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ON THE DEGENERATION OF ASYMPTOTICALLY CONICAL
CALABI-YAU METRICS

TRISTAN C. COLLINS, BIN GUO, AND FREID TONG

ABSTRACT. We study the degenerations of asymptotically conical Ricci-flat Kéhler met-
rics as the Kéahler class degenerates to a semi-positive class. We show that under appropri-
ate assumptions, the Ricci-flat Kahler metrics converge to a incomplete smooth Ricci-flat
Kaéhler metric away from a compact subvariety. As a consequence, we construct singular
Calabi-Yau metrics with asymptotically conical behaviour at infinity on certain quasi-
projective varieties and we show that the metric geometry of these singular metrics are
homeomorphic to the topology of the singular variety. Finally, we will apply our results to
study several classes of examples of geometric transitions between Calabi-Yau manifolds.

1. INTRODUCTION

Following Yau'’s resolution of the Calabi Conjecture [63] the study of Ricci-flat Kéhler
metrics has played a central role in geometric analysis. Subsequently, motivated by ques-
tions in differential geometry, mathematical physics, and algebraic geometry there has been
a great deal of interest in extensions of Yau’s theorem to the complete, non-compact setting
(53, B4, 18, 3T, 32, 61, 62, 28|, [15, 16], 17, 85 25| 2 3], the degeneration of Calabi-Yau metrics
(see, for example, the surveys [57, 56, 58] and the references there in), and the existence
of Calabi-Yau metrics on singular spaces (see for example [24] 51]). In this paper we initi-
ate the study of degenerations of non-compact Calabi-Yau manifolds, and the existence of
Calabi-Yau metrics on certain non-compact singular varieties.

In the compact setting, a special class of Calabi-Yau degenerations are obtained by
degenerating the Kéahler class. More precisely, fix a compact Calabi-Yau manifold X, and
let X c H(X,R) denote the Kihler cone, consisting of all (1,1) cohomology classes
admitting a Kihler representative; X is an open convex cone in H%!'(X ,R). For each
class [w] € K, Yau’s theorem [63] yields the existence of a unique Ricci-flat Kéhler metric
wey € [w]. Choose a family of Kahler classes [w] € IC, ¢ € (0,1] such that [wi] — [a] € OK
as t — 0. We are interested in understanding the geometry of (X,w;cy) as t — 0. Roughly
speaking this question can be divided into two cases; the collapsing case, when f ya" =0,
and the non-collapsing case, when f x @" > 0. The non-collapsing case, is reasonably well
understood, thanks to work of Tosatti [59] and the first author and Tosatti [13].

One way to construct a non-collapsed family of Calabi-Yau manifolds is as follows;
suppose Xo is a normal, Gorenstein, projective variety with K, trivial. Suppose that
m: X — Xy is a crepant resolution of singularities, and let [o] = 7*[wp] for some Kéahler
class [wp] on Xy. A family of Kéhler classes on X converging to [a] gives rise to non-collapsed
family of Calabi-Yau metrics. In this case, the results of [13] say that the Calabi-Yau metrics
wi,cy converge in Cp2 (X\Exc(r)), to an incomplete metric wo,cy and (X, wy cy) Gromov-

Hausdorff converge to the completion (X\Exc(7),wocy). wocy descends to a Ricci-flat
metric on Xgeg , and one can ask whether the metric geometry of wg cy is related to the
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geometry of the Xo. In this case, assuming that [a] € HY(X,Q), Song [51], proved that
(X\Exc(7),wo,cy) = (X%, wo,cy) is homeomorphic to Xp. In particular, this yields the
existence of a natural Calabi-Yau metric on the singular variety Xj.

In this paper we study degenerations of Calabi-Yau metrics on complete non-compact
Calabi-Yau manifolds asymptotic to a cone. Complete, non-compact Calabi-Yau manifolds
were first constructed by Tian-Yau in [53][64], and a plethora of examples are now known to
exist. A particular subset of these are Calabi-Yau manifolds which are asymptotic to a cone
at infinity, these are sometimes called asymptotically conical Calabi-Yau manifolds. Conical
Calabi-Yau manifolds are of fundamental importance, since they arise as blow-up limits at
the singular points in the limit of a non-collapsing family of Kéhler-Einstein manifolds (or
more generally Kahler manifolds with bounded Ricci curvature). The conical asymptotics
should be regarded here as akin to the non-collapsing condition in the setting of compact
Calabi-Yau manifolds discussed above.

The first analytic construction of asymptotically conical Calabi-Yau manifolds was given
in [54] and [2],3], and the construction has been further refined by the work of many authors,
see [32, 6I), 62 28, [15], 16}, 17, 35, 25] and the references therein. One nice improvement
given by these refinements is that, in analogy with Yau’s theorem in the compact case [63],
one is able to produce an asymptotically conical Ricci-flat Kéhler metric in every suitable
Kahler class on an asymptotically conical Kahler manifold X. In particular, this yields
families of degenerating asymptotically conical Ricci-flat Kéher metrics, and one can then
ask what properties limits of these spaces possess.

The motivation for studying these limits is two-fold. First, there is a broad class of non-
compact examples which are expected to model the local behavior of Calabi-Yau metrics
on compact Calabi-Yau manifolds near certain singular limits. Understanding the behavior
of these “local” models through singular transitions will help to sharpen our understanding
of the degeneration of Ricci-flat metrics in the compact setting. Secondly, understanding
these metric limits allows us to prove the existence of asymptotically conical Calabi-Yau
metrics on singular spaces. These metrics can be viewed as interpolating between affine
varieties with conical Calabi-Yau metrics (or equivalently, Sasaki-Einstein manifolds).

Let us describe the set-up under consideration and state our main theorems. The ter-
minologies used in this section will be explained in the next section. Let (X, J,w, ) be an
open Kahler manifold with trivial canonical bundle, with only one end which is asymptotic
to a Calabi-Yau cone (C, Jo,we, Q¢) with rate v > 0. Consider a linear family of v-almost
compactly supported Kihler classes [og] = (1 — t)]aw] + t[an] € Hy'(X) for t € (0,1].
Suppose [ayg] satisfies the following assumption.

Assumption 1. [ag] contains a semi-positive form g, and there exists eg > 0 and a
Y € PSH(X, o) such that ag + 1001 > eqw for some Kdihler form w on X. Furthermore,
assume that 1 is smooth away from a compact analytic subvariety V. .C X, and V = {¢ =
—00}.

Remark 1. We expect that Assumption [I] essentially always applies, possibly after weak-
ening the semi-positivity assumption. In fact, in analogy with the main result of [13], we
expect that

V= U Y

YCX:fy adim¥Y=0

where the union is taken over compact, irreducible analytic subvarieties. We will prove this
in a large class of examples; see the discussion in Section 3.1



ON THE DEGENERATION OF ASYMPTOTICALLY CONICAL CALABI-YAU METRICS 3

In [15], it is proved that for ¢ € (0, 1] there exists a unique asymptotically conical Ricci-
flat Kéhler metric wy oy € [o] satisfying the complex Monge-Ampere equation

WZCY = ZnQQ VAN Q
Our first theorem is the following,

Theorem 1.1. Let 0 < v < 2n and consider a linear family of v-almost compactly supported
Kihler classes [w] = (1 — t)[ao] + tlw] € Hy'(X,R) for t € (0,1]. Suppose [ao] satisfies
Assumption [1l. Let wy cy be the asymptotically conical Calabi-Yau metrics in [we]. Then,
as t — 0, the Ricci-flat Kdhler metrics wycy converge in Co(X \ V) to an incomplete
Ricci-flat Kdhler metric wocy on X \'V satisfying

(1.1) Wiy =" QAQ.
Moreover, we have

(1) wo cy extends across V' as a positive current with locally bounded potentials and (1))
holds globally in the sense of Bedford-Taylor [4].

(2) wo,cy is asymptotically conical at infinity and, outside of a compact set K C X,
wo.cy satisfies |VF(wocy — wo)lwe= Or™7F), where r(z) = dist(zg,z) is the
distance to a fixed point with respect to the conical Kdhler metric we.

(3) wo,cy is unique in the sense that, if w is any closed positive current in the class
[wo,cy] with locally bounded potentials, which is smooth on X\V, asymptotically
conical at any rate 6 > 0, and satisfying (L) on X in the sense of Bedford-Taylor,
then w = wo,cy -

The reader may wish to compare this result with the analogous result in the compact
case [13] Theorem 1.6]. As discussed before, a natural way to construct examples where
Theorem [IT] applies is to consider resolutions of singular varieties.

Theorem 1.2. Let (Xo,2) be a normal, log-terminal, Gorenstein variety with Kx, trivial,
and suppose that Xy has compactly supported singularities and admits a crepant resolution of
singularities 7 : (X, Q) — (Xo, ). Suppose that L — X is an ample line bundle on Xy (see
Section [ for the definition of ampleness in this context). Let [ag] = 7*c1(L) € H*(X,R)
and suppose that (X,J,w,Q) and [w] = (1 — t)[ag] + tlw] € Hy (X, R) is a family of
Kabhler classes satisfying the same hypothesis as in Theorem[I 1. (In particular [cv) satisfies
Assumption [1) In the situation above the singular Ricci-flat current wocy descends to a
Ricci-flat Kdhler current on X and satisfies
(1) wo,cy is a smooth Ricci-flat Kihler metric on 7= (X;%).
(2) wo,cy descends to a Kdhler current on Xy, (i.e. wocy = w for some smooth Kdihler
form w on Xg)
(3) (X%, wo,cy) is homeomorphic to Xo.
(4) (X,wicy,p) pointed Gromov-Hausdorff converges to Xy with the distance function
induced by wo cy -

A couple of remarks are in order concerning the assumptions of Theorem

Remark 2. (1) Theorem requires that Assumption [I] to hold for the class [ag]. As
pointed out in Remark [I, we expect that in this situation that we can always take
V = 774X;™), and we will prove this is a large number of cases in Lemma 3.3
Although we don’t actually need to assume this for the proof of Theorem
(2) The assumption on the existence of an ample line bundle L may seem at odds with
our discussion earlier in the introduction. In many cases where Theorem [[.2 applies,
we will take L = Ox,,. This can be done, for example, when X is affine which is a
natural setting for studying Calabi-Yau varieties with isolated singularities.
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We apply these results to study several classes of examples. Let us briefly describe one
particular class. Consider the quasi-homogeneous affine variety

Yp g = {zy + 2F —w? =0} c C*,
where without loss of generality we can assume p < ¢q. Y, is normal, Gorenstein and
log-terminal, and by [12] Y}, admits a conical Calabi-Yau metric if and only if ¢ < 2p.
A result of Katz [33] says that the Y}, admits p inequivalent small (and hence crepant)

resolutions resolutions y; : ¥ — Y, , (and if p # ¢ then no small resolution exists). We
therefore have the following picture

Yl Y2 - Ypfl VP
MIXZJ NVHP
‘}/p7p

with each pair Y, Y7 related by a flop. When p = 2, this is the well-known example of the
Atiyah flop [I]. In Section [@ we apply our results to this setting.

Corollary 1.3. Let Y be a small resolution of the Y, , singularity, and let wy denote the
Calabi-Yau metric on Y, ,. Let [w] = (1 — t)[ag] + tjw] be any linear family of Kdhler
classes on Y, where [og] € HY'(Y?, Q) is not Kihler. Then for all t > 0 there is an
asymptotically conical Calabi-Yau metric wycy € [wy]. Furthermore, there is a partial
resolution i; 1 Y — Y, and a map v : Y? =Y such that the following diagram commutes

yi Y oY
N
}/p7p

Ast — 0, wycy converge in C’lj)’c’c(Yi\Exc(V)) to an incomplete, asymptotically conical
Calabi- Yau metric @ on YTeg and (Y*,w;) Gromov-Hausdorff converges to (?mg,w) which
is homeomorphic to Y. Furthermore, if [ag] = 0 then Y = Y, p, Wi is the identity, and
W = wy the Calabi-Yau metric on Y, ,. In particular, when [ag] = 0, for any i,j the flop
from Y to Y7 is continuous in the Gromov-Hausdorff topology in the sense that

(Y%, wiov) —2Hs (Y wo) <22 (Y3, -wicy)

A second general class of examples we consider gives rise to the following specific example.
Let X be a del Pezzo surface of degree d > 2, and let X = Bl, X be the blow-up at a point
p € X. Assume that X is Fano (and if d = 8 assume that X is toric). Then the canonical
cone .

C = Spec @ HO(X, —Kgm)
m=0
admits a conical Calabi-Yau metric [40, 52] 55 26, 12]. Then we prove

Corollary 1.4. In the above setting, there is an asymptotically conical Calabi- Yau metric
on the relative spectrum Z := Spec (Kx ® my,) which is asymptotic at infinity to the conical
Calabi- Yau metric on C'.

The metric on Z is constructed as a limit of asymptotically conical Calabi-Yau metrics
on a small resolution, and we again obtain a Gromov-Hausdorff covergence statement; see
Section [(] for a complete discussion.

We will explain a speculative picture in which that space Z can be viewed as a cobordism
between Sasakian manifolds; in this case, the link of the A; singularity (topologically S? x
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S3) and the link of the cone C' (topologically #(9 —d +1)5% x §2). The Calabi-Yau metric
on Z upgrades this to a cobordism of Sasaki-Finstein manifolds. In this picture the volume
of the geodesic spheres can be viewed as a sort of Morse function.

