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Abstract

A new thermal to electric conversion scheme based on an excitation transfer and
tunneling mechanism is studied theoretically. Coulomb coupling dominates when the
hot side and the cold side are very close. Two important concepts went into the
device scheme: (1) Coulomb coupling, to try to increase throughput power (which is
not subject to blackbody limit), and (2) a quantum dot implementation, to restrict
number of states, to try to increase efficiency. Modeling efforts from Bloch equations,
brute force numerical simulations, and the secular equations partitioning method are
discussed. A hot-side quantum dot design of the device is considered. Alternative
implementation where the hot-side is a plain sheet of metal or aluminum oxide is
analyzed. We found that the model power/area is higher than the blackbody limit,
and the predicted conversion efficiency is very high.
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Chapter 1

Introduction

There has been a consistent increase in oil price in the past decade (see Figure 1-1
[1]), and the continued availability of oil at low cost over the next decades has been
cast in doubt [2]. Since oil is our primary source of energy, this poses an energy
security issue. There are a variety of renewable energy systems that could potentially
replace oil energy, including hydropower, wind energy, bio-power, geothermal power,

solar thermal power, and photovoltaics.

1.1 Thermophotovoltaics

We have been encouraged by a group at Draper Laboratory who works on a particular
type of photovoltaics called the thermophotovoltaics (TPV) [3]. The basic idea of
TPV is to produce electricity from heat through radiation. Please see Figure 1-2 [4].
There is a hot side emitter at a higher temperature that emits thermal radiation.
The radiation travels through a gap and then impinges on a cold side photodiode at

a lower temperature, which converts the radiation into electricity.

There are two important parameters associated with a TPV system, namely the
power density per unit area and the conversion efficiency. A TPV system with higher
power density can convert more power per unit area, and hence is more economical

for fixed cost per unit area, leading to reduced costs. Also, if the conversion efficiency
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is higher, then less fuel is needed to generate power, leading to reduced expense and

fewer pollutants.

The TPV system is limited in power per unit area by the blackbody radiation.
In free space, the blackbody radiation total power per unit area is T, where o is
the Stefan-Boltzmann constant and 7T is the absolute temperature. Inside a medium
of refractive index n, the speed of light is lowered by a factor of n and the density
of modes is increased by a factor of n3, and therefore the radiation is increased by
a factor of n? [5]. However, when the radiation exits the medium it suffers from
internal reflections and the radiation is lowered by a factor of n?. The amount of
radiation coming out of the medium is still limited by the free space oT* and that is

the maximum power the cold side photodiode can possibly convert.

In addition to the radiation limit, the TPV system has a spectral issue that im-
pacts its conversion efficiency. On the one hand, photons with energy lower than
the bandgap of the photodiode do not create electron-hole pairs and are responsible
for heating the cell [3]. On the other hand, for high-energy photons, the difference
between the photon energy and the bandgap is also lost to cold-side heating [3]. In
order to improve the conversion efficiency we would like the photons to have energies
just above the bandgap. Therefore, in a typical TPV scheme there is a spectral filter,
placed in between the emitter and the diode, which ideally selects photons of the

right energies and reflects back the rest of the radiation (Figure 1-3 [6]).

1.2 Micro-gap thermophotovoltaics (MTPV)

The group at Draper Laboratory has worked on a sub-type of TPV called micro-gap
thermophotovoltaics (MTPV). In typical TPV where the distance (or gap) between
the diode and the emitter is much larger than the wavelength of the light, the ra-
diation heat transfer is limited by the blackbody radiation ¢T*, as discussed above.
However, in micro-gap thermophotovoltaics (MTPV), the gap is small (in the submi-

cron regime) and the energy within the hot radiator can evanescently couple to the
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Figure 1-3: A typical TPV system [6]

TPV photodiode, as a result the thermal radiation inside the hot emitter can tunnel
through the gap into the cold side photodiode, leading to a higher radiation limit of

n’cT* for a hot side medium of refractive index n [4, 5]. To take into account the

2

frequency-dependent nature of the refactive index, n* should be averaged over the

blackbody spectrum:

- 8mhy3
oy = 2 T
foo 8rhy?
0 B(ehv/ksT _ 1)

2(v)dv

dv

Figure 1-4 [4] shows schematically how decreasing the gap between the hot emitter

and the photovoltaic diode leads to an enhancement in power transfer.

