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Sparse High-Dimensional Linear Regression.
Algorithmic Barriers and a Local Search Algorithm.

David Gamarnik* llias Zadik!

Abstract

We consider a sparse high dimensional regression model where the goal is to recover a k-
sparse unknown vector 5* from n noisy linear observations of the form Y = Xg*+ W € R"
where X € R™ P has iid N(0,1) entries and W € R" has iid N(0,02) entries. Under
certain assumptions on the parameters, an intriguing assymptotic gap appears between the
minimum value of n, call it n*, for which the recovery is information theoretically possible,
and the minimum value of n, call it n,,, for which an efficient algorithm is known to
provably recover $*. In [26] it was conjectured that the gap is not artificial, in the sense
that for sample sizes n € [n*, n,)e] the problem is algorithmically hard.

We support this conjecture in two ways. Firstly, we show that the optimal solution of
the LASSO provably fails to £o-stably recover the unknown vector 3* when n € [n*, cnagl,
for some sufficiently small constant ¢ > 0. Secondly, we establish that 7,1, up to a multi-
plicative constant factor, is a phase transition point for the appearance of a certain Overlap
Gap Property (OGP) over the space of k-sparse vectors. The presence of such an Overlap
Gap Property phase transition, which originates in statistical physics, is known to provide
evidence of an algorithmic hardness. Finally we show that if n > Cng, for some large
enough constant C' > 0, a very simple algorithm based on a local search improvement
rule is able both to £s-stably recover the unknown vector 8* and to infer correctly its sup-
port, adding it to the list of provably successful algorithms for the high dimensional linear
regression problem.

1 Introduction

We consider the following high-dimensional regression model. n noisy linear observations of a
vector 5* € RP of the form Y = X 3* + W are observed, for some X € R"*P and W € R". Given
these observations, and the knowledge of X, but not of W, the vector S* needs to be inferred.
The goal is to infer §* with the minimum number of observations n. Throughout the paper we
call X the measurement matrix and W the noise vector.

We are interested in the high dimensional setting where n is order of magnitude less than
p, and they both diverge to infinity. High-dimensionality is motivated by various statistical
applications over the last decade for example in the field of radiology and biomedical imaging
(see e.g. [34] and references therein) and in the field of genomics [7], [16] and it has been
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very common in the literature during the past decade [46],[6],[31]. This, in principle makes
the recovery problem impossible even if W = 0, as in this case the underlying linear system is
underdetermined. This difficulty is commonly adressed by imposing a sparsity assumption on the
vector §*. More specifically, we say that the unknown vector 8* is k-sparse (exactly k-sparse) if it
has at most k non-zero coordinates (exactly k-nonzero coordinates). The sparsity is a very useful
assumption in applications, for example in compressed sensing [I5], [20] , biomedical imaging
[10], [34] and sensor networks [40], [39], but also in theory [20]. For our purposes we assume that
the value of k£ is known for all the results. Furthermore, we are interested in both the case that
B* is generally k-sparse and also * is exactly k-sparse, and we make clear on the statement of
each result which assumption we are making on S*.

We also make probabilistic assumptions on X and W. we assume that each row of X is
generated as an iid sample from an isotropic N (0,%), where we take ¥ = I,. Note that the
Gaussianity of the data rows is, in a standard way, justified from the Central Limit theorem
and is very common in the literature [22], [30], [37], [12], [47], [46],[48]. Furthermore, the case
¥ = I,,, which can be considered unrealistic from an applied point of view, has been considered
broadly in the literature as an idealized assumption which allows broader technical development
which can usually be generalized [22], [30], [47], [46], [48]. We assume also that W consists of iid
N(0,0?) entries for some o2 > 0, which is a standard assumption in the statistics literature [46],
[48] and [21].

In this paper, we focus on two notions of recovery for the unknown vector *. Firstly, we
consider the notion of support recovery [17),[46],[11] the task of finding an estimator vector 3 with
support approximately equal to the support of 5*, where the Hamming distance is the underlying
metric. support recovery is also known in the literature as sparsity pattern recovery task [43],
variable selection (see [27] and references therein) or model selection [49], [35]. Secondly, we
consider the notion of ¢, stable recovery [14],[9] the task of finding an estimator vector 3 such
that |3 — 5*||s < Co, for some C' > 0. In words, the estimator vector is close to the unknown
vector in the ¢y distance up to the level of noise. Because of our probabilistic assumptions on
X, W both recoveries are desired to occur with high probability (w.h.p.) with respect to the
randomness of X, W, that is with probability tending to one, as n, p, kK — +o0o. Here the limit is
taken under certain assumptions on the relation between the parameters n,p, k, o2 that will be
stated explicitly in the next sections. Finally, it is important to point out that, similarly with
[26], we generally think of the case of small enough sparsity so that the logarithm of k is much
smaller than log p, and hence the sparsity level is sublinear in the feature size p. On the other
hand, some of our results, such as the ones described in subsection 2.2. below, apply under the
more general condition k& < p/3.

Various efficient algorithms have been proven to recover w.h.p. the vector £* in the two
notions of recovery we mention above, but always under the assumption that n > Cklogp for
some universal constant C' > 0. For this reason we define n,, := klogp. Specifically, with
respect to support recovery, if n > (1 4 €)2n,, = (1 + €)2klog p, for some € > 0 it is proven by
Wainwright and Cai et al in [47] and [L1] respectively that the optimal solution of an associated
¢1-constrained quadratic optimization formulation called LASSO

LASSO, : gég;n_lHY—XﬁHgﬂL)\HMM (1)

for appropriately chosen tuning parameter A > 0, and that the output of a simple greedy algo-
rithm called Orthogonal Matching Pursuit, both recover exactly the support of * w.h.p. With



respect to fy stable recovery, the tighter results known are for the performance of LASSO and
of a linear program called the Dantzig selector [13, [§], both of which requires n > Cn,,. More
specifically, an easy corollary of the seminar work by Bickel, Ritov and Tsybakov [8] applied to X
with Gaussian iid entries implies that as long as n > Cn,, = Cklogp for some sufficiently large
constant C' > 0 if A = Aoy/logp/n the optimal solution BLASSO’ » of LASSO, satisfies for some
constant ¢ > 0, || — B*||ls < co w.h.p., i.e. it fy-stably recovers the vector 8*, w.h.p. Tighter
results for the performance on LASSO and the constants ¢, C' are established in the literature (see
[38] and references therein), yet they do not apply in the regime where the sparsity is sublinear
to the feature size p, which as it is explained above, is the main focus of this work.

However, in the case n < cn,, = cklogp where ¢ > 0 is a small constant, fewer results are
known. In the context of support recovery when n < cny, = cklogp where ¢ > 0 is a small
constant, it is established in [48] that if n < engy, for some constant ¢ > 0, it becomes information
theoretic impossible to recover the support of any k-sparse vector 5*. In their setting, however,
the entries of §* are allowed to take arbitrary small non-zero values. Specifically the absolute
values of the non-zero entries are allowed to be of the same order as Lk This small magnitude of
the non-zero entries naturally leads to larger sample complexity. The situation changes though
if the non-zero entries of * are, in absolute values, bounded away from zero by a constant. For
example assuming 4* is binary, that is 5* € {0, 1}, if we have also & < min{1, 0%} exp (C'v/log p)
for some C' > 0 and o2 is much smaller than k, the tight information theoretic limit for recovering
all but a negligible fraction of the support of 8* is known to be equal to n* := 2k log p/ log ((27—13 + 1)
w.h.p. which is asymptotically less than klogp, as established by Gamarnik and Zadik in the
conference paper [26]. The techniques of this paper are expected to generalize from the binary
case to the case where * is arbitrary with |3*| i, = min{|3¢||3; # 0} > 1. Here 1 can be replaced
with an arbitrary constant that does depends on n,p,k,0? Rad in [4I] has independently
partially proven a similar positive part of this result; he established that for some large enough
constant C' > 0, if n > C'n* then one can recover exactly the support of 5* and under the general
condition |5*|min > 1. To the best of our knowledge, no computationally efficient estimator is
known to accurately recovering the support of 5* for this number of samples. The main technical
reason is that most of the results in the literature usually require a structural property to hold
for X, such as the Restricted Isometry Property (RIP), Restricted Eigenvalue Property (RE) or
Uniform Uncertainty Property (UUP) (see e.g. [45], [29, Chapter 11] and references therein),
which is not known to hold for a matrix X with iid standard Gaussian entries with less than
klogp rows. This abscence of computationally efficient results for support recovery naturally
brings the question of whether, under the assumption |3*|nin > 1, efficient algorithms can be
proven to recover the support of 8* when n* < n < cngy, for some small constant ¢ > 0. This
question is the main focus of this paper.

In the case n < cnue = cklogp where ¢ > 0 is a small constant, even fewer results are known
for £5-stably recovery. In the case * is binary, the result of Rad [41] implies that exact recovery
of B* is possible with order n* samples. Hence, as the vector can be recovered exactly, it can be
also trivially fo-stably recovered, granting order n* samples sufficient for recovery. To the best
of our knowledge, no general information-theoretic result is known in the case |5*|m, > 1. For
computationally efficient recovery, the most relevant result for our setting and /5-stable recovery
when n < cny, = cklogp , appears in [38] and establishes that LASSO fails to ¢,-stably recover
f* in this regime. Yet, the analysis in [38] trivializes the moment we assume that the sparsity
level is sublinear to the feature size, i.e. k/p — 0. This makes the study of ¢5 stably recovery




when k/p — 0a wide open research direction. In particular, it leaves open the question of whether
LASSO or any other efficient estimator work well in this regime. In this paper, we present the
first, to the best of our knowledge, (negative) result on LASSO in the regime n* < n < cng, and
when the sparsity level £ is sublinear in p.

