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INVARIANT HERMITIAN FORMS ON VERTEX ALGEBRAS

VICTOR G. KAC
PIERLUIGI MOSENEDER FRAJRIA
PAOLO PAPI

ABSTRACT. We study invariant Hermitian forms on a conformal vertex algebra and on
their (twisted) modules. We establish existence of a non-zero invariant Hermitian form on
an arbitrary W-—algebra. We show that for a minimal simple W-algebra Wj(g,0/2) this
form can be unitary only when its 3Z-grading is compatible with parity, unless Wi (g, 6/2)
“collapses” to its affine subalgebra.

1. INTRODUCTION

In the present paper we study invariant Hermitian forms on a conformal vertex algebra V'
and its (possibly twisted) positive energy modules. By a conformal vertex algebra we mean
a vector superspace V' over C, endowed with a structure of a vertex algebra (with state—field
correspondence a — Y (a, z)), and a Virasoro vector L such that the eigenvalues of Lg lie in
%Z+, all eigenspaces are finite-dimensional, and the 0-th eigenspace consists of multiples of
the vacuum vector (cf. Definition 1.1 in Section 2l and [11]).

Let ¢ be a conjugate linear involution of V. A Hermitian form (-, -) on V is called
o—invariant if, for all a € V', one has
(1.1) (v,Y (a,2)u) = (Y(A(2)a,z Do, u), wu,veV.
Here A(z) : V — V((z)) is defined by
(1.2) A(z) = e#l1z72log,
where
(13) ola) =V T@OE00), ac,

and p(a) = 0 or 1 stands for the parity of a and A, for its Lo—eigenvalue. The definition of
a ¢-invariant Hermitian form on a V-module M is similar (cf. Definition [6.0]).

The operator A(z) with g = (—1)% appeared first in [4] in the construction of the coadjoint
module in the case when V is purely even and the eigenvalues of L are integers. Under the
same assumptions on V' this operator was used in [9] for the construction of the dual to the
V-modules.

Formula ([L2) with ¢ = (—1)°¢ was used in [7] to define unitary structures on vertex
operator algebras and this notion was generalized in [3] to vertex algebras with %ergrading
compatible with parity, in which case formula (3] simplifies to (see (4.2]))

2
g = (~1)tot2hg,

As one can infer from the above remarks, the motivation for this definition stems from
the observation that, given a V-module M, one has (as in the Lie algebra case), a bijective
correspondence between ¢—invariant Hermitian forms (-,-) on V and V-module conjugate
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linear homomorphisms © : M — MT, where M is the conjugate linear dual to M, with
V—module structure defined by

(1.4) (YVysi(a.z)m’,m) = (m/, Yar(A(2)a,z~HYm), m e M,m' € MT.

Our first result, which generalizes [9, Theorem 5.2.1, Proposition 5.3.1] (with a similar
proof), is Proposition formula ([4]) indeed defines a structure of a V—module on the
restricted dual superspace MT of M. Our second result, which generalizes, with the same
proof, that of [I5] in the symmetric case, is Proposition 3] which describes ¢—invariant
Hermitian forms on V. Its Corollary [4.7] claims that a conformal vertex algebra V with a
conjugate linear involution ¢ admits a (unique, up to a constant factor) ¢—invariant Hermitian
form if and only if any eigenvector of Ly with eigenvalue 1 is annihilated by L; (see also
Remark [£.4]). As usual, such a Hermitian form can be expressed in terms of the expectation
value on the vacuum (see formula (£.9)).

In Section Bl we construct invariant Hermitian forms of fermionic, bosonic, affine and lattice
vertex algebras. In Section [0l we extend the results on invariant Hermitian forms on V' to
arbitrary positive-energy (twisted) modules M. Proposition 5.3 claims that the space of
¢—invariant Hermitian forms on M is isomorphic to the set of w—invariant Hermitian forms
on the module My over the Zhu algebra. Here M is the lowest energy subspace of M and w
is the conjugate linear anti-involution of the Zhu algebra, induced by the endomorphism of
the superspace V defined by

wv)=Al)w, veW

In Remark we note that actually Proposition is a special case of Proposition

In Section [0 we construct an invariant Hermitian form on the W-algebras W*(g, z, f)
[12], [13]. This construction is based on Proposition [[4] (b), which says that the condition
of Corollary 7] that all eigenvectors of Ly with eigenvalue 1 of the vertex algebra are
annihilated by L1, holds, provided that the elements h := 2z and f can be included in a
sl(2)-triple {e, f,h}.

In conclusion of this section we briefly discuss unitarity (i.e., positive semi-definiteness) of
this Hermitian form for minimal 1 -algebras W¥(g,6/2). We show that the only interesting
cases might occur when the %ngrading on the W-algebra is compatible with parity. In all
the other cases we show that the W-algebra can be unitary only at collapsing levels [1], i.e.
when the simple W-algebra Wi(g,6/2) “collapses” to its affine subalgebra: see Propositions
[C9 [.I1l These are just the first steps towards classification of unitary minimal W -algebras.

Throughout the paper the base field is C. We also denote by Z. the set of nonnegative
integers and by N the set of positive integers.

2. SETUP

2.1. Basic definitions. Recall that a vector superspace is a Z/2Z-graded vector space V =
V5 @ V7. The elements in Vg (resp. V;) are called even (resp. odd). Set

0eZ ifvelj,
p(v) = .
leZ ifvelj,

i.e. we will regard p(v) as an integer, not as a residue class. We will often use the notation

(2.1) o(u) = (—1)PWu,  pu,v) = (—1)PPE),
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Let V' be a vertex algebra. We let

(2.2) Y :V = (EndV)[[z 27,
v Y(v,z) = Zv(n)z_”_l (V(n) € End V),
neL

be the state—field correspondence. We denote by 1 the vacuum vector in V' and by T the
translation operator (see e.g. [II] for details).

Definition 2.1. In the present paper we will call a vertex algebra V' conformal if there exists
a distinguished vector L € V3, called a Virasoro vector, satisfying the following conditions:

o 1
(23) Y(L7 Z) = Zan " 27 [Lm7Ln] = (m - n)Lm-l-n + E
neL
(2.4) L, =T,

Ly is diagonalizable and its eigenspace decomposition has the form

(2.6) V= V.

TLG%Z+

(m3 — m)dpmn,0c,

where
(2.7) dim V,, < oo for all n and Vj = C1.
The number c is called the central charge.

Remark 2.2. Important examples of conformal vertex algebras are vertex operator super-
algebras, namely the conformal vertex algebras for which decomposition (2.6]) is compatible
with parity, i.e. o(u) = (—1)2Fou.

In the definition of [II] of conformal vertex algebras properties (2.6 and (2.7) are not
required.

By an automorphism of a conformal vertex algebra V' we mean a vertex algebra automor-
phism ¢ of V' (i. e. ¢(u(,v) = ¢(u)m)¢(v) for all n € Z) with the property that ¢(L) = L.
Consequently, ¢(V,,) = V,,.

The eigenvalues of Ly on V are called conformal weights; the conformal weight of v € V' is
denoted by A,, so that v € Va,. The eigenvector v of Ly is called quasiprimary if Liv = 0
and primary if L,v = 0 for n > 1. One has for v of conformal weight A,:

(2.8) [Lav] = (Lo + AyMv+ Y 2L, .
n>2
Here and throughout the paper we use the formalism of A-brackets, which are defined by
[uxv] = Res,e*Y (u, 2)v, u,v € V.
Let T" be an additive subgroup of R containing Z. If v € R, denote by [v] its coset v + Z.

Definition 2.3. Let V be a conformal vertex algebra. A T'/Z-grading on V is a map
T : [y] ~ VDI C V such that V decomposes as

(2.9) v= & vh
hler/z

and (2.9) is a vertex algebra grading, compatible with Ly, i.e.
V[a}(n)v[m c viethl - povhhy cvbl
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If a € VD! then [v] is called the degree of a. Given a vector a € V of conformal weight
A, and degree [v], denote by ¢, the maximal non—positive real number in the coset [y — A,].
This number has the following properties [5]:

(2.10) €1=0, €ra==€, €ayp==¢ €+ x(a,b),
where x(a,b) =1 or 0, depending on whether ¢, + ¢, < —1 or not.
Let v, = Ay + €4 . Then
(2.11) 71=0, Ma=%"+1, Yo =" +mw+x(ab) —n—1.
2.2. Twisted modules.

Definition 2.4. Let I' be an additive subgroup of R containing Z, and let T be a I'/Z—grading
on a conformal vertex algebra V. A Y—twisted module for V is a vector superspace M and a
parity preserving linear map from V to the space of EndM—valued YT—twisted quantum fields
ar YM(a,z) = > melval aé\fn)z_m_l (i.e. a?;[n) € EndM and aé‘f’n)v = 0 for each v € M and

m > 0), such that the following properties hold:

(2.12) 1y = 0n—11n
m
(2.13) Z (j-)(a(n-i-j)b)%z-i-k—j)v
JELy

=D (=1 <j>(af‘fn+n_j)bf‘;f+j) = (@ 0)(=1)" ks ) Am i)V

where a € VDol (y, €T), m € [y4], n € Z, k € [y).
The following Lemma is known; we prove it for completeness.

Lemma 2.5. The Borcherds identity (2ZI3) is equivalent to
(2.14)

Resy (i o Yar (Y (a, u)b, w) (w 4 u)™u"w') =
Res, (iz,wYM (a7 Z)YM(b7 w)Zm(Z - w)nwl - p(av b)Zw,zYM(bv w)YM(av z)zm(z - w)nwl)
for alln € Z, m € [v4], € ). As usual, iy, means expanding in the domain |z| > |y|.

Proof. Computing the residues we find that (ZI4)) is equivalent to

m i
Z <'>(a(j+")b)é\t4—j+m+l)w -

tezZ,jE€7 J

= 3 " <aM M p(a,b)(— D)Mo -)>w_t_1
j (m+n—3)Y(t+j5+1) ) (t+n—7+0) " (m+j) :

teZ,j€ly

O

Since VI is Lo-invariant, we have its eigenspace decomposition V[ = @AVAM, and we
will write for v € VA@,

Yu(v,z) = Z oM z=n=Ae,
ne[y—Ay]
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Definition 2.6. A T-twisted V-module M is called a positive energy V-module if M has
an R-grading M = ®;>0M; such that

(2.15) aM; C Mj_p,, a € Va,.

The subspace M is called the minimal energy subspace. Then,

(2.16) aM My =0 for n > 0 and ad! My C M.

2.3. Zhu algebras. Set

(2.17) Vr = span(a € V | ¢, = 0).

