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Abstract

In the framework of fibred cusp operators on a manifold X associated to a boundary
fibration ® : 90X — Y, the homotopy groups of the space G*°(X; E) of invertible
smoothing perturbations of the identity are computed in terms of the K-theory of
T*Y . It is shown that there is a periodicity, namely the odd and the even homotopy
groups are isomorphic among themselves. To obtain this result, one of the important
steps is the description of the index of a Fredholm smoothing perturbation of the
identity in terms of an associated K-class in K2(T*Y).
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Chapter 1

Introduction

For classical pseudodifferential operators on a closed manifold X acting on some
complex vector bundle E, Bott periodicity arises by considering the group

G™™(X;E)={ld+Q | Q € V"°(X; F), Id+Q is invertible}

of invertible smoothing perturbations of the identity. This becomes a topological
group by taking the C*°-topology induced by the identification of smoothing operators
with their Schwartz kernels, which are smooth sections of some bundle over X x
X. If AP is any Laplacian acting on sections of E, and if {f;}ien is a basis of
L?(X; E) coming from a sequence of orthonormal eigensections of A¥ with increasing
eigenvalues, then there is an isomorphism of topological groups

fae: G™2(XE) — G7
[d+Q — 6&;+ (fi,Qf)),

where G is the group of invertible semi-infinite matrices d;; + Q;; such that
1OIk =Y (i +5)*1Qyl < 00, Vk €N,
12
the topology of G~ being the one induced by the norms || - ||z, k& € Np.

This isomorphism indicates that the topology of G=>°(X; E) does not depend at
all on the geometry of X and E. Since the direct limit

GL(00,C) = lim GL(k, C)

k—o0

is a weak deformation retract (see definition 7.16 below) of G~°° they share the same
homotopy groups, which is to say

T(GT°(X; E)) 2 m(G7°) = { {%} zgzedril,

This periodicity in the homotopy groups is an instance of Bott periodicity as originally
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described by Bott in [4].

In this thesis, we will describe how Bott periodicity arises when one considers
instead fibred cusp operators ¥j(X; F) on a compact manifold with boundary X
acting on some complex vector bundle E. These operators were introduced by Mazzeo
and Melrose in [12]. The definition involves a defining function for the boundary 0.X
and a fibration ® : X — Y of the boundary. Again, one considers the group

G (XGE)={Id+Q | Q € V(X E), Id+Q is invertible}

of invertible smoothing perturbations of the identity. As before, it has a C*°-topology
induced by the identification of smoothing operators with their Schwartz kernels.
Our main result, stated in theorem 7.19, is to describe the homotopy groups of
G (X E) in terms of the K-theory of 7*Y, namely, all the even homotopy groups
are shown to be isomorphic to the kernel of the topological index map

ind; : KY(T*Y) — Z,

while all the odd homotopy groups are shown to be isomorphic to K “HYTY) where
YTV is the Thom space associated to the vector bundle 7Y . This periodicity of the
homotopy groups is what we interpret as Bott periodicity for fibred cusp operators.
Strictly speaking, this result is only true when the fibres of the fibration ® : 0X — Y
are of dimension at least one, but in the particular case where ® : 90X — Y is
a finite covering, which includes the case of scattering operators, the result is still
true provided one allows some stabilization (see the discussion at the beginning of
chapter 7).

This is in a certain sense a generalization of proposition 3.6 in [18], where it was
shown that, in the particular case where ® : 90X — pt is a trivial fibration (the
case of cusp operators), all the homotopy groups of Gg™(X; E) are trivial. This
weak contractibility was used in [18] to derive a relative index theorem for families of
elliptic cusp pseudodifferential operators. However, this relative index theorem does
not seem to generalize in a simple way to fibred cusp operators with a non-trivial
fibration ® : 90X — Y, but we still hope that the knowledge of the homotopy groups
of G4 (X; E) will turn out to be useful in the understanding of the index of general
Fredholm fibred cusp operators.

An important feature of fibred cusp operators is that smoothing operators are not
necessarily compact. As a consequence, smoothing perturbations of the identity are
not necessarily Fredholm, and when they are, they do not necessarily have a vanishing
index. Our computation of the homotopy groups of G3>(X; E) relies on a careful
study of the space

Fol (X3 BE)={ld+Q | Q € ¥3*(X; E) Id+Q is Fredholm}

of Fredholm smoothing perturbations of the identity. The second important result
of this thesis, stated in theorem 6.6, is that the index of a Fredholm operator
(Id+Q) € F3°(X; E) can be described in terms of an associated K-class x(Id+Q) €
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K%(T*Y), namely
ind(Id +Q) = ind;(x(Id +Q)),

where ind; is the topological index introduced by Atiyah and Singer in [2]. When
® : 09X — Y is not a finite covering, an important corollary is that the index map

ind: Fg=(X;FE) = Z

is surjective. However, let us emphasize that the topology of Fy*(X; E) is in gen-
eral significantly different from the topology of the space F(X; E) of all Fredholm
operators acting on L*(X; E). Indeed, F(X; E), which is a classifying space for even
K-theory, has trivial odd homotopy groups and even homotopy groups isomorphic
to Z, while F;*°(X; E), as described in proposition 7.6 below, has even homotopy
groups isomorphic to K%(T*Y) and odd homotopy groups isomorphic to K~1(YT™Y).
Nevertheless, in the particular case of cusp operators (Y = pt), this shows that
Fs (X E) C F(X; E) is quite big and is also a classifying space for even K-theory.

The thesis is organized as follows. We first briefly review K-theory and index
theory in chapter 2. This gives the occasion to provide a detailed proof of the standard
fact that, for classical pseudodifferential operators on a closed manifold, the group
of invertible smoothing perturbations of the identity is a classifying space for odd
K-theory. In chapter 3, we review the definition and the main properties of fibred
cusp operators. We then recall in chapter 4 the notion of a regularized trace on
smoothing fibred cusp operators and its associated trace-defect formula. This is used
to get an analytic formula for the index of operators in Fy *°(X; E). In chapter 5, we
use spectral sections to associate a K-class to any Fredholm operator in Fg > (X; E).
This K-class is in turn used in chapter 6 to get a topological index formula. In the
case where Y = S!, we also provided an alternative proof using the analytic formula
of section 4.2. This topological index will allow us, in chapter 7, to present the main
result of this thesis, that is, the periodicity of the homotopy groups of Gz>(X; E).
Finally, we also discuss the relation of our result with [18] and show that, once the
weak contractibility is known, for instance in the case of cusp operators, it is not
much harder, adapting a proof of Kuiper in [8], to deduce the actual contractibility,
this last improvement being more esthetic than useful.
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Chapter 2

K-theory and Bott periodicity

The purpose of this chapter is to review K-theory and explain its relation with Bott
periodicity. We will also discuss how K-theory is used to study the index of an elliptic
operator. Finally, we will recall how Bott periodicity arises in the context of classical
pseudodifferential operators on a closed manifold. For further details about K-theory,
we refer to the book of Atiyah [1].

2.1 K-theory

Let M be a topological space. Later on, M will always be a smooth manifold, possibly
with boundary or corners.

Definition 2.1. We denote by Vect(M) the set of isomorphism classes of complex
vector bundles over M. It has the structure of a semigroup with addition given by the
direct sum. It is also a semi-ring with multiplication given by the tensor product.

If A is a semigroup, let F'(A) be the free abelian group generated by the elements
of A and let E(A) be the subgroup of F'(A) generated by the elements of the form

at+d—(a®dd), a,d €A,

where @ is the addition in A. To A, we can then associate the group

There is an obvious semigroup homomorphism « : A — K(A) given by the compo-
sition of the inclusion A < F'(A) with the quotient map F'(A) — K(A). The group
K (A) has the universal property that if G is any group,  : A — G any semigroup
homomorphism, then there is a unique group homomorphism ~ : K(A) — G such
that § = yoa. Clearly, K(A) is the unique group with this universal property. Notice
also that if A is a semi-ring, then K(A) is obviously a ring.

Definition 2.2. If M is a topological space, we write K (M) for the ring K (Vect(M)).
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This is the (even) K-theory of M. If V € Vect(M), we will write [V] for the image
of Vin K(M).

There is an alternative definition of K(A) which goes as follows. Let A : A —
A x A be the diagonal homomorphism and define K(A) to be the quotient %.
It is a group, since the inverse of (a,b) € K(A) is given by (b,a). The semigroup
homomorphism a4 : A — K(A) is given by the composition of a +— (a,0) with the
quotient map A x A — K(A). The pair (K(A),ay) is a functor, so that if 5: A — B

is a semigroup homomorphism, there is a commutative diagram

A 24 K(A)

lﬁ JK(/B)

B 2. K(B)

If B is a group, then ap is an isomorphism, which shows that K(A) has the required
universal property.

This alternative definition of K(A) indicates that any element of K (M) can be
written in the form [V] — [W], where V and W are two complex vector bundles on
M. Let C" denote the trival bundle of rank n. Then for n large enough, there exists
G € Vect(M) such that F @& G = C" (see corollary 1.4.14 in [1]). Thus,

This means that any element of K(M) can be written in the form [H|— [C"] for some
H € Vect(M) and some n € Ny.

Definition 2.3. Two vector bundles E and F on a topological space M are said to
be stably equivalent if there exists n € Ny such that

EoCl=FopC"

It turns out that two vector bundles F and F' are stably equivalent if and only
if [E] = [F] in K(M). Indeed, the “only if” part is clear. On the other hand, if
[E] = [F], then by the alternative definition of K (M), there exists G € Vect(M) such
that

EFEeG=Fad.

Hence, if G’ is such that G & G' = C", we get
EeoC"2FoGoG@ 2FoGoG =2FaC",

that is, E/ and F' are stably equivalent.

When f : M — N is a continuous map, the pull-back map f* : Vect(N) —
Vect(M) induces a ring homomorphism f* : K(N) — K(M). This homomorphism
depends only on the homotopy class of f.
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From now on, we will restrict our attention to compact topological spaces. Our
objective will be to define K-theory for pairs of compact topological spaces. Let
C denote the category of compact spaces, C* the category of compact spaces with
distinguished basepoint, and C? the category of compact pairs.

Definition 2.4. If M € C", we define the reduced K -theory f((M) to be the kernel
of the homomorphism i* : K(M) — K(mg), where i : mg <— M s the inclusion of
the distinguished basepoint. There is a splitting K (M) = I?(M) ® K (my) induced by
the collapsing map ¢ : M — my.

We can extend this definition to compact pairs as follows. We consider the functor
C? —Ct

which to a pair (M, N) € C? associates the space M/N with basepoint N/N (if N = ),
M/N is the disjoint union of M with a point).

Definition 2.5. If (M, N) € C?, we define the K -theory of the pair (M, N) to be

K(M,N):= K(M/N)

One can also consider the functor C — C* which to M € C associates the space
M* = M/,

which is the disjoint union of M with a point (the basepoint). Clearly, one has that

K(M™*) = K(M). This will be useful to define odd K-theory. But we need first to
discuss the smash product and the suspension.

Definition 2.6. Let M, N € C* be compact spaces with distinguished basepoint. We
define the smash product of M and N, denoted M NN, to be the space in CT given

by

M x N
MAN =
{mo} x NUM x {ng}

where mg and ng are the basepoints of M and N respectively.

Given spaces X,Y,Z € C", one can check that there is a homeomorphism
XANYANZ)Z(XAY)ANZ.

In other words, the smash product is associative (modulo homeomorphisms). One
can also check that it is commutative (modulo homeomorphisms).

An interesting example is to consider the iterated smash product of the circle
with itself. Let S' := I/0I be our standard model for the circle, where I = [0, 1] is
the unit interval. More generally, let S™ := ["/0I™ be our standard model for the
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sphere of dimension n, where I™ is the unit cube in R™. Then there is a natural
homeomorphism
St=S'A...AS.
n times

Definition 2.7. Given M € C", we define the reduced suspension of M to be the
space
SM :=S"A M.

The n-th iterated suspension of M is homeomorphic to S*™ AN M and we will write it

briefly as S™M.
We can now introduce suspended versions of K-theory.

Definition 2.8. For n € Ny, we define the following rings:

K™(M):=K(S"M), forM eC™,
K~"(M,N):= K"(M/N), for(M,N) € C?
K™"(M) := K™(M,0) = K""(M"), forM eC.

A fundamental result of K-theory is the periodicity theorem.
Theorem 2.9. (periodicity) For n € Ny,

K" (M)~ K~™(M), forM eC",
K™ %(M,N)= K ™(M,N), for(M,N)ecC?
K" (M)~ K"(M), forMeC.

For a proof of this theorem, we refer to [1]. It is intimately related with Bott
periodicity. The relation will be clear once we will have discussed the clutching
construction.

Definition 2.10. For M € C, we define the cone of M to be the space

I xM
M=—
¢ {0} x M

By identifying M with the subspace {1} x M of CM, we can define the unreduced
suspension of M to be the space CM/M € C*.

Notice that the unreduced suspension is a functor from C to C*, while the reduced
suspension is a functor from C* to C*. If M € C* and my € M is its basepoint, then
we have an inclusion

I= Cmo/mo C CM/M

and the collapsing of I in CM /M gives SM, the reduced suspension of M. Since [ is
contractible, the map p* : Vect(SM) — Vect(C'M /M) arising from the collapsing map
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p: CM/M — SM is an isomorphism. Consequently, we also have an isomorphism
at the level of K-theory,

K(SM) =~ K(CM/M), K(SM)=~ K(CM,M). (2.1)

Thus, as far as K-theory is concerned, this means that when M € C*, we can use
SM for both the reduced and unreduced suspension without problems.

An alternative construction of the unreduced suspension of M € C is to define it
as the space
CM/M =CT(M)uC~ (M)
where
(0,5 x M Iz x M
{0y x M’ C{Lyx M
with Ct(M) N C~ (M) = M. Given a complex vector bundle E of rank n over

CM /M, its restrictions to Ct(M) and C'~ (M) are trivial bundles since both spaces
are contractible. Thus, there exist vector bundle isomorphisms

(M) C™ (M)

et CT(M) xC" — Eloran, ¢ 10 (M) xC" — Elo -
On the interesection M = CT(M) N C~ (M), this gives a bundle map
(¢) ot MxC"— M xC"
which defines a map
¢ : M — GL(n,C).

Since C*t(M) and C~ (M) are contractible, the homotopy classes of ¢t and ¢~ are
well-defined, and so the homotopy class of ¢ is also well-defined. This gives us a map

0 : Vect,(CM/M) — [M; GL(n,C)] (2.2)

where Vect,,(CM /M) is the set of isomorphism classes of complex vector bundles of
rank n over CM /M and [M;GL(n,C)] is the set of homotopy classes of maps from
M to GL(n,C).

Conversely, given a map ¢ : M — GL(n, C), one can get a complex vector bundle
of rank n over CM/M by applying the clutching construction. Precisely, let
Et = C*T (M) x C" be the trivial bundle over C*(M) and let E~(M) = C~ x C"
be the trivial bundle over C~ (M ). Then the vector bundle over CM /M given by the
clutching construction is

EtYU,E-:=E"UE [~
where ~ is the equivalence relation

J’_

et ~e  if ple7)=e"

17



where et € E*| e~ € E7| and m € C*(M)NC~(M). The isomorphism class of
E*U,E~ only depends on the homotopy class of . Clearly, the clutching construction
is just the inverse of the map (2.2), so we get

Lemma 2.11. The clutching construction gives a bijective map

(M, GL(n, C)] — Vect,(CM/M).

For any n € N, there is an inclusion

in: GL(n,C) — GL(n+1,C)
A — Aeld.

In other words, the entries of the matrix i, (A) are given by

0 otherwise.

Thus, one can consider the direct limit

GL(0,C) := lim GL(k,C). (2.3)

k—o00

Proposition 2.12. For M € C* and ¢ : M — GL(n,C), let E, denotes the complex
vector bundle given by the clutching construction of lemma 2.11. Then the map ¢ —
[E,] — [C"] induces a group isomorphism

[M; GL(00, C)] = lim [M; GL(n,C)] = K(CM/M) = K(SM),

n—oo

where the group structure on the left is induced from the group structure of GL(oco, C).

