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Abstract

We address the problem of deriving optimal inequalities for P(X € S), for a multivariate
random variable X that has a given collection of moments, and S is an arbitrary set. Our
goal in this paper is twofold: First, to present the beautiful interplay of probability and
optimization related to moment inequalities, from a modern, optimization based, perspec-
tive. Second, to understand the complexity of deriving tight moment inequalities, search for
efficient algorithms in a general framework, and, when possible, derive simple closed-form
bounds. For the univariate case we provide an optimal inequality for P(X € S) for a single
random variable X, when its first ¥ moments are known, as a solution of a semidefinite op-
timization problem in £+ 1 dimensions. We generalize to multivariate settings the classical
Markov and Chebyshev inequalities, when moments up to second order are known, and the
set S is convex. We finally provide a sharp characterization of the complexity of finding
optimal bounds, i.e., a polynomial time algorithm when moments up to second order are
known and the domain of X is RE", and a NP-hardness proof when moments of third or
higher order are given, or if moments of second order are given and the domain of X is R7.
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1 Introduction.

The problem of deriving bounds on the probability that a certain random variable belongs
in a set, given information on some of the moments of this random variable, has a very rich
and interesting history, which is very much connected with the development of probability
theory in the twentieth century. The inequalities due to Markov, Chebyshev and Chernoff
are some of the classical and widely used results of modern probability theory. Natural

questions, however, that arise are:
1. Are such bounds “best possible”, i.e., do there exist distributions that match them?

2. Can such bounds be generalized in multivariate settings, and in what circumstances

can they be ezplicitly and/or algorithmically computed ?

3. Is there a general theory based on optimization methods to address moment-inequality

problems in probability theory, and how can this be developed?

In order to answer these questions we first define the notion of a feasible moment se-

quence.

Definition 1 A sequence & : (Oky.ky )k +-thn<k 15 @ feasible (n,k, Q)-moment vector (or
sequence), if there is a random variable X = (Xi,...,Xy) with domain Q C R", whose
moments are given by &, that is ok, ..k, = E[X{Cl v XEn] Yk 4+ 4k, < k. We say

that any such random variable X has a G-feasible distribution and denote this as X ~ &.

We denote by M = M(n, k,§) the set of feasible (n,k, 2)-moment vectors. For the
univariate case (n = 1), the problem of deciding if & = (M1, M2, ..., My) is a feasible
(1, k,Q)-moment vector is the classical moment problem. This problem has been com-
pletely characterized by necessary and sufficient c;)nditions by Stieltjes [53], [54] in 1894-95,
who adopts the “moment” terminology from mechanics (see also Karlin and Shapley [27],
Akhiezer [1], Siu, Sengupta & Lind [49] and Kemperman [29]). For univariate, nonnegative

random variables (Q = Ry), these conditions can be expressed by the semidefiniteness of



the following matrices:

1 M, ... M,

B, — M, N{«z M,.LH -0,
My, Mp ... M;n
M, My ... Mny

B = M, % M,T+2 -
Mpsy Mppy ... 1\/[2;1_;.1

For univariate random variables with 2 = R, the necessary and sufficient condition given
by Hamburger [18], [19] in 1920-21 for a vector & = (M, M2, ..., My) to be a feasible
(1, k, R)-moment sequence is that R2L§J > 0. In the multivariate case, the formulation of
the problem can be traced back to Haviland [20], [21] in 1935-36 (see also Godwin [16]). To
date, the sufficiency part of the moment problem has not been completely resolved in the
multivariate case.

Suppose that & is a feasible moment séquence and X has a &-feasible distribution. We

now define the central problem that this paper addresses:

The (n,k, 2)-Bound Problem.

Given a sequence & of up to kth order moments

Ohihyokn = E[XFLXE2 . X ki +ky+ -+ kn < kK,

of a multivariate random variable X = (X, X3,..., X,,) on Q C R", find the “best possible”
or “tight” upper and lower bounds on P(X € S), for arbitrary events S C Q.
The term “best possible” or “tight” upper (and by analogy lower) bound above is defined

as follows.

Definition 2 We say that a is a tight upper bound on P(X € §) if :



(a) it is an upper bound, i.e., P(X € S) < « for all random variables X ~ &;

(b) 1t cannot be improved, i.e., for any € > 0 there is a random variable X, ~ & for which

P(X,€8)>a—c

We will denote such a tight upper bound by sup P(X € S). Note that a bound can be
X~z
tight without necessarily being ezactly achievable (i.e. there is a random variable X ~ &

for which P(X € S) = &), but only asymptotically.

The well known inequalities due to Markov, Chebyshev and Chernoff, which are widely
used if we know the first moment, the first two moments, and all moments (i.e., the gener-
ating function) of a random variable, respectively, are feasible but not necessarily optimal

solutions to the (n, k, Q)-bound problem, i.e., they are not necessarily tight bounds.

Literature and Historical Perspective.

The history of the developments in the area of (n,k,2)-bound problems, sometimes re-
ferred to as Chebyshev type inequalities, can be traced back to the work of Gauss, Cauchy,
Chebyshev, Markov etc, and has witnessed an unexpected evolution. The problem of finding
bounds on univariate distributions under moment constraints, has actually been proposed
and formulated without proof initially by Chebychev [9] in 1874 and resolved ten years later
by his student Markov [33] in his PhD thesis, using continued fractions techniques. In the
1950s and 1960s there has been a revival of the interest in this area, that resulted in a large
literature on the topic of generalized Chebyshev inequalities. Surveys of early literature can
be found in Shohat and Tamarkin [50] and Godwin [15], [16].

The idea that optimization methods and duality theory can be used to address moment-
type inequalities in probability first appeared in 1960, and is due independently and simul-
taneously to Isii [22] and Karlin (lecture notes at :Sta,nford, see (28], p.472), who show that
certain types of Chebyshev inequalities for univariate random variables are sharp, via strong
duality results. Isii [23] extends these results for multivariate random variables. Marshall
and Olkin in 1961 [37] give a game theoretic proof of the sharpness of Chebyshev type
inequalities with first and second order moment constraints, as well as with trigonometric
moments. The same authors [35], [36] were the first to actually compute tight, explicit
bounds on probabilities given first and second order moments (the (n,2,{2) problem in our

context), thus generalizing Chebyshev’s inequality to a multivariate setting. A detailed,



unified account of the evolution of Chebyshev Systems is given by Karlin and Studden [28]
in their 1966 monograph (see in particular chapters 12 and 13, that deal with (n, &, Q)-type
bounds). ) '

Not for the first time in its history, “the problem of moments lay dormant for more than
20 years.”! It revives briefly in the 1980s, with the book on Probability Inequalities and
- Multivariate Distributions of Y.L. Tong [35] in 1980, who also publishes a monograph on
probability inequalities in 1984. The latter notably contains, among others, a generalization
of Markov’s inequality for multivariate tails, due to Marshall [34], and an application of
moment inequalities for computing error bounds in stochastic programming, by Birge and
Wets [3]. A volume on Moments in Mathematics edited by Landau in 1987 includes a
background survey by the same author [32], as well as relevant papers of Kemperman [30]
and Diaconis [11]. Thirty two years after Isii’s [23] original multivariate proof, Smith [52]
rederived the same duality results and proposed new interesting applications in decision
analysis, dynamic programming, statistics and finance. ‘

Another line of research loosely connected to our research, is the work of Pitowski [41],
[42] who makes use of duality results to prove general theorems in probability (weak and
strong laws of large numbers, approximate central limit, the Linial-Nissan theorem etc.).
The author uses different linear programming formulations to define and study geometric
and compléxity properties of correlation polytopes, which arise naturally in probability and
logic. A similar type of problem is addressed by Bukscéar (8] and Prekopa [46], who study
probability bounds on finite unions of events by means of specialized boolean tree structures.

Prekopa uses a different mathematical programming approach to study probability in-
equalities given multivariate moments for discrete distributions [43] and programming with
probabilistic constraints [44], [45] for the case of discrete distributions. He derives upper and
lower bounds on moment constrained problems when the objective function obeys higher
order convexity conditions, and presents applications to Bonferroni inequalities. He also
investigates applications of moment-constrained problems to stochastic programming [47].
In fact, there has been a significant amount of work related to moment type problems in the
context of stochastic programming with incomplete distributional information. Important
contributions include Birge and Wets [3], (4], [5], and Dupalova and Prekopa [12]. The
interested reader is referred also to Cipra [10], Kall [24], [25], [26], Ermoliev, Gaivoronski

!Shohat and Tamarkin [50], p.10.



and Nedeva [13].

For a broader investigation of the optimization framework underlying this type of prob-
lems, we refer the interested reader to Borwein and Lewis [6], [7] who provide an in depth
analysis of partially finite convex programming.

Despite its long and scattered history, the common belief among researchers is still that
“the theory [of moment problems] is not up to the demands of applications” (Diaconis [11],
p. 129). The same author suggests that one of the reasons could be the high complexity of
the problem: “numerical determination ... is feasible for a small number of moments, but
appears to be quite difficult in general cases”. Another reason is identified by Kemperman

([30], p.20) as being the lack of a general algorithmic approach:

“...a deep study of algorithms has been rare so far in the theory of moments,
except for certain very specific practical applications, for instance, to crystal-
lography, chemistry and tomography. No doubt, there is a considerable need for
developing reasonably good numerical procedures for handling the great variety
of moment problems which do arise in pure and applied mathematics and in the

sciences in general...”.