It should be noted that in the more restrictive case that either the k-sparse vector g* is
known to satisfy a structural ordering property called power allocation, or the matrix X is
assumed to be spatially coupled - a statistical physics notion-, variants of a computationally
efficient scheme called Approximate Message Passing have been proven to succesfully work in
the regime n* <n < cnu,. [32, 33, 44 [4] [19]. Nevertheless, we are interested here in the general
case for k-sparse * where either the §* is binary or it satisfies |5*|min > 1, where no ordering
is assumed to be known a priori to the statistician, and the case where X has i.i.d. Gaussian
entries where spatial coupling does not hold. In this general case, to the best of our knowledge,
no results establishes that Approximate Message Passing works when n* < n < cng,, and there is
a strong belief that any computationally efficient scheme fails [26], as we describe in the following
paragraph.

In [26] the authors conjecture that in the regime n* < n < cn,, the support recovery
problem with a general k-sparse $* with [3*|nin > 1 is algorithmically hard, in the sense that
there is no efficient (poynomial time) algorithm that succeeds in recovering the support of 3*
w.h.p. Evidence for this conjecture comes from the provable failure of several known efficient
algorithms in this regime. Specifically in [47] it is shown that LASSO provably fails to recover
the support of * w.h.p. when n < (1 — €)2ny,, for any € > 0, in the sense that for any g* the
optimal solution of LASSO will not have the same signed support as f* w.h.p. Furthermore,
via a combinatorial geometric argument the authors in [21] show that if n < (1 — €)2n,, for any
€ > 0, then the optimal solutions of another estimator, similar to LASSO, called Basis Pursuit,
also fails to recover the unknown the support of the unknown vector £* w.h.p. in the special
case 02 = (.

An attempt to explain the apparent algorithmic hardness in the general case when n* < n <
CNale 1s made in [26], under the additional assumption that §* is exactly k-sparse, that is it has
exactly k non-zero coordinates, and binary (though the technique is expected to generalize from
the binary case to the general case where |5*|uin > 1). The authors focus on the problem

(P3) min Y — XB|2
st. Be{0,1},|Bllo = k,

and they prove that the optimal solution of this problem has approximately the same support
as 0* w.h.p., when n > n*. Here and eslewhere ||f||o is the number of non-zero coordinates
of the vector 5. Note that ||5]lo = k is not a convex constraint and thus ®, is not a priori
an algorithmically tractable problem. The author study the geometry of the solutions space of
(®y) and show that when n* = 2klogp/ log (i—’; +1) < n < cklogp = cnay for some sufficiently
small ¢ > 0, a geometrical property called Overlap Gap Property (OGP) holds w.h.p. The
OGP for this problem is the property that the exactly k-sparse s that achieve near optimal
cost for ®, split into two non-empty “well-separated” categories; the ones whose support is close
with the support of 8* in the Hamming distance, and the ones whose support is far from the
support of f* in the Hamming distance, creating a “gap” for the vectors with supports in a
“intermediate” Hamming distance from the support of §*. Similar forms of OGP are known
in various random constraint satisfaction problems and statistical physics models such as the
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random k-SAT problem, proper coloring of a sparse random graph, the problem of finding a
largest independent set of a random graph and many others. [2],[1],[36],[18],[24],[25],[42], [23].
For example, in a sparse random graph it has been proven that any two independent sets with
size near optimality either have intersection at least of size 7, > 0 or have intersection at most
of size 5 < 7, thus leading to a gap for the intermediate intersection sizes. The OGP for
independent sets was used to establish fundamentals barriers for the so-called local algorithms
for finding nearly largest independent sets in sparse random graphs [24],[25],[42]. Furthermore,
it is a common feature of most of these problems that when the OGP ceases to hold, even very
simple algorithms are able to succeed [2]. Motivated by these results the authors in [26] suggest
the presence of OGP is the source of an algorithmic hardness for this high dimensional linear
regression model in n* < n < cnyy,.

Results

In this paper, we prove two sets of results supporting the conjecture that the OGP is the source
of an algorithmic hardness in the regime n* < n < cng,.

(a) Our first set of results discusses the performance of the LASSO, for a wide range of tuning
parameters \. We establish that if n* < n < cng, for small enough ¢ > 0 and 8* exactly k-sparse

and binary, then for any
1 klogp
> — —
A > a\/; exp < = )

the optimal solution of LASSO, fails to /»>-stable recover 8* w.h.p. Albeit our result does not
apply for any arbitrarily small value of A > 0 our result covers certain arguably important choices
of A in the literature of LASSO. More precisely, our results covers the theoretically successful
choice of the tuning parameter A for LASSO when n > Cny,y, in [§] which, as explained in the
Introduction, shows that LASSO, with

A= \":=Ao+/logp/n

for constant A > 2v/2, f-stably recovers 3* (see [29, Chapter 11] for a simpler exposition).
Indeed, since in our case n < klog p this choice of X satisfies trivially

A=X">Ao\/1/k > o+\/1/k

and therefore A = \* > a\/%exp (—klsosp).

An important feature of our result is that it is quantitative, in the sense that it gives a lower
bound of how far the optimal solution of LASSO, is from * in the /5 norm. In particular, we
show that this lower bound depends exponentially on the ratio klogp/n. Moreover, given the
existing positive result of [§] for LASSO, our result confirms that nu, = klogp is the ezact order
of necessary number of samples for LASSO, to ¢-stably recover the ground truth vector [*,
when A > oy/1/kexp (—klogp/5n). Our result is therefore closed in spirit with the literature
on LASSO for its performance for support recovery where the similar phase transition results
are established by Wainwright in [47].

In the specific case §* is binary a natural modification of LASSO it is to add the box constraint
B € [0,1]? to the LASSO formulation. Such box constraints have been proven to improve the
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performance of LASSO in many cases, such as in signal processing applications [5]. We show
that in our case, our negative result for LASSO remains valid even with the box constraint.
Specifically, let us focus for any A > 0 on

LASSO(box), : min n'|Y — XB|5 + M| (2)

Belo,1]»

We show that if n* < n < cn, for small enough ¢ > 0 and 8* is an exactly k-sparse binary

vector, for any A > 0\/% exp (—%) the optimal solution of LASSO(box), also fails to £5-stably

recover 3% w.h.p.

(b) Our second set of results concerns the Overlap Gap Property (OGP) and its implications.
We first establish that if n > Cng, for some sufficiently large constant C' > 0, OGP indeed
ceases to hold, proving the complementary part of a conjecture from the conference paper [26].
Furthermore, we prove that for these values of n a very simple Local Search Algorithm exploits
the “smooth” geometrical structure of the solutions space which also leads to the absence of
OGP and provably succeeds in both recovering both the support of 8* and ¢, stable recovering
vector of 3*. Notably this set of results applies for all sparsity levels & < £ and any k-sparse (3

Beyond the Gaussian Assumption on X

Our results on high-dimensional linear regression when n > Cng, are established under the
idealized assumption on X having iid N (0,1) entries. Such an assumption allows a broader
technical development and the establishment of tight statistical guarantees. Yet, naturally, the
question is whether our structural results generalize beyond the present setting.

Regarding our first set of results on the performance of LASSO,, the core technical tool used
is the probabilistic result [20, Theorem 3.1]. The result is established for X having iid N (0,1)
entries, but is expected to a setting where X has iid rows but with non-Gaussian and weakly
dependent entries (see the Introduction of [26]).

Regarding our second set of results on the absence of OGP and analysis of the performance
of LSA, we expect our results to generalize in a straightforward way to the case where X with iid
subGaussian entries (that is iid entries with bounded subGaussian norm), potentially tolerating
on top of this weak dependence between the row entries. The reason is that our proof techniques
are based on two key results; that Restricted Isometry Property (RIP) holds for the matrix X
and that the Hanson-Wright concentration inequality can be applied for quadratic forms defined
by arbitrary matrix A and random vectors of the form Xv for v € R? with ||v||s = 1. Both these
results are known to hold under the assumption of arbitrary iid subGaussian entries of X and
W 28, 3]. For this reason we consider our second set of result to generalize in a straightforward
manner to the case of iid subGaussian entries. Furthermore, we consider the generalization to row
entries that are weakly dependent potentially true for both RIP and Hanson-Wright inequality,
yet we are not aware of such a result and such a pursuit would requires further technical work;
we leave this as a interesting direction of future work.



Notation

Azl

Tl and its Frobenius norm

For a matrix A € R™" we use its operator norm ||A|| := max, g
1
[AllF == (Z” \am|2> “Ifn,deNand A€ R™ by A;,i=1,2,...,p we refer to the p columns

of A. For p € (0,00),d € N and a vector x € R? we use its L£,-norm, ||z||, := 37, |x,|p)% For
p = 0o we use its infinity norm ||z||» := max;—;__4|x;| and for p = 0, its O-norm ||z||o = |{i €
{1,2,...,d}|x; # 0}|. We say that x is k-sparse if ||z||p < k and exactly k-sparse if ||z]|o = k. We
also define the support of x, Support (z) := {i € {1,2,...,d}|z; # 0}. For k € Z~, we adopt the
notation [k] := {1,2,...,k}. Finally with the real function log : Ryy — R we refer everywhere
to the natural logarithm.

Structure of the Paper

The remained of the paper is structured as follows. The description of the model, assumptions
and main results are found in the next section. Section 3 is devoted to the proof of the failure
of the LASSO in the regime n* < n < cn,,. Section 4 is devoted to the proof of the results
related to the Overlap Gap Property and the success of the local search algorithm in the regime
n > Cnalg.

2 Main Results and Proof Ideas

We remind our model for convenience. Let n,p,k € Nyug and 02 > 0. Let also X € R™? be
an n X p matrix with i.i.d. N(0,1) entries and W € R™ be an n X 1 vector with i.i.d. N(0,c?)
entries. We assume that X, W are mutually independent. Let 5* be a p x 1 exactly k-sparse
vector in RP, that is a p-dimensional vector with exactly k-non zero coordinates, and let Y € R”
be an n x 1 vector given by Y = X* + W. Assuming the knowledge of (Y, X) and of the values
of the parameters n, p, k, 0%, we study the question of efficiently recovering the ground truth S*
either by approximating its support or by f5-stable recovering the vector itself or both.

