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Log-concave sampling has witnessed remarkable algorithmic advances in recent years, but the corresponding problem of
proving lower bounds for this task has remained elusive, with lower bounds previously known only in dimension one. In this
work, we establish the following query lower bounds: (1) sampling from strongly log-concave and log-smooth distributions in
dimension d > 2 requires Q(log k) queries, which is sharp in any constant dimension, and (2) sampling from Gaussians in
dimension d (hence also from general log-concave and log-smooth distributions in dimension d) requires Q(min(vx logd, d))
queries, which is nearly sharp for the class of Gaussians. Here k denotes the condition number of the target distribution. Our
proofs rely upon (1) a multiscale construction inspired by work on the Kakeya conjecture in geometric measure theory, and
(2) a novel reduction that demonstrates that block Krylov algorithms are optimal for this problem, as well as connections to
lower bound techniques based on Wishart matrices developed in the matrix-vector query literature.

CCS Concepts: » Theory of computation — Random walks and Markov chains; Design and analysis of algorithms.

Additional Key Words and Phrases: block Krylov, log-concave sampling, matrix-vector queries

1 Introduction

We study the problem of sampling from a target distribution on R? given query access to its unnormalized density.
This is a fundamental algorithmic primitive arising in diverse fields, such as Bayesian inference, numerical
simulation, and randomized algorithms [Robert and Casella 2004]. Recently, there has been considerable progress
in developing faster algorithms for this problem, particularly in the case where the target distribution is log-
concave. In large part, these results have been achieved by exploiting the rich interplay between optimization and
sampling [Jordan et al. 1998; Wibisono 2018], leading to novel sampling schemes inpsired by classical optimization
methods [Bernton 2018; Chewi et al. 2020; Lee et al. 2021b; Ma et al. 2021; Zhang et al. 2020], as well as new
quantitative convergence guarantees for sampling [Dalalyan 2017; Durmus et al. 2019].

In light of such results, many prior works (e.g., [Chatterji et al. 2022; Cheng et al. 2018; Lee et al. 2021a])
have raised the foundational question of whether the algorithmic upper bounds are tight. However, there is
still a dearth of lower bounds for log-concave sampling. This lies in stark contrast to the analogous setting of
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convex optimization, in which the query complexity has been tightly characterized for a plethora of function
classes [Nemirovskij and Yudin 1983; Nesterov 2018]. Such lower bounds yield important insights into the
limitations of our existing algorithms and provide guidance towards identifying optimal ones.

Given the deep connections between the two fields, it is natural to ask why optimization lower bounds cannot
be converted into sampling lower bounds. One way to do so is to directly reduce from optimization, as was
done in [Gopi et al. 2022]. However, as we are interested in the intrinsic complexity of sampling, we make the
standard assumption that the mode of the target distribution to zero to remove the optimization component of the
sampling task, which rules out this approach. Another avenue is to borrow the techniques used for optimization
lower bounds, but there are several obstructions to doing so. First, most optimization lower bounds hold against
(classes of) deterministic algorithms and proceed by constructing specific adversarial functions [Bubeck 2015;
Nesterov 2018]. In contrast, lower bounds for randomized algorithms are relatively recent and still not fully
understood [Woodworth and Srebro 2017], which poses a major challenge for sampling algorithms, since they
are inherently randomized. Second, whereas optimization constructions can employ local perturbations to hide
the minima, sampling constructions need to hide the bulk of the mass of the target distribution, making them
surprisingly delicate.

We now describe the problem in more detail. We consider the canonical setting in which target distribution
7 on R is a-strongly log-concave and S-log-smooth, with its mode located at the origin. Namely, we assume
7 o exp(—V), where the potential V : R? — R is twice continuously differentiable, a-strongly convex, f-smooth,
and VV(0) = 0. We let x := /a denote the condition number of x. We study algorithms in which the sampler is
given query access to V and VV, and the goal is to produce a sample whose law is close to 7 in total variation
distance. The complexity of the algorithm is measured by the number of queries made. Note that this oracle model
captures the majority of sampling algorithms used in practice, including the unadjusted Langevin algorithm,
Hamiltonian Monte Carlo, Metropolized random walks, and hit-and-run.

Despite the intense research activity centered onlog-concave sampling, only a handful of works address the
lower bound question, and the majority of them are either algorithm-specific or pertain to auxiliary problems
such as estimation of the normalizing constant; see Section 1.2 for related work. To the best of our knowledge,
currently the only general log-concave sampling lower bound is that of [Chewi et al. 2022b], which establishes a
sharp query lower bound of order Q(loglog k) in dimension one. However, that work leaves open the question
of obtaining stronger lower bounds in higher dimension, which is the more relevant case for applications. Even
beyond the log-concave setting, we are aware of only one other work that obtains query lower bounds for
sampling: the recent result of [Chewi et al. 2023] is incomparable to the present work, as it considers a different
setting, and we discuss it further in Section 1.2. Overall, the lack of sampling lower bounds points to a lack of
tools for addressing this problem and motivates the present work.

1.1 Our contributions

In this paper, we make significant progress on this problem by proving new lower bounds for sampling which
reach beyond the one-dimensional setting considered in [Chewi et al. 2022b]. In fact, for some settings of interest,
our lower bounds match existing upper bounds up to constants, and we therefore obtain some of the first tight
complexity results for sampling from log-concave distributions in dimension d > 1. We obtain lower bounds in
two regimes:

Lower bounds in low dimension. Our first lower bound gives a tight characterization of the complexity of
log-sampling in any constant dimension d > 2. We show:

THEOREM 1.1 (INFORMAL, SEE THEOREM 3.1). For any dimensiond > 2, any sampler for d-dimensional log-concave
distributions with condition number k requires Q(log k) queries.
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Note that this result is exponentially stronger than the Q(loglog x) lower bound in the univariate case [Chewi
et al. 2022b]. Moreover, when the dimension d is held fixed, we obtain a matching O(log ) algorithmic upper
bound, based on folklore ideas from the classical literature on sampling from convex bodies (Theorem A .4).
Together with the result of [Chewi et al. 2022b] for d = 1, this settles the complexity of log-concave sampling in
constant dimension.

On a technical level, the lower bound is based on a novel construction inspired by work on the Kakeya
conjecture in harmonic analysis, which we believe may be of independent interest. We give a detailed description
of the construction in Section 3.

Lower bounds in high dimension. Our second set of lower bounds applies to the high-dimensional setting
and implies that when the dimension is sufficiently large, a polynomial dependence on the condition number « is
unavoidable (in contrast to Theorem 1.1, which only gives a logarithmic dependence on « in low dimension). In
fact, our lower bounds hold for the special case of sampling from Gaussians, for which they are nearly tight. We
first prove the following theorem.

THEOREM 1.2 (INFORMAL, SEE COROLLARY 4.4). Any sampler for centered d-dimensional Gaussians with condition
number k requires Q(min(~\/x, d)) queries.

We emphasize the fact that in our setting, the Gaussians are centered. Note that if the Gaussians were allowed to
have varying means, then one can deduce a sampling lower bound by reducing the optimization task of minimizing
a convex quadratic function x > ((x —xy), 27! (x —x)) to the task of sampling from the corresponding Gaussian
N (x4, 2). However, as previously alluded to, this does not address the inherent difficulty of the sampling problem.

The proof of Theorem 1.2 rests upon an elegant technique developed in the literature on the matrix-vector
query model (see Section 1.2) in which the conditioning properties and sharp characterizations of the eigenvalue
distribution of Wishart matrices are used to produce difficult lower bound instances for various tasks. We adapt
this method to our context by reducing the task of inverse trace estimation to sampling (see Theorem 4.1).

As we show in Appendix B, the lower bound is nearly tight over the class of Gaussians, as it is possible to
sample from a Gaussian using O(min(+/x logd,d)) queries using the block Krylov method. However, note that
the lower bound from Theorem 1.2 does not match the block Krylov upper bound, and the lower bound of
Theorem 1.2 is vacuous when k is constant. In particular, it leaves open the possibility that the complexity of
sampling from well-conditioned Gaussians is dimension-free. While such dimension-free rates are possible in
convex optimization, our next result shows that the same is in fact not possible for log-concave sampling:

THEOREM 1.3. (informal, see Theorem 5.22) Let d be sufficiently large, and let x < d'/>~%. Then, any sampler for
d-dimensional Gaussians with condition number k requires Qs(\/k log d) queries.

In the regime for which Theorem 1.3 is valid, the lower bound matches the block Krylov upper bound up
to constant factors, and hence we settle the complexity of sampling from Gaussians in this regime. Moreover,
Theorem 1.3 implies the first dimension-dependent lower bounds for general log-concave sampling. We conjecture
that Theorem 1.3 holds for all x for which +/x logd < d, and we leave this question for future work.

Although Theorem 1.3 may appear to only be a mild improvement over Theorem 1.2, analyzing this regime is
quite delicate, and we believe that the tools based on Wishart matrices employed in the proof of Theorem 1.2 may
be insufficient to reach Theorem 1.3. Instead, we prove Theorem 1.3 by first establishing sharp lower bounds on
the performance of block Krylov algorithms for the sampling task, and then providing a novel reduction (Lemma
5.16) which shows that block Krylov algorithms are optimal for this task. This reduction is quite general, and as
the block Krylov algorithm and the matrix-vector query model are of wide interest in scientific computing and
numerical linear algebra, we believe that our reduction may be broadly useful for tackling other problems in this
space.
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We remark that a concise way of summarizing Theorems 1.2 and 1.3 if we do not care about lower order
terms is that sampling from Gaussians requires Q(min(v/k logd, d)) queries, where we write f = Q(g) to mean

f=Q(glog™°M(g)).

Remark 1.4. Our results do not settle the complexity of zeroth-order methods, such as the ball walk or the
Metropolized random walk, since one expects stronger lower bounds in the zeroth-order setting. In particular, in
the settings of Theorems 1.2 and 1.3, we conjecture that a lower bound of Q(min(+/kd, d?)) holds.

1.2 Related work

There is a vast literature on from sampling log-concave (and non-log-concave) distributions, and a full survey is
beyond the scope of this paper. For a detailed exposition, see e.g. [Chewi 2024].

Lower bounds for log-concave sampling. As previously mentioned, the only unconditional lower bound
against log-concave sampling is by [Chewi et al. 2022b] for the one-dimensional setting, where the tight bound is
©(loglog k). Other prior work on sampling lower bounds has fallen largely into one of several categories. One
line of work studies lower bounds against a specific class of algorithm such as underdamped Langevin [Cao et al.
2021] or MALA [Chewi et al. 2021; Lee et al. 2021a; Wu et al. 2022]. However, these lower bounds techniques are
tailored to the restricted class of algorithms that they consider and are not suitable for proving general query
lower bounds. Another line of work considers lower bounds against computing normalizing constants [Ge et al.
2020; Rademacher and Vempala 2008]. The work [Talwar 2019] also investigates the computational complexity of
sampling.

We mention two further lower bounds in different settings. The work of [Chatterji et al. 2022] proves a lower
bound against stochastic gradient oracles, and the work of [Gopi et al. 2022] proves a lower bound on the
number of individual function value (i.e., zeroth-order) queries needed to sample from a density of the form
exp(— Yer fi + 1 |I-1?), where each f; is convex, Lipschitz, and whose domain is the unit ball. In contrast, we
consider deterministic, first-order oracle access. Moreover, their considerations are somewhat orthogonal to
ours: [Chatterji et al. 2022] focuses more on the role of noise, whereas we consider exact gradient access; and the
lower bound of [Gopi et al. 2022] applies a direct reduction from optimization, which is also not in the spirit of
the present work (in particular, we explicitly set the mode of the target distribution to zero).

Finally, we also mention the recent work [Chewi et al. 2023], which proves query lower bounds for non-log-
concave sampling in a different metric (the Fisher information). This work is inspired by the corresponding upper
bounds of [Balasubramanian et al. 2022] and can be viewed as lower bounds against local mixing.

Upper bounds for log-concave sampling. Starting with the seminal papers of [Dalalyan 2017; Dalalyan and
Tsybakov 2012; Durmus and Moulines 2017], there has been a flurry of recent work on proving non-asymptotic
guarantees for log-concave sampling, with iteration complexities that scale polynomially in the condition
number and dimension. This includes analyses for the classical Langevin dynamics [Altschuler and Talwar 2023;
Balasubramanian et al. 2022; Chewi et al. 2022a; Dalalyan and Karagulyan 2019; Durmus et al. 2019; Vempala and
Wibisono 2019; Wibisono 2018], mirror and proximal methods [Ahn and Chewi 2021; Chen et al. 2022; Chen and
Eldan 2022; Chewi et al. 2020; Fan et al. 2023; Gatmiry and Vempala 2022; Jiang 2021; Lee et al. 2021b; Li et al.
2022; Salim and Richtarik 2020; Wibisono 2019; Zhang et al. 2020], the Metropolis-adjusted Langevin algorithm
(MALA) [Altschuler and Chewi 2024; Chen et al. 2020; Chewi et al. 2021; Dwivedi et al. 2018; Lee et al. 2020; Wu
et al. 2022], and many others [Cheng et al. 2018; Dalalyan and Riou-Durand 2020; Ding et al. 2021; Ma et al. 2021;
Shen and Lee 2019].

Our upper bound for sampling from Gaussians (Theorem B.3) is closely related to the use of the conjugate
gradient algorithm for sampling from Gaussians [Nishimura and Suchard 2022]. Also, our O(log x) upper bound
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algorithm is closely related to rounding procedures which have been previously used in the convex body sampling
literature (see, e.g., [Lovasz and Vempala 2006]).

Matrix-vector product query model. While matrix-vector queries have been studied in scientific computing
for decades (e.g., [Bai et al. 1996]), they have only been studied in the theoretical computer science literature
recently, with a fully formalized model described in [Sun et al. 2019]. The most relevant works to ours are
those that study the matrix-vector query complexity of spectral properties, such as estimating top eigenvectors
[Braverman et al. 2020; Simchowitz et al. 2018], trace and matrix norms [Dharangutte and Musco 2021; Hutchinson
1990; Meyer et al. 2021; Rashtchian et al. 2020; Wimmer et al. 2014], the full eigenspectrum [Braverman et al.
2022; Cohen-Steiner et al. 2018], and low-rank approximation [Bakshi et al. 2022; Musco and Musco 2015]. We
remark that the non-adaptive matrix-vector product model is closely related to sketching, which has enjoyed a
large body of work (see, e.g., [Woodruff 2014] for a survey).

2 Technical overview

Here we summarize the main technical ideas used to prove our lower bounds: For details, see Section 3 for
Theorem 1.1, Section 4 for Theorem 1.2, and Section 5 for Theorem 1.3.

Notably, the proofs of our three main theorems rely on different methods; this is because we can take advantage
of additional tools from the matrix-vector query literature in the Gaussian setting which do not apply to our
construction for Theorem 1.1. It is conceivable that Theorem 1.3 could eventually encompass Theorem 1.2 by
removing the restriction ¥ < d/>%, but this would require a more detailed analysis which is beyond the scope of
the current paper.

2.1 Geometric construction in low dimension

Theorem 1.1 is proved with a construction in dimension two. For convenience, in this section we use radial
coordinates to denote points in R?, so w = (x,y) = (r,0), where r € R, and 0 € [0, 2). We denote sectors
of R? enclosed by angles 0; and 0, as S(61,0;) = {(r,0) € R? : 0 € [0y, 0,]}, and denote bounded sectors as
Sbdd (01, 02,7) = {(r',0) € R?: 0 € [0,0,], r' < r}.

