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ABSTRACT

We study forward link performance of a multi-user cellular wireless network. In our proposed cellu-
lar broadcast model, the receiver population is partitioned into smaller mutually exclusive subsets called
cells. In each cell an autonomous transmitter with average transmit power constraint communicates to
all receivers in its cell by broadcasting. The broadcast signal is a multiplex of independent information
from many remotely located sources. Each receiver extracts its desired information from the composite
signal, which consists of a distorted version of the desired signal, interference from neighboring cells
and additive white Gaussian noise. Waveform distortion is caused by time and frequency selective linear
time-variant channel that exists between every transmitter-receiver pair.

Under such system and design constraints, and a fixed bandwidth for the entire network, we show
that the most efficient resource allocation policy for each transmitter based on information theoretic
measures such as channel capacity, simultaneously achievable rate regions and sum-rate is superposition
coding with successive interference cancellation. The optimal policy dominates over its sub-optimal al-
ternatives at the boundaries of the capacity region. By taking into account practical constraints such as
finite constellation sets, frequency translation via carrier modulation, pulse shaping and real-time sig-
nal processing and decoding of finite-length waveforms and fairness in rate distribution, we argue that
sub-optimal orthogonal policies are preferred. For intra-cell multiplexing, all orthogonal schemes based
on frequency, time and code division are equivalent. For inter-cell multiplexing, non-orthogonal code-
division has a larger capacity than its orthogonal counterpart. Among intra-cell orthogonal schemes,
we show that the most efficient broadcast signal is a linear superposition of many binary orthogonal
waveforms. The information set is also binary. Each orthogonal waveform is generated by modulat-
ing a periodic stream of finite-length chip pulses with a receiver-specific signature code that is derived
from a special class of binary antipodal, superimposed recursive orthogonal code sequences. With the
imposition of practical pulse shapes for carrier modulation, we show that multi-carrier format using co-
sine functions has higher bandwidth efficiency than the single-carrier format, even in an ideal Gaussian
channel model. Each pulse is shaped via a prototype baseband filter such that when the demodulated
signal is detected through a baseband matched filter, the resulting output samples satisfy the General-
ized Nyquist criterion. Specifically, we propose finite-length, time overlapping orthogonal pulse shapes
that are g-Nyquist. They are derived from extended and modulated lapped transforms by proving the
equivalence between Perfect Reconstruction and Generalized Nyquist criteria. Using binary data mod-
ulation format, we measure and analyze the accuracy of various Gaussian approximation methods for
spread-spectrum modulated (SSM) signalling. We show that both high rate techniques —parallel chan-
nel, single gain and single channel, reduced gain— are equivalent under the Gaussian model with or
without multipath fading. For seamless multiplexing of SSM channels of various rates, we propose a
flexible scheduling policy that removes code blocking and affords statistical multiplexing by dynamically
reassigning signature codes. The algorithm is able to support both bursty and constant-bit rate connec-
tions without code tree partitioning.

Thesis Supervisor: Kai-Yeung Siu
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INTRODUCTION

In wireless communication, the radio frequency (RF) bandwidth is a premium. The only ef-
fective means of maximizing bandwidth utilization is by reusing it over and over again at distant
locations. Any conceivable wireless communication system —for example, broadcast radio and
television channels, walkie-talkie, Citizen Band radio, Personal Mobile Radio, air traffic control,
wireless local area networks etc.— adopts this strategy. In the literature, the precise technical
jargon is known as frequency re-use; it is measured in terms of a single parameter called the
re-use number N.. Reuse of bandwidth is also the main culprit of interference in a cellular
wireless network. Interference due to frequency re-use is synonymous to bacteria: Without
it, the entire cellular network is very inefficient in bandwidth utilization; With it, a carefully
designed control mechanism is required to maintain the network in equilibrium. Two mutually
exclusive techniques that mitigate signal degradation due to interference are propagation loss
and coding. The former is mostly a by-product of geometry while the latter is an application of
algebra. Since interference originates from distant transmitters, it can be reduced by increas-
ing the distance of separation —but at a cost of lower bandwidth efficiency per transmitter.
(This remark is explained in detail in Chapter 3.) Determination of an optimal re-use distance
is a difficult task for cellular radio system designers. It is a complex problem involving many
interdependent factors such as resource allocation policy, information-dependent coding, data
modulation format, characteristics of the propagation medium and the design and complexity
of mobile transceiver. The final choices of these factors made by European GSM! and American
1S-952 system designers are compared in Table 1.1.

'GSM —Global System for Mobile Communications— is a pan-European cellular mobile radio standard that has

been adopted in all regions around the world with a global market share of over 80% as of year 2003.
?U.S. IS (Interim Standard) 95 is a cellular mobile radio standard pioneered by Qualcomm Inc. that uses direct-

sequence spread-spectrum technology and is incompatible —and in direct competition with— TDMA based GSM.
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Table 1.1: System Parameters of GSM and 1S-95 Cellular Networks
FParameter GSM [ 1S-95 ]
Channel Multiplexing FDM/TDM (downlink) superimposed O-CDM (downlink)

Multi-User Accessing

FDMA/TDMA (uplink)
with time advance

PN spread N-CDMA (uplink)

Duplex mode

frequency division

frequency division

MSK (uplink)

Re-use number N, 4or7 1
Carrier Modulation s(t) single-carrier single-carrier
Data Modulation g(t) MSK (downlink) QPSK (downlink)

0-QPSK (uplink)

Pulse-shaping f(t)

Gaussian (BT = 0.3)

Root raised cosine (r = 0.22)

Coding
(Information-independent)

None

Pseudo-Noise Coding
SF = 2 (dl), SF = 42.67 (ul)

Convolutional Coding
(Information-dependent)

re = 1/2, K = 5 (both links)

1. = 1/2, K = 9 (downlink)
re = 1/3, K = 9 (uplink)

1.6

Modulation spectral efficiency | 0.8
(bits/symbol)
Bandwidth efficiency Neg 4 1.5
(Effective reuse number)

Please refer to page 381 for acronyms.

1.1 Historical Perspective and Motivation

An alternative to propagation loss for interference suppression is information-independent
coding —commonly known as spreading. Its sole purpose is to reduce interference from distant
transmitters, not background thermal noise. In contrast, information-dependent coding —which
is more commonly known as single-user error control or channel coding— is optimized for de-
tection of a signal perturbed with samples of an additive white Gaussian noise process —and to
a lesser extent, the suppression of interference. Both error control coding and spreading tech-
niques achieve their objectives by expanding the signal transmission bandwidth —relative to
the uncoded case— by 1/v. and k. respectively. (The parameter v. is the code rate of an error-
control code and k. is the excess spreading factor of a signature code sequence.) Claude Shan-
non formulated the Channel Coding Theorem by proving that in a single-user AWGN channel,
reliable communication —with arbitrarily low error probability— is achievable only through
coding. This result is also applicable to a multi-user communication system if the code is op-
timized for both AWGN and interference. The construction of such codes and their associated

decoding methods remain as the Holy Grail in communication system design. In practice system
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designers rely on a cascade of two independent operations: single-user error-control coding to
combat Gaussian noise followed by channelization coding for interference suppression. Time-,
frequency- and code-division multiplexing schemes are examples of channelization coding in
time, frequency and code domains, respectively. When the reuse number N,, the coding rate .
and the excess spreading factor k. are taken into account, the transmission bandwidth relative

to the uncoded case is increased by
Ny ke

Tc
where Neg is defined as the effective reuse number. If W, is the total allocated RF bandwidth

Nege = (1.1)

for a cellular network, the usable bandwidth per cell (transmitter) is
We = Wiot/Neg (1.2)

The optimal set of numbers that should be assigned to these three variables in eqn. (1.1) for
cellular mobile radio is often a contentious matter debated fiercely in the academic world as
well as in the industry. Numerous published articles and texts have compared capacities of
GSM and IS-95 networks. Other researchers have analyzed the capacities of generic TDMA-
and CDMA-based networks. These comparative results may be biased, unfair or incomplete for
the following reasons:

B GSM vs. 1S-95: The comparison of GSM versus IS-95 is not always equivalent to TDMA
versus CDMA because key network design parameters such as data modulation format,
channel coding rate and constraint length, voice compression algorithm and receiver ar-
chitecture skew the overall network performance. The critical role played by the un-
derlying channel multiplexing or multi-accessing method (TDMA or CDMA) is no longer
apparent. For example, 1S-95 affords a much more powerful convolutional code with a
longer constraint length than GSM due to its continuous transmission capability. In con-
trast, GSM bursts in TDM/TDMA mode do not allow excessive delay for voice packets. For
non-voice applications, it is conceivable that a TDMA system can also use a convolutional
code of longer constraint length. In terms of data modulation, GSM designers selected
minimum-phase shift keying due to its constant envelope property and equivalence to
FM/FSK modulation. The former condition allows the use of non-linear RF amplifiers.
The latter condition allows the use of an FM demodulator, either in non-coherent, differ-
ential or coherent detection mode. In IS-95, both links adopt spectrally more efficient I/Q
modulation formats. Since the power efficiency of RF amplifiers is less critical at the base
site, IS-95 designers opted for QPSK in the downlink. For the uplink, its variant offset
QPSK —which has a smaller peak-to-average amplitude ratio than QPSK— was chosen.
In terms of pulse shapes, GSM adopts a non-Nyquist Gaussian pulse for its smooth spec-
tral roll-off. Its goal is to improve bandwidth efficiency with controlled ISI. In 1S-95, root
raised-cosine Nyquist pulses are used.
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m TDMA vs. CDMA: Analytical results obtained from comparative study of generic TDMA

and CDMA systems may not be directly applicable to practical networks since most the-
oretical models assume unconstrained signal design, very long codewords and complex
decoding algorithms that may not be realizable in practice. For example, in the one-
to-many? broadcast channel, both TDM (as adopted in GSM downlink*) and orthogonal
CDM (as adopted in 1S-95 downlink) have the same achievable rate regions. It is true,
however, that the optimal channel multiplexing protocol —with a larger capacity region
than TDM— is a non-orthogonal CDM with successive interference cancellation. However,
this is not the chosen protocol for 1S-95. In the many-to-one multiple access channel, opti-
mal CDMA with maximum-likelihood joint detection has a larger rate region than TDMA.
On the other hand, naive CDMA (as adopted in IS-95 uplink) has a smaller rate region
than TDMA.

m Downlink vs. Uplink: Cellular networks —like most other communication systems—— op-

erate in duplex mode; i.e., information is exchanged from a stationary base transceiver to
mobile terminals and vice versa. The preferred duplexing mode for cellular networks is
frequency-division® where two disjoint RF bands are assigned for base-to-mobile (down-
link) and mobile-to-base (uplink) transmissions, respectively. Thus, any comparative
analysis of TDMA versus CDMA is incomplete unless the study is conducted for both
downlink and uplink. The GSM standard has the same TDMA architecture, modulation
and coding formats in both links. In contrast, the IS-95 standard applies different channel
multiplexing, modulation and coding formats in each link.

m Single (fixed) vs. Multiple (variable) Rates: Most comparative studies focus on TDMA

and CDMA network architectures that support a single class of constant-bit-rate channels
only. This model is well suited for voice and low-rate data applications. It obviously fails
to address the feasibility and complexity issues involved in the support of variable data
rates in a single channel over the duration of a connection or among different channels.
Most often the added complexity in multi-rate communication is at the receiver. For a
base site, transmission at a higher information rate is simply a matter of rate-splitting
among several parallel low-rate channels. In TDM/TDMA, multi-rate reception involves
signal detection over a longer time window. In contrast, the complexity of a CDM receiver
may not scale easily for higher information rates.

Our work herein is another attempt —one among many from various researchers and

practitoners— that measures and quantifies the contribution of key parameters of a cellular

3The one-to-many “broadcast” channel is not the same as “downlink.” See Chapter 3 for details.
*downlink = forward link

>The other option is time-division duplexing where a single RF band is used. The time frame is divided into two

sub-frames, with each sub-frame dedicated to base-to-mobile or mobile-to-base transmission.
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network architecture design. We limit our scope to communication in the downlink only. We do
not in any capacity profess that our models and analytical results are unbiased, fair and com-
plete. Nevertheless, we have taken a broad approach in which important design parameters
—resource allocation policy and its associated channel multiplexing scheme, carrier and data
modulation/demodulation techniques, pulse shaping for spectral containment, peak-to-average
transmission ratio and resulting latency bound, receiver complexity and scalability— and their
intertwined relationships are all taken into account. Before we begin our quest for the Holy
Grail, we review some preliminaries:

1.2 Definitions and Network Models

A communication network consists of at least two entities: a source and a sink. Information
is exchanged from a source to a sink. The term “user” is synonymous to “sink.” An M-user
communication network consists of M source-sink pairs. A source feeds information to its des-
ignated transmitter. Communication is established between a transmitter and a receiver through
a medium called the channel. The receiver then delivers the message to its associated sink®.
The transmitters and receivers play the role of middlemen who help facilitate the transaction
—in this case, reliable and efficient communication from a source to its sink.
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Figure 1.1: A generic communication system with M source-sink pairs

In general, a communication channel is a two-way street. An example of a two-way chan-
nel is the twisted-pair duplex telephone line in which information is sent and received by both

entities simultaneously. In the work presented herein, information exchange is simplex —i.e.,

®1t is assumed that information exchange between a source and its transmitter —and similarly between a receiver
and its sink— is instantaneous (zero delay) and error-free.
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in one direction only. Therefore every entity is either a source or a sink, but not both.

With stated stipulations, several communication channel models can be envisaged. At a
minimum when there are only two entities —a source and a sink— we observe the well-studied
single-user channel model. When the source-sink population is much larger, three different
types of multi-user channel models —broadcast, multiple-access and interference— can be de-
fined. Their distinction is quantified by a single determinant known as cooperation. “Autonomy”
is antonymous to “cooperation.” Cooperation is equivalent to pooling of resources; a resource
is either a transmitter or a receiver. To facilitate our classification of multi-user channel models,
we depict a block form of a generic network with M source-sink pairs in Fig. 1.1. The chan-
nel is effectively an input-output (I/0) device with T = m transmitters as inputs and R = n
receivers as outputs. Cooperation may exist at the input side among sources or at the output
side among sinks. In one extreme all sources and sinks are in full cooperation; this is the de-
generate single-user model. In the other extreme with no cooperation at both ends, we obtain
the interference channel in which T = R = M. The two remaining channel models are con-
structed when there is full cooperation at one (input or output) side only. When there is full
output cooperation (R = 1) and autonomous transmitters (T = M), a multiple-access channel is
observed. Here, the emphasis is on the receiver since it must —on behalf of all sinks— gather
or access information from multiple sources. With full input cooperation (T = 1) and a separate
receiver for each sink (R = M), the broadcast channel results. All sources pool a single common
transmitter. In return the transmitter broadcasts a compound signal to all users (sinks). All
three multi-user channel models are illustrated in Fig. 1.2. A dashed-line block is enclosed
among a group of sources or sinks that are cooperating. The compound signal —say, s(t)— is
a linear superposition of M time-synchronized, independent signals,

M
s(t) =) _silt)
i=1

where each elemental signal s;(t) is representative of message m; from source I;. Channel
multiplexing is a transmitter’s task of converting independent messages to a broadcast signal:

{mi, ma, - ma} — {5108, s208), - smb)]

such that the same broadcast signal is most suitable for transmission to various remotely lo-
cated receivers through their respective channels. If an intermediate step where messages are

modulated by signature code sequences is included,

{m]) mz, ..., mM} — {b][)]v bZ[)]) Sy be]} — S(t)

the broadcast signal is said to be code-division multiplexed.
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1.3 Problem Statement

When cooperation is partial, two variations of the interference channel can be deduced.
They are labelled collectively as composite channels. We are only interested in the broadcast-
interference composite model’ with partial input cooperation (T < M) and autonomous re-
ceivers. It mimics the base-to-mobile (downlink) cellular radio propagation channel. Each
mobile user or radio receives broadcast signal from its target antenna site as well as interference
signals from nearby transmitters. We coin such model the cellular broadcast channel.

(@) (b)

Figure 1.3: An aerial view of a densely populated geographical area

Fig.1.3(a) depicts an aerial view of several fixed transmitters ({J) and many scattered sinks
(e) in some densely populated geographical area. If we further assume that an omni-directional
antenna is mounted at each transmitter site and neglect physical objects in the propagation
medium, the signal strength is the same along the perimeter of a circle of arbitrary radius —
similar to circular (barometric) contours. This “imaginary” coverage area is commonly known
as a “cell.” As an alternative, it is possible to design a communication network consisting of a
single transmitter only with a huge circular footprint (see Fig. 1.3(b)) to accommodate every
scattered receiver. This in fact is the paradigm for terrestrial and satellite broadcast services
such as radio and television. In both applications, the number of sources (radio or television
channels) is much smaller than the number of receivers. This violates our stipulation that a
source exists for each sink. If each sink (a listener or a viewer) demands a different TV or radio

7The other composite channel is multiple-access with interference. A good example of such channel is the
cellular uplink. Each base receiver must jointly decode information from its scattered target mobiles in the presence
of interfering signals from out-of-cell mobiles.
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broadcast channel®, the channel “pipeline” would be very big; i.e., a prohibitively large amount
of bandwidth is required. To circumvent the hunger for bandwidth, the region is partitioned
into smaller coverage areas. The allocated bandwidth is shared and reused among transmitters.
In a nutshell, this is the cellular re-use concept.

Problem Statement:

Consider a large mobile radio communication network depicted in Fig 1.4. Assume
the total coverage area is unbounded, and it is partitioned along imaginary lines by
concatenation of hexagonal cells of equal size. If the available (radio frequency) band-
width is Wy, Hz and the omni-directionally radiated power from each transmitter is
limited to P watts, what is the optimal resource allocation policy for each transmitter?

Figure 1.4: An aerial view of a cellular communication network

1.3.1 Optimality Criteria

This begs the question: “How is optimality defined, and what other parameters should be
taken into account in selecting the ‘best’ resource allocation policy for each transmitter?” If
optimality is measured in terms of the sum-rate (i.e., the sum of information rates to all users
within a cell), then the best strategy is to communicate only with the receiver that maintains

8The term “channel” is used in different contexts throughout the monograph. Here it refers to a TV or radio
station that is tuned in. It also applies to the radio propagation medium through which a signal is transmitted, or
a connection —a logical channel such as a frequency band, a time-slot or a code sequence— established between
each transmitter-receiver pair.



32 Introduction

the best channel response. This policy is evidently unfair to other receivers with poorer respec-
tive signal strengths. At the other extreme a “socialist” policy supports the same rate to every
receiver regardless of their respective demands. Current cellular systems adopt such a strategy
where each circuit-switched channel carries a fixed information rate. This policy is too strin-
gent to support various multimedia applications that require variable information rates. Rate
adaptation applies not only to the partitioning of the total sum-rate among receivers, but also to
dynamic variation of information rate to each receiver throughout the lifespan of a connection.

Achievable Rate Distribution

We may investigate this problem from a different angle. Suppose there is a set of requested

rates by receivers:
* __ * D* *
R* = (R},R3,...,R})

We can select an “optimal” resource allocation policy
R° = (R},RY,...,R%)
that best matches the requested rates with

® the minimum mean squared error:
— 2
min ) (R} —R?)
i=1
¥ the minimum error in rate-sum:
m
min ) (R} —RY)
i=1
m the largest percentage of user population whose requested rates are met:
m
max Z 1;
i=1
where the indicator function 1; = 1 when (Rj > R?) is true, and zero otherwise.

B the largest achievable rate per connection:

max{R$,RS,..., RS}

B the maximization of the minimum rate in all connections:

max{min{Rﬁ’, RS, ... »R?n}}
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Achievable rate pair (Ry, Rz) for a two-user Gaussian broadcast channel. Any rate pair
Figure 1.5: enclosed by the outermost bound (including point A) is achieved by the optimal scheme.
Any rate pait, including point B, is achievable by any of the orthogonal schemes.

Depending on the requested rate vector R*, there may be an outright winner or several
winners with ties. Consider the capacity-region plot shown in Fig. 1.5. This is the broad-
cast capacity of a two-receiver system in an ideal bandlimited channel perturbed by additive
white Gaussian noise processes with power spectral densities 07 and o2, respectively. The op-
timal policy is superposition coding with successive multi-stage decoding. (Details are given
in Chapter 3.) The x- and y- intercepts are single-user capacities C§ and C3 of users 1 and 2,
respectively. Any rate pair (x;,y;) within the region bounded by the “optimal” curve and the
two perpendicular axes can be supported by the transmitter. The figure also gives achievable
rate regions (ARR) for several sub-optimal multiplexing schemes. If the target rate pair is point
A, then the optimal scheme must be used to meet the demand of all receivers. If the target rate
pair is point B, then we have a choice between the optimal and various sub-optimal orthogonal-
division multiplexing (ODM) schemes. A similar design option is available for point C where
all but naive code-division multiplexing (N-CDM) are good candidates. Moreover, the gap in
ARR of the optimal policy over ODM —or likewise the larger rate region of ODM over naive
time-division multiplexing (N-TDM)— is proportional to the difference in noise levels 02 — ol.
In fact when 6% = 02 the optimal and orthogonal-division multiplexing schemes collapse onto
the straight-line rate region of N-TDM. It becomes apparent that measuring the optimality of
a resource policy based only a set of simultaneously achievable set of rates is insufficient. We
must consider other factors such as:
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Rate Adaptation

During the life of a connection, from the initial handshake to subsequent channel release,
the information rate of a user may vary from zero to some upper limit. Referring to Fig. 1.5,
at any time instant the supported rate pair may slide from point C to D (or E or F). At another
instant it may slide again from D to E The adaptation of rates between the transmitter and its
users must be coordinated dynamically and seamlessly. The break-before-make process —first
releasing an existing connection and subsequent acquisition of a new connection— for variable
rate support is not efficient utilization of network resources. If carried out, the total network
capacity is reduced due to increased control signal overhead, and above all, the exchange of
information is not seamless. With dynamic rate adaptation, a user’s information rate is adjusted
block-by-block. In time-division multiplexing, a block is a time slot —which is a fraction of time
frame allocated to a user. Likewise, in frequency-division multiplexing (FDM) a block is a
fraction of the total frequency band. A control flag is appended in each block sent from the
transmitter to each user informing the size of the block. Hence we must consider the ease and
flexibility of arranging such a procedure in every channel multiplexing scheme.
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Figure 1.6: Assignment of frequency blocks in FDM

Receiver Complexity

For successful coordination of dynamic rate adaptation, a user’s receiver must have the
capability of accepting —i.e., demodulating, detecting and decoding— a block of variable size.
The pertinent issue here is scalability of receiver design for increased information rate. In TDM
this is a trivial matter since a larger block implies a longer time window of reception. In a FDM-
based cellular network as shown in Fig. 1.6, assigned frequency bands are interleaved such
that spectral overlap (i.e., adjacent channel interference) is reduced among frequency bands
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allocated to a cell. This strategy precludes the use of a wideband contiguous frequency band
for higher transmission rates. Therefore, an FDM receiver may require a tunable filter with
adjustable (rubber) bandwidth or a set of fixed-bandwidth filters. It is obvious that the latter
option does not scale efficiently.

In the optimal multiplexing policy, the receiver complexity issue is somewhat unique: it is
unrelated to the information rate. Rather it is directly proportional to the number of users and
their relative signal-to-noise ratio (SNR). The user with the lowest noise level has the highest
complexity since it must first decode signals of other users with higher noise levels. The real-
time implementation of such a procedure may not be feasible in a fading environment. We
elaborate on these remarks in Chapter 3. As presented therein, the receiver complexity issue
takes a different flavor when combined with the frequency re-use concept of cellular networks.

Dynamic Resource Allocation

In rate adaptation the aim is to provide rate guarantees on a per-user basis. It is mainly
concerned with the physical layer (e.g., receiver hardware complexity) and the medium-access
layer (e.g., control channel flag) issues. It is a local optimization policy; its interest lies in the
support of rate Ryax/n for an arbitrary n > 1. It does not address —or is even concerned
with— the issue of maximizing the overall network information capacity, which is of course
a network layer global optimization problem. This subject of dynamic resource allocation is
broken down into network operations such as call admission control, data channel scheduling
and queuing and prioritization of data packets. The goal is to support a certain pre-defined
level of quality-of-service (QoS) —loosely measured in terms of maximum information rate, the
ratio of maximum to average information rate, call admission and dropping rates— to every
user while maximizing the time-averaged capacity of the entire network. It is well known that
TDM with its bursty transmission property generally has a high ratio of maximum-to-average
information rates. The opposite is true for FDM. In orthogonal code-division multiplexing (O-
CDM), as demonstrated in Chapter 7, the total network capacity also depends on the type of
signature code sequences.
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Carrier Modulation and Pulse Shaping

The channel capacity of a power-limited, discrete-time AWGN channel is a fixed value. The
type of carrier modulation format (single or multiple) for information transport is irrelevant in
the discrete model. When the channel model is modified for continuous time, it is well known
that both single- and multi-carrier modulated signals achieve the same capacity as long as opti-
mal brick-wall pulse shapes are used. The higher spectral efficiency of multi-carrier modulation
format have been touted in the Gaussian channel model when the channel transfer function
is frequency selective (time dispersive), or the noise density is non-uniform across the trans-
mission bandwidth. In that case the total spectrum is sliced into many parallel channels such
that ideal flat frequency response is maintained in each sub-channel. This is illustrated in Fig.
1.7. This is the water-filling policy in the frequency-domain. The transmit power density is
optimally allocated according to some criterion such that the spectral efficiency is maximized
over the entire frequency band. Our argument goes one step further: Even in a frequency-
- flat AWGN channel, multi-carrier modulation achieves a larger capacity than its single-carrier
counterpart when modulated signals are generated using practical pulse shapes. The capacity
gain is mainly due to smaller excess bandwidth (beyond the minimum Nyquist bandwidth) and
controlled overlap of sub-carriers in the multi-carrier format. The excess bandwidth is usually
measured in terms of the fraction of mainlobe bandwidth that overshoots the Nyquist band-
width. We show that the excess bandwidth is larger for a wideband single-carrier modulated
signal than its multi-carrier counterpart. We portray this condition graphically in Fig. 1.8. Our
argument is made precise in Chapter 5.
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Figure 1.8: Excess bandwidth of transmit signal with pulse shaping
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1.4 System Model

Due to symmetry, the design and analysis of the entire cellular network reduces to the design
and analysis of communication techniques in any arbitrary hexagonal cell. By convention we
denote the target cell as cell number 0 and the desired target receiver in cell O as user 0. The
system consists of the transmitter at the center, many receivers scattered within the target cell
plus interfering transmitters surrounding the target cell. The model is depicted in Fig. 1.9.

Figure 1.9: System model of a symmetric cellular broadcast network

A block diagram outlining key components of the cellular broadcast communication system is
illustrated in Fig. 1.10. The messages from M independent information sources are pooled and
converted into code symbols:

{mh ma, ..., mM} — {X1b]) xZ[j]) e XM[ﬂ}

Throughout we assume code symbols are binary-valued. The M parallel code sequences are
then code-division multiplexed into a composite broadcast code sequence b[n]:

{XaBl, Xafjl, ..., Xmlil} — {b1[n, ba2lil, ..., bmlil}

M
binl =) bin]
i=1

where it is understood that each channel symbol X;[j] is channelization coded or modulated
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Figure 1.10: Block diagram outlining major components of a cellular communication system

with its respective modulating sequence cklnl:

Level-Shift: X[l — xk[3)

Channelization: bl = xk[j] - cknl

Finally, the code sequence is converted to a continuous-time RF waveform through a two-step
process of discrete-to-analog (D/A) conversion and carrier modulation:

D/A Conversion: bn] — g(t)

Carrier Modulation: g(t) — s(t)

The transmit broadcast signal s(t) is perturbed by linear channel distortions consisting of time
variation and multipath propagation. The received signal 7(t) of target user 0 consists of
channel-distorted desired signal, interfering signals from neighboring transmitters plus receiver
front-end thermal noise that is modelled as white Gaussian noise process. As can be seen from
the figure, we are mostly interested in synthesis and analysis of shaded functional blocks such
as transmit and receive filter banks, carrier modulator and demodulator, and above all, the
channel multiplexing operation and design of channelization codes. As performance measure,
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we wish to evaluate the capacity and achievable rate, as well as uncoded bit-error rate and
channel blocking probability of target user 0. As we shall see, all three benchmarks are highly
dependent on aforementioned functional blocks and the time-variant impulse response c(t; )
of the channel, and to a lesser extent, on the type and complexity of the target receiver.

1.5 Thesis Summary

By taking into account all the factors listed in previous sections, we show that a resource
policy based on orthogonal code-division multiplexing is the preferred option. This conclusion
is reached in several stages through the method of elimination. We show that:

m The optimal policy based on multi-resolution coding may not be feasible in practice. This
is due to limited knowledge in the design of such codes and the enormous complexity
imposed on all receivers. We next consider three orthogonal multiplexing schemes that
divide bandwidth into time-slots, frequency bands or orthogonal codes. On a single-cell
basis, they are all equivalent. In a multiple-cell environment, a policy based on code-
division multiplexing is preferred over time- and frequency-division multiplexing. The
preference is not necessarily due to a larger sum-rate for CDM but due to reduced com-
plexity and flexibility at both transmitting and receiving ends.

B The support of variable rates to a target receiver in CDM is achieved by assigning a single
binary code, parallel binary codes or a single multi-level code. We show that their perfor-
mances, measured in terms of bit-error rate in zero-mean AWGN channel with or without
multipath fading, are comparable. A receiver designed for a single binary code channel
has the least complexity. Thus, CDM with single binary code channels is the preferred
mode of multi-rate transmission.

m In the previous step, we show that higher-bit rate schemes based on single and parallel
binary code channels are comparable in terms of bit-error rate. This compares their per-
formance on a single-user basis. At a system-wide level, CDM with single binary code
channels may have a lower throughput due to “code blocking” constraint that the system
imposes when assigning recursive binary orthogonal codes. This condition does not arise
in CDM with parallel binary orthogonal code channels. We then propose several methods
and algorithms that remove code blocking. As an added bonus we show that CDM with
single binary code channels is the preferred mode not only in terms of multi-rate support
but also for statistical multiplexing of code channels.

® As seen from the system model depicted in Fig. 1.10, channel multiplexing is a discrete-

time operation involving input data sequences and signature codes. We have yet to de-
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clare the type of pulse shaping and carrier modulation that maximum the overall spectral
efficiency of the cellular system. The transmit signal s(t) can be one of the following two:
a single-carrier-modulated wideband format or a series of contiguous multiple-carrier-
modulated narrowband formats. We show that a multiple-carrier-modulated pulse has a
narrower (i.e., more bandwidth efficient) power spectral density when practical Nyquist
waveforms only are allowed for pulse shaping. In fact, we describe a special class of
finite-length time-overlapped pulses that meets the generalized Nyquist criterion for zero
intersymbol interference.

1.6 Organization

When analyzing a complex communication system with a large number of entities —with
each entity belonging to one of several different classes, it is always a challenge to make the
material accessible and easy to follow. Most often it is not because the content and its underly-
ing theories are difficult to comprehend, but simply because the symbols and notations used in
the analysis become unnecessarily cumbersome and confusing. We also run the risk of exhaust-
ing all possible Greek and Roman characters. We have therefore taken the liberty —and much
headache— in preparing a list of symbols and notations used throughout this document. For
consistency and homogeneity with references listed herein, we retain, whenever possible, the
most commonly used symbols and notations as they appear in the literature. They are listed in
page 381 under various sub-categories.

Every chapter begins with a Summary section. It quickly reviews related material from pre-
vious chapters, and then summarizes the main results of the chapter. The purpose is brevity,
not absolute clarity or completeness. It is a synopsis of the overall content to a reader who is
well-versed in the subject matter.

Chapters 2-7 end with a section titled Notes and References. In it we cite background ma-
terial and references pertinent to material presented in each chapter. It also highlights certain
methodologies, procedures and relevant topics that are not covered or those that we were not
able to resolve. Appendices are annexed at the end of several chapters. They contain back-
ground material that serve as the vehicle in facilitating the description and understanding of
results presented in the main body of the chapter.

Since the topics covered in various chapters are related and recycled, it is highly recom-
mended that the entire document be read in the logical order presented. The main topics of
discussion in the remaining chapters are as follows:

Ch. 2: The physical attributes of various fading phenomena and their associated statistical mod-
els are reviewed. An exhaustive list of statistical distribution functions that model the

fading amplitude of the fading signal envelope and their first- and second-order moments
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Ch. 3:

Ch. 4:

Ch. 5:

Ch. 6:

Ch. 7:

are derived and compared. The contents serve as background material for topics that
follow in the remaining chapters.

Key information-theoretical results pertaining to the channel capacity and simultaneously
achievable rate regions of various multi-user channel models are reviewed and derived.
In particular, the analytical results are extended to a composite channel that mimics
the downlink of a cellular propagation model. It is then concluded that information-
independent coding is preferred over propagation loss due to distance for inter-cell inter-
ference suppression. Thus CDM/TDM with spreading is a better candidate than FDM/TDM
without spreading.

The design and analysis of signature waveforms and their associated code sequences are
detailed. Emphasis is placed on a class of recursive orthogonal binary antipodal code
sequences. Its auto- and cross-correlation properties are examined. Alternative interpre-
tation of these orthogonal codes in terms of a balanced tree structure is described. The
recursive property enables flexibility in rate adaption and reduced hardware complexity
at the receiver.

The design of practical analog pulse shapes is treated. Related topics such as transmission
bandwidth, power spectral density, bandwidth efficiency, Nyquist criterion for zero inter-
symbol interference are discussed. The connection between the Nyquist criterion in the
analog domain and the Perfect Reconstruction criterion in the discrete domain are high-
lighted. The significance of practical Nyquist time-limited pulse design methods are ex-
plored. It is concluded that multi-carrier modulation with time-overlapped pulses is more
bandwidth efficient than single-carrier modulation with raised-cosine Nyquist pulses.

The performance of various data modulation-demodulation schemes are listed. In partic-
ular, we focus on two competing techniques of single-code with variable spreading and
multiple codes with single spreading. The performance measure is in terms of the average
bit-error probability. The validity of the Gaussianity of the interference plus noise term is
studied.

The code blocking issue that arises in recursive orthogonal CDM scheme is explained. As
a follow-up, two network scheduling schemes that reassign signature codes horizontally
and vertically inside a code tree are presented. Another code reassignment scheme that
exploits statistical multiplexing of bursty connections is also considered.
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1.7 A Note on Nomenclature

In order to avoid any confusion in terms of interpreting concepts and terminology, we —in
this section— list and define several important keywords that appear over and over in other
chapters. We have tried to conform our definitions and interpretations as close as possible to
those that already exist or well accepted in the literature. Unfortunately, universal acceptance
or unambiguity of key parameters and concepts is not possible due to historical and legacy
precedence as well as different interpretation by scholars and practitioners in many branches
of information sciences and engineering. For the sake of clarity and consistency, we define the

following:

Multiplexing vs. Multiple-Access

According to our own interpretation on page 28, channel multiplexing is a task performed by
a broadcaster (transmitter) on behalf of many disparate and independent information sources
for the collective benefit of all target receivers. It is assumed that the transmitter also has
some knowledge of the channel and receiver states as well as the authority to construct a
single compound broadcast signal that is efficient and reliable for transmission. In contrast,
multiple-accessing assumes joint detection and decoding of signals from several autonomous
transmitters. It is a task reserved for a receiver that is linked to more than one sink. In the
cellular broadcast model that we study, each receiver is connected to a single sink. Reception
from multiple transmitters —for example, for the purpose of transmit signal diversity— is not
allowed. When discussing commercial cellular and other wireless networks, it has become
the norm to use terms such as TDMA, FDMA and CDMA even though all three are signalling
protocols for the uplink. Whenever we discuss a particular network such as GSM or Qualcomm
1S-95, we will explicitly state whether we are referring to uplink or downlink or both.

Channel Multiplexing vs. Channel Modulation

As depicted in Fig. 1.10, channel multiplexing is a discrete-time operation that is carried out
before discrete-to-analog conversion and pulse shaping. Since we are studying digital com-
munication only, all code symbols belong to a finite (PAM-type) set. Analog waveforms are
required only for actual passband transmission via a radio propagation channel. Therefore,
channel/carrier modulation refers to frequency translation from baseband to RE There are two
options in channel modulation: single versus multi-carrier. As far as we are concerned, the
type of carrier modulation —single or multiple— is independent from the choice for channel

multiplexing.
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Multi-Carrier Modulation vs. OFDM

Multi-carrier modulation is an analog IF or RF modulation technique in which the transmit sig-
nal is a linear sum of multiple (sub-)carrier modulated signals. Valid sub-carriers are cosine and
sine continuous-time functions. No strict requirement is imposed on the relationship between
any two sub-carriers in terms of spacing between center frequencies, time synchronization
and carrier phase coherence. On the other hand, Orthogonal frequency-division multiplexing
(OFDM) is a special kind of multi-carrier modulation technique implemented in the discrete-
time domain. For historical reasons the name is closely related to frequency-division multi-
plexing of analog telephone channels. By applying (inverse) discrete-time Fourier transforma-
tion (DFT) of a block of discrete data sequence, a multi-carrier modulated signal —actually a
discrete-time sequence— can be generated. (The sequence is D/A converted to analog wave-
form by interpolation and lowpass filtering.) The Fourier exponential sub-carriers are mutually
orthogonal, resulting in “orthogonal” channel multiplexing. There are strict requirements for
such orthogonality in terms of carrier spacing and time alignment since frequency responses
of sub-carrier modulated signals overlap —unlike channel orthogonality in conventional FDM
where it is assumed that contiguous channels have non-overlapping frequency responses. Note
that orthogonality no longer holds if the signals in sub-carriers are not time synchronized.
Furthermore, orthogonality is maintained at the receiver only if all subcarrier-modulated sig-
nals are detected altogether. If a particular sub-carrier modulated signal is selectively band-
pass filtered, the filter output is distorted by overlapping signals from neighboring sub-carriers.
In short, OFDM is treated as a carrier modulation format, and not as a channel multiplexing
scheme. To avoid confusion, we refrain from using the term “OFDM” when describing multi-
carrier modulation.

FDM vs. OFDM

As stated above, OFDM is a multi-carrier modulation format that employs a fast Fourier trans-
former (FFT) in the discrete-time domain as a replacement for a bank of analog frequency
oscillators. We know that there is no connection between OFDM and FDMA; however, there is
a potential for confusion between OFDM and FDM. In frequency-division multiplexing (FDM),
no time alignment is assumed among various carriers. Moreover, it is implicitly assumed that
each receiver selectively bandpass filters only one out of many carrier-modulated waveforms
for information retrieval. Thus, little frequency overlap is assumed among neighboring carrier-
modulated signals. In FDM, channels are disjoint. In OFDM, channels overlap. Furthermore,
FDM is a channel multiplexing scheme whereas OFDM —which is equivalent to multi-carrier
modulation in discrete-time domain— is not.
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Figure 1.11: Direct and indirect sequencing of a discrete-time information sequence

Various Code-Division Multiplexing Schemes

As stated earlier, any channel multiplexing scheme including code-division is viewed as an en-
coding technique in the discrete-time domain. If a binary information sequence of clock rate Ry,
is directly encoded (i.e., binary modulo-2 added) with a signature sequence of clock rate R, the
resulting scheme is called direct-sequence code-division multiplexing (DS-CDM). If, however, the
information sequence is indirectly encoded by first serial-to-parallel converting the signature se-
quence, it can be either frequency-hopped code-division multiplexing (FH-CDM) or time-hopped
code-division multiplexing (TH-CDM), depending on post-processing in continuous-time analog
domain. Direct and indirect sequencing are illustrated in Fig. 1.11.

If the serial-to-parallel converter is followed by a single-carrier modulator, the resulting
signal resembles a traffic channel in TH-CDM. Likewise, multi-carrier modulation after S/P
conversion is equivalent to a FH-CDM channel. Hence, we may view time hopping as indirect
sequence CDM in the time domain, and frequency-hopping as indirect sequence CDM in the
frequency domain. It is apparent that if the signature sequence is a periodic train of impulses,
time hopped CDM is equivalent to time-division multiplexing (TDM), and FH-CDM becomes
FDM. Unless stated otherwise, CDM always refers to DS-CDM. Note that in strict information
theoretic sense, spread-spectrum coding is not a necessary step in channelization coding of a
CDM signal. A good example is superposition coding proposed by Bergmans [7], [8]. Other-
wise, in almost all communication system models, it is assumed that spread-spectrum coding is
an integral part of code-division multiplexing. Therefore, spread-spectrum multiplexing (SSM)
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—a term commonly used in communications literature— is synonymous to CDM. When CDM
is combined with single- or multiple-carrier analog modulation, it is referred to respectively as
single-carrier CDM (SC-CDM) or multi-carrier CDM (MC-CDM).

Code-Division Multiplexing and Spectrum Spreading

Spectrum spreading is commonly understood as a modulation process where the data modu-
lated signal is multiplied (modulated) with a random-like signature analog waveform such that
the resulting signal has a power spectral density much larger than the Nyquist bandwidth. The
despreading operation —i.e., the opposite of spread spectrum modulation— is carried out by
demodulating the received signal with the same signature waveform with proper time align-
ment. Thus spread spectrum modulation is a post-processing operation that takes place after
data modulation, and despreading occurs before data demodulation. In CDM, the operation of
channel multiplexing is carried out in discrete-time domain before digital-to-analog conversion.
Furthermore, the compound signal before spreading may have a power spectral density extent
equal to the Nyquist bandwidth. This is the case when the signature codes are orthogonal. In
all of our analyses we reserve the term “spreading” for an operation that transforms a data
modulated signal into into a wideband transmit signal with PSD width much larger than the
Nyquist bandwidth.

Coding vs. Modulation

Historically, spread spectrum modulation is viewed as signal processing in analog domain. It
reflects the use of analog multipliers for SS modulation before the digital age. An analog
spread-spectrum modulator is depicted in Fig. 1.12.
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Figure 1.12: Conventional description of spread-spectrum modulation

It is still common —including the most recent research articles— to express a spread-spectrum
modulated signal as:

s(t) = c(t)d(t) cos(2nf,t + )

where d(t) the data modulated baseband signal and c(t) is the spread-spectrum modulating
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signal. Next, the analog waveforms are expressed in terms of embedded discrete-sequences:

d(t)= )  dnlTlg (t—nTy)

n=—oo
oo

c(t) = Z cmIMr (t—nTe)

n=—oo
where TT(t) is a rectangular pulse of duration T and unit amplitude. Ty, and T are bit and
chip durations, respectively. We, however, assume both orthogonal (Walsh) channelization and
pseudo-noise spreading as information-independent coding schemes since both functions are
carried out in discrete-time. We express a SSM signal as

s(t) = g(t) cos(2mfot + &)

by emphasizing that spread spectrum modulation is a baseband process with
o0
g(t) =bf }_ p(t—nT)

where P(t) is a unit amplitude, possibly rectangular common chip pulse of duration T; it is also
the impulse response of the baseband transmit filter. The data and spread-spectrum discrete
sequence is

bn] = d[l] - c[n]

Different indices 1 and n are used to emphasize different clock rates —Ry, for data dfl] and R, for
spread-spectrum code c[n]. With discrete sequences there is no longer concern for maintaining
time epoch synchronization and phase coherence between data d(t) and SS modulating signal
c(t). If spread-spectrum modulation is a two-step process involving Walsh coding, then

by =d[l - pn] - wi[m]

where wy[m] is the kt"-row vector of a Walsh matrix. Its clock rate need not be the same the
pseudo-random code p[n]. Based on our interpretation, the generation of a spread-spectrum
modulated signal can be compartmentalized into discrete and analog sections as illustrated
in Fig. 1.13. Nevertheless, we sometimes refer to Walsh and PN coding as Walsh and SS

modulation, respectively. In general the term “modulation” is valid for

1. Data Modulation: bit-to-symbol mapping, even though it is a baseband operation typically
carried out in discrete-time.

2. Sequence Modulation: Channelization coding (Walsh modulation) and PN coding (spread-
spectrum modulation). Both are carried out in discrete-time domain.

3. Carrier Modulation: Analog multiplication for frequency translation.
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Figure 1.13: Preferred description of spread-spectrum modulation

Processing Gain vs. Spreading Factor

Following the suggestion by Dr. M. K. Simon, the processing gain Pg is defined as the ratio
of the transmission bandwidth (the extent of the power spectral density) of the signal and its
raw uncoded information rate Ry,. Its unit is Hertz per bit per second. It is independent of the
various signal processing techniques such as information dependent channel coding, orthogonal
channelization and PN spreading. The spreading factor SF —or equivalently, the spreading gain
SG— is a ratio of chip rate R. and (possibly channel encoded) bit rate R. Its unit is chips per
bit. Unlike the processing gain, the spreading factor is always integer-valued.
Historically, the processing gain is the ratio of the signal-to-noise ratios after and before
matched filtering:
__output signal-to-noise ratio  SNR, Wi,
input signal-to-noise ratio SNR; w

Matched filtering causes the desired signal to “collapse” from its transmit wideband SS signal
(of bandwidth Wq;) to the original narrowband signal of Nyquist bandwidth W while expand-
ing the bandwidth of narrowband interference to W;s. Hence, after “processing” the receiver
output has a power gain of W/W. The historical Pg is equivalent to our accepted definition
only when W = Ry,

Signal-to-Noise Ratio vs. Bit Energy-to-Noise Density Ratio

The bit energy &y is a fictitious quantity related to symbol energy &s:
— é;s
log, M
where M is the number of bits of information contained in a symbol. The signal-to-noise power
ratio SNR is defined as

Ep

SNR — 51g1.1a1 power _ P _ P
noise power N NW
_ %Ry & 1

T NoW N, Pg

where N, is the (flat) noise power spectrum and W is signal bandwidth.
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2

FADING PHENOMENA AND MODELS

Summary

There is a large collection of excellent texts and journal articles that cover many aspects of
signal fading for radio wave propagation. Our results presented herein are not new; in fact,
the entire content is merely careful note-taking and re-interpretation of material from various
references listed in the bibliography. However, most communication texts treat fading as an
abstract mathematical construct with statistical modelling, and fail to account for its accuracy
as well as deviation from actual observed fading phenomenon and its associated empirical data
obtained from field trials. Closed-form analytical results such as channel capacity and bit-error
rates are only as good as the underlying mathematical fading models they are based on. When
studying fading channel models, two important benchmarks in system performance are:

B The validity of a particular statistical model and its associated distribution function in
predicting the strength and time variation of received signal. This mainly involves curve-
fitting of statistical samples to empirical data samples.

B The severity of a fade measured in terms of various parameters that define a statisti-
cal model and its associated distribution function. This step is critical in comparative
analysis of a mobile communication system perturbed by different types of fading. For ex-
ample, it is incomplete to state the loss in capacity when a channel suffers from flat fading
(compared to a non-fading AWGN case) without identifying the type of fading (i.e., its
associated pdf) and its fading parameter (i.e., severity of fade).

It is our view that the inclusion of a chapter on channel fading is not redundant; Rather, it gives
a unique synopsis linking experimental data and analytical fading channel models. The contents
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presented herein also serve as background material for related topics covered in Chapters 3 and
6:

B In Chapter 3 the capacity and achievable rate regions of broadcast and compound chan-
nels in a multipath fading environment are computed using various probability density
functions (pdf) that model the statistical behavior of a fading received signal envelope.
These statistical distribution functions are presented in Appendix 2A.

m In Chapter 6, the baseband fading channel model (described in Sec. 2.2) is used to
compute the bit-error probability of several multi-rate transmission schemes.

2.1 Fading Channel Characteristics

Fading in radio propagation refers to random fluctuation and gradual degradation in the
amplitude (or power) of received signal. It is well known from the law of propagation that in
free space the received power level of a signal is inversely proportional to the square of distance
between the transmitter and receiver. The signal attenuates as it propagates through space.
This type of signal deterioration is not considered fading since the power loss is a function of
a deterministic variable: distance. Amplitude fluctuation (without attenuation) is caused by
constructive and destructive combining of the RF carrier phases from multiple replicas of the
same transmit waveform. The statistical nature of a faded signal is the result of two causes:

m Random scattering and diffraction of a transmitted signal from large and small objects in
the propagation medium —the radio channel.

m Time variation due to mobility in one or more of the following entities: the transmitter,
the receiver or the physical medium itself.

Any change in the angle of signal propagation due to reflection and refraction from large objects
is called scattering'. When the objects are small — in the vicinity of several wavelengths,
diffraction occurs as a travelling wave bounces off the edge or corner of objects. The transmitted
signal can still be measured in the shadow region behind the obstacle (see Fig. 2.1)2. The
reception of multiple copies of a transmitted waveform due to scattering and diffraction results
in multipath interference. Signal fading is not observed without multipath reception. However,
the reception of multiple copies of the transmit signal alone does not generate a faded signal
unless time variation of the amplitude due to random signal fluctuation is also realized®. There
is a cautionary note on the definition of a radio channel; it is time-variant if:

!A single primary wave incident on a rough surface is said to create many scattered secondary waves.

*Huygen’s Diffraction Principle explains this phenomenon [99].

3Otherwise, we are merely modelling a time-invariant channel with echoes such as the intersymbol-interference
(ISI) channel.
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Figure 2.1: Penetration of diffracted signals behind obstructed objects.

B the receiver is in motion and the propagation medium is static (time-invariant); i.e., all
physical objects and structures between the transmitter-receiver pair are immobile. Of
course, the transmitter can also be in motion, but we assume base sites are stationary.

B the medium itself is time-varying, due to the movement of physical objects such as cars,
pedestrians etc.

As an example, consider a mobile receiver moving at a walking pace of 2 mi/hr. A radio signal at
900 MHz transitions from its peak level to a minimum over a short distance of 3 inches. Hence,
the received signal fluctuates about its median level 5-6 times every second. We define this type
of fading as localized or short-term fading. The received sample mean signal strength (averaged
over several tens of wavelengths) remains constant as the instantaneous level fluctuates around
this mean value. In the literature this type of fading is known as “fast” fading. The name
stems from the fact that a moving receiver observes rapid fluctuation in the instantaneous level
of received signal. We however reserve the term fast fading for a different kind of channel
disturbance. As a receiver moves further away from the transmitter, the mean value of the
received signal decreases. The main culprit is propagation (path) loss due to increased distance
in separation. Once the physical medium consisting of hilly terrain, buildings, trees and other
large objects are taken into account, the mean value itself is a random parameter. This type of
fading where the mean signal slowly fluctuates as it attenuates over large distances is called
wide area or long-term fading. More common terms are “slow” fading and “shadowing” of large
objects.

It is generally accepted that for terrestrial communication in the VHE UHF and SHF regions,
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mean value

path loss (dB)

distance d {m)

Plot of path loss (in dB scale) vs. distance (in meters) of a received
Figure 2.2: signal direct line-of-sight path and a delayed path from a single
reflecting surface.

the radio propagation channel has a fairly linear frequency response. By modelling it as a time-
variant linear filter, its impulse response can be expressed as

L(t)

1) =vip Y an(t) 5("[‘ - Tn(t)) (2.1)
n=1

The variables in the RHS can be broken down into the following:

® The propagation or path loss is the ratio of received power P, and transmit power Py levels

(in watts): b Ll
— T pAfta-Ta

Ly= P, A T,

A is the proportionality constant, L¢, Lya, Lyq and Lq are path losses due to carrier fre-

quency f, transmit antenna height hy, receive antenna h, and distance d, respectively. A

(2.2)

simplified formula based on geometrical models is

_ Py A2 .2 (2mthihy
where A is the signal wavelength, G¢q and G, are transmit and receive antenna gains,
respectively*. A plot of path loss L, as a function of distance d is shown in Fig. 2.2.
Note the variation of signal strength around its mean value and the high fluctuation rate
at short distances. For large distances where d > hy, h;, sinx = x and the equation

4An isotropic antenna has unity gain.
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simplifies to:

(ht hr)z
dv
The dependence of path loss on carrier frequency is removed. The propagation exponent
v ranges between 2 to 8. In free space, vy = 2. When there is reflection from a single
flat plane, it can be shown that v = 4. Over the years, numerous field measurements
have shown that the path loss formula of eqn. (2.4) is unsatisfactory in predicting signal
strength over various types of terrain and frequency bands. Hata’s linear regression for-
mula is much more accurate. It is based on graphs of empirical path loss data measured
by Okumura. For quasi-smooth terrain in an urban area, the various path loss terms of

eqn. (2.2) in logarithmic (dB) scale are:

Lp = Gta Gra (2.4)

A =69.55

L¢ = 26.16log f. (in MHz) 150 < f. < 2000
Ltqg = —13.82logh, (in m) 30 < hy <200
Lia = (1.56l0gf.—0.8) — (1.1logf. — 0.7)h; (in m) 1<h.<10
Lg = (6.551loght —44.9)log d (in km) 1<h,<20

Minor variations of above formula are used for suburban and rural open space coverage
areas. No accurate statistical model exists for path loss.

Single scattering model with multiple unresolvable paths

Figure 2.3:
gt and direct no line of sight (LOS) path.

m L(t) is the number of resolvable signal paths®. Two paths are resolvable if the difference
in their arrival times of a carrier-modulated pulse is as large as the inverse of pulse rate
1/Rp. (It does not make much sense to define “resolvable paths” when the transmit signal

See Sec. 2.3.4 for a concise definition of resolvable multipaths.
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is a pure carrier wave.) Consider Fig. 2.3. The transmitter and receiver are located at the
foci of confocal ellipses. All signal paths that scatter and diffract at the perimeter of the
inner ellipse e; travel the same distance. They are not resolvable. An example where the
two paths may be resolvable is shown in Fig. 2.4 in which the scattering and diffraction
occur at the perimeters of confocal ellipses e and e;. In general, the number of resolvable
paths varies over time; however, it is commonly treated as a constant over several pulse
transitions if the fading is slow. (Slow fading is defined in Sec. 2.3.3.)

—
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Multiple scattering model of two resolvable paths (scattered from

Fi 2.4:
gure two concentric ellipses) with no line of sight (LOS) path.

B For each realization, the channel gain o, (t) in the n** path is a sample function of a

random process. The relative path delays are 11 = 0 < T2 < ... < Tp with an added
constraint T,.1 — Tn > T, = 1/R,. From Fig. 2.3, we know that the n'" path may
actually be a superposition of a large number of unresolvable paths L,, such that:

on(t) = ) amlt) (2.5)

=1
If each signal replica traverses through a different physical path in reaching the receiver,
it is plausible to assume that the unresolvable gain processes on1(t) are independent. On
the other hand, using the multiple scattering model of Fig. 2.5, the channel gain an(t)
in the nt" path can be expressed as a product of signal gains from multiple scattering
objects:

‘xn(t) = H O(nk(t)
k

Since scattering occurs from different objects, it is assumed that the gain factors oy, (t)
are statistically independent. In logarithmic [dB] scale,

an(t) [dB] = Z_ ot (t) (2.6)
k
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Multiple scattering model of a single path with no line of

Figure 2.5:
gt sight. Each scatterer reduces the signal strength.

In eqn. (2.1) it is assumed that the number of delayed paths L is finite at all time. This
assumption is shown to be quite accurate for terrestrial radio communications in VHF/UHF
frequency bands and where no over-the-horizon propagation takes place. The key results of
this section are summarized below:

B The prediction of a received signal strength at a distance d from a transmitter is based
on three sets of measures: path loss, local mean and instantaneous fluctuation about the
mean. Path loss is a deterministic measure based on a simple mathematical formula of
eqn. (2.2). The variation of local mean over long distance and fluctuation of instanta-
neous level over short distances is modelled statistically.

B Fading is due to time variation of the channel and reception of multiple replicas of trans-
mit signal. Multipath interference is a result of scattering and diffraction of a transmit
signal from various physical objects encountered in the transmission path. Two multipath
replicas are resolvable if their arrival times are at least T}, sec. apart.

m Each received signal replica from a resolvable path is most likely a superposition of signals
with the same delay — originating from a large number of scatterers. Furthermore, each
replica from an elemental path may have bounced off many objects before arriving at the
receiver.

2.2 Equivalent Baseband Representation

The passband impulse response of a fading channel expressed in eqn. (2.1) is interpreted
as the response of a linear filter at time t due to an input impulse at time t — 7. It is a function
of both time delay T and position t. For a linear time-invariant (LTI) channel, the impulse
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response c(T) is a function of time delay only. An equivalent representation of an LTI channel
— to within a scale factor— is its frequency response C(f), where C(f) = F{c(7)}. By defining
the Fourier transform and its inverse as

]-'[f(t)] = Jf(’r) e 4t

Ftw)] = J f(1)e " T dr

we can define three types of frequency responses for a linear time-variant (LTV) filter c(t;T):

Clt;f) = Fele(tyT) }

Clv;t) = Fe{e(t; 1)}

Clv;f) = FF{c(t;1)}
The middle term, the Fourier transform in the t variable —also called the Delay-Doppler Spread
function— is the most useful since it is a measure of the channel response due to multipath
delay Tt and Doppler frequency shift v. In practice, two kinds of sounding experiments are
conducted in measuring the response of an LTV channel. The first involves transmission and
reception of a single-tone, radio frequency carrier wave. Due to its high frequency resolution
and constant amplitude over time, it is used to measure the Doppler shift, the channel gain and
relative phase delay. The second experiment uses a stream of short pulses with very low duty
cycle. Its high time resolution and wide power spectrum are suitable for measuring resolvable
multipath replicas. Ultimately, the goal is to understand the effect of fading once the received
passband signal is down-converted and filtered at the baseband level. We next describe the
baseband channel response when the input is a single-tone unmodulated carrier or a stream of

impulses.

2.2.1 Frequency Resolution
Consider a single-tone, continuous-wave (CW) signal
A cos2nf .t
propagating through a single-path, linear time-invariant channel. The received signal is:
Tp(t) = aA, cos2mf (t — 1)
= oA cos(2nf.t+ ) b = —2nfet
= Ac[Xcos2nfct + Y sin 27f t) 2.7)

where the in-phase and quadrature components are:

X =qacosod
Y=—asind 0<a<Tland 0 < ¢ < 27,
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If the channel is time-invariant with multiple paths, two different scenarios are possible.

m In the first model, it is assumed that there exists only a single scattering object between
the transmitter and the receiver®. If both the transmitter and receiver are located at the
focal points of an ellipse, then all signal replicas that are scattered from objects located at
the perimeter of the ellipse ey will arrive at the receiver with the same delay 71 (see Fig.
2.3). For 11 = 7, and following eqn. (2.7), the received signal is:

rp(t) = ( 3 ou) A cos 2nefe(t 1)
1

(2.8)
= Ac|( Y Xi)cos2nfet + () V1) sin2ncfet]
1 1
where 1 is the number of scattering multiple propagation paths.
X = ZXL = (Z oq) cos P = axcosd
' ' (2.9)
Y=Y vi= —(Z oq) sin ¢ = —ousin &
1 1
Note, o = Z oc% <1 due to energy conservation. (2.10)
1

Single scattering model with multiple unresolvable paths

Figure 2.6:
g1 including line of sight

m In the second model, there exists a direct line-of-sight (LOS) path from the transmitter to
the receiver. If the transmitter is secondary, this path is called specular. Typically, the LOS
path without any scattering or diffraction has the largest energy content and the shortest

®0f course, the transmitter itself may be secondary, i.c. it is a reconstruction of scattered and diffracted signals
from a distant transmitter.
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path, and it is considered deterministic. Modifying eqn. (2.8), where {3 is the attenuation

in LOS path,
Tp(t) = (Z oq) Accos2nf (t — 1)+ BAcos2nf .t (2.11D)
1
= Ac[(B+ Y Xu) cos2mfet + () V1) sin2nfct]
1 1
X=[3+ZX1=[3+(Zoc1)cosd> (2.12)
1 1
=B +acosd
Y:Z\q:—(zm) sin ¢ (2.13)
1 1
= —xsin¢

If the channel is time-varying:
X(t) = a(t) cos d(t)
Y(t) = —a{t) sin d(t)

The real in-phase and quadrature random processes of a passband channel can be represented
in the baseband by a single complex function Z(t) = x(t)e®®):

[Z(t)] = /X2(t) + Y2(t) = o(t) (2.14)
oY)

The effect of carrier frequency on fading is observed only in the phase offset ¢(t) = —2nf.t(t).

2.2.2 Time Resolution
Consider a linearly modulated passband signal
sp(t) = Ris(t)PTete)
where s(t) is the corresponding baseband information signal:
s(t) =) A% f(t—iTy)
i
where R, = 1/T;, is the information (pulse) rate and {A;e/® } is the finite signal constellation

set. The finite-energy common pulse shape is denoted by p(t). Ideally, p(t) is an impulse.
Considering only a one-shot transmission with A; = A, the transmit passband signal is:

sp(t) = A f(t) [ cos 0 cos2ntf.t —sin @ sin Zﬂfct]
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The received signal is:

Tp(t) = Acaxf(t—1) [cos 0 cos2nf.(t — T) — sin O sin 2nf.(t — T):l
— Acaf(t—1) [cos 8 cos (27tf ot + &) + sin © sin (2rtf .t + q;)}
= ?R{Acejef(t — 1) ocejd’ejznfct]
The equivalent complex baseband expression is:
t)=xe®s(t—1)

If there are more than one resolvable path (41 —Tn > T;,) and that the total number of

resolvable paths is L,
L

ZZ“T‘ el on s(T—Tn)

n=I
Note that the indeterminate variable for the argument of r(-) is switched from t to T. By
including time variation of channel parameters, the final form of a baseband received signal is:

Zocn e~ bn )S(T——Tn(t)> (2.16)

The equivalent baseband multipath channel impulse response is:

Zcxn e~ dnl )5<T—Tn(t)) (2.17)

The relative carrier phase offset &b (t) = by + 2nfotn(t) is the sum of a (fixed) modulator
carrier phase ¢, plus the offset due to delay t(t). Since the receiver has no knowledge of ¢,
its value must be estimated through a phase-locked-loop mechanism. At the receiving end it
is treated as a uniformly distributed random variable € [0, 27t). Since ¢, and T,(t) are inde-
pendent, ¢, (t) and 1,(t) are also independent. We then safely assume for each path n, the
random variables ¢, «,, and T,, are mutually independent.

So far the channel response c(t;7) is treated as a deterministic time function. In fact, it is
a function of several random parameters L, o, ¢ and T, and must be treated as a stochastic
process in the t variable. It is already established that for each resolvable path n, the cor-
responding variables «,,, ¢, and T, are mutually independent. Not much is said about the
relationship between these parameters for different n, or for a particular variable along differ-
ent paths. In general, their joint probability functions are required to completely characterize
the statistical properties of ¢(t;T), leading to a very complex description of a fading channel.
Certain assumptions can simplify this model. They are considered next.



60 Chapter 2: Fading Phenomena And Models

2.2.3 Wide-Sense Stationarity

It is safely assumed that in a localized area, the fading statistics of a channel do not vary
appreciably. When the dynamics of the propagation medium or the mobile receiver is slow
compared to the duration of several data symbols, it may be possible to accurately estimate
the gain and delay response of a channel. The estimation process must be carried out on a
periodic basis. Such a channel where the channel remains time-invariant for a block of data
symbols is said to be quasi-wide-sense stationary. In the duration of each data block, it is wide-
sense stationary (WSS). Thus its mean is time-independent, and its autocorrelation function is

time-invariant:

Re(ty, t2;71,T2) = E[C(tuﬁ)c“(tz;”fz)]
E [c(0; ) ¢ (t2— t;72) | (2.18)

(tz — t1; 11, T2)

(
C(At; T1,T2) where At =1, —t;

T A PR —

In general, the autocorrelation R¢(t1, t2;71,T2) is a function of two time variables ty and t;. Its
characterization in frequency domain, the power spectral density U(fy, f2; T1,72), is obtained
by taking double Fourier transforms. It can be shown that for a wide-sense stationary process,

5(f2= F1) W (f2; 11, 72) = F~ F[Re(At 1, 72)|

where the Delay-Doppler cross power spectral density function is defined as:

B(fy1,T2) = JRC(t1 ,t25 T1,T2) exp ( — j2mfLAt) d(At) (2.19)

f; and f, are the corresponding frequency variables of t; and t; respectively. Note that the
power spectral density function is not frequency-invariant; i.e., it is not wide-sense stationary in
the frequency domain. However, it is interpreted as follows: If two scattering components of the
transmit signal of different or same delays 71 and T, experience different amounts of Doppler
shifts (f1 # f,), then the two paths are uncorrelated. The implication is that two paths with
different angles of arrival (regardless of their arrival times) are uncorrelated since their Doppler
shifts are different’” Similarly, two paths with the same angle of arrival, but with different
Doppler shifts, are also uncorrelated. For single path or a channel with a single resolvable path,

71t is known that a vehicle travelling at a speed of v in an x —y plane at an angle ¢ from the x-axis experiences a
frequency (Doppler) shift of a transmitted signal by an amount equal to (v/A) cos({ - «} cos p where « is the angle
from the x-axis and  is the projection angle onto the x — y plane of the incoming wave.
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Doppler Spread function. The end-to-end extent of its sup-

Fi 2.7:
‘gure port is called the Doppler Spread Bg.

T1 = T3 and setting it equal to zero, we obtain the Doppler Spread function:
W(f) =¥(f;0,0)
= J Rc(At; 0,0) exp ( — j2mfAt) d(At) (2.20)
= 7~ [Re(at)]

An example of a doppler spread function is illustrated in Fig. 2.7. The maximum frequency
where the value of the Doppler spread function (f) is essentially zero is called the Doppler
Spread B 4. Its reciprocal

(At)e = (t2—t1) = ! (2.21)

Ba
is called the coherence time. Thus a channel with a small Doppler spread has a large coherence
time, implying that the channel dynamics vary very slowly. The channel induces slow fading.
If (At). is a fraction of T, (the inverse of pulse rate), the received signal suffers from fast or
time-selective fading. In system design and analysis, the autocorrelation and its Doppler spread
functions are rarely computed; instead, the performance measure is based on the worst-case
scenario where the maximum Doppler shift is used as a benchmark. The maximum Doppler
shift experienced by a mobile receiver travelling with a speed of v is given by

vi,

Bga(max) = (2.22)

where c is the speed of electromagnetic waves in free space.

2.2.4 Uncorrelated Scattering

Recall that c(t;T) is a random process in the t variable. By taking a pair of time delays T,
and T2, its correlation function, analogous to eqn. (2.18), can be computed. If we assume the
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channel gains o, or phase shifts ¢, or both are uncorrelated for paths with different delays,
the autocorrelation function simplifies to:

Re(t1, t2; T1,T2) = Re(ty, t2; 2) 8(T2 — 1)

This is called the Uncorrelated Scattering (US) channel model. By setting t; = t; = 0, the Delay
Spread function is expressed as:

Rc(’ﬁ,"l’z) = Rc(’tz) 5(’1‘2—"(1)

The delay spread function is also commonly known as the multipath delay profile function. Since
there is a discrete set of resolvable multipaths, the plot of R.(T) tends to have several “spikes.”
This is illustrated in Fig. 2.8. (Here, it is assumed that the delays are relative to the specular or
shortest path with 1y = 0.) Several probabilistic models for multipath delay profile are given
in Appendix 2B. Analogous to its frequency domain counterpart of eqn. (2.21), we can define

R, (7)

BV Y — ¢

Delay Spread function. Unlike the Doppler spread func-
Figure 2.8: tion, it only has a finite positive support. Its extent is called
the Delay Spread {AT)4.

the Delay Spread of a uncorrelated scattering multipath channel as the maximum value of time
delay where the correlation function is essentially zero:

1
(AT)a = (T2—T1) = B (2.23)

c
Its reciprocal B, is the coherence bandwidth. Two unmodulated tones whose frequency sep-
aration is larger than B, are perturbed by different channel gains and phase shifts. Thus, a
bandwidth of a baseband data modulated signal is wider than B, it is said to suffer from

frequency selective fading.
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2.2.5 WSSUS Channel

The simplest non-degenerate fading channel model combines both wide-sense stationarity
(WSS) and uncorrelated scattering (US) properties. It is known as the wide-sense stationary,
uncorrelated scattering (WSSUS) channel. It has been shown through many experimental mea-
surements that a mobile radio propagation medium can accurately be modelled as a WSSUS
channel in a local setting. The autocorrelation function simplifies to:

Re(At; AT) = Rtz — t1;12 — T1)
Its Fourier transform in the At variable gives the Scattering function:
S(Af, &) = Far[Re(At; A7)

It is a two-dimensional deterministic function that succinctly and completely defines the time
and frequency characteristics —the delay and Doppler spreads— of a WSSUS channel.

2.3 Classification of Fading

In the remaining sections, we ignore signal attenuation due to path loss. Fading is regarded
as the large-scale variation of the mean and small-scale fluctuation of the instantaneous level
about the mean. Next we distinguish fading as either short- or long-term, fast or slow, frequency
flat or selective. However, we point out that such classifications are only for purposes of system
design and analysis; there is no clear line that separates one type of fading from its opposite.
There is however a clear distinction between fast and short-term fading, as well as between
slow and flat fading.

local mean

signal amplitude (dBm)

distance (A)

i

Figure 2.9: Localized short-term fading
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2.3.1 Short-Term vs. Long-Term Fading

In a multipath environment, the signal strength of a mobile receiver fluctuates due to con-
structive and destructive combining of the phases of replicas. The random nature of amplitude
or power variation is usually plotted in a decibe] scale over a distance measured in wavelengths.
Here we are interested in signal strength as a function of distance, not time. Fading of this kind
over several hundred wavelengths is considered “short-term” or “localized” fading, since the av-
erage signal level over such a distance does not vary considerably. This is illustrated in Fig. 2.9
where the distance is measured in wavelengths. Over large distances, the mean signal strength
decreases due to path loss. However, the drop in strength is not monotonic. It also fluctuates.
This is categorized as “long-term” or “large-area” fading. See Fig. 2.2 for an illustration. The
only difference between short- and long-term fading is the distance traversed. Each plays a
different role in system analysis. For data detection and decoding, it is the instantaneous fluc-
tuation of short-term fades that are most detrimental. In contrast, the mean signal strength is
critical in analyzing the coverage area of a cell. For example, in an urban high-density area, we
wish to know the diameter of a cell (with an omni-directional antenna) such as the local mean
signal strength is guaranteed to 95% of the receiver population at the cell edge. We can then
determine the number and location of base sites to support a cellular wireless service with a
defined level of quality-of service (QoS). This is the basis for network planning.