We are interested in the high dimensional regime where p, the number of features, exceeds
n, the sample size, and both diverge to infinity. Various assumptions on n, p, k, 02 are required
for technical reasons and some of the assumptions may vary from theorem to theorem, but they
are always explicitly stated in the statements. Everywhere we assume that k£ < n, that is the
number of samples is strictly larger than the sparsity level. The results hold in the “with high
probability” (w.h.p.) sense as k,n,p diverge to infinity, but for concreteness we will usually
explicitly say that k diverges to infinity. This automatically implies the same for p and n since
our assumptions always imply k£ < n and clearly k < p.

2.1 Below n,, samples: Failure of the LASSO

For this subsection we focus on the case where * is exactly k-sparse and binary. In that case
as stated in the introduction, if £ < exp (C\/logp) for some C' > 0, then §* can be exactly
recovered with order n* = 2klogp/ log (i—’; + 1). In particular as k/o? grows it implies an fo-
stable recovery guarantee with n < n,, samples. In this subsection we discuss the performance



of LASSO in this regime. We show that when n/n,, is sufficiently small, for a wide range of
tuning parameters A LASSO,, fails to {y-stably recover the ground truth vector 5*. Our result
applies for LASSO, with and without box constraints.

Furthermore, our result applies for arbitrary choice of the tuning parameter \ as long as

o klogp
> ~ ,
A > \/Eexp < T ) (3)

Note that this range of possible \’s include the standard optimal choice in the literature of the
tuning parameter A = Ao+/logp/n for constant A > 2+/2 [§], [29, Chapter 11] as in our regime
we assume n < klogp, hence for this choice of A, it holds A > a\/1/7k and in particular (3] is
satisfied.

We present now the result.

Theorem 2.1. Suppose that Co? < k < min{1, 02} exp (CVIogp) for some constants C, C>0.
Then, there exists a constant ¢ > 0 such that the following holds. If n* < n < cnuyg, B* € RP is
an ezactly k-sparse binary vector, arbitrary choice of X satisfying (3) and BLASSOA, BLASSO(bOX),,\
are the optimal solutions of the formulations LASSO) and LASSO(box), respectively, then

. N . n . klogp
min (HﬁLAsso,A — B%||2, | Brassomoex), — B ||2> > exp < 55 ) o,
w.h.p. as k — +o0.

Note that ¢5 stable recovery means finding a vector 8 such that || — 5*||s < C'o for some
constant C" > 0. The above theorem establishes that in the case of an exactly k-sparse and
binary (*, when the samples size is less than klogp both the optimal solutions of LASSO, and
LASSO(box), for any A satisfying (B]) fails to fo-stable recover the ground truth vector * by
a multiplicative factor which is exponential on the ratio @. In particular, coupled with the
result from [§] this shows that klogp is the necessary and sufficient order of samples for which
LASSO can fy-stable recover 5* for some A > 0 satisfying (3]).

2.2 Above n,, samples: The Absence of OGP and the success of the
Local Search Algorithm

In this setting we assume that [ is k-sparse, but not necessarily exaclty k-sparse. We establish
the absence of the OGP in the case n > Cngy, = Cklogp for sufficiently large C' > 0, w.h.p. For
the same values of n we also propose a very simple Local Search Algorithm (LSA) for recovering
the k-sparse 5* which provably succeeds w.h.p. In fact our results for OGP is an easy consequence
of the success of LSA.

The Absence of OGP

We now state the definition of Overlap Gap Property (OGP) which generalizes the definition
used in [26] where it focuses on the binary case for g*.

Definition 2.2. Fiz an instance of X, W. The regression problem defined by (X, W, 5*) where
a vector 5* is an exactly k-sparse vector with |B*|mm > 1 satisfies the Overlap Gap Property
(OGP) if there exists r =1, ko2 > 0 and constants 0 < (; < (2 < 1 such that
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(1) Y = X2 <,

(2) There exists a k-sparse vector 3 with Support(3) N Support(5*) =0 and ||Y — XG> < r,
and

(3) If a k-sparse vector B satisfies ||Y — X 5|2 < r then either

|Support () N Support(8*)| < (1k

or
|Support(8) N Support(8*)| > (k.

The OGP has a natural interpretation. It states that the k-sparse (s which achieve near
optimal cost for the objective value ||Y — X (||2 split into two non-empty “well-separated” regions;
the ones whose support is close with the support of 5* in the Hamming distance sense, and the
ones whose support is far from the support of §* in the Hamming distance sense, creating a
“gap” for the vectors with supports in a “intermediate” Hamming distance.

In [26] the authors prove that under the assumption %02 < k < min{1, 0%} exp (C’\/log p)
for some constant C' > 0 if n satisfies n* < n < cklogp, for some sufficiently small constant
¢ > 0, then the OGP restricted for binary vectors holds for some r > 0 and (; = % and (o = i.
Details can be found in the paper. As mentioned though in the introduction, it is conjectured
in [26] that OGP will not hold when n > Cklog p for some constant C' > 0, which is the regime
for n where efficient algorithms, such as LASSO, have been proven to work. We confirm this
conjecture in the theorem below.

Theorem 2.3. There exists c,C > 0 such that if 0® < cmin{k, log)izp}, n > Cngyg the following
holds. If the B* is exactly k-sparse and satisfies |5*|min > 1 then the regression problem (X, W, 5*)
does not satisfy the OGP w.h.p. as k — +o00.

We now give some intuition of how this result is derived. The proof is based on a lemma on
the “local” behavior of the k-sparse s with respect to the optimization problem

(®2) min [V — XA,
st (1Bl < k.

We first give a natural definition of what a non-trivial local minimum is for ®,.
Definition 2.4. We define a k-sparse 3 to be a non-trivial local minimum for ®, if
e Support (8) # Support (5%), and
e if a k-sparse By satisfies
max{[Support () \ Support (81) , [Support (%) \ Support (8) [} < 1.

it must also satisfy
1Y = XBill2 > IY — XB2.

We continue with the observation that the presence of OGP deterministicaly implies the
existence of a non-trivial local minimum for the problem ®,.
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Proposition 2.5. Assume for some instance of X, W the regression problem (X, W, 5*) satisfies
the Ouverlap Gap Property. Then for this instance of X, W there exists at least one non-trivial
local minimum for ®,.

Proof. Assume that OGP holds for some values r, (1, (5. We choose 3; the k-sparse vector § that
minimizes ||Y — X || under the condition |Support(5) N Support(5*)| < (1k. The existence of
f1 is guaranteed as the space of k-sparse vectors with |Support(3) N Support(5*)| < (1k is closed
under the Fuclidean metric.

We claim this is a non-trivial local minimum. Notice that it suffices to prove that 5; minimizes
also [|[Y — X |2 under the more relaxed condition |Support(/) N Support(5*)| < (k. Indeed
then since (1k < (2k, Sy will be the minimum over a region that contains its 2-neighborhood
in the Hamming distance and as clearly the support of ; is not equal to the support of g* we
would be done.

Now to prove the claim consider a  with 1k < |[Support(f) N Support(5*)| < (k. By the
Overlap Gap Property we know that it must hold ||Y — X 3||a > r. Furthermore again by the
Overlap Gap Property we know there is a ' with |[Support(5’) N Support(8*)] = 0 < (1k for
which it holds ||[Y — X#|l < r. But by the definition of £; it must also hold [|[Y — X, <
|Y — X B'||2 < r which combined with ||Y — X 3||s > r implies ||Y — X 51| < ||Y — X B]|2. Since
the [ was arbitrary with {1k < |Support (/) N Support(8*)| < {2k the proof of the Proposition is
complete. O

Now in light of the Proposition above, we know that a way to negate OGP is to prove the
absence of non-trivial local minima for ®,. We prove that indeed if n > Cklogp for some
universal C' > 0 our regression model does not have non-trivial local minima for ®, w.h.p. and
in particular OGP does not hold in this regime w.h.p., as claimed. We state this as a separate
result as it could be of independent interest.

Theorem 2.6. There exists ¢,C > 0 such that if 0> < cmin{k, 1olgoigp}’ n > Cnyyg such that
the following is true. If the 5* is exactly k-sparse and satisfies |5*|min > 1 then the optimization
problem (®3) has no non-trivial local minima w.h.p. as k — 400.

The complete proofs of both Theorem 2.3 and Theorem are presented in Section 4.

Success of Local Search

As stated in the introduction, in parallel to many results for random constrained satisfaction
problems, the disappearance of OGP suggests the existence of a very simple algorithm succeeding
in recovering (*, usually exploiting the smooth local structure. Here, we present a result that
reveals a similar picture. A natural implication of the absence of non-trivial local minima property
is the success w.h.p. of the following very simple local search algorithm. Start with any vector
which is k-sparse and then iteratively conduct “local” minimization among all 8’s with support
of Hamming distance at most two away from the support of our current vector.

We now state this algorithm formally. Let e; € RP, ¢ = 1,2,...,p be the standard basis
vectors of RP.

Local Search Algorithm (LSA)

0. Input: A k-sparse vector [ with support S.
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1. For alli € S and j € [p] compute err; (j) = min, [|Y — X3+ 8;:X; — ¢X|2.
2. Find (i1, j1) = argmin,eg ;e (€I (j) and ¢ := argminqeRHY — XB+ B, Xiy — qXj, |2

3. IF )Y = XB+ B8, X, — 1 X, ||2 < [|Y — X2, update the vector § to f — f;,€;, + gej,, the
set S to the support of the new § and go to step 1. Otherwise terminate and output 5.