The argument is information-theoretic in nature. We will construct a family of strongly log-concave and log-
smooth distributions {ry, . . .; 7y }, where each m;, o< exp(—V},), which satisfies two key properties. First, different
distributions s, and 7 are well separated in total variation distance; and second, if b is chosen uniformly at
random from [m], then querying the potential (V}(®), VVj(®)) at any « € R? will reveal O(1) bits of information
about b. The lower bound in Theorem 1.1 follows readily from the existence of such a family, provided that m
and x are polynomially related. On the one hand, because the distributions are well-separated in total variation,
if we can sample well from the distribution 7, using queries, we can identify the index b with high probability.
On the other hand, because there are m distributions and every query reveals O(1) bits of information about b,
we need at least Q(logm) = Q(log x) queries to identify b, which results in a Q(log k) query lower bound for
log-concave sampling.

How do we construct such a family? A first attempt is to consider distributions supported on thin convex
sets that have no overlap. For b = % % ..., 1, let mp = uniform(Z,), where Zp, = ded(§ b,Z(b+ %) 1), and the
size of the family is m = | k|. The potential V}, is the convex indicator of Z;, i.e., it is 0 on Z; and +oo outside.
Morally, the distributions 7, can be thought of as having condition number x.

This family does satisfy the two properties needed for the lower bound: different distributions are certainly
well-separated because they have disjoint supports; and when we query any potential Vj, at a point » € R?, we
always receive one bit of information: whether or not w lies in the support of 7. However, the distributions in
this family are neither strongly log-concave nor log-smooth. It is easy to make them strongly log-concave while
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.12
still satisfying the desired properties: we can adjust the distributions by adding the same quadratic function %
to all of the potentials Vj. But it is much harder to make this family log-smooth.

One way to make this construction log-smooth is to let the potentials V}, grow slowly (linearly) to infinity
outside of the their zero sets Zp, which leads to a modified second attempt: for m = KW p = %, o1 let

7, have potential V;, = v, + 2”;3”(21) , where Zj, = S(5 b, 5 (b + ﬁ)), and Vy(w) = k dist(w, Zp). Note that the
potentials Vj, are in fact still not smooth at the boundaries of the sets Z, but this can be fixed by mollifying V}.
The distributions in this family will be well-separated, because an Q(1) fraction of the mass of 7, will lie in Zp,
and the sets 7, are disjoint for different b. Unfortunately, this family no longer reveals O(1) bits per query: for
any o € R%, we can identify b with a single query to (V,(w), VVj(w)), because either w € Zj, or VVj(w) reveals
the direction of Zp, and in both cases the index b itself is identified.

We can reduce the information revealed by queries by more carefully controlling the growth of Vj, so that
the further away a point w lies from Zp, the fewer the number of bits will be revealed by (Vp(w), VVb(w)). This

motivates a third attempt at the construction. For m = oN = Q) p = % R # let b = 0.b; ...by be the
binary expansion of b, and let [b]x = 0.b; ... b be the truncation of b up to the k-th bit.For k =1,..., N, let
Zradlal S(Z z [b]%, 72r ([b]e+2™ k)) and let ¢rad1a1(x) = 0 o-k dist(x, Zradlal) Finally, let Vl;adial — 2||(l| - Vradlal
Where

f/bradial — kmax ¢radlal )

The potentials Vbraclial will again have to be mollified to be made smooth. It turns out that the potentials f/bradial will
grow fast enough outside Zﬁ‘fal such that the distributions will be well-separated. It also turns out that queries
indeed reveal O(1) bits of information on average. This can be seen as follows: note that the sets .Z,Ealf“al are sectors
such that Ziagial o) Zii‘ii*l‘}, and as k increases, leal‘fial becomes thinner around the ray {0 = % b}; also note that as
k increases, the growth rate of ¢Irca;iial outside its zero set Ziagial is decreasing; these two properties imply that if we
query a point w = (r, ) that is far from the sector Zmdia1 (inthe sense that 6 ¢ [ [b];—100-2~ iz % [b]i+100-27 m,
then the value of V‘adlal(a)) will not depend on any (/’de‘al for k > i, and hence querying V‘adlal(a}) will only
reveal b up to the i-th bit. As a result, if b is chosen umformly, then for a fixed query w with high probability we

will have w ¢ Z7) radial for any k = O(1), so the query will only reveal O(1) bits of information about b.

Yet this constructlon fails because of the mollification step, which we have so far ignored. To make the potentials
I-11%

2k0 (1)
We would hope that the potential ys * Vbr’:“Jlial still satisfies the property that querying a point w = (r, 0) that is

Vp smooth, we will instead take Vj = ys * Vbralchall where ys is supported on a ball of radius § < 272N,

far from Z;‘;}dial only reveals b-up to the i-th bit. When r is not too close to the origin (say r > 100 - 27%), this is
indeed still true: if  satisfies 0 ¢ [ [b]; — 200 - 2~ iz > [b]i +200 - 27", then the entire §-neighbourhood of w
will satisfy 6 ¢ [ [b]; — 100 - 27 7 [b]; +100 - 27 ], so the value of Vbradial on the §-neighbourhood of w will
not depend on any g{)rad‘al for k > i, hence the value of (ys * Vbradi"l)(w) will also not reveal any information of
b beyond the i-th bit. But when o is very close to the origin (r < J), the §-neighbourhood of w will intersect
Zﬁ%‘al, which means that the value of (ys * Vbradial)(a)) will depend on (/’)]ré*gial for all k and hence on all bits of b.
In other words, mollification leaks information around the origin. As a result, if we query points d-close to the
origin, we will again identify b in a single query.

The way to resolve the leakage at the origin is to create a branching structure, such that all V, are equal near
the origin so that no information is leaked at small scales, and such that far away from the origin V}, is small
around the ray {0 = 7 b} so that m still concentrates around different sectors. We keep the choices of m and

~ 12 ~
b from the previous construction. The potentials will be V;, = ys = V}, + z,lclo”(]) , where Vj, = maxg=1,__n~ Pk p, and
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drp(w) = kO 27k dist(w, Zkb)- The zero set Zyp, instead of being a radial sector like Z,E"‘gial, is now thickened
adaptively.

We intuitively describe how to generate Z p. Each i will be a thickening of Zrad‘al by simply including
all points within some distance dj of Z,zal‘}ial. We define Z<ip = (g <k Lk’ p: NOtE that each Z.y is getting

smaller as k increases, and Z<n is the zero set of Vp.

Consider some radii r) < r; < rp <....To generate Z; 5, we thicken .Zf“bdial (corresponding to the radial sector
matching on the first bit), so that it contains Spqq (0, 7z/2, r9) (correspondin,g to the quarter-circle near the origin).
This avoids leaking information near the origin, as every x within radius r will be in Z; ;, which means ¢, ; will
also be 0. Indeed, we can thicken Z‘adlal just the right amount so that it contains Spq4(0, 7/2, ry). For the concrete
example where N = 4, and b = 0. 1010 we show a description of Z; 5 in Figure la: we shade Spqd(0, /2, 79) in
dark blue, fo*l;hal = S(7/4, 7/2) in medium blue, and the additional thickening required in light blue.

To generate Zyp for k > 2, we thicken a much thinner angular sector. This ensures that at large radii,
the arc of Zj is not too big. We will inductively thicken Zjj, by some amount di just enough to contain
Zi—1.6 N Sbdd (0, /2, r.—1). Consider one more example for k = 2 (again for N = 4, and b = 0.1010), in Figure 1b.
Note that Z, radlal is the sector S(%, %” (shaded in medium blue), and the thickened region (in light blue emanating
from both 51des of the sector) is just enough to capture all of Z; ;, that was within radius r;. However, for larger
radii, Z, is much thinner than Z; . In addition, if we know the first bit b; = 1, then querying V}, anywhere in
{r < r1} will not reveal any information about the second bit b,. This is because either we were in Z;;, which
only depends on b; (in which case ¢1 = g2 = 0 as we thickened to make sure Z»p D Z;p N Spad(0, 7/2,r1)), or
we weren’t, in which case ¢, , grows much more quickly than ¢, .

We can also continue this process inductively for k = 3,4 (Figures 1c and 1d): we show Z< ;. The intuition
for why this prevents leaking of information near the origin is that even if k is large, Zy p in the smaller-radius
regions is decided by Zy, for k’ < k, so we cannot learn any later bits.

The comparisons of Zradial and Z<kp for b = 0.1010 and for all k < 4 are shown together in Figure 1. The

picture is not to scale, and ‘the radial arcs represent the radii r; = 2'ry, for i = 0,.

@k=1 (b) k=2 ©k=3 (d) k=4

Fig. 1. Comparison of Zrad'al (the sector in medium blue) with Zj ; (union of dark, medium, and light blue), for k = 1,2,3, 4,
and b = 0.1010. Dark blue represents the larger angular sectors closer to the origin, and light blue represents the additional
fattening from taking sumsets. Each Z 5, is constructed by thickening .Zlflf'a' enough (illustrated by the red arrows) such
that no information about the k-th bit is revealed close to the origin, but Zy j, continues to get thinner at large radii.

The construction of Z.x; means that for k > 1, querying ¢y, within {r < 2k=1r} will not reveal the k-th
bit, and so even querying the mollified ys * ¢y within {r < 2¥=2r)} will not reveal the k-th bit, which stops
information leaking near the origin.
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Since Vj, = maxk=1,. N Pk.p, the zero set of V,, coincides with Z <N, and for the choice of b = 0.1010, this is
shown in the first panel of Figure 2. It turns out that each 7, will concentrate around the zero set of V;, and the
other panels of Figure 2 show these zero sets for seven different values of b in the set {11—6, ey }—2 at larger scales.
We can see that far out from the origin the zero sets become well-separated, and hence the distributions are
well-separated in total variation.

We already discussed how the thickening of Zj, means that querying ¢ », and hence Vj, near the origin will

not reveal the higher bits of b. For query points w = (r, ) where r is large, the same analysis on Vbradial tells us

that V;, (x) (even after mollification) will reveal O(1) bits of information about b when b is chosen uniformly. As
mentioned earlier, such a family of distributions readily leads to a sampling lower bound of Q(log m), where m is
the size of the family. Since we can choose m = k(1) this leads to the Q(log k) lower bound. Details of the proof
can be found in Section 3.

o — 8

Fig. 2. Zeros sets of V;. The first panel shows the zero set for b = 0.1010. The other panels show the zeros sets for different
values of b at different scales. Note that far away from the origin the zero sets become well-separated, which leads to the
distributions being well-separated in total variation. Note that if b, b’ match in the first £ bits, then they will agree up to the
£-th circle, as those circles only depend on Z<4, even for £ much less than K.

Connections to Kakeya constructions. The construction outlined above is related to Perron’s construction
[Perron 1928] of Besicovich (Kakeya) sets known as Perron trees. Kakeya sets are sets with area zero that contain
the translation of a unit segment in any direction. While Kakeya sets over finite fields have been investigated
before in theoretical computer science, e.g., [Dvir 2009; Jukna 2011; Saraf and Sudan 2008], our construction
is inspired by Kakeya sets over continuous domains, namely R2. To our knowledge, this is one of the first
applications of these geometric ideas to theoretical computer science.

There are many similarities between our construction and that of Perron. Perron’s construction proceeds by
the method of sprouting. Sprouting is an iterative process in which, at each step, one adds further and further
smaller triangles to the pre-existing construction. The figure is then rescaled in order to have height 1. The
construction after n steps contains 2" triangles of small aperture Q(27"), and has area O(n™!). We do a similar
process in the definition of our sets Zy 5, and indeed, ultimately our hard instance has a very similar tree-like
structure.

While we were inspired by the construction of Perron trees, there are also key differences between our hard
instance and Perron’s construction. Indeed, in our setting, we need to minimize overlap (so that the resulting
distributions are well-separated) while simultaneously ensuring that information is not leaked by queries. In
contrast, Kakeya sets are explicitly designed to maximize overlap. Secondly, the iterates of Perron trees are convex
sets, not convex functions. One must turn these convex sets into convex functions somehow. This is additionally
complicated by the fact that these iterates are not nested. In our construction, we must take great care to create
nested convex sets, so that the resulting functions are convex and still maintain the structure of the sets.
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2.2 Lower bounds for sampling from Gaussians

We now turn to our lower bounds against sampling from Gaussians. Recall that our goal is to provide a lower bound
on sampling from a Gaussian N (0, %), where A := ¥7! has condition number k. Note that the corresponding
potential is V(x) = % (x, A x), and we are allowed zeroth-order and first-order queries, which means for a query x,
we receive xT Ax and Ax. Hence, adaptive queries are equivalent to adaptive matrix-vector product computations
with A.

The first observation we make is that we can reduce the problem of sampling from the Gaussian to estimating
the trace of 3. This is because if X is a sample from a distribution which is close in total variation distance to
N(0,%), then ||X]||3 ~ tr(X) with high probability. Therefore, it suffices to demonstrate a lower bound for the
following problem: given matrix-vector product computations with A, approximately compute tr(A™!).

2.2.1  Lower bound via Wishart matrices. For any d, let W € R9*4 have the Wishart(d) distribution. That is,
W = XXT, where X € R4 has i.i.d. N(0,1/d) entries. We take W to be the precision matrix, A = W. Our first
lower bound shows that Q(d) matrix-vector queries with W are necessary to estimate the trace of W™! even to
constant multiplicative accuracy, with constant success probability (Theorem 4.2). Since the condition number of
W is ©(d?) with high probability, we obtain one extreme of the claimed lower bound Q(min(+/x, d)). The general
lower bound for all k then follows from a padding argument.

This lower bound approach is inspired by [Braverman et al. 2020], which proved a query lower bound for
estimating the minimum eigenvalue of W. Their approach relies on the fact that if we condition on any sequence
of (1 — Q(1)) d adaptive queries, the posterior distribution of the remaining eigenvalues behaves similarly to
the original distribution of the eigenvalues of W. In addition, while the smallest eigenvalue of W is usually
about 1/d?, its distribution has heavy tails: with probability ©(+/e), the smallest eigenvalue of W is below ¢/d?.
Consequently, even conditioned on d/2 adaptive queries, we are unable to learn the minimum eigenvalue up to a
constant factor with high probability.

In our setting, we instead wish to show that learning the trace of W™! is hard. However, the smallest eigenvalue
of the Wishart matrix is so small that with high probability, tr(W ™) = ©(Ayin(W)~!). While most of the time
the trace is O(d?), with probability @(+/€) the posterior distribution of the smallest eigenvalue of W after our
adaptive queries may be £/d?. Hence, we will be unable to determine whether the trace is < O(d?) or > Q(d?/¢)
with high probability.

This lower bound technique is clean and nearly optimal, but as previously mentioned it is vacuous (of constant
order) when x = O(1), whereas we expect the complexity of the problem to increase as d — oo. To tackle this
setting, we introduce a second approach.

2.2.2  Lower bounds via reduction to block Krylov. Our second technique works in two parts. First, we show that
for a specific hard distribution over instances, any block Krylov-style algorithm requires Q(min(v/x logd, d))
queries to estimate tr(X). Then, we show a general purpose reduction which demonstrates that for this hard
instance (and indeed, any rotationally invariant instance), block Krylov methods are actually optimal.

