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Energy conservation is a basic physics principle, the breakdown of which often implies new physics. This
paper presents a method for data-driven “new physics” discovery. Specifically, given a trajectory governed by
unknown forces, our neural new-physics detector (NNPhD) aims to detect new physics by decomposing the force
field into conservative and nonconservative components, which are represented by a Lagrangian neural network
(LNN) and an unconstrained neural network, respectively, trained to minimize the force recovery error plus a
constant A times the magnitude of the predicted nonconservative force. We show that a phase transition occurs at
A = 1, universally for arbitrary forces. We demonstrate that NNPhD successfully discovers new physics in toy
numerical experiments, rediscovering friction (1493) from a damped double pendulum, Neptune from Uranus’
orbit (1846), and gravitational waves (2017) from an inspiraling orbit. We also show how NNPhD coupled
with an integrator outperforms both an LNN and an unconstrained neural network for predicting the future of a

damped double pendulum.

DOI: 10.1103/PhysRevE.104.055302

I. INTRODUCTION

Energy conservation is a fundamental physical law, so
when nonconservation is observed, physicists often consider
it evidence of an unseen body or novel external forces rather
than questioning the conservation law itself. In this paper,
we will therefore refer to energy nonconservation as simply
new physics and strive to auto-detect it.! Many experimental
new physics discoveries have manifested as apparent violation
of energy conservation, for example friction [2], Neptune
[3], neutrinos [4], dark matter [5,6], extra-solar planets [7],
and gravitational waves [8]. We focus on classical mechanics
in this paper, but the idea extends to all fields of physics
including quantum mechanics. We illustrate several classic
examples in Fig. 1. In these cases, the new physics was histor-
ically identified from the residual force after fitting data to a
conservative force of a known functional form. The key novel
contribution in this paper is that our proposed model, dubbed
the neural new physics detector (NNPhD), can discover the
new physics even when the form of the conservative “old
physics” is not known.

Data-driven discovery has proven extremely useful in
physics, yet also nontrivial. For example, Kepler spent 25
years analyzing astronomical data before formulating his
eponymous three laws. In this paper, we aim to automate and
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'In contrast, “new physics” in high energy physics specifically
refers to “new fundamental particles” or “new fundamental interac-
tions” beyond the standard model [1].
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accelerate data-driven new physics discovery using machine
learning tools. More concretely, given the trajectory of one or
several objects governed by some force, we aim to decom-
pose the force into conservative and nonconservative parts,
followed by a symbolic interpreter (symbolic regression or
nonlinear fitting) which extracts symbolic formulas. As a triv-

ial example, we aim to decompose the force f = —kq — y ¢ of
a damped harmonic oscillator into conservative part f. = —kq
and a nonconservative part f, = —yq.

Conservation laws have been introduced into neural net-
works as strong inductive biases, such as in Lagrangian neural
network (LNN) [9], the Hamiltonian neural network (HNN)
[10] and variants [11-14]. The limitation of these models
lies in their inability to model nonconservative dynamics,
where the nonconservation can be caused by dissipation, ex-
ternal driving forces, etc. Our proposed NNPhD can resolve
this limitation by augmenting a LNN with an unconstrained
neural network (UNN), illustrated in Fig. 2. Although prior
works [9-35] attempt to learn the general or conservative
force from data, most of these methods are unable to perform
force decomposition, except for Refs. [32,35], which assume
(partial) knowledge of physics and thus lose generality. More-
over, while the current literature mostly focuses on model
predictability, we pay extra attention to explainability made
possible by symbolic regression or nonlinear fitting to obtain
the coefficients of a given symbolic form.

The rest of this paper is organized as follows: In Sec. II,
we review the problem framing and useful results, define
force decomposition with minimal nonconservation and pro-
pose NNPhD to learn this force decomposition. In Sec. III,
we carry out numerical experiments to verify our the-
oretical analysis of the presented algorithm, as well as
to demonstrate the potential of NNPhD for new-physics
discovery.

©2021 American Physical Society


https://orcid.org/0000-0002-3103-1999
https://orcid.org/0000-0002-7438-5180
https://orcid.org/0000-0001-7670-7190
https://orcid.org/0000-0002-0476-8020
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.104.055302&domain=pdf&date_stamp=2021-11-09
https://doi.org/10.1103/PhysRevE.104.055302

LIU, WANG, MENG, CHEN, TEGMARK, AND LIU

PHYSICAL REVIEW E 104, 055302 (2021)

Damped Double Pendulum

Neptune

Gravitational Radiation

IR NN

I}

Da Vinci (1493)

Le Verrier (1846)

Neptune

| LIGO(2017)

FIG. 1. NNPhD can auto-rediscover several classic examples.

II. METHOD
A. Notation

We consider the general classical physical system de-
scribed by an n-dimensional vector q of generalized coor-
dinates whose time-evolution q(¢) is governed by a second-
order ordinary differential equation,

q=/(q.q.1), ey

where f : R?*! — R”. The acceleration q is intimately re-
lated to force according to Newton’s second law. In the
following, we for simplicity refer to f(q,q,t) as a force
field (dynamics perspective) or acceleration field (kinematics
perspective) interchangeably. The dynamical systems in our
numerical examples consist of k particles in d dimensions, so
n=kd and q =[qi, -, qc] € R”, but our NNPhD method
is fully general and makes no such assumptions.

An important subset of dynamical systems are known
as conservative because they conserve energy. Note that al-
though physicists customarily limit the term ‘conservative’ to
velocity-independent forces that can be written as the gradient
of a potential function, we instead use the definition from the
LNN formalism [9] and refer to a force as conservative as
long as it can be described by an Euler-Lagrange equation.
Our definition is deliberately less restrictive—for example,
although the magnetic force cannot be written as a gradi-
ent, it conserves energy because it can be expressed as an
Euler-Lagrange equation, and thus counts as “conservative”
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by our definition. Given a Lagrangian function £(q, q), the
Euler-Lagrange equation is

d

EVQL =V.L, 2)
where V is the gradient operator. As reviewed in Appendix
A and Ref. [9], the Lagrangian mechanics formalism implies
that such systems allow Eq. (1) to be re-expressed as

i = (VqViL) ' [VeL - (VqViL)d]. 3)

For readers whose background is primarily in machine learn-
ing rather than physics, Appendix D provides a brief review of
the Lagrangian mechanics formalism that we use in this paper.