For purposes of system design and analysis, the channel gain «(t) along path n is consid-
ered as a product of both short- and long-term fading effects; i.e., it has a short-term fading
component superimposed on a long-term random local mean value:

an(t) = Rn(t) - m(t)

where R(t) and m(t) are short- and long-term channel gains, respectively. For short-term anal-
ysis, the median level is normalized and treated as a constant; m(t) = m = 1. If fading is slow,
the path gain is treated as a random variable a,, = R,, with a certain probabilistic distribution.
Commonly used probabilistic density functions (pdf) for short-term fading gain are Rayleigh,
Rice, Log-normal, Nakagami, M and One-sided Gaussian. All are described in detail in Ap-
pendix 2A. Their parameterized shapes are shown in Fig. 2.10. All fading pdfs have a positive
infinite range [0, co]. Table 2.1 also summarizes their main characteristics. A brief overview is

given below.

® Among the six pdfs, Rayleigh and One-sided Gaussian have a single free parameter. There
are two free parameters for the remaining pdfs. Thus the former two are the least flexible
in curve-fitting to empirical data. For Rayleigh distribution, the shape of its pdf cannot
be varied. The only free parameter o shrinks or stretches the shape horizontally. In one-
sided Gaussian pdf, its shape is one-half of bell curve. The free parameter o controls the

spread. In both cases, the free parameter is a scaling metric.
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Table 2.1: Characterization of Fading PDFs

Name Alternative name | free parameters | Comments

Rayleigh Chi o? two-dimensional chi density
Rice Nakagami-n K and o2 K =n?

Nakagami Nakagami-q gand Q also known as Hoyt pdf

M Nakagami-m mand Q central chi-density with

2m degrees of freedom
most flexible pdf in severity range

Log-normal nand o? the logarithm of a Log-normal RV
is Gaussian

One-sided Gaussian | Chi g one-dimensional chi density

Worst type of fading

B In Rice pdf, the mean p is a translation metric while K controls the spread and the skew-
ness of the function. Small K gives rise to a more skewed shape. Thus, K is effectively
a scaling and shaping metric. Rice is the only pdf with a free parameter for translation,
making it the best candidate when a strong specular path is present. In the limit K = 0,
the Rice pdf degenerates to the Rayleigh pdf.

m In Nakagami pdf, the free parameters q and Q serve as shaping and scaling metrics, re-
spectively. In contrast, both free parameters m and Q of the m-distribution act simulta-
neously as scaling and shaping metrics.

m For the same local mean, the one-sided Gaussian pdf represents the most severe fading
statistic. From the pdf plot, it is obvious that all amplitude values less than the mean have
higher probability. For the same reason, any skewed fading distribution, where the skew
is towards the origin such that the mean is greater than the mode? its detrimental fading
effect is more severe that a another RV with symmetric pdf under equal mean condition.
For one-sided Gaussian, the mode is 0. At the opposite extreme, a delta function at the
local mean represents a non-fading case.

B In terms of the severity of a fade, the m-distribution has the widest range. As depicted in

¥The mode of a RV is its most probable value; i.e., the location along the support where the pdf plot has its highest
peak. The median point divides the area under the pdf plot in half. For a symmetric pdf, the mode, the mean and
the median all coincide. For a skewed pdf that is heavy towards the origin, then Rioq < Rmean. The opposite holds
when the the pdf skews away from the origin. If a pdf has a heavy tail, then it is likely that Ryeq < Rpean since the
mean is (approximately) the sum of weighted products 3~ xp(x 4+ Ax); thus long tails with large values of x result
in heavier weights. Depending on the shape of the pdf, the modc can lie anywhere along its support. Therefore,
based on the shape of the pdf, each average quantity has its strength as well as weakness.
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Fig. 2.12, for m = oo it is equivalent to a delta function (no fade); for m = 1/2, it
becomes the one-sided Gaussian pdf (worst-case fading). If our interest is curve-fitting
for empirical data, we see from Fig. 2.10 that the Log-normal has the most flexible shape,
ranging from a decaying type to a skewed shape.

For unresolvable multipath case with no line-of-sight (see Fig. 2.3), the Rayleigh density func-
tion suffices. This approximation is an application of the central limit theorem which states
that the sum of independent, identically distributed (i.i.d.) random variables approaches a
Gaussian distribution. Note however that the path gain is finite and bounded (see eqn. 2.10).
Figure 2.11 depicts curve-fitting of a Rayleigh pdf over a histogram based on empirical data.
If a strong dominant (specular) path is present, the Rayleigh model becomes inadequate. This

/— Rayleigh pdf

\ ) a}npliiude

local mean

s

Curve fitting of Rayleigh pdf over empirical data. Note
Figure 2.11: that due to finite transmit power, the measured signal am-
plitude has finite support.

is mostly because the Rayleigh pdf is a single-parameter function, and varying its mean also
affects the variance. Several two-parameter pdfs such as Rice, Nakagami, M and log-normal
are more suitable for fading with a specular path. Among them, the Rice pdf is the best fit since
the envelope of non-zero mean Gaussian RVs with the same variance is Ricean distributed. It
is confirmed through field trials that for long distances the log-normal pdf gives the best fit. A
plausible explanation is based on the multiple-scatterer, single path model depicted in Fig. 2.5.
Since the resultant channel gain is the product of independent gains from different scattering
objects, its logarithmic form is the sum of many independent and identically distributed gains.

2.3.2 Severity of Fading

As we have seen, all fading pdfs are one-sided with infinite support, that is, they are defined
only for non-negative values of the argument [0, co). The severity of a fading distribution is
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measured in terms of its roll-off or spread from its peak (mode) value. As an example, the delta
(non-fading) pdf has zero spread. In Fig. 2.24, we show several values of the fading figure
m for the Nakagami-m pdf. For m = 1/2, the fading is the most severe since the one-sided
Gaussian density has the heaviest tail. Quantitatively, the spread is measured in terms of the
variance. However, in certain fading distributions, the peak value of the pdf is not at the origin,
and as a result, the amount of spread is “biased.” This bias term can be removed by normalizing
both the mean (or mode) and the variance. One method that has been used extensively in the
literature and in practice was first proposed by U. Charash [18].

least severe most severe
L l |
i l |
AF 0 1 2
delta Rayleigh one—sided
Gaussian”
] J
s K -l
©

Rice

0
(Nakagami-n) }..__ q ___._J

1 Nakagami-q 0

)
o
1/2

- i
e o]

Nakagami-~m

Figure 2.12: The range of amount of fading (AF) for various distributions

Amount of Fading

U. Charash proposed a unified measure of the severity of fading, called the “amount of
fading” (AF) by normalizing the variance of signal power by the square of its mean:

_ Var(P)
~ E(P)
E(P?)

" E4(P)

(2.24)

where the RV P denotes power, P = o2 and « is the amplitude RV, In the literature, it is common
to define the instantaneous signal-to-noise power level per symbol:

Y = “ZES/NO

where E; is the transmitted symbol energy and N, is the energy spectral density of Gaussian

noise. Rewriting 2.24:
__ Var(y)

AF = 2.25
EZ(y) @25
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The AF values of all fading models introduced in this chapter are listed below. Each function
represents the pdf of fading amplitude «.

One-sided Gaussian : AF =2 (2.26)
Rayleigh : AF =1 (2.27)
Delta : AF =0 (2.28)
. 142K
. e > )
Rice AF(K) 0T K2 K>0 2.29)
. 2(1+4q%)
Nakagami-q : AF(q) = T+ a2 0<g<i (2.30)
Nakagami-m : AF(m) = -]— m > 1 (2.31)
m 2
Log-normal : AF(o)} = ex (—G—Z——) —1 o%[dB] = Var(«) (2.32)
8 ' P \7a - '

The amount of fading (AF) spans mostly from 0 to 2. (It is possible for AF(c) > 2, particularly
for log-normal pdf; however, as we shall see in Sec. 2.3.1, the log-normal fading qualifies more
accurately as a long-term shadowing or attenuation due to large distance propagation. Other
distributions under consideration have localized or short-term fading phenomena.) AF=0 is
no fading and AF=2 is the worst-case one-sided Gaussian fading. At the mid-point, AF=1
corresponds to Rayleigh fading (no line-of-sight component). For Rice fading, depending on
the strength K of the LOS path, AF varies from 1 (Rayleigh) to 0 (no fading). For a more severe
fading spanning 1 < AF < 2, the representative fading model is Nakagami-q. The only model
that spans the entire range of AF is the Nakagami-m pdf. Thus, by varying the value of m, the
Nakagami-m distribution encompasses all types of fading phenomena, from the worst-case to
the non-fading AWGN model. The range of AF values for various distributions is shown in Fig.
2.12.

2.3.3 Slow vs. Fast Fading

In the previous subsection, we describe several probability distributions whose statistics
mimic the random nature of the instantaneous amplitude level in a local area setting. We
should emphasize that the radio system designer has little control over the severity of short-
term fading statistics. It is simply a physical characteristic of the radio propagation medium
that must be dealt with. We can only construct probabilistic models to accurately predict and
analyze system degradation under such fading conditions. In contrast, the designer has tools
—e.g., upper limit on receiver speed and information rate— to regulate the fading rate (slow

or fast) and the contour (flat or frequency-selective) of the frequency response of the channel.
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Measure of Fading Rate and Depth

In Sec. 2.3.1 on short-term fading, it is implicitly assumed that the local mean value does
not change substantially. If the motion of the mobile receiver is radial, it is highly likely that
the mean value will change considerably unless its speed is low; i.e., the signal is perturbed by
slow fading. On the other hand, if the receiver moves tangentially, then its (angular) velocity is
irrelevant. Hence in short-term localized fading case, we must also determine the fading rate.
As depicted in Fig. 2.9 —over the same distance, a high velocity receiver experiences faster
signal fluctuation. Quantitatively, the rapidity of fades is measured in terms of the level-crossing
rate (LCR), which is defined as the expected number of times—in a positive or negative slope—
the signal strength (amplitude) crosses a predefined threshold level over some time window.
The unit for the length of the time window is usually in seconds. Obviously, the higher the
speed of the receiver, the larger the level-crossing rate; i.e., LCR is a function of receiver speed
v. Besides the propagation medium, the other parameter that affects LCR is the radio carrier
frequency f.. The expected duration where the signal remains below this threshold over the
same time window is defined as the average fade duration (AFD). Both are depicted in Fig.
2.13. Note the significance of the threshold. By varying its level, the fade depth (and its
duration below a threshold) can be measured in terms of LCR and AFD. This information is
very useful for a system designer in selecting information pulse rate, error-control code and
its rate, word length, interleaver depth etc. Furthermore, LCR and AFD provide a minimum
rate at which the received signal must be sampled in order to measure the severity (depth) of
fade. This information is typically relayed back through a feedback channel to the transmitter
to adaptively adjust its transmit power level. If the level crossing rate is low such that on

average fade
duration

Figure 2.13: Level Crossing Rate (LCR) and Average Fade Duration (AFD)

average the signal amplitude along a particular path n remains above the threshold over a few
symbol intervals, then the carrier phase offset ¢, can be tracked accurately. The duration over
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which the channel state is time-invariant is defined as the coherence time At.. If At. > T, the
channel induces slow fading. An equivalent interpretation of slow fading is based on spectral
broadening due to Doppler spread. This topic has already been addressed in Sec. 2.2.3 under
wide-sense stationarity. If the bandwidth of a modulated waveform of rate R, pulses per second
is W Hz (e.g., R, & W), an equivalent definition of slow fading is:

W > Bga or BaTpy <1 (2.33)

In essence when the fading is slow, the receiver is able to track the carrier phase offset, implying
that system design using phase modulation and coherent demodulation are feasible —at least
theoretically.

2.3.4 Frequency Flat vs. Selective Fading

In short-term fading, if the relative delays t; — 73, i > j of paths from local scattering and
diffraction are small compared to T, then at the receiver the transmit signal has only minor
distortion in its shape. Following eqn. (2.16), the received signal can be expressed as:

L
r(t) = Z o e st — 1)

n=1
Substituting the expression for a stream of linearly modulated signal in place of s(t), the equa-
tion becomes:

L,
r(t) = Z oty €7 P Z A%p (t —iT, — )
n=1 i

By setting T1 = 0, if Tn < Tp for n > 1, then p(t — iTp — Tn) &~ p(t —iTp), and r(t) simplifies
to:

L.
T(t) = Z o, e Z Aie®p(t —iT,)
n=1 i

(2.34)
= o e Pg(t)
The corresponding channel impulse response is:
c(t;1) = aft) e TP (1) (2.35)

This is the standard form of a classical flat-fading channel response. The amplitude response
of the channel is flat over the entire transmit bandwidth. The multipath components are un-
resolvable, and the effective channel gain T and phase-shift ¢ are the sum of i.i.d. fading RVs,
respectively. For a WSSUS channel, its scattering function (see eqn. eqn:scattering function)
for a flat-fading model is:

S(Af, AT) = fAt[RC(At; A7)

= S(AThb(f)
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where V(f) is the Doppler spread function.
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Figure 2.14: Frequency selective amplitude response for I = 4 resolvable paths

Resolvable Multipaths

If the difference in arrival times of any two multipath signals is larger than T, such that
Tnt1 — Tn > Tp, the received signal is:

L
) =Y A€y ane® plt—(i+AnT, —en| (2.36)
i n=1
where
An = F—EJ and €n=Tn—An
Tp

In this case, p(t) is highly distorted by its attenuated and phase-shifted echoes. This is similar
to reception through an ISI channel, except that in the fading case, the gains and phase-shifts
are random and time-varying. The relation between delay spread and L is:

L= l(m) dJ +1 2.37)
Tp
For simplicity, let €, = 0 for Vn. Then A,, = n — 1. Rewriting eqn. (2.36):
. L s
i)=Y A%y (ocn e"‘b") p[t —(i+n— 1)Tp]
i n=1

L—1
= [(X.“_+] ejd’“* ! } S(t — TlT-p)
n=0
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The L paths are resolvable because each replica of the transmit signal s{t) is affected by an
independent fading statistic «, e’®». The term arises from statistic detection theory where it is
known that the signal combining gain is maximum when all statistical components of the signal
are mutually independent. The equivalent baseband impulse response for this channel is:

L(t)
c(t;T) = on(t) e 7MW §le — (n—1T
T; [ p} (2.38)

=01 el §(1) e P25(t—Ty) ... +og e §(t—(L—-1Tp)
Its frequency response for |f| < W is:
ctf) = Fletm)}

=f-{oq e P E(1) +age 2 5(t—Ty) ... o eI §(T— (L~ 1)Tp)}

=y eI 4y e T HAd2) | g o ERRds) | ) PRI (2.39)
L(t)
= Z an(t) exp [—— j{Z'rt(n — 1)fT, + d)n(t)}]
n=1
It is apparent that the frequency response C(t;f) is a finite series of sinusoids with random

amplitudes and phases. A plot of C|(t; f)| is shown in Fig. 2.14 for L = 4 with T, = 1/W. Hence
this fading of fading is frequency-selective.
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Notes and References

For short-term rapid fading, two widely used distributions are Rayleigh and Ricean. Both
were first proposed by Steve Rice [115, 116]. The Rayleigh distribution is in honor of Lord
Rayleigh who studied scattering radio wave propagation. We show that both distributions can
be derived from the Gamma probability density function (pdf). For long-term fading, the mean
signal strength is modelled as a Gaussian random variable in logarithmic scale. This model, first
proposed by D. O. Reudink [62], is based on curve-fitting empirical data measured around New
Jersey and New York City. There are several pdfs that model the combined effect of both short-
and long-term fading. The most notable is the “m”-distribution proposed by M. Nakagami [92].
He also proposed other variants, the “n” and “q” distributions. By a change of variables, the “n”
and Ricean distributions are the same. The “q” distribution is also known as Hoyt’s distribution
since it was first proposed by R. S. Hoyt [56]. For combined fading, H. Suzuki [137] a two-
tier distribution function where the conditional density of the instantaneous signal amplitude
is Rayleigh, conditioned on the mean signal strength that is log-normal distributed. Later, E
Hansen and E 1. Meno [49] coined this compound distribution as “Suzuki.” A more generalized
compound distribution where the Rayleigh pdf is replaced by the Gamma pdf is analyzed by
Ho and Stuber [52]. It is shown that for a fixed mean-squared value, the one-sided Gaussian
distribution is the worst type of fading.



Appendix 2A - Statistical Distributions for Fading Envelope 75

Appendix 2A

Statistical Distributions for Fading Envelope

Gamma Function

The gamma function I'(«) is defined as:

Ma) = Joo y*le ¥dy (2.40)
0

The above integral is known to exist for « > 0 and I'(«) > 0. It is straightforward to see that

For o =1 ray = J:o e Ydy =1 (2.41)
Fora=1/2 ra/2) = J:o e Ydy =+vn (2.42)
For o > 1, using integration by parts:
Moy =(oc— 1) T(x—1) (2.43)
For example, I'(3/2) = % I'(1/2) = /m/2. For the special case of o € Z;,

Mo) = (o= 1) {x—2)...3)2)MNT(T) = (e = 1! (2.44)

To generalize ') = (x — 1)l for all @ € Z, including x =1, set I'(1) =0 = 1.

Gamma Probability Distribution

If wesety = % and $ > 0in (2.40):

Me) = J:o (%) . exp ( - %) (%) dx (2.45)
or 1= J:o I“(X:)—[;“ exp (~ %) dx (2.46)

Since & > 0, B > 0 and I'(«) > 0, it is easily verified that for 0 < x < oo, the integrand in (2.46)
qualifies as a pdf:

x—1

X
00 = Frarpa &P (— —) U(x) (2.47)

The random variable X is said to have a “Gamma” pdf f(x) with two free parameters « and 3.
We denote a Gamma RV X by X ~ I'(«, ). Several plots of the Gamma pdf for various values of
o and P are shown in Fig. 2.15. It can be seen that « is a shaping parameter since it controls
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the amount of skewness of the pdf. For large «, the pdf appears more symmetric, i.e. “bell-
shaped.” In contrast, { is the scaling or spreading parameter since it adjusts the “spread” of the
pdf. In Fig. 2.16, the Gamma pdf is plotted again with the ordinate normalized by its peak
value. Careful observation reveals that the shaping parameter « both shapes and translates the
density function. It is easily shown that the mean and variance of RV X are:

f(x) ()

(a) (b)

Figure 2.15: Gamma probability density function with various values for o and .
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Figure 2.16: Peak-normalized Gamma pdf with various values for « and .

E(X)=af  Var(X) = ap? (2.48)

It is important to note that since the gamma pdf has two free parameters o and 3, there is
quite a flexibility in fitting the gamma pdf into one of many empirical multipath fading channel
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models. From eqn. (2.48), we also note that due to two free parameters, E(X) and Var(X) are
independent; i.e., we cannot deduce one value from the other. Another two-free-parameter pdf
that possesses the same property is the Gaussian pdf. However, for the Gaussian RV X, E(X) is
the translation parameter, and Var(X) is the scaling parameter.

Special Cases of Gamma PDF
Erlang PDF
Foroo € Zy, p = 1/A:

Woc~—le——)\7\oc

fow) ===,

U(w) (2.49)

E(W)=aBf =a/A  Var(W) = af? = a/A? (2.50)
The Erlang pdf, commonly applied in tele-traffic modelling, is usually expressed as:

(AW)O‘_1

1) Ae M U(w) (2.51)

flw) =

Exponential PDF

For the special case of Erlang pdf with o« = 1, we obtain the exponential pdf:
f(w) =Ae " U(x) (2.52)
EW)=B=1/A Var(W) =p%=1/A? (2.53)

Note that unlike the Erlang or Gamma pdfs, the exponential pdf has a single free parameter A.

Standard Chi-Square PDF

For « = v/2, = 2 where r € Z, the resulting distribution is known as “standard” chi-

square pdf:
L
x2 X
f(X) = W exp (— E) U(X) (2.54)
EXX)=aB =(v/2)-2=7  Var(X) = ap? = (v/2)2% = 2r (2.55)

The standard chi-square distribution is characterized by a single parameter r known as the

degree of freedom. The reason for this terminology becomes clear in the next section.
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Relation between Gamma and Other PDFs
Gaussian PDF

Let X; be a standard Gaussian RV, i.e. X; ~ N(0,1). If {Xi}]_, is a set of i.i.d. Gaussian RV,
then
,
Y=> X}
i=1

has a “standard” chi-square pdf with  degrees of freedom. E(Y) = r and Var(Y) = 2r. The
number of independent (Gaussian) RVs is a measure of the degrees of freedom for Y.

f(x); £(x) -

(a) (b)

Figure 2.17: Central chi-square pdf with various values of r and o.
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Peak-normalized central chi-square pdf with various values of p

Figure 2.18:
gu and o. A larger r translates, and ¢ shapes the density function.
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Central Chi-Square PDF

If X; ~ N(0, 02) and {Xi}]_, is a set of i.i.d. Gaussian RVs, then

Y= ix%
i=1

has a “central” chi-square pdf with r degrees of freedom, and a centrality parameter c2.
E(Y) = ro? Var(Y) = 2ro* (2.56)
Its pdf can be written as:
1
Y2 Y
_ _Y 2.5
) = r3y oz o (~ 302) U (2.57)

Note that it is a two-parameter distribution function, and E(Y) and Var(Y)} are independent
unlessr = 1.

Non-Central Chi-Square PDF

If X; ~ V{1, 02) and {X;}]_; is a set of independent Gaussian RVs, then

Y = i X?
i=1

has a “non-central” chi-square pdf with r degrees of freedom, a centrality parameter o plus a
non-centrality parameter p?:

T
W=y u
i=1

Its pdf can be expressed as:

) = o5 (2) T e (- ) 1y (v5 - ) viw) 259

T 202\12 202 2

where I4(x) is an «t™order modified Bessel function of the first kind:

- (f) o+2k
_ 2
Ia(x) _Zk! FlaskeT) O (2.59)

It is easily shown that

E(Y) = ro? + 12 Var(Y) = 2ro* + 40y (2.60)
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Figure 2.19: Non-central chi-square pdf with various values of r, p and o.

in the argument:

The non-central chi-square pdf is a function of three parameters 7, 02 and p?. In terms of
notation, all three types of chi-square pdfs can be distinguished by the number of parameters

Standard : Y ~x2(r) (2.61)
Central : Y ~ x3(r, 02) (2.62)
Non-Central Y ~x3(r, 0%, u?) (2.63)
Chi PDF

If Y is a standard, central or non-central chi-square distributed RV, then R = /Y is said to
have a standard, central or non-central chi pdf, respectively. The pdf of a central chi distributed
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Peak-normalized non-central chi-square pdf with various values of v, n and
0. A larger u translates, and o shapes the density function.
RV R ~ x(n, 02} with n degrees of freedom is:

Tn—l TZ
) = Sz on myz) P (' 2&—2) utr)
is:

(2.64)
Similarly, the pdf of a non-central chi distributed RV R ~ x(n, 02, u2) with n degrees of freedom

) = ayrgs P (- T) Iig-1) (;) u(r) (2.65)
Similar to the chi-square distributions, all three types of chi pdfs can be distinguished by the
number of parameters in the argument:

Standard : R ~x(n) (2.66)
Central : R~ x(n, %) (2.67)
Non-Central : R ~x(n, o2, u?)

(2.68)
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Special Cases of Chi Density

If X; ~ M(w, 0%) are independent Gaussian RVs, then

R=1/X3+X3+ - +X2

is a chi-distributed RV with n degrees of freedom. Depending on the values of p; and o2, it
is either standard, central or non-central type. We are particularly interested in the following
cases:

£(x) 1(x)

o=10
‘.\\\\ /
Sy W‘};\\ ‘ / 0=20
(a) (b

(a) One-sided Gaussian and (b) Rayleigh distributions. Both are

Figure 2.21:
su chiy densities with one and two dimensions, respectively.

One-sided Gaussian PDF

IfY ~ x%(1, 62), or equivalently if X ~ (0, 2), then R = v/X2 has a one-sided Gaussian pdf

denoted by R ~ x(1, 02):
2 r2
f(r) = ,/-——mz exp ( _ _'202) U(r) (2.69)

Unlike standard Gaussian pdf, the shape of the pdf of one-sided Gaussian RV is not symmetric
and the mean is non-zero. It can be shown that

E(R) = \/%0 ER) =0  Var(R)=(1- %)ol

Several pdf plots of a one-sided Gaussian RV, parameterized by o, are shown in Fig. 2.21(a).
Since its mode value is always zero, this pdf represents the worst type of fading for fixed mean
and variance.
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Rayleigh PDF

IfY ~ x(2,02), or equivalently if X; ~ A'(0,0?) for i = 1,2 then R = {/X?+ X has a
Rayleigh pdf denoted by R ~ x(2, 02):

f(r) = (lz) exp (— Z—TG—Z—) U(r) (2.70)

This is the conventional form of Rayleigh pdf when derived from Gaussian RVs. Several differ-
ent pdf plots of a Rayleigh RV, parameterized by o, are shown in Fig. 2.21(b). A more com-
monly used pdf form in mobile radio engineering is expressed in terms of the mean-squared
value O = E(R?):

) exp ( — ;—1—) U(r) (2.71)

f(x)

. Rayleigh probability density function.
Flgure 2.22: p wod = 0, E(R) = \/E 6, Rned = VZINZ2 0, Rems = /5% &

We can deduce the following:

Moment:  E(R™)=2"2r(1+3) (2.72)
Mean : E(R) = 721 o4 (2.73)
Mean-Square:  E(RZ) =2 ¢? (2.74)
Variance :  Var(R) = (4%"’) o? (2.75)
Median : Rmed = V2In2 ¢ (2.76)

Mode : Rmod = O (2.77)
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The median Req corresponds to the point where the area of the pdf to its left and right are

Rined P 1
Jo (r)dr = 7

The mode Ryqq is the most probable value:

equal:

Rimod = arg max [f(r)]

Rice PDF
If Y ~ x2(2, 02, u2), or equivalently if X; ~ A(y, 62) and X, ~ NV'(0, 02), then R = /X% + X3
has a Rice pdf denoted by R ~ x(2, 0%, 1?):

f(r) = (%) exp(— ﬁzfgziz) IO(L—*;) u(r) (2.78)

The more common form in mobile radio engineering is:

flr) = (gS—T) exp ( TZ; “2> Io(z—;-E> U (2.79)

where S = 2¢02. The moments and the peak value of a Ricean RV R are:

Moment:  E(R") = S™/2 r(1 + %) F(n) (2.80)
Mean : E(R) = \/? oF(1) (2.81)
Mean-Square : E(R?) =S+ p? (2.82)
Variance :  Var(R) = u2 + 3(1 - -23 F2(1 )) (2.83)

where 1F1(x,y;z) = ®(x,y; z) is the confluent hypergeometric function [47], pp. 1012, and

2
n M
Fn)=1F{ -=51—%
(m) =1k ( 7 = )
Although the Rice pdf has two independent parameters, the severity of Ricean fade is measured

in terms of a single fading parameter K:

2 2
K
=552 S (2.84)

K is the energy (or power) ratio of the line-of-sight (specular) path and non-line-of-sight paths.
When the specular path is strong, K is large. As a special case, when K = 0, the Rice density
reduces to the Rayleigh pdf. For K > 1, it approaches the Gaussian density with mean .. As
K — oo, 62 — 0, and the distribution approaches a delta function, i.e., the non-fading case.
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Figure 2.23: Rice probability density function with parameter K (1 = 10)
Other Important Fading Distributions
Nakagami-n PDF

For a Nakagami-n pdf, n is the fading parameter, 0 < n < co.

2y ,—n? 2y..2
f(r) = 2r(1+n)e exp (_ .(Lt:l'__)l.) I, (an ! +TL2> U(r) (2.85)

Q Q 0

It can be shown that by using the following substitutions:

n 202 =0 —p?

__k
~ V2o
and after some manipulations, the Nakagami-n and Rice pdfs are equivalent with K = n?2. As
a special case, when K = n? = 0, it equals the Rayleigh pdf. As n — oo, it approaches a delta
function, i.e., no fading. The moments and the peak value of a Nakagami-n RV R are:

r(m+ %) (Q)n/l

Moment : E(R™) = e o (2.86)
rm+1

Mean : E(R) = (r(_m)Z) % (2.87)

Mean-Square : E(RH) =0 (2.88)
11\ 2

Variance : Var(R) = Q[] - (%) jl (2.89)

Mode : Rmod = VQ (2.90)

Peak Value :  f(Rmoa) = —r (2.91)

rim)vaQ
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Nakagami-m PDF

The m-distribution, first proposed by Nakagami has the following pdf:
2mm r2m-1 mr?
f(r) = <_ __> U 2.92
(") =Fm= Fm]” &P o) (r) (2.92)
We denote a Nakagami-m distributed RV as R ~ m(m, Q). It is a two-parameter distribution
with ,
Q 1
Q=ERY) m=— _>_ (2.93)
(R2-q) =2
The parameter m can be considered as the inverse of the normalized variance of R%. As we will
see in Sec. 2.3.2, the normalized variance of a random variable is used as the single unified
benchmark to compare the severity of various fading distributions. The moments and the peak

value of a Nakagami-m RV R are:

Moment:  E(R™) = %ﬂ (%)n/z (2.94)
Mean : E(R) = r(_rm(er_)lz_)— \/g (2.95)
Mean-Square : E(R:) =0 (2.96)
Variance:  Var(R) = Q [1 - (5%%%) 2} (2.97)
Mode : Rmod = VQ (2.98)

Peak Value :  f(Rpoq) = % (2.99)

It can be shown by using the following transformations:

n=2m 2ma? =0
that the Nakagami-m (eqn. (2.92)) and the central chi density with n degrees of freedom (eqn.
(2.64)) are equivalent. However, note the differences: the central chi pdf x(n, ¢?) is defined
only for n € Z,, whereas the Nakagami fading parameter is valid for % < m < oo. As special

cases, m = % gives the one-sided Gaussian pdf, and m = 1 results in Rayleigh pdf. As m — oo,
it approaches the non-fading delta function.

Nakagami-q PDF

The Nakagami-q pdf, also known as the Hoyt distribution has the following pdf:

o+ (14 q)?r? (1—q*)r?
T(T)ﬁq—ﬂexp<— 176 ) Lo ol R (2.100)
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Figure 2.24: Nakagami-m pdf with parameters m and Q
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Figure 2.25: Nakagami-q pdf with parameters q and Q

The fading parameter is 0 < g < 1. The original “symmetric” form proposed by Nakagami
(ironically without the parameter q) is:

2r 1 1 /11
f(r) = Tak exp [— 5 (E + E)] Io [7 (B— - &)] U(r) (2.101)
It can be shown that by applying the following transformations:
20
— 2 —
B=oaqg o= T 4

eqns. (2.100) and (2.101) are equivalent. It is a function of two free parameters. A q-
distributed RV is denoted by R ~ g(q, Q). Because of the r? term in the argument of the
Bessel function, the q density cannot be expressed as non-central chi-square or chi density. As
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special cases, for ¢ = 0 it becomes the one-sided Gaussian pdf, and for q = 1 it is equal to the
Rayleigh pdf.
Log-Normal PDF

If X ~ My, 6%) and Y = eX, then Y has a log-normal distribution with pdf:

1 (Iny — u)?
f(y) - y \/2—’”;2- exp( 20.2

) Uly) (2.102)

Figure 2.26: Log-normal distribution

Suzuki PDF

If a RV S has a conditional Rayleigh density, conditioned on its mode (or mean) that has a
log-normal distribution, then S has a Suzuki density. Its unconditional density is:
(Ino—p)?

M
f(s)=f(s|o)m/—2_——7aiexp[— | do (2.103)

where o ,
s $
f(slo) = Jo (-&7) exp (—— _207-)

The conditional Rayleigh pdf f(s|c) can be generalized to a Gamma or chi pdf.
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Appendix 2B

Derived Distributions

Powers of a Random Variable
Note a peculiar property of a log-normal RV: If X is a normal (Gaussian) RV, i.e., X ~ My, o?)
then

Y =eX (2.104)

is a log-normal RV, Similarly, any power of Y:
Y" = e (2.105)

also has a log-normal pdf since scaling a normal RV is still a normal RV. In practice, we are
interested in n. € Z ... In particular, if the amplitude of a signal V = eX is log-normal distributed,
its value V in decibel scale,

V [dB] = 20log(V) =46 X (2.106)

is Gaussian distributed. Similarly, its power P = V? (in watts) and P [dB] are log-normal
and Gaussian RVs, respectively. Since signal power is the proportional to the square of its
envelope, we are mostly interested in the pdfs of envelopes used in short-term fading. Similar
to Table 2.1, we list the density functions of the power for six commonly used short-term fading

distributions.
Table 2.2: Relation between Power and Envelope Fading PDFs
X Y = X? Comments
Rayleigh '| central chi-square two-dimensional
equivalent to exponential function
Rice non-central chi-square | two-dimensional
Nakagami-q no standard form
Nakagami-m central chi-square 2m degrees of freedom
Log-normal Log-normal Here, both RVs are in log scale unit
One-sided Gaussian | central chi-square one-dimensional
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Product of Random Variables

If xn, n € ZN, are mutually independent RVs, their product

N
a=]]on (2.107)
n=1
when expressed in decibel scale:
N
x[dB] =) on (2.108)
n=1

approaches the Gaussian distribution for large N, by invoking the Central Limit Theorem (CLT)
[34]. This implies that o is (approximately) log-normal distributed.

Sum of Random Variables

We already know that if {X;}]_, is a set of independent Gaussian RVs, then

Y= ix%
i=1]

is a chi-square RV with r degrees of freedom. If {Yi}]_; is a set of independent chi-square RV,

where each RV Y; has n; degrees of freedom, then
T
N=> v} (2.109)
i=1

is chi-square distributed with n = (n; + nz + ...+ n.) degrees of freedom. In an unresolvable
multipath fading model, the received signal

r(t) =) ais(t) (2.110)
i=1

is the sum of attenuated replicas of the transmitted signal s(t). The attenuation factors «; are
complex RVs. The instantaneous received signal energy at time t is:

E, = E(r(t)r*(t))

-
=

(2.111)

If the RVs «; are zero-mean,

E, = E. E(!oql‘?') (2.112)
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If the RVs «; are zero-mean and Gaussian, each |«;| is a one-sided Gaussian RV. Equivalently,

A= Z (1oi?)

is chi-square distributed with r degrees of freedom. Thus, the received signal energy E, is the

their sum

product of the mean of a chi-square RV A and the transmit signal energy E;. If there are L
resolvable multiple fading paths, the received signal energy becomes

L

E,=E.- ) E(A) (2.113)
1=1

where
n

A= Z (l“mz)

i=1
is a chi-square distributed RV with r; unresolvable multipaths. {|x[} is the set of independent
one-sided Gaussian RVs. Thus,

A=A1+A+...+AL

is a chi-square RV with Z%ﬂ 1 degrees of freedom.

Linear Function of a Random Variable

When dealing with binary-valued sequences, the two possible states are {0,1} = F; or
{4+1,—1} = ;. Let X € IF; be a Bernoulli RV, i.e. X ~ B(p), with P(X = 0)=p, PX =1)=1—p.
Then,

Y =2X~-1

is said to have a bipolar Bernoulli distribution, denoted Y ~ bB(p). Note that (Y) € I, with
PlY=—-1)=p and PY=1)=1—-p

Y is a level-shifted version of X (see Fig. 4.11). Similarly, if U is a binomial RV, U ~ Bin(n, p)
with probability mass function (pmf):

P(U=k) = (L‘)pk (1—p)~*

its corresponding bipolar Binomial RV V ~ bBin{n,p), where V = 2U — n, has the following
pmf:

N m+n

“) P (—-p) ¥ K= (2.114)

k 2

Both conventional and bipolar Bernoulli and Binomial functions are plotted in Fig. 2.27. We

P(Vzm)z(

denote n as its length and k as its outcome.
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Figure 2.27: Conventional and bipolar functions: (a) Bernoulli (b) Binomial

A Bernoulli RV is said to be symmetric if its elements are equally likely, i.e.,
PX=0)=P(X=1)=1/2

A Binomial RV is symmetric if p = 1/2. The pmf of a symmetric bipolar Binomial RV simplifies

to:
1 ( " ) n,m both odd or even

2_“ min

2 (2.115)

P(V=m)=
0 otherwise

Symmetric bipolar Bernoulli and Binomial functions are plotted in Fig. 2.28

!
' '
] | |
SR N ‘[ L !
1 ‘ 1 1 -2 0 2 4

Figure 2.28: Symmetric bipolar density functions: (a) Bernoulli (b) Binomial

Note that for a conventional symmetric Binomial RV, if it is a sum of n independent Bernoulli
RVs, its length is also n. If n is even, it has a single mode. On the contrary, when n is odd there
are two modes. In both cases the integer support is k € [0, n]. For a bipolar symmetric Binomial
RV, if it is a sum of n independent bipolar Bernoulli RVs, the absolute value of its length is n.
When n is even, it has a single mode equal to zero. Its support consists of even integers only;
ie., m € £2N"2, When n is odd, it has two modes: —1 and +1. Its support consists of odd
integers only; i.e., m € Dy41. All four cases are illustrated in Fig. 2.29 for n =4 and 5.

We already know that a Binomial RV is a sum of iid Bernoulli RVs. Therefore, the sum
of a Binomial RV of length n and a mutually independent (equally distributed) Bernoulli RV is
another Binomial RV of length (n-+1). We are now interested in the distribution of the resulting
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Figure 2.29: Symmetric Binomial PDFs of odd and even lengths

RV if the Bernoulli RV is not independent. Let V be a symmetric, bipolar Binomial RV
V=Xo+X1+...+Xn_2
where {X;} is a set of iid symmetric, bipolar Bernoulli RVs. Next, let W =V + Xo. Also let
V*=X1+ ...+ Xno2

be a Binomial RV of length (N — 2). Then

P(W =m) =P[(V* =m—2andXo=1) or (V* Zm”andx":—o] (2.116)
A1

—_-pP(V* :m—2> + (1 —p)P(V* =m+2)

Since the RVs are symmetric

P(W=m)=%[P(V* :m—Z) + P(v* =m+2)}

Thus, it is the sum of two Binomial RVs, both of length (N — 2) weighed by 1/2. They, however,

are not independent.
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3

CELLULAR BROADCAST CHANNEL

Summary

We present some fundamental limits in terms of simultaneously achievable information
rates from a single transmitter to many receivers. When there is no interference, the chan-
nel model under study is the broadcast channel. Its capacity and achievable rate regions are
reviewed. When interference from other transmitters is taken into account, the transmission
medium is a composite channel consisting of both broadcast and interference components.
When the locations of transmitters is defined according to a certain regular geometrical struc-
ture, the resulting composite channel is called a cellular broadcast channel. Achievable rate
regions of intra-cell superposition coding and three orthogonal multiplexing schemes based on
time-, frequency- and code-division in a cellular broadcast channel are analyzed. Channel mod-
els without any fading, with flat and frequency-selective fading are analyzed. (The necessary
background material for fading phenomenon and its representative channel models are detailed
in Chapter 2.) A tutorial on hexagonal cellular geometry and some of its unique properties are
presented in Appendix 3A. The information therein aids in the modelling of a cellular broadcast
channel.

The main highlights of this chapter are:

® The optimal data multiplexing scheme in a broadcast model requires the use of super-
position coding at the transmitter and a demultiplexing scheme based on successive in-
terference cancellation at all receivers. This type of receiver requires “double feedback”
side information on a dynamic basis. In practice, such realization may not be possible or
prohibitively complex.
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m Various sub-optimal orthogonal multiplexing schemes are equivalent in terms of their
achievable rate regions. In a multiplexing scheme based on orthogonal codes, it may be
necessary to generate a much larger number of codes than the number of receivers to
support arbitrary rates.

B The most efficient protocol is based on superimposed orthogonal code-division multiplex-
ing with possible time-sharing. This conclusion is reached by comparing not only the
achievable rate regions but also other design and system constraints such as multi-rate
support (measured in terms of peak-to-average rate ratio), latency, receiver complexity
and network planning issues.

3.1 Classification of Multi-User Channels

A general communication network is an enormous web consisting of a large population of
terminals and their associated communication links. For our analysis we impose the following

restrictions:

1. Each terminal is exclusively a transmitter or a receiver, but not both. Bi-directional two-
way links are not allowed. This restriction applies only to information not related to
channel states. Control channel signalling from a receiver to its transmitter through a
feedback channel is allowed.

2. There is an associated information source for each transmitter. Similarly, each receiver
relays its decoded message to an information sink. There are equal number of information
sources and sinks in the network. It is implicitly assumed that the channel linking a source
and its transmitter —likewise, a receiver and its sink— is error- and delay-free.

3. Adirect channel (without any intermediate hops) exists between every transmitter-receiver
pair. No relay channel is allowed.

4. Each transmitter is autonomous and independent from other transmitters in the network.
They are autonomous in the sense that no cooperation among transmitters is permitted
in designing their code books. The messages from their respective sources are statistically
independent. Simulcasting of the same information from more than one transmitter is
not allowed. Equivalently, our model does not support multiple transmit antenna based
diversity combining systems.

5. Every receiver accepts information from its intended transmitter as “useful.” All other
received signals are treated as interference. Multi-accessing is forbidden. Diversity recep-
tion is allowed at a receiver in multipath fading channel models.
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3.1.1 Input-Output Device

Let T, R, 1 and S denote the number of transmitters, receivers, information sources and
sinks, respectively. A subscripted letter will be used to identify a unit in each category. For
example, T; is the i*" transmitter in the network. For an M-terminal network, I = S = M and
TR < M. Based on the above set of restrictions, a communication channel is an input-output
device with T inputs and R outputs. A block form is depicted in Fig. 3.1 for T =m and R =n.

T, O T —mayy
T2 &
S g — —# Ry
Ty O — W R,
[0 transmilter
channel M receiver
Tm—SD. —® Rp-3
- — L
Tm—l[}’ —il Rn—-l
T [——f R

Figure 3.1: Channel as an I/O device with T = m inputs and R = n outputs

Depending on the relationship between T and R, three types of multi-terminal channel models
can be envisaged.

Definition When T > R = 1 it is called the multi-access channel. At the other extreme, when
R > T = 1 it is known as the broadcast channel. When T = R > 1 an interference channel
results.

These models and their respective definitions are accepted universally in the literature.

Definition When T > R > 1, it is a composite channel consisting of both multi-access and
interference components. Similarly when R > T > 1, it becomes a broadcast-interference
composite channel.

Based on above definitions we have exhausted all possible cases relating T and R. Of course,
when T = R = 1 we have the degenerate case of a single-user communication channel.

3.1.2 Multi-Terminal Cooperation

Let us now consider the relationship between the transmitter-receiver pair (T,R) and its
associated information source-sink pair (I,S). Note that I > T since a number of source out-

puts can be multiplexed, and the resulting multiplexed signal is transmitted through a single
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transmitter. Similarly, at the receiving end, R < S since a separate receiver is assigned to han-
dle the task of decoding and demultiplexing a mutually exclusive subset of the total received
composite signal. At all times an active communication link is established between a source I;
and its intended sink S;. If all sources “cooperate” by conveying their independent information
through a single transmitter T = 1, the resulting I/0 device is the broadcast channel. It is
depicted in Fig. 3.2. If cooperation among all sources is not available and T > 1, we obtain
the broadcast-interference composite channel. Whether a channel is purely broadcast or com-
posite depends only on the relation between I and T, i.e., the input side of the channel. Their
difference I — T > 0 is a measure of the amount of cooperation; when I — T = 0, there is no
cooperation among information sources. For T = I the I/0 device is either an interference or
multiple-access, or a composite of both channels.

] central transmitter

B receiver

(¢ information source

s
L] — . . .
n-3 . information sink

Broadcast channel model with n receivers.
Figure 3.2: Each information source I, communicates with its intended re-
ceiver Ry through the central transmitter T.

At the output side, if there is a single receiver (R = 1) for all information sinks, it is a multi-
access channel depicted in Fig. 3.3. When R > 1 it is a composite channel with some co-
operation. The amount of cooperation is measured in terms of S — R > 0. An interference
channel results when there is no cooperation at both input and output (see Fig. 3.4). In gen-
eral, cooperation at either end (the input or outside side) may not be possible due to physical
constraints such as spatial and/or temporal separation or design constraints such as autonomy
(non-cooperativeness) and computational complexity. When there is full cooperation at both
ends, the model simplifies to a single-user channel. Cooperation in broadcasting takes on such
forms as synchronization of component channels in their time epochs, carrier phase coherence,
non-colliding assignment of time-slots and/or frequency bands, etc. See page 171 for a classi-

fication of various time synchronism options.
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[] autonomous transmitter

® infaormalion sink

B common receiver

Multiple-access channel model with m transmitters.
Figure 3.3: Each transmitter Ty communicates with its intended destination
sink Sy through the common receiver R.

O information source

® information sink

Interference channel model with M transmitter-receiver pairs.
Figure 3.4: Since each transmitter communicates with its intended receiver
only, no cooperation exists at both transmit and receive ends.
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3.1.3 Transition Probability Function

Consider a single-user communication channel with T = R = [ = S = 1. Information
exchange from a source to a sink takes place methodically through the following steps:

B Message Selection: The source has a message book M that contains M messages:
M= {1,2,...,M}

For each transmission, it selects an index, say m = j € M. The underlying message can
be something else —for example, if the message is a letter from the English alphabetic

©n

set; we set “a” asm = 1, “b” as m = 2 and so on.

m Channel Encoding: The transmitter devises an encoding scheme whose code sequence is
most suitable for transmission via the channel. It constructs a code book containing M
codewords such that there is a bijective mapping between a message j and its correspond-
ing codeword X(j)!:

X:{1,2,..., M} — &a"

where each codeword X[j] has length n,
XG) = [X16] X[l ... Xnlil]

and each symbol Xy[j] of the codeword is a letter from the alphabet set X. Its cardinality
is denoted by |X|. Equivalently, X € A™; i.e., the code book consists of a small set of
M carefully chosen vectors of length n from a complete set of | X|™. Note that unlike
the message set M, the code symbols from X are not necessarily positive integers. Each
symbol can be any real number that is most suitable for a particular channel and receiver.

m Information Rate: The rate R of this (M, n) code is:

1
R= - log, M bits per transmission. (3.1)

Some equivalent notations:

(M,n) = (2"%,n)
X=X"

XkZ(X]Xz...Xk)

1The time index of discrete-time scquences, the elements and entries of vectors, matrices and sets are expressed
by enclosing any variable (except t and 1) in squared brackets; for example, X[nl, s;[k], H[ijl. Any other function
defined on a real linear scale is expressed with the index in parentheses; for example, s(t), F(a), ¢{t, T).
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m Transition Probability Function: For each channel input symbol xy, there exists a channel
output symbol y, € Y whose relation is defined by a transitional probability function
p(yxlxk). The output alphabet ) need not the same as X' in terms of symbols or cardi-
nality. For a codeword X, the transition function is:

p(Y|X) = p(Y"x")

The channel is memoryless if the output symbol yy depends only on the current input

symbol xy, and not on past input and output symbols x*~T, yk=1:

1 yRT) = plyxixi)

puk | %6 ¥y

Furthermore, if no feedback is allowed such that the current input symbol xy is indepen-
dent from past output symbols y*, i.e.,

p(xx | Xk gyt ) = pladx )

the transition probability function becomes:
mn
pu™x") =] iy
k=1
®m Channel Decoding: Finally, the receiver constructs a decoding scheme where it estimates
the sent message from its received vector Y based on some optimality criterion:
Y — {1,2,...,M}

An error occurs if M(Y) # j when X(j) is sent. The conditional probability of error when
the message j is sent is:

N =P(R(™) #im =3,X70))

The average probability of error is defined as:

M
Pe=> AP
j=1

where P; is the a priori probability of choosing message j and Z?i] P; = 1. If they are all
equally likely,

1 M
j=

Furthermore, if the channel is symmetrical such that A; is identical for all j € M,

Pe = P(R(Y™) #5, X(3))
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Definition A single-user discrete communication channel is defined compactly as
(x, P, Y, R)
where P is the channel transition probability matrix whose entries are

plyjxi), i € 1V], 1 € |X]

Information rate R is said to be achievable if there exists a (2"%,n) code such that P, — 0 for
an arbitrarily large n. The supremum of all achievable rates is the channel capacity.

3.1.4 Broadcast Channel

The above definitions and notations of a single-user channel can readily be adapted to multi-
terminal channel models, For T=1,R=N > 1and I = § = N, we obtain a broadcast channel.
The joint transition probability of a broadcast channel is:

plyr,y2,...,ynhv)

where v € V is a composite symbol transmitted by the broadcaster representing independent
messages for N sources, and y; € Y; is the received symbol of receiver R;. It is assumed
that in a purely broadcast setting, there is no cooperation among receivers. Conditioned on
the transmitted symbol v, the received symbols y; and y; (i # j) are independent. The joint
transition probability function is then broken into marginal transition probabilities:

ply1v), plyalv), ..., plunh)

In block form the broadcast channel, as illustrated in Fig. 3.5, is a single-input, multiple out-
put device with several embedded blocks of “sub-channels,” each with its associated transition
probability function. To avoid cumbersome notations, we study the simplest case by setting
N =2.

At the input side, two information sources select their independent messages from their
respective message books My and M;:

My ={1,2,..., My}
My ={1,2,..., Mz}



3.1 Classification of Multi-User Channels

103

] y
- ply, V) L7 e R,

Y.
p(y,lv) o R,

A\
T .

¥,
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Figure 3.5: Broadcast channel as a single-input, multiple-output device with N receivers
In general, M # M;. The transmitter devises the following encoding scheme:

X1:{1,2,..., My} — a7
X:{1,2,.... My} — a7
V:{1,2,... . My} x {1,2,..., My} — V"
V=X;+X;
V(i,j) = X (1) + X2(3)
= [vi(L,5) v2(i,3) ... vali,j)]

Vi(L,7) = x1e(1) + x2x(3)

The rate for this (2"%1,2"R2 n) code is:
1
R = —log, (M1M3)
n
with the understanding that for each receiver,
1 1
Ry = = log, M, Ry = - log, M;
R = (R1,Ry)
The transition probability function is:
P (Yﬂz | v) = p(YPYR[V™)

=p(YPVY)p(YZ|V™)
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If the channel is memoryless with no feedback:

p(¥i¥2|V) = gp(mvk)p(mkwk)

The decoding functions are:

MY — {1,2,..., My}
MY, — {1,2,..., My}

An error occurs when a message pair (i,j) is sent and ity # i or M, # j. The probability of

error is defined as:

P, :P(m 41 or g A j,V(i,j))

where it is assumed that any message pair (i,j) is uniformly distributed over M; x M; and the
channel is symmetric. A two-user channel is compactly denoted by (V, P, Yy, Y5, R).

Definition For a discrete broadcast channel, a rate pair (Ry, R;) is said to be achievable if there
exists a code of rate R = (R1+R3), denoted by (2“R1 2R n) such that P, — O for an arbitrarily
large n. The capacity region is the closure of the set of all achievable rates.

O Y e v - APPSR
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Figure 3.6: Physically degraded broadcast channel model with two receivers

3.1.5 Degraded Broadcast Channel

In certain broadcast channels such as terrestrial mobile radio, a receiver Ry that is closer to
the transmitter has a better reception than another receiver R, that is located further “down-
stream.” It is said that R, receives a “physically degraded” (p-degraded) version of a signal
received by Ry. In terms of transition probability functions:

plyr,yz2iv] = puilviplyalut)

puav) = > plyihvip(yziyr)
Y€V
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Since p(y1,y2iv) = p(y1iv) p(yzlv), with p-degradation p(y2Iv) = p(y2ly1). In a general broad-
cast model with N receivers, if the p-degraded condition holds for all receivers

p(yjlv) = plyjly;-1) (3.2)

where j € ZY

, then it is called a “cascaded” physically degraded broadcast channel. This
channel model is illustrated in Fig. 3.7. If eqn. (3.2) does not hold for all receivers, other kinds
of degraded broadcast channel models can be constructed. An example is shown in Fig. 3.8
where each channel block as a cascaded p-degraded broadcast channel. This type of channel
model is encountered when a cellular coverage is broken into partitioned zones. See the section

on re-use partitioning in Appendix 3A for additional details. Asa weaker condition, a broadcast

p(y,Iv) i

7 T i
l Ly P(y,ly) "2 TRZ
=

I

q Py, %) | Y o Ry

Figure 3.7: Cascaded, physically degraded broadcast channel with downstream degradation

channel p(ya,y1lv) is said to be degraded if there exists another distribution $(y2y 1) (possibly
different from p(yzly1)) such that

plyalv) = Y plyiv)p(yzlyr)
y1 €N

This is the less restricted version of broadcast degradation. Unless noted otherwise, a degraded
broadcast channel has a transition probability function of this kind.
3.1.6 Interference Channel

For the unique case of T = R = [ = S where each transmitter wishes to convey information

to a single receiver, the interference channel results (see Fig. 3.4). Each receiver decodes only
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Figure 3.8: Sub-channel blocks where each is a cascaded p-degraded broadcast channel

the code symbol representing its intended message and treat other transmit symbols as inter-
ference. In Fig. 3.4, to differentiate reception of information from interference, the solid-line
channel that connects a transmitter T; and its target receiver R; is called the principal link. All
other dotted links that result in interference to other receivers are called interference links. For
a broadcast channel, every link is a principal link. In an interference channel model, all trans-
mitters are autonomous; that is, their codewords are independent. However, it is implicitly
assumed that they are time-synchronized such that the j*" code symbols from all N transmit-
ters y1x[il, yzxlil, . . ., ynklj] are observed at the same time in each receiver k.

For the two-user N = 2 case,

Encoding of information:

My ={],2,...,M1}
My ={1,2,...,M2}

Xi:{1,2,...,My} — a7
X;:{1,2,..., Mz} — a3

The rate for this (2™%1, 2"R2 n) code is:

]
R=—log, (M1M3)

1 1
R=(Ry,R Ri=—1 M Ry = — M
(R1,R2) 1= log; My 2 nlogz 2
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Transition Probabilities:

P (Y1Y2 1 X1, Xz) =p(YIYZXTX3)

=p(YPXTXZ)p (YVZ[XTXZ)

If the channel is memoryless with no feedback:

n
P (Y1Y2 ’ Xy, Xz) = Hp(y 1| X110 X2) P (Y 2k X1k X 21)
k=1

Decoding of information:

MY — {1,2,...,M;}
ﬁlz:Yz—) {],2,...,M2}

Pe=P(m #1i or faz #5Xi(0), Xal3))

where it is assumed that both messages i and j are uniformly distributed over My and M, re-
spectively and the channel is symmetric. A two-user interference channel is compactly denoted
by

(%1, %), P, (Y1, Y2), R)

Definition For a discrete interference channel, a rate pair (Ry,Ry) is said to be achievable if
there exists two independent codes denoted by (2“R1 ,Z“Rz,n) of rates Ry and R, respectively
such that P, — O for an arbitrarily large n. The capacity region is the closure of the set of all
achievable rates.

3.1.7 Composite Channel

When T=M > 1, R=N > 1 and M < N, the model is a combination of both broadcast
and interference channels, since there is at least one information source that communicates
with two or more receivers. Analogously, when T =M > 1, R=N > 1and M > N, the model
is a combination of both multiple-access and interference channels, since there is at least one
receiver that decodes information from two or more sources. Both types of compound channel
are illustrated in Fig. 3.9.

Definition In our study, a composite channel is defined as a compound channel that consists
of broadcast and interference sub-channels only.
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() information source .

information sink

principal link (b)

(a)

interference link

Two types of composite channel models.
When M > N, it has multiple-access and interference components.

Figure 3.9: o .
When M < N, it is a combination of both broadcast and interfer-

ence channels.

3.1.8 Cellular Broadcast Channel

In a complex communication network such as mobile cellular radio with a large terminal
population, cooperative broadcasting or multiple-accessing is not always possible or practically
sound. Cooperation is synonymous to centralization. Consider the aerial view (Fig. 3.10(a)) of
a geographical area with a large set of scattered terminals (radios) —each terminal depicted by
a e symbol. First, it would be wasteful in transmit power to cover the entire area from a single
transmitter (denoted by a [0 symbol in the figure). Terminals farthest from the transmitter re-
ceive a severely degraded version of the transmit broadcast signal. In practice a upper limit on
the (time average) power limit per transmitter is imposed. Second, the total bandwidth allo-
cated to the entire network must be shared among all active radios. Therefore, the information
rate per radio is inversely proportional to the number of active users. This is the bandwidth
constraint. If there is also a limitation on the amount of power the channel can carry, it is said
to be power-limited. Mobile radio channels are both power- and bandwidth limited. Cellular ar-
chitecture resolves both power and bandwidth constraints by setting up a distributed network.
The entire coverage area is partitioned along imaginary boundary lines into many autonomous
smaller coverage areas. This is illustrated in Fig. 3.10 (b). Each small coverage area is called
a cell. By convention, an autonomous “immobile” transmitter —also known as a base station

with omni-directional signal radiation— is situated at the center of a cell. Each transmitter sets
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up principle links with radios or mobiles within its cell. Since power leaks beyond a cell edge, it
causes interference to radios in neighboring cells. If there are M, transmitters and N¢(>> M)
receivers, the entire network is equivalent to a communication system with M inputs, N out-
puts, connected via a broadcast-interference composite channel. As depicted in Fig. 3.10(c)
it is understood that information from sources to their corresponding transmitters takes place
along high-speed links that are error- and delay-free. The power-constraint condition is now
limited to each transmitter over a local coverage area.

O transmitter

® receiver

(© (d)

(a) Centralized communication network with a single transmitter
(b) Distributed network with many localized transmitters

Figure 3.10: (c) Information transfer from sources to transmitters via high-speed backbone links
(d) Distributed cellular network with regular grid pattern and infinite number of
cells. All cell sizes are equal.
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Aerial view of a planar cellular network with hexagonal cells.
Figure 3.11: The reuse number is N, = 3. A region of N, cells (shaded gray) is
called a cluster.

Due to propagation loss (see Ch. 2, Sec.2.1), the interference power level is drastically reduced
in cells farther away from a transmitter. In such cells, the same bandwidth can be reused. This
is the cellular-reuse concept and it is intricately tied to distributed network architecture. An
example of cellular re-use is shown in Fig. 3.11. In all cells labelled 1, the same frequency
band is reused simultaneously. The same reuse concept applies to other cells labelled 2 and 3.
In this example the reuse number N, is 3. All cells that are assigned the same frequency band
(bandwidth) are called co-channel cells. Under the cellular-reuse setting, we define this type of
multi-terminal composite communication channel as the cellular broadcast channel. In general,
the entire cellular network is blanketed with autonomous cells, each with transmit power P and
bandwidth W/N;. The bandwidth W, per radio is:

W M
Wn NN

where Ny and M are the total number of radios and cells (transmitters) in the network. Com-

(3.3)

pare B, with the bandwidth per radio of a centralized single-transmitter network: W/N¢. As
long as the entire coverage area is partitioned such that there are more cells than the reuse
number, i.e., Mg > N, the cellular distributed approach is more bandwidth efficient than its
alternative based on centralized architecture. More details about hexagons, notations, defini-
tions and its geometrical properties are presented in Appendix 3A.

Eqn. (3.3) is correct only if the mobile receivers are uniformly distributed —i.e., the same
number of mobiles per cell. An alternative measure of bandwidth efficiency is in terms of band-
width per cell W, = W/N,.. As long as the number of mobiles per cell K. is less than N{/N,.
We W1 _WN, W

W = —— = ——— —_ — —_—
mE, N,KC>NTNL N,
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the cell-based approach is more efficient in mobile bandwidth. Note that this fact is independent
of the number of transmitters M. However, in general we have no control over the distribution
or the concentration of mobile population within the network. Ny is in fact a random process.
The only design parameters are M and N,. By assigning a smaller re-use number the cell
bandwidth W, as well as mobile bandwidth W/, is increased. However, this remark is mislead-
ing. By reducing the reuse N, the co-channel cells become closer and interference power is
increased; as a result, the information rate per mobile R, is reduced. The spectral efficiency® (in
this case, of a mobile) is measured in terms of its achievable information rate with an arbitrarily
small probability error Pe.

L1 base
e mobile

. Interference from co-channel cell A at distance Dj.
Figure 3.12: . .
When Dj >» R, we accept the approximation Dj = d;.

Equivalent Composite Channel Model

When the number of mobiles Ny is fixed, the bandwidth efficiency of a cell is a function of
several variables: its size, the number of cells in the network and the re-use number. The entire
network is a broadcast-interference composite channel with My inputs and Ny outputs. By
modifying this model such that the coverage area is infinite, and by tiling same-size (hexagon)
cells contiguously (as shown in Fig. 3.10), the cell bandwidth efficiency becomes a function ofa
single parameter: re-use number N.. In fact, there is no need to analyze the entire network; any
cell is representative of the entire network —assuming the number (and location) of mobiles
in every cell N are independent and identically distributed random variables. Every receiver

211 communication texts, bandwidth and spectral efficiency terms are used interchangeably. We, however, differ-
entiate the two. The former is derived from cellular radio engineering design practices, while the latter is a strictly
information-theoretic quantity. In Chapter we also use the term “bandwidth” efficiency as a measure of the power
spectrum extent of a transmit signal compared to its Nyquist bandwidth.



112 Chapter 3: Cellular Broadcast Channel

in a cell “sees” a broadcast-interference channel since the received signal consists of broadcast
signal from its base as well as interfering signals from other neighboring base stations.

It is shown in Appendix 3A that for every target cell, its neighboring cells can be partitioned
into mutually exclusive sets G.[jl, j € ZM~=1 such that all cells in a particular set G.[j] are equally
distant from the target cell. Consider the layout in Fig. 3.12 where a neighboring cell A (i.e., its
base station) from set G.[j] is located at distance D; from the target cell 0. R is the cell radius.
A mobile at a distance r from the target is d; away from its neighboring base. Note that besides
cell A the mobile receives interference from other cells in G.[j]. Each elemental interfering cell
in a set G.[j] is significant only in a collective sense since the most important determinant is the
aggregate interference power from cells located the same distance from the target cell. Hence,
they are all lumped into a “single” interferer at distance d;. In terms of transition probabilities,
the following derivation relates the channel gains of the principle link (from the target cell)
and interfering links.

By applying the simplified path loss formula of eqn. (2.4), the mobile received power is:

1 k1 k2 kKm_1 )

Pr=G-P| =+t -+
‘(rv+d¥+dz+ T

where
kj = |Geljl] and G =Gia Gra (ht hr)z

Using the re-use number relation of eqn. (3.33) and the approximation:

d; D;
RPN D)>>R
T T

The path loss L, is:

Pr(r) _ k1 ka o, kv ) 6
P (‘ @y Tay T (dM_1/r)Y> rv

=1+ ki + k2 4o+ km-1 G
BNLLT]Y2 0 [3NGL2] Y 3N, M —1;0] Y2 7

where N, [j;7] is the smallest re-use number such that

% < /3N

For mobiles located at different distances within a cell, we can partition a total of K. of them
into mutually exclusive sets G[n), n € ZN of mobiles where each set consists of mobiles that

are located the same distance v, from the target base and 0 < 1y < 12 < --- < rn < R, By
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defining the normalized received power P;[n] for a set of mobiles located at distance ry:
M-~1
Prln] = =5 f_ B[]
j=0

where the power gains are:

=
2
2

By default, the channel gain of the principal link «(®[1] = 1 for mobiles in G[1]. To complete
the picture, we remark that this model is equivalent to a composite channel with M inputs (a
single broadcaster and M — 1 interfering neighbors) and N outputs, where N is the (random)
number of mobiles in a cell. This channel model and its properties have already been introduced
in Sec. 3.1.7. A modified version of the composite channel in Fig. 3.9(a) is depicted in Fig.
3.13(a) for M = 2 and N = 4. Note the significance of principal and interference links:
In Fig. 3.13(b) a portion of the composite channel with two inputs and outputs is shown.
This, however, is not an interference channel since both receivers treat the signal from T; as

interference.
principal link
,,,,,,,,,, interference link
(“)[1]// Ry '// Ry
~
- 1/ -
/4/////0((”[1] o P
// e o R
o 7 e R, T e Bl Ry
o o - e 1 A = o=
\\\\\\&/ ~ - DE;)[ZJ /// } /,///

Figure 3.13: Composite channel model with link gains
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3.1.9 Continuous-time Bandlimited Channel

When information is conveyed from a base transmitter to mobile receivers through a radio
propagation medium, the transmit signals take on the form of continuous-time, analog electro-
magnetic waves; i.e., both inputs and outputs of the 1/0 device are continuous-time functions.
All multi-user channels described so far in the previous sections are discrete-time models where
each code symbol is sent at a rate of one per transmission or channel use —not once per Ts
seconds. The discrete-time, finite-alphabet channel model can be generalized by including the
functions of a modulator and demodulator set. An equivalent block form of a discrete-time
channel model with embedded continuous-time modulator-demodulator (modem) is depicted
in Fig. 3.14.

discrete—time channel

R I IR TIERIE [ MOD ] cltym) ) PP M C eyl o) vl -

o

plylx)

Figure 3.14: Discrete-time channel with embedded modem

The two-parameter time function c(t;T) is the linear time-variant (LTV) impulse response (IR)
of a radio propagation channel. Its properties are covered in Ch. 2, Sec. 2.2. The conversion of
code symbols to waveforms is facilitated by the inclusion of a symbol or data modulator after
the encoder. As shown in Fig. 3.15, the modulator consists of a periodic impulse modulating
sequence followed by a pulse-shaping filter with impulse response f(t). If code symbols

ox[=11, x[0], x[1] ... x[jl e X
are complex-valued, each symbol
Xl = (xili), xqlil)

can be split into in-phase and quadrature components; then each component is modulated
by an intermediate frequency (IF) cosine or sine carrier. The modulation process is a bijective
mapping of encoded symbols from the alphabet X to a finite set of real waveforms

S(t) = {s1(t),s2(t),...,sm(t)}

where |X| = [S(t)] = M, and
x € X — s(t) € S(t) 3.4)

The mapping can be expressed concisely as follows:

s(t) = g1(t) cos(2mfot) — golt) sin(2nf,t) te [st, G+ 1)Ts)
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where g1(t) and go(t) are filter outputs:

gs(t) = jfmxs(t—ﬂ it s=1Q  te [T, [+ 1T (3.5)

The filter input x¢(t) is the continuous-time equivalent of the code symbol sequence:

= Z xs[j1 6(t —jTs) (3.6)

After backward substitution:

st,(t) = ) _s(t—iTs)
j
= Z f(t—3Ts) (xl[j] cos(2nfot) — xqlj] sin(ZTrfot))
j

Since symbols are transmitted at a rate of one every T;, we denote R as the symbol rate and

2
in—phase

{ baseband carrier modulator
- . - fiiter . J—
e R ?
l T cos(2nft) }
o x|-1] x[0] x[1]+ - — Jj/s/p 6(1) @ﬂ' 2 s(t=iT)
s 1
‘ IF
| quadrature phase
! z Tbasebond | carrier modulator
— filter HX)
£(4) *

sin(2 nf t)

. I/Q data modulator of complex-valued code symbols x[j] =
Figure 3.15: . . . . . .
(x1jl, xq[jl) with pulse shaping filter impulse response f(t)

Ts as the symbol duration. Note that the length of each pulse f(t) —which we call the pulse
duration T,— is not constrained to [0, T;). We postpone any further discussion on this topic
until Chapter 5. At this point, we simply assume that the power signal s, (t) has power spectral
density contained in W Hz, and that the passband channel bandwidth is also limited to W Hz.

It is known from the Dimensionality Theorem that reliable transmission at a rate of D waveforms
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per second is achievable through a strictly W Hz bandlimited channel if the symbol duration T
satisfies the following equality :
D = |2WT;|

Hence, transmission of a code symbol per transmission in the discrete case is equivalent to
transmission of 2W waveforms every T, seconds. If the received signal is perturbed by additive

zero-mean Gaussian noise process n(t) at the front end:
T(t) = cp(t; 1) » s, (1) + n(t)
After down-converting in the in-phase channel:
= [cp(t;'r) * ST, (t)] cos(2mf t) + n(t) cos(2mf,t)

After baseband filtering with impulse response h(t):
- {[cp(t;’t) N sTs(t)} cos(2tfot) + n(t) cos(27tfot)} « h(t)

Assuming f, > W, the double-frequency terms are removed by baseband filtering, and after

some massaging, the baseband received signal is:

urlt) = > xilfl f(t —jTe) % c(t;7) % h(t) + ni(t)
j

where the baseband noise in the in-phase channel is:

ny(t) = {n(t) cos(?_mcot)} « h(t)
Analogously, the quadrature noise can be written as:
no(t) = {n(t) sin(ZmCot)} < h(t)

Since the I and Q carriers are orthogonal, ni(t) and ng(t) are uncorrelated. Since they are
Gaussian distributed, they are also independent. After sampling y(t) at the symbol rate:

y1(3Ts) = y1lil = 1]l ¢l + nufj]
where the discrete-time channel gain is:

cljl = f(t—jTs) x c(t;7) x h(t) ot

Similar derivation for the quadrature component leads to an expression:

yolil = xqljl cfi] + noljl

In practice, the value of y[j] = (yl[)’],yQ[j]) may be quantized such that its alphabet J is a
discrete-valued finite set. To complete the picture, we illustrate a block diagram of an I/Q data
demodulator in Fig. 3.16.
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in—phase
carrier modulator

baseband

filter
h(t) &
cos(2nft)
. ® s/H
— otm) 4 &{t) Q— J_r’f [+ y(-1] yo] y(1] - -
()
IF quantizer
n(t) quadrature phase
carrier modulator baseband
-~ filter
h(t) ®

sin(2nf L)

Fi 3.16: 1/Q data demodulator of complex-valued code symbols
BT S5 B = (y1li), yo[j]) with baseband filter impulse response h(t)

3.2 Single-Cell Channel Capacity

For a two-user Gaussian broadcast model,

Yy =civ+mng

yy=cav+mn;

where ¢; and c; are channel (amplitude) gains. Assume ¢y > c3; i.e., user 1 has higher SNR.
To simplify notations we drop the brackets. The noise variables n{ and nj are zero-mean i.i.d.
Gaussian RVs with equal variance ¢2. This assumption is accurate since it can be shown —
based on equations from the previous section— that at sample time instant jT;, the in-phase

and quadrature noise components ni(jTs) and ni(jT;) are zero-mean, equal variance Gaussian
RVs. After scaling,

! i

Y n

C1 C1

! 4

v n
yi=2=v+2
C2 C2

Since the channel gains are compensated at the receiver, the standard-form of a Gaussian broad-
cast model can be written as:

Yyr=v+ny

3.7)
Yyz=v+nz
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The variances of the noise variables n; and n; are 0% = 02/c? and 63 = 02/c3, respectively. In
general, c; # c; and 07 # o3. Assume o7 < 03. Rewriting the above equations:

yr=v+tny

Yy2=v+n;+(nz—mny)
We see that y, is a degraded version of y, consistent with the fact that user 2 is further
“downstream” since c¢; > cy. Thus, the additive Gaussian broadcast channel qualifies as a
degraded broadcast channel.
For a two-user Gaussian interference model,

yi=cnvi+cava+ng

/ /
Yz =Ci12Vvi+Ccppve+m,

After scaling,
!
Y 21 n
Yi="L =vi+ v+
N C11 cn
7 !
12
Yy= 2= 2yt 2
Czz C22 22

The standard form? is:

yr=vit+arvz+ng
(3.8)
Yyz2=azvi+vy+mny

3] C12
a=(=) a=(_—
N C22
The channels compose an interference channel if and only if a1, az > 0. The interference channel

is lossy when a1, az < 1; for the opposite, the channel is amplified when ay, az > 1. It is lossless
when a; = az = 1. If the channel is symmetric such that cy1 = ¢z and c¢12 = ¢y, then

Yyi=vit+tava+mn
y=avi+v2+mn
where a = ¢21/¢c11 = ¢12/c22. For a Gaussian interference channel with ci7 = ¢22 (i.e., ny =
n; = n), a degraded version of a received signal does not exist. Likewise, no degradation exists
for a Gaussian multiple-access channel:
y=cixj+ex2+n

As we shall see, the fact that the Gaussian broadcast model has unequal noise terms results in a
capacity region that is different in shape from the capacity regions of interference and multiple-
access Gaussian models. The block forms of Gaussian broadcast and interference channel mod-
els are depicted in Fig. 3.17.