Lower bound for block Krylov algorithms. Recall the block Krylov technique: the algorithm chooses K i.i.d.
random vectors vy, ..., vx ~ N(0,I), and computes Ao forall j < T,k < K. This can be done using KT adaptive
queries, by querying A/uy to learn A/*1oy. For our purposes, it suffices to consider block Krylov algorithms with
K = T and to prove a lower bound on the smallest number K needed to successfully estimate tr(X), for & = A™L.

We will construct two diagonal matrices D, D’ with all eigenvalues between 1 and «, such that tr(D?)
and tr((D’)™!) are sufficiently different. In addition, if A, A’ are random rotations of D, D’, respectively, then
{N o} k<k and {(A') vy} jk<k are hard to distinguish for K < cvklogd for a small constant ¢ (Lemma 5.8).
Thus, unless K > Q(+/k log d), we cannot estimate the trace.

J.ACM



10 « S.Chewi, et al.

To explain the intuition behind Lemma 5.8, we first consider what happens if we only have {A/v} ;< for a
single random vector v (i.e., power method). Letting A4, ..., A4 be the eigenvalues of A, we have Ao = Z?zl /1{ a;u;,
where u; is the i-th eigenvector of A and o = Y%, o;u;. Intuitively, the only information we obtain from these
vectors are their pairwise inner products, since we could have randomly rotated A. Therefore, the only information
we have is (Ao, A/'0) = Z‘iizl )L{Jrj’aiz, which is the set {Zle /1{0{1.2 }j<2k. Since v is random, we may think of
all of the al.z as 1 for simplicity, and so we know {Zflzl /1{ }j<2k. Our goal is to use this information to learn
tr(A™) = 34, AL

We connect this to the problem of estimating 1/x as a linear combination of 1, x, x?, ..., xX, a classic problem
in approximation theory that is often tackled with Chebyshev polynomials. Indeed, this relation to Chebyshev
polynomials is the main tool in the analysis of essentially all Krylov methods. In our setting, as we desire lower
bounds, we apply the fact that Chebyshev polynomials are optimal in generating certain approximations. More
concretely, suppose that there are only K distinct eigenvalues Ay, . .., Ak, with each A; having some multiplicity
Nj;. Since we want to show that estimating tr(A™") is hard, this amounts to showing that knowing >X NM{
for 0 < j < K is insufficient to learn X N;/A;. We express this as a linear program (if we relax the N; to be
reals), the dual of which precisely captures whether 1/x can be approximated well by a degree-K polynomial at
M, ..., Ak (Proposition 5.5). If we choose the A; to be the local extrema of a degree-K Chebyshev polynomial,
shifted so that A; = 1 and Ag = k, then it is known that one cannot estimate 1/x up to error d~(1) at these points
(which is needed for trace estimation), unless K > Q(+/klogd). At a high level, this is the reason why we need
Q(+/k logd) iterations of power method.

For general block Krylov algorithms, the algorithm obtains (v, Aoy, for0 < j<Kand1 <k ¢ <K.Now,
the information that the algorithm sees is captured by the matrices {(vs A’ v ) }x o<k, for j = 1,..., K. Here, we
show that provided K is sufficiently small compared to d, we can find choices of multiplicities Nj, ..., Nx and
Ni,..., NI’<, such that the corresponding matrices D, D" have significantly different traces (i.e., Zfil (N; = N/)/4;
is large) but the information from queries is not enough to distinguish between A and A’, which we establish via
a coupling argument.

K

Reduction to block Krylov algorithms. The argument outlined above shows block Krylov algorithms with
K = o(+/klog d) cannot distinguish between two families of randomly rotated matrices with difference traces (A
coming from D and A’ coming from D’), and hence cannot solve the trace estimation task. Our next technical
contribution is a reduction which allows us to simulate the output of any adaptive algorithm with K queries
on our hard instance, given only the responses to a block Krylov algorithm. Thus, a lower bound against block
Krylov methods translates into a lower bound against any query algorithm. We now give a high-level description
of the reduction.

Since we prove lower bounds based on randomized constructions, it suffices to consider adaptive deterministic
algorithms, i.e., each query vy is a deterministic function of the previous queries and oracle outputs. The difficulty
of proving such a lower bound against such an algorithm is the adaptivity of the queries, which makes it difficult
to reason about how much information the algorithm has learned. However, since our lower bound construction
for block Krylov algorithms is rotationally invariant, intuitively the adaptivity does not help: the algorithm may
as well query a random direction which it has not yet explored.

However, this intuition is not entirely correct: if the algorithm has previously queried a vector v and received
the information Ao, then it may useful to query Ao in order to receive the information A%, instead of querying a
completely random new direction. Indeed, computing powers v, Av, A0, ... is precisely the essence of the power
method, as discussed above. To account for this, we move to the following stronger oracle model: if the algorithm
has selected vectors o1, . . ., vk, then at iteration k it receives all of the information (A’v )i+ i<k for free. Now, there
is provably no benefit to querying vectors which lie in the span of the previous queries and oracle outputs.
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Recall that our goal is to argue that an adaptive deterministic algorithm can be simulated by an algorithm
which simply makes i.i.d. Gaussian queries zy, z, . . ., 2k, in the following sense. In the stronger oracle model, at
iteration k, the adaptive algorithm has made queries (v?lg, . vz[g) and received information (Aiv;.‘lg)i+ i<k and it
picks a new vector v,; which lies orthogonal to its received information. Suppose that using only the Gaussian
queries z3, 23, . . ., Zx, we have simulated queries v7'™, v3™, ... ,vlsc'm which are equivalent to the execution of the

adaptive algorithm in the sense that the law of the information (A’vS™);, ; <k is precisely the same as the law of
p g j ] p y

the algorithm’s information (Aiv;]g)i+ i<k Since the algorithm is deterministic, Uzlg is a function vk((Aivj.lg)iJr j<k)

of algorithm’s accumulated information. Thus, in order to simulate the adaptive algorithm for one more step, it
is natural to consider taking o™ := z)k((A’vj.'m),-Jr j<k). However, we will be unable to compute A'v7'™ for any

i > 1, because the simulation must be based on the Gaussian queries z, z, . . ., 2k, Whereas this definition of U,SC'”‘
: : : sim ,.sim sim
requires making queries at o™, 03", .. ., i

Thus far, we have not invoked the rotational invariance of A, which is crucial to the argument. The key is
that although we cannot directly take vk((Aivj'm)i+ i<k) to be our next simulated point, we can rotate 0y into
vk((A’v;'m) i+j<k) Via a unitary matrix Uy; moreover, we can arrange that Uy fixes all of the previous information
(Aiv;im)i+j<k, because vk((AiU;im)i+j<k) lies orthogonal to this information (recall, we can assume that each
deterministic function v (-) outputs a vector orthogonal to its inputs, due to our choice of oracle model). The
intuition is that due to the rotational invariance of A, then conditioned on the data (A’z;j.'m)lur i<k the distribution
of A is still rotationally invariant on the orthogonal subspace of the data; hence, Uy oy = Uk((Aivjim)i+ j<k) ought
to have the same law as o, i.e., querying the completely random direction oy, is just as good as querying according
to what the adaptive algorithm specifies.

Unfortunately there are further difficulties to overcome with this approach. Namely, suppose that we define
each simulated point o;'™ to be the output Uid of a rotation matrix applied to ox. We would like to take Uy
such that Uid, = vk((AiU;im)HKk) but this is no longer computable based on (A'3;);+j<k. However, we note
that A'0¥™ = A'U;o; = U;jA'9; where A i= U AU;. This shows that A’0%™ is computed from the query of
j, not on the original matrix A but on the modified matrix A, together with the matrix U;. Since we hope
that A has the same law as A, then this is good enough for the purposes of simulating the adaptive algorithm.
Actually, in order for the induction to work out, it becomes clear that we need to define a sequence of matrices
A1, Ay, ..., Ak, where each Ay is related to the previous Ax_; via Ax = UkTAk,lUk, and Uy is chosen such that
vzim = Updy = op (Al im)i+j<k). Then, we must argue that the simulated sequence %™, U;im, ces vzim has the

S
k-1Yj 1
. s al al al
same law as the algorithm’s sequence o] & 0, & .., 0 g,

This last step, however, turns out to be delicate. Indeed, although it is obvious that for a fixed orthogonal matrix
U’, the law of A is the same as the law of (U”)TAU’, the rotation matrices Uy we choose in the above argument
are dependent on the previous queries and oracle outputs, and are hence dependent on A itself. In the presence
of such dependence, it is not obvious why the law of Ay should be the same as the law of A, and to address this
we prove a conditioning lemma in Section 5.3.2. Once the conditioning lemma is proved, the remainder of the
proof follows along the lines just described, and the details of the induction are carried out in Section 5.3.3.

3 A general sampling lower bound in dimension two
3.1 Overview

Our goal is to show the following theorem:
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THEOREM 3.1 (LOWER BOUND IN DIMENSION TWO). There is a universal constant gy > 0 such that the following
holds. The query complexity of sampling from the class of distributions 7 o< exp(=V) on R? such that V is 1-strongly
convex, k-smooth, and minimized at 0, with accuracy ¢ in total variation distance, is at least Q(log k).

The strategy to do so will be to construct a finite family S of potentials in the given class which satisfies the
following two properties:
o The potentials are hard to identify via queries (in the sense of Definition 3.6 below), and therefore any
algorithm must query V at Q(log k) points in order to identify which V € 8 the algorithm is querying.
o The potentials are well-separated (in the sense of Definition 3.7 below), which loosely means that they have
mostly non-overlapping support and hence (by Proposition 3.8) a single sample from 7 o exp(—V) suffices
to identify V € S with constant probability.

Before describing the potentials S in more detail, we note some basic definitions.

Definition 3.2. Given two functions f,g : R¢ — R, the convolution f * g is the function defined as ( f * g) (x) :=
fRd f(y)g(x — y)dy, for all x € R%.

Definition 3.3. For § > 0, we define y; to be the indicator function of the ball Bs of radius § around the origin.
By this, we mean ys(x) = 1if ||x|]2 < §, and ys(x) = 0 otherwise.

The family S of potentials will have cardinality x*(!), so that identification of the potential requires Q(log x)
bits of information. Actually, by rescaling the potentials, it suffices for each potential V to be x~©!)-convex and
k9 _smooth. Our eventual construction also satisfies the following properties.

e EachV € Sis of the form V = V * ys + ||-]|?/(2k°()), where V : R* — R is a convex, non-negative, and
piecewise linear potential, and § will have scale § = k~©().

e Each V € § is zero in a small neighbourhood of a ray ¢ emanating from the origin, and grows fast outside
of this ray; hence, the potentials are well-separated.

o Suppose that ¢, £’ are the rays corresponding to two potentials V,V’ € S. At distances from ¢ and ¢’ that
are much larger than the angle £(#, ¢), the potentials V, V’ are exactly equal. This is the property makes
the potentials hard to identify via queries.

Throughout the proof, we assume that k is sufficiently large, k > Q(1).

3.2 Definitions and the information-theoretic argument

Definition 3.4 (density and normalizing constant). Given a strictly convex function V : R¢ — R, we denote by
Py the probability distribution with density Z~! exp(~V) w.r.t. Lebesgue measure, where Z := / exp(—V) is the
normalizing constant. In an abuse of notation, we also use Py to refer to the density itself.

Definition 3.5 (queries and extended oracle). For a fixed potential V, and given a query x € R?, the extended oracle
responds with V(Bgs(x1)), which consists of the value of V for all points in the ball of radius & centered at x. For
a sequence of (possibly adaptive and randomized) queries x1, . . ., x,, and observations V (Bs(x1)), . .., V(Bs(xn)),
we denote the information from the i-th query by & = {x;, V(Bs(x;))}, and the information from all the queries

by
fl:n = {51» ey §n} .

Note that the extended oracle in Definition 3.5 provides more information (the set of values of the potential
in some ball around the query point x) to the algorithm than our original first-order query model, from which
the algorithm only observes (V(x), VV(x)) at the query x. A lower bound for sampling in this stronger query
model clearly implies a lower bound in the original query model. We consider the stronger model out of technical
convenience, as this notion is robust to the mollification in the construction of the potentials.
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Definition 3.6 (hard to identify via queries). A finite set S of potentials in R? is called 7 -hard to identify with
queries at scale § if the following holds: for V' ~ uniform(S), any sequence of queries x, . . ., x, to the extended
oracle made by a deterministic adaptive algorithm satisfies

I(gl:n; V) < In;
where I denotes the mutual information.

Definition 3.7 (well-separated set). A set S of potentials is well-separated if there is a family of measurable sets
(Qv)yes where the sets Qy are disjoint, and a universal constant ¢ > 0 such that

Py (Qy) > c, forallV € S.
The motivation for this definition is the following fact:

PROPOSITION 3.8 (ONE SAMPLE IDENTIFIES WELL-SEPARATED DISTRIBUTIONS). Let S be a well-separated set of
potentials and conditionally on V ~ uniform(S), suppose that X is a sample from a probability measure Py which is
at most & away from Py in total variation distance. Then,

P{XeQV}zg.

Proor. By conditioning on V,

P{X € Oy} =EP{X € Qv | V} =EPy(Qy) > B[Py (Q) ~IIPy - Pyllv] > .
which is what we wanted to show. O
This shows that the minimum-distance estimator
V = argmin inf [|X - z|| (1)

ves 2€%v
succeeds at estimating the randomly drawn V with constant probability. On the other hand, we have Fano’s
inequality from information theory.

THEOREM 3.9 (FANO’S INEQUALITY, [COVER AND THOMAS 2006, THEOREM 2.10.1]). Suppose that S is a finite set
and V ~ uniform(S). Suppose that V is any estimator which is based on some data &. Then,

I(&; V) +log2
log [S]

Fano’s inequality enables us to reduce Theorem 3.1 to the following proposition:

P{V#V}>1

PROPOSITION 3.10 (WELL-SEPARATED SET WHICH IS HARD TO IDENTIFY VIA QUERIES). Let x > Q(1). Then, there
is a set S of potentials such that:

(1) All elements of S are k~9W _convex and k°V -smooth, and have their minimum at zero.
(2) S has cardinality k®™),

(3) S is well-separated with ¢ = Q(1).

(4) S is hard to identify via queries at scale § = k=1, and with T = O(1).

Proor oF THEOREM 3.1. Suppose that there is a sampling algorithm which, given any target distribution
7 oc exp(=V) on R? such that V is 1-strongly convex, &-smooth, and minimized at 0, outputs a sample X whose
law is &y close in total variation distance to 7 using n(&) queries to the extended oracle. Let S be the family in
Proposition 3.10. By choosing ¢ = ¢/2 = Q(1) and rescaling the potentials accordingly, then Proposition 3.8
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implies that the sampling algorithm can identify V ~ uniform(S) using n(&) queries with constant probability,
where & = k9. Namely, for the estimator V in (1),

MVzV}Z%zQG) @)

On the other hand, we can prove a lower bound for the error probability of any estimator V constructed using
adaptive queries. First we assume that the estimator is deterministic given previous queries. Because the set S is
hard to identify, by Fano’s inequality (Theorem 3.9) we have
I(&n(z); V) +1og 2 — I'n(k)+log2 o Q(n(fc))

log |S| - log |S| logk/’
for all n(k) < ¢|S| = O(logk). If the estimator is instead randomized, it depend on a random seed { that is
independent of V. In this case, the same argument as above conditional on { gives
n(x)
g

P{V£V}>1- 3)

MV#VIQZI—Q(

Taking expectation over {, we see that (3) holds also for randomized algorithms. Combined with (2), we see that
n(k) > Q(logx) = Q(logk). O

3.3 Reductions and properties of the construction

Recall from Section 3.1 that each V € S is of the form V = V # ys +||:[|/(2k°1)). In this section, we reduce the
desired properties of S, namely that S is well-separated and hard to identify via queries, to geometric properties
of the potentials summarized in Proposition 3.11 below.

