momentum only when inducing transitions from the ground to the excited state, and

removes momentum only when inducing transitions from excited to ground state This implies that only

two of the four terms n equation (A1 3) are physically allowed, resulting in

ek
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|2)| B)el(p + 7k|

The first (top) term corresponds to a photon absorption event, while the second (bottom) term corresponds

to a stimulated emission event To arrive at the final form of the interaction Hamiltonian, 1t 1s necessary to

restrict the action of the electromagnetic fields to the cases where the wave vector k , atom momentum p

and laser detuning & are related according to the condition for conservation of energy and momentum

This condition 1s given by (E f)) /mCa =51k’ / (2mc.a) and 1s applied as a restriction on the

mtegration, resulting in the following form for the interaction Hamiltonian
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Restriction of the ntegration 1s implemented by means of introducing delta functions appropriate to the

selected coordinate representation

A.2. Deriving equations of motion in the laboratory frame

The atomic Hamiltonian given by equation (A1 1) 1s used to develop equations of motion for an

atomic wavepacket |‘P (t)> = |\P ¢ (t)> + l‘I’e (t)) composed of a superposition of ground and excited state
wave functions given by I‘I’ ¢ (t)> and |\Pe (t)) respectively The time-dependent Schrodinger equation
for this atomic system may be expressed in terms of the wavefunction |‘P(t)> and the laboratory-frame

atomic Hamultonian £ s glven by equation (Al 1) as

zhdit|\P(r)) =, | (¢)) (A2 1)

The states |\P (t)> may be expressed as expansions 1n momentum states | ﬁ) 1n anticipation of applying

the electromagnetic Hamiltonian (A1 5) The following form is proposed for the atom state superposition

coupled by the electromagnetic field
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where the distribution functions f, ( ﬁ,t) and fg (f?,t) are yet to be determined, and the terms
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=2

¢ J are phase terms corresponding to freely

€xp (—m)et —1 tj and exp (—za)gt —1

2m,

a

2my,

propagating particles The solution must be normalizable, 1 e <\P(t)|‘P(t)> =1 The forms for the atomic
wavefunction in (A2 2) describe free space atom propagation, with an mmplicit assumption that the
amplitude functions f, ( D\t ) and fg (]3,1‘) are slowly varying as compared with the phase terms 1n the

mtegrals over momentum
Equations (A1 1) and (A2 2) are substituted into the right hand side of (A2 1) to express the

Schrodinger equation as
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In equation (A2 3), the momentum operator and the internal atomic Hamtiltonian operators from equation
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(A1 1) are expressed n terms of the matrix coupling element (e|é, i |g) and the coupled pair of states

{le)l p).

| D +hk>} by applying a product of nternal and center-of-mass motion momentum space

identity operators given by 1 . = (l g) <g| +| >< |) and 1, , = (J‘d ’ ﬁlﬁ) ( ﬁ'} This follows the same

process employed to derive the expression for the interaction Hamiltoman, and results i the following

expression for the sum of internal atomic state and momentum Hamiltonian operators
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The expression for “P(r)) 1s distributed to the internal and momentum Hamiltonian operators and the

Schrodinger equation (A2 3) becomes
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Further distribution and applying inner products results, and carrying out integrations in momentum yields

211




H,, I"’ (¢ ))

o 051700 s0a-1 2 )| N A e e L ]

4
J'd’p 7P, t)exp[—m)r lp ] |g)Id‘IJ'j;(p’,t)zl;—hexp[—m)gt rﬂt} )

ke, _,
ww. - - (/; .‘,) exp _l K |‘ ) l| 2 L L (7, t)expi—m)t 1= p” t)
“h 2h(IL Ll fap [ dks(E|-k,) w2 [ ol )] |+ k)| [ 2mh

T k, “ s(p-7)
A_i[ W ] xexp( (lk i, +1k, ct))
+ _ :
- [ el "
N ) o - k k, A t)exp[—zwt z—r]
el mi e | aislpn)ER) 4[ Wil @ |] I NN
';lp:‘[ :k 3 _xexp(zl; i, +1k,,ct) ] 6‘((p+hk)—p)
le)o, J'd’p’f (7. t)exp[—zwt lp—ht)|") le )J'd‘p'f (B, t)ﬁexp[ 10,1 — f';t]h";’)
+
|g)ngd‘i,' fg(p’,t)exp(—zmgt—t—;Tht]ﬁ') ]g)j,fp' PV t)—exp( ]I )
(@ i) 1™ """
—al |- 2]‘10 efe, 1. |g)‘2w Idai"P+hk) j“ d’/?é‘(|lz|—kn)—k ° 4 +w22|]; éwzz |e>exp(—1a)t lm Jf (B.1)
ﬂ;jaa ::;:)j) xexp(—(llz I_" +Ikan))
. 1l |k é o
o k k,}| exp| —— . p+ ik o
_%(gl é 7, “’1::zJ‘dzﬁll—,)w=A;[EE>0d‘k5(|k|—ku)( i ) 4[+w22|k ngrJ |g)exp[—zwgt—1(p;n’h) t]fe ((p+hk),t)
QVOJ_Z"L) xexp(tlz i:v-}-l/f”c‘t)
(A2 6)

d
As per the Schrodinger equation, this expression 1s set to 1h5|‘1’(t)> , the time derivative of the wave

function given by the left hand side of (A2 3) By substituting the form for the wave function grven by

equation (A2 2), the time derivative can be written as
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Equating the left and right hand sides of the Schrodinger equation, 1 e equating (A2 6) and (A2 7), produces

a set of coupled equations expressed as
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Left-multiplying equation (A2 8) by the atomic states |e> and ‘ g> projects the coupled equations mto the

internal atomic state space Projection into the excited state |e> results 1
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Complementary terms are selected when projecting (A2 8) into the ground state | g>
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Both equations (A2 9) and (A2 10) feature terms that can cancel, and so the equations simplify to
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Equations of motion for the momentum distributions are derived with a projection onto the momentum state

|;3) by left-multiplying equations (A2 11) by the bra< ﬁl The first (top) equation from (A2 11) 1s

considered first
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In equation (A2 12), the dot product ( ﬁl ﬁ'+h/_c'> picks out momentum states p' = p—hk with a Delta

function corresponding to & ( ﬁ'—( ﬁ—hE)) This 1s reflected both in the in the new integration

restriction

k (ﬁ-h/?):(g_h,;oz

m, 2m,

a

} and m the ground state population distribution argument
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In this case, the dot product <j5| 13') picked out momentum states p' = p , and so the integration restriction

k p nk,
corresponding to conservation of energy and momentum remains P_ls5- > °— | and the excited
e e

a a
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state population distribution argument remains as f, ( p+ hk , t) Rearranging the phase terms and applying

the definitions 0 = @, — ((0 - a)g) and @, =k c results to equation (A2 12) results 1n

