October 16, 1989 LIDS-P-1920

On the Convergence of the Affine-Scaling Algorithm*
by

Paul Tsengtand Zhi-Quan Luo}

Abstract

The affine-scaling algorithm, first proposed by Dikin, is presently enjoying great popularity as a poten-
tially effective means of solving linear programs. An outstanding question about this algorithm is its conver-
gence in the presence of degeneracy (which is important since “practical” problems tend to be degenerate).
In this paper, we give new convergence results for this algorithm that do not require any non-degeneracy
assumption on the problem. In particular, we show that if the stepsize choice of either Dikin or Barnes
or Vanderbei, et. al. is used, then the algorithm generates iterates that converge at least linearly with a
convergence ratio of 1 — 8/+/n, where n is the number of variables and 8 € (0, 1] is a certain stepsize ratio.
For one particular stepsize choice which is an extension of that of Barnes, the limit point is shown to have
a cost which is within O(f) of the optimal cost and, for § sufficiently small, is shown to be exactly optimal.
We prove the latter result by using an unusual proof technique, that of analyzing the ergodic convergence
of the corresponding dual vectors. For the special case of network flow problems, we show that it suffices to
take § = -G—"lﬁ, where m is the number of constraints and C is the sum of the cost coefficients, to achieve

exact optimality.
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1. Introduction

Since the recent work of Karmarkar [Kar84|, much interest has focussed on solving linear programming
problems using interior point algorithms. These interior point algorithms can be classified roughly as either
(i) projective-scaling {or potential reduction), or (ii) affine-scaling, or (iii) path-following. Both the projective-
scaling algorithms, originated by Karmarkar, and the path-following algorithms, attributed to Frisch [Fri55],
have very nice polynomial-time complexity (see for example [Gon89], [Kar84], [Ren88|, [Vai87], [Ye88]) and
the latter can be extended to solve convex (quadratic) programs and certain classes of linear complementarity
problems (see for example [KMY87], [MoA87], [MeS88|, [Tse89], [Ye89]). However it is the affine-scaling
algorithm that has enjoyed most wide use in practice [AKRV89], [CaS85], [MSSP88|, [MoM87], although its
time complexity is suspected not to be polynomial. (Recently, it was shown that one primal dual version of
this algorithm has a polynomial-time complexity, provided that it starts near the “centre” of the feasible set
and the stepsizes are sufficiently small [MAR88].) The affine-scaling algorithm was proposed independently
by a number of researchers [Bar86], [CaS85], [ChK86], [KoS87}, [VMF86], and it was only recently discovered
(in the West) that this algorithm was invented 20 years ago by the Russian mathematician I. I. Dikin [Dik67],
[Dik74] (see discussions in [VaL88], [Dik88]). A key open question about this algorithm is its convergence
in the absence of any non-degeneracy assumption on the problem. Presently it is only known that this
algorithm is convergent under the assumption of either primal non-degeneracy [Dik74], [VaL88] or, if a
certain stepsize ratio is small, dual non-degeneracy [Tsu89]. (Weaker results that require both primal and
dual non-degeneracy are given in [Bar86), [MeS89], [VMF86].) Otherwise, no useful convergence result of any
kind is known. (The continuous time version of this algorithm was shown by Adler and Monteiro [AdM88|
to converge even when the problem is primal and/or dual degenerate, but the analysis therein do not readily
extend to our discrete time case.) This situation is rather unfortunate since most problems that occur in

practice are degenerate.

In this paper we give the first convergence results for the (discrete time) affine-scaling algorithm that
do not require any non-degeneracy assumption on the problem. In particular, we consider versions of this
algorithm proposed by, respectively, Dikin [Dik67], Barnes [Bar86|, and Vanderbei, et. al. [VMF86|, and we
show that any sequence of iterates generated by either of these algorithms converge at least linearly with a
convergence ratio of 1 — f/4/n, where § € (0, 1] is a certain stepsize ratio and n is the problem dimension.
Moreover, for a particular version of the algorithm we show that the limit point has a cost that is within O(3)
of the optimal cost, where the constant inside the big O notation depends on the problem data only, and,
for B sufficiently small, this limit point is exactly optimal. For single commodity network flow problems we
estimate the size of 8 for which the latter holds to be #, where m is the number of constraints and C is the
sum of the cost coefficients. Our convergence result for the small stepsize case significantly improves upon
that obtained by Adler and Monteiro [AdM88] for the continuous time version of the affine-scaling algorithm

(for which the stepsizes are infinitesimally small). Our proofs are also fundamentally different from those
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of the others. For example, in order to prove the O(f)-optimality result, instead of following closely the

trajectory of the primal and/or dual iterates as is typicall done, we study the long term averages of the dual

iterates, which exhibit a much more stable behaviour than the individual dual iterates. (Convergence in the
average of iterates is known as ergodic convergence, e.g. [Pas79].) We show, by a very simple argument,
that this long term average is bounded and, in the limit, satisfies O(f8)-complementary slackness with the

primal iterates.