By increasing k by a factor of at most two, which will not harm the final lower bound, we can assume that
x = 2N for some positive integer N. We also set § := k=°. Let By denote the set of binary strengths of length N.
For each b € By and ¢ € [N], we let [b], := 0.00b; ... b, in binary representation, and set [b] := [b]N.

PROPOSITION 3.11 (GEOMETRIC PROPERTIES). There are functions Vy, for b € By, such that:

(Po) Vb is convex and k°1) -smooth on average at scale § = k7, ie., f/b * Ys IS kO _smooth, and attains its
minimum V;,(0) = 0 at zero.

(P1) The zero set Zp = {Vj = 0} contains the 1035-neighborhood of the set
Zy={(xpx) eR¥ | x>0, [b] 27N < p < [b] +27V), (4)

and is contained in the 1-neighbourhood onb.
(P2) Moreover, for all x,y € R?,
Vo (x,y) > &* (dist((x,y), Zp) — 1), -
(P3) Ifb, b’ coincide in the first £ bits then Vy, and Vi coincide in the set

1
{(x, y) € R? | x < 1 273N or |y — [b], x| > 100 - 2_€x} .
We check that these properties imply that Proposition 3.10 holds.

ProoF OF PROPOSITION 3.10. Let S be the collection of potentials V;, := Vi % xs+1I-112/(2c'®) for b € By, where
{Vy : b € By} are the functions from Proposition 3.11. We now verify the four properties of Proposition 3.10.

Proof of 1. By (P0), we know that Vj, is convex, which implies that Vj, * ys is also convex. Therefore, V, is
k~1-strongly convex. In addition, by (P0), V;, * ys is k©(1)-smooth, which means that V, is k0) + k=16 < xO(1)-
smooth.

Proof of 2. By construction, |S| = «.
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Proof of 3. We now show that § is c-separated. For any string b, recall the definition of Zy from (4). Define
the set

b= {(xfx) € R2 x> 27N, [b] —0.4-27N < p< [b] +0.4-27V).

It is clear that {Qp : b € By} is a family of disjoint sets. By (P1) we know that the zero set Zj of Vj, contains a
1036- nelghborhood of Zb Since Q; C Zb, it follows that V, = Xs =0on Q.

Let Qp = {(x,y) € Qp : ||(x,1)|| < k®}. Note that the full set of points (x,y) with ||(x, y)|| < k® has volume
7x'®, and Q is a sector of the plane with arc ©(27V), minus a small set of points (specifically, the points in the
sector with x < 273N, which also means y < O(27%N)). Therefore, the volume of Qj, is ©(x!® - 27V) = (k). In

addition, all points (x,y) € Q have V;(x,y) = —||(x, y)||?/(2x'6) > —1/2. Hence,
/ exp(-Vp) > / exp(=Vp) = Q(x"). (5)
Q o

Next, we bound the full integral of exp(-V;) across R? by splitting R into four regions R? = Zy U Yip U
¥, U s, defined as follows:

o Wiy = {(xy) € R\ Zp 1 dist((x,y). Zp) < 2, [(xy)ll < °).
o ¥y = {(x,y) € R?\ (Zp U¥p) : ll(xy)ll < 6%}
o Wy =R\ (Zp Uy U ¥yy).

Note that all points ¥;, have norm at least x°. To show that most of the mass of Py, is concentrated on Zb,
we must show that the integrals over ¥; 5, ¥, 5, and ¥s;, are small. In a nutshell, the integral over ¥; 5, is small
because the 2-neighborhood of Zb is small (relative to the size of Z~;, itself); the integral over ¥, ;, is small because
V}, increases rapidly outside Z~b; and the integral over ¥; ; is small because the Gaussian part of V;, is small over
this region.

On these four regions, we have the following bounds. First, fRZ exp(—||-|12/(2x*®)) = 22x'®. Therefore, since

the sector Z, has arc ©(27N), by rotational symmetry
|| ||2 N || ||2 15
Cexp(-Vp) < [ exp(- <0@™) exp < 0(xP).
Zp Zp

Note that ¥;;, consists of two strips adjacent to Zb, where each strip has width 2 and length O(x®), together
with a piece of area O(1) near the origin. Thus, vol(¥; ;) < O(x°), yielding

/ exp(=Vp) < vol(¥;3) < O(x’) .
Y15
Next, for (x,y) € R such that dist((x, y), Zb) > 3/2, by (P2) we have Vi (x, y) > «*. After molhﬁcatlon at scale

d < 1/2, we conclude that Vj xs > k* on ¥, ;. In addition, ¥, is contained in the ball of radius «’, so the
volume of ¥, is at most x'8. Therefore,

/ exp(=Vp) < mx'® exp(—«*).
Y0

Finally, all points in ¥3;, have £, norm at least x’, so

[|Ce, y)II? 8 2
‘/113'1, exp(=Vp) < <//||(x,y)|>;<9 exp(—W) < O(x®) exp(—-Q(x?)),
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by standard Gaussian tail estimates. Therefore,

/ exp(-Vp) < O(K15 +x% +exp(—-Q(xh) + eXp(—Q(KZ))) < 0(k"). (6)
R2

Overall, (5) and (6) together imply that Py, () > Q(1), i.e, S is Q(1)-well-separated.

Proof of 4. Finally, we show that S is hard to identify via queries at scale § = x"©(1) with I = O(1). We
consider b drawn uniformly at random from By.

First, however, we need to extend (P3) to V}, (i.e., taking into account the mollification at scale §). We claim
that if b, b’ coincide in the first ¢ bits, then V}, and V} coincide in the set

1
{(x, y) € R? | x < 3 273N or |y — [b], x| > 200 - 2_[x} . (7)

In light of (P3), it suffices to show that if (x, y) lies in this set and ||(x,y") — (x,y)|| < J, then x’ < i 273N or
ly’ — [b]e x’| > 100 - 27 x’. In other words, the §-neighborhood of (7) is contained in the set in (P3). In the first
case, x’ < 1 27N follows if § < § 273N, but since § = k> = 27°N this holds for large k. In the second case,

ly" = [blex’| = |y — [blex| =5 = [b], 8 =200-2"x—=26.

This is greater than 100 - 27/ x provided that 28 < 100 - 2~ x, but this follows because § = 27N and x > 1 273N
(as we are in the negation of the first case). In fact, by replacing § with 28, the same argument shows that for all
(x,y) lying in the set (7), we have V;,(Bs(x,y)) = Vi (Bs(x, y)). Note also that (7) shows that it is useless to query
any points (x,y) with x < § 273N, so for the remainder of the proof we assume that the algorithm does not do so.

We now move to a stronger oracle model. Namely, given a query point (x,y) € R? let £ be the largest integer
such that |y — [b], x| < 200 - 27¢ x. Then, the oracle outputs f := [b] 41, 1.e., the oracle reveals the first £ + 1
bits of b. To see that this new oracle is indeed stronger, observe that we can simulate the previous oracle using
the revealed bits [b],.1; namely, pick any bit string b’ which is consistent, in the sense that [b'],; = [b]p41-
Then, by the choice of £, we have |y — [b] 1| > 200 - 2=+ x, 5o that V,(Bs(x,y)) = Vi (Bs(x,y)), and hence
we can output V,(Bs(x,y)) given knowledge of [b],;. It therefore suffices to bound the mutual information
I (fl;n; b) where fl;n denotes the output of the stronger oracle on a sequence of adaptive but deterministic queries
(1, y1)s -+ -5 (X0, Yn)-

We can then write

n

I(gl:n§b) = ZI(gz’;b | é‘¢1:i—1) ®)
=1

= D AHEG | bimn) - H(E ] Eimn b)) )
=1

< ZH(f,- | Erica), (10)

i=1

where H(- | -) denotes the conditional entropy. The first line follows from the chain rule for mutual information,
the second line follows from definition of mutual information, and third line follows from non-negativity of
conditional entropy. Thus, we are done if we can show that H(§Ai | {;?1;,-_1) < 0(1),foralli < c|S|.

Conditionally on any particular realization of é?lzi—l, let £y denote the number of bits of b revealed thus far and
let [bo]¢, denote the revealed bits. Clearly the bit string b is uniformly distributed on the set B}, of bit strings
b" with [b"]g = [bolg,- Also, since we have assumed that the algorithm’s queries are deterministic given the
past history, the next query point (x;, y;) is deterministic. Then, the conditional probability that £ > ¢, bits are
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revealed by the next query is
P{200 - 27" x; < |y; — [blexi] <200 27"y | &1}
< P{& ~200-27D < [b], < L 4200 27D | o1}
Xi Xi

This is the probability that a uniformly chosen element of B}; belongs to an interval of length ©(27!). Since there
are 2V ~% elements of B}, and 0(2N7Y) of them belong to any fixed interval of length ®(27), we conclude that
the above probability is O(27(¢~%)),
We then have
H(E | €a1) <E D (6= 6)027) <0(1), (1)

>4,

where the expectation is taken over £ (which depends on the realization of gl:i—l)- Substituting the above bound
into (10), we conclude that I(£;.,; b) = O(n), which implies that S is indeed hard to identify via queries. O

3.4 Construction of the distributions
This section contains the proof of Proposition 3.11.
For integers 1 < k < N, let [b], be the number 0.00b;b; . .. by in binary representation, and let [b]x := [b] =
[b]n for k > N. Define
Prep(,y) = (ly = [blix| - (27 x+27CN ) (12)

We also write ¢ := ¢k when b is clear from context. For x > 0, the function ¢ essentially measures the distance
to the set

{(x, [Plex + &) €R* :x > 0, |&| <27 Fx+27CN 0}
Finally, we define the potential

Vp(x,y) =2V max 2% (x,y) . (13)
=1,...N

PRroOOF OF PROPOSITION 3.11. We prove that the construction (13) satisfies each of the four properties in turn.
Proof of Property (P0). The convexity of V;, follows because each ¢ is convex. To check that Vj, is xOV)-

smooth on average, using the compositionality of the maximum (i.e., max(a, max(b, c)) = max(a, b, ¢)) we see
that that V}, can be written as a maximum of affine functions, each of slope kO hence, V, is Ko(l)-LipSChitZ.
Differentiating under the integral,

V(V, * xs)(x,y) = // VVb(x+u,y +0)dudo = // vV, 1Bs(x.y)
Bs

where the expression makes sense because Vj, is Lipschitz and hence differentiable almost everywhere by
Rademacher’s theorem, and the absolute continuity of Vj, ensures the validity of the fundamental theorem of
calculus. Then, by Holder’s inequality,

19V * x5 (. 9) = V(T 5 x5) (91| < (59p 1973 ) Lty gy = Lyl
< k%W vol(Bs(x, y) & Bs(x',y)) -

By elementary considerations, the volume of the symmetric difference between the balls is bounded by O(xk°™ ||(x, y)—
(x',y")|), and therefore V(V, * ys) is k1) -Lipschitz.
Finally, it is obvious that V}, > 0 and V}, = 0 at the origin.
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Proof of Property (P1). We only need to verify that any point (x,y) which is 1035-close to Z, satisfies

V,(x, 1) = 0, as the second part of Property (P1) is automatically implied by Property (P2). For such a point (x, ),
there exists (x’,y’) such that

x>0, Ix" = x| Ay —y| < 10%5, and ly — [b] x| < 27Ny’

This also implies |y’ — [b]xx’| < 2% x’ forall 1 < k < N, since |[b]x — [b]] < 27F — 27N Therefore, for all
1<k <N, |y-[blex] <27F (x+10°6) +2-10°5 < 27%x + 27BN=K) since § = 27°N. By the definition (13) of
V, and the definition of ¢ in (12), it follows that V; (x,y) = 0.

Proof of Property (P2). We just need to check that

ZGN(/’)N(x, y) > Kt (dist((x, y),Zb) - 1)+,

or equivalently, 22NN (x, y) > (dist((x, y), Zp) — 1),. We first consider the case when x >0, and we may assume
that (x,y) ¢ Z,, as otherwise the claim is obvious. If (x, y) has distance A to its closest point in Zp, then any y’
such that (x,y’) € Zp must satisfy |y — y’| > A. Applying this to y’ = [b] x + 2=~ x, we obtain

dist((x,y), Zp) < ly— [b)x+27Nx| Aly— [b] x =27V x| = |y — [b) x| =27V x

In turn, it implies that ¢n (x,y) > (dist((x, y), Zp) —27ON-R)) > (dist((x, Y), Zy) - 1)..
If x < 0, then dist((x, 1), Zp) < ||(x,y)|| < V2 max(|x]|,|y|). Then, for N large,

2N (x,y) = 2°N (Jy - [b] x| — 27N x =27 BN
— 2N—1/2 (2N+1/2 |y _ [b] xl + \/E|x| _ 2—(2N—k)+1/2)
1
> oN-1/2 (23/2 max (0, |y| — 2 [x]) + V2 x| - 1)
+
> 2N712 (V2 max(|x|, [y]) - 1), > (dist((x,y), Zp) — 1), -

Proof of Property (P3). The last property follows from Proposition 3.12 below, because if b, b’ agree on the
first ¢ bits, then on the set in the statement of Property (P3),

+

V[, =2'N max 2= k¢kb 2N max 2_k¢k,b =2V max Z_k(ﬁk’b/ =2V max 2_k¢k3b/ = f/,,/.
k=1,. k=1,....t k=1,...,t k=1,...N

The second and fourth equalities invoke Proposition 3.12, and the third equality uses the fact that ¢4 ; only
depends on b through [b]. This completes the proof. ]

PROPOSITION 3.12 (POTENTIALS AGREE IF BITS AGREE). Let Sy(b) be the set
1
Se(b) = {(x, y) eR?:x < 1 273N or |y — [b], x| = 100 - Z_fx}.

Then, for x,y € S;(b),
(0% 2P y) = a2

.....

In turn, Proposition 3.12 follows by induction from:

PROPOSITION 3.13 (INDUCTION). If (x,y) € S;(b), and for some k > £ we have ¢r(x,y) > 0, then ¢r(x,y) <
2¢k-1(x, ).
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Proor. First, we may assume that x > 0. This is because if x < 0,
G (x,y) = |y = [blk x| = |[blxs — [blil x| — 27~ 5 — o= (SN=k+1)
> |y — [bl x| +27Fx — 27k — o= (BN=k+D)
= |y — [b]e x| — 2 Fx — 27 BN-k+D)
> dr(x,y),

since we are assuming ¢ (x,y) > 0.
Now, since x > 0, we start by estimating

bro1(x,y) > |y — [bli x| = [[Blrer — [b]i] x — 2~ K~ Dx — 27 ON=k+1)
> |y — [blgx| —3-27Fx — 27 ON=k+D)
= P (x,y) — 2 - 27 Fx 4 27 ON=k+D)
and
dr(x,y) = |y — [ble x| — (27Fx +27CN=0)y |

First, suppose that x < 2 273N Then, 27 N5 > 2. 27 50 in fact gpi(x,y) > gk (x, y). Alternatively, if
x> 3—12_3N and |y — [b]; x| > 100 - 2%, then

2¢r_1(x,y) = 2|y — [b]e x| = 2|[b], — [Plx-alx—4- 9k 9= (3N-k)
> 2|y — [blex| —6-27Cx —2” BN=F)

dr(x,y) < |y — [ble x| +1[b]e — [Blx] x — 27Fx — 27 BN=H)
< |y—[blex|+27fx — 27 BN-R

As a result, when |y — [b], x| > 100 - 27 “x, we see that ¢ (x,y) > % dr(x,y). m]

4 A lower bound for sampling from Gaussians via Wishart matrices

We define W ~ Wishart(d) to mean W = XXT where each entry of X € R¥*? is N (0, %). We aim to prove the
following two theorems, which together imply a query complexity lower bound for sampling from Gaussians.