_%@lé\l r:e~n— g)%
) -
w1 ‘k e“1|
+w2 lk e,, ’
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¥: 5+hzk;'] exp{—lt o+ . J]
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(A2 14)

The time dependent phase term vanishes when applying the integration restriction corresponding to energy

hk 2 k
p ] =0, resulting in

and momentum conservation since (5 +— 2
m m
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7, ((p-1%).1)

Turning to the second of the coupled equations, rearranging the phase terms and applying the definmitions

c‘)‘za)o—(a)e—

a,

g

) and @, = k,c to equation (A2 13) results
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Once again, the time dependent phase term vanishes when applying the integration restriction, this time

hk  pk

2m m

corresponding to the relation (5 - J =0, resulting in
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Equations (A2 15) and (A2 17) are exact coupled equations from which the rapid complex

exponential time dependence has been removed These equations of motion may be solved to derive time

dependent atomic state amplitudes

A.3. Green’s function for a driven harmonic oscillator and

solutions for atomic state amplitudes

A.3.1. Green’s function application to the driven harmonic oscillator

Use of a time domain Green function provides a mechanism to derive a particular solution for the

second order time differential equations derived for atom state amplitudes The ground and excited state

time evolution equations dertved 1n the main text are repeated here for reference
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i Tio () + 41, (B f0(Bo1)=0

1 2ihik, (V fgo(P:f ) ( RO (13)* f!m(ﬁ))
4 —tky £ (Bs£) Q2 (P ) (VpQR,o (13))
S 120 (B Wt 100 (B £ (51r) 20
, hk, Ny Hgo, R0 ﬁ
d_fezl(ﬁ+hl;oat)+411| B[ 72 (B + 1k, t)—% " ( o (_p+i l))) il 7) s (7)
1k, 11y (B4 Mgst) O, (B) ¥, (@0 (5) )

.1 BNCIU
G ()10 ) 10 (5) =

dr*

(A3 1)

Equations (A3 1) can be compared to the standard driven harmonic oscillator equation given by

{§+27/j ‘o, }x(t):i(ﬁ (A32)

osC

where x(l‘ ) is the position of the oscillator, @, 1s the oscillation frequency, » 1s the damping facto,

os¢

f (z‘) 1s the driving force and m, . 1s the oscillator mass When comparing equations (A3 1) and (A3 2),

osC

the damping term 1s ¥ = 0 and the oscillator frequency 1s given by @, = ‘Q RO ( ﬁ)l / 2 The time history
of the oscillator position x(t) 1s given by the distribution functions themselves and the driving force

f (z‘) /mmc 1s given by the right hand side of equations (A3 1) A Green’s function equation for the

harmonic oscillator can be expressed as

2
[d—+2y% ]G(t ()= 6(~1) (A3 3)

where the delta function & (t—t') =f (t')/m corresponds to a discrete pulse acceleration for an

(414

arbitrary driving force Using this Green’s function, a solution for the oscillator’s position tume history

x(f) can be derived accoiding to
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m

osc

x(t) =" dr'G(tr) (A3 4)

The solution for the Green’s function for the driven harmonic oscillator 1s evaluated with the following

analytical expression

1 I: 2 2 l jl
———sin|®, - =), <w,,
V a)mc2 - 7/2 ™ }/ ( ) }/

ﬁsnﬂl[ \ 7/2 - Co{).sc2 (t - t,):l s V>0,

G(r,t")=0(t- t’)exp[—}/ (r- t’)] x

@()_ 1, 720
= 0, otherwise

(A3 5)

where G)(z') 1s the Heaviside step function For the leading order perturbation expansion, the Green’s

function given by equation (A3 5) becomes

G(t,t")=0(t-1 2 LIQR’;@)I (r- t’)} (A3 6)

)IQR,O (ﬁ)| sin

A.3.2. Use of Green’s function to derive state amplitude solutions

The general solutions for the coupled homogeneous equations of (A3 1) are readily found to share

the form of the standard harmonic oscillator

general a(ﬁ)COS[IQR’;@) tJ +b (13)81n(|QR’()2(ﬁ)l tJ

goneral b(ﬁ)cosUQR,o (13)| t} + a(ﬁ)SIH[‘QR’O (ﬁ)| t}

oo (B:1)

(A3 7)

fo (B1)

2 2
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These zeroth order solutions (A3 7) are used to derive particular solutions for the inhomogeneous
equations of (A3 1) The giound state particular solution 1s considered first, given by the second equation

m (A3 1),1e for

1 21hk, (V, £15 (B.1)) 10 (Qp (B) O, ()

S 1 (B) 10 () £ ()= i (3, (B) (V000 (5))

Equations (A3 4) and (A3 5) are expressed with the following substitutions corresponding to the ground

state particular solution
x(t) gl (p’ t)
y=0

192 (2)
’ 2

£0)_1[26,(V, 15 (51)) 1m( Q0 () Oy (5))
M ko 10 (Bot) 0y (B) (V900 ()

(A3 8)

Applying the substitutions m equation (A3 8) to (A3 4) and (A3 5) results 1n

fer(Bo1)

pat ticular

2 P o, )}1 21k, (¥, o (B:1) (S0 () B (5)

QRO(Z?)| 4 hkfo(P:t)le(p) ( R0 )

= f; dr'e(t -1 l
(A3 9)

Making the notation substitution ' — u , a particular solution for the first order equation, n terms of a

zeroth order solution, may be written directly
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(A3 10)

In equation (A3 10) the integration bounds I du@ t— ) become Idu when applying the Heaviside step

function and the 1nitial condition corresponding to tumes # < 0,1 e the first order perturbation of the ground
and excited states vanish With this expression, integrations may be performed using the generalized
solution to the homogeneous equation for the ground state in (A3 7) Specifically, the following general

and particular solutions describe the ground state distribution amplitude in this perturbation theory

feo (Bi1)

[ Im(Q ) ﬁ t D
2uhik, m( vo (P) e (p)) J.dusm ——————‘QR’O (p)|(t—u) (V foo(Dout) )
111 (o), = dee (] 4 2 e
g1 >" N particular . QR,I (Z?)* (V,,QR,O (ﬁ)) I Ro(p)l
-

(A3 11)

Before evaluating these integrals, an expression for the excited state distribution particular solution may be

found 1n the same way This process begins with an application of the Green’s function formalism to the
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excited state particular solution The excited state particular solution 1s given by the fourth equation n

(A3 1) and repuinted here for reference

. i 2k, (V, (£ (B + Meyot))) 1m (0, (5) ©
j—ife’,(13+hk0,t)+;11-|QR’O(ﬁ)|2ﬂ,l([9+hk0,t)5_}4_ ,,( o(~ o )) ( wlP)
f sk, £y (B+ Moot R, (B) ¥, (@0 (5) )

n (P))

