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Introduction:

A large numbef of properties which are peculiar to symmetric
Markov semigroups stem from the fact that such semigroups can be
analyzed simultaneously by Hilbert space techniques as well as
techniques coming from maximum principle considerations. The
feature of symmetric Markov.semigroups in which this fact is most
dramatically manifested is the central role played by the
Dirichlet form. In particular, the Dirichlet form is a remarkably
powerful tool with which to compare symmetric Markov semigroups.
The present paper consists of a number of examples which
illustfatg this point. What we will be showing is that there
exist tight relationships between uniform decay estimates on the
semigroup and certain Sobolev-like inequalities involving the
Dirichlet form.

Because of their interest to both analysts and probabilists,
such relationships have been the subject of a good deal of
reserch. So far as we can tell, much of what has been done
here-to~-fore, and much of what we will be doing here, has its
origins in the famous paper by J. Nash [N]. More recently, Nash’s
theme has been taken up by, among others, E. B. Davies [D] and N.
Th. Varopoulos [V-1] and [V-2]; and, in a sense, much of what we
do here is simply unify and extend some of the results of these
authors. In particular, we have shown that many of their ideés
apply to the general setting of symmetric Markov semigroups.

Before describing the content of the paper, we briefly set
forth some terminology and notation. Careful definitions can be

”fbund in the main body of the paper.
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Let E be a complete separable metric space, % its Borel
field, and m a (o—finite, positive) Borel measure on E . Let
{?t: t > 0} be a strongly continuous symmetric Markov semigroup
on Lz(m) . The semigroup {?t: t > 0} determines a quadratic
form & on Lz(m) through the definition
(0.1) e(r.8) = 12 leer) - (£.7.£)) .

(Here (+,+) denotes the inner produuct in L2(m) , and we are
postponing all domain questions to the main body of the paper.)
E(f,g) 1is then defined by polarization. & 1is called the
Dirichlet form associated with the semigroup {?t: t >0} . It is
closed and non-negative, and therefore it determines a
non-negative self adjoint operator A so that E(f.f) =

(f,Af)

One easily sees that ﬁt = e—tA , and so the semigroup is in
principle determined by its Dirichlet form. Our aim here is to
show that at least as far as upper bounds are concerned, this is
also true in practice; the Dirichlet form ¢ provides a
particularlly useful infintessimal description of the semigroup
{?t: t > 0}

Finally, to facilitate the description of our results, we
assume in this introduction that the semigroup {?t:vt > 0}
posseses a nice kernel p(t,x,y).

In section 1) we carefully define the objects introduced

above and spell out their relations to one another.

In section 2) we begin by characterizing the semigroups for
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which one has uniform estimates such as

(0.2) p(t.x.y) ¢ cse®/2

in terms of Dirichlet form inequalities of a type first considered

by J. Nash [N]:

2+4/v
2

and indeed, our method of passing from (0.3) to (0.2) is taken

¢ Be(r. e NENTP

(0.3) nen
directly from the work of Nash. (Our own contribution is that
(0.2) and (0.3) are actually equivalent. Several applications
here and elsewhere [K-S] turn on this equivalence.)

Once these basic facts have been established; the rest of
section 2) is devoted to Dirichlet form characterizations -- again
involving Nésh type inequalities -- of cases when p(t,xty)
decays differently for small times and large times. Thex
characterizations again have a pleasantly simple form. (Theorem
(2.9) and Corollary (2.12) are the main new results here.) Some
applications of these results are given in section 2), others are
described in section 5).

At the end of section 2), we discuss Varopoulos’ result [V-2]

characterizing (0.2) when v > 2 1in terms of a Sobolev inequality

2
2v/(v-2)

Together the two characterizations yield the suprising result that

(0.4) nfn { B'E&(f.f)

(0.3) and (0.4) are equvalent for v > 2 . However, because (0.2)
and (0.3) are equivalent for all v > 0 , and because (0.4) either
does not make sense or is not correct for v £ 2 , we find it more
natural to characterize decay of p(t,x,y) ., as we have

throughout this paper, in terms of Nash type inequalities.
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The uniform estimate (0.2) and all the estimates in section
2) are really only on-diagonal estimates for the kernel
p(t.x,y) . Indeed, a simple application of the semigroup law and
Schwarz’s inequality yields p(t.x,y) ¢ (p(t:.x,x)p(t.y.y))ll2
In section 3) we take up an idea of Davies [D] to obtain

off-diagonal decay estimates.

Davies’ idea is to consider the semigroup {?t: t > 0}

defined by

(0.5) Ple(x) = e¥[F, (e 1) 1(x)

for some nice function ¥ . Clearly this semigroup has a kernel
p¢(t.x,y) which is just e¢(x)p(t.x.y)e_w(Y) . In general, ?t

will not be symmetric, or even contractive, on L?(m) .
Nonetheless, when p(t,.x,y) satisfies (0.2), oﬁe ﬁighf still hope
that for some number N(y) and some number C independent of

v,

(0.6) pY(t.x,y) < cCt P 2tN(¥)

It would follow immediately that

(0.7) Cp(t.x.y) < Ct"’/ze(‘l‘(Y) - v(x) + tN(y))

and one would then vary ¢ to make the exponent as negative as
possible.

Davies worked this strategy out for symmetric Markov
semigroups coming from second order elliptic operators. In this
case, the associated Dirichlet form ¢&(f.f) 1is an integral whose
integrand is a quadratic form in the grandient of f . Davies

used the the classical Leibniz rule to, in effect, split the
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multiplication operafors e-w and e¢ off from ?t so that
symmetric semigroup methods could be applied to {?ft t > 0}

Here we develop Davies’ strategy in a general setting,
treating also the non-local case. (That is, the case when
{?tt t > 0} 1is not generated by a differential operator.) We are
able to do this because, under very mild domain assumptions, a
generic Dirichlet form §& behaves as if §&(f.f) were‘given by
the integral of a quadratec from in vf. In particular, &
satisffies a kind of Leibniz rule. . (Of course, there is no "chain
rule” in the non-local setting, and so it is somewhat suprising
that there is a Leibniz rule, even in the absence of any
differentiable structure.) We develop this Leibpiz rule at the
beginning of section 3); where we use ideas coming from Fukushima
[F] and Bakry and Emery [B-E]. Even though a good deal of further
input must be supplied to prove our generalization of Davies’
result, it is this Leibniz rule which allows us to take apart the
product structure of ?t . Thus the principle underlying our
generalization is really the same as the one which he used.

At the end of section 3) we give a brief example of the
application of our result to a non-local case,

In section 4) we develop analogs of the results of section 2)
in the discrete time case. In places this involves considerable
modification of our earlier arguments. In fact, we do not know
how to extend the results of section 3) to the discrete time case.

Our direct treatment of the discrete time case appears to be both
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new and useful. In a recent paper [V-1], Varopoulos géve a vefy
interesting application of continuous time decay estimates to
determine the transcience or recurrance of a Markov chain. He was
able to apply continuous time methods to this particular discrete
time problem essentialy because it is aAquestion abogt Green’s
functions. Other probléms, however, seem to require a more direct
approach.

In section 5) we give an assortment of applications and
further illustrations of the results described above. For
example, Theorem (5.20) discusses a discrete-time situation for

which the results of section 4) appear to be essential.




1. Background Material:

Let E be a locally compact separable metric space, denote by
B = QE the Borel field over E, and let m be a locally finite
measure on E. Given a transition probability function P(t,x,*) on
(E,%3), we say that P(t,x,*) is m-symmetric if, for each t > O, the
measure mt(dxxdy) = P(t,x.dy)m(dx) is symmetric on (ExE,3x3). We
will always be assuming that our transition probability functions
are continuous at O in the sense that P(t,x,+) tends weakly to Bx
as t decreases to 0. Note that if:{Ptt t > 0} denotes the
semigroup on B(E) (the space of bounded %-measurable functions on
E into R) associated with P(t,x,*) (i.e. Ptf(x) = If(y)P(t}x,dy)
for t > O and f € B(E)), then for all f € Bo(E) (the elements of
B(E) with compact support):

(1.1) p_£1l < Ul , t>0and p € [1,»].
v OLP(m) LP (m)

Thus, for each p € [1,=), {Pti t > O} determines a unique strongly
continuous contraction semigroup {?2: t > 0} on Lp(m).

In particular, when p = 2 we write Ft in place of F% and
observe that {Ft: t > 0} is a strongly continuous semigroup of
self-adjoint contractions. Then the spectral theorem provides a

resolution of the identitiy {Ek: A 2 O} by orthognal projections

such that
= -At
(1.2) P = J e dE, ., t > 0.
[0.=)
Clearly, the generator of {th t > 0} is -A where A = I RdEA.

[0.=)

Next define a quadratic form on L2(m) by




-8~

(1.3) E(£.£) = f N(E,£.£) . £ € L%(m),

[0.=)
(Ve use (f.g) to denote the inner product of f and g in
Lz(m) .) The domain 9(&) of & 1is defined to be the subspace
of L2(m) where the integral in (1.3) is finite. Since %(1 -
e_kt) increases to A as t decreases to -0, another

application of the spectral theorem shows that Et(f.f)Ts(f.f) as

ti0 , where

(1.4) 8.(£.8) = 5[ (F(¥) - £(x))?m, (dxxdy)
1 -
= E’(f - Ptf.f) H
and that
(1.5) a(e) = 9(A'2) = { ger®(m) | YR (£.£) < @ )

2

(Here %(Xll ) is the domain of the square root of A .) The

bilinear form & is called the Dirichlet form associated with the

symmetric transition function P(t.x,+) on (E.% m).