Proof. That it is a bijective map is clear from lemma 2.11, (2.1) and the remark
above definition 2.3. That it is a group homomorphism follows from the homotopy
connecting the two maps GL(n,C) x GL(n,C) — GL(2n,C) given by

AXBH(IS g)

AB 0
AXB|—><O Id)'

and

This homotopy is explicitly given by

A 0 cost sint Id 0 cost —sint
ht(AXB)_(O Id)(—sint cost)( 0 B)(sint cost )

18



One can reformulate this proposition as follows.

Corollary 2.13. The space GL(oco,C) is a classifying space for odd K-theory, that
is, for M € CT, _
K 1(M) = [M;GL(c0,C)].

One can then easily deduce Bott periodicity from the periodicity of K-theory.

Corollary 2.14. (Bott periodicity) The even homotopy groups of GL(co,C) are
trivial, while the odd homotopy groups are isomorphic to 7.

Proof. Since GL(00,C) is a topological group we have that!
m(GL(00,C)) = [8%; GL (o0, C)] = K'(S%).
Hence, by the periodicity theorem 2.9, if £ is odd,
m(GL(00,C)) = K7*(S") = K~'(S") = K (pt) = Z,
while if £ > 0 is even,
me(GL(00, C)) = K*(S") = K°(S') 2 0.

Finally, B
70(GL(oc, ©)) = K~ (pt) = K(C pt, pt) = 0.

O

It is also possible to go the other way around, that is, to obtain the periodicity of
K-theory from Bott periodicity using corollary 2.13.

2.2 K-theory and index theory

As Atiyah and Singer showed in their famous papers [2] and [3], K-theory is a very
powerful tool to study the index of an elliptic operator. In chapter 6, our discussion
heavily rely on this K-theoretic approach. Therefore, we thought it was appropriate
to briefly review this important application of K-theory.

Let M be a compact connected manifold and let £ and F' be two complex vector
bundles over M. Let W™ (M; E, F) denote the space of pseudodifferential operators
of order m acting from smooth sections of E to smooth sections of F'. Then there is
a short exact sequence

U Y M E,F) — U™(M: E, F) 25 ¢®(S*M:hom(E, F) @ R™),  (2.4)

see theorem 16.9 in [21]
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where o, is the symbol map, S*M := TM \ 0/R* is the sphere bundle and R™ is
the trivial complex line bundle on S*M with sections given by functions over 7°X \ 0
which are positively homogeneous of degree m.

Definition 2.15. An operator P € V™(M; E, F) is said to be elliptic if its symbol
om(P) is invertible.

From the short exact sequence (2.4), one sees that invertible pseudodifferential
operators are elliptic. The converse is not true in general, but very closed to be true.

Proposition 2.16. An elliptic operator P € V™ (M; E, F) is Fredholm seen as a
bounded linear operator

P:H™(M;E) — L*(M; F)
where
H™(M;E)={uc L3 (M;F) | Quécl*(M;E)VQ c V™ (M;E)}

1s the Sobolev space of order m of sections of E. In other words, the range of P 1is
closed and both the kernel and the cokernel of P are finite dimensional.

Definition 2.17. The index of an elliptic operator P € W™(M; E, F) is its index
seen as a Fredholm operator

ind(P) = dim(ker P) — dim(coker P).

As discussed in the following proposition, the index of an elliptic operators mea-
sures to some extent an obtruction to its invertibility.

Proposition 2.18. If P € V"(M; E, F) is an elliptic operator, then there exists
Q € V"2°(M; E,F) such that P+ @ is invertible if and only if ind(P) = 0.

So in particular, an elliptic operator with non-zero index is never invertible. Notice
however that an elliptic operator with index zero is not necessarily invertible. What
the proposition says is that it is always possible to perturb it (without changing the
symbol) so that it becomes invertible.

The great achievement of Atiyah and Singer was to express the index of elliptic
operators in terms of topological data.

Theorem 2.19. (Atiyah-Singer) The index of an elliptic pseudodifferential oper-
ator P in W™ (M; E,| F) is given by the formula

ind(P) = (—1)%mD /T b (P)T()

where T (M) is the Todd class of TM and ch(o(P)) is the Chern character associated
to the symbol of P.
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This theorem is extremely general in that it contains as particular cases the
Riemann-Roch theorem, the Hirzebruch’s signature theorem and the Gauss-Bonnet
theorem. It has also many important applications, for instance in Gromov-Witten
theory and in Seiberg-Witten theory, where it is used to compute the dimension of
moduli spaces. Nowadays, there are various ways of proving this theorem, for exam-
ple there is an analytic proof using the heat kernel. The advantage of the K-theoretic
proof is that, although it requires more preparation, it provides a framework which
makes the statement of the theorem natural and leads more directly to generalizations
such as the equivariant index theorem and the family index theorem.

To show how K-theory comes into play, we first need to introduce compactly
supported K-theory.

Definition 2.20. Let M be a closed manifold and let E — M be a (real or complex)
vector bundle over M. The Thom space of E, denoted M¥, is the one point com-
pactification of E. The Thom space of E can be seen as an element of CT by choosing
its basepoint to be the point at infinity. We define the compactly supported K-
theory of E to be B

K(E) := K°(M*).

This compactly supported K-theory is important for the following reason.

Proposition 2.21. The homotopy class of the symbol of an elliptic operator P €
U™ (M; E,F) gives rise to a well-defined element kp € KO(T*M).

It turns out that this K-class kp € K2(T*M) contains all the information about
the index of the elliptic operator P. In fact, Atiyah and Singer defined in [2] an

homomorphism of rings
ind; : K(T*M) — Z, (2.5)

called the topological index map, which can be used to extract the index of P out
of the K-class kp.

Theorem 2.22. (Atiyah-Singer)The index of an elliptic pseudodifferential opera-
tor P € W"(M; E, F) is given by

ind(P) = ind;(kp)
where kp € KO(T*M) is the K-class of proposition 2.21.
From this theorem, it not too hard, using the Chern character map
ch: K)(T*M) — H*(T*M)

and making a careful study of how it relates the Thom isomorphism of K-theory
with the Thom isomorphism of cohomology, to get back the cohomological formula
of theorem 2.19. To conclude this section, we will explain how to construct the
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topological index map (2.5). Since the cotangent bundle 7*M is isomorphic to T M
via the use of some Riemannian metric, we have an isomorphism

KX T*M) = K(TM). (2.6)

This isomorphism is independent of the choice of the Riemannian metric, since the
homotopy class of the isomorphism T*M = T'M is independent of the Riemannian
metric chosen. Thus, whe might as well define the topological index map using the
tangent bundle TM. Now, for n € N large enough, there is an embedding ¢ : M — R”
of the closed manifold M. This in turn gives an embedding of the tangent bundle

i, : TM — TR" = R*",

If Ny denotes the normal bundle of M in R”, then the normal bundle of TM in R?*"
is clearly isomorphic to N & N = N ®g C. Thus, one can see Nrjs as a complex
vector bundle instead of a real vector bundle. There is therefore a well-defined Thom
isomorphism

0 : KX(TM) — K2(Nryy) (2.7)

where K?(Nryy) is defined by thinking of Nrj; as a vector bundle over M. Identifying
Nra with a tubular neighborhood of M in R?", there is also a natural map

k. : K)(Ngar) — KL (R?™). (2.8)
Intuitively, this map is a K-theoretic version of the natural inclusion
C(Nrar) — CF(R*)

obtained by extending functions to be zero outside Npj,. The composition of the
maps (2.7) and (2.8) gives us a map

iy KX(TM) — K°(R*™), (2.9)

On the other hand, one can apply a similar construction to the inclusion j : pt — R"
of the origin in R" to get a map

Jro KO(pt) — KJ(R™) (2.10)

which is in fact an explicit isomorphism of the periodicity of K-theory. Since K°(pt)
is canonically identifies with Z, we can finally define the topological index map as
follows.

Definition 2.23. The topological index map ind, : K)(TM) — Z is defined by

ind, = (j;) "' oiy.

Of course, this construction involves many choices, but it turns out that the
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definition depends on none. We refer to [2] for details.

2.3 Bott periodicity for classical pseudodifferential
operators on a closed manifold

Let M be a closed manifold and £ — M be a complex vector bundle over M. Consider
the group

G °(M;E) ={ld+Q | Q € U~®(M; E), 1d+Q is invertible}

of invertible smoothing perturbations of the identity. This becomes a topological
group by taking the C*°-topology induced by the identification of smoothing operators
with their Schwartz kernels. Recall that the Schwartz kernel K4 of A € W=°(M; E)
can be seen as an element of C*(M x M;Hom(FE, FE)) where Hom(E, ) is the vector
bundle over M x M with fiber at (my,ms) € M x M given by

Hom(E, E) = Hom(E,,,, E,).

|(m17m2)

Then the action A on u € C*(M; E) is given by

(Au)(my) = /M K a(ma, ma)u(my)dg(m)

where dg is the volume form induced by some Riemannian metric g on M.

Definition 2.24. Let G~ be the topological group of invertible semi-infinite matrices
(Sij + Qij such that

1QIlk = > (i+5)¥|Qyl < 00, Vk € Ny, (2.11)

4,7EN

the topology of G=°° being the one induced by the norms || - ||x, k € No. Clearly, the
group G=*° is a weak deformation retract® of GL(co,C). In particular, it has the same
homotopy groups.

The main result we would like to establish in this section is the following
Theorem 2.25. Their exists an isomorphism of topological groups
G >(M;E) =G ™.

Thus, the homotopy groups of G=°(M; E) are given by

weonm) = mgy={ O b

2See definition 7.16.
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and G=*°(M; E) is a classifying space for odd K -theory

K ' (N)2[N;G*(M;E)] for NeccC" .

We will break the proof in several lemmas. Let
AP C®(M;E) — C*(M;E) (2.12)

be the Laplacian obtained by using the Riemannian metric ¢ on M and choosing
some metric and some connection on E. As a self-adjoint elliptic operator of order 2,
the Laplacian A” has a spectrum with many interesting properties.

Proposition 2.26. The spectrum of A is discrete and non-negative. Moreover, one
can choose increasing eigenvalues 0 = Ay < Ay < A3 < ... with eigensections

AP fr = Mefx,  fr €C™(M;E),

such that { fi}ren is an orthonormal basis of L>(M; E). Finally, there exists a con-
stant Oxr > 0 so that the asymptotic behavior of the eigenvalues of AF is given
by ,

)\k ~ CAEI{ZE

where n = dim M. Here, A\ ~ OAEk% means that

For a proof of this proposition, we refer to theorem 15.2 in [20]. It allows us to
construct the isomorphism of theorem 2.25 as follows. It is given by

far: G®(M;E) — G
[d+Q — 05+ (fi,Qfj).
It is clearly a homomorphism of groups, but we still need to check that the image of

far is really G7°° and that far is a homeomorphism. Furthermore, notice that it is
by no way canonical, since it depends on the choice of the Laplacian A¥.

(2.13)

Lemma 2.27. The image of far is contained in G~°.

Proof. 1t suffices to check that for all () € U~°°, the semi-infinite matrix

Qi; = (fi, Qfj)r2

satisfies the estimates (2.11). The Schwartz kernel K¢ of @ is given by

Kq(my,mg) = Y Qi film1) ® g”(-, f(my)) € C*(M x M;Hom(E, E)).

i,jEN
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If Q were not satisfying the estimates of (2.11), then from the asymptotic behavior
of the eigenvalues of A¥, one would conclude that there exist k,! € N such that

P = (AF) o Qo (AF)
has Schwartz kernel

mlamQ ZQ@])\ )‘lfz m1)®g ( f](mQ))

which is not in L?(M x M;Hom(FE, E)), so in particular is not smooth. But this
would contradict the fact that P = (AF)* o Q o (AF)! is a smoothing operator. This
means Q must satisfies all the estimates in (2.11) and hence fas(Id+Q) € G=>=. O

Now, let us recall some general result about elliptic operators.

Lemma 2.28. Let P € W*(M; E) be an elliptic operator and m € Z. Then there
exists a constant C,, depending on m such that for all u € H™*(M; E), we have

[l < Con (| Puflam + ([l [em)

where || - |[gm denotes the norm in H™(M; E).
Proof. Let G € U~F(M; E) be a parametrix for the operator P, so that

GP=1d+Q, Qe V>(M;E).
Then, given u € H™*(M; E), we have that
u = GPu— Qu.

Since W=°(M; E) C V~%(M; E), both G and @ are pseudodifferential operators of
order —k, and hence they are continuous bounded linear operators from H™(M; E)
to H™™(M; E). Therefore, there exists a constant C,, > 0 such that

[ullgpmsr < (|G Pullgme + [|Qul[gm-s
Con ([[Pullrm + [Jullam) -

Lemma 2.29. The map far is bijective.

Proof. The map far is clearly injective, so we need to check that it is surjective. Let
Id+9Q € G~ be given. Then the operator ) with Schwartz kernel

Ko(mi,ma) = Y Qijfilm) @ g, ;(m2))

will be such that far(Id4+@Q) = Id4+Q. Thus, one has to check that @) is a smoothing
operator, or equivalently that K¢ is smooth. Clearly, since the metric g¥ is smooth,
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the Schwartz kernel K¢ will be smooth if and only if
Ky = Z Q,ifi(m1) ® fij(m2)
2%
is smooth. So we need to show that K, is smooth. As a first step, notice that since

sup [Qy| < [|Qllo,
Z?]

one has that
1KGIF =D 1241 < l1QlolIQllo < 1215,
i,J
so K¢, € L?(M x M; E x E). The remaining of the proof consists to apply lemma 2.28
recursively to improve to regularity of K. But for this, we need a suitable elliptic
operator. Let A¥ € U2(M x M; E x E) be the operator obtained by making A® acts
on the first factor in the variable m;, and similarly let A¥ € W2(M x M; E x E) be
the operator obtained by making A acts on the second factor in the variable ms.
Then
P:=AY + AY c V¥ (M x M;E x E)

is an elliptic operator with eigenvalues given by A; + A; with ¢,j € N. Thus, we can
apply lemma 2.28 to u = Ké? with the elliptic operator P. We get

IKG e < Co (1Pl + 11K l2)

1

<o <Z|Qij’2()‘i+)‘j)2) + (120l
1,]

But since A\, ~ CAEk%, we see that
|l < Ch (12l Qlo)? + 1Q10) < 2C5 121l

for some constant Cj > 0 and some ky € N large enough. More generally, applying
recursively lemma 2.28 with m € 2Ny, we get the estimates

[Kqllam+> < oyl Qllk,, ™ € 2Ny, (2.14)

where k,, € N and C] > 0 depend on m. By the Sobolev embedding theorem, this
shows that K and K¢ are smooth, and hence that fae is bijective. O]

To conclude the proof of theorem 2.25, we need to show that far is an homeo-
morphism.

Lemma 2.30. The map far is a homeomorphism.
Proof. That far is continuous follows from the estimates (2.14) of the preceding proof

and the Sobolev embedding theorem. To show that fgé is continuous, first notice
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that the Holder inequality gives us

Z+])k+2
12 = 101G

< (Z @, +j>2’“+4> (Z = j>4>

0,

<C <Z Qi (i + j)2k+4)

.3

1
C:(Zm)

Hence, since A\; ~ CAEj%, there exists a constant C > 0 and [, € N so that

HQHkSCk (Z‘QZ] )‘ +)‘ 2lk> <Z|Qm‘2>

where

(ST

i (2.15)

= Ci (P K|l + 1Kl 2)

< CillKQl one < Cill Kqlleau
where || - ||c2, is the C¥¥-norm with respect to some Riemannian metric. From the
estimate (2.15), we conclude that f;é is continuous, so that far is a homeomorphism.
O
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Chapter 3

Fibred Cusp Operators

Since fibred cusp operators are the central object of study in this paper, let us recall
briefly their definition and their main properties. A detailed description can be found
in [12], where they were originally introduced. One can also look at section 2 of [11].

3.1 The framework and the definition

Let X be a compact connected manifold with non-empty boundary X . Assume that
the boundary 0X has the structure of a (locally trivial) fibration

7 —0X (3.1)

|e

Y

where Y and Z are closed manifolds, Y being the base of the fibration and Z being
a typical fibre. We will not assume that the boundary 0X is connected, but if Y is
disconnected, we will assume that Z is the same over all connected components of
Y. For the disconnected case, we will basically use the generalization of [18] rather
than the one presented in [12] (see remark 3.3 below). Let x € C*(X) be a defining
function for the boundary 0.X, that is, x is non-negative, X is the zero set of x and
dz does not vanish anywhere on 0.X.