Equations (A3 4) and (A3 5) are expressed with the following substitutions corresponding to the ground

state particular solution

x(t) = £y (B + hky.t)
y=0
_ 194 (7))
Do =5 (A3 12)

f(t) 1 2ihk, (Vp (fe"ﬂ (13+hE0’t))) Im(QRO (p) Q (ﬁ))

m 4 ik, £y (B + iyt )@, (B) V ( RO(P))

Applying the substitutions in equation (A3 8) to (A3 4) and (A3 5) results 1n

fu(Btdst) =" are(i-r)

2 sm[lgm(i))| t—t')]l 21hka(V ( e0 p+1‘1 )) ( Qo (B) O (P ))
particular |QRU (ﬁ)l 2 4 +71k0f0(p+hk(),t) () V (Q )

(A3 13)

As with the ground state particular solution, the notation substitution ¢’ — % 1s made and a particular
solution 1n terms of a zeroth ordeir solution, assuming the zeroth and first order solutions vanishes at all

times ¢ < 0, 1s written as
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S (B + 1y t)

[ are(i-1)—2 Sm[l%(ﬁ)l (H)]l 2, (V, ( f20 (B +1Eyst')) 1m (2, (B) s (7))
e - IQRO(Z))' 2 +hk, £ (P+7’lk t) Rl(p) v ( Ro(ﬁ)*)
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Im QRO(I—-?)* ﬁ RO ) = 7 |
] 2hk, ( o 7 [ p| } (f,o(pmko,u)))
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k 2|Q,“,(p)l [ J o(P+1h) |

(A3 14)

With this expression, integrations may be performed using the generalized solution to the homogeneous
equation for the excited state from (A3 7), resulting 1n the following expression for the general and

particular solutions of the excited state distribution amplitude

ol ) e )
B - Im(Q;i, ép)(j)l () i dusm[lﬂ,e 02 @), _u)J(vp ( Fio(p b ]j
o (p+hk°’t)pamcumr B O (3 V (Q p)
ik, R1(P2)|QR,,;0(131;|0(P )I(:dusm(i (P)|(t u)] “o(p+hko,u)geuem/ |

(A3 15)

Comparing (A3 15) with the ground state solutions given by (A3 11), 1t 1s clear that both share the same
form 1including the ntegrals to be evaluated with a difference only 1n variables that depend on momentum

alone (no time dependence) and the name of variables Therefore, time dependent integrals must only be
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evaluated once Integration proceeds by considering the particular solution to the ground state from equation

(A3 11), reprinted here for clarity

(0, (5) O, (7))

2ihk
’ 2[00, (7)

particular

fg’,l (ﬁat)

QR,] (13)* (VPQR’O (ﬁ))j'

0

2|Q,, (P)

0

2

..i'du sm[ 2(ﬁ)|(t_u)J(Vp foo(P.u)
sm(‘QR’0 (ﬁ)|

2

(t- u)]fg’,o (P>u)

general )

{ Q 7
Each mtegral 1s calculated n turn, beginning with Idu sin [IR’;—(p)’(t - M)J(V » ];,')0 ( f),u)
0
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o o252,
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+b(P) LVP (—IQR 02(?)| u] cos [———'QR;(Z’)I uﬂ

+sm L—'QR’;(ZJ)l uJ v,b (Z))

(A3 16)

The trigonometric 1dentity Sln(x - y) = Sln(x) cos ( y) - Cos(x)sm( y) 1s used to expand the term

sin [——|QR’0 (ﬁ)| (

2

- u)] For convenience, the following substitution 1s made

RO(p)l (A3 17)

0ty ()= P22

and equation (A3 16) becomes
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Equation (A3 18) includes several integrals that may be solved by hand or with the aid of computational
tools like those provided by Wolfram Alpha, for mstance The relevant integrals of (A3 18) and their

solutions are

/ . o sin(2|Q', (P)|t) - 219z (B)]cos|2|Q', (B)|¢
et -2 PH bl O
. o o 2Q'R0(j5)‘t+sm(2 Q’Ro(p)|t)
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/ o o smz(Q'Ro(i))|t)
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, o oy sm(2 Q' (f))|t)—2 Qe (ﬁ)‘tcos(2 Qe (ﬁ)‘t)
!a’usm(QRﬂ(p) u)cos(QRo(p)lu)u— SQ'Ro(f’)r
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(A3 19)

Substitution of these integrals m (A3 18) results
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Collecting like terms, equation (A3 20) becomes
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(A3 21)

Using trigonometric identities, terms may be eliminated to yield a simpler result Each line from Equation

(A3 21) 1s considered 1n turn
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Substituting equations (A3 22)-(A3 25) nto equation (A3 21) yields
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Next, the second integral from the particular solution (A3 11), reprinted here, 1s considered
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When written with the substitution

arguments, this particular solution 1s written as
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(A3 17) applied to the cosine and sine
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The second integral may be evaluated as
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Referring to the integrals previously evaluated i (A3 19), relevant integral solutions are identified

mcluding
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Substituting integrals from (A3 29) into equation (A3 28) yields
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Each line of the last equation 1n (A3 31) 1s simplified mn turn
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Substituting equations (A3 32)-(A3 33) into equation (A3 31) results n
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To summarize, the two integrals from equation (A3 27) are evaluated to be
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Rearranging terms for clarity, equation (A3 35) becomes
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The integrals of equation (A3 36) are substituted nto the particular solution f, ,"1 ( ﬁ,t)

particular

corresponding to the first order ground state amplitude 1n the perturbation theory When converting back to

’Q’R,O (}3) = IQR,O (ﬁ)l/Z with (A3 17), the expression for f, | (ﬁ,f) i becomes
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(A3 37)

This result may be directly applied to the evaluation of the excited state distributions in the perturbation
theory Recall the expressions before integration given by equations (A3 11) and (A3 15), repeated here for

clarity
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To derive the solutions for the first order excited state distribution f, ( p+ fll_c.0 , t)

the following

particular

substitutions are made
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b(p)—>a(p) (A3 38)
. B (8) (V,2%(5)) O (P) V, (20 (5))
Q% (B)) ’ [0, ()

Applying the substitutions from (A3 38) to equation (A3 37) results in the following expression for the first

order excited state solution
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(A3 39)

Note that the distribution functions a( }3) and b( ]3) correspond to 1nitial momentum distributions for

ground and excited state atoms, 1espectively Equations (A3 37) and (A3 39) are solutions for the first order

perturbation of the atomic state amplitudes n the pertuitbation theory Time dependence and phase
information are captuted by the sine and cosine terms governed by the frequencies €2, , ( f)) and Q Rl ( ﬁ)

in the zeroth order and first order expressions for the ground and excited atomic state amplitudes
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Appendix B

Evaluation of restricted Rabi rates

B.1. Integrating restricted Rabi rate integrals for evaluation

B.1.1. Restricted Rabi expressions and coordinate frame definition

The restricted Rabi rates dertved in the main text are reprinted here for clarity In terms

corresponding to the interaction mvolving a Gaussian laser beam with an elliptical cross-section with a