For the performance of the algorithm we establish the following result.

Theorem 2.7. There exist c,C' > 0 so that if B* € RP is an exactly k-sparse vector, n > Cnge

and 0% < c|B*|%in min{log’i{;p, k} then the algorithm LSA with an arbitrary k-sparse vector [y as
—XBoll3

mput terminates in at most M”};T iterations with a vectorB such that

(1) Support <B> = Support (5*) and

(2) |18 =52 < o,
w.h.p. as k — 4o0.

The complete proof of Theorem [2.7] requires some care and is approximately 16 pages long.
It is fully presented in Section 4.

3 Proof of Theorem [2.1]

3.1 Auxilary Lemmata

Lemma 3.1. Fiz any C, > 0. Any vector 3 that satisfies ||f||; < k — CroVk also satisfies
18 = B%|[2 = Cio.

Proof. Assume [ satisfies || — f*[|2 < C1o. We let S denote the support of 5%, and let Sg € RP
be the vector which equals to § in the coordinates that correspond to S and is zero otherwise.
We have by the triangle inequality and the Cauchy Schwartz inequality,

k—11Bsll = 185ll = 11851l < [18s = sl < VE[ (8= 87)gll2 < VEIB = 57]l2 < CroVk,

which gives k — C1ovE < ||Bs]lh < 1181 O
We also need the Theorem 3.1. from [26], which we re-state here for convenience.

Theorem 3.2 ([26]). Let Y’ € R" be a vector with i.i.d. normal entries with mean zero and
abritrary variance Var(Yy) and X € R™P be a matriz with iid standard Gaussian entries. Then
for every C' > 0 there exists co > 0 such that if ¢ < cq and for some integer k' it holds k' log k' <
Cn, k' < Var (Y]) < 3K, and n < ck’logp, then there exists an exactly k'-sparse binary 8 such
that

1 1 k'1
n 2[|Y — X5z < exp <2_c) V k' + Var (Y{) exp (— ng)

n

w.h.p. as k' — oo.
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Finally, we establish the following Lemma.

Lemma 3.3. Under the assumptions of Theorem 2.1 there exists universal constants ¢ > 0 such
that the following holds. If n* < n < cklogp then there exists a € [0, 1]P with

(1) n73|]Y = Xals <o
(2) llal = k = 2C1aVk,
w.h.p. as k — 4o0.

Proof. Let

2
A::1—4CM/%

Ac, = {8" + (1 = X)B|B € {0,137, ||Blo = k/2, Support (8) N Support (%) = 0}.

Ag, is the set of vectors of the form a := A* + (1 — )5 where (3 is exactly g—sparse binary with
support disjoint from the support of 5*. Since by our assumption n > n* or equivalently

klogp 1 2k
< —1 1+ —
5n 10 Og( +02)

and

we conlude that for some C’ > 0 large enough, if C'0? < k then

o2 klogp o2 2%\ 10 [o2
4 — =4 — <41+ — — < 1.
4 2 exp( ™~ ) 2 < ( +02) r <

In particular A > 0 and thus A € [0, 1]. Therefore A¢, C [0, 1]P. It is straightforward to see also
that all these vectors have ¢; norm equal to kA + k(1 — \)/2 = k(A +1)/2. But for our choice of
A we have

k(A+1)/2 =k —2C10VEk

Therefore for all a € Ag, it holds |a||; = & — 2C0vk and « € [0,1]P. In particular, in order to
prove our claim it is enough to find o € A¢, with n~2||Y — Xa/, < 0.

We need to show that for some ¢ > 0, there exists w.h.p. a binary vector 8 which is exactly
k/2 sparse, has disjoint support with 8* and also satisfies that

nTEY — X8+ (1= NP2 < 0.
We notice the following equalities:

IV = X(A8 + (1= NB)[2 = || XB"+ W = AXB" — (1 — \) X2
= (1= N[|XB"+ (1 =X)"W—XB|.

Hence the condition we need to satisfy can be written equivalently as

nTE|IXB 4 (1= AW = X8, < (1-A) "o,
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or equivalently

1 k1
n_%HY’ — XB2 < Z\/Eexp (— ng) ,

5n

where for the last equivalence we set Y’ := X* 4+ (1 — A\)7'TV and used the definition of A for
the right hand side.

Now we apply Theorem for Y’ X’ € R™(P=%) which is X after we deleted the k columns
corresponding to the support of 5*, and k' = k/2. We first check that the assumptions of the
Theorem are satisfied. For all ¢, Y, are iid zero mean Gaussian with

_ 1 2klogp
N — 2 —_ 2: JR— —_
Var (Y/) =k + 0" (1 — ) k(1—|—16exp( - ))

In particular for some constant ¢y > 0 if n < ¢ok log p it holds

kK =— <Var(Y/) < 3k/2 =3k

N |

Finally we need &'log k' < C'n for some C’ > 0. For k' = % it holds k'log k' < klogk and also
as Co? < k < min{1, 0%} exp (C\/logp) it can be easily checked that for some constant C’ > 0

it holds klogk < C”l gzlg;zgfl) = C'n*. As we assume n > n* we get k'logk’ < C'n* < Cn as
og( ;2

needed. Therefore all the conditions are satisfied.
Applying Theorem [3.2] we obtain that for some constant ¢; > 0 there exists w.h.p. an exactly
k/2 sparse vector  with disjoint support with §* and

1 k1 —k
n73|[Y = X8, < exp (2 ) k' + Var (Y/) exp (—M).

C1 n

Plugging in the value for &’ and using Var (Y}) < %l{; we conclude the w.h.p. existence of a binary
k /2-sparse vector  with disjoint support with §* and

Y~ XB|ls < exp (21 ) Vakexp GW) |

C1 2n

Finally we need to verify

exp (%) @exp (—w) < 1\/Eexp (_klogp) .
c1 2n 4 5n

We notice that as k/\/p — 0 as k,p — +00, which is true since we assume k < exp (C'\/logp) ,
we have

1 k1 —k 1 k1
exp (%) V2k exp (_%) < exp (2—) V2K exp (— ;Sp) , for large enough £, p.

1 n @]

Hence we need to show

exp i @exp _klogp SE\/EeXp _klogp .
2 an 4 on

&1
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or equivalently

1 1 2klo
exp (2—01) V2 < 1P ( 15529)

which is clearly satisfied if n < c3klogp for some constant c¢3 > 0. Therefore choosing ¢ =
min{cy, c3} the proof of the claim and of the theorem is complete.
U

3.2 Proofs of Theorem 2.1

In this subsection we use the Lemmata from the previous subsections and prove the Theorem

211
Proof of Theorem[21]. Let

(4)

klo
C} :=exp ( 5529) .

According the Lemma [3.1] it suffices to show that for C given by (@),

max{||Srassoll1; | Brassomonalls < & — CroVk, (5)

w.h.p. as k — +o0.

To show this, we notice that since Bpasson and SBrassomox),x are the optimal solution to
LASSO, and LASSO(box), respectively, they obtains objective value smaller then any other
feasible solution. Note that o given in Lemma is feasible for both quadratic optimization
problems. Hence it holds almost surely,

1
max {=
vE{BLASSO,\PLASSO (box), A} TV

1
1Y = Xvlls + Apllvlli} < 1Y = Xallz + Al (6)
Hence we conclude that w.h.p. as & — o0,

1
Ap max{ || Brassol|1, | Brassomenalli < max {=IY = X3 + Ap|lv[l1}

vE€{BLASSO,A\'BLASSO(box), A} TV
1 .
e Xallz 4+ Mpllalli , using (G)
<oP+ )\, (k; — 201\/E0> , using Lemma

or by rearranging,

Ap (k — CyoVk — max{||Brassonl1, ||5LASSO(box),A||1> > <)\pCl\/E — 0) o. (7)
By assumption on A, satisfying (B we conclude from ({]) that
ApCl\/E Z 0.

Combining the last inequality we have that the right hand side of () is nonnegative, and therefore
(@) implies that (&) holds w.h.p. as k — +o00. This completes the proof of the Theorem 21l I
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4 LSA Algorithm and the Absence of the OGP

4.1 Preliminaries

We introduce the notion of a super-support of a finite dimensional real vector.

Definition 4.1. Let d € N. We call a set ) # S C [d] a super-support of a vector x € R? if
Support (z) C S.

We also need the definition and some basic properties of the Restricted Isometry Property
(RIP).

Definition 4.2. Let n,k,p € N with k < p. We say that a matrix X € R™ P satisfies the
k-Restricted Isometry Property (k-RIP) with restricted isometric constant o € (0,1) if
for every vector B € RP which is k-sparse it holds

(1= ap)lIBlan < 1XBI5 < (1+ 0k)|I18]l2n.
A proof of the following theorem can be found in [3].

Theorem 4.3. [3] Let n,k,p € N with k < p. Suppose X € R"*P has i.i.d. standard Gaussian
entries. Then for every & > 0 there exists a constant C = Cs > 0 such that if n > Cklogp then
X satisfies the k-RIP with restricted isometric constant o < 6 w.h.p.

We need the following properties of RIP.

Proposition 4.4. Let n,k,p € N with k < p. Suppose X € R" P satisfies the k-RIP with
restricted isometric constant oy, € (0,1). Then for any v,w € RP which are k-sparse,

(1)
|(X0)" (Xw) < (1+dp)l[v]l2llwllan < 2][v]la]|wl|n.

(2) If v,w have a common super-support of size k then

IXwll3 + 4llv = wllallwllan + 2[lv — wllzn > [|Xv]ls > [ Xw]3 = 4llv — w]la]w]|2n.

(8) If v,w have disjoint supports and a common super-support of size k then

|(X0)" (Xw)] < b ([[o]lz + [[w]2) n.