B. Lagrangian neural networks

To guarantee energy conservation, inductive biases have
recently been embedded into neural networks, including the
Lagrangian neural network [9], Hamiltonian neural network
[10], and variants [11-14]. As shown in Fig. 2, a LNN uses
a neural network to parametrize the Lagrangian £(q, ¢) and
output fNN(q, q) through evaluating Eq. (3). For a given loss
function defined between model output f7N(q, q) and ground
truth q, the LNN parameters can be learned using standard
optimization algorithms. A trained LNN therefore contains a
Lagrangian that determines conservative dynamics. Since not
all physical systems conserve energy, the Lagrangian mechan-

. Lagrangian Neural Network
(LNN)
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FIG. 2. NNPhD predicts dynamics by decomposing the force into conservative and nonconservative components, which can reveal new

physics and improve trajectory extrapolation.
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ics is insufficient for describing nonconservative dynamics,
motivating the NNPhD framework.

C. The force decomposition minimizing nonconservation

Following the problem setting of LNN, we focus on the
simple setting where the acceleration q is a known function,
i.e., q = f(q, q, t). Our goal is therefore not to learn the force
field, but to decompose the force field. In practice, where only
discrete points on trajectory {(q'”,®)} are known, ¢ and
{” can be extracted using a Neural ODE module [16].

The main goal is to decompose the force field f(q, q, ) :
R?*1 — R" into a (time-independent) conservative compo-
nent f.(q, q) : R* — R" and a nonconservative component
fulq, q, 1) : R+ — R” such that

Q. 4.1) = fo(q. @) + fo(q. 4, 1) “4)

In general, the decomposition is not unique. We desire the
decomposition that minimizes the nonconservative compo-
nent f;,(q, q, t). To define the distance between two functions,
we embed all functions f(q, q, ) in a normed vector space

(F, || - II) and define its conservative subspace F. C F as
— IL(q.:R* >R,  s.r.
Fe = {f € ]:| f(q,C'I)=(VqVqT£)*‘(Vqﬁf(VqVqTﬁ)q)}'

We formally define the force decomposition as follows:

Definition II.1. (force decomposition with minimal non-
conservation). The conservative component of f(q,q,t) is
defined as

fe(q, @) = arg gglgl I£(q. q.1) — g(q, DI (&)

We denote fn(q,q,t) = f(q,q,t) — f.(q,q) the noncon-
servative component of f and denote the decomposition

J

Lnnpnp(we, wy) = Le(we, wy) + ALy (wy),
Lo
Ly(w,) = (m ; ||f1FN(X(’), 1@ wn)”p)

N
1 . o o
Le(we, wy) = (W > ||chN(X(’);wc)+f§N(X(’),t(’);wn)—f(X(’),t(’))Hp)
i=1

where p > 1 and the regularization coefficient A > 0. The
factors % and % average over samples and degrees of freedom,
respectively. Here we use L, function norms, ie., ||f]l =
([ |fIPdw)'/?, where the integral is replaced by averaging
over finite training samples. L, is the recovery error and L,
penalizes the unconstrained network to discourage it from
learning conservative dynamics.

E. The regularization phase transition

Does minimizing Eq. (7) yield the force decomposition of
Eq. (5)? We offer an affirmative answer to this question by
presenting Theorem 1 informally here. Appendix F provides
a rigorous formulation and proof of this theorem.

f(q,q,t) = fo(q, Q) + fu(q, q,t) the force decomposition
minimizing nonconservation.

D. Neural new-physics detector (NNPhD) framework

To learn the force decomposition minimizing nonconser-
vation, we define a learning framework dubbed the NNPhD.
Specifically, NNPhD learns f. and f, jointly. As illustrated
in Fig. 2, NNPhD consists of two parallel modules, a LNN
and an UNN. Our method can be used with any feedforward
architecture for the UNN, whose purpose of the UNN is to be
sufficiently expressive to learn the nonconserving part of the
force. In our numerical examples, we implement the UNN as
a simple perceptron with two hidden layers, with good results;
for smooth functions, perceptrons are known to be universal
approximators in theory when arbitrarily wide [36], and they
also perform well in practice when deep enough [37,38].

The LNN takes in (q,q) to predict a Lagrangian
L(q,q;w.) in the intermediate layer and outputs
fNN(q, q; w.) calculated from Eq. (3), where w, are LNN
parameters. The UNN could be a fully connected network
that takes in (q, q, #) and outputs f\N(q, q, ; w,) where w,
are UNN parameters. The two outputs are summed to predict
the full force field:

™M@, q, 1 we, wy) = AN, @ we) + NG, §, 15 w,). (6)

We take both recovery error and minimal nonconservation
into consideration to design our loss function: (1) NN should
recover ground truth f; (2) we make maximal use of f™N and
reduce fg‘IN as much as possible (e.g., when f is conservative,
we hope that fN vanishes). Guided by these two principles,
we define our loss function as follows [denoting the ith sample
x0 = (q@, qD)):

1

P
’
1
P
’

)

(

Theorem 1. (Informal) Suppose f¥V and f¥V can repre-
sent any conservative force field and any (continuous) force
field, and (f7, f¥) denotes the pair that minimizes NNPhD
loss from Eq. (7). Then we have a phase transition at A = 1
such that (f, f) = (fe, fo) when0 < A < 1,and (f7, ) =
(fc, 0) when A > 1.

Theorem 1 has two interesting and useful implications: (1)
sharp phase transition: The recovery error L, = O when A < 1
and L, = || full > 0 when A > 1. As a result, nonconservative
dynamics predicts an error jump of L, at A = 1, while conser-
vative dynamics does not. This phenomenon justifies the term
“detector” in our model name, in the sense that nonconserva-
tive dynamics is detected by the sharp phase transition at A =
1. (2) effortless A tuning: Any A € (0, 1) would achieve the
force decomposition. Below we report numerical experiments
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TABLEI. We test if NNPhD can automatically decompose these three force fields into a conservative part (first term) and a nonconservative

part (second term) corresponding to the “new physics.”

Model Equation
é ma 1167 sin(0,—01 )cos (02 — 01 )+mo gsindy +m L0 sin(2 —01 ) — (my +m )gsind; é
Damped double pendulum : ()l =zl o 02=61) —y I
0, —my o 03 sin(B2—01 )+(my+my)(gsind; cos(6, —0y )—1; 62 sin(6, —6; )—gsinb,) 0,
(my+myp)ly —mylicos?(0,—6) )
. _ GM®X3 GM,, (—x+rpcos(wpyt))
X (2+y2)2 (=, 2+(y—rsi 23
_ ) —rncos(wnt )= +(y—rasin(wnt))=]12
Neptune (y) - _L@ﬁ'} + GM,y(—y+rasin(wpt))
)2 [(=rncos(@nt)P+(r—rasin(@nt))?) 2

Gravitational radiation

_ G(My+Mo)x

. PRIV
(x) . (x2+y2)% n 32M My (M} +M3) <_(xi +7) -xi)
o] G(M+M 5GcS (M +My)3 -2 224
¥ _ ((71 2)2%)}’ > (M+Mp) _(xi +yt) Vi

XS4y

showing that in practice, too small A do not regularize the
unconstrained network effectively, and force decomposition
results are robust for 0.05 < A < 1 independent of dynamical
systems at study.