2 A A
1/ e° semi-major radus of w, oriented along €,, and a semi-mmor radwus of w, oriented along e, , the

restricted Rab rates are expressed as

_eio (e 5, ;.je_n g> “1::2

QRO(Z))E I d3k5(|/;[—ka)(kkku)exp
[f'=k? EE,>0 ?
ool
_e? (ele, 7al)

SIC T I R G
[{ =%, E,>0 ¢

2
For a Gaussian laser beam with a circular cross-section characterized by a 1/ e” waist radius w

[

(B1 1) 1s written as
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- ~ - A~ - =2 — _ —
Q’“(p)E .[ d3l€5(11€‘—k0)(kkko)exp w,? ‘ka I exp(zlz (ra—”w )(kk 0)
[f['=+2 £E,50 0 0
) _

The mtegrals of equation (B1 1) and (B1 2) are evaluated by defining a spherical coordinate frame
and expressing each integrand in terms of those coordinates As described n the main text, a coordinate

frame spanned by the basis vectors ¢,, é,, and ¢, may be defined in terms of the atom momentum vector

p and principal laser wave vector k, according to

e =e, = O_(j p)f
1-(k, p)
6, =6,=6,x8 = f”{” 2 (B13)
(&, )
é3:éx52=ﬁ
|7

In this notation, the principal laser propagation direction k, and the atom momentum direction p may be

freely assigned 1n the laboratory frame of reference With the coordinate frame of (B1 3), an arbitrary wave

vector k& can be described mn spherical coordinates as
(B14)

k =k, (& smn6, cosg, +&,smé, smg, +6é,cosé,)
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where 6, 1s the polar angle and @, 1s the azimuthal angle describing the orientation of the k vector An
elliptical laser beam 1n this coordinate frame has an ‘l/ e’ semi-major radius of w, and a sem1-minor radius
of w, 1 the plane orthogonal to 120 While the rotation of the beam 1s possible along this axis, the semi-
major and semi-minor axes are taken to be oriented such that for an orthogonal 120 and p, w, 1s oriented

along the atom momentum vector p and w, 1s oriented vertical to the interaction plane, 1e along e,
The integrand terms of the restricted Rab rates are expressed 1n terms of the Cartesian coordinate
frame defined by (B1 3) transformed 1nto this spherical frame for mtegration The arbitrary wave vector k

and the principal wave vector k, are expressed as

k =k, (& smn6, cosg, +&,sm0, smg, +¢cosb, )

,/ 12 1/
k= k(el(k el)+e2(k &, )+é(k, e3))

\/ bk, »)
,/ /2

[

sm 0, cos @, + ————=s1n 6, sing, + pcosb,

(B15)

The difference vector (E - /;0 ) / k, involved mn the restricted Rabi1 vector Q R1 (1'5) 1s given by

(k_ o): i —( - ﬁ)f(smekcosg/ﬁk— 1—(/2 [))ZJJr——LsmB sm¢k+p(cos6’ 12 [7)
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Remaining integrand terms common to Q, ( ﬁ) and Q R1 (j'?) are considered each n turn First, the dot

products k£, e, k, e,,and k, e, are expressed as

k, ézzm:o (B17)
- (£, 7)
kAo é\3:’\0 ﬁ

A A

Next, k k, 1s expressed as

A

sin G, cosg, +¢é,smb, smg, +¢é,cosb,) k,

(@
k, p bk .
= ( )251n¢9kcos¢k+Lk"?sm0ksm¢k+fycos¢9k k, (B18)
1-(£ 2) 1-(k b

1—(120 f?)2 smé, cos g, +(/€0 ﬁ)cos@k

k k

[

’“Qp

>
>

=
S

For the elliptical beam case (B1 1), the dot products k e, and k é,, are considered next, beginning

with & e,
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k é, =k, (ésm6, cosg, +&,smb, smg, +é,cosb,) é,

=k, Msmﬁk C08 ¢, + —=——"——sIn0, sing, + p =—cos0, | e,
(& #) /€ o) A
=k, ( - ﬁ) i smHk cosd, + (f)x ) & = smf9 smg, + P cos 6,
- (k, 5) 1-(£, ) W
=k,|p e, Msm@,( cosg, +cosb, f) S sm9 sing,
1- ( p \/

where €, = /20 x é,, 1s used n the final line of equation (B1 9) Next, k e, 1s considered

k é, =k, (ésmb, cosg, +é,sm0, sing, +¢écosb,) é,

=k, Msm 6, cos g, +—%sm 6, sin ¢, +gcos 6, e,
1-(k 5) 1-(k, 5) 17
=k (ko i))ﬁ e “siné cosg, + (k Xéuz) ——————smé,sing, + ﬁl;lwz cosd,

|- (£ p) k 1~(, 5)
|-k #)

—k|pé e

1(op) 1-(k )

(B1 10)

— 2
Together, (B1 9) and (B1 10) are combined to express (W12 |k é,

argument, 1n the prescribed coordinate frame

255

—————""sIn6, cosg, +cos€} ——p—Lz

s @, s g,

(B19)

217 A 2
'|k ewzl ),the full exponential



—- 2
(wlz‘k e\v1| +W22|k ewZ

2

—(k ﬁ) = sin g, cos g, P

wl2 k, p éu] h_(lgo ﬁ) +

+cos6,
?)

~(%, 0, coss
sin COS 5 5
k * p e\l 1

+sz k| P é,, 1_(]::" 1’5)2 —ﬁ
1-(k, p)

n =sin 6, smg,

T

Bl N>
>
~—

sin 6, sin ¢,

+cos 6,
A n 2
Msm 6, cos ¢, ) ,
G ) (4207 & 025 &.))

+cos 6,
2

N s @, s g, (w22 (13 6 )2 o (1,5 6. )2)
1—(120 )2
—( ) =sin 0, cos g,

+cosb,

>

>

s g, sing, (b &

(k. 7)

A
0
A
0

(B111)

The following definitions are proposed to simplify notation for equation (B1 11)

w? = w12 +£
2 2

= W
2 2

= Iw? + AW’ =w’

= I’ — AW = w,’

2

p ewl)(l’} éuz)(wlzhwzz)

(B1 12)

Substituting (B1 12) into equation (B1 11) and combining terms results in the following expression for