It is clear from the (1.4) that & ([f].]f]) < & (f.f)
Taking the limit as t tends to zero, it is also clear that ¢
posseses this same property. What is not so clear, and is in fact
the key to the beautiful Beurling-Deny theory of symmetric Markov
semigroups, is the remarkable fact that this last property of ¢
essentially characterizes bilinear forms which arise in the way
just described. For a complete exposition of the theory of
Dirichlet forms, the reader is advised to consult M. Fukushima’s

monograph [F]. A more cursory treatment of the same subject is

given in [L.D.] starting on page 146.




2. Nash-Type Inequalities:
Throughout this section, P(t,x,*) will be a symmetric
transition probability function on (E.%,m), and {Ptt t > 0},

{P t > 0}, {E A 20}, & and A will denote the associated

)\3

objects introduced in section 1). Furthermore, we will use Hf"p

.

to denote the Lp(m)-norm of a function f and HKHpqq to denote
sup{HKfﬂqt f € BO(E) with Hf"p = 1} for an operator K defined on
BO(E) .

As the first sfep in his famous article on the fundamental
solution to heat flow equations, J. Nash proved that if a:
RN——ﬂRN®RN is a bounded smooth symmetric matrix valued function
which is bounded uniformly above and below by positive.;ultiples
of the identitity, and if p(t.x,y) denotes the non-negative
fundamental solution to the heat equation Btu = v-(av)u, then
p(t.x.y) ¢ K/tN/z. (t.x,y) € (O,m)xRNxRN, where K can be chosen to
depend only on N and the lower bound on a(-°).

The proof given below that (2.2) implies (2.3) is taken

essentially directly from Nash’s argument.

(2.1) Theorem: Let v € (0,») and 6 € [0,») be given. If

2 1
for some A € (0,»), then there is a B € (0,2) which depends only

(2.2) ngn2+e/v ¢ A[s(f.f)l+ 5ufu2]ufu4’”, £ e L2(m),

on v and A such that

(2.3) B I, Be9t/¢%/2, ¢ > 0.

Conversely, if (2.3) holds for some B, then (2.2) holds for an A

depending only on B and v.
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Proof: We first note that it suffices to consider f €
@(X)ﬂLw(m)ﬂLl(m)+ when proving the equivalence of (2.2) and
(2.3). It suffices to consider non-negative functions because
{?t: t > 0} preserves non-negativity and &(|f].|f]) < &(f.f)
Furthermore, if £ € L'(m)* and £ =P, (fAn), then f_ €
a(K)NL”(m)nL (m)*. £ —f in L'(m), and &(f_.£) < &(£.f).

Assume that (2.2) holds. and let £ € @(A)NL'(m)"* with £, =

1 be given. Set £ = P f and u(t) = e 2%%ug 02, Then, by (1.2)
. _ _d _ -26t : 2 2 1+2/v
and (2.2): dtu(t) = 2e [8(ft'ft) + 6HftH2] 2 Au(t) .
where we have used the fact that "ftul = llfll1 = 1. Hence,
3%[u(c)'2’”] = —(2/0)u() 172" u(t) 32 4/vA ; and so. u(t) <
(4t/vA)-D/2. From this and the preceding paragraph, it is clear
that 0P I, ¢ Ce®%/t”/%, where C depends only on v and A. Next,
since ﬁt is symmetric, "ﬁtuzem = "ﬁt“1#2 by duality. Hence,
5 5 2 6t , v/2
by the semigroup property,. HF'tlll_’m < "Pt/2"1e2 ¢ Be "/t .
where again B depends only on v and A.
To prove the other assertion, assume (2.3). Choose f €
Dom(X)NL'(m)* . and set £, = e P'F £, Then £ N, < Bifil, /t"/? and
t
£ = f - f (61 + A)f ds. Hence:
t s
0
2, v/2 2 _[* -
Bﬂftul/t 2 (f,ft) = ﬂfH2 - f;(f.(&l + A)fs)ds
2 2] .
2 Hfﬂ2 - t[&(f.f) + énfﬂz}.

where we have used (1.2) to conclude that (f,(6I + X)fs) < &(f,.f)

+ 6HfH2 for all s > 0. After segregating all the t-dependent

2
terms on the right hand side and then minimizing with respect to t

> 0, we conclude that (2.2) holds with an A depending only on v
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and B. Because of the remarks in the first paragraph, the proof

is now complete. Q.E.D

The estimate (2.3), as it is written, ignores the fact that

since P 1l {1 for all t > O,

et is a decreasing

HPtﬂlqm
function of t. However, it is clear that when 6 > O , (2.3) is
equivalent to
(2.3") e < B'/(eA1)72, t > 0

) t 1o, ' '
where B' = Be .
(2.4) Remark: The basic example from which the preceding theorem
derives is the one treated by Nash. Namely, let E = RN and set
Po(t,x.dy) = (4ﬂt)’N/2exp[-|y - x[2/4t]dy. Then it is easy to
identify @(80) for the associated Dirichlet form &° as the
Sobolev space W;(RN) of Lz(RN)—functions with first derivatives in
LZ(RN) and to show that Go(f,f) = f!vflz(x)dx. In particular,

since it is clear from the explicit form of P°(t,x,dy) that

"ﬁtulem < (4ﬂt)—N/2 , we can apply the preceding theorem to
conclude that
(2.5) nfu2;4/g < AN[leflz(x)dx}Mf"4;N N -

L°(R") L°(R")

On the other hand, and this is the direction in which Nash
argued, an easy application of Fourier analysis establishes (2.5)

for this example:

emMien?, <[ 1R 1% k2 16 (e 12a
L P‘{’R ’2 el T lElR
< Q4R "f"Ll(RN) + (27) "R I[vf! (x)dx

for all R > 0, and therefore (2.5) follows upon minimization with

respect to R.
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Next, suppose that a:RN——ﬁRNQRN is a smooth, symmetric

matrix valued function which satisfies a(*) 2 al for some a > O.
Then thevfundamental solution p(t,x,y) to atu = v+(avu) determines
a symmetric transition probability function P(t,x.dy) = p(t,.x.,y)dy
on (RN,dx). and the associated Dirichlet form € is given by &(f,f)
= fvf(x)°a(x)vf(x)dx. While one now has no closed form expression
for P(t.x,dy), it is clear that &(f.f) 2 a&o(f,f) , and so from
(2.5), we see that & satisfies (2.2) with A = AN/a. Hence,

N/2 '

1 € K/t ., where K € (O.wj depends on N and a alone.
N/72

Obviously, this is the same as saying that p(t,x,y) { K/t .

HPtH

The utility of Theorem 2.1 often lies in the fact that it
translates a fairly transparent comparison of symmetric Markov
semigroups at the infinitessimai level into information relating
their kernels; clearly this is the case in Nash's original work.

Our next result is motivated by the following sort of

example. Define p(t.,x,y) = Wt(y - x) on (O.w)xRNxRN. where wt(x)

t N

= 2/(.:N(t2 N le2)(N+1)/2 is the Cauchy (or Poisson) kernel for R .

Then it is easy to check (cf. the discussion in section 1)) that
the associated Dirichlet form & is given by &(f.f) =
l/mdexjdny]_N+1(f(x+y) - f(x))z. In addition, by either Theorem
(2.1) or a Fourier argument like the one given in (2.4), one sees
that (2.2) holds with 6 = 0 and v = N. VNext, consider the
Dirichlet form &(f,.f) = cjdxfdy]yl-N+1(f(x+y) - f(x))zn(y) , where
c > 0 and nn € BO(IRN)+ is identically equal to 1 in a neighborhood

of the origin and is even. (Note that, by the Levy-Khinchine
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formula, there is, for each t > 0, a unique probability K, on RN

such that ;t(f) = exp[c'tf&ylyl-N+l(cos(§°y) - l)n(y)]. where ¢’ =
2c/(2v)N. Moreover, it is an easy exercise to check that the
convolution semigroup ?tf = ut*f is symmetric on LZ(RN,dy) and
has & as its Dirichlet form.) One can exploit translation
invarience by using the Fourier transform to rewrite &(f.f) as

|TN*1eq - cos(E°Y))n(Y)]-

ece.) = o [ag[1EE) 12[ayly
Note that jﬁy]yl~N+1(1 - cos(f+y))n(y) 1is asymptoticly
proportional to lflz for £ small and to IEI for £ large. Then
proceeding as in the Fourier analytic derivation of (2.5), one
sees that there exists a C € (0,») (depending only on N, c, linl_,

and the supports of nn and (1 - 7m)) such that:

(2.6) nens < c[(R‘zvn’l)s(f.f) + RNHfH?], R > 0.
From (2.6). we see that if &(£,£) > HfN3 then ngn®*2/N ¢
C'é(f.f)HfH%/N, where C' depends only on C and N. At the same
time, if &(f.f) £ Hfﬂf. then, by taking R =1 in (2.6), we obtain
WENS < 2CHENZ and therefore that nen2*2/N (2C)1/Nufu§nfuf’N.
Combining these, we arrive at

nen3*2N ¢ A{&(f.f) + ufug]ufuf/N.

where A depends only on N and C. Applying Theorem (2.1), we

conclude that

(2.7) B, < Bet/tN, ¢ > 0.