1.3 Quantum-coupled single-electron conversion scheme

TPV and MTPV convert radiation coming from the hot side into electricity on the
cold side. This is a photon exchange coupling; namely, an electron on the hot side
emits a photon and an electron on the cold side accepts the photon. There exists
another type of coupling: Coulomb coupling. Basically energy can be transferred
from a hot-side electron to a cold-side electron through the Coulomb force between

the two electrons. The magnitudes of the photon exchange coupling and the Coulomb
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coupling have different distance dependences. The Coulomb coupling has a 1/R?
dependence on distance while the photon exchange coupling has a 1/R dependence.
Shown in Figure 1-5 are the normalized matrix elements for these two types of coupling
as a function of distance between two electrons in free space. The calculations are
done using the expressions in [7]. We see from Figure 1-5 that the Coulomb coupling
dominates over the photon exchange coupling at narrow distances roughly shorter

than \/27. However, at larger distances the Coulomb coupling decays rapidly.

If we bring the photodiode close to the hot side emitter, would the Coulomb cou-
pling lead to increased power throughput? In free space the Coulomb coupling is
significant at short distances narrower than a couple hundred nanometers. In di-
electrics Coulomb coupling is only significant at even shorter distances. Therefore,
we would need a surface photodiode to take advantage of the Coulomb coupling.
There is not such a photodiode at present of which we are aware. We are there-

fore motivated to propose a new single-electron thermal to electric conversion scheme
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Figure 1-6: Initial configuration of the electrons before excitation occurs.
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Figure 1-7: The cold-side electron receives energy transfer from the hot-side and
becomes excited.
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Figure 1-8: The cold-side electron tunnels through a barrier to the second cold-side
potential well.
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Figure 1-9: The cold-side electron tunnels into the high-voltage electron reservoir.
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Figure 1-10: The cold-side electron does work on the load and then arrives at the
ground reservoir.
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which could accept energy and convert it to electrical work near the surface interface

with a very narrow gap.

Please see Figures 1-6 to 1-10 for a schematic of this proposal and its operation.
A hot-side emitter and a cold-side converter are separated by a vacuum gap. On
the hot-side, there is a potential well holding two levels which communicate with
an electron reservoir represented as a square. On the cold-side, there is a potential
well holding two levels with energy spacing matched to that of the hot side potential
well. There is another potential well on the cold-side holding only one level resonant
with the excited state of the first cold-side well. The ground-state of the first cold-
side well communicates with a ground electron reservoir while the level in the second
cold-side well is coupled to an electron reservoir at a higher voltage. The two cold-
side reservoirs are connected through a load. Note that the quantum well on the
hot-side leads to two levels only to simplify the model; as such it stands in for more

complicated versions of the scheme with more levels on the hot-side.

The hot-side reservoir is at a higher temperature, and it provides an excited electron
into the hot-side potential well. The cold-side ground reservoir provides a ground-
state electron into the first cold-side well. This is the initial configuration shown in
Figure 1-6. The excitation of the hot-side electron is then transferred to the cold-side
electron via Coulomb coupling, and we arrive at Figure 1-7. The excited electron on
the cold-side then tunnels into the second cold-side well (Figure 1-8) and relaxes into
the high-voltage reservoir (Figure 1-9). An electron from the high-voltage reservoir
comes out to do work on the load, arriving at the ground reservoir (Figure 1-10). The

cycle then restarts (Figure 1-6).

The conversion scheme that we propose here has several features. First, it is a
single-electron conversion process in the sense that the cold-side current is produced
one electron at a time. It is also a surface converter that is sitting right against the
gap, taking advantage of the short-ranged Coulomb coupling. Since the conversion

does not rely on the photon exchange coupling, there is no blackbody radiation limit
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to this scheme.