3Unlike the standard form defined in [12], we assume the noise PSDs are unequal and Ny < N3,
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Figure 3.17: (a) Gaussian broadcast channel (b) Gaussian interference channel
For a two-user Gaussian composite model,

! 4
Yyr=cnvi+cavi+ng

’ 4
Yy=cipvit+cnvi+n,

After scaling,
/

c n

yi=-L=v+2v !
c11 cn tn

/ !

c n
y% —_ .}.J__Z_ = \)1 + _iz_vZ _2
c12 c12 c12

The standard form is:

yr=vi+ayva+mn
z (3.9)
Yyz2=vi+azva+mns

a3 = (Eﬂ) ay = (5_2_2.)
c11 c12

The noise terms n; # n3 since one broadcast link is a degraded version of another: ¢17 > ¢q2.
This model is depicted in Fig. 3.18. The channel is symmetric (a; = a;) when cz;¢12 = ¢22€13.

where n3 =n}/cy2 and

3.2.1 AWGN Only Channel

According to Shannon’s capacity formula, the information rate R (in bps) through an ideal
band-limited AWGN channel can be expressed as*:

R®* < C* =Wlog (1 + SNR) (3.10)

“When expressing all Shannon capacity formulae and its variations, it is assumed that the logarithmic function
is of base 2; i.e., the channel capacity is measured in bits per second or bit per channel use.
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Figure 3.18: Gaussian composite channel

where the signal-to-noise power ratio SNR is:

P £ 26p

SNR= QoW = NoTW ~ N,

3.11)

The superscript in R® and C® denotes “single-user.” W is the channel bandwidth (in Hz), N, is
the one-sided power spectral density of the Gaussian noise process, £ is the waveform energy,
and the symbol rate is 1/T. The signal dimension is D = 2WT and £&p = £/D is the signal
energy per dimension. Equality holds in eqn.(3.10) when the waveform is an infinite-length
Nyquist sinc (sinx/x) pulse, and its amplitude is Gaussian distributed. If pulses are non-Nyquist
sinc or if the amplitudes are from a finite set, or both, the achievable rate R*® is much less than
the single-user capacity C*. From eqn.(3.11), it can be seen that the information (bit) rate can
be increased by using a higher signal energy £ or a larger bandwidth W or both. However the
bandwidth W is a fixed quantity for the entire network, and the signal energy &, or equivalently,
the transmit average power P is constrained such that

lE[}Ev?]<P
nolm T

Each transmitted (modulated) signal can be expressed as:
D
s(t) = A ok(t)
k=1

where {cpk(t)}? is a set of orthonormal basis functions. For D = 1, ¢(t} is a sinc pulse and
sj(t) = x3TTw(t) is an element of an M-ary Pulse Amplitude Modulated (M~PAM) signal set
with symmetric amplitudes:

x:{—(M_1),_(M—3),...,(M—3),(M—1)} (3.12)
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Broadcast Channel

By relabelling the noise power densities 07 = Ny, 63 = N; and assuming Ny < N, we know
that the two end-points (x and y intercepts) of the capacity region are single-user capacities:
s P
Ry < Cf = Wiog (14 )

N1 W (3.13)

R, < C5 =Wlog (1 + NZW)

By simple time-sharing (naive TDM or N-TDM), the ARR is
RNT = (RN, RYT) < (i, (1- o) C3)

The rate region is a right triangle. This policy is naive in the sense that the transmit power to
each receiver is proportional to its allocated fractional time:

P1=(XP P2=(1—(X)P

For notational convenience, let P denote the power partition of user k in a K-user channel
such that

K
Z Ky = 1
k=1

By using Shannon’s capacity formula, it is straightforward to show that the rate region of
frequency-division multiplex (FDM) is

RF = (R‘q', RE)

where .
P
RY = oy Wlog (1 4+ ——
! ! & ( N1 a1 W (3.14)
F P '
Rz = X2 WlOg (] + m)
Similarly for time-division multiplex (TDM)
R = (R]T, R})
PT
RT = oy Wlog (1 +3 ]W>
;T (3.15)
T 2
= 1
R; = a; Wlog ( + N, W)
It is easily seen that for the following power distributions
PF F
pr=t prfa (3.16)

X7 z o2
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TDM and FDM are equal in rate regions. Furthermore, if

then the rate regions of N-TDM, TDM and FDM are identical. If the transmitter has additional

side information —i.e., feedback from receivers informing their noise levels— it can adjust the

partitioning of its total transmit power P to maximize the rate region. By using calculus of

variations, it can be shown that the optimal power levels in FDM for a given partition « are
Pil=a1P— ¢

(3.18)
Pi=0; P+ €

€ =1 02 W(N2—Ny) (3.19)

Since Nj < N3, the compensation power e is positive. Intuitively, the above results state that
the power level of a channel with better SNR should be reduced slightly by e compared to naive
power distribution. The rate regions for N-TDM, FDM and TDM are plotted in Fig. 3.19(a).
Since FDM and TDM have the same rate region when the optimal power distribution is chosen,
we call them collectively as orthogonal-division multiplex (ODM) schemes. A simple proof of
the dominance of ODM over N-TDM is given in Appendix 3B. It is worth noting that when ODM
deviates from its optimal power distribution —e.g., due to error in feedback information— its
achievable rate-pair is smaller than that of N-TDM in rate regions where power partition is
sub-optimal. This is illustrated in 3.19(b). Note that with sub-optimal power partition, its end
points are much less than single-user capacities.

.. SNR,= 20 dB
. SNR;= 1.5 dB
N N

L

U oD AN

\xptimal

N-TDMN
‘\~ .,

"\ N-CDM

(a) (b

(a) Two-user Gaussian broadcast channel rate region
Figure 3.19: (b) rate regions for orthogonal channel multiplexing without trans-
mit power adaptation
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In the optimal policy there is no partitioning of time frame or frequency band. The trans-
mitter broadcasts a superimposed signal. Note, however, that the total power is partitioned
—in our two-user example, into x;P and «;P. The receiver with the worst SNR (user 2 in our
example) treats other users’ information signal as noise. Its capacity is

OCzp
C,=Wl 1+ ————————
2 °g< +N2W+qu>
The receiver (user 1 in our example) with the best SNR decodes all other users’ information.
For example, it is able to decode user 2’s signal (by treating its own signal as noise) with better
SNR since N1 < Nj:

A OCzP
D2 = Wlog (1 oW qu>

It then re-encodes, remodulates and subtracts other users’ signals from the original superim-
posed signal. What remains is the receiver’s own information signal plus additive Gaussian
noise. Its capacity is

_ OL]P
Cy =Wlog (1 + N W)

The capacity-pair of the optimal policy can be written as
C°=(Cy, Cz) (3.20)

For a general K-user channel, assuming Ny < Ny 1 for all k, the capacity of the k" user is

ockP
Ck=Wlog |1+ 3.21
¢ g( NkW+Zl<k°‘1P) (21
It can be proven that this optimal policy dominates over ODM schemes®.
If each receiver treats other users’ signals as noise, we obtain the naive code-division multi-
plexing (N-CDM) scheme. Its rate pair is

NC _ (X.]P
Ry =Wlog (1 + NTW T ogP oczP>

P
RNC — Wioe (1 4+ — %27
2 °g< TG W P

(3.22)

The above ARR still applies to superposition coding without successive interference cancella-
tion. Therefore, superposition coding alone at the transmitting end is not sufficient for optimal-
ity. We now state several important requirements for optimal encoding and decoding in AWGN
broadcast channel:

Please refer to Reference [7] for a proof.
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m The optimal scheme —commonly known in the literature as code-division multiplex— is
actually a combination of non-orthogonal superposition code-division multiplexing and
successive interference cancellation (SIC) of degraded signals. If the channel is not de-
graded, then SIC is not possible, and the resulting encoding-decoding scheme is no longer

optimal.

m For error-free SIC, every receiver must have complete knowledge of superior (those with
lower noise) and degraded (those with higher noise) signals relative to its own. Since
peer-to-peer control signalling is not allowed, the noise level Ny (or equivalently, the
propagation power loss in channel k) must first be relayed to the base transmitter from
each receiver®, and then relayed again to all receivers. We coin this mechanism “double-
feedback” information. The accuracy and periodic updating of double-feedback informa-
tion becomes questionable when the channel suffers from fading or when the receivers
are non-stationary or both. It can be shown that the ARR shrinks considerably away from
capacity when decoding errors are made in SIC due to incorrect sorting of noise levels.

m In N-TDM power partitioning is straightforward: If requested rates are (o;C§, «2C3), the
power distribution is (qu, O(zP). In TDM and FDM, this power distribution is corrected
with a compensation power e such that the optimal power distribution is

Pl=ai1P— ¢ Po=o2P+ €

In the optimal scheme power partitioning is not straightforward. From egn. 3.21 we can
immediately deduce power allocation for user k requesting rate Cy as

(X.kP = (ch/w — ]) (NkW + Z (X[P)
<k
We first compute power allocation for the channel with the best SNR, then the channel
with the second best SNR and so on in a successive sequential order.

In short we stress that error-free implementation of the optimal multiplexing scheme is rather
difficult. Moreover, to the best of our knowledge, a practical superposition coding scheme has
yet to be discovered”’.

®It is generally assumed that only the mobile can accurately measure the channel gain (propagation path loss)
in the forward link. Channel state information measured at the base site based on uplink signal is not reliable for
base-to-mobile link quality since most cellular networks use separate frequency bands for uplink and downlink (i.e.,
frequency-division duplexing).

"Recently, multi-resolution coding has been proposed for high-definition broadcast signalling and imaging. This
is a technique where satellite channels carry extra information for increased definition such that channel with higher
SNR receive higher-resolution video images. This is similar, but not equivalent, to superimposition coding where all
channels carry independent information for different sinks.
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S. Verdu showed in [151] that in a time-synchronous M-user discrete-time Gaussian multiple-
access channel, the CDMA sum-capacity is

1
> log [det (v + G_ZHM)] (3.23)

where Ip is a (M x M) identity matrix, o is the two-sided power spectral density of the additive
white Gaussian noise, and det[-] denotes the determinant of a matrix. Hpm is the (M x M) cross-
correlation matrix, with its entries defined as

Hy = Jsi(t)sj(t) dt

where s;(t) and s;(t) are the signature waveforms assigned to users i and j, respectively. (See
Chapter 4 for further details.) It is known that L mutually orthogonal waveforms can be gener-
ated at the expense of expanding the transmission bandwidth by L8. Assume we use M out of
L orthogonal waveforms, all with equal energy &£, then

&b i=j
0 i#]j

Hii =

Note that since thee waveforms are orthogonal, the signal energy £ in each channel is equal
to the energy per dimension £p. Substituting above result in eqn. (3.23), the sum-rate of
orthogonal CDM in a Gaussian broadcast channel is

%—log (1 + %%)

If the channel is continuous-time with bandwidth W Hz, using the relation in eqn. (3.11):

P
MWilog (1+ NOW)
where P is the power in each orthogonal channel. If the transmitter broadcasts L parallel or-
thogonal channels, and user 1 decodes M out of L. orthogonal channels jointly, then its achiev-
able rate is

L NiW

Note the normalization by L since orthogonal signalling expands the bandwidth by L. Similarly,

MW p¢
R]C = log (1 + — ) (3.24)

if user 2 decodes (L. — M) out of L orthogonal channels jointly, then its achievable rate is

- M PC
RS = L_L_ W log (1 + szw> (3.25)

8We are assuming transmit pulscs arc sinc waveforms with an ideal brick-wall frequency response. It is then
obvious that L orthogonal waveforms can be generated by frequency translation of L — 1 sinc pulses.
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By setting
% _M _L-M
1—L X2 = L
PF PF
PC:PT:_1 PC=PT:___2
1 . 2 2 7

Compared to eqn. (3.14) wee see that orthogonal CDM has the same achievable rate region as
TDM and FDM?. In words the above equation states that to support rate R¢ to user i in O-CDM,
the transmitter must send L parallel orthogonal, equal energy channels such that «;L of them
carry information desired by user i. The value of L depends on the set {o;}. To support any
rate pair (Ry, R2) the length L of orthogonal codes (i.e., the dimension of an orthogonal matrix)
must be large enough that oL is an integer for every i. Therefore, every for the two-user case,
the number of parallel orthogonal channels L may be very large. A fraction of these L channels
are assigned to user 1, with the remaining assigned to user 2. As we shall introduce in Chapter
6, this is called parallel channel, single gain (i.e., a single spreading gain for all channels) CDM,
or PC-SG CDM. It is also possible to interpret RS as an achievable rate in O-CDM by sending
a single code (orthogonal to codes assigned to other receivers) of power P& and bandwidth
expansion factor 1/a;. In this case, every receiver has a different spreading gain. This is called
single-channel, reduced-gain CDM, or SC-RG CDM. Both variable-rate O-CDM schemes are
depicted in Figure 3.20 for M =2 and L = 4.

Interference Channel

The capacity of interference channel in AWGN is not known. We next summarize achievable
rate regions that have been reported in the literature. For a two-user system, the x— and y-
intercepts of the capacity region are equal to single-user capacities:

R1 < C3 R, < C5

We also know that the ARR includes any rate pair bounded by the time-sharing!® line that
connects C§ and C5:
(Ri,Ry) < («C3, (1- @) C3) = RN

By optimizing power partitions, it can be shown that the ARR of orthogonal multiplexing (such
as FDM or TDM) dominates over the ARR of naive-TDM —analogous to the broadcast channel

9Other researchers reach the same conclusion by arguing that time, frequency and code dimensions are transfer-
able; i.e., given the same amount of bandwidth, equal number of orthogonal codes can be generated as time-slots
or frequency bands.

Ysince the transmitters are physically separated in an interference channel, it may not be possible to establish
two-way time-division multiplexed channels without overlap. We can, however, maintain non-colliding outdoing
and incoming time frames by adding guard intervals. In FDM, orthogonality between outgoing and incoming
frequency bands is easily preserved as long as the Doppler shift is negligible.



3.2 Single-Cell Channel Capacity 127

model. Therefore, the capacity region also includes RF. We next derive several achievable
rate-pairs based on the standard form of eqn.(3.8). Let Ny and N, denote respective PSDs of
Gaussian noise samples n and ny, and assume Nj < N.

yi=vi+aivz+mny

Yz2=azvi+vz+mny
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(a) Parallel-Channel, Single-Gain Transmission in O-CDM for 2 of 4 code
channels. The input data is split between the top two code channels.

(b) Single-Channel, Reduced-Gain Transmission in O-CDM where a reduced
gain channel replaces the top 2 of 4 code channels.

Figure 3.20:
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We first define the following rates:

CAw 1+ )
N1W+ (11 P>

N2W+ agm)

D; 2 Wlog |1+

RNC 2 Wiog (1 +

N2W+ Pz)

P>
D2 Wlog [ 14+ —L=—
2 og( +N1W+P1>

We can now state —without constructive proofs based on information-theoretic coding and

decoding— that the following rate pairs are contained in the capacity region:

m Interference as Noise: By treating interference as undesirable noise, the rate region is equal

to that of naive code-division multiplexing RN:

RNC — (R%\IC, REIC)

Channel Swapping: If each receiver reverses the roles of principal and interference chan-
nels, each can decode other user’s signal while treating its own signal as interference.
This rate region is equal to D:

- (01,D)

Of course, each receiver can do better. If each can decode other user’s data bits, these
bits can be re-encoded, remodulated and then subtracted out from received signal. The
resulting signal consists only of desirable signal plus Gaussian noise. We are already
familiar with this detection strategy; it is successive interference cancellation (SIC).

m Successive Interference Cancellation: If user 2’s information rate is D, then receiver 1 can

apply SIC to remove user 2’s signal from the compound signal and decode user 1’s signal
perturbed only by Gaussian noise n. Its maximum AR is then equal to Cj. At the same
time, receiver 2 can decode information at rate R)'C by treating user 1’s signal as noise. If
R]Z\‘C > D, transmitter 2 must still convey information at rate D to its receiver (although
it can decode reliably at the higher rate of RY®) such that the resulting interference can
be removed by receiver 1. If R'Z\JC < D>, then receiver 2 can only decode at maximum rate
RNC without applying SIC. Similarly, If user 1’s information rate is Dy, the maximum AR
of user 2 is C and user 1’s AR is the lesser of R)'“ and D . Hence, the ARR —by applying
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superposition coding at transmitters!! and SIC at each receiver site— is:
Rf=(CiT2) T, =min{R}, Do}
RS = (T1,C§) Ty = min{RNC, D}

Note the subtlety in this proof. In general if given power P;, transmitter 2 can send
information to its receiver at maximum rate, say R;. On the other hand, user 1 can only
decode a fraction of that information (of rate D) due to propagation loss a? and its noise
level N1. By applying SIC, it can only remove that portion of user 2’s interference from its
signal, resulting in maximum achievable rate equal to (C§ — D»). Here, we are proposing
a different strategy. Transmitter 2 sends its information of rate D, at power P, (much
more than the required minimum for arbitrarily small P.) such that all its information
can be decoded by receiver 1, resulting in its achievable rate equal to C5. We follow this
second approach since we are interested in boundary ARR involving C§ and C5.

W Noisy Interference: Thus far we have assumed that interference channels exist (i.e., a; >
0, az > 0) without taking into account their respective magnitudes. We also have not
considered the effects of unequal noise levels (N7 < N3). We know by channel swapping
the achievable rate pair (R, R2) is

ip
R =D, 2 Wlog (1 +L>

NoW + P,
2
a Pz
R:=Dy2Wlog {1+ ——1——
2 1 0g ( + NTW P1>
If the interference channels are very noisy such that
NoW + P NiW+P
2 2 2 2 1 1
as > W and ai > NW
we immediately see that (by rearranging)
2 2
as P] > P1 and ay Pz > Pz
NoW + Py NyW NyW + Py N>W

Therefore, both receivers can decode their information at the maximum achievable rates
C® = (C$, C35). This odd situation where interference does not reduce single-user capaci-
ties does not occur in broadcast or multiple-access channel models. If only one of above
two conditions holds, the ARR is no longer equal to CS. For example, if only the first

condition holds
a% P] > P1
NzW + P2 - N 1W

15 reality, superposition coding may not be feasible in the interfercnce model since transmitters are geographi-
cally separated and joint encoding of independent messages is necessary for the generation of superposition codes.
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it is obvious that
(1% P4 Pq

>
NoW + Py NiW 4+ P»

thus resulting in an achievable rate pair of only (R)¢, C$). We also notice another pecu-

liarity: If the channel gain a; is amplified such that

> NoW + Py

1
- NsW >

a3

then we see immediately that Dy > C3. Similarly, D, > C5 when

NIW + Py

2
>
G = TNOW

In this case it is not even necessary that the channel gain a; be amplified. However, we
know that interference cannot increase single-user capacities since information contents
are mutually independent; thus the ARR is

(51, Sz) S« = min{Ci, Dx}

B Amplified Interference: As defined earlier, an interference channelis losslessif a1 = a; = 1.
It has amplified amplitude gains if a; = a; > 1. When comparing naive CDM versus
channel swapping, the following holds depending on the values of ay and a;:

NC NC
Ry = Dy Ry-s D2

For lossy channels (0 < aj,a; < 1), R‘;‘C > Dj since Nj < Nj. This inequality still
holds when the channel is lossless or amplified over a certain range. Similar but different
conclusions can be drawn for R‘Z\‘C and D;: When the channel is not lossy (a,a; > 1),
RZNC < Da.

All five possible shapes of the ARR of a two-user Gaussian interference channel are plotted in
Fig. 3.21. Regardless of the channel gains, x— and y- intercepts are single user capacities C§
and C3. From these intercepting points, there emerges two straight-line AR boundary regions
connecting coordinates (C3, 0) with R{ —and similarly, (0, C3) with R$. Based on this frame,
we next elaborate the resulting shapes:

1. The simplest shape is the rectangle as depicted in Fig. 3.21(a), a very noisy interference
model where each component channel maintains single-user capacities with the aid of
superposition coding and SIC. For comparison the ARR of FDM with optimal power parti-
tioning is also included in the plot. Any orthogonal scheme such as FDM has an ARR that
is independent of channel gains. Thus, its shape and size remains the same in all plots.
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Three different shapes for the Gaussian interference channel ARR.

(a) very noisy interference channel where Dy = C5, D, = C3

(b) very lossy interference channel where Dy < RN, Dy <« R)¥¢

(c) moderately lossy interference channel where Dy < R)¢, D, = R)'C
(d) lossless interference channel where ay = a; =1

Figure 3.21:

(e) amplified interference channel where a1 > 1, az > 1
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2. For very low lossy channels (a1, az < 1), Dy < RYC, x = 1,2. Therefore, the straight-line
boundary is very small. The low loss channel model is depicted in Fig. 3.21(b). In this
case it is readily shown that the rate pair RN of naive CDM lies outside the ARR of FDM.
By optimal power partitioning, the region enclosed by the curve connecting R and RNC
—and similarly, the curve connecting R$ and RN®— can be constructed. We note that
this rate region dominates over the ARR of ODM for all possible rate pairs. Compared to
the broadcast channel model, this result is quite interesting since it shows that N-CDM
has a larger ARR than ODM in a Gaussian interference channel.

3. For moderately lossy channel (a1,a; < 1), Dy < RN¢ and D, < RYC. Since D is further
away from the origin, the straight-line boundaries are more pronounced. This situation
is shown in Fig. 3.21(c). It can be shown that rate pair R™N¢ lies inside the ARR of FDM.
Hence, its ARR is smaller than that achieved by time-sharing between end points R and
RS. Based on these observations, an irregular ARR results when channel loss is moderate.
It is seen from the plot that FDM dominates over N-TDM and N-CDM in regions where
R; = R,. At boundary regions where R; >> R, or Ry <« R, N-TDM combined with SIC

dominates.

4. For a lossless channel (a; = az = 1), both receivers detect the same information signal
despite different noise levels. (In the standard form as detailed in [12], Gaussian noise
levels are normalized by adjusting transmit power constraint such that Ny = N = 1.)
Therefore, we conclude that receiver 2 is redundant. By applying N-CDM with SIC and
time sharing, this model is equivalent to optimal detection in multiple-access channel. It is
no surprise that the resulting shape of the ARR —as depicted in 3.21(d)— is a pentagon,
the shape of multi-access channel capacity.

5. In a lossless channel, the pentagon ARR of N-CDM with SIC and time sharing dominates
over ODM for all rate pairs except at the bisecting point of the time sharing line where
the ARR of ODM touches the pentagon. Once the channels are amplified (ay, a; > 1), the
rate pair D becomes significant and the time-sharing curve moves away from the ODM
curve. This is illustrated in 3.21(e).

To summarize, the capacity region of a Gaussian interference channel is not known. For a lossy
interference channel, neither N-CDM or ODM dominates over the other for all values of channel
gains. The straight-line boundary region achieved by superposition coding and SIC offers little
gain when the channel is very lossy. Without SIC, naive CDM dominates over ODM only when
the channel is very lossy; otherwise, its ARR is much smaller than that of ODM. When studying
cellular radio models where channel gains are lossy due to path loss, it is reasonable to assume
that we will not encounter lossless and amplified channels.



3.2 Single-Cell Channel Capacity 133

Composite Channel

From eqn. (3.9) the standard form of a broadcast-plus-interference composite channel
model can be expressed as

Y1 =vi+ayvy+mny

Y2 =vi+azvy+n;

The outputs y; and y;, represent received signals at two different locations detecting the same
broadcast signal vi = Vi1 + vi2, whereas the remaining broadcast signal v, is interference.
For each output both interference channel gains and noise variances are normalized such that
the principal channel gains are unity. Applying multiplexing techniques used in broadcast and
interference models, we can deduce achievable rate pairs. For example, single-user capacities
C§ and C3 can be achieved if the interfering cell transmits at channel swapping rates

2
D, 2 Wlog (1 + L)

2
D1 £ Wlog (1 + _az_P“_)

then via SIC, the target receiver can remove interference terms. Hence, the following rate pairs
are achievable:

(€5,0) (0,C3)

when the rates for interference channel are D and D;. By time sharing with optimal partition-
ing, we can achievable rate sets equivalent to the ARR of ODM. However, such rate distribution
violates the “symmetry” assumption of the cellular broadcast model where each cell with equal
bandwidth and power transmits at the same sum-rate. It also violates our assumption of single-
user detection since the target receiver applies SIC. In the above example we are considering
an extreme case where a neighboring cell reduces its rate pair to D to support maximum AR
pair at the target cell. In the following we derive rate pairs that are achievable autonomously;
i.e., without affecting the AR pair of neighboring interference site.

m By simple time sharing, the following rate pair is achievable:

RNT = oy Wlog {14+ ——————
s g< +N]W+a$P)

RNT = o, Wio 1'——>
2 T U T NLW t aZp
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m By applying optimal power partitioning, the following rate pair is achievable:

R = oy Wlog (1 + N “]\;_]*_ ocm%P)
Ry =, Wlog (1 + N, ocz\/\:)-z}- oczaﬁP)
m By treating other user’s signal as noise, the following rate pair is achievable:
RIS =Wlog (1 W +P1;2 n a%P)
RYS =Wlog (] oW +P;1 ¥ agp)

m Similar to superposition coding and SIC, by removing other user’s signal after detection
and re-modulation, the following rate pair is achievable:

P
RO =Wlog (14+——1——
‘ Og( TNW a%P)

)
RS =Wlog | 1
2 °g< +N2W+P1+a§P)

The ARR of a AWGN composite channel is plotted in Fig. 3.22.

Achievable rate region of Gaussian composite channel

Figure 3.22:
1gur a? =03,a% =07

We notice that various ARR of the composite channel are very similar to those of Gaussian
broadcast channel. Therefore, we conclude that for intra-cell channel multiplexing, orthogonal
multiplexing is the preferred option.
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3.3 Channel Multiplexing in Cellular Environment

In the previous sections we showed that superposition coding with successive interference
cancellation is the optimal policy in a broadcast setting. Due to its inherent encoding/decoding
complexity —plus the necessity for double feedback information— sub-optimal policies that
maintain mutual orthogonality among parallel user channels are preferred. All three orthogonal
schemes based on time-, frequency- and code-division were shown to have equal simultaneously
achievable rate regions. Naive CDM is the least preferred scheme due to its convex ARR. In
the interference model, the optimal policy is not known. Our results give no preference in the
selection of a channel multiplexing scheme in the AWGN interference model. However, we notice
that the ARR of an orthogonal multiplexing scheme is close to other ARR based on superposition
coding with SIC, N-CDM and N-TDM except for the first case of very noisy interference channel.
In cellular radio environment where interference from neighboring co-channel'? cells are lossy
due to propagation loss and fading, it is plausible to assume that such noisy condition is not
very likely. At this point is is unclear what the most efficient resource allocation policy is for the
cellular broadcast channel. As we recall, this is a special type of composite channel consisting
of both broadcast and interference components. In a multi-cell environment, our choice of
resource allocation policy must be efficient not only within a cell but also among cells for the
entire network. When selecting a resource allocation policy for a cellular network, we must
explicitly state respective channel multiplexing schemes for both inside a cell (among users)
and inside the network (among cells). A multiplexing scheme inside a cell is known as the intra-
cell assignment while multiplexing among cells in a cluster is called inter-cell assignment. Some
examples are FDM/TDM (FDM among cells and TDM within a cell), FDM/FDM and FDM/CDM.
The European GSM standard —which is commonly known as a TDMA-based cellular network—
overlays TDM frames over frequency-division multiplexed bands. The very first U.S. analog
cellular standard AMPS uses FDM/FDM and Qualcomm’s 1S-95 is a hybrid FDM/CDM based
network, which during its infancy replaced several inter-cell FDM channels for a single CDM
band supporting many parallel orthogonal code channels. All three hybrid channel multiplexing
schemes are illustrated in Fig. 3.23. Other possible hybrid schemes not shown in the figure are

B TDM schemes (TDM/FDM, TDM/TDM and TDM/CDM)

® hybrid CDM!3 schemes (CDM/CDM, CDM/TDM and CDM/FDM)

12For definitions and in-depth discussions on co-channel cells, reuse number, cluster and other cellular network

related terms, please refer to Appendix 3A.
13As explained in the introductory chapter, CDM refers to direct-sequence or phase-coded CDM where time epoch

synchronization at the transmitter and coherent detection at the receiver are mandatory in maintaining mutual
channel orthogonality. Other non-coherent spread-spectrum modulation schemes such as frequency hopping are
not considered as CDM.
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Figure 3.23: schemes in commercial cellular networks;
(a) FDM/FDM (b) FDM/TDM (c) FDM/CDM

In a single-cell scenario, time synchronization among parallel transmit channels affords
mutual orthogonality in the forward link. However, maintaining orthogonality among any
two channels originating from different base sites (i.e., inter-cell orthogonality) is much more
difficult, if not impossible. Among the three orthogonal division multiplexing schemes, FDM
is the easiest since its orthogonality constraint is based on the assignment of non-overlapping
frequency bands as channels. In fact, in an inter-/intra-cell channel multiplexing scheme based
on FDM/FDM, the total network bandwidth W, is partitioned equally into N, subsets, where
each subset (of bandwidth W, = W,,/N,) consists of a group of frequency bands that is
assigned to a co-channel cell in a cluster. In FDM/FDM inter-cell orthogonality is disrupted only
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if the channel induces spectral broadening due to Doppler shift. From eqn. (2.22) we know
that for an RF signal at 2 GHz and mobile speed of 100 km/hr, the maximum Doppler shift
is 185 Hz. By inserting a guard band around each FDM channel to compensate for maximum
frequency drift, inter-cell orthogonality can still be maintained. In AMPS standard where each
channel bandwidth is 30 kHz, a guard band of 370 Hz accounts for 1.2 % overhead.

intra—cell distance

inter—cell
distance

Maximum relative propagation delay between target and interfer-

Figure 3.24:
&t ence signals recorded at the target mobile in a cellular network

In inter-cell TDM or O-CDM, the guard times must be wide enough to compensate for max-
imum relative propagation delay. From Fig. 3.24 we see that the relative delay T is maximum
when it equals D; i.e., when the mobile is located anywhere along the line linking the cell cen-
ter to the furthest vertex from an interfering cell. (D is the distance of propagation between the
target and interference cell sites; d is the distance between target mobile and cell site.) In CDM
where reuse distance is small due to spectrum spreading, Tmax is relatively small compared to
FDM/TDM where larger reuse numbers are required for high SIR. For example, in CDM with
N, = 1 (i.e., co-channels are located in immediately neighboring first-tier cells) Tmax = V3R.
Likewise, in FDM/TDM with N, = 4, Tnax = 2v3R. Numerically, for a cell radius of 1 km,
Tmax = 5.77 p sec for Ny = 1 and Tax = 11.5 1 sec for N, = 4. In GSM (with N, = 4) where
each time slot equals 577 p sec, a guard time of 23  sec accounts for 4 % overhead. When
N, = 4 and the cell radius is 5 km, the GSM guard time increases to 152 p sec, a whopping
overhead of 26% to maintain inter-cell orthogonality. In IS-95 and 3G UMTS O-CDM systems,
the chip durations are 0.814 and 0.244 u sec, respectively. Inter-cell code synchronism!* is
impossible to maintain unless the cell radius is 35 m or less. Based on these observations, we
conclude that O-CDM and TDM are not viable candidates for inter-cell channel multiplexing.
It is, however, possible to use N-CDM as an inter-cell channel multiplexing policy since the
cross-correlation between any two co-channel signals is measured in terms of cross-correlation
properties of embedded signature sequences, and not on time epoch alignment of signature
waveforms. Therefore, if the network design paradigm is to maintain mutual orthogonality
amonyg inter-cell co-channels, then FDM is the only viable option, whereas for non-orthogonal
inter-cell multiplexing, N-CDM can be considered.

1gee page 171 for definition and classification of various time alignment options.
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3.4 Cellular Radio Capacity

In an orthogonal inter-cell multiplexing policy such as FDM/ODM, co-channel interference
(CCI) is suppressed via propagation loss, whereas in non-orthogonal inter-cell multiplexing
policy based on N-CDM, CCI is suppressed by low normalized cross-correlation of signature
waveforms for non-zero delay offsets. The capacities of FDM/ODM and N-CDM/O-CDM based
cellular systems can be measured and compared in two different ways. In the first based on
cellular radio engineering methods, we derive cellular radio capacity using cellular hexagonal
geometry, average SIR and propagation path loss L, as relevant and sufficient parameters. In
the second based on information-theoretic rules, we compute the simultaneously achievable
rate regions —which we coin as cellular channel capacity— of FDM/CDM and N-CDM/O-CDM
cellular broadcast networks by assuming ideal pulse shapes and ideal AWGN channel response.

We study cellular capacity first.

3.4.1 Average Carrier-to-Interference Ratio

In cellular radio engineering we wish to measure the strength of average received power
of the desired RF signal against interference power from neighboring cell sites and receiver
front-end thermal noise. This benchmark is measured in terms of carrier-to-interference plus

noise power ratio:

carrier power of desired RF signal
interference power plus noise power

C/(I+N) =CINR = (3.26)
In this simplified model the type of carrier or data modulation is insignificant; it is generally
assumed that the desired signal as well as interference signals are unmodulated carrier tones.
This assumption simplifies the thorny issue of (non-ideal) frequency response of power spec-
tral density of wideband RF signal when it is data and carrier modulated, and the channel is
frequency selective. For practical reasons, CINR is approximated as carrier-to-interference ratio
C/1 (CIR) by ignoring Gaussian noise power in an interference-limited topological environment.
We will also use this approximation. Based on multi-cell hexagonal network model derived in
Appendix 3A, the carrier-to-interference ratio is expressed as

Py
1 — R
R S S &7
d a4}

where 1 is the intra-cell distance between the base site and its target receiver, and d; is the
distance between target site and i*h tier co-channel interfering site. Here we assume all sites

transmit at the same power level of P, watts. All channels from sites to the target receiver
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undergo the same propagation path loss with exponent y. Alternatively, CIR(r) can be written

as
_ER & Ro_&

TIW I, W I, Pg
where P is the processing gain. (Difference between Pg and spreading gain N is discussed on

CIR(T)

page 47.) I, is the interference PSD. For non-spread spectrum modulated signalling, Pg = 1.
For spread-spectrum modulated signalling, Pg & N, > 1 if data modulation is binary. Link
quality (e.g., bit-error rate) is commonly measured as a function of £,/1, for an interference-
dominated traffic channel. Otherwise, if the channel is perturbed only by thermal noise, the
benchmark is in terms of £,/N,. If we aim for completeness, the link quality of a cellular
forward link is measured in terms of £,/(N, + [,). Rewriting eqn.(3.27):

o/1olr) = 2 = V3PS (1[5~ v/ (:28)

The reuse number N, (i) of i*" tier co-channel site has this relation derived in eqn.(3.33):

N =5 (§)

It is known that for every tier (say, k'"), there exists exactly six co-channel interfering sites,
whose distance to the target site are all equal. For example, when N, = 1, all neighboring sites
are co-channel interference sites. When N, = 3, all non-immediate but closest cell sites are
co-channel interference sites. As depicted in Fig. 3.25, all six sites belonging to the k" tier
group are denoted by k.

Figure 3.25: Six co-channel interfering sites belong to k" tier group
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3.4.2 Radio Capacity: FDM/ODM vs. N-CDM/0O-CDM

As seen from Fig. 3.25, inter-cell channel multiplexing with naive CDM affords reuse of the
same bandwidth W in every cell. The price paid for this convenience is increased interference
due to a large number of co-channel interfering sites per unit area. To suppress co-channel
interference, forward link data channels are spread-spectrum modulated with signature wave-
forms. If W is the transmit bandwidth of a SSM signal, the actual data bandwidth is much
smaller, say B, where W = N.B. Given a data bandwidth of B the total sum rate Ry, sup-
ported in each cell is a Shannon information theoretic quantity that depends on &,/(I, +No) as
well as on the value of the spreading gain N. and the cross-correlation properties of assigned
signature waveforms. In this model based on power ratio we see that the interference power is
suppressed by a factor of Pg. This is the power gain after despreading. At the same time, the
transmit bandwidth is also expanded by N.. As we recall, for binary data modulation, Pg = N..

As we shall see in Chapter 6, under standard Gaussian approximation method and asyn-
chronous reception, spread-spectrum modulation/demodulation offers a power gain of N, and
a reduction in effective interference power by a factor of 3.

In FDM/ODM inter-cell interference suppression is offered only through propagation loss;
transmit signals are not spread-spectrum modulated for multi-user interference mitigation. For
this reason the reuse distance is larger in orthogonal inter-cell multiplexing policy than non-
orthogonal N-CDM based multiplexing policy. If the reuse number is N, and the total allocated
bandwidth is W, the cellular bandwidth is W, = W/N,. Given total bandwidth W, the max-
imum achievable rate Ry, supported in each cell is an information-theoretic quantity that
depends on &y/{1o + No), Ny and intra-cell distance r between target mobile and base site.
Unlike N-CDM/0O-CDM, in orthogonal inter-cell multiplexing, it is possible to assign channels
with different reuse numbers based on their intra-cell distances. This method of variable reuse
exploits the concept of reuse partitioning. It is discussed in detail in Appendix 3A on page 152.

Effective Reuse Number

From eqn.(3.28) we can compute the Shannon rate R¢(r) (in bits per second) of a target

user per cell for given SIR:
Re(r) = W, log [1 + SIR(r)]

where W, = W/N, is allocated bandwidth per cell. This achievable rate R(r) is a function of
mobile distance r from the target base site. We can determine the average rate by averaging
over mobile distances by assuming that mobile users are uniformly populated over the entire
area of a hexagonal cell. For convenience, we set the cell radius R = 1. The bit energy &y, is
adjusted such that at the cell edge (R = 1), the Shannon rate is normalized; i.e., SIR(R) =1
and R.(R) = W.,.
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If the total bandwidth is W Hz and average Shannon rate is R, the effective reuse number

is
Negr = W/R (3.29)
For example, if W Hz is allocated to each cell in a CDM-based network of reuse 1, and R =
W, then Ngg. In Table 3.1 we compare the effective reuse numbers of N-CDM/0O-CDM and

FDM/ODM policies for several different reuse numbers and channel models. We also list Ngg
with power control (for N-CDM/0O-CDM), and with reuse partitioning (for FDM/ODM). From

Effective Reuse Number N4 for Hybrid Channel Multiplexing Techniques

Table 3.1: . . e
(w/ PC = with power control, w/ RP = with reuse partitioning)
N: | v | N-CDM/O-CDM | N-CDM/O-CDM | FDM/ODM | FDM/ODM
w/ PC w/ RP
1 |4 2.58 1.78 6.38 6.38
3 14 4.55 3.85 4.23 3.48
4 |4 5.63 4.82 3.76 2.77
7 |4 6.45 6.32 5.55 4.13
1 ]2 2.78 1.91 6.44 6.44
312 5.03 4.11 4.78 3.66
4 |2 6.10 5.05 3.98 3.01
7 12 6.93 6.77 5.78 4.52

the list we deduce that N-CDM/O-CDM with N, = 1, along with power control, is the preferred
choice. Since the total transmit power is constrained, for non-orthogonal channel multiplexing
with N-CDM, a larger reuse number does not necessarily improve network capacity. This situ-
ation is also observed in orthogonal inter-cell channel multiplexing. However in FDM/ODM, a
smaller reuse causes large interference that the cell capacity is reduced from its optimum. Reuse
partitioning does offer some increase in capacity, but not enough to dominate N-CDM/O-CDM.
Besides, implementation of reuse partitioning in FDM/ODM (channel swapping and mobile
location tracking) is more complex than feedback power control of N-CDM/OQ-CDM.
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Notes and References

In this chapter, we first give concise definitions of various multi-user channel models. Each
channel is characterized by the transition probability distributions between information source-
sink pairs. We next show that the cellular channel is equivalent to our defined compound
channel. In particular, we focus on the forward link of a cellular network—the broadcast plus
interference compound channel. The last part of the chapter deals with several topics specif-
ically pertinent to the cellular channel, namely the hexagonal geometry (since a hexagon is
widely accepted as a theoretical shape of a cell) and the concept of cellular re-use. Most of the
background material is borrowed from various texts in information theory and mobile radio
communications. As references, we list the following texts by Cover [22], Csiszar and Korner
[27], W. C. Y. Lee [71] and Rappaport [114]. Some of the information related to the broadcast
channel was derived from P Bergmans' Ph.D. thesis [8]. Several key concepts in hexagonal
geometry overlap with those published by MacDonald [79]. The broadcast channel and its
achievable rate region was first proposed by T. M. Cover [21]. Its capacity region was proved
by P P Bergmans [7]. The role of cooperation was introduced by Bergmans. He also derived
capacity regions for time-, frequency-, and code-division multiplexing schemes for a Gaussian
noise channel. The interference channel was introduced by Shannon [127] through a two-way
channel model. It was generalized by Carliel [12]. The capacity of a vector Gaussian multiple-
access channel was derived by S. Verdu [149]. It is applies to the code-division multiplexing
case, and is more general than the well-known Gaussian multiple-access capacity of Cover
and Wyner [165]. The average broadcast capacity with multipath flat fading is studied by A.
Goldsmith [44]. We extend P P Bergmans’ results by including spread-spectrum multiplexing
schemes. We also derive achievable rate regions of a broadcast plus interference (compound)
channel under various statistical fading models. The cellular broadcast channel can be mod-
elled as this kind of compound channel. We show that spread-spectrum multiplexing where
signature codes belong to a special class of superimposed binary sequences has the largest rate

region.
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Appendix 3A

Hexagonal Cellular Geometry

At the heart of cellular radio engineering design is the concept of frequency reuse. A radio
frequency bandwidth assigned to a base station is reused at a distant location by another base
station. The recycling of bandwidth is made possible by the attenuation of high-frequency
radio signal as it propagates away from a transmitter. In order to evaluate various performance
parameters of a cellular radio communication system, the infinitely broad coverage area is
partitioned into smaller regions that are called cells. The radiation pattern of an isotropic or
omni-directional transmit antenna is accepted as a circle. That is, if a transmitter radiates
from the center of a circle, mobiles located on the perimeter receive the same signal strength.
The art of covering such a large region using equal-size regular polygons such that no gap or
overlap exists among them is called “tessellation” [23]. Equivalently, the coverage layout is an
imaginary grid of contiguous tiling of polygons of equal shape and size. The smallest unit in a
very large grid is a cell. It can be shown that the only equal-size and equally sided polygons that
tessellate a planar region are an equilateral triangle, a square and a hexagon. Among them the
hexagon is the most suitable in approximating a circular coverage area since the difference in
area between a hexagon and a circle is the smallest (see. Fig. 3.26). This fact alone does not

—— _

Valid polygons —square, triangle, hexagon— as a basic unit “cell”

Figure 3.26: | : ) .
in a contiguous non-overlapping grid

justify the use of a hexagon as the shape of a cell. It is true that the overlap among adjacent
circles is greater when a square grid —instead of a hexagon grid— is used. This is illustrated
in Fig. 3.27. Thus, more circles (base stations) are required to blanket a coverage area when a
square grid is used. This second fact does not necessarily illuminate the advantage of a hexagon
over a square. We will have to wait until the end of this tutorial to give a succinct reason for the
preference of hexagonally-shaped cells. First we introduce some simple conventions, notations
and unique properties of hexagonal cellular geometry.

The radius R of a hexagon (see Fig. 3.28) is defined as the distance from the center to a vertex.
The length of each side is also equal to R. The area A and the shortest distance from the center
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Figure 3.27: Coverage of an are.a using hexagonal z%nd square grid. There is
greater overlap of circles for a square grid.
to each side d are

Fi 3.28 A hexagon and its dimension. R is the radius and its area A =
igure 3.28:
8 (3v/3/2) R2. A hex unit is equal to 2d, where d = (v/3/2)R.

Coordinate System

Similar to the cartesian coordinates (x,y), the hexagonal coordinate system uses two bases,
except the angle between them is 7/3 radians. As shown in Fig. 3.29, two types of hexagon
grids, flat-top and flat-side grids, respectively can be constructed. The terminology is self-
explanatory. For the flat-top grid, the coordinates are labelled (u, v}, while the primed notation
(w/,v') is used for the flat-side grid. A hex unit along each basis is equal to 2d = v/3 R. By
convention, the one-dimensional or linear cellular grid model uses the flat-side hexagons since
neighboring cells are contiguous. The one-dimensional model, which is used mainly as a “high-
way” footprint is shown in Fig. 3.30. For all other types of coverage such as built-up city area,
suburban and rural locations, the most widely used model is the two-dimensional or planar
cellular grid with either flat-side or flat-top hexagons. All hexagonal cells surrounding (and
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Figure 3.29: Flat-top and flat-side hexagonal grids.

o

Figure 3.30: One-dimensional or linear hexagonal grid.

not necessarily touching) a target cell are called its neighbors. The distance between a cell and
its immediate neighbor is 2d = /3R, or 1 hex unit. Each hexagon in a grid is identified by
indexing the hexagonal coordinates of its center. The target cell is always located at the origin
with coordinates (0,0). All its neighbors are referenced with coordinates (u, v) in hex units. For
example, the coordinates for cells A and B in Fig. 3.31 are (1,2) and (3, —1), respectively. Note
that all cells in the first “quadrant” (see Fig. 3.32) have positive coordinate values. Likewise,
both coordinates of the cells in the third quadrant are negative. In cellular system design we

Figure 3.31: Identification of hex cells in a grid

are only interested in neighboring cells that are equidistant from the target cell; their exact

coordinates are of secondary importance. In a rotated hexagonal coordinate system (see Fig.
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3.33), each cell location is denoted by (U, V, 8}, where 6 is the relative rotation angle between u
and U axes. Thus, a valid value of 9 is ’—‘37—1, k € N°. [A similar notation (U’, V’, 8) can be used for
the flat-side grid.] The rotated coordinate system (ll,V,0) is preferred over the conventional
(u,v) system because the coordinates are always positive. In order to avoid any duplication in
labelling, a coordinate such as (0, V,8), V € Z. is not allowed. Unless noted, we always assume
U > V with the target cell at (0,0). All immediate neighboring cells of distance one hex unit

Four quadrants in a hexagonal coordinate system. Only cells in the

Figure 3.32: . e
&1 first quadrant have coordinates (u, v) with positive integers.

!
V]

%@;y ‘"
B

Rotated hexagonal coordinate system. Each cell is labelled using
Figure 3.33: three parameters: (U,V,8). The figure shows only the first three
rotated angles, although there are a total of six.

are called first-tier cells. The next closest cells touching the first-tier cells are called second-tier
cells. The next set of cells touching the second-tier cells are called third-tier cells and so on.
Note that in general, not all kt"—tier cells are k hex units away from the target cell (see. Fig.

3.34).
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First and second tier cells. Every k‘'—tier cell is not k hex units

Figure 3.34: .
away from the target cell. Some have larger distances.

Co-Channel Cells

For a set of positive integers U and V, all six neighboring cells with coordinates (U, V, 0)
are equally distant. They are called co-channel cells. The terminology is derived from the fact
that the target cell and its co-channel cells co-share the same frequency band. In other words,
a frequency band or “channel” assigned to the target cell simultaneously reused in equidistant
co-channel cells. Fig. 3.35 illustrates three sets of co-channel cells sharing channels 1, 2 and 3.

(1,1)

Cellular network with hexagonal cells. The reuse number is 3. The

5. gray regions illustrate valid cluster shapes. The top cluster is 120°
rotational invariant, while the bottom cluster has 180° rotational
invariance.

Figure 3.3

Proposition 3.1 A target cell has only six neighbors of equal distance if the coordinates of each of
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its neighbors is of the form (U, 0, 8) or (U, U, 8). For coordinates (U, V, 0) where U # V, the target

cell has twelve equidistant neighbors.

The proof is straightforward. For (l,V,8) with U # V, two neighbors with respective coor-
dinates (U, V,0) and (V, U, 8) are equidistant from the target cell. Note that in the last case,

although their are twelve equidistant cells, only six are co-channel cells.

A

DS

CUSE

~

Figure 3.36: Reuse distance between two cells.

Reuse Number

We have shown that six co-channel cells are equally distant. We now wish to compute this
distance. Applying the Law of Cosine (see Fig. 3.36), it is easy to show that the reuse distance

between the target and its co-channel cell (in hex units) is:
Dy=VUz+vi4+uv
Since a hex unit equals 2d = +/3R, the distance in metric unit is:

D=+v3RVU2+ V24UV

Equivalently,

=v3VUZ+ V24UV

=| T

The reuse number N, is defined as:

NT:D{:l:%(%)z:uZJrv%uv

(3.30)

(3.31)

(3.32)

(3.33)
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co—channel cells
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(2,1)

The figure shows co-channel cells for

Various cluster patterns.
reuse number N=3, 4 and 7.

Figure 3.37:

Figure 3.38: Enlarged hexagon with area B and radius D.

Cell Cluster
co-channel cells, and eventually exhaust all the cells in the (infinite) grid. A group of cells
consisting of a target cell and its translated clones is called a cluster. It is defined as a group of

In Fig. 3.37, a target cell along with its six co-channel cells are shown for three different
cells that covers the entire grid without any gap or overlap when translated. Due to symmetry,

cases: (1,1,0), (2,0,08) and (2,1, 8). By translation, we form another set (coset) of target and

it is seen immediately that by translating a target cell to its co-channel cell location, the entire
grid can be constructed. The number of cells in a cluster is defined as the cluster size N.

Proposition 3.2 The cluster size N is equal to the reuse number N..
When the centers of co-channel cells are connected as shown in Fig. 3.38, a larger hexagon is

formed. Denote its area by B. By translation, the lines can also connect the center of masses of
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the cluster. Since the angle between a pair of intersecting lines is 27t/3, the area of the larger
hexagon is:

B=NA+6 (%NA) =3NA
On the RHS, the first term is the area of the cluster of the target cell, since this cluster is fully
enclosed in the larger hexagon. The second term is the total area of partial clusters from its six
co-channel cells, where each co-channel cell cluster contributes 1/3 of its area NA. Rearranging
the above equation and using the fact that the ratio of the areas of the outer and inner hexagons

is:

B _ D2
A R?
we obtain our desired result: 5
B 1D
N = —— = - e = N
3A° 3 R2 ’
Since U, V € N and the cluster size (reuse number) is:
N=N,=U?+VZ4+Uuv (3.34)

only certain integers are valid cluster sizes. Then, how can we determine these integer values
without exhaustively substituting a pair of integers in (3.34), especially when N is large? of
course, it is most likely that we may never encounter large values of the reuse number N in
cellular radio engineering design. However, in another communication setting such as vector
quantization, it is often desirable to partition a plane into contiguous clusters of hexagons. In
such a scenario, N can be very large. We state the following without proof.

Proposition 3.3 N is a valid cluster size if its factors are:

(a)1,3,40r7
(b) a prime number and its additive value is 1, 3, 4 or 7
(c) the square of an integer
The additive value of an integer abcd (in decimal form) is (a +b + ¢ + d).

Rotational Invariance

It should be noted that knowledge of a valid cluster size is not sufficient in the construction
of a valid cluster. As shown in Fig. 3.39, for a given cluster size, several shapes are possible and
as illustrated, some are not valid clusters, i.e. gaps or overlaps exist when they are juxtaposed.
A cell cluster is said to be p° rotationally invariant if its shape is invariant to a p° revolution
about its center of mass. Due to symmetry, three possible locations of the center of mass are
the center, the vertex and the midpoint that bisects each side. The corresponding clusters are
60°, 120° and 180° rotationally invariant. All three cases are illustrated in Fig. 3.37. Note that
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(a) (b) (e)

Hexagonal cluster patterns for reuse 7. The shape in (a) in 60°

Figure 3.39: . P ; ) .
i rotational invariant, and its the preferred choice.

a 60° rotationally invariant cluster is both 120° and 180° rotationally invariant. However, 120°
and 180° rotational invariance are mutually exclusive.

Proposition 3.4 A cluster in which co-channel cells are located at (U,U — 1,0), (U,U,0) and
(U, 0,0) are 60°, 120° and 180°rotationally invariant, respectively.

The proof is based on simple geometrical arguments. We now have a systematic approach of
constructing a valid cluster shape for cluster patterns (11, U—1), (U,0) and (U, U). Then how do
we construct valid cluster shapes for arbitrary cluster patterns (U, V)? We state the following
without proof:

Proposition 3.5 A cluster pattern (U, V) has a shape that is either 60°, 120° or 180° rotationally
invariant.

Since 60° rotational invariance is the most symmetric, we first check whether a cluster can be
constructed with this symmetry. If not, it can be constructed with either 120° or 180° rotational
invariance, but not both. Earlier in the section, we stated that cells in the k" tier are not
equally distant. We now give a more precise statement:

Proposition 3.6 The number of cells N(k) in the k" tier is 6k.

For a 60° rotationally invariant cluster, its cluster pattern is ([, U — 1). The corresponding
cluster size N is:

Nu=/U2+ (U124 UU—1)=3U2-3U+] (3.35)

Similarly, for (U + 1, U):
Nus1=3U24+3U+1 (3.36)
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It is easily deduced that the difference in the cluster size of (U + 1,U) and (U, U — 1) is N¢(U).
Subtracting (3.35) from (3.36),

Based on the above result, the next statement follows naturally:

Proposition 3.7 Among the k*—tier cells, there are k groups of cells, each group consisting of six
equally distant cells.

For a given (U, V) a target cell has six equidistant co-channel cells. These co-channel cells form
a group. Since there are 6k cells in the k" tier, the number of such groups is k. Depending on
the relationship between U and V, members from two different groups may be equally distant
from the target.

Open Problem

This raises the question of whether we can state anything more about the distance properties
of such groups. It is clear that the two groups with patterns (U, V) and (V, U) are equally distant
from the target cell. Besides this, we are not able to give any general result. It is tempting to
conjecture that a cluster size N can be generated only by a unique pattern (U, V) or (V,U).
This, however, is not true. For example, by an exhaustive search, we note that the patterns
(7,0) and (5,3) have the same reuse number N = 49,

(a) (b)

Figure 3.40: Reuse partitioning of hexagonal cells.

Reuse Partitioning

For a frequency reuse of N;, the bandwidth per cell is W/N, Hz. Therefore larger cell
bandwidth is obtained by tighter frequency reuse. For a mobile at distances r from its base
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(r < R) is signal-to-interference power ratio (SIR) is:

1
] 1
SIR(r) ~ = — & (3.37)
T

where dy is the (approximate) distance (see Fig. 3.41) between the mobile and a co-channel
base station in group k. (A group is defined as a set of six equidistant co-channel cells. For first
tier, there is only one group. Let’s call it group 1. There are two groups in second-tier. Let’s call
them group 2 and 3, respectively, and so on.) The approximation becomes exact only when the
mobile is located at the center of the target cell.

Figure 3.41: Approximate distances between target mobile and co-channel bases

Rewriting in a more compact form

1
SIR(r) » %Q_Y
d
(3.38)
_ 1 deff Y
= (%) (3.39)

where the effective re-use distance deg is expressed as

11
dsz d}/l dzz

+...

Within a cell, we define a zone as an annular region z; between two concentric circles of radii

1i and ri_1, i1 € Z4+ with rg = 0. In Fig. 3.40, there are three zones zy, z» and z3. Using the
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following definitions:

n;: reuse number in zone i

ry: radius of zone i

di: reuse distance of zone i

ci: number of channels (frequency bands, time slots etc.) allocated in zone i

Z: total number of zones

It is easy to see that nz = N, rz = Rand dz = D. Zone 1 is a circle and zone N is the difference
in area between the hexagon of radius R and a circle of radius rz_;. As illustrated in Fig. 3.40,
a channel assigned to a mobile in zone i of the target cell can be re-used by another mobile,
also in zone i of its cell as long as

<

| T

d;
LR

Equivalently,
SIR(R) < SIR({r)

Since the frequency reuse number is chosen such that all mobiles receive SIR above a specified
threshold SIR*, we have
SIR* < SIR(R) < SIR(r3) (3.40)

Therefore, a frequency band assigned to a user inside a ring of radius r; can be reused inside
a similar ring (of radius r;) located at a cell of distance d;. In Fig. 3.40, the reuse number
N, = 4. Tighter reuse of 1 and 3 are possible inside rings of radii vy and r,, respectively. If the
total bandwidth W is partitioned into M frequency bands, the following equality must hold:

Z
Z cini =M (3.41)
i=1

Setting SIR(R) = SIR(r;), we can deduce the following:

r2 R?
Q= # =N (3.42)
1

If the channels per cell are uniformly distributed among the zones, i.e., the number of channels
per unit area is constant, the following must be satisfied:

C1 C2 Cz
s - =5 (3.43)
T (T%_T%) (VZZ_TZZ—l)

Substituting (3.42) in (3.43):

GO ___ @ .-z
Qny Q(na—mny) Qny—mnyz 1) (3.44)




Appendix 3A — Hexagonal Cellular Geometry 155

Figure 3.42: Channel assignment in reuse-partitioned cells for N, =3

By substituting the reuse numbers (1, 3,4, 7,9, 11, ...):

C1 C2 C3 . Ca

121 3

With re-use partitioning, the total number of channels per cells (the cellular capacity) is

Z
CC = Z Ci
i=]

For N, =7,

M o= M M o 3M

20 ?2T70 T3 “T3

In the above example of re-use 7, C. = 7M/32. Without reuse partitioning, the capacity is M /7.

The increase in capacity due to reuse partitioning is 53%. If the cellular capacity is expressed

C1 =

in terms of bandwidth, then for re-use 7,

7
B. = (3—2)wtot = 0.2188 Wit (3.45)

In another example shown in Fig. 3.42, channel 1 is assigned to ring 1 while channels 2, 3 and
4 are assigned to three rings of re-use 3. Since ¢, = 2¢1, we see immediately that

M o = M

70 T 7

The cellular capacity C. = 3M/7 and the effective re-use number is 7/3 ~ 2.3.

C1 =

Area Adjustment

In eqn. (3.43) it is assume that all zones are annular. This however is not correct for the
last zone since its area is the difference between a hexagon and a circle. We can rewrite eqgns.
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(3.43) and (3.44) with this area adjustment:

G__ % _..._ €z
o (13- (kirz =721
c1 C2 L Cz
Qni  Qnz—m1) Qlkynz —nz-1)
where
K, = 33
L
With this correction, it is easily shown that
LMo M M 1789M
15235 2T 35 T35 YT 135
and the bandwidth per hexagonal cell is
5.789
Bh = (-2-3?) Wiot = 0.2461 Wigt (3.46)
@
R
d
6

Figure 3.43: Cellular grid composed of equal-size squares

Capacities of Hexagon- vs. Square-Shaped Cellular Networks

In a cellular grid (as shown in Fig. 3.43) composed of contiguous equal-size square cells of

radius R, the following relations can be derived:
1
A=2R? d=-—2R
V2
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SIL

where X and Y are square units along x and y cartesian coordinates. Therefore, valid re-use
numbers are
1,2,4,5/8,9,10,13...

and so on. With reuse partitioning we can calculate the cellular capacity of a square grid:

c1 C2 _ _ cz
70— (ki —3_)

where the area correction factor is
=2
T

S

and

Cq C2 €3 €4 C5 Cg Cy

T 77737 07
In Fig. 3.43, channel 1 is reused in zone 1 of every cell. Channels 2 and 3 make up the group
of channels with reuse number 2. For reuse 4, the group consists of 4 channels; 4, 5 and 6 are
shown in the figure. For D/R = /21 (corresponding to hexagonal reuse NI* = 7), it is easy to
see that for a square grid, N3 = 10.5. Valid square cluster sizes in this range are 10 and 13.
Setting ny = 10, we can show that

M M 2M 0.89M

Gmasa=tTnie T ne ST ne 7T 266

and the bandwidth per square cell is

9.89
BS (T%) Wiot = 0.4365 Wit (3.47)

[



158 Chapter 3: Cellular Broadcast Channel

Appendix 3B

Achievable Rate Regions: FDM >N-TDM

By setting P = W = 1, the achievable rate region of FDM with optimal power distribution
is:

R 1—(1—06)(N2—N1))

o log <1+ N

R; = (1 — ) log (1 4] +°‘(N2_N‘))
N2

It is clear that the maximum achievable rates of both users are the single channel capacities:
Ry = 1) = C§ and Ry(« = 0) = C35. The achievable rate region plot for the 2-user case is
shown in Fig. 3.19(a). For N-TDM, the boundary is a straight line (y = mx + b):
CS

RN =— (C_;) RY + C3 (%)
where the y and x intercept points are Cj and C3, the single-user channel capacities. Here, it
is understood that R{\‘ implies R{\’(oc), a function of the time partition parameter 0 < « < 1. It
appears all we need to show is the concavity of the FDM curve to prove the dominance of FDM
over N-TDM. That is, we need to show:

d°Ry _ d dRy da dax
dR2 ~ do da dR; dR;
Unfortunately, the mathematics is messy and not as elegant as the alternative proof given by P
P Bergmans. We will follow his work with a few minor changes. Rewriting (x):
N N
SIS

For any rate pair (Ry, R2), define:
Ri Rz

e= -+ =
G G

For any point with coordinates (R1,R2) to the right (i.e. outside of the triangle), e > 0. For

-1

points inside the triangle, e < 0.
The achievable rates for FDM with a prefixed bandwidth (constant ) partition are, with P =
wW=1

R1=Blog(1+f\]—%)

1 —«

RZZ(]——B) 108<1+]—\1"2-E>
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In general, it is understood that R; is a function of both power and bandwidth partition param-
eters 0 < «, B < 1. For an FDM curve with a fixed bandwidth partition, its y and x intercept
points are the reduced bandwidth, single-user capacities, C§(B) and C5(p), with W7 = 3 and
W, = (1 — 3) where:

Ci(B) = W;log (1 TN W)

This is shown in Fig. 3.19(b). In order to prove the dominance of FDM over N-TDM, we need
only to show that for any bandwidth partition (arbitrary 3), there exists a portion of the FDM
curve outside the triangular region of N-TDM. For a fixed 3, both intercept points of FDM are
smaller than the intercept points, C§ and C3, of N-TDM. Next, it is straightforward to show that
this FDM curve is concave:

d’R, d [dR;\ d«

a7 da (@) & <
It appears that in order to show that FDM dominates over N-TDM, we only need to show that
this FDM curve intersects the N-TDM straight line at two distinct points. In fact, we already
know one such intersect point where the power and bandwidth partitions are equivalent (o« =
B), P1 = «P and W; = aW. However, it is rather difficult to locate the other intersecting point
since the FDM curve equation includes logarithmic terms. An alternative is to show that the
rate-difference curve e(x, §) has a stationary point o* that is not equal to 3. (Remember that
the two curves intersect at o = 3.) It is then straightforward to show that for o = B:

1 1

d
— e, B) ZC?(]+N1)_C§(]+N2)

da

a=p

The slope of e at « = {3 is equal to zero only if N; = N, which is expected since all multiplexing
schemes are equivalent under equal-noise condition. For all other cases where N # N, the
slope of e is non-zero; i.e., at the intersecting point, « is not a stationary point. Based on this
result, and using the concavity of FDM curve, the dominance of FDM over N-TDM is proven.
The slope of e for « = f is negative for Ny < Nj.Therefore we know that the lower
intersection point corresponds to the equal power-bandwidth partition case o = 3.



Chapter 3: Cellular Broadcast Channel

160

blank

o

n k

page

(=

Q- © O
e}
o
op
Q) @ Q. © ) ©

Q.

4

=]

ol

1ank,,,

s/
j )
[ o
rpage Il oo
[o)) [o D)
//\ //»\ <
joo
k\ O - © O X
(\



4

SIGNATURE WAVEFORMS AND
SEQUENCES

Summary

In Chapter 3, we propose code-division as the preferred channel multiplexing scheme for a
transmitter in a cellular radio communication system, but little information is given about the
design and construction of such codes. In an abstract sense a code is a set of instructions agreed
upon between a transmitter and its receiver. In practice, information transfer in a CDM system
is a two-step process: First, during the initial handshake phase of channel setup, a unique code
sequence is assigned by the transmitter to a receiver. Second, messages from a source are en-
coded using this code sequence. Furthermore, this coded message is transmitted through free
space in the form of electromagnetic waves. Hence, there is a bijective mapping between a
coded message and its corresponding noise-like analog signal called signature waveform. The
codes must be carefully chosen such that each receiver can readily decode its message from a
composite broadcast plus interference signal. The cross-correlation function is a ruler that is
used to measure the similarity between a pair of different code sequences or signature wave-
forms. Likewise the autocorrelation function measures the similarity between a code (or a
waveform) and its phase-shifted version. Both cross- and auto-correlation functions can be fur-
ther classified into three types: periodic, aperiodic and partial. A periodic correlation function
is useful only in a special case where the time periods of signature waveforms are equal and
the correlation window spans over this period. When the correlation window is less than the
period, the correlation is measured in terms of two aperiodic correlation functions. In both pe-
riodic and aperiodic cases, the beginning (ending) epoch of the correlation window must be the
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beginning (ending) epoch of the waveform. (We elaborate this remark graphically in the body.)
If the above conditions (i.e., the same period between the waveforms, and correct alignment
of time epochs) are not met, the only effective and meaningful tool is the partial correlation
function. It is a function of both the time offset between the waveforms as well as the size of
the correlation window. As we shall see, the partial correlation function is the most important,
and also the most difficult to analyze and quantify deterministically. Most often, we must resort
to its statistical or time-averaged properties. The main results presented in this chapter are:

m A special class of signature waveforms, known as binary orthogonal time functions, have
zero periodic cross-correlation when the time offset is zero. Two types of orthogonal
functions exist: recursive and non-recursive. The former is preferred since the periods of
any two waveforms need not be equal; thus it offers seamless multi-rate transmission and
reception capability. (See Chapter 6 for details.)

B In general, orthogonal waveforms and their corresponding code sequences have very poor
aperiodic and partial correlation properties. This shortfall is easily compensated by super-
imposing an orthogonal code with a noise-like pseudo-random sequence. We coin such
codes superimposed orthogonal sequences.

m We show that the choice of a particular pseudo-random sequence is not critical in the con-
struction of superimposed orthogonal codes when the statistical properties of the partial
auto-correlation function are used as the benchmark for system performance.

m There is little difference in correlation measure between recursive and non-recursive ot-
thogonal codes when both are superimposed with the same pseudo-random sequence.

Most of our results presented in this chapter serve as background material for multi-rate
CDM system design and analysis presented in Chapter 6.

4.1 Correlation Properties of Continuous-Time Signals

When characterizing the output waveform of a baseband filter (see Fig. 3.15) we must
take into account its length or period (T sec.) as well as its occupied bandwidth (W Hz).
Physically realizable (causal) finite-length waveforms are both time- and energy-limited. Using
the Nyquist-Shannon Sampling Theorem, the dimension of a signal set

Fit) = {f1(8), f2(8), .., () |
where all waveforms in F(t)} are of equal energy and equal period can be defined as

D =~ [2TW] (4.1)
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where the product TW is commonly known as the passband time-bandwidth product. Using the
Gram-Schimdt orthogonalization procedure it can be shown that D < M. Equality holds when
the waveforms are mutually orthogonal, i.e.

pﬁ=J°° ROfOdE =0 fi(t) f5(0) €F(t) 4] 4.2)

—00

From eqn. (3.1) we know that a larger value of M implies a higher information content per
waveform. However, for a fixed D, the waveforms become correlated (pi; # 0) when M > D.
For high-fidelity reception of a desired message from a code-division multiplexed signal, the
waveforms must be carefully chosen such that they can be easily distinguished at the receiving
end. The design of good signature waveforms is measured in terms of their auto- and cross-
correlation functions. Each correlation function serves a different purpose:

m The cross-correlation function is a measure of the dissimilarity between a pair of signature
waveforms. The mean-squared error of two deterministic signature waveforms is:

2
eyi(T) = J [fi(t) — £yt — T)] dt = & + & — 2 py(7)

where
Ex = Jfﬁ(t) dt  pylt) = J fi(t)f;(t— 1) dt

The parameter T is the relative offset between the time epochs of signature waveforms.
The waveforms are the most dissimilar when the mean-squared error e;; is maximized by
minimizing their cross-correlation p;; —more precisely its absolute value |pj| since cor-
relation of fi(t) with both f;(t) and its inverse —f;(t) is of interest. Since the elemental
waveforms that compose the broadcast composite signal can be time synchronized, we
are particularly interested in the special case of p;;(0) = O for all i # j where all sig-
nature waveforms are mutually orthogonal. The Dimensionality Theorem states that for
time-limited real pulses of period T and bandwidth W, the maximum number K of mu-
tually orthogonal waveforms is ~ TW. A larger set (> K) of signature waveforms can be
generated at the expense of [py] > 0.

