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Chapter 1

Introduction

A particle system is a model of physics with point particles interacting via a force
law. Although particle systems may sound only tangentially connected to information
theory, there turn out to be deep analogies between these fields. The key connection
is: by considering the particle system in a discrete space, particle arrangements and
force laws can be viewed as codes and potential functions in coding theory, so finding
the ground states of this system, i.e., well-separated particle arrangements minimizing

the total energy, is same as finding optimal codes.

For finding the ground states, Delsarte in [1] introduced the linear programming
bound, a powerful tool to give nontrivial constraints on weight enumerators of dis-
crete codes. It remains a central tool in coding theory. In physical terms, weight
enumerators are the same as pair correlation functions; i.e., they measure the dis-
tribution of pairwise distances between particles in the system. A quasicode is any
distance information compatible with these Delsarte constraints, so every code yields

a quasicode, but not always vice versa.

In this thesis, we investigate the space (polytope) of quasicodes. Theorem 3.7 gives
a description of all quasicode vertices of the polytope that use at least half the avail-
able points. For quasicodes of codimension 1, Theorem 3.9 shows that all quasicode

vertices correspond to actual codes, so this gives the optimal code of codimension



1 for any potential function. Also, Definition 5.2 gives a symmetry on the space of
quasicodes, which remained undiscovered in previous studies. It reduces half of cases

we need to consider, and indicates a part of the structure on the polytope.
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Chapter 2

Background

In this thesis, we denote the alphabet with ¢ elements by [F, and only use the additive
group structure on F,, so here ¢ can be any number (not limited to prime powers).
Now an n-digit codeword can be viewed as an element in Fy. Then a code is a
subset of I, and we denote the Hamming distance as d(x,y) for any two codewords
z and y in Fj. We define the dimension of a code C' as log, |C| and codimension as
n — log, |C|. For any code C, we define the distance distribution of C as the vector

(Ao, A1, ..., A,), where
1 ) . .
Aizl—q’{(l”y)ec td(@,y) = i} fori=0,1,...,n

and we always have Ag = 1. When this code C'is closed under addition, i.e., w+C = C'
for all w € C, then
A ={zr e C:d(z,0) =1}

This space Fy is a discrete model of the universe, where each codeword is a location
for a point particle, and a code corresponds to a particle arrangement. The force law
between particles can be viewed as a function only depending on the distance between
the particles, which is always an integer between 0 and n in this space. So given a

code C C IFy and a function f : {0,...,n} — R, we define the potential energy of C

11



with respect to the potential function f as

Z fllz—y)) = ZAz-f(i) = (f(0),..., f(n)) (Ao, ..., An)",

z,yeC

and a code C'is optimal if for every C" with |C'| = |C],
E4(C) < By(C).

Note that our definition of potential energy includes distance 0. It’s traditional to
exclude it, to allow potential functions such as inverse power laws that are not defined
at distance 0. However, since we always have Ay = 1, this does not change which
codes are optimal.

Finding optimal codes is hard. Instead, we investigate the distance distribution and
introduce the linear programming bound to give nontrivial constraints on the distance
distribution. Delsarte in [1] developed the linear programming bound and originally
used it to bound the size of codes given their minimum distance. (See [2] for the
general theory, and [3] for a survey article.) Yudin in [7] first applied this tool on
energy minimization, and Cohn and Zhao in [4] first used it for bounding energy in
discrete case.

In general, for codes over F,, the k-th Krawtchouk polynomial is defined by

o =20 ()(175)

Jj=

and let K,, = (K;(j;n, q))o<ij<n be the (n+ 1) x (n+ 1) Krawtchouk matriz.

Theorem 2.1 (Delsarte inequalities). Let a = (Ao, A1, ..., A,) be the distance dis-
tribution of a code C'. Then

12



We can rewrite this as

Kn : a’T Z 07
where a vector b > 0 means that all coordinates of b are nonnegative.