The examples above all come from (partial-)resolutions of Calabi-Yau cones. Our theo-
rem can also yield examples where the complex structure at oo is not biholomorphic to the
asymptotic cone.

Let X be an asymptotically conical Calabi-Yau manifold, then by [29], there exist a
normal Stein space Y with finitely many isolated singularities and there is a holomorphic
map 7 : X — Y with connected fibers, is an biholomorphim outside the singularities of ¥’
and 70Oy = Ox. The map 7 contracts the maximal compact analytic subset of X and Y
is called the Remmert reduction of X. Since Y is a Stein space, it properly embeds into
CN for some N sufficiently large. The singularities of Y are rational [I5, Theorem A.2],
and hence Cohen-Macaulay, and since Kx is trivial and Y is normal, it follows that Ky is
trivial and Y is Gorenstein. Hence 7 is a crepant resolution of Y.

Corollary 1.5. Assuming Assumption [1 holds for [ap] = 0, applying our theorem with
[ag] =0 € H*(X,R), wo cy descends to a singular CY current on'Y and the AC Calabi- Yau
metrics wycy in the classes tlw] € H*(X,R) Gromov-Hausdorff coverge to the Remmert
reduction Y .

The outline of this paper is as follows. In Section Pl we discuss some basic properties of
asymptotically conical Kahler manifolds, and state two main propositions (Propositions[2.5],
and [2.6]). We give the proof of Theorem [[.1] assuming these two propositions. In Section
we discuss the construction of good background metrics, and prove Proposition In
Section M we prove some a priori estimates and deduce Proposition 2.6, completing the
proof of Theorem [Tl In Section [B] we use L? estimates to prove Theorem Finally, in
Section [l we explain examples where Theorems [I.1] and are applicable, and discuss a
speculative Morse theoretic picture.

Acknowledgements:. The authors are grateful to D. H. Phong for his interest and
encouragement. The authors are also grateful to R. Conlon and H.-J. Hein for explaining
aspects of their papers [15] [16], [17].

2. PRELIMINARIES

2.1. Asymptotically conical Kihler manifolds. We quote here some basic definitions
and an existence theorem for asymptotically conical Calabi Yau metrics from [15].

Definition 2.1. (A) An open Kdhler cone (C, Jo,wc, go) is a Riemannian cone (C, g¢)
with smooth link L that is additionally equipped with a complex structure Jo such
that the K&hler form is wgo = i@ér% where r¢ is the distance function from the tip
of the cone.

(B) A Calabi-Yau cone (C, Jo,we, gc, c) is a Kéhler cone with an additional holomor-
phic volume form Q¢ such that wg = i Qc A Qc.

Definition 2.2. (A) A Kahler manifold (X, J, g,w) is called asymptotically conical if
there exist a Kéhler cone (C, Jo, gc,wc) and a diffeomorphism @ : C'\ Br(o) —
X \ K for some K CC X and o is the vertex of the cone C, and v > 0 such that
the following hold

IVE(@*T — Jo)|go + VFH(@*w — we)|go= O(rg" ™), Vk €N

where the covariant derivatives are taken with respect to go. We say that X as-
ymptotic to C with rate v.
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(B) We say that an open Calabi-Yau manifold (X, J,w, Q) is asymptotic to the Calabi-
Yau cone (C, Jo,we, Qo) with rate v if (X, J, g,w) is asymptotic to the Kéhler cone
(C, Jc, 9o, we) with rate v, and, in addition

IVE(@*Q — Qc)|go= O(rg" ")

Remark 3. (1) On any asymptotically conical Ké&hler manifold, we can always find a
smooth function r : X — Ryq satisfying r = r¢ - d~! away from some compact
set K where r¢ is the radial distance on the cone C, and furthermore, r satisfies:
|Vr|+r|V2r|< C. We will call such an r a radius function.

(2) In fact, it is shown in [I5, Lemma 2.14] that ®*J — Jo always decays at the same
rate as ®*Q — Qc, so it suffices just to assume |V¥(®*Q — Q¢)|y.= O(r~v=F).

(3) We will often say (X, J,g,w) is an asymptotically conical Kdhler manifold if it is
asymptotic to some Kéhler cone (C, Jo, go,wc) at some rate v > 0 by some map
®. We will therefore often suppress the map &, with the understanding that all
asymptotics are measured with respect to the diffeomorphism ®. Furthermore,
when & is implicit, we will often abuse notation and write w¢, Jo, ¢ in place of
(I)_l)*wc, ((I)_l)*Jc, ((I)_l)*Qc.

(4) On an asymptotically conical Kéhler manifold with rate v we will often refer to a
(1,1) form a being asymptotically conical. By this we mean that there is a compact
set K such that, on X\ K the form « defines an asymptotically conical Kahler metric
with rate v.

We now quote a versions of the d9-lemma which hold on asymptotically conical Calabi-
Yau manifolds, see [15] for a proof.

Proposition 2.1 (90-lemma, [15], Corollary A.3). Suppose X is an asymptotically conical
Kahler manifold with trivial canonical bundle, then

(1) If o is an exact real (1,1)-form on X, then a = i00u for some smooth function wu.

(2) If dim¢ X > 2, then if o is an exact real (1,1)-form on X \ K for some compact
subset K, then there exist a compact set K' containing K such that o = i00u on
X\ K.

2.2. Kahler classes on AC Kéahler manifolds. We recall the definition of a v-almost
compactly supported class, this is defined in [I5], but our definition is slightly different.

Definition 2.3. Let X be an asymptotically conical Kéhler manifold, then for any class
[a] € H?(X,R), we say that

(1) [@] is a Kahler class if it contains a positive real (1,1)-form a > 0
(2) [a] is a v-almost compactly supported class if it contains a real (1,1)-form & satis-
fying [V*¢|= O(r— %)

and we will denote the set of all v-almost compactly supported classes by H, ,}’1(X ).

Remark 4. Definition 2.3 is slightly more restrictive than the definition given in [I5] where
it is only required that the form £ be defined away from a compact set. But by the second
part of Proposition 2.1, the condition in [I5] implies our condition in the case when X has
trivial canonical bundle and dim¢ X > 2.

In [I5], it is shown that if [a] is a v-almost compactly supported and Kéhler, then one
can always construct an asymptotically conical Kihler form w € [a] with |V*(w — we)|=
O(r~*~F). We will recall this construction below in Section [
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2.3. Weighted Holder spaces and solvability of Poisson’s equation. Let us recall
some useful Holder spaces defined on asymptotically conical manifolds and some basic
theorems regarding the solvability of Poisson equations, which will be useful for us later
on. For a detailed treatment of these material, see [38] 39].

Definition 2.4. Let X be a AC Kéhler manifold as above.
(1) We define the CE’;)‘(X ) norm of a function as follows

k
lull o= 3 suplr ™7V oul+[V u]co
=0

y—k—a

where 7 is a radius function and

k k
Vhilor,, = s fmin(r(o), ) e TR = SCu0)
ke x#y,d(z,y) <o ‘d(x7 y) ‘a
where 6 > 0 is the convexity radius of X (i.e. balls of radius less than § are convex),
and |V*u(z) — V*u(y)| is defined by parallel transporting V*u(z) along the minimal
geodesic from x to y.

(2) We define C2 (X) to be the intersection of Cﬁff(X) over all £ > 0.

(3) We will also often use the following space C2 (X \ V), which we define to be the
space of functions u € Cp;, (X \ V) such that (1—x)u € C2 (X), where x is a cutoff
function with compact support that is equal to 1 in a neighborhood of V. Where
V' is the compact analytic subset coming from Assumption [

With these definitions, we now recall a quantitative version of the d0-Lemma for asymp-
totically conical Kéhler manifolds with non-negative Ricci curvature, which is proved in
[15].

Proposition 2.2 (Quantitative d0-lemma, [I5], Theorem 3.11). Suppose X is an asymp-

totically conical Kahler manifold with Ric > 0, then there exist g > 0, such that for any n
an ezxact (1,1)-form with n € C>L(X) for 0 < e < &g, then n =i00u for v € C°_.

Now we wish to recall some Fredholm theory in the spaces CEL?(X ), which is a Banach
space with the norm ||| ;x.o defined above. In this setting, the Laplace operator A :
-

C’ﬁﬁ_; (X) — C’E’;“(X ) is a bounded map of Banach spaces, and there is a well-developed

Fredholm theory for these spaces on an asymptotically conical manifold (see, e.g. [39]),
which we summarize below.

Definition 2.5. Let (C,gc) be a Riemannian cone of real dimension n over a smooth
compact manifold L™ !, then we denote the set of exceptional weights of the cone C,

-9 —92)2
P:{—n2 + (n4 ) —i—)\:)\isaneigenvalueofALn1}.

These correspond to the growth rates of homogenous harmonic functions on the cone
(07 gC)

The following theorem summarizes Fredholm theory on an asymptotically conical mani-
fold

Theorem 2.3 ([39], Theorem 6.10). Suppose (X,g) is an asymptotically conical Kdhler
manifold of dimension 2n. Consider the mapping

k+2, k,
(2.1) A CEPY(X) = OB (X))
and let P be the set of exceptional weights of the asymptotic cone (C,gc). Then:
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(1) The operator (21)) Fredholm if —v ¢ P.
(2) The operator (21)) is surjective if —y € (2 — 2n,00) \ P
(3) The operator (21)) is injective if —y € (—o0,0) \ P

Remark 5. We note that P N (2 — 2n,0) = 0, hence (2.1)) is an isomorphism for all —y €
(2 —2n,0).

Now we state a general theorem regarding the solvability of the complex Monge-Ampere
equation on an asymptotically conical Kahler manifold, which is proved in [15].

Theorem 2.4 ([15], Theorem 2.4). Let (X, J,w) be a open Kdihler manifold asymptotic
to a Kdhler cone (C, Jo,wc) with rate v > 0, and suppose f € C2,_5(X), then following
Complexr Monge-Ampere equation then admits a solution

(w +i0dp)" = e "
with w, = w +i00¢ > 0 and
(1) If v +2 > 2n, then we can take ¢ € C3°,, and ¢ is the unique solution in C5°,, .

(2) If v+ 2 € (2,2n) then we can take ¢ € C2, and ¢ is the unique solution in C=,.
(3) If y+2 € (0,2) and —~ is not an exceptional weight, we can take @ € cx,.

2.4. Proof of Theorem [I.Il We breakdown the proof of Theorem [[1] in the following
two propositions, and we will give the proof of Theorem [[LT] assuming these results. We
will prove Proposition in Section [l and Proposition in Section @ Theorem will
be proved in section [l

Proposition 2.5 (Constructing background metrics). Suppose v > 0, and let (X, J, w, Q) be
an asymptotic to a Calabi-Yau cone (C, Jo,wc, Qc) with rate v. Suppose that —v € (—2n,0)
and —v + 2 is not an exceptional weight. Suppose [og] = (1 — t)[og] + tlon] € Hy'(X) is
a linear family of Kdihler classes in Hy' for t € (0,1], and suppose that [ag] € H}' has
a semi-positive representative og. Then there exists € > 0, a compact set K C X and a
smooth family of real (1,1)-forms & € [ay] for t € [0,¢] satisfying the following:
(1) & >0 for all t € (0,¢].
(2) &9 = 0 and wy = ag on a compact set K CC X. (In fact, we can choose this
compact set K to be as large as we like)
(3) On X\K there holds |[V*(& — we)|se < Cr=v=F for all t € [0,€] for a constant C
independent of t.

e J
(4) There exist v > 0 such that, on X\K the Ricci potentials f; = log* QAL satisfy

N
W

the asymptotics |V* f;|< Cr=7=27% uniformly in t.

Proposition 2.6 (A priori estimates). Let (X, J,w, Q) be asymptotic to a Calabi-Yau cone
(C, Jo,we, Qc) with rate v > 0, and Hy'(X) 3 [ay] = (1 = t)]ow] + t[an] is a linear
family of Kdhler classes for t € (0,1] satisfying Assumption [1, and let @y € [oy] be the
forms constructed in Proposition [2.3. Let @ be the solution of the complex Monge-Ampére
equations

(2.2) (@ +i00py)" = elt@ (= i QA Q)
obtained from Theorem[2.4] Then the following estimates hold uniformly in t
(1) |eel< C.

(2) @y is uniformly bounded in C;o.(X \'V).
(3) There exist a compact subset K C X containing V' such that the following estimate
hold outside of K
]thpt\é CT_'y_k
for C independent of t.
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Now we prove Theorem [I.1] given the above two propositions

Proof of Theorem [11. Let [ay] = (1—t)[a]+t[ew], then by Proposition 25 we can construct
a sequence of background metrics w; € [oy] satisfying the properties stated in the Propo-
sition. Then using these as background metrics, we can write down a family of complex
Monge-Ampere equations

(@ + 100" = elt@f (= QA Q)
then by the Theorem 2.4] the equations are solvable for ¢ > 0, and Proposition applies
to the family of solutions ¢;. Once we have the a priori estimate, it’s then clear that by

taking a subsequence, we can take a limit ¢y, — o in C;2.(X \ V), which satisfies the
equation

(2.3) (@0 + 10Dp0)" = i QU A Q)

smoothly away from the analytic set V. Moreover, ¢y is a bounded by the uniform C°
estimate of ¢y, hence &y +190pg extends as a non-negative current on X by [30], and it does
not charge any analytic subsets, so the equation (23] holds globally. From Proposition
(2), and Proposition (3), we see that wy, is asymptotically conical. It only remains
to establish the incompleteness and uniqueness statements of wy, in Theorem [L.I The
incompleteness of w,,, follows from the diameter bound in Lemma4.14] while the uniqueness
is established in Theorem O

3. BACKGROUND METRICS

The goal of this section is to prove Proposition 2.5l which constructs a family of “good”
background metrics @; € [oy] whose Ricci potentials decay faster than quadratically. Indeed,
it is easy to construct w; € [ay] satisfying only the first two conditions of Proposition
However, the proof of the a priori estimates of Proposition depends crucially on the
additional decay of the Ricci potentials. This idea is used in [I5] (see also [14, Prop.
4.2.6]).