B The auto-correlation property of a signature waveform
pj(’t) = ij(t)fj(t — T) dt

is critical for synchronization (tracking and locking) of carrier phase and time epoch
of a signature waveform, especially when coherent detection is used at the receiver. A
large spike at T = 0 such that p;(0) > p;(t # 0) is desired. If the channel is time-

dispersive, the received signal consists of delayed replicas of the transmitted signature
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waveform. In order to reduce self-interference resulting from multiple delay components
of the signature waveform, a low auto-correlation value is desired for any non-zero time
offset within the channel delay spread (AT)q4.

Ideally, we desire waveform pairs whose cross-correlation value py;(t) is very small for any
arbitrary time offset T, and whose auto-correlation values {pi('r), pj(fr)} are also very small
for T # 0. They are often two conflicting requirements: The cross-correlation p;;(t) can be
reduced by increasing the period T. However, if T is large, the initial acquisition and phase
locking process can take too long, rendering the waveform impractical. Besides, it is well
known from algebraic coding theory that it is impossible to design code sequences that possess
ideal characteristics in both cross- and auto-correlation. See Sec. 4.7 for a brief discussion and
a list of useful references on this topic .

i (L)

f5(t)

_i integration
interval

integration
}" interval

(a) (b)

Figure 4.1: Aperiodic cross-correlation for symbol-time limited waveforms

4.1.1 Aperiodic Cross-Correlation

Physically realizable waveforms are strictly limited in time. Furthermore, if the waveforms
are symbol-time-limited! —i.e., there is no overlapping of successive waveforms, f,(t) = 0 for

'In communications literature the data rate is commonly measured in terms of symbols per second (sps). Other
rates we will encounter are bits per second (bps) and chips per second (cps). Each symbol may carry several bits
depending on the constellation set. Actual transmission, however, requires the generation of waveforms instead of
symbols, and the number of waveforms transmitted per second is called the symbol rate, denoted by R. Its reciprocal
T is the symbol time. If the period T, of the waveform is strictly limited to T, it is symbol-time-limited. In Chapter 5
we encounter time-overlapped waveforms where T, > T; i.e., the beginning epoch of a waveform starts before the
ending epoch of the previous waveform.
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t < 0 and t > T— then demodulation and matched filtering are simplified. For such aperiodic
waveforms, two kinds of cross-correlation functions exist:

T
pi(T) = Jo fi(t)fj(t —T)dt 0<t<T

0 (4.3)
- J f1(t)f;(t — T)dt
;
Py (1) =J fi(t)f;(t+ T —1)dt 0<tT<T
° 4.4
- J fi(OF(t+ T — T)dt
0

fi(t),f;(t) € F(t). They are called continuous-time aperiodic cross-correlation functions for
an obvious reason: they both are aperiodic. They are illustrated in Fig. 4.1. In general,

pi(T) # psi(T), but py(t) = 5T — 7).

4.1.2 Periodic Cross-Correlation

Since information is not conveyed on a one-shot basis but in a continuous stream of data
modulated waveforms, it is more meaningful to deal with the periodic cross-correlation func-

tion. First we generate an infinite-time periodic waveform p;i(t) by repeatedly concatenating

o

symbol-time limited pulses f;(t), i.e. pi(t) = > fi(t — nT). Then, the continuous-time

n=—o0
periodic cross-correlation function is:
T
Cy(1) :J pi(t)p;(t —T)dt —00<T< 00 (4.5)
0

Similar to (4.3) and (4.4), we define the continuous-time aperiodic cross-correlation functions.

For0<t<T:
T

Rys(1) = JO Pe(6)ps(t — T)dt = Py (1) 4.6)

°
Ri;(1) = J pi(Bps(t — 1)t = py (1) 4.7)

T

Note that both Rj;(7) and ﬁij(T) are periodic and well-defined for —co < T < oo; but we still

call them “aperiodic” cross-correlation functions?

since they are respectively identical to py;{(T)
and pj;(T) for 0 < T < T. These cases are illustrated in Fig. 4.2.
Of course,

Cy(T) = Ry(7) + Ry5(7) (4.8)

2Note that our definition of Ry;(t) and ﬁ-lj {1) is not universal; they are called partial cross-correlation functions
in Ref. [109] and in subsequent articles based on [109]. We reserve partial correlation for a different type of
function (see Sec. 4.1.3).
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Py

- Ry — Ry —]
Figure 4.2: Periodic cross-correlation for symbol-time limited waveforms

Using the identities:
Rij(1) = Rji(1) 4.9

Ri(T) = Ryi(7) (4.10)

We immediately deduce that Ci;(t) = C;i(t). Hence Cy;(7) is known as the “even” continuous-
time periodic cross-correlation function. We can also define the “odd” continuous-time periodic
cross-correlation function:

Cy(1) = Ry(1) — Ry(7) (4.11)

Note that (1) = ~Cji(7).

4.1.3 Partial Cross-Correlation

Both periodic and aperiodic correlation are functions of a single variable: the delay param-
eter 1. The correlation window for periodic correlation function spans over a period T. For ape-
riodic correlation functions, the correlation window is either [0, 1) or [T, T), where 0 < 1t < T.
As depicted in Fig. 4.3, it is always from the beginning (ending) epoch of one waveform to the
ending (beginning) of another waveform. Hence, knowledge of any two functions from the set
{Cy, Ry, ﬁij} is sufficient in determining the third function.

It is then apparent that a different type of correlation function must be defined when:

® Two waveforms have different periods. This is illustrated in Fig. 4.4. As seen from the
figure, it is no longer meaningful to measure their cross-correlation in terms of periodic
or aperiodic functions.
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w) \
”er}_ding epochs

beginning epochs

| |
I integration |
window

Figure 4.4: Correlation of two waveforms with different periods

® The beginning (ending) epoch of the correlation window is not the beginning (ending)
epoch of a waveform, but rather shifted by an arbitrary non-zero offset. This condition
exists even when both waveforms has the same period —as illustrated in Fig. 4.5.

”-—‘——{
integration
window

Figure 4.5: Correlation with a non-zero offset in time epoch

For an arbitrary offset T and different periods between two waveforms, a cross-correlation
function can still be defined. This is called the partial cross-correlation function. It is a three-
parameter function: Besides the delay parameter 7, it also depends on the start and stop points
—or the length— of the integration window (T;, T¢). Please refer to Fig. 4.6 for a graphical
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description. For the continuous case, the partial cross-correlation function is defined as:
Te
8(T Ti, Te) = L pilt)p;(t — 1) dt (4.12)

Of course,
0y(7; T, T) = Ry(7)
04(7;0,7) = Ry(1)
8;5(;0,T) = Cy(T)

- ' -
= P
f—oioii-— f —
[ B (b
p(t)
sij( 1T

Figure 4.6: Partial cross-correlation function of two signature waveforms

4.1.4 Periodic, Aperiodic and Partial Auto-Correlation

For i = j, we obtain the periodic and aperiodic auto-correlation furictions:
T

Ci(t) = | pilt)pilt—T)dt (4.13)
JO

Rit) = | pultpilt—)at 4.14)
JO
T

Ri(t) = | pilt)pi(t—T)dt (4.15)

Some care is required when dealing with the aperiodic auto-correlation functions. It is incorrect
to denote R;(T) = Ry;(7); this implies Ri(T) = Ryi(T) = Ri(T) = R.(t), which is a false statement.
The partial auto-correlation function is:

T¢
0w T T = [ piltipult—) at 4.16)
For T = 0, the signal energy is:
T T
&= J pi(t)dt = I f2(t)dt (4.17)
0 0
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4.2 Correlation Properties of Discrete-Time Sequences

Consider a set of sequences F[n] = {fi[n],f2[n],..., fmnl}, where every sequence f;[n] has
length (period) P. Using the same analogy as contlnuous-time waveforms, we can define the
cross-correlation functions between two different sequences. Let p;[n] be the periodic repetition
of fi[n]. The aperiodic, periodic and partial cross-correlation functions are for 1 € NPT are:

-1
U= pilklpslk —U = Ryl (4.18)
k=0
U= Z pilklp;lk — 1 = Ry[U] (4.19)
=l
Cyll = Ry[U + ﬁl, U = C;ilU (4.20)
Cyll = fiﬁ [ — R[] = —Cjli] (4.21)
0y, dl = Zpl Ip;lk — 1) (4.22)
k=i

where d = f — i. By setting i = j, the auto-correlation functions are Ri[l], RilU, Cilu, ¢ and
0;[1;1, d].

4.3 Signature Waveforms

In pulse-amplitude data modulation (PAM), D = 1 and F(t) = {f(t}}. The shape and length
of f(t) is carefully designed to have special time-bandwidth characteristics. (See Chapter 5 for
details on various pulse shapes and their time-frequency properties.) The two most common
examples of f(t) used in the literature are the brick-wall (rectangular) time-limited pulse IM(t)
and its frequency dual, the infinite-time sinc pulse TMy/(t). T is used to denote the duration
of the rectangular pulse, and W is the bandwidth of the sinc pulse. A continuous stream of
linearly data modulated PAM pulses is written as:

o0

glt) = > x[f(t—1iT) (4.23)

i=—00

where x[i] € X is the information-bearing symbol from a PAM constellation set. In a multi-user
setting, the pulse amplitude modulated signal for user k is:

o0

gx(t) = Z xi[ilfi(t —1T) (4.24)

i——00
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Note that fi(t) is now a special waveform chosen for user k. This is the signature waveform and
it can also be expressed as a spread-spectrum modulated waveform:

N.—1

fit) = ) ayfnp(t—nT) 0<t<T (4.25)

n=0
where {ay[n]} is the k*" user’s embedded, antipodal binary spread-spectrum (SS) sequence,
i.e. ag[n] € D, for V k,n. The common chip pulse }(t) has chip duration T, and P is the period
of the embedded binary SS sequence. The ratio of symbol-to-chip time intervals N, = T/T,
is the Spreading Gain (SG). Modulation by a chip sequence of rate 1/T. effectively spreads
or expands the bandwidth by N.. In eqn. (4.25) we assume that the length (period) of the
embedded sequence {ax[nl]} is N. In general, a code sequence with a larger period P (> N¢)
is commonly used to reduce self-induced interference. (See Sec. 4.6 for details.) Taking this
into account, a spread-spectrum modulated, PAM signal can be rewritten as

00 (i+1)Ne ~1
gt = Y xdil Y anlw(t—nT) (4.26)
i=—00 n=iN¢
An alternative expression is:
0o N—1

g(t) = Y Y xlilarnib(t—iT —nT,)

i=—00 n=0
o
= Z brlilp(t —iTy) (4.27)

i=—00
where byl[i] can be interpreted as the data modulated signature sequence. For notational con-
venience, we drop the subscript and use N (instead of N.) to denote the spreading gain. (In
later sections where we describe orthogonal codes, N is used to denote the length of an orthog-
onal code and it may not equal N..) In effect signature waveforms are analog versions of the
embedded discrete-time signature sequences. There exists four kinds of periods:

T = Period of the signature waveform (in seconds)
T. = Period of the common chip waveform (in seconds)
P = Period of the embedded signature sequence (in samples)

N. = the number of chips contained in a period of a signature waveform

The various cross-correlation functions of any two signature waveforms can be expressed in
terms of the cross-correlation function of the embedded sequence, plus the autocorrelation
function of the common chip waveform. Depending on the relation between N. and P and
the time epochs of the correlation window, the cross-correlation of two signature waveforms is
either periodic, aperiodic or partial. We next study all three cases.
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4.3.1 Periodic Correlation

Two different signature waveforms are orthogonal if:

N—1 N-1

.
J fi(t) f(t) dt= > > axnlajm J Y(t—nTp(t —mT) dt =0 (4.28)
0

m=0 n=0

If P(t) = Ty, (t), then orthogonality is satisfied when:

> axnlasn] =0 (4.29)
n=0
In general, it is impossible to design code sequences that remain orthogonal for any arbitrary
time (chip) offset. For a special kind of code sequences called superimposed orthogonal, any two
of them are mutually orthogonal if the sequences are code synchronized; that is, their beginning
time epochs are aligned. In a code-division multiplexing, time synchronization can be classified
as one of the following four:

1. code synchronous: The beginning time epochs of two spread-spectrum modulated (SSM)
waveforms are aligned. It is implicitly assume that both waveforms have identical se-
quence period P and chip duration T..

2. bit synchronous: The beginning time epochs of two signature waveforms are aligned. It is
implicitly assume that both waveforms have period T. In terms of SSM waveforms, there
may exist a time offset equal to an integer multiple of T between two bit-synchronous
signals.

3. chip synchronous: The beginning time epochs of two common chip waveforms are aligned.
This is the weakest time alignment among them. Two SSM waveforms may be offsetted
by a duration equal to an integer multiple of T.

4. phase synchronous: Phase synchronism arises only when CDM signals are RF/IF carrier
modulated. Each carrier-modulated signal from a base site i has its own absolute carrier
phase 0; (measured according to some universal reference site) plus an additional phase
shift induced by relative propagation delay ; such that the total phase offset is

d)i = —ZT(foTi + 9,’_

For convenience, we assume the desired signal (from site 0) is demodulated phase co-
herently —i.e., o = 0. A received signal is phase synchronous with the desired signal if
¢&; = 2k for any integer k.
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It is obvious that code synchronism implies bit and chip synchronism, but not vice versa. Like-
wise two bit-synchronous waveforms are also chip-synchronous. Chip synchronism does not
guarantees code or bit synchronism. There’s no relation between phase and other time (code,bit
or chip) synchronism; the former is a function of the carrier phase ¢ of analog waveforms while
the latter three depend on the value of the relative propagation delay 7 in relation to chip du-
ration T, —i.e., whether T is a multiple of N, T., NT; or only T..

4.3.2 Aperiodic Correlation

When two spread-spectrum modulated signals si(t) and s;(t) (both with period T) are also data
modulated, then the expression of their periodic cross-correlation Cj;(t) must take into account
the numerical values of different data bits that are contained in the correlation window. This
is illustrated in Fig. 4.7 where two data bits {xi =11, x; [O]} of user j overlap the correlation
window of data bit x;[0] for user i.

x,[0]

— x,[-1] { x,[0] |

Figure 4.7: Overlapping of two different data bits of user j in the correlation window

When N, = P, the continuous-time periodic cross-correlation Cy;(7) is expressed in terms of the
discrete-time aperiodic cross-correlation functions {Ri,- [, ﬁij [l]} and the continuous-time auto-
correlation functions {Ry(t), ﬁw(T)} of the common chip pulse. We consider two different
cases where the time offset 7 is and is not a multiple of chip duration T.. In the following
derivations, we consider cross-correlation between signature waveforms of two different users;
however, the results are equally applicable to auto-correlation of a single signature waveform
by replacing discrete cross-correlation with discrete auto-correlation.

Case 1: 7= 1T, L € NN-!

When the delay T = T, is a multiple of chip duration, the two signature waveforms are chip-
synchronous, and the continuous-time aperiodic cross-correlation functions do not depend on
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the shape of {(t). This is illustrated in Fig. 4.8.
T
Ry(Te) = [ " aultlgy(e—1To) at (4.30)
0
-1 T.
=) bk bjlk—1] J P(t) dt
k=0 0
= Ryl &y
Similarly, it can be shown that
Ry(1Te) = Ry[l] &y, (4.31)
e T - —=i Te jaa—ou
b, [0] b,[1] b [2] b,[N-3] | b;[N-2] |, ¥-1] | b,[0] b, [1] b, [2] b;(N-3] | b;[N-2]| b [N-1)
bl[N—S] bJ[N—E] bJ[N~l] bj[D] b][l] bj[ZI bj[N—S] bj[N—-Zl bj[N-l] hj[OI b).[l] bj[Z]
a— —- = - -

i

Figure 4.8: Aperiodic cross-correlation for chip-synchronous signature waveforms

ij

Case2: T=1T.+A,1e NN 0<A<T,

If the two signature waveforms are chip-asynchronous, the continuous-time aperiodic cross-
correlation functions depend on the shape of {P(t) through its aperiodic autocorrelation func-
tions, py(T) and Py (t). (See eqns. (4.3) and (4.4)). As shown in Fig. 4.9, each chip of user j

overlaps with two consecutive chips of user i. The correlation function is then broken up into
two parts: discrete correlations with the first chip and then with the second chip of i, respec-
tively. Each discrete correlation is weighed by the continuous auto-correlation of the chip pulse.

This is illustrated by shaded regions in Fig. 4.10.

Ry(ITe+4) = Jo
1-1

e +A

gi(t)g;(t —1T¢) dt

Te

= bilkl bjlk—1 J P(t)hP(t—A) dt
k=0 a

A
0

1
+ 3 balkd bylk— 1 J Wt + T — A) dt
k=0

= Ryj(ll py(A) + Ry5[L — 1] By(A)

(4.32)
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1T +A
Ry (1Te + A) J gi(t)g;(t — IT.) dt

N— T

=Y bk bk U w4 ar
k=1 A

N—

(4.33)
1 A
+ Y bilkbilk—1 J Yt +Te — A) dt
k=1+1
= Ryl] py(A) + Ry[1 + 1] y(A)
t= __T - —f Te fm—oH
b;{0] b, (1] b; [2] b [N-3] | b [N-2] b N-1] b;[0] by {1] b, 2] b, {N~3]| b [N-2]| b;[N-1]
. ol L -
b;{N~3] | by[N-2] |by[N-1] | b;lo] b (1] b;(2] by[N-8] | by[N-2] b [N-1] | b;[0) b1 b (2]
- B -

ij ij

Figure 4.9: Aperiodic cross-correlation for chip-asynchronous signature waveforms

b, [0] b [1] b, [?] b, {0] b;{1] b, {2]
7J B b; [N-3] hj[Nfz] bj.[N-l] ~ ~ bj[N—:}] hj[N-z] b].[N—l]
77
A _ _ _ AN
—-—| A ;—n— ——-] A }-—
S  JE— R
i) 1j

Figure 4.10: Two portions of periodic cross-correlation for chip-asynchronous waveforms

4.3.3 Partial Correlation

As demonstrated so far, when the period of the discrete signature sequence P equals the number
of chips N. = T/T, of the correlation window, the continuous-time aperiodic cross-correlation
functions can be expressed in terms of their discrete-time counterparts and the autocorrelation
of P (t); i.e., there is an isomorphism

{Cy(0), R (0, Ry(t) } — { Cild, Ry, Ry, oo (8), Bro(t)}
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This is a desired property for system analysis since there exists closed-form results on the pe-
riodic and aperiodic correlation properties of discrete sequences. However, in spread-spectrum
modulated signals, the period of a code sequence is much longer than the spreading gain,
P > N. Under such conditions the discrete-time aperiodic cross-correlation functions are re-
placed with their partial counterparts. If T; = iT. and T; = fT,, i,f € Z, and the difference
d=f—1,f >1,
05(T, Ty, Te) = By(T; [1, d])

At the receiving end, the symbol matched filter typically integrates over the duration T = T¢—Tj,

and we are interested in

(4N,
0i(T;[i,N]) = J_T gi(t)gj(t — ) dt (4.34)

We next consider two different cases of time offset:

Case 1: T = [T, l € NP-!

The two signature waveforms are chip-synchronous, and the partial cross-correlation function
does not depend on the shape of {(t).

(i+N)Te
O (1ei i, NJ) = J.T gi(t)g;(t —1T.) dt
1+N-1 T,
=Y WK bjik—l]J W2(t) dt (4.35)
k=i 0

= eij [1; i, N] 5,4,

Case2: T=1T.+A,1e NNV 0<A<T,

The two signature waveforms are chip-asynchronous, and the continuous-time partial cross-
correlation function depend on the shape of P (t) through its aperiodic autocorrelation func-
tions, py(T) and Py,(T).

(i+N)Te
(1T + AN = [ ailt)gy(t— 1T = 4) at
iTe
i+N—-1 T.
= Y bl blk—U | Cw(epe-a) d
= a (4.36)
i+N-1 A
£ Y b= | (e To- ) dt
k=it 1 0

=045(L1,N] py(A) + 05t — 151, N] fy(A)
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4.4 Pseudo-Random Binary Codes

In the previous sections, we show that a signature waveforms is a spread-spectrum modulated
signal with its associated signature code sequence and a common chip pulse. The continuous
time partial cross-correlation function of two signature waveforms can be expressed in terms of
the discrete-time partial cross-correlation functions of their respective code sequences and the
continuous-time partial auto-correlation functions of the chip pulse. In this section, we concen-
trate on the correlation properties of the embedded discrete code sequences —in particular, the
binary-valued pseudo-random sequences. First, we present some definitions and preliminaries.

4.4.1 Orthogonality

In terms of notation two options exist when expressing binary sequences: one where the
elements are from the Galois binary field F; = {0, 1}, and another where they are from the
integer ring D, = {1, —1}. For example, two binary sequences or codes of length N can be

expressed as:
by = (b4[0), bil1), bif2], ..., BN = 21, by[N — 1])

b; = (bj[O],bjm,bj[z],...,b]-[N — 2], b5IN — 1])

where every element (bm[n]) € F2, m =1,j, n € NN~ Their inner-product over a binary field
is:

N-=1
b; ©bj = Z bi[n] ® bjn]

n=0
=b0]Ob;0]@ b1 Obi[11®-- @ bi[N-1T O bjIN~-1]

It is understood that for elements from F,, the summation and multiplication operations are
binary modulo-2 addition ‘@’ and multiplication ‘®’. The truth tables for addition and multipli-

(4.37)

cation in IF; are given in Table 4.1.

Table 4.1: Addition and Multiplication in F» and I,

A|BAGB| AGB A B |A+B|A-B
010 0 0 +1 ] +1 +2 +1
011 1 0 +1 | -1 0 =1
1|1 0 1 -1 | -1 -2 +1

Similarly, if we define two antipodal binary sequences of length N as:

e = (cil0, el eif2), . N = 20, N = 11)
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¢ = (cj[O],cj[l],cj[Z],. o GIN = 2], N — 1])

where every element (c[n]) € Dy, m = 1,j, n € NN, then their inner-product over an integer
ring is:
N1
Ci ¢ = Z cin] - ¢;[n]

n=0

(4.38)
=ci[0] - 5[0 + ci[1] - 5[] + - + 4[N —1] - ;[N = 1]

Here, the arithmetic operations are real addition ‘+’ and multiplication ‘’. (For convenience we

often drop the “dot” in real multiplication.) In fact, the inner product also applies to any pair

of sequences whose elements are from a Hilbert space.

A Word on Notations

In terms of notations for arithmetic operators, any Galois field operation (addition ‘4, scalar
(inner-product) multiplication *’ or vector (outer-product) multiplication ‘x’ ) is closed in Fj;
thus, each corresponding symbol ¢, ® or ® is enclosed in a circle. For regular arithmetic
operators, we use conventional notations: ‘+’ and ‘’. The multiplication signs ‘" and ‘x’ are
equivalent. For convenience, we often neglect to put neither; i.e.,

Uu-v=uxXxv=uv

The vector (outer-product) multiplication is defined as component-wise multiplication of two
vectors of equal length. For Galois binary vectors,

bi@b; = b0 @ bs[0], bs(1] @ byl1], ..., bi[N — 1] © b[N — 1]]
For antipodal vectors,
G®C = [ci[O] L5100, el1] 5010, ... N — 10+ ¢5IN — 1]]
Depending on the type of vectors being studied, we can easily determine if the scalar multiplier
is “’ or ‘@’. Some authors also define b; ® b; as the Hadamard product.
4.4.2 Level-Shifting

There is a bijective mapping between b;[n] and c;[n]:

D; & T,
1e—0 (4.39)

-1 - 1
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From the truth table, it is immediate that modulo-2 addition & is equivalent to real multiplica-
tion, i.e.,

0p0=0 — (+1)-(+1)=+1

0e1=1 — (+1)-(-1)=-1

191=0 — (=1)-(-1)=+1

Another convention that will be used often is the “sign” description with the following map-

1v +1
L
O L o e o o et
0 — - Shifter -1

b B

Conversion from finite binary to antipodal signals. This operation
is known as level-shifting in circuit terminology. It can be imple-
mented using a gain-2 amplifier with capacitor coupling at the out-
put.

Figure 4.11:

ping: 1 — + and —1 — —. It is the author’s belief that the sign description of an antipodal
sequence is more pleasing to the eye:

+ 4+ —+—~— insteadof 1,1,1,-1,1,—1,-1

The mapping between finite binary and antipodal sequences is called level-shifting. As shown in
Fig. 4.11, a level-shifter is simply an amplifier with gain 2 and a dc bias of —1 volts.3 In terms
of notation, an upper-case letter is used to label a Galois binary sequence and its level-shifted
binary sequence is denoted by a lower-case letter.

It is important to note that there is no equivalent mathematical representation of finite
field multiplication ® in terms of real arithmetic operators. Similarly, the real product of two
integers has no equivalent description in the finite binary field. The inner product of two binary
antipodal sequences c;-¢; € Z has an integer value, whereas the Galois inner-product is a closed
operation: b; - b; € F,. These observations lead to algebraic results that cannot be transported
from the finite field to the integer ring (or real field), or vice versa. For example, it is possible
for a sequence (1,1,1,1) € (]F2)4 to be self-orthogonal (i.e, orthogonal to itself) while no such
vector exists over the real space. To avoid any confusion, our definition of orthogonality applies
to the inner product of two antipodal signals over real space R.

3A reader familiar with circuit theory knows that it can be implemented using a common-collector (or common-
drain) amplifier with a gain of 2 and capacitor coupling at the output.
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4.4.3 Properties of Signature Binary Sequences

For multi-user communications, we prefer (binary) signature sequences with the following
statistical properties:

R-1: The sequence ..., b;[—2], b;[—1], b;[0], bi[1], b;[2], ... appears random, such that the se-
quence is memoryless and the outcome of each component bi[k] € I, of the sequence
is a fair coin flip: P(bilk] = +1) = P(bi[k] = —1) = 1/2. Equivalently, the components
are i.i.d. RVs with bipolar symmetric Bernoulli distribution (see Appendix 2B). The sta-
tistical mean and variance of the partial auto—correlation function of a bipolar Binomial
distributed sequence b; are

s+N-—1
E[Gi[l;s,N]] -y E[bi[k]bi[k—l]]
k=s

N 1=0
= (4.40)
0 [#£0
0 1=0
Var [Gi[l; s, N]] = (4.41)
N JU£0

The derivation is straightforward. We know Var(-) = E(-)% — E?(-). By explicitly writing
out the mean-squared value of the partial auto-correlation function for 1 # 0:

s+N—T1 s+N—1

E [ei[l; S, N]:l 2 =E |i Z Z bi[k]bi[k — U bi[m]bi[m — 1]:]

k=s m=s

Splitting into two summations of diagonal terms (m = k) and off-diagonal terms (m # k),

N s+N—2 s+N-—1
. E[Z bk —U +2 ) D bilkibimlbilk — Ubim — 111
k=s k=s m=k+1

Since E [bi[k]bi[m]} = 0 for k # m, the second summation is zero,

E[Gi[l;s,N]]z =N

Combining with eqn. (4.40), the variance is as given in eqn. (4.41). The mean of the
autocorrelation for zero offset is

s+N—1

5y E[biz[kj} =N

k=s
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R-2:

R-3:

This is the “energy” &; of a signature binary sequence of length N. Some authors prefer
to normalize the chip value to bilk] = iﬁ such that the resulting energy is unity. In
this case the mean and variance of the normalized partial auto-correlation function can

be expressed as

s+N-1
Elofis,Nl| = Y E[bikbidk—1]

k=s

1 1=0
= (4.42)

Var {@i[l;s,N]] = (4.43)
< u+#0

where we have used the upper-case © to denote normalized partial correlation.

The binary sequence can be easily generated and synchronized at the designated receiver
but nevertheless it appears random to other interfering receivers. The randomness condi-

tion is equivalent to
E[0ylts,NI| =0 (4.44)

Var [61,-[1;3, N]] =N (4.45)

for all {1] # 0. In terms of normalized partial correlation:
E[@ij[l;s,N]} —0 (4.46)
Var [@ii s, NI = 1/N (4.47)

The number of such sequences must be large enough to assign a unique sequence to every
transmitter-receiver pair in the network.

4.4.4 PN Sequence Postulates

The second requirement R-2 of a signature binary sequence stipulates that the sequence must be

deterministic while possessing the “randomness” property. Such a sequence is pseudo-random.
p g q

A binary sequence by = (bi[1], bi[2],...,bw,) of period Ny, where each element bilk] € Dy is

called pseudo-random if it satisfies the following postulates:

P-1:

At most [N, — N_| = 1 where N, and N_ are the number of elements with “+1’s and
‘—7’s, respectively in b;. Equivalently, | ZE; bi[n]‘ < 1.
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P-2: A run of length r is defined as a string of consecutive r ‘+1’s or ‘—1’s. In a pseudo-random
sequence by, if there are R runs,

B There are equal (’—;) number of +1 and —1 runs.

R
n
length 2, % runs of length 4 and so on as long as 151 > 1.

m There are £ runs of length n/2. For example, there are ¥ runs of length 1, % runs of

P-3: The periodic auto-correlation function Ci[l] is two-valued:

N, 1=0
Cilll = (4.48)
K U ezM=1 N, >K

4.4.5 Comments on Pseudo-Randomness

1. P-1 guarantees the randomness of the elements that make up the binary sequence over
a period Ny. It, however, does not imply that the sequence itself is random. A non-
random periodic sequence can also satisfy this property. For example, the alternating
...+ —+4+—+—... and halfflip ... + 4+ 4+ — — —... sequences (and the orthogonal
sequences introduced in Sec. 4.5) satisfy P-1 with [N, — N_| = 0 (even N,,) despite the
fact that they all highly “symmetric.” Furthermore, as we shall see in the next section,
Walsh orthogonal sequences have very large auto-correlation values for non-zero time-
shifts. Thus, P-1 implies neither P-2 or P-3.

2. P-2 guarantees the randomness of b; over period N;,. As an example, consider the follow-
ing pseudo-random sequence of length 7:

o+ —t——

There are 4 runs. They are (+ + +), (=), (+) and (——). (Since the number of +1
runs must equal the number of —1 runs, the total number of runs is necessarily an even
integer.) There are two ‘+’ runs and two ‘—’ runs, satisfy the first condition of P-2. There
are two runs of length 1 and a single run of length 2; hence, the second condition of P-2 is
met. Note that the length of (+ + +) run is irrelevant. P-2 is still satisfied if an additional
‘+’ is added as a leading element to the sequence. However, the modified sequence:

+H++—+—

violates P-1. It is easily checked that it no longer satisfies P-3. Thus, P-2 implies neither
P-1 or P-3.
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3. As we saw in the above example, the length-7 sequence concatenated with a prefix of
all “1”s, ... + + + ... still satisfies P-2. Such a modified sequence, however, will have
a large auto-correlation value for non-zero time-shift. P-3 guarantees that the periodic
auto-correlation be very small for arbitrary non-zero phase-shifts for elements that are
generated pseudo-randomly. It is highly unlikely that a string of heads will be observed if a
fair coin is flipped repeatedly. However, it is fairly easy for non-random periodic sequences
to satisfy P-3. The most obvious case is the impulse sequence 6[n] = [...00010000.. .].
(It violates both P-1 and P-2.) As another less obvious example, consider the following
sequence:

+—tt——t—

It can be checked that this sequence passes the test for both P-1 and P-2, but fails P-3.
Thus, P-3 guarantees neither P-1 or P-2,

4. Based on above observations, we conclude that the three postulates are independent, and
a sequence is “pseudo-random” only if all three conditions are satisfied.

4.4.6 Maximal-length Binary Sequences

There is a wealth of texts and research articles that analyze and characterize the unique
properties of maximal-length (ML) binary sequences. The sources we have relied on are listed
at the end of the chapter. We simply state that ML sequences satisfy all three pseudo-random
postulates; i.e., they qualify as pseudo-random sequences. Its period is odd: N, =2™—1, n € Z,..
In one realization, the sequence is the output of a linear feedback shift-register (LFSR) with n
states (flip-flops). This is illustrated in Fig. 4.12.

11213 |4 |5 —= ML sequence

Linear feedback shift-register for ML sequence generation. The tap

Figure 4.12:
su connections are [2,5].

The positions of tap connections identify a particular ML sequence. In the figure shown, the
taps are [2,5]. The sequence is maximal-length since the register states are all possible binary
sequences of length n except the all-zero sequence. Writing out the (2, 5] ML sequence explicitly:

...1111100110100100001010111011010....

Note that (N, — N_) = 1; this is the balance property. The above sequence is generated with
an initial state [11111]. If we start with a different initial state, we obtain the cyclically shifted
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version of the above sequence. For example, with an initial state [01100] the resulting sequence
is a right cyclic shift of 5 of the original sequence:

..0011010010000101011101101011111 ...,

For an ML sequence, the binary sum of an original sequence and its cyclically-shifted version is
the sequence itself with another cyclic shift. For the above sequences, their sum is:

..0011010010000101011101101011111 ...

By observation this is a right shift of 3 of the original sequence. This is the shift-and-add prop-
erty. Using this property it can be shown that the periodic auto-correlation of an ML sequence

N, 1=0
Glll = (4.49)
-1 [YezNT

is two-valued:

The postulates do not reveal much about the partial auto-correlation properties of a PN se-
quence. For ML sequences the following hold:

m The average partial auto-correlation is equal to the periodic auto-correlation:

E¢[6;[1;5,N]] = G;[U] (4.50)

® The variance of the partial auto-correlation function is:

Var, [65(L;'s, N]] = %(1 + i\}_]) (1- %) (4.51)

The averaging is over all possible starting positions:

1 Np—1 rN-1
E[65[Ls, N =< D [ij[s+k]pj[l+s+k]J

N
P k=0 L s=0

Swapping the summations:

z I

Np—1
[ Z Pj s+kp,[l+s+k]}
C

z |

ul\’]Z ‘”[\’]Z

In terms of the normalized partial auto-correlation function:

1 1=0
Eq (055, N]] = (4.52)
—-1/Np,  [ezN!
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We know Var(-} = E(-)? — E?(-). By explicitly writing out the mean-squared value of the partial

auto-correlation function:

Np—1 T N—1 2
S 1Y pils+Kpilt+s+K
P x=0 L s=0
Np—1 ' N—1 N—1
== > [ D> ) pls+Kpslt+s+Kpslg+Kp;lt+q+k
P k=0 L s=0 g=0

l

E[07(L;s,N]] =

z

Z—l

Using the shift-and-add property of an ML sequence, we know that
pils + Kl - pill+s+ K =p;[L+s'+ K]
is another cyclically shifted sequence. Similarly,
pila + Xkl -pill+ g+ =pjlt+q"+Kk

Substituting:

Es [62(1;5, N]] N D 1> > mlt+s +Kplt+a’ +K

1 Np—1 |:N—1 N—1
k=0 s'=0q’=0

Splitting the double summation term in the bracket into diagonal and off-diagonal terms:
“In— 7 NezT [N=2N- / /
}Z_ S}; +s'+K NG k;) szﬂfgpj[ws +Xlp;lL + g +k]}
Using the shift-and-add property,
pill+s"+klp;[L+q’ + Kkl =p;L+ 1"+ K]

for some integer v’ # s’ and r’ # q’. Using this result and simplifying

1 N-—-2 N—1 Np—I

E¢[07[L;s,N]] = +J pill+ 7" + K
P /=0 q'=s k=0
Invoking the balance property,
S N— N(N—1)
Np
N
— (Np=N+1)
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which leads to

Var, [6;(1;s,N]] = N (Np=N+1)—(=1)2  forl#0
Nyp
(4.53)
—(N=1) (1 — l)
Np
It is readily shown that for the normalized partial auto-correlation:
1 N-—-1 2

Vars[@j[l;s,N]] =N~ NN —(—NL) fort1 #£0

P P (4.54)

50+ 0-x)

For Np > N, Var, [@5 s, N]] ~ 1/N. When we compare the values of the mean and variance
[eqns. (4.52) and (4.54)] of the partial auto-correlation of an ML sequence with those of a
Bernoulli random signature sequence [eqns. (4.42) and (4.43)], we notice that the approxima-
tions are quite good as long as N, > N,

4.5 Binary Orthogonal Codes

Two antipodal binary sequences of length N are orthogonal if their inner-product is zero:
N—1

Ci- ¢ = Z ci[nlcjm] =0

n=0
The orthogonality condition stipulates that N is even. In contrast, the period P of an ML
pseudo-random binary sequence is odd. Strictly speaking, an orthogonal matrix Q of order n is
composed of orthonormal column vectors; i.e.,

Q= [ Q192 ..qn }

where the column vectors are orthonormal:
o _Joo g
q9:q; = L
1 i=j
In what follows, we will relax this definition and allow consider a matrix as orthogonal if all its
column vectors have equal norms, q/q; = n. Hence, an orthogonal matrix Q of order n can be

defined as:
QQT =nln

Since Q! = QT implies QTQ = nl,, the distinct row vectors are also mutually orthogonal.
A particular orthogonal matrix of interest to us is the Hadamard matrix H, where the entries
(hi;) € F,. By generating a Hadamard matrix of order n, we can designate its row vectors as or-

thogonal binary codes of length n. We next describe such a technique where binary orthogonal
codes of length 2n are derived from those of length n.
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4.5.1 Sylvester-type Orthogonal Codes

It is well-known that for N = 2%, k € Z, a family of antipodal binary orthogonal sequences
exist. They are called Walsh-Hadamard sequences since each binary orthogonal sequence of
length N is a row vector of a (N x N) Hadamard matrix Hn, where its entries (hij) € Fs.
Starting with H1 = [1] and

00
Hz = 4.55
2 [ 01 ] (4.55)
Longer Hadamard sequences can be generated using the following recursive procedure:
Hn HN —
2N [ My Fin } N N (

For (hy) € F2, we denote the orthogonal matrix by H. An equivalent Walsh orthogonal matrix
W can be generated as follows:

Wn W —
Wan = —_ Wn = (—1)W 4.57
2N [ Wn Tin ] N=(=1)WN (4.57)
where its entries (wjy;) € D, with
1 1
W, = { ] : } (4.58)

Orthogonal sequences generated from Hadamard-Walsh matrices of (4.56) and (4.57) are
called Sylvester type. Other types of orthogonal sequences such as Paley, Muller and Rademacher
are described in the appendix at the end of this chapter. We will focus only on the Sylvester type
since it has an equivalent binary tree representation, which is further discussed in Sec. 4.5.3.
If we denote a vector of length 2™ (n € N) by x, we can generate a pair of mutually orthogo-
nal (sibling) vectors —[xx] and [xX] — of length 2("*1) by concatenation and inversion. Such
vectors are called recursive. Equivalently, any group of orthogonal codes that has a code tree
description are called recursive. The Sylvester-type Hadamard-Walsh codes are conveniently
recursive. Among the different types of Walsh codes listed in Appendix 4A, the Paley-type is
the only example of non-recursiveness. It is in fact cyclic; i.e., a single cyclic shift of any Walsh
code generates another valid orthogonal code. Next, we highlight several important properties
of Walsh sequences.

A Word on Notation of Walsh codes

For a Sylvester-type (N x N) Walsh matrix Wy, its orthogonal rows (code vectors) are
denoted by wy[k] for the k*"-row vector of length N. If we wish to specify a particular position
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in time of this vector, an additional index m is used
wnimp k] = Wi wim € Wiy

where wy, is the (km)™" entry; i.e., it is the entry in the k" row, m"* column of the matrix
Wn. If the length N is known and its omission causes no ambiguity, we express the k"™ Walsh
code in vector form:

wi[m] =wn[m; k]
= (Wk]) Wk2, « oy wkN)

The above vector notation is consistently used whenever we are dealing with multi-channel or
multi-user communication models. For such purposes, wy. denotes the Walsh code assigned to
user k. It is implicitly assume that the orthogonal vectors are periodic; i.e,

wim] = wy[m +jN] for any integer j

When a Walsh code is modelled as a (continuous-time) waveform where each component wy,,
is a rectangular pulse of duration T, it is denoted by wn(t; k).

4.5.2 Properties of Walsh sequences

(1) A Sylvester-type (N x N) Walsh matrix Wy is an orthogonal matrix:
WaWhy = N In
Since Wy = W,IJ, it is also a reflection matrix (except for a scaling factor):
Wn=NWJ =W

It is then easy to show that, starting from W, and by iteration, W, W = nWw, W' = nl,,
proving that W, is an orthogonal matrix. Note that there exists other types of (N x N)
orthogonal matrices Q, such as rotation and permutation matrices, that are not reflec-
tive, i.e. Q # N Q™! [135]. Due to its symmetry, both the columns and rows of the
Walsh matrix can be used as orthogonal sequences. By definition an orthogonal matrix
is composed of orthogonal column vectors. Thus changing their order —i.e., any column
permutation— still preserves the mutual orthogonality property. For a Walsh matrix, this
implies that a different set of orthogonal Walsh sequences can be generated by column
permutation. These sequences are still “Walsh,” but no longer recursive. Another impor-
tant property of a reflection matrix is that any scaling of a column (or row) by a constant,
or the addition of another column (or row) preserves the orthogonality condition. The



188 Chapter 4: Signature Waveforms and Sequences

first condition implies that a Walsh code modulated by a data symbol (including nega-
tive integers) remains orthogonal to other Walsh codes of the same length. The second
condition guarantees that the modulated sum of several Walsh codes (as in the case of
multi-code transmission detailed in Chapter 6) is orthogonal to other Walsh codes of the
same length.

(2) Using the Walsh matrix Wsg as an example, we see that the first row of a Walsh matrix
denoted by wy[1] is a vector of all 1’s. All other Walsh sequences, wynlk], k € Z), are
balanced, i.e., they all have equal number of 1’s and —1’s.

(4.59)
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(3) A pair of higher-dimensional (longer length) Walsh codes can be expressed as a concate-
nation of two lower-dimensional Walsh codes:

won[2l—1] = (wnll, +wnil)

(4.60)
wyn[21] = (WN[U,—WN[I])

(4) An inverted Walsh sequence is orthogonal to other Walsh sequences (inverted or not)
of the same length.i.e, —wn[k] L wnlll for V 1 # k. In contrast two Hadamard se-
quences (say, Hnlk] and Hn(l]) of the same length are orthogonal, but an inverted version
HnK] is not orthogonal to other Hadamard sequences of the same length. For example,
(0,0).L(0,1), but (1,1) is not orthogonal to either (0, 1) or (1,0).

(5) Since a Walsh sequences is a level-shifted version of a Hadamard sequence, it is commonly
treated as a (continuous-time) waveform than as a discrete-time sequence. A plot of
Walsh sequences as antipodal waveforms is shown in Fig. 4.13 where each sequence is
considered as a train of rectangular chip pulses, with each “chip” pulse of duration T,.
The duration of a Walsh waveform of code length N is N T,,. It is immediate that the
periodic cross-correlation is zero over this window:

NT,
wnlkl L wnll & [ wnitkK)wni(t 1) dt =0
t—0
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Figure 4.13: Walsh sequences as a train of rectangular chip pulses of length 8

Note that due to its recursive property, length N = 8 Walsh waveforms with odd indices
are identical to Walsh waveforms of length N/2 = 4. Therefore it is only meaningful to
include both the code length N and the chip pulse duration T, (or equivalently, the chip
rate R.) when declaring a set of orthogonal Walsh codes.

(6) For the same chip rate, two set of Walsh waveforms of lengths 4 and 8 are depicted in Fig.
4.14. Note that length-8 Walsh codes with odd indices are identical to length-4 Walsh
codes. In particular, over the time window [0, NT]:

wlll = wan(l] = wan[l + N] (4.61)

A similar result can be generated over the time window [NT,/2, NT,]. In general, two
Walsh codes of different lengths, wn[k] and wp[l] where N # M, and the same chip rate
are orthogonal if they are not relatives. We give a precise definition of the term relative in
the next section by first discussing the relationship among Walsh codes of various lengths
and a binary code tree structure.

4.5.3 Orthogonal Binary Code Tree

An equivalent description and generation of Sylvester-type Walsh sequences is based on the
structure of a complete binary code tree.

7 Definition A tree is complete if it has no broken branches. A tree is binary if there is a max-
imum of two branches from each node. A branch is broken if a node does not contain two
branches. In a code tree, a branch is also a sub-tree, and each node is a code.
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Figure 4.14: Walsh sequences as a train of rectangular chip pulses of lengths 4 and 8

An n example of a complete tree is shown in Fig. 4.15(a), whereas the tree in Fig. 4.15(b) is
incomplete since it contains broken branches. Some authors also define a complete tree as a
balanced tree since it is in equilibrium about its pivot—the central point of a root code. In order
to identify the codes in the tree without ambiguity, each code is assigned a unique layer number
and a branch number. Each code in a tree is identified using the following notation:

ciy or (i,i) i = layer number, j = branch number

The code layers are numbered sequentially from bottom to top, starting from 1. Thus, a higher-
layer code has a shorter length (lower dimension) than a lower-layer code of higher dimension.
Similarly, the branches in each code layer are numbered sequentially from left to right, starting
from 1. The topmost code of a branch or tree is called its root code. For example, in Fig.
4.16, (5,1) is the root code of the tree while (3,1) is the root code of a branch (or a sub-tree)
containing codes (2,1), (2,2), (1,1), (1,2), (1,3) and (1,4). All lower layer codes spanned from
a higher layer code are defined as descendant codes. All high layer codes linking a particular
code to the root code are called its ancestor codes. The immediate ancestor code is called the
mother code. Two sibling codes are those generated from their mother code. They are also
known as the children codes of the mother code. The lowest-layer codes are called leaf codes,
or simply leaves. As shown in Fig. 4.16, the descendant codes of (2,4) are the siblings (1,7)
and (1,8). The ancestor codes of (1,5) are (2,3), (3,2) and (4,1).
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(a) Complete (b) Incomplete

Figure 4.15: Complete and incomplete binary code trees. In the incomplete
gure 4.2>: tree, the branches from codes c,; and c3, are broken.

layer Walsh codes
number

Complete binary code tree with 16 leaves. It is a graphical repre-
sentation of the generation of length-16 Walsh codes.

Figure 4.16:

Prefix-free Condition

Each node in the complete binary tree is a Walsh code. All codes in the same layer have the
same length. As a consequence of the property of a Walsh matrix, codes from the same layer
are mutually orthogonal. The length of a mother code is half the length of its children. Hence,
higher-dimensional children Walsh codes are generated from their mother code by concatena-
tion. As illustrated in the top left half of the code tree in Fig. 4.16, two codes of layer 3 are
generated recursively from their mother code of layer 4. Furthermore, any two codes of differ-
ent layers are also orthogonal except when one is not an ancestor (or equivalently, a descendant
code) of the other. This assertion can be verified in several ways. The first alternative is based
on a Hadamard binary tree structure shown in Fig. 4.17 where each node is a Hadamard code,
i.e., its elements € F,. As before, longer-length children codes are recursively generated by
concatenation of a lower-length mother code. Two binary Hadamard codes of different lengths
are orthogonal if they are prefix-free binary codes. Prefix-free codes are treated in most infor-
mation theory texts. (See Cover [22], pp. 81 for further explanation.) Two Hadamard (or
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00000000 00001111

Complete binary tree with Hadamard codes. Two Hadamard codes

Fi 4.17:
gure are orthogonal if they are prefix-free binary codes.

Walsh) codes—of different lengths—are considered relatives if they have identical prefix. As far
as we are concerned, two Hadamard codes of different lengths are relatives (non-orthogonal)
if the prefix of the longer code is the shorter code itself. Thus, all codes linking a leaf and the
root code inclusively are relatives. In Fig. 4.17, the codes (00) and (0011) are relatives (since
prefix ‘00’ is the same as the shorter code) while (01) is a non-relative of (0011).

0000 0001

Description of binary prefix free codes in tree structure. Unlike binary

Figure 4.18:
By Hadamard codes, a ‘1’ or ‘0’ is appended for lower layer codes.

The binary tree described in Fig. 4.17 is slightly different the tree structure of binary prefix
free codes. For clarity we also illustrate in Fig. 4.18 the same tree structure, but with “con-
ventional” labelling of binary prefix free codes, in which a ‘1’ or ‘0’ is appended to a lower
layer descendant code —rather than concatenation as in Hadamard-Walsh codes. Regardless
of slightly different methods of code generation, the mutual orthogonality property of binary
prefix free codes still holds. At this point it seems the connection between Walsh-Hadamard
and binary prefix free codes is trivial and redundant. In Chapter 7 we use this equivalence to
prove an important theorem regarding the capacity of OVSF-CDM system.
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Walsh Codes as Continuous-time Waveforms

According to eqn. (4.61) and Fig. 4.14, the mother code is identical to its children in its
defined time window. As evident from the figure, two relative waveforms—e.g. wq(t;1) and
ws(t; 1), or wu(t; 1) and wg(t;5)—are identical. Two prefix-free waveforms—e.g. wy(t;1) and
wg(t; 2)—orthogonal:

r4 Ty
wy(t; 1} wg(t;2) dt =0
Jt=0
r8Tp
wa(t; 1) wg(t;2) dt =0 (4.62)
Jt=0
r8Tp

wilt; 1) wg(t;2) dt =0
Jt1=0

where w{,(t; k) is an infinite periodic train of Walsh waveforms:
wi(t k) = (...,:}:WN(t;k),:th(t;k),...)

The first two cross-correlation functions are aperiodic over duration of 4T, and 8T,,, respectively.
The last is the periodic cross-correlation. As we shall see in Chapters 6 and 7, binary orthogonal
codes of various lengths with the same chip duration are called Orthogonal Variable-Spreading
Factor (OVSF) codes. The spreading factor is equal to the code length N.

4.6 Superimposed Orthogonal Binary Codes

It is obvious from Fig 4.14 that the periodic cross-correlation of any two Walsh codes is large
and it is highly dependent on the time offset as well as the particular choice of Walsh codes.
This is due to their highly regular structure from concatenation. For a special type of cyclic
Paley-type Walsh codes (see Appendix 4A) derived from quadrature residuals, any cyclic offset
of a particular Walsh code becomes another sibling Walsh code. Therefore, the application of
orthogonal Walsh codes as user signature sequences is limited to broadcast transmission mode
where code synchronism is possible. If, however, the channel generates multiple replicas of the
transmit signal, then the received signal will suffer from a significant amount of self-noise that
is induced by high cross-correlation values of Walsh codes.

As an alternative to orthogonal binary codes, we can assign pseudo-random (ML-type) codes
as signature sequences. In Chapter 2, it is shown that a CDM system with non-orthogonal codes
and naive decoding results in a rate region that is equivalent to naive CDM (N-CDM) —which
is much smaller than various orthogonal multiplexing schemes such as O-CDM, FDM, TDM and
N-TDM. Therefore, CDM with PN codes and single-user decoding would not even come close
to being the most efficient resource allocation policy. Several researchers, including those at
Qualcomm, have proposed a novel method where binary periodic orthogonal codes of period N
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are superimposed with a PN sequence of length P, where P > N. In the literature, these codes
are commonly described as “short” and “long” codes, respectively. The superimposed code can
be expressed analytically as follows:

Axn] = Hy[m] & P[n] (4.63)

where H;[m] is the k*™ row of a Hadamard orthogonal matrix and P[n] is a pseudo-random
sequence. It is understood that all three sequences are periodic. The different indices n and
m emphasize the fact that the clock rates of Hadamard and PN codes may be different. Let’s
denote the Walsh-Hadamard code rate by R,, = mR. The chip rate of the PN sequence is
R: = nR. We already know that the excess spreading factor k. is defined as k. = Rc/Rw. Eqn.
(4.63) can also be expressed in terms of their level-shifted binary sequences,

n

ax[n] = wi[m] - pn] where m = H]-(_H

where wy[m] is the k™ row of a Walsh matrix and p[n] is the antipodal equivalent of P[n]. To
simplify the above expression, we can relabel the Walsh codes such that their new clock rate
R, equals the chip rate Re. For ke = 2™ (m € N) we can interpret the new set of Walsh codes
as a subset of Walsh codes of higher dimension. As an example, consider the set of Walsh codes
of length 4: {waljl} and k. = 2. By clocking each Walsh chip at twice the original rate, the
resulting Walsh codes {ﬁm[ﬂ} belong to the set of length 8. In particular,

Walm;jl = wsZm—T1;5] 1< <4
For convenience, we express the superimposed orthogonal sequence of user k as
axn] = win] - p[n]

implying that both the PN sequence p[n] and the embedded orthogonal code Wy [n] are clocked
at the same chip rate R..

4.6.1 Correlation Properties

We already know that for zero time offset, two superimposed codes are orthogonal over a

Walsh code length:
(H+TIN=-1

> arlalrd =Nsk—1

r=jN
When studying superimposed orthogonal waveforms, we are mostly interested in a case where
the time offset is non-zero. This situation occurs when the channel generates multiple replicas

of the transmit waveform at the receiver, or when another superimposed orthogonal waveform
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from a neighboring cell interferes with the desired signal. In the former, we are dealing with
the auto-correlation of the superimposed waveform for arbitrary non-zero time offsets. In the
latter, it is the cross-correlation between two superimposed waveforms with different long PN
codes. If the long code is a purely random Bernoulli sequence, then we are only interested in
the statistical properties (i.e., the mean and variance) of auto- and cross-correlation functions.
Fortunately, due to the i.i.d. property of a bipolar Bernoulli sequence, the mean and variance
of the partial correlation of the resulting superimposed sequence is identical to those of a ran-
dom sequence as listed in eqns. (4.40) and (4.41). In the previous sections it was shown that
the ML binary sequence has correlation properties that approximates closely those of a random
Bernoulli sequence when Ny, >> N. We must now determine if the superimposed orthogonal se-
quences possess correlation properties that approximate those of a random Bernoulli sequence.
The mean and variance of the partial auto-correlation of a superimposed sequence can be de-
termined as follows:

s+N-1
E[Bi[l;s,N]] -y E[a1 —u}
ot

- Z E[@[KIp[K] - lk — Uplk — U]

We ignore the trivial case of E[Oi[O; s, N]] = N. In the following we assume 1 # 0. Since the
periods N and N, are relatively prime, the expectation is computed over all possible relative
time-offsets between the starting epochs of the PN code and the Walsh code. Hence,

s+N—-1 Np~—1
E[ (s, N] Z Zw ] Wik — Uplk —1—n]
n=0

Using the shift-and-add property of ML sequences,
plk—nlplk—1—n] =plg —n]

for some integer g # k and q # (k — 1), the expectation simplifies to

s+N-—1 Np—1
E[o.lt;s,NI] = > s {épq n} Ik — 1

Due to the balanced property of ML sequences,

Np—1

PR
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for any integer m. Substituting this result and simplifying
s+N-—1

E[G[lsN]_——~ZW 1

Since the Walsh codes are periodic with period N, the starting time epoch s is irrelevant. We
know that the periodic auto-correlation C;[1] is very sensitive to the values of time-offset 1 and
code index 1. However, we also know that its maximum absolute value is N, which leads to the

following bound

N
< - )
<N, (4.64)
We conclude that for N;, > N, the superimposed orthogonal sequence approximates the

Bernoulli sequence in terms of the mean value of its partial auto-correlation. We next com-

E [Gi[l; s, N]]

pute the variance by explicitly writing the mean-squared value:

s+N—1s4+N-1

E[ei[L;s,N} —E[ > Y aldalm [k——l]ai[m—l]}

k=s m=s

$4+N-—1s4+N-—1

{Z Z(w m] Wik — 1 Wifm — 1))
NP_TS

Z (m[k—n] m[m—n]m[k—l~nJm[m—l-n])}
n=0

Splitting the double summation into diagonal and off-diagonal terms,

s+MN—1 Np -1
) (w%[k]w%[k—u ) (pf[k~n}p$[k—1—n])
::1:1 2 s4+N-—-1 e
+ Y ) Wik Wilk — 1 Wi[m — 1]

k=s m=k+1
Np—1
> (pi[k~n]m[m—n]m[k— 1—nlvi[m—l—n])}

n=0

By applying the shift-and-add properties of ML sequences on the second term twice,

1
Np

s+N—T1s+N~-1 Np—1
Z Z (i1 sl e — D fm —y) - (m[q—nm[r—nl)]
s+N—1s+N—-1 Np —1 i

~N+~—Z_ > Wil Wik —U&m—1 Y pils—n]

Np k=s m=s n=0
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Using the balanced property, it simplifies to

s+N—1s+N—1

=__Z ZW Wilk — 1 Wim — ]

‘p k=s m=

Splitting the double summation into diagonal and off-diagonal terms,

s+N—1 s+N—2 s+N-1
—N——{ZWZ Ak—U+2 Y Y Wk Wil wilk — Uilm — U
k=s m=k+1

The second summation can be bounded by its absolute maximum (the number of off-diagonal
terms divided by 2):

s+N—2 s+N—-1

> Y wkemwlk- ey Sl
k=s m=k-+1
which leads to
[e [1s,N]] gN—NL[NiN(N—n]
P
Var[e [Ls, N]}<N—NL[N1N(N—1)]—(N1)2
p(N_]) ? (4.65)
gN{]:t N ]

For N, > N, Var [ei[l;s, N]} < N. Note that above results hold for both recursive and non-
recursive Walsh codes. Since the auto-correlation of Walsh codes is periodic, permutation of a
pair of Walsh codes has no effect on its value.

4.7 Comments on Cross-Correlation of Signature Sequences

Compared to the wealth of information that is available on periodic discrete sequences, our
treatment here is rather brief. We covered only the tip of the ice, limiting our scope to topics
that are directly relevant to code-division multiplexing of spread-spectrum modulated signals.
In all our analyses, we consider only binary sequences. There exists, however, non-binary se-
quences —also known as polyphase sequences— from larger Galois fields that possess unique
properties that are not attainable in the binary space. Regarding PN sequences, we have dealt
only with maximum-length sequences, mostly due to their unique balance and shift-and-add
properties. Without the application of these two properties, most of our derivations cannot be
simplified or approximated into closed-form expressions. For both ML sequences and ML-based
superimposed sequences, we did not compute their cross-correlation values. It has been shown
by Golomb [46] that the periodic cross-correlation of an ML binary sequence takes on at least
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three different values. He further shows that for a given length N, such ML sequences with
three-valued cross-correlation property is rather small (< Ny) . This may not be that critical of
an issue for the downlink where the number of neighboring sites with significant interference
level is not large. However, this is a serious matter in the uplink where the number of simul-
taneously active mobiles is quite large. For this reason the third-generation CDMA standard
has adopted non-ML binary sequences such as Gold and Kasami codes as signature sequences.
They still possess cross-correlation values in the same order as ML sequences; however, their
auto-correlation is not two-valued. There exists considerable sidelobes. Regardless of the type
of binary sequence, less is known about the properties of aperiodic and partial cross-correlation
values. In terms of periodic auto-correlation, we already know that it is two valued; in fact,
in the literature this type of periodic auto-correlation pattern is known as “impulsive” since its
value is maximum when phase offsets are multiples of period Ny,. For all other offsets, its value
is —1.

For the non-binary case, there exists perfect codes whose periodic auto-correlation is zero
for all non-multiple phase offsets of N,,. However, for both binary and non-binary cases, it is
not possible to construct sequences that possess both ideal periodic auto- and cross-correlation
values. The best we can achieve is non-binary sequences with impulsive auto-correlation and
cross-correlation values no less than /N, — the Welch bound. As we discover in our analysis,
it is rather the partial correlation properties of signature sequences that are of most value. Very
little has been reported in this area mainly because it is difficult to construct combinatorial
and algebraic frameworks for partial correlation. It is more common to measure and evaluate
statistical or time-averaged properties partial correlation.

4.7.1 Correlation Zones

Recently, due to the popularity of synchronous spread-spectrum communication, several
researchers have proposed binary and non-binary sequences with unique auto- and cross-
correlation properties known as the correlation zone. Such codes, as elaborated in References
[32], [331, [138], [139] have ideal zero auto- or cross-correlation values (i.e., periodic, ape-
riodic or partial) for a certain range of phase offsets called zones (See Fig. 4.19). For other
phase offsets the correlation values may be large. These researchers are well aware of the fact
that in a multipath channel, correlation values are significant only in a time window within the
delay spread. If such codes become practical, it is likely that they will have a major impact on
diversity Rake combining of multipath spread-spectrum signals. As we shall see in Chapter 6,
Sec. 6.5, the non-ideal correlation values of signature sequences result in self-noise at the out-
put of a Rake receiver. This self-noise either reduces the diversity gain or dramatically increases

receiver complexity.
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Figure 4.19: cross-correlation. Correlation values outside the desired time win-
dow called “the zone” are non-essential.

4.8 Correlation Properties of Other Important Signals

Thus far our focus has been signature waveforms whose continuous-time cross-correlation
is measured in terms of the discrete-time cross-correlation of embedded discrete binary se-
quences. For all purposes considered, they are spread-spectrum modulated. We are also in-
terested in conditions where two signature waveforms, without spread-spectrum modulation
and embedded discrete-time sequences, can still be orthogonal. As stated in (4.3), the cross-
correlation function between two synchronous (t = 0), symbol-time limited signature wave-
forms is defined as

)
= JO si(t)s;(t)dt

If the waveforms also carry information via PAM-type data modulation, then the data modu-
lated signals are orthogonal as long as p;; = 0 since

T

o
L {xisi(t)} {x;s;(t) } dt = xix; L si(t)s;(t)dt = xix; py;
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where x;, is PAM symbol for waveform si(t). In particular, we are interested in waveform
orthogonality when one signal is frequency-shifted, time-shifted or both time- and frequency-
shifted version of the other.

4.8.1 Frequency-Shifted Signals

We are mainly interested in radio-frequency (RF) carrier (single-tone) waveforms where the
RF carrier frequency is much higher than the symbol rate, f. > 1/T. We study three unique

cases:

Case 1: CW Signals with Zero Phase Offset

Denoting a CW signal with only an in-phase (cosine) component:

si(t) = 1/ Z_TE_ cos(2rf.t) c=1j 0<t<T (4.66)

& is the signal energy. We can similarly define the quadrature-phase (sine) component:

sQ(t) = \/? sin(2nfct) c=1,j 0<t<T (4.67)

Assuming the RF carrier frequency is much higher than the symbol rate, f. > 1/T, it is easily
shown that:

oy = “rTsi(t)sj‘(t)dt = Sl;j;(f__f]?T)T (4.68)

09 = :OTsiQ(t)sz(t)dt - j;(f:f;’T)T (4.69)

012 = [ sle)sQreja = <2 o :f:’j)).Tr’] (4.70)

It can be deduced from the above equations that the minimum frequency separation Af =
(fi — f;) required to maintain orthogonality is:

1/27 sllsl or sQ1sQ
Af = { / A K ) 4.71)

V2l sl sy

In general, for two CW signals s.(t) = 4 /E/T( cos 27if . t+sin Zﬂfct>) ¢ = i,j with both in-phase
and quadrature components, they are orthogonal if Af =1/2.
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Case 2: CW Signals with Phase Offset 0

Assuming a non-zero phase-offset 6 between two CW signals:

sit) = \/g cos(2nfit)
Sj(t) = \/g COS(zTE“fjt + 9)

Since s;(t) with a phase-offset 6 can be considered as consisting of both in-phase and quadrature

0<t<T (4.72)

components, it can be readily shown that:
Af(B) = 1/T sil s; 4.73)

In this case, it is immaterial whether si(t) and s;(t) are cosine or sine functions. An important
implication of eqns. (4.71) and (4.73) is studied further in Chapter 5.

4.8.2 Time-Shifted Signals

If a signal s(t) is symbol-time limited, then it is trivial that s(t) and its T-shifted versions are
orthogonal:

J s(t)s(t—kT)dt=0 ke +Z,

o0

A more interesting case is when the pulse duration is larger than the symbol interval (T, > T).
For a family of W-Hz bandlimited sinc pulses s(t — kT) = sinc 2W/(t — kT),

Joo s(t)s(t—kT) dt

o0

= J sinc 2W(t) sinc 2W(t — kT) dt
2 (W . T= W 4.74)
_ J o ITKE/W g5
() )

1 .
= 5w sinc(k) =0 for ke +7Z,

4.8.3 Time- and Frequency-Shifted Signals

In a more general setting, we are interested in the requirements to maintain orthogonality
between two carrier-modulated signals where the time shift is a non-zero multiple of T, the
symbol duration:

Pij = J gi(t) g,-(t —kT) dt ke +7Z, (4.75)

v
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where
gi(t) = S(t) COS(ZTIfit)

g;(t — KT) = s(t —kT) cos (zmj(t —kT)+ e)
— s(t —KT) cos (2mfjt + ek) Oy = 0 — 277k T

Unless we give an explicit form of s(t), we cannot say more about the cross-correlation property
of gi(t) and g;(t). As we shall see in Chapter 5, time-frequency shifted signals are the most
spectrally efficient pulses, especially when used in multi-carrier modulated systems.
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Notes and References

The correlation properties of linear shift-register sequences were studied by Golomb [46],
Zierler [169], Gold [43] and others. Since both binary and non-binary sequences and their
combinatorial and algebraic properties are of interest to coding theorists, they are also covered
in error-control coding texts by Peterson and Weldon [101], MacWilliams and Sloane [80], Lin
and Costello [77]. Texts on spread-spectrum communications by Dixon [30], Holmes [54] and
Simon et al. [129] also include chapters dedicated to binary pseudo-random sequences with an
emphasis on their application in spread-spectrum signalling. A series of journal articles by M.
Pursely and his former students [109, 110, 119, 120] cover topics specific to spread-spectrum
multiple-access communication systems. A more abstract treatment of algebraic codes can be
found in the book by Lang [67].

The description of orthogonal binary codes using a tree structure follows the work by Adachi
et al. [2]. Hadamard-Walsh matrices and their orthogonality properties can be found in any
linear algebra textbook. We have used the texts by Strang [133], [134], [135] as references.
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Appendix 4A
Generation of Binary Orthogonal Codes

Muller-type Hadamard-Walsh Codes

A first-order Reed-Muller binary (2¥,k) code has the following generator matrix:

k_
L 2 1 B
where the value of each row is represented in decimal form. In order to generate all 2* code
vectors, the generator matrix must be expressed in binary form with elements from F;. As an
example, for k = 3:

9
l

e e e = T o T o T )
—_—— OO - = OO
—_—_O = O -0 - O

r
L

Each code vector v of a linear block code is:
vV=ug® G'

where u is a k- bit input (row) vector, and v is the resulting n(= 2¥)- bit output (row) vector.
It is well known that Reed—Muller codes belong to a family of Euclidean Geometry (EG) codes.
An kt'— order Reed-Muller code is equivalent to an (k,1)™- order EG code [77]. It is also
known that Reed-Muller codes are orthogonalizable. In fact, if we use a non-cyclic generator
matrix G as shown above, the resulting code vectors are mutually orthogonal. Non-cyclic Reed-
Muller codes were first discovered by Muller [91]. For that reason, we define all orthogonal
code vectors obtained using G as Muller-type. If we denote U as the matrix of all possible input
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vectors: _ _
000

00 1

uy 010

u 011

U = =

100

e 101

110

RN

The matrix of all possible output code vectors is:

V=U®G =UxU'=G®G'

[0 000000 0]
01010101
00110011
01100110

“looo0oo0 1111
01011010
00111100

0110100 1]

It is easily seen that the output code vector matrix V is the Hadamard matrix H—Hg in the
above case. Thus, the output matrix of a (2¥, k) Reed-Muller code is the Hadamard matrix H .

Rademacher-type Hadamard-Walsh Codes

The following set of functions {r;i(t)} on the interval [0, 1) are known as Rademacher func-

tions:
RO = i B AL men
As examples, we list the first three of such functions:
1 0<t<]
{ -1 I<t<

IN A
~+ +
AN AA
— plw NI= R

To(t) =

—_
Bl Nla Bl ©
IA
-

IA
~+
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1 0<t<g
-1 i<t<d
1 l<t<3
—1 §3t<l
T3(t) = < ? é
1 -Z‘St<§
-1 2<t<3
1 3<t<}
_ 7
\ 1 g<t<]

A reader familiar with wavelets will recognize the above Rademacher functions are very similar
to the scale-and-shift basis scaling functions. (Refer to the text by Strang and Nguyen [133] for
a treatment on wavelets.) It is sometimes more convenient to express Rademacher functions
graphically (see Fig. 4.20 (a)) or by “sign” notation:

mn: ++++———
. ++——++-—
r3: +—+—-—+-—+—

We can easily deduce the following (also see Fig. 4.20 (b)):

0

l i } } It

I ¥
ry(®) ri@® |

; e 2 e ro0 [ L ]

O noro [ LT L L]

O I S N B ro(t) ra® || [ [ ]

SN N T R O T O T noone [ [ L
(a) (b)

Figure 4.20: Rademacher functions and their products

TTi: ++++++++ VieZy
mr2: ++————++
T3 +—+-——+—+
T273: +——++——+

2T A ——+—++—
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It can be seen that the above three Rademacher functions and their distinct products make up
the set of all Walsh waveforms of length 8 (see. Fig. 4.13). In general, it can be shown that a
set of all Walsh waveforms of length 2% can be generated from the set of Rademacher functions

{ri( ).

Wavelet-type Hadamard-Walsh Codes

Wavelet functions of higher resolution are generated by taking the sums and differences
of the original functions. Here, we give an example using four original functions {a(t)H,.
Generalizations for longer lengths are straightforward. Consider a set of eight functions as a

column vector:

=

1(t)
x2(t)
x3(t)
x4(t)

The sums and differences of the original functions are:

yi(t) x1(t) +x2(t)
y= y2(t) | _ | xa(t) —xa(t)
y3(t) x3(t) +xa(t)
yalt) x3(t) —xa4(t)

In matrix notation:

z1(t) yi(t) +ys(t)
. 2(t) | _ y2(t) +yalt)
z3(t) y1(t) —ys(t)
z4(t) ya(t) —ya(t)
In matrix notation:
10 1 o] [wi
o1 o ya(t)
10 =1 0| uys(t)
0 1 0 -1 ya(t)
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After combining:

10 1 0 ] 1.0 0

0 0 1 1 -1 0 ©
zZ= X

10 -1 0 0 01 1

o1 0 -1 0 01 -1

—_— ok et
!
—
—
|
—

We recognize the final matrix as the Walsh matrix W,. The generation of wavelet-type Walsh
codes unique in the sense that the matrix entries are from a ternary set {—1,0, 1}, whereas in
the previous cases, the set is either bipolar {—1, 1} or binary {0, 1}. In all types discussed so far,
the lengths of Walsh codes are limited to powers of 2. We next describe the Paley-type where
the length is 4k, k € Z.