THEOREM 4.1 (REDUCING INVERSE TRACE ESTIMATION TO SAMPLING). Let§ > 0. There is a universal constant
¢ > 0 (depending only on §) such that the following hold. Suppose thatd > c~! and there exists a query algorithm
such that, for any Gaussian target distribution = = N(0,%) in R? with cd™?I; < 37! < ¢! I, outputs a sample
from a distribution 7 such that either |7 — ||ltv < ¢ or Ved=2 Wy (7T, ) < ¢, using n queries to 7.

Then, given W ~ Wishart(d), there exists an algorithm which makes at most ¢c™'n matrix-vector queries to W
and outputs an estimator tr such that % tr(W™1) < tr < 2tr(W™') with probability at least 1 — §.

THEOREM 4.2 (LOWER BOUND FOR INVERSE TRACE ESTIMATION). Let W ~ Wishart(d) ford > 2. For any C > 0,
there exists § > 0 (depending only on C) such that any algorithm which makes n matrix-vector queries to W and
outputs an estimator tr such that C"' tr(W™1) < tr < Ctr(W™1) with probability at least 1 — § must usen > Q(d)
queries.

Remark 4.3. Suppose that we want to sample from a target distribution 7 which is a-strongly log-concave. It is
straightforward to check that total variation guarantees are invariant under rescaling the target (replacing =
with Sy, where S : RY — R is the scaling map Sx := {x for some { > 0), whereas Wasserstein guarantees are
not. Instead, the scale-invariant quantity is v& W,, which is what appears in Theorem 4.1.
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Consider the class of centered Gaussian distributions on R? which are a-strongly log-concave and S-log-
smooth; let k := f/a denote the condition number. Let € 4 (k, d, €) denote the query complexity of outputting a
sample which is e-close in the metric d to a target distribution in this class, where d is one of the scale-invariant
distances d € {TV, /a W,}. Then, Theorems 4.1 and 4.2 (with C = 2 and §, ¢ being universal constants) show
that ford > ¢71,

Bea(c?d%d,c) = Q(d). (14)
By embedding the construction into higher dimensions, we obtain the following corollary.

COROLLARY 4.4 (QUERY LOWER BOUND VIA WISHART MATRICES). Ford € {TV, \Ja W,}, there is a universal
constant ¢ > 0 such that

God(k,d,c) = Q(Vk A d).
ProoF. If k > ¢72d?, then (14) yields
God(k d,c) > Q(d) > Q(Vk A d).

Otherwise, if k < ¢™2d?, let d, be the largest integer such that x > ¢~2d2. Then, by embedding the d,-dimensional
construction into dimension d,

GGd(k,d,c) > Gk, de,c) = Qdy) > Q(Vk A d),

which concludes the proof. m]

4.1 Reducing inverse trace estimation to sampling

In this section, we prove Theorem 4.1, which is based on the concentration of the squared norm of a Gaussian.
We recall the following identity:

LEMMA 4.5 (CONCENTRATION OF THE SQUARED NORM): Let Z ~ N(0,X). Then,

var([|Z)1%) = 21|13 IIs
where ||Z]|gs = |21 Z?J is the Hilbert-Schmidt norm (equivalently, the Frobenius norm) of =.

Proor. Note that since all quantities are rotationally invariant, we may assume without loss of generality
that X is diagonal. Then the equality claimed is just the variance of a non-homogenous chi-squared random
variable. ]

We now prove Theorem 4.1.

ProOF OF THEOREM 4.1. Let W ~ Wishart(d) and let © := W~!. By Proposition 4.8, there exists ¢ > 0
(depending only on d) such that with probability at least 1 — §/3, it holds that

cd?I;<3 1<ty

We work on the event & that this holds.
Case 1: total variation distance. From Lemma 4.5 and Chebyshev’s inequality, we deduce thatif 71, . . ., Z,,
N(0,3) and try == m~ ' 37 || Z:]|%,

iid.
~

_ 1 tr 8 tr(z?) 8
Pifte - try 2 -3} < —=x = 2. u Z —.
2 (trx)?/4 m tr(%) m
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Take m > 48/ so that this probability is at most §/3. Conditionally on W, let 7y denote the law of the sample X
of the algorithm when run on the target N (0, X). By running the sampling algorithm m times, we can obtain i.i.d.

samples X1, ..., X, id. Zw. Then, for tr :== m™' 37 ||X;||%,

P{ltr - tr3| > %trZ} <P(E)+P{r—try| > %trZ, &}

If we choose ¢ < §/(3m), then tr is an estimator of tr(W ') with multiplicative error at most 2 which succeeds
with probability at least 1 — 8. Note that both ¢ and m depend only on 8.

Case 2: Wasserstein distance. Consider a coupling of X and Z such that, conditionally on W, we have
E[IIX - Z||* | W] = E[W/ (7w, N(0,%)) | W]. Let (X1, Z1), . .., (Xin, Zm) be i.i.d. copies of this coupling. Also, let
&’ denote the event that Ay, (W™1) > ¢d?, where ¢ is a constant depending only on &, chosen so that P(E”¢) < §/3
using Proposition 4.8. Then, conditionally on W in the event & N &’,

Elltr— tr 3| | W] < E[[tr - tri| | W] + E[|tr, = tr 2} | W]
2trX
T

where we used Lemma 4.5. Using ||x||? — ||y||? = (x — y, x +y), for any A > 0,

<E[ltr—tr. | W] +

E[lir -t | W] < E[[IXI° = 120° | | W] <E[IIX =Z|* | W] + 2E[|(X - Z, Z)| | W]

< (1+DE[IX - 2| | w] + %E[IIZII2 | w]
3

<A+ )R+ EE (1) s B
A ¢ A

If we take A = 18/5, m > (36/5)?, and if c is sufficiently small (depending only on §), we obtain

B[jf - w3l | w] < 202

By Markov’s inequality,

P{lr —tr 2| > %trZ} <P(&) +P(&) +E[P{|tr —tr3| > %trz | W} Lene |

We conclude as before. O

4.2 Lower bound for inverse trace estimation

In this section, we prove Theorem 4.2. The idea is that due to the heavy tails of Ay, (W™!) implied by Proposi-
tion 4.8, with some small probability &, tr(W~!) will be very large. An algorithm for inverse trace estimation
which succeeds with probability at least 1 — § must be able to detect this event, and we show that this requires
making Q(d) queries.

The key technical tools are the following propositions, due to [Braverman et al. 2020].
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PROPOSITION 4.6 ((BRAVERMAN ET AL. 2020, LEMMA 3.4]). Let W ~ Wishart(d). Then, for any sequence of n < d
(possibly adaptive) queries vy, . .., v, and responses w; = Wuoy, ..., w, = Wo,, there exists an orthogonal matrix
V € R gnd matrices Y; € R™" Y, € RUA=mxn ypay only depend on vy, ...,0n, W1, ..., Wy, such that VIWVT has
the block form

DA A
Y, YIT Y, YZT +W

VWVT = [

Here, conditionally on vy, ...,05, Wy, ..., Wy, the matrix W has the Wishart(d — n) distribution.

PROPOSITION 4.7 ([BRAVERMAN ET AL. 2020, LEMMA 3.5]). For any matrices Y; € R™", Y, € R@="*" and any
symmetric matrix W € R@=mx(d=n) it holds that

. ( Yl YlT Y1 YZT
i Y, YlT Y, YZT +W

) < Aain(W)

We are now ready to prove Theorem 4.2. Note that this result is very similar to that of [Braverman et al. 2020],
except that we work with the inverse trace rather than the minimum eigenvalue.

PROOF OF THEOREM 4.2. Let § > 0 be chosen later. We first argue that tr must not be too large. Applying
Proposition 4.9, we conclude that there is a universal constant C’ > 0 such that tr(W~!) < C’d? with probability
at least 1/2. Hence,

P{tr < CC'd*} > P{tr(W™!) < C'd*and tr < Ctr(W ')}

> P{tr(W™1) < C'd?} =Bt > Ctr(W™1)} > % _s.

Next, suppose for the sake of contradiction that n < d/2.Let %, denote the o-algebra generated by the information
available to the algorithm up to iteration n, that is, the queries vy, . . ., v,, the responses wy, . . ., wy,, and any external
randomness used by the algorithm (which is independent of W). Applying Propositions 4.6 and 4.7,

P{tr <C'tr(W™)} > P{tr < CC'd* and Amin(W ") > C*C'd?}
> P{ir < CC'd* and Apin(W™1) > C2C’ d*}
= E[L{tr < CC'd*} P{Amin(W™1) > C2C'd* | F}] .
According to Proposition 4.6, conditionally on F,, W has the Wishart(d — n) distribution. By applying Proposi-
tion 4.8,

1

P{nin(W™) = C2C'd? | F} = P{Amin(W™") 2 4C%C" (d - n)* | F} 2 .
cVer

Therefore,
_ _ 1 1/2-6
Pltr < C 'r(W™H} 2 Plir < CC'd?} —— > ———,
{ b= B } cVo T eVT
which is larger than § provided that ¢ is chosen sufficiently small (depending only on C). This contradicts the
success probability of the algorithm, and hence we deduce that n > d/2. m|
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4.3 Useful facts about Wishart matrices

We collect together useful facts about Wishart matrices which are used in the proofs.
PROPOSITION 4.8 (EXTREME SINGULAR VALUES OF A GAUSSIAN MATRIX). Let W ~ Wishart(d). For any x € [0,1],
P{Amn(W) < 7} = V&
Also, there is a universal constant C > 0 such that
P{Amax(W) = C(1+1¢)} < 2exp(—dt).
Proor. See, e.g., [Edelman 1989, Theorem 5.1] and [Vershynin 2018, Theorem 4.4.5]. O

PROPOSITION 4.9 (BOUND ON THE INVERSE TRACE). Let W ~ Wishart(d). Then, for any § > 0, with probability
at least 1 — &, it holds that tr(W~') < Csd? where Cs is a constant depending only on §.

Proor. According to [Szarek 1991, Theorem 1.2], there is a universal constant C-> 0 such that for each
j=1,...,dand a > 0,

1 d? 2
P{Aj(W) > (Xz_jz} < (Ca) .

Let a < 1/C and let E, = {1/A;(W) > d*/(a?j*) for some j = 1,...,d}. By the union bound,

d
2 1
P(Eg) < (Ca)’ € —m |
]Z > Jegiica)

On the event Ej,

d
d? nd?
-1 _
tr(W )S;zﬂ_jz__fnxz ,
which is the claimed result upon taking « sufficiently small. m|

Remark 4.10. The proof only shows that P{tr(W~!) > nd®} < 1/+/logn for n > 1, which is not enough
to conclude that Etr(W!)s finite. In fact, it holds that Etr(W™!) = oo, which can already be seen from
Proposition 4.8.

5 A lower bound for sampling from Gaussians via reduction to block Krylov

In this section, we prove Theorem 1.3. Our proof procedes in two parts: we first show a lower bound against the
block Krylov method, and then a reduction showing that an arbitrary adaptive algorithm can be simulated via a
block Krylov method.

5.1 Preliminaries

We first record some important facts that we will use later on. The following is a standard approximation-theoretic
result:

PROPOSITION 5.1 ([SACHDEVA AND VISHNOI 2014, PROPOSITION 2.4, REPHRASED]). Let Tx be the degree-K
Chebyshev polynomial, and let 1 = f; > - -+ > g1 = —1 be the set of real values f such that Tx (f) € {—1,1}. Then,

for any real degree-K polynomial p such that |p(f;)| < 1 for all f;, we have |p(x)| < |Tx(x)| < (x| + Vx2 — l)K
forall |x| > 1.

Let ¢y > 0 be a constant to be chosen later. The above proposition immediately implies:

J.ACM



24 + S.Chewi,et al.

COROLLARY 5.2 (APPROXIMATION ERROR). Suppose that K < covklogd. Then, there existk = A; > -+ >
Ak+2 = 1 (that only depend on K and k) such that for any real degree-K polynomial P, maxj<;<k+2 |)+l- -P(A)| =
d_ZCU_O(l/\&)/K'

ProoF. Set fi, ..., Pr+2 tobe the solutions of T4y € {—1,1},andforeach 1 < i < K+2,set}; == (Kgl) (Bi+1)+1;
by construction, k = A; > - -+ > Ag42 = 1. Given any polynomial Q of degree at most K + 1, note that if |Q(4;)| < 1
for all i, then the polynomial p given by p(x) = Q(KT_l (x+1)+1) satisfies |p(f;)| < 1 for all i. By Proposition 5.1,
for xg == —(1+ ﬁ ,

+ K+1
0001 = Ip(x)l = (ol + ~1)**" < (1+ 2= +0()

2 1
< exp((% +O(;)) (CO\/Elogd+ 1)) — d2c0+o(1/\/;> '

Next, for a degree-K polynomial P, consider Q(x) := d2eotO(1/VK) (1 — xP(x)). Note that Q has degree K +1
and |Q(0)| = d%0*O0/V%) wwhich implies that |Q(4;)| > 1 for some i, which in turn shows that |/% - P()| =
d-20-0(INR) [ o

We also introduce random matrix ensembles that are used in the proof, together with basic facts and properties.

Interestingly, as in the previous section, Wishart matrices are also useful for understanding block Krylov
algorithms, but for a completely different reason. This time, we will study inner products between random
vectors, which is also captured by a Wishart matrix. We denote by Wishart(K, N) the law of the random matrix
XXT € REXK where the entries of X € RKXN are i.i.d. standard Gaussians. Note that this is a different convention
from the previous section, in which each entry of X was i.i.d. N (0, %).

We also define the Gaussian orthogonal ensemble (GOE) of size K, denoted GOE(K). This is the law of a random
symmetric matrix G € RX*K where each diagonal entry G;; is distributed as NV (0, 1), and each off-diagonal entry
Gij = Gj; is distributed as N (0, %) Also, the entries {G; j: 1 < i < K, j < i} are independent.

A long line of work (see, e.g., [Brennan et al. 2021; Bubeck et al. 2016; Bubeck and Ganguly 2018; Jiang
and Li 2015; Mikulincer 2022; Racz and Richey 2019]) shows that when N > K3, the Wishart ensemble is
well-approximated by a scaled and shifted GOE, a fact which we shall invoke in the sequel.

LEMMA 5.3 (EQUIVALENCE OF WISHART AND GOE). Let W ~ Wishart(K, N) be drawn from the Wishart distribu-
tion, and let Wy be drawn from the distribution of symmetric matrices where the diagonal and above-diagonal entries
are mutually independent, each diagonal entry is drawn as N (N, 2N), and each above-diagonal entry is drawn as
N (0,N). (Equivalently, we can write Wy = NI + V2N G, where G ~ GOE(K).) Then,

3/2
[law (W) — law (W) [lTv < O('Nl/z) :

Finally, we also require the following basic linear algebraic fact:

PROPOSITION 5.4 (ROTATING THE RIGHT SINGULAR VECTORS). Let V, V' € RE*N pbe such that VVT™ = (V') (V')T.
Then, there exists an orthogonal matrix U € RNXN sych that VU = V',

5.2 Lower bound against block Krylov algorithms
We start with the following proposition, which will be useful in establishing the existence of matrices with
different inverse traces but which generate similar power method iterates.