One possible way to implement this single-electron conversion scheme is to use
quantum dots. Shown in Figure 1-11 are three quantum dots implementing the po-
tential wells. The hot-side dot and the cold-side dot have matched level spacings
and they face each other across the gap. The second cold-side dot (one-level dot)
is positioned next to the first cold-side dot (two-level dot) to provide tunneling pos-
sibilities. Initially the ground bus provides an electron into the two-level dot. The
electron then gets promoted to an excited state via Coulombic energy transfer. The
excited electron subsequently tunnels into the one-level dot before relaxing into the

high-voltage bus to do work on the load.

The wavefunction of the excited level of the two-level dot has a peak in the upper
half of the dot. On the other hand, the ground state wavefunction of the two-level dot
has a peak in the middle of the dot and is of lower value than the excited level in the
upper half of the dot. The one-level dot 2 horizontally points to the upper half of the
two-level dot and the one-level dot level couples to the excited state of the two-level
dot preferentially due to the spatial configuration. In addition, the excited state of the
two-level dot is more extended and it couples to the one-level dot more strongly due
to its higher tunneling probability. The ground bus branch is horizontally positioned
away from the center of the two-level dot. Due to this spatial orientation, the ground
bus coupling to the excited level of the two-level dot is much smaller than the coupling

between the ground bus and the ground state of the two-level dot.

Pumping one electron at a time produces only a small current, but if we have a lot
of these device units repeated over the cold-side surface, the output can be significant.
Figure 1-12 shows the array of device units on the cold-side surface. The periodicity
of the device units is assumed somewhat arbitrarily to be 1000 A x 1000 A due to
historical reasons. This choice has an impact on our calculated power density for the
conversion scheme because the throughput is directly proportional to how dense the

device units are packed. The shaded vertical rectangles are the two-level dots, namely
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Figure 1-11: A quantum dot implementation of the single-electron conversion scheme.

the active area where the excitation transfer occurs. The active area represents the
minimal area required for each device unit to function. With our assumed 1000 A

periodicity, the active area only takes up about 0.0065 of the cold-side surface.

1.4 Power per unit area

We compare the performances of TPV, MTPV, and quantum-coupled conversion
scheme in Figure 1-13. The figures for TPV are taken from the experimental results
of [8]. The numbers for MTPV are experimental results from [4] done at 0.12 pum
gap. The values for the quantum-coupled conversion scheme are computed from our
model of the aluminum oxide emitter design described in chapter 15. Figure 1-13
shows the total thermal power transferred from the emitter to the TPV diode or
quantum converter, versus the hot-side temperature. Also shown are the blackbody
limit oT* for TPV and the evanescent coupling limit n?cT* for MTPV, where n? is
the averaged refractive index of silicon for the case of [4]. We see that the TPV power

is an order of magnitude or more below the blackbody limit, and the MTPV power
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Figure 1-12: The cold-side surfac showing the area occupied by the quantum dots
and the reservoir of the periodic device units .

is also an order of magnitude lower than the evanescent coupling limit. Also shown
in the graph are the calculated data points for the quantum-coupled single-electron
conversion scheme assuming a 1 nm gap and a 5 nm gap. We have presented the
theoretical results in power per unit area with the assumed 1000 A periodicity (the
stars in the graph) and in power per unit active area (the squares in the graph). It
is clear that the quantum-coupled conversion scheme can exceed both the free-space

blackbody and the evanescent coupling limits on a per unit active area basis.

1.5 Efficiency

In addition to the power figure, we are also interested in the conversion efficiency.
The maximum thermal to electric conversion efficiency is the Carnot limit, which is
obtained when the entropy is conserved during the conversion process. For the TPV
system, excitation transfer causes an electron-hole pair creation. Both the electron
and the hole see many accessible states, and entropy is hence produced. (Note that
there are other sources of entropy generation in TPV. This is one example associated

with the photodiode.) For the single-electron conversion scheme, we start off with
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Figure 1-13: Thermal power for TPV, MTPV, and quantum-coupled conversion
scheme. The values for TPV and MTPV are experimental results from [8] and [4]
while those for the quantum-coupled case is from our calculations described in later
chapters.

one state, a two-electron product state with the hot-side electron excited and the
cold-side electron at ground. After the excitation transfer we end with one state,
a two-electron product state with the hot-side electron at ground and the cold-side
electron excited. Entropy is conserved in this excitation transfer process as we have
restricted the number of states. Of course entropy can still be introduced via the
finite lifetime of the excited level of the first cold-side potential well, and through
thermalization into the reservoirs. Our calculations have attempted to capture these

aspects of the problem as well.