Paley-type Hadamard-Walsh Codes

If p is a positive odd prime number, then all non-zero squares modulo p are defined as quadratic
residues(QR) of p. Since p is prime, we need to consider only the squared numbers 02, 12, 22,
cw(p=1%Forl<a<p-—1,

(p — a)’mod p = a’mod p

Thus, we need to evaluate only half as many; ie., 1%, 2%, ..., ( p—gl)z. The remaining integers
between 1 and (p — 1) that are not quadratic residues of p are called non-residues. A Walsh-
Hadamard matrix of order n = (p 4 1) = 4k, where p is odd prime and k is an integer, can be
constructed as follows:

1
= 76
w {ﬂ Q_I} (4.76)

where 1 is a row vector of all 1’s of length (n—1), and Q = (qy;) is the (p x p) Jacobsthal matrix
with the following property:

qy=—di =x{j —1)
Note that Q is skewed-symmetric, and x is called the Legendre symbol with the following possible

values:
0 i=multiple of p

x(1) = 1 i=QRof p
-1 i=non-QR of p
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We see immediately that Q is a diagonal matrix with the main diagonal terms of Q all equal to
zero, qi; = 0. In fact, it can be shown that Q is circulant; i.e., there is a wrap-around of the
off-diagonal terms:

@ ap - a2
qz a1 dp K
Q= - d2 4
dp
L dp  dp—1 4z qr

As an example, letp =7.

2 A2 p—1 2 12 92 22 _
1 ,2,...,(—2 ) =14,2°3"=1,4,2

The QR of p are 1,2 and 4. The non-residues are 3, 5 and 6. The components of the first column
vector of Q become:

(qraz - dp—1dp)=(0 — — + — + +)
i.e., the components whose indices are QR of p take on value —1 while non-QR indexed com-
ponents have value 1, leading to:

0+ + — + — —
- 0+ + - + -
- - 0+ + - +
Q=|+ - = 0 + + —
-+ - = 0 4+ +
+ -+ - - 0 +
L+ + - + — — 0
Substituting in eqn.(4.76),
[+ + + o+ A+
+ -+ + -+ - -
+ - - 4+ 4+ - + -
W | T - -t + -+
+ + - = = 4+ + -
+ -+ - - - + +
+ + -+ - - = +
o+ - - = =]

The above Walsh-Hadamard matrix is not a reflection matrix since it is not symmetric. It is
proved in [80] that if a Walsh-Hadamard matrix of order n exists, then n is either 1, 2 or
multiples of 4. It is, however, a conjecture that Walsh-Hadamard matrices exist whose orders
are multiples of 4.
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TIME-BANDLIMITED PULSE DESIGN

Summary

Pulse shaping is an old technique in communication theory that is commonly applied to
maximize the information rate for a given channel frequency response. It is true that reliable
information exchange is guaranteed only for rates less than the channel capacity. This theoret-
ical limit deduced from the Shannon capacity formula itself is achieved under the assumption
that transmit pulses are shaped as infinite-length sinc pulses. If the notion of symbol time
and bandwidth are relaxed, then a special class of “time-bandlimited” waveforms known as
spheroidal prolate functions can be substituted in place of sinc pulses. In practice, physically
realizable Nyquist pulse shapes that cause no intersymbol interference are used. Our main con-
cern regarding the subject of pulse shaping is: “In a practical setting, does a particular type
of carrier modulation scheme achieve a higher information rate than its alternatives?” In par-
ticular, we wish to compare the bandwidth efficiencies of single- and multi-carrier modulation
formats. Finding a solution to this problem is the focal point of this chapter. We summarize our
main results:

B Under ideal conditions of brick-wall channel response and infinite-length sinc transmit
pulse shape, both single- and multi-carrier modulation formats are equivalent in band-
width efficiency.

m Once the non-realizable sinc pulses are replaced with infinite-length Nyquist pulses, the
multi-carrier format is more bandwidth efficient.

® Truncation of an infinite-length Nyquist pulse destroys the unique orthogonality prop-
erty at the receiving end and invariably results in intersymbol interference. On the
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other hand, symbol-time limited finite-length pulses cause inter-channel (or inter-carrier)

interference—also commonly known as spectral leakage.

m For multi-carrier modulation, there exists a special class of finite-length pulse shapes that
satisfies the Nyquist criterion for zero intersymbol interference with an added bonus of
low spectral leakage.

The chapter is divided into two parts: the first deals with the measure of bandwidth, and
the second is the design of finite-length Nyquist pulse shapes. When the term “bandwidth” is
not clearly defined, it can lead to ambiguity in quantifying and interpreting the performance
of a communication system. In the context of carrier modulation, the extent of the RF power
spectrum of a train of transmit pulses, or the RF frequency response of the channel or the
Fourier transform of the RF received signal all qualify as bandwidth. In this chapter, we limit
our definition of bandwidth to the extent of the power spectral density of a train of transmit
pulses. In general, the PSD of transmit pulses depends on both the property of a shaping filter
as well as on the correlation properties of the modulating data sequence. We show that for
linear modulation, the PSD is independent of the statistical property of the data sequence as
long as the data symbols belong to an antipodal symmetrical (balanced) set. Hence the PSD
becomes a function of the selected pulse shape only. We next describe various infinite and finite
length pulse shapes that meet the Nyquist criterion for zero ISI. In particular, we highlight a
class of finite-length time-overlapped pulses that satisfies the generalized Nyquist criterion and
is thus suitable for multi-carrier modulation.

5.1 Time-Frequency Duality

When we compute channel capacity in Ch. 3, we implicitly assume that the transmit signal
s(t) is a stream of sinc pulses at a rate of 1/T; sec. We know that sinc pulses have a brick-wall
amplitude response and are the most spectrally efficient for transmission via an ideal channel
of passband bandwidth W Hz. For sinc pulses T, = 1/W. On the other hand, when we study
signature waveforms, we assume for simplicity that the spread-spectrum modulating chip pulses
are non-overlapping rectangular pulses. By convention, a rectangular pulses is denoted by

1 |t <T/2
M(t) = (5.1)
0 H/l>T/2
Its Fourier transform is p——
Fmw} =1 ggg_T_) = T sinc(fT) (5.2)

where W = 1/T. If W is passband bandwidth, W = 2/T. The amplitude [TTw/(f)] in decibel scale
is plotted in Fig. 5.1. Notice the spectral leakage of a rectangular pulse outside the mainlobe
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bandwidth of W Hz. The first sidelobe is only about 15 dB below the mainlobe peak value. If
the sinc function is used as the chip pulse, its amplitude response is TTy/(f) — a brick wall—
and there is no spectral leakage. However, sinc pulses are not practical:

B A finite-impulse response (FIR) baseband filter cannot be used for their generation due to
their infinite time span

B At the receiving end, the integration window of a baseband filter must be infinite; i.e.,
an infinite-impulse response (IIR) baseband filter is required. Since information symbols
must be decoded at a rate of 1/T, long delays in baseband filtering are not acceptable.

m The succession of sinc pulses at a rate of 1/T satisfy the Nyquist criterion for zero inter-
symbol interference. However, any slight error in carrier frequency, symbol sampling rate
and sampling instant leads to a large amount of ISI.

W Any channel distortion that is not compensated at the receiver results in a stream of
distorted sinc pulses that are no longer Nyquist.! The accumulated ISI drives the AGC
(automatic gain control) amplifier of the receiver into saturation, rendering the received
signal useless.

Is(6) (aB)
o,

|

W — BTN

Multiple-access channel model with m transmitters. Each transmit-
Figure 5.1: ter T, communicates with its intended destination sink Sy through
the common receiver R.

Hence, we face a dilemma; a sinc Nyquist pulse train has an ideal flat frequency response, but
it is impractical. A rectangular symbol-time-limited pulse train has infinite bandwidth, and if
it is transmitted via a bandlimited channel, the output is severely distorted by ISI. The issue of

A pulse shape is Nyquist if it satisfies the zero intersymbol interference criterion.
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spectral leakage is of great concern for any RF communication service since strict regulatory
guidelines on out-of-band spectral levels must be met.2 There are several practical remedies. A
sinc-like Nyquist pulse that is less sensitive to receiver and channel imperfections — and with
good spectral characteristic— can be used. The most popular Nyquist pulse is the raised-cosine
function. We should point out that raised cosine pulses are also infinite-length. Any truncation
of sinc or raised cosine pulses results in spectral regrowth —due to Gibbs phenomenon— and
non-zero ISL If the Nyquist zero ISI condition is not imposed, then there are many more choices
in pulse selection. The Gaussian pulse as applied in several European wireless systems is a
good example. In this case, the main goal is spectral containment —Gaussian pulse has a bell-
shaped smooth frequency response. Other non-Nyquist pulses can be constructed by shaping a
rectangular pulse. In signal processing literature, various pulse shaping methods are collectively
known as windowing. Some common window functions are Hamming, Bartlett and Kaiser.
All are strictly symbol-time limited. Another option is to construct pulses that are still finite-
length but with improved spectral containment by increasing the time span beyond the symbol
duration. If such a pulse train is generated at rate 1/T, the portion outside the range [0, T]
overlaps with an adjacent pulse. We define such pulses as time-overlapped functions.

5.2 Power Spectral Density

The channel of most communication systems —including the radio propagation channel—
is band-limited. For a telephone line channel, bandwidth limitation may be due to the trans-
mission medium (copper twisted pair) or a lowpass filter at the customer premise. In wireless
communication, it is the regulatory body that defines a radio frequency range [fy, f] as the
channel bandwidth. It may not be a strict end-to-end measure but a succession of frequency
bands with acceptable power levels. An example of a spectral mask is shown in Fig. 5.2. It is
the wireless system designer’s duty to construct a carrier- and data-modulated pulse train with
a power spectral density that is within the spectral mask. In our analysis, we treat the spectral
mask as the “channel.” The width and shape of the spectral content of a transmit signal is
measured in terms of its power spectral density (PSD). If the power spectral density of the trans-
mitted signal is non-zero outside the channel bandwidth, the received signal is distorted. This
distortion results in intersymbol interference (ISI). Hence, a transmitted pulse train with a cer-
tain PSD that best matches the frequency response of the channel is selected such that distortion
due to ISI is contained or completely eliminated. In general, the PSD of a train of modulated
waveforms depends on the shape of the common pulse as well as on the auto-correlation of the
embedded data sequence.

2Government and international bodies such as FCC and ITU sct these mandatory guidelines such that two wireless
systems with adjacently allocated RF bands do not interfere with each another.
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[S(f)] (dB)
0

-20

—40 &

~80

— ¥ f (Hz)

- 3w -

Figure 5.2: Multiple-access channel model with m transmitters

5.2.1 Deterministic Signals

Let g(t) be a deterministic baseband signal. If it is energy-limited, its spectral content is
expressed by its Fourier transform G(f). If it is a power signal with infinite span, we can always
truncate by taking a finite-time window of g(t)

gw(t) = g(t)w(t) (5.3)
where the window function H
1 I <t < ]
wit) = r=sts7 (5.4)
0 otherwise

Ty is called the window length. The power Pg is defined as the time-average or mean squared
value of g(t):
. 1 (w2,
Po= lim - J_Tw/z g%(t) dt (5.5)

Substituting the time-limited energy signal of (5.3):

Applying Parseval’s Theorem:
. 17
Pg= lim — ” IGy(f)I df]

[ i 1Sat0F

— o0 Tw—oo Tw
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The power spectral density S4(f) is:

2
So(f) = tim (SO0

Tw—oo T (5.6)
For some window length T,, we see that the shape and width of the PSD of g(t) is approxi-
mately equal to the squared amplitude of its truncated version. If g(t) is periodic —by infinite
concatenation of g.,(t)— a window length T,, = T is sufficient. The PSD expressed in decibel
[dB] scale is
S4(f) [dB] =20 log(|Gw(f)) + K K =—10log(T)
= |Gw(f)| [dB] + K

Thus, the PSD of g(t) depends only on the magnitude of its Fourier transform G.(f).

(5.7)

5.2.2 Random Processes

If g(t) is carrier-modulated, its PSD is translated and scaled but its shape and width remain
unchanged. If g(t) is used as a common pulse for data modulation, the PSD of the resulting
modulated signal also depends on the auto-correlation of data sequence. Since data from an
information source is random, the modulated signal is modelled as a sample function of a
random process. From eqn. (4.23), a linear data modulated signal can be expressed as:

Z x[i] f(t —iT) (5.8)

i=—co
where x[i] € X, a finite signal constellation set. Note that the common pulse f(t) is not neces-
sarily restricted to the symbol interval [~T/2,T/2]. In fact, it is possible for g(t) to consists of
a train of time-overlapping pulses. If each x[i] is i.i.d., the modulation is memoryless. {xlil} is
stationary if its joint distributions (equivalently, all its moments) are time-invariant. If x[i] is
wide-sense stationary, then its first and second moments are time-invariant:

E[x[il]] =p  E(x[ix[j]) = Ryli — ] (5.9)
The mean value of g(t) is
Elg(t)] = D>  E[x[]f(t—iT)
=p Y flt—iT)

It is periodic with period T. The auto-correlation function of g(t) is

Rg(t+1t) = E[(g(t)g(t +T)}
s (5.10)

Z ZE ft—iT)f(t+71—3T)

i=—00 j=—00
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Note that the second term on the RHS —the deterministic auto-correlation of f(t)— is a func-
tion of T and T. The frequency-domain expression of g(t) requires a two-dimensional Fourier
transform of both T and T. Alternatively, we can remove the dependence on T by averaging
Rg(t+ T;t) over T. The time-averaged auto-correlation of g(t) is:

T/2 o0
Ry(t+mt) = J 3y Z E(| Jf(t—iT) f(t+T—jT) dt (5.11)
T/2

i=—o00 ]_—OO

The above integral is further simplified by considering the following four cases:

Case 1: Non-Zero Mean, Wide-Sense-Stationary Sequence
E[x[i]] =n
E[x[ilx[j] = Ryli—]]

Using the time-invariance property and a change in variables 1 =i —j, eqn.(5.11) simplifies to:

(5.12)

Rg(T) =Rg(t + T3 t)
1772 & =

= Z Z Ry[i =il f(t —iT) f(t +Tv—3T) dt
o7 T2,

i=—00 )_—OO

> ®© 1 (/25T (5.13)
= Z R[] —J f(t)f(t+t—1T) dt
l=—00 j=—00 T /2T
1 oo
== > RUCHT—1T)
l=—00

where the time-average auto-correlation function of f(t) is defined as:
o ¢]
CelT) = J f(t) f(t+T)dt (5.14)
—0Q0
The random process g(t) is cyclo-stationary due to periodicity of its mean and auto-correlation
function R¢(t), even though the embedded sequence is WSS. By taking the Fourier transform of
both sides,
Sglf) = Sx(f) Ss(f) (5.15)

Note that the PSD of the random sequence is periodic with period 1/T:

}___ R [l exp(—j2mfiT) (5.16)

l=—00

For a purely random sequence {x[il}, it can be shown that:

. 5 _
Rl — { Var [x[i}] + u 1=0 5.17)
u? 1L#£0
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Then,
o0
Sx(f) = Var[x[il] + u* ) exp(—j2nfiT) (5.18)
l=—00
Using Poisson’s sum formula [97],
2 00 1

Sx(f) = Var[x[i]] + T 1; 5(f—3) (5.19)
Finally, the PSD of g(t) consists of both continuous and periodic, discrete components:
Sq(f) = Var[x[il|S<(f) + 55 Z |F( ‘ (f— T) (5.20)

where F(f) = F{f(t)}.

Case 2: Zero Mean, Wide-Sense-Stationary Sequence
Set it = 0. Then eqn.(5.20) simplifies to:

Sg(f) = Var[x[il] S¢(f) (5.21)
The zero-mean condition holds for symmetric PAM signal constellation sets. The PSD of g(t)
now depends only on the shape of a deterministic pulse f(t).

Case 3: Non-Zero Mean, Cyclo-Stationary Sequence
In a spread-spectrum modulated signal, the embedded pseudo random code sequence has pe-
riod P; hence, the sequence itself is cyclo-stationary:

E[x[i]] =0
E{x[ix[j]] = Ru[i;1—]] (5.22)
=RJi+kP:ii—j] keZ

Rewriting eqn.(5.13) with above modification,
T/2 %) 00

o0

-1 i [Z Rxxl]Rf —1T) (5.23)
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where R,[l] is the time-average of a periodic statistical auto-correlation function of a cyclo-
stationary sequence {x[i] } Hence, R,[l] is analogous to the time-average correlation function
R¢(t) of the deterministic pulse f(t). By taking Fourier transforms on both sides of eqn.(5.23),

Solf) = Sx(f) S¢(f) (5.24)
where Si(f) = F{R«[ll. Since the sequence is periodic, it is not a truly random sequence over
the entire time span. However, within a period P, it is approximately random. We can deduce
the expression for the PSD of g(t) —similar to eqns. (5.17)—(5.20)— by substituting R«[l] in
place of R, [1].

Case 4: Zero Mean, Cyclo-Stationary Sequence

When the zero-mean condition is invoked, the PSD of g(t) is a function of f(t) only. For a
zero-mean pseudo-random binary sequence, we have already shown that its time-average auto-
correlation function is equal to its statistically averaged auto-correlation function.

5.3 Nyquist Criterion for Zero Interference

In the previous section, we show that the power spectral density S4(t) of a data modulated
signal g(t) is a product of the PSD’s of the deterministic common pulse f(t) and the embedded
random sequence {x[i]}. If the mean value of the sequence is zero, we remove the dependence
of Sg(t) on {xm[i]}. The simplest way of achieving a zero-mean discrete sequence is by selecting
code symbols from a symmetric (balanced) constellation set such as

Sz{—sM —SM—1 ... —S82 —S8151S52 ... SM—_1 SM}

where each bipolar pair —s;, and s,, are equally likely. The equally likely condition of a symmet-
ric pair is guaranteed by scrambling® the sequence. In fact, this technique is almost always used
in practice for spectral shaping. By imposing the zero-mean condition for the data sequence,
we have effectively compartmentalize two optimization tasks in signal design: spectral shaping
via the PSD of g(t) for channel matching, and the design and construction of an embedded
sequence {xq[i]} with low correlation properties. The latter is already covered in Chapter 4.
As we stated earlier, if the PSD of a transmitted signal is larger than the channel bandwidth,
the received signal is severely distorted. The main objective of spectral shaping is to transmit
pulses at the highest possible rate with no intersymbol interference. Nyquist and others have
studied this problem extensively. We summarize their key results:

3As an example, consider the 4-PAM set {—s; — 51 s1 52} = {00 01 10 T1]. If a binary sequence has consecutive
"I'ssuchas ... 11111, then the symbol s, is more likely than —s,. This imbalance can be ameliorated by mod-2
addition of this binary sequence with a pseudo-random binary sequence.
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5.3.1 Single-Carrier Nyquist Criterion

If a linearly modulated baseband signal

o0
o(t) = )  x[ilf(t—iT)
1=—00
is the input to a linear time-invariant channel with impulse response c(t), the output is

oo
> xlilr(t—iT)
1=—00
where 1{t) = g{t) x c(t). After baseband filtering at the receiver with impulse response h(t),

the output is
o0

> xiip—in)

where
p(t) = 1(t) x h{t) = f(t) x c(t} » h(t)

Its samples at the symbol rate are

(o0}
D x[ilp(T —iT)
i=—00
The pulse p(t) is Nyquist —i.e., it satisfies the Nyquist criterion— if

o0
> pl-9T] =8y (5.25)
i=—00
At sampling instant iT, the only data symbol detected is x[i]. This is the zero intersymbol
interference condition. Equivalently p(t) is Nyquist if

o
Pr(f)2 Y P(f—jfo) =T (5.26)
j=—00
where f, = 1/T. In words if the sum of the Fourier transform of p(t) and its aliased copies has
a flat spectrum, p(t) is Nyquist. The above results are still valid if g(t) is f. carrier-modulated
and transmitted through a passband channel with impulse response

cp(t) = R{c(t) exp(2nfct)}

and carrier-demodulated at the receiver such that the output is r{t). Hence, we interpret a
pulse that satisfies eqn. (5.25) as single-carrier Nyquist or s-Nyquist for short.
It is obvious that a pulse with a brick-wall frequency response TT¢, (f) is Nyquist. The aliased
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p(t+f) | P P(f-1)

L
)

f
Kl
Figure 5.3: Fourier transform of sinc pulse and its aliased copies

Fourier transform P, (f) is plotted in Fig. 5.3. By observation, we deduce immediately that the
Fourier transform must be an even function. It is clear that the sinc function is the only Nyquist
pulse with the minimum baseband bandwidth of f,/2 Hz, implying that the maximum symbol
rate through a linear time-variant channel with baseband bandwidth W Hz is 2W pulses per
second. If we allow pulses with bandwidth larger than f,/2 Hz, then there are infinitely many
Nyquist pulses. The wider its bandwidth, the less spectrally efficient is the Nyquist pulse. For
pulses whose bandwidth is strictly limited to the range [f,/2,f,], we need consider spectral
overlap from an adjacent aliased transform only. Eqn. (5.26) becomes:

P(f)+P(f—fo) =T O0<f<f, (5.27)

By defining the excess bandwidth f. = (fo/2 + A.) and using the fact that p(t) is real:

p(lesa)+p(R-a)=1 J|al<l (5.28)

If p(t) has linear phase 8,(f) = —Kf (K is a delay constant):
P(f) = |P(f)|e 7%

The Nyquist criterion depends only on the shape of the amplitude response:

P(3+80)|+|P(5 -4

2 +

=T jad<® (5.29)

Since |P(f)| is even we need consider the shape on one side only, say 0 < f < f,. Graphically,
the amplitude condition is shown in Fig. 5.4. It can be broken into four parts: the gain T, even
term Pe(f), odd term P,(f) and dc bias Pg.(f)

P(f)] = T(Pe(f) + Po(f - %) + Pdc(f)) £>0
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Specifically,
Pe(f) = 0.5 [fl < f—zci — £, (5.30)
Po(f) = —Po(—f) Ifl < fr (5.31)
Pac(f) =05 1] < % +f, (5.32)

The amplitude of the odd function is normalized such that

f
Po(£ )| =05

Outside their specified intervals, P¢(f) and Po(f) are undefined.

A
—— P (f)
| [
i i
1
! L RO
! 1
|
O
|
. B(f—1/2)
o
I h |
] ! .
| |
!
——ﬁ
b ! 1 Pylf)
1 ' ; :
L] ! |

Figure 5.4: Amplitude response of Nyquist pulse in four parts

A good example is a family of pulses collectively known as raised-cosine pulses with Fourier
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transform: ) ;
o
T Lmff—F,/2 f
|Pre(f)] = 4 3 [1 —sin 5 (-—?1/—-)} |f - -22 < fr (5.33)
fo
| 0 Ifl > 7 + fr

The roll-off factor v = 2f,/f, ranges from 0 (sinc pulse) to 1 (fully raised cosine). For a fully
raised cosine function with f, = f,/2, P.(f) is non-existent. It is easily deduced from eqn.
(5.33)

|Pere(f)] = cos? (Zifo) (5.34)

The plot of P, (f) for a fully raised cosine function is shown in Fig. 5.5. The symbol rate is now
W samples per second —half the rate of sinc pulse.
Note that both sinc and raised cosine pulses are strictly bandlimited; i.e., they have infinite

R(f)

|

N N R cas 1 T =TT
e 0 RN
: _tl_ 5 _f;Q I 7

9]

z

Figure 5.5: Fourier transform of fully raised cosine pulse and its aliased copies

length. It is true that raised cosine pulses are less susceptible to sampling rate and timing errors
because of faster delay rate (1/t3). However, any truncation by windowing leads to regrowth
of sidelobes, and the Nyquist condition is no longer satisfied. A plot of P, (f) of a truncated sinc
pulse is shown in Fig. 5.6.

B(f)

s oot mfonott] Fitomve v,

Figure 5.6: Fourier transform of truncated sinc pulse and its aliased copies
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5.3.2 Multi-Carrier Nyquist Criterion

If the sum of K independent, linearly modulated baseband signal

K K 00
Y ooty =) > xlilfilt—iT)
k=1

k=1 i=—c0

is the input to a linear time-invariant channel with impulse response c(t), the output is

K 0
Sy it —iT)

k=1 i=—0c0
where 1 (t) = gi(t)*c(t). After baseband filtering at the receiver with impulse response hn(t),

the output is
K 00

Z Z X[ prn(t —1iT)

k=1 i=—00
where
Pinlt) = Tic(t) % hp(t) = fie(t) * c(t) x hn(t)

Its samples at the symbol rate are

K 0
> Y xlilpal(iT—iT)

k=1 i=—o0
The pulse pyn(t) is Generalized Nyquist or g-Nyquist —i.e., it satisfies the Generalized Nyquist

criterion— if
K o0

> D prn[( - UT] = 84 kn (5.35)

k=1 i=—c0
If only
K o0
Z Z Prn [ — DT] = by
k=1 i=—00
then at a sampling instant iT the detected data symbols are Z]]f:] xi[i]. The desired symbol
is xn[i]. This is inter-channel interference (ICI) —i.e., intersymbol interference from current

symbols xi[i], i # n of other parallel channels. If only

K 00
> ) P —1T] = bkn

k=1 i=—0
At a sampling instant iT the detected data symbols are } ;2 xnli]. The desired symbol is
xn[0]. This is inter-symbol interference (IS} —i.e., intersymbol interference from past and pos-
sibly future symbols xn[jl, j # i of the same channel. Finally if

oo

K
Z_ Z Pin | — UT] # 845 6kn

kK=Ti—- ¢
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then the desired symbol x,[i] suffers from IS, ICI and interference from the past and future
symbols from other parallel channels

K 00

> Z xilj]

k=1 j=—0

k#n AL
This is inter-block interference (IBI). A Fourier transform condition analogous to the single-
carrier case of eqn. (5.26) is

Pant(f) = ) Pnlf —ifo) = T bkn (5.36)

j=—00
In words pyn(t) is g-Nyquist if it is single-carrier Nyquist and the sum of its Fourier transform
and its aliased copies is zero for k # n. The second condition states that the Fourier transform
of pyn(t) must be zero for k # n. Note that a single-carrier Nyquist condition is a necessary
but not a sufficient prerequisite for multi-carrier Nyquist condition. Consider the following for
k#n:

Pin(f) = F{pin(t)}
= F{ft)xc(t) xpal(t) |
= F{rdt) +palt)}
= Ri(f) - Pu(f)

Since the k'™ transmit and nt" receive filters have non-zero frequency responses Py, (w) = 0 if
and only if Ry(w) = 0 or Ry{w) and Pn(w) do not overlap. The former condition Ry(w) = 0
is not acceptable since the k' receiver must be able to detect its transmitted symbols {x[i]}.
The latter condition —the non-overlapping of Ry(w) and P,(w)— is possible only if Ry(w)
is carrier-modulated or P,(w) is a passband filter response, or both. The design of g-Nyquist
pulses is postponed until we first describe the connection between zero ISI condition and the
orthogonality principle.

5.3.3 Orthogonality Criterion

It is well-known that in AWGN channel, the optimal receive filter has an impulse response
that matches the received pulse:

Hi(f) = F ()] = Rid®)

Writing the Fourier transform of a linearly modulated signal as

K %}
> D il Ri(t) exp(—j2mfiT)

k—Ti——cc
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The output of the n*" matched filter is:

] +an ’R exp —j27tfiT) —f—ZZXk Ri(f) Ry (f) exp(—j2nfiT)

k=1 {
i£0 on i

The first term on the RHS is the desired symbol. For the g-Nyquist condition to hold,

K
Rn()]*exp(—i2nfiT) + 3 Y R(f) RA() exp(—j2fiT) =0

k=1 1
k#n
Equivalently,
Zrnt—lT Tt +ZZrkt—1T T(t) =0 (5.37)
i#£0 i
k#n

That is, the received pulse for the n'" channel must be orthogonal to its past and future (time-
shifted) pulses (i.e., the zero ISI condition)

D ralt—iT)mn(t) =0 (5.38)
10

and also be orthogonal to pulses from other channels (i.e., zero ICI and IBI conditions)

K
Z Z Tr(t —iT) r(t) =0 (5.39)

k#En

The implication of above results is that the design pulses that satisfy the g-Nyquist criterion is
equivalent to the construction of a set of mutually orthogonal received pulses (time functions).
We next describe two types of g-Nyquist orthogonal pulses.

Sinc-type Pulses

Consider the following two pulses, both with a brick-wall amplitude response. For conve-

nience, assume the phase of Ry(f) is zero.

c Ifl <1/T
Ri(f) =

0 If| > 1/T

c eif2(f) Ifl < 1/T
Rz(f) =

0 | > 1/T
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Figure 5.7: Frequency response of sinc-type g-Nyquist pulses

where

/2 o<f<I/T
0,(f) =
—m/2 -1/T<f<0
Both pulses are illustrated in Fig. 5.7. We immediately deduce that

(o0}

D Ri(f—ijfo) Ry(f—ife) =0
j=—00
Similarly,
[>9]
D Ri(f—ifo) Ro(f —jfo) =0
j=—00

Since both pulses have brick-wall non-overlapping amplitude response, they satisfy the single-

carrier Nyquist criterion:

o0
Sy IRm(f—ij) =22 m=1,2
=00

?

j
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It can be shown that the resulting g-Nyquist pulse is

p2(t) = f_{Pm(f)} = c? ;

From the figure we see that Rj(f) and Ry(f) are identical to two-dimensional Walsh codes. It
is then apparent that the design of sinc-type pulses (Walsh functions) that meet the g-Nyquist
criterion is straightforward: For n orthogonal pulses, define their phase responses such that

27t
(s 1) a0

their frequency responses are equivalent to the shape of n-dimensional Walsh codes. The only
drawback is these pulses are not practical; they have steep (brick-wall) amplitude response and

jumps in phase response.

Chang Pulses

If excess bandwidth is allowed, there are numerous pulse shapes that satisfy the g-Nyquist
criterion. We detail a class of r = 1(f, = f,/2), infinite-length, orthogonal and carrier-
modulated pulses first proposed by R. Chang. It is assumed that the center frequencies of

carriers are
fi=({1+j—05)f, i€Zy jeEN (5.41)

The carrier frequency separation is f,. For all carrier modulated pulses (any i)

[Ri(f)| &80 |[f—fi] <fo
Ri(f) =
0 |f —fi] > fo

where
[Ri(f)|* = Ci+ Qulf)
is composed of a DC bias term
Ci=05 [f—fi|<fo
Po(f—fi—fo/Z) fi<f<fi+1,
—Po(f = fi +1o/2) fi—fo < f<fy

The odd function P,(f) is defined in eqn. (5.31). It is seen that Q;(f) is even about f; and odd
about f; & /2.

Qilfy +f) = Qilfy — 1) O<f<fy
Qifi £ 1) = Qi(f{if) f{=fi:tf0/2
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The phase has a linear term plus a sinusoid

0,(f) = km—1% 4k, sin 21— keN, ke € 2Z,
o, fa

o—foui
[/ N
l 1 T i T l

f, f, £y £
= |
| l

Figure 5.8: Bandwidth of single- and multi-carrier modulated raised cosine pulses

Compared to Eqns. (5.30)-(5.32), the above pulse is equivalent to a fully raised-cosine func-
tion except for a frequency translation by f;. It is no surprise that an example of the squared
amplitude of a carrier modulated g-Nyquist pulse is

|Ri(£)|? = Ci + Qi(f) = cos? (nf—zif-?) (5.42)
which is a frequency translated, fully raised-cosine pulse [cf. eqn. (5.34)]. If there are N
carriers the total bandwidth is (N + 1)f,. The symbol rate per channel is

Re = (NLH) fo (5.43)

where 1/N is the roll-off factor of multi-carrier modulated signal. Compared to a single-carrier
raised cosine pulse with r > 1/N, the multi-carrier modulation format is more bandwidth
efficient. In summary, the overlapping concatenation of N frequency-shifted fully-raised cosine
waveforms has a higher bandwidth efficiency than a single-carrier modulated raised cosine
waveform with roll-off factor r > 1/N. Furthermore, because each sub-carrier in a multi-carrier
modulated waveform has full roll-off factor (r = 1) its decay is smoother. The bandwidths of
both single- and multi-carrier modulated waveforms are shown in Fig. 5.8.

5.4 Perfect Reconstruction Criterion

In the last section, it is shown that the bandwidth of a multi-carrier modulated signal is
smaller that of a single-carrier modulated signal given that both achieve the same symbol rate
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with zero ISI. However, in both cases of sinc-type and Chang pulses, the pulse length is infinite.
If it is truncated, the zero ISI condition no longer holds. The important question is: “Can we
design pulses that are g-Nyquist with finite length?” The answer is two-fold:

m If the pulse duration is symbol-time limited, there exists no g-Nyquist pulses regardless of
pulse shaping —not counting the rectangular pulse.

m If the pulse duration is longer than T but still finite, then there exists a class of time-
overlapped functions that satisfy the g-Nyquist criterion.

Such time overlapped pulses have recently been discovered by H. Malvar. His research is con-
cerned with filter bank analysis-synthesis techniques that are alias- and distortion-free. In signal
processing applications such as speech coding and image compression, a signal is analyzed by
a bank of bandpass filters, then sub-sampled, then over-sampled, and finally regenerated by a
bank of synthesis filters. (See Fig. 5.22 for a block diagram illustration.) The condition where
the original signal is recovered without any loss in information is called Perfect Reconstruction
criterion, or simply PR condition. In this section we describe the relation between PR and g-
Nyquist criteria. This bridge will aid us in the design of finite-length, time-overlapped g-Nyquist
pulses. First, we review basic concepts in sampling.

5.4.1 Sampling Theorem Revisited

The sampling theorem for deterministic signals states that a baseband signal g(t) that is
strictly bandlimited to W Hz —i.e., its Fourier transform G(f) is zero for all frequencies [f] >
W— is uniquely determined by its uniformly sampled values {gnT|} if T; < 5p. If g(t)
is a periodic power signal generated by concatenating symbol-time-limited pulses gw(t), the
sampling theorem is still applicable by replacing the Fourier transform G(f) with the power
spectral density |G,y (f)|?/T. For a random process its sample function is a power signal and
its Fourier transform may not exist. In this case, the spectral content is measured in terms of
its power spectral density. A random process is said to be bandlimited to W Hz if its power
spectral density (if it exists) S4(f) = O for [f| > W. Similar to the Dirichlet’s conditions for the
deterministic signal, the PSD only exists for certain random processes. In fact, it is necessary
that the process is wide-sense stationary. This is the well-known Weiner-Khinchine relation [68].
However, for a cyclo-stationary random process its average PSD can be computed. We can now

restate the sampling theorem for random processes:

Theorem 5.1 (Sampling Theorem) A baseband random process strictly bandlimited to W Hz if
its (average) power spectral density is zero for all frequencies |f| > W. A sample function g(t} is
uniquely determined by its uniformly sampled values {gInT,]} if Ts < w5
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The minimum sampling rate f, = 2W is the Nyquist rate. By using time-shifted sinc functions
as orthogonal basis functions, g(t) can be synthesized as follows:

o) = Y g(nT,) sinc [ZW(t - nTs)] (5.44)
N=-—-00
For a linearly modulated signal
g(t) = ) x[if(t—iT)

i=—00

Its uniform samples are

g(nTe) = ) x[ilf(nT, —iT)
i=—00
Substituting in eqn.(5.44):
glt)= > xlil Y f(nT,—iT) sinc[2w(t—nT,)]
i=—00 =—00
At Nyquist rate T, = 1/2W
oo o0 n
= i:;oo x[i] n:Z_OO f (m — 1T> sinc(2Wt — n)

We know from eqn. (4.74) that the time-shifted sinc functions sinc(2Wt—n) and sinc(2Wt—n")
are orthogonal if (n —n’) is a non-zero integer. Furthermore, since the common pulse (t) has
duration T, its 2WT samples — as n varies from 0 to 2WT — 1 for i = 0— are sufficient for
synthesis. Recall that the dimension D = 2WT. This implies that instead of transmitting a pulse
x[1]f(t) every T sec., we can send a discrete sequence of length 2WT:

- [0 1) 120 - () ()

every T sec. To summarize, we review the sampling theorem to emphasize the fact that there
is an equivalent representation of the continuous-time filter output in terms of its discrete-
time uniform samples. Hence some insights can be gained in the construction of orthogonal
g-Nyquist continuous-time waveforms by studying their corresponding discrete-time sequences.
We do so in the next section.
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Figure 5.9: bols x[j] = (x1[j], x¢[j]) with pulse shaping FIR filter f m]

5.4.2 Equivalent Discrete-time Representations

The continuous-time I/Q modulator of Fig. 3.15 can be replaced with its discrete-time
version as shown in Fig. 5.9. All discrete-time functional blocks such as delay tap, decimator,
interpolator, circular convolution are thoroughly discussed in digital signal processing texts;
For continuity, we briefly review their application in multi-carrier modulated communication
system framework.

W Serial-to-Parallel Conversion: In Fig. 5.9, the input stream of code symbols is split into
odd and even symbols for in-phase and quadrature channel modulation. For multi-carrier
modulation with M channels, a 1-to-M S/P converter must be devised. In discrete-time,
a cascade of delay taps (denoted by a unit of Z-inverse z~') and M-down-samplers fulfill
this function. This is illustrated in Fig. 5.10.

If x[n] is the input to a unit-delay tap, its output is

xDn] =z7 {x[n}} =xn—1]
In general, the k" output of a delay chain is
xKn] = z"k{x[n]} =x[n—X]
If x[n] is the input to an M-downsampler or decimator, the output is

yOm] = M{xn]} = xmM]
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Figure 5.10: Discrete-time serial-parallel converter

When cascaded, the k'™ output of each delay-decimator tap is
y®m] =] M{x[n —k]} =x[nM — k]

Figure 5.11 illustrates serial-to-parallel conversion of a data stream for M = 4 parallel

channels.
omnat [y L] *14"'}7“*
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after 1
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el e

time units

Figure 5.11: Cascade of delay and downsampling for serial-to-parallel conversion

B Delta Modulation: S/P conversion results in M parallel streams of phase-shifted code
symbols. However, the time interval of a block of M code symbols must be the same
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before and after S/P conversion. That is, the symbol rate of each output channel must
be reduced by m; equivalently, zero symbols must be inserted between two consecutive
code symbol outputs in each channel. This function is achieved by M-up-sampling or
interpolation. This is illustrated in Figure 5.12.

If x[n] is the input to an interpolater, its output is

ylnl =T M{x[n]} {X[n/M] nmodM =0

otherwise

A cascade of M down- and up-sampling (see Fig. 5.13) is equivalent to modulation by a
periodic train of impulses of period M.:

Cascaded output:

yn] = (T M)(L M){xInl} = x[n} - smn]

where
bad 1 nmod M =0
Sminl = Y sn—tM]=
=00 0 otherwise

L e et

JLw__“__ A i

Figure 5.12: S/P conversion with upsampling for input-output rate matching
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ML = ‘@,

Figure 5.13: Discrete-time delta modulator

B Transmit Pulse Shaping: For convenience, we relabel the S/P converted output in k"
channel as:

ymnl = (T M)(L M)z"™{x[n]}

xn—m] (n—m)modM =0
0 otherwise
The transmit filter output is
Nyw—1
gmn] = Z fmlkl ymln — Kl
k=0

where hn[n] is the impulse response of a LTI causal filter of length (window) N,,. A
block diagram of a generic multi-channel discrete-time modulator is shown in Fig. 5.14.
For a special class of multi-carrier modulation format, each passband filter is equivalent
to a cascade of low-pass filter and frequency translator (i.e., carrier modulator). This is
illustrated in Fig. 5.15.

JM M t,[n]

2 UM LM t,[n]

g[n]

271 :
i JM L AM t[n]

Figure 5.14: A block diagram of a generic discrete-time multi-channel modulator

m Complex Carrier Modulation: In the continuous case, the filter output g¢(t) is frequency
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carrier 1

carrier 2

, WM MM ] -

carrier M

LZ_I UM | AM ‘

| fO [n] %,

Figure 5.15: M-channel carrier-modulated communication system: transmitter

translated by an in-phase (cosine) or quadrature (sine) IF carrier time functions such that

s1(t) = gi(t) cos(2nfot)
sq(t) = gq(t) sin(2rf,t)

From eqn. (3.5) it is understood that both in-phase and quadrature channels utilize the
same baseband pulse-shaping filter f(t):

gs(t) =) f(t—iT)xbl  s=1Q
j

An equivalent discrete-time IF carrier modulation in the k*" channel can be expressed as:

skin] = gian] cos [ann]
. [2nkn
skq[nl = grqlnl sin [—M—-]

where
ksl =) f(t—iTo)xslil  s=1,Q
j

An alternative description of discrete-time carrier modulation uses discrete-time Fourier
carriers

Wk [n] = exp [)—Z-Zt—]—cﬂ]

M

The respective inverse carriers are
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The resulting Fourier-carrier modulated signal is
skl = (xkm * fn]) Wiy
Since transmitted signals must be real, it is required in each block of M code symbols
xknl = xjpy ] (5.45)

Note that for M even xo[n] = xj,[n] and xpm/2[nl = x3,,[nl, implying that the code
symbols in the first and last channels must be real. (There are only M/2 distinct carriers.)

The final transmit signal is
M—1

s[n] = Z sk[n]

k=0
Expanding,

M—1
= 3 (audnd + fin]) 2™

k=0

B M—1

= 3 (xulnd = fln]) @My N (xilnd + flng ) 2E/M

k=0 h%

- 72_1 (Xk[n] i f[n]) /M i (XM—k[TL] * f[Tﬂ) eﬂﬁn(M’ﬁL)

k=0 k=1
Using the relation of eqn. (5.45):

Mg

= {Xo[n] +xpm2le ™+ Y (Xk[n] T M 4 i [n] e 2R/ M) } * f[n]
=1

Further manipulation leads to

M

= ZZ {xke[n] cos (27&“) — Xkoln] sin (ZTAm>} *2f[n]

k=0

where the even and odd components of the complex code symbols
xi[n = xxe[n] + Jxio[nl

are given by

xk[n] + xg[n]
2

xxnl —xj Ml
2j
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In summary, the Fourier carrier modulated signal is equivalent to I/Q modulation with
the constraint of eqn. (5.45)

M-1

s[n] = Z (Xk[n] * fhﬂ) exp (j27tkn)

M
k=0

M
M_y

= Z {xke[n] cos (er/lcn) — Xkoln] sin (27;4(“)} * 2f[n] (5.46)

k=0

W Real Carrier Modulation: As described above, multiplication by inverse discrete Fourier
transform is equivalent to complex 1/Q data modulation. As an alternative, real mod-
ulation uses in-phase cosine carriers only. The transmit signal with cosine modulation
is

M-1

stn) = ) (xuln]  fin]) cos (Tokn) (5.47)

k=0
Note that two cosine carriers are orthogonal when their separation is only t/M, com-
pared to Fourier carriers where the minimum separation for orthogonality is 27t/M. Both
modulation schemes are equivalent in the sense that the number of transmitted code sym-
bols per interval T is the same for a fixed bandwidth: the cosine carrier modulated signal
has twice the number of carriers, each modulated by a real code symbol, whereas the
Fourier modulated signal has half the number of carriers, each with in-phase and quadra-
ture components carrying even and odd real code symbols, respectively. In the above
cosine modulation format, the first channel has zero frequency. These functions

mkn

ELl[n] = cos (——M—> (5.48)

are known as Type-I discrete cosine transforms (DCT-I). Other variations (types II, III and
IV) are envisaged by offsetting the first carrier in time or frequency or both:

E]I(I[n] = COS % (k + %)n] (5.49)
E;Icn[n] = CoS -%k<n + %)] (5.50)
Eiv[n] = CosS % (k + %) (n + %)] (5.51)

It is straightforward to show that for each type, the set of cosine functions are mutually
orthogonal. The first four cosine basis functions of each type are plotted in Figs. 5.16 and
5.17.

Referring to eqns. (5.41) and (5.42), we comment that Chang pulses are continuous-time
equivalent of Type II or IV cosine functions.
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First four basis functions (k = 0, 1,2,3) of type I DCT. Due to zero
Figure 5.16: offsets in time and frequency, it is the only DCT with odd or even
symmetry about the mid-point.

First four basis functions of type IV DCT. Unlike types I and 111,

Figure 5.17:
g1 there is no non-oscillating (DC) basis in type II and IV DCTs.
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5.4.3 Discrete-time Generalized Nyquist Criterion

A block diagram of a transmitter of a general multi-channel communication system is de-
picted in Fig. 5.14. This is the discrete-time model where the input and output of every func-
tional block are discrete-time sequences. Before transmission, it is understood that the transmit
sequence g[n] must be D/A converted. For the special case of multi-carrier modulation as de-
picted in Fig. 5.15, a single prototype lowpass filter fo[n] suffices when combined with various
IF carrier modulators. At the receiving end, the demodulation and detection blocks are mirror
images of the transmitter. This is depicted in Fig. 5.18. (For convenience we omit the subscript
“0” when denoting prototype filters.)

carrier 1

&S — T F

carrier 2 —
e _Jf—@?— D R

. 3 -

. carrier M .
,.@l— n{n] 1 — 1]

detector

parallel—-to—serial

Figure 5.18: M-channel carrier-modulated communication system: receiver

Historically, communication systems are studied in the continuous-time domain. Therefore
we are interested in designing transmit and receiver filter with impulse responses h(t) and f(t)
such that the transmission rate is maximized and the receive filter outputs in each channel are
ISI-free. Due to Shannon’s capacity theorem, achievable information rate is a function of the
received signal-to-noise ratio. In AWGN channel it is known that the SNR of the receive filter
is maximized when the transmit and receiver filters f(t) and h(t) are a matched pair; i.e., F(f)
is a complex-conjugate of H(f). This is the matched filter realization. The ISI-free condition is
the generalized Nyquist criterion. In practice, it may not be possible to design filter responses
that meet both criteria.

First, we discuss the Nyquist criterion in the discrete-time domain. Matched filter realization
will be dealt with once we introduce time-overlapped pulses. We already know from Sec.5.3.3
that sinc-type pulses (whose Fourier transforms resemble Walsh codes) are g-Nyquist. If excess
bandwidth is allowed, Chang pulses are g-Nyquist with each data channel containing a cosine
carrier modulated signal. The drawback is both pulses are infinite in length, thus requiring IIR
filters at both the transmitting and receiving sides. Any truncation or shortening of filter lengths
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leads to non-zero ISI. Analogous to the conventional continuous-time Nyquist condition, we can
derive the g-Nyquist criterion for discrete-time sequences. We detail step-by-step, starting with
the input stream of code symbols x[n]:

B Delayed Decimation:

B After interpolation:

golnl = > x[n]sn—rM]

ginl= > xnlsn—1-1M]

gkn] = Z x[n] 8[n —k — rM]
gm-1n] = Z x[n] 8[n —M +1 —rM]

B Transmit Filter Output:
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s1n] = Z fim—=1=rMlx[rM + 1]

T=—00

sknl = Z frn —k — rMx[rM + k]

T=—00

smotnl = Y fmoin— M+ 1 —tMix[rM +M — 1]

T=-00

B Transmitter Qutput:

M-1

s[n] = Z skmn+ k]
k=0

M—-1 oo

= Z_ Z fin — tM]x[rM + K]

k=0 r=—0c0

For consistency, each elemental output sy [n] is time-advanced by k units since it is delayed
by the same amount during decimation. Assuming the channel is ideal with no delay:

c[n] = 8[nl, the received signal r[n] = s[n].

B Receive Filter Output:

voln = Z holll sin — 1
=00
M—-1 oo o'}
=Y ) xtM+K Y hollfyin—1—rM]
k=0 r=-—00 l=—00
M—-1 o0 o0
vin} = Z Z x[tM + k] Z hil fxn ~1—rM]
k=0 r=—00 l=—00

M—1 oo o0
| = S xM+K ) hmallfin—1-™M

k=0 r=—00 1l=—c0

vm-1n
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By separating code symbols in the zeroth block of the first channel:

X101 3 holn—Ufolll+ ) x[fM] D> holn —Ufoll —rM]
l=—co 40 1l=—00
M—1

£ Y %KY ol - Ul

k=1 l=—o0
M—1

+ 3 Y xbEM+K Y holn—Ufill—TM] (5.52)

k=1 1#£0 l=—c0
The first term is the desired symbol. The second term is ISI from past and future code
symbols in the same channel. The third term is ICI due to current symbols from other
parallel channels. The fourth term is IBI due to past and future code symbols —i.e.,
symbols in another block— from other parallel channels. If the receive filter in each
channel matches the corresponding transmit filter, and if fi[n] is an FIR filter of length
Ny
hg[n] = fi [Ny, —1—mn]

Since the filter tap weights are real,
hi[n] = fk[Ny, — 1 —mn] (5.53)

Note that the receive matched filter h(t) is also FIR. If the transmit pulses are orthogonal,

Ny, —1
> il fall—TM] = 8[k —n] &[] (5.54)
=0

then the system meets the generalized Nyquist criterion. This is the discrete-time equiva-
lent of eqn. (5.39).

5.4.4 Multi-Rate Filter Bank Design

We next describe the close relationship between the g-Nyquist criterion and Perfect Recon-
struction Criterion. A block diagram of a multi-channel filter bank is depicted in Fig. 5.19. We
briefly review the main properties of multi-channel filter bank. It is essentially a reverse process
of a multi-channel communication system. As the name suggests, the system consists of a bank
of M analysis and synthesis filters. An input signal is analyzed by passband filters hy(t) at center
frequencies fy and bandwidth By. This is called sub-band processing. We are only interested in
a class of uniform-bandwidth, critically sampled and carrier-modulated filter bank:

m Uniform Bandwidth: The bandwidths of all M bandpass filters are equal.
For real modulation with cosine carriers,

7T
Bx = —
k 7\’1+E
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MU M
WoOh i)
FLAOVI T TN
I N VN

input hl[n] WM
x(n] g
hn]l—| LM @
- Y ° parallel
L———{h[n — & outputs
g
5

Figure 5.19: Sub-band processing with M-channel filter bank: analysis

where ¢ is the excess bandwidth.
For complex modulation with Fourier carriers,

Bkz%r-l-&

With real modulation the carrier spacing is approximately 7r/M. Over the entire frequency
range [0, 27, 2M filters are required. With complex modulation, the carrier spacing is
27t/M, resulting in M bandpass filters.

Center Frequencies: If the zeroth channel has a lowpass filter such that the center frequen-
cies of the carriers are

fr = %An— k  kezM? complex modulation

p (5.55)
fi=g7k k€ Z*™-1  real modulation

This is known as even stacking. In odd stacking, every filter is bandpass with center fre-

quencies
fio = %T (k + %) ke ZM™1  complex modulation
(5.56)
fi = —& (k + %) k € Z*M~1  real modulation

Both odd- and even-stacked frequency bands are illustrated in Fig. 5.20. It is important
to note that for even stacking the center frequencies of all bands are non-zero; i.e., each
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band is a frequency translation (carrier modulation) of a baseband signal. This differ-
ence between odd and even stacking becomes critical when the carriers themselves are
complex-valued, as we shall see in Sec. 5.4.7.

~_fo_.|

I'— _—]
odd
| | (a)

£y £ fy fy

pooal
/ l (b)

Figure 5.20: (a) odd and (b) even stacking of bandpass filters

B Critical Sampling: The filter output in each channel of an M-channel filter bank is critically
sampled if an M-down sampler follows each filter. Decimation does not discard useful
information; it only removes redundant information growth. It is well known that by
proper design of a bank of analysis and synthesis filters, the original sequence x[n] can be
reconstructed from downsampled sequences. This is the Perfect Reconstruction condition.

W Carrier Modulation: All passband filters are derived from a single prototype filter h[n]. For
k>1

™ .
hx[n] = hin] cos [ﬁ (k + l)] real modulation

(5.57)
2

hg[n] = hin] exp [i Vi

(k + 1)} complex modulation

where 1 = 0 for even stacking and 0.5 for odd stacking.

In general, the sub-sampled filter outputs are processed (e.g., compressed) for transmission or
storage. At the other end, the original signal x[n] is reconstructed or synthesized from stored or
received samples in M sub-carriers. The synthesis operation consists of up-sampling followed
by synthesis filtering with impulse responses fy[n], and finally the summation of sub-samples
to reconstruct (a possibly) aliased and distorted version ] of the original signal. Comparing
a multi-channel filter bank in Fig. 5.19 with a multi-channel communication system in Fig.
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5.15, we notice that both systems are identical with the roles of analysis and synthesis filters
reversed. We next follow the functional blocks of a carrier-modulated filter bank step-by-step:

W Analysis Filter Output:
ykml =xm] x hg[n] = Z x[r hyn—1] (5.58)
m After decimation:

skm] =yxmM] = Z x[r] hye MM — 7] (5.59)

Assume there is no further processing such that si[n] = r¢[n] for all k.

ot TM |t [n]

r[n] ™ f[n]
aralle output
mats 1] T ]

r[n}———-ro ™ £ [n]

Figure 5.21: Sub-band processing with M-channel filter bank: synthesis

B After interpolation:

vin] = { Zoxihudn =] nmod M =0 (5.60)
0 otherwise
B Synthesis Filter Output:
=Y wllfiln-1
1
= ka [IM] fxfn — IM] 5.61)

—ZZ 7 i [IM — 7] fiIn — IM]
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B Reconstructed Signal:

M-

fn= ) D D x[hlIM =1l filn — IM] (5.62)
k=0 1 T

The original signal x[n] is recovered if there is no distortion or aliasing. This is known as
the Perfect Reconstruction Criterion:

M-1
> > WM —1lfyn—1M] =$[n—r—D] (5.63)
k=0 1

where D is an arbitrary time delay.
Substituting the PR condition of eqn. (5.63) in eqn. (5.62)

n=x[n—D]

5.4.5 Key Observations

When the analysis and synthesis blocks of a critically decimated, uniformly modulated M
channel filter bank are put side by side, we observe the complete system as shown in Fig. 5.22.

1A
h[n]7— LM ™M £ [n]
- 3
nn]~— LM [ ™ 1 [n]
input i qé output
] M = M n
x[n] R = ! 4o %[n]
1 jue}
1 - c: .
L o .
NEY — M ™ f [n]
| A

Figure 5.22: Standard form of an M-channel filter bank system

Without any signal processing of the channel sequences, it is possible to design a bank of
analysis and synthesis filters such that the output {[n] is a delayed copy of the input x[n]; i.e.,
R[] = x[n — D] for some arbitrary delay D. We know this condition as Perfect Reconstruction.
Let’s assume this is indeed the case; furthermore, we reconfigure the filter bank system along
the dashed line A — A’ such that the analysis filter outputs are treated as parallel inputs to this
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new system. This new configuration is illustrated in Fig. 5.23. It is assumed that the “channel”
(the link between x[n] and &[n]) is an ideal delay line. For the special case as depicted in
Fig. 5.24 where bandpass filters are frequency translations of the lowpass prototype filter, the
resulting reconfigured system is very similar to the multi-carrier communication system of Figs.
5.15 and 5.18, except for minor details which we discuss next.

A
|
l
T M ™ f [n] h[n]—
LM ™™ t [n] h[n][
] P
input | M ™ fa[n] 21 ha[n] . output
1 .
| .
|
M ™M f —
| v o] x{n] =%[n-1] hin]
|
A
Figure 5.23: Reconfigured form of an M-channel filter bank system
carrier 1 ‘carrier 1
\LM TM f[n] I carrier 2 /?arrier 2 h[l’l] .
\LM /[\M f[n] carrier 3 \X/ carrier 3 h[n] T
input M ™ f[n] @/ = & n[a]— outeut

. . carrier M carrier M
M ™ f[n] é; (f; “Thin][—

x[n] =%[n-1]

Figure 5.24: Reconfigured form of an M carrier modulated filter bank system

Parallel-to-Serial Conversion

In a communication receiver the first stage is the carrier demodulator. Next, the baseband
signal is matched filtered, sampled and its output is quantized. (A quantizer is also called a
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hard limiter.) These steps are illustrated in Fig. 5.18. As a final step, the decoded symbols must
be parallel-to-serial converted. The P/S conversion process is similar to S/P conversion with
the interpolator replacing the decimator, and the order of delay and sampling reversed. This is
depicted in Fig. 5.25.

1t — T
2 — 8 -
2% e
|
L _ -1
S — ____/[\M z
[
®
g
& -1
v | _[pulte

Figure 5.25: Parallel-to-Serial conversion in discrete time

By combining the parallel-to-serial converter with the M-channel filter bank receiver, and
the inclusion of a delay chain at the input side for serial-to-parallel conversion, we can finally
construct the complete multi-carrier communication system depicted in Fig. 5.26.

icarrier i icarrier 1
input 2t WM™ fin] |7 ;camer 2 B carrier 2 hln J} ™ 7! Outl;Jut
’ 1 \"M ] /]\M ] f[n] v({arrier 3 carrier 3 h[n] _/} TM ]

IM | M Hin) F& eln =& h[n] V-

- channel

o ¢ M carrier M carrier M * .
WM [ ™ Hin] X “(fQ”‘ h[n] jﬁ ™ —

—_—

™ —

Figure 5.26: Detailed description of multi-carrier communication system

Note that the cascade of a bank of samplers, hard limiters, interpolators and two delay
chains (as depicted in Fig. 5.27) is transparent to the overall operation of the complete system.
The proof is straightforward:

Let the output samples of the first analysis filter hi[n] be

..@1...0Q2...43... (5.64)

such that there are (M — 1) irrelevant samples exist between a; and a;4 for some i. Similarly,
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the output samples of the second analysis filter hy[n] can b expressed as

..b1...ba...b3... (5.65)

Figure 5.27: Transparency of the cascaded block of expander and delay chains

Here it is also understood that (M — 1) samples exist between b; and bi; for some i. Other
filter outputs are also labelled in a similar fashion. In the theory of matched filtering, only
the output sample where the signal-to-noise ratio is maximum is significant. The sampler is
synchronized such that its periodic samples occur at time instants where the SNR is maximum.
Using this information, the outputs of parallel samplers are

L.Q1azasz...

...b1bybs...

and so on. Of course, the samplers perform the same function as decimators. Next these
samples are quantized to one of the possible elements of the discrete signal constellation set.
For the binary antipodal set, there are only two elements: +1 and —1. In this case, the quantizer
is a zero threshold detector; i.e., any value greater than zero is quantized to +1 and other values
less than or equal to zero are decoded as —1. As the final step, the decoded symbols must be
parallel-to-serial converted before any other processing takes place. The output sequence of the
first interpolator is
...000100...00a200...00a300...

Likewise, the output sequence of the second interpolator can be expressed as

...00b100...00b20000...b300...
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Notice that there exists (M — 1) zero-valued samples between every pair of non-zero samples.
Note also that the above sequences are not exactly identical to the analysis filter output se-
quences of egns. (5.64) and (5.64). The output stream of the parallel-to-serial converter is

cee (11b]C1 v azbzcz N a3b3C3 ..

This sequence can also be considered as the input information sequence of a general M carrier-
modulated communication system. After passing through the delay chain, the parallel samples
are

. ..a1b1c1 02b2C2. . .0.3b3C3...
...b1C1d1 ...szszz...b3C3d3...
...c1d1e1 ...Czdzez...C3d3e3...

and so on. When the above parallel sequences are compared with the analysis filter output
sequences of eqns. (5.64) and (5.64), they differ in the irrelevant positions. For example,
the output of the first analysis filter has (M — 1) irrelevant samples between a; and a; that
resulted from matched filter detection of channel 1. In contrast, the first output sequence of
the delay chain has (M —1) samples bjcid; ... (between a; and a;) which are, in fact, relevant
information samples of the remaining (M — 1) channels. However, due to decimation, the
output sequences of the parallel downsamplers are

.. azasz...

...bibabs...

and so on. Thus the overall operation of the cascaded block (samplers, quantizers, P/S con-
verter plus the delay chain) is transparent. In summary, we show that a carrier-modulated
M-channel filter bank analysis-synthesis processing system with perfect reconstruction is equiva-
lent to an M-carrier modulated communication system with zero generalized ISI. This implies that
the design and construction of transmit and receive filter pairs that result in g-Nyquist pulses is
equivalent to the design of analysis-synthesis filter bank that has perfect reconstruction prop-
erty. This subject is discussed in the next section when we evaluate prototype lowpass filter
designs. As a digression, we next give a brief treatment on actual implementation of multi-
channel filter bank systems.

5.4.6 Polyphase Decomposition and Fast Computation

Throughout this chapter, our focus has been the description of continuous-time signal pro-
cessing in terms of equivalent discrete-time sequences. Next, we introduce an important discrete-
time domain concept known as the Perfect Reconstruction Construction; afterwards we describe



252 Chapter 5: Time-Bandlimited Pulse Design

in detail its relationship to a continuous-time phenomenon called the zero-ISI Nyquist criterion.
We have purposely omitted any discussion on the feasibility and computational complexity of
a multi-carrier modulated communication system, mostly because this topic is treated thor-
oughly any standard text on multi-rate digital signal processing. We should, however, point out
that the virtues of multi-carrier communication techniques (in terms of bandwidth efficiency)
have been known for several decades. In the past the construction of multi-carrier modulators,
frequency oscillators, and high-Q bandpass filters —for a large number of carriers/channels—
was a formidable task. Furthermore, the orthogonality property that leads to zero ISI is only
guaranteed when carrier frequencies and phases can be generated precisely without any er-
ror, jitter or time drift. All these issues were solved once the multi-carrier modulated signal is
first generated in the discrete-time domain, followed by D/A conversion and analog RF carrier
modulation. By applying certain novel mathematical results such as the noble identities and
polyphase decomposition, it is possible to swap the order of filtering and up/down-sampling.
This step further facilitates fast computation of carrier-modulated signals by using Fast-Fourier
transform (FFT) and its inverse as carrier modulators and demodulators. For the special case of
modulation and demodulation involving only in-phase cosine carriers, efficient and fast compu-
tation of channel samples is possible by using discrete-cosine transform (DCT) and its inverse.
For an interested reader, we refer to the text by Malvar [82] which contains a set of computer
codes for real-time FFT and DCT implementation.

real carriers

complex carriers

| i |
i [ T

0 n/2 W 3n/2 2n

Figure 5.28: Bandwidth of real vs.complex carrier modulated signals

5.4.7 Bandwidth of Real vs. Complex Carrier Modulated Signals

One peculiarity about multi-carrier modulation in discrete-time domain is the fact that the
resulting signal is still in baseband. Hence, when a complex carrier modulator such as a block
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of inverse FFT is used for M-channel modulation, only half of M channels are modulated by
distinct carriers. In fact there exists M/2 complementary-conjugate pairs of channels —one
modulated by the in-phase (cosine) carrier and the other by the quadrature (sine) carrier. This
fact has already been noted when we are studying Fourier (complex) and cosine (real) carriers.

At first glance this does not appear to be of any significance. In terms of bandwidth efficiency,
both complex and real carrier modulated signals have the same PSD width. As illustrated in Fig.
5.28, the PSD width of a data modulated signal is the same whether data is modulated onto
both carriers (in-phase and quadrature) or only onto the in-phase carrier. However, in order
to maintain channel orthogonality in multi-carrier communication, the complex carriers must
be spaced apart by twice the separation of real carriers. Since two the amount of independent
information is carried on complex carriers, both schemes have the same information rate. Now,
this is where the discrete modulation based on Fourier carriers becomes significant. In Fourier
modulation via inverse DFT, the complex carriers are equal to complex (complementary-pair)
roots on the unit circle for even M. Examples are shown in Fig. 5.29 for M =4 and 8.

! 7T/2 7T/2

. i I S

* 3m/4 /4

i } 0 ™ 0
5n/
G g /4
3n/2 3n/E
M4 M=8

Figure 5.29: Complex roots of unity as complex carriers

Note that both roots 0 and e/™ are real carrier pairs; thus this (real in-phase) carrier (whose
center frequency is zero) can only carry real data. For non-spread spectrum modulated com-
munications, this is a non-issue (in decreased spectral efficiency) when M is large. However,
for channelization coding in spread-spectrum modulated communications, parallel channel or-
thogonality can no longer be maintained since two chips are missing in the quadrature branch.
Therefore, code-division multiplexing with multi-carrier complex modulation cannot be im-
plemented with DFT and IDFT blocks. Of course, this situation does not arise when center
frequencies of all distinct carriers are non-zero (as in DCT II and IV based carriers) or when all
carriers are real and carry real data only —such is the case for any DCT based multi-channel
discrete modulation.
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5.5 Prototype Window Design

The PR condition of eqn. (5.63) gives a clue on the design of analysis and synthesis filters
for an M-channel filter bank. The task however still seems formidable due to the number
of parameters involved. Fortunately, the PR condition is simplified considerably when every
channel filter is a modulated version of a prototype filter f[n] or h[n].

Analysis filter: hx[n] = hin] mgn]
Synthesis filter: hin] = pm] min

where my[n] denotes the modulating carrier function for the kth channel.
For Fourier-based complex modulation,

.21k
hin] = hin] exp ( — )——M—n)
J27kn (5.66)
feln) = fln) exp (7<)
For cosine-based real modulation,
ik
hi[n] = hn] cos (Vn)
(5.67)

fin] = fn] cos (%Tl)

Of course, it is understood that in both cases we can substitute carriers with frequency offset.
By further stipulating that for each channel the analysis-synthesis filter be a matched-filter pair

frlnl = hg[Ny, — 1 —mn] (5.68)

we can rewrite the PR condition of eqn. (5.63) for complex modulation as

M—1
Z Z he[IM — 1] feln — IM] =

k=0
pa —j2mk
ka[n—lM] frlNw—1—-1IM + 7] Z exp ( o [n—T])
1 k=0

For a prototype synthesis filter whose length N, is equal to block length M

M-1 .
S fdn—IMIfM =1 =M+ Y exp (_’Iffk [n— r])
1 k=0

For 1 # 0, the prototype filter taps have weight zero. Thus we need to consider only the case
t=0.

M —j2mk

filn] M +7] 3 exp (5T I 1)
k=0
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We know that for n # r the summation of all complex roots of unity is zero. Therefore, by
setting n = r the PR condition implies

M f[n] f M +n] =1 forn e ZM1 (5.69)

The above result states that the square of every tap weight of the prototype synthesis filter must
be unity. We immediately deduce that a train of impulses (a rectangular window)

] n e zM-1
f[n] = hin] = (5.70)
0 otherwise

is a valid prototype filter that satisfies the PR condition. This filter is, however, far from practical
due to its sinc-type infinite bandwidth. If this prototype filter f(t) is used for multi-carrier
modulation and transmitted through a bandlimited channel, the channel output will be severely
distorted, and the g-Nyquist condition is violated.

5.5.1 Time-Limited Pulses

In discrete-time signal processing literature, the shaping of a generic pulse such as the
impulse train of length M is known as windowing. The windowed function of length M

is a product of an impulse train of length M and a window function. Popular windows are Ham-
ming (raised sinusoidal function), Bartlett (triangular function) and Kaiser (modified zeroth-
order Bessel function). The frequency response is several windowed functions are plotted in
Fig. 5.30.

Among is four windows the shaping amount is the greatest for the Blackman function. It
is no surprise that its first sidelobe is much lower than those of other windows. It is evident
from the plots that the sidelobe levels are lowered at the expense of a wider mainlobe. We
provide another example where the free parameter « of the Kaiser function is varied. The
resulting time windows and their corresponding frequency plots are shown in Fig. 5.31. The
first sidelobe level drops from —13 dB for « = 0.5 to —38 dB for « = 5 at the expense of a wider
mainlobe. This is a by-product of energy conservation. We mention this topic of windows in
brief to remark that such pulse shaping techniques do not satisfy the generalized Nyquist or PR
criteria. We can also deduce from egn. (5.69) the following:

®m In a complex (Fourier) carrier modulated, M-channel filter bank, any shaping of a rectan-
gular prototype window of block length M does not meet the PR condition. Equivalently,

in a multi-carrier modulated communication system, shaping of a symbol-time limited
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Frequency response of various windows for length M = 32. Among the four win-
dows, Bartlett (triangular) has the least smoothest transition. On the other hand,
Figure 5.30: the Hamming window (raised sinusoidal) has very low sidelobes. Its mainlobe
width is ~~ 7t/4. The Blackman window with the largest shaping has the lowest first
sidelobe at —60 dB. However, its mainlobe width is the widest among the windows.

rectangular transmit pulse does not meet the g-Nyquist criterion. A vigorous proof of this
statement is not given here. Its derivation is fairly straightforward. The reader can also
refer to the text by Vaidyanathan [148] for a proof.

m In single-carrier modulation format, it is known that communication is most efficient
when data is carried in both in-phase and quadrature sub-channels. There is no expan-
sion in transmission bandwidth. As an example, QAM is always preferred over PAM since
the former is twice the spectral efficiency as the latter. It is also known that in passband
PAM, the spectrum of the modulated signal is symmetric about the carrier frequency +f.
because the PAM signal set consists of real time functions only. That is, the same infor-
mation is contained in either the upper (or equivalently, lower) sidelobe of the transmit
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Figure 5.31: Kaiser windows of length M = 32 and corresponding frequency plots

modulated passband signal. In analog communication, this is called single-sideband mod-
ulation. It is shown in any undergraduate text on communication theory that the gener-
ation of a single-sideband modulated signal involves the use of a Hilbert transformer in
baseband or a passband filtering with a steep cut-off —both techniques difficult to realize
in practice. In most cases, its alternative double-sideband modulation format is preferred
due to its simpler transmitter design. Interestingly, in multi-carrier modulation format,
a sub-channel can be real (cosine) carrier modulated with real data symbols, or complex
(Fourier) carrier modulated with complex data symbols. It is straightforward to see that
both methods have the same spectral efficiency. As described in Chapter 4 Sec. 4.8, the
frequency separation between Fourier carriers is double the spacing of cosine carriers if
mutual orthogonality among carriers is maintained in both formats. Therefore, multi-
carrier modulation with cosine functions is analogous to frequency-division multiplexing
of single-sideband modulated signals —without the added complexity of sharp passband
filters or baseband Hilbert transformers.
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5.5.2 Time-Band-Limited Pulses

Up to this point, we have considered both symbol-time-limited finite-length pulses and
infinite-length pulses as candidates for multi-carrier modulated waveforms. The goal is to
design pulse shapes that meet the generalized Nyquist criterion when transmitted through a
bandlimited channel. We show that infinite length pulses such as sinc-type pulses are impracti-
cal. A more practical raised-cosine pulses that were devised by Chang are g-Nyquist only when
the receiver filter length is infinite. Any truncation of Change pulses would violate the g-Nyquist
constraint. In practice, the class of truncated Change pulses may be a viable option if their in-
duced ISI can be tolerated. For that matter, we showed that fully raised-cosine (Chang) pulses
with multi-carrier modulation format is more spectrally efficient than raised cosine pulses with
roll-off factor v and single carrier modulation if the number of sub-carriers (channels) N > 1/r.
Next we state that in a complex-carrier modulated M-channel communication system with
transmit pulses of length M, no pulse shaping can meet the g-Nyquist criterion. We obtain
valuable insights into the design of finite-length pulses that meet g-Nyquist by studying M-
channel analysis-synthesis filter bank system. Most important of all, we derive the PR criterion
applicable to an analysis-synthesis filter pair that turns out to be equivalent to the g-Nyquist
criterion for a transmit-receive filter pair. It is then shown that for a carrier-modulated filter
bank, the PR condition depends only on the design of the impulse response (tap weights) of a
prototype lowpass FIR filter. The impulse response of this prototype filter can be used as the
prototype transmit pulse shape in multi-carrier modulation. As a side bonus, the transmit and
receiver FIR filters are also a matched filter pair.