So minimizing Y ., A; f(i) in the variables Ao, ..., A,, with constraints

gives a lower bound for the minimum potential energy E;(C') when |C| = N. This

induces the definition of a quasicode:

Definition 2.2. A quasicode a = (Ag, Ay, ..., A,) of length n and size N over F,, is

a real vector satisfying the following constraints:
N
a>0, K, -al >0, ZAZ-:N, and Ag = 1.
i=0

We define the dimension of a quasicode as log, N and codimension as n — log, N.

So the distance distribution of any code C' C Fy is a quasicode with length n and size

|C'|, and we can define the potential energy of a quasicode a = (Ao, A1,...,A,) as

Egfa) = Y Aif(0) = (FO), ... S(n)) -

The space of quasicodes forms a polytope. We introduce the related definitions here:

Definition 2.3. 1. A subset P of R™ is a polyhedron if there exists a positive

integer m, an m X n matrix A and a vector b € R™, such that

P={xeR": Az < b}.

13



2. A vector z in R" is a conver combination of the vectors ay, ..., a, € R" if there

exist nonnegative scalars Aq,..., A, such that
p P
T = Z)‘iai and 1 = Z/\i.
i=1 i=1

3. Given a set S in R", the convex hull of S, denoted by conv(S), is the set of all

points that are convex combinations of points in S. That is
p p
COHV(S) = Z)\Zal Ta; € S, )\z 2 O, Z)\Z =15>.
i=1 1=1

4. A subset @) of R" is a polytope if @) is the convex hull of a finite set of vectors
in R".

The following theorem shows the relation between polyhedrons and polytopes (Corol-

lary 3.14 in [6]).

Theorem 2.4 (The Minkowski—-Weyl Theorem for Polytopes). A set @ in R™ is a
polytope if and only if Q is a bounded polyhedron.

Since every entry of a quasicode is between 0 and NV, the set of quasicodes is bounded.
So this theorem tells that the set of quasicodes is a polytope. We would like to under-
stand more about the structure of polytope of quasicodes. We start with introducing

some properties of Krawtchouk polynomial (see [5]):

1. (Symmetry relation) For integers ¢,k > 0,
(n , n
-0 () Katinea) = o= 1 () itk
2. (Orthogonality relation) For integers r, s > 0,

i (n) (¢ — 1)K, (isn,9) Ks(isn,q) = ¢" (¢ — 1) (Z) Sys.

- 1
=0

14



3. (Generating function)
(1+(g—1)2)"(1-2)" = Z K;(isn, q)2’
=0

4. The Krawtchouk matrix K, is invertible and

K=q"1

n

where [ is the identity matrix.

From this generating function, we can prove the following relations for the Krawtchouk

polynomial:

Lemma 2.5. Forj=1,...,n+1,
1. Kj(i;n+1,q9) = K;(i;n,q) + (¢ — 1) Kj_1(4;n,q) fori=0,...,n, and
2. Ki(iin+1,¢q) = K;(i — 1in,q) — Kj_1(i — L;n,q) fori=1,...,n+ 1.

Proof. 1. For:=0,...,n

=0
=1+ (g—1)2) ZKj(z,n,q)zJ
=0
= K(isn,q)2 + (¢ —1) Y K;ja(i;n, )2
7=0 7=1

Soforj=1,....,n+1, K;(i;n+1,q) = K;(i;n,q9) + (¢ — 1) K;_1(3;n, q).

2. Fori=1,...,n+1,
Y Kj(isn+1,9)27 = (1+ (g — 1)2)"7 (1L — 2)’
j=0

1—zZK —1;n,q9)z
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= ZKj(i —1;n,q)2 — ZKj_l(i —1;n,q)2.
j=0 J=1

Soforj=1,....n+1, K;(isn+1,q) = K;(i — 1;n,q) — K;_1(i — 1;n,q).

Lemma 2.6.

1. Ko(isn,q) =1, Ku(i;n,q) = (¢—1)"(=1)" fori =0,...,n, and K;(i;n,q) =0

for j >n.

Proof. 1. We get this result by comparing the constant, 2™ term, and 27 term on

both sides of the generating function.