The defining function = gives rise to an explicit trivialization of the conormal bun-
dle of 0X. A fibration (3.1) together with an explicit trivialization of the conormal
bundle of 0X defines a fibred cusp structure. To a given fibred cusp structure, we
will associate an algebra of cusp fibred operators denoted ¥} (X). Changing the triv-
ialization of the conormal bundle of 0X will not change W% (X) drastically, since we
will get an isomorphic algebra, but not in a canonical way. When we talk about an
algebra of fibred cusp operators, we therefore tacitly assume that a defining function
has been chosen. On the other hand, changing the fibration (3.1) has important con-
sequences on the algebra U} (X). In particular, there are two extreme cases: the case
where Z = {pt} and ® = Id, which leads to the algebra of scattering operators,
and the case where Y = {pt}, which leads to the algebra of cusp operators.
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Definition 3.1. A fibred cusp vector field V € C*(X,TX) is a vector field
which, at the boundary 0X, is tangent to the fibres of the fibration ®, and such that
Vi € 2°C>®(X), where x is the defining function of the fibred cusp structure. We
denote by Vo (X) the Lie algebra of fibred cusp vector fields.

Let (x,y,2) be coordinates in a neighborhood of p € 90X C X, where x is the
defining function for 0X and y and z are respectively local coordinates on Y and
Z (we assume that the fibration ® is trivial on the neighborhood of p we consider).
Then any fibred cusp vector field V' € Vg (X) is locally of the form

V:a$2£+zz:b-xi+i:c'i (3.2)
v " Oyt — L0z’ '

where | =dimY, k = dim Z and a, b;, ¢; are smooth functions.

Definition 3.2. The space of fibred cusp differential operators of order m, de-
noted Difty (X), is the space of operators on C*(X) generated by C*(X) and products
of up to m elements of Vo(X).

In the local coordinates (z,y, z), a fibred cusp differential operator P € Diff§ (X)
may be written as

P= Y paadde ) on) () 33)

la|+|Bl4+q<m

where the p, g, are smooth functions.

Intuitively, fibred cusp pseudodifferential operators are a generalization of defini-
tion 3.2 by allowing P to be not only a polynomial in xQ%, xa%, %, but also a more
general “function” in xQB%, xa%, %. The rigorous definition is however better under-
stood by describing the Schwartz kernels of fibred cusp pseudodifferential operators.

Consider the cartesian product X? of the manifold X with itself. This is a manifold
with corner, the corner being X x 0X C X?2. Schwartz kernels of fibred cusp
pseudodifferential operators will be distributions on X2. But all the subtleties of
their behavior turn out to happen in the corner of X2. To have a better picture of
what is going on, one therefore blows up the corner in the sense of Melrose, [13], [14].
In fact, we need to blow up twice.

We first blow up the corner to get the space X7 = [X?0X x 0X]. In [14],
this space is used to describe the Schwartz kernels of b-pseudodifferential operators,
where “b” stands for boundary. For fibred cusp operators, we need to perform a
second blow-up which depends on the fibration ® we consider.

Beside the two old boundaries coming from X?, X? has a new boundary called
the front face. If 3, : X} — X? is the blow-down map, then this front face, denoted
ffy, is given by

ff, = 8, {(0X x 0X) = (0X x 0X) x [-1,1],, (3.4)

where s = =% and , a2’ are the same boundary defining functions on the left and
right factors of X?. The function s is well-defined on X?. What we blow up next is
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the submanifold Be C ff, = (0X x 0X) x [—1, 1]s given by
By = {(h1.0) € 1, | &(h) = B(H)}. (35)

Remark 3.3. When 0X is disconnected, we use the same definition for Be and ffy.
This is different from [12], where they consider smaller By and ffy, in the discon-
nected case. Using the same formal definition as in the connected case makes the
generalization to the disconnected case straightforward.

So we consider the space X3 = [X?; Bs]. If Bp : X3 — X7 is the blow-down map,
then the new boundary appearing on X2 is given by

ff = 55" (Bo). (3.6)

If (y,2) and (y/,2') are local coordinates on the left and right factors of (0X)?,
then

S:ﬂyy:y_ ,

xr2

=2 1y, 2 (3.7)

are local coordinates on X2, and in these coordinates, ffg occurs where x = 0. Under
the blow-down maps 3, and 3s, the diagonal A C 90X x 90X lifts to Ag C Xz. In the
coordinates (3.7), it occurs where S =Y =2 — 2/ =0.

Definition 3.4. The fibred cusp density bundle *<) is the space of densities on X
which are locally of the form —fzdrdydz near the boundary 0X, where o is a smooth
function and | = dimY . Let *Qpr be the lift of *Q to X? from the right factor. This
gives the right fibred cusp density bundle *Qy = 355; (*Qr) on X32.

Definition 3.5. For any m € R, the space of ®-pseudodifferential operators of order
m is given by

V(X)) ={k e I™(X2,A8;°Q) | K =0 at 0X3 \ ff3}

where I™(X2, Ag; ®Q) denotes the space of conormal distributions (to Ag) of order
m (we refer to [12] and [7] for more details) and = denotes equality in Taylor series.

In local coordinates near the boundary, the action (near the diagonal) of cusp
fibred pseudodifferential operators can be described as follows.

Proposition 3.6. If x € C*°(X) has support in a coordinate patch (U, (z,y, z)) with
UNOIX # 0, where x is the defining function of 0X and y and z are coordinates on
Y and Z, then the action of P € V(X)) on u € CX(U) can be written

(xPu)(x,y, 2) = / Po(w,y,2,8,Y, 2 — 2i(e(1 — 2S),y — 2V, )dSdY d='

z—x’

where S = =, Y = %y, u is the coordinate representation of uw and P, is the
restriction to U x R™ of a distribution on R™ x R"* x R*¥ which has compact support
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in the first and third variables, is conormal to {S = 0,Y = 0} x {z = 2’} and is
rapidly decreasing with all derivatives as |(S,Y )| — oc.

3.2 Some properties of fibred cusp operators

If £ and F' are complex vector bundles on X, one can easily extend this definition to
d-pseudodifferential operators W' (X; E, F) of order m which act from C*(X; F) to
Cx(X; F).

Proposition 3.7. (Composition) Form,n € R and E, F, G complez vector bundles
on X, we have that

V(X F,G)o V(X E, F) C Uyt (X; E,G).

As in the case of usual pseudodifferential operators, there is a notion of ellipticity.

Definition 3.8. The fibred cusp tangent bundle ®*TX is the smooth vector bundle
on X such that Va(X) = C®(X;?TX).

Notice that ®*T°X is isomorphic to TX, although not in a natural way. Let ®S*X =
(*TX \ 0)/R* denote the fibred cusp sphere bundle. Let R™ be the trivial complex
line bundle on *$* X with sections given by functions over ®*7°X\ 0 which are positively
homogeneous of degree m.

Proposition 3.9. For all m € Z, there exists a symbol map
Om VX, E,F) — C™®(*S*X;hom(E, F) ® R™)

such that we have the following short exact sequence

Om

VY X B F) — VE(X; B, F) = C®°(*S*X;hom(E, F) @ R™).

Definition 3.10. If P € V(X E, F), we say that o,,(P) is the symbol of P.
Moreover, if the symbol o,,(P) is invertible, we say that P is elliptic.

As opposed to the case of usual pseudodifferential operators, ellipticity is not a
sufficient condition to ensure that an operator is Fredholm. Some control near the
boundary is also needed. Let ®NY = TY x R be the null bundle on Y of the
restriction ®Tyx X — TX.

Proposition 3.11. For any m € R, there is a short exact sequence

2 U(X; B, F) — V(X B, F) 2% U7 (0X; E, F)

S
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where Ng is the normal operator and V3 (0X; E, F) is the space of * NY -suspended
fibre pseudodifferential operators on 0X of order m (see definition 2 in [12]). The
normal operator is multiplicative, that is Ng(A)oNg(B) = No(AoB). In terms of the
Schwartz kernels, the normal operator Ng is just the restriction of the Schwartz
kernel to the front face ftg.

Definition 3.12. An operator P € V(X; E, F) is said to be fully elliptic if it is
elliptic and if Ng(P) is invertible.

Definition 3.13. Let LQ(X;E) be the space of square integrable sections of E with
respect to some metric on E and some smooth positive density on X. Forl € R and
m > 0, we define the associated weighted Sobolev spaces by

dHE(XE)={uec 2 L*(X;E) | Pueca' L*(X;E) VP € V3(X; E)}, (3.8)
and
o' Hy™(X; E) =

N
{u EC®(XGE) |u= ZPiui,ui c2' L} X;E), P € \IIQ(X;E)} . (3.9)

i=1

Proposition 3.14. An operator P € VI (X; E, F) is Fredholm as a map
P:2'HY (X E) — ' H' "™(X, F)
for any I, m € R if and only if it is fully elliptic.

Proposition 3.15. (elliptic regularity) The null space of a fully elliptic operator
P € V(X E,F) is contained in C*(X; E), the algebra of smooth sections of E
vanishing in Taylor series at the boundary 0X .

It would be unfair to end this section without discussing in more details the space
of suspended operators U} (0X; E, F). Since this paper is mostly concerned with
smoothing operators, we will restrict our attention to U4°(0X; E, F'). By taking the
Fourier transform in the fibres of *NY, it is possible to see P € U;*(0X; E, F)
as a smooth family of smoothing operators parametrized by ® N*Y, the dual of *NY .
More precisely, consider the bundle

U=°(Z; B, F) —> p—o (3.10)

|

Y

whose fibre at y € Y is given by U=>°(d~!(y); Elg-1) s Flo-1)-

Remark 3.16. When dimZ = 0 and ® : 0X — Y is a finite covering, the bundle
P~ is the vector bundle hom(E, F), where € — Y and F — Y are the complex
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vector bundles over Y with fibres at y € Y given by

@Ez, @F

zed— zeDP—

We can pull back P~ on *N*Y to get a bundle 7*P~>* — ®*N*Y | where
m:*NY Y
is the projection associated to the vector bundle * N*Y .

Proposition 3.17. There is a one-to-one correspondence between V4°(0X; E, F)
and smooth sections of TP~ — ®*N*Y which are rapidly decreasing with all
derivatives as one approaches infinity in *N*Y = T*Y x R.

Remark 3.18. For P € V] (0X; E, F), one has a similar correspondence, but one
must replace TP~ by the appropriate bundle m*P™ of pseudodifferential operators
of order m, while the sections at infinity should grow no faster than a homogeneous
function of order m. The derivatives of the sections must also satisfy some growing
conditions at infinity.

This is the point of view we will adopt for the rest of this thesis, that is, we will
consider the Fourier transform of Ng(P), which is called the indicial family of P,
instead of Ng(P). One advantage of doing so is that it is relatively easy to understand
the indicial family in terms of local coordinates as in (3.7). If P € U;*°(X; E, F) acts
locally as in proposition 3.6 and if 7,7 are the dual variables to x,y, then the indicial
family is given by

—

No(P)(y,n,7) = /ei"'yeiTsP(O,y, 2,8,Y, 2z — 2")dSdY. (3.11)
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Chapter 4

An Analytical Formula for the
Index

We will now give an analytical formula for the index of Fredholm smoothing pertur-
bations of the identity. To do this, we will need a trace-defect formula.

4.1 The trace-defect formula

For usual pseudodifferential operators on a closed manifold, it is a well-known fact
that an operator will be of trace class provided its order is sufficiently low. For fibred
cusp pseudodifferential operators, this is no longer true. Even smoothing operators
are not necessarily of trace class. This is because there is a potential singularity at
the boundary.

Let us concentrate on the case of smoothing operators. So we consider the space
U, (X; E), where E is some complex vector bundle on X. To avoid possible ambigu-
ities, we assume that in a collar neighborhood 90X x [0,1), C X of 0X parametrized
by the defining function x, the vector bundle F is of the form E = 7*Eyx, where Eyx
is a vector bundle on 0X and 7 : 90X x [0,1), — 0X is the projection on the first
factor. In other words, we choose an explicit trivialization of F near the boundary
which agrees with the choice of the defining function x. This way, we can make sense
of Taylor series at the boundary in powers of x (see (4.3) below).

If A € V(X E) is of trace class, then its trace is given by integrating its
Schwartz kernel along the diagonal

Tr(A) = /A trp K4 = /A trp(Ky)x ™2y, Ky € C*(X2;Hom(E, E)), (4.1)
L 3

where [ = dim Y, (2/)7'2v is a smooth section of the right fibred cusp density bundle
®(), and Hom(E, E) is the pull back under the blow-down map 3 o 3, of the ho-
momorphism bundle on X? with fibre at (p,p’) € X? given by hom(E,, E,). When
restricted to the diagonal A C X?, Hom(F, E) is the same as hom(E, E).

The integral (4.1) does not converge for a general A € W (X E), since v is a
smooth positive density when restricted to the diagonal Ag. To extend the trace to
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all smoothing operators, one has to subtract the source of divergence. To this end,
consider the function
z— Tr(z*A), (4.2)

which is a priori only defined for R{z} > [+ 1.

Lemma 4.1. The function Tr(xz*A) is holomorphic for R{z} > |+ 1 and it admits
a meromorphic extension to the whole complex plane with at most simple poles at
l+1—Np.

Proof. The holomorphy is clear. Recall from proposition 3.11 that in terms of the
Schwartz kernels, the normal operator is the restriction to the front face ffg. Let us
consider instead the full normal operator N} which gives us the full Taylor series
of the Schwartz kernel at the front face ffg, using x as a defining function,

Nu(A) =D a* Ay, Ay € V320X E). (4.3)
k=0

This Taylor series does not necessarily converge, so Nj(A) is really a formal power
series in & which contains all the information about the derivatives of A at the front
face ffg. The Taylor series Nj(A) contains all the terms causing a divergence in the
definition of Tr(2*A). A simple computation shows that the function Tr(2*2* A x(x)),
which is a priori only defined for ®{z} > [+1—k, has a meromorphic extension to the
whole complex plane with a single simple pole at z = [+1—k. Here, x € C2°([0, 4+00))
is some cut-off function with xy = 1 in a neighborhood of # = 0. Thus, we see that
Tr(2*A) admits a meromorhic extension with at most simple poles at [ +1 —Ny. O

In particular, there is in general a pole at z = 0 coming from the term A;;; in
(4.3).

Definition 4.2. For A € U;*(X; E), the residue trace Trg(A) of A is the residue
at z =0 of the meromorphic function z — Tr(x*A).

Using the local representation of proposition 3.6, the residue trace can be expressed
as

Trr(A) = /trE(Al+1(y, 2,S=0,Y =0,z— 2 =0))dydz. (4.4)

Taking the Fourier transform in the fibres of NoY = TY X R as in (3.11), the residue
trace can be rewritten as (cf. equations 4.1 and 4.2 in [15])

1

Trr(A) = 2

/ Tro-1() (A (y, 7, 1)) dydndr (4.5)
NLY

where Trg-1(y) is the trace on U=>(d~*(y); Elg-1(,)- Notice that this integral does
not depend on the choice of coordinates on Y, since dydn is the volume form coming
from the canonical symplectic form on 7*Y. Of course, dr depends on the choice of
the defining function x, but we assume it has been fixed.
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One can then extend the trace to all smoothing operators in ¥;*°(X; E) by sub-
tracting the pole at z = 0.

Definition 4.3. The regularized trace Tr(A) of A € U3 (X; E) is given by

Tr(A) = lim (Tr(xZA) - TrR—(A)) .

z—0 z

Remark 4.4. For A € 272U ,™(X; E), A is of trace class and Tr(A) = Tr(A).

The regularized trace is defined for all A € ¥ *°(X; E) and it is an extension
of the usual trace, but it is not properly speaking a trace, since it does not vanish
on commutators. The trace-defect formula measures how far the regularized trace is
from being a trace.