Because the M from which the preceding {?t: t > 0} comes is
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nothing but a truncated Cauchy kernel, one expects that (2.7) is
precise for t € (0,1]. However, Central Limit Theorem
considerations suggest that it is a very poor estimate for t 2 1.
In fact, because the associated stochastic process at any time.t
and for any n € z* is the sum of n independent random variables
having variance approximately proportional to t/n, the Central
Limit Theorem leads one to conjecture that the actual decay for

N/72

large t is Bt The point is that too much of the

information in (2.6) was thrown away when we were considering f's

for which &(f,.f) ¢ Hf"%. Indeed, from (2.6) we see that
(2.8) nen2* N ¢ agce eyuend’Y when 2(£.1) ¢ ufnf.

The next fﬁeorem addresses the problem of getting decay
information from conditional Nash type inequalities like (2.8).

(2.9) Theoerem: Let v € (0,2) be given. If

(2.10) nendt g Ag(e. £ nen" when &(£.£) < nen?
for some A € (0,®) and if HWP_I { B € (0,»), then there is a C €

1 19
(0,») depending only on v, A, and B such that

(2.11) o, < ¢/t ey,

Conversely, (2.11) implies that (2.10) holds for some A € (0,»)
depending only on v and C.

Proof: As in the proof of Theorem (2.1), we restrict our
attention to f € E(X)ﬂLl(m)+ when deriving these relations.

Assume that (2.10) holds and that ”ﬁlulam { B, and set T

= B/2. Let ;‘D(X)ﬂLl(m)+ with Hfﬂl = 1 be given and define ft =




-15-

—2A( = 1 12

_ T+t+1) 2 2
e(f, .f,) = I Ae d(E\f.f) < (1/2T)IP (FI5 < ugng M5

[0.=)

Hence, by (2.10). £ 12**% ¢ Ag(s ¢ e Y < ae(s, ft). since
Hftﬂl = 1. Starting from here, the derivation of Hf 2  C’ /tu/Z

for some C' depending only on N and A is a re-run of the one given
in the passage from (2.2) to (2.3). One now completes the proof
of (2.11) by first noting that, from the preceding, "§T+1+t"14m <
2°C'2/t%/? and second that WE W, < WB M __ < B for t 1.

The converse assertion is proved in the same way as we passed
from (2.3) back to (2.2). Q.E.D.

The following statement is an easy corollary of the Theorems
(2.1) and (2.9) and the sort of reasoning used in the discussion

immediately preceding the statement of (2.9).

(2.12) Corollary: Let 0 { p { v  ©» be given. If

/(p+2 /(v+2
(2.13) nen2 ¢ A[[é&i;il]” (wr2) [Eii4il]u (o )]ufuz
2 ngn? neu? 1

for some A € (0O,®) and all f € Lz(m)\{O}.’then there is a B,

depending only on p,v, and A, such that
v/2
u/2

B/t
1o0 S B/t

if t € (0.1]

(2.14) ne if te[l.e).

(2.15) Remark: As a consequence of Corollary (2.12), we now have

the following result. Let {?t: t > O} have Dirichlet form & and
suppose that §(f,f) = dej(f(x+y) - f(x))zM(x.dy). where M:

RNXQ —[0,»] has the properties that M(x,<) 1is a locally
N
R\{0}

finite Borel measure on RN\{O} for each x € RN, M(-.T) is a
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measurable function for each I' € & . M(x,-T) = M(x.T), and
RN\ {0}

HI,y]zl(l + ]y]z)M(',dy)l!oo = C ¢ », Next, suppose that M(x,dy) 2

"(Y)'Q%NIE for some 7n € B(IRN)+ and a € (0,2). If n 2 e for some e

> 0, then by comparison with the Dirichlet form of the symmetric

stable semigroup of order a , we have Hﬁtﬂlgm < B/tN/a ., t > 0,

where B depends only on N, a, e, linli,, and C. On the other hand,
again by comparison, if 75 € BO(RN) and if n 2 € > O on some ball

B(O,r), then u?tu satisfies (2.14) with p = N/2, v = 2N/a,

1o
and some B depending only on N, a, e, r, linll_, and supp(n).

We conclude this section with an explanation of the
relationship between Nash inequalities like (2.2) and the more

familiar Sobolev inequalies.

(2.16) Theorem: Let v € (2,®) be given and define p € (2,%) by

thé equation p = 2v/(v - 2) (i.e. 1/p = 1/2 - 1/v). If (2.2)
holds for some choice of A and 6, then
(2.17) ufui ¢ AT(E(£.£) + sugnd)
for some A' € (0,®) which depends only on A and v. Conversely,
(2.17) implies (2.2) for some A € (0,) depending only on A' and
v.

Proof: At least when 6 = O, Varopoulos proved in [V-2] that
(2.3) with v > 2 is equivalent to (2.17) with p = 2v/(v-2); and
so, since his proof extends easily to the case when & > O, Theorem

(2.16) follows directly from Varopoulos’ theorem and Theorem

(2.1). Q.E.D.
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The passage from (2.17) to (2.2) provided above is, however,
far from being the most direct. If (2.17) holds, then by Holder's

inequality:
nen. < ngn® Zyenl-rP/2 P /2yeyl-p'/2,
2 P 1 1

where p' denotes the Holder conjugate of p. The preceding

< A'(E(F.f) + 5ufu§) nEn
inequality clearly shows that (2.17) yields (2.2) with A =
(A‘)4/p'. In view of the crudeness of this argument for going
from (2.17) to (2.2), it should come as no suprise that
Varopoulos’'s proof that one can go;from (2.3) to (2.17) involves
somewhat subtle considerations. In particular, what comes easily
from (2.3) is a weak-type version of (2.17): and one applies

Marcinkiewicz interpolaiion to complete the job.
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3. Davies’s Method for Obtaining Off Diagnal Estimates:

So far we have discussed the derivation of estimates having
the form "ﬁtulam ¢ B(t) . VWhen such an estimate obtains of
course, for each t and m-a.e. x , the measure P(t,x,*) must
be absolutely continuous with respect to m , and so the semigroup
{?t: t > 0} posseses a kernel p(t.x,y) : that is, for m-a.e.
X, we may write P(t.x.dy) = p(t.x,.y)m(dy) . |

In this section we discuss pointwise estimates on the kernel
p(t.x,y) . To do so conveniently.:we will suppose that our
semigroup {?tt t > 0} 1is a Feller semigroup; that is, that each

Pt preserves the space of bounded continuous functions . Under

this hypothesis, whenever n?tnlﬁm { B(t) we have that for every
t and x , P(t,x,dy) = p(t.x,y)m(dy) . and p(t,x,*) < B(t)
m-a.e. Then in view of the fact that P(t,x,*) is an m-symmetric
transition probability function, p(t,+.%) = p(t.,*,+) (a.e.,mxm)
for all t > 0 , and p(s+t.x,*) = jﬁ(s,x,f)p(t.f.-)m(dE) =
jp(s,x.f)p(t,°.§)m(d§) (a.e..m) for all (t,x) € (0,»)xE . (One
may always delete the Feller condition in what follows if one is
willing to insert extra a.e. conditions.)

We now enquire after the decay of p(t.x,y) as the distance
between x and y 1increases. The results of section 2) do not
address this question. Indeed, under the Feller hypothesis, we
have by the Schwarz inequality and the above that p(t,x,y) ¢
(p(t.x,x))lfz 172

while an estimate on "ﬁtnlew yields a uniform estimate on

(p(t.y.y)) for mxm-a.e. (x,y) € ExE . Hence,
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p(t,+,»*) , it is really just an estimate on p(t,*,%) at the
diagonal.

In the introduction we briefly sketched an extremely clever
method E. B. Davies [D] introduced for obtaining off-diagnal
estimates»provided the semigroup is generated by a second order
elliptic operator. Our primary goal in this section is to show
how one can generalize Davies’ idea and apply it in a more general
non~local setting.

In order to explain what must;be done, consider, for a

moment, a typical situation handled by Davies. Namely, let E = RN

and suppose that &(f.f) = Ivf-avfdx , where a:mN-emN@mN is a
smooth, symmetric matrix-valued function, uniformly bounded above
and below by positive multiples of the identity; and let {?t Pt
> 0} denote the associated semigroup. Instead of studying the
original semigoup {Ptt t > 0} directly, Davies proceeded by way
of the semigroup {Ptt t > O} where

(3.1) PYe(x) = ¥ (X [p (e7¥E)1(x) .