Define a subspace Jy of V' as the span of elements

(2.18) Z <Za> A (—24x(ab)+)0 = Res,z 7X@y (1 4 2)%a, 2)b,

JELy

with €, + €, € Z.
Let

axb= Z <%> a—145)b,
JELy J
Then Jy is a two sided ideal in Vy with respect to the product *. The quotient Zhuy (V') =

Vy /Jy is an associative superalgebra with respect to the product x (see [5] for a proof), which
is called the Zhu algebra associated to the grading (2.9]).

Example 2.7. If I' is the subgroup of R spanned by the conformal weights A, then one has
a I'/Z-grading (2.9]), for which

vhl = BacpVa-

The corresponding Zhu algebra is called the Ly—twisted (or Ramond twisted) Zhu algebra and
denoted by Zhuy,V. If I' = Z then one has the trivial grading ([23)) by setting VZ = V. The
corresponding Zhu algebra is denoted by ZhuzV and is called the non—twisted Zhu algebra
([B], Examples 2.14 and 2.15).

3. THE CONJUGATE CONTRAGREDIENT MODULE

In this section we adapt to our setting the proofs of Section 5 of [9], where the action of a
vertex operator algebra on the linear dual of a module is defined. If a € Va,, set

(3.1) (-1)toa = ™V By, o'%(a) = eaV=IP(@)g,

Lemma 3.1. Let g be a diagonalizable parity preserving conjugate linear operator on V' with
modulus 1 eigenvalues, such that g(L) = L. Then one has the relation

(32) gY(a7 Z)g_lb :p(a7 b)Y(g(CL), _Z)b
if and only if the operator
(3.3) ¢ =(-Dra'y

s a conjugate linear automorphism of V.. Moreover

(3.4) @ =1 ¢*=1
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Proof. Assume that g satisfies (8.2]). Then

(3.5) $(a)md(b) = (1) g)(a)my (=1)"0/?g)(b)
— eW\/:l(Aa‘FAb)e”/2\/:1(p(a)+p(b))g(a)(n)g(b)‘
By B2), g(amb) = (=1)"*'p(a,b)g(a),yg(b). Substituting in [BE), and noting that p(a) +
p(b) + 2p(a)p(b) = p(ag,)b) mod 4Z, we obtain
D)) B(b) = €™V Aot S m 2O (1) p(a, )g age b)

_ VT b /2= 1 (p(a)+p(b)+2p(a)p(b)) g(agmb)

B ewﬁlAa(n)bew/%/:lp(a(n)b)g(a(n)b) = ¢(a(n)b).

Reversing the argument we obtain the converse statement.
To prove ([B4]) remark that g(L) = L, hence Log(a) = g(L)og(a) = g(Lopa), so, since
Ay €R, Ayy) = Ay Moreover g is parity preserving and conjugate linear, hence

1 1
(252(&) _ (_1)L00,1/2g(_1)L00,1/2g(a) _ ew\ﬁl(Aa—i-§p(a))gewﬁl(Aa—i-?p(a))g(a)
— VT 30(®) VLAt 39(@) 02 ) = g2 (q).
O

Definition 3.2. Let g be a diagonalizable parity preserving conjugate linear operator on V',
satisfying (B2 and such that g2 = I. Define A(z): V — V((2)) by

(3.6) Alz)v = el z72kogy v eV
Lemma 3.3. We have
(3.7) pla, b)A(w)Y (a, 2) A(w) b = iy .Y <A(z +w)a, ﬁ) b
and
(3.8) A(z™h = A(2)7h
Proof. 1t is clear that
(3.9) w0y (a, 2)w?ob = Y (w0, 2 /w?)b.
By B.2)
(3.10) p(a,b)gw 22V (a, 2)w?0 g~ b = Y (gw=2H0a, —z/w?)b.
Finally we use that, if |wz| < 1, then
—w wll—wz _ z
(3.11) eIy (a, z)em b = Y (ew (WAl (] — gyz)72hog, . wz)

(see (5.2.38) of [9] and (4.9.17) of [I1]) to get, for |z| < |w],
wly —2Lo, 2y, ~wlip _ (w+2z)Ly —2Lg —Z
(3.12)  p(a,b)e” Y (gw™ **a,—z/w*)e b=Y(e g(w+ z)" " a, w7

which is B7).

Since ¢ = I, [(B8) is equivalent to

(3.13) A(z)a = gtz 2oem g = g 2Log—= g,

)b,
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Next observe that
gZ_2LO€_Z Z p 2L0 7” ( 1a)z r

—2A, 27“ r —r
= E z 27 (= ﬁg( 1a)z
r P 2A,
= E rlg .

Since g(L1v) = —g(L)19(v) = —L1g(v) we obtain

gz_2LOe_271L1a _ % {g(a)zr—2Aa — eZL1Z—2Log(a) — A(Z)CL.

Remark 3.4. Note that, by (3I3), if v is quasiprimary, we have
(3.14) A(z)v = 272 g(v).

If T is a I'/Z-grading on V, we let the opposite grading —Y be the grading defined by
setting

=T([v]) ==
We say that a I'/Z-grading is compatible with a map ¢ if ¢(V1)) C VDI,
Let M be a positive energy T-twisted module and let MT denote the restricted conjugate
dual of M, that is

(3.15) M =P M)

n>0
where M); is the space of conjugate linear maps from M, to C.
Lemma 3.5. If M + K € Z, then
(3.16)  Res.2MwMNi, (2 +w)K = (1)K TM 1 Res, o727 KoMy 22K MAN; (2 4 w)M.

Proof. If M + K < —1, both sides of (3.I0]) are zero. If M + K > —1, then

K . .
Res,zMwNi, wl(z+ w)" = Res, Z < j >2M+K_]wN+9

JELy J
_ K wNtM+K+1
M+ K+1 '

On the other hand
Res,2™w"iy, (2 +w)* = Res, Z <k> St ntk—j

JELy

_ < k >wn+m+k+l
—-m—1

= (~1)~m-1 (—m —1—k- 1>wn+m+k+1‘

-m—1

Equality holds for m = -2 - K — M,n=2+2K + M + N,k = M. O
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Theorem 3.6. Let ¢ be a conjugate linear involution of a conformal vertex algebra V. Choose
g as in Definition [33 and define A(z) by B.4). Let T be a I'/Z—grading on V' compatible
with ¢. Let M be a Y —twisted positive energy module. Then

(a) The map Yyt given by
(3.17) (Yot (v, 2)m!,m) = (m', Y (A(2)v, 27 ym), m € M,m’ € MT,

defines on M the structure of a (—Y)~twisted V ~module.
(b) If dim M,, < oo for all n then (M) is naturally isomorphic to M.

Proof. Let V = ®,¢cr/zV"7 be the grading T. Write explicitly for v € ng,

Yyi(v,z) = Z v,i\/ﬂz_”_A“.
TLE—’Y—A'U

Then we have

Do ml m)z A=y ! Y R (L g (o) m)" A

n n t

In other words, if n € —y — A,, then

(3.18) W'l m) = (', H(Lg(0)M,m).

In particular, vM' M ]T cM }L_n. This proves that, by BI8), YM' is indeed a (—)-twisted
quantum field.
Next observe that

(3'19) <1€\7{)Tm/’m> = <17]§//{:1m,7m> = <m/’ ljl/ln—lm> = 5—n—1,0<m,7m>’

hence (212 for M follows.
We now prove the Borcherds identity (ZI4]) for MT, that is

Resy(Yari (Y (a, )b, w)iy o (w + u) u™wlm/,m)
(3.20) = Res,((Yyi(a, 2) Yy (b, w)is 02" (2 — w) w'm’,m))
— p(a,b)Res, (Yot (b, w0) Yot (@, 2)in 2% (2 — w) w'm/, m))
for all n € Z, k € [—,], | € [-7p). Since
(Yasi(a, 2)Yy (b, w)ym’,m) = (m/, Yo (A(w)b, w™ )Yy (A(2)a, 2~ H)m),
(Y (b, w)Yyi (a, 2)m’,m) = (m/, Yo (A(2)a, 2~ Yar (A(w)b, w™Hm),
(Yt (Y (a,w)b,w)m!,m) = (m!, Yo (A(w)Y (a, u)b, w1 )m),
we have to prove that
Resy({(m', Yar(A(w)Y (a, u)b, w™Ym)iy o (w + u)*u"wh)
= Res.((m', Yar(A(w)b, w™ ) Yas(A(2)a, 27 )m)is 2" (2 — w) w')
— pla,b)Res.((m', Yar(A(2)a, 2~ ) Yar (A(w)b, w1t )ym)iy, 2% (2 — w)"w!).
Hence we need to check that
Res,(Yar (A(w)Y (a, u)b, w™ iy o (w 4 u)Fuw)
(3.21) = Res.(Yar(A(w)b,w ) Yar(A(2)a, 27 H)is w2 (2 — w)"w')
— p(a,b)Res, (Yar(A(2)a, 2~ ) Yar (A(w)b, w1 )iy, . 2% (2 — w)"w?).
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Changing variables in the Borcherds identity (2Z14]) for Ya; we obtain, for all n € Z, m € [y,],
le [’Yb]v

ResyYar (Y (a,t™ )b, w™ iy i1 (w™ ! + thymen=2yy =
= Res;(Yar(a,t 1) Yar (byw ™ )ig-1 1t ™2t — w™Hrw™h
— p(a,b)Res;(Yar (b,w 1Y (a, t_l)z'wq’tflt_m_z(t_l —w H)rw™h,
which is equivalent to
Resy(Yar(Y (a,t71)b, w ™ )ig o (w + )™t 2 M=o
(3.22) = Res;(Yar(a,t ™) Yar (b, w ™ )iy ™ "2 (w — t)"w ™I 7")
— p(a,b)Resy (Yar(b,w ) Yar(a,t ™ igwt ™ 27" (w — t)"w™7").
Write explicitly A(w)a = 3,7, Cp(a)w™™?2a where C,(a) € V. Then

Yar(A(t)a, t71) = Z Cr(a)(h)th+1tr_2A“ — Z Yar(Cr(a), t~ 1)t =280,
T’EZ+,he[’ya] T’EZ+

so, by (8:22),
Res;(Yar(A(t)a, t ™) Yar(A(w)b, w ™ )iy 7™ " 2 (w — t)"w ™ =")
— p(a, b)Resy (Yar(A(w)b, w™ ) Yar(A(t)a, t ™ )ig Wt ™ 2" (w — t)"w™"™)
= Z Res; (Yar(Cr(a), t 1) Yas (A(w)b, w1t )iy, ;=24 =280 (yy — ¢)qp=l")

—p(a,b) Z Resi (Y (A(w)b, w_l)YM(CT(a), t_l)z't,wt_m_Q_"”_zA“ (w— t)"w_l_")

=Y “Res;(Yar(Y(Crla), ™) A(w)b, w ™" Yig o (w 4 )™ 72807 =2mmdr=28ay,~lomtr=24

— Rest(YM(z‘t,wY(A(ww—L)a, 1) A(w)b, w ) (w + £,

Therefore we have
Res,(Yar(A(2)a, 2~ Yar (A(w)b, w™ iy, . 2" (w — 2)"w')

— p(a,b)Res. (Yar(A(w)b, w™ ) Yar(A(2)a, 27 iy 02" (w — 2)"w')

wt

w

= Res (Y (it,wY (A(

Hence [B2I)) turns into
) wt
Rest(zt,wYM(Y(A(w T
= —p(a,b)(—1)" Res;(Yar (A(w)Y (a, )b, w ™ iy ¢ (w + 1) t"w!).