From now on we fix an open Calabi-Yau manifold (X, J, Q) asymptotic to some Calabi-
Yau cone (C,Jo, Qc,we, go) at rate v > 0. In the following proposition, we summarize
a construction of asymptotically conical Kahler (semipositive) forms in almost compactly
support classes, which is based on [15].

Proposition 3.1. Suppose [a] € Hy'(X) contains a (semi-)positive form o, then there
exist a (semi-)positive form w € [a] which agrees with « in a compact set K and satisfies
the asymptotics |VF(w — we)|= O(r™"F) for r > 1.

Proof. This follows from construction in [I5, Theorem 2.4].
(]

Proposition 3.2. Suppose that (X, J,$, wi, gt)iecpo,1) are a smooth family of data which
is asymptotic to the cone (C,Jo,Qc,we,go) at the rate —v € (—2,0). Suppose that for
t € (0,1], we are asymptotically conical Kdahler metrics and wg is asymptotically conical
and semi-positive (1,1) form. Let fy, t € [0,1] be the Ricci potentials of wy, defined by

in? 0 . .
eft = %, and suppose there is a compact set K C X so that on X\K, f; satisfy the

following asymptotics:
(1) |fe|< CrP
(2) |V filge < CrP=F
where C is independent of t and v < B < 2n — 2 and —p + 2 is not an exceptional weight.

Then there exist € > 0 and a family of functions uy for t € [0,€] such that the following
are satisfied
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(1) There exist a compact subset K C X such that supp(uy) C X \ K
(2) wy +i00u; > 0 on supp(uy)

(3) V¥ trlge < CrPt2

(4) |VF it ] g < Cr= P27k

(5) Away from a compact set K, we have

(wy + 100uy)"* = et e = el QA Q

where |V* f,|< Cr=28=F outside a compact set K.

where the constant C is independent of t. In particular, this means if we set W) = w;+i00uy,
then w] converges to we at the same rate as we, but the Ricci potentials f; of w; decays a
rate of —20.

Proof. We can essentially follow the same procedure as in [15, Lemma 2.12]. First we want
to solve the equation
Awt&t = th
for t > 0, away from a compact set while controlling of the growth of the solutions.
We now fix a standard cutoff function y : R — R with

(2) 0 forx <1
€Tr) =
X 1 for x > 2

and satisfy 0 < x < 1, [X|< 2, [x"|< 5. Then we define (g : X — R by setting (r(z) =

X(Tg)), and let § be any metric on X. Then set

gt = (1—Cr)g+ gt

Since wq is semi-positive and asymptotically conical we can choose R sufficiently large so
that go is an asymptotically conical Riemannian metric. Then for all ¢ € [0, 1], g; defines
a background metric and for ¢ € (0, 1], this metric is equal to the w; away from a compact
set.

If —f 4 2 is not an exceptional weight, then Ag, : CSOB 4o CSOB is surjective by Theo-
rem 23] so we can always solve the equation

Ag, it = 2CR fi

for 4, € €% 5. In fact, by the Implicit Function Theorem [22, Proposition 4.2.19], we can
find a family of smoothly varying solutions for ¢t € [0,¢), and such that following bounds
hold uniformly for small .

(1) |VFay|< Cr=FAt2k
(2) [VFGEI< Crmprah
If we set u; = (gt then wu; is supported on supp((s), and then we have
|i00uy| < |Cs||0010y|+ [ |00 5| +2]0C s | | O
Cesr™" + Cr=P2100¢s|+Cr 7V (s
Cr=P(¢s + r|V¢s|+72[i00¢s])
CrP(Cs + 5|V s |+5%1i00¢s)

/

NN IN

r(z)

but since (s(x) = x(=g~), we see that
V¢sl= S~ X' Vrl< €S

and
i00¢s|< ST2X||Vr|*+[x'|S ™ idor|< €S
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where we used that 7|i00r|< C. So we have
|i00u|< Cr=P(¢s + C)

and 100uy is supported on the support of (5. Hence for S sufficiently large, we can ensure
that wy +i00u; > 0 on the supp(uy).
Away from the compact set K, we have

(o £I00)" 1 4, + O(i05ul?)

wy
=1+ fi+00™%)
so setting f{ = f; — log W, we have
(wi + i00u;)" = el =T
and f] = f; —log(1+ f; + O(r~2%)) has the desired asymptotics. O

Remark 6. If —3 + 2 is an exceptional weight, we can apply the proposition with 5+ ¢
in place of 8 for ¢ arbitrarily small (since the exceptional weights are discrete). We can
then repeatedly apply Proposition to improve the decay of Ricci potential for a family
of metrics until we obtain the decays we need.

The two previous propositions combined proves Proposition

Proof of Proposition [2.3. By Proposition 3.1, we can find a semi-positive form wy € [ap]
satisfying the asymptotics |V¥(we — wo)|l= O(r~*7*) and a metric w; € [a;] satisfying
the same asymptotics, then if we write w; by linearly interpolating between wy and wy,
then clearly w; are positive for ¢ > 0 and satisfy the desired asymptotics, and the Ricci
potentials f; satisfy |V¥f,|< C(1+r)7¥7%. If v > 2, then we can take v = v and we are
done, otherwise, we can apply Proposition repeatedly to improve the asymptotics of the
Ricci potentials until they decay faster than quadratically. O

3.1. Kahler currents and Null loci in the asymptotically conical case. Before
proceeding we would like to briefly discuss Assumption [II Recall that if (X,w) is compact
Kahler and let K be the Kahler cone of X. Let [o] € K is a nef class with [y o™ > 0, then,
by results of Demailly-Paun [21] there is a function ¢ : X — RU {—o00} such that

a+ =100y > cw

for some € > 0, 9 is smooth on the complement of an analytic subset Z, and {¢) = —o0} = Z.
Furthermore, by results of the first author and Tosatti [13] ¢ can be chosen so that the
analytic subvariety Z is given by

Null(a) := U Vv
Jy adim V=0
where the union is taken over irreducible analyitic subvarieties V' C X. We expect that a

similar result holds in the asymptotically conical setting. We make the following conjecture

Conjecture 1. Suppose [a] € Hl}’l(X, R) is a limit of v-almost compactly support Kdhler
classes. Then there is a function 1 : X — RU {—o00} such that o + /—100¢ > ew for
some asymptotically conical Kdhler form w. Define

(3.1) Nullle):= ) V

Jy adimV=0
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where the union is taken over all compact, irreducible, analytic subvarieties V. C X. Then
Null(«) is an analytic subvariety, and v can be chosen so that ¢ is smooth on X\ Null(«)
and

{p = —o0} = Null().

At a purely moral level, the reason that non-compact analytic subvarieties should not
enter into the definition of Null(«r) in the asymptotically conical setting is that, at least
when [a] admits a semi-positive representative, Proposition Bl yields the existence of a
form & € [a] which is asymptotically conical. Thus, if V' is a non-compact subvariety, then
fv @MV — 450, Of course, this is purely moral reasoning, since the integral fV qdim Vg
not independent of the representative of [a].

Lemma 3.3. Conjecture [1 holds when, [a] is semi-positive and the cone at infinity is
quasi-reqular.

Recall that the cone (C, Jo, Qc,we, go) is quasi-regular if the holomorphic vector field
rc% —+v=1Jc <rc%) integrates to define a C* action.

Proof. By a result of Conlon-Hein [I7], building on work of Li [35], if (X,J,Q,w,g) is
asymptotically conical Calabi-Yau with quasi-regular Calabi-Yau cone at infinity, then there
is a complex, projective orbifold M without codimension 1 singularities, and a orbidivisor
D with positive normal orbibundle such that M = X U D, and —K); = ¢[D] for some
g = 1. Furthermore, every Kéhler form on X is cohomologous to the restriction of a
Kihler form on M, and the restriction map HY'(M) — H?(X) is surjective. Let [w;] =
(1 — t)[a] + tlwo] € H(X) be a family of v-almost compactly supported Kihler classes
for t € (0,1] such that [ap] is semi-positive. In fact, according to [15, Proposition 2.5]
all Kahler classes on X are 2-almost compactly supported, so the assumption of almost
compact support can be dropped. Let [@], [&o] € H'(M) be such that [&] is Kihler, and
@] x = [wol, [&o]|x = [ao]. Since oy is semi-positive, and D has positive normal bundle,
the argument in the proof of [I7, Theorem A] shows that we can find a constant C' > 0 so
that [&] + C[D] is semi-positive, and positive in a neighborhood of D. Furthermore, since
D|p is positive, after possibly increasing C' we can assume that

/ (0] + CID]" > 0
M

Let m : M — M be a resolution of singularities, obtained by blowing up smooth centers.
Since X is smooth, and M has only codimension 2 singularities, we can assume that 7|x is
an isomorphism, and that 7 is an isomorphism at the generic point of D. Let E denote the
exceptional divisor of 7, and let D = 7—!(D) be the total transform of D. Now we have

(o] + C[D]

is nef, and big by Demailly-Paun [2I]. By the results of [2I] and the first author and
Tosatti [13] there is a Kihler current in 7*[dg] + C[D] which is smooth on the complement
of Null(r*[ag] + C[D]). Let Y C M be an irreducible analytic subvariety of dimension
p>0. If Y N7~ Y(D) =0, then

[ =l +cmy = [ L

and so Y C Null(n*[ao] + C[D]) if and only if 7(Y) C Null([ag]). Now suppose that ¥ N
a1 (D)NT~H(X) # 0. Let 9+ CBp++/—190u be the smooth semi-positive representative
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of [é&p] + C[D] which is positive in a neighborhood of D. Then, since 7 is an isomorphism
at the generic point of Y we have

/ (*[a0] +C[D])? = / [ (G0 +C Bp+v/—T00u)]? / (Go-+CBp+v=Todu) > 0,
Y Y\(ENY) ()

where the last inequality follows from the fact that &g + CBp + v/ —100u > 0 and there is
a neighborhood of 7(Y) N D where &9 + CfSp + v —190u > 0. Thus we have

Null(7*[&o] + C[D]) N (771 (D))¢ = 7~ (Null([ag))) -

Since 7 : M\7 (D) — X is an isomorphism, the result follows.

4. A PRIORI ESTIMATES

In this section, we prove Proposition Let us first recall the general setup of the
proposition. Let (X, J,w,{2) be an asymptotically conical Calabi-Yau manifold which is
asymptotic to the Calabi-Yau cone (C, Jo,we, Q¢) with rate v > 0, and [oy] = (1 —t)[ao] +
t[e] € Hy' for t € 0,1] is a family of v-almost compactly supported classes such that [o]
is Kéahler for ¢t > 0. Suppose [ap] satisfies Assumption[Il Then let &; € [oy] for ¢ € (0, 1] be a
family of asymptotically conical Kahler metrics satisfying the conclusion of Proposition
Then by Theorem 2.4], we can solve the equation

(@1 + 100y)" = QA Q(= ')

for ¢; € C’S’EY(X ), the our goal in this section is to prove a priori estimates on the potentials
¢ that are uniform in ¢ as ¢ — 0.

4.1. Uniform estimates. In this section, we prove a uniform bound for ¢; that is inde-
pendent of t. In the compact case, such an estimate can be proved using pluripotential
theory following the seminal work of Kolodziej [34], see [24]. Pluripotential methods allow
one to obtain an estimate with a sharper dependence on the data of the right hand side.
However, such methods are hard to adapt to the non-compact setting and no proper ana-
logue of such estimates are known. It would be of interest to try to find extensions of the
pluripotential estimates to the non-compact setting, as it would give a sharper estimates
which would apply more generally to singular Calabi-Yau manifolds not admitting crepant
resolutions.

Instead, we will use an idea based on the original argument of Yau [63] using the Moser
iteration. However, following an idea of Tosatti [59] we perform the Moser iteration using
the Calabi-Yau metrics w,, = @; + i00¢; as background metrics. The advantage of this
trick is that since the metrics w, are Ricci flat and asymptotically conical, they have a
uniform Sobolev inequality by results of Croke [19] and Yau [64].

Proposition 4.1. The metrics w,, satisfy a uniform Sobolev inequality of the form

n—1
(4.1) (/ |u|f”1i"29m> ' <0/ dul2, " QAQ
X X Pt

Proof. 1t suffices to prove the result for compact supported smooth functions. Results of
Croke [19] and Yau [64] show that for a compactly supported function u, with supp(u) C €2
for an arbitrary relatively compact set  C X, (@I) holds for a constant C, depending
on an upper bound for the diameter of 2, a lower bound for the volume of €2, and a
lower bound for the Ricci curvature. We only need to exploit the scale invariance of these
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quantities for asymptotically conical Calabi-Yau metrics. Fix a point zp € X. Since w,
are asymptotically conical, for R sufficiently large we have

Voly,,,, (Br(x0)) ~ R**Voly,, (L)

where L is the link of the cone, identified with {rc = 1} C C, and the volume is computed
using the conical Calabi-Yau metric weo. Therefore, if wp = R‘zw%, then with respect
to the rescaled metric the diameter is 1, and the volume is Vol,,.(L). Since (&I is scale
invariant, the result follows. O

Proposition 4.2. Given solutions p; to 22), with |VFo|= O(r=7=%) we have the following
uniform estimate for the potential
|t | < OH‘PtHLP(in2QAQ)

for any p > 2" 2

q € [p, ).