In an attempt to address Kemperman’s criticism, Smith [52] actually introduced a com-
putational procedure for the (n,k, R™)-bound problem, although he does not refer to it
in this way. Unfortunately, the procedure is far from an actual algorithm, as there is no
proof of convergence, and no investigation (theoretical or experimental) of its efficiency. It
is fair to say that understanding of the algorithmic aspects and of the complexity of the
(n, k,)-bound problem is still lacking.

Yet a stronger criticism brought by Smith is the lack of simple, closed form solutions for
the (n, k, R™)-bound problem: “the bounds given by Chebychev’s inequalities ... are quite
loose. The more general versions are rarely used because of the lack of simple closed-form

expressions for the bounds” ([52], p.808).

Goals and Contributions.

The previous discussion motivates our desire in the present paper to evaluate the complex-
ity of the (n, k&, Q)-bound problem, search for efficient algorithms in a general framework,

and, when possible, derive simple closed-form tight bounds. Thus, our goal in this paper is



twofold: First, to present the beautiful interplay of probability and optimization related to
moment inequalities that is present in some of the early literature, but has been strangely
forgotten in the recent literature and textbooks, from a modern, optimization based per-
spective. In this attempt, we discover new proofs of old results, as well as new results.
Second, to understand the complexity of deriving tight moment inequalities, search for ef-
ficient algorithms in a general framework, and, when possible, derive simple closed-form
bounds. In particular, we provide a rather sharp characterization of which (n, k, Q)-bound
problems that are efficiently solvable and which are IV P-hard.

More concretely, the contributions of the present paper are as follows:

1. We provide a survey of the literature related to moment inequalities in this century,
and derive new proofs of old results and new results from a modern, optimization

based perspective.

2. We characterize the complexity of the (», k, Q)-bound problem. We show that the
(n,1,Q),(n,2, R*)-bound problems can be solved in polynomial time, v;fhereas the
(n,2, R})-bound problem is NP-hard, as well as all (7, %, R")-bound problems for
k > 3. The development of our algorithms is based on duality, separation and convex

optimization techniques.

3. If the set S in the definition of the (n, k&, R*)-bound problem for £ = 1,2 is convex,
we prove best possible bounds for P(X € S) explicitly as a solution of n (for £ = 1),
and a single (for & = 2) convex optimization problems. These bounds represent
natural extensions and improvements of the Markov? (k¥ = 1) and Chebyshev® (k = 2)
inequalities in multivariate settings. They retain the simplicity and attractiveness of
the univariate case, as they only use the mean and covariance matrix of a multivariate
random variable. We also provide explicit cbnstructions of distributions that achieve
the bounds. Our derivation of the tight bounds uses convex optimization methods,

and Lagrangean and Gauge duality.

4. We examine applications of the derived bounds to the law of large numbers by showing
a necessary and sufficient condition for the law of large numbers to hold for correlated

random variables. For example, we show as an application of our constructions, that

2The bound for k = 1 extends Marshall’s [34] generalization of Markov’s inequality for multivariate tails.
3This is equivalent to the results of Marshal and Olkin [35], very little known in the scientific community.



the central limit theorem fails to hold if the random variables involved are uncorrelated

instead of independent.

5. We investigate in detail the univariate case, i.e., the (1, %, Q)-bound problem for Q =
R, Ry. For general k, we show that optimal bounds can be computed efficiently by
solving a single semidefinite optimization problem. We also derive optimal bounds for
tail probability events in closed form when up to three moments are given. For k =1
we recover the Markov inequality, which also shows that the Markov inequality is best
possible. For k£ = 2 we recover a strict improvement of the Chebyshev inequality that
retains the simplicity of the bound. This inequality dates back at least to Uspensky’s
book ([56], p.198) from 1937, who proposes it as an exercise. Despite its simplicity,
the bound has been strangely ignored in the recent literature and textbooks. For

k = 3 we derive new closed form tight bounds.

Structure.

The structure of the paper is as follows: In Section 2, we formulate the (n, %, Q)-bound
problem as an optimization problem and present duality results that are used throughout
the paper. In Section 3, we solve for the case when the set S is convex (a) the (7,1, R%})-
bound problem, as n convex optimization problems, and (b) the (n,2, R™)-bound problem
as a single convex optimization problem. We construct extremal distributions that achieve
these bounds either exactly or asymptotically. We also provide a polynomial time algorithm
to solve the (n,1,Q), (n,2, R™)-bound problems for the case when the set S is the union of
disjoint convex sets. In Section 4, we consider several applications of the bounds derived
in the previous section: we prove necessary and sufficient conditions for the Law of Large
Numbers to hold for correlated random variables, we discuss the validity of the Central
Limit Theorem, and we present a multivariate generalization of Markov’s and Chebyshev’s
inequality. In Section 5, we restrict our attention to the univariate case, and we show that
optimal bounds can be computed efficiently by solving a single semidefinite optimization
problem. In special cases, we derive closed form tight bounds on tail probabilities. We
compare these bounds with known inequalities such as the Markov, and the Chebyshev
bounds and investigate their tightness. Finally, we derive closed form tail probability bounds
when higher order moments are known. In Section 6, we prove that the (n,2, R})-bound

problem and the (n, k, B™)-bound problem for £ > 3 are NP-hard. The last section contains



some concluding remarks.

2 Primal and Dual Formulations of The (n, k, 2)-Bound Prob-

lem.

In this section, we formulate the (n, k, Q)-upper bound problem as an optimization problem,
where (2 is the domain of the random variables we consider. We examine the corresponding
dual problem and present weak and strong duality results that permit us to develop algo-
rithms for the problem. The same approach and results apply to the (n, &, 2)-lower bound

problem.

The (n,k,Q)-upper bound problem can be formulated as the following optimization

problem (P):
(P) Zp = maximize / f(z)dz
S
subject to / zf‘ oz f(2)dE =0k, TRtk S.k‘,
Q
f(Z)= f(z1,...,2,) >0, VZ={(z1,...,2,) € Q.
Notice that if Problem (P) is feasible, then & is a feasible moment sequence, and any

feasible distribution f(Z) is a d-feasible distribution. The feasibility problem is exactly the

classical multidimensional moment problem.

In the spirit of linear programming duality theory, we associate a dual variable ug,  ,
with each equality constraint of the primal. We can identify the vector of dual variables
with a k-degree, n-variate dual polynomial:

9(z1, .- Zn) = Z ﬁukl...knxlfl "'”w"ﬁ"'

kyeothn <K

The dual objective translates to finding the smallest value of:

> Uk knOkykn = Zukl...knE[Xfl X = Elg(X)],

where the expected value is taken over any &-feasible distribution. In this framework, the

Dual Problem (D) corresponding to Problem (P) can be written as:



(D) Zp = minimize E[g(X)]
subject to g(z) k-degree, n-variate polynomial,

g(:l?) > X5($)v Vze Qy

where xs(z) is the indicator function of the set S, defined by:

1, ifzels,
xs(z) ={

0, otherwise.

Notice that in general the optimum may not be achievable. Whenever the primal opti-
mum is achieved, we call the corresponding distribution an extremal distribution. We

next establish weak duality.

Theorem 1 (Weak duality) Zp < Zp.

Proof: Let f(Z) be a primal optimal solution and let g(Z) be any dual feasible solution.

Then:

Ze= [ @)z = [ xs(0 @)z < [ 9()7(2)dz = Blg(),

and hence Zp < inf E[g(X)]= Zp. |
9(-)2xs(")

Theorem 1 indicates that by solving the Dual Problem (D) we obtain an upper bound
on the primal objective and hence on the probability we are trying to bound. Under some
mild restrictions on the moment vector &, the dual bound turns out to be tight. This strong
duality result follows from a univariate result due to Karlin and Isii in 1960 (see Karlin and
Studden [28], p.472), and generalized by Isii in 1963 [23] for the multivariate case. The

following theorem holds for arbitrary distributions and is a consequence of their work:

Theorem 2 (Strong Duality and Complementary Slackness)
If the moment vector & is an interior point of the set M of feasible moment vectors, then

the follounng results hold:

1. Strong Duality: Zp = Zp.



2. Complementary Slackness: If the dual is bounded, there ezists a dual optimal solution
Jopt(+) and a discrete extremal distribution concentrated on points z, where Gopt(T) =

xs(z), that achieves the bound.

It can also be shown that if the dual is unbounded, then the primal is infeasible, i.e., the
multidimensional moment problem is infeasible. Moreover, if & is a boundary point of M,
then it can be shown that the G-feasible distributions are concentrated on a subset Qg of €,
and strong duality holds provided we relax the dual to Qo (see Isii [23], p.190 or Smith [52],
p. 824). These authors also prove that it is equivalent to optimize only over distributions
that are concentrated on m + 2 points, where m is the number of moment constraints (in
our case m = = ";'1)). Little is known, however, about the uniqueness of such extremal
distributions. In the univariate case, Isii [22] proves that if & is a boundary point of M ,
then exactly one g-feasible distribution exists.

If strong duality holds, then by optimizing over Problem (D) we obtain a tight bound
on P(X € S). On the other hand, solving Problem (D) is equivalent to solving the corre-
sponding separation problem, under certain technical conditions (see Grotschel, .Lovész and
Schrijver [17]). In the next section, we show that the separation problem is polynomially

solvable for the cases (n,1,Q) and (n,2, R™), and in Section 6, we show that it is NP-hard
for the cases (n,2, R}) and (n,k, R") for k > 3.

3 Efficient Algorithms for The (n,1,Q), (n,2,R")-Bound Prob-

lems.