Proposition 4.5. (Trace-defect formula) For A,B € V(X E), the trace-
defect is given by o
Tr([A, B]) = Trr((DiogoA) B)

where Dyog, A = %Az{z:() and A, = x7*[x* A].
Proof. For ®{z} > 0, we have

Tr(2*[A, B]) = Tr(2*AB — 2°BA) = Tr(2*AB) — Tr((z*B)A)

_ Te(4*AB) — Te(As*B) — Te([s*B, A]). (4.6)
But Tr([z*B, A]) = 0 for ®{z} > 0, so
Te(s*[A, B]) = Te(2*AB) — Tr(Az*B) .
 Te([a®, A]B) = Te(a°A.B).
Here, A, = z~*[z%, A] is entire in z and vanishes at z = 0, so
Te(2*[A, B]) = = Tr(2*(Dioga A)B) + O(2),  where Dipgad — %AZ (@s8)

z=0

Thus, we see that Tr(xz*[A, B]) has no pole at z = 0 and its value at z = 0 is given by

Ti([A, B]) = Trr((Diogs A)B).
O

In the case of cusp operators (Y = {pt}), it is possible to use (4.5) to get an
explicit formula depending only on the indicial families of A and B (cf. [18]). In
the more general case, higher order terms of the Taylor series (4.3) are involved.
Combined with the geometry of Y, this makes an explicit computation harder or
maybe even impossible to get.
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4.2 The index in terms of the trace-defect formula

Let F3>(X; E) denote the space of Fredholm operators of the form Id+A with
A € U, (X; E). From proposition 3.14, the space F;*°(X; E) is given by

Fol(X;E)={ld+A | Ac V;>(X;E), No(Id+A) is invertible}. (4.9)

The goal of the next two chapters will be to obtain a topological description of
the index of operators in Fg*(X; E), that is, a description in terms of K-theory. As
a first step, let us use the trace-defect formula to get some insight about the index.

Notation 4.6. me now on we will follow the notation of (4.3) for the indicial

family. So Ao Nq>(A) will denote the indicial family. In proposition 3.17, it is Ao
which can be seen as a section of the bundle T*P~°.

Given (Id+A) € Fg™(X; E), let (Id+B) € F3°(X; E) be a parametrix, that is
Id+A)(Id4+B) =1d+Q;, (Id+B)(Id+A) =1d +Q-, (4.10)

with Q1, Q2 € 2V ;>(X; E), where
e®U% (X E) = {P € U;%(X;E) | Ni(P Z:ckpk =0}. (4.11)

In particular, 1 and () are compact operators of trace class, so [Id+A,Id+B] =
Q1 — Qs is also of trace class. Using Calderén’s formula for the index, we have that

ind(Id+A) = Tr([Id +A,1d +B])

E([Id +A,Id+B]), by remark 4.4 (4.12)
r([A, Bl)

=T

= Trr((DiogzA)B), by proposition 4.5.
Using (4.5), we get the following formula for the index.

Proposition 4.7. The index of (Id+A) € F5>(X; E) is given by

. 1 1
md(Id +A) - W /;;N*Y Tr¢_1(y)<<DlongB)l+1<y7 T, U))dydndT

where (Id+B) € Fg ™ (X; E) is a parametriz for A.

In the case of cusp operators, one can rewrite this formula in terms of the indicial
family of A only (see [18]). In fact, one can show without using the trace-defect
formula that the index only depends on the indicial family.

Proposition 4.8. The index of (Id+A) € F5;>(X; E) only depends on the homo-
topy class of the indicial family Id +Ay seen as an invertible section of the bundle
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TP~ of proposition 3.17 which converges rapidly to Id with all derivatives as
one approaches infinity.

Proof. Suppose that ¢t — Id —I—A\o(t), t € [0,1] is a (smooth) homotopy of invert-
ible indicial families with Ay(t) € Ul (0X; E) for all t € [0,1]. Suppose also
that Id+Ay(0) and Id+Ay(1) are the indicial families of (Id +A(0)), (Id +A(1)) €
Fs(X; E). Thinking in terms of Schwartz kernels and using Seeley extension for
manifolds with corners (see the proof of propostion 1.4.1 in [13]), we can construct a
homotopy t +— A(t),t € [0,1], joining A(0) and A(1), such that A(t) € Vz>(X; E)
and . R
Ng(A(t)) = Ap(t) Vt € [0,1].

Since t — Id +A\0(t) is a homotopy of invertible indicial families, we know by propo-
sition 3.14 that ¢t — (Id +A(¢)) is a homotopy of Fredholm operators. By the homo-
topy invariance of the index, we conclude that

ind(Id +A(0)) = ind(Id +A(1)),

which shows that the index of an operator (Id+A) € F3*°(X; F) only depends on
the homotopy class of its indicial family. O

One therefore expects that it is possible, at least in theory, to rewrite the formula
of proposition 4.7 so that it only involves the indicial family. A first step in this
direction is to notice that, by proposition 4.8, we can assume that the operator
Id+A € F3y°(X; E) is such that

N (A) = Ay, with Ay, = 0Vk € N.

However, once this assumption is made on A, it is not possible to assume the same
for the parametrix B. To be more precise, the equation (4.10) completely determined

—

N}(B) in terms of ]m) This will become clear through the concept of *-product.

Definition 4.9. Let V;°(0X; E)[[x]] denote the space of formal power series in x
with coefficients taking values in W *(0X; E).

Lemma 4.10. The full normal operator N : V4™ (X; E) — U2 (0X; E)[[z]] is
surjective.

Proof. This is an easy consequence of Seeley extension for manifolds with corners. [J

Definition 4.11. For a,b € V;°(0X; E)|[[z]], the x-product axb € V3°(0X; E)|[[z]]
1s defined to be

axb=Nj(Ao B)

—

where A, B € V(X E) are chosen such that @) =a, Ny(B) =0b. It does not
depend on the choice of A and B, since x>®*V3>°(X; E) is an ideal of V3> (X; E).
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Proposition 4.12. There exist differential operators Py ;; and Q) acting on sec-
tions of the bundle P~>° defined in (3.10) so that, for any a,b € V4 *(0X; E)[[x]],
the x-product of a and b is given by

=0 k=1 j+i<k

Moreover, if ® : 0X — Y is a trivial fibration, then, once an explicit trivialization has
been chosen, the differential operators Py j; and Qy, ;; are independent of the geometry
of the typical fibre Z.

For the proof of proposition 4.12, we refer to proposition 3.11 in [10], where a
similar result is obtained. In terms of the *-product, the equation (4.10) translates
into

Nj(A) + Ny (B) = —Nj(A) x Np(B) = —Njp(B) + Nj(A). (4.13)

Looking at this equation order by order in x completely determines Nj(B) in terms

of @) In general, for k£ € N, on can expect that By # 0, so N;(B) will involve a
term of order z*. This is also the case for Diog 2 A.

Lemma 4.13. If @) = ﬁo, then

> 'kaA
N/ Dloga: Z U

Proof. The Schwartz kernel of A, = 27 %[z, A] is A(1 — (%’)2), so the the Schwartz
kernel of Dy, A is given by
/
= —Alog (£> .
z=0 x

g (0= (5))

But % =1— Sz, where § = *—-, so

DiggoA = —Alog(1— Sz) =AY

From (3.11), N@A) = D’j;l\g, where D, = —i-Z so we conclude that

or
- > (L’kDEA\Q
N (DiogzA) =Y —
k=1

]

Thus, knowing the differential operators P ;; and @y ;;, we see that it is possible
to rewrite the formula of proposition 4.7 into an expression involving only the indicial
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family of A. The problem of course is to actually find out what are those differential
operators. This is relatively easy in the cusp case, but the case of an arbirary manifold
Y seems hopeless. Still, in the case where Y = S!, it is possible to perform some
computation as we will see in section 6.3. From proposition 4.7 and proposition 4.12,
one can extract some important information about the index. For instance, notice
that the formula does not involve the geometry of the interior of X, so if X’ is another
manifold with the same boundary as X and if (Id+A’) € F;°°(X’; E) has the same
indicial family as the one for Id +A, then Id +A and Id +A’ have the same index.
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Chapter 5

The Associated K-class

We will now try to have a better understanding of the topological information con-
tained in the indicial family. When the fibration ¢ is trivial, it is almost straight-
forward to define a K-class out of the homotopy class of the indicial family. But to
include the more general case of a non-trivial fibration, we first need to discuss the
concept of spectral section.

5.1 Spectral Sections

Spectral sections were originally introduced in [17] to describe the boundary condi-
tions for families of Dirac operators on manifolds with boundary. We intend to use
spectral sections for a very different purpose, and instead of dealing with families of
Dirac operators, we will consider families of Laplacians.

Let ¢ : M — B be a smooth (locally trivial) fibration of compact manifolds,
where the fibres are closed manifolds and the base B is a compact manifold with
possibly a non-empty boundary 0B. Let T'(M/B) C TM denote the null space of
the differential

¢y : TM — TB

of ¢. Clearly, T(M/B) is a subbundle of TM which on each fibre M, = ¢'(b)
restricts to be canonically isomorphic to T'M,. Let gy;/p be a family of metrics on
M, that is, gay/p is a metric on T'(M/B) which gives rise to a Riemannian metric
on each fibre. Let E be a complex vector bundle with an Euclidean metric ¢* and a
connection VZ,

This allows us to define a smooth family of Laplacians Ay p, which on a fibre
M, = ¢~1(b) acts as

Aps = — Te(VIMEEGES) s € C%(My; By), By = By, , (5.1)

where VT Mo®F ig induced from V¥ and the Levi-Civita connection of g, = gmy B| My’
and Tr(S) € C*>(My; Ey) is the contraction of an element

S e COO(Mb; T*Mb &® T*Mb & Eb)
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with the dual metric g, € C*(M,, T M, @ T'M,).
Let L?(M/B; E) — B be the Hilbert bundle over B with fibre at b € B given by
L?(M,; E}). The scalar product on L*(M,; E3) is defined in the usual way by

(s1,82) = /QE(317§2) dgs, S1,52 € C™(My; Ep), (5.2)

where dg is the volume form associated to the metric g,.
As is well-known, the Laplacian A, is self-adjoint and has a non-negative dis-

crete spectrum. Moreover, eigensections with different eigenvalues are orthogonal in
L*(My; Ey).

Definition 5.1. A spectral section (I1);/p, Ri, Ry) for the family of Laplacians
Ay is a smooth family Uy p : L*(M/B; E) — L*(M/B; E) of projections

I : L*(My; By) — L*(My; Ey), b€ B,

with range a trivial vector bundle over B, together with real numbers Ry and Ro,

Ry < Ry, such that for allb € B

II,s = s Zf >\<R1,

Ros =28 = {Hbs:() if A> R,

Remark 5.2. The triviality of the range of the spectral section is not in the original
definition. We added this property because we will only consider spectral sections
having as range a trivial vector bundle over B. Notice also that from the discreteness
of the spectrum, this vector bundle must be of finite rank.

Obviously, one gets a spectral section by taking Il = 0 and Ry < Ry < 0,
but this example is rather trivial. We would like to know about the existence of
non-trivial spectral sections. The following result is due to R.B. Melrose.

Proposition 5.3. Let Ay be a family of Laplacians as in (5.1). Then given R > 0,
there exists R' > R and a smooth family of projections Iy p such that (Il g, R, R')
is a spectral section for Ay p.

Proof. By compactness, the discreteness of the spectrum and its continuity as a set-
valued function, we can find a covering of B by a finite number of open sets €);, and
R; € (R,00) such that R; is not in the spectrum of A, for all b € €2;. The span of
the eigensections with eigenvalues less than R; is then a smooth vector bundle FEj;
over ();. Moreover, there are smooth bundle inclusions on all non-trivial intersections
Qi = NQ,, I : By — Ej, provided R; < R;. These inclusions satisfy obvious
compatibility conditions on triple intersections.

By Kuiper’s theorem (see [8]), the Hilbert bundle L?(M/B; E) is trivial in the
uniform topology. It follows that there are trivial finite dimensional subbundles of
arbitrary large rank. In fact, there is a sequence of families of finite rank projections
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Wék) with ranges trivial vector bundles over B such that Wék) — Id in the strong

topology (on operators). Setting m, = ngk) for sufficiently large k, it follows that the
restriction of m, to the F; are injective

By — by,

where the trivial vector bundle F' is the range of 7. By taking a larger £ if needed,
1

we can also assume that for all E;, the norm of (Id —m)|g is less than 5. These
embeddings of the bundles E; as subbundles of F|, are consistent with the inclusions
I;;. We may also consider the generalized inverse of m, on E;, m; : F' — E; over (1,
defined as the composite of the orthogonal projection on m(FE;) and the inverse of 7
as a map from E; to 7w(Ej;).

Let p; be a partition of unity subordinate to the €2;, and consider the family of

linear maps

fo: By — LA(My; By, f, = (Id—m,) Z 115(DYm;(b). (5.3)

This is a well-defined smooth family. Consider the open sets

Ui = \ U supp(t;)-

{4;Ri<R:}

These cover B. Over U;, the sum in (5.3) is limited to those j with €,;; # 0 and
m;(mpe) = e for e € E; ;. Therefore, fy(me) = (Id —m,)e for b € U; and e € E; ;. Since
/o]l < 1, it follows that

(Id +fb) . Fb — LZ(Mb; Eb)

embeds F' as a subbundle of L?(M/B; E) which, over U;, contains E; as a subbundle.
Finally, choose ¢ € C*(R) with 0 < (¢) <1 and such that

1 if t<0
Wt)_{o if t>1.

For T' € R, consider the family of linear maps Qr = ¥(Ayyp — T). For large T,
Qro (Id+f) : F — G embeds F as a spectrally finite subbundle G containing the
E; over U;. Then, if II;/p is the orthogonal projection on G and R’ =T + 1, we see
that (IIy;/p, R, R') is the desired spectral section. Since F' is a trivial vector bundle,
it is clear that GG is a trivial vector bundle as well. Il

5.2 Construction of the K-Class

We are now ready to construct a K-class out of the indicial family of a Fredholm
operator in Fg ™ (X; E). We need to distinguish two cases, the case where dim Z > 0
and the case where dim Z = 0.
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5.2.1 The case where dimZ > 0

Let
G >(Z;E) — G~ (5.4)

g
Y
be the smooth bundle with fibre at y € Y given by G=*°(Z,; E,), where

G *(Z,; Ey) ={ld+Q | Q € ¥™>(Z,; E,), Id+Q is invertible} (5.5)

is the group of invertible smoothing perturbations of the identity discussed in the
introduction and Z, = ®~!(y), E, = Elg-1(,- The bundle G™ is a subbundle of
the bundle P~*° in (3.10). Let 7 : V' — Y be a real vector bundle over R. In many of
the situations interesting us, the vector bundle V will be *N*Y. Let 7*G~>° denote
the pull-back of G™° on V.

Definition 5.4. A smooth section of ©*G~>°, or more generally of any bundle which
has a section 1d, is said to be asymptotic to the identity if it converges rapidly
with all derivatives to 1d as one approaches infinity in V. Let T'iq(V; 7*G~°) denote
the space of smooth sections of m*G~° asymptotic to the identity.

The following corollary is an immediate consequence of proposition 3.14 and
proposition 3.17.

Corollary 5.5. For V. = ®N*Y, the indicial family 1d +E0 of a Fredholm operator
in Fy™(X; E) corresponds to a section of the bundle G~ — ®*N*Y which is
asymptotic to the identity.

Our primary goal in this section is to construct a K-class out of the homotopy
class of the indicial family of a Fredholm operator (Id+A) € Fy*(X;E). But
considering an arbitrary real vector bundle V over Y will allow us to get a more
general result which will turn out to be useful in chapter 7. So we will consider the
more general situation of a smooth section Id +S5 of 7*G™> — V asymptotic to the
identity, bearing in mind that in the case where V = ®*N*Y, the section Id +S can
be seen as the indicial family of a Fredholm operator in Fg > (X; E).