As we will see in Appendix F, the proof is more com-
plicated than one might naively expect. If conservative force
fields were to form a linear subspace where the norm || - ||
were the L,-norm induced by an inner product, then the
optimal conservative component f,. from Eq. (5) that mini-
mizes Lynpgp Would simply be the orthogonal projection onto
that subspace, and the nonconservative residual f, would be
orthogonal to that subspace—which would greatly simplify
the computation of f, in practice. Unfortunately, conservative
force fields as we have defined them generally do nor form
a linear subspace, i.e., the sum of two energy-conserving
force fields may not conserve energy, which is related to the
nonlinear nature of Eq. (3).

III. RESULTS FROM NUMERICAL EXPERIMENTS

In this section, we test our NNPhD algorithm with a se-
ries of numerical examples defined in Table I. In Sec. IIT A,
we quantify its ability to rediscover symbolic expressions
for “new physics,” such as friction, Neptune, and gravita-
tional waves. In Sec. III B, we show that, although NNPhD
is designed for new physics detection, it can also outperform
baseline trajectory prediction for the damped double pendu-
lum example. In Sec. III C, we use toy examples to verify and
quantify the aforementioned A-dependent phase transition,
and explore how the choices of p and X in Eq. (7) influence al-
gorithm behavior. Finally we discuss how data quality affects
identifiability of new physics in Sec. III D. Further technical
details on model parameters, simulations and neural network
architecture are provided in Appendix A.

A. Discovery of new physics

We now test NNPhD on three numerical examples defined
in Table I, to see if it can rediscover friction (1493), Neptune
(1846), and gravitational wave emission (2017). In all three
cases, the force fields defined by the right-hand side are the
sum of a conservative part (the first term) and a nonconser-
vative “new physics” part (the second term) that we hope to
discover. Before delving into our numerical experiments, let

us briefly comment on how we model these three dynamical
systems.

1. Physical systems tested

Friction. Italian polymath Leonardo da Vinci first recorded
the basic laws of friction in 1493 [2]. We add friction to the
double pendulum system and to test if NNPhD can automati-
cally discover the friction force solely from data. The damped
double pendulum example can be described by two angles
and their derivatives, i.e., q = (0;,6;) and q = (91, 92). In
our numerical experiment, we choose the physical parameters
my =m2=g=11 =lz=1,]/=002

Neptune. Le Verrier postulated the existence of Neptune in
1846 [39]: astronomers had found that Uranus’ orbit around
the Sun precessed in a way suggesting the presence of a
force of unknown cause, later identified as Neptune. Neptune
was invisible at the time in the sense that contemporary as-
tronomers could not observe its position or velocity, but Le
Verrier (and NNPhD) were able to identify the existence of a
third body by identifying a nonconservative contribution to
the force field of the two-body system. For our numerical
experiments, we make the simplifying assumptions that (1)
the Sun remains fixed at the origin, (2) the elliptical orbits
of Uranus and Neptune are circular (have eccentricity e = 0)
and lie in the same plane, (3) Neptune’s orbit is unaffected
by Uranus, and (4) the effects of other planets are negligible.
Here x and y denote the coordinates of Uranus, and time ¢ is
measured in units such that Uranus’ orbital period is 2 V23,
We choose G = 1, mass of Sun My = 1. Neptune’s mass,
orbital radius, and angular velocity are M,, = 0.005, r, = 3,
and w, =372 ~ 0.192. It will be interesting to investigate
in future work how to lift the four simplifying assumptions
and simulate the whole solar system, possibly by combining
NNPHhD with graph neural networks using appropriate induc-
tive biases [25].

Gravitational Radiation. As predicted by Einstein, the
gravitational two-body problem is nonconservative, since the
system radiates gravitational radiation that carries away en-
ergy and causes orbital decay. Experimental confirmation of
this garnered Nobel Prizes both in 1993 (for the Hulse-Taylor
pulsar) [40] and in 2017 (for the LIGO discovery of gravita-
tional waveforms from black hole mergers) [41], and there
is great current interest in exploiting such signals both for
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gravitational wave astronomy and for precision tests of gen-
eral relativity. To test whether NNPhD can auto-discover the
nonconservative force caused by gravitational wave back-
reaction solely from black hole trajectories, we simulate
a binary black hole inspiral using the approximation from
Ref. [42] that the radiated gravitational wave power P =
%Cg; wrtQl = 35—2695;12;’—2 in a slowly decaying circular orbit
(of radius r, angular frequency 2 and reduced mass u =
(M;' + M; ")) equals the energy loss rate —dE/dt = vf
from a dissipative back-reaction force f. Using Q o< r~3/2 and
v oc r~ /2 from Kepler’s 3rd law gives P ox v'°, with a total
force

. GM\M,  32MM; (M} +Mj3)
f = ,ur = — 3 — 5 6 v, (8)
r 5Gc> (M + M»)

corresponding to an acceleration

GM,+M 32M M, (M? + M?
PR 13‘ ), _ 1Mo (M Z)USv’ )
r 5Gc3 (M + My)3
where r = r, —r; and v = v, — v;. We choose these physical
parameterstobe G =M, =M, = 1,¢ = 3.

2. Detection of new physics

These three physical systems have d = 2 degrees of free-
dom, obeying the second-order coupled differential equations
in Table I. Including the corresponding conjugate momenta,
a system’s state is thus a point moving along some trajectory
in a 2d-dimensional phase space, satisfying a 2d first-order
coupled differential equations. We solve these equations and
compute the trajectories numerically using a fourth-order
Runge-Kutta integrator at Ngep, = {300, 1000, 300} timesteps
of size ¢ = {0.1,0.1, 0.05} for the three physical systems,
using the following initial conditions:

(01,6, 61,6,) = (1,0,0,0),

x,y,x,y)= (3, 0,0, %) (10)

x,y,x,¥)=1(0,2,—-1,0).

Once trajectory points are calculated, the ground truth forces
f at those points are evaluated using the formula in Table 1.2
We do not hold back any testing data in this section, since
many insights can be gained solely from training data. We
will hold back testing data and verify NNPhD’s generalization
ability in Sec. III B.