The remaining work in this chapter is the design of such prototype pulse shapes that meet
the g-Nyquist and PR criteria. We define these pulses as time-overlapped (TO) functions due
to their pulse length of 2KM. That is, these TO pulses are finite-length but much longer than
the block length M. They were introduced by Henrique Malvar and their unique properties are
thoroughly covered in his text and several other journal articles [81, 82]. When K =1 (i.e.,
pulse length of 2M), the time-overlapped pulses are called modulated lapped transform (MLT)
functions. For K € Z; they are collectively known as extended lapped transform (ELT) functions.

B Modulated Lapped Transform Functions:
Prototype Window:

pm] =+ sin {(n—l— %) i%} (5.71)

Synthesis Filters:

filn] = pn] \/—% cos [(k 4 %) (n 4 M;) ;\%} (5.72)
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®m Extended Lapped Transform Functions:

Prototype Window:
1 1 1\ 7
pn] _—m—f--z- cos [(n-l_f) m} (5.73)
Synthesis Filters:
1 M+1\ 7@
fxn] = pnl] cos (k + E) (n + 5 )M} (5.74)

Note that both MLT and ELT functions use the same carrier function. In fact, by comparing
the above equation with eqn. (5.51) we see that the carrier function is a translated type IV
discrete cosine transform function: EYY [n - %] It is straightforward to show that MLT and
ELT synthesis functions meet the Generalized Nyquist Criterion of eqn. (5.54) and the Perfect
Reconstruction Criterion of eqn. (5.63). Prototype windows are plotted in Fig. 5.32.

(a) (b)

Figure 5.32: Prototype windows for (a) MLT (b) ELT functions

Both are symmetric (even) functions about its mid-point, implying that only half the tap
weights of the FIR filter are involved in the prototype pulse design. The resulting MLT and
ELT synthesis functions —precisely the first four— are plotted in Figs. 5.34 and 5.36. It is
apparent that the passband synthesis functions are neither odd or even about its mid-point. This
characteristic is due to modulation of a symmetric prototype function with a type IV discrete-
time cosine function that has offsets in both time and frequency parameters. In Fig. 5.33 we
plot the first two MLT synthesis functions fy(t) and fi(t) of length 64 and their symbol-time
shifted versions. It is rather difficult to see graphically but all four waveforms are mutually
orthogonal. This is the most fascinating property of time-overlapped pulses, applicable to both
MLT and ELT, that all basis/synthesis functions satisfy all three types of orthogonality. We split
both fo[n] and f;[n] at midpoint and relabel them as follows for n € [0,L — 1]:

fo+[n] = folnl, fo—n] = foln+ L], fiin] = f1[nl, fi—_n] = f1n+ L]
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1. Conventional Orthogonality: Two synthesis functions fi[n] and f; [n] of length M = 2L are
orthogonal over a symbol-time correlation window [0, L).

fom] L finl

2. Self Orthogonality: A synthesis function fi[n] and its symbol-time shifted version f;[n + L]
are also orthogonal over a correlation window [L, 2L).

forn] Lfo-ml il Lf1_nl

3. Overlap Orthogonadlity: A synthesis function fi[n] and another synthesis function with a
delay or advance equal to the symbol-time f;[n+ 1] are also orthogonal. Both leading and
lagging time offsets must be considered since the synthesis functions are neither odd or

evern.

fo+m] L f1_[n], fo—[n] L f14Mm], forml L fieMml, fo_[n] Lfi_[n]

Figure 5.33: Orthogonality of MLT synthesis functions and their time offset versions
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Figure 5.35: Amplitude response of MLT basis functions
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Figure 5.37: Amplitude response of ELT basis functions
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Notes and References

The Sampling Theorem is credited to C. E. Shannon, which appeared in [127], “Commu-
nications in the presence of noise.” It was not discussed in his more well-known classic work
[128]. Prior to Shannon, other researchers, H. Nyquist [93], E. T. Whittaker [159], J. M. Whit-
taker [160] and V. A. Kotel'nikov [65] have studied sampling of band-limited signals. They
all considered sampling of deterministic signals. An extension to wide-sense stationary ran-
dom processes was studied by Balakrishnan [5, 6]. For non-stationary processes, the works by
Zakai [167], Piranashvilli [103] and Gardner [38] are cited. The sampling of linearly mod-
ulated waveforms for zero intersymbol interference was studied by Nyquist [93]. He proved
that transmission at Nyquist rate is possible using sinc pulses with an ideal frequency response.
R. Chang [17] showed that transmission speeds arbitrarily close to the Nyquist rate can be
achieved using non-sinc like pulses with a gradual roll-off. These pulses satisfy the generalized
Nyquist criterion of Schnidman [124]. However, both sinc and Chanc pulses are infinite-length
in time. The notion of dimension for a band-limited signal over a window of T sec was proposed
by Shannon [127]. The discrete-time analog of Nyquist criterion is the Perfect Reconstruction
(PR) condition. Various forms of the PR condition were offered by A. Croisier, D. Esteban and C.
Galand [26] and Smith and Barwell [132]. A special class of PR waveforms with good spectral
properties is the family of time-overlapped (TO) pulses, first reported by Cassereau [14] where
the pulse length is twice the symbol interval. H. Malvar [81, 82] extended this work by consid-
ering TO pulses longer than two symbol intervals. Since TO pulses have very-low out-of-band
leakage, we also coin them time-bandlimited (TB) pulses.
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6

MULTI-RATE TRANSMISSION SCHEMES

Summary

For a band-limited channel, communication at a higher information rate invariably requires
the use of multi-level signal constellation sets. This paradigm is the norm in digital subscriber
loop (DSL) applications over a narrow-band twisted-pair telephone (TPT) channel. It also ap-
plies to long-haul over-the-horizon microwave (LOM) links. However, the majority of wireless
systems including cellular networks adopt binary antipodal signal sets. The contributing fac-
tors may be power efficiency of linear amplification for constant-amplitude signals, receiver
complexity constraint, limited energy source (of battery) for hand-held devices, higher spec-
tral efficiency of binary modulation in low SNR operating region, and difficulty in tracking and
locking of rapid fluctuation in received signal frequency, amplitude and phase. We observe sev-
eral differences between cellular radio propagation (CRP) channel and the above mentioned
twisted-pair telephone and microwave links.

m The frequency response of a TPT channel is highly frequency-selective (time dispersive)
but relatively stationary. Therefore, channel state information can be accurately measured
and relayed back through a feedback channel during channel set-up. Detection of a two-
dimensional multi-level signal is feasible due to accurate estimation of channel gain and
phase-coherent demodulation. Most of these attributes cannot be sustained in cellular
radio since the channel is both time- and frequency-selective.

m Compared to cellular radio, a LOM channel is line-of-sight. In fact, the microwave tow-
ers are raised high enough that several Fresnel zones are free of any obstruction. Both
transmitter and receiver are immobile. A large amount of signal processing complexity
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and power consumption is tolerated at the receiver. These conditions may not be appli-
cable to a CRP channel. In densely populated areas, no LOS path exists in cellular radio;
reception from diffracted and scattered paths is the norm. Furthermore, power efficiency
of receiver signal processors and RF transmit amplifier! of a mobile unit must be tightly
controlled to improve battery life.

m Both TPT and LOM channels are single-user links; i.e., the physical medium itself —the
copper wire or RF band— is not shared among many users. Hence, neither channel is
interference- or transmit power-limited. In cellular radio an increase in transmit power
at a base site may cause excessive interference at neighboring cells —reducing the signal-
to-interference ratio (SIR) of receivers in neighboring cells at the expense of a higher SIR
in the target cell. As a result the overall capacity of the entire network may be reduced.

If data modulation is limited to binary antipodal signal set, we know that there is a linear
relationship between the bit rate Ry, = 1/Ty, and signal dimension D = W Ty,. In conventional
FDM, the forward-link composite channel consists of a sum of M logical channels, each channel
of bandwidth W/M. Similarly in conventional TDM, a logical channel (which is a time-slot)
is a slice of duration T,/M of the entire frame of length Ty,. A logical channel’s information
rate can be increased by transmitting a higher-dimensional signal via a larger bandwidth or
time-slot. This is equivalent to the assignment of multiple frequency bands or time-slots, with
each acting as a low-rate binary communication (logical) channel. In CDM where the actual
transmission (chip) rate is independent of the information-bearing data rate, an interesting
situation arises: For a fixed bandwidth (i.e, constant chip rate) it is possible to communicate at
higher information rates by reducing the ratio between transmit bandwidth W and information
bit rate Ry. This ratio

Pg = Z—: (6.1)
which we defined earlier as “dimension” of binary signals is known as the processing gain. The
relation between the optimal Pg and cellular capacity in information-theoretic sense —in which
unconstrained Gaussian signals are assumed— has already been addressed in Chapter 3. Here
we are concerned with a comparative BER analysis between two binary, multi-rate CDM trans-
mission techniques: one where all (low-rate) channels maintain the same Pg, and the other
where each channel has a different Pg to suit its respective information rate. The outcome of
this analysis is consequential for the following reason: We stated in Chapter 3 that the transmis-
sion and reception of orthogonal multiple code channels per user can be replaced with a single
code channel of reduced spreading —without having any effect on the achievable rate region
of CDM. This conclusion guarantees that the scalability and complexity of a CDM receiver is on

"The power cfficiency of a fixed base site is a non-issue. Indeed, the power efficiency of RF transmit amplifiers
for mobile handsets is also not relevant to our thesis. We are only concerned with reception of CDM signals.
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par with that of TDM,; i.e., the receiver complexity is independent of the information rate. In
this chapter, our goal is also prove that this conclusion is still applicable under practical settings
with linear modulation-demodulation of binary signal sets through an AWGN channel with or
without multipath fading.

As it turns out, methodologies used for BER computation of CDM signals themselves require
further scrutiny for their accuracy. Historically, spread-spectrum modulated (SSM) communi-
cations systems —both single-user and multiple-access— are measured in terms of their ability
to suppress unwanted interference or jamming signals. Moreover, for certain secure military
applications, the processing gain may be in excess 1000 such that the PSD of a spread-spectrum
modulated signal is hidden below the noise level. Under such conditions it is accurate to assume
the received signal is composed of the desired SSM signal and undesired disturbance —which
is a combination of unwanted interference and additive thermal noise. This disturbance is tra-
ditionally modelled as an AWGN process. We denote the one-sided PSD of this disturbance
by

Do =1+ N

where I, and N, are one-sided PSDs of interference and noise processes, respectively. Since
a Gaussian distribution is completely specified by its first and second moments (i.e., mean
and variance), we only need to compute the mean of the desired signal and the variance of
the disturbance to compute the BER. From signal detection theory we know that the BER of an
antipodal binary spread-spectrum modulated signal is expressed in terms of a single parameter:
the ratio of signal energy-to-disturbance PSD &,/D,. Specifically (as detailed in the body),

BER 2 P, =Q(\/%E) =Q( /2P SDR)

where Q(-) is the standard Gaussian complementary cumulative distributive function (CDF).
The ratio &,/D, is related to the signal-to-disturbance power ratio (SDR) as follows:
P EbRp &y 1

SDR = = = =
D,W DW D, Pg

If interference dominates over thermal noise, then the BER is a function of signal-to-interference

P
Pe=Q< 2PGI W)

power ratio (SIR) only:

Then a reduction in Pg by M can be compensated by increasing the transmit power of the SSM
signal by the same factor —implying that the information rate of an SSM signal can be increased
by reducing the processing gain without any degradation in BER. Related to this conjecture are
three important questions:
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m What is the role of Pg in multi-user broadcast plus interference (composite) channel
setting? What is the minimum Pg that a traffic channel must maintain for reliable com-
munication?

®m In a composite channel model, how does a high-rate channel with reduced spreading
affect (i.e., interfere) with other users in the system, even if its own BER is unaffected by

a lower Pg?

m Under what conditions can we safely apply various Gaussian approximations in evaluat-
ing the BER? The Gaussian approximation, whenever it is valid, is desired because full
knowledge of the statistical distribution of the disturbance is no longer required in BER
analysis. Furthermore, it gives valuable insights into the effect of various system parame-
ters on the overall system performance.

We attempt to answer the above questions in the remainder of this chapter. In brief, our
findings are as follows:

m The resulting BER of CDM signalling is a function of many system parameters, includ-
ing the signature sequences of both target and interfering users. We must therefore be
aware that the exact BER itself is averaged over all possible combination of signature
sequences. For this reason, it is assumed that all signature sequences are iid bipolar, sym-
metric Bernoulli random processes and the resulting BER applies to CDM signalling with
random binary sequences.

B For CDM signalling via an ideal channel perturbed by AWGN alone, it is shown that BER
results based on the standard Gaussian approximation (SGA) —the simplest in mathe-
matical form— are optimistic when the interference population is low —for a fixed £,/N,
(not £p/1, or SIR). For a fixed number of interferers, the SGA-based BER deviates consid-
erably from the exact plot as &,/N, increases. On the other hand, the approximate BER
curve based on improved Gaussian approximation —the most complex in mathematical
form— is slightly more pessimistic than the exact curve as the interference population
increases. For low interference population it gives very accurate results. Unlike SGA,
its accuracy is immune to £,/N, variation. The BER curves based on conditional Gaus-
sian approximation —with slight increase in complexity over SGA— closes the wide gap
between exact and SGA based approximate curves. It still suffers from slight optimistic
outcomes and susceptibility to £&,/N,, variation.

m This gap between the exact and approximate BER is narrowed when the channel under-
goes flat fading. The choice of the statistical distribution of fading amplitude has little
effect on this gap. Thus far we have implicitly assumed that the target receiver is a simple
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linear, single-user matched filter based CDM decoder without any interference cancella-
tion mechanism. For frequency selective fading channels, it is no longer meaningful to
simply analyze the accuracy of various Gaussian approximations; we must also define the
type of receiver structure since its decoding complexity influences BER curves.

B Based on exact BER curves, the performance of two target high-rate CDM users, parailel-
channel, single-gain (PC-SG) and single-channel, reduced-gain (SC-RG) are almost iden-
tical; SC-RG user has a slightly lower BER for low interference population. This is likely
due to the Gaussianity effect of larger interference population as observed by PC-SG user,
even though the total interference power (variance) is the same in both cases. If the tar-
get receiver is low rate single-channel, single-gain, no measurable difference in observed
in its exact BER curve when a PC-SG user is replaced by a SC-RG user. Therefore, for
all practical purposes, we can accept that both high rate users affect other low rate CDM
users in the system equally.

m For all three Gaussian approximations the value of spreading gain N plays a minor role in
their accuracies. Thus, the resulting approximate BER curves of SC-SG, PC-SG and SC-RG
CDM users in AWGN channel —with or without flat fading— can be used for comparative
system analysis with high level of confidence.

®m The exact BER computation of CDM signalling and Rake combining in frequency-selective
fading environment is rather difficult. On one hand we know how to compute the exact
BER of multi-channel signalling and optimal maximum ratio combining —this is straight-
forward textbook material. On the other hand, we run into two thorny issues when
we try to generalize the analytical results of multi-channel signalling to CDM domain:
First, in CDM signal reception, the output of parallel channel receivers are correlated
due to non-orthogonality of signature sequences assigned to parallel channels. The Rake
receiver, compared to the optimal maximum-ratio combiner, is sub-optimal unless self-
induced noise among parallel channel outputs is eliminated. Second, in CDM signalling,
the received signal is perturbed by non-white, non-Gaussian disturbance —a combination
of thermal noise and multi-user interference (MUI). Therefore, earlier analytical results
based on AWGN can no longer be applied in a straightforward manner. Accurate statistical
modelling of MUI become a critical issue.

®m In wideband CDM signalling the resulting resolvable parallel channels are channel in-
duced —not an elaborate system design as in other diversity systems based on space,
time and frequency. The relative time delays between parallel channels is dependent on
the channel impulse response. The maximum relative delay is the channel delay spread.

in conventional Rake combining, any received signal whose arrival time is outside the
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correlation window is treated as undesirable inter-symbol interference (ISI). Therefore,
for a fixed delay spread, it is more likely that reception of SC-RG CDM signal generates a
higher amount of ISI than PC-SG CDM user, resulting in higher BER for an SC-RG CDM
channel.

m If the arrival epochs of resolvable paths are within the correlation window, the resulting
self-interference between any two Rake finger outputs is correlated. In PC-SG CDM with
M parallel channels, correlated self-interference is composed of a single auto-correlation
term and (M — 1) cross-correlation terms. In SC-RG, self-interference results from a
single auto-correlation term. Since we assume signature sequences are random Bernoulli
processes, their auto- and cross-correlation values for non-zero time offsets are the same.
Based on this model, both PC-SG and SC-RG CDM channels have comparable BER curves.

6.1 Multi-Rate Transmission Techniques

It is known that the code sequence that achieves capacity of a single-user discrete-time
Gaussian channel is Gaussian distributed with unconstrained amplitude levels. In practice,
the signal amplitude set is constrained to a finite symmetric set such as the M-PAM set. For
a continuous-time AWGN channel, capacity-achieving waveforms have brick-wall frequency
response with unconstrained Gaussian amplitudes. Here it is understood that the waveforms
are sample functions of a random process, and a brick-wall frequency response refers to a flat
“white” transmit power spectral density within the channel bandwidth W. We know that sinc
pulses have a flat frequency response; they also attain the highest symbol rate of 2W samples
per second through an ideal bandlimited channel of W Hz. If the single-user AWGN capacity
is C® bits per second, we can determine the number of optimal bits per symbol through such
channel as

Cs/2wW

In practice, the achievable rate R (in bits per second) is less than C%, mostly due to non-ideal
coding and decoding. The actual symbol rate is also less than 2W samples per second due
to pulse shaping (and consequential excess bandwidth). Hence, the target number of bits per

symbol is
R

where T is the excess bandwidth roll-off factor. (The excess bandwidth is rW.) For a fully raised
cosine pulse, the bit-to-symbol ratio is R/W. From Shannon’s capacity formula, it is immediate

that for SNR=1 (0 dB), C5/W = 1. 1t is then deduced that for low SNR, R/W = 1. This is the
power-limited channel. For high SNR, R/W > 1. By pumping a larger amount of power into a
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signal of W Hz, the bit rate can be increased considerably. For high SNR,
C%/W = log SNR

i.e.,, an exponential increase in power is required for a linear increase in capacity. This is
the well-known rate penalty incurred by a bandwidth-limited channel for communication at a
higher information rate. For a twisted-pair bandlimited telephone channel with a small usable
bandwidth, pumping a high-power signal is the only option for a high bit rate. In contrast, a
communication satellite with its constrained transmit power and large transmission bandwidth
is most efficient when its operating point is in a very low SNR region.

The propagation channel of a terrestrial radio system is considered band-limited since the
RF bandwidth is a scarce resource that is generally allocated by a regulatory body such as
the Federal Communications Commission (FCC) in the United States. Due to frequency re-
use, the CRP channel is also power-limited. In terrestrial broadcast services such as radio
and television, power constraint is imposed by a regulatory body to limit the interference of
a broadcast signal in a city into a neighboring city or town where another station may be
using the same RF bandwidth. Likewise a high-density cellular radio network is effectively an
interference-limited system, and regulation of transmit power at each base site is necessary
to maximize the overall network capacity. We already know that in a low SNR region (i.e., a
system with large interference level) the capacity is (approximately) linearly proportional to
SNR. For this reason, many researchers have argued that it is counter-productive to transmit
signals from a large amplitude set (e.g., M-PAM set with large M) through a cellular radio
channel. Of course if a receiver demands a bite rate R >»> W, then the selection of a large
amplitude set may be the only option.

In code-division multiplexed signal transmission, R/W < 1 due to spectral spreading. In-
terestingly it is possible to increase the information bit rate R —to a certain extent— without
migrating to a higher signal constellation set. For example, with the binary antipodal set {1, -1}
the information (bit) rate R = Ry, is increased by reducing the processing gain? as long as
R/W < 1. Note that if the bit rate is increased by N —i.e., P is reduced by N— then the trans-
mit power must be increased by the same factor N to maintain the same bit energy-to-noise
density (Ey/N,) regardless of the bit rate. This begs the question: “Which scheme is the most
spectrally efficient for higher transmission rates?”

B a single-channel transmission mode with a fixed signal set (e.g., binary antipodal set) and
reduced processing gain?, or

m parallel-channel transmission mode with a fixed signal set and no reduction in processing

2See our interpretation of (the difference between) processing gain P, and spreading gain SG (or spreading
factor SF) on page 42.
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Figure 6.1: Code-division multiplexing of four standard-rate channels

gain? This is the power splitting option where an N-fold increase in the bit rate is achieved
by transmitting N low-bit-rate channels in parallel; or

® a single channel transmission with a larger signal amplitude set and a fixed processing

We do not address the third question regarding higher-order signal constellation sets. This
topic is beyond the scope of our analysis. This subject has been studied for both non-spread
spectrum and spread spectrum modulated signal sets [125][126], and it is widely accepted that
for the same information rate, non-binary transmission mode is inferior to binary signalling in
an AWGN channel with or without multi-user interference and multipath fading. We focus on

three binary transmission schemes:

1. Standard single-rate transmission which we will call single-channel, single gain (SC-5G)

mode. This is illustrated in Fig. 6.1 for four channels. To emphasize Walsh modulation,
we omit spectrum spreading due to PN spreading.

A higher-rate, parallel-channe] transmission mode with identical spreading gain in every
channel, which we define as multi-channel, single-gain (PC-SG) mode. In the literature it
is also known as Multi-Code (MC) transmission. It is illustrated in Fig. 6.2.

A higher-rate, single channel transmission mode with reduced spreading gain, which we
define as single-channel, reduced-gain (SC-RG) mode. In the literature this mode of trans-
mission is also known as Variable Spreading Gain (VSG) or Orthogonal Variable Spreading
Factor (OVSF). It is illustrated in Fig. 6.3.
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Code-division multiplexing of a high rate user using two standard-rate channels.
A higher-rate input sequence is split into M (=2 in the case) parallel low-rate
streams such that the same SF ((=4 in the case) is maintained in all channels.
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Code-division multiplexing of a high rate user using a reduced gain channel. A
higher-rate input sequence is Walsh modulated using the same code sequence
ay=[ay a;1]=[1111] as standard CDM. This operation is equivalent to Walsh
modulation with a mother code a;;=[{11] of reduced SF (=2 in this case). The
other child code a; is no longer permitted for Walsh modulation due to code
blocking. See Chapter 7 for details.
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The low SNR condition R/W < 1 stipulates that the processing gain Pg > 1. Its actual value
can vary in the range (1, Npax]. When bit rate Ry, is increased by, say N, we can either pump
more power into a single channel (by reducing Pg by N) or split the power among N parallel
channels with each maintaining the same Pg. A question of interest is whether an increase in
transmit power by a factor N compensates for a reduction in Pg by the same factor such that
the bit-error probability at the receiving end remains unchanged. This will be addressed in
subsequent sections. We first begin with the preliminaries: a CDM system model and spread
spectrum modulated signal design.

6.1.1 System Model

The functional blocks of a code-division multiplexed transmitter are depicted in Fig. 6.4.
The baseband section consists of a bank of channel encoders, data and spread-spectrum mod-
ulators. For our analysis, we ignore the channel encoder block since we are not interested in
bandwidth expansion due to error-control coding. All BER analyses presented in this chapter
are for (channel) uncoded bits.
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Figure 6.4: Channel multiplexing in CDM base transmitter

If the information sequence of user k

Xl = (-, X2, Xil=21, X1, XilO, Xel1], Xil2), . )
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is binary-valued with elements from the finite set F5, then orthogonal modulation is equivalent
to binary modulo-2 addition
Vi[m] = Xi[j] & Hy[m]

where Hy[m] is the k™ row of an (N x N) Hadamard matrix and m is the time index. Equiva-
lently, Hy [m] is treated as a periodic® Hadamard code sequence of period N. We use different
time indices (j for the data Xy[j] and m for the Hadamard sequences) to emphasize different

<[5

which implies that every data bit is modulo-2 added to a Hadamard sequence of length N. If

clock rates such that

the bit rate is denoted by Ry, the clock rate of a train of Hadamard sequences is R, = NRjy.
Similarly, spread spectrum modulation is written as

Bk[n] = Vi[m] & P[n]

where P[n] is a cell specific, periodic pseudo-random noise sequence with clock rate R. = nRy
and period P. The ratio k. = R¢/R,, = n/N is bandwidth expansion due to spectrum spreading.
The period of the superimposed orthogonal sequence By[n] is

N¢=keN (6.3)
Alternatively we can combine orthogonal and PN modulation into a single binary operation:
By[m] = Xy [j] ® Ax[nl
where the superimposed orthogonal sequence is defined as
Ax[n] = Pn] @ Hy[m]

Both interpretations will be useful in the following sections. Before linear combining of parallel
SS-modulated sequences, every sequence must first be level-shifted. Following our convention,
we denote the antipodal equivalents of all Galois binary sequences (labelled in upper-case
letters) by their respective lower-case letters:

Xin] — xx[n]
Axn] — agn]
pn) — pnl

Bk[n] — by(n]

31t is understood that the spreading and modulating discrete-time sequences (PN and Hadamard) arc periodic.
For example, for a Hadamard sequence, Hy[m] = Hy[IN + m] forl € Z.
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Following our convention as stated on page 186, the antipodal equivalent of a Hadamard se-

quence Hy[m] is denoted by wy[m]:
wi[m] = 2Hyfm] — 1ixN

If we wish to express a periodic Walsh sequence with the same chip rate, the modified sequence

w2

is labelled as

ke

such that the superimposed orthogonal sequence of user k is
ax[n] = Wy[n] - p[n]
A linearly data modulated signal for an input data sequence c[i] can be expressed as

gr(t) = > clil f(t —1iT)

where T = 1/R. For a spread spectrum modulated signal,

Ne—1
f)y= > $t—1T) (6.4)
=0
where the chip rate R. = 1/T; and
Nc
cxfil = xilil ) axfj +iN]
=0

Equivalently,

Ck

[—NI—J} alil 6.5)

] -

The expression for a spread-spectrum modulated signal becomes

(1+1)Ne -1

gelt) = ) xilil D akblb(t—iT —7T¢) (6.6)

T=iN¢
Using the relation T = N1,

(i+1)Ne~1

= Z xi[i] Z ay[r] P (t — [iNg + 7] Tc) (6.7)

T=1Ng¢

An equivalent and simpler —nonetheless less revealing— expression is

= bllb(t—1T) (6.8)
L
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This expression is useful and adequate when we model interfering signals from neighboring
base sites. The sum of all (Kc + 1) users is

Ke Ke
gt) =) gt} =) V(t—1T) Y byl (6.9)
k=0 1 k=0

b, baseband
level x filter
shift 0]
cos(27Tr, t)
user— cell—
specific specific
code code
generator generator frequency
A synthesizer
rate R, rate R,

‘ clock

Figure 6.5: Data and carrier modulation in CDM transmitter

Each data and spread-spectrum modulated baseband signal belongs to one of the following
three classes:

class 1: standard rate channel with processing gain N and bit rate R

class 2: higher rate channel with processing gain N, = N and bit rate MR
corresponding to single-gain M parallel channel transmission mode

class 3: standard rate channel with processing gain N3 = N;/M and bit rate R

corresponding to variable-gain single channel transmission mode

We wish to evaluate the following:

1. The BER of a class 1 user when M class 1 signals plus other interfering signals are present
in the system.

2. The BER of a class 1 user when class 2 plus other interfering signals are present in the
system. This result will be compared with the BER from Step 1 to determine if a higher
rate (PC-SG) signal worsens the reception quality of a standard rate (SC-SG) user.

3. The BER of a class 1 user when class 3 plus other interfering signals are present in the
system. This result will be compared with the BER from Step 1 to determine if a higher
rate (SC-RG) signal worsens the reception quality of a standard rate (SC-SG) user.
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4. The BER of a higher rate class 2 user when other interfering signals are present in the

system.

5. The BER of a higher rate class 3 user when other interfering signals are present in the
system. This result will be compared to the BER from Step 4 to determine if PC-SG and
SC-RG transmission modes are comparable in BER performance.

For class 2 multi-rate reception, the receiver decodes M parallel low-rate orthogonal chan-
nels. It is assumed the information in each of the M parallel channels is independently coded
and modulated such that joint decoding of all M parallel channels offers no advantage over
autonomous decoding of each channel separately. It is plausible that joint encoding of data
in M parallel channels may be beneficial, especially in a multipath fading environment where
self-interference among these channels exists. (See Sec. 6.5 for an interesting discussion on
optimal combining techniques.) We, however, will not consider such option. This assumption
is critical since it implies that we need not evaluate Steps 2 and 4; the reception of a class 1
signal or a channel of class 2 signal are indistinguishable. In short, we are concerned only with
the interfering effects of the same- and reduced-spreading gain channels on a low- or high-rate

user.

6.2 BER Analysis of Single-Carrier CDM Channels

If a single IF or RF carrier is used for frequency translation, the transmit signal is

s(t) = /2Py g(t) cos (27t ot)

where Py is the transmit power and the carrier modulated signal in each channel can be ex-

pressed as
(H34+1)Nex—1
sk(t) =V 2Py, cos (ZWfot) Z xk[ﬂ Z ai[v] P (t - []NC* + T] Tc)
j T=ch*

the subscript * = 1, 2, 3 describes the class. Rewriting each class signal explicitly,

m Class 1: Single Channel, Single Gain (SC-SG)

(+1)Nc -1

sk(t) = /2Py cos (2rfot) D xilil D> apdrlb (t—— [N +r]TC) (6.10)

) T=jNc
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H Class 2: Parallel Channels, single Gain (PC-SG)

M
si(t) = ) sem(t)
m=1

where
(+1INc -1
skm(t) = V/2Py cos (27fot) Y ximl]l ) agmll® (t — [[N¢+7] Tc> (6.11)
i r=jN¢
It is understood that the parallel channels use mutually orthogonal code sequences
G+T)Nc 1
> anddanal] =Ncsk—1
r=jN¢

m Class 3: Single Channel, Reduced Gain (SC-RG)

G+1) (Ne/M) -1

sk(t) = v/ZMPy cos (27f,t) Zxk[j] Z_ ag[r] P (t-— [j;:jlc + r] TC) (6.12)

j T=jNe /M

In all cases, the bit energy &, = PTy is the same. (T, is the bit duration.) As a check, we can
compute the power in each class. For class 1,

-
Transmit Power = 1 J s%(t) dt
TJo
_ 21_’;1 J{] +C0;4Trf°t}1b2(t) dt

_Pu J T\l)z(t) dt + Pu JT cos (4tfot) P(t) dt
T 0 T 0 °

Due to symmetry the second term is approximately zero for f, > 1/T, and the expression
simplifies to
Transmit Power = P4
where we assume that the chip pulse is normalized for unit power:
1 (% ,
— | vPA(t)dt=1
Tc J 0

It is straightforward to check that for a single channel with reduced gain
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For a class 2 channel,

M

M M
Py = Jsﬁ(t) dt = J Z_ Z Skm(t)skn(t) dt = Z Jsﬁm(t) dt
m=1 n==1 m=1
The double summation is broken into diagonal and off-diagonal terms, and each of the latter
terms equals zero since the parallel codes are mutually orthogonal. Therefore, Py; = M Pyy.
Assuming the channel is LTI with unity gain and the receiver front-end thermal noise is
modelled as zero-mean AWGN with one-sided PSD equal to N, the received signal can be
expressed as

r(t) = so(t) + n(t) + I(t)

By convention the target signal is denoted as sq(t), irrespective of the class. The interfering
signal I(t) is

h J I3
1{t) = Z s&”(t — Tg)) + ZZ ng) (t — ng)) + Z s?) (t — TS’))

i=1 i=1 i=1
where J. denotes the number of interfering signals belonging to class c. Each interfering signal
is classified by a parenthesized superscript. Since the broadcast signal of each site is the sum
of time-synchronized signals from parallel channels, they do not cause any interference at the
receiver after SS demodulation. In the above equation we are referring to interference from
broadcast signals of neighboring cells. Delayed replicas of the target signal (i.e., multipath
components) are dealt with later in Sec. 6.5.

6.2.1 STD-CDM Interference Channels

We first consider a multi-cell CDM network in which every interfering channel has the same
standard information rate. Therefore J, = J3 = 0 and the target signal so(t) belongs to one
of three possible classes. For convenience we label the number of interferers as J by dropping
the subscript ‘1”. We first consider the ideal AWGN channel model. A block diagram of a CDM
receiver for user O detailing the most important functional units is depicted in Fig. 6.6.

At the target receiver the received IF signal is

]
r(t) = so(t) + ) si(t—mi) +n(t) (6.13)
i=1
We note that the above expression of a received signal in a multi-cell forward link model is
identical to that of uplink reception of a CDMA signal in chip asynchronous mode with | multi-

access interfering users. The two significant differences are
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Figure 6.6: Carrier, spread-spectrum and data demodulation in a CDM receiver

1. The number of interfering signals J, which is equal to the number of neighboring base
sites with strong interference power levels, may be much smaller than the number of
interfering signals in a typical CDMA uplink model.

2. In uplink CDMA each interfering signal s;(t) is binary data and spread-spectrum modu-
lated while in our model, si(t) represents a broadcast compound signal —which itself is
a linear sum of many elemental binary data and spread-spectrum modulated signals. As
we shall see, this fact becomes significant when we consider the BER accuracy of various
Gaussian approximation methods.

T(t) \/on cos (anot)

= goft) [1 + cos4nfot] Z g1 (t—"19) [cos $; + cos (47rf0t + ¢1)] + z(t)

z(t) = \/—Eo (t) cos 27ef ot

by = —2nfo1;

After IF demodulation,

where

and the relative phase offset

In our derivation we did not include an absolute carrier phase term 6y for each interfering
signal, simply for the sake of clarity. Otherwise, the phase-offset term can be rewritten as

by = By — 2f ot

After removing double frequency terms by low-pass filtering

I -
y(t) = golt) + Z % cosigi(t—1y) + \/é n(t) cos2nf, t + z(t)
=1 V0 °
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We assume the most general scenario of code and phase asynchronism. (The reader is referred
to page 171 in Chapter 4 for classification of time synchronism.) Rewriting in terms of discrete-

time sequences and common chip pulse
J
=Y bollb(t—1Te) + ) B:i) billb(t—7i—1Te) + z(t)
1 i=1 1

where

Bi = ai cos 4 Q=)o = — (6.14)
Each received power level P; is related to its respective channel gain «; as follows:
Pi = (Xiz Pﬂ

If the channel is ideal, a; = 1 for all i € NJ. If we assume every channel induces attenuation
only, then the gain «; is treated as a constant in the range (0, 1) with ap > o; for alli # 0. In the
most general case of signal fading, each «; is a RV assuming one of possible fading amplitude
PDFs listed in Chapter 2.

By setting T; = qiTc + A;, and after chip pulse baseband matched filtering

(m~+1)T,
J () b(t — mTe)dt

ylm] =

mig

]
=bomiTe + 3 pi Y bl a pu bill = gs =11 Py + 2l
i=1 1

where the Gaussian noise sample is

5 mHhTe
zim] = 4/ — J n(t) cos 2nf ot P (t — mT.)dt
Po Jm

[

It is straightforward to show that

E|Vz[m]} =0 Var[z[m]] =2 2 E[z[m] z[n]} =0 m#n
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After despreading for the target zeroth bit,

Ne -1
Y= > ylmlaglm

m=0

= xglOI N Te

] Ne—1 Ne—1

+3 Bifou 3 bl adadll by Y bil—ai=Taoll}
i=1 1=0 1=0
Nc—1

+ > zilm] aolm]
m=0

Y=xpl0] T, +1+m7n (6.15)

where py, and p,, are aperiodic auto-correlation pair of common chip pulse (t). For conve-
nience, we omit their dependence on A;. The interference vector is

1=yl n=yL, Bi{pw N1 il g 3N am} 6.16)

The “cross-sequence” terms are

Gilll = byl — qgi] apll] Gilll = bill— gi — T aoll] (6.17)
The noise term
Ne—1
n= ) zlm]aolm] (6.18)
m=0

is readily shown to be Gaussian distributed with zero mean and variance

No T Ng 1
2 o Ic o b
0f=N,)mr = = — —
n CZ PO 2 P0

Note that the interference vector is a function of the following parameters:

m The total number of interferers |, which is a function of the cellular topology. For example,
in a hexagonal configuration there are 6k (6,12,18,24,...) kth-tier cells surrounding the
target cell.

m The propagation delay vector
= {Th’l'z, ...,T]}

in which each component T; is a function of the (possibly diffracted) distance between
the interfering site and the target user modulo Ty. Since each signal path of an interferer
traverses through a different path, the set I’ consists of mutually independent RVs.
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m The relative phase-offset vector

o= {61 b2 ..., o1}

in which each component ¢; is relative phase difference between interferer i and the
target user’s phase (¢o = 0) modulo 2. It is a function of the propagation delay t; and
the absolute carrier phase 6;. Since T; and 0; are independent, we immediately deduce
that the relative phase offset ¢; and T; are also independent. Since the absolute phases
from each site are independent, the set @ consists of mutually independent RVs. Their
derived function set { cos ¢;} appears in eqn. (6.16).

m Since T; = qiT. + A, the chip offset q; is a discrete RV with an integer support [0, N.—1];
the chip delay A; is a real RV with support [0, Tc). Each RV 7; and its equivalent set
{Ai, qi} are interchangeable. For each path 1, A; and q; are independent.

m The spreading factor N, which is a function of the class of a target user.

m The continuous-time aperiodic auto-correlation function set {P\b» 6,4,} is a function of
the shape of common chip pulse {(t) and the chip delay A;. These two functions are
uncorrelated since their correlation windows do not overlap. We already know that the
set of chip delays {A;} consists of independent RVs. Therefore, two function sets of
independent RVs, {pw(Ai), 6¢,(Ai)} and {p\p(A]'), 6¢(Ai)} are mutually independent.

m Both cross-sequence terms (;[l] and Ci[1l are functions of the discrete chip offset q;. For
uncluttered notation, their dependency on g; has been omitted in above expressions. Both
are functions of the target and interfering user’s signature sequences {aolt], bi[ll}. Since
¢;[1] and ¢;[1] are functions of {ao[l], b;[t], qi} only, they are independent of Ry, for each
path i.

m The relative power gain a; = /Pi/Po is a function of both the channel gain «; and
the transmit power level Py; of each interfering signal; i.e., it is a function of M. Since
propagation paths are independent, the set {o;} consists of mutually independent RVs.
Likewise the set {a;} consists of mutually independent RVs. For each path i, the channel
parameter set C; = {’Ti, di, oci} consists of mutually independent RVs. Furthermore, the
vector C = {C;} consists of mutually independent RVs.

Lumping all above relevant terms we define the set of two mutually independent RVs for each
interferer i
Gi= {Ci, bim} (6.19)

such that
G:{G1,Gz,...,G]}
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is the set of independent RVs that depends only on the channel state and interfering users’
signature sequences. The target user’s signature set ao[l] is common to all interferers. The
power term P; is a function of a deterministic quantity M (class related) of the interferer while
the number N. depends on the class of the target user.

6.2.2 Exact BER Computation

Before we derive the exact BER of received symbol Y in eqn. (6.15), we briefly review basic
detection principles. If no interference is present, eqn. (6.13) reverts to the standard signal
detection problem, perturbed in independent, zero-mean additive noise process

() = so(t) + n{t)

Its equivalent vector form by geometrical projections (along orthonormal basis functions) is
eqn. (6.15) without the interference vector

Y=4+A4+n

where so(t) = + Af(t) and f(t) is the only orthonormal basis function for 2-PAM binary signals.
Assuming data bit +1 is sent, it is straightforward to show that for white noise with PSD o

E[Y|+]=A  Var[Y|+] =0 (6.20)

where o2 is the variance of n. The noise samples at bit sampling times are uncorrelated. If the
noise process n(t) is Gaussian, then the noise samples mutually independent. If the received
bits are ISI-free, the BER for a train of bit sequence is the same as that of one-bit (one-shot)
transmission. Then the conditional probability of error is

A2
Pe|+ = Q( ?)

where the complementary cumulative distribution function (CDF) of a standard Gaussian RV is

1 o 2
x)=1—Fx{x) = — e ¥ du 6.21
Qi) dx) = —= | (621)
where the RV X ~ (0, 1). Since we know that the energy of data symbol sy(t) —carrying one

2

bit of information— is £&, = A?, and using the expression 0% = N, /2 for the noise variance, the

bit-error probability of a stream of equally likely memoryless input bits is

[2E
Pep =P =Pe= Q( I—\]T:,)
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Equivalently, using the following relation between the baseband signal power P and the bit rate
Ry, and the maximum Nyquist symbol rate R through an ideal channel of W Hz,

& =PRp Rs = Ry =2W

Here it is assumed that its symbol rate R equals the bit rate Ry, since the symbol so(t) carries
one bit of information every T sec. After substitutions, the bit-error probability can be expressed
as

P, = Q(\/SN—R) SNR = P/\ (6.22)

where /' = (N W) is the noise power. If the noise is not Gaussian distributed, all above expres-
sions still hold, except for the Q-function which is replaced by another suitable complementary
CDF function. With the interference inclusive, the received symbol is

Y=+A+1+n A =x0[0] Ty

Conditioned on a particular set of values W = {ao[ll, G} for the interference vector I, the
conditional error probability can still be expressed as

A*
Pew =0Q (;)

E[Y|Wi+] =A"=A+ YI_ L Var[Y|Wi+] = (0%)* = No/2 (6.23)
i=1

where

which leads to an average bit-error probability by conditioning on all possible statistical out-

comes of the interference vector:

P, = JQ(x/s-Nﬁ) fw(x)dx  SNR* = (A—*)z (6.24)

0—*

where fw(x) is the joint pdf of all ] interfering signal parameters. As an alternative, we can
compute the exact BER by first determining the joint pdf of the disturbance RV D = (I +n)
and then deriving its complementary CDF function. Since the noise and interference terms are
statistically independent, we can write the pdf of D as

fDan* f[

Whichever option we choose to compute the BER, it is tantamount that we derive the joint
pdf of the interference vector L. First, we note that each interference term I; is a function
of G;. Using our knowledge of the mutually independent set G, the joint pdf of the sum of
interferences I is the linear convolution of the marginal pdfs all components:

f]:fh*fh--'*fh
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Equivalently, in terms of the moment-generating functions (MGF)
M =M1] 'MIZ "'MI;

]
If all the components are iid, the MGF simplifies to (MI) . All that remains is to derive an
expression of the marginal pdf of each interference term —which we do so next. First, we
expand an interference term in eqn. (6.16):

Nc—1 Ne—1
Ii = a; cos d; {Pq, > Gll+py ) fim} (6.25)
=0 1=0

In order to proceed, we assume that every signature sequence is an independent bipolar, sym-
metric Bernoulli process such that

E[bi[l] bj[m]] = ;; 6um *)

aoll] aplm] = d1m **)

Since the discrete-time sequences are binary antipodal, the value of their element-wise products
—;[1) and &;[l]— are either 1 or —1. Therefore, the product terms are bipolar Bernoulli RVs
(see Appendix 2B). Since both outcomes of each RV are equally likely, both RVs are symmetric.
Their respective summations

Ne—1

R =D Gl (6.26)
1=0
Ne—1

Ry =) Gl (6.27)
1=0

are symmetric bipolar Binomial RVs, and it can be shown that they are statistically independent.
The proof is as follows. The correlation of the sums is

Ne—1Ne~1

EReRe] = Y > E[GG] (6.28)

1=0 m=0

The diagonal terms are zero by (*). Similarly, the off-diagonal terms are also zero by (**). We
see that each interference term

I; = a4 cos by {pll, Rci + 611) ﬁci}

can be expressed in terms of the power gain RV aj, a derived function cos ¢; of phase offset
RV two bipolar Binomial RVs, and two derived functions py, and py, of the chip delay A;.

All terms are mutually independent. Note that other RVs 1; and ¢; are no longer relevant
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because we have assumed the sequences are Bernoulli processes. If instead we are dealing with
deterministic (known) sequences, they exact values of R;, and R, can be determined for a
given q;.

In order to derive explicit closed-form expression for the pdf of f;, we assume the following:

1. The phase offset ¢; is uniformly distributed in the range [0, 27t). We know from Papoulis
[97] that the pdf of Ry, = cos¢ is an inverse sinusoidal function:

1
/1 —u?

0 [ul > 1

[u| < 1
fry (M) =

2. The power gain a; = /Pi/Py is treated as a deterministic quantity. This assumption is
valid if we interpret the channel gain «; as path loss due to distance propagation. (See
Chapter 2, Section 2.1 for details.) If we choose to include signal fading in the model,
then o4 is a RV with one of the possible fading distributions outlined in Appendix 2A. We
defer the BER analysis of fading models to subsequent sections.

3. Chip delay A; is uniformly distributed in the range [0, T..).

4. The chip pulse is rectangular and chip-time limited; thus the expressions for the auto-
correlation functions simplify to

AE Dy =4
NEpy=Te—pp=Tc— A

For the sake of completeness we next derive an alternative expression as proposed by Morrow
[89]. First, we manipulate the second summation term as follows

=1

Next, define the partial autocorrelation function of length 1

Bo[1;1,0] = apll apll — 11
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For convenience, let’s abbreviate it to 8,[l]. The summation further simplifies to

N¢—1
o+ Z bi[l — gi — 11 o[l aoll — 1]

NC —1

01+ ) Cill—T1]80[
=1

By a change of variables 1’ =1—1

{l

Ne—-2

01+ Y Gill18oll + 11

V=0
We can also rewrite the first summation term as

Ne—2

GNe—114+ Y Gl
1=0

By combining the two summation terms
L N2
3, = o GlNe =11+ 6y GOl + >l {eou+ 116y + pw}
t 1=0
For a set of integers in the range NN=2, let’s define

U={1]80ll+ 1] = aollaolt+11 =1}

and its complement
U°={1(90[1+1]: aoll] aoll + 1] :—1}

such that
UuU®=N""2={0,1,2,...,Nc— 2}

and
U+U =N -1

where the cardinalities ¢/ = |U| and &’ = |U®|. Rewriting the interference term of eqn. (6.25),

L= Bi{P\p CilNe =11+ Py, GOl + (py, + Pu) Z U+ (py — Bu) Z Ci[l]}

leu Leue

= Bi{pw CGilNe = 1] + Py, &[0 + Cp Q + Cy Q’}
where the even and odd periodic auto-correlation functions are defined as

Cy = puw + Pu Cu» = py — D
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For rectangular chip-time-limited pulses
Co=T. Cyp=Tc—24;

Note that the RVs

=) i 0'=) &M

leu leue
are independent, symmetric bipolar Binomial RVs. Similarly, ;[N — 1] and Z;[0] are a pair of
mutually independent symmetric, bipolar Bernoulli RVs. Furthermore, it is easily seen that all
four terms Q, Q’, ;[N — 1] and ¢;[0] are mutually independent. For rectangular chip-time-
limited pulses, the original expression for each interference term is

I; = q; cos ¢y { (Tc — Ai> RC{ + Ay ﬁci}
After above transformations, it can be rewritten as
v cos 1 { (o= 80) GlNe = 11+ A2 +Te 2+ (Te-28) 0}

Note that in the original form both Binomial RVs R;, and R¢, are of length (N.—1). When their
PMFs are conditioned, we must consider all N% distinct outcomes. In the transformed form, the
Binomial RVs Q and Q' have lengths that are dependent according to the relation U + U’ =
N, — 1. For an arbitrary case where the length of Q = x, then the length of Q' = N —2 —x.
The total number of possible outcomes is (x + 1) + (N¢c — 1) — x = N,. Since the value of x
spans from 0 to N, — 2, the total number of PMF conditioning equals N¢(N¢ — 1). By including
the number of conditioning for Bernoulli RVs ¢;[N. — 1] and Ci[0], we conclude that there is no
difference in the amount of computational complexity between the original and transformed

expressions.

6.3 Various Gaussian Approximations

As the name implies, every Gaussian approximation technique is a convenient tool (with re-
duced computational complexity) that computes an approximate BER of a desired CDM re-
ceived signal perturbed by multi-user interference and zero-mean additive white Gaussian
noise. In each variation the interference vector I is modelled as a Gaussian RV to various
degrees of conditioning. The conditioning parameters are

1. channel variables: relative propagation delay T, carrier phase offset ¢;, channel gain o
(mostly due to path loss)

2. system design parameter: the spreading factor N
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3. system design parameters: statistical or deterministic correlation of signature sequences
{bill]} of interference signals plus the target user’s signature sequence aoll]

Since the impulse response of a cellular radio channel is time-varying random process, its vari-
able set C; = {Ti, bi, oci} is a random vector. Therefore, we can only meaningfully measure
the average BER of a CDM signal in which the expectation is over the joint pdf of C. Fortunately,
the random RVs in the set C are mutually independent and the averaging of BER is achieved by
taking successive expectations over each marginal distribution of 7y, ¢; and o, respectively:

Pe = ”jpem ®, o) Fr{1) fo(v) fo(w) dudvdw

The remaining problem is the analysis of signature sequences and their correlation properties.
In a multiple-access channel model where a single receiver jointly decodes CDMA signals from
many scattered sources, it is prudent to assume that the signature sequences are deterministic
—since the same signature sequences must be regenerated for despreading. In this model a
deterministic value of bracketed terms in eqn. (6.16) can be computed; or as an alternative, we
can derive some tight bounds. This has been the paradigm of early research activity in CDMA
BER analysis. For the broadcast model where the target receiver has no knowledge of the
signature sequences of interfering users, it is more meaningful to assume their sequences are
random with certain statistical distributions. The most popular model assumes an interfering
signature sequence as a stream of independent, symmetric and bipolar Bernoulli RVs. This may
be due to its simplicity and a good statistical fit between a Bernoulli random sequence and a
practical binary PN sequence. (See Chapter 4, Sec. 4.6 for details.) Therefore, in every Gaussian
approximation technique that we cover next, it is assumed that every signature sequence is a
symmetric, bipolar Bernoulli random process.

From the perspective of system analysis, the Gaussian approximation of the interference I
is very attractive because we have a ton of knowledge in communications theory, specifically to
signal detection in additive Gaussian noise. We know that the BER is a non-linear function of a
single parameter: the signal-to-noise power ratio SNR, or equivalently, the ratio of bit energy to
noise spectral density ,/No. [ In fact, we know that the BER P, = Q(v/SNR). | Complexity of
numerical computation is low. However, in the past averaging of the Q-function (say, over the
RV 0) is cumbersome because the conditioning RV —the signal-to-noise ratio SNR— appears in
the limit on the integral

P — JQ(\/SNT(M) foluw) du — _1&___“ J J;R(e)e—vz folu) dv du

Here the bar over P, denotes statistical average. In order to reduce the computational complex-
ity, it is desirable to perform statistical averaging over SNR(8) (resulting in SNR) rather than
over P.. As we shall see in this section:
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B The Standard Gaussian Approximation (SGA) measures the average bit-error rate P, by

first computing the mean of SDR over all random parameters W = {C, bs[l], ao[l]}. Then

Pe = Q(V/SDR)

The Conditional Gaussian Approximation (CGA) measures the average bit-error rate P, in
two steps: First, it determines conditional ﬁ;' {®:} by computing the conditional mean
of SNDR over all random parameters {Ti, o, bill, ao[l]}, except for the random phase
&;. Second, the BER is averaged over the PDF of phase ¢;.

Pe = JQ(\/ﬁ) folu) du

Note that the above is a vector integral; i.e., the averaging is performed successively over
the PDF of each independent RV ¢;. The merit of singling out the phase term in CGA is
explained later in this section.

B The Improved Gaussian Approximation (IGA) measures the average bit-error rate P in

two steps: First, it computes the SDR averaged over signature sequences {b;[l]} and
ao[l]. Second, the average BER is computed by averaging over the channel random vector

P2 = [Q(VBDR) fe(u) du

Note that IGA measures an approximate BER since averaged SDR (averaged over the

C. Hence,

statistics of signature sequences) is not conditionally Gaussian. The exact average BER is
computed by averaging over all random parameters W of the interference vector I:

Po= JQ(\@ﬁ) fw(u) du

Before we give a thorough discussion on each Gaussian approximation method, we wish to

point out that nowadays computational complexity that arises from statistical averaging of the

Q-function is no longer relevant. Due to faster and more efficient mathematical tools (see Sec.

6.6.5) and powerful computing machines, the exact BER can be computed with moderate effort.

However, we are still interested in various Gaussian approximation schemes because we gain

some insights into the effect of different random parameters and their intertwined relationships

on the overall performance of a CDM system.

6.3.1 Standard Gaussian Approximation (SGA)

Referring to eqn.(6.15),

Y =x0[0] To + (I +1)
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we can combine the interference plus noise term as the disturbance D that disrupts the recep-
tion of the desired signal. Then it is easy to show that conditioned of the set of RVs C = {C;}
where C; = {1, Ty, a1 }:

E[YlC; +] =Tp = E[Yl +} (6.29)
Note the conditioning difference in the above with that of eqn. (6.23). Here the spread-

spectrum sequences are treated as a stream of independent (symmetric and bipolar) Bernoulli
RVs such that

Ne—1 Ne—1
E[Iici;+]=ﬁi{pwz E[bs[l - qil] aoll +p¢Z bill—gi—1]a []}:o
1=0

Using compact notations of eqns.(6.26) and (6.27), we can compute the conditional variance
of the disturbance
Var [D'C; +] =
J

j
E { Z1 Z Biﬁi{Pchi + PyRe } {Pchi + PyRe, } IC
i=1j

=1 j=1
The off-diagonal terms (i # j) equal zero according to (*), which simplifies the expression to

ZE{ (cos ¢y) {’\2 2+p¢RC +2p¢pr¢lﬁcl}‘

i=1

2
+ 0y

+ 0} (6.30)

By virtue of the relation in (*) and the symmetry and bipolarity of the desired user’s sequence
(**), the third term in the bracket (after averaging) is zero. If we treat the power gains a; as
constants among all interferers (with the reference xg = 1), then a; = «; for all interfering
signals. For the sake of simplicity we further assume o; = «. Averaging over the set of iid
uniformly distributed phase ¢; € [0, 7r)

wlpfeit] = 5 35|03 + 4] +
Note that N1
E[RZ] = > Y E[ibill—ad aclUibiim — ad aglmi] = N
1=0 m=0

by virtue of (*) and (**). Similarly, E [ﬁé] = N.. Averaging over the uniformly distributed RV
€ [0, Tp), and after some grungy steps

Ne—1 ({i+1)Te )
Var[D|+] Z Z { J (Af (Te— ))d(Ai)} + o2
OCZNC 1 2 3 No Tb (631)
=7 ’T—b{?“”c} 7R
2
%2 NoTy
N, et 7R



294 Chapter 6: Multi-Rate Transmission Schemes

The average received signal-to-disturbance power ratio can be expressed as

T2 )
Iy NoTo

3N, 7 2 P

o] No\ ™!
= <3Nc + E) (6.32)

SDR(«) = (

where the target user’s received bit energy &, = PoTp. Without any interference, the above
expression reverts to the conventional Gaussian model with SNR = 2&,/N,. A more insightful
expression of SDR is in terms of the received chip energy £ = £p/Ne:

D N C gC

SDR(®) = C278./3 1 N 2

For each chip detection, spread-spectrum modulation with a spreading factor SF = N offers a
power gain of N, over other interfering signals, but has no effect on additive Gaussian noise.
Note that the effective chip energy of each interferer is £./3. This reduction in the total num-
ber of interference by a factor of 3 is a direct result of chip and phase asynchronism. It is
straightforward to show that

m if all interfering chip pulses are aligned, this factor is reduced to 2. This scenario applies
to both bit and code synchronism.

m If only the phase offsets are all equal to zero (assuming there is chip asynchronism), this
factor reduces to 2/3.

m if all interfering chip pulses are aligned and the phase offset is zero for all signals, this
factor is reduced to 1. This condition of chip and phase synchronism is highly unlikely in
a multi-cell interference setting. However, it perfectly mimics the broadcast model where
code and phase synchronism occurs. Therefore, it is important that codes with very low
cross-correlation properties be chosen in a broadcast setting. For that matter orthogonal
codes are optimal.

The Standard Gaussian Approximation (SGA) uses the signal-to-disturbance ratio SDR(«x),
averaged over all the statistics of the channel {T;, ¢1} plus the interference signals {v;[} and
the desired user’s sequence ao[l] to compute the bit-error rate:

P, = Q( s—Dﬁ(oc)) (6.33)

If we wish to treat the channel gains {«;} as RVs, then the above error probability can be
averaged over their statistics. As obvious from our derivation, the accuracy of SGA depends on
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the validity of the Gaussianity of the interference vector I. That is, the Gaussian approximation
of I rests on the applicability of the Central Limit Theorem (CLT) which states (loosely according
to Feller [34]) that the cumulative distribution function (CDF) of a sum of J independent, well-
behaved RVs approaches that of a Gaussian RV for large J. All elemental RVs in the sum are
well-behaved if none has a variance much larger than the rest. In a general setting it is not
necessary that the RVs have the same distribution, but it is sufficient to guarantee the well-
behaved stipulation. Rewriting the interference vector explicitly

] ] Ne—1 N¢~1
I=) L= Z ai cos Cbi{Pxp Z bill — qil aoll] + By Z bill —qi—1] Clo[l]}

i=1 i=1 =0 1=0

we can deduce the following:

B For large J, the CLT guarantees that the interference vector I is approximately Gaussian
distributed as long as every interfering term I; is well-behaved; i.e., there is no term with
a dominantly large ;. The numerical value of the spreading factor N, or the statistical
distributions of the embedded RVs «4, ¢4, T; and {bi[l]} are less critical.

m For the special case of chip and phase synchronism (see page 171 in Chapter 4 for classifi-
cation of time synchronism), fy, = 0, py, = Tc and cos ¢; = 1, and the interference vector

simplifies to
J J Nc—1

I= Ii=ZOCiTc Z bi[l — qi — 1] apll]
1=0

i=1 i=1

If all interfering signals are well-behaved, i.e., if power control guarantees that o? ~ o?
for all 1, then I is a nested summation of (NC . ]) symmetric, bipolar Bernoulli RVs. Note
that the symmetry condition implies that the resulting Binomial RV I has zero mean and
its pdf is symmetric about the origin. It is well known that a Binomial pdf approximates
a Gaussian bell curve. However, since the Binomial RV has finite support (in contrast
to a Gaussian RV with infinite support), the approximation in CDF is more accurate
for large lengths. If, however, there exists a dominant interferer with a large «;, the
Gaussian approximation fails because the well-behaved stipulation of the CLT is violated
—irrespective of the length (N - J) of the Binomial RV* It has been shown by other re-
searchers by computer simulation plots that the SGA fails when interfering power levels
are non-uniform. Note that for chip and phase synchronism with power control, it is a
large value of the product (N - J) that attains the accuracy of the standard Gaussian
approximation model, and not the value of each term N or J.

“The near-far effect in which a high-power interfering signal overpowers the desired signal is subtle in a multi-
user environment. As we have seen in the BER expression based on SGA, it is the total power from all interfering
signals that is critical, not the power level of a particular interferer. However, the BER based on SGA is less accurate
(i.e., more optimistic than the actual value) when a dominant interfering signal exists.
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m If there is chip synchronism only, the interference vector is

J Ne—1
I= Z L =T Zai cos §y Z bill — gi — M aolll
i1 =1 1=0

Each Binomial RV in the inner summation has a shorter length (N.) and it is weighted by
two other RVs «; and cos ¢;. Since (cos 4)1)2 < 1, it has minimal effect on the variance of
each interference term I;, under the condition that the channel power gains «; are well
controlled. However, we know that if ¢; is uniformly distributed in [0, 7t), its function
cos ¢; has a arc-sine density function. Therefore, if X is a symmetric, bipolar Binomial RV,
the resulting RV X cos ¢; is no longer Binomial. In fact, its density function is no longer
symmetric or bell-shaped. Furthermore, it is well-known that the sum of independent
RVs whose PDFs are smooth and symmetric approximate the Gaussian CDF and its bell-
shaped PDF faster as the number of terms in the sum grows. We conclude that with phase
asynchronism, a large value of J (along with power control) is necessary for the accuracy
of the standard Gaussian approximation model. Note that in this situation, the value of
N is of less significance.

m Finally, we note that based on the observation from the previous case, the role of the
spreading factor N. is quite limited in affecting the accuracy of the standard Gaussian
approximation model. For the typical case of chip asynchronism and power control, the
high value of N. cannot compensate for a low number of interferers (small J). This
situation, where the SGA fails and the resulting BER becomes optimistic— has been noted
by many researchers who have plotted the SGA-based BER for various values of N.. As
for as we are concerned, it implies that the standard Gaussian model will not detect any
difference in BER between a class 2, high-rate (PC-SG) target user (with a fixed N.) and
a class 3, high-rate (SC-RG) target user (with a reduced N.).

6.3.2 Conditional Gaussian Approximation (CGA)
In the previous section we hinted that the product
Vi = Xi COs d)i

in which X; is a bipolar symmetric Binomial RV and ¢; is a uniformly distributed RV, has an
asymmetric distribution. Therefore, the joint pdf of the sum of several V;’s:

Vi+Vo+ V...

which is the convolution of the marginal pdfs, does not resemble a “bell-shaped” curve that
typifies the Gaussian density function —unless the number of terms in the sum is very large.
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Based on this knowledge, we can afford to compute average SNR without averaging over the
distribution of the phase vector ®. From the previous section,

Var[D‘C;—i—] i[ (cos d;) {6\21) %+p¢Ré}

i=1

2

C; + 0y

Again, assuming the channel gain «, is a fixed parameter «, and using the randomness property
of the signature sequences according to (*) and (**),

]
= Nco? ZE[(cos cbi)z{ﬁi, + pi,}
i=1

Averaging over iid propagation delays {;} and after some massaging

2
+ 0oy

Gy

T2

]
L] 20T No Tp
Vaf[D‘CD,-f-] = 3N, > (cos dh) + =

Po

which leads to the following expression for average SDR(«, ®):

SDR(«, @) =

N&E ! 2
T3 et coszd):Z(cosdJi)
(?C) a? cos2 @ + Ny/2 i=1

Assuming the phase offsets are iid with a uniform PDE

_ 3 27t 2m 27 —
Pe = (271) J J ---J¢ OQ( SDR(cx, ®)) dpy dob; ... Ay (6.34)
=

O1=0J=0

6.3.3 Improved Gaussian Approximation (IGA)

In the previous section we showed that the average BER based on conditional Gaussian approx-

imation as

P. = JQ( m(oc,cp)) folu) du

If we condition the interference vector I over the statistics of {bi[L]} and ay[l] only, the average
BER based on the improved Gaussian approximation is

Pe = JQ( SDR(C)) fe(u) du

the conditional signal-to-disturbance ratio is

TZ

SDR(C) = m
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where
ZéVar[qc] ZE[ (cos ds) {pﬁ,—i—pﬁ,}‘Ci}

From probability theory we know that if a RV g is a function of another RV X, the mean of g
can be computed in two ways:

E[g(X)} = Jufg(u) du= Jg(x) fx(x) dx

Some authors coin this equivalence the Law of Expectation. Using this analogy, we can rewrite

the average BER as

e To
Pe = | Q| ———] fz(u) du (6.35)
J (\/ N.Z + 0}2]) ’

Explicit derivation of the above integral can be found in [89],[74]. In a more general setting,
we can compute the variance of I by conditioning over the statistics of ao[l] only. Note that

x|

as long as either b;[1] or ao[l] is treated as a symmetric, bipolar Bernoulli process. In this case

Ne—1 Nc—1

LijCi +] 2[31'.{911) > E[bill— ad aolll] + By Z l—ql—l]ao[l]]} =0

=0

the conditional variance is
7' £ Var [I|C, bi[l]]

C'i.) bl[l]]

J
—ZEli (cos ¢y) {"ﬁ, v +p¢RC + 2pyPy 6:[1;1— Qi,Nc—ﬂ}
1

The above equation is almost identical to eqn.(6.30) except for the third (cross-product) term.
It can be shown that

E{Pwﬁchiﬁg Ci,bi[l]]
1 Ne—1
=E Pwpwl C; ] Z > [ao mlaoll] bill — qilbill — gi — u} ci,bim]
1=0 m=0
i Ne—1
=E P\pﬁxp‘ Ci] Z E [bi[l —qibill — g — 1]' Gy, bi[L]}
. 1=0
=E|pyby 0:[1;1— a1, Ne — 1]‘ Ci>bim]

The off-diagonal terms vanish due to (**). Unlike eqn.(6.28), the diagonal terms do not vanish
since the condition (*) does not hold. Unless the signature sequence bi[l] is memoryless, the
partial auto-correlation term E{ei[kl i, Ne — 1] byl } # 0. We know from Chapter 4 that
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all periodic PN sequences have memory (initial states). Hence, for known PN sequences, the
conditioning of the variance of I over {Cy, bi[l]} is a formidable task. If the PN sequences are
unknown at the target receiver, we must then supply statistical properties (such as auto- and
cross-correlation) in order to evaluate the conditional variance of I. We therefore stress an
important fact that the randomness (Bernoulli) property of the signature sequences simplifies
the derivation of all Gaussian approximation techniques considerably. Otherwise, without such
closed-form expressions for the average BER, it is rather difficult to deduce any meaningful
insights into the role of channel parameters {7, ¢;, «;} on the BER performance in AWGN
channel. The numerical results of above Gaussian approximation schemes are presented in
Sec. 6.6.5. Next, we analyze the BER performance when the channel induces multipath and
fading.