Note that here we are exploring the idea of restricting the states to conserve entropy

in the hope of improving the efficiency. The proposed quantum dot implementation
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may be out of reach of current technology but our goal here is to provide initial

theoretical investigations.

Figure 1-14 shows the conversion efficiency for TPV [8] and the quantum-coupled
scheme, along with the Carnot limit, the fundamental upper bound of thermal to
electric conversion efficiency. The efficiency for MTPV is not reported in [4]. The
1 nm gap and 5 nm gap cases have the same efficiency and therefore only one data
point is shown for the quantum-coupled scheme. We see that the potential conversion
efficiency for the quantum-coupled scheme is high, approaching the Carnot limit, while
the efficiencies for TPV are below 30% of the Carnot limit. Note that in our present
calculation we have neglected Coulomb-coupled heat flow, which is expected to be
the dominant loss mechanism. We have derived a formula for the evaluation of this

loss in Appendix C and a calculation will be carried out in the future.

1.6 Overview of thesis

Figure 1-15 shows the road map of the thesis. General models for the quantum-
coupled single-electron conversion scheme are first developed. These include the
Bloch equations model, the brute-force numerical approach, and the secular equa-
tion partitioning method. To apply the general model to a specific design, we need
to estimate the various parameters associated with each design. For this purpose,
parameter estimation models are constructed for calculating the Coulomb coupling
strengths, the electron wavefunctions and energies, and the relaxation times. Finally,
we combine the above modeling efforts together to compute numerical performance

figures for the different designs of the conversion scheme.
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Figure 1-15: The various components of the thesis and their organizations.
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Chapter 2

Bloch equations modeling

The first modeling attempts focus on a Bloch equation description of the quantum-
coupled conversion scheme. Bloch equations are evolution equations for the expecta-
tions of quantum variables. They are analogs to the classical equations of motion and
they allow easier interpretations and understandings of complex quantum systems.
Nuclear magnetic resonance (NMR), masers, and lasers have all been developed with
the aid of Bloch equations [9]. When applied to our quantum-coupled conversion
scheme, the model results in some understandings about the behavior of the device
but it runs into difficulties when trying to simulate the off-resonance characteristics.
The reason is that it is hard to introduce losses into Bloch equations in such a way
that they are consistent with thermodynamics. Below we give a detailed description

of this initial model.

2.1 The conversion scheme

The scheme in its simplest implementation involves a two-level system on a hot-side
that is coupled through a very thin gap to a two-level system in a cold converter.(See
Figure 2-1). The upper state of the two-level system has the possibility of tunneling
through a barrier to a level in a second quantum well that is coupled to an external

circuit. The return path of the external circuit leads to population of the lower level
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Figure 2-1: Schematic of quantum coupled thermal to electric conversion scheme. The
hot-side is at an elevated temperature relative to the cold-side. There is a vacuum
gap separating the hot and the cold-sides. A two-level system on the hot-side is
matched to a two-level system on the cold-side. The upper state of the cold-side two-
level system has the possibility of tunneling through a barrier to a level in a second
quantum well that is coupled to an external circuit.

of the two-level system in the cold converter.

The structure of the scheme is as discussed in Chapter 1. On the hot-side, we see a
two-level system that is coupled to a reservoir in thermal equilibrium at an elevated
temperature. Both levels of the quantum well are assumed to communicate with the
reservoir. On the cold-side, we see matched quantum well levels that are coupled with
a reservoir in thermal equilibrium at room temperature. In addition, we see a second
quantum well on the cold-side containing a single level on the other side of a barrier,
which can be accessed by the cold-side two-level system through tunneling. This single
level is coupled to a second cold-side reservoir, one which has an elevated Fermi level
relative to the first cold-side reservoir. Both cold-side reservoirs are assumed to be at

room temperature.
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The basic idea is that Coulomb coupling with the hot-side two-level system re-
sults in promotion of carriers on the cold-side two-level system, and this leads to an

enhanced voltage and current flow capable of doing electrical work.