We then train NNPhD on the aforementioned trajectory
data as detailed in Appendix B. Figure 3 shows the resulting
NNPhD prediction loss L, as a function of A, revealing a
striking phase transition at A = 1: for A < 1, L, is almost
zero, while for A > 1, L, is an approximately constant
positive number, indicating the magnitude of nonconservative
components.

As we showed above, such a phase transition is a smoking-
gun signature of new physics manifesting as nonconservative

2In more realistic settings, one would first extract ¢ from trajectory
data, e.g., with Neural ODE [16] or Al Physicist [27], and then use q
as labels to train NNPhD. We treat ¢ = f(q, q, #) as an oracle in this
paper since we focus on the force field decomposition aspect.

<
 0.0201
o
-
@ 0.0151
C
.© 0.0101
)
S
8 0.005 A —e— Double pendulum
E Neptune
0.000 4 | —e— Gravitational radiation
1072 1071 10° 10! 102
A

FIG. 3. In all our three examples, clear phase transitions at > = 1
indicate the existence of new physics.

dynamics. The observed phase transitions thus justify the
NNPhD name.

3. Modeling of new physics with symbolic expressions

After detecting the existence of new physics, physicists are
interested in understanding and explaining this new physics
by describing it with via symbolic expressions. We found that
if we did not impose any inductive biases on the LNN, we
unfortunately did not auto-discover any meaningful symbolic
expressions. We therefore drew inspiration from the history of
physics, where inductive biases have routinely been used. For
example, physicists often knew and used analytic formulas for
the old physics when quantifying new physics. In this spirit,
we constrain the form of LNN Lagrangian so that only a set
of coefficients are learnable, while the unconstrained network
remains to a fully general feedforward neural network with
two hidden layers containing 200 neurons each. Specifically,
we parametrize the Lagrangians for our three examples as
follows:

52 52
Lric = ¢1€080; + cc086, + 3607 + cu6;

+ ¢50,6,c08(0) — 62),
C3

NeEs
€3
This is implemented by inputting hand-crafted features
(cosf, x%, etc.) into a learnable linear layer which outputs the
predicted Lagrangian. We adopt a train-and-explain strategy:

(1) Training. Like before, we train the whole NNPhD
(LNN and the unconstrained network are updated simul-
taneously) with A = 0.2 using the ADAM optimizer with
annealing learning rate {1072, 1073, 107*, 107} for 2000
steps.

(2) Explaining. After training, we aim to extract more
interpretable physics from the unconstrained network via con-
strained nonlinear optimization of free parameters (displayed
as bold in Table II) to explain the output of the unconstrained
network, since ground truth symbolic forms are available.

-2 <2
£neptune =c X"ty +

Loy = 13 4 €25 + (11)

055302-5



LIU, WANG, MENG, CHEN, TEGMARK, AND LIU

PHYSICAL REVIEW E 104, 055302 (2021)

TABLE II. Symbolic formulas discovered by NNPhD.

Physics example Target

Ground truth “new physics”

NNPhD-+Symbolic

Double pendulum

(29}) (—0.02(91 - 0.0065) <—0.018é)1 — 0.001@)
6, —0.000, — 0.020, —0.0016; — 0.0186,

0.005(—x+3cos(0.1921))

0.0052(—x+43.004cos(0.192¢))

Neptune

()

[(x—3c0s(0.1921))2+(y—3sin(0.1921))?] 3
0.005(—y-+3sin(0.1921))

3
[(x—3.004c05(0.1921))2 +(y—3.004sin(0.1921))2] 2
0.0052(—y+3.004sin(0.1921))

[(y—3sin(0.1921))2 +(y—3sin(0.1921))?]

Cl) (-0-00165(56? +31 )4x1) (—0.00170(x% +3} )3‘94;&1)
yi —0.00165(i7 + y})*y —0.00170(i2 + j2)3%4y,

Gravitational radiation

3 3
2 [(y—3.004sin(0.192¢))2+(y—3.004sin(0.1927))2] 2

In Table II, we show ground truth “new physics” and
NNPhD fitted symbolic expressions. Fitted coefficients are
seen to match ground truth quite well: (1) damping coefficient;
(2) orbital radius and angular velocity of Neptune around the
Sun; (3) magnitude and velocity dependence of gravitational
wave emission.

B. Prediction of trajectories

In addition to discovering new physics, as we saw above,
NNPhD can also compete with other methods on simple tra-
jectory prediction, and we will now test its performance for
out-of-distribution generalization. Specifically, we test how
accurately it can extrapolate the trajectory of the damped
double pendulum from Sec. III A 2, whose state is specified
by two angles (0, 6>) and corresponding angular velocities
(61, 62). We compute a trajectory with a fourth-order Runge-
Kutta integrator at Nyep = 2000 timesteps of size ¢ = 0.1
using the initial conditions (6, 6, 0, 6,) = (1,0, 0, 0). Our
test task is to extrapolate beyond ¢ = 30, so we split the tra-
jectory into a training dataset (0 < ¢ < 30) and a test dataset
(30 <t < 200).

We train NNPhD with A = 0.2 and feed its prediction
f into a fourth-order Runge-Kutta integrator to produce the
predicted trajectory. Figure 4 compares the performance with

that from a LNN and a UNN network. The left panel shows
that both NNPhD and the UNN network can fit 8; well on
training samples and extrapolate for a short period, but fail at
larger times due to accumulated errors and sensitive phases.
In contrast, we see that the LNN cannot even fit the training
data, because it has the invalid energy-conservation assump-
tion built in. The right panel shows that ground-truth energy
is decaying exponential over time due to friction, while the
LNN stubbornly predicts constant energy. NNPhD is seen to
predict the energy decay best of the three methods, while the
UNN network slightly overpredicts the energy for a while
and then incorrectly transitions to predicting approximate en-
ergy conservation. In this paper we compare NNPhD with
only its single components, but we admit there are plenty
of off-the-shelf methods for trajectory prediction, including
reservior computing [43], long short-term memory [44], neu-
ral ordinary differential equations [45], etc. Comparing the
performance of NNPhD with that of other methods will be
useful to understand the benefits and limitations of NNPhD,
which will be a promising future direction.

C. Theory verification and algorithm benchmarking

In this section, to better understand its algorithmic behav-
ior, we test NNPhD on the six simple dynamical systems in

1.00 ] Testing 10° 4
——
LNN
0.75 4
| i
0.50 1 1 1 Fully-connected network
0.25 A ' \ > Training :Testing ‘v\\,‘
o [ ML - ! “
@ 0.00 K e ol T\ @ 10 ] QY
\ 1 = ] G
o 1 0
-0.25 | 1 (’/) ~
1 O’(( \
! U N

—0.50 4 ==+ Ground truth : % \
-0.75 4 LNN !