6.4 BER Analysis in Flat Fading Channel

If the channel induces signal fading, the received signal as expressed in eqn.(6.13) can be

rewritten as I

r{t) = agsp(t) + Z o4 Si(t — Ti) + n(t)
i=1

After demodulation and despreading the target zeroth bit is
Y = aoxo[0) To + 147’ (6.36)

The explicit expression of the interference vector I is still the same as eqn.(6.16). The Gaussian
noise term 1’ is zero mean with variance

o2, = No To
T2 Py

Note that this noise term 1’ (without normalization by ) is not the same as n. However, they

are related:

Neo T

2 2o 'b 2 2
G/:‘(Xo"—_zo(.oc
n 2 PO n

It is straightforward to show that applying SGA

E[Y[(aih+] = a0 To (6.37)

2y 2
Var[D‘{oq}; +} = N ; oy + Op (6.38)
such that the signal-to-disturbance ratio conditioned on fading amplitudes is
Ne g€l

-~/
f >R of +

SDR ({ev}) = .

o
3
=
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Note that £ denotes the transmit chip energy, which is identical for all users in the network. At
the target receiver 0, the received chip energy of an interferer iis £ci = oZEL. After conditioning
on fading statistics, the average BER based on SGA is

oo e ¢] oo
P. = J J . J Q( SDR({oq})) dagday ...doy (6.39)
xp=0J o =0 oy =0
In compact form
Pe = | Pelafafu) au
where the channel gain vector

a={og, &1, ..., &}

We can readily derive the average BER based on CGA
Pe = | Prleofafu) du

where the fade-conditioned BER PZ(x) is similar to the expression in eqn.(6.34) except the
conditional SDR is
N o &

N
Yl aZcos? i + ——2—°

SDR (&, @)

T 28]
3
Similarly, we can derive the BER based on IGA

Pe = JP—g(g)fE(u) du

where the fade-conditioned BER PZ(a) is similar to the expression in eqn.(6.35) except for a

— xp T
Ola) = JQ(——Q—b——) fz(u) du
A/ NcZ+ crfl,
In Chapter 2 we noted that the PDFs of fading power (amplitude squared) tend to have skewed
shapes. We also noted that scaling of a Binomial RV by cos? ¢ destroys the symmetry of Bi-
nomial PDE Here we have an interesting situation where every interference term I; is scaled
by both cos? ¢; and . Without explicit derivation of the resulting PDE it is difficult to spec-
ulate on the Gaussianity of each interference term’s PDE. On the other hand, the signal mean

slight modification

E[Y|oo;+] itself (scaled by o) is a random variable. Averaging the conditional BER over the
PDF of «g tends to “smoothen” the plot; i.e., several authors have shown that the inaccuracy
gap between the exact conditional BER and those based on Gaussian approximations is nar-
rowed by conditioning over «. Regardless of the accuracy of Gaussian methods, we note that
CDM BER analysis with flat fading is interesting only in academic sense since most RF channels

for wideband CDM communications are frequency-selective.
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6.5 BER Analysis in Frequency Selective Fading Channel

Before we analyze BER performance of CDM signal in frequency selective fading, we briefly
review the requirement and merit of diversity combining. If the same signal s(t) is transmitted
over L logical channels, the output of logical channel i is

si(t) = s(t) x fi(t)

where f;(t) is the transmit filter response of channel i. This type of communication is called
multi-channel. The received complex® baseband signal can be expressed as

L
) =) me P si(t—m)+n(t) (6.40)
1=1
The baseband receiver, as shown in Fig. 6.7 consists of a bank of L matched filters. We will coin
each component receiver a “finger.” The total number of channels L is called the diversity order.
Initially assume the set of channel gains and carrier phase offsets {«, ¢;} as fixed parameters
known or can be estimated accurately by the receiver. ‘

%1
L
t
— o PO Q1w | ¢
b2 =
Ve
t o
|y [ & " N
common 20
s(t) * channel r{t) . g .
. - ad” 3
50 /( 3
— (%) (X) MF

Figure 6.7: Diversity combining of multi-channel signal

The sampled output of finger 1 can be expressed as

(n+1)T+1; .
Qiln] =R “ . o &% T (t)si(t — Ty) dt]
t=nTl+7;

6.41)
= af€s + Z i cos(dy — ) Cult) + zin]
LA

5For our analysis, we assume s(t) carries binary information, implying it is real.
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where &, is the symbol energy. The periodic cross-correlation® function is
CulT) =J31(t—Tl)Si(t_Ti) dt T=Tu=Ti—T

With a slight abuse in notation, we omit the subscripts by shortening the index to T instead of
Ti1. The additive noise sample is

J (M+1) T+

zin] =R {oqe"d’i n{t)si(t — 1) dt (6.42)

t=nT+T;

For convenience we drop the brackets by considering the zeroth sample. Rewriting:
Qi=oaf&+Si+zi
The second term is the self-induced (SI) noise generated at the output of finger i:

Si=) aoq cos(di — 1) Cu(T) (6.43)

LA
The logical channels can be separated in frequency (FDM mode) or time (TDM mode). By
careful design (as we detailed in Ch. 4, Sec. 4.8) the cross-correlation function can be set to
equal zero. If the additive noise process is Gaussian, then the finger outputs {Q;} are Gaussian
RVs. If the noise process is white, then the outputs are uncorrelated. Finally, if n(t) is AWGN,
the outputs are iid Gaussian RVs. The combined output of the fingers (assuming SI noise is

zero) is
L L L
Q=) q=&) of +z z=) z (6.44)
1=1 1=1 1=1
from which .
E[Q] =& Z_ of Var[Q] = Var|[z]
1=1

It is well known that for multi-channel communication, this type of diversity combining receiver
—where each finger “matches” not only the waveform s;(t) but also the gain x; and phase shift
¢i— maximizes the output signal-to-noise ratio if the outputs (i.e., noise samples) are inde-
pendent. Furthermore, if the noise samples are Gaussian, it has been shown to be optimal —in
minimum BER sense. Assume n(t) is zero-mean AWGN with one-sided PSD of N,. The noise
samples z1, z, ... at finger outputs are mutually independent with zero mean and variance

81t is true that both s (t) and s;(t) are channelized versions of the same signal s(t). For current interest, when
we use the term “cross” in defining the correlation function, we are referring to two output signals from different
channels.
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The signal-to-noise ratio of the combiner output is

285
No

L
SNR, = o?
i=1

Since Q is a Gaussian RV, the BER is

P. = Q(V/5NR,)

If the channels subject no attenuation and the transmit power is split among channels such
that o? & is the signal energy in channel i, then 2521 o? = 1. The BER under this scenario
is the same as single-channel communication with transmit energy £. Thus, multi-channel
communication offers no advantage over its single-channel counterpart. Of course, it is well
known that multi-channel communication is used to improve overall link quality in a case where
any or all of the component channels are not reliable at all times —i.e., each is susceptible to
high bit error rates due to noise, interference or signal fading. In single-channel communication
with (flat) fading, the conditional BER (conditioned on fading amplitude «) is

Pl =ofy/o* )

Averaging over the fade statistic, the average BER is

P&") = JQ <\ fu? %) fo(u) du

For example, if « is a Rayleigh RV with mean-squared value E[«?] = «?,

) _ 1 _ [m _&5
py _2(1 n) M=V *=x®

On the other hand, in multi-channel communication with iid fade amplitudes, it can be shown
that

L1
ORI LIPI Ly e L=1+Kk\ 1 -
P = [2 1 -m)] e cm=3 ( VR L am)
For the purpose of comparison, in high SNR region where . > 1,
s) 1 (m) __ (1L (2L—1
PE~ 4 pim ~ (4;1) ( [ (6.45)

It is apparent that when compared to single-channel mode, the BER of a multi-channel signal
falls faster at a steeper slope that is directly proportional to the number of channels L. In the

pi™ —~>Q<\/%> as L 5 oo
o]

"The BER does not approach 0 as L — co since energy is conserved; i.e., the energy per channel is & /L.

limit?
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6.5.1 Rake Receiver

In spread-spectrum modulated communication via a multipath fading channel, each path
can be modelled as a distinct logical channel with independent fade statistic { o;, 1, Ti }. His-
torically, a multipath diversity combiner for spread-spectrum modulated signal is called a Rake
receiver. We briefly outline several important properties of the Rake combiner. The background
material is referenced mostly from tutorial papers by Turin [143], [146].

M A

Figure 6.8: Resolvable replicas of a SS modulated signal and their sampling instants

Fig.6.8 illustrates the arrival times of L, = 4 replicas of the transmit signal. Set T = 0. The
relative delays of other paths are t; < T3 < 74 and resolvable (ti41 — Ti = T¢). The first Rake
finger is locked to the signal in path 1 and so on. At this point we ignore interference from
neighboring sites. Using eqn. (2.16) we can express the received signal as

L (1
T =Y oilt) TN s(T—m(1)) +n(t) (6.46)

i=1

After matched filtering the sampled output of finger 1, denoted by Qj is:

0

.
Q= m[al[t) el P (t]J r(t;’r}s(’r — T](t)) d’r}

Lr
=of&+ ) Snu+m (6.47)
i=2
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where the noise sample at the output of finger i is

. T+T3
ni = R wiel & J n(t)s(t o) dt | (6.48)
t=T;
The self-induced noise from other paths is
. . T
Su=%R [oq o; &) P e TP J s(T—11) S(T -— Ti) dT:l (6.49)
0

= o1 o cos(dp1 — i) CelTir)

Before proceeding, we point out several striking differences between the conventional multi-
channel communication system versus SSM communication in multipath fading by comparing
eqns. (6.40)—(6.43) with (6.46)-(6.49):

W Time-Varying Diversity Order: In multi-channel communication, the number of channels L
is a fixed design parameter. In multipath fading, the number of resolvable paths L.(t) is a
time-varying random process that depends on the characteristics of propagation medium.

W Auto- vs. Cross-Correlation: In multi-channel communication, the transmit signal s;(t)
in each logical channel i can be carefully constructed to reduce or even eliminate self-
induced noise. In SSM communication, s;(t) = s(T — 1;) is a delayed replica of the
transmit s(t) in which the delay parameter 7;(t) itself is time-varying. It is rather difficult
to design signature waveforms that induce little or no self-noise for any arbitrary t;. If
finger outputs {Qi} contain SI noise, the maximume-ratio combining (MRC) method is no
longer optimal.

m Independence of Gaussian Noise Samples: In multi-channel communication, SI noise is
measured in terms of periodic cross-correlation function Cy;(t). In contrast, SI noise at
the output of a Rake finger is a function of the periodic auto-correlation function Cg(Ti).
As we have elaborated in Chapter 4 during the discussion on superimposed sequences,
Cs(Ty) is ultimately a function of the partial auto-correlation function of the embedded
discrete superimposed sequence of period N, when N,T. > T. As stated earlier, it is
rather difficult to design signature waveforms with small C¢(7ty;) for an arbitrary T;;. The
consequences are as follows. From eqn.(6.42) we can determine the cross-correlation of
two Gaussian noise samples

E[zi[n]Zj[n]] = ojxj cos(di — ¢j)

(M+NT+t (1) T+
J J E [n(u)n(v)} si(w—Ti)s5(v—T5) dudv

u=nT+T1; Jv=nT+T

N, [T
= x5 cos{Py — j)—— J

> si(t —Ty)s5(t —13) dt

t=nT+T;
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Since the noise samples have zero mean, any two of them are uncorrelated (i.e., indepen-
dent for Gaussian samples) if E[Zi[n]lj [m]] = 0, a condition guaranteed by C,(ty) = 0.
In FDM or TDM mode, it is possible to construct channel signals s}i(t) and s;(t) that are
disjoint in frequency (in terms of their Fourier transforms) or time overlap for an offset
T;—T;. For a Rake receiver, we can derive an analogous expression for the cross-correlation
of two Gaussian noise samples. We see that

(n+1) T+
E[m[n]nj[n]] =0 if and only if J s(t—7y)s{t—T5)dt =0

t=nT+1;

which is unattainable for an arbitrary n and random t; and ;. This implies that the Rake
finger noise samples are correlated and the MRC scheme is no longer optimal.

Ignoring SI noise, the output of Rake finger 1 is
Qi =af&+m

After combining outputs of Rake fingers, the combiner output is
L
Q=)
i=1

L, L,
=£sZocf+n wheren=Zm
i=1 i=1
Conditioned on the fading amplitudes g, it can be shown that the signal-to-noise ratio of at the
output of a Rake receiver is

SNRo () = %\_?_ D of

% =1

This is equivalent to the standard form of the output SNR of a maximal-ratio combiner with
L,-branch diversity. However, in a practical setting, we must deal with non-ideal conditions
that are encountered in CDM signalling over wideband multipath fading channel:

W Longer Delay Spread: In Fig. 6.8 the relative delays are purposely chosen so that all
are resolvable and their sampling instants are contained in the symbol interval T; i.e.,
the delay spread (At)q < T. This defines the under-spread condition. Ideally we wish to
construct signature waveforms with zero periodic autocorrelation C,{t;) = 0 for a relative
delay T; as small as possible®. If the minimum ; that affords zero auto-correlation is the
chip duration T, then T, is known as the Rake combiner’s time resolution. Thus a Rake

8The reasoning is that the finer the time resolution, the higher number of scattered transmit energy components
the Rake receiver is able to gather. Trom eqn.(6.45) we know that the larger L, movces the BER curve away from
the single-channel bound towards the AWGN channel bound.
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receiver is said to resolve multiple signal paths with a time resolution of T.. If the delay
spread is larger than the symbol duration — the over-spread condition— such that the
relative delay of a multipath signal t; > T, the channel induces intersymbol interference
(ISI). Theoretically, the replica with delay t; > T can still be used in Rake combining as
long as the sampling instants do not overlap. We illustrate such a scenario in Fig. 6.9 for
path 5. However, in practice a Rake finger is a tap-delay line filter where each delay unit
equals T.. If T = N T, the filter consists of N delay taps. Thus, the weight of a multipath
signal outside a window of T cannot be tapped for signal combining. It is known from
Chapter 2 that the delay spread (AT)q is a time-varying positive variable that depends
only on the characteristics of the propagation medium, whereas the symbol duration T
(or equivalently, the symbol rate R;) is a design parameter which can be chosen freely
by the network designer. The relation between (AT)g and T becomes critical when we
compare two multi-rate schemes: PC-SG and SC-RG.

- o

i 1

Q, Q2 Qj Qs Q, Qz Q3Q5 Q,

LI T ]

Figure 6.9: Intersymbol interference caused by a multipath signal with delay ts > T

—
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B Non-zero partial correlation: In spread-spectrum modulated communication the transmit
signal

s(t) =) x[lf(t—3T)
j

is data modulated and in the special case where bit- and code-synchronism are equivalent
(T = Np,To), its periodic autocorrelation in eqn.(6.49) must be expressed in terms of the
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two aperiodic autocorrelation functions:

T
J s(t)s(t—m) dt
° T

f(1) f (T — 71) dT +x[0] J (1) f(t—7y) dt

T

= x[—1] x[0] J

0
= +R¢(T3) + Re(Ty)

Depending on the sign (the product of x[—1] and x[0]) the overall autocorrelation value
may no longer be zero regardless of the type of signature waveform used. Furthermore,
if s(t) is modulated by a long PN sequence such that N, >> N, the periodic autocorrela-
tion must be expressed in terms of the discrete-time partial autocorrelation function. By

applying eqn.(4.36),

Cs(Ty) = Jo s(1)s(T— ;) dt

= 0p[; 0, Nl pyy(A) + Bp[l — 1,0, Nel By(A)

where 1; = (IT. + A} and
o0
s(t)= Y blhb(t—jT.)
j=—00

Recalling our discussion in Chapter 4 on spread-spectrum modulated waveforms, each is
generated by modulating an antipodal discrete, periodic PN sequence with a periodic train
of common chip pulses. We know that maximum-length (ML) PN codes have a normalized
periodic autocorrelation C(t) equal to —1/N,, for T > T, where Ny, is the code period.
However, we are now dealing with the partial auto-correlation of the embedded sequence.
Regardless of the type PN sequence used, it is very unlikely that 8y[1;0,N.] ~ 0 for any
arbitrary chip delay 1. Therefore, we should be aware that each Rake finger output suffers
from self-induced noise from other paths. In time and frequency diversity systems, the
independence constraint for zero cross-correlation is guaranteed by assigning frequency
bands that are separated by at least the coherence bandwidth, and time slots that are
separated by more than the coherence time of the channel. The zero self-interference
condition is satisfied by assigning non-overlapping frequency bands or time-slots. In both
cases the ISI issue is non-existent since the diversity branches are purposely generated by
the system designer to combat signal degradation due to fading.

6.5.2 Correlated and Uncorrelated Multipath Interference

In the literature, several authors have distinguished SI noise into two categories: correlated

and uncorrelated self-interference. When path delay Ti; between two received replicas is less
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than symbol duration T, the SI noise generated at the output of finger i or j is said to be
correlated. This scenario is illustrated in Fig. 6.11. In contrast, when 1;; > T as depicted in
Fig. 6.10, the self-interference is uncorrelated. Note the difference between correlatedness of
SI noise from the ISI-causing self-noise as illustrated in Fig. 6.9: '

Correlated SInoise : Ty =T;—Ti<T assumingT; >T;
Uncorrelated SI noise : 135 >T
ISI-causing SI noise : T,>T foranypathi

]

x[0] x[1] x[2]

-

x[0] x[1]

Figure 6.10: Uncorrelated self-interference when path delay t;; > T

We immediately deduce that if SI noise samples between paths i and j are uncorrelated, then at
least path i causes ISI. On the other hand, if the signal in path i causes IS, its self-interference
may or may not be correlated with replicas from other paths. Referring to Fig. 6.9, we see that
paths 4 and 5 have correlated self-interference while paths 3 and 5 are uncorrelated. We now
explain the correlatedness.

-

x[-1] x[0] x[1]

-

x[-1] x[0] x{1]

k x[—1] x[0]

Y

Figure 6.11: Correlated self-interference when path delay t;; < T
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Correlated Self-Interference (C-SI)

The SI noise at the output of finger i can be written as
Si= Bij{x[—] Ri(ty) + x[0] Ri(’fij)} + f5ik{x[—] Ri(ta) +x[0] Ri(Tik)}

where the aperiodic auto-correlation functions are

Ri(Ty) =J ’ s(t)s(t —Ty)dt = Rj(Ty)

=0
Ri(ty) = J s(t)s(t — i) dt= Rj(Ty)
For short-hand we will use

By = & o cos(di — di), x[—] = x[-1], x[+] = x[1]

Factoring out the data bits,

=1 Byt + BacRufca 300 { B Rix) + B Rutead | +x41{ - |
Similarly for fingers j and k:

85 =[] {rs)-kﬁ;mk)} 1 x[0] {ﬁﬁ Ri(y) + B Rj(T,-k)} x4 {rsﬁ ﬁimj)}

S = x[-] { - } T x(o] {rsik Rulta) + B Rj(frjk)} T xdt] {ﬁik Rilud) + fsikﬁ,-mk)}

Note that in each finger 1, the terms associated with data bit x[0] are “overlapping” or “corre-
lated” since the same auto-correlation functions also appear in other finger outputs. Similarly,
terms associated with x[—] are correlation between signals in path 1 with other time delayed
paths (paths whose delays 1y > T1). In contrast, terms associated with x[+] are correlation
between signals in path 1 with other time advanced paths (paths whose delays t; < 11). Hence,
in general,we can express the SI noise at the output of an arbitrary path 1 as

Si=) Bu {X[O] Ri(Tit) + x[+] ﬁi(’fu)}
i<t

+ Z B {X[O] Ry(ti) + x[-] ﬁl('flk)}

k>t

Alternatively, with an abuse in notation:

St=x001 Y BiRs(1) +xl+] Y BuRilt) +x[-1 ) BucRil1) (6.50)

je=l i1 k~>1
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where it is understood that
T=1 for 1>j and T=1y5 for 1<j

It is interesting to note that the first summation term is identical to the input of a synchronous
decorrelator receiver (see the text by Verdu [149] for details) for multi-user detection, except
in our case

1. We are dealing with auto- (instead of cross-) correlation functions. To a lesser importance,
the correlation functions in the Rake receiver are aperiodic, whereas in a decorrelator they
are periodic.

2. In our case each correlation function is scaled by a fade statistic 3;.

3. The transmit data vector of length L
x[0] = [ %[0}, x[0], ..., x[0]

is an L-fold repetition of the transmit data bit x[0], whereas in a decorrelator the data
vector consists of independent data bits from L different users:

al0) = [w100], walol, ..., wefo]
such that the input (column) vector of a decorrelator can be expressed as
Y=ul0]C;+z

where C; is the (normalized) periodic cross-correlation vector and z is the Gaussian noise
vector. Ignoring the second and third summation terms in eqn.(6.50) the output vector
of a Rake receiver can be written as

where

Q= [QLQZ»-'-, QL}
n= [m,nz, ---,HL}

For maximum ratio diversity combining with coherent detection, the Rake receiver must accu-
rately estimate channel statistics {oci, by, Ti} for each finger. Thus, we can assume that the set
of scaling factors {B;} is known to the receiver. The receiver also has full knowledge of the auto-
correlation values of its signature sequence. In essence the correlation matrix R, is known to
the Rake receiver. Referring to linear multi-user CDMA detection schemes we can multiply the
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output vector Q with a suitable matrix to either decorrelate or minimize the mean-squared error.
Before we execute this step we must first deal with the two summation terms in eqn.(6.50). It
is apparent that both terms can be treated as ISI from past and future data bits and thus can be
removed by decision-feedback equalization.

To summarize, in this section on correlated self-interference (C-SI) we emphasize the fact
that the Rake receiver with coherent MRC is far from optimum, mainly due to non-zero auto-
correlation of replicas from different paths. All references that we come across that address C-SI
as undesirable noise and no attempt is made to remove it by de-correlation or decision-feedback

equalization.

Uncorrelated Self-Interference (U-SI)

When ty; > T, signal in path j causes ISI to output signal in finger i. If we assume the Rake
receiver has tap-delay line implementation and thus cannot correlated with signal paths outside
the symbol time correlation window, then U-SI must be treated as unwanted noise.

Correlated and Uncorrelated Channel Interference (CI)

In multipath fading model, the output of each Rake finger suffers not only SI from delayed repli-
cas of its own signal, but also from delayed replicas in other parallel channels. We define this
type of interference as channel interference. Depending on the value of each propagation delay
(relative to T), CI is either correlated or uncorrelated with the desired symbol time window.
For correlated CI, since each receiver has no knowledge of the signature sequences of other
channels, no interference cancellation —analogous to the de-correlator proposed for correlated
SI— is possible. Therefore, Cl is treated as unwanted noise at Rake finger outputs.

6.5.3 Gaussian Approximation of Multi-User Interference

Thus far, we have classified four types of intra-cell interference: correlated and uncorre-
lated self-interference (C-SI and U-SI), and correlated and uncorrelated channel interference.
The latter two have the same effect as unwanted noise and we collectively call them as CI. The
only parameter common to all types of intra-cell interference is the propagation delay set {t;}
—which is known or can be estimated with good accuracy by each Rake receiver. Therefore,
the contribution of each unwanted noise —in terms of energy— can be computed deterministi-
cally from periodic auto- or cross-correlation of desired signal and unwanted noise signal. For
this step, the receiver must have complete knowledge of actively assigned Walsh code chan-
nels. Alternatively, such knowledge of assigned codes is not necessary if it plans to treat CI as

unwanted noise.
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When we introduce inter-cell interference, their arrival times are not known and random to
the target receiver. If an inter-cell arrival time falls within the correlation window, it contributes
one unit of unwanted noise. If its arrival time falls outside the window, it contributes one unit
of unwanted noise to the next target data bit. That is, for inter-cell interference, it makes no
difference what its absolute arrival time epoch is relative to the correlation window. Thus,
we assume the unwanted noise contributed by each inter-cell interferer is indistinguishable
from an intra-cell channel interference contributed by another parallel active code channel.
If there exists —on average— K, actively assigned forward link code channels per cell, the
total number of interfering channels J. in each Rake finger input is (KC -1+ KC]). If Jeo is
large, the accuracy of Gaussian approximation of total CI is improved. Since we know that BER
averaged over the statistic of fading amplitude improves the accuracy of GA, we will measure
total interference power (variance) using SGA. (We did not measure any improvement in BER
accuracy by substituting CGA or IGA in place of SGA.)

6.6 Comparative Analysis of BER Curves of Target CDM Users

In eqn. (6.17) we treat each interfering signal as an arbitrary pseudo-random sequence
not known to the target receiver. When each interferer’s information bit xi[m] is modulated
with a superimposed orthogonal sequence a;[n], the resulting sequence is another superim-
posed orthogonal sequence b;[n] of chip rate R.. The spreading gain —and the corresponding
information rate— affects the receive power level P; only. Therefore, our derived formulae and
other analytical results from previous sections still apply to multi-rate PC-SG and SC-RG CDM
channels. The only difference is that for a higher-rate SC-RG CDM target user, its spreading
gain N_ is reduced —which subsequently affects the values of cross-correlation terms ({;[l] and
Zi[1) and the noise term 7. To maintain fairness in comparative study, its power gain B; [see
eqn. (6.14)] must be re-scaled such that its bit energy & (and thus, £,/N,) is the same as the
bit energy of a standard SC-SG CDM channel or a component low rate channel in a PC-SG CDM
high rate channel.

6.6.1 AWGN Only Channel

Our goal in this section is to determine the accuracy of BER curves that are generated using
various Gaussian approximation methods. As a benchmark we also include the exact (average)
BER curve, computed according to eqn.(6.24). In particular, we are interested in the accuracy
of Gaussian approximations as system parameters such as channel bandwidth (or equivalently,
the spreading gain N.), the interference population J and link quality (measured in £,/N,)
are varied. Eight BER curves —as shown in Figs. 6.12-6.15— are presented. The four plots
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measure exact and approximate BERs based on Gaussian approximations as a function of inter-
ference population | for

1. narrow bandwidth, high signal-to-noise ratio: N.=64, £,/N,=12 dB.
2. wide bandwidth, high signal-to-noise ratio: N =256, £&,/N,=12 dB.
3. narrow bandwidth, low signal-to-noise ratio: N =64, £,/No=>5 dB.

4. wide bandwidth, low signal-to-noise ratio: N =64, £,/N,=5 dB.

6.6.2 Flat Fading Channel

Similar to the AWGN channel model, we analyze the effects of system parameters —the
spreading gain N, the interference population J and link quality £,/N, on BER in flat fading
Gaussian channel. Two BER curves —as shown in Figs. 6.16-6.17— are presented where the
pdf of fading amplitude is Rayleigh. The two plots measure exact and approximate BERs based
on Gaussian approximations as a function of interference population J for

1. narrow bandwidth, high signal-to-noise ratio: N.=64, £&,/N,=12 dB.

2. wide bandwidth, high signal-to-noise ratio: N =256, £&,/N,=12 dB.

6.6.3 Frequency Selective Fading Channel

Two BER plots in frequency selective fading, both with three resolvable paths, are shown in
Figs. 6.18-6.19. In the first plot, the relative delays are selected such that in one pair of plots,
only correlated self-noise is observed while in the other pair, both correlated and uncorrelated
SI are observed. The second plots are similar except that time delays that generate ISI are used.

6.6.4 Comments on BER plots

From BER plots in AWGN, we deduce that SGA is optimistic while the reverse is true for IGA.
Of course, the gap between IGA and exact BER curve is much smaller. This gap shrinks in flat
fading model. There is little gap between the exact curve and all other Gaussian approximation
curves. As we have seen from these BER plots in AWGN, flat fading and frequency selective
fading, the difference between PC-SG CDM and SC-RG CDM is barely noticeable in almost
all cases. However, when taking into account seamless multi-rate provisioning and reduced
receiver complexity, single-channel CDM with reduced gain is the preferred option.
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Figure 6.12 AWGN-BER of narrowband, high SNR CDM signalling as a function

of interference population J. N, = 64, £&,/N, = 12 dB.
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bir—rror rate BER
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AWGN-BER of narrowband, low SNR CDM signalling as a function

Fi 6.14:
igure 6.14 of interference population J. N. = 64, £&/N, = 5 dB.
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lgure interference population J. N = 256, £, /N, = 5 dB.
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Figure 6.16: as a function of interference population J. N. = 64, &,/N, = 12
dB.
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Figure 6.17: as a function of interference population J. N, = 256, £,/N, = 12
dB.
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PC-SG (C-SI)

SC-RG (C-SI)

bir-rror rate BER

o PC-SG (U—ﬂ/

SC-RG (U-SI)
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Frequency selective Rayleigh fading-BER of wideband, high SNR
Figure 6.18: CDM signalling as a function of signal-to-noise power ratio SNR.
N¢ = 256, £, /N, = 12 dB. Non ISI case.
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Frequency selective Rayleigh fading-BER of wideband, high SNR
Figure 6.19: CDM signalling as a function of signal-to-noise power ratio SNR.
Nc = 256, Eu/No = 12 dB. ISI case.
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6.6.5 Comments on Numerical Methods for CDM BER Analysis

When dealing with and manipulating the standard Gaussian cumulative distribution func-
tion (CDF) or its complementary Q function, the most difficult part is its lower limit x:

00 u2
Q(x)z—J exp(———) du
x 2
which is also the indexing parameter. When we average the Q function over x, the resulting
equation in closed form is often difficult to derive except for certain probability density func-
tions. For numerical computation, it tends to be unsteady since the extent of x is unbounded,
at least toward infinity. However, we are fortunate that a few years ago, J. W. Craig derived an
alternative integral form of the Q function

Q) =1 r/zeXP (- u? ) ae

0 2sin? @

It is clear that this is definite integral where the indexing parameter x is no longer a limit. This
new form only works for x > 0. Since the standard Gaussian pdf is symmetric, this is a simple
constraint that can be dealt with easily. In all our numerical computations, including computer-
generated BER plots, this simpler integral of the Q function was used. Details on this form and
its variations are detailed in the text by Simon and Alouini [131].
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Notes and References

In the following, we highlight only certain authors/researchers and their work(s) that can
be considered as pioneering or had a profound impact on the advancement of CDM/CDMA
technologies.

Among texts that treat topics in spread-spectrum communications, the collaborative work
of M. K. Simon et al. [129] is considered the “Bible.” It thoroughly covers all aspects of
both direct-sequence and frequency-hopped SS communication systems. This includes such
applications as anti-jamming and low-intercept military applications, ranging and location (GPS
type) commercial applications as well as historical account of SS systems. Its only lack is in
the area of multi-user communication with SS modulating codes. Other excellent books that
cover similar topics but with a different flavor are those by Dixon [30] and Holmes [54]. The
latter emphasizes on coherent reception of direct-sequence SS modulated signals. The earliest
analytical work on phase-coded (direct-sequence) SS modulation/demodulation for multi-user
communication can be attributed to M. Pursley [109]. It measures (the approximate) bit-
error rate of a spread-spectrum multi-access (SSMA) signal through an AWGN channel in a
multi-user environment using the received signal-to-ratio (SNR) as the benchmark. These two
articles may been have the first to propose the standard or simplified Gaussian approximation
method. The sequel [110] computes various bounds for the BER based on the correlation
properties on signature sequences. However, it appears the idead of SS modulated signals for
multi-user communication was popularized by a tutorial by R. Pickholtz et al. [102] —based
on the number of times it’s been cited in future published articles. Subsequent articles by M.
Pursley and his students ([112],[89], [74], [39]) extend his earlier results by modifying the
standard Gaussian approximation method to better approximate the exact BER. In particular,
Morrow and Lehnert proposed the improved Gaussian approximation in [89].

Spread-spectrum multiple access with superimposed orthogonal sequences was first pro-
posed by K. S. Gilhousen of Qualcomm Inc. The best source to study Qualcomm’s CDMA ar-
chitecture (besides the official U.S. Interim Standard-95 documents [61]) is the text by one
of its founders A. J. Viterbi [154]. Before the introduction of Qualcomm’s Walsh code based
CDM, SSMA systems assume the assignment of non-orthogonal pseudo-random SS sequences.
This is the main reason earlier works have put so much emphasis on the design and correlation
properties of PN sequences and the resulting BER. In Qualcomm’s CDM where the Walsh code
length N(= 64) is much less than the period of the PN sequence N,(= 32767), the spread-
spectrum modulating sequence can be conveniently modelled as a random Bernoulli sequence.
This model opens the door for CDMA BER analysis with random spreading sequences. The
auto- and cross-correlation of random sequences can now be expressed in terms of their statis-
tical properties rather than in terms of deterministic values or bounds based on a pair of known,
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deterministic PN sequences. The number of articles in this area is far too many to list here. We
only cite a journal article by Fong et al. [35] since it is one of a limited few that compares the
BER performance of superimposed orthogonal CDM versus conventional PN sequence based
CDM.

The inclusion of signal fading in a CDM/CDMA system model results in a more realistic BER
analysis since almost all CDM/CDMA systems communicate over the wireless link. The analysis
of a flat fading model is straightforward; furthermore, it is more of academic value than practi-
cal significance since a typical wideband spread-spectrum signal undergoes frequency selective
fading. Optimal diversity combining of multipath signals was first proposed by D. G. Brennan
[11]. It was made accurate by R. Price [105]. He and P Green [106] successfully coined the
term “Rake” receiver for such multipath combiner. The multipath combining and SNR enhance-
ment of a Rake receiver was popularized by G. Turin [143]-[146]. His insightful amalgamation
of theory and practice for wireless multipath fading channels highlights the diversity combining
effect of SSMA signals, similar to that attained by time, frequency or antenna diversity scheme.

The universal standardization of third-generation wireless standards based on wideband
CDMA fostered the study of BER analysis for multi-rate schemes. Among the many published
works, we attribute Chih-Lin I et al. [58],[59], [42] of AT&T as the inventors of multi-code
(parallel-channel, single-gain) transmission mode. Its counterpart the single-code, reduced-
gain mode is patented by K. S. Gilhousen of Qualcomm [41]. Based on standard Gaussian
approximation, Ottoson and Svensson [95] showed that both schemes are comparable in BER
analysis. Ramakrishna and Holtzman confirmed that the equality of both multi-rate schemes
holds under the improved Gaussian approximation model. Both studies focus on AWGN chan-
nels. By contrast M. Fan et al. [31] used an exact model to analyze the bit-error rate of a
chip-synchronous CDMA system and showed slight differences between multi-code and OVSF
schemes —and their dependence on received SNR and user population. They then showed
that both schemes are equal in a flat-fading model due to the averaging effect of the fading
amplitude. The significance of inter-path interference on the BER in CDMA was first pointed
out by Chan [16]. As a follow-up, the performance of a CDMA system in a multipath fading en-
vironment with the inclusion of self-interference was studied by Cheun [19]. In his analysis the
standard Gaussian approximation is used. Subsequent analysis by Hwang and Lee [57] showed
that the Gaussian approximation breaks down as the spreading factor is reduced. Based on
similar arguments, Zhang et al. [168] claim that multi-code outperforms OVSF in a multipath
fading channel.

As far as we know, combining methods that reduce inter-path interference or inter-path
interference plus Gaussian noise —as proposed in this chapter— have not appeared elsewhere.
In fact, these procedures are very similar to linear de-correlator and MMSE detection methods
[149] that have been proposed for joint detection of multi-user CDMA signals.
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Appendix 6A
Linear Transformation of Multi-Code Signals

By observing Fig. 6.4 it is obvious that the level-shifted baseband sequence (before pulse
shaping) can be expressed as

pnl - vim]

where p[n] is the common (cell-specific) periodic, level-shifted PN sequence, and the Walsh
modulated data sequence can be expressed as

N
viml=) x l—TEJ

Here wi[m] denotes the m'™ element of the k*h Walsh code. In terms of the Walsh matrix Wy,

< wy[m] (6.51)

wilm] = wign € Wi

is the km!" entry (k'™ row and m*™ column) of the Walsh matrix. For a block of input data

sequence

(berli, %afil, .., i) (652)

of length N, v[m] is the sum of all Walsh codes (of length N), each code wy[m] weighed by its
corresponding data symbol x[i]. In the above equations, we purposely use different indices m
and n for the Walsh and PN sequences to highlight the fact that their clock are not necessarily
the same. In matrix notation, the Walsh modulated sequence of eqn. (6.51) can be written as

v=x-Wn (6.53)

where the vector x is an input data block of length N as given in eqn. (6.52). The Walsh matrix

T
T arl T
WN = [W] Wy .. 'WN}

is expressed in terms of its orthogonal row vectors {wy}. The superscript T denotes vector
transposition. Note that in multiple-channel, single-gain (PC-SG) transmission, the modulating
matrix M consists of a subset of orthogonal vectors of the Walsh matrix:

-
_ [T wT T
M—[wi Wj ...wk}

where M is an M-byN matrix consisting of any M orthogonal row vectors from Wy. We assume
there are M < N parallel CDM channels per user.
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Constant-Amplitude Signals

It is apparent that the Walsh modulated sequence, which is also the linear combination of
N antipodal binary sequences, is no longer binary. In fact it is a multi-level sequence where its
elements

vj[m] € § = {so, s1, ..., sm} (6.54)

belongs to a constellation set S such that its elements
si=2i—M ieNM

Note that the subscript j in vj[m] denotes the index of the component of the vector v and not a
user’s index. For example, if M = 4 the constellation set is

Sa={—-4,-2,024}

It is easy to see that when M is odd, the multi-level signal set is equivalent to (M + 1)-ary pulse
amplitude modulation set Spapm.

Table 6.1: Possible outputs of a Walsh modulated sequence

L X I v[m] | Index | Ty T, I Index I
0000 | (4,0,0,0)
0001 2,2,2,-2) v 1 2,2,2,2) 0

0010 | (2,-2,2,2) v 4 | (2,-2,2,-2) 5
0011 | (0,0,4,0)
0100 | (2,2,-2,2) v 2| (2,2,-2,-2) 3
0101 | (0,4,0,0)
0110 | (0,0,0,4)
0111} (-2,2,2,2) v 8 | (-2,2,2,-2) 9
1000 | (2, -2, -2, -2) v 7| (2,-2,-2,2) 6
1001 | (0,0,0,-4)
1010 | (0,-4,0,0)
1011 | (-2, -2, 2, -2) v 13| (-2,-2,2,2) 12
1100 | (0,0, -4,0)
1101 | (-2, 2, -2, -2) 11| (-2,2,-2,2) 10
1110 | (-2,-2,-2,2) v 14 | (-2,-2,-2,-2) 15
1111} (-4,0,0,0)

\
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To further elaborate the multi-level properties of v[m], we consider the (4 x 4) Walsh matrix:

11 1 + o+ o+
1 -1 1 - + - 4 -
Wy = = 6.55
SN B0 TR RS R + o+ - - (6.35)
1 -1 -1 1 + - -+

By assigning alternating (+/—) weights in the summation of Walsh codes, all 16 possible output
sequences of v[m] can be generated. They are shown in Table 6.1 for M = N = 4. The first
column lists all 16 possible input vectors. The input sequence is X = (X[]], X[2], X[3}, X[4]>
and the mapping for level-shifting is

X[i]=0-1, Xil=1—- -1

The second column lists the resulting Walsh modulated vectors. The third column checks the
resulting vector (from the same row) whose elements v; € 2D, = {—2, 2}. Such a vector is called
constant-amplitude. Let T denote a set of constant amplitude, length-4 vectors whose elements
are from the set 2ID,. It is immediate that T consists of 16 entries, some of which belong to
the subset Ty C T of valid Walsh output sequences. The remaining complementary vectors in
the set T, C T are listed in the fifth column. Note that T; and T, are mutually exclusive and
exhaustive subsets of T; i.e., Ty = (T2)¢ where the superscript “c” denotes the complement.
For convenience, we also list the equivalent decimal value of each binary vector of T in the
columns 4 and 6. For example, the decimal value of (—2,—-2,-2,2) — (1,1,1,0) is 14. Using
this notation, we can state that

Ti=1{1,24,7,8 11,13, 14}
T, = {0, 3,5,6,9,10, 15}

We also define the domain set S consisting on input vectors whose corresponding range is Ty.
When expressed in decimal format,

S1=1{1,2,4,7,8,11,13, 14}

It is seen that T1 = Sy and (S1)¢ = T,. It is no coincidence that exactly half of all possible
Walsh modulated vectors (those in T;) are constant-amplitude. Due to equal energy constraint,
a vector with an element +4 must contain three zeroes. By permutation, there exists eight
such vectors and the remaining eight are constant-amplitude. This issue of constant-amplitude
signal design to not directly related to our study of CDM transmission in the downlink. This is
due to the fact that the linearly combined signal in a CNDM transmitter is always multi-leve] —
independent of the type of multi-rate transmission scheme used, PC-SG or SC-RG. Furthermore,
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the issue of power amplifier linearity and its efficiency is not critical at the base site. However, if
multi-code (PC-SG) transmission were to be used in the uplink mobile handset, the amplitude
fluctuation of the transmit signal can cause unwanted signal distortion and spectral leakage. For
that matter, we are interested in particular cases where a Walsh modulated sequence retains
the constant-amplitude property.

Precoding

In the above fairly simple example, N = M = 4. We would like to be able to understand
the partitioning of the sets T; and T, for larger values of N and M. This information is useful
when measuring the peak-to-average amplitude ratio of the Walsh modulated signal. (A higher
peak-to-average amplitude ratio may require less power-efficient linear amplifiers [24].) It has
been shown in [157] that a constant-amplitude Walsh modulated sequence of length 4 can be
constructed for a block of 3-bit input sequence by appending a fourth data bit that satisfies
the “parity-check” equation. This coding technique is known as precoding. The technique is
straightforward: For every 3-bit input sequence

(X1, XGi+ 1), Xli +2))

a parity-check X[i + 3] that satisfies the following equation

Xi+3 =Xl eXi+1eX[i+2 (6.56)

is appended such that their corresponding Walsh modulated sequence v[n] is constant-amplitude.
The over-bar denotes binary (modulo-2) complement. In terms of antipodal sequences, the
parity-check equation is

x[i 4 3] = —(x[i] - x[L + 1] - x[i + 2)) (6.57)

In order to generate constant-amplitude vectors, we know that the valid input vectors must
belong to S;. By observing Table 6.1. we note that the first three bits (X[i], XA+1], Xh+ 2])
of vectors in St span all possible 3-bit patterns from [000] to [111]. The only requirement now
is to devise a boolean relationship that results in the fourth bit being equal to X[i + 3]. It can be
deduced that the fourth bit is an inverted sum of the first three. By iteration, it has been shown
by Wada et al. [157] that for any complete set of Walsh codes of length N = 4™ for m € Z,
a block of input sequence of length 3™ can be appended with parity-check bits such that the
resulting Walsh modulated sequence is constant-amplitude. The drawback of precoding is that
the effective bit rate is reduced by a factor of (3/4)™. Furthermore, if a single CDM channel
carries a bit rate of R bps, then possible multiple bit rates of PC-SG transmission, combined
with precoding, are limited to 3™ R bps.
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Walsh Code Symmetry

The construction of the parity-check equation in eqn. (6.56) is straightforward since it is
based on the observation of all possible input vectors in Table 6.1. In the section we present
an alternative observation that takes into account the “symmetric” structure of a Walsh matrix.
For the (2 x 2) matrix

Wy =

tot } (6.58)
_+_

All possible outputs are
[+o0 [-0 o+ [0-]

It is apparent that the construction of constant-amplitude vectors is not possible. Next, consider
the (4 x 4) matrix

+ + +

— .+. —_—

+ —_ —

+ - - +

Wiy = (6.59)

+ 4+

Note that wy4[1] and w4[3] (as well as w4[2] and w4[4]) siblings®. All possible sums of w4[1] and

wy[3] are
[+ + 00] [00 + +] [—— 00] 00 — -]

It is obvious that the above sums are identical to those in eqn. (6.6.5) when Walsh chips are
treated as square waveforms; i.e., with (++)” in place of (4). Similarly, for w4[2] and wy[4] all

possible sums are
[+ — 00] (00 + —] [+ 00] (00 —+]

They are also identical to the sums in eqn. (6.6.5) when the basic unit (+—) is substituted
for (+). In every summation we notice that the “zero” output occurs in either the first or the
second half of the vector, depending on the values of the input sequence. This result is an innate
property of recursive Walsh codes since a pair of children codes (xx and xX) are generated by a
mother code (x) by concatenation and inversion. We now have enough knowledge to construct
the parity-check equation of a precoder:

1. We first freely choose any pair of sibling Walsh codes. Their data modulated sum intro-
duces a zero vector in the beginning or latter half of the output vector.

2. We then choose another pair of sibling codes. One of them is data modulated while the
other is parity-checked such that it inserts the zero vector in the opposite half. Thus, the
sum of all data modulated vectors is constant-amplitude.

°In general, wi [k} and wi [k + N /2] are siblings. See Ch. 4, Sec. 4.5.3 for a discussion on the tree structure of
Walsh codes.
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It is easy to see that the above construction is valid for the sum of any four Walsh codes of
arbitrary length N. The above procedure for M = 4 parallel channels can be generalized for
M = 16 and higher M = 4™, m > 2. For the (16 x 16) matrix, it can be shown that the sums of
siblings are (assuming the weights are all 1’s)

= [++, ++, ++, ++, 00000000]
+—, +—, +—, +—, 00000000}
+4, ——, ++, ——, 00000000}
+—, —+, +—, —+, 00000000]

vi = wigll] + wigl9]
v2 = wiel2] + wigl10] =
vz = wigl3] + wigll1

[
[
] ] =
va = wigld] +wigl12] =
] [
[
[
[

vs = wiel5] + wig[13] = [++, ++, ——, ——, 00000000]

ve = wigl6l +wig[14] = [+—, +—, —+, —+, 00000000]

vz = wigl7] + wigl15] = [+, —, —, ++, 00000000]
[

vg = wigl8] + wigll6] = [+—, —+, —F, +—, 00000000]

We did not show the outcome of the sum for other input combinations. It is, however, straight-
forward to see that the effect of different input sequences (e.g. +—, ——, —+) is t change the
signs or swap the zero vector (from second half to first half) or a combination of both. Note
that on the first half, we have created a Walsh matrix of length 8. Note also that s, and sy 4
are sibling pairs. Their sums are

$1="v1 +vs = [++, +4, 00, 00, 00000000]
$2 = Vv2 + Vg = [+—, +—, 00, 00, 00000000]
$3=Vv3+v7= [++, ——, 00, 00, 00000000}
s4 =vq+vg = [+—, —+, 00, 00, 00000000}

We now have enough knowledge to construct the parity-check equation of a precoder:

1. We first freely choose two input bits for any pair of sibling Walsh codes. For convenience,
we choose the first sibling pair wig[1] and wi4[9]. Depending on the value of the 2-bit
input sequence (say, [xjx2]), the zero vector (say Z;) will lie in the first or second half
of the modulated vector. Let the k*"* output vector of a pair of siblings be vy. (For easy
tractability, we will give an example by letting v = [x x 0 0], i.e., the zero vector lies in
the second half. The symbol “x” denotes any non-zero vector.)

2. The input bits [x3x4] for the next pair of siblings wig[5] and wig[13] are freely chosen.
Here we have two different outcomes: its zero vector (say, Z;) lies in the same half as Z1,
or it lies in the other half. We consider only the first case where both zero vectors Z; and

Z, lie in the same half. The algorithm for the other case follows along the same reasoning.
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(In our example vs = [x x 0 0].) Their sum s; = (v + v5) now has a zero vector Z3 (of
length 4) either in the first or the second “quarter.” (In our example, set s; =[x 0 0 0].) In
order to maintain constant-amplitude output, the next sum s, must have a zero vector in
the same half as Z;, and another zero vector (of length 4) in the other quarter of Z3. For
the next set of siblings, say wig[2] and w1¢[10], two input bits [x5x¢] are freely chosen. If
the output v, has a zero vector Z, in the same half as Z;, then its complementary sibling
pair must be modulated such that their sum s; has a zero vector in the other quarter of Z3.
Let’s assume this is the case. Then the sibling pair wig[3] and wi[11] are modulated by
two parity-check bits. Hence, we have completed constant-amplitude output in one-half
of the final output.

The next pair of siblings, wis[4] and wig[12] (and similarly for its complementary pair
wigl5] and wig[13]) must have corresponding zero vectors Zs and Zg in the other half of
Z1. To satisfy this constraint, only one of two input bits is free. Let’s denote these free

input bits by x7 and xs.

For the next set of siblings w1¢[6] and w1g[14], only one of two input bits is free since its
zero vector lies in the same half as Zs. Denote this bit as x¢. Their sum s3 = v3 + vy has a
zero vector Z7 in one of the two possible quarters.

For the last remaining pair of siblings wg[7] and wig[15] and its complementary pair
w16l8] and w1g[16], all four input bits must be parity-check such that their sum s4 has a
zero vector in the same half as Z5 and another zero vector in the other quarter of Z7. This
step completes the constant-amplitude property on the other half.

Thus far we have showed precoding procedures that result in constant-amplitude output
vectors. In particular we give modulation algorithms for 4- and 16-parallel PC-SG trans-
mission modes. Procedures for other transmission rates where the number of parallel
channels equals M = 4™ can be derived analogously. We now address the question of
whether other rates besides M = 4™ for feasible for PC-SG constant-amplitude transmis-
sion. We use M = 8 as an example. For the (8 x 8) matrix, it can be shown that the sums
of siblings are (assuming the weights are all 1’s)

v1 = wgl[1] + wg[5] = [+ + ++, 0000]
vz = wg[2] + wg[6] = [+ — +—, 0000]
vz = wgl3] + wgl[7] = [+ + ——, 0000]
vg = wgl[4] + wgl8] = [+ — —+, 0000]

It is obvious that the sum of two output vectors listed above does not result in a constant-
amplitude vector. Thus the precoding procedure is not possible for M = 8.
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Linear Parity-Check Coding

Based on above discussions on precoding, we witness some other interesting properties of
Walsh modulated sequences as tabulated in Table 6.1. Note that each of the remaining eight
input vectors of (S1)¢ in column 1 has the same first three bits as a vector v in T;. For example,
[0000] and [0001] have the same first three bits. We also notice that for every vector vin Ty, there
exists a complementary (constant-amplitude) vector u that belongs to T,. (The complement
of v (in column 3) is listed in the same row in column 5.) For example, [2,2,2,2] € T is the
complement of [2, 2,2, —2]. It may then be possible to linearly map every input vector x; € (S7)¢
to a vector u; € T,. It can be seen from columns 3 and 5 that all vectors in the sets Ty and T,
have the same weight distribution. We also observe that any vector U of T, can be generated
from a three-bit input vector Y using the following matrix equation:

U=Y®s, (6.60)
where
1 0 01
Go=101 01 (6.61)
0 0 1 1

is the generator matrix of a linear, systematic parity-check code. The symbol ® denotes vector
multiplication in binary Galois field GF(2). (The truth tables of GF(2) arithmetic is given in
Table 4.1.) We know immediately that due to the linearity of block coding, the output vector
U € T,. Furthermore, any precoded Walsh modulated sequence can be generated using the
same parity-check generator matrix by modifying the modulating Walsh matrix:

.
Wi, = [w1T wlwl — w}] (6.62)

such that the fourth row vector is sign-inverted. For any three-bit input vector Y, we denote the
output of a linear block code with a generator matrix G, by

Q=Y®G,
Its level-shifted antipodal sequence is denoted as q. It is straightforward to show that
v=gq- - W\

is a precoded, Walsh modulated sequence of Ty. The orthogonal modulating matrix is the
modified Walsh matrix of eqn. (6.62). If we, however, repeat the above steps with another
orthogonal matrix (the identity matrix I), it is readily shown that

v=q-2In
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the output vector v € T. Since precoding involves inversion of the sum of three input bits, its
coding operation is non-linear; that is, the output vector cannot be expressed as in terms of an
input vector and a generator matrix. However, as shown above, by modifying the conventional
Walsh matrix, we show that precoding is in fact a parity-check encoding followed by orthogonal
modulation. We then show that parity-check encoding followed by another orthogonal (iden-
tity) matrix results in a dual code. Since the (code) vectors from both sets Ty and T, have the
same weight distribution, their (Euclidean or Hamming) distance properties are also the same.

(0.2) t\\
0 =}
(-2.0) (2.0)
B e B i —_ —

(0.-2)
~ ’ 0 rotated vector
|

(a) (b)

Figure 6.20: Constellation of Walsh modulated output (a) original (b) n/4 rotated

Relation between OVSF and Multi-Code Transmission Schemes

For a special case where the number of parallel channels M = 2™ the multi-level output
vector can be rotated such that the resulting sequence is antipodal and constant-amplitude. We
first describe this technique for the simplest case of M = 2 and later generalize it for larger M.
For the purpose of illustration we assume M = N. For a 2-bit input sequence, all four possible
Walsh modulated output vectors are shown in Fig. 6.20(a) as points in a two-dimensional
constellation. The (x, y) basis vectors are (1,0) and (0, 1). This constellation resembles that of
4-QAM or QPSK. It is well known that by 7t/4 rotation along the origin, the new signal points
become constant-amplitude. This is illustrated in Fig. 6.20(b). It is equivalent to 71/4-QPSK set.
The 7t/4 (clockwise) rotation matrix R is

1 1 -1 1
RZZ"*“ {] ]}—_ﬁxz (663)

A rotation matrix belongs to a special class of square matrices known as orthonormal matrices.
A higher-order rotation matrix can be generated recursively according to the following rule:

Xn XN
Xn XN

1
RoN = —=—

V2N
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All orthonormal matrices Q satisfy the following identity:
QT — Q—1

That is, an inverse exists and it is equal to its transpose. For reflection matrices T such as the
recursive Walsh matrix, we already know that it satisfies another equality:

T =T '=kT

where k is a normalization constant. We will set k = 1 since the matrix can always normalize
the original reflection matrix such that T~' = T. Note that for a rotation matrix, R # kR™.
We see immediately that the Walsh matrix (due to its reflective property) can be used for both
parallel channel modulation and demodulation. Another reflection matrix is the identity matrix.

We now show that the reflection property also applies to the product matrix of Walsh and
rotation matrices

P, =W:-R;

LRI R

For an arbitrary N = 2™ it can be shown by induction using eqn. (6.63) that the product matrix
Py is an alternating identity matrix Jy such that

Don = V2N In On
On JIn

where O is an (N x N) zero matrix and

10
J =

At the demodulator the inverse of the product matrix is

-1 — R—1 . W—]

T:JT

J7'=(W-R)
=R"-Wl=(W.R)

Since J is diagonal, it is also a reflection matrix (J~' = J). Note that in general, for two arbitrary
orthonormal matrices,

Q1-Q:# (W-R)™

Based on above results, a rotated, Walsh modulated output vector can be expressed as

SR=X-W R



332 Chapter 6: Multi-Rate Transmission Schemes

where x is a level-shifted antipodal binary input sequence. If we replace the rotation matrix by
a normalized Walsh matrix (a reflection matrix), the reflected output is

sT=x-W-T
1 eweowe
- VN ~ VN
This, in fact, is the output of OVSF modulation. The reflected output along the dashed line
m—n is depicted in Fig. 6.21.

X

O reflected vector

(b)

Figure 6.21: Constellation of Walsh modulated output (a) original (b) reflected

If the channel and its induced additive noise are transparent to orthogonal transformations such
as rotation and reflection, both OVSF and multi-code transmission modes have the same system
performance. Note that an orthogonal transformation does not change the distance property of
a signal set. An example of a transparent channel is the ideal AWGN channel since the Gaussian
noise process is spherically symmetric (or rotationally invariant). We illustrate this model in
Fig. 6.22.
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mapping transform spread despread transform mapping
. -1
x analog wideband analog __{_
w T mod. channel demod T W
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Modified model of a SSM communication system with the inclusion
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igure 6 of linear orthogonal transformations
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RESOURCE ALLOCATION ALGORITHMS

Summary

In Chapter 3 we show that a resource allocation policy based on code-division multiplexing
provided several advantages over time and frequency sharing. The equivalence of orthogonal
CDM to TDM and FDM schemes in terms of achievable rate region is predicated upon the
assignment of many parallel orthogonal code channels to each receiver in a broadcast setting.
In Chapter 6 it is proven that it may not be necessary after all to use parallel binary orthogonal
code channels; instead, a single binary orthogonal code with variable spreading and duty cycle
suffices for an arbitrary rate transmission. Bit-error-rate analysis of uncoded binary data in
Chapter 6 shows that both single and multiple code channel schemes are equivalent in the sense
that one can be substituted in place of the other without affecting the BER of the designated
receiver or other interfering receivers in the system. Therefore, it is concluded that CDM with
single binary code channels is the preferred option due to its simpler, and readily scalable
receiver design structure.

In this chapter it will be shown that there is a catch to this equivalence. The BER analysis
is a measure of the link quality per channel. It does not measure the overall throughput of the
system. The throughput of single-channel, reduced gain CDM scheme (SC-RG CDM) can still be
smaller than its alternative parallel-channel, single gain CDM (PC-SG CDM) if a condition called
orthogonal code blocking is not removed. Code blocking is a code assignment constraint that
occurs only when recursive orthogonal codes are used as signature sequences. It is irrelevant
when the set of orthogonal codes are non-recursive. However, it is also important to note
that recursive orthogonal codes facilitate seamless multi-rate data transmission. Details on the
nature of code blocking and procedures for its removal are presented in this chapter.
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There are two alternative methods of removing code blocking: horizontal and vertical code
reassignments. Both involve the release of an assigned binary code and reassignment of another
binary code. Hence, this is a (code) scheduling task that must be handled by a broadcaster in
coordination with its target receivers. If the newly assigned code is a relative of the released
code, we call such procedure vertical reassignment. If the reassigned code is a sibling, the
procedure is called horizontal reassignment. We show that the former is suited for bursty data
connections where a large ratio of peak-to-average transmission rate is tolerated. The latter
scheme supports zero latency; thus, it is the preferred option for delay-sensitive constant-rate
applications such as voice and live video. In practice, the central controller (the broadcaster)
in a CDM based communication system must adopt a single resource allocation policy that
efficiently handles both bursty and constant-bit-pipe connections. The implication is that the
chosen reassignment policy may need to support both horizontal and vertical reassignments
at the same time. Such a procedure will be called combined reassignment policy. It becomes
apparent that SC-RG CDM with combined reassignment is not only equivalent to PC-SG CDM
in terms of system throughput, but is also the preferred multi-rate transmission scheme due to
its natural ability to support statistical multiplexing of mixed (bursty and constant rate) data
channels.

We summarize the main results below:

m OVSF code blocking is unique only to recursive orthogonal codes. We wish to eliminate
code blocking for two reasons: First, in a single-channel multi-rate CDM system with
constant rate connections, the network capacity is reduced by as much as 25% (due to
code blocking) compared to an alternative CDM multi-rate system that employs parallel
orthogonal code channels. We, however, do not promote parallel channel CDM (multi-
code CDM) due to its increased receiver complexity for multi-rate reception. Second,
with a large capacity penalty due to code blocking in SC-CDM, a competing multiplexing
scheme such as TDM may seem more appropriate for multi-rate communication.

m Horizontal code reassignment is ideal for constant rate, delay-intolerant connections. We
devise a code reassignment algorithm that is optimal in minimizing the number of reas-
signments. The algorithm prefers over-population of the code tree.

m Vertical code reassignment is ideal for bursty connections that are delay tolerant. We
propose an efficient algorithm that maximizes bandwidth utilization and also guarantees
finite bounded delay. The algorithm prefers under-population of the code tree.

®m In order for a SC-CDM based system to support both constant rate and bursty connections,
OVSF codes must be reassigned both horizontally and vertically. At first glance it appears
these assignment policies are in conflict since one prefers under-population while the
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other desires over-population. We prove otherwise by describing a combined assignment
strategy that affords statistical multiplexing of mixed-rate channels —a provision that is

not readily adaptable in a parallel channel CDM based system.

layer Walsh codes
number

(b)
-1

Similarity between two Walsh coded sequences. Each se-
Figure 7.2: quence cannot be decoded uniquely since one Walsh code
is an ancestor of the other.

7.1 Orthogonal Variable Spreading Factor Codes

The properties of recursive binary orthogonal codes of variable length are already discussed
in Chapter 4. A quick review is given here. Fig. 7.1 shows an orthogonal variable spreading
factor (OVSF) code tree with 16 leaves. All (16+8+4+2)=30 nodes in the tree are valid OVSF
codes. The topmost code is the root code. From the root code [X], its two children codes —
[XX] and [XX]— can be generated by concatenation. If [X] is a vector of length n, we assume
X e (]Dz) ™ i.e., an OVSF code is antipodal binary-valued. All OVSF codes in the same row are
called cousin codes. All codes linking code A to the root code (inclusive) through the shortest
path are called ancestor codes of A. All codes branching from an OVSF code are its descendant
codes. The relatives of a code comprise of both its descendants and ancestors. (A warning
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about our convention: A cousin code is not a relative!) Two codes are orthogonal if and only if
one is not a descendant of the other. Thus, a code and its relatives are not orthogonal. Once
a particular code is assigned (to a receiver), simultaneous use of its descendant or ancestor
code(s) is not allowed because the encoded sequences may be indistinguishable. An example is
shown in Fig. 7.2 where a binary data sequence (+1,—1) is encoded (or modulated) using two
different Walsh codes. The top waveform (labelled (a)):

(+1)—1)—_1)+]7—]v+]»+])_1)

is the resulting encoded sequence modulated by a Walsh code W4(4) = (+1,—1,—1,+1). The
encoded sequence spans over an interval [0, 2T]. The bottom waveform, labelled (b):

(+]v_1)_1)+1)

uses a shorter length Walsh code W;(2). A shorter length code supports a higher data rate,
and this is the reason why the encoded sequence spans only over the interval [0, T]. We see
immediately that within the interval (0, T], both waveforms (a) and (b) are identical. In essence,
the most important property of OVSF codes is the constraint that only mutually orthogonal
codes can used for simultaneous data transmission and channel multiplexing.

Another insightful interpretation of OVSF codes is its equivalence to binary prefix-free codes
when [X] € F,. By definition a binary code is prefix-free if its prefix is not the same as another
valid binary code. Because OVSF codes are generated recursively, a code and its relatives have

the same prefix. In our example, W>(1) & [X] =0 and W,(12) & [X] =1,
Wy(1) & (0) W4(2) & (01) Ws(4) & (011)

Note that in binary prefix-free code construction, a child code is tagged either ‘0’ or ‘I’. (Cau-
tionary note: Binary prefix-free codes described here are “conventional” type. See page 191
for a different description based on binary Hadamard sequences.) Since they all have the same
prefix, they are not mutually orthogonal. However, Walsh codes that are not relatives, for ex-
ample, W4(4) & (11) and W>(1) & (0) are orthogonal. If we label each node in the binary tree
by an binary vector over F,, we see that the assignment of OVSF codes for channel multiplexing
is equivalent to the construction of variable-length binary prefix-free codes. (Prefix-free codes
are discussed in [22]).

If the maximum spreading gain is Npq, and the information rate of a leaf code is R bps,
the chip rate is Npax R cps (chips per second). Equivalently, each information bit {+1,—1} is
mapped to a leaf code A or its inverse A of length Npq. Since two binary orthogonal codes
of length 2L are generated from their parent code of length L, OVSF codes are called “recur-
sive.” It is this recursive property of OVSF codes that allows a code channel to support variable
transmission rates. Since the underlying communication system uses a single chip rate for
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transmission, we deduce immediately that the parent code of a leaf supports information rate
of 2R bps. By going one step further, we know that the grandparent code of a leaf code supports
an information rate of 4R bps and so on. In general, an OVSF code channel can vary its data
rate by powers of 2 by sliding vertically to its relative code. There is no change in information
rate if the sliding is horizontal.

blocked assigned
@code . code

Figure 7.3: OVSF code blocking

7.1.1 Code Blocking in OVSF-CDM

In parallel channel-single gain CDM (PC- SG CDM), k mutually orthogonal leaf codes are
allocated to a receiver requesting an information rate of kR bps. In OVSE-code-based single
channel-CDM (SC-CDM), the system may not be able to support the same rate even though k
leaf codes are vacant. Consider the example shown in Fig. 7.3. Assume the system is code-
limited; i.e., it can support a maximum capacity of Npmax R bps with Nqx leaves, and each leaf
supports R bps. If codes Ws(1), Wig(3) and Wi4(5) are already assigned, the “used” capacity in
the left sub-tree is 4R bps, and the unused capacity is (8 —4) = 4R bps. However, codes W;(1),
W, (2), Ws(2) and Wj5(3) are blocked by their respective descendant codes. Only Wg(4) of rate
2R is available for assignment, even though the free capacity in the sub-tree is 4R. As a result,
a new connection requesting 4R bps is blocked in SC-CDM. In PC-CDM the call is supported by
assigning leaves Wig(4), Wig(6), Wig(7) and Wig(8).

Definition We define OVSF code blocking as the condition that a new connection cannot be
supported although the system has excess capacity to support the requested information rate.

7.2 Dynamic Assignment of OVSF Codes

It is important to note that code blocking only occurs in higher layer codes. It is evident
from the code tree (Fig. 7.3) that the higher the requested data rate, the larger the blocking
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probability. Overall, the system throughput of SC-RG CDM will be much less than that of PC-SG
CDM due to code blocking. For practical reasons a resource allocation policy that requires a
single-channel receiver design —regardless of the information rate— is desired. Our immediate
concern is to develop a procedure where SC-RG CDM can maintain the same system throughput
as PC-SG CDM with some modifications to its code assignment policy. In the following sections,
we propose two very different alternatives that remove code blocking completely. They both
require the release and reassignment of OVSF codes while the connection is active; i.e., they
are make-before-break options where information transfer is uninterrupted.

Figure 7.4: Complete overpopulation of OVSF sub-tree

7.2.1 Horizontal Reassignment

The code blocking case in the left sub-tree of Fig. 7.3 can be removed if the active channel
with Wig(5) releases its assigned code, and it is reassigned the vacant Wyg(4). Now, Wy(2) of
rate 4R is available for a new connection. The new topology of the sub-tree, as shown in Fig.
7.4, is called completely overpopulated. The assigned codes are packed as densely as possible.
Coding blocking does not occur when a (sub) tree is completely overpopulated. Because the
code sliding is horizontal, all active channels retain their information rates after code reassign-
ments. It is easy to see that this policy is suitable for applications that require constant bit-rate
connections with zero latency. The optimality criterion is the minimization of the number of dis-
turbances (i.e., the number of code reassignments) to active channels such that a new call with
its requested rate can be supported. We present such an optimal horizontal code assignment
algorithm in Sec. 7.3.

7.2.2 Vertical Reassignment

Let us revisit the code blocking case in the left sub-tree of Fig. 7.3. Without horizontal
reassignments, a user requesting rate 4R has two options: it must be content with an assigned



7.2 Dynamic Assignment of OVSF Codes 339

W)

c 3
:0
e %

W ()

£
]
-
-

user W (1)

us;r W.(2)

bt

time frame

Figure 7.5: Vertical reassignment of OVSF codes

code Wg(4) of 2R, or it can be assigned a parent code W4(1) of 8R with 50% duty cycle for an
average rate of 4R. The latter approach has immediate consequences on the rest of the system
with active channels. All remaining active channels must also slide their assigned codes to their
respective parent codes. This scenario is shown in Fig. 7.5. Obviously, this is a combination
of vertical code sliding and time sharing. In the extreme case (Fig. 7.6) where each active
channel slides to the root code, the resulting policy is clearly time-division multiplexing. A
major drawback of TDM is its large peak-to-average information rate ratio, resulting in a large
delay gap between information bursts. It is clear that CDM with vertical code sliding and time-
sharing is a compromise between CDM with horizontal reassignment (no latency) and TDM
(maximum latency). Its attractive features are the complete removal of code blocking and
reduced complexity in code scheduling since no code swapping is involved; instead, a receiver
needs to adjust its correlation window in accordance with the information rate. In Sec. 7.4,
we describe an efficient vertical reassignment algorithm that minimizes latency and backlog of
information packets.

W(1)

new user puser| user
user 1

E I‘"“" time frame _“"i

Figure 7.6: Extreme case of vertical reassignment: time-division muiltiplexing
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Figure 7.7: complete Under-population of OVSF sub-tree

7.2.3 Combined Reassignment

In the horizontal reassignment policy, code reassignments take place only once when a new
call arrives. This is the call-by-call basis reassignment. In vertical reassignment, the time shar-
ing operation takes place in every time frame. Because of the burstiness of information packets
from each information source, the reassignment strategy must be preformed dynamically on a
packet-by-packet basis. It is also possible to combine both horizontal and vertical reassignment
policies. The benefits of this synergic approach is in the reduction of horizontal reassignments
(reduction in control signal overhead), statistical multiplexing capability (maximizing total ca-
pacity) and increased smoothness (less choppiness) of information transfer (bounded latency).
The downside is an increase in complexity for code scheduling —mainly due to conflicting ob-
jectives in desirable topology configurations for vertical and horizontal reassignment policies.
Let us elaborate further. In horizontal reassignment policy, the optimality criterion is to support
a new call with the minimum number of reassignments for active channels. The ideal topol-
ogy of a code tree is complete overpopulation where assigned codes are all concentrated in
a portion of the tree such that the rate of a vacant code is maximized. (This is illustrated in
Fig. 7.4.) For vertical reassignments, the opposite is desired; i.e., a completely underpopulated
code tree (see Fig. 7.7) has the smallest peak-to-average information rate ratio. The ultimate
goal of a combined assignment policy is to strike a balance between horizontal and vertical
reassignments.

It is foreseen that future mobile communications systems must be able to support all kinds
of mobile data applications that are bursty, steady, delay-sensitive etc. A CDM broadcaster that
supports only one —but not both- reassignment policy is not viable in practice. A simple, but not
very efficient, option is to partition the code tree into two sub-trees. One sub-tree is dedicated
to constant-bit rate connections (with horizontal reassignment policy) while the other sub-tree
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supports vertical sliding with time-sharing. We notice immediately that the peak information
rate of a connection is reduced by tree partitioning. Moreover, an active channel must relin-
quish its active channel and queue for a new channel once its mode of information transfer is
changed in nature, say from constant to bursty rate connection. We can do better than a simple
tree partitioning. This topic is further discussed in Sec. 7.5.

7.3 DCA Algorithm for Constant-Rate Channels

For constant-rate connections that demand zero latency, the only dynamic code assignment
(DCA) policy is horizontal reassignment. The algorithm involves three steps:

1. A check on the system capacity to see if a new connection with its requested rate can be
supported by reassigning OVSF codes for ongoing connections. If not, the new connection
is blocked.

2. If there is enough excess capacity, the target OVSF code must be evaluated. Based on the
requested information rate, we are required to only search for sibling codes from a single
layer of the tree. The code that minimizes the number of reassignments is our target code.

3. Once the target code is determined, we must reassign all of its actively assigned descen-
dant codes. This step may trigger the reassignment of OVSF codes in other parts of the
tree.

7.3.1 Optimal Dynamic Code Assignment Algorithm

Our goal is to design an algorithm that minimizes the number of necessary reassignments of
occupied codes to support a new connection. This is our chosen optimality criterion. We have
selected this criterion because it causes the least amount of interruption to ongoing connections.
If another optimality criterion is desired —such as overpopulation of a code tree, then the
resulting reassignment algorithm will be very different from what we propose here. The key
idea underlying our optimal algorithm is to associate a cost function with each candidate branch,
and to assign the root code of a minimume-cost branch to the new call. (A xR branch has an
OVSF code of rate xR as its root code.) The cost function is only defined when there is excess
system capacity, i.e., when the capacity-test equation (7.2) is a strict inequality —before the
new call is accepted.

Definition Under the assumption that the system has excess capacity, the cost of reassigning an
occupied code C is defined as the minimum number of code reassignments (including C itself)
necessary to reassign C to some other branch D and subsequent reassignments of all active
descendant codes in branch D.
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(a)

\-”’/

(b)

Cost of reassigning a 4R code. In (a), the cost is 1 since there is an
Figure 7.8: empty branch. In (b), the total cost is 3 since two leaves (each of
cost 1) must also be reassigned.

Since the reassignment of a leaf code of rate R results in no additional code reassignments but
itself, by definition its cost is 1. Fig. 7.8 illustrates the cost of reassigning a 4R code. As can
be seen from the figure, the cost depends on the topology of other branches. When there is
an immediate vacancy in another branch, the cost is only 1 (Fig. 7.8(a)). The cost is 3 for the
topology in Fig. 7.8(b). It is equally useful to measure the cost function of a branch; this is the
sum of costs of reassigning all active codes contained in the branch. We see immediately that
the maximum cost of any 2R branch is 2, that of any 4R branch is 4 and so on. The challenge
of implementing an optimal algorithm lies in searching for a minimum-cost branch efficiently.
This is because the cost of reassigning an occupied code in one branch is a function of the cost of
reassigning codes in other branches. A straightforward implementation of the algorithm using
the cost function would compute the cost of all branches using a recursive procedure. This
would require an exponential amount of computations because the procedure must be iterated
for descendant codes as well. Fortunately, several key observations (Theorems 7.2 and 7.3)
regarding the optimality of code reassignment can help us significantly reduce the complexity
of searching for a minimum-cost branch. Before we present an efficient search algorithm for a
minimum-cost branch, we first outline the steps in the execution of our optimal DCA algorithm:

1) Check if the new call with rate kR bps can be supported, i.e. its requested rate is within
the system capacity (Theorem 7.1). If so, go to Step 2. If not, block the call.

2) Find a minimum-cost branch where the root code supports rate kR bps. (Theorem 7.2
ensures that there is no need to search for branches with higher root code rates.) This step



7.3 DCA Algorithm for Constant-Rate Channels 343

can be achieved by using, for example, an optimal topology search algorithm described
later in this section.

3) Once a minimume-cost branch is found, the root code of the branch is assigned to the
new call. If the branch is empty, the root code is assigned to the call and the process is
complete. Otherwise, it is necessary to reassign the (occupied) descendant codes of the
branch as described in step 4.