We want to describe the homotopy classes of such sections. To this end, choose a
family of metrics gox/y for the fibration ® : 9X — Y and a Euclidean metric g” as
well as a connection V¥ for the bundle E. Then, as discussed in section 5.1, there is
an associated family of Laplacians Agx/y. Given y € Y, recall from section 2.3 that
if {f;}ien is an orthonormal basis of eigensections of A, with increasing eigenvalues,
then

Fj: G2(Z;E,) — 7%
[d4+Q w &+ (fi, Qfj)r

is an isomorphism between G~*°(Z,; E,) and the group G~ of invertible semi-infinite

(5.6)
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matrices d;; + A;; such that

> (i +§)F|Ay] < 00, VEEN, (5.7)
1,J
where 6;; corresponds to the semi-infinite identity matrix. If P,(7") denotes the pro-

jection onto the span of the eigensections of A, with eigenvalues less than 7, this
means that

Py(T)(Qy>Py(T) T:oo Q@ (5.8)
in the C*°-topology, so we can approximate () by spectrally finite smoothing operators.

Lemma 5.6. Let (Id+S) be a smooth section of m* G~ — V asymptotic to the
wdentity, where V- — Y is a real vector bundle over Y. Then there exists a spectral
section (I1, Ry, Ry) for Npx/y such that

1
Sp — LS| < =57, Wb eV,
150 = S < s
where || - || is the operator norm and I, denotes Il .

Proof. Using (5.8) and the fact Id +S is asymptotic to the identity, we see by the
compactness of Y, the discreteness of the spectrum and its continuity as a set-valued
function, that there exist a covering of Y by a finite number of open sets €2; and
numbers T; € R such that

1

S, — P (TS, PY(T))|| < ———— |
H b b( ) b b( )H 2||(Id+5b)_1”

where P,(T;) denotes Py (T;). Set Ry = max{T;}. Then, by proposition 5.3, there

exists a smooth family of projections IT and Ry > R; such that (II, Ry, Ry) is a
spectral section for Ayx/y. By construction, we have that for b € 7*(2;,

I, Py (1)1, = By(T3),

so the estimate (5.9) also holds for II, for all b € V. Thus (II, Ry, Ry) is the desired
spectral section. Il

Corollary 5.7. Let (Il, Ry, Ry) be the spectral section of lemma 5.6. Then, 1d+S
and Id +1LSTI are homotopic as sections of TG~ asymptotic to the identity.

Proof. Consider the smooth homotopy
t— Id+S +¢(IISII - S), te0,1]. (5.10)
For all b € V and t € [0, 1], notice that

(Id +Sb)_1(1d +Sp + t(HbSbe — Sb)) =1Id —l—t(Id —I—Sb)_l(HbSbe — Sb)
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is invertible, since |[t(Id +S,) " (IL,S,IL, — Sp)|| < 3. This means that
Id +S, + t(HbSbe — Sb)

is invertible as well, and so the homotopy (5.10) between (Id+S) and (Id +ILSII) is
through sections of 7*G~°° asymptotic to the identity. O

Let F' denote the range of II. Recall by our definition of a spectral section that F
is a trivial vector bundle of finite rank over V. Let GL(F,C) — ®* N*Y be the smooth
bundle over V' with fibre at b € V' given by GL(F ), C), the group of complex linear
isomorphism of Fry. Then corollary 5.7 effectively reduces the section Id +S to a
section

Id+Sy = (Id+S)I : V — GL(F, C). (5.11)

If we also choose an explicit trivialization of F' and if n is the rank of F', then the
section Id +S can be seen as smooth map

Id+Sy : V — GL(n, C) (5.12)

asymptotic to the identity. Finally, since GL(n,C) is a topological subspace of the
direct limit

QL(c0, C) = lim GL(k, C), (5.13)

k—o0

we can think of (5.12) as a map
Id+Sp : V — GL(00,C) (5.14)

which converges to the identity at infinity. We are mostly interested in the homotopy
class of this map.

Definition 5.8. Let [V ; GL(0c0,C)] denote the homotopy classes of continuous
maps from V to GL(oco,C) which converges to the identity as one approaches in-
finity in V. If a is such a continuous map, then let [a] denotes its homotopy class in

[V ; GL(c0,C)].

Remark 5.9. The passage from the category of smooth maps to the category of con-
tinuous maps does not change the set of homotopy classes, see for instance proposition

17.8 in [5].

Definition 5.10. If (Id +5S) and (II, Ry, R2) are as in corollary 5.7, then let [Id +S]x
denote the homotopy class of (5.14) in [V ; GL(oc0, C)].

The homotopy class [Id +S], depends a priori on three choices:
1. The choice of an explicit trivialization of F,
2. The choice of a spectral section as in corollary 5.7,

3. The choice of a family of Laplacians Ayx/y.
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In the next three lemmas, we will show that in fact it is independent of these three
choices.

Lemma 5.11. For Apxy and (II, Ry, Rs) fized, the homotopy class [Id +S]. does
not depend on the way F' is trivialized.

Proof. Suppose (Id +Sy) : V' — GL(00,C) and (Id +S5};) : V' — GL(00, C) arise from

two different trivializations of F'. Then,
Id+S; = M(Id +Sp)M ™!

for some smooth map M : V' — GL(o0,C) which is a pull-back of a map from Y to
GL(00,C). But at the homotopy level, the product [a] o [b] = [ab] is commutative (see
for instance the proof of proposition 2.12), so

[Id+Sy] = [MId+Sq)M '] = [M] o [Id +Sg] o [M 1]
[Id +Sp] o [M] o [M '] = [Id +SH] o [Id]

[Id +Sn).

]

Lemma 5.12. Assume the family of Laplacians Apx/y is fized and let (Id +S5) be as in
lemma 5.6. If (111, Ry, T1) and (Ily, Ry, T3) are two spectral sections as in lemma 5.6,
then 1d +Sy, and 1d +Sn, define the same homotopy class in [V ; GL(o0, C)].

Proof. For k € N, set R), = max{Ty,T>} + k. Then proposition 5.3 asserts the exis-
tence of a sequence of spectral sections { (I}, R, T} ) }xen for the family of Laplacians
Apx/y on Y. By construction,

so the estimate of lemma 5.6 applies as well to all the projections II}:

1Sy — 1T, , SpIT} 4[| < YoecV, VkeN.

1
2[|(1d+5,) 7"

Moreover, since R}, 7 00, we know from (5.8), the fact that Id +S is asymptotic to

the identity and the compactness of Y x [0, 1] that in the C*-topology,

H;c,b(ld —I—Sb + t(Hi,bSsz‘,b - Sb))H.;c,b + Id _H;c,b k—> Id —|—Sb + t(Hi,bSbHi,b - Sb)

—00

uniformly in (b,¢) € V' x [0, 1], i € {1,2}. By the proof of corollary 5.7, the limits of
these two sequences are homotopies of sections of 7*G~>° asymptotic to the identity.
Thus, taking k£ € N large enough, we can assume that

t = 10, , (Id +Sp + t(IL; p.SpI1; , — Sp))IT;,, 4 1d —HZJ,, t €[0,1],
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are homotopies of sections of 7*G~° asymptotic to the identity for i € {1,2}. Then,
if F; and F}, denote the range of II; and I}, we see that

t — I, (Id +S + t(ILSTL; — SHIT,, ¢ € [0, 1], (5.15)

is a homotopy of sections of GL(F}, C) between IT} (Id +5)1I), and II} (Id +I1;STI;)IT},
for i € {1,2}. It is possible that the complements of the F; in F} are not trivial
bundles, but by considering a spectral section (Il;, R, T}') with R} > T} and j large
enough, we can add a trivial bundle to F} so that the complements of the F; become
trivial' and so that (I, Ry, T7') is still a spectral section. So without loss of generality,
we can assume that the complements of the F; in F} are trivial. Then, we see from

lemma 5.11 that
[Id +Sm, |

[Id +(T1;.STI )y |

[Id +Sm,] using (5.15) with i = 1,

[Id +(T1STly)m, ] using (5.15) with i = 2,
[Id +S7y, ]

]

Lemma 5.13. The homotopy class [Id +S] of definition 5.10 does not depend on
the choice of the family of Laplacians Npx/y .

Proof. Let Ag and A; be two differents families of Laplacians for the fibration & :
0X — Y and the complex vector bundle F, arising respectively from the metrics
g @XY) oB and gl @) gE and connections VE and VZ. We need to show that
they lead to the same homotopy class in [V ; GL(c0, C)].

By considering the homotopies of metrics
t g O = (L= )gy ) g Yt e (0,1,
and
t gl =(1—t)gy +tgr, telo1],

and the homotopy of connections
t (1-t)VE+tVE  telo,1],
one gets an associated homotopy of families of Laplacians

tHAt, te [0,1],
where A, is defined using the metrics g, (OX/Y) and gEF and the connection VZ. We
can think of A; as a family of Laplacians parametrized by Y x [0,1]. A moment of
reflection reveals that the proofs of lemma 5.6 and corollary 5.7 apply equally well
if Y is replaced by Y x [0, 1]; and Id +S is replaced by the section Id +p*S, where

'For instance, we can add a trivial bundle isomorphic to Fy @& F;.
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p:V x|[0,1]; — V is the projection on the left factor. This leads to a spectral section
(I, Ry, Ry) satisfying the estimate of lemma 5.6 and such that

t — Id +p*S + t(Il(p*S)II — p*S), t€0,1]

is a homotopy of sections of p*7*G~> between (Id 4+p*S) and (Id +II(p*S)II). If II;
denotes the restriction of II to the slice Y x {t}, then (Ily, Ry, Ry) and (Il, Ry, R»)
are spectral sections for Ay and A; which satisfy the conclusions of lemma 5.6 and
corollary 5.7. Moreover, using lemma 5.11, we see from the homotopy

t — Id +HtSHt, t e [0, 1],

that [Id +Sm,)e = [Id +Sm, ] From lemma 5.12, we conclude that the homotopy
class of definition 5.10 is the same for Ay and A;. Il

From lemmas 5.11, 5.12 and 5.13, we get the following

Proposition 5.14. The homotopy class [Id +S]s of definition 5.10 is well-defined,
that is, it is independent of the three choices involved in its construction.

Definition 5.15. Let [V ; 7*G~°°] denote the set of homotopy classes of smooth sec-
tions of TG~ asymptotic to the identity. If Id +S is a section of 7" G~ asymptotic
to the identity, let [Id+S] denotes its homotopy class in [V ; m*G~].

Lemma 5.16. If Id+S is a section of m*G~*° asymptotic to the identity, then
[Id+S]e € [V ; GL(c0,C)] only depends on the homotopy class of Id+S in the
set [V;m*G~°].

Proof. Assume that t — Id+S;, ¢ € [0,1], is a homotopy of sections of 7*G~>°
asymptotic to the identity. We need to show that [Id +Sp].c = [Id +Si]s. Since
[0,1] is compact, a moment of thought reveals that the proofs of lemma 5.6 and
corollary 5.7 work equally well if one replaces V' by the bundle [0,1] x V' — Y. What
one gets is that there exists a spectral section (II, Ry, Ry) for Apx/y on'Y so that

|S¢(b) — I, S (D)1Ip]| <

1
. WheVtelo1],
N+ 5,0) ] 0,1

which implies that Id+S; and Id +ILS;II are homotopic as smooth homotopies of
smooth sections of 7*G~>° asymptotic to the identity. In particular, after trivial-
izing the range of II, Id +ILSpII and Id +ILS;1II define the same homotopy class in
[V'; GL(00,C)], and we conclude that

[Id +Sp]0e = [Id +51]0e-

Thus, we see that definition 5.10 gives us a canonical map

Io: [V; 7*G™] — [V ; GL(c0,C)]

[d+S] — [ld+5] . (5.16)
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Proposition 5.17. The canonical map I, is an isomorphism of sets.

Proof. The proof of the surjectivity of I, reduces to the existence of a spectral section
with range a vector bundle of arbitrary large rank. But the existence of such a spectral
section is an easy consequence of proposition 5.3 together with the compactness of YV’
and the continuity of the spectrum as a set-valued function.

For the proof of the injectivity of I, suppose [Id+Sp]oc = [Id +S1]e0. Let Il
and II; be spectral sections as in lemma 5.6 that can be used to define [Id +5]o and
[Id +51] respectively. Let IT be another spectral section such that ITIL,IT = II; for
i €{0,1} (cf. proof of lemma 5.12). Then II can also be used to define [Id +Sp] and
[Id +51]s- Taking IT to have a larger rank if necessary, we can assume that there is
a homotopy

t— Id+I1S,11, t € [0,1],

through sections of 7*G'~°° asymptotic to the identity. From corollary 5.7, we then
deduce that [Id +Sy] = [Id+S,] in [V ; 7#*G~*°]. This shows that the map I is
injective. O

Before discussing the associated K-class, let us concentrate on the second case.

5.2.2 The case where dimZ =0

The case where dim Z = 0 turns out to be significantly easier. This is somehow the
reverse procedure of the case where dim Z > 0, that is, instead of reducing an infinite
bundle to a trivial vector bundle, we will enlarge a finite vector bundle to make it
trivial. The case dim Z = 0 evidently includes scattering operators, but it means
more generally that the fibration ® : 90X — Y is a finite covering.

Definition 5.18. Let £ — Y be the complex vector bundle on'Y with fibre at y € Y

given by
&= @ E,

2€®-1(y)

Definition 5.19. Let GL(E,C) be the bundle over Y with fibre at y € Y given by
GL(&,,C). Let 7 GL(E,C) — *N*Y be the pull-back of GL(E,C) on *N*Y'.

An immediate consequence of remark 3.16 and proposition 3.14 is the following
Corollary 5.20. The indicial family (Id+Ao) of a Fredholm operator (Id+A) €
Fo (X E) is a section of the bundle m* GL(E; C) which is asymptotic to the identity.

Let 7 — Y be a complex vector bundle over Y such that £ @ F is trivial. Such a

bundle always exists, see for instance corollary 1.4.14 in [1]. If n is the rank of €& F,
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so that £ @ F = C", then

™™ GL(E,C) C 7* GL(E @ F,C)
~ 7* GL(C", C)
= GL(n,C) x *N*Y
C GL(o0,C) x ®N*Y.

(5.17)

Definition 5.21. If (Id+59) is the indicial family of some operator in Fgy > (X; E), let
(Id +S%) : ®N*Y — GL(o0; C) be the associated map under the series of inclusions
(5.17) and let [Id+S]s € [*N*Y ; GL(00; C)] denotes its homotopy class.

As in the previous case, we want to show that the homotopy class [Id +5],, does
not depend on the choices made to define it, namely the choice of an explicit trivial-
ization of £ @& F and the choice of F.

Proposition 5.22. The homotopy class [Id +S]s of definition 5.21 is well-defined,
that 1s, it does not depend on the choice of F and on the way € & F s trivialized.

Proof. First, the homotopy class [Id +S], does not depend on the way €& & F is
trivialized. It is the same proof as lemma 5.11.

Secondly, the homotopy class [Id +5]. does not depend on the choice of the vector
bundle F such that £ & F is trivial.

Indeed, let G — Y be another complex vector bundle such that £ ® G is trivial.
Then consider the trivial vector bundle H = E B F & & & G, where £ = £. The
bundles £ & F and £ & G are subbundles of H, and to be more precise, we consider
the inclusions

ih: EOF — EdFp& ag is: EO®G — EBFBE DG
(67f) — (67 f707 0) ’ <€7g> = (670’ 079)

Clearly, the complements of £ @ F and £ & G in H are trivial vector bundles, so this
means that F and F @ £ & G lead to the same homotopy class, and similarly for G
and F & & @ G. In particular F and G lead to same homotopy class. O

In this case, it is straightforward to see that the homotopy class [Id +S],, only
depends on the homotopy class of Id +5 in [*N*Y ; 7* GL(€,C)]. So definition 5.21
gives also rise to a canonical map

Io: [®*N*Y; 7*GL(E,C)] — [®*N*Y ; GL(o0,C)]

Md+5] — [ld+5].. . (5.18)

However, it is not an isomorphism in general, but all classes arise this way if arbitrary
bundles are admitted.
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5.2.3 The associated K-class

Now that in both cases dim Z > 0 and dim Z = 0 we can associate a well-defined
homotopy class R
[Id +Agle € [PN*Y ; GL(00;C)]

to the indicial family (Id+A,) of a Fredholm operator (Id+A) in Fo (X E), let
us try to reinterpret this homotopy class in terms of K-theory. We will follow the
notation of [1]. Recall from corollary 2.13 that the space GL(oc0,C) is a classifying
space for odd K-theory, so we have the correspondence

[®*N*Y : GL(00,C)] = KO(S' AY™NY),

where YN is the Thom space of ®N*Y', in other words its one point compactifi-
cation, and

SEAYTNY = (ST x YIVY) /(S! x {oo} U {1} x YN

is the reduced suspension of Y*¥Y S! ¢ C being the unit circle. Since *N*Y =
T*Y x R, we see that

YINY 2 §EAYTY = (S' x YY) /(S' x {oo} U {1} x YT™Y),
the factor “R” being effectively turned into a suspension. This means that
[*N*Y; GL(00,C)] = KO(S* ASTAYTY)
_ [?_2(YT*Y)

~ O(y™Y) by the periodicity theorem
= K)(T*Y),

(5.19)

where K?(T*Y), the K-theory with compact support of 7*Y, is by definition
equal to K°(YT™Y). Thus, we see from (5.19) that the homotopy class [Id +Ag] in
[®N*Y ; GL(o0, C)] defines a K-class in K2(T*Y).