2. From part (1), we know (1,...,1) is the first row of K, and we get our result

from K2 = ¢q"I.
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Chapter 3

Vertices of the polytope

The key question in finding optimal codes is: what does the space of distance dis-
tribution of codes look like? It’s hard to answer, so instead, we focus on the space
of quasicodes. This space is typically larger than the space of distance distribution
of actual codes. How close are they? In this chapter, Theorem 3.9 tells these two
spaces have same size when we consider the codimension 1 codes, as all vertices of
the polytope of the quasicodes correspond to actual code. We also list all vertices of

the polytope of the quasicodes of size N, when ¢"~! < N < ¢, in Theorem 3.7.

We start with defining a function g from R"*! to R"*2, where
g(Ao,Al,...,An) = (Ao,Al,...,An,O) + (q— 1) . (O,Ao,Al,...,An).

First we want to show that g maps quasicode to quasicode:

Theorem 3.1. If (A, Ai,..., A,) is a quasicode of length n and size N, then

g(Ag, Ay, ..., A,) is a quasicode of length n+ 1 and size gN. Moreover,
Kn—l-l ' g(A07 Ab s 7An)T = (qKn ’ (A(b A17 ce 7AH)T’ 0)7

where for a length n vector v, (v,0) is the length n + 1 vector obtained by adding one

entry 0 to the vector v.
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Proof. Let g(Aq,...,A,) = (Bo,...,Buys1). We know B; > 0, By = Ay = 1, and
Zfio B; = qzij\io A; = gN. Toshow K,.1-(By,...,Bni1)" >0, all we need to show
is

Kn+1 . (B(), Ce ,Bn+1)T = (qKn . (Ao, ce ,An)T7 0)

Let’s consider each coordinate; for the first coordinate, we know Ky(i;n,q) = 1 for

all n and 7, so

n+1 n+1 n n
> BiKo(isn+1,9)=> Bi=q» Ai=qY AKoi;n,q).
i=0 i=0 i=0 i=0
For j =1,...,n+ 1, using the relations in Lemma 2.5, we have
n+1 n n+1
i=0 i=0 i=1

n

- Z Ai(K;(5;m,q) + (¢ — 1)K;_1(i5n,q))

+(g—1) ZAifl(Kj(i —Lin,q) — K;—1(i — 1in,q))

n

' Ai(K(i5m,q) + (¢ — 1) K1 (i5n,q))

n

+(g—1) ) A(K;(iin,q) — Kj1(isn,q))

=0

3

For j =n+ 1, K;(i;n,q) = 0 for all 4, so we have K, - (B, ..., Bn1)" = (¢K, -
(Ag,..., A,)T,0). O

For a code C' = {cy,...,cm} C Fy, we define
9J(C)=CxFy={cit |t €Fy, i €{l,.... m}} CF*

where ¢;t is a length-n + 1 codeword obtained by adding one entry ¢ to the end of

length-n codeword ¢;. The following theorem shows that this function g on the level
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of code induces the previous function g on the level of quasicode.

Theorem 3.2. If the distance distribution of a code C is (Ay,...,Ay), then the
distance distribution of g(C') is g(Ay, ..., An).

Proof. Let the distance distribution of §(C) be (By,...,B,+1). We know |§(C)| =
q|C| and By =1 = Ay. First of all,

Bni1 = ml{(ﬂf,y) € 9(C)? - d(z,y) = n+1}|
1
_MH(Q:E?CJZ/) d(ciacj) n, l'#yH
1
=—|C|A, - 1
JC1 IC|A, - q(q — 1)
Forany:=1,...,n,
Bi = ——{(,y) € 4(C)? : d(,y) = i}
i = T~ 1\, cd(z,y) =1
q|C’| Yy g Yy
1 . .
= M(H(ﬂa%) sd(ciep) =i = Lo #yb| + ez az) : dle, a) = i}])
1
= —(|CA;_; - — 1)+ |C|A; -
q|C’|(|| 1-q9(¢—1) +|C[A; - q)
SO(Bo,...,BnJrl):(Ao,...,An,O)+(q—1)(O,A0,...,An):g(Ao,...,An). ]

Now we consider the following code C,,:

Definition 3.3. Let C,, = {w € F} : >°" | w; = 0}, i.e., the sum of all coordinates of
w is zero. Then |C,| = ¢"~! and C,, is closed under addition. (Note that we only use

the group structure of I, in this definition.)