Expand the L.H.S. above as
wt
w1
Z Rest((Cr (a)(p) Cs (b))(q)zt,w(w + t)—7‘-1-2Aa—k—n—2tk—i-r—2Aa—i-p-|-1u}l—i-}’c-|-271—i-2—i-q-i-s—2A1,-1-7‘—2Aa)7

p,q,7,s

)CL, t_l)A(w)b, w—l)(w + t)—k—n—2tkwl+k+2n+2

Rest(Yar (it Y (A( Ya, t ™) A(w)b, w ) (w + t) TR TRk TRy




10 VICTOR G. KAC, PIERLUIGI MOSENEDER FRAJRIA, PAOLO PAPI

and apply Lemma to obtain

Rest(YM(it,wY(A(ww—_it)a, t_l)A(w)b, w_l)(w + t)—k—n—2tkwl+k+2n+2
= Res; Z (—1)1”‘”‘1(Cr(a)(p)cs(b))(q)iw(w )t —28atptlyn—p—ly Lt atstprl =24,

p7q77‘7s

= (—=1)"" Res; Z(—l)pYM((A(w + t)ag) Aw)b), w™ )iy (w + t)RPELgn=p=ly, e
)

—t
_ (_1\n+1 - -1 kyn, .l
= (—1)""" Rest(tw Yr (Y ((A(w + t)a, ww D JA(w)b), w™ ") (w + t)"t"w").
Thus we are reduced to prove that
. B -1y, .1 kin
Resy (i1 Yar (Y (A(t + w)a, Wit w) YA(w)b,w™H)w' (t + w)"t

= p(a,b)Resi(Yar (A(w)Y (a,t)b, w1 )iy 4 (w + t)Ft"w!),
or equivalently
. —t
(3.23) pla,b)A(w)Y (a,t)b = iy Y <A(t + w)a, m) A(w)b,

which is equation [B7) with A(w)b in place of b. Claim (a) follows.

Let us now check (b). We need only to check that the map m — f,, € (MT)! where
{(fm,m’) = (m’,m) is a V-module isomorphism. The map is clearly bijective since we are
assuming dim M,, < co. Now

(Yourtyt (0, 2) fansm') = (fns Yagt (A(2), 27 )m) = (Vapi (A(2)o, 2~ )m/,m)
= (m/, Yy (A(2)A(z=1)v), z)m).

Now use ([B.8) to get

<(~Y(MT)Jr (U7Z)fm7m,> = <m/7YM(U72)m> = <fYM(v.z)m7m/>'

4. INVARIANT HERMITIAN FORMS ON CONFORMAL VERTEX ALGEBRAS

Let V be a conformal vertex algebra. By a Hermitian form on V' we mean a map (-, -) :
V x V. — C conjugate linear in the first argument and linear in the second, such that
(v1,v9) = (ve,v1) for all vy,vy € V.

Let ¢ be a conjugate linear parity preserving involution of V. Consider the conjugate
linear operator (cf (B3)

(4.1) g=((-1'?)g.
By ([B4), we have that g> = I. Obviously g satisfies the hypothesis of Definition Two
instances of such a situation are the following.

(1) Recall from Remark that, if V' is a vertex operator superalgebra, then (—1)?2« =
(—1)P(@ for all a € V. Set s(a) = A, + $p(a) and note that in this case s(a) is an
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integer. Then

B+ 283 = 5(a) — 5pla) + 2(s(a) ~ 5p(a))?
= 5(a) — 5pla) + 25(a)* ~ 2s(a)pla) + 3p(a)®

2
As p(a) — p(a)? = 0 and p(a), s(a) are integers, we see that
Ay +2A2% = 5(a) mod 2
so that
gla) = eV HEFRDg(a) = (~1)°Dg(a) = (~1)2Tg(a)
hence, if V' is a vertex operator superalgebra,
(4.2) g=(~1)ko+2L5g,

(2) The vertex algebra of symplectic bosons provides an example of a conformal vertex
algebra that is not a vertex operator superalgebra, where our definition applies. Let
Rr be a real finite dimensional even vector space equipped with a bilinear non-
degenerate symplectic form (-,-). Let R = C ® Rg. Equip R with the structure of a
nonlinear conformal algebra with A-bracket given by

[axb] = (a, ).

Let V be the corresponding universal enveloping vertex algebra. The Virasoro vector
is

L= %Z :T(a")a; :

with {a;}, {a’} dual bases of R. The elements in R are primary of conformal weight
%. Let ¢(r) = 7, where 7 is complex conjugation with respect to Rg. Then, clearly,

[p(a)r¢(b)] = (a,b),

hence ¢ extends to a conjugate linear involution of V. In this case

g(r) = —/—17, r € R.

The following definition first appeared in [3] for vertex operator superalgebras, generalizing
the definition, given in [7], for vertex operator algebras.

Definition 4.1. Let ¢ be a conjugate linear involution of a conformal vertex algebra V.
Choose g as in Definition 321 and define A(z) by ([B.6]). A Hermitian form (-, -) on V is said
to be ¢—invariant if, for all a € V,

(4.3) (v, Y (a, 2)u) = (Y(A(2)a, 2 v, u), u,veV.
Remark 4.2. If v € V is quasi-primary, then, due to (BI4]), ([A3]) becomes
(4.4) (v,anu) = (9(a)—n(v),u), w,veV.

The statement of the main result of [I5] can be extended to our setting as follows.

Theorem 4.3. In the setting of Definition [{.1], the space of ¢—invariant Hermitian forms
on V is linearly isomorphic to the set of conjugate linear functionals F € VJ such that

(F,L1V1) =0 and (F,g(v)) = (F,v) for allv € V.
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The proof is the same as in [I5] Theorem 3.1]. In the following we simply check that the
argument also works in our modified setting. Recall that an element m in a V—module M is
called vacuum-like if ag,ym = 0 for all n» > 0 and all a € V. By Proposition 2.3 of [I5], a
vector m € M is vacuum-like if and only if L_ym = 0, i.e. the space of vacuum-like vectors
is the space M L1 of L_;—invariants; moreover, if m is a vacuum-like vector in M, then
Y(u,z)m = eZLflu(_l)m

Consider the map

V: Homy(V,M) — M, V() =1y(1).
By Proposition 3.4 of [I5], for any V-module M, ¥ is an isomorphism between Homy (V, M)
and the space ML-1.
Proof of Theorem [{.3 Assume that (-, -) is a ¢—invariant Hermitian form on V. Note that,
since g(L) = L, [@4) implies that (Lov,w) = (v, Low). In particular the eigenspaces of L
are orthogonal. Define F' € VOT by (F,v) = (v,1). Then (-, -) is uniquely determined by F,
since, letting u = 1 and taking Res,z~! of both sides of ([@3)), we obtain

(v,a) = Res,z (Y (A(2)a, 2 )v, 1).
By Remark [4.2]
(4.5) (Liv,1) = (v,L_11) =0, (1,Lv) = (L-11,v) =0,

hence, since L_11 = 0, we see that (F, L;V;) = 0.
Next we prove that, if a € V, then

(4.6) (9(a),1) = (1,a),

Since the form is Hermitian, we have (1,a) = (a, 1), so that @B) implies (F, g(a)) = (F,a).
To prove ([A.6]) we observe that, since g(L) = L, g preserves the Lo—eigenspace decomposition.
Since the eigenspaces of Ly are orthogonal, we have that (6] is satisfied if A, # 0. We can
therefore assume that A, = 0, so that

(1,a) = Res,z *(1,Y (a,2)1) = Res,z"~ (Y(A(z)a, 2 11,1)

—-2{2 z Na,1,1)
—ZT, a))o1,1).

By (45), in order to prove (4.0l), we need only to prove that
(4.7) (Lig(a))ol € LhVi, 7> 1,a € Vj.
We prove by induction on r that
(Lib)ol € L1 V1, r > 1,b € V.
If r =1, then
[Ly,b_1] = 2:(3>(qﬁwo:(L_uno+2Am0+(wa.

€Ly

Since Ay =0, (L_1b)p =0, so
(L1b)ol = Li(a—11) — b_1(L11) = L1(b_11) € L1 V7.
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If » > 1, then
m @l = 3 (2) oo
JELy
= L (L"7 ') — 2(r — 1)(L'b)o + (L5b)o
= —(r = 1)(L7™"b)o + (L1d)o
SO

(LYol = Ly((L710) 1) — (L5 '0) 1 Ly1 + (r — 1) (L5 b)ol
= Li((L77'0)-11) + (r = 1)(L] 7)ol

The claim now follows by the induction hypothesis.

We now prove the converse statement. Consider V as a I'/Z-graded vertex algebra with
I' = Z and the trivial grading Y(Z) = V. Then the state-field correspondence defines on V
the structure of a T—twisted positive energy module. Since T is clearly compatible with ¢,
by Thoerem 3.6, we have a Y-twisted module structure on VI, Fix F ¢ VOT which vanishes
on L1V;i. Then F is a vacuum-like vector in V1. In particular the map ®p : V — V1 defined
by ®p(v) = vg_l)F is a V-module homomorphism. Here and in what follows we write for

simplicity af, instead of aV ", Define
(u,0) = (v]_y Fyu) = (Dp(v),u),
Let us check that this form is ¢—invariant:
(v, Y (a, 2)u) = (®r(Y(a, 2)u),v)

= (Yyi(a,2)®r(u), >
= (P (u), Y (A(2)a, 2~ )v)
= (Y(A(2)a, 2", U)~

It remains to show that, if (F,a) = (F, g(a)), then the form is Hermitian. Since the form
is ¢—invariant, by (4.0]),

(CL,].) - <F7 CL> - <Fag(a)> = (g(a)a 1) = (1,@)-
We can now check that the form is Hermitian:

= Reszz_l Y
where, in the last step, we used (B.8]). O

Remark 4.4. Note that we didn’t use in the proof the assumptions that V5 = C1 and that
dimV,, = 0 for n < 0. However, if Vj = C1, then Theorem [£.3] implies that there exists a
non—zero ¢—invariant Hermitian form on V' if and only if V7 consists of quasiprimary elements,
and for this form (1,1) # 0. The last statement follows observing that the eigenspaces of
Ly are orthogonal to each other and the kernel of a ¢g—invariant Hermitian form is an ideal.
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So if (1,1) = 0, then 1 lies in the kernel, hence the kernel of the form is V. Also, such a
Hermitian form, satisfying (1,1) = 1, is unique.