In this section, we address the (n,1,), and (n,2, R")-bound problems. We present tight
bounds as solutions to n convex optimization problems for the (7,1, R})-bound problems,
and as a solution to a single convex optimization problem for the (n, 2, R™)-bound problem
for the case when the event S is a convex set. We present a polynomial time algorithm for

more general sets.

3.1 The (n,1,R%)-Bound Problem for Convex Sets.

In this case, we are given a vector M that represents the vector of means of a random variable
X defined in R7, and we would like to find tight bounds on P(X € S) for a convex set S.
Marshall [34] derived a tight bound for the case that S = {z; > (1+ 6;)M;, 1 =1,...,n}

(see Theorem 13 below). For general convex sets S, we believe the following result is new.

10



Theorem 3 The tight (n, 1, R)-upper bound for an arbitrary convez event S is given by:

; M;
sup P(X € 5) = min (l, .max - >, (1)
X~M i=1,...n 1th; z;
z€S;

where S; = SN (ﬁj;gi{x € RT_H Miz; — Mjz; < 0})

Proof: Problem (D) can be written as follows for this case:

Zp = minimize o'M +b
subject to d'z+b>1, Vz e S,
adz+6>0, VreRE.

b

e
has value Zp/a < Zp. Therefore, Hé?s a’z +b = 1. By a similar argument we have that
T

bo < 1. Moreover, since a’z +b > 0, Vz € R}, a > 0, and b > 0. We thus obtaig:

. . . b
If the optimal solution (aog, bg) satisfles melg agT + bp = @ > 1, then the solution (%? —0>
T

Zp = minimize a'M +b

subject to inf a’'z =1-b.
z€S

a>0,0<b<1.

Without loss of generality we let a = Av, where A is a nonnegative scalar, and v is a

nonnegative vector with ||v|| = 1. Thus, we obtain:

M

inf v'z
€S

subject to v >0, ||v]|=1, 0<b< 1.

Zp = minimize (1 —b)

Thus,

oM )

inf v'z
reS

. . U/A/[
= min (1, min_ sup—
{lWll=1,420 zgs V'T

. . v'M
= min{l,sup min (2)
zes bll=1v>0 vz

Zp = min (1, min
[full=1,4>0

11



. LM,
= min(l,sup min — (3)
z€S =1,..., n Ty
= min <1 max M;
- "i=1,..n inf z;)’ (4)
T€S;

where S; = SN (Njxi{z € R}| Miz; — Mjz; < 0}) is a convex set. Note that in Eq. (2)
we exchanged the order of min and sup (see Rockafellar [48], p. 382). In Eq. (3), we used

!

min — is attained at v = e;, where
|lvlj=1,v>0 v'T

M; . M,
:Z:J 1=1,...,n T; )

In order to understand Eq. (4), we let ¢(z) = min A/Ii. Note that ¢(z) = -A—/{i, when

1=1,..,n T; K

z € {z € R%| M;z; — Mjz; < 0}. Then, we have

M; M;
sup ¢(z) = max sup #(z) = max sup — = max ——.
z€S =1, zeS; =1,..,nzeS; T¢ 1=1,...,n 1n£ z;

TES;

3.2 Extremal Distributions for The (n,1,R})-Bound Problem.

In this section, we construct a distribution that achieves Bound (1). We will say that the

Bound (1) is achievable, when there exists an z* € S such that

< 1.
i=1,..,n inf Z; zt
z€S;

_ ( M; > M;
min | 1, max - =

In particular, the bound is achievable when the set S is closed and M ZS.

Theorem 4 (a) If M € S or if the Bound (1) is achievable, then there is an eztremal

distribution that ezactly achieves it.

(b) Otherwise, there is a sequence of distributions defined on R with mean M, that asymp-

totically achieve it.
Proof: (a) If M € S, then the extremal distribution is simply P(X = M) = 1. Now
suppose that M ¢ S and the Bound (1) is achievable. We assume without loss of generality

12



M . ;
that the bound equals -5;1— < 1, and it is achieved at z* € S. Therefore, I—WTI = min M.
L z i=l,.,n T
We consider the following random variable X' defined on R7%: '
v M
z™, with probability p= —[;1—,
X = o
- M - Mz* ]
v= x—l—é‘l‘—-T[i_’ with probability 1-p=1- %
Mz} — Mz} : ;
Note that E[X] = M, and v; = -——{i—————l—?—i > 0forall: =1,...,n,since My = min M—’
Z‘I — [VIl :BI i=1,..,n :L":

Mbreover, v ¢ S, or else by the convexity of S, we have that M =pz*+ (1 -plv € S, a

contradiction. Therefore,

M,
—.
3

P(XeS)=P(X =z =

(b) If M ¢ S and the Bound (1) is not achievable, then we construct a sequence of non-

negative distributions with mean M that approach it. Suppose without loss of generality

M = .
that _max equals ——;}-, for z* € Sy (the closure of S;), so Bound (1) is equal to
=1l,..,n ; T
e T
. M . . . M; M
min (1, —*1) Consider a sequence z* € S1, z¥ — z*, so that lim min —kz = —*1—, and a
T k00 1=1,...,n z; ]

M . M .
sequence pg, 0 < pr < min <1, ;%) so that px — min <1, ?;1-> Consider the sequence of

1 1
distributions:

2k with probability  pg,

XL =
k ok = M —-pkxk

, with probability 1 — pg.
1—pk

Clearly, the random variables X} are nonnegative with mean E[X;] = M. Also v* ¢ S
M
orelse M € S,s0 P(Xy € S) = P(Xix = :ck) = pr — min (l,%). This shows that the

1
sequence of nonnegative, distributions X with mean M asymptotically achieve the Bound

(1). =

3.3 The (n,2,R")-Bound Problem for Convex Sets.

We first rewrite the (n,2, R®)-bound problem in a more convenient form. Rather than

assuming that E[X] and E[X X'] are known, we assume equivalently that the vector M =

13



E[X] and the covariance matrix I' = E[(X — M) (X — M)'] are known. Given a set S C R™,
we find tight upper bounds, denoted by sup P(X € S), on the probability P(X € S) for
all multivariate random variables X deg;ég[,gr)l E™ with mean M = E[X] and covariance
matrix I' = E[(X - M) (X — M)'].

First, notice that a necessary and sufficient condition for the existence of such a random

variable X, is that the covariance matrix I' is symmetric and positive semidefinite. Indeed,

given X, for an arbitrary vector a we have:
0< E[(d'(X = M) =dE[(X - M)(X — M)|a=aTa,

so I' must be positive semidefinite. Conversely, given a symmetric semidefinite matrix T’
and a mean vector M, we can define a multivariate normal distribution with mean M and
covariance I'. Moreover, notice that I' is positive definite if and only if the components of
X — M are linearly independent. Indeed, the only way that 0 = a'Ta = E[(a’(X — M))?]
for a nonzero vector a is that /(X — M) = 0. "

We assume that I’ has full rank and is positive definite. This does not reduce the
generality of the problem, it just eliminates redundant constraints, and thereby insures
that Theorem 2 holds. Indeed, the tightness of the bound is guaranteed by Theorem 2
whenever the moment vector is interior to M. If the moment vector is on the boundary, it
means that the covariance matrix of X is not of full rank, implying that the components of
X are linearly dependent. By eliminating the dependent components, we reduce without
loss of generality the problem to one of smaller dimension for which strong duality holds.
Hence, the primal and the dual problems (P) and (D) satisfy Zp = Zp. Our main result

in this section is as follows.
Theorem 5 The tight (n,2, R™)-upper bound for an arbitrary convezr event S is given by:

1

sup P(Xes)zf__*_—d_i’ (5)

X~(MT)

where d? = inf (z — M)'T™(z — M), is the squared distance from M to the set S, under

inf
T€S
the norm induced by the matriz T'~1.

An equivalent formulation is actually due to Marshall and Olkin [35] who prove the
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following sharp bound (in our notation):

ST = i T g
where S* = {a € R*|d’z > 1, Yz € S}, is the so-called “antipolar” of S (a.k.a “blocker”, or
“upper-dual”). The above result is with zero mean, but can be easily extended for nonzero
mean by a simple transformation (see the first part of the proof of Theorem 6). Given that
(a'Ta)(z'T~1z) > ('z)? > 1Vz € S,a € S*, one can easily see that our bound is at least as
tight as theirs. Equality follows from nonlinear Gauge duality principles (see Freund [14]).

We present a new proof of this result in two parts: First, we formulate a restricted
dual problem, and prove the restriction to be exact whenever the set S is convex. Second,
we calculate the optimal value of the restricted problem and show that it is equal to the
expression given in Eq. (5). Before we proceed to formulate the restricted problem, we
need the following preliminary result, which holds regardless of the convexity assumption

on the set S:

Lemma 1 There ezists an optimal dual solution for the (n,2, R™)-bound problem of the
form g(z) = || A'(z — z0) ||, for some square matriz A and vector zq.

Proof: Let g(z) = ¢’Hz + 'z +d be an optimal solution to Problem (D). Then, H must be
positive semidefinite, since g(z) >,0 V2 € R™, and we can assume without loss of generality
that H is symmetric. This is equivalent to the existence of a square matrix A such that
H = AA’. Notice that whenever z’Hz = 0, or equivalently A’z = 0, we must have ¢’z =0
by the nonnegativity of g(z). This means that c is spanned by the columns of 4, so we can
write ¢ = 24b, and g(z) = z’AA'z + 2V'A'z +d = || A’z + b||2 +d — ||b]|%. Since we seek
to minimize E[g(X)], we should make the constant term as small as possible, yet keeping
g(z) nonnegative. Thus ||b]|> —=d = min || A’z + b||*= || A’zo + b]|?, where z¢ satisfies
AA'zg + Ab =0, from the first order conditions. It follows that

g(z) = | Az + B> = | Ao +b]*= | 4'(z - 20)|I” .