Lemma 3.4. The distance distribution of C, is ¢,, where the i-th coordinate of ¢, is
()i =5 (3) (g =1+ (g = D(=1)").
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Proof. As C, is closed under addition, (¢,); = |[{w € C, : d(x,0) =i}|. Fori > 1, we
first choose the ¢ non-zero digits out of n; for these i digits, we can arbitrarily pick
numbers for the first ¢ — 1 digits, and the unique choice of the last digit will make
the total sum equal to zero. However, we have to rule out the case that the sum of
first ¢ — 1 digits is already zero, as the last digit has to be non-zero. We can get this

number by applying the same logic for ¢ — 1. Thus,

q\1t
This formula coincides with (¢, )o = 1 as well. O
Now for 2 =1,...,n, let’s consider the code

g"NCH) = g(...9(4(Cy)) ...) = {w € FI: ;wk = 0},

n—i

which is the code with the sum of first ¢ coordinate equal to zero and having no
restrictions on the rest coordinates. From Theorem 3.1 and Theorem 3.2, we know

the distance distribution of this code is g™~ (¢;), with size ¢"'.
Definition 3.5.

1. Let @ be the distance distribution of the full-set code ;. Then 2 has size ¢"

and the i-th coordinate is

)



2. Fori=1,...,n, we let

and for ¢"7 1 < N < ¢*,

— — N_(]n_l —> —>
an; = V; + —(U - Ui)
qn_qnfl
1

:W((Qn—N)T);JF(N—q ).

Then we have the following properties of these vectors:
Lemma 3.6. 1. K,¢, = ¢ (1,0,...,0,¢q— 1)T.

2. K,u, =q"41,0,...,0,¢—1,0,...,0)T, K, @ = (¢",0,...,0)7.
i th
it

3. K,an; = (N,0,...,0,¢" — N,0,...,0)T. For ¢"' < N < ¢", the vectors

h
it
QaNT1,---, 0Ny, are linearly independent, which implies that they are not convex

combinations of each other.
Proof.
1. We have

S @K (ing) = 3 (”) (g — 1) + (g — D)(~1)) (i, q)

1
1=0 =0 q

I~ /n
25 ()q—l o(t5n, q)Kj(i3n, q)
-1 < (n) ; , ,
+ — . q_l an;naqK'Z;naq
q(q_1>n; i ( ) ( )J( )
.
0 ifj#0o0rn
=9 g+t ifj=0

(¢—1g" " ifj=n
\

by the orthogonality relation on Krawtchouk polynomials. So K¢, = ¢" (1,0, ...

17,
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2. We have

K, = Kg™ (&) = ¢"1(1,0,...,0,¢ = 1,0,...,0)"

——
i th
by the previous part and Theorem 3.1. Thus,
~ . ~ (n i .
D (@)iK(in,q) = (Z) (¢ — 1)'Ko(i;n, ¢) K;(i;m, q)
i=0 i=0
0 ifj+#0
q" if j=0.

So K, 4 = (¢",0,...,0)T.

3. From the previous parts,

N 1 s
Kooy, = WKTL((CI” —N)o; + (N = ¢" )W)
:(N707 707qn_Na07 70)T
——
i th
As K, is invertible and ¢" — N > 0, the vectors anyg,...,an, are linearly

independent, so they are not convex combinations of each other.
O

Theorem 3.7. For ¢! < N < ¢", ay, are quasicodes of length n and size N.
Moreover, {an,}; with i = 1,...,n are all vertices of the polytope of the quasicodes

of size N, which means
1. the vectors {an; }i are not convex combinations of each other, and
2. any quasicode of size N can be written as a convex combination of {an; }i.

Note that we can confidently call {an;}; vertices, as Theorem 3.34 in [6] states the
following: A vector v in a polytope @ is a vertex if and only if it is not a proper

convex combination of two distinct points in @) (i.e., if two vectors z, y in () satisfying

22



v=tx+ (1 —1t)y for some 0 <t < 1, then v = z = y). From the two properties in

the theorem, our vertices {ay; }; match with this definition.