<

o N
and ¢ € CO(R ) . What he showed then is that if HPtul

v/2

B/t , t > 0, then, for each p > 0, there is a Bp € (0,») such

that
2/2)exp((1 + p)T(¥)2t). t > O,
where F(¢)2 = Hl}aijai¢ajw|nm . As a consequence, he concluded

/2) exp(#(y) - ¥(x) + (1 + p)T(¥)2t) for all

v
llPtll1 < (Bp/t
that p(t.x,y) ¢ (Bp/t
¥ € C:(RN) and then got his estimate by varying

As we will see shortly, the key to carrying out Davies’
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program is to obtain the inequality

(3.2)  e(e¥e2Pl o7¥5) > 1/pe(£P.1) - pr(¢)2ufu§g
for smooth non-negative f's and any p € [1,2). Although, in the
case under consideration, (3.2) is an easy exercise involving
nothing more than Leibniz’s rule and Schwarz’'s inequality, it is
not immediately clear what replaces (3.2) in the case of more
general Dirichlet forms. In particu;ar. we must find a
satisfactory version of the Leibnitz rule (cf. (3.8) below) and a
suitable quantity to play the role of I'(y¥), and we must then show
that a close approximation of (3.2) continues to hold.

(3.3) ¥arning: Throughout this section we will be assuming that
for any Dirichlet form & wunder consideration, C&E)ﬂ%(&) is
dense in CO(E)

In this section we make frequent use of the fact that (cf.

section 1)) for f,g € 9(&) .
Ilim
E(f.g) = & (f.g)
(3.4) ti0 t

= ML) - 100) (s - s00)m, (axxay)

Set zb = E(&)ﬂLm(m). We then have the following lemma, which

is taken, in part, from [F].

(3.5) Lemma: If ¢ is a locally Lipshitz coninuous function on Rl

with ¢(0) = O, then, for all f € yb' pof € gb’ In particular, 9b

is an algebra. Finally, for all f,g € ﬂb:

(3.6) iig—g%—f (x)(£(y) - f(x))zmt(dxxdy) = e(gf.f) - 1/28(g.£2).

Proof: The proof that ¢of € Fb comes down to checking that

1 2
igg—?— (pof(y) - ¢of(x)) mt(dxxdy) o ;
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and since |gof(y) - yof(x)] < M|f(y) - £(x)]. where M is the

Lipshitz norm of ¢trange(f), this is clear. The fact that yb is

2

an algebra follows by specialization to ¢(n) = nn° and

polarization. Finally, to prove (3.6), note that
(g(x)f(x) - g(y)E(¥))(£f(x) - £(¥y))
- 1/2(g(x) - g(¥))(£2(x) - £2(y))
= 1/72g(x)(£(x) - £(y)? + /281 (£(¥) - £(xN:
and therefore, by the symmetry of m . one sees that
st - £e02n (axxay) = e - g1 E()Im (dxxay)
- 172[(800) - 820 - £2(3))m (axxay) .
After dividing by 2t and letting ti0, one gets (3.6). Q.E.D.
Given‘;wo measures u and v on (E,%3). recall that (1.11))1/2 is
the measure which is absolutely continuous with respect to p + v
and has Radon-Nikodym derivative (fg)1/2, where f and g denote the

Radon~-Nikodym derivatives of n and v, respectively, with respect

to p + v.
(3.7) Theorem: Given f,g € $b and t > O , define the measure
r(f.g) by

ar (t.e) = [Rfereo - e - s())P(ex.an) m(ax).

Then, there is a measure I'(f,f) to which Ft(f.f) tends weakly as

ti0 (i.e. jé(x)drt(f,f)——» g(x)dr(f.f) for each g € Cb(E)) .

and &(f.f) 1is the total mass of TI(f,f) . Furthermore, if
r(f.g) 1is defined by polarization, then Ft(f.g) tends weakly to
r(f.g) and |[I(f.g)]| ¢ (1"(&',f)1"(g.g))1/2 , where |o] denotes

the variation measure associated with a signed measure o
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Finally, if f.,g,h € 90 ., then one has the Leibnitz rule:
(3.8) §(fg.h) = jfdr(g,h) + fgdr(f.h)

Proof: Clearly Ft(f.f)(E)——és(f,f) as tl0 . Thus we will
know that Ft(f.f) converges weakly as soon as we show that
iigjé(x)rt(f,f)(dx) exists for each g € Co(E) . In turn, since
we have assumed that 9(8)0C0(E) is dense in Co(E) ., We need
only check this for g € @(8)0C0(E) ;: and for such a g we can
apply (3.6).

Cleafly both Ft(f.g)——%f(f.g) ;nd the inequality |I'(f.g)]| ¢
(F(£.£)T(g.2)) /2 follow from the definition of I'(f,g) via
polarization. Finally, to prove (3.8), observe that

(f(x)g(x) - f(y)e(y))(h(x) - h(y)) = .
1/2(8(x) + g(¥))(E(x) - £(y))(B(x) - h(y))
+ 172(£(x) + £(y))(g(x) - g(y))(h(x) - h(y)).
-Hence. by the symmetry of m_, (3.8) holds with 8t and Tt replacing

t
& and T', respectively; and (3.8) follows upon letting tl0. Q.E.D

Clearly we can unambiguously extend the definition of & and T

to f.g € 3= (h+c:h€FNC(E) and ¢ € R'}, and (3.8) will

continue to hold even though elements of ¥ need not lie in
L2(m) . VWe now define ém to be the set of ¢y € ¥ such that
e‘2¢r(e¢.e¢) << m, ezwf(e—¢.e-¢) <{ m, and

-2y v ¥ 2y -y _-v¥
r(y) = [ude fle .o by yydeLle —.e ),

am LI, { o,

]1/2
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(3.9) Theorem: Choose and fix v € ¥, . Then, for all f € §+2

(3.10) g(e¥s,e7Ve) 3 e(f.1) - F(¢)2HfH§.
Moreover, all p € [2,@):-
(3.11)  g(e¥e®P7! o™¥py 5 p7lg (6P ¢Py 9pF(¢)2HfH§g.

Proof: By polarizing (3.6). we see that:
(V2P 1 e 7Vgy o g(£2P71 gy o g(e V2P oY) -2J;'¢fdr(fzp‘1,e¢).
Hence, after applying (3.8) to the second term on the right of the

preceding, we obtain:

e(e¥e?P7l o7y o g(2P71 gy o ffzp—ldr(e-wf.e¢)

(3-12) - J;'ffdr(fzp‘l,e*),
Note that
£2P lyr(e Vs, e¥) - f;'¢fdr(f2p‘1.e*)
(3.13) _ iigfte-w(x)f(x)f2p-l(y) - e-w(y)f(y)fzp-l(x)]
x[e¥(¥) _ e¢(Y)]mt(dxxdy)/2c.
In particular, when p = 1:

Ifdf(e_wf.e¢) - fe‘wfdr(f,e¢)

S OIS S R CO FPR T CO T ) 1m, (xxdy) r2e

- _1imff(x)f(y)[e-w(y) - e V(X)qe¥(x) _ ew(Y)]mt(dxxdy)/zt

tio
lim 20 .79(Y) _ (X)) w(x) _ _¥(y) 172
2 _th[jf(x) [e - e 1[e - e ]mt(dxxdy)/2t]
172
X[ff(y)?'[e-\p()’) - e-‘#(x)]te“‘(x) - e‘#(y)]mt(dxxdy)/2t]

ffzdr(e—w.e¢).

i
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At the same time,
(3.14) Irce™.e¥)| < r(y)2m,
and so (3.10) now follows from (3.12) with p = 1 and the
preceding.

To prove (3.11) when p > 2, we re-write the right hand side
of (3.13) as:

iigf[fzp(Y) - f2p(x)]e—¢(x)[ew(x) - ew(Y)]mt(dxxdy)/Zt

. iigff2p(x)[e-¢(x) _ e“¢(¥)j[e¢(x) - eW(Y)]mt(dxxdy)/2t

3 L SO 1 SO NS R CAT RO N Co T I

p iigffp(Y)[fp(Y) - fP(x)1e¥ (V) ¥ (¥) _ e'*(x)]mt(dxxdy)/zt

+ iigffp(x)[fp(Y) - fp(x)]e—w(x)[e¢(x) - e¢(Y)]mt(dxxdy)/2t

+ ff2pdr(e°¢,ew) - 2[ff2p-2dr(f,f)]llz[ffzpe-2wdr(eW,e¢)]1/2
2 —8({9’fp)1/2[[ff2pe2¢dr(e-¢'e—¢)]1/2 _ [ffzpe'2¢dr(e¢,e¢)]1/2]

+ ffgpdr(e—w.ew) - 2[ff2p'2dr(f.f)]1/2[ff2pe'2*dr(e¢.e*)]1/2.