Proof. 1f we set T} = Zk 0 w% Awp™ 1=k then we can rewrite the equation as

> 1 and C depending on n, p, and a uniform bound on |~/ — 1||pa for

—i0dpy AT, = (e~ 1t — 1) QA Q
multiplying both sides by |¢:|P~2¢; and integrating, we get

— cAan _ _ ;2 —
_/ |¢|? 2041000y N Ty =/ loe|P 2%(6 fo _ 1i"QAQ
M M

we will integrate by parts on the first term
- / | oe|P 2 pi00py ATy = lim <— / e P2 ri00pr N Tt)
M R—o0 Br

= lim <(p — 1)/ e |P~2i0pr N Doy ATy — / e [P~2pridpr A Tt)
B, O0BRr

R—o0
4(p—1 } P 5 B . 9 .a
= %/ Z8|(’Dt|g/\8|(’0t|g/\Tt — lim / |(,0t|p 2(,015@8(,013 A Tt
D M R—oo JoBg
=0 for p>2" 2

Combined with the Sobolev inequality, we have

n—1

</ !cpt\pﬁz‘"zQAQ> e /\got\” He ft —11i"*Q A Q

for any p > 2" 2 By Holder’s inequality, we have (below 2 7 + 4 7= 1)

p np? p—1 —fe np? 1 —fe
(12) ol 2 < 04(p_ e aalle™ = 1= Ol e = 1
picking ¢ such that ¢ = == > 1, we get
Csnp -1
p ft 1
el oy < ol e = 1o
C’C’snp

a standard Moser iteration argument gives the result.
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Proposition 4.3. For any p > 27”, we have a uniform LP estimate of the form

letlr< C
for C depending on n, p and ||e~ft — 1||Ln%f'
Proof. In equation (4.2), if we pick g = p%lﬁ, then ¢ = nf}f’ﬂ and we get
2
. _W et 0
relabelling p to be & gives us our result. O

Corollary 4.4. The potentials ¢ are bounded in LP uniformly in t for any p € (27", o),

ltll e < G

In particular, the potentials @i are uniformly bounded in C°.

Proof. This follows by combining Proposition and Proposition .3l Note that since
|f:|]< Cr=7=2 outside a fixed compact set, we have an estimate |le~/t — 1HL%< C for a

constant C independent of p,t for any p > % (]
4.2. Convergence of the metric away from the degeneracy locus. In this section,
we prove an estimate for 0¢; away from V, the subvariety coming from Assumption [l
Recall that by Assumption [ there exist v € PSH (X, ap) which is smooth outside of V'
and goes to —oo near V, the idea is to use this function as a barrier function in the C?
estimate, and this is first used by Tsuji in in [60] to study Kéhler-Ricci flow. We remark
that this is the only part of the Theorem that uses the current in Assumption [I1

Before we prove the estimate, we first construct a slightly more better behaved barrier
function 1. € PSH (X, W) which is compactly supported. Recall that from the construction
of &g, wo is equal to oy on a large compact set. (which from the construction can be as
large as one want)

Lemma 4.5. There exist 1. € PSH(X,&o) which is compactly supported and satisfy wo +
100 = ew, and is smooth outside V and goes to —oo near V.

Proof. Recall by [15, Lemma 2.15], we know that r?* for x € (0,1) is strictly plurisubhar-
monic for r sufficiently large, and satisfies

|Vr#e|= O(r?1) [i00r*F|= O(r*~2)
Pick ¥ : RT™ — R* smooth satisfy ¥/, ¥” > 0 and

T+2 fore<T+1
V(z) =
x forx >T+3

then as in [I5, Lemma 2.15], for T > 1, ¥(r2*) is plurisubharmonic and equal to r2* for r
sufficiently large.
We set
e = (1= (o)y + C(1 = (r) W (r™)

where S, C, R are chosen as follows. First we pick S > 1 large enough such that &g = ag on
{r < S} and i00¥ (r**) > 0 on {S < r < 2S5}, which implies that &g +i00y. = ag+id0yp >
gow on {r < S}. Then pick C >> 1 large enough so that Ci90¥(r?*) > i0d((1 — (s)v¥) on
{S < r < 25}. Finally, we pick R > S such that &y + i00. > 0 on {R < r < 2R}, which
is possible since for R large, we have

1901 — CR) ()| [V2Callr +HT2 ()1~ Cal+VCal[ V12| CRAD < 1
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Then &g + 100, > 0 and &y + i85¢€_> gow on the compact set K containing V', hence
there exist an € > 0 such that &g + {901, > ew holds. O

Now we prove the main estimate of this section.

Proposition 4.6. There are uniform constants B,C > 0, independent of t such that the
following estimate holds:
\35cpt]< Ce BY=.

Proof. By the well-known computation of Aubin and Yau, we have
Ay, log Trywy, > —ATrg,,w

where A is a lower bound for the bisectional curvatures of w. Then if we pick N > B
sufficiently large, we have

Ay, (log Trywy, + Bp. — Ngy) > (Be — A)Try,w — BTry, w9 + NTry,wp — Nn
o e
>0 (rgn) B
since 9. goes to —oo near V' and the function log Trw,, + By — N¢; goes to 0 at infinity,
either log Tr,,w,, +Bv. — Ny is always non-positive, in which case we are done, or maximum
is achieved in the interior, and applying the maximum principle gives

Trwwsot < CeB(Sup d}E_wE)
from which the estimate follows. O

Remark 7. This argument is the only place where we used the Kéahler current in Assump-
tion [II In the situation where [ag] = 7*c1(L) where 7 : X — X is a crepant resolution
of a singular Calabi-Yau variety with compactly supported singularities and L — Xy is
an ample line bundle on Xy, the above C? estimate can be replaced by the argument in
Lemma[5.0] and the convergence holds away from 7—1(X;"). In that case we do not need
the Kahler current in Assumption [I] to prove Theorem [I.11

The higher order estimates follow from the standard methods of Yau [63] 45, [50].

Proposition 4.7 (Higher order estimates). We have a uniform estimate

H(’DtHClko'g(K)< C(K7 k) Oé)

forany K CC X \'V and C independent of t.
Proof. This follows from the local estimates in [50]. O

Corollary 4.8. The metrics w,, converge after passing to a subsequence in Cio (X \'V) to
a possibly incomplete metric wy, on X \'V, which is uniformly equivalent to wc at infinity.

So far, we’ve shown the first two parts of Proposition 2.6} in the next section we prove
decay estimates for .

4.3. Decay estimates. In this section, we prove uniform decay estimates for ¢;. We use
the method of Moser iteration with a weight, similar to the technique used in [32, Chap 8§].
However, as in Section 1] we use the Ricci flat metrics wy,, exploiting the uniform control
of the Sobolev constants.

Recall that 7 : X — Ry is a radius function such that |Vr|+r|iddr|< C, and it’s not
hard to see that we can also assume that r = const on a compact set K containing the
singular set V.
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Definition 4.1. We define the following weighted LP norms,

8 |p,.—2nm2 5)"
lFll o im2 o p )= </X‘W [Pr2ngn QAQ)

Remark 8. Notice if we let p — oo, then the L norms converge to the L$° norm given by
[ ul| go = sup x|ur’|

Proposition 4.9. For any § < v, we have a uniform bound of the form
letll g n )< C
for any p € (0, 27"], and constant depending on p,d.

Proof. Ifp = 27", then this is simply the L% norm, which is bounded if 6 < 7 by Proposition
L3l If p < 22, then

q—1

1 g-1
51p, 2 ‘ LEp=2n) n ) ¢

[1erte "wgts(/ mrpq) (/ it Go=20)

X X X

the first term is bounded if ¢ > '271; by Proposition 3], and the second term is finite if

q < %—;‘, so we just need to pick ¢ € (f{—g, %—;‘) with ¢ > 1, which is possible since p < 27". O
Proposition 4.10. For any § <, p > 1, we have

Cp?

3P 5| p—1 5P
A e (g T L s

for C depending on the Sobolev constant of wy,, 0 and the dimension n.

Proof. We use the same method as in [32, Proposition 8.6.7], but using the Calabi-Yau
metrics w,, as the background metrics. The reason is because the metrics w,, are Ricci-flat
and hence have a uniform Sobolev inequality. First we set

n—1
T = Zwit AQn1i=k,
k=0
If ¢ — py < —2n + 2, then Stoke’s theorem gives the following two identities

0 = / 18 (Tq|90t|p72(ﬂt(§(ﬂt A Tt)
X

:(p—l)/ rq|gpt|p72i8g0t/\590t/\Tt+q/
X

o P2 p4i0r A Oy ATy + / )¢ [P 2011000 A Ty
X X

and
0= —/ i0 (r7 oy |Pior A Ty)
X

= p/ 47 o P2 ppi0r A Dy ATy + (g — 1) / 972\ [Pidr A Or ATy + / 1L, [Pi0Or A T}
X X b's
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using these identities, we can obtain through integration by parts
P g . p g ; P g —
[ 19 Galtrt)E = n [ idelirt) ndalirt) nu!

< n/ i0(0e|5r3) A D(pe Br3) AT,
X

2
= _7’”‘]} p_2 ;99
-1 /Xgot|<pt| r%00¢p; N\ Ty
+ _ma / loi[Pra72(p + q — 2)idr A Or — (p — 2)riddr] A T;
dp—-1) Jx
2
" P—2,.q(ft _ n
ol [ adalEe v,
+ _ma / |<,0t|p7“q_2[(p +q —2)ior A Or — (p — 2)ri00r] A T;
4p—-1) Jx

where in the last equality, we used the equation i90¢p; A T} = (ef t— 1)w$t. Now we claim
there also exist a uniform constant C' independent of ¢ and r such that

[(p+q—2)idr AOr — (p — 2)rid0r] AT,
i QAQ

recall that we chose r so that r = const on a compact set K containing V', so the left
hand side of the expression is 0 on K. By Corollary L8 we know that |73|< C on X \ K,
and because r is a radius function we also have |Vr|+r|00r|< C, hence the expression also
holds on X \ K. Putting it together, we see that the expression holds on all of X.

This then combined with the Sobolev inequality, we conclude that

n—1
" Cn _ Cq(p +
(Lo, ) " < 25 e fotliop-titan, + SR [ jopraag,

for any 0 < v we can set ¢ = 2(1 —n) + pé and use the fact that e/t — 1|< Cr=772 to

obtain,
v 1,.p6 2 ) 2
— — —zn, N n n
Oy (o flotir )

2
b S p—1,.0—v,.—2 ) 2
oD (/XW [t "%ﬁ/lw\”?‘ " &)

and since § < 7, which means for any p > 1, we have

Cp? ) Jp
e | < (o I8 g H 20 )

LPa=T (r=2nup ) p—1

Clp+lal)

n—1

n n
</X |(pt,r,6|pn1r—2nwgt>

Corollary 4.11. For any é < vy, we have a uniform bound of the form
er|< Cr?

for C depending on 4.

Proof. By Proposition [£.9] we have a weighed LP bound for any p < 2(;‘, combined with

the prev1ous proposition, we can use the standard Moser iteration argument starting from
2n
= > > 1. O
“ n— 1
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Proposition 4.12. For any § < vy, the derivative of the solutions ¢; satisfy uniform decay
estimates on X \ K,

\VkCPtK Cr—é—k
where C' = C(n, 0, k) which doesn’t depend on t.

Proof. This follows from the methods of [32, Theorem 8.6.11] verbatim. The point to note
here is that the metrics w,, are uniformly equivalent to wc on the region X \ K, with
bounded derivatives as well, hence the Schauder constants are uniformly controlled on far
away balls. O

Proposition 4.13. If v € (0,2n — 2), then in fact we have
IVEp|< Cr=7k
on X\ K, and C = C(n, k) independent of t.
Proof. This follows from the same argument as in [32, Chap 8.7, Theorem A2]. O
We can now prove Proposition 2.6] thereby completing the proof of Theorem [l

Proof of Proposition [2.6. Combine Corollary 4.4 Proposition A7, Proposition E.I1] and
Proposition .13l
O

We now prove the local diameter bound, which will play an important role throughout
the remainder of the paper.

Lemma 4.14. In the setting of Theorem[1.1, let K C X be a compact subset containing V.
Then the diameter of K with respect to the Calabi-Yau metrics wycy is uniformly bounded
from above ast — 0.