The model is highly idealized in that it is the simplest version that implements the
basic scheme, but we expect it to capture many important features of the scheme. Our
approach initially is to specify the minimum possible implementation that has only
enough pieces and parts to function as designed, such that the problem of modeling
is thereby simplified. Our goal in what follows is to develop a theoretical model for

this system.

2.2 A simplified quantum model

The scheme under discussion is interesting theoretically, in that it includes pieces
that are fundamentally quantum mechanical (two-level systems, tunneling, and a
quantum coupling effect), pieces that are statistical mechanics problems (the various
reservoirs), and pieces that are classical (the current and voltage characteristic of the
resistor and external circuit). To model this, we propose to begin with the quantum
mechanical part of the problem. The underlying Hamiltonian must be specified, and
the quantum problem must be analyzed. The analysis that we propose here involves
the use of Ehrenfest’s theorem in order to develop an equivalent “classical” model in
terms of rate equations associated with the different states. The specification of this
classical model can include coupling with the different reservoirs, where the statis-
tical mechanics is implemented through the thermal relations between the different
relaxation and source terms. In the end, the resulting model will produce a current
and voltage relation for the emitter and converter as an electrical device, and we can
then use circuit models to analyze the power delivered to the load. The efficiency of

the device can be determined from the results of the analysis.
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The underlying Hamiltonian of the two quantum well structures is of the general

form

~

HZ[T1+‘71}+[T2+‘72]+012

The simplest version of the problem comes about by assuming a one-dimensional
spatial dependence in each of the two coupled quantum well structures. In this case,

we would obtain a Hamiltonian of the general form

K2 02
om, 072

X R? 92

H = __2_77118_2% -+ VQ(ZQ) + U(ZhZE)

+ Vl(zl)] + [—

2.3 Single-particle basis states

We can simplify the problem further by restricting the associated Hilbert space. The
idea is that most of the important physics involves only a few states. Hence it makes
sense to recast the Hamiltonian in terms of the different states of interest. On the
emitter side, we assume that the well and barrier is designed so that there are two
single-particle states of interest — a ground state and an excited state of the quantum

well. We will define these states as solutions of

[ R? g2 N N
—_‘_Zml'c'l_z'i -+ Vl(zl) ul(zl) = El ’U,l(Zl)
1 A
_ B2 N
T i dR + Vi(z1)| walz) = Ef ua(z1)
1 J

where Vi(z1) is a modified version of the potential on the hot-side which has no

allowed region to the left of the quantum well. The two quantum states of the hot-
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side quantum well are u; and uy, with energy eigenvalues EI and E%. In addition, we

use ug to denote the zero-particle state on the hot-side with energy eigenvalue EL.

On the cold-side converter, we assume that the quantum well structure is designed
so as to produce three relevant states. In general, these states will be a function of the
difference between the Fermi level of the two reservoirs, and will involve contributions
to the wavefunction in both wells. To simplify the underlying picture, we propose
to work with cold-side single particle states that are simpler. We assume that the
quantum well near the gap is designed so that two levels are produced that match
the two levels on the emitter side of the gap, and that these states can be taken as

solutions to

+ Vi(z)| ¢1(22) = Ef ¢1(22)

R? 42
L B 2ngz_%

+ Vi(22)| ¢a(z2) = E5 d2(22)

R? 2
i

In this case, the potential V;(z2) is modified to eliminate any allowed region to the
right of the quantum well. The two quantum states of the cold-side well are ¢; and

@2, with energies EY and Ef.

We assume that the well on the right of the cold-side converter supports only a

single bound state. We propose to model this state through

2 2
{ L )| dale) = E dalz)

- 2m2a;g

where VJ'(z;) is a modified version of the cold-side potential that has no well next to
the gap. The associated wavefunction is ¢3 with energy Ef. Similar to the hot-side,
we use ¢g to denote the zero-particle state on the cold-side with energy eigenvalue

EC.
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2.4 A restricted Hamiltonian

We can construct a restricted Hamiltonian in terms of the single-particle basis states

described above. The resulting restricted Hamiltonian is of the form

H = |u) B (w] + |ug) By (ug| + [61) Ef (da] + [62) E5 (¢a] + |65) B (¢s]

U jusdauasi] + |uz¢1><ul¢2|] ; v[l¢2><¢3l F el @)

In this restricted Hamiltonian, we have used U for the matrix element

U = (w(21)ga(22) | Uz, 22) | ua(21)#1(22) )

We have also used V for the matrix element

V = (doz) | Val22) | b3(22) )

In this restricted model, we assume that the tunneling probability for transitions
from the lower state of the cold-side quantum well near the gap to the quantum well

on the right of the converter is much smaller than for the excited state.