2. Algorithm Description

Consider linear program in the following canonical form:

Minimize ¢z
subject to Az =b, (P)
z2>0,

where A is an m X n matrix, b is an m-vector, and ¢ is an n-vector. In our notation, all vectors are column
vectors and superscript T denotes transpose. We will denote, for any vector z, by z; the j-th coordinate of
z and by ||z||1 and ||z||2, respectively, the L;-norm and the Lz-norm of z. We make the following standing

assumption about (P), which is standard for interior point algorithms.

Assumption A. (P) has a finite optimal value and {z|Az = b, z > 0}, the relative interior of its feasible set,

is nonempty.

Consider the following version of the affine-scaling algorithm for solving (P): Given z* > 0 satisfying

Az* = b (20 is assumed given), let w* be the unique optimal solution of the following subproblem

Minimize Tw

subject to Aw =0, (2.1)
I(X*)~ wlF < n,

where X* is the n x n diagonal matrix whose j-th diagonal entry is xf, and set

zF Tl = z* 4 Aku¥, (2.2)

where \* is a positive stepsize for which z* + A*w* > 0 (A will be specified presently). Notice that z¥** > 0
and (since Aw* = 0) AzF+! = Az* = b. Also, since the zero vector is a feasible solution of (2.1), there holds
cTw* < 0 (ie., w* is a descent direction at z*) so that ¢Tz*+* < ¢Tz*. Hence, {cTz*} is monotonically
decreasing and z*+?! is a feasible solution of (P) for all k. Since the function z — ¢7 z is bounded from below
on the feasible set for (P) (cf. Assumption A), this implies that {cTz*} converges to a limit. [Also notice

that the value used in the right hand side of the ellipsoid constraint in (2.1) is immaterial since w* is scaled
by A* in (2.2).]

All of the affine-scaling algorithms proposed for solving (P) differ only in their choices of the stepsize

Ak, We will consider primarily the following choice for A¥:

k_ g . )
X = @ (2.5)
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where f is a fixed scalar in (0,1) and || - || is any Ly-norm (p € [1,00]). (The largest stepsize is obtained
when || - || is the Loo-norm.) When || - || is the Lo-norm, then the above choice of A¥ coincides with that

proposed by Barnes [Bar86]. Alternatively, we can choose

1

pLGE
(%)= 1wk ]l

(2.4)

which is the stepsize proposed in the the original algorithm of Dikin [Dik67], [Dik74]. Vanderbei, et. al.
[VMF86] choose A* to be a fraction 8 € (0,1) of the largest stepsize that maintains feasibility of the new

iterate, i.e. (compare with (2.3))

Ak“’ ﬂ

- ma.x,-{—w;?/z;?}' (25)

It can be seen that all of the above stepsizes maintain z* + A*w* > 0. [For Dikin’s stepsize (2.4), it can
be shown that the positivity condition is not satisfied only if z* + A*w* is an optimal solution of (P), in
which case the algorithm can be terminated immediately.] In what follows, we will consider primarily the
stepsize (2.3) and will allude to the other stepsizes only on occasions when our results apply to them as
well. We remark that all of our results extend to a modified version of the stepsize of [VMF86|, whereby an

upper bound is placed on the positive components of the descent direction as well, i.e. A* is the minimum

max;{—w}/z$} and

; Ty for some fixed positive scalar .

L/
13
maxwf>o{wj/zj

It is easily seen that the redundant rows of A can be removed without changing the iterates w* and
z* given by (2.1)-(2.2) (since the feasible set for both (P) and (2.1) would remain unchanged). Hence, to

simplify the presentation, we will without loss of generality make the following standing assumption:
Assumption B. The matrix A has full row rank.

Then, by attaching a Lagrange multiplier vector p* to the constraints Aw = 0, we obtain from the

Kuhn-Tucker conditions for (2.1) that w* has the following closed form:

k_ (Xk)2rk
w = \/;M, (2.6)
where
r* =c— ATpF, (2.7)
and
p* = (A(X*)2AT) "L A(X*)%. (2-8)
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(The matrix inverse in (2.8) is well-defined since A has full row rank and X* is a diagonal matrix with positive
diagonal entries.) The m-vector p* can be thought of as the dual vector corresponding to z¥, although it is

not necessarily dual feasible.