’ —— Fully-connected network :
~1.001 NNPhD 102 ] 1

0 10 20 30 40 %0 {70 180 190 200 0 25 50 75 100 125 150 175 200
time time

(a)

(b)

FIG. 4. Double pendulum example: (a) Both NNPhD and UNN can accurately fit the angle 6, of training samples and can successfully
extrapolate for a brief period, while LNN fails to model the nonconservative dynamics; (b) NNPhD correctly predicts the exponential energy
decay on testing samples, while the UNN generalizes worse, and LNN incorrectly conserves energy.
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TABLE III. Examples of conservative and nonconservative dynamics.

Classes Model Equation Lagrangian
Conservative (fP1Y) Harmonic oscillator (HO) §=—q L=q¢"/2—q¢)2
. 41 =¢q» L=(G1—q)/2
Magnetic field (MF . . .
£ MP) G =~ +(g2 +q1)°/2
Constant gravity (CG) G=—1 L=¢"/2—q
Nonconservative (fF1Y) Linear damping (LD) Gg=—q
Constant damping (CD) g = —sgn(q) NA
Periodic force (PF) g = sin(t)

physics in Table III: conservative examples involve a har-
monic oscillator (HO), a magnetic field (MF), and constant
gravity (CG), and nonconservative examples include linear
damping (LD), constant damping (CD), and a periodic force
(PF). We combine these into five examples to obtain two
conservative systems (HO+MF, HO+CG) and three non-
conservative systems (HO+LD, HO+CD, HO-+PF), whose
dynamical equations are summarized in Appendix A. For
each system, we train NNPhD with the ADAM optimizer for
2000 iterations, using batch size 32, learning rate schedule
{0.01, 0.001, 0.0001, 0.00001}, and 500 iterations for each
learning rate.

We now explore how the performance of the NNPhD
depends on the regularization coefficient A and norm in-
dex p by testing A = {0.01,0.02,0.05,0.1,0.2,0.5, 1, 2,

5, 10, 20, 50, 100} and p = 1, 2, 3. Instead of simulating tra-
jectories to generate data as in previous sections, we compute
q=f(q,q,?) at N random points (q®, q®,#). We first
generate all positions, velocities, and times as independent
Gaussian random variables with zero mean and unit standard
deviation, then we explore more complicated coverage in
Sec. IIID. We generate 10° training samples and 10* testing
samples (q, q, t).

How performance depends on p. In Fig. 5(a), we plot the
dependence of the prediction error L, on A (p = 1), again
verifying the phase transition prediction from Sec. Il E: The
nonconservative systems (HO+LD, HO+CD, HO+PF) are
seen to have a large error jump at A = 1 while, in contrast,
L, does not increase at A =1 for the conservative sys-
tems (HO+MF, HO+4-CG). In fact, HO4+MF has even lower

. . . .12
[l 11 [1-1l2 [l-1ls - 115
o 10°
o 10° 10-1 10
- 2
— 10,
210 HO+MF(c) 102 107
o HO+CG(c) 4
S 102 == HO+LD(n) . 10-3 10
= 10 —e— HO+CD(n) 10 .
= == HO+PF(n) 4 106 \
S _ 10
@ 1073 «\ 10-* /\\
o ;»/\/ 105 \,.. A 108 N
10-4 » 10-5 <= v R —~ —
1072 107! 10° 10 102 1072 107! 10° 10 102 1072 107! 10° 10 102 1072 107! 10° 10 102
A A A A
(a) (b) (c) (d)
. . . 2
] 11 Ilx ] - 112 11113 11113
,| A=0.01"| A=0.05"| A=0.1 ol A=0.01/| A=0.05"| A=0.1 5| A=0.017| A=0.05"| A=0.1 o A= 0.0}/ A=0.03"| 2=0.1,
4 7 / v L 7 / 2 4 N/ /
wof & £ w o ~7 & / oo & / o 7 rs 7
o 4 4 / o_ " 4 7 / o 4 V. / o / / /
< F # / fugug} p: / jugi § F Vs 7/ =1 4 4 7
S M - E o p F o | ¥ o o 4 # &
= _5 o/ - _5 / 5 / / = ol 7 /
° |/ o |/ ° |/ kd o |4
-3 - ,, -3 ,, - ] -3 - - 1 9-3¢ - + -
G ol A=05,7| A=1 ) A=5 /1 T 5 A=05,7 A=1 /| A=5 /| © 5l A=05,| A=1 /| a=5 | G, A=05,"| A=1 /| A=5
o / /| o / . kel / °
o1 y. o1 ) o1 rd / Q1 / / /
- 7 £ o 7 & o 4 v4 T o 7 /
o £ 7 @y A T / 7 o 7 7 7
4 4 / 4 4 # @ @ # ¥ 7
-2{ / (FPHY, FIN) -2{ / ! -2, ! -2
3T oo 13 1613 B ey R B =S ey B = Yy = Y B = N R ey R
Ground truth force Ground truth force Ground truth force Ground truth force
(e) () () (h)

FIG. 5. NNPhD is seen to behave robustly for 0.05 < A < 1 and p > 1. We test NNPhD on five examples (the first two are conservative, and
last three are nonconservative). (a)—(d) prediction error L, as a function of A with different norms as loss function: for (a)—(c) || - | ,(p = 1, 2, 3),
nonconservative dynamics has an error jump at & = 1, while conservative dynamics does not. In panel (d), mean squared loss leads to a smooth
phase transition for nonconservative dynamics; (¢)—(h) for the linear damping case § = —g — 14, we show how f™~ and ) are aligned with
FPHY and fPHY for different loss functions and different A.
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FIG. 6. Dependence on data distribution parameters « and 8. Low-quality data might prevent new physics discovery via (a) incomplete

data coverage and (b) biased data distribution.

prediction error at larger A, showing the advantage of em-
ploying a Lagrangian neural network as opposed to an
unconstrained neural network for conservative systems. Fig-
ure 5(a) shows that NNPhD has the ability to distinguish
between conservative and nonconservative dynamics by look-
ing at prediction loss around A =1, i a sharp phase
transition indicates nonconservative dynamics. The above ob-
servations also apply to Figs. 5(b) and 5(c) when p = 2 and
p = 3. However, Fig. 5(d) shows that mean-squared-error loss
(where the L,-norm is squared) leads to a smooth transition.