2.5 Finite basis model

To analyze the restricted Hamiltonian, it is appropriate to make use of a finite basis

expansion. We choose a basis expansion of the form

U(z1,22,1) = Z Z cik(t) Juj(21)dr(22))-

The evolution equations for the coefficients are
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2.6 Evolution of the occupation probabilities

To include the statistical and classical physics of the overall model in with the quan-
tum mechanical model, we require a description in terms of probabilities (that is, to
obtain a Bloch equation equivalent or density matrix description). We begin with
a computation of the evolution equations for the level occupation probabilities. We

assume here that U and V are real.

d
E[Cn(t)[? =0

Glen(p = & | onch]
%chs(t)fz = %:CIZ”CIZ;CBCIQ:
%Iczz(t)lz = %wﬁ
Henlo)t = 7 |B= k]

d
Ezlczo(mz =0
d
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d
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Antisymmetric combinations of the coefficients arise in the coupled evolutions equa-
tions for this problem. The associated evolution equations are readily computed. We

obtain
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Zﬁ l: 03 02i 03 02:‘ — 3h 2 [C03COQ+CO3CO2} + 7[[&)2‘2_'003'2]

There are also symmetric combinations of coefficients that arise in the problem which

are also readily computed. We obtain

d E} + Ef — E} — ES [cyca1 — c1ach V [chci3 — carch
E[CTZCQI +Cch;1:| = 2 1 1 2 12421 - 12221 + — 21¢13 21t13

h 1 h

1

d * *
a [612013 + 612013:|

; ¥ * * ., . *
ES — ES | claC13 — C12€]3 4+ U | cisca1 — Ci3cy
h i h ?

E{l + E§ — Eg - Ef |:C;1613 - CQ]CI3j|

d * *
% |:cl3021 +013C21:| - h

7

4 Uldiste — oty | Vit — ondy
h 1 h i

d * *
a 022023 + 022623 = h,

c c * *
E5 — E3 [022023 - C22023}
1
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d « N B — ES ch Co2 — CQgC*
o] - (575 [

2.7 Generalized Bloch equations

The form of the evolution equations is similar to that of the Bloch equations that
arise in the analysis of the two-level system. We would like to write the evolution
equations that we have obtained in a similar form. To do so, we introduce a new
notation for the different combinations of the coefficients. In the case of the level

probabilities, we write

Nig(t) = lee(®)]?

For the symmetric combinations, we write

Qa(t) = claca1 + ciacy
Qa(t) = a3+ ciaci;
Qc(t) = cizea + ciacy
Qp(t) = Cacas + 22034

Qe(t) = chycos + Coachs

For the antisymmetric combinations, we write
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* *
Calar — Crath

Pa(t) = z'

Ps(t) = Clzclazﬂ
Po(t) = E’faﬂ_}_@ﬁ
Pp(t) = M
Py(t) = Coefos ~ Coxcs

1

In terms of these variables, the evolution equations become

d
ENu(t) =0
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The evolution equations

£Qa)
Q)
2Qc()
2 Qo)

d
&EQE(t)

Y —

dt o(t) =0

d

— Ny (t) =

dt o(t) =0

d

d vV

Zi—iNos(t) - %PE(t)
d
E oo(t) = O

for the symmetric combinations becomes

= (1~ wm) Palt) ~ 5 Polt)

g Pa(t) + %Pc(t)

= (1 —wn) Fot) = 3Palt) = 3 Pa(0)
= wu Po(t)

= w3y Pp(t)