This paper proceeds as follows: In Sections 3 and 4, we show that the iterates generated by (2.1)-(2.2),
with the stepsizes given by either (2.3) or (2.4) or (2.5), converge at least linearly with a convergence ratio
between 1—f/n and 1— /+/n, depending on the choice of stepsizes used. In Section 5, we show that, for the
stepsize choice (2.3), the limit point has a cost that is within O(8) of the optimal cost and, for 8 sufficiently
small, is exactly optimal. In Section 6, we show that, for the single commodity network flow problem, it
suffices to take f = mhrl- in order for exact optimality to be attained. In Section 7, we discuss various

extensions.




3. Linear Convergence of the Costs

In this section, we analyze the rate of convergence of the costs cZz* generated by the algorithm (2.1)-

(2.2) [with stepsizes given by either (2.3) or (2.4) or (2.5)]. In particular, we show that, for all k sufficiently

k

large, the costs ¢7z* converge at least linearly with a convergence ratio between 1 — 8/n and 1 — §/4/n,

depending on the choice of the stepsize A* used. A similar result has been obtained earlier by Barnes
[Bar86], but only for the stepsize (2.3) and under the additional assumption that (P) is both primal and

dual non-degenerate.

First, we need the following result which says that the solution of a linear system is in some sense

Lipschitz continuous in the right hand side (see for example [Hof52|, [Rob73], [MaS87]):

Lemma 1. For any k X n matrix B, any ! X n matrix C, any k-vector d and any l-vector e, if the linear
system Bz = d,Cz > e has a solution, then it has a solution whose || - || norm is at most u(||d|| + ||¢]|), where

u is a constant that depends on B and C only.

Lemma 1 will be used in later analysis as well. Below we give the main result of this section.

Theorem 1. If {z*} is a sequence of iterates generated by (2.1)-(2.2), then

cTa:k+1 — < (1 _ ,\k)(cTzk _ v°°)

for all k sufficiently large, where v = limg_, oo {cT z*}.

Proof: Let B denote the set of feasible solutions for (P), i.e. E = {z|Az = b,z > 0}. First we claim that

there exists a positive integer k such that

min  [[(X*)" (y - o*)|2 < n,Vk 2 F. (3.1)
y€R,cTy=v®

To see this, suppose the contrary, so that there exists a subsequence K of {0,1,...} such that

min I(X*)~"(y - z*)||2 > n,Vk € K. (3.2)
y€EB,cTy=v>®

By further passing into a subsequence if necessary, we will assume that, for each 5 € {1,...,n}, either
{z_ff} K converges to some limit, say z3°, or {zf} Kk — oo. For each k € K, consider the linear system
Az = b,z > 0,cTz = cTz*,z; = 2% V5 € J, where J is the set of indices 5 such that {z§}x converges to

k

some limit. This system is feasible since z* is a solution, so that, by Lemma 1, there exists a solution ¢*

such that [|€¥]| = O(||b]| + [cT2*| + ;¢ |25]). Then, the sequence {¢*}k is bounded and satisfies

¢reB, Ter=cTak g=zkViel,
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for all k € K. Since {¢*}x is bounded, by further passing into a subsequence if necessary, we will assume
that it converges to some limit, say £°°. Then, £®° € B, ¢T£* = v® and §° = z3° for all j € J. For each
k€ K, let A* = z* — ¢¥ (so that cTA* = 0, AA* = O,A;? =0 for all € J, and A* > 0 if k is sufficiently
large). Then, y* = £ + AF has a cost of v™®, satisfies

I(X*)~H* = 2*)II3 = I1(X*) 2 (6% - €°)1I3

- > G xSy @9
JeL{P=0 7 JELEP>0 Or ST 7

and, for all k € K sufficiently large, is in E. Since £§ = zf for all k € K and all j € J, each term in the

second to the last sum of expression (3.3) is equal to 1. Also, since {¢¥}x — £*°, {z%}k — oo forallj & J,

and {:z::?}K — &° for all j € J, then each term in the last sum of expression (3.3) is less than or equal

to 1 for all ¥ € K sufficiently large. Hence, for all k € K sufficiently large, y* belongs to E and satisfies

cTy* = v and ||(X*)~*(y* — z*)||% < n, a contradiction of (3.2). Hence (3.1) holds.