How performance depends on A. We then quantify how ac-
curately the conservative and nonconservative components are
modeled for different A-values. Figure 5(e) shows our results
for the damped oscillator example § = —q — ;q, comparing
N with fPY = —g and fNN with fP*Y = —14. As Theo-
rem 1 suggests, we observe that (1) when A > 1, £\~ predicts
0 while fNN &~ fPHY. (2) when 0.05 <A < 1, fNN ~ fPHY
and NN ~ fPHY.(3) when A < 0.05, although in theory it be-
haves similarly to (2), a small A does not have much incentive
to penalize the UNN network, which therefore absorbs part
of the conservative component. Figures 5(f)-5(h) show that
the alignments between the ground truth components and the
predictions from NNPhD are quite robust for different choices
of loss function.

D. Physics discovery requires high-quality data

Although NNPhD does not assume any data distribution to
achieve the decomposition, we will now see that NNPhD can
only learn to accurately decompose the force into conservative
and nonconservative parts if the data has high quality, specifi-
cally, if the data distribution has (1) adequate coverage of the
state space X = (q, q) and (2) is unbiased.

Incomplete data coverage. We now explore the situation
where data points are only accessible in a pie-shaped subset of
space covering an angular fraction of o € [0, 1], as illustrated
in Fig. 6(a) We consider the 1D constant damped oscillator
g=—q— —sgn(q) train NNPhD with A = 10 on datasets
with dlfferent fractions « and calculate the prediction loss L.
Recall that when A = 10, a high prediction error L, is a sign
of nonconservation. Figure 6(a) shows that when « < 0.5, no
samples are generated in the lower half plane (where ¢ < 0),

then the prediction error L, is nearly zero, revealing no sign of
nonconservation. For o > 0.5, however, NNPhD has a large
L., revealing the nonconservative nature of the damping force.
This observation makes physical sense since, if only ¢ > 0
samples are observed, the damping force acts as a constant
conservative force (like gravity) which can be included as a

—%q) term in a Lagrangian £ = %q’z - %qz — %q, making
the dynamics appear energy conserving.

Imbalanced data distribution. Even in the case when data
is available everywhere in all relevant parts of phase space,
the data set can still be imbalanced, e.g., contain more g > 0
samples than ¢ < 0 ones. Figure 6(a) show that this is not
a sever problem in the sense that it does not preclude us
from identifying the existence of nonconservative dynamics,
since the presence of since merely a few samples with g < 0
suffices to give a clear signal of nonconservation. However,
such imbalance may harm the accuracy of our decomposition.
We consider the linear damped oscillator § = —g — %q where
a fraction B of the data is in the upper half plane while
the remaining fraction 1 — g is in the lower half-plane. We
set A = 0.5, train on datasets with different 8 and compare
learned conservative and nonconservative force fields with
ground truth. We found the learned functions fNN and N are
not necessarily aligned with the ground truth decomposition
fPHY = —g and fPHY = —14. We define misalignment as

1
2

= e - |

(12)

(SIS

_ 1 4 NN (i) () PHY /(i) ()] 2
mn—[mi_zlnfn (x @10y — fPHY (xO 40|

Figure 6(b) shows this misalignment as a function of 8, re-
vealing a minimum with nearly zero misalignment for the
B = 0.5 case when the data is balanced. In summary, these
last numerical experiments show that high-quality data is im-
portant for new physics discovery, regardless of whether the
data is analyzed by intelligent human scientists or machine
learning.
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IV. CONCLUSION

We have presented the Neural New-physics Detector
(NNPhD), a method for decomposing a general force field into
components that do and do not conserve energy. We showed
that NNPhD was able to do this robustly for a series of physi-
cal examples without access to symbolic equations, providing
clear evidence of the existence of conservation-violating new
physics. We also found that NNPhD could extrapolate time se-
ries more accurately than both LNN and unconstrained neural
networks. As ever-larger science and engineering datasets be-
come available for dynamical systems, we hope that NNPhD
will help enable more accurate prediction as well as aid dis-
covery of interesting new phenomena.
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APPENDIX A: TOY EXAMPLE DETAILS

For each dynamical system, the left-hand side is q, and
right-hand side is physical ground truth where conserva-
tive and nonconservative dynamics is explicitly separated as

(fPY(q, @)} + {(fPY(q. q. 1)}
HO+MF (k =B = 1):

() =10 =@ o
HO+CG (k=g=1):

% = {—kx — g} + {0}, (A2)

HO+LD (k=1,y = 1)
X = {—kx} + {—yx}, (A3)

HO+CD (k=1,y = }):
¥ = {—kx} + {—ysgn(d)}, (A4)

HO+PF (k=1,a = 3):
¥ = {—kx} + {asin(r)}. (A5)

APPENDIX B: NEURAL NETWORK TRAINING DETAILS

We parametrize both the our LNN (conservative) and
our unconstrained network (nonconservative) force models as
non-weight-sharing fully connected feedforward neural net-
works with two hidden 200-neuron layers. The LNN uses a
mixture of softplus and quadratic activation (see Appendix C
for details) and has Eq. (3) hard-coded right before outputting
FNN while the unconstrained network uses LeakyReLU acti-
vation (with negative slope o = 0.2) and does not involve in
any other inductive biases.

10° 4
—— LNN (Softplus + No Split)
102 4 LNN (Softplus + Split)
——— LNN (Quadratic + No Split)
10 § —— LNN (Quadratic + Split)

10° §

Traning Loss
)

10-2
10~ 4
10~
0 100 200 300 400 500
iteration

FIG. 7. Tricks to boost LNN training.

We measure the performance of NNPhD for

A € {.01,.02,.05, .1, .2, .5,1,2,5, 10, 20, 50, 100}  (B1)
by first initializing and training NNPhD with X =
0.01 wusing the ADAM optimizer with learning rate
{1072,1073, 107*, 1073} for 2000 steps (500 steps for each
learning rate), and iteratively increasing A and train for 2000
steps for each new A value. The model parameters of LNN
and the unconstrained network are updated simultaneously.

APPENDIX C: TRICKS TO BOOST LNN TRAINING

As mentioned in Ref. [9], LNN is unstable and inefficient
to train with traditional initializations in ML. As a result,
expensive grid search of proper initializations is required.
We propose two simpler tricks that have some improvements
and are easy to implement. We use the example of a har-
monic oscillator. The Lagrangian £ = %q'z - %qz contains
only quadratic terms. We build a two hidden-layer networks
with width 4-200-200-2.

Activation Trick. Reference [9] uses Softplus as activa-
tion function, which is general but inefficient to represent a
quadratic function. However the quadratic function is com-
mon and useful in physics, we propose to divide neurons into
two groups, where one group uses Softplus as activation, and
the other group uses quadractic function as activation.