Diamw%K <C

Proof. Tt suffices to show that the sets Kr = {r(z) < R} have bounded diameters for R
sufficiently large. Recall that the metrics w,, are uniformly asymptotic to weone for r large
and t close to 0 by Proposition Fix any two points z,y € Kg, and joint them by
a length minimizing geodesic v : [0, L] — X. We claim that v must lie inside Kp2 for R
sufficiently large. Note for R large, on the region {r(x) > R} the metric w,, is C*° close
to a cone metric uniformly in ¢, and hence for R sufficiently large, the boundary of Kr has
diameter bounded by 27 R. However, the distance between the boundary of Kr and Kpg2
on the order of R?, so it’s clear that any minimizing geodesic between two points in Kg
cannot leave Kp2. Now consider x; = v(2i + 1) and disjoint balls By (z;). Note that these
balls have a fixed lower bound on the volume, since by Bishop-Gromov volume comparison
and the asymptotically conical geometry we have

. Vol(Bs(z:))
Vol(By(w;)) > Jim ——=——=

where L is the link of the cone at infinity, identified with {rc = 1} and g¢ is the conical
Calabi-Yau metric. Thus, we have

= Voly, (L) =:¢>0

Z Vol(B () = c%

where c is the non-collapsing constant. On the other hand, these balls must all lie in Ksg,
and since the volume form of the Calabi-Yau metrics are fixed, we must have that

cﬂg/ OAQ
2 K

R2

which gives us a bound for L, which is d,, (z,y). O
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4.4. Uniqueness. In this section, we discuss the uniqueness of the Calabi-Yau currents
constructed in the previous sections.

Theorem 4.15. The current that we constructed wy, above is unique in the sense that if
w is another positive current with locally bounded potentials in the same cohomology class
as Wy, which is smooth on X \'V, asymptotically conical at infinity with any rate § > 0 and
satisfies the complex Monge-Ampeéere equation

w" = wy = QOAQ
in the Bedford-Taylor sense, then w = wy,.

The proof is modelled after the idea introduced in [I5], which relies on the following
crucial Lemma proved in [15].

Lemma 4.16. [I5] Corollary 3.9] Suppose (X,w) is an asymptotically conical Kéihler mani-
fold with Ric > 0, then for any e > 0, any harmonic function u € CS°_(X) is pluriharmonic.

The idea is to write w = wy,, + i00v and use this lemma to improve the asymptotics of
the potential function 1 by subtracting off pluriharmonic functions from it, until we are
left in the case where the potential function is decaying in which case uniqueness follows
from a standard integration by parts argument.

Proposition 4.17. Suppose ¢ € PSH(X,wy,) N L>(X) N C2L(X \ V) is a function such
that the current wy, + 100¢ satisfies
(Wipy + 100p)" = Wiy = " AQ

in the Bedford Taylor sense, then ¢ = 0.
Proof.

n—1
0= —/ loP2 (W +1000)" — wl,) = —/ lo[P~20iddp A (Z WE A (Wgo + Z’aésp)n—l—k>
o Br k=0

n—1
_4dp-1) i0(¢|2) AD(|p|E) A (Z wi A (W + i85@)”1k>

2
p Br =0

n—1
- /(9 lo[P~2pidp A (Z WZZD A (wgy + iaacp)"_l_k>
Br

k=0
2n=2
Y
n—1
/ i0(|pl%) A O(ll2) A <Z Wl N (Weo + z'aa_so)"_l_k) =0
X

k=0
which shows that ¢ = 0. (]

picking p > and letting R — oo, we get

Lemma 4.18. Suppose (X, J,g) is an asymptotically conical Calabi-Yau manifold with rate
v >0, and n = n; is a asymptotically conical hermitian metric with rate v > 0 and let

u € C3° 5 such that nijuij € O, then there exist u € C3° 5, such that 100t = i00u.
Proof. We have

97wz = (97 — 07w + 0w € CX ik 840)
; with u € C’gﬁmin(m@ru) and by Lemma [4.16]

we have 1004 = i00u. U

hence we can solve the equation g“u;; = g"u;
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Proof of Theorem [[.13. By the 99-Lemma (Proposition 2.1]), we can write w = Wiy +i00,
for 1 € PSH(X,wy,) N Li;.(X) NCR(X \ V), then choose a cutoff x such that x has
compact support and xy = 1 on a compact set K containing V', then since 100 =W =Wy, €
C2(X \ V) for some ¢ > 0, hence by Proposition 2.2, we can solve i00f = i00[(1 — x)V]
for f € C3°, v =2 —e. Setting ¢ = x¥ + f, we have that ¢ € L5 (X)NCF(X \ V) and
(wWgo +i100p)" = wi) = "ANQ

If v < 0, then we are done by Proposition 417 If v > 0, then we proceed by the following:
note that the equation above can be rewritten as

_ n n 185 k=2 w"‘k
Ay, 0 = —(i000)* A (Z </<;> 1000)" " N gy > €0y 4(X\V)

wn
k=2

®o
if x is the cutoff function as before, then we have A, [(1 — x)¢] € C35_4(X) if we let
N = XxWe, + (1 — X)we,, then 7 is an asymptotically conical hermitian metric which is equal

to wy, outside of a compact set, hence n/[(1 — x)¢l;; € C59_4(X), hence we can apply
Lemma [AI8 with £ = 2(2 — ) and 3 = 2 — 7, so we can solve i00v = i00[(1 — x)¢] with
v € O ina—qyy) DOW We can set @ = v+ xp € O 4o (X \ C) and we can keep
repeating this process with ¢ in place of ¢ and v — min(2 — ~, v) in place of v until are in
the case where v < 0, then we are done by Proposition [1.17]

U

5. METRIC GEOMETRY OF THE SINGULAR CALABI-YAU

The goal of this section is to prove Theorem Let us first begin with some definitions
and the general setup.

Definition 5.1. We say that a complex analytic space Xy is a singular Calabi- Yau variety
with compactly supported, crepant singularities, if
e X| is normal singularities, Gorenstein and log-terminal,
e there is a compact set K so that X\ K is smooth,
o there exists a resolution 7 : X — X such that X also has trivial canonical bundle
and 7*() extends as a non-vanishing global holomorphic (n,0)-form on X. (By
abuse of notation, we will also denote this holomorphic (n,0)-form by Q)

Let X be a singular Calabi-Yau variety with compactly supported, crepant singularities.
Suppose that the resolution (X, J,Q) is Kéhler and it has a Kéahler metric w such that
(X, J,w, Q) is asymptotic to a Calabi-Yau cone (C, Jo,wc, Qc) at rate v.

Definition 5.2. A line bundle L on Xg is ample if for some k > 0, there exist sections
50,...,8ny € H°(Xq,LF) such that [sg,...,sy] gives an embedding of Xj into a finite
dimensional projective space CPY, and denote this embedding map by ¢, then we have
1r,% _

E[L wrs] = c1(L).

Remark 9. Certainly if X is quasi-projective, then it has an ample line bundle in the above
sense. In general, having an ample line bundle in the above sense does not imply Xj is
quasi-projective, however in almost all examples we’re interested in, Xy is a quasi-projective
variety.

Let us now fix L an ample line bundle on Xj. If set [ag] = 7*¢1(L), then suppose
(X, J,w, Q) and [ay] satisfy the hypothesis of Theorem[[.2l Then from the previous sections,
we have on X, a sequence of Calabi-Yau metrics w,, = @ +i09¢; with [wy,] = (1—1t)[ag] +
t[a], which satisfy the equation

(@ + 100" = eltaP (= QA Q)
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I
and f, = log “X € O _,(X), and ¢, € C2(X).

T
wo

If we fix a point p € W_I(Xgeg ), then by Gromov compactness, after passing to a sub-

sequence, the pointed spaces (X, Wer, p) for t; — 0 pointed Gromov-Hausdorff converge
to a limiting pointed metric space (X0, doo, Poo) @s @ — 00. By the definition of pointed
Gromov-Hausdorff convergence, the convergence can be interpreted in the following sense:
If we set Z = (Xoo, doo, Poo) U Ly, (X, Wy, , p), then there exist a metric dz on Z such that

(1) dzlx,= dg,,
(2) dz( P ,psc) = 0
~~

eX;

3) B p, 1) C X; = By (Poo,T) C Xoo in the Hausdorff sense with respect to dy.
Joo

The asymptotically conical property of w,, implies that the tangent cone at co is indepen-
dent of ¢, and by Bishop-Gromov, we have a uniform lower bound on volume of geodesic
balls, Vol B (p,7) = cr®™ where c is the volume ratio of the asymptotic cone C. Hence the
regularity theory of Cheeger, Colding and also Tian [6] [7, 8 [9, 10] applies, and the limiting
space admits the following structure

9et,

(1) All tangent cones of X are metric cones.

(2) X = RUS, where R consists of all the points where all tangent cones are isometric
to R?",

(3) R is an open dense set in X, with a smooth metric g, and complex structure
Joo which makes it Ricci-flat Kéhler manifold and (X, ds) = (R,dg..). More-
over, the convergence of (X, J,wy,,p) = (Xoo, Joo, Yoo, P) is smooth on R in the
sense that for every K CC R, there exist smooth maps n; : K — X such that
(nF g, mfJ) converges to (goo, Joo) smoothly on K. (In fact, we can arrange 7; such
that dz(n;(z),z) — 0 uniformly in K)

(4) S is a closed subset of X, with real Hausdorff codimension greater or equal to 4.

5.1. Properties of the Gromov-Hausdorff limit. In this section, we prove several
preliminary propositions about the relationship between X, and the Kéahler current con-
structed from Theorem [[LTl In particular, we show the following:

(1) wy, is in fact well-defined and smooth on 7! (X;%)
(2) There exist a locally isometric embedding of too : (T71(X(%),wy) = (R, goo)-
(3) X is isometric to the metric completion (7=1(X[%Y),wy,)

(4) tso s a bijective local isometry between X[ and R.

One of the key ingredients is the local diameter bound Lemma 414} which we apply with
V =n"YX").

Proposition 5.1. The family of metrics w,, has a uniform lower bound

L.
Proof. By the standard Schwartz lemma calculation, we have
Ay, log Try,, mwrs > —4Tr,,,, T wrs

and for any other Kéhler metric w, one also has

Ay, log Try,, @ > —CTry,, @

Wey

with C depending only on the upper bound for the holomorphic bisectional curvature of
@. Recall from the construction of @y in Propositions [3.1] and that &g can be taken
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to be equal to %TI'*OJFS on a compact set K containing 7~ (X;"?), and is a genuine non-
degenerate, asymptotically conical Kéhler metric outside of K, so we can apply the first
inequality inside K and the second outside K to get a uniform estimate

(52) A log Trw%(;}o = —CTI‘MWCIJ().

Wey
Since wy,,, = w + 100y, taking trace gives
n = Trwwd)t + Asﬁt(pfd

and we also know that for ¢ reasonably small @w; > c@g holds for some small constant ¢
uniformly in ¢ as ¢ — 0, which means we have

n = cTry,0o + Ay, .
Combining this with (5.2]), we have

. Ac .
Aww (log Try,, wo — Agpt) > (7 - C’)Trw%wo — An
since log Tr,,,, wo — Ay converges to the constant logn at spacial infinity, if the maximum
is attained at infinity, then we automatically have a uniform bound that we wanted. So we
can assume the maximum is achieved in the interior, and applying the maximum principle
to the equation above, and we obtain

Trwmdjo < CeAlpt=(@t)min)

which gives a uniform upper bound for Tr,,,, wo. U

Corollary 5.2. On X \ W_l(Xgmg), we have
C_l(i)o < W, < Cefo(i)o

n2 0 ;
where efo = % is bounded uniformly away from ©=4(Xy"?). In particular, this implies
that wy, is smooth on m=1(X(%), and on Xo it is a Kihler current since it dominates Q.

Proof. The lower bound on w,, is the content of the previous lemma, and from that and
the fact that wj, = QA Q = ef 0@, the corollary follows immediately. O

Corollary 5.3. The maps m; : (X, w%i,p) — (Xo,wo,p) are has bounded derivative, hence
it 1s uniformly lipschitz and we can pass to a continuous surjective map from the Gromouv-
Hausdorff limit T : (Xoo,dx.. Do) — Xo. Furthermore, for any q € X%, the preimage

71 (q) consists of a single point.

Proof. The fact that the maps have bounded derivative follows from the estimate (5.1]), and
from this it follows from an Arzela-Ascoli type argument that after passing to a subsequence,
the projection maps m; limit to a continuous surjective map s : Xoo — Xg. The map w4
can be characterized in the following way: if we fix h; : (X, wy,,) = Xoo an g;-isometry for
g; — 0, then for any sequence of points ¢; € X with 7(¢;) — q € Xo, and h;(¢;) — g0 € Xoo,
we have Too(q) = Goo-

To see that the preimage of 771(q) for ¢ € XY consists of a single point, suppose for
contradiction that it consisted of two points ¢1,q2 € X with dx_(q1,92) = d > 0 and
Too(q1) = Too(g2) = ¢ € X, then from the construction of 7, there exist a sequences
of points ¢4, ¢4 € X such that m;(¢}) — q and 7;(¢5) — q and hi(¢}) = ¢1 and hi(¢5) = qo.
Then from the fact that 7;(¢}) — ¢ and m;(¢%) — ¢ and ¢ € X%, we know that ¢t — 77 1(q)
and ¢4 — 771(¢) in X since 7 is a resolution of singularities of X, and g;, — goo sSmoothly
in a neighborhood of ¢, it follows that dgtl- (qi, qé) — 0 as ¢ — 0o0. But we also have

dx, (hi(q)), hi(gh)) — e < dy, (di,¢5)
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since h; is an g;-isometry. This is a contradiction, because dx__ (hi(¢i), hi(gb)) —e; — d > 0
by our assumption. O

reg

Proposition 5.4. There is an embedding i : (X, ,wpe,0) = (R, goo,p), which is a
locally isometric embedding, and Too © Loo = id.