Now, consider any k > k and let y* be any element of E satisfying ¢Ty* = v, ||(X*)~1(y* — z*¥)|2 < n
[cf. (3.1)]. Then, y* — zF is a feasible solution for the subproblem (2.1) and, since w* is the optimal solution

of (2.1), it must be that c¥wF < cTy* — T z*. Since ¢Ty* = v™, this together with (2.2) then yields
Tkl = Tk o kT ok

< cTzk + Ak(voo _ chk)’

Hence

cTa:k""' —v® < (1 - ,\k)(cTzk — u°°),

Q.E.D.

An open question is the estimation of k. For example, if k is a polynomial in the size of the problem
encoding, then, for linear network flow problems with polynomial-sized cost coefficients (e.g. maximum
flow), we would obtain a polynomial-time algorithm (see Corollary 1 below and Theorem 4 in Section 6).

Next, we bound the stepsize A*.

Lemma 2. The following hold:

(a) If A* is given by (2.3), then -‘/pﬁ minjjz||=1 qﬁq]"l <Xk < Bforall k.

(b) If X* is given by (2.4), then A* = 1/4/n for all .

(c) If X* is given by (2.5), then B/y/n < A* for all k.

Proof: Parts (a) and (b) follow from the observation that the ellipsoid constraint in (2.1) is tight for any
optimal solution of (2.1), so that w* satisfies ||(X*)~1w*||2 = y/n for all k. To prove part (c), note from

1(X*)=2w* ||z = /m that 0 < max;{ L} < v/ for all k. Q.E.D.
J
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Notice that min|z|j=1 uﬁh’- is lower bounded by 1/4/n and is equal to 1if || - || is an Ly-norm with p > 2.

From Theorem 1 and Lemma 2, we immediately obtain the following corollary:

Corollary 1. If {z*} is a sequence of iterates generated by (2.1)-(2.2) with the stepsizes given by either

(2.3) or (2.4) or (2.5), then {cTz*} converges at least linearly with a convergence ratio of, respectively,

1- —\%;min"z"=1 ]h%q]’—, 1—1/y/n, and 1 — B//n.




4. Linear Convergence of the Primal Iterates

In this section, we establish that the sequence of iterates {z*} generated by (2.1) — (2.2) [with stepsizes
given by either (2.3) or (2.4) or (2.5)] in fact converges. Our proof is based on showing that the change in the
iterate z¥+1 — z* is O(cT zF — T z¥+1), 50 that, by the linear convergence result proven earlier (cf. Corollary
1), {z*} is a Cauchy sequence and therefore converges. Intuitively, z*+! —z* should be O(cT z* —cT z*+1), for
otherwise there would exist an n-vector in the space orthogonal to the cost vector ¢ which can be subtracted

from z*t1 — zF to obtain a “better” descent direction.

Theorem 2. If {z*} is a sequence of iterates generated by (2.1) — (2.2) with the stepsizes given by either (2.3)

or (2.4) or (2.5), then {z*} converges at least linearly with the same convergence ratio as that of {cTz*}.

Proof: Let

2* =25+t _ 2F, vk,

From Theorem 1 we have that {cTz*} converges to zero at least linearly with a ratio of convergence given in
Corollary 1. Below we show that ||2*|| is O(—cT z*), from which it immediately follows that {z*} converges

at least linearly with the same convergence ratio as that of {cTz*}.

First, we claim that each z* can be decomposed as

2k = zF 4 3%, (4.1a)

where 2¥ and z* are n-vectors satisfying

Ask =0, Az*=0, cTzF=0, cTzk=cT2F (4.1b)

and ||7%|| is O(—cT2*). (To see this, for each k € K, consider the linear system Az = 0,cT2z = ¢T2*. This

k

system is feasible since z* is a solution. By Lemma 1, there exists a solution * such that ||3*|| = O(—c7 z¥),

where the constant in the big O notation depends on A and c only. Let 2% = 2* — z*))

If ||z%] is also O(—cT z¥), then clearly ||z*| is O(—cT2*) [cf. (4.1a)] and we are dome. Otherwise,
suppose that there exists a subsequence K of {0, 1,...} such that {c¢T2*/||2*||}x — 0. We will then establish
a contradiction. First, by further passing into a subsequence if necessary, we will assume that the set of

coordinates 2§ that are of the same order of magnitude as [|2*|| is fixed, i.e. there exists a nonempty