PROPOSITION 5.5 (POLYNOMIAL APPROXIMATION AND DUALITY). Suppose that K < cov/k logd. Then, there exist

k=AM > A3 > -+ > Ags2 = 1 and non-negative real numbers xy, .. ., XK+2; X1, - - ., Xy ,p» SUch that:
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(1) Forall 0 < j <K, XK = 2Kl
(2) K+2 x; = K+2 X' =d.

i=1 %

(3) K-iiZ xt/Ai _ K+2x //1 > 2d1-2c0- O(l/f)/K

Proor. If we fix the values of the 4; to be the choices in Corollary 5.2, this becomes a linear program in the

variables {x; }</2, {x/}K¥2 By writing x = (x1, ..., XKk42, X, . . ., X}j,,), our goal is to maximize ¢Tx over x > 0
subject to Ax = b. In our case, we set
© -1 -
Al 1 1 1 1
e . od
e ) 1 ... 1 B -1 0
ci=| K2 |, A=|M o Ak —A o —Akee| b=
) oo : : - : :
,{K ,1K —}LK _AK 0
1 K+2 1 K+2
/1 1
K+2-

We can consider the dual linear program, and by strong duality this maximization is equivalent to minimizing
b7y over y such that ATy > ¢. By writing y = (z, yo, yl, ..., Yk ), this means we wish to minimize 2dz subject to
z+ (Yo +yihi+- - +yrA) > Landz - (yo +yrdi + - - + yxAS) > —/%i for all 1 < i < K + 2. Equivalently, we
wish to minimize 2dz subject to the existence of a polynomial P of degree at most K (with coefficients yy, . . ., yx)

such that z > I/% —P(A)| foralli < K+2.
The minimum for the dual linear program (and thus the maximum for the primal linear program), is
2d infpep, max;<i<i2 |/1i — P(4;)|, where Pk is the set of polynomials of degree at most K with real coefficients.

By Corollary 5.2, this quantity is at least 24?20~ C/Vk) Jic m
We note that a slightly strengthened version of Proposition 5.5 holds. Let 0 < ¢; < 1.
COROLLARY 5.6 (EXISTENCE OF GOOD SOLUTIONS). Proposition 5.5 holds, where we also ensure that each x; and x]

is at least 57— (K+2) and ‘xi;x'{l < 2 though the right-hand side of the third condition becomes ¢yd" =20~ C/VK) /i,

- 1-c1’

Proor. First, replace every x; with % (xi+ % +2) and x; with 1 5 (x] + % +2) Then, we have that the replaced

x;, x; are at least %, and the remaining statements in Propos1t10n 5.5 hold, except the third which has the
right-hand side replaced with d!=2¢~0(1/Vk) /K

. 1 1+ . 1+ 1- .
Next, replace every x; with & := == x; + =7 1= S x] + =5+ x;. We still have that

every X;, X; is at least ﬁ, the first two conditions still hold, and the right-hand side of third condition is

now ¢;d'72¢0-00/V%) /. Finally, note that |%; — x| < c1 |x; — x]|, whereas %; > 1_201 (xi + x]). This implies that
Xi = 1-cy°
We now have the necessary tools to prove our lower bound against block Krylov algorithms. Before doing
so, we establish that there exist diagonal matrices D, D’ which have substantially different inverse traces, but
block Krylov algorithms cannot distinguish between them. To prove our actual lower bound, we show the same
claim holds even if D, D’ are randomly rotated, and the inverse trace difference is enough for a single sample to
distinguish between them.

LEMMA 5.7 (CONSTRUCTION OF DIAGONAL MATRICES). Suppose that K < co\klogd and K < O(d). Then, there
exist diagonal matrices D, D’ € R?*? with all diagonal entries between 1 and x with the following properties.

(1) [tre(D™Y) = tr(D’Y)| > ¢d* =20 O/NK) [y — 2 (K + 2).
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(2) Consider sampling K d-dimensional random vectors oM, oK) iiid. N(0,1;). Then, the distributions of
{(®, DI 0OV} ki ke<k and {0, D70 O)} i xso k o<k differ in total variation distance by at most
O(c:1K? + K3/d'?).

Proo¥. Choose {x;}£*2 {x] K+2 and {/11-}5(::12 satisfying Corollary 5.6. Define integers {Ni}fgz such that each

i=1> =1
N; is either |x;] or [x;] and legz N; = d; define {N/ f:;z similarly in terms of {x] {:;2 We let D, D’ be diagonal
matrices such that for all i, D has N; diagonal entries equal 4;, and D" has N/ diagonal entries equal to A;. Now,
let o™, ..., 0 € R? be K random vectors drawn i.i.d. from N (0, I;) (and define v, ..., o) similarly). For
1 <i < K+2, we define 0% to be the projection of v*) onto the dimensions corresponding to the diagonal entry
A; for D. Note that {0}, k1, r<x are independent, and 05" ~ N(0, Iy,). Likewise, define {05V}, xys k<k
accordingly in terms of D’.
Note that tr(D™1) — tr(D’~!) = Y K42 N; /2, — S K#2 N/ /4;. Since |N; — x;|, [N} — x{| < 1, and since each A; > 1,
it implies
. ~ ¢y d1=200=0(1/Vi)
tr(D™") —tr(D'7Y) > —— —2(K+2).

Next, we let W) represent the K x K matrix with entries Wk(";,) = (0% (&)Y and define W)’ similarly. Note
that the matrices W), W9’ over all i are independent. In addition, W () has the Wishart(K, N;) distribution, and
W@’ has the Wishart(K, N7) distribution. In addition, for any k, £ < K and j < T, we have that (0®), DI o) =
S AW,

Now, we attempt to design a coupling between the matrices { W) }<+2 and {W/()"}K42 such that W) —w ()7 =
(x; = x]) Ix for all i < K + 2, with high probability. Note that this implies our claim, due to Corollary 5.6. To
design this coupling, first note that by Lemma 5.3, if we draw ZD <~ N; Ix + V2N; GOE(K), then |[law(W ) —
law(ZD) |11y < O(K3/2/Ni1/2), and a similar statement holds if we define Z?’ and compare its law to that of
wr,

Note that the entries of Z(? and Z(?” are independent (apart from the requirement of symmetry), so we will
attempt a coupling between the entries Zli,iz and Z/ilg), For k < ¢, since Z]Ei,) ~ N(0,N;) and Z;E,iz, ~ N(0,N/), the
total variation distance between their distributions is bounded up to a constant, using Corollary 5.6, by

R 2 P LR
N; X N; Nix;

iS O(c1 +§)

under our assumptions. Therefore, we can couple Z ]ilg and Z 1512 " such that they fail to coincide with this probability.
For k = ¢, we have Z,Eilz ~ N(Nj, 2N;) and ZIEZ' +x; — x; ~ N(N/ + x; — x{,2N/). The total variation distance
between their distributions is bounded by a constant times
N/ N/ — x| +x; = N; K'/?
|—’—1|+| R B l'so(c1+—).
N; VN; di/?
Therefore, we can couple the two random variables together so that Z,Eili =7 ]Ei,z' +x; — xlf fails with the above

probability.
By a union bound, the coupling Z) = 20" 4 (x; — x}) I for all i fails with probability at most

K K1/2 KS/Z
3 2 3
O(K (CI+E)+K (C1+W)) ZO(CIK +W)
Combining this with comparison between the Wishart and GOE ensembles and another union bound, we obtain
the result. m]
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Finally, we are able to prove our main lower bound against block Krylov algorithms.

LEMMA 5.8 (LOWER BOUND AGAINST BLOCK KRYLOV ALGORITHMS). Let k, K, D, D’ be as in Lemma 5.7. Then, let

U be a uniformly random orthogonal matrix in R4 andlet A=UTDU and N = UTD'U. LetoV, ..., oK) iiid.
N(0,1;). Then, forany§ > 0, provided K < Os(y/xlogd) andx < d*/°=2, the distributions of {A o™} ;< (k42) /2 k<K
and {\"7y® }i<(k+2)/2 k<k differ in total variation distance by at most o(1). On the other hand, drawing a sample
either from N (0, A™1) or N (0, A’1) can, with probability 1 — o(1), distinguish between the two cases.

Proor. From Lemma 5.7, there is a coupling such that the tuples
{(®, DI 0OV} kn ke<k and {@E, DT 0OV} ks k <k are equal with high probability. In particular, it
holds that

(D'o™® DI oy = (D" o™ D77y foralli,j < (K+2)/2andk < K

with high probability. By Proposition 5.4, there is a unitary matrix Uy such that D’/ 0®" = UyD7 0®) for all
j < (K +2)/2and all k < K with high probability. Note then that the tuples {UTD/U UTo®) }is(k+2)/2, k<k and
{UT UOTD’j vuur UOTU(k) "}j<(k+2)/2, k<k are equal with high probability, and this is a coupling which witnesses
the fact that

[law ({700} i< (ka2) o, k<) = law({AT0 5} s < (keaay 2, k<) lpy < O(e1 K + K2 /dM?) .

Finally, we note that from a single sample it is easy to distinguish between N (0, A~!) and N'(0, A’~1). This is
because if X ~ N (0, A™!), then E[||1X]|?] = tr(A™!) = tr(D7!) = Zf(;f Ni/2;, but one checks that var(||X||?) =
o(ykiz N;/A?) < O(d). Likewise, if X" ~ N'(0, A’"1), then we have B[||IX’||*] = YKy N//; but var(||X’||?) =
O(d). So, the difference in their expectations at least ¢;d! =20~ C(1/V&) /i _2 (K+2), whereas the standard deviations
are bounded by O(d'/?).

To finish the proof, we must choose the values of ¢y and ¢;. We require the following conditions:

(1) K3 =0(1).

(2) K3/d"/? = 0(1).

(3) dY/2 = o(cyd'~20=CUNK) [ — 2 (K +2)).

For the second condition, we can assume x < d'/3/log*(d). To satisfy the first condition, we can set ¢; =
1/(x*?1log*(d)). Finally, if k is sufficiently large and if ¢, is chosen depending on 8, then the third condition
requires vk logd + d"/? = o(d'~% /x%?), and it suffices for x < d/>7°. O

Remark 5.9. We did not attempt to optimize the exponent in the condition k < d'/°~%. Indeed, by using the
chain rule for the KL divergence rather than a union bound in the proof of Lemma 5.7, we believe that the
total variation bound can be improved to O(c;K>/? + K*/2/d"/?), and a back-of-the-envelope calculation suggests
that this could improve the condition to k < d*7~9. Nevertheless, this falls short of capturing the full regime
vk logd < O(d), and we leave this as an open question.

5.3 Reduction to block Krylov algorithms
In this section, we show that in order to prove a lower bound for sampling from Gaussians against any query
algorithm, it suffices to prove a lower bound against block Krylov algorithms.

5.3.1 Setup. Let A = UTDU, where D is a (possibly random) diagonal matrix, U is a Haar-random orthogonal
matrix, and U and D are independent. We consider the following model, which is a strengthening of the matrix-
vector product model:
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Definition 5.10 (extended oracle model). Given K € N, for all k € [K], the algorithm chooses a new query point
ok, and receives the information {A'0;} (; j)em,, Where Hy := {(i,j) : i+j < k+1,i 20,1 < j < k} isaset of
ordered pairs of nonnegative integers. We use the following notation {A’v;}s for any set S to denote {A’0;}(; j)es-

This is clearly a stronger oracle model than before, so a lower bound against algorithms in the extended oracle
model implies a lower bound against algorithms in the original matrix-vector model.

Definition 5.11 (adaptive deterministic algorithm). An adaptive deterministic algorithm A that makes K extended
oracle queries (see Definition 5.10) is given by a deterministic collection of functions vy, v2(-), ..., vk (+), where vy
. p . k (k+1)
is constant and each v (+) is a function of —5—
k-th query v ({A’v;}p, ,) is chosen adaptively based on the information available to the algorithm at the start of
iteration k. (Note that v; has no inputs.) When the choice of the inputs is clear from context, we may simply

write o = 0g ({Afv;}m, ,)-

— 1 inputs. This corresponds to a sequence of queries where the

In the extended oracle model, the next lemma shows that we can assume that each vy is a unit vector orthogonal
to its inputs.

LEMMA 5.12 (EXTENDED ORACLE AND ORTHOGONAL QUERIES). Fork € [2,K], let v be as stated in Definition 5.11
and let {A'v;}p, | be as stated in Definition 5.10. Then, vy is orthogonal to the subspace spanned by the vectors in

{Aivj}Hkq'

Proor. Assume for sake of contradiction that this were not the case. Then, we can decompose vx = 2 (; j)en, , cijAvj+
ctog where o
the new information obtained by the algorithm is {_Aiv i Vit j=k+1,j <k For all (i, j) # (1, k), the new information
does not depend on vg. Also, Avk = 3 (; j)eH, , cijAo; + clAvlj, where each A™'0; is information obtained by
the algorithm at the end of iteration k + 1 regardless (due to our extended query model). Since (i + 1, j) € Hy if
(i, j) € Hy-1, and since (1, k) € Hy, this expression shows that the algorithm would receive the same amount
of information (or more, if ¢* = 0) if it queries v, instead of vi. Applying this reasoning inductively proves the

claim. |

is a unit vector orthogonal to {A’v;}p, , and each ¢;; and ¢* is a scalar. At the end of iteration k,

We compare to a block Krylov algorithm, which makes i.i.d. standard Gaussian queries zy, ..., zx and then
receives {A'z;} for all i, j < K. Recall that a block Krylov algorithm does not make adaptive queries, so it is easier
to prove lower bounds against block Krylov algorithms. Our goal is to now show that block Krylov algorithms
can simulate an adaptive deterministic algorithm.

5.3.2 Conditioning lemma. We start by proving a general conditioning lemma which will be invoked repeatedly
in the reduction to block Krylov algorithms. This lemma roughly shows that if the adaptive algorithm knows
{A'v;}p,, the posterior distribution of A given {Av;}p, is indeed rotationally symmetric on the orthogonal
complement {A'v; }p, .

We will use the notation = to denote that two random variables are equal in probability distribution (possibly
conditioned on other information).

LEMMA 5.13 (CONDITIONING LEMMA, PRELIMINARY VERSION). Let U be a Haar-random orthogonal matrix, and
A =UTDU, where D is a (possibly random) positive diagonal matrix. Suppose that A is an adaptive deterministic
algorithm that generates extended oracle queries vy, . . ., vk, and after the k-th query knows A'v; for all (i, j) € Hy.

For any integer m > 1, let k be the integer such that @ <m< w i.e., m is at least the k-th triangular
number but less than the (k + 1)-th triangular number. Consider the order of vectors vy, Avy, v, A%v1, Avg, 03, A0y, . ..

(this enumerates A'v; in order of i + j, breaking ties with smaller values of j first). Let W,,, be the set of first m of
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these vectors and X be the set {vy, ...,vx}. Let V be a Haar-random orthogonal matrix fixing W,,, and acting on the
orthogonal complement W, Then, (X, U) d (X, UV).