Split Trick. One of the instabilities in an LNN comes from
inversion of V4V4L. In physical terms, V4V 4L represents
a mass scalar (matrix) which is positive (positive definite).
However this constraint is not explicitly embedded to LNN,
leading to training instabilities. We split £ into two parts:

L=Li+Ly =L+ 304" 4, (CD)
where £, is learned by LNN, while £, is a fixed quadratic
term (we choose a = 1). At initializations when Lyny ~ 0,
L ~ Laq”q is positive definite.

To test how the proposed two tricks operate, we implement
four models in Fig. 7 to fit the 1D harmonic oscillator: Soft-
plus or quadratic activation, and with or without the split trick.
The one with best performance is the LNN using quadratic
activation and the split trick.
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APPENDIX D: LAGRANGIAN MECHANICS FOR
MACHINE LEARNING READERS

For readers whose background is primarily in machine
learning rather than physics, this section provides a brief re-
view of the Lagrangian mechanics formalism that we use in
this paper.

Conservative dynamics describes a dynamic where there
exist conserved quantities (energy, momentum, angular mo-
mentum etc). Conservation laws are important in physics, as
they correspond to symmetries of our mother nature, accord-
ing to Noether’s theorem [46]. In particular, energy conserva-
tion is equivalent to time translational symmetry. To describe
dynamics that conserves energy, physicists employ the (time-
independent) Lagrangian or Hamiltonian formulation. Since
our work and the prior work on LNN [9] are based on La-
grangian mechanics, we provide a brief introduction here.

The Lagrangian formalism models a classical physics sys-
tem with trajectory x(¢) = (q, q) that begins in one state x(f)
and ends up in another state x(f;)(¢; > #y), where q and q are
called the generalized coordinates and velocities, respectively.
There are many paths that these states might take as they
pass from x(#y) to x(¢;), and Lagrangian mechanics tells that
there is only one path that the physical system will take, i.e.,
the path that minimizes fzg‘ {Tq(?), qt)] — VIq@), q(¢)]}dt,
where T is kinetic energy and V is the potential energy. The
term £(q,q) =T(q,q) —V(q, q) is called Lagrangian and
the path (trajectory) of the system is determined by the Euler-
Lagrange equation:

%Vqﬁ =V,L.
Based on the formulas in the LNN [9], the Euler-Lagrange
equatlon V4L = VL can be rewritten by applying a chain

rule VL = (V, Vq L£)q + (V4 V¢£L)q resulting in

i=(VqViL) ' [VoL - (VqViL)a]. O

One inductive bias brought by Lagrangian mechanics is that
Eq. (3) describes conservative physical dynamics. That is,
the energy function defined as

H(q,q) = V{L(q, 9)q — £(q, q) (D2)

is constant along a trajectory [q(¢), q(¢)] driven by Eq. (3).
The proof of H(q, q) conservation can be found in standard
physics textbooks [47] and is included here for completeness.
Lemma 1. Given a Lagrangian £(q, q), the energy defined
in Eq. (3) is conserved along the trajectory [q(z), ¢(¢)] driven
by Eq. (2).
Proof. Invoking the chain rule one obtains the time deriva-

tive of L:

L
- = A"V L+ G VyL. (D3)

Equation (3) is equivalent to the Euler-Lagrangian equation
diV 4L = V4L, so we replace VoL with %Vqﬁ:

ar rd
=q" —ViL+{ V4L
dr 1 dt +4a

dH d
=—(q"VeLl — =—@'VeL-L)=0.
dt(q k) — dt dt(q 4 )
(D4)

Since not all physical systems conserve energy, Lagrangian
mechanics is insufficient to describe nonconservative dynam-
ics, motivating the design of the NNPhD framework. We
prove that linear damp example is nonconservative, i.e., it
cannot be represented by Lagrangian mechanics.

Lemma 2. Let function f:R?— R be defined as
f(q,q) = cq, where ¢ can be any real nonzero constant.
Then, f cannot be represented by Eq. (3) for any Lagrangian
L € D*(q. q) [D*(q, q) is the function space consisting of all
twice-differentiable functions with respect to (q, q)].

Proof. We prove the claim by reduction to absurdity. Sup-
pose there exists a Lagrangian £ € D*(q, ), such that

32L oL 3L
cq = [ > (q, q)} {ﬁ(q,m—[

2494 (q, Q)} } (D5)

By multiplying [%(q, q)] to both sides of Eq. (D5), we have

32_,5( o li= . a - L

(q, ('1)](1,
which by Eq. (D2) further leads to
oH oH .
Ca_'(q’ Q)+ -—(q.9) =0 (Do)
q dq

By variable substitution, let H(q, q) = g(cq + q, q — ¢q). By
Eq. (D6),

dglcq +q,94—cq) 0H(q,q) 9q
deq+q)  0q d(cq+q)
0H(q,q) 0q
dq  d(cq+q)
_ 1@  1H@d
2c aq 2 aq

Therefore, H(q, q) is invariant of c¢q + ¢ and only relies on
the value of q — cq. Thus, we can further abbreviate H(q, q)
as g(q — cq).

However, by Eq. (D2),

g(—cq) = g(0 —cq) = H(q, q) = —L(q, 0).
Therefore,
—| =lim .
0q  Jg=o 40 q
_qEL(q, q) — ¢(q — cq) + g(—cq)
= hm
q—0 q
o 3L(q, Q) ,
@ & — g (—cq),
aq q=0

where Eq. () is due to that %‘(‘1"” (q, q) is differentiable (thus
continuous).

Therefore, we have ¢'(q) = 0 for any q, which further leads
to H(q, q) is a constant function and

32L ~'9H(q, q)
j=—| — , ) —_— = 0
cq [an (q q)} 3q

The proof is completed since ¢ # 0. |
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APPENDIX E: LEARNING PERSPECTIVES
OF SECTIONIIC

We describe the learning task based on the force decom-
position in Sec. IIC. Given samples (q), @, t®;q®),i =
1, ---, N that are uniformly drawn from the trajectories of dy-
namic q = f(q, q, t) with¢ € [0, T] or a given distribution u,
we aim to learn both f, and f;, from data. Because the ground-
truth dynamic and its vector space are unknown, we need to
select a model space (G, | - ||g) which is also a normed vector
space to find the best model in it. For this learning problem,
we learn the model pair (fNN, fNN) simultaneously by solving
the following constrained minimization problem

. 1< i
A ) =y DN
noJe i=1

+ frf‘IN(q(i)’ q(i), t(i)) _ q(i) ”g
N
1 A o
t NN _ i @ _ (l)’ o (D) .
st fe argmin = iE—l a"”’—eg@”, 4"")lg

We make the following discussions on the learning task: We
denote the optimal models of the above optimization problem
as (fNN*| fNN#) The interpolating prediction ability [which is

J

(1) For A > 1,

arg min [ f — [ (we) — [N )], + [N wa) [, = {(we. wn) : we € argmin | f — £ (we)

2)For0< XA <1,

measured by the gap between fOT I fCNN* + frf\IN* — (J|dt and
Ls(fNN* fNN)] is determined by the approximation ability
of G and the number of training data. As the number of
training data N increases, the gap will be smaller. As the
approximation ability of G becomes stronger, the gap will be
smaller.