Proof of Theorem 3.7. Part 1 is directly from Lemma 3.6 Part 3; before we check
Part 2, we first check ay; is a quasicode. We have

—> 1 n N — N n—1y—>

QN = W((q — N)vi + (N —¢"7)u).
We know u and v; are quasicodes, so all coordinates of @ and v; are nonnegative.
Here oy ; is a nonnegative linear combination of 7 and 7, so & ~Ni > 0,and K,an; >0

1

from Lemma 3.6. The vectors v; and @ have size ¢"~' and ¢" respectively, so ay,

has size N. And
—> 1 n - n—1\/—>
(ani)o = ———((¢" = N)(vi)o + (N —¢"")(u)o) = 1.

This shows that ay; is a quasicode. For Part 2, we consider any quasicode 2 with
size N, let K, 2 = (zo,...,2,)". As the first row of K, is (1,...,1), we have o = N.
Also we know (1,..., 1)K, = (¢",0,...,0), so

ro+ -+, =(1,..., 1)K,

as (7)o =1. So we have 0 < xy,...,2, < ¢" — N.

Now we consider

1 —_—> — N
ann _ N(l'lOéN,l + o TaQNg) = (m(xl o @), Ty )T

T
= (l’o,...,l’n) .
As K, is invertible, we have

N 1
z =
q" — N

(xran1+ -+ TnQnn),

which is a nonnegative linear combination of {ay; }; with the sum of coefficients equal

23



to 1. ]

We want to minimize the potential energy first over quasicodes, and eventually over
codes. From Theorem 3.7, for any quasicode (Ao, ..., A,) with size ¢"! < N < ¢",

we can always write it as a nonnegative linear combination of ay;. So

Ef((AU7 s >An)) = (f(0)7 s ?f(n))(A()v s 7AH)T

= qn(f(0)7-..,f(n>>Ki(Alom’+-..+Anom’)
_qn_N N T
= (FO), o FN Kz A AT

which gives the following theorem.

Theorem 3.8. Let (ag, ..., a,) = (f(0),..., f(n))K, andindexsetI = {i € {1...,n}:
a; = min{ay, ..., a,}}, then for quasicodes with size "' < N < ¢, the minima of

the potential energy are achieved by the polytope generated by vertices {an, }bicr-

For the special case N = ¢"~! (code with codimension 1), we have ay; = v;, which
is the distance distribution of the code §"~9(C;) = {w € F : S wy, = 0}, so we

have the following theorem for potential energy over codes:

Theorem 3.9. Let (ay,...,a,) = (f(0),..., f(n))K, andindexset I ={i € {1...,n}:
a; = min{ay,...,a,}}, then for codes with codimension 1 (size ¢"7'), the potential

energy reaches minimum at the codes {w € Fy S _jw, =0} withi€ 1.
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Chapter 4

Properties of binary quasicode

In this section, we consider binary quasicodes, the special case when ¢ = 2. For any
binary code in F%, any codeword x has at most one codeword with distance n; we

call this codeword the antipode of x and write it as 1...1—z. So for the distance

distribution of any binary code, we always have A, < 1. When A, = 1, this means
every codeword has its unique antipode in the code, so we have A; = A,_; by sym-
metry. By taking these simple combinatorial observations for binary codes, Theorem

4.2 and Theorem 4.4 show that these properties hold for binary quasicodes as well.

We first prove some properties for Krawtchouk polynomials in ¢ = 2 case:
Lemma 4.1. K;(n—xz;n,2) = (=1)/K;(z;n,2) and K,—;(z;n,2) = (—=1)*K;(x;n, 2).