Lemma 1 shows that the Dual Problem (D) is equivalent to:

Zp = minimize E[||4'(X - b)|]?]

7

subject to inf || A'(z —b)|*= 1. )
z€S

The reason we wrote equality in Eq. (7) above is that if A,b are optimal solutions, and

uel‘f; | A’(z - b)||>= @® > 1, then by letting A’ = A/a, we can decrease the objective value

T

further, thus contradicting the optimality of (A, ).

We formulate the following restricted dual problem:

(RD) Zrp = minimize E[(a’(X — b))?]

subject to inf a'(z —b) = 1.
z€S

Clearly Zp < ZRp, since for any feasible solution (a, b) to (RD) we have a corresponding
feasible solution of (D) with the same objective value, namely: (A = (a,0,...,0), b). We
next show that if S is a convex set, this restriction is actually exact, thereby reducing the

dual problem to one which is easier to solve.

Lemma 2 If S is a convez set, then Zp = Zgrp.
Proof: We only need to show Zp > Zpp.

Let (A,b) be an optimal solution to Problem (7), and let :I:Iég | A (z = b)|>= || A" (z0 —
b)||?>= 1, for some minimizer zo € S. If the optimum value is not attained, we can consider

a sequence in S that achieves it. By the Cauchy-Schwartz inequality we have:

| A" (z = 0)|*= | A'(z = B) 1> - | A"(z0 = B)I*> ((zo — B)/AA(z — b))*.
Let a = AA'(zg — b), so ((z0 — B)/AA (z = ))? = (d/(z = b))% < || A'(z — b) ||>. We
next show that (a,b) is feasible for (RD). Indeed, taking expectations, we obtain that
Zrp < E[(¢'(X - b))% < E[||A(X - b) || = Zp.

We now prove that (a, b) is feasible for (RD), as desired. Notice that a’(zg — b) = 1; it
remains to show that a’(z — b) > 1, for all other z € S. We have that

inf [|4'(@ = B)|P= | 4'(0 - b) P= 1.
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We rewrite this as inf ||v]|*= |[vo||*= 1, where
vESA
SA,b = { Al(CIJ - b) l 11? € S }7'U = 4/(2, - b), Vo = A,(J}o hd b) & SA,b-

Clearly Sqp is a convex set, since it is obtained from the convex set S by a linear trans-

formation. It is well known (see Kinderlehrer and Stampacchia [31]) that for every convex

function F': R™ — R, and convex set K, zg is an optimal solution to the problem ing, F(z)
z€K

if and only if
VF(z) (z — 2) > 0, Vze K. (8)

1 .
Applying this result for F(z) = —2—z’z, K = S44, and zg = vg, we obtain that v)(v—wo) > 0,

that is vgv > viwo = 1, for all v € S4 5. But notice that vyv = (zg — b)’AA’(z — b). This
shows that a’(z — b) = (zo —b)’AA(z —b) > 1 forall z € S, so (a,d) is feasible for (RD). W

Proof of Theorem 5:

The previous two lemmas show that Problem (D) is equivalent to the following restricted

problem:

Zp = minimize E[(a/(X = M - ¢))*] = min a'Ta + (a’c)?

subject to infa'(z - M —¢) =1,
z€S

where we substituted & = ¢+ M in the Formulation (RD). Substituting a’c = néf:g ad(z—M) -1
z

back into the objective, the problem can be further rewritten as:
Zp =min a'Ta+ (1 = d'(z, — M))?,
a
where z, is an optimizer of 122 a'(z — M) (again if the optimum is not attained we can
z
consider a sequence in S converging to ,).

From the Cauchy-Schwartz inequality we have

(a'(e = M)? < |ITZa| P07 (2 — M)||%
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Therefore,

;réf a(z - M) < mf ' (z = M)| < ||a'T2|| mf - (x—M)H

Let d = inf es ||~ (x——W)]] Thus,

min (a'Fa +[1- (a’l“a)%d]z) if ¢'Ta< iz,
Zp = min (a’l’a%—[l-—irelg(a'(:v—l\/f))P) d
‘ min a'Ta, if a'Ta > 315

Ifa'Ta> = d2’ then Zp > 315 Otherwise, let a = (a Fa) Then,

min <a'I‘a +[1- irexg(a'(:v - M))]2> > min (az +(1- ad)2>.

Optimizing over the right hand side we obtain that o* = d/(1+ d?) < le_’ and the optimal
value is —1———1—— Thus, in this case,

e
min (a Fa+[1—m1n( "(z — M)))? ) !
a 14d?°
Since ¥P > T we have in all cases:
1
Zp > ——.
P=17a

To prove equality, let z* be an optimizer of ;I,;%“F—%(”” — M)|| (again if the optimum
is not attained, we consider a sequence zF € S converging to ¢*). Applying (8) with
F(z)= (2= M)T™Y(z- M), 20 =z*, and K = S, and since S is convex, we have that for
all z € S

(z* - M)T Hz —z*) >0,
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and therefore,
“ag(z — M) > ag(z™ = M),

with ag = 60" (z* — M), and 8 = Hence,

_1
14d?

ixégag(m - M) = aj(z* — M) = 8d°,
and therefore,

1
1+d%

(65Ta0 + [1 - int (ah(z - M)IF) =

1

Therefore, Zp = I

3.4 Extremal Distributions for The (n,2,R")-Bound Problem. -

In this section, we construct an extremal distribution of a random variable X ~ (M, T'), so
that P(X € S) = 1/(1 + d?) with d? = infzes(z — M) T~ (z — M). We will say that the
bound d is achievable, when there exists an z* € S such that d® = (z* — M)'T~!(z* — M).
In particular, d is achievable if the set S is closed. A similar construction is due to Marshall

and Olkin [35].

Theorem 6 (a) If M ¢ S and if d* = }Crel"fs(a: — M)'T™Y(z — M) is achievable, then there is
an extremal distribution that ezactly achieves the Bound (5).

(b) Otherwise, if M € S or if d? is not achievable, then there is a sequence of (M, T')-feasible
distributions that asymptotically approach the Boynd (5).

Proof: 1

(a) Suppose that the bound d? is achievable and M ¢ S. We show how to construct a

1
random variable X ~ (M,T) that achieves the bound: P(X € §) = ——;. Note that

1+d

2 = inf ||T-% (z — M)||? = inf ||y]|?
d ;gsll 2 (z M ylgTHyll,

where T = {y| y = F'lf(x — M), z € S}. Since we assumed that the bound is achievable,
there exists a vector vo € T, such that d? = [lvol|?. Since M ¢ S, it follows 0 ¢ T, and
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therefore, vy # 0.

We first construct a discrete random variable Y ~ (0,7), that has the property that

PYeT)> 14—142' By letting X = T2Y 4 M, we obtain a discrete distribution X ~ (M, T)

that satisfles:

1

s = > .
P(XeS)=P(Y €T) > 7

The distribution of Y is as follows:

v vg, with probability po= T -&dz’

v;, with probability p;, 1=1,...,n.

We next show how the vectors v;, and the probabilities p;, ¢ = 1, ..., n are selected.

Let

1
Vozl—m(vo'v(l)).

The matrix Vy is positive definite. Indeed, using the Cauchy-Schwartz inequality, we obtain:

v'vg)? 9 1 N\2
Vo = vl o ) > S - ) = )? (= ) 20,

1
T+ = w2 T+d? 2T d

and equality holds in both inequalities above if and only if v'vg = 0, and (since vy # 0)
v'v = 0, that is v = 0. Since V; is positive definite we can decompose it as Vo = @ - Q'
where @ is a nonsingular matrix. Notice that, by possibly multiplying it by an orthonormal
rotation matrix, we can choose Q in such a way that Q71vy < 0.

We select the vector of probabilities p = (py, ..., pn) as follows:

1 _
ﬁ:(m’.""/pn’—_-—l*{_dQ Q 1'{,‘020.

Note that

1

e'p= ||\/23H2= (1+ d?)2 ) vé(QQ/)-IUO = (1+d?)?

1 , , d?
'v0(1+vov0)v°:1—+d3’

20



since vhvg = ||vo]|?= d? and (QQ)™* = V5! = I + vov). Therefore,

n . . d2
Y pi=po+ep=

i=0 1+d2+1+d2:1'

Let V denote the square n X n matrix with rows v]. We select the matrix V as follows:

where Iﬁ is a diagonal matrix, whose ith diagonal entfy is /p;,t=1,...,n. Note that

[ _ 1 > -1 — 1
Vp=0v5=Q (-5 ) @ = -,
and therefore, E[Y] = }: v;p; = 0. Moreover,
1=0
1

V/IPV - QQ/ = VO =I- m (‘Uo . Ue)

Hence,

E[YY1=> pi(vi-v}) = V'I,V + povg - vg = I.
=0

Finally, since the bound is achievable, the vector vg € T. Therefore,

1
P(X&S)=P(Y €T) > P(Y =w) =po=
From Eq. (5), we know that P(X € 5) < T —ia?’ and thus the random variable X satisfies

the bound with equality.