Jc{1,..,n} such that

k 3% .
{]'Ei'}[}x -0 VJ ¢ J) limk—voo,kéK Tlrgk'h >0 VJ € J, (4.2)
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Now, for each k € K, consider the linear system Az = 0,cT2z = 0, z; = 3’? for all 7 & J. This system is

k 3

feasible since £* is a solution. By Lemma 1, there exists a solution ¢* such that [[¢*|| = O(3 ¢ |2¥(), where

the constant in the big O notation depends on A and c only. Then, by (4.2), we have

k .
{5y —0, Ak =0, Tk=0, F=skvigJ (4.3)

Let A* = 2% — ¢* for all k € K. Then, for every k € K, there holds [cf. (4.1a), (4.1b) (4.3)] T (2* — AF) =
T2k, A(z¥ — A*¥) = 0 and

gk
0646 - AR = (G + S E ey

I€J J JeJ + J (4.4)
s‘
= Z( YR Hrgy
j€J :’ jeJ J

Now, since ||£*|| is O(—cT 2¥), our hypothesis {cT2*/||2*||}x — O implies {3*/||2*||}x — 0, which together

with (4.3) yields {(2* + ¢*)/|12*|}x — 0. Then, by (4.1a) and (4.2), we havek{(é';? +¢F)/2F} i — 0 for all

J € J, so that each j-th term in the last sum of (4.4) is strictly less than (‘-1-1,’;),-)2 for all k € K sufficiently
]

large. Since J is nonempty, this together with (4.4) yields that, for all k € K sufficiently large,

IXF)~2 (=" — aF)E < I(x*)~12*|13,

so that (also using ¢ 2* < 0 and the observation that w* is the unique positive multiple of 2* whose Lz-norm
T k T k
n

after pre-multiplication by (X*)~1! is /n) O l(z;/_A,,)"’ < }/;" = cTwk. Since 7 (2z*F — AF) =

T 2*, this implies that the vector (z* — A¥ )"( X"")-l\(/;;— =T has a cost strictly lower than that of w*. Also,
since A(2*¥ — A¥) = 0, this same vector can be seen to be a feasible solution of (2.1), contradicting the fact

that w* is the optimal solution of (2.1). Q.E.D.
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5. Convergence to Near Optimality and Ergodic Convergence of the Dual Iterates

From Section 4 we have that {z*} converges at least linearly to some limit point, which is clearly a
feasible solution of (P). Hence, it only remains to show that this limit point is an optimal (or approximately
optimal) solution of (P). This, however, turns out to be a very difficult task because the trajectory of the
dual vectors p* near the relative boundary of the feasible set is quite unpredictable. We will resolve this

difficulty by taking a long term weighted average of the dual vectors. By choosing the weights appropriately,

we show that the sequence of “average” dual vectors is bounded and, in the limit, satisfies approximate
complementary slackness with the primal limit point. This analysis, however, only works for the stepsize
(2.3) (as well as the modified version of the stepsize (2.5) discussed in Section 2, which will not be treated

here) and it remains open whether it can be extended to other stepsizes.

First, we give a characterization of approximate complementary slackness. For any ¢ > 0, any z that
is feasible for (P) (i.e. z satisfies Az = b and z > 0) and any m-vector p, we will say that z and p satisfy
e-complementary slackness (e-CS for short) [TsB87a] if, for all 5 € {1,...,n},

;=0 = c,-—A';'-'p > —¢, (e — CS)
;>0 = €2 c¢;—ATp 2> —¢

where A; denotes the j-th column of A. From Proposition 8 in [TsB87b] we have the following lemma

regarding primal dual pairs satisfying ¢-CS:

Lemma 3. Any z that is feasible for (P) and satisfies e-CS with some p is within O(e) in cost of the optimal

cost, where the constant in the big O notation depends on the problem data only.

Moreover, it can be seen that any z satisfying the hypothesis of Lemma 3 is an optimal solution of a
perturbed problem whereby every cost component is perturbed by at most €. Since we are dealing with
linear programs, it is easily seen that if ¢ is sufficiently small, then every optimal solution of the perturbed
problem is also an optimal solution of the original problem (P) (see discussions in [TsB87a, Section 5]).
Although the size of ¢ for which this holds is in general very small, for certain special classes of problems it
can be taken to be quite large. For example, for linear cost network flow problems with integer data, it has

been shown that € < 1/m suffices (see [BeE88|, [BeT89; Chap. 5|).

The following lemma follows as an immediate consequence of our construction of the descent directions

wk.

Lemma 4. If {z*} is a sequence of iterates generated by (2.1)-(2.2) with stepsizes given by either (2.3) or
(2.4) or (2.5), then {X*r*} — 0.