Using (3.14) together with this last expression, we see that:

£2P lar eV, oY) - fé'*fdr(f2p'2,e¢) > - r(w)zufnzg

(3.15) ) 2[g(fp'fp)1/2 . [ff2p-1dr(f'f)}1/2]r(¢)nfup :

2p
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In order to complete the derivation of (3.11), we need two

more facts. The first of these is that
(3.16) e(£2P71 5y » szp_zdr(f,f) > §5éTg(f2p‘1.f)
and the second is that
(3.17) g(£P,£P) » (2P 1 gy » ZBdg(4P gP).
P

To prove (3.16), use (3.8) to check that

e(£2P72 £2y - 2g(£2P71 gy - 2If2p_2dr(f.f).
and use 8(f2p—2.f2) = iigét(fzp-z,f?) 2 O to conclude that the

first part of (3.16) holds. AThe second part follows from the fact
2p-2 2p-2 2
Py + £°P75(x)) (£ (x) - £(¥y))° 2

§5%T(f2p—1(Y) - fzp—l(x))(f(y) - f(x)) . together with (3.4) and

that for all x and y , %(f

Lemma (3.5). The proof of (3.17) is equally easy. Namely,
replace & and by §tand note that
2 2p-1 2p-1
(£P(y) - P(x))° 2 (P70 (y) - £PTIx))I(E(y) - £(x))
2p-1 2
> == (£P(y) - £P(x))”.
P
(We do not actually use the second part of (3.16) here, but

because it is interesting that there is a two sided bound, we

include the short proof here. The second part of (3.17) has

appeared already in [L.D.] and [V-2]: only the first part is new.)
Combining (3.12) and (3.15) with (3.16) and (3.17), we now

see that

g(e¥£2P71 e7¥r) » 2Bde(sP ¢P) - 46(£P. £y 2r(y) - r(w)2usn
P
of which (3.11) is an easy consequence. ’ Q.E.D.

2p
2p’




-26-

Now suppose that & satisfies the Nash inequality

(3.18) ufu§+4’” < A(E(f.f) + 5ufu§)ufuf/”.

Given ¢y € ¥ and f € gt, set ft = ?ff. Then, by (3.10) and

f € L2(m).

(3.11), one has that

d 2 - 2
Sug 3 = -2e(e¥r eTVe ) ¢ —20( .8 ) + () 20E, >
and
d 2p _ ¥.2p-1 -y - P (P 2 2 2p
Tl 5P = -2pe(e¥e2P 7 eTHe ) ¢ -26(£2.£%) + 1807r(w)%uE 03P

for p € [2,9). Clearly the first of these implies that
2 .
(3.19) "ftﬂz < exp(Ir(y) t)Hf"z
At the same time, when combined with (3.18), the second one leads

to the differential inequality:

d 1
E?"f 2p < _X;"ft"2p

1-&-4/1:"f "-4/v
tp

3.20
( ) + p(or(v)2 + 6/p2)if

t"2p
for p € [2,%).

The following lemma, which appears in [F-S] and whose proof
is repeated here for the sake of completeness, provides the key to
exploiting differential inequalities of the sort in (3.20).

(3.21) Lemma: Let w: [0,2)—(0,®) be a continuous non-decreasing

function and suppose that u € Cl([O.w):(O.“)) satisfies

(p-2)/BpyBp
. el_t 1+Pp
(3.22) u'(t) ¢ p[ ¥ () ] u (t) + Apu(t), t € (0,»),
for some positive e, B, and A\ and some p € [2,®). Then, for each

p € (0,1], u satisfies

o ]I/ﬁp (1‘P)/Bpw(t)epkt/p- t €(0,2).

(3.23) u(t) ¢ - [ s
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-Apt

Proof: Set v(t) = e u(t) and note that

Hence,

" 2
o[ ()7PP] 2 epe(PRly(c)TPRARR
and so, since w is non-decreasing,

2 t 2 .
e-kﬁp tu(t:)-Bp 2 eBw(t)-BpI s(p-2)ekﬁp Sds.
0
But, for p € (0,1],

' 2
t o, 2 p-1pABp -

J s(p 2)e}‘ﬁp Sds 2 [t/kﬁpz] I s(p 2)stsds

0] 2 2

ABp~(1-p/p")

t(p—l) 2 2

2 —=—g—exp[ABp7t - pkBt]p[l - (1-p/p )]-
Noting that p[l - (l-p/pz)j 2 p/2 for all p € [2,2), we conclude
from the above that u satisfies (3.23).

Q.E.D.

We are now ready to complete our program of estimating

iF¥n, ., . To this end, pick an f € L2(m)* with nENy = 1, set
p, = 25 for k € z' , and define wu (t) = WPYfN_ . Also define
t pk
(p-2)/Bp,
wk(t) = max{s u(s): s € (0,t]}. By (3.19), wl(t) <

exp(F(¢)2t). Moreover, by (3.20), satisfies (3.22) with e =

Yp+1

17/A, B = 4/v, A\ = 9r(¢)2 + 6, and w = w Hence, by (3.23), we

k"

k
17278 k
[22k+1 } oPAL/2

/peB for any p €

(0.1]. Putting this together with our estimate on w,, we arrive

see that wk+1(t)/wk(t) <

lim -1/ At
at the conclusion kﬂmwk(t) < C(pe) Bep

, where C = C(B) €

(0.») ; and, after replacing p by p/9 and adjusting C accordingly.
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one easliy passes from here to

BYn, ., < Cc(A/pt)” texpl[(14p)T(¥)%t + pot]

for all p € (0,1] . Finally, this estimate is obviously unchanged
when ¢ is replaced by -y. Thus, since it is clear that §;¢ is the

. N4 A4
adjoint of Pt’ we also have that "Pt"142 <

C(A/pt)v/4exp[(1+p)F(¢)2t + pot] for all p € (0,1] . Hence,

. sY 3 d 3 4
since ”Pt"1qm < "Pt/2"142"Pt/2"2em’ we now have

= /2 2
(3.24)  nFu . < c(AZpt) Pexp[ (1+p)T(¥) 2t + pot]
for all p € (0,1], where the C in (3.24) is the square of the
earlier C.

(3.25) Theorem: Assume that (3.18) holds for some positive v, A,

and 6. Then P(t,x,dy) = p(t.x,y)m(dy) where, for each p € (0,1]
and all (t,x,y) € (0,»)xExE:

(3.26) p(t.x,*) ¢ C(A/pt)vlzeapte-D((1+P)tix.')

(m-a.e.)
with C € (0,~) depending only on v and _
(3.27)  D(Tix.y) = sup{l¥(y) - w(x)| - Tr(¥)%: ¢ € ).
Proof: From (3.24) with ¢y = O we see that p(t,x,*) exists.
Moreover, since I'(y) = I'(-y)., (3.24) for general ¢ € gw says that
p(.x.%) € C(A/pe)* Zexp oot = 1¥(+) - ¥(x)| + (1+p)TT(0)2].

and clearly (3.26) follows from this. Q.E.D.

(3.28) Corollary: Assume that (2.14) holds for some B € (0,») and

O0<p v (o™ (or, equivalently, that (2.13) holds for some A €

(0,2) and the same p and v). Then for all (t,x,y) € (0,®)xExXE and
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each p € (0,1]:

K(pt)'vlzeﬁptexp[—D((1+p)t;x,y)] for t € (0,1]
K(pt) M/ 2e®PLexp[-D((1+p) t.x.y)] for t € [1.,®)
where K € (0,) depends only on B (or A), p, and v.

(3.29) p(t.x.y) ¢

Proof: From (2.14) we have (cf. the proof that (2.3) implies

(2.2)) that
o B P Zusn? 4 ce(£.6). e (0.1]
(3.30) mfNg < uso. 3
Bt M NENY + t&(£.£), t € [1,=).
2 /2, .02
Hence, if &6 € (0,1], then Hf"2 < Bt Hle + t&(f,f) for all t €

(0.1/6]. In particular, by taking

»

2/(v+2
t = [uBa(“‘”)ﬂfu?/28(f.f)] (v+2)

we conclude that there is a B' € (0,»), depending only on B, pu,

and v, such that

- —1-ps2
(3.31) . n£n2* Y ¢ Bt P e eynen®Y g5 nen? ¢ 28— s(5.1).
2 1 1 $ OB
On the other hand, by taking t = 1/56 in (3.30), we see that Hfﬂg <
Bo" 2ugn? + s7le(r.5) < B(1 + v72)6" 21512 and therefore that
—1-p/2
47 Iv 2 AL 2 . 26
nen, P o¢ (B(1 + vr2)8)¢ ”ufnzufu1 1f NFUT 2 Sog——E(£.£).
Combining this with (3.30), we conclude that
(3.32) neuy’? Aa“/”'l[s(f,f) + anfug]ufu?/”. 5 € (0,17,

where A € (0,») depends only on B, p, and v.
Finally, given t € (0,»), (3.29) follows from (3.32) with 6 =

1/(1Vt) and Theorem (3.25). Q.E.D.
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4. The Discrete Time Case:

All our considerations thus far have applied to symmetric
Markov semigroups in continuous time for the simple reason that
Dirichlet considerations are most natural in that context.
However, it is often important to work with a discrete time
parameter; and so in the present section we develop the
discrete-time analogs of the results in section 2).
Unfortunately, we do not know how to extend the results of section
3) to this setting.

Throughout this section I(x.dv) will denote an m-symmetric
transition probability on (E,3). Also, we will use [If(x) to
denote jf(y)ﬂ(x,dy) ; and, for n 2 1, the transition function

Qp(x,dx) and the operator "

are defined inductively by iteration.

Note that "H"pep =1 for all p € [1,#). Finally, set M{dxxdy)

= H2(x.dy)m(dx) and associate with I the Dirichlet form §&(f.f) =
1/2j(f(y) - £(x))2M(dxxdy).

Obviously there is no "small time” in the discrete context
and therefore we only seek an analog of Theorem (2.9).