Before proving this lemma, we note that since the algorithm is deterministic and D is fixed, W, and X} are
deterministic functions of A, and thus of U. Hence, we can write v (U’), Wy, (U’), Xi (U’) to be the vg, Wy, X that
would have been generated if we started with A’ = (U")TDU’. (If no argument is given, vg, W;,, Xy are assumed
to mean vg (U), W, (U), Xy (U), respectively.) We note the following proposition.

PROPOSITION 5.14 (FIXING THE FIRST m QUERIES AND RESPONSES). Suppose that V is any orthogonal matrix
fixing Wy, (U). Then, W,,,(U) = W,,(UV).

Proor. We prove W, (U) = W, (UV) for all m" < m. The base case of k = 1 is trivial, since vy is fixed. We
now prove the induction step for m’.

If m" < mis a triangular number, m’ = k(ks1)

>— then the m’-th vector in W,, is v. But note that 0x(U) is a
deterministic function of Wy, _1(U), and v; (UV) is the same deterministic function of W,,,_;(UV). Hence, if the
induction hypothesis holds for m’ — 1, it also holds for m.

If m" < m is not a triangular number, then the m’-th number in W,,(U) is Ay ; for some i > 1. Likewise,
the m’-th number in W,,(UV) is VTA'Vu;(UV). Since i > 1, we know thatv;(U) = 0v;(UV), by the induction
hypothesis on WTH) < m’. But, we know that V fixes W, which means it fixes v; and Aivj. Thus, VTAiVUj(UV) =
VTAiVZJj = AiZJj. O

We are now ready to prove Lemma 5.13.

Proor oF LEMMA 5.13. We prove this by induction on m. For the base case m = 1, U is a random matrix and
V is a random matrix that fixes v;. Note that v; is chosen independently of A (and thus of U), so U and V are
independent. Even for any fixed V, the distribution UV is a uniformly random orthogonal matrix, so overall
U 4 UV. Also, v; is deterministic, so (v, U) 4 (v, V).

For the induction step, we split the proof into 2 cases. The proofs in both cases will be very similar, but with
minor differences.

Case 1: m is a triangular number. This means that the m-th vector added is vy, where m = k(kz—ﬂ) Let V| be a
random orthogonal matrix fixing W,,_; and V; be a random orthogonal matrix fixing Wj,,. Our goal is then to
show (X, U) £ (Xi, UVy):

To make this rigorous, we note an order of generating the random variables. First, we generate U randomly:
W, and X} are deterministic in terms of U. Next, we define V; to be a random rotation fixing W;,,_;. Finally, we
define V; to be a random rotation fixing W,,,, where V;, V; are conditionally independent on U.

First, we prove that (X, U) 4 (Xk, UVy). Note that U 4 UV; by our inductive hypothesis. In addition, since
V1 fixes Wy, (U), Wi—1(U) = Wp,—1(UV;) by Proposition 5.14. Since m = k(kz—H)
is a deterministic function of W,,_;(-), which means X (U) = X (UV;). Hence, (X, U) 4 X (UV),UVy) =
(Xe, UVY).

Next, we prove that (X, UV;) d (Xk, UV1 V,). It suffices to prove that

is a triangular number, Xj (-)

d
(X, U, Vo) = (Xg, UV, V).

To do so, we first show that V, = f(U,R), where f is a deterministic function and R represents a random
orthogonal matrix over d — dim(W,,) dimensions that is independent of U. (Recall that W,, is a deterministic
function of U.) To define f (U, R), we consider some deterministic map that sends each W,,, to a set of d — dim(W,,)
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basis vectors in W,;;. We then define V, = f(U, R) to act on W,; using R and the correspondence of basis vectors.
Since W,, and X, are deterministic in terms of U, this means f (U, R) is well-defined. We will now show that

Va=f(U,R)=f(UV,R) and X=X, (UW).
Since U & UV; by our inductive hypothesis,

d
Xk, U, V) = (X (UW), UV, f(UVLL,R)) = (X, UV, V)
By Proposition 5.14, W;,,_1(U) = W,,_1(UV;), and since X (-) is deterministic given W,_1(-) for m = @,
Xk (U) = X (UVy). This implies W,,(U) = W,,(UV;), which means f(UV;,R) = f(U,R), since f(-,R) only
depends on W,,,(-) and R. This completes the proof.

Next, we show that (X, UV, V;) 4 (Xk, UV1). Since we chose the order with U being defined first, we are

s . . e . d
allowed to condition on U. Since X is deterministic in terms of U, it suffices to show that V;V, | U = V; | U.
Since W1, W, are also deterministic given U, note that V; is a uniformly random orthogonal matrix fixing
Win-1, and V; is a random orthogonal matrix fixing W,,, > W,,,_;. Since V; and V; are conditionally independent

given U, this means V;V; | U is a uniformly random orthogonal matrix fixing Wy,,~1, so ViVz | U d Vi|U.
In summary, we have that

d
Xk, U) = (Xi, UW1)
d
= (X, UViV2)
d
= (X UVz) .
Case 2: m is not a triangular number. Again, let V] be a random orthogonal matrix fixing W,,_; and V; be a
random orthogonal matrix fixing W,,. Our goal is again to show that (Xj, U) 4 Xk, UVa).
First, we again have (X, UV;) 4 (Xk, U) by our inductive hypothesis.
Next, we show that (X, UV;) d (Xk, UV,V7). Tt suffices to prove that
d
(Xk’ Us ‘/2) = (Xk’ UVla VlTVZVl) 5
since (UVy)(V]"V,V) = UV3V;. We recall the random variable R and use the same function V; = f(U, R). Since
we have already shown that U Jd UV, this implies that
d
(X, U, V2) = (X, (UW1),UWy, f(UV1,R)) .
Since m' is not triangular, X (-) is contained in Wy,_1(-), so by Proposition 5.14, Xi (U) = X (UV;). So, we have
d
Xk, U, V2) = (X, (UV1), UV, f(UV1, R)) = (Xi, UVy, f(UVL,R)) .

Now, if we fix U and V;, W,,,—1(UV;) = W,,,_1 (U) by Proposition 5.14. However, since the m-th (i, j) pair hasi > 1
when m is not triangular, the final vector in W, (UV;) will be V" A'Vjo; = V" (A'v;). For fixed U, V4, f(U,R) is
a random rotation fixing Wy,_; and Ao j, but f(UV4,R) is a random rotation fixing Wy,_; and V" (Ao 7). Since
V" fixes Wp,_ by how we defined V;, this means that for fixed U, Vi, f(U, R) is a random rotation fixing W;, but
f(UVy, R) is a random rotation fixing VlT W, Therefore, conditioned on U, V1, f(UVy, R) has the same distribution
as V|' f(U, R)V;. Since X is deterministic in terms of U, this means

d
(st U‘/iaf(U‘/i’R)) | Us ‘/i = (Xka UVI,Vle(U’ R)‘/l) | US ‘/1 .
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We can remove the conditioning to establish that (X, UVy, f(UVi, R)) 4 (X, UV, VT f(U,R)V)) = (Xi, UV, VTV, 1),
which completes the proof.

Next, we show that (X, UV, V;) 4 (Xk, UV1). The proof is essentially the same as in the case when m is triangular.
We again condition on U, and we have that V,V; | U 4 V1 | U have the same distribution as uniform orthogonal

matrices fixing W,,,_1(U). Since X} is a deterministic function of U, this means (X, UV;V;) | U 4 X, UVy) | U,
and removing the conditioning finishes the proof.
In summary,

(X U) £ (X UVA)
£ (X UVY)
£ (X UVR). o

We now prove our main conditioning lemma, which will be a modification of Lemma 5.13.

LEMMA 5.15 (CONDITIONING LEMMA). Let all notation be as in Lemma 5.13, and let Vy be a fixed orthogonal
matrix fixing Wp,. Importantly, V; is a deterministic function only depending on W,, (and not directly on U). Then,
(X, U) £ (X, UV).

Proor. First, note that since V; is a deterministic function of Wj;; it is also a deterministic function of U. We
can write V;(+) as this function, and Vy = V,(U).

Now, Lemma 5.13 proves that (X, U) 4 (Xk, UV). Note that conditioned on U, V is a random matrix fixing

W, and Vj is a fixed matrix fixing W,,,, which means that VV;, | U Sy | U. Hence, (Xx, UV) d (Xr, UVV,). But
from Proposition 5.14, Xx(UV) = Xi (U) and W, (UV) = W,,,(U), which means that V;(-), which only depends
on W,(+), satisfies Vo (UV) = Vo (U). Hence, because U £ UV, we have (Xi, UVVy) = (Xi(UV), UV - Vo(UV))
Xk (U), U - Vpo(U)) = (Xi, UW).

In summary, we have that (X, U) d Xk, UV) _ (Xi, UVVp) d (Xk, UVy), which completes the proof. O

5.3.3  From query algorithms to block Krylov algorithms. In this section, we carry out the high-level outline from
Section 2.2.2. We aim to prove the following result, which implies that any adaptive deterministic algorithm in
the extended oracle model can be simulated by rotating the output of a block Krylov algorithm.

LEMMA 5.16 (REDUCTION TO BLOCK KRYLOV). Suppose A = UTDU, where U is a Haar-random orthogonal matrix
and D is a diagonal matrix drawn from some (possibly unknown) distribution. Let v1,v,(+), ..., vk (-) be an adaptive

deterministic algorithm that makes K queries, where K? < d. Let U?Ig, v;]g, ey U;Ig be recursively defined as follows:

v?lg = vy, and Uzlg & vk({Aiv;Ig}Hk_l) fork > 2. Let zy,...,zx be ii.d. standard Gaussian vectors. Then, from the

collection {\'zj } (withqut knowl@dge of D or A), we can construct a set ofynit vectors 01, 0y, . . ., U, and a set of

rotation matrices U;'™, U™, ..., Ug™, where 0 and Ulj”“ only depend on {A'z;}y, , and zy, and such that
{(Uls:llr(n)TAlUj}HK = {Alvig}HK’

where Ulsjlr? = UlSim . UI?m, and the equivalence in distribution is over the randomness of A and {z;};<x. Moreover,

{A'9;} . is deterministically determined by {A'z;} .

Lemma 5.16 says that the knowledge of A’z; alone is sufficient to reconstruct the distribution of any adaptive
algorithm’s queries and responses. The proof of the lemma requires introducing a hefty amount of notation, but
we emphasize that it follows along the lines of Section 2.2.2.
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First, we describe how to construct 0;. Let 9; = ”z—i”, and for k > 2, let 0y be the unit vector parallel to the

component of z; that is orthogonal to the span of {A’z;} g, ,. (With probability 1, this is well-defined.)
Because each 0 is a linear combination of {A’z;} g, , and zi, we can construct the set {A’0;} g, from the set
{Ale}HK. )
We now construct the rotation matrices Ulj'm. First, we define matrix-valued functions U (), fork =1,...,K,
as follows.

Definition 5.17 (rotations fixing previous queries and responses). For 1 < k < K, the function Ui (-) takes
arguments {x; j Y, _,, Yk, Zk, Where the vectors yx and z; have unit norm and are both orthogonal to the collection
{x;, j }Hk_l-

To define U; (+): since Hy is empty, the first function U; only takes arguments yy, z1, and is such that U; (y1, z;)
is a deterministic orthogonal matrix that satisfies U; (y1, z1) Ty; = z1. Note that U () exists because y; and z; both
have unit norm; for example, we can complete y; and z; to orthonormal bases (y1,yz, . . ., Yq), (21,22, . . .5 24) and
take Uy (yq,21) = Z;-i:l yiz] .

To define Uk (-): Ux({xi j }H,_,> Yk- 2k) is a deterministic orthogonal matrix that satisfies

Uka,-,j =Xij> for all (l,]) € Hk—l’
; (15)
Uk Yk = Zk -
Such a choice of Uy is always possible, because k* < d, and because yy and zj are orthogonal to x; ;; for example,
we can start with the identity matrix on the subspace spanned by {x; ;}#, , and add to it a sum of outer products
formed by completing yx and zx to two orthonormal bases of the orthogonal complement.

Next, we describe how to construct U;im. We will define U]fim along with an auxiliary sequence {v,scim Ye=12...K-1-

Definition 5.18 (simulated sequences). We let viim = vy, and UlSim = Ul(ﬁl,viim). For k > 2, Uzim and U,jim are
defined recursively as follows:

o™ = 0 (U y)) " N, )
UE™ = U ((OR) TA b (U1 ).

Intuitively, one can think of viim as the kth vector the simulator thinks the algorithm is querying, and Uzim as

(16)

a rotation that corresponds inm to the random unit vector known by block Krylov.
PROPOSITION 5.19 (EXISTENCE OF ROTATIONS). Each U;““ is well-defined.

Proor. To show that this choice of Uzim is possible, we need to check that (Uf:i(r?c_l))Tﬁk, vlscim both have unit
norm and are orthogonal to the subspace S, spanned by (Uf:i(r?c_l))TAiﬁj for (i, j) € Hi_1. They both have unit

norm because ¢ and v;"™ are constructed to have unit norm, and inductively we can assume U1S‘I(r?<—1) is orthogonal.

Note that viim is orthogonal to Sy by our assumption on the function v (+), and (UlSi )Ty is also orthogonal

m
((k-1)
to Sx because

(UG- TN, (USR 1)) Tok) = (N6, 6¢) = 0,
where the second line follows from the definition of 0. |

We summarize some additional properties of v,scim and Ulzim in the following lemma.

LEMMA 5.20 (PROPERTIES OF THE SIMULATED SEQUENCES). The variables U,jim and v,sjm fork =1,...,K defined
above satisfy the following properties:
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(P1) 03'™ depends only on {A'd;}p,_,, and U™ depends only on {A'0;} iy <.
(P2) For any k > j, we have

3 = U3
(P3) Fork > 2, Uiim satisfies
Ulscim — vk({(Uls:i?;c—l))TAiUIS;i(n]]c—l)U;im}Hk—l) ]
(P4) Fork > 2, Uljim satisfies
UE™ = Uel{ (U AUy 0™ (U3 T ).

Proor. (P1) is immediate from the definitions, since {(i, j) : i+ j < k} = Hr—1 U {(0,k)}.
To show (P2), note that the second property of the function Uy from (15) implies that

G = U7 = UG @7
This proves (P2) for k = j. To prove (P2) for k > j, we use induction on k. If (P2) holds for k — 1 > j, then
(U755 = (UF™) (UF_)76 = (U,)) 78y =™ (15

Above, the middle equality holds by the first property of (15), since U]j““ fixes (Uff(”,‘cfl))Tﬁ j because j < k — 1.
The final equality holds by our inductive hypothesis. So, (P2) holds for k.
Finally, (P3) and (P4) then follow from (P2), since k — 1 > j if j € H-;. O

We highlight the importance of (P2) for k = K, which roughly states that (Uls:i;?)T actually sends each block
Krylov-generated vector d; to the simulated vector vj.im.

Before proving Lemma 5.16, we must make one more basic definition.

Definition 5.21 (queries and data). For k > 2, given the matrix A and a set {v;};<j<x—1, define € as the function
that satisfies € (A, {0 }1<j<k-1) = {A"vj}kal. In addition, define Dy = v o €.

We are now ready to prove Lemma 5.16. Although the proof is notationally burdensome, the message is that we
can show the equality of distributions inductively by repeatedly invoking the conditioning lemma (Lemma 5.15),
which is designed precisely for the present situation.