(b) If M € S, then the upper bound in Eq. (5) equals 1. Let X, = 1\/[+ﬁB5 -Z, where B,
is a Bernoulli random variable with success probability ¢, and Z ~ N(0,T) is a multivariate
normal random variable independent of B.. One can easily check that X, ~ (M,T") and
P(X.= M) > 1—e¢. Therefore, for any event S than contains M, we have P(X, € S§) > 1—e.

If the bound d? is not achievable, then we can construct a sequence X = F%Yk + M

of (M, T)-feasible random variables that approach the bound in Eq. (5) in the following
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way: Let (v§) = vo with v§ € T, and d? = ||v§||?, so dx — d. We define for each & > 1,
the random variable Y} in the same way as we constructed Y in part (a), so Y; ~ (0,1)
) -1 1
dPY,eT)>P(Yy=u§) = '
and P(Yy €T) 2 PV =vo) = 70 — 75
feasible random variables Yy, and thus the sequence of (M, I')-feasible random variables

5- This shows that the sequence of (0, I)-

X, = T3Y, + M, asymptotically approach the bound (5). |

3.5 A Polynomial Time Algorithm for Unions of Convex Sets.

In this section, we present polynomial time algorithms that compute tight (n,1,Q) and
(n,2, R™)-bounds for any event S that can be decomposed as a disjoint union of a polynomial
(in n) number of convex sets. We further assume that the set £ can be decomposed as
a disjoint union of a polynomial (in n) number of convex sets. Our overall strategy is
to formulate the problem as an optimization problem, consider its dual and exhibit an

algorithm that solves the corresponding separation problem in polynomial time.

The Tight (n,1,Q)-Bound.

We are given the mean-vector M = (M, ..., M,) of an n-dimensional random variable X
with domain Q that can be decomposed in a polynomial (in ») number of convex sets, and

we want to derive tight bounds on P(X € S). Problem (D) can be written as follows:

Zp = minimize ©'M + ug

9
subject to ¢(z) = vz + up > xs(z), Vz € Q. )
The separation problem associated with Problem (9) is defined as follows: Given a vector
a and a scalar b we want to check whether g(z) = a’z + b > xs(z), Vz € Q, and if not, we
want to exhibit a violated inequality. The following algorithm achieves this goal.

Algorithm A:

1. Solve the problem ingg(x) (note that the problem involves a polynomial number
z€

of convex optimization problems; in particular if Q2 is polyhedral, this is a linear

optimization problem). Let z; be the optimal solution value and let zp € Q be an

optimal solution.

2. If zg < 0, then we have g(zo) = 2o < 0: this constitutes a violated inequality;
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3. Otherwise, we solve négg(x) (again, the problem involves a polynomial number of
T
convex optimization problems, while if S is polyhedral, this is a linear optimization

problem). Let z; be the optimal solution value and let z; € S be an optimal solution.

(a) If z; < 1, then for z; € S we have g(z;) = z; < 1: this constitutes a violated

inequality.

(b) If z;y > 1, then a,b are feasible.

The above algorithm solves the separation problem in polynomial time, since we can solve
any convex optimization problem in polynomial time (see Nesterov and Nemirowskii [40],
Nemhauser and Wolsey [39]). Therefore, the (7, 1, Q)-upper bound problem is polynomially

solvable.

The Tight (n, 2, R*)-Bound.

We are given first and second order moment information (M, I') on the n-dimensional ran-
dom variable X, and we would like to compute sup P(X € S). Recall that the corre-

X~(M,D)
sponding dual problem can be written as:

Zp = minimize E[g(X)]
subject to g(z) =z'Hz + 'z +d > xs(z), Yz € R" (10
The separation problem corresponding to Problem (10) can be stated as follows: Given
a matrix H, a vector ¢ and a scalar d, we need to check whether g(z) = z’Hz +cz +d >
xs(z), Yz € R™, and if not, find a violated inequality. Notice that we can assume without
loss of generality that the matrix H is symmetric.

The following algorithm solves the separation problem in polynomial time.

Algorithm B:

1. If H is not positive semidefinite, then we find a vector zo so that g(zo) < 0. We
decompose H = Q'AQ, where A = diag(A;,...,A,) is the diagonal matrix of eigen-

values of H. Let A; < 0 be a negative eigenvalue of H. Let y be vector with y; = 0,
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for all j # 7, and y; large enough so that Ajy? + (Qc)iy; +d < 0. Let 2o = Q'y. Then,

g(zo) = zpHzo+zo+d
= YQO'AQQY+Qy+d
= YAy+Qy+d
= Y Ayl +2.(Qo)y; +d
1=1 j=1
= Aiy? +(Qc)yi +d < 0.
This produces a violated inequality.

2. Otherwise, if H is positive semidefinite, then:

(a) We test if g(z) > 0, Vo € R™ by solving the convex optimization problem:

g 900

Let zg be the optimal value. If zp < 0, we find z¢ such that g(z¢) < 0, which

represents a violated inequality. Otherwise,

(b) We test if g(z) > 1, Yz € S by solving a polynomial collection of convex

optimization problems

i o2

Let z; be the optimal value. If z; > 1, then g(z) > 1, V2 € S, and thus (H, ¢, d)
is feasible. If not, we exhibit an z; such that g(z;) < 1, and thus we identify a

violated inequality.

Since we can solve the separation problem in polynomial time, we can also solve (within

¢) the (n,2, R™)-bound problem in polynomial time (in the problem data and log1).

4 Applications.

In this section, we provide several applications of the bounds we derived in the previous

section.
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4.1 On The Law of Large Numbers for Correlated Random Variables.

Consider a sequence of random variables XM = (Xp,o 0, X)) TXM) (e, ™) ie.,
all members of the sequence have the same mean, and Var(X;) < oo, ¢ = 1,...n, under

what conditions does the law of large numbers hold, i.e., forall € > 0,as n —
P(l—z—’:nli—ul >e> — 07

In preparation to answering this question we first derive simple tight closed form bounds

for P(X (™ € S) for particular sets S.

Proposition 1 For any vector a and constant T, we have:

o'Ta
) sz Z Ol,lw,
sup P(o/X >71)={ «Toet (r — o/ M)? -
X~(MT) .
1 , otherwise.
(r— o' M)? ‘
) ZfT S Olllw,
XNl%l]é[ o P@X>7)={ «Ta+t (r—a/M)?2 12)
0 , otherwise.

Proof: From Eq. (5) we have that

1
sup P(dX >r71)= ,
X~(A§,F) (X 27) 1+4d?

where

d?* = minimize (z — M)T~(z — M)

subject to o'z > 7.

Applying the Kuhn-Tucker conditions, we easily obtain that d> = A\’a/T, and A = 1;—?{%—1-
if 7 —a’M >0, and A =0, otherwise. The Bound (11) then follows.

For the infimum, we observe that

inf P(dX>r)=1- sup P(X<7).
X~(MT) X~(M,T)
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Since {z| &’z < 7} is a convex set, Eq. (12) follows similarly by applying Eq. (5). ]

Theorem 7 (The Law of Large Numbers for correlated random variables) A

sequence of correlated random wvariables XM = (X1,..., X,) with X(™ ~ (1 - e, T
satisfies the law of large numbers, 1.e. for any ¢ > 0, P (lzﬂ& - p‘ > e) — 0, as
n

n — oo if and only if

. POREE

lim Var < =1 Xi) = W=t = 0.
n—+co

n n?

Proof: Applying Proposition 1 with a = %e, we obtain that for any n > 1:

( 1

) Jif T >,

nx, L+ (r—p)? ———
sup P (-—51——1 > T) = > r®
17]

X (W ~(pee, 1) n i5=1

1 Jif T <.

Therefore, if Z Fg,’;)/nz converges to 0 as n — oo, then :

i1j=1

nox 0 ,if r>p
sup P <~————-‘“1 L > T) — 7
X (M) ~(pee,T(7)) n 1 ,if 7<u.

This shows that for any such infinite sequence of random variables, the Law of Large

Numbers holds.
n N
Conversely, if Z I‘g,’;)/n2 does not converge to 0, then there is a subsequence Z I‘g;")/nz
i,5=1 4=l
that converges to a constant 8, or it diverges to infinity. We found in Theorem 6 a sequence

of extremal distributions that satisfies

Nk . _ 2
P(Z,~=1XZ>T>___ R GlD)

Nk
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Such a subsequence clearly violates the Law of Large Numbers. | |

Remark: The law of large numbers for.independent, identically distributed random vari-

ables assumes that E[|X;|]] < co. This implies that Var(X;) < oo, and thus we have

lim Var (———-—Zi:l X
n—>Co n

from Theorem 7.

) = 0. Therefore, in this case the usual law of large numbers follows

4.2 Fat Tails and The Central Limit Theorem for Uncorrelated Random
Variables.

Consider a sequence of random variables X)) = (X1,...,Xn). If the r‘andom variables X
are independent and identically distributed, then the central limit theorem holds. Suppose,
we relax the independence condition by only assuming instead that X (") ~ (u-e, 02I), i.e.,
X; are identically distributed and uncorrelated but not necessarily independent. Is it true
that the central limit theorem holds in this case?

Applying Proposition 1 with o = e, 7 = tveT™e + ¢/ M(™ we obtain that for any
n > 1:

L iftso
n . ) )
sup P(ZLl)j———%zQ: L+¢2
X~(ue,o?) gvn 1 ,ift<0.
t2
—— Lift <0,
X inf 21P<21=1‘i{/‘_ n‘uzt>= e
~ -e,0 g n
(we,0?l) 0 ,ift>0.

Moreover, from Theorem 6 there exist extremal distributions that achieve these bounds.
Such distributions clearly violate the central limit theorem, as they induce much “fatter

tails” for 3_r; X; than the one (normal distribution) predicted by the central limit theorem.