2*,\2 217 ~
w, 'k e, +w, |k e,,

wl

)
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2
(Wl !k 11| +W2 |k e\12|

. 2 .
k, p 3 -k P
. ( ) sin 6, cos @, sz[((A 1) . J e Msmﬁ,ﬁ%;ﬁk
pxk[ ( —(p e, pxky| | N-(k, ?
zw’ 1- ( ) — 2 ( 0 P)
+cos#), pxk, +cos 0,
=k’ +(sn 6, smg, )’ ~(sm6, smg, )
0
————2_sn, cos P o
AIE T | (P ) e
1-(k, p)
| +cos 6,
6o ][ [0
2| ———=L=sm6, cos g, ~(p ¢é,,)
Dxk, _(t ¥ 1+ -
: (k” P w’ jyxkuz
+cosf,
(i) éwl)2
e
=k, *Zw?| +(snd, sing, )’ 1- P 2
Iw® | pxk,
AW | T SN0, €08 1 sing, sy, |, .
44— AN —"—" ( )(p )
sz 1——(k0 p) N N nl w2
1-(k
+cosé ( - F
(B1 13)

2
For the case of a Gausstan beam with a circular cross section and waist radus w,, Aw” =0 and

w, lk
w? = = w,, and the exponential term exp| —— , | | 1 written as exp| —w,
+w22 |k é,,

e[
4k}

— |2
must also be written 1n the integration

an evaluation of the integral for the circular beam case, then,

coordinate frame
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kxk, =k? ((él sin 6, cosg, +¢, sin b, smg, +é, cosé’k)xlgo)
=k} ((él xlga)smé’k cos g, +(é2 xlgo)smﬁk sin g, +( xk, )cos& )
=k’ —(k [9)]5 . s, cosg, + ﬁxﬁ” - x/€0 smno, sing, +([9xl€0)cost9k
/2 fp) 1-(/20 13)
. (& B) k(k )-p|
=k°| px sin @, cosg, +cosb, |+ s G, sing,
il o) 1-( 2)
X 2
’/;xlzo ’ =kt |pxk,| | - —\/% s, cosg, +cosf, | +(smb, sing, )2

(Bl 14)

As expected, the last Iine of equation (B1 14) 1s seen to match the result of applying AW’ =0 to equation

(B1 13)

All integrand terms, both for Q ( ﬁ) and QR’I ( ]3) i equations (B1 1) and (B1 2) have now

been accounted for and converted into the appropriate spherical coordinates for tegration Before

performing the required integration, though, the integral constraints must be converted into appropriate

integrands to ensure the constraints are enforced These constraints are reprinted here for reference

=,
k k >0 (B1 15)
kK p (. hk;

m(a 2mca
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—12
The first constraint as described by the first line of (B1 15), kl = ko2 , 1s already embedded 1n the

definitions for restricted Rabi rates in the form of the delta function integrand & (IIEI - ko) The second

condition & /;U > 0 be represented as a Heaviside step function @( k l;o) according to

3

!

ok ﬁ):{f’ k /Et)j()) (B1 16)

The energy and momentum conservation condition given by the last of equations (B1 15) can be reduced
to a restriction of the polar spherical angle 6, by expressing the dot product between the wave vector k

and the atom momentum p 1n spherical coordinates according to

k =k, (¢ sm6, cosg, +8,sm6, smg, +&,cosb,)

f)=|ﬁ|é3
=k p=k,|p|cosd, (B117)
k B k> k, |p|cos6,
___>k p= 5_ hko — 0|p|COS k
mCa 2mCa mCa
, hk,?
= cosf, = mc‘: 5 ——=2
o|p 2mCa

The application of this condition can be 1nstalled nto the integration by including a delta function n the

5| cosl, ———| 5 - Ik, (B1 18)
ka pl 2mCa

As described 1n the main text, when expressing the full integrand n spherical coordmates, the definition

mtegrand of the form

72
m h
u, =cosf,, or equivalently, 4, = ——| 6 ——= 1s used along with the Heaviside step function
» k y, U, g P
ko |p| 2mCa

0, (1 - ‘u » I) enforcing the requirement that the absolute magnitude ’up| = ICOS 6’k| cannot exceed unity
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Because the delta function of (B1 18) concerns a dimensionless variable, this constraint 1s effectively only
a constraint in direction and not in magnitude To account for this, a dimensionless scaling factor N, must
also be mncluded m the integrand The main text describes how this value 1s derived the basic process
involves ntegrating the restricted integral for a detuning & = hl{f / (2mCa) in which the momentum and
energy constraint vanishes and the value of the integration can be directly equated to the standard Gaussian

electric field integral presented for instance in [Enderlemn and Pamplont 2004] With all integrand terms

accounted for, the zeroth and first order restricted Rabi mtegrals can be evaluated

B.1.2. Evaluating the zeroth order restricted Rabi integral

Applying the spherical coordinate expressions descitbed n section B 1 1 Restiicted Rabi expiessions and

cootdinate fiame definition, the integral corresponding to the leading (zeroth) order restricted Rabi rate for

an elliptical Gaussian beam 1s expressed as
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roa (f’ é 1)2
—\k, P Aw? ¢

2 ——( ) = ,ll—upl cosg, . [~(ﬁ éwz)z

|pxif | i-(&, 5)

sz‘i)xleﬂlz
+u,
I cEn;
k2w’ 5 2 _(i‘ éwz)2
exp| == +(,{1-—up sm¢‘) l-—
wh\pxk,

0

exp (—’k.,"p'—w é ) + (k,, i)) u,

-, [@H(l—|up|)k"2 ]TM‘[{]—(/G“ ﬁ)z ll"up2 cos@} —(k fv) — 2
; a | T Vi s | 1w sng |
|1 (A 2) T)z— (P 2.)(P &)
-k b

+: llp

exp

JI-u, cosgi7, &
—ik,
+fl-u, smg7, &

@{chs@,h —(1?0 1'7)2 }

+u, (ﬁ l&)

(B1 19)

In equation (B1 19), the definition %, = cos 6, 1s employed to convert all instances of cosé, and sm6,

2 2
to expressions of u , Fora circular beam cross-section, Xw” = w_ ~ and Aw? =0, and the integration can

be written as
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L~ 5([/—{-|—k,,)(kk—k”)exp -w, %
[ @k 2 3
ﬂ‘[bji]” exp(—ik 7, )
- e
(& )
oo | [PEf | i ) Vi cosg,
exp| ———— °
4 +u,
2
N ®H(1—u ,/ /2 f) J L’ cosg, +(Vl_ Sm¢‘)
5 exP( tk,u,7, 63) 0 (k” p) o cos¢k ;
I +fl-u, sm¢,f‘u é
o -, % cosg, 1—(/2 fa)
H
+up(/€ f))
(B1 20)

Expressions (B1 19) and (B1 20) are integrals with one degree of freedom, completely defined in terms of
dot products of relevant system orientation and position vectors Both ate expressed for the case that 7, =0
but of course these expressions can be expressed for the more general case with the following substitution
-7, —> (fa - Fw) While these integrals can be readily integrated numerically, an analytical solution to
these mtegrals may be derived by expanding the itegrand about the points where the exponential function
can have appreciable value, 1 e near ¢, = 0,27 corresponding to the case where the wavevector 1s nearly

orthogonal to the atom momentum vector
For demonstrative purposes, the circular beam case (B1 20) 1s considered in depth The mntegrand

of the real exponential 1s considered first
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|pXk°| 1-(k, 5)