4) Reassign to another branch the code with the highest data rate among the descendant
codes first. If there are more than one descendant code with the highest data rate, it can
be chosen arbitrarily among them. (This procedure is sufficient to maintain optimality of
the algorithm. See Theorem 7.3.)

5) To reassign a code (with the highest data rate among the descendant codes), go back to
Step 2 by treating it as a new call requesting its rate. The above algorithm guarantees
that a code is assigned to a minimum-cost branch in each iteration. It can be proven that
the resulting total number of code reassignments is always minimum.

Capacity Test: Code-limited Case

Let R bps be the data rate supported by a leaf code. The code tree consists of N4, leaves.
Then, in an idealized code-limited (single-cell) case, the system capacity is equal to N axR
bps, where Niyqx = 2™, m € Z;. This is based on the assumption that all assigned codes
are mutually orthogonal, and there is no multiple access interference among them. Thus, the
system has Nqx parallel single-user channels, each channel supporting a data rate of R bps. If
L is the total number of users in the system and k; = 2™, n; € Z., is the rate factor of user M;
whose assigned data rate is kiR bps, then we must have:

L
Z_ ki < Nmax (7'1)
i=1
Rewriting (7.1):
L
PR (7.2)
i=1

where the integer r; = m — n;. Since each assigned OVSF code in a CDM system is equivalent
to a prefix-free binary code, the capacity check (7.2) is simply an alternate form of Kraft’s
inequality. We now state the following:

Theorem 7.1 If the requested data rate of an incoming call is within the system capacity, i.e. it
satisfies Kraft’s inequality, (7.1) or (7.2), the call can be supported by code reassignments.
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Proof of Theorem 7.1: It is well known [22] that given a set of integers i, i € ZI, satisfying
Kraft’s inequality, prefix-free binary codes of code lengths r; can be constructed. From (7.2),
OVSF codes with data rates k;R bps can then be constructed correspondingly. [

Capacity Test: Interference-limited Case

An ideal code-limited CDM system is meaningful in a single or isolated cell wireless envi-
ronment. However, in a multiple-cell wireless environment, multiple-access interference from
neighboring cells must also be taken into account when computing the system (or cell) capacity.
As a result, the capacity is less than NoxR bps [40]. In this case, the capacity test using Kraft’s
inequality is modified as follows:

- 1
Y rm<o (7.3)
i=1 b

where D > 1 is the effective reuse number of a CDM system in a multiple-cell environment.
For example, if the total number of codes that can be supported in the forward link of a CDM
system is 44 (out of 64) [40], D equals 64/44. In a code-limited case, we assume that the rate
factor of user M; (of rate kR bps) is ki. In a multiple-cell environment, the rate factor k; must
also take into account the additional interference from users in neighboring cells.

Theorem 7.2 In step 2 of the above DCA algorithm, to assign a code of rate kR bps, it is sufficient
to consider only branches of root code rate kR bps to maintain optimality of the algorithm.

The proof is given in Appendix 7.A.

Consider the example shown in Fig. 7.8. Assume that a second-layer code needs assignment.
There are 8 second-layer branches (indexed 1 through 8 from left to right). Theorem 7.2 states
that branches 7 and 8 need not be considered as possible candidates because their root (parent)
code in third-layer branch 4 is already occupied. In order to assign a code with branch number
7 or 8, we must first reassign the parent code. It is more costly to reassign a higher layer code
than other lower layer descendent codes (leaf codes in this case). Among the second-layer
branches, 4 and 5 can also be eliminated from the candidate pool because both are already

assigned.

Theorem 7.3 In step 4 of the DCA algorithm, reassigning a code with the highest data rate among
the descendant codes first is sufficient to maintain optimality of the algorithm.

The proof is given in Appendix 7.B.

When a minimume-cost branch is located, all its occupied descendant codes (if any) must
be reassigned. It is of course possible to reassign leaf codes first. However, all leaf code reas-
signments have a cost of 1, and the new branch numbers can be chosen arbitrarily. Erroneous
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selection of new branch numbers for leaf codes (or lower layer codes in general) can lead
to higher costs for higher layer codes that need reassignments. Theorem 7.3 states that the
minimum cost criterion is maintained if a code with the highest data rate is reassigned first.

7.3.2 Minimum-Cost Branch Search Procedures

To complete the description of our code reassignment algorithm, we present several algo-
rithms that search for a minimum-cost branch. It is important to stress that any of the fol-
lowing searches can be used to locate a target branch. Some searches will indeed identify the
minimum-cost branch while others will not. Regardless of the selected search procedure, the
reassignment algorithm completely removes code blocking. As we shall see next, searches that
locate a branch with the minimum cost are generally more complex.

Exhaustive Search

In an exhaustive search algorithm, the cost of every candidate branch is computed. This
would require computing the cost of reassigning every (occupied) descendant code contained
in a branch. Since reassigning a code to another branch would involve reassigning codes of that
branch and other branches, a chain reaction type of reassignments occurs. The cost function
must be computed recursively. The complexity of such recursive computations can be pro-
hibitively large if the target code is of high information rate. The exhaustive search method,
by its nature, does locate a minimum-cost branch at the cost of complexity. It also does not
exploit some topological properties of binary sub-trees. We next describe two search methods
that are far more efficient by taking into account the locations and patterns of assigned codes
in a branch.

1/1 2/3 3/6

Figure 7.9: Code pattern description for 8R branches

Code Pattern Search

In a majority of cases, branches with more descendant codes and/or occupied capacity will
have a higher cost. This property is exploited in the code-pattern search algorithm. First, we
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define the code pattern A/B of a branch, which is defined in terms of A, the total number of
occupied descendant codes and B, their occupied capacity. For example, three different code
patterns of 8R branches in Fig. 7.9 are denoted as 1/1, 2/3 and 3/6, respectively. In most cases,
a branch with code pattern A/B has a smaller cost than a branch with code pattern C/D if

a)A<C or

b)A=CandB<D

Since the code pattern of each branch is very easy to compute, an efficient heuristic search
algorithm is simply to pick the branch with the smallest code pattern (based on lexicographical
order). All possible code patterns for candidate 4R and 8R branches are shown in Figs. 7.22—
7.29. The code pattern description for branches with higher code rate factors (16R and beyond)
can be constructed in a similar fashion. The code pattern search method does not always yield
a minimum-cost branch. This is mainly because the code pattern does not uniquely characterize
the locations and the composition of the codes within a branch. It is possible for two branches
with the same code pattern to have different costs. This occurs when one is underpopulated
while the other is overpopulated. In the following, we describe an optimal search algorithm
that makes use of the code pattern of a branch as well as the code structure within a branch.

3/6 (222) 3/6 (114)

Figure 7.10: Extended code pattern description for 8R branches

Topology Search

In order to describe the code structure, we would extend the code pattern description of a
branch. Let us use an example to illustrate this. When two branches (say, 3/6) have the same
code pattern but different descendant codes, an extension such as 3/6(114) or 3/6(222), de-
scribing the descendant code composition, is used. This is illustrated in Fig. 7.10. An extension
to a code pattern is crucial in the search of minimum-cost branch because two branches with
the same code pattern but different code composition do not necessarily have the same cost.
(See Appendix 7.C for tables listing cost comparison between any two branches.) A branch can
be characterized completely using a grid pattern. A grid pattern is a sequence of numbers and
X’s, where the numbers represent the code rate factor of assigned codes in a branch and X’s
show the locations of vacant R codes. Examples of grid patterns are shown in Fig. 7.11. Note
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Figure 7.11: Grid pattern description for 8R branches

the significance of grid patterns. It shows two branches with the same code pattern (and code
composition), but the cost of reassigning a 2R code into the 1X1X branch is twice that of the
XX11 branch.

The topology search is considered as an extension to the code pattern search because it still
uses the extended code pattern A/B of a branch to first locate a possible minimum-cost branch.
Afterwards, a cost comparison table, such as Table 7.3 or 7.4, is used to check if further testing
of the branch is required. Tables 7.3-7.7 in Appendix 7.C outline a list comparison tests of
cost for all possible 4R and 8R branches. The key idea is that given two branches, one can
determine which one has a smaller cost without actually measuring the exact cost of each one.
Branches that require further tests are marked by # in the tables. The required tests for each
branch are also marked by *. The tables are computed by searching for all possible branches
with unique extended code patterns, and comparing the costs of these branches in each case.
Note that the topology search method is very efficient since the tables can be computed off-line.
Although we have only described the method for the cases of 4R and 8R codes, it can be easily
generalized to include branches of higher code rate factors. Thus, our topology search method
is not only optimal, but also computationally efficient for moderately high code rate factors.
The complexity of a DCA scheme depends mainly on the type of search algorithm used to lo-
cate a minimum-cost branch. Once a branch is selected, the algorithm must also specify a list
of codes that must be reassigned along with their respective branch numbers. Several options
are available to a system designer.

(1) If fast computational time is a premium, the code pattern search algorithm can be used
to locate a minimum-cost branch. The search involves off-line table look-up only. Since
this algorithm is generally not optimal in locating a minimum-cost branch, the number of
code reassignments may be higher.

(2) If computational time is not critical, optimal topology search algorithm can be used to
minimize the number of reassignments. Compared to code pattern search, this algorithm
uses extra comparison tests to identify a minimum-cost branch.
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(3)

Regardless of the search algorithm used for a minimum-cost branch, it may take several
time slots to reassign descendant codes error-free (by using receiver acknowledgments).
However, fast connection time for a new call is still possible. This is achieved by assigning
a lower rate vacant code in the minimal-cost branch to the new call. Once all occupied
codes in the branches have been reassigned, the rate indicator (layer number) is used to
adjust the data rate.

7.3.3 Simulation Model and Results

In the preceding two sections, we outlined various schemes of implementing a spectral-
efficient and cost-effective OVSF-CDM system. The complexity and the task of reassigning OVSF
codes is located on the central controller’s (base station’s) side. By simulation, we first analyze

the loss in spectral efficiency of an OVSE-CDM system that does not apply DCA. Second, we
measure the total number of codes that must be reassigned if DCA is activated. The flow chart

of the simulation program is shown in Fig. 7.12. The simulation uses the following parameters:

Call arrival process is Poisson with mean arrival rate A = 1 ~ 16 calls/unit time (Fig.
7.13), 4 ~ 64 calls/unit time (Fig. 7.15).

Call duration is exponentially distributed with a mean value of 1/u = 0.25 units of time.
Maximum spreading factor Npyq = 64 (Fig. 7.13), 256 (Fig. 7.15).

Possible OVSF code rates: R, 2R, 4R and 8R.

Capacity test: code-limited.

DCA scheme: optimal and sub-optimal search algorithms.

An outline of the simulation program is as follows:

iy
2)

3)

4)

5)

6)

Input parameters such as call arrival rate, duration, code rate distributions are entered.

For each new call, the capacity check (7.2) is performed. If the call cannot be supported,
the call is dropped. Otherwise, one of the reassignment subroutines is executed.

If the call rate is 8R, the 8R subroutine assigns a code to the new call. If descendant codes
need to be reassigned, it is directed to other reassignment subroutines.

If the call rate is 4R, 2R or R, the execution is similar to Step 3.

Once the reassignment is complete, the last step is to record the number of blocked calls
and the number of reassigned codes.

The process is repeated by returning to Step 2.
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Flow chart of Proposed DCA algorithm
Figure 7.12: The algorithm can be extended to include reassignments of 16R codes and
glre /.24 beyond. Note that reassignments occur only after a new call is initiated. As

an alternative, reassignments can occur after a call terminates.
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Figures 7.13 and 7.15 show plots of code blocking probability, i.e. probability of calls that
would be blocked if DCA is not implemented, versus traffic load A/u (average service rate
average call duration). We have chosen Npq = 64 and 256 to reflect the values chosen for
1S-95 and W-CDMA standards [114, 28]. The total number of accepted calls (calls that satisfy
the capacity constraint) is 1000 (Npg = 64) and 4000 (Npmex = 256) for each traffic load
simulated. The number of codes that must be reassigned to support the accepted calls are
shown in Figs. 7.14 and 7.16. Each point on a curve in the figures represents the average
value over 10 simulations. The simulation shows that both the blocking probability and the
number of code reassignments are the largest when the code rates are uniformly distributed.
The (R, 2R, 4R, 8R) = (10, 40, 40, 10) distribution has the second largest blocking rate. Its
number of code reassignments is, however, less than that of (40, 10, 10, 40) distribution.
These results are expected because in (10, 40, 40, 10) distribution, calls of rate 2R and 4R have
a higher probability of satisfying the capacity check of (7.2), and also getting blocked without
reassignments. The number of code reassignments in (10, 40, 40, 10) is less than (40, 10, 10,
40) because, in general, it costs more to reassign a higher-layer code (in this case, 8R).

By using the blocking probabilities and the code rate distribution, we can calculate the loss
in spectral efficiency of an OVSF-CDM system if codes are not reassigned. For example, if the
blocking probability is Py (the percentage of calls blocked due to code blocking) for a certain
traffic load, the loss in spectral efficiency v is:

loss in capacity due to code blocking
capacity without code blocking

_ 25,4+ 454+ 8Sg

TP Py 2P, +4Ps+8Ps

Y =Ps
(7.4)

where P; is the percentage of calls of rate iR over the duration of simulation. Thus,
P1+P;+Ps+Pg=1

S; is the percentage of rate iR among calls that are subject to code blocking:

P;
Si=rr—n—
P2+ Psa+ Pg

As an example, for a rate distribution of (25, 25, 25, 25):
1 1 1
2x3+4x3+8x3
F(1+2+4+8)

Y =Ps

The plots in Figs. 7.13-7.16 were generated using the sub-optimal code pattern search
(CPS) algorithm. Table 7.1 lists the loss in spectral efficiency without DCA for several different
code rate distributions. The fourth column of the table shows the average number of code

reassignment per accepted call if DCA is implemented using CPS algorithm.
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Loss in spectral efficiency due to OVSF code blocking

Table 7.1: .
(Code Pattern Search Algorithm)

’ Nmax ] traffic load | (R, 2R, 4R, 8R) | spectral efficiency loss | reassigned codes per call

64 4 (10,40,40,10) 0.17 0.19
64 4 (40,10,10,40) 0.18 0.21
64 4 (25,25,25,25) 0.21 0.24
64 4 (40,40,10,10) 0.19 0.17
256 16 (10,40,40,10) 0.19 0.22
256 16 (40,10,10,40) 0.19 0.26
256 16 (25,25,25,25) 0.22 0.39
256 16 (40,40,10,10) 0.21 0.21

Similar results generated by using the optimal code pattern plus topology search algorithm
are tabulated in Table 7.2. As expected, the number of reassignments is less with the optimal
scheme —however, little difference, if any, is observed in spectral efficiency loss.

Loss in spectral efficiency due to OVSF code blocking

Table 7.2: .
(Code Pattern plus Topology Search Algorithm)

| Nimax | traffic load l (R, 2R, 4R, 8R) l spectral efficiency loss | reassigned codes per call

64 4 (10,40,40,10) 0.18 0.10
64 4 (40,10,10,40) 0.18 0.14
64 4 (25,25,25,25) 0.20 0.16
64 4 (40,40,10,10) 0.20 0.12
256 16 (10,40,40,10) 0.19 0.15
256 16 (40,10,10,40) 0.19 0.18
256 16 (25,25,25,25) 0.21 0.27
256 16 (40,40,10,10) 0.21 0.13

7.4 DCA Algorithm for Bursty-Rate Channels

By reassigning OVSF codes horizontally, the data rate of each code channel is unchanged.
This method is useful in applications where constant bit-rate connections are required. It also

applies to delay-sensitive connections. It, however, has several drawbacks.

m First, the number of simultaneous connections that horizontal DCA supports is hard-
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limited —also known as dimension-limited since the system can support a maximum of
N, connections, which is equal to the number of leaves in an OVSF binary code tree.

m Second, for each horizontal reassignment, the base transmitter must send control infor-
mation to a designated receiver to request a switch to its newly assigned code, which
is a cousin Walsh code. This process requires transmission of control signalling as over-
head and coordination between transmitter-receiver pairs. Furthermore, reassignments
are required whenever the system experiences code blocking.

m Third, it cannot support statistical multiplexing since a connection does not release its
assigned code even if it is idle.

These three issues can be resolved as follows:

m Virtual Codes: Hard limitation of parallel orthogonal codes is addressed by assigning vir-
tual orthogonal codes. By assigning virtual codes, the total number of forward link chan-
nels is no longer dependent on maximum spreading gain Nmax. The specifics of this topic
are covered in Sec. 7.6.2.

m Vertical Reassignment: In vertical reassignment, the length (dimension) of a Walsh code
—as opposed to a newly assigned cousin Walsh code— must be specified in accordance
with information-bearing data rate. The frequency of reassignment does not depend on
incoming/outgoing call traffic statistic, but is rather a design parameter. As a result, rate
adaptation is possible at a finer time frame level.

m Statistical Multiplexing: Statistical multiplexing is afforded by combining vertical reas-
signments with time sharing. Information packets from each source are queued in par-
allel buffers (see Fig. 7.17). In each time frame, packets at the head of the queue from
selected channels are multiplexed and transmitted according to some quality-of-service
(QoS) control mechanism.

It is obvious that this procedure is suitable only for information content that is delay-
tolerant. Since our goal is information transfer via parallel OVSE-CDM code channels, the
chosen QoS criterion is bounded latency (i.e., finite buffer size) in all parallel channels and
maximization of total network capacity. We propose a heuristic algorithm based on the concept
of credit-reward system. An outline of this algorithm is as follows:

(1) Each user i is assigned a leaf code. Let’s denote its requested rate by kiR.

(2) Each user i is tracked by its “credit” and “usage” denoted by C; and U, respectively.
Initially, C; = O for all users. In the beginning of every time frame, C; is increment by k;.

In one time frame, if transmission of information is possible at its requested average rate,
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Figure 7.17: Buffer queues in parallel OVSF-CDM channels

its usage U; is said to be k units. At the end of every time frame, C; is reduced by U;—the
amount of information transferred per time frame.

(3) After one time frame, the balance B; of user 1 is:
Bi=Ci—Us

If the balance B; reaches the “overdraft” limit B, at the beginning of each time frame,
no information is transferred for user i. On the other hand, in order not to favor a user
that has been idle for a long period, we also put a “credit limit” Cpmax on the maximum
amount of credit that each user can accumulate. Thus, the maximum value of B; is Cmax-

The value of overdraft limit B,,;; must be chosen carefully to maximize the system capacity.
The credit limit Cpqx protects users against unbounded delays. In most cases, these values
are chosen on a trial-and-error basis by simulating various traffic models with different rate
distributions. In this short review we have not addressed the role of call admission for new
connections. Note that the balance B; is a measure of buffer size. We wish to control the call
admission policy for new connections —thus increasing the network capacity— while choosing
efficient values for Cingx and Cpgx such that the balance B; is bounded by a some pre-set finite
value. A detailed discussion of DCA using vertical reassignment is given in Reference [64]. It
is shown therein that all requested rates are met on average by vertical DCA. The transfer of
information is, however, very choppy—with the leaf codes suffering the worst. Since choppi-
ness is equivalent to increased latency, it is not a desirable outcome for certain delay-sensitive
applications. The reference also covers the merits and efficiency of vertical DCA.
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7.5 DCA Algorithm for Mixed-Rate Channels

One disadvantage of SC-RG CDM compared to PC-SG CDM is its limitation of information
rates to certain quantized levels, kR bps where k = 2™, n € N. It is shown in [28] that infor-
mation rates between the quantized levels can be achieved by varying the rate from one time
slot to another. Of course, we already know that any arbitrary rate can be supported by vertical
reassignments with time sharing. Our interest here is the support of arbitrary rates to receivers
in combination with dynamic horizontal reassignments. An important distinction between the
combined DCA and vertical DCA schemes is that in the latter, transmission of information at
a non-zero minimum rate is supported. In combined DCA, each channel has a maximum and
a minimum (> 0) information rate provisioning, with the average rate located somewhere in
between. Equivalently the channel is less choppy since the peak-to-average rate ratio is reduced
considerably. It appears that there is much to gain by combining horizontal and vertical reas-
signment strategies in any resource allocation policy that removes code blocking. However, we
have hinted that the design of an efficient algorithm that incorporates combined OVSF code re-
assignments is not an easy matter. The difficulty arises from conflicting optimization strategies
in the algorithms that use either the horizontal or vertical code reassignments, but not both. In
horizontal DCA, the goal is to pack assigned codes tightly as possible by reassignments. This
is the overpopulation strategy. In contrast, vertical DCA prefers codes that are spread out such
that large duty cycles are maintained for all active channels. This is the underpopulated case.
We next describe reassignment strategies of our combined DCA:

(S

branch B, —(

&
i

[\ [\
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Figure 7.18: Reassignment of leaf codes to another branch

W Horizontal Reassignments for Reduced Choppiness: In vertical DCA, each user i is classified
by its maximum R;(max) and minimum Ri(min) rate requirements. Initially, user i is
assigned a leaf code, say c;. The spreading gain of the assigned OVSF code c; may be
reduced such that its ancestor code, say cq supports a rate R, > Ri(max). Let c, be the
root code of a branch, say B;. Note that any of the leaf codes not equal to c; in branch
B; can be used in the initial assignment phase of user i, without affecting the maximum
supported rate. If there exists another user, say j that is assigned another leaf code c; in
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branch By, its impact on user i —and vice versa— is the likelihood of increased choppiness
in their data rates. This choppiness can only be removed by reassigning horizontally a leaf
code to either user i or j, with the requirement that the new leaf code belong to another
branch. This situation is illustrated in Fig. 7.18.

B Horizontal Reassignments for Minimum-rate Guarantee: In order to meet the minimum

rate requirement of user i, an OVSF code c,, whose rate R, > Ri(min) must be as-
signed. Initially user 1 is assigned a leaf code c;, and later reassigned to an ancestor code,
preferably c.,. Let us assume B,, is a branch whose root code is cn,. For this step we
must reassign horizontally all users whose assigned codes are the leaf codes of branch
B Since we know a priori the minimum rate R;(min) of user i before establishing a con-
nection, we can perform a minimum-cost search procedure (i.e., the optimal horizontal
DCA) for a code whose rate is greater or equal to R;(min).

m Modification of Horizontal DCA Algorithm: For a user with a bursty connection, its assigned

root code (whose rate > R;(max)) in a branch can also be shared with other users. For
constant rate connections with 100% duty cycle, no code sharing is allowed. Therefore,
when searching for a minimum-cost branch, all branches whose root code is assigned
to bursty users no longer qualify as candidates. Similarly, when a new bursty user de-
mands a channel with its requested {Ri(max), Ri(min)}, the best candidate branches are
those whose root codes are shared by other bursty users. To meet its demand, it may be
necessary to carry out horizontal reassignments as detailed in the previous two steps.

To summarize, four different types of horizontal reassignments exist in combined DCA:

1.

2.

4.

Leaf codes of bursty connections in a branch are reassigned to reduce rate choppiness.

Codes for any type of connection —either bursty or fixed rate— are reassigned to meet
the minimum rate request of a bursty connection.

. Codes of constant-rate connections are reassigned to meet the maximum rate request of

a bursty connection.

Codes of constant-rate connections are reassigned to support a new connection.

We emphasize that our proposed scheme is equivalent to dynamic partitioning of branches such

that bursty connections share codes within a branch. For a fixed rate connection, it is assigned

the root code of a branch for the entirety of its connection. It is clear that our proposed com-

bined DCA scheme is more efficient that static partitioning of the entire OVSF tree into two

sub-trees, where each sub-tree is for bursty or fixed rate connections only. We, however, do not

include a viable admission policy for both bursty and fixed-rate connections since this is a sep-

arate issue from the code scheduling and reassignment policies. In practice, it is likely that the
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cellular network operator will offer several classes of QoS for bursty and fixed rate connections
with different price ranges.

7.6 System Requirements for Code Reassignment

In terms of hardware complexity single channel-VG-CDM is preferred over parallel channel
SG-CDM since the former requires a single decoder at the mobile terminal regardless of the in-
formation rate. In the ITU’s 3G wideband CDMA standard, each traffic channel in the forward
(base-to-mobile) link is time-slotted. Both control information and user data bits are time-
multiplexed in each time slot. See Fig. 7.19 for an illustration. In SC-RG CDM, a user’s data
rate can be varied every time slot by adjusting the rate field (indicating the transmitted data
rate) that is embedded in the control information. However, the standard does not specifically
address the procedure of resource allocation, i.e., OVSF code assignment for rate adaptation
and packet switching on a time-slot basis.

In this section, we propose the necessary protocols for the implementation of a code schedul-
ing scheme that dynamically assigns OVSF codes to mobile users on a time-slot basis such that
the total throughput of the system is maximized while an average data rate guarantee to pro-
vided to each mobile user. By using a dynamic traffic scheduler, our protocol supports per-
connection guaranteed rates, while allowing high degrees of burstiness with small backlogs.
This is achieved without the need for a mobile user to overbook its required rate, thereby max-
imizing the system throughput. Since the required control signalling to implement our scheme
is based on the 3G W-CDMA standard, our results are directly applicable to systems using this
standard. Even when OVSF codes are optimally assigned, the system capacity may be under-
utilized because the maximum number of OVSF codes is hard-limited. This is true when at least
one channel has a low duty-cycle; i.e., it remains inactive most of the time. For such a case, we
propose a new protocol —which is not included in the 3G W-CDMA standard— that soft-limits
the number of active users by permitting many users to share a common OVSF code.

Gl D[] Jww

control

user dala !

power control
pilot code

rate information
OVSF code number

Time-division multiplexing of control and data channels within a time-slot.

Figure 7.19: ~ " -
This is the chosen format in ITU’s 3G W-CDMA standard.
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7.6.1 Control Signalling for Horizontal Reassignments

In order to inform the user of a newly assigned OVSF code, some type of control channel
signaling is necessary. Two possible options are in-band and out-of-band control channel sig-
naling. An in-band control channel signaling mode (see Fig. 7.19) has already been proposed
for third-generation CDMA systems [28], where the pilot signal, transmit power control, rate
information and other control signals are time-multiplexed with the user data. (From Fig. 7.1
we know that the layer number conveys the rate information. The branch and layer numbers
are sufficient parameters to identify a unique OVSF code.) We can modify the W-CDMA header
such that not only the rate information but also the branch number can be included in the
header of a time slot. By time slotting, the new protocol supports horizontal reassignment of
OVSF codes on a dynamic basis.

In order for the Walsh generator at the receiving end to switch from one code to another,
the encoding of data with the newly assigned code can be delayed for a number of time slots.
Fig. 7.20 illustrates an example where the branch number of a reassigned OVSF code is em-
bedded in slot 1. The data mapping using this code, however, does not begin until slot k. Other
demodulation and detection functions such as carrier recovery, code acquisition, symbol time
synchronization and pseudo-noise (PN) code despreading need not be altered. Power control
signaling also remains the same since another code from the same layer is reassigned.

slot 1  slot 2 siol k slol ki1 slol N

’ data l data

control header
(including new branch number)

data encoded using
reassigned code

Figure 7.20: Delay of encoded data for Walsh code switching

Ultimately, our goal is to modify the control channel protocol without increasing the num-
ber of bits in the control header for relaying code reassignment information to the receiver.
Expanding the portion of the control header —while keeping the length of a time slot fixed-
reduces data throughput. One option is to use the rate information field to relay both the layer
number (rate) and branch number (code), but not at the same time. In IMT-2000 W-CDMA
standard [28], seven layers —corresponding to spreading factors 256, 128, 64, 32, 16, 8 and
4— are specified . Therefore, three bits (before error control coding and spreading) —say from
1 to 7— are sufficient to indicate the data rate or layer number. The unused three-bit pattern
“000” can be used as a flag to signal the mobile that the control header in future time slots con-
tains (reassigned) code information. Since there are at most 256 branch numbers in IMT-2000
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systems, 8 bits (which can be transmitted over three time slots) are necessary to relay the code
assignment information. An alternative to in-band control signaling is the use of cell-specific
common control signalling channels such as paging and broadcast channels. It is foreseen in the
future that mobile handsets will be capable of parallel channel (multi-code) reception. If the
handset is equipped with at least two baseband receiving units, one can be used to decode infor-
mation data while the other monitors control signals such as code reassignment. Regardless of
the scheme selected for control channel signaling, in-band or out-of-band, an acknowledgment
mechanism from mobiles can be included to insure that every receiver is tuned to its reassigned.
orthogonal code.

Figure 7.21: Generation of virtual codes for bursty connections

7.6.2 Control Signalling for Vertical Reassignments

We stated earlier that the W-CDMA standard already supports vertical reassignments by
inclusion of a rate field on the control header. This protocol implicitly assumes that each user is
assigned at least a leaf code, guaranteeing Ri(min) = R. We however can foresee applications
where 0 < Ri(min) < R. In such situations, the system capacity will be under-utilized since
there is no statistical multiplexing of code rates. In essence, we wish to assign virtual codes
to each bursty user such that the number of active —but not necessarily receiving— users is
much larger than the number of leaf codes. This is illustrated in Fig. 7.21. Conceptually, this
protocol is equivalent to TDM where the number of receivers is potentially much larger than
the number of time-slots in a single frame. To implement such a protocol, the control header of
the W-CDMA time-slot must be modified to include the identification of a virtual code.
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Notes and References

Most of the material come from two sources [86],[64]. Although both algorithms can be
used in single- and multi-carrier based CDM systems, these references focus only on the for-
mer. This is because no such multi-carrier CDM system is operational to date. In CDM two
important issues in networking are the support of variable data rates and bounded latency. In
[86] a horizontal code reassignment scheme is proposed for constant-rate, delay sensitive code
channels. Since horizontal reassignment of an OVSF code does not change its supported data
rate, both rate and delay requirements are satisfied. The only drawback of this scheme is that
a code channel is not released until a call is completed. For most non-voice applications, a user
is “on” only for a short burst, and remains idle for a long duration. For a user to be “on” at all
times, it must be assigned a virtual code channel. For such a connection, better use of system
capacity is possible by statistical multiplexing. This is the underlying concept of the algorithm
proposed in [64]. Here, the code reassignments are vertical. The algorithm is well-suited for
bursty and delay-tolerant connections. Since a code channel can be time-shared by many users
(though not simultaneously), the system no longer suffers from a “code or dimension limit.”
Its main drawback is data choppiness, i.e. a large value in the ratio of its peak to average data
rate. Both algorithms can be used in ITU W-CDMA standards [28] with minor or little modifi-
cation in control channel signalling. Finally, by combining horizontal and vertical reassignment
schemes, we can eliminate several drawbacks that exist in each scheme. The combined code
reassignment scheme presented in this chapter is new; it covered in [86, 64] and has yet to
appear in any public domain archives.

An important topic not addressed in this chapter is variable rate support by combining
OVSF-CDM with multi-code CDM. It is foreseen in the future that mobile handsets will have
the capability of simultaneously decoding two or more parallel CDM channels. Since each
parallel channel can carry increased data rate by reducing its spreading gain, there is greater
flexibility —from a transmitter’s point of view— in offering variable rates when OVSF- and
multi-code CDM schemes are combined. Furthermore, the reassignment algorithms —for the
removal of code blocking— are somewhat simplified because reassignments of higher layer
codes are less probable; i.e., a high rate channel request can be split into two or more low rate
channel requests via multi-code parallel encoding and decoding. It is likely that with combined
transmission schemes, the instantaneous transmission rates will be less choppy when using
vertical code reassignment algorithm.
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Appendix 7A
Proof of Theorem 7.2

It suffices to show that given any procedure A of reassigning a code C to a branch X with an
occupied root code D of a higher rate than C, we can derive another procedure B of reassigning
C to another branch with less cost. In procedure A, D needs to be reassigned to the root code of
another branch Q. There is an empty sub-branch K’ of X with its unoccupied root code being
an immediate descendant of D. In Q, consider its left sub-branch Q; and right sub-branch
Q,. Since D is reassigned to the root code of Q, the occupied codes of Q; and Q> need to be
reassigned to other branches. Let Qf be the subset of codes in Q; that are reassigned to X'
and QY be the subset of codes in Q that are reassigned to other branches. Similarly, let Q) be
the subset of codes in Q, that are reassigned to K’ and QF be the subset of codes in Q, that
are reassigned to other branches. Let Q) be the set of codes other than Q] and Qj that are
reassigned to K’. Let Qf be all other reassigned codes in procedure A. The cost of procedure A
is therefore

24+ 1011+ 1971+ Q5 + 1951 + 193] + 193]

where the cardinality |Q/| denotes the number of codes in Q;. (The first term above is due to
the reassignment of C and D alone.) We now derive a procedure B that reassigns code C to
branch Q5 with cost 1 less than the above, but without reassigning D. In procedure B, the codes
in Qf, Q%, and Qj} are all reassigned to branch Q. This is possible because Q; has the same
capacity as K’. The codes in Qf, QY, and QY are reassigned to other branches as in procedure
A. The code C is reassigned to a code in Q;. The cost of procedure B is therefore at most

T+ 1Q71+ 1971+ 193l +1Q71 + 193] + 193] O
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Appendix 7B
Proof of Theorem 7.3

Before we prove theorem 3, we state the following simple fact:

Lemma 7.1 Let C(T) be the minimum cost of a branch in set T. Then
C(TY<C(T) forany T'DOT.

The proof is trivial since by adding more branches, the reassignment of codes into these branches
cannot increase the cost of reassigning codes into existing branches.
Let the two occupied codes (of the same branch) that must be reassigned be ¢q and ¢, and
R2 < Ry, where R; is the data rate of code c;.

The theorem uses the following idea: Given a procedure of reassigning c, before ¢4, we can
always derive another procedure of reassigning c; before c, with equal or less cost.

B Case 1: We first consider the case where
(a) ¢, is reassigned first, say to code cy, and
(b) during the reassignment of ¢, ¢, is not reassigned.
In this case, c¢; cannot be reassigned to the mother code of ¢y, say ¢, which has the
same rate as c¢1 because of code blocking by c;. So ¢ needs to be reassigned to other
branches excluding c,; let C denote such cost of reassigning cy. Now let us reassign cg
first by reserving code cy for ¢, and do not consider code cy in the reassignment of cy; let
C’ denote such cost of reassigning cy. Observe that the branch with ¢y as the root code
is a subset of the branch with ¢, as the root code. Thus by Lemma 7.1, ¢’ < C. In other
words, we show that in this case reassigning c; first will yield a lower or equal cost.

B Case 2: We next consider the case where
(a) ¢ is reassigned first, say to code ¢y, and
(b) during the reassignment of c;, c; is reassigned to another code c;.
Let Sp denote the state (i.e. locations of all occupied codes) of the code tree initially
before ¢, is reassigned the first time. Let Sy denote the state of the code tree after c; is
assigned to code ci. During the process of reassigning c; from state Sy, ¢ is reassigned
from code ci to code c;. Now let us repeat the above code reassignment procedures from
state Sy to state S; except that c, is not reassigned to cy. By keeping ¢y unoccupied,
we repeat the same code reassignment procedures above to reassign ¢; from state Sy.
Afterwards, we assign c; to c,. Note that the code reassignment is identical for every
code as in the above procedures except for c;. It is reassigned from its original location in
state Sg to ¢, directly without being reassigned to ¢y, reducing the cost by 1. Therefore,
in this case, we also show that by reassigning c; first will yield a lower cost. O
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Appendix 7C

Code Patterns

In selecting the optimal reassignment policy, we need to determine the branch with the
minimum cost. As a first step, we denote every branch B by its code pattern x/y, where x is the
number of assigned codes and vy is the rate-sum of assigned codes in branch B. By definition, a
leaf code has rate 1. Branch B with code pattern x/y belongs to group x. In Appendix 7D we
tabulate a comparative listing of the relative costs of branches. It is true that a code pattern is
not a complete description of assigned codes in a branch. As shown below, two branches with

2/3 2/3

the same code pattern have different topologies. The left branch is over-populated, while the
right is an example of an under-populated branch. The left branch can support 4R code without
any reassignment. In contrast, the cost is 1 in the right branch to support a new connection of

AL
Dhih

Figure 7.22: Code patterns for 4R branches

1/1 1/2 1/4

Figure 7.23: Code patterns for 8R branches in group 1
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Al A
G A5 450

Figure 7.24: Code patterns for 8R branches in group 2

D
D A5

3/6 (114) 3/6 (222)

Figure 7.25: Code patterns for 8R branches in group 3

£t A5
G 450 5

4/7 (1114) 4/7 (2221)

Figure 7.26: Code patterns for 8R branches in group 4
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5/5 5/6 5/7

Figure 7.27: Code patterns for 8R branches in group 5

6/6 6,7 7/7

Figure 7.28: Code patterns for 8R branches in groups 6 and 7

2/8 3/8 4/8 (1124)

4/8 (2222) 5/8 (22211) 5/8 (11114)

6/8 7/8

Figure 7.29: Code patterns for 8R branches in group 8
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Appendix 7D
Cost Comparison Tables

In the following it is assumed that there is extra capacity to support a channel of designated
rate. Since it takes one reassignment to move a code of rate R, its cost is set to 1. For a
2R branch, the cost is either 1 or 2, depending on the vacancy of another 2R branch in the
remaining portion of the tree. For 4R branches, seven possible patterns exist as shown in Fig.
7.22. It is clear that 1/1 has the lowest cost (of 1) among them. Next is 1/2. The reasoning
is as follows: If 1/2 is a candidate for reassignment, it implies 1/1 branches do not exist in the
remaining part of the tree. If there exists 2/2 or another 1/2, then 1/2 has a cost of 1. (2/2
has a vacant 2R.) If no 1/2 or 2/2 exists, then there must be at least two 4R branches of 2/3 or
3/3, or one of each. (Otherwise, the system capacity is exceeded and a channel of 4R cannot
be supported.) The cost of 2/2 is now 2 since the 2R code in its branch and an R code from
2/3 or 3/3 need reassignment. Note that 1/2 < 2/2 because the cost of 2/2 is always 2. If
the candidate branch is 2/3, then there must exist at least three 3/3 branches. (Both 2/4 and
3/4 have full loads; all fully loaded are excluded in cost comparison.) In this case, both 2/3
and 3/3 have a cost of 3. Since a tie is not allowed, we arbitrarily set 2/3 < 3/3. Using this
methodology, the cost comparison tables of higher-level branches such as 8R and 16R can be
generated. The process is tedious but the reasoning is straightforward.

Table 7.3: Cost comparison of 4R branches

1/1 < 1/2,2/2,2/3, 3/3, 2/4, 3/4
1/2 < 2/2,2/3,3/3,2/4, 3/4

2/2 < 2/3,3/3, 2/4, 3/4

2/3 < 3/3,2/4, 3/4

Table 7.4: Cost comparison of 8R branches in groups 1 & 2

1/1 < 172
1/2 < 1/4
1/4 < 2/2
2/2 < 2/3
2/3 < 2/4
2/4 < 2/5,2/6,3/3
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Table 7.4 (contd.): Cost comparison of 8R branches in groups 1 & 2

2/5 > 3/4 unless 3/4 is overpopulated with grid 211XXXX
2/5 < 3/5
2/5 < both 3/6’s, 3/7
2/6 < 3/3 if there are vacant 4R and 2R
ie., there exists branch 3/4 or 4/4 with vacant 4R
2/6 < 3/4 if there are vacant 4R and 2R
i.e., 4/4 with vacant 4R or 3/4 with 211XXXX
2/6 < 3/5 if 4R is vacant in another branch
2/6 < 3/6(411)
2/6 = 3/6(222)
2/6 < 3/7
2/6 < 4/4 unless 4/4 is 1X1X1X1X,
and no vacant 2R in other branches
2/6 < 4/5,4/6, 4/7
2/8 < all 3’s if there are 2 vacant 4R
Table 7.5: Cost comparison of 8R branches in group 3
3/3 < all 3,4,5,6,7
3/4 < 3/5
3/4 < 3/6(411) unless 3/6 grid is 41X1X and
there is no vacant 2R in other branches
AND 3/4 grid is 21 1XXXX
3/4 < 3/6(222),3/7,4,5,6,7
3/5 < 3/6(411), 3/6(222), 3/7
3/5 < 4/4 unless 4/4 grid is 1X1X1X1X
and there are no other vacant 2R
3/5 < 4/5 unless 4/5 grid is 21X1X1X
and there are no other vacant 2R
3/5 < 4/6,4/7,5,6,7
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Table 7.5 (contd.): Cost comparison of 8R branches in groups 3

3/6(411) < 3/6(222)
3/6(411) < 3/7
3/6(411) < 4/4 if 4/4 has a vacant 4R
3/6(411) < 4/5
3/6(411) < 4/6
3/6(411) < 4/7(4111), 4/7(2221), 5/5
3/6(411) < 5/6 unless 3/6 grid is 411XX
and there are no other vacant 2R
3/6(411) < 5/7,6,7
3/6(222) < 3/7
3/6(222) < 4/4 if 4/4 has vacant 4R and 2R
3/6(222) < 4/5
3/6(222) < 4/6 if there are 3 vacant 2R in other branches
3/6(222) < 4/7(4111), 4/7(2221), 5/5
3/6(222) < 5/6 unless there are no vacant 2R
3/6(222) < 5/7,6,7
3/7 > 4/5, 4/6
3/7 < 4/7(4111)
3/7 = 4/7(2221)
3/7 < 5/5 unless 5/5 grid is 1X1X111X, and there
are less than 2 vacant 2R in other branches
3/7 < 5/7,6,7
3/8 < 4/4 if there are 2 vacant 2R
3/8 < 5/5 if 5/5 grid is 11111XXX, and
there are 2 vacant 2R in other branches
3/8 < 5/6,5/7,6,7 if there are 2 vacant 2R
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Table 7.6: Cost comparison of 8R branches in group 4

4/4 < all4,5,6,7

4/5 < 4/6, both 4/7’s, 5, 6, 7

4/6 < 4/7(4111), 4/7(2221)

4/6 < 5/5 unless there is no vacant 2R

4/6 < 5/6 unless 5/6 grid is 2111X1X and
AND 4/6 grid is 2211XX

4/6 < 5/7,6,7

4/7(2221) < 4/7(4111)

4/7(2221) < 5/5 if there are 3 vacant 2R

4/7(2221) < 5/6 if there are 3 vacant 2R

4/7(2221) < 5/7

4/7(2221) < 6/6 if there is at least one vacant 2R

4/7(2221) < 6/7,7/7

4/7(4111) > 5/5

4/7(4111) > 5/6

4/7(4111) = 5/7

4/7(4111) < 6/6 if there are 2 vacant 2R in other branches

4/8(4211) < all other patterns

4/8(2222) < 4/7(4111) if there are 4 vacant 2R

Table 7.7: Cost comparison of 8R branches in groups 5, 6 and 7

5/5 < all 5,6, 7

5/6 < 5/7,6,7

5/7 < 6/6 if there are 2 vacant 2R
5/7 < 6/7,7/7

5/8(41111) > all other patterns

5/8(22211) > all other patterns

6/6 < 6/7,7/7

6/7 < 7/7

6/8 > all other patterns

7/7 < 7/8
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Appendix 7E

Example of Horizontal Reassignments

W assigned code # vacant code

Figure 7.30: CDM code tree with 64b leaves

The code tree consists of 64 leaves. Each leaf code has rate R. The target rate is 8R. As
shown in Fig. 7.30, the assigned and vacant codes are shaded black and gray, respectively. The
total available capacity is found to be 17R by summing the rates of vacant (gray) codes. The
following notation is used to label branches and codes: Bi(j) and C;(j) are the branch and code
of rate i with index j (from left to right, with leftmost set to 1) respectively. Among the target
branches of 8R, Bg(2), Bg(7) and Bg(8) are not candidates since they are fully loaded. Bg(2) is
an assigned code while Bg(7) and Bg(8) are children of an assigned code B16(4). After removing
branches that are not in contention, the new topology of the tree is shown in Fig. 7.31. From
Figs. 7.24 and 7.25, the code patterns of remaining 8R branches are:

Figure 7.31: New topology of tree with 8R candidate branches
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Note that because Bg(5) is severely underpopulated and there are no other vacant 2R branches,
its cost is lower than Bg(4). The minimum-cost branch is Bg(1). Its descendants C;(2), C1(6)
and C;(8) must be reassigned. After removing Bg(1), the resulting topology with 2R target
branches is shown in Fig. 7.32. Next, fully loaded 2R branches are removed, resulting in the
final topology of Fig. 7.33. At this point, the reassignment is straightforward. A vacant 2R
branch with the lowest index is chosen. The complete reassignments to vacate 8R branch Cg(1)

are:

Cy(2) — Cy(11)
C](G) — C1(24)
C](S) — C1(25)

For the sake of simplicity, we choose an example where the reassignment is not nested; that is,
the reassignment of descendant codes — C3(2), C1(6) and C;(8) — does not lead to reassign-
ment of codes in other branches. If our example is modified such that the target 8R branch has
a descendant code of rate 4R, then it is necessary in the next step to find a minimum cost 4R
branch. This step may result in reassignments of 2R and R codes from other branches. This is
an example of nested reassignment.
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Figure 7.32: New topology of tree with 2R candidate branches

Figure 7.34: Reassignment of descendant codes of 8R branch
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CONCLUSION

There is no denying that future wireless systems and applications will dominate every aspect
of our daily lives at home and in business environment. It is likely that most users —nomadic or
otherwise— will embrace the ubiquity concept —any time, anywhere— of mobile computing.
In the near future we will also demand wireless infrastructure to provide “any type” of appli-
cation, including non-voice services such as streaming/live video, high-resolution imaging and
other bandwidth hungry services, and at the same time, maintaining a certain guaranteed level
of QoS as user population grows. Unfortunately, current wireless systems are not designed to
handle heavy traffic loads. We have witnessed voice quality degradation (due to low SIR) in
1S-95 CDMA network during busy peak usage hours. Similarly, we have suffered from dropped
or busy/blocked calls using a GSM handset due to capacity saturation at hotspots. This matter
is similarly evident in public Wi-Fi IEEE 802.11x wireless Ethernet coverage areas where the
throughput dramatically falls when many users are accessing the network.

In this monograph we set out to achieve two major objectives:

B Learn current and future trends in wireless applications and services, and understand how
current 1G and 2G networks fail or fall short in addressing such needs.

m Based on lessons learned, design a robust and efficient cellular wireless network that
can meet the ever-growing appetite for bandwidth-hungry applications by using the most
efficient signal transmission and detection methods

7.6.3 Topics Covered

In the following we give a summary of topics that were addressed, and in most cases,
resolved:

m When we tried to compare the efficacy of 2G networks, particularly the dominant net-

works of GSM and IS-95, we encounter difficulty in completeness and fairness. For exam-
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ple, wireless systems are duplex communication infrastructures. The uplink and downlink
performance must be measured separately for frequency-division duplexed systems such
as these. Therefore, we quickly limit our scope to cover only downlink communication
where there is greater potential for high rate transmission needs (per channel) and like-
lihood of traffic congestion. Now, we ask ourselves, do we compare downlinks of GSM
versus 1S-95? Rather, should we study the pros and cons of TDM- and CDM-based net-
works? We also quickly realize channel multiplexing in the downlink of a cellular wireless
network is a two-fold process: primary sharing of total resources among cells within the
network, and secondary sharing of allocated bandwidth among forward link channels
per autonomous cell. It is complete only after we specify every network configuration in
terms of inter- and intra-cell multiplexing schemes. Thus, GSM has FDM/TDM structure
while 1S-95 is FDM/CDM.

First, we measure the capacity and simultaneously achievable rate regions of various cel-
lular multiplexing schemes: FDM/FDM, FDM/TDM, FDM/CDM, etc. We observe that all
intra-cell orthogonal channel multiplexing techniques, TDM, FDM and orthogonal CDM
(O-CDM) have the same ARR. The optimal scheme —superposition coding and successive
interference cancellation— which dominates over the orthogonal schemes is not pursued
as a viable candidate due to its receiver complexity, double feedback requirement and
partial understanding in the design of superposition codes. The more pressing issue is
the ARR among various inter-cell channel multiplexing schemes. Here, there is no clear
winner. Depending on background noise levels and amount of interference from neigh-
boring cells and propagation loss, FDM may have a larger ARR than N-CDM with SIC, or
vice versa. it became apparent that in measuring the efficiency of a cellular broadcast net-
work, we must take into account the joint ARR when an inter-cell channel multiplexing
technique is paired with an intra-cell channel multiplexing technique. We notice immedi-
ately that the only two viable candidates for inter-cell channel multiplexing are FDM and
N-CDM. The former is preferred if we wish to maintain inter-cell channel orthogonality
for channel separation (zero cross-correlation), whereas the latter applies non-orthogonal
coding with non-zero but controlled amount of cross-correlation. In inter-cell FDM, in-
terference arises from distant (co-channel) cells that reuse the same frequency band. The
only interference suppression mechanism is propagation path loss. In inter-cell N-CDM,
every neighboring cell is an interferer. It uses information-independent coding (and to
a lesser extent, propagation loss) to suppress interference. We then measure the ARR
of two cellular broadcast networks based on these paradigms —FDM/ODM versus N-
CDM/O-CDM. The winner is N-CDM/O-CDM.

m Next, we design and construct two type of signature code sequences suitable for inter- and
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intra-cell channel multiplexing, respectively. For N-CDM, conventional pseudo-random
codes were used. For O-CDM, we studied both recursive and non-recursive orthogonal
codes. When combined, the resulting signature sequences are known as superimposed.
By computing statistical correlation properties, we prove that superimposed signature
sequences maintain the same randomness characteristics of random PN codes when the
code length is long. Furthermore, the choice of orthogonal codes —recursive or non-
recursive— has little effect on overall correlation property of the superimposed sequence.
Over a shorter window of N, superimposed codes still remain orthogonal when used
as broadcast codes. For seamless multi-rate transmission, recursive orthogonal binary
codes are preferred. Hence, by taking into account all the factors listed thus far, our
chosen resource allocation policy is N-CDM/O-CDM with PN spreading sequences for
Inter-cell channelization and binary, superimposed, recursive orthogonal codes for intra-
cell channelization.

All the operations listed so far can be implemented in discrete-time domain. Both data-
and spread-spectrum modulation are considered discrete-time signal processing schemes.
After level-shifting and discrete-to-analog conversion, the impulse samples must be shaped
via a baseband lowpass prototype filter for waveform generation, after which the pulse
stream is frequency translated to RF by carrier modulation. As is well known, pulse shap-
ing and carrier modulation are analog signal processing techniques that must be jointly
optimized. For carrier modulation, we have two choices: single versus multiple carriers.
In single-carrier case, a pulse shape that either minimizes out-of-band power leakage or
results in zero ISI at the output of receive filter or both is preferred. Zero ISI for single-
carrier modulated signal is known as conventional or single-carrier Nyquist criterion. For
multi-carrier case, the role of pulse shaping is more important since the amplitude and
phase response of chosen pulse determines the amount of inter-carrier and inter-block in-
terference —besides ISI. A pulse that causes no distortion at the receiver output (zero ISI,
zero ICI and zero IBI) is said to meet the generalized Nyquist criterion. In particular, we
are interested in g-Nyquist pulses that are finite in length; i.e., they can be synthesized and
analyzed using FIR filters. Such pulses do exist; we coin them time-overlapped pulses. By
using such pulses along with a bank of properly spaced cosine carriers, we showed that
the resulting multi-carrier modulated signal is g-Nyquist and more bandwidth efficient
than a similarly designed single-carrier modulated signal with Nyquist pulse shaping.
Therefore, the baseband output sequence —which is the sum of binary superimposed,
recursive orthogonal, data modulated sequences— must be serial-to-parallel converted
and shaped via a bank of identical baseband filters, each with time-overlapped impulse
response. Each parallel channel is modulated by a cosine carrier of identical phase. The

sum of parallel output channels is the final composite broadcast signal.
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B After describing various signal processing stages of a transmittet, from data modulation

of information symbols to the generation of output RF analog waveform, we must carry
out the detection operations at the receiving end. In particular, we studied bit-error rate
analysis of binary data and spread-spectrum modulated CDM signalling in a multi-user
interference environment. We considered BERs for both low- and high-rate CDM data
channels with a common chip rate. For high rate CDM data transmission, we compared
the performance of parallel-channel single gain scheme against single-channel reduced
gain scheme. For all practical purposes, their BER performance are comparable. From the
receiver’s perspective, SC-RG CDM is preferred for lower receiver complexity.

m We then point out that for variable rate transmission, SC-RG CDM and PC-SG CDM are

comparable on a per-channel basis. When overall network capacity is measured, a CDM
network that supports SC-RG CDM channels may have much lower spectral efficiency due
to a scheduling constraint known as code blocking. To eliminate code blocking completely,
we propose two different strategies based on reassignments of signature codes in active
CDM component channels. We also devise an algorithm that supports multiplexing of
both constant bit rate and bursty logical channels.

7.6.4 Topics not Covered

m When studying the composite channel for cellular broadcasting, we did not address vari-

ation in ARR of various channel multiplexing schemes when the transmission medium
induces multipath fading. Furthermore, we did not cover the severity of different fading
distributions on the ARR.

m When we studied superimposed orthogonal codes, less emphasis was placed on the con-

struction and selection of PN sequences for inter-cell channel multiplexing. It is likely
that when superimposed, certain sequences offer better auto- and cross-correlation val-

ues than other alternatives. This is a subject outside of our scope and expertise.

Our summary on multipath fading applies mainly to single-carrier modulated signals. For
multi-carrier modulation, we must take into account the correlation of channel impulse
responses among sub-bands that make up the entire bandwidth.

Related to correlated multipath fading is performance analysis of multi-carrier modu-
lated signals. We propose multi-carrier modulation with time-overlapped pulses since
this combination offers higher spectral efficiency in power spectrum width (compared to
single-carrier modulated signal) plus zero distortion (i.e., satisfying the g-Nyquist crite-
rion.) We, however, did not measure the BER performance of such signals. Therefore, we
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were not able to report an unbiased BER comparison between single- and multi-carrier
modulated CDM signalling.

7.6.5 Topics of Interest

B As we pointed out in Chapters 3 and 6, CDM discrete-time sequences can be spread in
time of frequency or in both domains. When spread in time, the resulting signal is the
conventional single-carrier direct-sequence CDM signal. When spread in frequency, it is
commonly known as multi-carrier CDM signal. other equivalent terms are OFDM-CDM
and multi-tone CDM. By spreading in both time and frequency domains, we can generate
a hybrid CDM signal whose sub-carrier bandwidth is larger than that of OFDM-CDM, but
much smaller than the total bandwidth of single-carrier CDM signal. Since Walsh code
lengths exist for powers of 2, the total number of sub-carriers can vary as 2, 4, 8 16, 32,
64 and so on. it would be interesting to measure the BER performance of hybrid CDM
signalling for a given multipath fading channel response as the number of sub-carriers to
varied.

B In discussing zero correlation zones, we briefly mentioned that such codes do exist for
inter-cell channel multiplexing that results in zero auto or cross-correlation over a finite-
length window known as correlation zone. Since assigned signature codes are super-
imposed, it would be interesting to study this topic further, and analyze if such zero
correlation zones exist for superimposed orthogonal binary sequences.

m In describing OVSF code reassignment strategies, we hinted that in the future, handsets
may have increased processing power to decode several parallel CDM channels simulta-
neously. If this were the case, the total requested rate can be split among parallel CDM
channels, with each channel supporting variable rate through OVSE-CDM. Under such
circumstances, there is more flexibility in assigning and reassigning codes to remove code
blocking and statistical multiplexing. The design and synthesis of an efficient resource
allocation policy that can assign, say k, parallel channels at once to every receiver is of
great interest, for both academic and practical purposes.
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SYMBOLS & NOTATIONS

B Non-subscripted Letters

speed of light

generic distance between a transmitter and a receiver
dimension of signal set

number of information sources in the network
number of interfering single-rate CDM users

1) constraint length of a convolutional code
2) shaping parameter of Ricean probability density function

number of independent channels in multi-channel diversity combining

1) generic number of users (sinks or sources) in the network
2) number of parallel channels in a high-rate PC-SG CDM channel
3) number of bits per symbol

length of an orthogonal (Walsh) code

period of a generic discrete-time signature sequence

1) number of receivers in the network

2) generic number of symbols or waveforms per second (symbol rate)
roll-off factor of a practical Nyquist pulse

number of information sinks in the network

1) number of transmitters in the network

2) generic time duration of a symbol or waveform (in sec.)

generic (passband) bandwidth

381



382 Symbols & Notations

B Non-subscripted Symbols

A wavelength (typically in meters) of continuous-time RF signal,
A = c/f. where c is the speed of light

Y o exponent of propagation loss, typically as power of distance: d¥
T propagation delay

o AR 1) fixed attenuation 2) free parameter in a fading pdf

[+ JP free parameter in a fading pdf

Vo Doppler frequency shift

B Calligraphic Symbols

By ovvinia.. balance of channel i in OVSF-CDM multiplexing

Ci vevvennnnnnn accrued credit of channel i in OVSF-CDM multiplexing
CO v capacity region of optimal channel multiplexing scheme
CS vt capacity region where every channel has single-user capacities
E i generic symbol for energy of pulse, symbol or sequence
Eb evniiiiinns bit energy

Ec vt energy of a common chip pulse

ED e energy per dimension

Es cvvinninnnnn symbol energy, same as &

Mo message book

RY . ARR of any ODM (FDM, TDM or O-CDM) scheme

RNC ARR of naive CDM scheme

RNT ... ARR of naive TDM (simple time sharing) scheme

Uy oo usage of channel i in OVSF-CDM multiplexing
Voo symbol code book of broadcaster

X o symbol code book of generic source
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B Subscripted Letters and Symbols

Aj oo, generic amplitude of transmit signal of user i
Be oot coherence bandwidth

|3 Doppler spread

Cij wrvvvrnenns OVSF code with layer no. i and branch no. j
fo vieniannn. generic passband RF carrier frequency

| £ T passband carrier frequency of i*" channel

fo ieiiiinnn, generic passband IF carrier frequency

2 AN T (N x N) Hadamard orthogonal matrix

with entries from Galois field IF»

| R 1) it" source in the network
2) interference sample from neighboring site

Ke civnnnnn.t. number of mobiles in a cell

| excess spreading factor; equal to N./N

1317 U message from source i

propagation loss as the ratio of receive and transmit powers
Ne vevennnnnn number of chips in a data symbol, equal to T/T,

Neff covevennn effective reuse number

Nmax «eceeeen- maximum spreading factor

Ng civiiinnnn. one-sided Gaussian noise PSD

|\ P frequency reuse number

Np oovoininnnn period of a discrete-time pseudo-random sequence
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B Subscripted Letters and Symbols (contd.)

Pevevvennnnnnn bit error probability

Pg «orvvnnnnn. processing gain, same as PG

Proooveoiins, receive power

| o S transmit power

TE veerennenens rate of an information-dependent channel code
Rivereiinnnnns ith receiver in the network

Rmax ««vvvvee- maximum bit rate per channel supported by system
Rp ceviieninns pulse rate; if pulse width is T, R, = R
| symbol rate, interchangeable with R

Si v, ith sink in the network

T e ith transmitter in the network

Tpooiiennnnnn. pulse width; inverse of the pulse rate R;,

J PP symbol duration, interchangeable with T

We ooiviennnn cell bandwidth

Win coveeennns mobile bandwidth

2% N (N x N) Walsh orthogonal matrix with entries from integer ring D,
Wes vvvnnnnnnn bandwidth of spread-spectrum modulated signal
Wiot cevveevees total bandwidth allocated to entire network
Biceerernennn. relative channel power gain of interfering user i
(AT)g wvnnnnn. delay spread

AN 3 P coherence time

Bij e Kronecker delta function, same as 6[i — j]

by = 1 for i =j and zero elsewhere
Gi e relative carrier phase offset of interfering user i
B ceveiinns absolute carrier phase of interfering user i

L ST relative propagation delay offset of interfering user i
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B Discrete-time Sequences

superimposed orthogonal modulating sequence of user/channel j
data and spread-spectrum modulated sequence of user/channel j

1) impulse response of transmit/synthesis filter in channel i
of multi-carrier/filter bank system

1) impulse response of prototype transmit/synthesis lowpass filter
of multi-carrier/filter bank system

1) impulse response of receive/analysis filter in channel i
of multi-carrier/filter bank system

1) impulse response of prototype receive/analysis lowpass filter
of multi-carrier/filter bank system

discrete-time transmit sequence
equivalent to s(t) in continuous-time

Galois-binary data sequence of user j
antipodal-binary data sequence of user j

discrete-time impulse sequence
5[0] = 1 and zero elsewhere

Kronecker delta function, same as 3;;
5[i—j] = 1 when i = and zero elsewhere

discrete-time periodic impulse sequence of period M
5[kM] =1 for all integer k and zero elsewhere

(un-normalized) partial cross-correlation of two discrete sequences
with chip offset 1, starting position i and length d

(un-normalized) partial auto-correlation of a discrete sequence
with chip offset 1, starting position i and length d

(normalized) partial cross-correlation of two discrete sequences
with chip offset 1, starting position i and length d

(normalized) partial auto-correlation of a discrete sequence
with chip offset 1, starting position i and length d
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B Continuous-time Functions

linear time-invariant baseband channel impulse response
linear time-variant baseband channel impulse response
continuous-time periodic cross-correlation function
continuous-time periodic auto-correlation function
linear time-invariant passband channel impulse response
linear time-variant passband channel impulse response

1) baseband transmit filter impulse response
2) synthesis prototype filter in a multi-channel filter bank

output of baseband transmit filter f(t)
usually it is already data (and spread-spectrum) modulated

output of baseband transmit filter fi(t) of kth user/channel

1) baseband receive filter impulse response
2) analysis prototype filter in a multi-channel filter bank

number of resolvable multipaths, same as L,(t)
number of unresolvable multipaths

complex Gaussian noise in-phase component
complex Gaussian noise quadrature component
LTV channel auto-correlation function

delay spread function

continuous-time aperiodic cross-correlation function
with [0, T} window of periodic waveforms

continuous-time aperiodic cross-correlation function
with [t, T] window of periodic waveforms

continuous-time aperiodic auto-correlation function
with [0, 7] window of a periodic waveform

continuous-time aperiodic auto-correlation function

with [t, T] window of a periodic waveform

baseband received signal
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B Continuous-time Functions (contd.)

61,-(1; Ti, Tf) e

0;(t; Ty, Te) ...

O4(t;Ti, Te) ..

@j(’l’} Ti,Tf) .

passband received signal

sum of carrier and data-modulated signals } , sk (t)

carrier and data-modulated signal of k*"* user/channel

LTV scattering function, Fourier transform of R.(t;T)

unity function; equal to 1 for x > 0

baseband receive signal after carrier demodulation

output of discrete-to-continuous time (D/C) delta modulator
output of baseband receive filter h(t)

arrival time delay in n" resolvable path relative to zeroth path
channel (amplitude) gain in nt" resolvable path

continuous-time (un-normalized) partial cross-correlation function
with offset T and [Ty, T¢] window

continuous-time (un-normalized) partial auto-correlation function
with offset T and [T;, T{] window

continuous-time (normalized) partial cross-correlation function
with offset T and [T;, T¢] window

continuous-time (normalized) partial auto-correlation function
with offset T and [T;, T¢] window

continuous-time aperiodic cross-correlation function
of finite-length waveforms with [0, 1] window

continuous aperiodic CCF of finite-length waveforms with [t, T] window

continuous-time aperiodic auto-correlation function
of a finite-length waveform with [0, 1] window

continuous aperiodic ACF of finite-length waveform with [t, T] window
continuous-time impulse function
Doppler spread function

impulse response of transmit chip filter
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W Mathematical Operators

£ P continuous-time convolution

A e discrete-time linear convolution

‘D .. modulo-2 addition (exclusive-OR operation)
i S real addition

KO modulo-2 multiplication

............ real multiplication, same as ‘x’

‘R element-wise vector multiplication
Fl-] oo Fourier transform

Fol] oot inverse Fourier transform

E[-] ......... statistical mean

Var[-] ....... statistical variance

R{-} ... real part of expression in brackets

m,n] ........ the set of all real numbers between m and n
(both inclusive and n > m), sameasm < x < n

(m,n] ....... the set of all real numbers between m and n
(inclusive of nand n > m), sameas m<x < n

m,n) ....... the set of all real numbers between m and n

(inclusive of mand n > m), sameasm < x <

m, ) ........ the set of all real numbers between m and n
(both exclusive and n. > m), sameas m < x < N

[—X—J the set of all all integer multiples of M, same as M N
{..., —2M, —M, 0, M, ZM, }
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B Poly-lined Symbols for Number Sets

Y/ the set of all integers

Zivoviiinnnnns {i,i+1,i+2,...,oo}forintegeri>0

Y/ the set of all positive integers, same as Z

/R the set of all negative integers, same as Z_.
W/ the set of all positive even integers

VAN {i, i+1,i+2, ..., n}, both i and n are positive integers
/AT {1,2,...,1—1,1},sameasZi]

—ZE {-1-2... —i+1,if

X7 {—i =41, 10,4

+Z . the set of all positive and negative integers, excluding zero
N . the set of all natural numbers

same as Zg or {0, Z+}

Nt {O,],Z,...,i—],i}
same as Z} or {0, Z'}
NV {O,—],—Z,...,—i+1,—i}
same as —Z} or {0, —Z'}
AN L {—i,—i+1,...,—1,o,1,...,1—1,1}
same as £Z;
Fo evvennn... binary Galois field {0, 1}
same as Z)
1) antipodal binary set { — 1, 1}
same as +7'
Dm eeennnnn.. antipodal M-ary set (M is even and every element is odd)
{—(M—l), —(M=3), ..., =1, 1,... (M=3), (M—])}
1)) the set of all odd integers

1] the set of all positive odd integers
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B Parameterized Functions

| oS gamma function

Fr) e generic expression for a probability density function,
generally the time variable t is not used for indexing

F(v) v generic expression for a cumulative distribution function

B Notations for Probability Density Functions

X~T(e,B) covvnnnnn. gamma pdf with free parameters « and 3
X~N(y,o0?) ooon.... Gaussian pdf with mean p and variance o?

X~X*(1) veveinnnns standard chi-squared pdf with r degrees of freedom
X~x3(r,0%) ... central chi-squared pdf with r degrees of freedom and o
X ~x2(r, 0%, u?) ..... non-central chi-squared pdf with r degrees of freedom
X~xMm) ..ol standard chi pdf with n degrees of freedom
X~x(m,o2) ......... central chi pdf with n degrees of freedom and o
X~x(m, o2 u?) ...... non-central chi pdf with n degrees of freedom
R~x(1,6%) ... .. one-sided Gaussian pdf with o2

R~x(2,06%) covinnn... Rayleigh pdf with o?

R~x%(2,0% u2) ..... Rice or Nakagami-n pdf

R~q(q,Q) .......... Nakagami-q pdf with Q

Y~bB(p) .eieeiiin bipolar Bernoulli pdf with Pr{Y =1) =p

V ~bBin(n,p) ....... bipolar Binomial pdf with Pr(V =1) =p

X~T(e,B) cevennnnnn gamma pdf with free parameters o and
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B Acronyms
AC ... auto-correlation
ACF ................. auto-correlation function
AF .. amount of fading (a measure of fading severity)
AFD ... ....... ... average fade duration
ARR ..., (simultaneously) achievable rate region
AWGN ............... additive white Gaussian noise
BER ................. bit-error rate; same as P,
BT il bandwidth-time period product as a measure of excess bandwidth
CC . cross-correlation
CCF .iiiiiiiiiien cross-correlation function
CDMA ............... code-division multiple access
O channel interference (which occurs at Rake finger output
due to non-ideal cross-correlation between parallel channels)
CW .. continuous-wave (unmodulated) signal
DCT ..oviiiinnn discrete cosine transform
DFT .......cccen.... discrete Fourier transform
DS-CDM ............. direct-sequence CDM, same as phase-coded SSM
ELT ..., extended lapped transform
FDM ...cviiiiiiiinn, frequency-division multiplexing
FDMA ............... orthogonal-division multiple access
FF ..o, flat fading
FFT ... it fast computation of discrete samples of DFT
FH-CDM ............. frequency-hopped CDM
FSF .. ... ..ol frequency selective fading
10 ) S interblock interference

(i.e., ISI from past symbols in other sub-carriers/channels)
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B Acronyms (contd.)

inter-channel or inter-carrier interference
(i.e., ISI from current symbols in other sub-carriers/channels)

independent, identically distributed (random variables)
input-output device (e.g., communication channel)
in-phase and quadrature modulation format

ISI causing self interference

intersymbol interference

level-crossing rate

line-of-sight

linear time-invariant

linear time-varying

maximal-length (pseudo-random sequence)
modulated lapped transform

minimum shift keying modulation

naive time-division multiplexing

naive code-division multiplexing

naive code-division multiple access

orthogonal code-division multiplexing
its use as a collective representation of TDM, FDM and O-CDM

orthogonal-division multiplexing

orthogonal frequency-division multiplex
a multi-carrier modulation format in digital domain

offset quadrature shift keying modulation
orthogonal variable spreading factor

parallel-channel, single-gain CDM transmission
also known as multicode-CDM/CDMA

probability density function
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B Acronyms (contd.)

PG ... processing gain, same as Pg

PN ... pseudo-noise sequence

PSD ..ol power spectral density

QPSK ......covii.t quadrature shift keying modulation

2 radio frequency

SCRG .....oovnnn... single-channel, reduced-gain CDM transmission

also known as OVSF-CDM/CDMA or VSG-CDMA

SC-SG v single-channel, single-gain CDM transmission
also known as conventional CDM/CDMA

SDR ....ccciiiiinnn. signal-to-disturbance power ratio
disturbance is the sum of interference and Gaussian noise

SF o spreading factor, same as spreaing gain, denoted by N,
SNR .. signal-to-noise power ratio
SI e self-induced noise or self interference (that exists at

Rake finger output due to non-ideal auto-correlation)

SIC .o successive interference cancellation

SIR co signal-to-interference ratio

UST oo uncorrelated self interference

SHF ................. super-high frequency range (3 — 30 GHz)
SSM .. spread-spectrum modulation/multiplexing
5).Y S time-division multiplexing

TDMA ............... time-division multiple access

TH-CDM ............. time-hopped CDM

UHF ................. ultra-high frequency range (300 - 3,000 MHz)
VHF ................. very-high frequency range (30 - 300 MHz)
WSS e wide-sense stationary (random process)

WSSUS ...l wide-sense stationary, uncorrelated scattering radio channel
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