Definition 5.23. If (Id+Ag) is the indicial family of a Fredholm operator (Id +A)
in Fa (X E), let k(Id+A) € KX(T*Y) denote the K-class associated to the homo-

topy class [Id +Ag|se under the identification [P N*Y; GL(co,C)] & KO(T*Y) given by
(5.19).
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Chapter 6

The Index in terms of K-theory

Having associated a K-class (Id +A) € K2(T*Y) to a Fredholm operator (Id +A) in
Fp (X E), the obvious guess is that the index of Id +A is given by

ind(Id+A) = ind;(x(Id +A)) (6.1)

where
ind, : KX(T*Y) — Z

is the topological index introduced by Atiyah and Singer in [2]. This is indeed the
case. We will prove (6.1) by reducing the computation of the index to the case of a
scattering operator.

6.1 Reduction to the case of a scattering operator

To the manifold X with fibred cusp structure given by the fibration ® : 9X — Y and
some defining function z of 0.X, let us associate the manifold with boundaries

Wy =[0,1, x Y, Wy =Y, UV, (6.2)

where Yy = {0} x Y C Wy and Y]} = {1} x Y C Wy. The boundary Wy has an
obvious defining function given by ¢ near Yy and by (1 —t) near Y, where ¢ € [0, 1] is
the variable of the left factor of [0,1]; x Y. It will have a fibred cusp structure if one
considers the trivial fibration given by the identity

Id : 8Wy — 8Wy

If ' — Wy is a complex vector bundle on Wy, then we can define the algebra of
fibred cusp operators U, (Wy; F') acting on sections of . From the previous section,
we know that a Fredholm operator in F;°(Wy; F') gives rise to a well define element
in

K(T"(0Wy)) = K(TY,) & K(T™Yh).
Definition 6.1. Let iy : KX(T*Y) — K2(T*(OWy)) be the natural inclusion given
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s KOT*Y) < KXT*Yy) @ KO(T*Y))
a +— (0,a).

Lemma 6.2. If (Id+A) € F;°(X; E) is such that the indicial family ﬁo, seen as
a section of TP~ lies in some subbundle 7* End(F') C 7*P~>°, where F — Y s

some trivial finite rank compex vector bundle, then any scattering operator (Id +S) €
Fid& Wy F) such that

k(Id+9) = i1x(Id +A), in K2 (T*Wy)
has the same index as Id +A.

Proof. By proposition 4.8, we can assume that Nji(A) = Ay, that is, A\k = 0 for
k € N. In fact, using some cut-off function x(x,z’) supported in = < €, 2’ < € with
X = 1 near z = 2/ = 0, we can assume that the Schwartz kernel K4 of A is of the
form

KA(':Evy?Z’ Sa}/a Z = Z/) = X(gjvx/)KAo(yv Z, Sa Y7Z - Z,)

in the local coordinates (3.7). Thus, the support of K4 is arbitrary closed to the
front face ffls C X3. This means that Id+A acts as the identity outside the collar
neighborhood 90X x [0,€), C X of the boundary 0X. Moreover, by the assumption
on Ay, the operator Id +A has a well-defined action on C°(Y x [0, €),; F) and

ker(Id4+A) C C*(Y x [0,¢€),; F), coker(Id+A) C CX(Y x [0,¢€),; F),

where we define the cokernel of Id +A to be the orthogonal complement of the range

of Id +A. Under the embedding

it Y x[0,€); — Wy
(yvx) = (ya]-_x)a

this action extends to give an operator Id +S € Fi;>(Wy; F') such that
k(Id+S) = i1x(Id+A), in K)(T*Wy).

The kernel and cokernel of Id +S are canonically identified with the kernel and cok-
ernel of Id +A, so in particular Id +S5 has the same index as Id +A. O]

Lemma 6.3. Let (Id+A) € F3°(X; E) be a Fredholm operator and let x(Id+A)
be its associated K -class in KX(T*Y). Then, for F a trivial vector bundle with suf-
ficiently large rank, there exists a scattering operator Id+S € F =Wy F) with
associated K -class given by i1k(Id +A) € KX(T*(0Wy)) and such that ind(Id +A) =
ind(Id +5).

Proof. The proof relies on lemma 6.2, but is slightly different depending on whether
or not dim Z > 0.
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First assume that dimZ > 0. Then let (II, Ry, Ry) be a spectral section as in
lemma 5.6 for the indicial family Id +210. By corollary 5.7, (Id +H/A10H) is homotopic
to (Id +ﬁ0). Let P € W;*°(X; E) be such that Py = TIA,I1. Then by proposition 3.14
and proposition 4.8, (Id +P) € F;*°(X; E) has the same index as Id +A and it defines
the same K-class in K2(T*Y). By taking F' — Y to be the range of Il on Y, we
can then apply lemma 6.2 to Id +P. Thus there exists (Id+95) € F;>(Wy; F') such
that ind(Id +5) = ind(Id +P) and x(Id+S) = i;x(Id+P). So Id+S is the desired
operator.

If dimZ = 0 let £ — Y be as in definition 5.18. From lemma 6.2, there exists
(Id+S) € Fi>(Wy; &) having the same index as Id +A and having i;x(Id+A) as
an associated K-class. If £ is not trivial, let G — W), be another complex vector
bundle such that F' = &€ & G is trivial and let Id +5" € F;°(Wy; F') be the operator
which acts as (Id+S) on sections of £ and as the identity on sections of G. Clearly,
Id 45" has the same index as Id +S and they define the same K-class. So Id 45" is
the desired operator.

]

6.2 Computation of the index

This reduces the problem to the computation of the index of a scattering operator. In
section 6.5 of [16], a general topological formula for the index of scattering operators
is derived. For the convenience of the reader, we will adapt the discussion that can
be found there to our particular context.

Given (Id+S5) € F;;(Wy; F) as in lemma 6.3 with F' = C", the indicial family
Id +§0 of Id+S can be seen as a map

Id 435, : ““N*9Wy — GL(n, C). (6.3)

The homotopy class of this map gives rise to the associated K-class in K2(T*0Wy)
under the identification (5.19). Let Vy be the double of Wy obtained by taking two
copies Wy and WY, of Wy and identifying Y; of the first copy with Y/ of the second
copy for i € {0,1}. Thus, Vy 2 S' x Y.

Identifying the tangent bundle with the cotangent bundle via some metric, we see
that inside 7*Vy, 'Y N*OWy naturally identifies with T*Wy | oWy - Via the clutching
construction (see proposition 2.12), the map (6.3) defines a K-class with compact
support in K2(T*Vy ). More generally,

Definition 6.4. For (Id+S5) € F;®(Wy;C"), let c(Id+S) € KX(T*Vy) be the ele-
ment defined by applying the clutching construction to the map (6.3).

The following proposition is a particular case of theorem 6.4 in [16].
Proposition 6.5. The index of (Id+S) € Fi=(Wy;C") is given by
ind(Id +S5) = ind;(¢(Id +5))
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where ind; : KX(T*Vy) — Z is the topological index map.

Proof. Let us enlarge our space of operators and see Id +S as a Fredholm operator
in UY,(Wy;C"). Then proposition 3.14 can be reinterpreted as saying that the K-
class defined by the symbol oo(Id +S) is null when restricted to T"Wy|,,,, . This
means one can smoothly deform Id +S through Fredholm operators in W, (Wy; C")
to a Fredholm operator P € WY (Wy; C") that acts by multiplication of a matrix near
OWy. This new operator is no longer in F;;°°(Wy; C") in general, but it has the same
index as Id +S. A general Fredholm operator @ € ¥, (Wy-; C") also defines an elment
of K2(T*Vy) but one needs also the symbol. If T*Wj is the radial compactification
of T"Wy, then the indicial family @0 together with the symbol oy form a continuous
map
f:o(T*Wy) — GL(n,C).

This map can be be used to defined a relative K-class on the double D=y of T*Wy
obtained by identifying two copies of T*)WWy- at their boundaries. This class will in fact
have support inside T*Vy C Dy - Thus this relative K-class is really an element
of K2(T*Vy). When Q € Fi;™(Wy;C"), it is not hard to see that this construction
reduces to definition 6.4.

Coming back to P, this means that P defines the same element in K(T*Vy) as
c(Id +S). Now, since P acts as a matrix near the boundary, it defines a vector bundle
& — Vy via the clutching construction and P can be extended to act as the identity
on £ |W’y' This defines a pseudodifferential operator P € ¥°(Vy; £) having the same
index as P. Moreover, it is not hard to see that the K-class in K?(T*Vy) defined by
the symbol of Pis simply ¢(Id+S). By the Atiyah-Singer index theorem, the index
of P is then given by ind,(c(Id +S)), which completes the proof.

O

The formula for the index is now easy to get.

Theorem 6.6. The index of a Fredholm operator (Id+A) € Fy > (X; E) is given by
ind(Id+A) = ind;(x(Id +A))
where k(Id +A) € K2(T*Y) is the associated K -class of definition 5.23 and
ind, : K)(T*Y) — Z
is the topological index map of Atiyah and Singer.

Proof. By lemma 6.3, for n € N large enough, there exists a scattering opera-

tor (Id+5) € F;(Wy;C") which has the same index as Id+A and such that
k(Id+S) = i;k(Id+A). By the previous proposition, the index of Id +S is given by

ind(Id +5) = ind;(¢(Id +9)),

where c¢(Id+S) € K2(T*Vy) is defined using the clutching construction. At Y, C
OWy, the indicial family of (Id 45) is trivial. This means the clutching construction
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only depends on the part of the indicial family of Id +S defined over Y N*Y;. Let
c:[*N*Y ; GL(n;C)] — KX(T*Vy) (6.4)

denote the map obtained by applying the clutching construction, where Y is identified
with Y7 C V3. The identification

[®N*Y ; GL(00; C)] 2 [R x T*Y ; GL(00; C)] = K2(YT™Y)
combined with (6.4) gives a map
FoK2YTYY = KY(T*Vy).

Let us decompose the map f into simpler maps. Since N(T*Vy|,) = R? x T*Y, we
see that there is an isomorphism

j i K2 YTY) = KAN(TW ).
On the other hand, a tubular neighborhood of T*Y; in T*Vy defines an inclusion
i: N(T"Vy|y) = T"Vy
which in turn defines a push-forward map in K-theory
it KJ(N(T*Vy|,)) — K (T*Vy).
Then, it is not hard to see that the map f is given by
f=i.oj: K2(YTY) = KY(T*Vy).
Combined with the periodicity isomorphism p : K9(T*Y) = K=2(YT"Y), we sce that
c(Id+S) =i, 0 j o p(k(Id+A)).
Now, the composition of maps j o p is just the Thom isomorphism
o KUT'Y) — KAN(TWy,))

applied to the trivial bundle C over T*Y, since N(T*Vy|,) = R? x T*Y. Thus, one
has
c(Id+S) = ik(Id+A)
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where 4, = i,. From the commutativity of the diagram?

KO(T*Y) —— K%T*Vy)
lindt lindt ;
7 - Y/
we conclude that
ind(Id +A4) = ind(Id +5)
= ind¢ c(Id +5) = ind; i1x(Id +A)
— ind, k(Id +A).
0
Corollary 6.7. When dim Z > 0, the index map ind : F3,*°(X; E) — Z is surjective.

Proof. From theorem 6.6, it suffices to prove that the map
ki Fa™(X;E) — KX(T*Y)

of definition 5.23 is surjective, which is equivalent to showing that any homotopy class
in [PN*Y ; GL(00,C)] can be realized through definition 5.10 as [Id +A4]., for some
(Id+A) € Fg=(X; E).

Solet [f] € [*N*Y ; GL(oo,C)] be arbritrary. Then, there exists n € N depending
on [f] so that the homotopy class [f] has a smooth representative

f:*N*Y — GL(n,C) C GL(00,C).

Considering some family of Laplacians as in the beginning of section 5 and using
proposition 5.3, there exists an associated spectral section (II, Ry, Ry) with range a
trivial complex vector bundle C" — ®*N*Y with m > n. By taking n larger if needed,
we can assume m = n. Thus taking (Id+A) € F3*°(X; E) so that

I1,(Id + Ao (b))IT, = f(b), Vbe *N*Y,
(Id —I1) (Ao (b)) (Id —IT,) = 0, Vb € ®N*Y,
we see that [Id +A]. = [f]. O

Corollary 6.8. When dim Z = 0 the index map ind : Fi > (X;C") — Z is surjective
provided n € N is large enough.

Proof. As in the previous corollary, it suffices to show that any homotopy class in
[*N*Y ; GL(o00,C)] can be written as [Id +A] for some [d+A € Fy*(X;C"). But
there exists n € N depending on Y so that any homotopy class in [*N*Y ; GL(co, C)]

see p.501 in [2]
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can be represented by a map from ®*N*Y to GL(n,C), and clearly such maps can
always be chosen to be the indicial family of some Fredholm operator in Fg > (X; C").
O

6.3 The Index in the case Y = §!

In the particular case where Y = S!, it is possible to obtain an index formula by
direct computation. Indeed, in that case, the x-product of proposition 4.12 simplifies
substantially. Moreover, by proposition 4.8 and the use of spectral sections as in
chapter 5, one can always reduce to the case of a trivial fibration. In what follows,
let € denote the angular variable on

St={e? | 9eR}cC
and let 1 denote the cotangent variable on T*S!.

Proposition 6.9. In the case of a trivial fibration with Y = S', the *-product of
proposition 4.12 is given by

axb = ab+ x(id,adsh + ind-adyb + 2iT0-a0,b) + 2*(07adyb + i0,ad,b) + O(a”)
= apby + x(i0,a00bo + 110 ag0pby + apby + a1by + 2i70;a0-by)
+ xQ(agaoagbo + i0;apby + agby + azby + a1by + 10,a10pby + in0ra10,by
+ 10y agdby + N0y agOyby + 2iT0,a10,by + 2iT0rap0,by) + O(a).

For a proof of this result, we refer to lemma 10 in [9]. Notice however that in
order to be consistent with our definition of the indicial family in (3.11), we had to
adopt a different sign convention than the one chosen in [9].

Theorem 6.10. Given P € F3°(X; E), let p : T*S' x R — GL(00,C) be a smooth
representative of the associated K-class k(P) € KX(T*Y) seen as a homotopy class
in [T*S* x R; GL(oc0, C)]. Then the index of P is given by

1
wd(P)= o [ Tl )
6(2mi)? Jregixr
Proof. Deform P so that @) =p. Let B € F;°(X; E) be a parametrix of P and
denote by b = N} (B) the full indicial family of B. From proposition 4.7 we need

e

to compute (N} (DiogzP)B)2. The most straighforward way is probably by using the
x-product. From p x b = Id, we deduce that

bo=p", by=—ip (0,p)(Dep~") —inp " (0rp)(Opp ).
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By lemma 4.13,

o k k
Dlogz Z D

k=1

SO

1 . .
5 (D2p)bo + (Dfp)bl + z(@nDTp) (89b0) + Zn(@TDTp) (877b0)

+ 207 (Dran D) (9:b0)
= —%(3319)170 — (0-p) (P~ (Oyp) (Do~ ") + np~ " (0-p)(Oyp™ "))
+ (0y0:p)(Bap™ ") + 1(02p) (Oyp™") + 27(02p) (D™ ").