Proof. We have



The symmetry relation of Krawtchouk polynomial gives

(7;) K, (i;n,2) = (Z) Rl 2)

SO

This shows K,,_;(z;n,2) = (=1)"K,(z;n, 2).
Theorem 4.2. For any binary quasicode (Ay, ..., A,), we always have A, < 1.
Proof. We know " ; A;K;(i;n,2) > 0 for all j =0,...n, so we have
0< z": zn:Ain(i;n, 2) = zn:Ai Zn: K;(i;n,2).
=0, odd i=0 i=0  j=0, odd

The generating function for ¢ = 2 is
(L+2)""(1=2) = K;j(i5n,2)27 =Y K;(i;n, 2)2.

j=0 7=0

Case 1: For any 7 # 0, n, plugging in z =1 and z = —1 gives

Z K;(i;n,2) + Z K;(i;n,2) =0
j=0, odd 7=0, even
and
o OKi(n,2) — Y Kj(in,2) =0,
j=0, even j=0, odd

26



which implies

> Ki(iin,2) =0.
=0, o

j=0, odd

Case 2: For ¢ = 0, plugging in z =1 and z = —1 gives

Z K;(0;n,2) + Z K;(0;n,2) =2"
j=0, odd j=0, even

and
n

i K;(0;n,2) = Y K;(0;n,2) =0,

7=0, even 7=0, odd

which implies

> Kj(0in,2) =2

j=0, odd
Case 3: For i = n, plugging in z = 1 and z = —1 gives
Z K;(n;n,2) + Z K;(n;n,2) =0
j=0, odd j=0, even
and
Z K;(n;n,2) — Z K;i(n;n,2) =2",
7=0, even j=0, odd

which implies

Z K;(n;n,2) = -2 1,

7=0, odd

So 0 <Y " A Z?:o, oaq K(isn,2) implies 2" 1Ay — 27714, > 0. As Ag = 1, we
have A4,, < 1. O

Lemma 4.3. For any i,j € {0,...,n — 2} with j odd,

J
Kj(iin—2,2) = > K(i+1;n,2).

s=1, odd

Proof. Multiplying both sides of (1+2)" 27/ (1—2) = Z?;OZ K;(i;n—2,2)27 by 1—22
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gives
n—2
(1+2)""" 11— 2)* = Z K;(iyn —2,2)27 — K;(i;n — 2,2)271?
=0

= ZKj(z';n —2,2)2 — ZKj_g(i;n —2,2),
=2

J=0

where the left side is Y77 K;(i + 1;n,2)27, so

4

K;(i;n—2,2) for j € {0,1}

Kj(i+1n,2) = § K;(iyn —2,2) — K;_s(i;n —2,2) for je{2,...,n—2}

J

—K;_5(iyn —2,2) for j € {n —1,n}.

\

Now we check the claim:
If j =1, then
K;i(i;n —2,2) = K;(i + 1;n,2).

If 1 <j<n-—2with j odd, then

J
= Y K(i+1n,2).

s=1,odd

]

Theorem 4.4. For any binary quasicode (Ao, ..., Ay), if A, = 1, then A; = A,_;
for all 1.
We know > A, K;(5;n,2) > 0forall j=0,...,n. Let B; = A; — A,_;. For j odd,
we have

Ki(n—i;n,2) = (=17 K;(i;n,2) = —K;(i;n,2),

j
SO ZE&A B, Kj(i;n,2) > for any odd j.
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If we let w;, = (K;(1;n,2),..., K;([5] — 1;n,2)) and 0}, = (K;(0;n,2),%;,), then
Uj,n : (807317 v 7Bf%]—1> >0

for j odd in {0,...,n}. Then Theorem 4.4 converts into the following proposition:

Proposition 4.5. If ¥j,, - (Bo, B, ..., Bra1-1) > 0 for all j odd in {0,...,n}, and
By =0, then (By, By, ..., Brn1—1) = (0,...,0) for alli.