+u,

2

) J h_upz cos g, .,_( /1_14[,2 sm¢A)2=][JxI€u‘

(B121)

(& #)

2

e

»)

(1 u, )cos @,

]u ,/1 u,’ cosg,

Cosine and sine terms are expressed as Taylor series in the following manner
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={1A9><k’\0|2 -2 (k,, ﬁ) }lﬁ l—up2(1—£+ ] +<l—up2)(¢k2+ )

(B122)

n

The argument of the complex exponential 1s
k [WCOSM@ 6) ]—k 1-u,’ (1—%+...J(fw é)
Nefi-w smg, (7, 8)) +W£¢k—%i+")(7w 6,) /(B 23)
R N N GRS R EN e G 'Y
(B1 24)
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Exactly analogous results are obtained for the expansion about ¢, =27 The ntegration 1s broken nto

separate pieces near ¢, = Oand ¢, =27
p (3 k
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X EeXp (—lkau,, (. & ))

+(¢A_27[)2 (l—upl)— A

Ji-ul (7, &)
—1k, +(,fl—up2 (Fw éz))(¢ﬁ _2”)
(3 &) )20y

i o

Tan| (i, p)u,

—,fl—(l::‘, ﬁ)z,fl—ulfw ex

=

9, +(I€a [))u,,
At 2 (¢Ir_27[)2
1=k B) imw
(B1 25)
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The second mtegral can be transformed using a variable of integration ¢, = @, — 277, the integrals can then

be combined to yield

Ik 5(|l;| B k")
[{[=42 E&,0

Ko fpii7) | exp(—ik %)
me, 2mc,

(l;k];” ) exp [—w,,z ——IE L r J

ar?

2y 2
wo ko

exp| —

N,®, (1—|u,,|)/cuZ

© _ P .\? 2 +¢A2 l—up2 —_

= xexp(—zkoup 7, é3)) .[d@ \/lA(ka—p)\ﬂ u, ( ) : s
TR A\ [ +(k, P)u, « 1—

x@H[ 1_(k° ‘D) yi-u, ]

+(l:to iJ)u,,

—_—
W‘
S
N
~
—
|
=
B
o
!
=
=
N—e

\fl“u,,z (’_’:y él)
xexp| -k, +(,/1——u,,2 @, éz))¢k
—(%,/H: @ é.))qff |

(B126)

This form can be integrated analytically Note that the ¢, dependence of the Heaviside step function 1s

1gnored 1 the integrand, as 1s the ¢k2 proportional integrand term By collecting terms, equation (B1 26)

becomes
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- k k, ixk |
5P 5(|/‘|"k°)( k, )CXP[_W MT‘ZJ

[{[=t,? EE,>0

Lfo)  [ow (=& 7)
Meq 20,

N, (1|, |k,

Xexp (—tkuu[, (7 & )) I [ (1 —u? )

><exp(—zkﬂ,/1—up2 (7 & )) _| P (120 f?) /1—up2
X P S A —
X[,f} —(/2" f))ZJIuI,Z] w,'k,’ Pk 1_(/20 ;‘,)2

+(/€,, p)u, = | exp| ¢ ;s
.[d¢A % ﬁ l—u?—
e -w g
+(k0 f’)”p —zk( 1/1 u,’ (7, el)j
Xexp| — w";k"z [|ﬁx/€oiz H (/2,,‘\ ‘[7) }ﬂuﬂz u[} } _xeXp(—l/‘n (\/1*“;» (% & ))¢A)

n

(B127)

The integral can be immediately evaluated using Gradshteyn and Ryzhik mtegral 3 323 [Gradshteyn and

Ryzhik 1980]

© 2
[ dxexp(-p*x’ J_rqx)—[@exp( q ) (B128)
p 4p’®

-0

Comparing (B1 27) with (B1 28) yields the following substitutions

Jl— ( ﬁ)z

(B1 29)
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Substituting (B1 29) into the integral result as expressed by (B1 28) yields the following analytic expression

for the full integral

N33 Eeif
e

;:( N m;j) exp(zE (-7, ))

(l—u 2)~ N
! ' (k" iJ) 2
¥,0, (1-]u, ) 1Ty 1-u,” —u,

exp(lk,,up (-%) 63)

exp(lka,'l—ul,2 -7,) él) +ik, (%,’l%llf %) él)

J——

{ s in)zv“”’z} | e e P
+(/;,, ﬁ)u 1_(12" ﬁ)z
= lﬁ(k" A)2 — (ka ,1~_up2 (-7) 52)2 wik? (1—11,,2)~ (k i’)
@H o P '\l P UA 5 \ll——upz-—ilﬂ
+(& 2)e, 1-(&, 7)
w2k, ~p (]2., f’) 3 1 exp| —= -_ZIko -y (-7,) &
eXp| — ‘ka,,[ 1_(1& ,3)2 ,/l—u,. -u, |;,x12|2 (k ir) (—1_upz
1_(];" p)2 2
wk}? (I—upz)— R %—(Zkﬂll—up2 %) él)
x[ 1(k(vkhp)”)2,[1—upz —u,,}
—\% P

(B130)

B.1.3. Evaluating the first order restricted Rabi integral

The only difference between the zeroth order restricted Rabi scalar €, ( ﬁ) and the first order restricted

Rab1 vector QR,I ( ﬁ) 1s the mclusion of (_’— /};)) / k, 1 the mtegrand of QR’I (ﬁ) This vector 1s

expressed 1n the integration spherical coordinates by equation (B1 6), reprinted here for reference
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L)
|
Kantt
—
K
|
—_——
BN

p)h : .
= smo, smng, +p

P 1_(120 ﬁ)z (51n9kcos¢k— 1_(120 p)z}rl—ﬁ—\/(é—g (cos@k—leo }3)

Applying the defimition %, = cos 6, , this expression 1s written as

(/g—*,,): (1—( 0 ﬁ)f[ T=u,” cosg, — 1_(120 ]3)2]4__&02"1—%2 s1n¢k+f7(up—l€0 f?)
g 1- (£, ) 1-(£, )
_ ka"(:’ fi); 1w cosg, + f’i/é,,A = J1-u, sm¢k—(l€0—(/€0 p)ﬁ)+pup p(/%, f?)
1-(k, p) 1-(k #

(B131)

The second line of (B1 31) separates the expression mto five terms, two of which that depend on ¢, , and
three that do not In order to make use of the integration already performed for the zeroth order Rabi rate
Qpo ( f)) , an expression for the integration of €, (f?) before mtegrating over ¢, , (B1 20) 1s revisited

for consideration

dk 0 4k} =N,
f' =k, EE,50 exp(—zkouprw e3)

Jote-e) el Lo e
0

(B1 32)

where the following definition 1s mntroduced
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exp| —