(4.1) Theorem: Let v € (0,®) be given. If

(4.2) nen2* A0 ¢ aee eynen}’”

for some A € (0,®) and if NI

2
1

{ B € (0,»), then there is a C €

when &(f.f) < Ifl

1
(0,») depending only on v, A, and B such that

v/2’ n 2 1.

(4.3) Wz, _, < C/n

1
Conversely, (4.3) implies that (4.2) holds for some A € (0,®)

depending only on v and C.
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Proof: We begin by observing that

2 2
(4.4) E(£.£) = NENG - WDENS.

In particular,

(4.5) e(f.f) - &(Of.Of) = f(f(x) - m£(x))%m(dx) > O,

[

[>:]

2 n.,2 n+l,., 2 n n

nTEng 3 E[uu £12 - um fH2] = Ye(nte.ms),
1 1

and so

(4.6) g(m™f.0"F) < UTENS/n, n 2 1.

Now suppose that (4.2) holds and that HIN ¢ B. Then

172 1/2 172
lllIlll__)2 < "H"141"H"1qm { B :
: n n n,,2 -
and so, by (4.6), &(O0 f,0°f) £ I fﬂl for n 2 No = [B] + 1.
2
2)

190

nos

Hence, if £ € L'(m)* with Hfll, = 1 and u_ then, by (4.2)

1

and (4.4)

2/
(4.7) u g $ (1= ul ”/A)un. n 2 Nj.

Next, choose N1 2 NO so that (1 - lev/A(n+1)) < (n/(n+1))”/2 for

2/2. Clearly, u < C/nv/2 for 1 {( n <
v/2

N,. Moreover, if n > N, and u_  C/n°’%, then either u_

1
c/(n+1)%72 or C/(n+1)*/? < u_ ¢ c/n”/2,

v/2

all n Nl' and set C = BN

In the first case, since

L { C/(n+1) "On the other hand, in the second

U < u_ .

case, we apply (4.7) to obtain:

v/2.2/v
u_,g < [1 - (C/(n+1)%73) /A]u
< (n/(n+1))*2c/n?’2 ¢ c/(n+1)?72.
Hence, by induction on n ? Nl' we see that u < C/nu/2 for all
n ) 1. Obviously. this implies that NI™I o ¢ cl/2,n%7%; andg

therefore, by the usual duality argument, (4.3) follows.
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To prove that (4.3) implies (4.2), we use (4.4) and (4.5) to

2 2

9 - ﬂf"2 2 né(f,f) and therefore, if (4.3)

holds. that Hfl3 ¢ (C/(2n)v/2)ﬂfH% + né(£.£). n > 1. The passage

conclude that HanH

from here to (4.2) is just the same sort of minimization procedure

as was used to get {(2.10) from (2.11). Q.E.D

As a typical application of Theorem (4.1), we present the
following. Take E = RN and suppose that I(x,dy) = w(x.,y)dy where

N into [0.B] for some

7 is a symmetric measurable functi&n on RNXR
B € (0,»). Assume, in addition, that v2(°.*) 2 p(+.%) almost
everywhere, where p is an even function in LI(IRN)+ satisfying
(4.8) J(l - cos(E-y))a(y)dy 2 el€|% £ € B with |g] < 1

for some positive a and e.

(4.9) Corollary: Referring to the preceding, there is a C €

(0,»), depending only on N, a, €, and B, such that wn(x.°) <
C/nN/a a.e. for all x € RN and n 2 1.
Proof: Note that
N N 2
(2m) &(f.f) 2 (2m) [dx|(f(x+y) - f(x))"p(y)dy

2[[[1 - coste-ydntxrar]17ce) 1%ae.

Hence, by (4.8),

(2v)Nufu§ - n?ng = f HIEH
[€1<R
+ [£(E)|2aF ¢ QNR“ufnf + [(2W)N/26Ra]§(f,f)
l€12R

for all R € (0,1]; and from here it is an easy step to (4.2) with
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v = 2N/a and an A € (0,®) depending only v, €, and N. Since
nnulﬁm { B , we can now apply Theorem (4.1) to get the required

conclusion. Q.E.D.
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5. Assorted Applications:

We conclude this paper with an assortment of applications of
results from previous sections and with some remarks on natural
extensions of these results.

Most of these applications, like most of those already
discussed, exploit a relatively transparent comparison of
Dirichlet forms to yield an interesting comparison of the
associated semigroups. By way of counterpoint, the following
application of Theorem (2.1) exploits a relatively transparent
"multiplicative"” property of Markov semigroups to establish an
interesting "multiplicative” property of the associated Dirichlet
spaces.

Let E(l) and E(2) be two locally compact metric spaces
equipped with measures my and m, and with symmetric
transition probability functions P(l)(t.x1.°) and P(z)(t.xz.').
as in the first section. Let 8(1) and 8(2) be the
correspnding Dirichlet forms.

Clearly
(5.1) Pt (xV.x2). ) = PV (e.x!, -)ep(®)(¢,x2. )

is a transition probability function on (E(l)xE(z).fBE xE

(1)77(2)

which is symmetric with respect to m = m,xm, . It is further

2).') tends weakly to & 1 as t tends
(x".x7)

to zero, and so (5.1) defines a transition function of the type we

clear that P(t.(xl.x

have been considering. Let & be the corresponding Dirichlet
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form; then it is easy to see that as Hilbert spaces (the inner
product on %(&) being (-,*) + &(-,°) , etc.)
(5.2) g(e) = o(e1)yem(e(2))

Now suppose that 8(1) and 6(2) each satisfy a.Nash type
inequality (2.2) for some positive v, and vy - One may
naturally ask whether & then satisfies (2.2) for some v
depending on vy and vy

It may seem that this question invites an approach using,
say, Holder's inequality or Minkowskii's inequality to take apart
tensor products directly in (2.2). We know of no such argument.
However, the equivalence of (2.2) and (2.3) provides an easy
positive answer to the question.

(5.4) Theorem; Let ¢& , 8(1), and 8(2) be related as above,

and suppose

i . . ' i
(5.5) nen2tdrT ¢ A(l)[a(l)(f.f) + aiufug]nfuf’” . feLl®m) .
for i = 1,2
Then with v = v, t vy 6 = 61 + 62 and some A € (0,2),

depending only on A(I)VA(z)t

2+4/v 2 )
2 2 2

Furthermore, provided v, and v, are the smallest values for

]ufu4’”. £ e L%(m @m

(5.6)  Ufl < A[s(f.f) + SIfH

which (5.5) holds, v, * vy is the smallest value of v for

which (5.6) holds.
Proof: Let (FEI): t > 0} and (ﬁgz): t > 0} be the

semigroups corresponding to 8(1) and 6(2) . By (5.5) and the
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. i 1
second half of Theorem (2.1), nPgl)ulgm ¢ s1)gd e, 0772 0y
1,2. Then, by Segal’'s lemma [S],

S(1).5(2) (1)o(2) (6 +62)¢, (vl+v2)/2
(5.7) p{ep(2)y < B(1p(2)e /t

and so, by the first half of Theorem (2.1), we have (5.6). The
optimality of vy + vy is easily seen by applying §£1)®§£2) to
the product f1®f2 where each fi is chosen with Hfiﬂl = 1 and

(1) 5(1)
IIPt fiﬂm very close to IIPt L] Q.E.D.

10
A particularly interesting case occurs when v > 2 in (5.6).
Then Theorem (2.17) says that a Sobolev inequality holds for €.
This provides an easy way to see that Sobolev inequalities hold
for certain Dirichlet forms, and even to find the largest possible
P (smallest possible v) for which the inequality holds.
For the simplest sort of example, take E(l) = [0.1] . take

m to be xdx , and define 8(1) by

1

1
(5.8) eMs ) = %f [ (x)|2xdx
)

for f € C:([O.l]) and then closing. Regarding f as a radial
function on the unit disk in R2, one recognizes 8(1) as the

restriction to radial functions of the Dirichlet form associated

with the Neumann heat kernel on the unit disk in Rz. 8(;)

therefore satisfies (5.5) with v, = 2 . Next take E(Z) to be

the unit cube in RN~1. take my to be Lebesgue measure, and take

8(2) to be the Dirichlet form associated with the Neumann heat

. _ N
kernel on E(2). Then with E = E(l)xE(2) C R, and with ¢& ,

8(1), 8(2) related as above, for any f € C:(E)..
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1, o1 1
(5.9) E(£.£) = %J xldxlj dxz-'°j dx™ | v (x) |2
0 -1 -1

Then clearly Theorem (5.4) applies with v, = 2 and v, =
N-1 , and so & satisfies (5.6) with v = N+l , and does not
satisfy (5.6) for any smaller value of v . Therefore when N > 2
§ satisfies a Sobolev inequality
(5.10) Hfﬂi < A'[g(f,f) + 5ufn§]
with 1/p = 1/2 - 1/N+1 ; (5.10) fails for any larger value of p.
(The LP? norms are computed with respect to xldx .) Of course, if
we remove the factor xl from the integrals, (5.10) then is
satisfied with 1/p = 1/2 - 1/N . 1Including the degenerate weight
x1 in our-integrals raises the ‘effective dimension v byfone
from N to N+1

The same result obtains in less.special situations. Let M
be a smooth, compact N-1 dimensional submanifold of RN . Let p
be a weight function on RN satisfying, for some A > O , and all
X
(5.11) A(dist(x.M)A1) < p(x) € A l(dist(x.M)A1)

By standard results in, for example, Fukushima's book [F]; the

closure of

(5.12) E(£.f) = J lv(x) |2p(x)dv.
M

defined first for f € C:(RN) , is a Dirichlet form. Employing a
simple partitioning argument, familiar comparison arguments, and

otherwise only increasing the complexity of notation; the argument
above yields the following result: For some A' , 6§ € (0,2) , ¢

satisfies the Sobolev inequality (5.10) with 1/p = 1/2 - 1/N+1
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Before leaving this subject, we briefly look at the limiting
case v = 2. Although p(v) = 2v/(v-2) tends to infinity as v
decreases to 2, it is easy to see that when v = 2 , §&§ does not
in general control the sup norm. There is however a natural
definition of the B.M.O. norm in the general Dirichlet form
setting. In terms of this B.M.O. norm, one easily obtains a
strong limiting case of the Sobolev inequality (5.10) holding
whenever v = 2 holds in (5.6).