Proof by induction on n. For n = 1, this is trivial.
For n > 1, as By = 0, then we have ;,, - (By,..., B[%]_l) > 0. From the previous

lemma, for j odd in {0,...,n — 2}, we know

Timoo = (K;(0;n —2,2), K;(1;n —2,2) ..., fg([%} —2n—2,2))

S0 Uj ,—2 is a positive linear combination of s, for odd s, which means
Vjn—2 - (B1,- -, 3[31—1) >0

for all j odd in {0,...,n — 2}. From the proof of Theorem 4.2, we know

n—2
> e =(2"70,...,0)

7=0, odd

so 2"73B; > 0, which implies B; > 0.

n—2 — . oy . . . =
On the other hand, > %"7 44 Ujn—2 is a positive linear combination of w;,, so there
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exist t; > 0 satisfying

From the proof of Theorem 4.2, we know

n

S owa= Y (Kj(1;n,2)...,f(j((21—1;n,2)):(o,...

j=0, odd §=0, odd

Now let t); = max{t;}; + 1. Then

n

D (b = t)wy = (=2"7%,0,...,0),

j=0, odd

which is a positive linear combination of w; ,,, so —2""3B; > 0, which implies B; < 0.

So we have ¥, 2(Bi, . .., Bray-1) > 0 forall j odd in {0, ...,n—2} and By = 0, which

is the inductive hypothesis for n—1, so we have (Bo, By, ..., Bra1-1) = (0,...,0). O
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Chapter 5

Symmetry on even digit binary

code

To understand the structure of the spaces of binary codes and binary quasicode, we
want to know what are the symmetries on them. There are not many symmetries;
when code has half dimension, the duality provides a symmetry. In this chapter,
assuming n is even, we find another symmetry for binary codes and quasicodes with

any size.

Definition 5.1. Let 1 denote the n-digit codeword 1...1. Define a map f from

n

n-digit codewords to n-digit codewords by

a if a is even (has even weight)
fla) =
1+a ifaisodd (has odd weight)

where the weight of a codeword is the sum of all digits.

Definition 5.2. For n even, define a permutation F in the symmetric group S,, as

F=(1n-1)Bn-3)...= [[ (in-1i

i< and odd
and we can extend it to a map F” from quasicodes to quasicodes by keeping the even-
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distance positions and switching the value of every odd-distance k position with the

value at distance n — k position, i.e.,

F,((thtlatQ e 7tn—17tn)) = (thtn—17t27 s 7t17tn)'

To prove F’ maps quasicodes to quasicodes, the only thing we need to check is
K, -F'(a)>0
for any quasicode a = (Ay, Ay,..., A,). This means we need to show

ZK@n2A+Z j(ism, 2)A,—; > 0 for all j.

=0, even =0, odd

Proof. Lemma 4.1 tells us that
Ki(n—i;n,2) = (=1 K;(i;n,2) and K,,_;(i;n,2) = (=1)'K;(i;n, 2).

When j is even, we have
K;(i;n,2) = K

so the left-hand side of our statement is > ) K;(i;n,2)A;, which is nonnegative as
a is a quasicode.

When j is odd,

i=0, even =0, odd
:ZK(ZHQAi+ZK ism,2)A
=0, even =0, odd
= K;(i;n,2)A; — Z K;(i;n,2)A
1=0, even =0, odd



n

1=0, even =0, odd

Z Kn_j(i; n, Q)AZ
=0

> 0.

]

As |F'(a)| = |a|, this F” gives a symmetry on the polytope of quasicodes. Here are

some properties of these functions:

Lemma 5.3. 1. f?=identity, F?=identity, F'* = identity.

2. [ is a linear map, i.e., f(a+b) = f(a)+ f(b) and f(Aa) = Af(a), for A =0,1.
The proof of this lemma is immediate.

Lemma 5.4. 1. For any codewords a,b € F}, we always have

d(f(a), f(b)) = F(d(a,b)).

2. For any code C, the distance distribution of f(C) is equal to applying F' to

distance distribution of C'.

Proof. Case 1: If a,b are even, then d(a, b) is even, so

d(f(a), f(b)) = d(a,b) = F(d(a,b)) = F(d(a,b)).

Case 2: If a,b are odd, then d(a,b) is even, so

d(f(a), f(b)) =d(1 +a,1+b) =d(a,b) = F(d(a,b)).