Lemma 4.5. Let M be a module over sl(2) := span{e,h, f}, such that h is diagonalisable
with finite—dimensional eigenspaces and negative eigenvalues. Then M is a direct sum of
Verma modules.

Proof. Since the sum of h—eigenspaces with eigenvalues congruent mod 2 is a submodule,
we may assume that all eigenvalues of h are congruent mod 2. Since the h—eigenspaces are
finite—dimensional, U decomposes as the direct sum of the generalized eigenspaces for the
Casimir operator 2 of sl(2). We can therefore assume that 2 has only one eigenvalue. Any
irreducible subquotient of M has negative highest weight, say n, and the eigenvalue of € is
%nz -+ n on it. Hence if two irreducible subquotients with non—equal highest weights have
the same Q—eigenvalue, the sum of these highest weights is —2. Since all eigenvalues of h are
negative and congruent mod 2, we deduce that all irreducible subquotients have the same
highest weight n. So, on the space M¢ of e—invariants (which is non-zero since the set of
eigenvalues of h is bounded above), h has one eigenvalue n, and the same is true for any
quotient of M. But on N = M/U(sl(2))M¢, h has eigenvalues strictly smaller that n, hence
N¢ = 0 and M = U(slo)M*®. Since n < 0, any vector from M€ generates an irreducible
Verma module, so M is a direct sum of Verma modules with highest weight n. g

Proposition 4.6. Let V' be a conformal vertex algebra such that L1Vy = 0, i.e. Vi consists
of quasiprimary vectors. Let {v1,ve,...} be a minimal system of strong generators, which
includes L, and consists of eigenvectors for L. Then, summing to the v; elements from
L_1V, we can make these generators quasiprimary.

Proof. By Lemma [L5] applied to U =@, .oV and f = L_1,h = —2Lp,e = —%Ll, we get

n>0

(4.8) V=Clo )y M,

where the M; are Verma modules for s/(2) with highest weight vectors quasiprimary elements.
We proceed by induction on the conformal weight of a generator. If the conformal weight
is % or 1 there is nothing to prove. Take now a generator v; whose conformal weight is
strictly greater than 1. By (£S)), we can write v; = v} + L_1b, where v} is quasiprimary and
non-zero, due to minimality. By inductive assumption b lies in the subalgebra generated by

.. ,
quasiprimary generators. Hence we can replace v; by v;. U

Recall (cf. [I1]) that, since Vj = C1, one can define the expectation value (v) of v by the
equation Py, (v) = (v)1 where Py, is the projection onto V) with respect to the decomposition

Corollary 4.7. Suppose that'V is a conformal vertex algebra such that V1 consists of quasipri-
mary vectors. Let ¢ be a conjugate linear involution of V.. Then there exists a unique ¢—
invariant Hermitian form (-, -) on V such that (1,1) = 1. Moreover for any collection
{U" | i € I} of quasiprimary elements that strongly generate V (it exists by Proposition [{.0)
we have

<(Uﬁ)m1 (U™, (U;il)m’l . (U;Z)mlrl)

(4.9) = ()= )™ -+ (g(U™ )y, )™ (U™ - (U™ 1)
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Proof. Since L1V; = {0}, the first statement follows from Theorem
To prove the second statement, note that, by ([@4l), for a quasiprimary element U, we have
(9(U)pv,w) = (v,U_,,w) and

(Unv,w) = (w, Unv) = (9(U) —pw,v) = (v, 9(U)—pw).
Since Vy = C1, we have (1,a) = (a), hence formula (£.9) follows. O

Definition 4.8. If the Hermitian form (4.9)) is positive definite, the vertex algebra V' is called
unitary.

Lemma 4.9. Let V' be a conformal vertex algebra and let ¢ be a conjugate linear involution
on V. If there is a ¢p—invariant positive definite Hermitian form onV and a € V is a non-zero
quasiprimary element such that ¢(a) = a then

(an,a—n,1) € R\{0} if (=120 (a) = a,
lan,a_n,1) € V—1R\{0} if (=1)*M¢(a) = —a.
Proof. Since
(a,a) = 6_%\/__1(2A“+p(a))<aAaa—Aa1>7
and (a,a) > 0, we see that (aa,a_a,1) is real and non-zero if (—1)??¢g(a) = a, while it is
purely imaginary and non-zero otherwise. O

In conclusion of this section we discuss invariant Hermitian forms on tensor products of
vertex algebras. Recall from [I1] that if V, W are vertex algebras, their tensor product is the
vertex algebra having V' ® W as space of states, 1 ® 1 as vacuum vector and TR [ + I @ T
as translation operator. The state—field correspondence is given by

Y(u®uv,2) =Y (u,2) Y (v,2).
If V,W are conformal vertex algebras, also V ® W is conformal: its Virasoro vector is L =
Ly ®14+1® Ly.
Let ¢y, ¢w be conjugate linear involutions of V', W and set
gv = (-)E0 /%) M6y, gw = (1) EW 00 %) gy

g=9v@gw, ¢= oy dw.
Observe that
¢ =(~1)roo'2g.
Moreover
A(z) = ez 72hog = (2D g 2 Lwhn) (= 2vo @ =2 Lwo) gy @ gy ) = Ay (2) ® Aw (2).

If(.,.)v, (.,.)w are invariant Hermitian forms on V, W, respectively, we can induce an
invariant Hermitian form (., .)ygw on V ® W by setting

(01 ®@ wi, v ® wo)vew = (v1,v2)v (W1, w2)w.
Indeed,
(11 @2, Y(a®Db,2)(wy @ ws)) = (v1,Y (a,z)wy)y(ve, Y (b, 2)(ws))w
= (Y(Av(2)a, 2z Ho, w)v (Y (Aw (2)b, 271 vg, wa )w
= (Y(Av(2) ® Aw(2)(a @b), 27 ") (01 @ vg), w1 @ wy)
= (Y(A(2)(v1 @ v2), w1 @ ws).



16 VICTOR G. KAC, PIERLUIGI MOSENEDER FRAJRIA, PAOLO PAPI

5. EXAMPLES OF INVARIANT HERMITIAN FORMS

In this Section we apply Corollary H.7] to fermionic, bosonic, affine, and lattice vertex
algebras.

5.1. Superfermions. Consider a superspace A = Ag @& A7 endowed with a non-degenerate
even skew-supersymmetric bilinear form (.|.). Let V(A) be the universal vertex algebra of
the Lie conformal superalgebra A & CK with A-bracket

[axb] = (a|b) K,
K being an even central element. Let F' be the fermionic vertex algebra:
F=V(A)/(K-1).

Let ¢ be a conjugate linear involution of A such that

(¢(a)lp(b)) = (alb).
By setting ¢(K) = K we can extend ¢ to a conjugate linear involution of A & CK. Indeed

[#(a)r¢(D)] = (6(a)|¢(b)) = (alb) K = ¢((alb) K).

This implies that ¢ extends to a conjugate linear involution of V(A), hence, since ¢(K —1) =
K —1, to an involution of F'. ‘ -

Fix a basis {a'} of A and let {b'} be its dual basis w.r.t. (.|.) (ie. (a'|t!) = d; ;). The
Virasoro vector is [11]

BN i\ i

(5.1) L:§Z;:(Tb)a:.
It is easy to see that ¢(L) = L. We embed A in F' by identifying v with : v1 :. It is easily
checked that v € A is a primary element of F' of conformal weight 1/2. Set

(5.2) ga = ((=D)a'?) g,
By ([B4), we have that g% = I. Note that
(53) gA((l) =V —1@(&), a € Aﬁv gA((l) = _¢(a)7 AS AI'
The set {a’} strongly and freely generates F. This means that, if we order (—% —7Z4) X

{1,...,m + n} lexicographically, then the set
B=J{@)" (@)1 ] (jrin) <o < (ryin) hs = 1if pla™) = 1}

is a basis of F'. With this choice one easily checks that
Fy=C1, F, =spanc({:d'd’ :}).
Since, by Wick formula [11],

L o . . o A R T
[Ly:a'd? | =:T(a")a’ : +:a'T(a’) : +X : a'd’ : +/0 ([T(a")a’] + §A[ala]])du

o | AU | o
T(:a'a’ )+ X:a'a : —5)\2(a’|a3) + 5)\2(a’|a])
T(:a'a? ;) + \:a'd .,
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we see that Li(Fy) = {0}, hence Corollary 7 applies. Let (-, -) be the unique invariant
Hermitian form on F' such that (1,1) = 1. By (B3] and (£4), the invariance amounts to

(Uja7 b) = —\/—_1(CL, ¢(U)—jb)7 v € Ag, (Ujav b) = —(a, ¢(U)—jb)7 v € Ag
for all a,b € F, j € + +Z.

We now discuss the unitarity of F'. Assume that F' is unitary and Az # 0. Choose a # 0
in Ap; we can assume ¢(a) = a. Then, by Lemma L9} (a;/0a_1/21) # 0 but (a;5a_1/51) =
(ala) = 0. Tt follows that, if F' is unitary, then A = A;. Set Agp = {a € A | ¢(a) = —a}.
Then, if a € Ag,

0 < (a,a) = (a1 pa_1/21) = (ala),
50 (.].)Agxa, must be positive definite. In such a case, choose {a‘} to be an orthonormal
basis of Ag. It can be checked (say by induction on 7) that

T T
. . -/ -/
it i1 a1 Ly — . .
<a—jt @i aj41> akea | R |
s=1 s=1

so the invariant Hermitian form is the form defined by declaring the basis B to be orthonor-
mal. Hence F' is a unitary conformal vertex algebra if and only if A is purely odd.

5.2. Superbosons. Let §h be a vector superspace equipped with a supersymmetric even bi-
linear form (.|.). Let V(h) be the universal vertex algebra of the Lie conformal superalgebra
h @ CK with A-bracket

[oxw] = A(v[w) K,
K being an even central element. Let M(h) be the vertex algebra:

M(b) = V(b)/(K —1).