4.3 The Multivariate Markov Inequality.

Given a vector M = (M, ..., M,)’, we derive in this section tight bounds on the following

upper tail of a multivariate nonnegative random variable X = (X7i,...,X,)’ with mean
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M

I

E[X]:

P(X > Mays) = P(X: > (1+6)M;, Yi=1,...,n).

where 6 = (81,...,60,) , and we denote by Ms = (6;1 M7, ..., 6, M,)".

Theorem 8 The tight multivariate (n, 1, R%)-Markov bound for nonnegative random vari-

ables is

sup P(X > Meys) =  min L

: 13
X~M+ i=l,.n 1+ 68 (13)

Proof: Applying the bound (1) for S = {z| z; > (1 +&)M;, Vi = 1,...,n}, we obtain
Eq. (13). |

The bound (13) constitutes a natural multivariate generalization of Markov’s inequality
and is originally due to Marshall [34]. In particular, for a nonnegative univariate random

variable, in the case that S = [(1 + §) M, o), the bound (13) is exactly Markov inequality:

1
PX>O+OM) = —.
Xs:118+ (X2 (1+0)M) 1+6
4.4 The Multivariate Chebyshev Inequality.
Given a vector M = (My,..., M), and an n X n positive definite, full rank matrix T,

we derive in this section tight bounds on the following upper, lower, and two-sided tail
probabilities of a multivariate random variable X = (Xi,..., X,)" with mean M = E[X]

and covariance matrix I' = E[(X — M)(X — M)"]:

P(X > Mers) = P(Xi>(1+6&)M;,Vi=1,...,n),
P(X < M.s) = PXi<(l1-6)M;,Vi=1,...,n),
P(X > Meys or X < Me_s) P(X; = M| > &M, Vi=1,...,n),

where § = (61, ...,0,), and we denote by Ms = (61 M1, ..., 00 M)
The bounds we derive constitute multivariate generalizations of Chebyshev’s inequality.

They improve upon the Chebyshev’s inequality for scalar random variables. In order to
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obtain nontrivial bounds we require that not all 6;M; < 0, which expresses the fact that

the tail event does not include the mean vector.

The One-Sided Chebyshev Inequality.

In this section, we find a tight bound for P(X > M,1s). The bound immediately extends
to P(X < Me-s).

Theorem 9 (a) The tight multivariate one-sided (n, 2, R™)-Chebyshev bound is

1
sup P(X > M.ys) = ,
- ( +) = T (14)
where d? is given by:
d? = minimize z'T~ !z (15)
subject to z > Mj,
or alternatively d* is given by the Gauge dual problem of (15):
1 ,
7= minimize z' Tz (16)
subject to z'Ms; =1
z > 0.
(b) If T~1M;s > 0, then the tight bound is ezpressible in closed form:
sup  P(X > Mets) = = 17
X~(Z\/Ip,l") et/ = 14 Mér—ll\/fg ) (17)

Proof: (a) Applying the Bound (5) for S = {z| z; > (1 + &)M;, Yi = 1,...,n}, and
changing variables we obtain Eq. (14). The alternative expression (16) for d* follows from
elementary Gauge duality theory (see Freund [14]).

(b) The Kuhn-Tucker conditions for Problem (15) are as follows:

2rlz — A =0, A >0, Tz > Ms, N(z — M;s) =0.
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The choice ¢ = Ms, A = 2I"1M; > 0 (by assumption) satisfies the Kuhn-Tucker con-

ditions, which are sufficient (this is a convex quadratic optimization problem). Thus,

d? = M{T~'Ms, and hence, Eq.”(17) follows. n

The Two-Sided Chebyshev Inequality.
In this section, we find a tight bound for P(X > M.ys or X < M,._s).

Theorem 10 (a) The tight multivariate two-sided (n,2, R")-Chebyshev bound is

sup  P(X > M,ps or X < M,_s) = min(1,t2), (18)
X~ (M)

where

t* = minimize 2Tz (19)
subject to z'Ms; =1

z > 0.
(b) If T~1Mjs > 0, then the tight bound is ezpressible in closed form:

1
£ Ve -§) = mi Y A1 AT, |
XE?AI;,F)P(Y > Meys or X < M._s5) = min <1 1V[§F‘11V[5> (20)

The first proof of a similar bound, in a more general setting, is due to Marshall and

Olkin [35] who show the following result for zero mean random variables (in our notation):

sup P(X > §or X < =8) = min(1, %), (21)
X~(0,T)

where t2 = inSfJ_ a'Ta, where again St = {a € R a'z > 1, Yz > §} is the antipolar of
ag

S. The equivalence of the two formulations follows from elementary Gauge duality theory

(see Freund [14]), after applying a mean-adjustment transformation (see for example the

beginning of Theorem 6).
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Proof: Problem (D) in this particular case becomes:

Zp = minimize -E[g(X)]
subject to ¢(z) 2-degree n-variate polynomial

@)> { 1, ifz> Msorz < M,_g,
g\z

0, otherwise .

Similar to Lemma 2, we show in an analogous way that either the dual optimum is 1, or
else there exists an optimal solution of the form g(z) = (¢/(z — M))?, for some vector a.

Therefore, the dual problem is equivalent to:

Zp = minimize E[g(X)]
subject to g¢(z)=1, Yz € R
or (22)

1, ifz>Msorz< M.
g(e) = (/(z = M))? > o =
0, otherwise.

Suppose that g(z) = (a’(z—M))? is optimal for Problem (22). Then, g(M.4s5) = g(M._s) =
1, that is (a’Ms)* = 1. The feasibility constraints are g(z + Meys) > 1, V2 > 0 and
g(—z + M._5) > 1, Vz > 0, or equivalently (a'(z + Mjs))* > (a'M;s)?, Yz > 0, which is

further equivalent to @ > 0 or a < 0. Therefore, the dual problem can be reformulated as:

Zp = minimize (1, E[(a’(X — M))?]) = min(1, a'Ta)
subject to a’'Ms=1

a >0,

from which Eq. (18) follows.
(b) If I™'Mjs > 0, then ag = 3=ty is feasible and ¢flao = (MsT~'M;)~!. By the

Cauchy-Schwartz inequality, for an arbitrary a:
1= (a/M;)? < (a'Ta) (M1 M;),

or equivalently a'Ta > (MsT~1M;s)~! = a{lag, which means ag is optimal and the closed

1
form bound is indeed m. ' | |
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In the univariate case Ms = §M and T' = ¢2. Therefore, [~ M; = ES%[ > 0, and the
o

closed form bound applies, i.e.,

X M) < et
PX>(14+6)M)< TR (23)

Ll
M? )
Chebyshev inequality is given by P(X > (1+4)M) < %%4-. Inequality (23) is always stronger.

where C%; = is the coefficient of variation of the random variable X. The usual
Moreover, as we showed in Theorem 6 there exist extremal distributions that satisfy it with
equality. The original result can be traced back to the 1937 book of Uspensky [56], and is

mentioned later by Marshall and Olkin (1960) [35], [36], but has not received much attention
in modern probability textbooks.

5 Optimal Bounds for the Univariate Case.

In this section, we restrict our attention to univariate random variables. Giveﬁ the first &
moments M, ..., My (we let My = 1) of a real random variable X with domain 2, we are
interested in deriving tight bounds on P(X € §). Our main result in this section is that
optimal bounds can be derived as a solution to a single semidefinite optimization problem.

We also derive closed form tight bounds when up to the first three momens are given.

5.1 Tight Bounds as Semidefinite Optimization Problems.

From Section 2, given the first £ moments of X with domain 2, we can find a tight bound

for P(X € S) by solving the following problem

k
minimize Z yr M,

rEO
subject to >y, > 1, VzelS (24)
r=0
k
Zy,xrzo, VzeQ.
r=0

Since S and  are intervals in the real line we show in the next proposition that the
feasible region of Problem (24) can be expressed using semidefinite constraints. Semidefinite

optimization problems are efficiently solvable using interior point methods. For a review of
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semidefinite optimization see Vandenberghe and Boyd [57]. The results and the proofs in

the following proposition are inspired by Ben-Tal and Nemirovski [2], p.140-142.

: 2k
Proposition 2 (a) The polynomial g(z) = Z yrz” satisfies g(z) > 0 if and only if there
r=0

erists a positive semidefinite matriz X = [24;]i j=o0,..k, such that

Ypr = Z Tigy 7":0,...,2/9, XtO (25)

4,Ji thg=r

k
(b) The polynomial g(z) = Zyrac” satisfies g(z) > 0 for all z > 0 if and only if there
r=0
erists a positive semidefinite matriz X = [;;)i j=0,...k, such that

0= > I=1,...,k,

1,7 i+7=2{-1

Y= Z Tijs l:O,.-.,k, (26)
i,7: i+g=2l ' .
X >0

k
(c) The polynomial g(z) = Z y.-z" satisfies g(z) > 0 for all z € [0, a] if and only if there
r=0
exists a positive semidefinite matriz X = [245]: j=0,....k, such that

0= Z Tif, l=1,...,k,

1,70 1+7=2l-1
! k—r\ ., (27)
Zyr [y a =Z T;;, [=0,...,k,
r=0 1,7: i+3=21
X 0.

k
(d) The polynomial g(z) = Z yrz" satisfies g(z) > 0 for all z € [a, 00) if and only if there
r=0

erists a positive semidefinite matriz X = [24;]i j=o,....k, such that

0= Z Tij, Il=1,...,k,

it itg=2l—1
k
Zer)ar = Z Tij, [=0,...,k, (28)
r=l 1,7: 145=21
X = 0.
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k
(e) The polynomial g(z) = Zyr:z:’" satisfies g(z) > 0 for all z € (—o0,a] if and only if

r=0
there erists a positive semidefinite matriz X = (245 j=o0,...k, such that

0= >  zy [=1,...k

1,7: t+3=2l-1 .
iy k—r
Z%( I )Cbr: Z T, [=0,...,k, (29)
r=0 igi irg=2l

X = 0.

k
(f) The polynomial g(z) = Z yrz” satisfies g(z) > 0 for all ¢ € [a,b] if and only if there
r=0
ezists a positive semidefinite matriz X = [2;5]; j=o,...k, such that

0= Z Tij, Il=1,...,k,

it itj=2l-1
I ktm—l .
k— ;
Z Z yr(r>(l r)ar_mbm = Z Ti5, [=0,...k, (30)
m=0 r=m m -m ige itg=2
X 0.