Case 3: If a, b has different parity, without loss of generality we can assume a is even

and b is odd. Then d(a,b) is odd, and

d(f(a), f(b)) =d(a,1 +b) =n—d(a,b) = F(d(a,b)).
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This proves first property, and the second one is an immediate corollary. O

Definition 5.5. If C is a code, we define the dual code as
Ct ={we{0,1}": (w,v) =0,Yv € C},

where (, ) is the dot product by viewing codewords as vectors modulo 2. So f(C+) =

{f(w) : (w,v) =0,Vv € C} and f(C)* = {w: (w, f(v)) =0,Vv € C}.
Lemma 5.6. For any two codewords vy and vy, (f(vy1), f(v2)) = (v1,v2).

Proof. (1,a) =0 if a has even weight and (1,a) = 1 if a has odd weight, so

(f (v1), f(v2))

(

(v, v2) if v; and v, have even weight

(v1 + 1, v9) = (v1,v2) + (L, v9) = (v1,v9) if v; has odd weight, vy has even weight

- (v1, 1+ vg) = (v1,v2) + (v1, 1) = (v1, v9) if v; has even weight, vy has odd weight
\ (v1 4+ 1,v94+ 1) = (v1,v2) + 1+ 140 = (vy,v9) if vy and vy have odd weight.

O
Lemma 5.7. The function f commutes with dual operation, i.e., f(C*+) = f(C)*.

Proof. For any f(w) € f(C*) and any v € C,

(f(w), f(v)) = (w,v) =0,

so f(w) € f(C)* and f(Ct) C f(CO)*.
For any w € f(C)* and any v € C,

(f(w),v) = (f(f(w)), f(v)) = (w, f(v)) =0,

sow € f(C1) and f(C)*+ C f(C1), which implies f(C+) = f(C)*. O

34



From Proposition 5 of [4], we know if a = (Ay ..., A4,) is the distance distribution of

code C, then the distance distribution of C+, at = (Ag,..., AL), is
R :
Aj = N Z AZKJ(’L, n, 2),
=0

where N = |C| = > A;. So

1T 1 T
a =—K,-a.

N

Using this formula, we can extend the dual operation to quasicodes. Since K2 = 2",

for a quasicode a of size N, a* is a quasicode of size %
Our proof showing F’ maps quasicodes to quasicodes also proves the following theo-

rem:
Theorem 5.8. For any quasicode a, F'(a*) = F'(a)*, i.e.,

1 O ,
1=0

So our symmetry commutes with the dual operation on quasicodes. For the special

case N = 2% (half dimension), a quasicode and its dual have the same size, which

means the dual operation provides another symmetry on the polytope of quasicode.
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Chapter 6

Further questions

In Chapter 3, we get a complete list of vertices with size ¢"' < N < ¢". What
happens for the polytope of quasicodes with size less than ¢"~'? For ¢ = 2, here is a

table on number of vertices of the polytope computed using Polymake [8]:

n | N | Number of Vertices n N Number of Vertices
31 1 1 5 2 5
3] 2 3 5 3 17
3] 3 4 5 4 14
31 47 3 5 5 17
31 8 1 5 6 12
4 1 1 ) 7 17
4 2 4 5) 8 14
41 3 9 5 9 17
4| 4 5 5 10 17
41 5 9 5 11 17
4 6 7 5) 12 12
41 7 9 5 13 13
4| 815 4 ) 14 13
41 16 1 5) 15 13
5 1 1 5| 16-31 5
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n | N | Number of Vertices n N Number of Vertices
5132 1 6 17 28
6| 1 1 6 18 28
6| 2 6 6 19 28
6| 3 28 6| 20 28
6| 4 16 6| 21 28
6| 5 29 6| 22 28
6| 6 40 6| 23 28
6| 7 41 6| 24 22
6| 8 24 6| 25 24
6| 9 41 6| 26 24
6| 10 41 6| 27 20
6|11 41 6| 28 20
6|12 29 6| 29 20
6|13 29 6| 30 20
6|14 29 6| 31 20
6|15 29 6 | 32-63 6
6| 16 16 6| 64 1

This shows a more complex phenomenon for the case N < ¢

"=l so we can’t expect

simple generalization of our main theorem on the list of vertices.
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