Let ¢ be a conjugate linear involution of h. As in the previous example, if

(¢(a)lp(b)) = (alb).
we can extend ¢ to a conjugate linear involution of M (h).
Fix a basis {a’} of h and let {b'} be its dual basis w.r.t. (.].) (i.e. (a'|p’) = ;). The
Virasoro vector is

(5.4) L:%Z:biai: .
i=1

It is easy to see that ¢(L) = L.
We embed h in M(h) by identifying h with : h1 :. It is easily checked that h € b is a
primary element of M (h) of conformal weight 1.

Set
(5.5) g = (1)) g,
By (B4]), we have that gg = I. Note that
(5.6) gy(a) = —¢(a), a € Ay, gy(a) =V—1¢(a), a € A;.

As in the previous example we can apply Corollary 7] thus there is a unique ¢—invariant
Hermitian form (-, -) on M(h) such that (1, 1) = 1.

We now discuss the unitarity of M(h). Assume that M (h) is unitary and b7 # 0. Choose
h # 0 in h7; we can assume ¢(h) = h. Then, by Lemma 9] (h1h_11) # 0 but (hih_11) =
(h|h) = 0. It follows that, if M (h) is unitary, then h = hg. If this is the case, set hr = {h €
b | #(h) = —h}. Then, as in Subsection 5.1} we must have that (. |. )y, xp, is positive definite.
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We choose an orthonormal basis {a’} of bg, ; the ¢-invariant Hermitian form is therefore
given by

. -/

(- @t - ) = (a2 (ol ™ ™)),
If we order (—N) x {1,...,dim b} lexicographically, then the set

B=Ja} - ay1| (iir) < < (rir)}
T

is a basis of M (h). As in Example[5.J]l one can check that the basis B is orthogonal; moreover
the norm of each element is positive, so M(h) is a unitary vertex operator superalgebra, if
and only if b is purely even.

5.3. Affine vertex algebras. Let g be a simple Lie algebra or a basic classical simple
finite-dimensional Lie superalgebra and let (.|.) be a supersymmetric non-degenerate even
invariant bilinear form on g.

We normalize the form (.|.) on g by choosing an even highest root 6 of g as in [I3] or [1],
and requiring (0]0) = 2. If g = D(2,1,a), we assume a € R.

Let ¢ be a conjugate linear involution of g. We assume that

(@(2)|o(y) = (z[y),

noting that, if g is a Lie algebra, then the above assumption always holds.
Let Curg = g ® CK be the current Lie conformal algebra associated to g [11]. We extend
¢ to Curg by setting ¢(K) = K. Since

[¢(z)ad(y)] = [6(2), ¢(y)] + A(@(2)[d(y) K = &([z,y]) + Az[y) K = o([xxy)),

¢ is a conjugate linear involution of Curg, hence we can extend ¢ to a conjugate linear
involution of the universal enveloping vertex algebra V' (g) of Cur g.

Choosing k € R, we note that ¢(K — k1) = K — k1, so ¢ pushes down to a conjugate
linear involution of the the universal affine vertex algebra of level k.

We identify a € g with : al :€ V¥(g). Let h" be the dual Coxeter number of g, i.e. the
eigenvalue of the Casimir operator Y, b%a’ on g divided by 2, where {a'} and {b'} are dual
bases of g, i. e. (a’|[tV) = §;;.

A Virasoro vector is provided by the Sugawara construction (defined for k # —h"), see

e.g. [II]:

1 dimg
(5.7) L8 = ST ; cbat
It is easy to see that ¢(L?) = L? provided that k € R.
Set
90 = (~1)"05'2) 716,
Explicitly

ga(a) = —¢(a), a € gy, gg(a) = V=16(a), a € gr.

It is well known that a € g is a primary element of V¥(g) of conformal weight 1 (see e.g. [I]).
Moreover, the set {a'} strongly and freely generates V*(g). It follows that V*(g)o = C1 and
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L1V*(g); = 0. By Corollary A7) there exists a unique ¢-invariant Hermitian form on V*(g),
given by

((aﬁ)ml . (aéi)mt 1, (aj,li)m’l . (a;’z)m;l)
= <(gg(ait)—jt)mt o (ggla™) ;)™ (a;}i)ml . (a;z)mrl> .

If k # —h", the vertex algebra V¥(g) has a unique simple quotient that we denote by V;(g).
We now discuss the unitarity of Vj(g). Assume that there is a conjugate linear involution ¢
such that the corresponding ¢—invariant form on Vj(g) is positive definite. If g is not a Lie
algebra then there is a € g1, a # 0. Since ¢ is parity preserving we can assume ¢(a) = a.
Then

(a,a) = (a—11,a-11) = V—1{a1a_11) = vV —1k(ala) = 0.
If Vi.(g) is unitary, then a is in the maximal ideal of V*(g), hence k = 0 and Vj(g) = C.
Assume now that g is a Lie algebra. Since ¢ is a conjugate linear involution of V*(g) then

@|q 1s a conjugate linear involution of g. Let gr be the corresponding real form. As shown
above, if a € gg, then

0<(a,a)=(a—11,a_11) = —(a1a_11) = —k(ala),

hence (.. )|gr xgs 1S €ither positive or negative definite. Let wo be a compact conjugate linear

involution of g such that qﬁ(f)o = c?)oqﬁ. Let tr be the corresponding compact real form. Then
gr = gr N EtR ® gr N (V—1tR).

Since (.. )exxe, 1S negative definite and £g N gr # {0}, we see that (.].) is negative

L
definite so ¢ = wo. Let wo be the conjugate linear involution of the affinization g of g which

extends wg as in §7.6 of [10]. Then the wo—invariant Hermitian form on V% (g) is defined by
the property that

(a;x,y) = —(az,fjo(a)_jy), a € g.
It follows from Theorem 11.7 of [I0] combined with the formula for wy given at page 103 of

loc. cit., that the wo-invariant Hermitian form on V*(g) is positive semi-definite if and only
itkeZy.

5.4. Lattice vertex algebras. Let () be a positive definite integral lattice and Vg be its
associated lattice vertex superalgebra (see e.g. [11] §5.4]). Set h = C ®z Q. Recall that the
free bosons vertex operator algebra M (h) embeds in Vg = ©ecq(M(h) ® Ce®) with parity
p(M(h) ® e®) = (aJa) mod 2. Let {a',...,a'} be an orthogonal basis of R @z @ and let
{b',...,b'} be the dual basis of h with respect to the form (.]|.) linearly extended from the
form on Q. The Virasoro vector of V is

l

L:%Z:aibi:.

i=1

There are primary elements e® € Vg, o € Q of conformal weight (c|c), such that a basis of
Vo is

B = U{a;i ”'a;:ea | (j17i1) << (jhi?“)})
r,a

where, as in Example 5.2, (—N) x {1,...,dimb} is ordered lexicographically.
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Following [7], we define a conjugate linear involution ¢ of Vi by setting

) iy oy r o1 iy —
(5.8) plal; --al; e®) = (=1)"al; ---alr; e7

It is immediate to see that ¢(L) = L. Since the conformal weight of e is %(a]a), we have
that (—1)2L0g = T so, if g = ((—1)F00/2)~1¢, then
g= (-1,
We have
(V@lo =C1, (Vo)1 = spanc({a'} U{e” | (o|a) = 2}).

Since the a, as well as the e®, are primary, we see that Corollary E7 applies. In particular
the explicit expression for the ¢—invariant Hermitian form is

(Gainym (i)™ e, (ag )™ - (@)™€) = damp { (i)™ -+ (a2, ™ (af})™5 - ()™ 1)
As in Example one can check that the basis B is orthogonal and consists of elements of
positive norm, so Vg is unitary.
6. INVARIANT HERMITIAN FORMS ON MODULES
Let V be a conformal vertex algebra. Recall from (B.6) the definition of A(z). We let
(6.1) w)=A1)v, ve W
Assume that V' is I'/Z—graded and let T be a I'/Z—grading compatible with ¢.

Proposition 6.1. w(Jy) C J_y so w induces a conjugate linear anti-isomorphism of asso-
ciative algebras w : Zhuy (V) — Zhu_v (V). Moreover w* = Id.

Proof. By (2.18]), we have

(62) w| Y <ﬁ>“<—2+x<a,b>+j>b — Res,(w XD AR) (Y (14 w) " a,w)b) .y ).

JELy J
By B2)
p(a,0)A(2)Y (1 +w)"a,w)b =
= p(a,b)e*1 2720 gY (1 + w) " a, w)b
= Y (14 ) (o), ~w)g(h).
By B9

el 72oy (1 4+ w) e g(a), w)g(d) = 1Y (1 4+ w) e 27 2E0g(a), —w/2?) 2z~ 2Log(b).
By B.1I)
LY (1 4+ w) ez og(a), —w/2%) 2720 g(b)

— y(e(z+w)L1 (z + w)—2L0(1 +w)g(a), z(z_fw))eZle_uog(b)’

which means that
pla,b)A(2)Y ((1 +w)™a, w)b =
= V(eG4 4 ) 72E0(1 4 w) Y g(a), ——2)A(2)b,
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so that, since the grading is compatible with ¢ and g(L) = L,

(pla, b)A(2)Y (1 +w) ™ a,w)b) .oy = Y (eI (1 + w)~Foteag(a), =25 )w(b)
= Y (eHIPI (1 1 w)~Eoeg(a), 22 u(h)
Note that
e(l—l—w)Ll (1 + w)—L0+€ _ (1 + w)_LOJ'_EELl.

Indeed, if a € V,

e(1+w)L1(1 + w)~Loteq = e(+w) L (1+ w)‘A”e“a =(1+ w)_A“JrE“ Z(l +w)"LLha

rl

r>0
_ Z(l + w)—Aa‘i’T‘i‘Ea%Lga — (1 + w)—L0+e Z %L’ia
r>0 r>0
=1+ w)_LOJrEeLla.
Hence,
(6:3) (p(a,b)A(2)Y (1 + w)*a,w)b) .y = V(1 +w) "0 eH g(a), 5%5)w(b)
=Y (1 +w) " w(a), gray)w®) = (1 +w) 7Y (1 +w)w(a), ~w)(1 +w)"w(b).
Set

—€,— 1 if e, #0,
Wy =
0 if ¢, = 0.