P

2(4,) ,’ k p 1/1 u,’ cosd, (l “r Sm¢k)

(k p) exp| - cos¢kr é
+yl-u, sm¢kr é,

)

+u, (l:t A)

(B1 33)

In order to convert this integral into that relevant to Q R1 (13) , the expression for (lg - 120 ) / k, ,1e equation

(B1 31), must be included n the mtegrand, yielding
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Or, 1n terms of Z(¢k ) , (B1 34) 1s written as

exp

exp

Oy

k

(B1 34)
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(B135)

2r
The ntegral J-d¢kZ(¢k) has already been evaluated with the analytic result (B130) The expression
0

(B1 35) may either be numerically evaluated or analytically evaluated by expanding the expressions for

2z 2z
J. d¢kZ(¢k )COS @, and I d¢kZ(¢k )Sln @, according to the method described 1n section B 1 2 Evaluating
0 0

the zeroth order restricted Rabi integral
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B.1.4. Isolating phase terms in the zeroth order restricted Rabi integral

It 1s desirable to express the restricted Rabi rate in terms of a magnitude and phase, especially for

future mvestigations volving theoretical descriptions of the R-B atom interferometer with multi-pulse

interactions Toward this end, equation (B1 30) s revisited for 1solation of phase terms, reprinted here for

reference
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The complex exponential 1s considered first, and separated mnto real and imagmmary components simply by

noting
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(B1 36)

2k (ka.h—u, 5) &) ({i-u, () L])
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The square root term can be 1solated and considered alone to 1solate its phase contribution
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Equation (B1 37) 1s simplified as

(B1 37)

276




o oaelk b 1-u,
praf G0
wrk} %P 1
oo | (1-u,?)- —tk,| 1=, (-7,) &
1 4 (k p) l_llz—u (2 ]
N Jr -k o)
)px |2 (k,, 13),}1—1:; ’ r (k p) I-u,
. 1-(£, B) . 1-(£ p) :
w”4k" -, )_ ) w2k, (l—ul,l)— ( p) +|:k [% l—upz (_,—) e‘ﬂ
(k“ p) - Ji-u, -u, (k" P) 1-u?—u
\ 1-(£ ») - 5
+ik, (% 1-u,?(-7,) elj

(B1 38)

The complex argument of the square root in the numerator of (B1 38) 1s

‘i;X];" 2 1
el 1-(k, 5) C— N —ko(i a7 (-7) el]
= a4a ( -u, )— (k A) +|:ka(5 1-u?(-7,) elj:| xexp| 1 arctan (;; A) —
p . 2 P —u,
1-u?— px
[ LA ] et

(B1 39)

Taking the square root of (B1 39) results in
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(B1 40)

The following definitions are introduced to simplify notation
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With the substitutions proposed m (B1 41), equation (B1 40) 1s written more simply as
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The substitutions proposed n (B1 41) may be more widely applied 1n the expression, resulting n
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Re-arranging terms, equation (B1 43) 1s written as
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Finally, extending the definition of «to imclude the effect of (—Fw) é, and (—?w) e, 1e

1 T =\ A
a = Eko \ ’1 —u, (—rw) e, Vi= {1,2, 3} , the expression can be further simplified
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B.2. Computing restricted Rabi rate magnitudes

B.2.1. Verifying the analytical integration result for the restricted Rabi scalar

To verify the form of the analytical solutions to the leading (zeroth) order restricted Rabi rate
integrals as given by equation (B1 44), a comparison is performed with a numerical integration computed

with equation (B120) These integrations are scaled by the appropriate factors corresponding to the

restricted Rabi rate €2, ( ﬁ) definition given by equation (B1 2), reprinted here for reference
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As described 1n the main text, the coupling element (e ‘i%c_n él g) for the Ca intercombination lme 1s equal
to 960x10™"'cm m CGS units For a laser beam with a waist radius w, =0 5 mm and total optical

power P, =10 mW, the electric field magnitude 1s equal to E, =+/16P,/cw,> , or in CGS unts,
E, =0 04620 statvolt/cm, and the elementary charge 1s equal to e =4 8032043x107" statC The
dimensionless scaling factor 1s given by N, = 2w / (k,w,)=74135x 107

For evaluation of the restricted Rabi rate €, (f?) with the analytical integration (B1 20) and
numerical integration (B1 44), a range of discrete atom momenta relevant to a thermal Ca beam at 625°C
with the CaBOT system were used Specifically, longitudinal atom velocities along the principal atom beam
propagation direction were sampled between v, = {10 m/s, 2618 m/s} Atom velocities along the axis

that contributes most to Doppler shifts, 1 ¢ along the principal laser beam propagation direction and along

the narrow width dimension of the atomic beam collimator, were sampled between
Voopp = {—5 2m/s, 52 rn/s} Finally, atom velocities out of the plane described by the principal atom
beam  vector and the principal laser beam  directtion were sampled between

v

out-of-plane

= {—20 8 m/s, 20 8 m/s} The out-of-plane direction corresponds to the vertical height

dimension of the atomic beam collimator Zero laser detuning & = 0 was assumed Furthermore, for the

numerical integrations (B1 44), ¢, space was discretized i a non-uniform grid with 208 points, localized

almost exclustvely around ¢, = {O,Zﬂ}
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Figute B-1 depicts the calculated Rabi rate magnrtude |Q R0 ( [7)| for both the analytical integration

(a) and the numerical integration (b) as a function of the longitudinal and Doppler-inducing atom velocities

An out-of-plane velocity of v =0 m/s was assumed for these plots For all plots, the color bar

out-of-plane

indicating the third dimension represents the magnitude of |Q RO ( [7)| in units of 277 xkHz Inspecting

the magnitudes of calculated rates ‘Q RO ( ﬁ)‘ revealed that the analytical and numerical solutions agree to

99 9% (c) confirms this result with a plot of the difference at each grid point between the restricted Rab1

rates calculated with analytical and numerical integrations the largest discrepancy was < 0 15 kHz

Figure B-2 depicts the same calculations for the restricted Rabi rate IQR)O ( ﬁ) , but for

Vbopp = 0 m/s and with varying out-of-plane velocities v In this case, once again the calculations

out-of-plane
were observed to match as indicated by the equivalence of (a) and (b) The largest discrepancy between
analytical and numerical integrations for this case was two orders of magnrtude larger at <19 kHz, but
these differences are restricted to regions of the computational space that were sparsely sampled and that
feature negligible Rabi rates This 1s depicted n the thiee-dimensional view of (c) Because the
discrepancies were restricted to regrons of momentum space 1in which the restricted Rabi rates are near zero,
errors were deemed to be acceptable for further studies

The good agreement between numerical and analytical Rabi rate calculations provided confidence
both n the analytical integration implemented n (B1 44) and n the grid size used for momentum and ¢,

discretization in future investigations mncluding the numerical integration of the integral corresponding to

the first order perturbation to the Rabi rate Q2 R1 ( ]3)
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Figure B-1. Evaluations for |QR‘0 (ﬁ)l with Vo, oeoine = 0 MV/s | with analytical (a) and numerical (b)

integrations of the restricted wave vector integral. (c) depicts the difference between numerical and
analytical results. All color bars are in units of 27 xkHz as indicated in the plot titles.
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Figure B-2. Evaluations for |QRl0(fJ)[ with vy, =0 m/s, with analytical (a) and numerical (b)

integrations of the restricted wave vector integral. (c) depicts the difference between numerical and
analytical results. All color bars are in units of 27 x kHz as indicated in the plot titles.