Proof. We can simply take (o, = 7| X9 which is well-defined by the previous proposition.
It’s clear that the image of 1o, is contained in the regular set R C X and that it is
continuous, so it suffices to show that this map is a local isometry. To see this, we note that
if ¢ € X5, then there exist an ¢ > 0 such that By, (¢,¢) C Xy for all i > 1. Tt follows
from the diameter estimate (c.f. Lemma [I4)) that the points h;(7~1(q)) are uniformly
bounded in X, hence after passing to a subsequence, it converge to some point ¢, € Xoo,
it’s clear that goo = too(q) since m;(q) = ¢. Since the points 771(¢) € X; have a uniform

harmonic radius lower bound, hence (By,, (771(q),e), I, ) AN (Bgo. (Go0: €), goo) and by the

smooth convergence of gy, — gy, we also have (By, (7= (q), €): 9er,) EAiN (B, (4:€)s wgq )
it is then clear from the construction of 7o, that it maps (By.. (¢oo €), goo ) isometrically onto
(Bgsp0 ((Le))wgoo)' O

The following Proposition follows from the same arguments as in [48]. We include a proof
here for the convenience of the reader.

Proposition 5.5. The subset E = R\ 1oo(X(“) C R is an analytic subset, hence of real
codimension bigger than or equal to 2, and moreover (X%, goo) = Xoo-

Proof. 1t suffices to show that the holomorphic maps 7 : (X, wy,,p) = Xo C (CPN,wrs,p)
limits to a holomorphic map 7Teo|r: (R, Jso,goo) — Xo C CPY. Assuming for now that
this is the case, then R \ too(X%) = Mool (X§™9). Since X" C Xp is an analytic
set, if moo|r is holomorphic, then 7Too|7_21 (X;™9) = E C R is an analytic subset, and since
analytic subsets have real codimension 2, it follows that X« \ X C X, has Hausdorff
codimension at least 2, and by [8, Theorem 3.7], we have (X%, gs0) = Xoo-

Now we show that 7| is holomorphic. Consider the holomorphic maps 7 : (X, wy,,p) —
Xy C (CPY,wpg,p), since (X,w,,,p) Gromov-Hausdorff converge to X, by Cheeger-
Colding theory [7], for any K CC R containing p, there exist maps t, : K — (X, wy,,)
such that ¢} g1, — goo and ¢}, J — J in the smooth topology, and we also get a sequence
of holomorphic maps m; = 7o, : (K, g4, 13, J) — Xo C CPYN. Furthermore, if we regard
these maps as harmonic maps, then we have

2 _ *
|d7ri|w%ws— Try, mwrs < C

hence by the regularity theory of harmonic maps ([49]), we have uniform C estimates
on the maps ||7}|| ok (K) < Ck, for some constant Cf independent of 4, which allows us
to extract a limit of the maps m; : K — CPY to a map 7 : K — CPY and since the
convergence of the maps are smooth, and the convergence of the metrics ¢ g, — goo and
the complex structures tf J — Joo are all smooth, it follows that the holomorphicity of the
maps 7; passes to the limit, and hence the map 7, is holomorphic. O

Proposition 5.6. In fact we have R = 15(X;Y).

Proof. The proof is the same as in [48, Lemma 2.2]. O

5.2. Identification of Xy with the geometry of singular Calabi-Yau. In this section,
we identify the geometry of the singular Calabi-Yau current X = (X%, g) with the
variety X itself. This result is the analogue of the result in [5I], where the similar thing
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was shown in the compact case, our proof follows the approach in [51], adapted to the non-
compact case. The idea is based on ideas developed in [23] together with a new gradient
estimate for the potential ¢; with respect to the Calabi-Yau metrics w,.

5.2.1. A gradient bound for ¢y. The goal of this section is to prove the following estimate

Proposition 5.7. The following bound hold

sup [V, pol< C
)

w.
X))
Proposition 5.8. If we set let v; = p; — ty, then we have a uniform estimate

suplv|< C
X

Proof. Recall from the construction of &; (Proposition 3.2)) that
O = wy + 100wy
= (1 — t)wo + twy + 100U,
where wy = T*wx, and wx, is a Kdhler metric on Xy. So we have
Agpr =n — Try, oy
=n— (1 —1)Try,wo — tTry, w1 — Ay, uy.

Recall that by the construction of @;, Proposition B.Il we have
(@ + 100 )™

wy'
for some 0 < v < 2n — 2. Differentiating the equation, we have

log =fi € c>

—y—2-

o o o

so we have ¢ € C2 (X) for t > 0.

If we differentiate the equation (@; + i00¢;)" = QA Q with respect to t, we obtain
another expression for A, ¢y

(5.4) Ag,pr = —Ayp, s + Try, (wo — wi)
The equations (5.3]) and (5.4]) imply that v; satisfy the two equations
(5.5) Agve =n —Trywo — Ay, (g — tiiy)
and

. ; 0 . 0 .
(5.6) Ap,vp =n— Try,wp —t(fr — Tr%awt + Tr@tawt)

From the first equation and Proposition 5.1l we see that |A,, ¢¢|< C uniformly in ¢. From
the second equation we see that |A,,v;|< Cr™772 away from a compact set K, so we have
a uniform bound |A,,v¢|r»< C for p > % Since vy € C22), we can do integrate by parts
to get

—/ [0g|P~20id0vy A wgt_l = lim (p — 1)/ lvg|P~2idv; A Doy A wzt_l
X R—o B

R

— lim ]vt\p_%tz’gvt A wgt_l
R—o0 9Bpr

4(p —1 _
) )/ i0l0r]E ABJur] At
p X
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2n—2

the boundary term goes away when p > since |V*v;|= O(r~7~F). Hence we get

/X Olunlf Py, = / 0P~ 20p(A v,

combined with the Sobolev inequality, one gets

n—1
n “\ 2 _
</ ’Ut‘pﬁinzg/\9> < ﬂl/‘@t’p_”Awtvt’inZQ/\Q
X —1Jx

p
applying Holder, we get

np?
el oz < €07 1B

n+p+
hence for p > 27", we have
(5.7) [0]| 2o < Gy
where C), depends on HA%thL%. and also for p > 2n 2
np?
e o ot 1

we can then apply Moser iteration to this to get the estimate
[0l Lo < Bpllvell o < BpCyp
where C), is the constant from (5.7) and B, depends only on the L? norm of ||Ay v¢||zp. O
Corollary 5.9. For any compact set K CC 7~ 1(X[%), we have an estimate
velgra () < C(K K, )
uniformly in t ast — 0.

Proof. This follows from the equation (5.3 and the fact that w,, and the right hand side
of the equation is uniformly bounded in C§2 (7~ 1(X;%)). O

Proposition 5.10. We also have the following local uniform gradient estimate for v.

sup| Vv | < Cg
K

for any K CC X.
Proof. By the Bochner formula, we have
Ay, |Vvt|£2m = |VVvt|§w +|85Ut|gw —2Re(Vvy - VTr,,wo) — 2Re(Voy - VA, (up — tiiy))
_2|vvt|3w_|VTrw%W0|52;W_|VAg0t(ut taiy)[?
we also have from (5.2)),

pen

Awwt Trwsot
If we set H; = |Vvt|2 +ATrww wo, then H; > 0 and satisfies
Ay H > —-H - C
We can apply Moser iteration to this, since w,, has uniform Ricci bounds and volume lower
bound, this then gives the estimate
(5.8) | Hell oo (B

for R sufficiently large. Note that for R sufficiently large w,, converge uniformly in C*°
to goo On the region By or(p) \ By..,r(P), hence we can also choose cutoff functions with

> —C + ¢o|VTr,,, wol®

< C|Hllr2(

goo,R(p)) goo,2R(p))
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uniformly controlled gradients and standard Moser iteration gives the inequality. Now it

suffices to show that ||Hyl|r2(p,_ ,p) is bounded.
[P < e |1
Bar Bar

< ClH 2 ) 1 Hell 1 (By5)
< C([Hell 2 (By) +I1H N L2 (B g\ Bor) N HE L1 (B g)

if R is sufficiently large, then B\ Bag doesn’t contain any of W_l(Xgmg), hence || He |l 12(B, 3\ Bor)
is uniformly bounded in ¢ on Byr \ Bag by the Corollary above. So we have

IHl172 3,y < CUH 2(By) TO 1 He | 1 (1)
hence either ||H¢|[z2(p,,) is bounded by 1 and we are done, or we get the bound
(5.9) I Hell L2 (Bym) < CllHil L1 (Byp)

so it suffices to prove an L' bound for H; on compact sets.
Choose cutoff function 7 such that 7 =1 on Bsp for all ¢, then

Htﬁ/ n*H,
X

Bar

Bar

é/ n? Vo Pwl, + C
X

< _/ ?’]2'Ut(Astht)+2/ ?’]‘VT]H'thHVﬁtH‘C
X X
and so we have
H < C [ (o + Vot <
Bogr X

which gives us the L' bound, combined with (5.9) and (5.8)), we get
[HillLoo(Br)< C
as desired. O
Proposition 5.11. For any x € too(X,"), we have a bound
[pe(z)|< C
for some constant C' potentially depending on the point x.

Proof. Fix © € 10(X(;®), then fix a ball By (z) C too(X(?) on which the metrics g,
converge smoothly to gs, also fix a set K CC X containing all of w3} (X;™9) and also

By, .c(z). Then by the Green’s formula representation formula, we have
éa) = = [ Bogi)Gile. ()
—— [ MGl - [ Aua)Ge o)
Bgoo;s Z‘) K\ngys(x)

- / At ()G, y)l, (4)
X\K

where Gy(z,y) is the positive decaying Green’s function on (X,w,,). By the estimates for
Green’s function [44, p.190], [36] B7], the Green’s functions G¢(z,y) satisfy the uniform
estimates

C_ldt($7y)2_2n < Gt(x7y) < Cdt(wvy)2_2n
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where d; is the distance function induced by g,,. And since Ay, ¢y = —Ay, 1+ Try, (Wo—w1),
this implies |Ag, ¢ < |Agp, e+ Try, (wo + w1) < C 4 Try,wi and we have

e (2)] < A g pel ()i (,y)° 2", (y) + A g, pel ()i (2, )"l (y)
goo e (T K\Bg e (z

(5.10)
n /X JBasle ), )

and we analyze the three terms in the above formula seperately. For the first term, we note
that A, ¢ is uniformly bounded on By .(z), so

| sasldae <o [ awr<c
Bygeo e Byoo < (2)

For the second term, observe that on K \ By (), di(x,y)?~" is bounded by Ce?2", so

/ 1Bl () ()2 () < C (1 4 / mtm)
K\Bgoo,s (:E) K\Bgoo,s(x)

hence it suffices to bound the integral of Tr,,w1, to do this, we integrate by parts

/ w1 /\(,ugt_1 = / w1 A (@ —I—iaégpt)"_l = / w1 /\dzf‘l
K K K

n—2
+ / Opr N wi A (Z (n B 1) OLA (ia&pt)"_z_l>
oK —\ !
<C

because ¢; and its derivatives are all bounded on the boundary of K.
The last term in (5.10) is bounded because |Ay, ¢¢|< Cdy(z,y)7277 on X \ K, so we have

|18l wida e @ <0 [ dtey i <c
X\K X\K

and we get our result. O

proof of Proposition [5.7. Note that we already know |V, o] is bounded and decaying at

infinity, so it suffices to prove that it’s bounded near 7' (X3"). Fix a compact set K
containing w5 (X;"), then by Proposition 510, |Vui|< C, but on X, v; converges to
o smoothly on compact sets, hence we get our result. O

The main goal of this gradient bound is to show the following.
Proposition 5.12. For any holomorphic section s € HO(XO,Lk) satisfies
sup| sy < C
K oo

and

hwep

sup|Vs|,x <C
K oo

Proof. Locally we can write ho, = e~ %0 fzo where —i00 log ﬁo = Wy, since Wy = TwWprg on
K, we have simply hoo = € ?hpg, and by the C° bound for ¢, it follows that |8[pe <
C\s\h%SS C'. To see the bound for the gradient, we note

’Vh';osfigo,kw%: Vi 8+ K(090)sInk kwuy < IVik  Slnk o ki TRV ©0lkeg [8]ns
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and by the gradient estimate (5.7) |Vo|kw +0 < C, so the second term is bounded, and by
the estimate (5.1), we have \th S‘hlfvs,kw@og C‘vh%ss‘h%s,kwmg C' and we get the bound
that we wanted. (]

We will need the boundedness of [s[,x and [Vs|x Jhwy, 10 make the Moser iteration

argument work with cutoff functions in the next section.

5.2.2. L? estimates on Xo. The argument of this section follows in the same way as in [51],
with minor modifications.

We first quote a proposition stating the existence of good cutoff functions on X, from
[23].

Lemma 5.13. [23| Proposition 3.5] There exist cutoff functions p. on X satisfying the
following

(1) 0 < pe <

(2) supp(pa) CCR=X,"

(3) For any compact set K CC R, there exist e > 0 such that for all € < ex, we have
pe=1on K.

(4) [x|Vpel*— 0 ase— 0.

We recall the following version of Hormander’s L? estimates for the 0 equation.