Note that w is the function e defined in Section ] corresponding to the grading —7.
Since €, + €, € Z, we have that w, = —x(a,b) — €, and x(a,b) = 1 if and only if w, + wp <
—1. It follows that

Resy(w™2X@0 (1 4 ) Loy (1 + w)a, —w)(1 + w)"ob)

— Resw(w—2+x(a,b) Z(_l)n <_Aa + 6;: +n+ 1) (a(n)b)w_n_1+])

n7j

:Z(_l)j<_Aa+€a+§+X(a7b) ~1

> (@(—24x(a,0)+5)b)

_ <Aa —€a = x(a,b)

i > (@(—24x(a,b)+5)b)

> (@(-24x(ab))b) = Resw(w XY (14 w) 0" a, w)b.
Since T is compatible with ¢, we have that €,y = ¢, (hence x(a,b) = x(w(a),w(b)). We
find that
Resy (w XD AR)(Y (1 +w)"a,w)b).=1)
= p(a, b) Res,, (w™2X@@w®)y (1 4 w) Loty (a), w)w(b)),
hence, by [@2)), w(Jy) C J_~.
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Next we prove that w is an anti-automorphism. If a € Vy (cf. 2I7)) then €, = €,(4) =0,

thus, if a,b € Vy, by (63,

p(a,b)w(a * b) = p(a,b)Res,(w LA(Z) (Y ((1 4 w)*a, w)b)|.—1)

= Resypw (14 w) 2V (w(a), —w)(1 + w)Fow(b).

Now use skew-symmetry Y (a, 2)b = p(a,b)e*r—1Y (b, —2)a (see e.g. [I1]) to get

w(a*b)

= Resy (w1 +w) Poe 1y (1 + w)low(b), w)w(a))

= fes (7 (7T L e

J

n7]7r

r _Aw a +j r

=2 (=1 ( (j) >%L—1(W(b)(—1+j+r)w(a))

VR4

— (_1)7” <_Aw(a) +]> <_Aw(b) — w(a +] + 7’>
i j

_Aw(b) - w(a +j +r

_Aw(b) w(a + J+ 7">

( l+]+?“ ( )

( 1+4j+r)W w(a))

( 14j4r)W w(a))

_ () <Aw(a) - 1> <—Aw(b> — Dya) + ”) (WB) 1y (a))

T

—y e (‘Aw(b) e 1) ()1 myo(a))

n
n

= <Aw(b)> (W(b)(—14nyw(a)) = w(b) * w(a).

n

We used the fact that in ZhuyV we have (cf. [5 (2.35)])

1 —A
—|L7;1(1 = < a>a.
r. T

and the Vandermonde identity on binomial coefficients.
Finally, by (33]),

hence w? = I.

O

Remark 6.2. We now make explicit the map w in the examples dealt with in Section @ In

general, if a is quasi-primary, we have, by (6.1])

(6.4) w(a) = g(a).

(1) Let V = F be the fermionic vertex algebra associated to a superspace A as in Example
BIl According to [5, Theorem 3.25], Zhur, (V) is the Clifford algebra of A, i.e. the

unital associative algebra generated by A with relations
[a,b] = (alb), a,be A.
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Then, according to (G.4]) and (B3],
(65) w(a) -V _1¢(a)7 ac A(_]a w(a) = —(]5(&), a € Aj.
(2) Let V= M(h) be the vertex algebra of superbosons associated to a superspace b as

in Example According to [5l Theorem 3.25], Zhur,(V') is the (super)symmetric
algebra of A. Then, according to (6.4]) and (5.0,

w(a) = —p(a), a € Ay, w(a) =v/—1é(a), a € A7.

(3) If V.= V¥(g) (c¢f. Example BE3), then Zhur, (V) = U(g) (see e.g. [5]). Then,
according to (G4,

w(a) = —¢(a), a € g5, w(a)=v—1¢(a), a € g.
4) If V=V is a lattice vertex algebra (cf. Example , formulas and give
Q

(e]o)((a|a)+1)
2

we*)=(=1)" =2 e wh)=—-h heb.

Here h is the conjugatie of h € h with respect to R®7z Q. If Q is even, Zhur,(Vg) has
been proved in [6] to be isomorphic to a generalized Smith algebra, denoted there by

A(Q). The algebra A(Q) is generated by elements E,, a € Q,h € b, and the explicit

formula for the isomorphism Zhur, Vg = A(Q) given in [0, Theorem 3.4] implies that

(a

W(E) = (1) E_o, w(h)=—h, heb,

is a conjugate linear anti-automorphism of A(Q).

Definition 6.3. Let R be an associative superalgebra over C with a conjugate linear anti—
involution w, and let M be an R—module. A Hermitian form (-, -) on M is called w—invariant
if
(w(a)my, me) = (m1,ams), a € R, mi,mg € M.
Assume for the rest of this Section that I' = Z or I' = %Z, so that Zhuy = Zhu_~. The
following is the natural extension of Definition 1] to V-modules.

Definition 6.4. Let ¢ be a conjugate linear involution of the vertex algebra V. A Hermitian
form (-, -) on a Y—twisted V-module M is called ¢—invariant if, for all v € V,

(6.6) (m1, Yar(a, 2)msa) = (Yar(A(2)a, 2~V )my, my).
From now on we assume that the module M is a positive energy module (see Definition
2.4).
Remark 6.5. The space of ¢—invariant Hermitian forms on M is linearly isomorphic to
{6 € Homy (M, M") | (8(m1),m2) = (B(m2),m1)}
Indeed, given © : M — MT a V-module homomorphism, then setting, for mi,ms € M
(m1,mz)e = (O(mz), m1)
defines a ¢—invariant hermitian form on M. In fact
(m1,Yu(a,z)ma)e = (©(Yar(a, z)me), my) = (Y1 (a, 2)O(ma), mq)
= (0(ma), Yar (A(2)v, 27 )ymy) = (Yar(A(2)v, 27 )my, ma)e.
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Conversely, let F': M x M — C be a ¢-invariant hermitian form; then O : M — M defined
by (©r(m1), ms) = F(ms,my) is a V-homomorphism from M to MT. Indeed

(Op (Y (a, z)my), ma) = F(mg, Yar(a, 2)m1) = F(Yar(A(2)a, 2~ Hma, my)
= (Op(m1), Yar(A(2)a, 2 Hma) = Yy (a, 2)Or(my), ms).

Recall that a positive energy T—twisted V—module M is said quasi-irreducible if it is
generated by My and there are no non-zero submodules N C M such that N N M, = {0}.

By [B, Lemma 2.2|, if M is a positive energy Y-twisted V-module, then the map a +—
(ad! )|, descends to define a ZhuyV-module structure on M.

Lemma 6.6. If M is quasi—irreducible then M is quasi-irreducible.

Proof. Set N = VM(J][. Then Nt is graded and (F,v) = 0 for all v € Ng-, F € Mg. This
implies that Nj- = {0}, so N+ = {0}, hence N = M.

If N is a graded submodule of MT with Ny = {0} then N* is a graded submodule of M
containing My. Since My generates M, it follows that N+ = M hence N = {0}. O

Proposition 6.7. Let M be a Y-twisted positive—energy V —module generated by My. Then
the space of ¢—invariant Hermitian forms on M is linearly isomorphic to the set of w-—
invariant Hermitian forms on the ZhuyV —module M.

Proof. If (-, ) is a ¢-invariant Hermitian form on M, then (-, -)o = (-, - )jmyxas 18 @
w-invariant Hermitian form on My by Proposition

Let (-, -)o be a w—invariant Hermitian form on the ZhuyV-module M. Let N be the sum
of all graded submodules N’ of M such that N’ N My = {0}. Then M/N is quasi-irreducible
and (M/N)y = My. Define ¢ : My — Mg by setting ®q(mq)(msa) = (ma, mq)p. Since the
form (-, - )p is w-invariant, we have

@ (v m1)(ma) = (ma, v m1)o = (w(v)g ma, m1)o = Po(ma)(w(v)) ma)
= (0" ®0) (ma) (m1),

so ®g is a Zhuy(V)-module map between M, and MOT . By Lemma and [5, Theorem
2.30], there is a V-module map ® : M/N — (M/N)' such that P\, = Po. Define, for
mi,mo € M,
(m1,ma) = ®(ma + N)(m1 + N).

It is clear that the form (-, -) is ¢-invariant and that (-, -)o = (-, - )|amxnp- It Temains to
check that the form is Hermitian.

Consider the form (-, -)" defined by (mi,ms2)’ = (mg,m1). Note that (-,-) is ¢
invariant:

(m1, Yar(a, 2)me) = (Yar(a, 2)ma,my) = (Yar(A(z)A(z=1)a, 2)ma, mq)

= (mg, Yar(A(2)a, z=Hmy) = (Yar(A(2)a, 2~ Hmy, ma)'.

Since (-, ) is Hermitian, then

(' ) .)‘/MOXMO - ( ) ')\MOXMov

hence (-, ) =(-, ). O
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Remark 6.8. Theorem is a consequence of Proposition Indeed, the space of w—
invariant Hermitian forms on Vj is linearly isomorphic to (Vp /L1V1)T. The isomorphism is
defined by mapping (-, - )o to F(. .y, where F{. .) (v) = (v,1)9. To prove that this map is
well defined, let us check that F(. .y (Li1V1) = 0. If v € V3, then

Lv= (le)ol = (UO + (le)o)l) = w(g(v))ol,
F. o (L1v) = (L1v,1)0 = ((w(g(v))o1,1)0 = —(1,9(v)o1)o = 0.
The inverse is the map F + (-, - )p, where (v,w)p = F(w(w)ov). Let us check that (-, - )p

is w—invariant. If u,v € Vp and w € Vz, then (u, wov)r = F(w(wov)ou) and (w(w)ou,v)p =
F(w(v)ow(w)ou). Viewing F as an element of VT, we observe that

;
F(w(wov)ow) = ((woo)g F)(w), Flw(v)ow(w)ow) = (w v F)(w),

so it is enough to check that

(6.7) (wofu)gTF = w(‘]/TUXTF.

Observe that, since (F,L1V1) =0, L_1F = 0, F is a vacuum-like element of V. It follows

from Proposition 3.4 of [I5] that the map ® : V — VT defined by ®(a) = a}/_TI)F is a

V-module map. In particular,

T
@(a(n) b) = CLE/

n)

T T

On the other hand .
O(agmb) = (amb)( 1) F

SO
t T T

Since A, = Ayyw = 0, we find UE/_Tl)F = v(‘)/TF and (wov)z/_Tl)F = (wov)gTF, so ([6.7) follows.

7. INVARIANT HERMITIAN FORMS ON W—ALGEBRAS

We adopt the setting and notation of Section 1 of [I3]. We let W¥(g,, f) be the uni-
versal W-algebra of level k € R associated to the datum (g,z, f), where g is a simple
finite—dimensional Lie superalgebra with a reductive even part and a non-zero even invariant
supersymmetric bilinear form (. |.), x is an ad—diagonalizable element of g with eigenvalues in
%Z, f is an even element of g such that [z, f] = — f and the eigenvalues of ad = on the central-
izer g/ of f in g are non-positive. Recall that we are assuming that a € R for g = D(2,1;a).
We call the datum (g, x, f) a Dynkin datum if there is a sl(2)-triple {f, h,e} containing f
and © = %h.