Proof: By using (2.2), (2.6)-(2.8) and the idempotent property of the orthogonal projection operator I —
Xk AT (A(X*)2AT)"1AX*, it can be seen that cTz* — cTz*+1 = X*\/n||X*s*||; for all k. Since {cTz*}
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converges so that {¢7z* — cT2*¥*1} — 0 and (cf. Lemma 2) )\* is bounded from below for all k, this proves
the claim. Q.E.D.

Below is our main result:
Theorem 3. If {z*} is a sequence of iterates generated by (2.1)-(2.2) with the stepsizes given by (2.3), then
{z*} converges to a limit point which satisfies O(8/(1 — f))-CS with some m-vector p.
Proof: For each k denote

ok = BAIXErE 4 .+ 0/ X0
1/ X% + ..+ 1/ XOr0]

(5.1)
(so that #* is a linear convex combination of p* ,..., p°). We will show that z**! and #* satisfy O(8/(1— 8))
-CS as k — oo.

Fix any j € {1,...,n}. From (2.2), (2.3) and (2.6) we have z**! = z* — g(X*)2rk /|| X*+¥*| for all k, so
that

S+ = b — pabPrs /XA
= zf(l - ﬂxfrf/uxkrku) (5.2)
= x;?(l + ﬂx;?&;),

where we denote
88 = —rk /|| X*rk. (5.3)
Thus, z§+!/zk — 1 = Bz6¥ so that if we let

zkek  ghlgkt z069
gt = %% % % %%
i k+1 % 10

ok zk z}

we obtain that

k sk k—1ck—1 040
P 3 . . z;67
k __ 33 J J J 3
po% = plL% + = + oo+ =55
zJ. :cj zj

k+1 1.z
(L -+ (555 -)+..+
Z; Ty %y

1
25+

(-1

J_')...l -
N%‘OIH(..L

(5.4)
1
25

k

1
+ %3 _;_k__+"‘+
7

8
Jj—tl Ll

3
1
3
1

8

0
3
We bound 0;? as follows: From (5.2) we have that, for every k,
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(1+8)zh 225t > 2k if 6F>o,
(l—ﬁ)a:;?_<_z§+1<z§ if §F <0,

so that
5f zkek P &
1+8 S ;‘L_Lj+1 S 5.’ 'I-f 63 > 0,
&k zk6% k . k
25 <HE <s if sh<o

5,'.°+...+5;?—-£—Es,‘.+if—ﬂZa‘.sofssf+...+5;?.

Hence (also using the fact 1/(1+ ) < 1/(1— B)),

B
% <8k +..+67 <% +‘1‘:‘E(|5fl+---+'5:9|)-

Dividing all sides by 1/||X*r¥| + ...+ 1/||X°r°|| and using (5.3) gives

9;? r}"/"X"r"H + .o+ r;?/||X°r°|[
<L -
L/|X*r ] + o+ 1/ X0 = 1/ X*r%] + oo+ 1/[ X000
0% LB % /1| X k|| + ..+ |r9]/ | X0

<
S UIX [+ o+ 1 X0r0) T 1=F 1/ XFrF] + ... + 1/ XOr0]

Since the sequence {p*} [cf. (2.8)] is bounded by the following lemma given in [VaL88]:

Lemma 5. For any n-vector v, the function w”(z) = (A(X)2A4T) 14(X)?y, where X denotes the n x n

diagonal matrix whose j-th diagonal entry is z;, is bounded. Moreover, the bound depends on A and 4 only.

then so is the sequence {r*} [cf. (2.7)]. Since the middle quantity in (5.5) is exactly AT 7* —¢; [cf. (2.7)
and (5.1)] and the far right quantity in (5.5) is simply §/(1 — B) multiplied by a linear convex combination
of Irﬂ, eny lr;?], everyone of which according to the Lemma 5 is bounded by some scalar M depending on A

and ¢ only, it follows that

0% 6%

] < ATak —0. < ) A
XFr [+ o 1/[X00] S 4™~ S R 5 7 X0 T 1=

M. (5.6)

Let z*° be the limit point of {z*} (so that z° is feasible for (P)), which exists by Theorem 2. Consider
any j € {1,...,n}. Suppose that z3° = 0. Then, {x;?"'l} — 0 so that, by (5.4), {0;‘} — —oo. This together
with (5.6) implies

14




li AT —cy< P
imsup{4; 7" —¢;} < 75

Now, suppose that z3° > 0. Then, since {zfrf} — 0 (cf. Lemma 4) and {z}} — z%°, we have {rk} — 0,

which together with the fact that {1/|| X*r¥||} is bounded away from zero (cf. Lemma 4) implies that

{r;?/"X"r" |+ ...+ e/ X°r°]
/)| X*rk|| + ... + 1/]| XOr0|

}——»0.