Proof
(a) Suppose (25) holds. Let e; = (1,z,z2,...,2%)". Then

2k
g(z) = Z Z xij:z:’

r=014j5=r

ko k _
PIPIEIL
i=0 j=0

!
ez Xex

> 0,

]

]

since X > 0.

Conversely, suppose that the polynomial g(z) of degree 2k is nonnegative for all z.
Then, the real roots of g(z) should have even multiplicity, otherwise g(z) would alter its
sign in a neighborhood of a root. Let A;, 2 = 1,...,r be its real roots with corresponding

multiplicity 2m;. Its complex roots can be arranged in conjugate pairs, a + 1b;, a; — b;,
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j=1...,h. Then,

‘“UzkH:r— 2m‘H(z—a] —%—b?).
J=1
Note that the leading coefficient y.x needs to be positive. Thus, by expanding the terms in

the products, we see that g(z) can be written as a sum of squares of polynomials, of the

form

o(e) = z(zxw )

=0

— '
= e Xeg,

with X positive semidefinite, from where Equation (25) follows.

(b) We observe that g(z) > 0 for z > 0 if and only if g(¢?) > 0 for all ¢. Since
g(t3) = yo+ 0t +yrt? + 08 + ot + -+ ypt?,

we obtain (26) by applying part (a).
(c) We observe that g(z) > 0 for z € [0, a] if and only if

at?
14¢2

(1+2)*g ( ) >0, for all ¢.

Since

2 k
(l+t2)kg (}ﬁ’iﬁ) — ZyrartZr(l+t2)k—r

k—r k—r
Zyr Z( ! )tz(lm

r=0 =0
[ k-r
= t2] i . " )

by applying part (a) we obtain (27).
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(d) We observe that g(z) > 0 for z € [a,00) if and only if
gla(l+t%) >0, for all ¢.

Since

by applying part (a) we obtain (28).
(e) We observe that g(z) > 0 for z € (-0, a] if and only if

(1+tHkg <1jt2> >0, for all ¢.

Since

k
1+ (1) = Lua 1+ )
r=0

1412
k k—r
- a3 (47 7)

r=0 =0

k k1 k—r
{=0 r=0
by applying part (a) we obtain (29).

(f) We observe that g(z) > 0 for z € [q,b] if and only if

2

1+¢2

(1+tH)Fg <a+ (b—a) ) >0, for all ¢.
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Since

(1+t2)g<a+(b—-a £ ) Zyra—}—bt (1435

r~0
Zy Z (r>ar—mbmt2m§<k—r t2J
' m=0 m ] J
[ k+m-I —r
— t2l <Z Z %( > ( )ar—mbm> ,
m=0 r=m -m
by applying part (a) we obtain (30). u

We next show that Problem (24) can be written as a semidefinite optimization problem.

Theorem 11 Given the first k moments (M, ..., My) (we let My = 1) of a random vari-
able X defined on Q we obtain the following tight upper bounds:
(a) If Q = R™, the tight upper bound on P(X > a) is given as the solution of the semidefi-

nite optimization problem

k
minimize Z yr M,

r=0

subject to 0= Z Ti5, l=1,...,k,
1,7 t47=21-1

k
r
(Yo —1)+ > v (Jaf = Too,

r=1
Z%() = Y, oz l=1,...,k, (31)
r=l 1,70 i+g=21
0= >,  z l=1,...,k,
7, i+j=2l-1
Zyr( T)a :Z Zifs lzov"'7k7
r=0 t,j: ++j=21

X,Z > 0.

If Q = R, then the tight bound on P(X > a) is as above with the next to last equation in
(81) replaced by

Zm( >a= STz, 1=0,..,k

r=0 1,70 1g=21
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(b) If @ = R*, the tight upper bound on P(a < X < b) is given as the solution of the

semidefinite optimization problem

minimize

subject to

k
Z yr M,

r=0

0= Z i,

1,77 t+i=20-1

! k+m-! r k—r N
2 % o))

m=0 r=m

0= Z Zij,

1,7: t43=2l-1
=y oz
1,70 ihg=2l

X,Z > 0.

k
= <z> o
1,71 1+7=2!

=1,
T4, I=0,...

=1,

1=0,.

(32)

If Q = R, then the tight upper bound on P(a < X < b) is as above with the next to last

equation in (32) replaced by

k-1
k—r\ .
Zoy,.( I )a 22 2354 l=0,...
r= 1,7 1+7=21
and the following equations added
0= Z Uij, l=1,...

Proof

i ihj=2l-1

k ~
> ()

1,7: 14+7=2l

U > 0.

Z Uij, [=0,...

(a) The feasible region of Problem (24) for S = [a, o) and Q@ = R, becomes:

k
g(z) = Zyr:c’ >1, Vz€[a, o0,

r=0

and g(z) > 0, ¥ z € [0, a).

By applying Proposition 2(c),(d) we obtain (31). If @ = R, we apply Proposition 2(d),(e).
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(b) The feasible region of Problem (24) for S = [a, 6] and Q = R, becomes:
k .
g(z)=> yz” > 1,V z€ab] and g(z) >0, V z € [0, 0).

r=0

By applying Proposition 2(b),(f) we obtain (32). If @ = R, we apply Proposition 2(c),(d),(f).
| |

5.2 Closed form bounds

In this section, we find closed form bounds when up to the first three first moments are

Mo — 2
given. We define the squared coefficient of variation: C%, = L%[Q—Ad-l—, and the third order
1
MMz — M2
coefficient of variation D3, = —I—A%T——z—. Let 6 > 0.
1

Theorem 12 The following bounds in Table 1 are tight for k =1,2,3.

(k, Q) | P(X > (1+6)M1) | P(X < (1= 86)My) | P(IX — My| > 6My)
(1, By) 1 1 1
y U4 1+5
c, o (L CYy
@R Tie o min (1, )
(3,R+) | fi(C%r Dis,6) f2(Cs, D3y, 9) f3(C3y, Dy, 0)

Table 1: Tight Bounds for the (1, %, 2)-problem for £ < 3.
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The following definitions are used:

min ( C{%[ . 1 D%/[

T 5 1xs L ), i §>C?
W+ E 140 D?w+(if—<>)2> toZ

Fi(CRpy Digy0) =
1 DY+ (1+6)(Cy—0)
1+6 D+ (1+Ci)(Ch-3)

(Cy+1)°
(D3 + (Car + 1)(CE + 8)) (D3 + (Cip + 6)?2)

if 6<C%,

F2(CRy, D}y 0) = 1

2 4 52
£3(C3s, D3y, 6) = min <1,1+33 diy+Cy =96 )
4+ 3(1+36%) +2(1+3682)2

The proof of the theorem is given in Appendix A.

6 The Complexity of The (n,2,R%), (n,k,R*)-Bound Prob-

lems.

In this section, we show that the separation problem associated with Problem (D) for the
cases (7,2, R%), (n, k, R™)-bound problems are NP-hard for k& > 3. By the equivalence of
optimization and separation (see Grétschel, Lovédsz and Schrijver [17]), solving Problem (D)
is NP-hard as well. Finally, because of Theorem 2, solving the (7,2, R%}), (n, k, R™)-bound
problems with & > 3 is NP-hard.

6.1 The Complexity of The (n,2,R%)-Bound Problem.

The separation problem can be formulated as follows in this case:
Problem 2SEP: Given a multivariate polynomial g(z) = z’Hz+c'z+d, and aset S C R?,
does there exist ¢ € S such that g(z) <07 '

If we consider the special case ¢ =0, d = 0, and S = R7, Problem 2SEP reduces to the

question whether a given matrix H is co-positive, which is NP-hard (see Murty and Kabadi
[38]).
6.2 The Complexity of The (n,k,R*)-Bound Problem for & > 3.

For k > 3, the separation problem can be formulated as follows:
Problem 3SEP: Given a multivariate polynomial g(-) of degree k¥ > 3, and a set S C R",
does there exist z € S such that g(z) < 07
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We show that problem 3SEP is NP-hard by performing a reduction from 3SAT (see
Sipser [51]).
Theorem 13 Problem 3SAT palynomidlly reduces to 3SEP.
Proof: For an arbitrary 3SAT instance ¢ (a 3CNF boolean formula in n variables), we
consider the following arithmetization g4(-) of ¢: we replace each boolean variable z; by
the monomial 1 — z;, its negation Z; by z;, and we convert A’s into additions and \/’s to
multiplications. For example, the arithmetization of the formula ¢ = (Z; Vza VZ3) A (2, V
T3V ZT4),is: gs(z) = 21(1 = z9)z3+ (1 — 1) (1 — z3) 74

As motivation for the proof, note that g4(-) is a 3-degree polynomial in n variables,
evaluating to zero at any satisfying assignment of ¢. Also note that g4(z) is a nonnegative
integer for any boolean assignment z € {0,1}™. Thus if ¢ is unsatisfiable, then g4(z) > 1
for any boolean assignment z € {0, 1}".