Theorem 5.14. |20, Cor 5.3] Let (M,w) be a Kdhler manifold. Assume M is weakly
pseudoconver. Let (L, h) be a Hermitian line bundle with curvature with (possibly) singular
Hermitian metric h, and suppose

—i00log h + Ric(w) > vy(x)w
then for any B € /\0’1 ®L, with 0B = 0, there exist a section s € L satisfying Os = B with

1
[l < [ Zia e
M MY
provided the integral on the RHS is finite.

Now we will prove a version of the above theorem on X equipped with a singular metric
Wy, that we constructed. First we fix a Hermitian metric o on L such that —i00log hy =
@, which is possibly by the 00-Lemma.

Theorem 5.15. Let hoy = € 0hg, so —i00loghe = Wey, and K CC X a compact

subset with pseudoconvex boundary. Then for any B € /\0’1 QL*, with compact support and
supp(B) C Xo“ N K and 0B = 0, there exist a section u € HO(L¥) satisfying Ou = B with

2 2
[, < [ 108 ot

Proof. By Assumption [I we know that &g + i00¢. > ew, which implies &y + ti00y, >
(1 — t)wp + tew. By the discussion in the previous sections, we can solve
o = ((1 = t)@o + tew + i00¢,)" = QA Q
with ¢; is bounded on any compact set K CC X, uniformly as ¢ — 0 and ¢y — ¢p in
ine(X) and in CF5(X™). We pick a metric hg on L such that —id0log hg = o, then if
we set by = e W= ho, it satisfies
—i00log hf = k(&g + tiddY. +iddP,) = kw,,

By the previous lemma, we can always solve du; = 3, satisfying the estimate

—tke —kp n
/|ut|hkwsot /|5|h§,kww /K : t|5|h0,kw%w<ﬁt

w
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Since 8 is compactly supported on X%, w,, — wy, on the support of 8, and e thve 51
in Llloc7 so we have

. 2 n o __ —kwo 2 n
%I—I}(l,l /K’/B‘hf,kwww% N /Ke ‘B’hl&kwwowwo

and since e %= =*%¢ ig bounded from below on any compact set K, it follows that
/ |ut|iki"2§2 AQ < C/ e_tkws_k¢t|ut|}2lki"2§2 AQ = C/ |ut|}%kwgt <C
K 0 K 0 K ¢

hence there exist a weakly convergent subsequence u; — u in L?(K, h'g ) and the equation
Ouy = B carries through the limit in the weak convergence, so we have Ou = 3. Since the
sections u; — u are holomorphic and weakly converge to 0, it follows that the convergence
is smooth it happens strongly, hence we have

e F 2, i AANQ < [ e8P QAQ
K o K ko,

Weg

Proposition 5.16. The following Sobolev inequality hold for f € L= N HY (X[, weo)

n—1

2T " 2
( /Xm,lﬂ woo> <C /Xreg'Vf 9050
0

0

Proof. Without loss of generality, we can assume f > 0. If f is supported in X%, this
follows from [19]. For f € L*°, we can define f. = fp., f. is supported in X%, then we
clearly have || fc||r2— ||f|lz2, and we also have

Jwnr= [ A9 [ PIVorez [ 109590

the second and third term goes to 0 as e — 0 because [ X|Vp€|2—> 0, and this gives what
we wanted. U

Lemma 5.17. Suppose u > 0 is a bounded function on X, that satisfy
A, u > —Au
then for R > 1 sufficiently large (so that Xgmg C Br(p)), we have the estimate
]l Lo (Bre) < C(A+ CR™2)2 ||ull 2(Byn()

Proof. Using the Sobolev inequality above and the cutoff function, we can do Moser iteration
on (X%, goo)

A [ et s [ e (A,

4p pt1
= m/}(ﬁ%gwu 2 |2w§o+2/xp§77(V77-Vu)upwgo

4 2 p+1
+ — Vo -Vuz Juz w2
(p+1)/x77pe( Pe ) %

4p pt1
TS /X 7P Vu =z Pwl, +2 /X p2n(Vn - Vu)uPwl,
1

1
4 p+1 2 2
TRy ( /X 2 V" \%&,) ( / n%wﬁup“wzo)
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when u is bounded, we can take a limit as € goes to 0 and the last term will disappear, so
we have

4p ptl 4 ptl, ptl
A 2up+1w">7/ 2\Vu 2 2w"+—/ Vn-Vu 2 )u 2 wj
ottt > e [ vt R« 2 | vut e,
3p / 21w, BEL 2 16/ 2, p+1
> Vu =z [fwl — — V2wl
17 S IV T =g [V e
which implies
1)2 17
vt < LEL G o oy
X p X p

then by the Sobolev inquality from Proposition £.16], we have for any p > 0,

n—1

n T 1)2 1

</ \WI(”“)MOJZO) < Gl 17 /(An2+—7\Vn!2)up“on
X p X b

by carefully choosing cutoff functions 0 < nx < 1 such that supp(nk) C B(142-k)r, Tk = 1
on By 9-k-1yp and |[Vig|< CR™12%, and set py = 2(=2)¥, then for k = 0,1,2,... we have
[|lul|2% )< C(Apk—l—CR_zélk)Hu\’z’;k(B

ka+1(B(1+27k71)R (1+27k)R)

iterating gives
supu < C2,C(2A+ CR™)% ||ull 12(p,p)
R

We now prove L? estimates for holomorphic sections of L*.

Proposition 5.18. If s is a holomorphic section of (L*, h’go), then the following estimates
hold on (X(“, kgoo) for R large enough so that Br(p) contains all of X3,

sup sl < Cllsl 2

Br(p) ki kgoo (B2R(P))

sup (V|

< Ofsllg2
Br(p) h

kgoo k. kgoo (B2r(p))

Proof. For a holomorphic section s, we have Vjs = 0, so g’; V;Vis = —ns. It follows then
from standard calculations that

Als[Z —nls|
and
A|Vs|> —(n+ 2)|Vs|
so now we can apply Lemma [5.17 with u = |s| and u = |Vs| to get
sl oo (Br) < Clisll L2 (B,r)
and

(5.11) IVslloo(Ba)< CIVS L2(Byp)
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and it suffices to show that ||Vs| 12, ,)< Cllsl|12(B,,)- We use integration by parts
/ 7 p2|Vs|? = / 0 pEhgld VsV 5w,
X b's
=- /X np2hgdV;Visswl, — 2 /X V;(n*p?)hgil Vissw?,
<n [ peRlsP 2 [ nploVal+nipd)sl Vs

<C [ P+ 19aPls e [ P RIOsPLC [ R 19p s
X X X
taking € to 0 gives
[orwst<c [ o+ onpls?
X X

by choosing 0 < 1 < 1 so that supp(n) C Bagr and 7 = 1 on Bag, this gives [|Vs||12(p,,)<
5]/ 2(B4x) Combined with estimate (5.I]), this gives the desired estimates. O

Corollary 5.19. For any holomorphic sections sg,s1 € HO(L¥|x) on K, the function
s nk, extends as a lipshitz function on K and this function vanishes precisely on the set

7 ({s; = 0}). Also, 2 extends as a locally Lipshitz function defined on the set {|s; s> 0}

S1
Proof. This follows immediately from Kato’s inequality

IV[s|ns Lo < IV8|pt g < C

50 [51[ns [V S0lnk kg T18000x V81|01 koo C
V= = 2 < 2
511 go. ENY 51l
and the fact that K = (K N X%, goo). O

In this section we prove that the map my : Xo — Xg is injective, hence it is an
isomorphism.

Proposition 5.20. For any p,q € Xoo with p # q there exist an k = k(p,q) > 0 and
Sp, 8q € H(L¥) such that

(1018

[sp(P)[nk» |5q(a) g, >

and
1

[5p(@) s, - [P, < 5

Proof. This follows from the same argument as Proposition 3.9 in [51].

Proposition 5.21. The map 7 : Xoo — Xo is an homeomorphism.

Proof. It’s clear that the map is surjective and restricts to a homeomorphism on X;* C

X0, it suffices to show that is seperates points near Xgmg . Given p,q € K, suppose for a
contradiction that 7. (p) = Teo(q), then for any k& > 0, and any two sections sg, s; € HO(KN
XY, LF), by the normality of X, we know that these two sections extend over the singular

set to two sections of sj, 8] € HO(moo(K), L*), hence we must have ‘;‘;EZ; = ‘;’EZ;. But if
dx.. (p,q) > 0, then by the previous lemma, there exist k > 0 and we can construct sections
$pr8q € HO(K 1 X3, LF) such that [sply (p): gl (6) > 2 > 3 > Isylue (@) salus (9)

sp(P) _ sp(q)
sq(p) ~ sq(a)”

which contradicts
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Observe that the singular set S C X is closed and of finite diameter, from which we
can see that ms : Xoo — Xo is a proper map, hence closed, and this implies 73! is also

continuous. Thus 7y is a homeomorphism. O

proof of Theorem [1.2. This is just a combination of Proposition .1l Proposition and
Proposition (211 O

6. EXAMPLES AND APPLICATIONS

In this section we apply Theorems[T.T]and Theorem [[.2] to study certain explicit examples
of crepant resolutions.

6.1. Small Resolutions of Brieskorn-Pham cones. Consider the quasi-homogeneous
affine varieties
Ypq = {2y + 2P —w? =0} C C*,

where we assume that p < ¢. These singularities, which are compound du Val of type
cA, are Gorenstein and log-terminal and by the main result of [12], Y, , admits a conical
Calabi-Yau metric if and only if ¢ < 2p. Let r denote the radial function of the Calabi-Yau
cone metric. The Euler vector field 7‘% associated with the cone structure is given by the
real part of the holomorphic vector Reeb field £ acting on the coordinates (x,y, z,w) with
weights

3
= (Pq,pq; 2q,2p);
2(p + Q)( )

in particular, the Y}, ; are quasi-regular Calabi-Yau cones. A result of Katz [33] says that
the Y}, ; admits a small (and hence crepant) resolution p: Y — Y, , if and only if p = ¢. In
fact, Y),, admits p inequivalent small resolutions

Yl Y2 - Ypfl VP
MIXZJ NVHP
‘}/p7p

with each pair Y?, Y7 related by a flop; the p(p—2—1) flops are in correspondence with the
reflections in the Weyl group of the A,_; Dynkin diagram [42]. When p = 2, this recovers

the Atiyah flop [I]. The exceptional locus of each contraction p; is a chain of p — 1 rational
2wy/—1
curves with normal bundle (—1, —1) intersecting transversally. Explicitly, let ( = e » |

and write

p—1
2P —wP = H(z — w).

j=0

Fix 1 < £ < p —1 and consider the rational map vy : Y, , — P! defined by
l
(6.1) ve(x,y, z,w) = ([ : H(z — Jw))) € PL.
§=0
Then a small resolution g : Y — Y,, (say Y for concreteness) is obtained by taking the
closure of the graph of
VX X Vg :Ypm—ﬂP’%l) X e xIP%p_l).

There are also corresponding partial resolutions Y by projecting out some collection of the
vj. Fix 1 <4 < p, and let Y be any partial resolution whose contraction @ : Y — Y,
factors through v;. Clearly these resolutions are obtained by repeatedly blowing-up along
the lines x = z — (Jw = 0. There is a divisor E; defined by —E; = v, L(p) for a generic
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point p € P!, and these divisors satisfy Oy (= Ei)lExc(vy) = Op1(1), and Oy (E;) is trivial on
any other component of Exc(#). Furthermore, if Y is obtained from v;, x --- x v;, then
®?:1 (97(—Eij)®€j is ample for any ¢; € Z~o. These statements follows straightforwardly

from the corresponding statements for the blow-ups of the ambient C*.

Let us fix a small resolution i : Y — Y, ,. By Hartog’s theorem the holomorphic Reeb
vector field extends over Exc(u) and generates a holomorphic retraction onto Exc(u). Thus
we have

p—1 p—1
HY'(V,R) = P HY (P, R) = PR [E)]
=1 1=1

By the above discussion, the classes Zf:_ll (—t;)[E;] are Kéhler on Y, provided ¢; > 0 for
all 4, and semi-positive for ¢; > 0. Each of these cohomology classes is 2-almost compactly
supported. Fix a class [ag] = Zf;ll (—t;)[E;] where t; > 0, and at least one ¢; = 0 and
let [w] € HY(Y,R) be any Kihler class. Let [w;] = (1 — t)[ag] + t[w] be a linear family of
Kahler classes. Then by [28] (see also [I5]) there is an asymptotically conical Calabi-Yau
metric wy oy in [we] for all ¢ > 0.

Since the cone at infinity is quasi-regular we can apply Lemma [3.3] to conclude that there
is a Kéhler current in [o] which is smooth on the complement of

V::{P}cyz/ aozo}
P

Let Y be the partial resolution obtained by contracting V, and let # : Y — Y be the
contraction map. If [ag] € H!(Y, Q) then, by the preceding discussion, after rescaling we
can assume that [ag] = 7*c; (L) for some ample line bundle L — Y. Applying Theorem 1]
and Theorem we obtain

Proposition 6.1. In the above situation we have
(1) Yyeg admits a smooth Ricci-flat metric @, asymptotic to the Calabi-Yau metric on

Y, at infinity, and with (?Teg,w) homeomorphic to Y .
(2) Ast— 0 (Y,wr,cy) converges in the Gromov-Hausdorff sense to (Y yeq, @).
(3) In particular, if we take [ag] = 0, the flops of the Y, , are continuous in the Gromov-

Hausdorff sense.