Proof. The first part follows from the Cauchy-Schwarz inequality and the definiton of k-RIP
applied to the vectors v, w. For the second part we write Xv = X (w + (v —w)), and we have

1X 03 = [ Xwl; +2 (X (v —w))" (Xw) + [ X (v - w)|l5.

Since v, w have a common super-support of size k, the vectors v — w,w are k-sparse vectors.
Hence from the first part we have

=2/l = wlallwllan < X (v - w)" Xw| < 2]jv —w]l2]wllzn
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0 < [ X(v—w)3 < 2llv —wli3n.

Applying these inequalities to the last equality, the proof follows.

For the third part since v, w are k-sparse and have a common super-support of size k the
vectors v+w and v—w are k-sparse vectors. Hence by k-RIP and that v, w have disjoint supports
we obtain

IX (0 + w5 < (140 llv + wllzn = (1+6) ([l + [w]3)

and similarly
IX (v = w)llz > (1 = 0&) (Ivllz + [lwl3) n.

Hence
1
|(X0)" (Xw)| = |7 [IX (v +w)]z = [1X (0 = w)ll3] |
1
< 21+ 6x) (o3 + lwli3) n = (1 = &) (1]l + [[wl]]3) 7|
< 3y, ([[ol3 + lwll3) n,
as required. O

Finally, we need the so-called Hanson-Wright inequality.

Theorem 4.5 (Hanson-Wright inequality, [28]). There exists a constant d > 0 such that the
following holds. Let n € N, A € R™™™ and t > 0. Then for a vector X € R™ with i.1.d. standard
Gaussian components

ot
P(|X'AX —E[X'AX] | >t) < 2ex [—dmin (—,—)} .
{ AX]1>9) < 2o TATE TA]
4.2 Key Propositions on the Local Structure of (d,)

To establish the Theorems 2.3 and [2.7] we need to obtain certain structural results on the
local minima of (®s).
The central object of interest is what we name as a a-deviating local minimum (a-DLM).

Definition 4.6. Let n,p € N,a € (0,1), X € R™? and ) # S1, 59,53 C [p]. A triplet of vectors
(a,b,c) with a,b,c € RP is called an a-deviating local minimum («a-D.L.M.) with respect
to S1,S2, 53 and to the matriz X if the following are satisfied:

o The sets S, 59, S35 are pairwise disjoint and the vectors a, b, ¢ have super-supports S, So, S3
respectively.

e Forallie Sy and j € Sy

2 b 2
| (Xa—a;X;) + (Xb—b;X;) + Xc|5 > || Xa+ Xb+ Xc|; — <|||Z*H|2 + %) n. (8)
1 2
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Remark 4.7. In several cases in what follows we call a triplet (a,b,c) an a-DLM with respect
to a matriz X without explicitly referring to their corresponding super-sets Sy, Sa, S3 but we do
always assume their existence.

We establish several results on a-DLMs. We start with the following algebraic claim for the
DLM property.

Claim 4.8. Let n,p,k € N with k < %p. Suppose a matriz X € R" P satisfies the 3k-RIP for
some isometric constant o3 € (0,1) and that for some a € (0,1) a triplet (a, b, c) is an a-D.L. M.
with respect to X. Then

IX (a+ ) [I2 + 2(X )" (X (a+0)) < (a + 4d5) ([lallz + [[BI[2) 7.

Proof. Let Sy, S5, S5 the super-sets of the vectors a, b, ¢ with respect to which the triplet (a, b, ¢)
is an a-DLM. Set m := |S;| = |S;]. Based on the definition of an a-DLM by expanding the
squared norm in the left hand side of (§) we have that Vi € Sy, € S it holds

2 2
a2|| X112 + B2 X112 + 2a:0; XX —2(Xa+ Xb+ X (a4, X; +0; X)) > —a M+% n.
ZH 2 7 J12 7<% J 7] m m

Summing over all 7 € 51,5 € S5 we obtain

S [aRIXilE+ B3 + 200, X7 X, = 2 (Xa + Xb+ X)T (aiX; +8;X,)] = ~ma ([l + [bl)3) n

1€S51,7€S52

which equivalently gives

m Yy a2 Xi3+m > 0 X;[13+2(Xa)T (Xb)—2m (Xa+ Xb+ Xc)' (Xa+ Xb) > —ma (||alf3 + |[b]3) »

i€S1 JES2

which after rearranging and multiplying with —% implies that the quantity

1X (a+b) |5+ 2(Xe)" (X(a+ b)) +2 (1 — %) (Xa)"(XDb)

S

mmﬁ—Eyﬂ&M]

JES2

+ IXall3 = aflIXal3

IS

+

-~

T

is at most a (||al|3 + ||b]|3) n. To finish the proof it suffices to establish that S, T are both bounded
from below by —2d3; (||al|3 + [|b]|3) n. We start with bounding S. The vectors a, b have disjoint
supports which sizes sum up to at most 3k. In particular, the union of their supports is a common
super-support of them of size at most 3k. Hence we can apply part (3) of Proposition [4.4] to get

m

1 1
5=2 (1= 1) (X0 (00) 2 ~20s (1= ) (JalB + 01E) n 2 =250, (Jol3 + [01E) .
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For T it suffices to prove that [||Xall3 —>,cq a?[| Xil|3] > —203/[al3n and since the same
will hold for b by symmetry, by summing the inequalities we will be done. Note that as a and all
the standard basis vectors are 3k-sparse vectors by 3k-RIP for X we have || Xa|| > (1—0ds1)]al/3n
and secondly ||X;]|3 < (1 + d31)n, for all i € [p]. Combining we obtain

IIXa||§—Za?HXi||§] 2 [(1—53k)||a!|§n—(1+53k)za?n = —203¢|all3n.

€51 1€851
The proof is complete. H

We now state two key properties for D.L.M. triplets. We present the proof of the first
Proposition here, as it is rather short. We defer the proof of the second Proposition to Subection
4.4 because of its length.

Proposition 4.9. Let n,p, k € N with k < %p. Suppose that X € R™*P satisfies the 3k-RIP with
restricted isometric constant o3, < 1—12 Then there is no i-D.L.M. triplet (a, b, c) with respect to
the matriz X with ||al|3 + [|b]13 > 1]|c/l3-

Proof. By Lemma [4.8 any i—D.L.M. triplet satisfies
1
I (a-+ ) I+ 20X)7 (X (o 6) < ( 3+ 46 ) (lalf + 1) .

But using the 3k-R.I.P. for X and that a, b, ¢ have disjoint supports with sizes summing up to
at most 3k we get the following two inequalities from Proposition (4.4]);

o [ X(a+b)|3> (1—03) ([la+0bl2)n = (1—10d3) (||la||? + ||b]|3) n, since a+ b is 3k-sparse and
a, b have disjoint supports.
o (Xc)"(X(a+b)) > —ds (|[cll3 + [|all3 + [|6]3), from Proposition B4l (3).
We obtain
(1= d3i) (llall3 + [16115) — 203k ([lell3 + llallz + l16]3)

is at most (% + 4ds1,) (J|lal|? + [|b]|3) . But now, this inequality can be equivalently written as

3
(5 70u ) Qlall + 012) < ducl ()

Now we use that for ds, < % it holds % — T3 > 203, Using this in (@) we conclude that

Vllall3 + [[b]]3 < 3]|cll2 and the proof of the proposition is complete.
U

The second property of D.L.M. triplets we want is the following.

Proposition 4.10. Let n,p,k € N with k < %p. Suppose X € R™P has i.i.d. N(0,1) entries.
There exists constants ci1,Cy > 0 such that if n > Ciklogp then w.h.p. there is no i-D.L.M.
triplet (a,b,c) with respect to the some sets ) # Sy, S, S3 C [p] and the matriz X such that the
following conditions are satisfied.
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(1) |a|min := min{|a;| : a; # 0} > 1.
(2) S1USs; = [k]U{p}, p € S3 and S; = Support(a).

(3) Nall3 + 11613 + llel}3 < e min{ 2L~ k}.

g(logp)’

The proof is deferred to Subection 4l

4.3 Proof of Theorems 2.3, and 2.7
We first prove Theorem 2.7 and then we show how it implies Theorems 2.3 and

Proof of Theorem [2.77. Let X' be an n x (p + 1) matrix such that for all ¢ € [n], 5 € [p] it holds
X;; = X;; and for i€ln,j=p+1 X/, = 1W, In words, we create X’ by augmenting X
Wlth the rescaled W as an extra column Note that X’ has iid standard Gaussian entries and

furthermore Y = Xg* + W = X’ i

Notice that the performance of our algorithm is invariant with respect to rescaling of the
quantities Y, 5*, o, 50 by a scalar. In particular by rescaling ¥ = X(3* —|— W with o B*I — we

can replace Y by IB* —, g* Wlth min, o? by \ﬁflémn and finally 3y by I ‘2 and thus we may

min

assume for our proof that |5* |mm = 1 Notice that in this case our desired upper bound on the

o . Y-X : . . :
running time remains 4k% and our assumptions on the variance of the noise is now simply

0% < cmin{ —€2_ [} for some ¢ > 0.
loglogp’

Recall that the desired output of the algorithm are vectors B satisfying the following termi-
nation conditions.

Termination Conditions:
(TC1) Support (B) = Support (5*) and,

(TC2) |3 =Bl <o

We start with the following deterministic claim.

Claim 4.11. Assume that the algorithm LSA has the following property. For any k-sparse (
which violates at least one of (TC1),(TC2) we have ||[Y — XB'||2 < |V — X% — Z—zn, where
B’ is obtained from B in one iteration of the LSA. Then the algorithm LSA terminates for any
k-sparse vector [y as input in at most 4/@% iterations with an output vector B satisfying
both conditions (T'C1),(T'C2).