Let

(7.1) a=EP g
JELZ

be the grading of g by ad(z)-eigenspaces. We assume that k # —h" so that W*(g, z, f) has
a Virasoro vector. Then W¥(g,z, f) is a conformal vertex algebra in the sense of Definition

21

Remark 7.1. It is easy to show that a datum (g,z, f) as above is independent, up to
isomorphism, from the choice of f, hence we may use notation W¥(g, z).
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Remark 7.2. An important special case is when f is a minimal nilpotent element of the
even part of g, i.e. f is the root vector e_g corresponding to a maximal even root 6. In this
case, the invariant bilinear form (. |.) is normalized so that (0|¢) = 2. Choose the root vector
ep € go in such a way that (egle_g) = 1. Setting = = [eg, e_g], it is clear that (g,z,e_g)
is a Dynkin datum. Identifying the Cartan subalgebra b with its dual using (.|.), one has
x = 0/2. The algebra W¥(g,0/2) is called a minimal W-algebra.

Lemma 7.3. Let ¢ be a conjugate linear involution of g such that

(7.2) o(f)=f ¢ ==z
Assume also, as in Subsection [5.3, that
(7.3) (@(X)[o(Y)) = (X|Y),

s0 that ¢ extends to a conjugate linear involution of V*(g). Then ¢ descends to an involution
of the vertex algebra W*(g, z, f).

Proof. Let A be the superspace II(> >0 g;) where II is the reverse parity functor. Let A* be
the linear dual of A and set A., = A @ A*. Define the form (-,-)., on A, by setting, for
a,be A, d Ve A*,

(@, b)er, = (a",)en =0, (a,b))en =0V(a), (V,a)en = —p(a,b')a’ (D).
Let Ape be the superspace g/, equipped with the form (+,+ )ne defined by
(@, b)ne = (fl[a,b]).
Since ¢(f) = f,
(¢(a), p(b))ne = (flld(a), d(b)]) = (&(f)I¢([a,b])) = (flla, b]) = (a,b),,,

It follows that ¢ extends to a conjugate linear involution of F(A,.). Similarly, setting

o(b*)(a) = b*(4(a)) for b* € A* and a € A, we have

(¢(a), ¢(b%))en = ¢(b%)(¢(a)) = b*(a) = (a,b*)qp,
so ¢ extends to a conjugate linear involution of F(A.). It follows that ¢ is a conjugate linear
involution of the vertex algebra C(g, f,z,k) = V¥(g) @ F(Au) ® F(Ape).
Recall that there is an element d € C(g, f,x, k) such that dy is an odd derivation and
d3 = 0, making C(g, f, 7, k) a complex. It is easy to see that ¢(d) = d, hence the involution ¢
descends to an involution of the vertex algebra W*(g, z, f) = H(C(g, f,z,k),d) [12], [13]. O

Recall from [I3] that the vertex algebra W¥(g,x, f) is strongly and freely generated by
fields J{%i} with {x;} a basis of g/, the centralizer of f in g. We can clearly assume that the
elements z; are homogeneous with respect to the gradation g/ = D; g;-c . Let gr be the fixed
point set of ¢. By (Z3]), we see that (.|.)gsxgs is & real bilinear form. Since ¢(z) = z, we
see that g; = (g; N gr) © (v —1g; Ngr). Moreover (-, -)ne is real when restricted to gq /5 N gr.
Likewise, we can identify the real dual of g4 Nggr with the set of b* € A* such that ¢(b*) = b*.
It follows that we can identify the algebra C(gr, f,x, k) as a real subalgebra of C(g, f,z, k).
We can therefore carry out the construction of the fields J{%} for a € g]{; inside C(gg, f,x, k)
and therefore obtain that ¢(J{%) = Ji@}. As a € g/ can be written as a = ag + ibg with
ag,br € gﬁ;, we see that we can construct the field J{19 so that ¢(Jie}) = jio(@},

Let L8 the Virasoro vector for V*(g) defined in (5.7). The vertex algebra W*(g,z, f)

carries a Virasoro vector L, making it a conformal vertex algebra, which is the homology
class of L9 + T'(z) + L™ + L™ (see [12]).
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In particular, by the above discussion and the explicit expressions for L8, L L™ we
obtain that ¢(L) = L. Following ([B.3)) we set

g= (=)™ g.
If x; € gf , then the conformal weight of J{¥i} is 1 — j. Tt follows that

Wk(g,z, f)o=C1, W¥g,x, f)1 = span({J= | 2; € g}).

Theorem 7.4. (a) Let v € gg. If JUW e Wk(g, z, )1 is quasiprimary for more than one
k € C, then

(7.4) (z|v) = 0.

(b) If the datum (g,x, f) is a Dynkin datum, then the elements JI} are primary for all
v E gg and k € C (k # —h" ). In particular, by Corollary [{.7, there is a unique ¢—invariant
Hermitian form (-, -) on WF(g,z, f) such that (1,1) = 1.

(¢) Assume that g is a Lie algebra. If ([T4]) holds for a datum (g,x, f) and allv € gg, then
it is a Dynkin datum.

Proof. By [12] Theorem 2.4b], if v € gg, then
[LyJ W) = (T + N g 4 N (&stry, (adv) — (k+ 1Y) (v|z)),
hence claim (a) follows immediately.
If the datum (g, z, f) is a Dynkin datum, then 2(z|v) = ([e, f][v) = (e|[f,v]) = 0 if v € g7.

Hence for (b) it suffices to show stry;(adv) = 0 for all j € sNand v € gg.
Consider the following bilinear form on g;:

< a,b>=((ad f)#alb).

By sl(2)-representation theory, (ad f)* : g; — g—; is injective for j > 0, hence < -,- > is
non-degenerate. The form is clearly ad ggfinvariant. The form is super (resp. skew—super)

symmetric if j € Z (vesp. j € 3 + Z):
<a,b>= ((ad f)¥alb) = (~1)*(al(ad £)¥b) = (~1)”p(a,b) < b,a > .

Hence for v € gg, adv lies in osp(g;) (vesp. spo(g;)) if j € Z (resp. j € & + Z). Hence in
either case its supertrace is 0. This proves (b).

By Theorem 1.1 from [8], 2 = 2h+ ¢, where {e, h, f} is an sl(2)-triple for some e € g; and
c is a semisimple central element from the centralizer of this triple. We may assume that c is
defined over R. But then (z|c) = (3h+c|c) = (c|c). Since we are assuming that g is a simple
Lie algebra, (74]) implies that ¢ = 0, proving (c). O

Remark 7.5. Let g be a simple Lie algebra. It follows from Theorem [[4] that a datum
(g, x, f) is Dynkin if and only if (m|g£) = 0( <= (z|g/) = 0). In other words a %ngrading
of g is Dynkin iff f € g_1, all eigenvalues of adx on g/ are non-positive and (z|g/) = 0.

Example 7.6. Let g = sl(3) with the data (g, %(Ell — Es3), E31,k) and (g, —2FE11 + Ea +
Es3, E31,k). The first one is a Dynkin datum corresponding to the minimal W-algebra
W*(g,60/2). The second one is not Dynkin: indeed, if v = Ey; — 2Ey + E33, then v € gg and
(z|v) # 0.

Corollary 7.7. Assume that (g,x, f) is a Dynkin datum. Then there is a unique ¢—invariant
Hermitian form (., .) on W¥(g,z, f) such that (1,1) = 1.
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Proof. By Theorem [74] (b), we can apply Corollary A.7] O

We now describe the ¢—invariant Hermitian form more explicitly using formula (£9]). Fix
a basis {2} of gf. Set A; = A, and p; = p(z*). By Proposition we may assume that
the fields J{#i} are quasiprimary for all i. We can clearly assume that ¢(x) = z* for all i.
Since ¢(L) = L, the proof of Lemma .5, hence of Proposition .6l can be done over R, so
o(J) = 7Y and let S (z) = 2 JfT oA
ne—NA;+7
Order the set

{(4,1) € %Z-q- X {0,...,dimgf— 1} |jeA+7Z,})
lexicographically. Then the set

(7.5) (et hyme gy me g = 0 or 1t 2 s odd}

is a basis of W¥(g,z, f). Since
g(J{ri}) — (_\/__1)2Ai+PiJ{mi}’
formula (£9) gives that

o) (e L e gy

—J1

= (- /_1)ZT mr (248, 4pi,.) <(J£§tt})mt . (J{:L‘ 1})m1 (J]{ix 1})m’1 o (J]{Zc r})m’r> )

Remark 7.8. Set R = Span(Tk(J{xi}), ke Z+) Let 7z be the quotient map from W¥(g, z, f)
to Zhur,(W*(g,z, f)). Set w = span(rz(J{*'})). By ([Z3) the set

{: (T’“J{Iil})ml . (TktJ{xit})mt )| m; =0 or 1 if 27 is odd}
is a basis of W¥(g,z, f). It follows from Theorem 3.25 of [5] that
R/(L_l + L(])R ~ v

has the structure of a nonlinear Lie superalgebra and that Zhur,(W¥(g, z, f)) is its universal
enveloping algebra. In particular the set

{(7TZJ{”Eil})m1 Kook (WZJ{xit})mt | m; =0 or 1if 27 is odd}

is a basis of Zhur, (W*(g,z, f)). Since, by Proposition 6, J{¥} can be chosen to be quasipri-
mary for all ¢, it is clear that the involution w in this basis is given by

w((ﬂ-ZJ{xll})ml koo *(ﬂ'ZJ{xlt})mt) = (—\/ _1)27" m”"(2Alr+p27)(ﬂ-ZJ{xzt})mt koo *(wZJ{xll})ml

We now restrict to the case of a minimal W-algebra W¥(g,0/2) (see Remark [Z.2]) where
one has a more explicit description of Zhur,(W*(g,6/2)) and its involution.

Set gt = gg . Then g/ =g"dg_, 12 ® Cf. The elements J {*} are uniquely determined for
vegi®g_y /2 and have been computed explicitly in [12]. One usually denotes .J v} py Glv}
if v € g_y/0. We also write gt = ®l_9i with go the (possibly zero) center and g; a simple
ideal for ¢ > 0.

Set, for u,v € g_y/2,

(u,v) = (eg|[u,v])
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and note that (-, -) is a gi~invariant skew-supersymmetric bilinear form on g_; s2- Fix a
basis {a;} of g% and a basis {u;} of g_; /2. Then W*(g,0) has as set of free generators

{J{ai}} U {G{ui}} U{L}.