Since the quantity on the left hand side of the above expression is exactly c; — AT #* [cf. (2.7) and (5.1)), it
follows that {c; — A}'n"} — 0. Now, since our choice of j was arbitrary, the above holds for all 5 € {1, ...,n},
so that any limit point of {7*} (which exists by Lemma 5) satisfies I%M -CS with 2. Q.E.D.

We remark that, by a more careful analysis, we can improve the bound for the j-th coordinate from
-l—g-ﬁM to TinMw_,-, where wy, ..., w, are positive scalars such that w; +...+w, < max||z||=1 Lha]-h‘- Also, from
the proof of Theorem 1 we see that every limit point of the sequence of dual vectors {#*} is an O(8/(1 - B))-
optimal dual solution of (P). Unfortunately, there does not seem to be any practical way to evaluate the
7*s,

By Theorem 3 and the properties of the ¢-CS mechanism (cf. Lemma 3}, for 8 sufficiently small, the

iterates z* converge to an optimal solution of (P).
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6. Estimating the Stepsize for Achieving Optimality

We had shown in Section 5 that, provided that the stepsize § is sufficiently small, the iterates z*
generated by (2.1)-(2.3) are guaranteed to converge to an optimal solution of (P). Hence, it is of interest
to estimate the size of § for which this holds. Below we consider a special case of (P), namely, the single
commodity network flow problem (i.e. A is the node-arc incidence matrix for a directed graph) [FoF62),

[BeT89], [PaS82], [Roc84], and show that, for this problem, 8 need not be smaller than 23—

émllel1*
Theorem 4. Suppose that (P) is a single commodity network flow problem and the components of ¢ and b

are all integers. Then, for any 8 < mrlrar; and any sequence of iterates {z*} generated by (2.1)-(2.3), there
holds {z*} converges at least linearly to an optimal solution of (P).

Proof: First we bound {p*}. Fix any n-vector z > 0. Following [VaL88], we use Cramer’s rule and the

Cauchy-Binet theorem to write the z-th component of the corresponding dunal vector
p=(A(X)2AT)"1A(X)%c as

— ElSj;<---<jm$n($.‘i1 T zjm)zdetﬁ,---,jm (“1; seny am)det’ﬁ,-u,im (ala eoryBi—1yCy Big1yeeey am)

p
* 215.1'1<---<j".5n(zj1 et zJ‘m)2 [detjla-"yjm (al’ bt ] a"")]2

where det;,, .. ;.. (o1,...,0m) denotes the determinant of the m x m matrix obtained by selecting columns
71y +++y Jm from the mXxn matrix whose rows are the n-vectors a;, ..., @,, and where a; denotes the 7-th row of A.
By the total unimodularity property of node-arc incidence matrices, we have that each det;, .. ;. (a1,...,am)

is either 0 or 1 or —1 (see for example [PaS82]). Hence,

lps| < E15.‘f1<-~-<jm$n(zi1 T z.?'m)zldetix,-mfm (@1y-03@im1,€, 8541,y @m) |
] —

215j1<-'-<jm$n(zjl ez, )2 ’

where the summation in both the numerator and the denominator are taken over only those indices 5 for
which detj;, .. ;,.(a1,...,@m) is nonzero. Then, the right hand side of the above expression is simply a linear
convex combination of the |detj, .. j.(a1,...;8i—1,¢,i41,...,@m)|’s, which in turn is upper bounded by the

maximum of the |detj, .. ;. (@1,...;@i—1,¢,8i+1, ..., am)|’s. Now, by Cramer’s rule,

m
= 1, det: . . . . . )
detjy,....jm (31,00, i1, €, 8541, 00y 0m) = Z(_l) + Cjrdetsy,. .51, gt41remmdm (BLs oo Bim 1, Bit 15 o0y Om),
i=1

and, by the total unimodularity property of A, each determinant inside the above sum is either 0 or 1 or
—1. Thus,

m
ldetjg,...,jm (aln cery Bi—13Cy Ait1y 000y am” < Z |c.1'1 l:
{=1
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so that each component of p is at most ||c||; in magnitude. Then, by using the fact that each column of a
node-arc incidence matrix contains at most two nonzero entries and each nonzero entry is either a 1 or a —1,
we obtain that each component of ATp is at most 2||c||; in magnitude. This together with (2.8) and (2.7)
implies |r¥| < |¢;| + 2]|c|y for all k and all 5 € {1,..,n}, so that the quantity M in the proof of Theorem 3
can be bounded by 3||c||; and any limit point of {7*} given by (5.1), say 7, satisfies %-CS with the
limit point of {z*}, say 2> (which exists by Theorem 2). Since all problem data are integer, the results
given in [BeE88], [BeT89, Chap. 5] can be applied to conclude that, for :-Bi’;—!—lcph < 1/m, > is an optimal
solution of (P). By Theorem 2, {z*} converges at least linearly to z*°. Q.E.D.