Proof. The property clearly implies that for the algorithm to terminate it needs to satisfy both
conditions (T'C'1), (T'C'2). Hence we need to bound only the termination time appropriately. But
since at every iteration that the algorithm does not terminate the quantity ||Y — X 3||3 decreases

by at least ¢ n the result follows.
]
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For any vector v € R? and () # A C [p] we denote by v4 € RP the p-dimensional real vector
such that (v4); = v; for i € A and (va); = 0 for i € A. Furthermore we set vy = 0,y for any
vector v. Without the loss of generality from now on we assume Support (8*) = [k]. Following
the Claim .11l and our discussion, in order to prove Theorem [2.7] it suffices to prove that there
exists ¢, C' > 0 such that w.h.p. there is no k-sparse J that Vlolates at least one of (TC1),(TC2)
and furthermore satisfies that ||[Y — X3'||3 > ||V — X5||5 — n where (3’ is obtained from f in
one iteration of the LSA.

Suppose the existence of such a 3. We first choose C' > 0 large enough so that X' satisfies
the 3k-RIP with d3;, < % The existence of this C' > 0 is guaranteed by Theorem (4.3l Denote by
T a super support of /3, that satisfies |T'| = k and T'N[k|] = Support (8) N [k]. The existence of T’
is guaranteed as [Support (3) | < k and k < £. Note that in particular (TC1) is satisfied if and
only if Support (3) = [k] if and only if T' = [k]. We know that for all i € [p], j € T and ¢q € R,

0.2

Y = X8+ 8;X; — aXill} > |V = XBllo — T-n

or equivalently,

2

| XB +W — XB+ B;X; — qX;ll3 > || X+ W — X5||2—E7’LW€HJ€T,€/€R (10)

Consider the triplets (a, b, ¢), (d, e, g) € RPTL x RPTL x RPTL where

= V%\T} b= {‘%\[k]} . {(5* _f)[k}ﬁT]

and

g

g [(ﬁ* Bk OT} ;e [ pxl] = [(ﬁ*mw— (@T\[k]} _

Lemma 4.12. Assume that ||(8 — 8*)wnrll3 = o®. Then the inequalities (I0) imply that the
triplet (d, f, g) is i—DLM with respect to the matriz X'.

Proof. We use the relation (I0) and we choose i = j € [k]NT , and ¢ = 3} to get that

2

IXB*+W — XB+ (B — BYXi|2 > |XB" + W — X8|, — Ukn for all i € [K] N T.

But now notice that with respect to X’ € R™®+1) and the vectors d, f, g defined above this
condition can be written as

2

|1X'd+X'f + X'g = d:Xills 2 [IX (d+ f +9) 15— 7

—n, forallie [k]NT. (11)

But based on our assumptions we have

13+ 115 _ 108 = B")wnzlI3 o’

AT~ KNI S EAT

=~
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which combined with the inequality above gives,

1ld 2 2
| (X'd —d; X))+ X'f+ X'g|l5> || X'd+ X'f + X'g|)5 — 1%71, for alli € [k|NT,
(12)

which by definition since f = 0 says that (d, f, g) is a i-DLM triplet with respect to [k] N T, U
and Support(g), where U is an arbitrary set of cardinality |[k] NT"| which is disjoint from [k]NT
and Support(g). O

Recall that 8 does not satisfy at least one of (TC1) and (TC2). We now consider different
cases with respect to that.

Case 1: T = [k] but || — *]|3 > o>

In that case ||(8 — 8*)wnrll3 > 02, because T' = [k]. In particular, from Claim we know
that (d, f,g) is a i—DLM triplet with respect to the matrix X’. From Lemma 9 since we assume
that X' satisfies the 3k-RIP with d3;, < 1—12 w.h.p. we know that for (d, f, g) to be a i—DLM triplet

it needs to satisfy
1
il + 117112 < Zllgllz, w-h.p.

which equivalently means

* 1 *
1B = By 13 < 1 B2 l3 + 18w I3 + 0%) w.hup.
or equivalently as T = [k]
2
. o
|W—5H§<2Whp

This is a contradiction with our assumption on 3 that |3 — 8*||3 > 2. Therefore indeed this
case leads w.h.p. to a contradiction and the proof in this case is complete.

Case 2: T # [k].

We start by proving that in this case if we choose ¢ < 1 then the inequalities (I0) imply
deterministically that (a, b, c) is an :-DLM triplet with respect to [k]\ T, T\ [k] and ([k] N T) U
{p+ 1} and the matrix X'. Fori € [k]\ T, j € T'\ [k] and ¢ = 3} (I0) implies

2

|X8" +W = XB+BX; = BXl3 > | X8+ W = XBlla — Ton, forall i € [\ T.j € T\ [K].

But now notice that with respect to X’ € R™*®*1 and the vectors a, b, ¢ defined above, this
condition can be written as

2
|X'a+ X'b+ X'e = a,X] = bXJI5 > X' (a+ b+ ) 3 - (13)
for all i € K]\ T,j € T\ [K] (14)

Furthermore since the non-zero elements of a are non-zero elements of 5* we know |a|myin >

1.
In particular for all i € [k]\ T it holds a? > 1 and therefore for m = |[k] \ T'| it holds % >
|a|min > 1. Therefore the inequality above implies

2 2 2
1X'a+ X'b+ X'c — a;X] — b;X|2 > || X'a + X'b+ Xc|)3 - 2]: (“a||2; "b“2) . (19)

foralli € [K]\T,j € T\[]  (16)
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Finally, since we are assuming ¢ < 1 we have 0 < k and therefore

HQM—@X3+Q%—bXQ+Xﬂ%WXh+X&HﬂW—E llallz + l1bz (17)
(St} J<xg 2 = 27y m )

forallie K]\ T,j e T\ [k (18)

which since m = k — |[k]NT| = |[k]\ T| = |T \ [K]| is exactly the property that (a,b,c) is
1-DLM with respect to the sets [k] \ 7", T'\ [k] and ([k] N'T) N {p+ 1} and the matrix X’. Since
we assume that X’ satisfies the 3k-RIP with d3, < % we conclude from Proposition that
lall3 + 1[8]13 < Fllcll3 or equivalently,

* 1 *
1Biprll3 + 18wl < 1 ([1(8 = B wrrll3 + o2) - (19)

Now we apply Proposition 10 for the i—DLM triplet (a, b, c) with respect to Sy := [k] \ T,
Sy :=T\ [k] and S5 := ([k]NT) U {p+ 1}. Let ¢;,C, > 0 the corresponding constants of the
proposition. We choose our C' to satisfy C' > (4 so that the hypothesis of the Proposition .10
applies for any i-DLM triplet with respect to our matrix X’. In particular since (a,b,c) is a
i—DLM triplet we know that it should not satisfy one of the conditions w.h.p. We have that
|a|min > 1 and it is easy to check that S; U S; = [k]U{p+ 1}, p+1 € S5 and S; = Support(a).
Therefore from the conclusion of Proposition LT0l it must be true that the triplet (a,b, ) must
violate the third condition, that is

_ logp
¢ mm{loglogp,k‘} < llall3 + [16l13 + llel3, w.h.p.
or equivalently
o logp N 5
c1 mm{loglogp,k‘} < N Bigrllz + 18rvmlls + 18 = B)remll3 + o,

Applying inequality (I9]) with the last inequality we conclude

. logp 1 . .
€1 mm{loglogp’ k} < Z(H(ﬁ -8 )[k}ﬁT”% +0)+ (B8 )Tﬂ[k]”g + 02,
or equivalently
4 . logp .
501 mm{loglogp’k} - 02 < ||(5 - ﬁ )[k]ﬂTH%v

2

Choosing our constant ¢ > 0 to satisfy ¢ < 2

therefore the last inequality implies

o]
c1, we can assume 202 < 4c;min{—22_ k} and
) 5 loglogp’

o? < ||(8 - B*>[k}ﬂT 15, (20)

This by Lemma B2 implies that (d, f,g) is also an i—DLM triplet. In particular from
Proposition we have

1
ldllz + 1712 < 719l
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which equivalently means

* 1 *
| (B—28 )[k}ﬁT 5 < 1 (Hﬁ[k]\T“g + ||5T\[k]||§ + ‘72) :

Using (I9) the above inequality implies w.h.p.

1
|| (5 - 5*)[/&]07“ Hg < 1 (1/4(H(ﬁ - B*)[k}mTH% + ‘72) + ‘72)

which implies
1

(B = B")pgr 5 < 502,

a contradiction with the inequality (20]).
U

Proof of Theorem[2.3 and Theorem[2.8. Given Proposition we only need to establish The-
orem to establish both of the Theorems, that is we only need to prove that there is no
non-trivial local minimum for (®,) w.h.p. We choose constants ¢, C' > 0 so that the conclusion
of Theorem 2.7]is valid. Suppose the existence of a k-sparse vector § which is a non-trivial local
minimum for (®,), that is it satisfies the following conditions (a),(b);

(a) Support () # Support (5*), and

(b) if a k-sparse (31 satisfies

max{ |Support (3) \ Support (81) [, [Support (31) \ Support (3) |} <1,

it must also satisfy
1Y = XBill2 > [|[Y — X3

We feed now ( as an input for the algorithm (LSA). From condition (b) we know that
the algorithm will terminate immediately without updating the vector. But from Theorem 2.7
we know that the output of LSA with arbitrary k-sparse vector as input will output a vector
satisfying conditions (1), (2) of Theorem 2.7 w.h.p. In particular, since 5 was the output of LSA
with input itself, it should satisfy condition (1) w.h.p., that is Support (8) = Support (8*), w.h.p.
which contradicts the definition of § (condition (a)). Therefore w.h.p. there does not exist a
non-trivial local minimum for (®,). This completes the proof. O

4.4 Proof of Proposition 4.10!
Here we present the deferred proof of Proposition [4.10l

Proof of Proposition[{.10. We first choose C; > 0 large enough based on Theorem [.3] so that
n > Ciklogp implies that X satisfies the 3k-RIP with 43, < %6 w.h.p. In particular all the
probability calculations below will be conditioned on this high-probability event.