Proof. The only point which is not an immediate consequence of Theorems[T.Tland [T.2]is the
third point. However, by the uniqueness part of Theorem [LT], the limiting limiting Calabi-
Yau metric @ on Y, ,, is isometric to the conical Calabi-Yau metric from [12]. Alternatively,
this can be seen as follows. Let w. denote the Calabi-Yau metric on Y, ,. Clearly tw; cy is a
Calabi-Yau metric in t[w] asymptotic to tw.. Let € denote the extension of the holomorphic
Reeb vector field on Y, and, for A € C let ) : Y — Y denote the A-flow of f . Then

*
t
(CP%) w1,cy

is Calabi-Yau, asymptotic to w,, and lies in the cohomology class t|w] and hence is equal to
wi,cy by the uniqueness results of [I5]. From this description, and the convergence result
of Theorem [[T] it follows that wy cy converges to pfw. on compact sets of Y\Exc(y;). O

It’s not hard to check that if a partial resolution Y is obtained by blowing up 0 < k < p—1
lines x = 2 — (w = 0, then Y has an isolated singularity biholomorphic to a neighborhood
of the singular point in Y),_j ,_. More precisely, suppose for simplicity that ¥ is obtained
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by blowing-up the lines x = z — (w = 0 for 0 < j < k < p— 1. Then Y has an isolated
singularity biholomorphic to

p—1

Ypokpt = {zy = [[(z = Fw)} c C*

=k
which is deformation equivalent to Y,_j ,—r and admits a conical Calabi-Yau metric by
argument of [I2]. The link of this singularity is topologically (p — k — 1)#(S? x S3) and
it comes equipped with a Sasaki-Einstein metric. It was shown in [12] that the volume of
these Sasaki-Einstein metrics is given by

2(2(p — k))3 16
4

27(p —kYr  27(p— k)

Thus Y yields a cobordism between (p — k— 1)#(S% x S3) and #(p — 1)(S? x S3). It is
natural to expect that that the metric w on Y, close to the singular point, is close to the
conical Calabi-Yau metric on Y}, ,—x. At the very least, we expect

Conjecture 2. Let (Y,d) denote the metric space obtained as the completion of (Y eg,@).

Then the tangent cone to (Y, d) at the singular point is isometric to Y,k p—k equipped with
its conical Calabi- Yau metric.

Let y € Y denote the singular point, and consider the function

Volg (Bg(y,r
Reg 37— o(r) = Vols (Ba(y. ) Z(y )
r
Since (Y,w) is Calabi-Yau, v(r) is monotone decreasing by the Bishop-Gromov comparison
theorem. Furthermore, assuming Conjecture 2 since w is asymptotic to the conical Calabi-

Yau metric on Y, , we have

16 . S 16
T — k) —amvlr) > Hm v(r) = oo
Note that the equality case of Bishop-Gromov already shows that if £ = 0, then the metric
is conical.

While deducing & > 0 in this way is not particularly interesting, this discussion holds
for any asymptotically conical Calabi-Yau variety with or without singularities (indeed, a
smooth, asymptotically conical Calabi-Yau variety is naturally a cobordism between the
standard Sasaki-Einstein structure on the sphere and the link of the cone at infinity).
Suppose (Y,@) is a asymptotically conical Calabi-Yau variety with asymptotic cone Cy,
and with a singular point y. Assume that a neighborhood of gy is biholomorphic to a
neighborhood of an isolated singular point in some quasi-homogeneous affine variety Cj
admitting a conical Calabi-Yau metric. Assuming that @ is close to the Calabi-Yau metric
on Cj near the singularity at y, the volume ratio of geodesic balls centered at y will decrease
(by Bishop-Gromov) from the volume ratio of the cone v(Cp) to the volume of ratio of the
cone at infinity, v(Cs). Since these volume ratios are algebraic invariants of the singularities
Co, C, this situation is obstructed in general; for example one cannot take Cp =Y}, and
Coo = p—k,p—k-

It is tempting to speculate that the volume function on Sasaki-Einstein structures could
give rise to a sort of Morse function on the space of Sasaki-Einstein manifolds. For two
Sasaki-Einstein manifolds Sy, Soc with corresponding cones Cj, C, a Calabi-Yau space
(Y, @) with an isolated singularity Cy and cone C, at infinity could be regarded as a kind
of flow line of the Morse function between Sy and S,,. We will give further examples of
this discussion below.
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6.2. Examples from Fano manifolds. Let us next indicate how to construct examples
starting from Fano manifolds with a different singular structure than the previous examples.
Suppose X is a Fano manifold of dimension n. Let X = Bl,X be the blow up of X at
a point and let E C X be the exceptional divisor. Assume in addition that that X is
Fano and —K ¢ is base-point free. Assume that X has a Kahler-Einstein metric, or more
generally that the affine cone over X, Spec @m>0 HO(X, —K?;m), admits a conical Calabi-

Yau metric. This holds, for example, whenever X is toric, by [26]. It is not difficult to
generate examples satisfying these assumptions. For example
e Let X = P", with p a torus invariant point. Then X = BI,P" is Fano and —K ¢ is
base point free. These manifolds do not admit K&hler-Einstein metrics, as can be
seen from Matsushima’s obstruction. However, they are toric, and so the theorem
of Futaki-Ono-Wang implies the existence of a Calabi-Yau cone metric on the affine
cone C':= Spec P,,50 H O(X, —Kﬁ?m). Note that the conical Calabi-Yau structure
on C need not be quasi-regular, as happens for example when n = 2 [27] [26], 40].
e Let X be a del Pezzo surface with K§< > 3, and p chosen sufficiently generic so that
X = Bl, X is Fano. The global generation of —K ¢ follows from Reider’s Theorem
[46]. Furthermore, a theorems of Tian-Yau [55] and Tian [52] say that X admits
a Kahler-Einstein metric if K% < 8. If, however, K% = 8,9 then X does not
admit a Ké&hler-Einstein metric by Matsushima’s obstruction [43]. On the other
hand, in these latter examples, if p is chosen so that X is toric, then the affine cone
Spec €D,,50 H 0(X, —Kgm) admits a conical Calabi-Yau metric thanks to results
of Futaki-Ono-Wang [26] (See also [12]). In these examples the Calabi-Yau cone
structure is not quasi-regular [40} 26].

Let Y = Ky be the total space of the canonical bundle, and let p : ¥ — X be
the projection. The pull-back p* identifies H(Y,R) = H 1’1()2 ,R), and Y admits an
asymptotically conical Calabi-Yau metric in any Kihler class in HY1(Y,R) [15]. Suppose
[a] € HY(X,R) is a Kéhler class, so that p*[r*a] € HY(Y,R) is a nef class on YV ad-
mitting a semi-positive representative. By regarding the exceptional divisor of the blow-up
7: X — X as a subvariety of the zero section in Y, we get a natural codimension 2 sub-
variety, £ C Y (explicitly E = p~'(E) N { zero section }). Our goal is to show that if
[w)] = (1 —t)[p*m*al + tlw] € HY(Y,R) and w; cy are conical Calabi-Yau metrics in [wy]
then, as t — 0, (Y,wcy) Gromov-Hausdorff converges to a variety Z with an isolated,
Gorenstein, log-terminal singularity which is obtained from Y by contracting F to a point.
As a first step, we need to verify that Assumption [l holds, since the failure of the cone at
infinity to be quasi-regular means that Lemma [3.3] does not apply in general.

Lemma 6.2. The cohomology class p*[n*a] contains a Kdhler current which is smooth
outside of F.

Proof. It is a standard fact that we can choose a hermitian metric 2z on O ;(E) such that
(6.2) '+ eV —100loghp > wy

for some € > 0 and wg a Kahler form on X. Let s i denote the defining section of EcCX.
After scaling we may assume that |SE|}2LE< 1. The current T := 7*a + £v/—199 10g|sE|%E

is a Kahler current on X which is singular along E C X. Let h 5 be a negatively curved
metric on K g, and let s denote a coordinate on the fibers of K. We claim that

(6.3) T = p*r*a+ V=100(|sf} +<log(v'ls 7, +sl3, )

is a Kéahler current. This can be verified by a straightforward calculation, which we leave
to the reader.
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O

The next step is to show that there is a space Z, and a map ® : Y — Z which is
an isomorphism outside E and contracts E to a point, which is an isolated, Gorenstein
log-terminal singularity in Z. Let us begin with a local description of this map and the
resulting singularity. Note that the normal bundle of £ C Y is given by

NE/Y = O]mel(—l) D O]Pm—l(—(n — 1))
which follows from K¢ = 7" Kx + (n — 1)E. There is a contraction map
v:Opn-1(—1) ® Opn-1(—(n—1)) = C

contracting the zero section of Ny to a point. Explicitly, this map is given by [41, Page
314]

NE/Y = Spec @ Symm (OIP"*1 (1) S5 O]P”L*l((n - 1)))
m=0
— Spec @ H° (]P’"_l, Sym™ (Opn-1(1) ® Opn-1((n — 1)) = Co
m=0
Since

HY (P, Sym™ (Opn-1(1) ® Opn-1((n — 1)))) = H (P(Ngy), Op(Ng,y) (M)

we see that Cp is the affine cone over P(Np/y) obtained by blowing down the zero section
of Op(n,, /Y)(—l). We claim that P(Ng/y) is Fano. In general, the canonical bundle of a

projective bundle 7 : P(V)) — X, where V has rank r is given by
Kpyy = Op(v)(—r — 1)@ (det V") @ n* K.
Applying this formula in the current scenario yields
KP(NE/Y) = OP(NE/Y)(_g)'

Since Ny is a direct sum of negative line bundles, Op(y,, /Y)(3) is ample. It follows from
this that Cj has an isolated Gorenstein, log-terminal singularity and K¢, ~ O¢, is trivial.
Finally, since Ng,y — P"~! is a direct sum of line bundles, P(Ng Jy) is toric. Therefore
the result of Futaki-Ono-Wang [26] (see also [12]) says that Cy admits a conical Calabi-Yau
metric for some choice of Reeb vector field.

Next we will globalize this construction using the input of an ample line bundle L on
X. First note that a section f € H O(X' ) —Kf?_m) naturally induces a holomorphic function

f € H°(Y,Oy) vanishing to order m on X = { zero section } C Y. Let fi...,fa be
generators of the coordinate ring 6, H 9(X, —K?;m). Since —K g is ample and globally
generated, the holomorphic functions fi..., fas separate points and tangent vectors on

Y\X , and generate the normal bundle to X in Y. Let L be a very ample line bundle on
X, and let {sq,...,sn} be a basis of H(X, L). Fix coordinates (z1,...,2,) on X centered
at p. Up to making a linear change of coordinates we can assume that so(p) # 0, and near
p we have

; si(z
sl(z)zzi—kO(zz) 1<i<n, ]():O(zz) n<j<N
so(2) so(p)
By inspection the sections {p*m*s;}o<i<n separate points and tangents in X \E and gen-

erate the normal bundle to F in X. Now consider the map ® : ¥ — PN x PM defined
by

(6.4) D(z2) := ([p*n*so(2) - - p sy (2)],[1: fi(2) - fu(2)]) € PN x PM
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By the preceeding discussion this map is an isomorphism on Y\E, and ®(F) = [1:0 :

+1 0] x[L:0:---:0]. Since the differential d® is an isomorphism on Ng/y, the germ
of ® agrees with the contraction v on Ng/y. Note also that ®|; = 7 (composed with
the imbedding X into projective space by sections of L). Let Z = ®(Y). From the local
description above Z has an isolated Gorenstein, log-terminal singularity, and Kz = Og.
The map ® : Y — Z is therefore a small, and hence crepant, resolution of Z. It follows
from the construction that we can describe Z has the relative spectrum

Z = Spec (Kx @my) - X

where m,, is the ideal sheaf of p € X. In order to apply Theorems [L.1] and it suffices to
show

Lemma 6.3. In the above setting, there is an ample line bundle L' on Z such that
p*er(m*L) = ®*cy(L).

Proof. Since Z is normal and ® is projective with connected fibers we have ®,0y = Oy,
and f1,..., far extend over the singular point to global sections of Oz. Furthermore, there
is a natural projection

P Z X

obtained by projecting from Z onto the PV factor in (64) and we have mop = Pop = poP.
Thus

[p*m*sg: - i p*misy] =[P so: - PUsN]-

Combining this observation with the Segre embedding PN x PM <y P(N+D(M+D—1 it fo]lows
that L' := p*L is ample on Z. Since

prer(n L) = ®*cy (p*L)
the lemma follows. O
We can now conclude

Corollary 6.4. With notation as above, consider the family of Kdhler classes [wi] = (1 —
t)p*cr(m*L) + tjw] € HYY(Y,R) for t > 0. Let wicy be the asymptotically conical Kdhler
metrics in [wy]. Then there is a incomplete, asymptotically conical Calabi-Yau metric @ on
Zyeg such that (Zyeq,w) = (Z,d) and

Y,wiey) —an (Z,4d).
Proof. Combine Lemmas with Theorems [Tl and O
It is again natural to conjecture

Conjecture 3. Let (Z,d) be the metric space structure on Z induced from Y by Theo-
rem [I.2. Then the tangent cone to (Z,d) at the singular point z € Z is isometric to the
blow down of the zero section in Op(yy(—1) where

V= Opn-1(—1) ® Opn-1(—(n — 1))
equipped with its conical Calabi-Yau metric.

Assuming this conjecture, the space Z can be viewed as a kind of cobordism between
Sasaki-Einstein manifolds, and the speculative discussion from Section can be applied
in the same way.
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