Moreover the A-brackets between generators is known explicitly [12], [13], [1], [14], and
Section Bt L is the Virasoro vector and its central charge is % — 6k + hY — 4, the Ji
are primary of conformal weight 1, the G{*} are primary of conformal weight % and

(1) 760500 = U 065k 4“2 (alb) for a € ¢, b € g

(2) [JtaGt = Gl for w e g_yj9, a € ¢
(3)

dim gf
(GG = —2(k + 2Y)(u,0) L + (u,0) Y o g gloed: o
a=1
dim g¥
2 3" (laa,ul, [v,a®]) : T ok 4 1)(0 + 20) ool
a,f=1
dim gf
+20 ) ([aa,u), [v, a®]) "9 4 2p (k)N (u, v).
a,f=1

Here {a,} (resp. {u,}) is a basis of g° (resp. g1/2) and {a} (vesp. {u?}) is the correspond-
ing dual basis w.r.t. (.].) (resp w.r.t. {-,-)ne = (e_g|[-,-])), a® is the orthogonal projection of
a € go on g, a? is the projection of a? on the ith minimal ideal gE of g%, ki = k+ %(hv —hgi)s
where A ; is the dual Coxeter number of g? with respect to the restriction of the form (.|.),

and p(k) is the monic quadratic polynomial given in Table 4 of [I]. See Appendix [ for the
derivation of formula (3) from the formulas given in [12].

Identify 1o with g° ©g_1/2 ®CL by identifying 7z J with a, 7;G1} with v and 7, L with
L. As in Remark [T a basis of Zhur,(W¥(g,0)) is given by

mi me ni Ny k. s ;. 3 . .
{ug *e - wug *agtxe - ka;m+ L i1 < ---igs g1 <0 < Jpy mp,ng € {0,1} if a;, or uj, is odd}.

Moreover the commutation relations among the generators are as follows (here [-,-]; denotes
the bracket in g, while [-,-] is the bracket in Zhur,(W¥(g,9)).

(1) L is a central element,
[a,b] = [a,b]g if a,b € g*,

(2) [a
(3) [a,v] = [a,v]gif a € g and v € 9-1/2,
(4)

dim g¥
1
- Yy ag — [a%, agly) — 2 VL — =
[, v] =(u,v) az::l(a *a [a%, aqlg) (k+h") 2p(k‘)
dim g¥

+ D ([, ulg, [v,0°]g) (20" % ap — [a%, agly)-
a,B=1
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By (2), (3) we can drop the subscript g from the bracket. Moreover observe that

dim g®

Z [a% aqlg =0

a=1

and that
20" x ag — [a”, aglg = 20 x ag — [a®,ag] = a® * ag + p(aq,ag)ag * a*.

Setting L' = 2(k + hV)L + %p(k:), a new generating space is g? @ g_1/2 © CL" and the com-
mutation relations are (1) with L in place of L, (2), (3) and

(4)
dim gt dim g¥

[u, v] =(u,v) Z a“*aq— L' | + Z ([aa, ulg, [v,a”]g) (@® * ag + p(aa, ag)ag * a®).
a=1 a,f=1

It is then clear that Zhuz,(W*(g,0/2)) does not depend on k if k # —h".
The involution w is easily computed: since the generators are quasiprimary, we have by
GA): w(J{4) = g(J{), hence
w(l) =1,
wla) = ()P (VD) g(a), a € g,
w(v) = (PO V=1 (v), v e gy

Recall that, if k + kY # 0, then W¥(g,6/2) has a unique simple quotient Wy (g,6/2). Re-
mark that the maximal proper ideal I*¥ of W¥(g,0/2) is the kernel of the invariant Hermitian
form on W¥(g,0/2), hence one can induce a invariant Hermitian form on Wj(g,0/2). The
latter vertex algebra is unitary if and only if the invariant form on W¥(g, 6/2) is positive semi-
definite. Recall from [I] that a level k is collapsing for W¥(g,8/2) if Wy.(g,0/2) is contained
in its affine vertex algebra part.

Theorem 7.9. Assume that Wy (g,0/2) is unitary.

(1) If g # sl(2) is a Lie algebra then k is a collapsing level.
(2) If g° is not a Lie algebra then k is a collapsing level.

In particular, if Wi(g,0/2) unitary for three different values of k, then either g = sl(2) or g
is not a Lie algebra and g* is a Lie algebra.

Proof. (1). By assumption g_;/o # 0, take a nonzero u € g_;/; such that ¢(u) = u and
compute using (0 with m; =m} = 1:

(G, 6y = (60,61 0 = V=T <G§,7§ G{_qé,}/21> = 4p(k){u, u) = 0.

If the form on W¥(g,0/2) is positive semidefinite then Gt e ¥ hence k is a collapsing
level.
(2). Take a € g such that p(a) = 1, ¢(a) = a. Compute using (Z6) with m; = m} =1

() = (1, ) = V=T () = o,

hence J{% e I*¥. Assume that g’ is simple; since I* N g% is and ideal of g%, then g c I*.
Since g_1/2 is not the trivial representation of g?, there exist b € g? and u € g_,; /2 such
that [b,u] # 0. Since [J1},G{¥] = GIPu} [1L Prop. 3.2] implies that k is collapsing.
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The only remaining case, according to [I, Table 3|, is g = osp(m|n),m > 5. In this case
g = osp(m — 4|n) @ sl(2) and g_1/2 = C™*4" @ C2, and the previous argument applies to
osp(m — 4|n) acting on C™4I", O

Remark 7.10. The proof of Theorem shows more generally that if there exists an odd
(resp. even) element of integer (resp. half-integer) conformal weight in a W-algebra W*(g, z),
which does not lie in the kernel of its homomorphism to W (g, f), then the latter W-algebra
is not unitary.

In general, even at collapsing levels, the simple vertex algebra Wi/(g, #/2) might not be
unitary. It is clear that if W¥(g,6/2) collapses to C then Wj(g,6/2) is unitary. The list of
such cases is given in Proposition 3.4 of [1].

In the next proposition we deal with other collapsing levels allowing unitarity.

Proposition 7.11. Assume Wy(g,0/2) # C. Ifk is a collapsing level and there is a conjugate
linear involution ¢ on Wi(g,0/2) such that the corresponding ¢—invariant form is unitary,
then the pair (g,k) is one in the following list

(7.7) g=sl(mln), m#n,n+1,n+2,m>2, kE=-1,
(7.8) g =Gy, k=—4/3,
(7.9) g = osp(m|n), m —n > 10, m —n even, k=-2,
(7.10) g = spo(2]3), k= -3/4,
1+n 1+n
A1 =D(2,1;— N k=— .
(7 ) g ( y 7 + 2)7 n e Y n+ 2

Proof. Looking at [2, Table 5] one gets that in the cases listed in the statement there is
a conjugate linear involution ¢ such that the ¢—invariant Hermitian form on Wi(g,6/2)
is positive definite. In case (7)) Wi(g,0/2) is M(C) (Heisenberg vertex algebra) and its
unitarity is shown in Subsection In cases (78), (9), (CIQ), (CII), Wk(g,0/2) is a
simple affine vertex algebra at positive integral level, hence unitarity follows from Subsection
B3l

It remains only to check that the cases in the statement are the only cases where one
can have unitarity at a collapsing level k, but, as explained in the discussion at the end of
Subsection (3] a simple affine vertex algebra Vj(g) can be unitary if and only if g is even
and k is a positive integer. O

Corollary 7.12. The following simple minimal W-algebras are unitary:
(1) W_1(sl(mn),0/2) = M(C), m # n,n+1,n+2,m > 2, where M (C) is the Heisenberg
vertex algebra with central charge ¢ = 1;
(2) W_4/3(Go,0/2) = Vi(sl(2)) with central charge c =1;
(3) W_g(osp(m|n),8/2) = meTH (sl(2)),m —n > 10,m and n even, with central charge

_ 3(m=—n=8),
C= "m—n—a

(4) W_3/4(spo(2]3),0/2) = Vi(sl(2)) with central charge ¢ = 1;

(5) VV_%Z(D@7 ;—%),9/2) =V, (sl(2)) with central charge ¢ = 2?;_—"”, ne’Z;.

Remark 7.13. Case (4) of Corollary is of special interest since Wi (spo(2|3)), tensored
with one fermion, is the N = 3 superconformal algebra. The collapsing level corresponds to
the central charge 1 of the simple W-algebra, isomorphic to Vi(sl(2)), hence to the central
charge ¢ = 3/2 of the N = 3 superconformal algebra, which is therefore unitary. This has
been already observed in [16].
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Remark 7.14. Another interesting case of Corollary is (5). Recall that Wi (D(2,1;a),
tensored with four fermions and one boson, is the big N = 4 superconformal algebra [13]. It
follows from Corollary that this algebra is unitary when a = —%, n € Z, the central
charge being —6a.

8. APPENDIX: A-BRACKETS IN MINIMAL W—-ALGEBRAS

If u € g_1/3 and v € gy, then a direct computation shows that

0] = S ([, vlla)ao + L2 = 3™ (0, |[u, oo + Eltdy,

« «

[y, 0] =Y ([uy,v][a)ag = > (uy|[v,a®])aq,
[, w7 = (aal[u, u)a® = > ([aa, ul|u)a®,
Moreover,

[T, w7 fun, 0]1F = D ([aqs ulu”) (us [0, a”])[a, ag).
o,

Since, if v € g_1/9, v =3, (v|u7)[e_p, u,], We obtain
20eg,v] =2 (v[u))[eg, [e—g,uy]] = 2D (wju)[z,uy] = > (v]u)u,y.
Y v v

Substituting we find

> (aa, ulw”)(us [0, 0°]) = (Y ([aa, ullw” )y |[v, a”])

Y ol
= 2([697 [aavum[’u’aﬁ]) = <[aa’u]v [U,(LBD.

Recall from [1], [14] that

dim g"
(8.1) [GUNGEH = —2(k + BY) (u, 0)L + (u,v) Y gt gleed s 4
a=1
dimgl/2
Z : J{[u,uﬂh}t]{[u—y,v]h} . _|_2(k 4 1)(8 + 2)\)(]{[[63,11},1)}“}
y=1

a0 gL Y ok A2 u, v),
YES1 /2
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where p(k) is a monic quadratic polynomial in k, listed in [I, Table 4]. Using the above
formulas we can rewrite (8.1]) as

dim ¢
(8.2) [GUINGEN = —2(k + BY) (u,v) L + (u,v) Y ¢ gt gleed 4
a=1
2 ([aa,ul, [v,a®]) : T g1} s 12(k 4 1)(9 + 22) g UleouleT)
a,B
+ 20 Y (lac, ul, [, a®]) 1" 9 4 2p (k)X (u, v).
a,B
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