Let & be a fixed Dirichlet gorm. with {?tz t > O} being

the associated semigroup on L2(m). Using the spectral theorem and

one sees that with

2
the integral e A =T 1/2ng£e A /4te ttl/z
0

t *
at given by at = w_l/zfmis[? 2 ]e—ss.-l/2 . {at: t > 0} is a
0] (s“74)
Markov semigroup on Lz(m) generated by —(171)1/2 , where =-A is

the generator of {Fti t > 0}. The B.M.O. norm naturally
associated to & 1is given by

(5.13) NEll o = :";g[uét]f - atf]llw]

(This definition was used by Stroock [St] who established a
generalization of the John-Nirenberg inequality; proving that when
m(E) < » and {at: t > 0} 1is a Feller semigroup (so that the
corresponding Markov process can be constructed with right
continuous paths [W]). there exists an a > 0O , and a B < @ so

that for all f with "f"B.M.O. @

(5.14) Jg[exp[af/HfHB‘M'o.]]dm { B

(Note that {6t= t > 0} 1is a Feller semigroup whenever
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{?t: t > 0} is a Feller semigroup.) This exponential
integrability is what supports the assertion that the B.M.O. norm
is a strong substitute for the sup norm. For further discussion of

such results, see [D-M].

Now suppose & satisfies (5.6) with v =2 . Then "ﬁtnlam
¢ C/t . The integral representation for at shows that then
- 2 . -
"Qtulem  C/t° , and so by interpolation between this and HQ‘__IIm_)Oo
=1, HQtﬂzﬂm ¢ C/t . (C is of course changing from line to

line.) Now suppose that f € %(8).‘ Then t——ﬂatf is strongly

differentiable and

t
(5.15) a.f-f = -f ds[a Illzf}
t . 0 S

This gives the estimate Q. f - fll, ¢ tnxt’/2

o = t&(£.£)17% and
consequently Hat(ﬁtf - f)ﬂz { C&(f,f)., so that ufug M.o. §

£l

Cé(f,f). This discussion is summarized in the following result:

(5.16) Theorem: Let & be a Dirichlet form such that n?tulqm <

C/t for all t € (0,1). Then there is a C' < @ , depending only

2
B.M.O.

m(E) < » and (?t: t > 0} 1is a Feller semigroup, there is an «a

on C , so that |lfll { C'&(f.f) ; and éonsequently, when

>0, and a B ( ® so that

(5.17) I?{exp[afls(f.f)l/z]]dm < B

for all f € 3(¢&)

(5.18) Remark: It is not clear to us whether the preceding result

has a converse.

We next turn to an application of the results in section 4).




-40-

Take E C ZN equipped with the usual metric and a measure m
bounded above and below by positve multiples of counting measure.
Suppose that E 1is everywhere connected to infinity, by which we
mean that for each x € E , there is an infinite, one sided, loop
free chain Ex in E of nearest neighbors starting at x . (One
may always erase loops if need be.) Now let II(x,*) be an
m-symmetric transition function on E, define w(x.,y) =
O(x.{y})/m({y}). and assume that

(5.19) 1/p 2 7(x.y) 2 u

for some p € (0,1] and all x and y 1in E which are nearest
neighbors. One naturally feels that the associated random walk
must spread out at least as fast as a simple random walk on the

half line with transition probabilities u , since starting at x,

it can always spread out along Ex . That is, one expects the
return probabilities Hn(x.{x}) to decay like C/n1/2. The
results of section 4) permit an easy proof of this.

N

{5.20) Theorem: Let ECZ , I and m be given as in the

preceeding discussion. Then there is a C ( ® depending only on.

m and p so that

(5.21) I™(x,{x}) < ¢/n*’?  for all x € E and n € Z*.
Proof: Let & denote the Dirichlet form associated with H2
as in section 4). Given x € E , let Ex be an infinite, loop

free, one sided chain of nearest neighbors in E starting at x

Let 8x be the Dirichlet form on L2(m) given by
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2.2
(5.22) eCVee) =) (£ - £z 203 (v {z})m(2)
y.z€E
b4
Clearly 8(x)(f.f)  &(f,f) for all f , so that if K(x)
denotes the self adjoint operator associated with 8(x) , as A

is with €& , then, for any A > O:

1 1

(5.23) (2 + )7 ¢ A% 4y
Letting GA and G{x) denote the kernels of the ahove operators
(with respect to m), (5.23) says in particular that

(5.24) 6, (x.x) < 6{¥) (x.x)

Now identify Ex with the natural numbers X 1in the obvious way

so that x is identified with O. By restriction and this

identification, we may regard m_ = m[E .as a measure on N and
X

§(x) as a Dirichlet form on the L2-space over X relative to this
measure. Next, define m_ on ¥ to be the measure which assigns

mass 1 to each element of Z+ and mass 2 to 0O, and define 8w by

(5.25) e (£.6) = ) ) - £(1))202(5. (k})m (k) .

where HW(O,{I}) = 1 and Hw(n,{n+1}) = Hw(n+1,{n}) = 1/2 for all
n € Z¥. This is the Dirichlet form of the simple random walk on

X reflected at O . Since the simple random walk transition

function satisfies Hs(k.{k)) SC/nl/z. n>1l, for some C > O

and all k € ¥ (this well known fact is also a consequence of
Lemma (4.9)). application of Theorem (4.1) yields

S ¢ AL (£.8 e .

L%(m,) LY (m,)

But since both m and mx as well as 8w and é(x) and are

(5.26) e
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bounded above and below by positive multiples of each other,

(5.26) also holds when m and sw are replaced by m and

(x) . ~cal¥)
3 , respectively. Hence, by Theorem (2.1), lle qum <

1/2 dt e-ktt1/2) -

c/t . and so N(A(X) 4 ML, < cfm—?(
0

C. 1In particular, G{x)(x.x) < A_llzc . which means, in

-1/2, g (%)

R_1/2

turn, that Gx(x.x) < A We are now finished with

and almost with the proof. By the Schwarz inequality, Gk(x,y) <

172 T . -1 -1/72 .
(Gh(x,x)Gx(y,y)) , and so (A + A) qum < A C . Finally

Ufng = (£.(E + NG+ 07y = A B+ 07y ¢ (8.5 + )7L
< AV 2cuen? + aTlegelg)
and minimizinng in A leads to Hfﬂ'g < A8(f.f)"fﬂ41 for
L™ (m) L"(m)
some A € (0,). Thus Theorem (4.1) gives us (5.21). Q.E.D

Next we turn to off diagonal bounds and applications of
section 3. The trick to applying the fesults of section 3 is to
find, for given x, y, and t , a ¢ which maximizes, or nearly
maximizes, (x) - y(y) - tI‘(\lz)2 . Hence, in situations where one
can guess the correct behavior of the transition function -- and
can therefore make a good choice for ¢y -- Theorem (3.25) is a
good source of pointwise bounds. ‘

In our next example, E 1is the integers, and m 1{is counting
measure. Consider a random walk on the integers given as follows:
Let p:ZxZ-R be a non-negative, symmetric function. Suppose that

P 1is dominated by a non-negative even function p:Z-R which
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posseses a moment generating function M(A) . That is, suppose

that for some € > O and some B ( o ,

(5.27)  H(A) = ) MrlSin) ¢ B ¢ @ forall A e [o.e)
n€Z

Then in particular, if we write 02 = (—i)zM(A)|
’ ' dA A=0 °

(5.28) z p(m.m+n)n2 < 02 for all m € Z
n€Z

It is easy to see that

E (f(m+n) - f(m))zp(m.m+n)

m,n€Z

D=

(5.29) E(f.f) =

is the Dirichlet form corresponding to a uniquely determined
family P(t.m,+) of probability transition functions with
(5.30) P(t,m,{m+n}) = p(m,m+n)t + o(t)

For this reason, p(*.*) 1is called a jump rate function.

In general it is very difficult to pass from the
infinitessihal description (5.30) of the transition function to a
useful closed form formula for it. However, just as in section 2
with the truncated Cauchy processs, Central Limit Theorem
considerations suggest that, at least when (5.28) is fairly sharp,
and in the Gaussian space-time region where t 1is much larger

2 2

-1/2 -n"/20"t
e

than n, P(t,m,{m+n}) 1is very nearly (2w02t) We

will now prove that there is in fact a pointwise upper bound of
this form in the appropriate space time region.