For general constraint matrices A (not necessarily a node-arc incidence matrix), we have by a similar

argument as above that

S g 2, R e,
where the maximum is taken over only those indices j for which the denominator is nonzero. This bound
can be used to estimate the size of § for which exact optimality is achieved in a manner analogous to that
described above for the network flow case. However, unless the matrix A has a certain special property such

as total unimodularity, the resulting estimate would likely be very small.
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7. Extensions

Consider the following dual of (P)

Minimize —b57p

, i (D)
subject to ¢ — A" p > 0.

Instead of Assumption A, we assume that (D) has a finite optimal value and the set {p|c > AT p} is nonempty.
The following affine-scaling algorithm, sometimes called the dual affine-scaling algorithm, has been proposed
to solve (D) (see for example [AKRV89], [Tsu89]): Given an m-vector p* satisfying ¢ > AT p*, compute

1 A Sk —-2AT -1
=ty \/IE_T((A(,;’k)‘le)‘lb’

where S* denotes the nxn diagonal matrix whose j-th diagonal entry is the j-th coordinate of s* = c— AT p*.

(7.1)

We claim that we can conclude from the results derived in previous sections (cf. Theorems 1 to 4) that
{p*} converges at least linearly. To see this, let Z be any feasible solution of (P) (which exists by linear
programming duality), so that A% = b. Then, by plugging this into (D) and substituting in the slack n-vector

z = c — AT p, we can tranform (D) into the form

Minimize z7z
subject to z = ¢ — AT p for some p, (D"
z2>0.

The problem (D’) is clearly of the same form as (P) (i.e., minimizing a linear function subject to linear
equality and non-negativity constraints). Suppose that we apply (2.1)-(2.2), with stepsize given by (2.4), to
(D'). Then, we obtain the iteration

K
P E P . A (7.2)
[[(X*)=Lwkll;’
where w* is the optimal solution of the subproblem
Minimize zTw
subject to w=—ATy for some y, (7.3)

1(X*)~ w3 < n,
with X* being the n x n diagonal matrix whose j-th diagonal entry is x;?. By writing down the Kuhn-
Tucker optimality conditions for the above subproblem and using the identity Az = b, we find that w* =
—AT (A(X*)~2A4T)=1b and ||(X*)~ w*|l2 = /bT(A(X*)~2AT)-1, so that the iteration (7.2)-(7.3) can be

written equivalently as

ZF = gk AT (A(X*)-24T)" 1
: VT (A(XF)-2AT)-1p"
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On the other hand, by multiplying both sides of (7.1) by —AT and then adding ¢ to them, we obtain the

following updating equation for s:

B+l _ gk _ AT(A(S*)24T)" 1
VT (A(SF)—2AT) 15’

which is clearly of the same form as the updating equation for z* given above. Hence, Theorem 2 can be

applied to conclude that the sequence {s*} converges at least linearly. Since A has full row rank so that p*
is uniquely determined by s*, this implies that {p*} converges at least linearly. [We remark that analogous

results hold for the iterations based on the other stepsize choices (2.3) and (2.5).]

Some, but not all, of our results extend to problems with upper bounds. Suppose that upper bound
constraints of the form x < u are added to the constraints of (P), where u is a non-negative n-vector some
of whose components may have the extended value co. To solve this problem, we modify the subproblem
(2.1) by replacing the n X n diagonal matrix X* inside the ellipsoid constraint by the n X n diagonal matrix
whose 7-th diagonal entry is

&= {z_’,‘ if 2% < ojuy;

. gk i
u; — z; otherwise,

where each a; is a fixed scalar in (0,1). By modifying the stepsize choices (2.3)-(2.5) accordingly so that
the iterates remain inside the relative interior of the feasible set, it can be shown that Theorems 1 and 2 as

well as Corollary 1 hold for the resulting algorithm.

An open question is the convergence of the iterates to exact optimality without assuming that the

stepsize ratio § is sufficiently small. Worst case complexity is another direction for future research.
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