Hence, according to proposition 4.7,

(N}(DiogoP)B)2 =

# /T*Sl " Tl"[—%(@?_p )bo + (950:-p) (pp™") + 27(97p) (9-p™")

— (9:p) (™" (Oyp) (Bop™") + 1p~ (8-p)(Byp™ ")) + 1(02p) (Byp~")|dbdndr.  (6.5)

ind(P) =

This is a complicated expression, but most of the terms do not contribute. Indeed,
since the index only depends on the homotopy class of the indicial family p, one can
consider a rescaled indicial family in the 7 variable

pk(67n77—> :p(e7n7 )‘7—)7 A €R+
Since for all A\ € R* we should obtain the same index by using p,, this gives

(A1)
~ @y

1
[ mles@oh +n@em)
T*SxR 2
— (0:p)up™" (0rp)(Dyp™") + 27(92p) (Drp™"))dOdndr.  (6.6)
Hence, the index is given by

1

ind(P) = 2n)?

/ T [(0,0:0)(Dsp™") — (Orp)p™" (Oyp) (Dpp™")] dOdndr.
T*SIxR
Integrating by part with respect to n in the first term, this becomes

1nd (P) =

/ P 0up)(p0-p)(p"Oop) + (p~'0-p)(p~'0,0pp)] dOdndr. (6.7)
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On the other hand, we can use another formula to compute the index,

ind(P) = Te([P, B]) = —Tr([B, P]) = — Trg(Diogo BP)

_ (;)2 [ [(D@P) 2] dbdndr.

But using the fact that

— k OO k+1

Ny(DiogaB) = Y T=Dib =~ Dkt + Y == Dkt + O(a?),

one can obtain

— 1
(DlongP>2 - (§D3bg + DTbl) D + (0, D bo) Fpp
+ (0, D2 bo)Oyp + 2i7(0, Dybo)(9rp).  (6.8)

Using the same kind of rescaling argument in 7, many terms do not contribute and
one gets

1

1Ild(P> = —W/ TI' [—a,r(p_lanpagp_l)p + (3,78#9—1)89})} d@dndT
T*S1xR

Integrating by part with respect to 7 in the first term and with respect to n in the
second term, one gets

ind(P) =

- ﬁ /T o (= (™' 0yp) (™" 0op) (p™ ' 0-p) + (™' 0rp) (p™ "0, op)| dOdndr.
(6.9)

Adding together (6.7) and (6.9), we finally get

ind(P) =

2(2m)? /TSR Tr [(p~"0yp) (0" O9p) (p~ ' 0-p)
—(p™"'0yp) (0" 0rp) (p ' Oop)| ddndr

=~ o T

]

Remark 6.11. This formula is in agreement with theorem 6.6. Indeed, notice that
the one point compactification of T*S' x R is homeomorphic to S*/S*, so the formula
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can be rewritten as

ind(P) = / P (5349).
3 /81

This is the isomorphism m3(GL(0o, C)) = Z of proposition 7.24 and this corresponds
to the index map.
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Chapter 7

The Homotopy Groups of G~

When homotopy groups come into play, the cases where dim Z > 0 and where
dim Z = 0 are radically different. In some sense, the case where dim Z > 0 is to the
case where dim Z = 0 what stable homotopy groups of GL(n,C) are to the actual
homotopy groups of GL(n,C). That is to say, the homotopy groups are much easier
to describe in the first case. What explains this difference is that the bundle 7*G ™ is
infinite dimensional in the case where dim Z > 0. This gives more freedom in the way
one can perform homotopies, which has the effect of reducing the set of homotopy
classes, and thus of simplifying the picture.

Still, it is possbible to say something in the case where dim Z = 0 if one consents
to allow some stabilization. This goes as follows. Let X be a compact manifold
with boundary 0X together with a fibred cusp structure given by a finite covering
® : 90X — Y. Then consider the manifold with boundary S! x X with fibred cusp
structure given by

g S'xX — Y
(s,p) — ®(p).
Let E — X be any complex vector bundle over X. Then £ can be seen as a subbundle
of the (trivial) Hilbert bundle L*(S') over X, and Fredholm operators in F*°(X; E)

can be extended by letting them act as the identity on the complement of F in
L*(S') — X. This gives an embedding

FoX (X3 E) C FeT(S' x X;C).

In this way, the space .7-";3"10(81 x X;C) is a stabilization of F;*(X; E) which brings
us back to the case where dim Z > 0. To the reader not completely satisfied by this
compromise, let us point out where our argument breaks down when dim Z = 0. It
is in the failure of being able to prove lemma 7.17, which is an important ingredient
in the proof of the surjectivity of the boundary homomorphism occurring in the long
exact sequence (7.2) .

65



7.1 Various spaces and a related Serre fibration

From now on, we will assume that dim Z > 0.

Definition 7.1. Let G4 (X; E) C F3>(X; E) be the group of invertible operators
in Fo ™ (X; E), that is,

G (X E)={ld+A | A€ V> (X, E) and (Id+A) is invertible}.

We want to compute the homotopy groups of G5 (X; E). Our approach will be
similar to the one in [18] in the sense that we will compute the homotopy groups of
G (X; E) out of a long exact sequence of homotopy groups. To this end, let us
introduce the other spaces involved.

Definition 7.2. Let G=°(X; E) be the group of operators given by

G (X E) ={ld4+Q | Q € 2*°V;*(X; E), Id+Q is invertible}.

Remark 7.3. By considering the eigensections vanishing in Taylor series at the
boundary of a Laplacian arising from a fibred cusp metric (see (8.1) in [12]), one
can identify G_OO(X; E) with G=°, the group of semi-infinite invertible matrices in-
troduced in definition 2.24. This means G_OO(X;E) 1s a classifying space for odd
K -theory. Notice also that G*OO(X; E) does not depend on the choice of a fibred cusp
structure.

Definition 7.4. Let G3°(0X; E) denote the group
{Id+Q | Q € Y4°(0X; E) and Id+Q is invertible},

that is, the group of invertible ®* NY -suspended smoothing perturbations of the identity.
Taking the Fourier transform in ®NY , this group naturally identitfies with the group
L (P N*Y; 7*G=°) of smooth sections of TG~ asymptotic to the identity. This is
the point of view we will adopt.

Lemma 7.5. The homotopy groups of G4°(0X; E) are:

KYT*Y) , keven,

ﬂ-k(Gggo(aX7E)) = { [?—1(}/T*Y) k odd.

Proof. By proposition 5.17, we have
wk(G;;’O(GX, E)) = Wk(rld(ch*Y; W*G_OO))
=~ [*N*Y x R*; m* G~
>~ [T*Y x R* ;. GL(co, C)]
o I?_I(Skﬂ /\YT*Y) _ [?—k—Q(YT*Y)'
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The result then follows from the periodicity theorem of K-theory. O]
Proposition 7.6. The homotopy groups of Fy ™ (X;E) are the same as those of
Gl (0X E), namely

e o[ KX(T*Y) | keven,
ﬂ-k(]:fb (X7E)) - { j{'—l(yT*Y) k odd.

Proof. Consider the short exact sequence
I[d+2V3>%(X; E) — Fp™(X; E) BN Gl (0X E).

This is a Serre fibration. One can see this using Seeley extension for manifolds with
corners and thinking in terms of Schwartz kernels. The space Id +2W ;> (X; E) is
obviously contractible. So we deduce from the associated long exact sequence of
homotopy groups that for k € N,

To(Fo ™ (X; B)) = mp (G (90X E)).
That mo(Fp®(X; E)) =2 mo(G4°(0X; E)) is clear from the contractibility of the space
(1d 420, (X; E)). -

Definition 7.7. Let Fy7(X; E) denote the subspace of Fy™(X; E) consisting of
operators having index zero. Let Gg2o(0X; E) be the subgroup of G4°(0X; E) given
by

—

Goe0(0X; E) = No(Fy i (X5 E)),
and let Ggoo(X; E)[[z]] denotes the group of operators

—

Goen(X; B)l[z]] = No(Fo g (X E))
where the composition law is given by the x-product of definition 4.11.

Remark 7.8. Notice that G4 (0X; E) has the same homotopy groups as the space
Gl (0X; E) but fewer connected components, more precisely,

m0(Gooo (0X; E)) = mo(Fo i (X3 E)) = ker [ind, : KY(T*Y) — Z] .

Moreover, keeping only the term of order x° gives a deformation retraction of the
space Ggoo(0X; E)[[x]] onto Ggy(0X; E), so Ggio(0X; E)[[z]] as the same homo-
topy groups and the same set of connected components as Gg;%(X; E).

Lemma 7.9. The full normal operator N§ gives rise to a short exact sequence

—00 —00 N</I> —00
G (X E) = Go™ (X5 E) — Goo(X; E)[[«]] (7.1)
which is a Serre fibration.
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Proof. The injectivity and the exactness in the middle are clear. For the surjectivity,

let (Id+Q) € Ggoo(X; E)[[x]] be arbitrary, and let (Id+P) € Fg¢°(X; E) be such

—

that N;(P) = Q). By proposition 3.15, the kernel and the cokernel of Id +P are
contained in C*(X; E). Since Id 4P has index zero, there exists a linear isomorphism
¢ : ker P — coker P. By extending it to act as 0 on the orthogonal complement of
ker P in L?(X; F), it can be seen as an element of z>°W;°(X; E), so that

—

[d+P+¢ € Gz (X;E), Ny(P+¢)=0Q.

This shows that N} is surjective. The proof that (7.1) is a Serre fibration is basically
the same as the proof of lemma 3.5 in [18]. O

A Serre fibration has an associated long exact sequence of homotopy groups, so
we have the following

Corollary 7.10. The Serre fibration (7.1) has an associated long exact sequence of
homotopy groups

o m(G) = m(Go™) — m(Galy) o T (G) —
= mo(G) — ml(Ga) — mo(Galh), (72)
where O is the boundary homomorphism and G=>°, G3* and Gyep denole re-
spectively G==(X; E), Ga>(X; E) and Gaan(0X; E)[[x]].

Since we know the homotopy groups of G~>°(X; E) and Gaon(X; E), we will be
able to compute the homotopy groups of G3*°(X; E') provided we identify the bound-
ary homomorphism 0. In fact, it is only necessary to know that 0 is surjective. But
even with a complete knowledge of 9, there would still be an ambiguity concerning the
connected components of G4 (X; E). Let us get rid of this ambiguity immediately.

Lemma 7.11. The set of connected components of G3™(X; E) is given by

70(G3™(X; E)) 2 ker [ind, : K)(T*Y) — Z] .

Proof. From proposition 7.6 and theorem 6.6, it suffices to prove that

—00 — 00 ind
mo(Go™ (X5 E)) — mo(Fe (X5 E)) — Z (7.3)
is a short exact sequence. The surjectivity follows from corollary 6.7. The exactness
in the middle follows using proposition 3.15 (cf. the proof of the surjectivity in
lemma 7.9). Finally, the injectivity follows from the long exact sequence (7.2), the

fact that mo(G~>°(X; E)) = {0} and proposition 7.6. O
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7.2 The boundary homomorphism seen as an in-
dex map

To prove that the boundary homomorphism is surjective, we will see it as a gen-
eralization of the index map ind : my(Fy>°(X; E)) — Z to all homotopy groups of
Fp (X E). Let us recall from the appendix in [1] how can one perform such a
generalization.

Definition 7.12. If M is a compact manifold with basepoint mg, we denote by
(M Fu™(X; E)] the set of homotopy classes of continuous maps from the mani-
fold M to the space Fg ™ (X; E) which send the basepoint mq to the identity.

We will define an index map
ind : [M ; F3=(X;E)] — K°(M), (7.4)

where K°(M) is the reduced even K-theory of M. Let H denote the Hilbert space
L?(X; E) defined using some smooth positive density on X. Given a continuous map

T: M — Fi>™(X;E)

m — Ty,

with 7T},,, = Id, one can show' the existence of a vector space V' C H which is closed
of finite codimension such that V NkerT,, = {0} for all m € M, and such that

| H/Ta(V),

topologized as a quotient space of M x H, is a vector bundle over M. Let us denote
this vector bundle by H/T'(V).

Definition 7.13. LetT : M — F3>(X; E) and V' C H be as above. Then the index
of T is defined to be

ind(T) = [H/V] — [H/T(V)] € K°(M).

One can check that the index of T" only depends on the homotopy class of T" and
that it does not depend on the choice of V' C H. Moreover, if S : M — Fy>°(X; E)
is another continuous map, then

ind(7'S) = ind(T") + ind(S5). (7.5)

For later convenience, we will give some precision about the way one can choose the
vector space V used in definition 7.13. First, notice that the orthogonal complement

see proposition A5 in [1]
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V4 of V in H is naturally isomorphic to H/V. Moreover, the vector bundle T'(V)+ —
M with fibre at m € M given by the orthogonal complement T,,,(V)* of T;,(V) is
naturally isomorphic to the vector bundle H/T (V). Hence, the index can also be
written

ind(T) = [V*] = [T(V)"].

Lemma 7.14. It is possible to choose the vector space V' occuring in definition 7.13
such that . '
Vi CC®(XE), T,,(V): CcC®(X;E)VYm € M.

Moreover, if ind(T) = 0, we can also choose V so that the vector bundles V* and
T(V)t are isomorphic.

Proof. According to the proof of proposition A5 in [1], one can always choose V' to
be of the form

n

V= r}(kerTmi)L = V= ikerTmi,
i=1

=1

for some finite number of points my,...,m, € M. Thus, by propositon 3.15, Vi c
C®(X; E). Moreover, for all m € M,

veET(V)E = vekerTh +T,,(VY), (7.6)

so by proposition 3.15, this means T,, (V) C C®(X; E).
If ind(7T") = 0, then there exists a trivial bundle P over M so that

H/VeP>2H/T(V)® P.
By taking a subspace W C V such that dim(V/W) = rank(P), we have
H/W = H/T(W).

Without loss of generality, we can assume as well that W+ c C®(X; E), which implies
as in (7.6) that T,,,(W)* C C*(X; E) for all m € M. O

We know from proposition 7.6 that the normal operator Ng induces an isomor-
phism

Now : m(Fa™(X: E) = m(Ga(X: E)) = m(Gatp(X: E)[a])), k€N, (7.7)

Moreover, since G*OO(X ; B) is a classifying space for odd K-theory, we get an iso-
morphism via the clutching construction

¢ (G (X E)) — K~2(SF1) = K%(SMY), k e N. (7.8)
Proposition 7.15. For k € N, the homomorphism
¢0 90 Now : m(Fy(X: E)) — K°(SP)
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is the index map of definition 7.13 with M = SF.

Proof. Let T : S* — Fy*(X; F) be a representative of an element of the homotopy
group 7 (Fy X (X; E)). We assume that T, = Id, where sy € S* is the basepoint of
Sk. By deforming T if needed, we can assume that 7' = Id in a open ball Bf C Sk

containing so. Let the closed ball Elf be the complement of Bf in S*.
Let V C H be a closed subspace of H of finite codimension that can be used to
define the index of T:

nd(T) = [H/V] - [H/T(V)] = [V*] - [T(V)"].

By lemma 7.14, we can assume that V1 € C®(X; E) and T,(V)* € C®(X; E) for all
s € S*. When we restrict 7' to the closed ball B; C S*, the index become zero because
Elf is contractible and 7' = Id on OET. Thus, by lemma 7.14, we can also assume that
V is such that V+ and T(V)+ are isomorphic vector bundles when restricted to Flf.
Let ¢ : V+ — T(V)! be a (smooth) isomorphism between V+ and T'(V)* on Elf.
By extending ¢ to act by 0 on V| we get an associated family of bounded operator
¢ : B — L(H,H). Since V* ¢ (X E) and T,(V)* C ¢®(X; E) for all s € SF,
this is in fact a map
¢ Flf — V2 (X; E).

By construction of ¢ and the compactness of E’f, we see that for A > 0 large enough,
T, + \é(s) € G3™(X; E), Vs € B,.
Thus, rescaling ¢ if needed, we can assume 1"+ ¢ is a map of the form
T+¢: B, — G3=(X;E).
Notice that N o (T'+ ¢) = N o T, so T + ¢ is in fact a lift of the map
Ny oT: By — Gy (X; B)[x]]

Moreover, since T' = Id on (9?11C >~ Sk the map T+ ¢ takes value in G~°(X; E) when

restricted to 8?1; By definition of the boundary homomorphism (see for instance
section 17.1 in [21]),

BNy o T)) = [(T + 0)l ] € mea(G-(X: E))
Now, since V+ = T(V)* canonically on 8§]f, ¢ is just a map
¢: 0B, — End(V*, V4.