B.2.2. Comparing the leading (zeroth) and first order restricted Rabi rates

An assumption of the perturbation theory introduced in the main text is that the leading (zeroth)

order atom state amplitudes £, (ﬁ,t)l and f (f) + FIEO ,1)

are much larger than the first order

general general

perturbative expressions [ ([3,!‘)| . and £ (;3 + FIIEO,I)
’ pariicuiar 2

,l.e.

particular
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Recall that the zeroth order (general solution) amplitudes are expressed as

Q.. (p o (3
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Based on these expressions, the underlying assumption that the zeroth order approximation 1s much larger
than the first order approximation as described by (B2 1), can also be expressed as an assumption that the

magnitude of the first order Rabi rate 1s much smaller than that of the zeroth order Rabi rate, ie

’f) Rl ( ]3)| < IQ R0 ( [3)' Additionally, the dot product of the gradient V ( ]3) with the vector

Qp, ( f)) contributes the overall scaling for the particular (first order) solutions for atomic state amplitudes,

and so the rate ’hkOV R0 (ﬁ)| must not far exceed lQ R0 ( ﬁ)| for the perturbation theory to be valid In

summary, the assumptions that need to be verified to ensure the validity of the perturbation theory are given
by

‘ém (f’)| < ‘QR,O (ﬁ)l

(B2 2)
1,V Q0 (5)| <[ (P)]

These relationships were explored with the same computational scheme as described n section B 2 1

Verifving the analytical integration result foi the restricted Rabi scalar Equation (B1 35) 1s used to

numerically evaluate ‘Q R ( f?)l ovet the atom momentum space, and an evaluation of IQ R0 ( ﬁ)| for points
separated 1n momentum space by fik, /10 1s used to compute gradients lhkOV »$2R0 ( ﬁ)| comparison was

also conducted for the comparison of |Q R0 (ﬁ)| with ‘Q Rl (f))|

Figure B-3 and Figuie B-4 depict |52 R1 ([7)| and 7kV Q2 ( ]_5) as a function of atomic momenta

with v = 0 m/s n Figure B-3 and with v, =0 m/s in Figure B-4 For all plots, the color bar

out-of-plane

legend 1s in units of 277 xkHz As can be seen, the magnitude of the restricted Rabi vector Iﬁ Rl ( ﬁ)l was
computed to be many orders of magnitude smaller than €, ( ]3) , with a peak rate of

max(‘fl&1 (ﬁ)l) =2 x00577 kHz as compared with maX(‘QR,O (f))‘) =27 %321 kHz For both

v =0m/s and vy, =0m/s, the gradients |hk0VpQR’0 ( }3)' were observed to be roughly

out-of-plane
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commensurate with peak rates for 0, | (13) , but localized for small momenta corresponding to longitudinal

atom velocities much smaller than the most probable velocity (748 m/s) for a Ca beam at 625°C.
These analyses satisfy (B2.2) and validate the perturbation theory assumption that for a thermal

atomic Ca beam, calculations are dominated by the leading order rate Q, | (f)) and associated atomic state

amplitudes 1, (p.t) and ﬁ’,ﬂ(ﬁ+hi€0,t‘)

general general

First order perturbation: 2r x |2, | (kHz) Gradient of {1, - 2x x (hbar'k,)*| Grad_ (|1} D) (kHz)

Atom Yoopp (mvs)

2000
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0 500 1000 1500 2000 2500
(a) Alom vkw (m/s) (b)

Figure B-3. Evaluations for (a) ‘ﬁf“ (]3)| and (b) hk{)VPQR,O (f)) with v

out-of-plane

=0m/s.

First order perturbation: 2~ x |um| (kHz)

- Gradient of “R.u: 2x x (hbar'k )°| Gradp (H!'ull}[ (kHz)

15
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]
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% 400
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Figure B-4. Evaluations for (a) |Q p)| and (b) A,V Q. (p) with v, =0m/s,
R.l PTRO Dopp
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Appendix C

On the comparison of theoretical predictions
with a measured saturation profile

A scaling metric was devised to convert R-B fluorescence power measurements from the CaBOT

frequency reference into an estimate for excitation probability after interaction with all four beams given

by Pe(4) This metric 1s given by

Npg =Ny I)e(4)ﬂyﬂcoll77 fringe cn
In relation (C 1), Nz =W, / hv, 1s 1 units of atoms/s and represents the participation rate of atoms 1n
the R-B signal derived by dividing the measured R-B signal amplitude power W,, by the single photon

energy N, 1s also m units of atoms/s and corresponds to an estimate for the number of atoms passing
through the collimator according to a relationship for an open channel given by [Ramsey 1956, p 16] as

applied to experimental parameters associated with CaBOT 77, 1s the fraction of atoms that are expected
to fluoresce m the detection window, 77,,1s the fluorescence collection efficiency (calculated from
measurements to be 0 12%), and 77, 1s the R-B fringe contrast measured as the ratio of the R-B fringe
size to the Doppler feature size For each data pomnt in the saturation study, unique values for N, and
7] unge are measured, allowing unique Pe(4) values to be calculated for each measured data point

A summary of the process to calculate each Pe(‘” 1s described 1n equation (C 2) m which the value
for 77, 1s calculated assuming a most probable atom velocity of 748 m/s corresponding to a Ca oven at

625°C across a detection region measuring 6 mm across
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— 4
N RB N, cnIlPe 77;/ 7750[[ n fringe

N,y =Wy /hv, [measured vs power]

M mge = Was /Wy [measured vs power]
N_, =1118x10% %

(0 045 mm Hg)(O 09 cm’ )(O 09 cmz)
(22 cm)’ /(40 078 amu))(898 15 K)
n, =exp[-It,,, |-exp[-Tt,,]=00169

7., =00012

=1118x10% =4 4378x10" atoms/s

=

N -1
‘Pe(4) = ﬁ(’]yﬂu)l/nﬁmge )
coll (C 2)

Given the uncertainties mtroduced by the process of (C 2), particularly m the calculation of N_,, 1t 1s
interesting that this scaling of the saturation data results in a saturation profile that closely matches

predictions for Pe“) calculated with the restricted Rabi rate theory and the [Bordé et al 1984] theory up to

a factor <10x
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