We start with a lemma for bounding the probability that a specific triplet (a,b,c) is an

1 . .
3-D.L.M. triplet with respect to X.
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Lemma 4.13. There exists a ¢o > 0 such that for any fized triplet (a, b, c) with a # 0,

1 2 b||2
P ((a, b,c) is a §-D.L.M. tm’plet) < 2exp (—con min{1, W}) ,
Cll2

where for the case ¢ = 0 we abuse the notation by defining % = +00.

Proof. We prove only the case ¢ # 0. The case ¢ = 0 is similar. Assume a fixed triplet (a, b, c)
is an %—DLM. Using Claim [4.§ we have that it holds

I (a-+ ) I + 2067 (X(a+ 0) < (5 + 46 ) (lalf + [0 .

We set X; = X <m> and W; = X (W) and notice that X, W; have independent
all 2

N(0,1) entries because a, b, ¢ have disjoint supports. The last inequality can be expressed with
respect to X, W, as,

c 1
1008 + 2 i < (5 + 40 ) 0
CEEE

Now we introduce matrix notation. For I, the n x n identity matrix we set

llell2

I ———1
e Vlal+1e13
= el 0
n n
lal3-+ 1613

and V be the 2n vector obtained by concatenating X, Wy, that is V := (X, W;)". Then the last
inequality can be rewritten with respect to the matrix notation as

1
VIAV < <§ + 45%) n.

We now bound the probability of this inequality. First note that since V' is a vector with iid
standard Gaussian elements it holds that E[V'AV] = trace (A) = n. Hence,

e (viav < (1))
1

<P <|vt,4v ~E[V'AV]| 2 (5 - 453k)n) , using E[V*AV] = n,

1 1 1
<P <|VtAV — E[VtAV] | > %) , using that d3; < 16 implies 3~ 4655, > 1
Now we apply Hanson-Wright inequality, so we need to estimate the Frobenious norm and the

spectral norm of the matrix A. We have

HCH2 2}71. (21)

IAI[E < 3nllAll% < 3max{l, s
! lall3 + [1b113
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Now using that A can be represented as the Kronecker product

! el
_ VISR
A= el o ® I
fall3-+1013

we obtain that the maximal eigenavalue of A is the maximal eigenvalue of the 2 x 2 first product
term of the Kronecker product. In particular from this it can be easily checked that,

/ HcHz
Al < 2max{1, 22

Now from Hanson-Wright inequality we have for some constant d > 0,

1 1p2 1y
P(|VIAV —E[VIAV] | > —n) < 2exp [—dmin ( 16 ,4—>} 23
<' ViAv]i= g R (23)

: : llell3 llell3 :
Using (21)), (22) and noticing that max{1, 4/ ||a||%+||b||%} < max{1, ||a||%+||b||%} we obtain that for

the constant cq := %d it holds

1,2 1 2 2

(3" - oq Llalls + 118l

d min ( 16 ,4—) > conmin{l, —2 121
LANE lIAl C lell3

and therefore using (23) the proof is complete in this case. O

Now we proceed with the proof of the proposition. We define the following sets parametrized
by r,é >0 and a € (0,1)

B,z ={(a,;b,¢)|a,b,c € R? |lallo + [|llo + llcllo < 2k + 1, [|all3 + I6]13 + llcll3 < 7*, almin > &}
and

D, ¢ equal to
{(a,b,c) € Bng}(a, b, c) is a-D.L.M. with correspondning super-supports satisfying
the assumption (2) of the Proposition 10 }

We call a triplet of sets () # Sy, S5, 53 C [p] good if
e 51,5,, 55 are pair-wise disjoint
o |Si| =1|Ss|, p € S3 and S; U S3 = [k] U {p}
For « € R and S C R we define the set
S—a:={s—alse S}

Fori=1,2,3weset P,:={(i—1p+1,(0—1)p+2,...,ip}. Notice that the sets Py, P, P3
partition [3p]. We define the following family of subsets of [3p],

T :={T C [3p]| the triplet TN P, T NP, —p, TN P;— 2pis good}.
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It is easy to see that T C {T C [3p]||T"| < 2k + 1}. Furthermore for any 7" € T we define

B, :(T) :={(a,b,c) € BM}Support ((a,b,c)) CT,T N P, = Support (a)}

and

D, +(T) equal to
{(a,b,c) € Bng(T)‘(a, b, c) is a-D.L.M. with respect to TN P, TN Py, —p, TN Py — 2p}.

We claim that

Di,r,l = U Di,r,l (T) . (24)
TeT

For the one direction, if A = (a,b,¢) € D1, (T) for some T € T then (a,b,c) is a-DLM with
corresponding super-supports T N Py, T N LE —p, TN Py — 2p which can be easily checked that
they satisfy assumption (2) of the Proposition [£10] based on our assumptions. For the other
direction if A € D1, s an a-DLM with respect to S1, 52, S5 satisfying the assumption (2) of
the Proposition, it can be easily verified that for the set 7' = S; U (S3 + p) U (S35 + 2p) it holds
T €T and furthermore A € D1, (T).

Now to prove the proposition it suffices to prove that there exists ¢;,C; > 0 such that if

n > Ciklogp and r = \/cl min{ —2€2_ k1 then

loglogp?’

lim P (Dy,, #0)=0.

k——+o0

Using the equation (24) for a = i and ¢ = 1 and the union bound it suffices to be shown that

for some ¢y, C7 > 0if n > Ciklogp and r = \/cl min{ log p k} then

loglogp’

k—+o00

lim TZE:TP (Dyo (1) #0) =0,

We now state and prove the following packing lemma.

Lemma 4.14. There exists Cy > 0 such that for any r > 0,6 € (0,1) and T € T we can find
Qr1-5(T) C B,1-5(T) with the following two properties

2k+1

o |Qr1-5(T)] < Cy (%)
o For any p € B,1(T) there exists ¢ € Q1-5(T") with |[p — q||2 < 0.

Proof. Fix r > 0,0 € (0,1) and T" € T. Since T' C [3p] and |T'| < 2k + 1 using standard packing
arguments (see for example [3]) there exists universal constant Cy > 0 and a set

Qr1-5(T) C BA(T) := {(a,b,c)|a, b,c € R”,Support ((a,b,¢)) € T, [lall + [[b]2 + [lell3 < r*}

with the properties that |Q), 5(T)| < Cq (%)%Jr1

q € Q. s(T) with [[p —ql]2 < 6.

and that for any p € B,(T') there exists
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To complete the proof we define

Qra—s (T) = @1 5(T) N Bras(T).
As Qr1-5(T) € Q. _5(T) it also holds

2k+1
QD) < (Dl <G ()

For the other property let p = (a,b,¢) € B,1(T). Since B,i(T) C B,(T') there exist ¢ =
(I, m,n) € Q. _5(T) with [[p—ql|l2 < 0. We claim that ¢ € B, 5(T) which completes the proof.
It suffices to establish |/|mi, > 1—39 and that Support (1) = TNP;. We know |ja—[||o < [Ja—I||2 <
|lp — ql|2 < 0. Therefore since for al i € T'N Py, |a;| > 1 we get that for alli € TN Py, |I;] > 1—4.
Since T'N P, was assumed to be a super-support of [ this implies both Support (1) = 7'N P; and
|| min > 1 — 0.

U

Claim 4.15. Consider the sets {Q1-5(T)}rer from Lemma (4.14) defined for some r > 0 and
0 <6 <min{z-, 1}, If X satisfies the 3k-RIP with 63 € (0,1) then for any T € T such that
D%ml(T) # (0, we have Q,1-s(T) N D%m%(T) £ ().

Proof. To prove the claim, we consider an element A = (a,b,c) € D 1 +1(T). Note that since
A e D%,m(T) C B,1(T) C B,1-5(T) the definition of @, ;_s(7) implies that for some L =
(I, m, g) € Qr1—5(T) it holds [|A — L||2 < 4. To complete the proof we show that L € Dy . 1(T).

Notice that from the definition of the sets @, 1_s(T )aD%,m(T ), the vectors a,l share the
set S; = T N P, as a common super-support and furthermore the vectors b, m share the set
Sy =T N P, as a common super-support. Since A € D%ml(T) we know firstly S; = Support(a),

secondly for any ¢ € S; = Support(a), |a;| > 1 and finally that for any ¢ € S; and j € Sy

1 2 p)2
| (Xa—a;X; + Xb—b;X;) + Xc|3 > | X(a+b+ )5 — 1 (|||g|||2 + —|||S”|2) n. (25)
1 2

To prove L € D 1l (T") it suffices to prove now firstly that S; = Support(l), secondly for any
i € Support(l), |l;| > 5 and finally that for every i € S; and j € S,

2 2

X1 =1+ X = g ,) + Xl 2 10+ m+ )3 - 5 (T + L)
We start with the first two properties. This is a similar calculation as in the proof of Lemma
EI4 We know [ja — ||z < ||[A — L[]z < § < i. In particular, ||a — ||« < 3. But we know that
S1 = Support(a) and |a|ymin > 1. These together imply that for all i € Sy, |l;| > % Since S; is
a super-support of [ we conclude that indeed S; = Support(l) and that for any i € Support(l),
1l;] > % as required. Now we prove the third property and use Proposition [£.4l By part (2) of
this proposition we know that since X satisfies the 3k-RIP for some restricted isometric constant

03 < 1, any two vectors v, w which share a common super-support of size at most 3k satisfy

IXwll3 + 4llv = wlla|lwllon + 2]lv — wllzn > [|Xv]ls > [ Xw]3 = 4lv — wla|lw]lan (27)
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For our convenience for the calculations that follow we set for all ¢ € Sy and j € Sy, A, =
A — aje; — bje; and L;; := L — l;e; — mje;, where by {e;};ci3y) we denote the standard basis
vectors of R*. In words for all i € S; and j € S, we set A, ; the vector A after we set zero its i
and j coordinates and similarly we define L; ;. Now fix ¢ € 57, 7 € S. Then we have by directly
applying (27) for the two pairs v = L;; and w = A; ; and v = L, w = A that

IX (A5 < NX(Lig)l3 + 4l Liy — Aijll2llAijllan + 2| Lij — Asjli3n

and
IX (A3 > [ X(L)]|5 — 4[| A — L2 || L2,

Hence || X (A;;)]|3 — [|X(A)|)3 is at most
IX(Lig)l3 + 4l Liy — AsjllallAijllan + 20| Liy — Agjllzn — [ XL)]13 + 4I1A — L]l2[| All2n.
But using the easy observations
[Aij = Lijll2 < A= L2 <6

and
[Aijlla < |Afl2 <7

we get that the last quantity can be upper bounded by || X L; ;||2—[| X L||3+(8r+22)n. Therefore
combining the last steps we have established

IX (A )5 = IX (AN < X Lijll5 = [ XL]5 + (80r + 26%)n.