APPENDIX F: THEOREM 1 (FORMAL)

In this section, we will provide proof of Theorem 1. We
will actually show our results hold for general norms which
include the discrete norm we use in experiments. Concretely,
the formal version of Theorem 1 with general norms is given
as follows:

Theorem 1 (Theorem 1, extended to general norms). Let
FM¥(w,) be the Lagrangian neural network with parameters
w, in NNPhD framework (with input q and q omitted), and
fMN(w,) be the unconstrained neural network with param-
eters w, in the NNPhD framework. Assume the UNN can
represent every continuous function of (q, q,?) under the
norm | - |l,, i€, {g:R¥ — R, Jw,, lg— " (w,)|, =
0} = C(q, q, t). Then, given any continuous function f, the
following claim stands:

*7 ||f5\IN(wn)||* ZO}

arg min | £ — fXNwo) = N @wa)], + 2] N @),

= {(we, wy) : we € argr?uin (R ANCS!

[N wa) = £+ £Nwo)|, =0}

*°

Remark 1. The informal version of Theorem 1 in the main text is a special case of the formal version, with

1 Y o
— | — [(ORAONIL
I£1l, = (Nn i§=1j | f£@, e )

for any function f : R*"+! — R”,
Proof. We prove the two cases above separately.
(1) If A > 1, for any w. and w,, then

1
P
’

If = ANwe) = Nwn) |, + A AN, = | f = ANwe) — fANwy)|, + [ AN ]|, + = D] AN wn)],

()
> | f = Mo, + = D ANw).. (F1)

Since A —1 >0,

arg min (|| f — £ o), + G = DAY wa)],) = (argmin | £ — £ we)

| argy, |27 (o), =0).

For any (wg, wg) where w(c) € argminy, || f — fCNN(wC)H* and ||f§\IN(wg)||* = 0, the equality of inequality (x) of Eq. (F1) is

obtained. Therefore,

(w?, w)) € arg Jjnllil £ = AN we) = fANw) |, + 4[N (wa)

which further leads to

)

arg min [[[f — %o, + 0. = D[N wa)|,] < arg min [ £ = £Nwe) = N ww [, + 2] £ @]

and

i [ = w0 = 2]+ 2Nl ] = min (17 = N0l + G- DI @l L @)
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Combining Egs. (F1) and (F2) further leads to
arg min [[|f — £ (we) = %o, +2 47wl ] Carg min [ = £ o, + 0.~ DA @]

The proof for A > 1 is completed.
(2) If » < 1, for any w, and w,, then we decompose || f — AN (w.) — AN (wy) [, + Al AN (wy)]|« as follows:

If = NNwe) — ANwy)||, + 2| NNwn)|, = G+ =) f = ANwe) — Nwn) |, + 2] N wn)],

(k)
> Af = Nwo) |, + (=0 f = ANwe) — £ (wa)

(F3)

x°

where Eq. (sx) is due to the triangle inequality.
However, for any fixed we, the minimum of Eq. (F3) is obtained if and only if || fNN(w,) — f + AN (we)|l, = 0, in which
case equality of inequality (+x*) of Eq. (F3) is also obtained. Therefore, for a given we,

min || = £ (we) = LN o) |, + AT @a) ], = A1 = £ we)

.
and

argmin | £ = £ (we) = N wa) |, + 2] N |, = {wa s [N = £+ LN o), =0} (F4)
Since

arg min | — fNwe) — N, + 4|2 |, = argminmin [ £ — 15 awe) — AN |, + 2| AN Gwa)],.
by applying Eq. (F4), we finally have
arg min | f — £ (we) = N |, + 2| AN @a],

SN wn) = f 4+ 2N wo) |, =0}

IN@wn) — £+ fNNw,) |, = 0}.

= {(we, wy) : we € argmin o[£ — 3 (we)

%’

K

= {(wm W) W € argn;})in ”f - chN(wc)

The proof is completed. ]

The above theorem describes the case that £ (w,) can represent every continuous function. However, in practice, the UNN
neural network can only access functions close to the original solution. In this general case, we instead have

Corollary 1.1. Let fNV(w.) be the Lagrangian neural network with parameters w. in NNPhD framework, and f¥" (w,) be
the UNN network with parameters w, in the NNPhD framework. Assume the UNN neural network can approximate every
continuous function of ¢, q, q by error ¢ > 0 under some norm || - ||, on function space C(q, q, t), i.e., Vf € C(q, q, t), there
exists a wi,, such that, || fY¥(w}) — f|l. < . Furthermore, assume there exists wy, such that, ¥V (wg) = 0. Then, given any
continuous function f, the following claim stands:

(1) Forx > 1,
arg min | £ = £ (we) = 7N @), + 2] o), = [argmin | £ = £ w0, 0]-
(2) For i < 1, for any (w(, w)) € arg miny, w, If — XN (We) = fi™ @)l + AN (wn)],
() — £ + 2N @), < e, )
| = £ (W), < min £ = £ wo |, + (1 + 2. (F6)

Proof. When X > 1, the claim can be proved following exactly the same routine for Theorem 1. When A < 1, we follow
the same routine for Theorem 1 to decompose the optimization problem into a two step minimization problem: fixed w., let
g=f — fM(w,). Then, there exists a wg, such that

[ (i) — el <&

Therefore,
min [[|f — 2% we) = NN wa) |, + AN )] < [ = 28N we) — N @) |, + 2] 4N (w)

A+ Wf = LN we) = LN, + 4] = 5w,

<
<Af = NN, + (1 + 1.
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Let w, = argminy, (I f — fNN(we) — Nw)ll, 4+ AN (w,)ll,). Then,
(=0 f = MNNwe) — FANwn) |, < |f = MNNwe) — AW, + 2| Nwn) |, = 2] F = N,

< (1 +2)e,
which finishes the proof of Eq. (F5).

F7)

Let h(we) = miny, | f — XN (we) = N n) . + AN wo)ll.. By Eq. (F7),
Aol — 2| f — fiNwe) |, < (1+ R,

which further leads to

min [A(we)l. < (1+2)e + Amin £ — X)),

This completes the proof.
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