Clearly, the clutching construction applied to (Id+¢)~! gives the virtual bundle
[T'(V)*] — [V4], which means that the clutching construction applied to (Id +¢) gives
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(V4] = [T(V)*]. This shows that cdNg.(T) = ind(T'), which concludes the proof. [J

7.3 Surjectivity of the boundary homomorphism
and the main theorem

Since (7.7) and (7.8) are isomorphisms, the surjectivity of the boundary homomor-
phism is equivalent to the surjectivity of the index map of definition 7.13. In [1],
there is a proof of the surjectivity of the index map, but considering the space F(H)
of all Fredholm operators acting on H. It is possible to adapt this proof to our situ-
ation so that it still works. We first need to discuss further the topology of the space
Fo (X E).

For n € N, consider the vector bundle £ = F' ® C". The bundle F can be seen
as a subbundle of E™ via the inclusion

1. F — EC"
e — e®(1,0,...,0).
———

n—1times
This gives an inclusion

i'"s FeX (X3 E) — Fe™(X;E™)

Id+A — (Id+A), (7.9)

where i'(Id4+A) acts on sections of E C E™ as (Id+A) does and acts on sections of
of the complement of £/ in E™ as the identity.

Definition 7.16. A subspace U of a topological space T is said to be a weak de-
formation retract of T if for any closed manifold M and any continuous map
f: M — T, there exists a continuous map g homotopic to f such that g(M) CU.

Lemma 7.17. Under the inclusion (7.9), F4>(X; E) is a weak deformation retract
of F3=(X; EM).

Proof. Let M be a closed manifold and let f : M — F5°°(X; E™) be a continuous
map. Without loss of generality, we can assume f is smooth. Compose it with the
normal operator Ng to get a map

F=Ngof:M—Gg=(0X;E").

Let ABEX/Y be a family of Laplacians associated to the fibration ® : 0X — Y and
the complex vector bundle E (not E™). By the compactness of M, applying an
argument similar to the proof of lemma 5.6, we see that there exists a spectral section
(IT, Ry, Ry) for Agx/y such that (II" = @, II, Ry, nR,), which is a spectral section
for @, AL, /y» satisfies the estimate
~ ~ 1

1 fo(m) = 1d —IL(fo(m) — I < ——=———, Wb E *N*Y,m € M.

2|| fo(m) |
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By the proof of corollary 5.7, this means that
te fo=f+ O = (f =1d)), te[0,1],

is a homotopy of smooth maps from M to G4:°(0X; E).

Let F' be the range of II. Taking IT to have range with a larger rank if nec-
essary, we can assume that f; is homotopic, through smooth maps from M to
[q(*N*Y; 7* GL(F", C)), to a map f, with

fo(M) C T(®N*Y: 7* GL(F,C)),

where GL(F,C) C GL(F™,C) acts as the identity on the complement of F' in F". In
particular, this means that

F2(M) C G3=(0X; E) C G2 (9X; E™),

where the inclusion G.°(0X; E) C G4 (0X; E") is induced from the inclusion (7.9).
Let fo : M — F5°°(X; E) be amap such that N@(fg) f», which is possible by Seeley

extension for manifold with corners. Then, using again Seeley extension, one can lift
the homotopy between f = fo and fg to a homotopy between f and fy through
smooth maps from M to Fg>(X; E").

O

Proposition 7.18. For k € N, the boundary homomorphism
0 m(G oo (X; B)[[2]]) — ma (G7(X; E))
18 surjective.

Proof. By proposition 7.15, it suffices to show that the index map
ind : m,(F3=(X; E)) — K°(S¥)

is surjective.

Let & — S* be an arbitrary complex vector bundle over S¥. Let F be another
complex vector bundle such that £ ® F = C" is trivial. For s € S¥, let p, € End(C")
be the projection onto & C C".

Let T_y € F3*°(X; E) be an operator such that ind(7_,) = —1. Such an operator
exists by corollary 6.7. Consider the family of operators

To=T 1 @p,+1d®(1 —p,) € Fa°(X; EQC"), s € SF,

acting on H ® C". Clearly, ind(T) = —[€]. By lemma 7.17, we can deform the family

T to a family
R:SF— Fg®(X;E) C F=(X; E®C").

By homotopy invariance of the index, ind(R) = —[€]. If rank(€) = j, let T, €
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F5°(X; E) be an operator of index j, then
ind(7; o R) = ind(7}) + ind(R) = [j] — [£].

By construction, 70 R has index zero for all s € S¥. In particular, deforming Tjo R if
necessary, we can assume that T} o Ry, is invertible at the basepoint sy € S*. Finally,
consider the family

R=(TjoR,) (TjoR):S"— Fy>(X;E).

By construction, Ry, = Id, and ind(R) = [j] — [£]. Since any element of K°(S¥) is of
the form [j] — [€], 7 = rank &, this shows that the index map is surjective. O

Theorem 7.19. For k € Ny and provided dim Z > 0,

[N(—l(YT*Y)’
ker [ind; : KX(T*Y) — ZJ.

Tort1(Go ™" (X E))
T (Go™ (X E))

~
~

Proof. The case of the set of connected components was handled in lemma 7.11.
For the remaining cases, the surjectivity of the boundary homomorphism allows us
to decompose the long exact sequence of homotopy groups (7.2) into short exact
sequences. More precisely, for £ € N, we get the exact sequences

0 — o1 (G™ (X E)) — ma—1(Gaeo(X; E)) — 0 (7.10)

and

0 — mor(Gp™(X; E)) — man(Ga2 (X5 B)) —2 o (G-(X; E)) — 0, (7.11)

where we used the fact that m(G~°(X; E)) = {0}. For odd homotopy groups,
the theorem easily follows from (7.10)and remark 7.8. For even homotopy groups,
notice that by proposition 7.15 and proposition 7.6, the exact sequence (7.11) can be
rewritten

0 — Top(G™ (X E)) — mar(Fp (X E)) nd, K°(S*) — 0, (7.12)
so To(Ga™ (X E)) =2 ker |ind : mop(Fp (X E)) — [}O(Sk) . But the homotopy
group mox(Fg (X E)) is isomorphic to K2(T*Y), which is a finitely generated Z-
module, and K°(SF) = Z. By the classification of finitely generated Z-modules?,

the isomorphism class of the kernel is the same for all surjective homomorphism
K%T*Y) — Z. Since ind, : KX(T*Y') — Z is also surjective, this means

Tor(G3™(X; E)) = ker [ind, : K)(T*Y) — Z] .

2See for instance in [6].
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7.4 A related exact sequence

Let H be separable (infinite dimensional) Hilbert space, let F(H) denote the space of
Fredholm operators acting from H to H and let A*(H) denote the group of invertible
bounded linear operators acting from H to H. Then, given a compact space M € C*
with basepoint mg, there is an exact sequence

d KO(M) — 0, (7.13)

[M; A*(H)] — [M; F(H)]
where ind is the index map of definition 7.13 (see proposition A6 in [1]). In fact,
by Kuiper’s theorem, the group A*(H) is contractible, so it is in fact a short exact
sequence. The information of theorem 7.19 can be converted into a similar exact

sequence by replacing A*(H) by G3>°(X; E) and F(H) by Fi > (X; E).

Corollary 7.20. Given a closed manifold M with basepoint mg, there is an exact

sequence '
[M; G3®(X; E)| — [M; Fy™(X; E)] 2% KO(M) — 0.

Proof. The surjectivity of the short exact sequence is given by the proof of propo-
sition 7.18 with S* replaced by M. For the exactness in the middle, it is clear that
the index of a element of [M; G5 (X; E)] is zero. On the other hand, assume that
T : M — Fy™(X;FE) is such that ind(7") = 0. We need to show that 7" can be
deformed to a map from M to Gz (X;E). Let V C L*(X; E) be the vector space
of lemma 7.14 and let ¢ : V+ — T(V1) be an isomorphism. Since T;,, = Id, we
can assume without loss of generality that ¢ is the identity at the basepoint mg. By
extending ¢ to act by zero on V', we get a map

¢: M — x¥U;*(X; E)
such that for A > 0 large enough,
Ty + Ao(m) € G3™(X; E)

for all m € M (cf. proof of proposition 7.15). Hence, by rescaling ¢ and deforming it
near the basepoint mg, we can assume that we have a map

T+¢: M— G;=(X;E)
such that T},,, + ¢(mo) = Id. Then
t—T+tp, tel0,1]

is a homotopy between T" and T+ ¢. This prove the exactness in the middle. Il
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7.5 The particular case of cusp operators

In the case of cusp operators, that is, when the fibration ® : 90X — {pt} is trivial,
one gets as an easy corollary of theorem 7.19 the weak contractibility result of [18],
namely that all the homotopy groups of G5 (X; E) vanish.

Corollary 7.21. If ® : 0X — {pt} is the trivial fibration (cusp operators), then
Go™(X; E) is weakly contractible, meaning that all its homotopy groups are trivial,
including the set of connected components.

Proof. In this case, Y = pt, so T*Y does not really make sense, but looking back
at the identification (5.19) and the proof of lemma 7.5, we see that K2(T*Y) and
K1(YTY) must be replaced by K°(S?) = Z and K~(S?) = {0} in the statement of
theorem 7.19. The result then easily follows from the fact that ind, : K9(S?) — Z is
an isomorphism. O

In fact, it turns out that with only little more effort, one can deduce that the group
Gy (X E) is actually contractible. It suffices to apply with slight modifications
the argument of Kuiper in his proof of the contractibility of the group of invertible
bounded operators acting on a separable Hilbert space (see [§]).

The main difference in our situation is that the topology we consider on the group
G4 (X E) is not the one coming from the operator norm, but the C*-topology
coming from the Schwartz kernels of the smoothing operators in 5> (X; E). Never-
theless, since G3z®(X; E) C W% (X; F), we can also give to G3>(X; E) the toplogy
induced by the operator norm || -|| of bounded operators acting on L*(X; E). This is a
weaker topology then the C*-infinity topology, in the sense that it has less open sets.
In the operator norm topology, the space G4>(X; E) is easily seen to be a metric
space. By a theorem of Stone®, metric spaces are paracompact. This will be very
useful to retract G4™(X; E) (in the C*-topology) onto a CW-complex.

Definition 7.22. We will say that an open ball in Id +V 43> (X; E) of radius €
BA) = {(10+Q | Q € Ug (X; F), |A-Td-Q| <¢}, A€ Gy™(X;E),
is small if Bs.(A) C G3*°(X; E). Clearly, one can cover G3°°(X; E) by such balls.

Proposition 7.23. If G;*°(X; E) is weakly contractible, then it is contractible. In
particular, if ® : 0X — pt is the trivial fibration, then G3™(X; E) is contractible.

Proof. Let {B,(A;)}ier be a covering of G4*°(X; E) by small balls,

G™(X;E) =B, (4). (7.14)

iel

Since the Banach space of bounded operators acting on L*(X; E) is separable, we
can assume I = N. Moreover, since G3>(X; E) is paracompact in the operator norm

3See for instance theorem 4, section 1.8.4, p.101 in [19]
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topology, we can assume that the covering (7.14) is locally finite and that it has an
associated partition of unity {¢;}ien. A priori, the ¢; are continuous with respect to
the operator norm topology, but since the C*°-topology is a finer topology, this means
they are also continuous with respect to the C*-topology. For t € [0, 1], consider the
following homotopy

& G (XGE
(1= 1)z + 1 di(2)Ar (7.15)

For t = 0, & is just the identity. To see that the image really lies in Gg™(X; E),
let 2 € G™(X; E) be given. Then there exists a neighborhood U of z such that
U has a non-empty intersection with only finitely many open sets of the cover-
ing (7.14), say B, (Ai),..., B, (Ai,). Without loss of generality, assume that

B, (Ai)),-..,Be, (Ai,), n <m are the open sets of the covering containing z, and
assume that ¢;, = max{e;,..., ¢, }. By construction, we have
z € B, (Ai) C Bs, (Aiy), Vk € {1,...,n}, (7.16)

which implies that §;(z) € B, (Ai,) C G (X; E) for all ¢ € [0, 1].

Let N be the nerve of the covering (7.14). Call b; the vertex that corresponds to
the open set B, (A;). Then N is a CW-complex with affine simplices as cells. There
is an obvious inclusion p : N — G3>(X; E) given by sending the vertex b; to A; for
i € N and so that on any simplex of N, p is an affine map. Since & (G4™(X; E)) C
N, the homotopy (7.24) shows that the inclusion p is a homotopy equivalence. By
Whitehead’s theorem, we then conclude that G4>(X; E) is contractible.

]

Not only is theorem 7.19 a generalization of the contractibility result of [18], it is
also obtained using quite different methods. In [18], the proof of the contractibility
relies on the fact that all the homotopy groups of the long exact sequence (7.2)
are either trivial or isomorphic to Z, which is not true in the general fibred cusp
setting. It also uses explicit isomorphisms of the homotopy groups with Z given by
the integration of various differential forms. Essentially, the proof is a computation
which is showing surprising relations among these differential forms, almost as if it
was an accident. Our proof is certainly longer and more elaborate, but it has the
advantage of making the final result looks intuitively more natural. In fact, it seems
to us that the proof in [18] would have been intuitively more natural written in the
reverse way, that is, if one would have reduced the relations among the differential
forms from the contractibility instead of the other way around. In this state of
mind, let us reprove proposition 3.1 and 3.2 in [18] using the contractibility result of
corollory 7.21.

Proposition 7.24. Assume that ® : 0X — {pt} is the trivial fibration. Then for
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k € N, the pullback and integration of the differential forms

1 (k—1)
(2mi)k (2k — 1)!

zdd — Czdd Tl“((ailda)%il), Czdd —

gie an explicit isomorphism

ng_l(G_oo(X; E)) — 7.

Similarly, for k € Ny, the pullback and the integration of the differential forms

da 1 k! codd
even __ even T fld 2k -1 d even __ _ k
BT % /R r(<a WTa s ) s G S Gre Rl T am

give an explicit isomorphism

mon(G32(0X; E)) — Z.

Proof. Recall that G=°(X; E) and Gol(0X; E) are classifying spaces for odd and
even K-theory respectively. As in [18], the difficulty is to find the good values for
the constants 2% and c¢{**". We will find them by induction on k € N. Recall
that ¢§% = ;L from standard winding number computations® in GL(1,C) = C*.
Moreover, from the computation (3.9) [18],

e = (2k + 1)k € Ny,

From the contractibility of G3°°(X; E) and the computation (3.13) in [18], one has
that

odd
even __ Ck
b 4
This allows us to compute " and % recursively. O]

Remark 7.25. Proposition 7.24 is a standard result about classifying spaces of K-

theory. It is interesting to get the constant 3% and " as a corollary of theo-

rem 7.19. However, for someone only interested in those constants, this way of ob-
taining them is probably not worthwhile.

7.6 The case Y =S!

In the case Y = S', we can also explicitly compute the homotopy groups of Gg>.

Corollary 7.26. When Y =S* and dim Z > 0, the homotopy groups of Gz>(X; F)
are given by

oo ~ 0 k even,
m(Ge™(X; E)) :{ {Z} k odd.

4That is, using dloga = a~'da.
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Proof. In that case, the one point compactification of T*Y x R is homeomorphic to
S3/St. Thus, since
i =0,

[?1(83) o [’Ez(gl) o { {%} o1

and using the fact that the homomorphism
i K'(S?) — K'Y(SY)

induced by the inclusion i : S' — S? maps everything to zero, we deduce from the six
terms exact sequence

KO(s*/8") —— K'(§%) —— K°(8")
KIS K'(S) —— K&/

that
KNTY)= KMs*/sYy =z, K'(Y'Y)=K's*/sh) =z

Hence the result follows from theorem 7.19 together with the fact that the topological
index
ind, : KX(T*S") — Z

is an isomorphism (cf. remark 6.11). O
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