But we know that by our assumptions || X (A4;;)|3— [ X (A4)[]3 > —1 (% + %) n. Therefore
LNl 1603
XLij|3 - I XL > —~ (—2+—2 n — (867 + 26°)n.
|| 7]||2 || ||2 = 4 |Sl‘ ‘S2| ( )
So to prove (20) it suffices to be proven that
L (al3 ||b!|§) 2 1 (HlH% Hm||§)
—— +—=)n—-(8r+2")n>— | —=+ n. 28
3 (T o) e (i gy .

Note that ||Alls < r,||L|ls < 7, [][A — L]z < ¢ implies ||la||2 — ||I]|3 < 26r and ||b]|2 — ||m||3 < 207

Hence from the definition of A, L and since |S;| = |S2| > 1 it holds,

L[ al ||b||§> 1 (|ll||§ ||m||§)
Nt s |z | T o | < 20rn.
2 <|51| |52 2\[5:] 5]

In particular it holds

1 (lall3 Hb||§) 1 <Hl||§ Hm||§)
sl et |n=2—5 a7+ o | n—20rn.
2 <|51\ |55 2\ [S1]  [5]

Hence using the last inequality we can immediately derive (28) provided that

1 llall3 | [Iol3 oy _ 2
+ n > 26rn + (80r + 26%)n = (1007 + 26°)n.
A\ 5] [9
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But now since af > 1 forallz € 5y, I:gﬁ > 1 and therefore

1 (al IIbHS) 1

— +—=1n>-n.

4 ( 151 15 4
so it suffices that 267 + 106r < 7. It can be easily checked to be true if 6 < min{z-, +}. The
proof of the claim is complete. O

To prove the proposition we need to show that for some c¢;,C; > 0 if n > Ciklogp, r =

\/ c1 min{log)i’gj > k} and § = er then for the appropriately defined sets {Q,.1-s(T) }rer it holds

k——+o00

lim 3" P (|Qu5(T) N Dy 4 (1) > 1) =0,
TeT
But by Markov inequality for all such T € T,

P (1Qu-s(T) N Dy 3 > 1) <E[|Qu-s(T) N Dy,

Furthermore for all '€ T, 1 < |T'N P| < k. By the Markov inequality and summing over the
possible values of |T'N Py for T' € T, it suffices to show that for some ¢;,C; > 0if n > Ciklogp

and r = \/cl min{ —2€2_ L1 then,

loglogp’

k
dim S > E(1Qus(T) N Dy, (T)]) =0 (29)

m=1TeT,|TNP:|=m

Nl

Fix m € [k] and a set T" € T with |T'N Py| = m. Then for any A = (a,b,¢) € Q,1-5(T) N
Dy, 1(T), since D1, 1(T) € B, 1(T), we have |a|mn > £ and ||a||3 + ||b]|3 + ||c[|3 < r?. Based
on the definition of D%m%(T), we also have |Support(a)| = |Si| = |S2| = |T' N Pe| = m. Hence,
all3 > |a|2m > m and ||c]|3 < [lal|3 + [|6]|3+ [|¢]|3 < r*. By Lemma I3l we know that for any

min
llall3+I1ol13

triplet A = (a,b,¢c), P (A €D, T,%(T)> < exp (—con min{1, e
[L) C 2
inequalities we can conclude that for any such A = (a,b,¢) € Q,1-5(7T") it holds

}) Hence using the above

1
P (A € D%m%(T)) < 2exp (—iconmin{l, g}) (30)

Linearity of expectation, the above bound and the cardinality assumption on @, ;—s(7") imply

N|=

IE[|Q,,,1_5(T) nD, (T)|] < 2|Qr1_s(T)| exp (—icon min{1, g}) (31)

1o\ 2K+ 1
< 20% ( (;) exp (—Zcon min{1, — }) . (32)
r

We now count the number of possible T € T with |T'N Py| = m. Recall that any 7' C [3p]
satisfies T' € T if and only if the triplet of sets TN P, T N P, — p, T N P3 — 2p is a good triplet.
That is if and only if
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(1) TNPy, TNP,—p, TNP;—2p are pairwise disjoint sets and |TNPy| = |TNPo—p| = |[TNP| =m
2) pe TNP—2p
(3) (TN P)U(TNPs—2p) = [kl U{p}

Since a set T" C [3p] is completely characterized by the intersections with Pj, Py, P3, it suffices
to count the number of triplets of sets T'N P;, « = 1,2, 3 satisfying the three above conditions.
Now conditions (1),(3) imply that 7°N Ps is completely characterized by 7'N P;. Furthermore
by checking conditions (1), (2), (3) we know that 7'M P, is an arbitrary subset of [k] of size m.
Hence we have (:1) choices for both the sets T'N P; and T'N Ps. Finally for the set T'N P, we
only have that it needs to satisfy |T'N Po| = m. Hence for T'N P, we have ( k4 ) choices, giving in

total that the number of sets 7' € T with |T'N P,| = m equals to (7’;) (7). Hence,
kN [ p 120\ 2 1 . om
> E(IQus(M)nDy 1)) < 2<m) (m) Cy (T) exp | —geonmin{1, 55} ) .
TeT,|TNP:|=m
Summing over all m = 1,2,..., k and using the bounds (7];) < 2k (i) < p™ we conclude that

i S E(1Qus(T)n Dy, 4(1)])

m=1TeT,|TNP|=m

1o\ 2k 1
20;k2" _max [pm (Tr) exp (—Zcon min{1, g}) )

-----

is at most

Therefore it suffices to show that for some ¢, C; > 0if n > Ciklogp, r = \/01 min{ log)lgogp, k}
and 0 = % then

197\ 21 1 m
: k m : _
lim k2 max [p (—5 ) exp (—ZCOTLHHH{L 2 }) = 0.

k—o00 m=1,...,

Since this is an increasing quantity in n and in % we plug in n = %Clklog pand § = er (since
r — 4o00) and after taking logarithms it suffices to be proven that for C; large enough but

constant and ¢; > 0 small enough but constant, if r = \/ ¢y min{ —2€2_ £ then

loglogp’
max [m log p + (2k + 1) log (1000r*) — Cyklog pmin{1, @2}} + klog2 + log k — —oo.
m=1,.., r

2 2

We consider the two cases: when m < r? and when m > r2. Suppose m > r?, that is
min{1, %5} = 1. We choose ¢; small enough so that 100072 < k < p and therefore

max [m logp + (2k + 1) log (1000r*) — Cyk log pmin{1, %}} + klog?2 + log k
k>m>r2 r

= max_[mlogp+ (2k + 1) log (1000r*) — Ciklogp] + klog2 + log k

k>m>r2
< —(Cy — 4)klogp + klog2 + log k, since mlogp + (2k + 1) log (1000r*) < 4klogp,
< —(C1 = 5)klogp,

30



which if C} > 6 clearly diverges to —oo as k — 4o0.
Now suppose m < r?, that is when min{1, 2} = 7z. We have

max [m logp+ (2k + 1) log (10007~2) — C1klogpmin{1, g}] + klog?2 + log k

1<m<r2

= max [m logp + (2k + 1) log (1000r2) - Clklogp%} + klog2 + logk.
T

1<m<r?

We write

mlogp + (2k + 1) log (1000r*) — C1k logpg

C C
=mlogp — —klogp - o (2k + 1) log (10007’2) — Zklogp- mn
2 r2 2 72
But now for ¢; < 1 we have r? < k and therefore
Cl 1m Cl
1 — —kl =< (1—-=—)ml < =21
mlogp — —klogp - 7-5 < (1 — —-)mlogp < ~2logp (33)

for C; > 6. Now we will bound the second summand. Again assuming C; > 6 and using that
m > 1 we have

C 1
(2k + 1) log (1000r?) — ék‘logp- T_Q < 3k (log (10007%) — ™ logp) (34)

Now we claim that the right hand side of the above inequalty is at most —3k, given ¢; small

enough, as k — +oo. It suffices to prove that if r < /¢y logjlgo{; - for some ¢; > 0 small enough

then log (1000r?) — 75 logp < —1 or equivalently 72 log (1000r?) + % < 1logp. But notice that
the left hand side of the last inequality is increasing in 7 and it can be easily checked that if

T2 = l—Ing then w
5 loglogp logp
i' Therefore if ¢; < % the inequality becomes true for large enough p for this value of r and my

monotonicity for all smaller values of r as well. Now combining ([B3)) and (34]) we conclude that
for small enough ¢; > 0 and large enough C; > 0 that

tends in the limit (as p grows to infinity) to + which is less than

1
max _|mlogp + (2k + 1) log (1000r2) — C’lkrlogp—g +klog?2 + log k

1<m<4r? 4
< —2logp — 3k + klog2 + logk
< —(3—=2log2)k + logk — —o0, as n,p,k — +oo

which completes the proof.
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