First pick some large N and some a # O , and define the
even function ¢N,a by wN.a(n) = aN for n ¢ N, ¢N'a(n) = 2alN -
an for n € [N,2N], and ¥y a(n) =0 for n 2 2N. Clearly,

A

wN.a € ¥, . Next observe that, writing ¢ for wN.a .
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T(e‘p.e\b)({m}) = %2 .(e‘ll(m) - e‘p(m‘l'n))zp(m,m_'_n)

ne€z
= ez\p(m)[éz (1 - e“b(m*n)_“b(m))zp(m-m“n)]
n€zZ
¢ 2¥m 13 et hEm)
n

, _ a3 .
Then, by Taylor’'s theorem, if K = 5AM(R)'A=E/2'

2 122  1,.,.. 3
(5.31) T(¥g o)° < 3a0" + 3M (e/2) |a]
whenever
(5.32) la] ¢ er4

To use this estimate in Theorem (3.25) we need to know that
& satisfies a Nash type inequality. This will follow easily from
a comparison argument if we impose . |
. (5.33) p(n.n+1)Ap(n.,n-1) 2 np > 0» for all n
(5.34) Theorem: Referring to the.preceding. there is a C € (0,%),
depending only on p, such that for all p and 6 from (0,1)

172 up[-(1-8) |n-m|2/2(1+p) 02t ]

(5.35) P(t,m,{n}) < C(pt)

for all (t,m,n) €(0,9)xZxZ satisfying

(5.36) t > [(K/aa4)V(4/eaz)]|n - m]
Proof: By the preceding,

D(t;m,n) 2a(m - n) - t(%a202 + glals)

so long as la[ < e/4. In particular, if t 2 242|n - ml, then we
e o
can take a = = ; % and thereby obtain
gt
2
D(t:m.n) > 12_%_21_[1 - Elzz__al],
207t o't

Hence, if in addition, t 2 ‘EZ'H - m|, then we get
6

D(t;m,n) > (1 - &)|n - m]2/2(1 + p)azt.
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At the same time, after comparing & to the Dirichlet form

corresponding to the standard random walk on Z, one sees that

6
2

Hence, by Theorem (3.25), we arrive at (5.35).

7 4
nen, < E&(f.f)lful.

Q.E.D.

Note that since p and 6 are arbitrary elements of (0,1), we
get close to what the Central Limit Theorem suggests is the best
possible rate of Gaussian decay -- though of course the factors
out front diverge as p tends to éero.

We give one final example of an interesting situation where
we can give a good estimate for the quantity D(T:x,y) defined in
(3.26). Namely, consider the case when E = RN equipped with
Lebesgue measure. Let {Vl. “e .Vd} c C:(RN;RN) be a collection
of vector fields on RN and let & be the quadratic form on L2(RN)

obtained by closing

d
(5.40) E(e.0) = ) f [VeelPax . o € CO(R")
: k=1"RY
in Lz(RN). Again applying standard results from [F], one sees

that this closure exists and that the resulting & 1is the
Dirichlet form associated with the unique transition probability

function P(t,x,+) for which the corresponding Markov semigroup

- t
{Pt: t > 0} satisfies Pt¢ = ¢ + J Pvads. t > 0, for all ¢ €
0
d
© N *
CO(R"). where L = =) Vv
k=1

k and we think of Vk as the directional
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v;ax . (By V: we mean the formal adjoint
1 i

derivative operator

LI g I

i
d

of the Vk as a differential operator.) Set a(x) = z Vk(x)QVk(x)
k=1

and note that an equivalent expression for L = ve(av). 1In
particular, when a(*) 2 el for some e > 0, it is well known that
P(t,x.dy) = p(t,x,y)dy where (t,x,y) € (0,“)XRNXRN-*p(t-X.Y) is a
smooth function which is bounded above and below in terms of

appropriate heat kernels (cf. [F-S] for a recent treatment of this

sort of estimate). Moreover, it is known that, in this
non-degenerate situation, iig tlog(p(t.x.y)) = -d(x.y)2/4, where

d(x,y) denotes the Riemannian distance between x and y computed
with respect to the metric determined by a on RN (cf. [V]). These
considerations make it clear that we should examine the relation
between d(x,y) and the quantity D(T:x,y) introduced in section 3).
In order to make it possible to have our discussion cover
cases in which a is allowed to degenerate, we begin by giving an
alternate description of d(x,y). Namely, define H =Hd to be the

Hilbert space of h € C([O.w);md) satisfying h(0) = O and llhllH =
h

Nh 5 g, < ® (h = 3,h). Given h € H, let Y (+.x) €
L([0,®):R")
d
N h ¢ h
C([0,»):R") be defined by Y (t,x) = x + E f hk(s)Vk(Y (s.x))ds, t
k=19
> 0. Finally, define d(x.v) = inf{llhlly: h € H and YP(1,x) = y}.

It is then quite easy to show that, in the non-degenerate case,

d(x,y) is the Riemannian distance between x and y determined by
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the metric a. More generally, one can show that d(x.y) depends on
the Vk’s only through a.
We next observe that, from (3.6):
d
ron ) = [ Y ;). v e ).
k=1

2 d 2 ® N
In particular, I'(y)” = | E(ka) h,, ¥ € CO(R ): and so
k=1

D(Tix.y) 2 sup{lv(y) - ¥(x)| - Tr(¥)?: v € Co(®V)}. Hence,
(5.41) D(T:;x.y) > D(x.y)2/4T.

where D(x.v)% = 4sup{l¥(y) - ¥(x)| - T(¥)%: v € (&)} =

sup{ |v(y) - ¢(x)]2: ¥ € C:(RN) and T'(¢y) £ 1}. On the other hand,
since, by Schwarz’'s inequality, lw(Yh(l.x) - w(x)] ¢ F(¢)HhHH. we
see that: ;

(5.42) ‘ D(x.y) € d(x.y).

In order to complete our program, we wi}l show that the opposite
inequality holds when d(x.¢) is continuous at y.

To begin with, suppose that a(+) 2 eI for some e > 0. It is
then easy to see that d(x.y) ¢ (1/e)]|y - x|. Next, for given
x%.y°% € RN and o > 0, define wa(y) = nO[Jpa(E)d(Xo.y—f)dE]. where
p € c‘:(mN)+ with J}(f)df = 1. p () = o No(E/0), and 7 € c:(m1)+

has the properties that lin'll, { 1 and n(u) = u for u €
tVv

[0.d(x%.y°) + 1]. Since, for any 8 € s%71, |4(x°.e Yy) -
tVy d
d(xo.y)l < d(e y.y) £ t, where V, = 2 6,V,, it is easy to see
O oy KK
that F(¢a) {1+ Co, o € (0,1], for some C € (0,»). Hence,
D(xo.yo) 2 é%g Iwa(yo) - no(xo)] = d(xo,yo). In other words, when

a(*) 2 eI, equality holds in (5.42).
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(5.43) Lemma: If d{(x,+) is continuous at y, then d(x.,y) = D(x.y).

Proof: Given e > O, define de and De relative to the vector
fields {Vl""'vd'el/zaxl""’ellzaxN}' Then the corresponding a_
= a + el; and so, by the preceding, de = De' In addition, it is

clear that D_ < D. Finally, for each e > 0, choose h_ = (ke.ee) €

, h
e
Hy,y = HyxHy so that Y (1.,x) = y and "he"Hd+N =d_(x,y). and let
k_ k, (ke,O)
vy, = Y (1,x) where Y " (-,x) =Y (-.x). Then, d(x.ye) <
"ke"H [ "he"H = De(x.y) < D(x.f). At the same time, since
d d+N
neeu < d(x.y). Y,V as el0; and so, by continuity,

Hy
d(x,y_)—d(x.y)- Q.E.D.
(5.44) Remark: The identification of d with D in the

non-degenerate case was known to Davies [D]. In addition, Davies
suggested that the two are the same in greater generatlity, but
did not provide a proof.

(5.45) Theorem: Suppose that either & satisfies (1.2) or

{Pti t > 0} satifies (1.3) for some v € (0,@), 6 € [0,1], and A or
B from (0,). Then, P(t,x,dy) = p(t.x,y)dy where (t.x,y) €

(0,©) xRN xRN

—p(t,x,y) € [0,») is measurable and satisfies

(5.46) p(t.x.y) < (cpe5‘/c”’2)exp[—u(x.y)2/4(1+p):]

for all (t,x) € (O,w)xIRN and almost every y € RN. where Cp € (0,»)
depends only on v, p, and A or B. In particular, if d(x,-) is
continuous, then D(x,y) in (5.46) can be replaced by d(x.y).

(5.47) Remark: Using results of various authors about subelliptic
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operators, one can show that the preceding theorem applies to a
large class of degenerate examples. For instance, if the vector
fields {Vl....,Vd} satisfy Hormander's condition in a sufficiently
uniform way, then one can check not only that & satisfies (1.2)
but also that the associated p(t.x,y) is smooth and the
corresponding d(x,*) is Holder continuous. A closer examination
of this situation will be the topic of a forthcoming article
[K-S]. in which complementary lower bounds on p(t,x,y) will be

obtained when t € [1,®).
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