ProoF oF LEMMA 5.16. For 1 < k < K, we write Ay = (Ulsfg‘)TAUlsf;c“. Since we can write (Uls:i]:‘)TAiz?j =

(Uff;c“)TA"(Uff,Z")v;im = Afcvj.im for any k > j by (P2) of Lemma 5.20, it suffices to inductively prove that for all

1<k<K,
sim d
(Ao (5™ 1jk) = (A (02} 1cj<0) - (19)

. : d ;
For the base case of k = 1, it suffices to show that (A1, 0]'™) = (A, v?lg). Note, however, that 0}'™ = vflg =0y,
and A = (Ufim)TA(Ulsim) = U;(01,01) TAU; (01, v1). Since vy is a deterministic vector, ; is independent of A, and
the distribution of A is rotationally invariant, the claim follows.

. . R d ;
For the inductive step, assume we know (A, {U;'m}lsjsk) = (A, {U;]g}lsjsk). Then, note that vzlfl = Ufyq ({Alvjlg}Hk)

and 03" = o1 ({AL05™} g, ). Thus, we have U,ilfl = Drr1 (A, {U;Ig}lijﬁk) and 03" = Dpey (A, {U;im}lsjsk)- In ad-

k+1 ko o ki1 o
dition, because U\ fixes Ao for all (i, j) € Hi by (P4), we also have that Ay 07 = Aos™ for all (i, j) € Hg,
which means UISCIE = Dpp1 (Agsr, {v;im}lsjsk). Therefore, it suffices to show
i d [
(A1 07 h<j<r) = (A {07 hsjsh) (20)
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as this implies (Ags1, {03 h<j<krn) = (A, {U;Ig}l <j<k+1), which completes the inductive step.

Next, we show that U,i"fl‘ sends Uk to a random unit vector orthogonal to the simulated queries so far. Note

that Agyr = (U;fl‘ TAk(UEL“l‘), where, by (P4),

U = Ukt ({05 ™ g (USE) Tk, 047 - (21)

Note that 9.1 is a random unit vector orthogonal to {A’z; } 1, , or equivalently, it is a random unit vector orthogonal
to {'Aiﬁj }H,.- Since (US™)TA'G; = (Ulszi]'c")TAi(UlsziI’C‘“)vj.im = Aivj.im for all (i, j) € Hy (by (P2)), this_means that
(U}") TOx41 is orthogonal to {A;CU;”“} - The random di'rection of 941 has no dependence on {A'd;}y, apart
from being orthogonal to them, which means by (P1), (U;") T0k+1 is a uniformly random unit vector orthogonal
to {A;'Cvj.im}Hk.

Recalling that vlscif‘l = Dpr1 (A, {v;im}ls j<k) this means that we can rewrite (21) as

UEm = U ({AL05 ™} 6™, Dicn (Ao (05 hr22)) (22

sjm
J

where 9°'™

is a random unit vector orthogonal to {A;'Cv Y, - As a result, if we define

[ i al . !
Ul = Uker ({005 %}, 0% Diear (A, {075 }1<j20)) (23)
where 928 is a random unit vector orthogonal to {AiU;]g} H,> then
(A1, {U;im}lsjsk) = ((U;LT)TAI:(U;T;), {Ujim}lsjsk)
d | | |
= (UETAU A0 i< j<k) -
Above, the first equality follows by definition, and the second follows from our inductive hypothesis that
f d .
(A, {U;'m}lstk) = (A, {v;’lg}lsjsk), along with (22) and (23).
We are now in a position to apply the conditioning lemma (Lemma 5.15). Note that U]:igl only depends on

{Aiojlg} g, (as well as some randomness in 6%, but the randomness is independent of everything else given

{Aiz);[g }H,, so we can safely condition on it). Hence, we can apply the conditioning lemma with U;E’ to obtain
that

im d | | | d |
(Aks1s {U; higj<k) = ((U;j+g1)TA(UZ+g1), {Ujg}lsjsk) = (A, {Ujg}lsjsk),
which establishes (20) and thereby concludes the proof. ]

With the block Krylov reduction in hand, we can now establish our second lower bound for sampling from
Gaussians.

THEOREM 5.22 (SECOND LOWER BOUND FOR SAMPLING FROM GAUSSIANS). There is a universal constant €y > 0
such that the query complexity of sampling from Gaussian distributions N (0, %) in R, where the condition number
K of 3 satisfiesk < d'/>=%, with accuracy €, in total variation distance is at least Qs(~/k log d).

Proor. Let U be a random orthogonal matrix, and let A = UTDU, A’ = UTD’U be as in Lemma 5.8. We
first show that if x < d"/57% and c is a sufficiently small constant, no adaptive algorithm that makes less than
csVklog d queries to the extended oracle can distinguish between A and A’, with Q(1) probability.

First we assume that the algorithm is deterministic, so its behavior is characterized by functions vy, v2(-), . . ., vx (+),
as in Lemma 5.16. The algorithm then proceeds to make queries Ualg, vglg, e U?(Ig, where UZ]g = vk({A"v;Ig}kal).

Lemma 5.16 shows that the output of the algorithm {Aiv;Ig} Hy can be entirely simulated by a block Krylov
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algorithm, which receives {A‘z;} Hy» Where zi, ..., zx are i.i.d. standard Gaussians. Lemma 5.8 says that a block
Krylov algorithm that makes K = csv/k log d queries, where c; is a small constant depending on & and x < d'/>79,
cannot distinguish between A and A’ with Q(1) advantage, which then implies the same for any deterministic
algorithm.

If the algorithm is randomized, then it uses a random seed ¢ that is independent of A and A’. So conditional
on the random seed, the algorithm will not be able to distinguish A and A” with Q(1) advantage, so the overall
probability that the randomized algorithm successfully distinguishes A and A’ also cannot be Q(1).

Finally, we note that a sample from N (0, A~!) versus N (0, A’"!) can distinguish between the two cases. This
means that even if we were able to draw a sample that was %—far in total variation distance, we could output
the correct answer with probability at least % This implies that any sampling algorithm must require at least
Qs(+vklog d) queries to the extended oracle, and hence at least same number of queries to the standard oracle. O
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A Upper bound for log-concave sampling in constant dimension

In this section we give a simple proof that in constant dimension, one can approximately generate a sample
from a log-concave distribution with condition number «, in O(log k) queries. Our query dependence also has
a polylogarithmic dependence on %, if we wish to generate a sample that is e-close in TV distance to the true
distribution. (We do not attempt to optimize the dependence on dimension d or the polylogarithmic dependence
on %)

Let V be a convex function that is 1-strongly convex and k-smooth, such that V' is minimized at the origin and
V(0) = 0. For any real value y > 0, define By (y) to be the set of points x such that V(x) < y.

First, we note the following basic facts that follow immediately from our convexity assumptions.

PROPOSITION A.1 (BASIC FACTS ABOUT LOG-CONCAVITY). (1) By (y) is a convex body for anyy > 0, and con-
tains 0.
(2) By (y) is contained in the ball of radius \/2y and contains the ball of radius /2y/x.

(3) Forany0 < y <y, By (') < £ By (y).
Next, we show how to obtain a crude d°(!)-approximation for By (1) using d°‘V) log « first-order queries. The

proof is essentially folklore and follows from the ellipsoid method.

PROPOSITION A.2 (ELLIPSOID METHOD). Let B be a convex body that contains B(0,r) and is contained in B(0,R),
along with a membership and separation oracle. Using d°( log 1; adaptive queries to the membership and separation
oracle, we can find an ellipsoid E centered around some point z such that E C B C E’, where E’ is E dilated by an
O(d*/?) factor about z.

We can apply the above proposition to the convex body By (1).
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COROLLARY A.3 (SUBLEVEL SET APPROXIMATION). Using d°(V) log k adaptive queries to V and VV, we can find
an ellipsoid E centered around some point z such that E C By (1) C E’, where E' is E dilated by an O(d*/?) factor
about z.

Proor. It suffices to show that from a single first-order query at a point x, we can generate a membership and
separation oracle for By (1). Indeed, the membership part is straightforward as we just check whether V(x) < 1
(which is equivalent to x € By (1)). The separation oracle is also simple, and can be done using the gradient.
Specifically, suppose that V(x) > 1; then, V(x") > V(x) + (VV(x),x" — x), which means that every x’ with
(VV(x),x") = (VV(x),x) is such that V(x") > V(x) > 1,ie, VV(x) is a separation oracle for By (1) at x. O

We are able to prove our sampling upper bound, using a rejection sampling approach.

THEOREM A.4 (UPPER BOUND FOR LOG-CONCAVE SAMPLING). For any constantd > 2 and any 1-strongly convex
and k-smooth function V with minimum at 0, we can approximately sample from n o« exp(=V) to total variation
error at most ¢ using O(log k +1og® ! (1/¢)) adaptive queries to V and VV (here we emphasize that the asymptotic
notation treats d as constant).

Proor. Given V and any integer ¢t > 1, let p; be the probability that a sample from 7 lies in By (1). The
normalizing constant is Z > /BV(I) exp(=V) > e"! vol(By(1)), but integral over (¢ + 1)By (1)\tBy (1) is

/ exp(-V) < exp(—t) vol((¢ + 1)By (1)) = exp(—t) (¢ + 1)? vol(By (1)),
(t+1)By (1)\tBv (1)

using Proposition A.1 which implies that V(x) > t for any x ¢ tBy(1). Therefore, the probability of (¢ +
1)By (1)\tBy (1) under 7 is at most
exp(~t) (t+1)? vol(By (1))

7((t+1)By ()\tBy (1)) < T vol(By (D) =exp(—(t - 1)) (t+1)%.

By summing this quantity for all integers greater than ¢, the probability of the complement of ¢By (1) is at most
Sustexp(—(u—1)) (u+1)% =3, exp(=u + dlog(u + 1) + 1). Note that for t > Q(dlogd), this quantity is at
most O(exp(—t/2)). Taking t = C (dlogd +1og(1/¢)) for a large constant C, we obtain 7(R?\tBy (1)) < &/2.

The algorithm now works as follows. We use Corollary A.3 to find E C By (1) C E’. We pick a uniformly
random point X in tE’ for t = C (dlogd + log(1/¢)). We then accept the point X with probability exp(-V (X)),
and if we reject we restart the procedure. First, note that this algorithm, upon termination, samples exactly from
7 conditioned on tE’, which is at most % away from 7 in total variation distance. In addition, each rejection
sampling step succeeds with probability at least vol(E)/(evol(¢tE’)), since with probability vol(E)/vol(tE")
we choose a point in E in which case V(X) < 1 so we accept with probability at least e!. This is equal to
1/(tO(d??)? = g0 -d = -0(d) (log %)_d. So, after (dlog %)Ou) rounds of rejection sampling, each of
which only needs one query to V, we accept the sample with probability at least 1 — £, which means that overall
we have generated a sample which is e-close in distribution to 7 in total variation distance.

The overall query complexity is a combination of finding E, E’ and then running the rejection sampling,
for a total complexity of d°) log k + (d log %)O(d). So, for any fixed dimension d and error probability ¢, the
query complexity for log-concave sampling is O(log k). In addition, the dependence on the error probability is
polylogarithmic for any fixed d. O

Remark A.5. We briefly note that the exponential dependence on d is not necessary: using more sophisticated
tools developed for sampling from convex bodies one should be able to obtain a complexity of log(k) (d log %)0(1).
However, we choose to not optimize the dimension dependence in this result for the sake of simplicity, and since
we are focused on the setting of d = O(1).
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B Upper bound for sampling from Gaussians

Finally, we show a simple proof that, using only O(min(v/k logd, d)) gradient queries, one can generate an
approximate sample from a Gaussian N (0, 2) in d dimensions. Note that the density evaluated at x, up to an
additive constant, equals — xTAx for A = 7!, which means that a gradient query at x amounts to receiving the
matrix-vector product Ax.

First, we require a well-known proposition from approximation theory.

ProrosITION B.1 ([SACHDEVA AND VisHNOI 2014, THEOREM 3.3]). For any positive integers and 0 < § < 1, there
exists a polynomial ps s of degree [/2sIn(2/6)] such that |pss(x) —x°| < S forallx € [-1,1].

As a corollary, we have the following result.

PROPOSITION B.2 (POLYNOMIAL APPROXIMATION OF INVERSE SQUARE ROOT). Foranyx > 2 and § < s, there
exists a polynomial q,. 5 of degree O(~\fk log §) such that |g,.s(x) — x 12| < §/+k forall1 < x < k.

Proor. First, consider the function (1+x)~"/2 For |x| < 1 -1 < 1, we can use the Taylor series to write
S (3-1D(3-2)(3-3)(5- =
-1/2 _ 2 _
(1+x) Z . . Z}
where |¢;| < 1forall ¢t > 1.
Note that for |x|] < 1 — %, |Zt>T ctx’| St x| | For T = O(klog %), we can bound this by
% < g Therefore, for all such x,
S s
|(1 +x)71/2 - tz:; ctxt| < 2

where we have set ¢y := 1.
Next, using Proposition B.1, we can replace each x’ with p,s(x) where p;s is a polynomial of degree

O(4/tlog(t/5)) such that |p,s(x) — x'| < &/(4t?) for all x| < 1. (We also let pys simply be the constant
function 1.) Therefore,

(140772 - thpt5<x>| <+ Z el

In addition, the polynomial p := 37 ¢;p; s has degree at most O(+/T log(T/5)) = O(~/x log 5)-
To finish, [p(x — 1) —x /2] < 2 forall 1 < x < 1, which means that

4t2 -

pE-1) = —x

1)
< — foralll1 <x <«.
\/_

K vk Tk
So, there exists a polynomial g, s with grs(x) = p($ — 1) x/LE’ such that g, 5 has degree O(v/klog %) and
|qes(x) —x 12 < §/+k forall 1 < x < k. ]

We are now ready to prove our query complexity upper bound.

THEOREM B.3 (OPTIMAL ALGORITHM FOR SAMPLING FROM GAUSSIANS). Let A = 27! be an unknown positive
definite matrix with all eigenvalues between 1 and k. Then, using O(min(~+/x log %, d)) adaptive matrix-vector
queries to A, we can produce a sample from a distribution # such that KL(# || N(0,%)) < &2
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Proor. Choose X ~ N(0,Iy), define R = O(+/k log &) be the degree of g, 5, and for simplicity write g(x) :=
Gr.s(x) = Zf:o a;x". The algorithm works as follows. Using the power method, we compute X, AX, A%X, .. L ARX.
We output Y = Z?:o a; A'X. Note that Y ~ N(0,3), where we set 3 := (Z?:o a;iAH)?. If Ay, ..., A4 denote the

eigenvalues of A, then the eigenvalues of 3 are g(1;), ..., q(A4). The KL divergence is given by

d d d
KLIN(0.9) [ N(0.2) £ 3 1g()? A = 117 £ D lg) 42 = 117 < > Alq(he) = 2,2

k=1 k=1 k=1
2
< dk > .
K
If we set § =< log(e/d), then we obtain a KL divergence of at most 2.
Finally, we can also learn A by querying Ae; for each unit basis vector ey, . . ., e4. So, we can thus learn %, and
then generate a perfect random sample from N (0, ). Hence, the query complexity of generating a sample from
N(0,%) is at most O(min(+/x log "Td, d)) = O(min(~/x log %, d)). i

Remark B.4. If & is an a-strongly log-concave distribution, then from Pinsker’s inequality and Talagrand’s
transport inequality,

max{|ly - 7llty, a Wy (1)} s KL(p || ).

Hence, this algorithmic result for Gaussians complements the two lower bounds in Corollary 4.4.
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