Starting with an instance ¢ of 3SAT with n variables and m clauses, we construct an

instance (g(+), S) of 3SE P as follows:

ke

g(z) = 2g4(z) + (24m)22 z;(1—z;) -1, S =10,1]"
i=1
Note that the construction can be done in polynomial time. We next show that formula ¢
is satisfiable if and only if there exists z € S such that g(z) < 0.
Clearly if ¢ is satisfiable, there exists a satisfying assignment corresponding to a vector
zo € {0,1}". Clearly gg(zo) = 0, and thus g(zo) = -1 < 0.
Conversely, suppose ¢ is not satisfiable. We will show that for all z € S = [0, 1],
g(z) > 0. Let e = 24Lm For any z € S = [0, 1]", there are ’cW? possibilities:
(a) There exists a boolean vector y € {0, 1}" such that |z; — y;| < ¢, V.
If we expand the term in gy(-) corresponding to each of the m clauses of ¢ as a
polynomial, we obtain a sum of at most one monomial of degree three, three monomials
of degree two, three monomials of degree one, and one monomial of degree zero. Let
Sk be the set k-tuples corresponding to the monomials of degree &k, k = 1,2,3. Then,
|S1] < 3m, [S2| < 3m, |S3] < m. Matching corresponding monomials for « and y,

canceling constants, and applying the triangle inequality, we obtain:

96(z) = gsW)| < D lwimize —vayivel + Y lmiws —viyil + Y |z — wil.
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Since |z; — y;| < €, Vi, we obtain:

\wizizr — yiyyel <Mz = ekl vTie — viyize] + vy e — viyiuel

= |z — yilzjze + vilz; — yjlor + yivilee — vl < 3¢
since z,y € [0, 1]™. Similarly, |z;z; — y;y;| < 2¢. Therefore,

. 1
196(2) = 98 (u)] < 3¢l 53] + 2¢[ 5] + €] 51| < 12me = 3.

1
Thus, g4(z) > g4(y) - 3 Since ¢ is not satisfiable, we have g4(y) > 1, for any boolean
vector y € {0,1}". Thus, gg(z) > 1 — % = —;—, and hence g(z) > 2g4(z) — 1 > 0.
(b) There exists at least one 7 for which ¢ < z; < 1 — €. This implies z;(1 — z;) > €2,
and, since g4(z) > 0, Vz € 3, it follows that g(z) > (24m)2%e* — 1 = 0.

Therefore, if ¢ is not satisfiable, then all z € S = [0, 1], satisfy g(z) > 0, and the theorem
follows. =

7 Concluding Remarks.

This paper reviewed the beautiful interplay of probability and optimization by examining
tight bounds involving moments. Moreover, it broke new ground by characterizing sharply,
we believe, the complexity of the (n, k&, Q)-bound problem, by providing polynomial time
algorithms for the (1,%,Q), (»,1,Q), (n,2, R*)-bound problems, and by showing that the
(n,2, R%), (n,k, R™)-bound problems for & > 3 are NP-hard.

Appendix A: Proof of Theorem 12

The inequality for £ = 1 and Q = R, follows from Eq. (13) (Markov’s inequality). It is

also tight as indicated from the following distribution:

0, with probability —o—.
zY = 1 +.
1

] ith probability ——

(1+6)M;, with probability T
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The one-sided tail inequalities for £ = 2 and 2 = R" follow from Eq. (23). They are also
tight as indicated by Theorem 6. The two-sided tail inequality for for £ = 2 and Q = R
follows from Eq. (18). It is tight as inditated from the following distribution:

12

(L+6)My, with probability _2:;2!,
C?
X =4 (1-8M;, with probability %)

2
My, with probability 1~ %‘—2‘1

The (1,3,R;)-Bound.

Let 7 = (14 &)M;. The necessary and sufficient condition for (M;, Mz, M3) to be a valid
sequence is C%; = My — M} > 0, and D3, = My M3 — M2 > 0. The dual feasible solution
g(z) needs to satisfy g(z) > 0 for all z > 0, and g(z) > 1, for all z > j. At optimality
g(7) = 1, otherwise we can decrease the objective function further. Therefore, there are

three possible types of dual optimal functions g(-):

- (a) (See Figure 1) g(z) = < 7>
)(z
)

72
E 72))2,’)’1<0’7’1<72<J

(b) (See Figure 2) g(z) = (22 -1

2 _ .
(c) (See Figure 3) g(z) =a (= 7) z=J) +1,a<1,y>7.

: z-7\°
Figure 1: The function g(z) = ( - > , v <0.
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Y

" noo

_ a2
Figure 2: The function g(z) = (2 = 7)(e /2)2, 71 < 0,71 <72 < 7.

(j - ’Yl)(j - 72)

1-a
— N2y — 5
Figure 3: The function g(z) = a (= 732? 7) +1,a<1l,yv>7.

The tight bound using only M; and M; is:

1
c? T r Cu>$
. _— H M =
I =5TTTTYTS fOI‘ C < 6'
Z +62 M =
M

We next examine the bounds obtained by optimizing undetermined parameters in cases (a),
(b), and (c).

Case (a). The best possible bound in this case is:

E[(X - 7)3 Ms — 37M; + 372 M; — 43
Zo=mip HE Ty Mo =9I Mo 437 My -7
v<0 (7 -7) <0 G-
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We differentiate with respect to v and we obtain that the critical point satisfies:
E(X =)= ([ -7E(X -7
which leads to :

v (M — §) = 2v(My — Myj) + Ms — Myj = 0. (34)

There are two possibilities to consider:

(i) If M3 > jM,, then Eq. (34) has a feasible solution v* < 0. The dual objective

function thus becomes:

7! — E[(X - 7*)2]

a

E(X-91__Ck .,
R e A e L e

Vv
8,
=1

and thus this bound is dominated by Zp.

(i) If M3 < jMs, then My < 7 M, otherwise My M3 — M2 < 0, and thus (M, My, M) is
not a valid moment sequence. Therefore, there does not exist a solution of Eq. (34)
with v* < 0. Thus, the optimal solution is for v* = 0, and the dual objective function

becomes:

Ms _ D3+ (C3 +1)2

Zp = — =
Case (b). The best possible bound in this case is:
- P4 Yiand 2 ‘ P2 Y ] &N =7 2 - 2
Zy = min E[(X 71)(.Y 73) I min — L ElX .])(Y2 r2) ] + EK—X 72) }
wr o (J-7)0 - 7) nr (5 —7) (J=7) J— 7

In order for an optimal solution to produce a non-dominated bound, it must be that

) e X —7\? Cc?
X —v2)%(X - , Ise the dual object t 1 t:E[(, >]>¢
E[(X =72)%(X —j)] < 0, or else the dual objective is at leas s 2 T
Therefore, in such an optimal solution we should set {f — ;) as small as possible, so y; = 0.

The dual objective becomes:

Zy = min E[X(X — 73)‘] .
0<w<i  J(J — 1)
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When we differentiate the objective function with respect to ~4, we obtain that the critical

point must satisfy

EX(X = 72)"] = ( = 12) E[X (X = 72)], (36)

which leads to:

* [\/[3 - le[g
Y2 =
M, — j M,

= M, [1 +C3+ D]

2

There are two possibilities to consider:

(i) If § < C%, then 73 > j, and the optimum is obtained by setting v2 = 0, which

produces the dominated bound:

Ms Di +(Ci+1)? 1

= 2 = =
4= (1+6)3 ~1+¢

Zy.

(ii) If § > C%;, then 75 < j. Then, substituting 5, we obtain the bound:

Zy=— Diy (37)
b= : .

1+6 D% +(C% —6)2

— Vg — 4
Case (c). In this case g(z) = a(z 73/2§x 7 +1, a <1,v > j.First notice that a must
be 1 in an optimal solution, and the bound becomes:
E[(X -v)3(X -7 Mz — My (27 + 7) + My (¥? ‘
7, = min 2L 71.( M ) ooy M= M@y )+ Mi(y" + 275)
Y23 Y7 v23 25
Again, by differentiating with respect to vy, we obtain the same critical point: " = H ,
Mo — 7M1

which satisfies

E[(X - 7)*(X - N =7E[(X - 7)(X - ).

There are two possibilities:
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(i) If C%; > §, then ¥~ > 7, and we obtain the bound

o1 DL +(1+98)(CE -9
1+6 Dy +(1+Ci)(Ci=98)

c

(38)

(ii) If C3; < 6, then v~ < 7, and the optimum is obtained by setting v = j, which produces
the dominated bound

M3z — 35 My + 352 M 1 , ) 1 1
=BT T S[D3+(Ch=0)(C3—20-1)+—— > —— > 7.

Zl
i 7 (1+3) 1467 1+6 =

Combining all previous case, we obtain that

min (Zo, Za, Zs) ,if C2, <6,

Zp =
Ze JECE > 6
Moreover, one can easily check that:
1 Diy D+ (Ch +1)°
Zb = . 3 2 2 = 3 = ZCH
146 Dy + (Cyr—9) (1+9)

and the theorem follows. The formulae for the left tail and the two-sided inequality follow

by a similar construction.
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