The evolution equations for the antisymmetric combinations become
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Srat) = (O —om) Qu() + 2 [N = at0)] + et
%pB@ = —wn Q) + %K{le(t)—lvu(t)] + %Qc(t)
C_‘;zpc(t) = — Qa1 —wa1) Qelt) + %QA(t) - %QB(t)

S rot) =~ Qolt) + 2¥ [Nt~ Mat0]

ditpEa) = —ws Qu(t) + EHNOB@)_%?@)J

In writing these equations, we have used the notation

Wy, = El — E}!

hwy, = E¢— ES

2.8 Discussion

We have developed a set of evolution equations for the populations and polarizations

(symmetric and antisymmetric combinations) of the two-electron product states for
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the simplified quantum model incorporating the Coulomb and the tunneling cou-
plings. What is still missing in our model is the losses, or the relaxations between the

quantum well states and the reservoirs. This will be the goal of the next chapter.
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Chapter 3

Reservoir and relaxation

It is well-known that when a state is coupled to a continuum of states (reservoir), it
decays (relaxes) exponentially into the reservoir with a rate given by the Golden Rule
[10]. Including a large number of states into a model can be overwhelming. In the
case of NMR and lasers what is often done is to include such a loss mechanism by
adding a phenomenological term n/T into the Bloch equations, where 7 is, say, the
population of a level and T is the relaxation time associated with that level. We now
attempt to follow the same approach to incorporate such incoherent relaxations into
the model. Please see Figure 3-1. For the sake of simplicity, we model the reservoir
as quantum levels ug(z1), @a(22), and ¢p(2z2). wuo(z1) aligns with ui(2z1) and ¢g(z2)
aligns with ¢1(z2). When there is no voltage difference between the two reservoirs
on the cold-side, ¢p(z2) aligns with ¢,(z3). When a voltage drop occurs between the
two reservoirs, ¢(z2) deviates from its original energy level and no longer aligns with
¢q(22) and ¢ (z2). We assume there are relaxations between ug(z;) and ui(21), uo(21)
and up(z1), ¢1(22) and @,(z2), ¢3(22) and ¢p(z2). For now we assume ¢o(2p) does
not relax into the reservoir. The relaxations can be described in the following set of

equations.
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|, 0 bs| —

Figure 3-1: Single-level Reservoir. The reservoirs are represented by single levels,
pointed to by thick arrows in the figure. This is an over-simplification but it facilitates
the construction of our Bloch equation models. In a later subsection we will correct
the equilibrium values to better reflect the properties of reservoirs.

where we define
1
7 = — A
J

The quantity T is the relaxation time constant associated with a quantum level j
which indicates how long it takes for an electron occupying state j to relax into other
states. Since the uo(27) state does not relax into a reservoir, the relaxation time T’

is infinity.

Due to the conservation of particles, the summation over j of all the relaxation

equations should be zero.
d
G = 0= D Awm
J ik
Collecting all the n; terms gives the following:
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ng - ZAjk =0
J

Because there is no particular restriction on ny, the coefficient in front of n; should

be zero.

ZAjk = A + ZAJI“ =0
J

itk

An additional set of equations can be obtained through detailed balance:

A _ G [_(Ei — B — (i —/ij))} 7

Aji  g; kT

where the p is the Fermi level of the material in which the quantum level resides, and
g; and g; are the degeneracies of the two levels. In our model we simply assume the

degeneracies are all equal to 1.

Our problem at hand is a two-electron one, with our Bloch equations expressed in
terms of two-electron occupation probabilities and polarizations. To generalize the
one-electron relaxation equations into two-electron ones, we first define two-electron
occupation probabilities and products of two single-electron occupation probabilities,

and then use the chain-rule to derive the relaxation equations.

Nij = nn; (31)
d c hc h h_h
Z[t‘Nij = ZAjknz' gt ZAiknknj
k k
d c h
aNij = ZAjkNik + ZAikaj
k k
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d
%Nij — ASNy — ALN; = ZAjkNik + ZA?kaJ'
k#j k#j

invoking the definitions of relaxation times,

1
—AS = —
3i Tjj
1

h __
—A; = ﬁ

d 1 1 . s
aNij + Ny [T—c + ‘j:g] = ZAjkNik + ZAékaj'
s i Py Py

Given the above general equations, we can write out the specific Bloch equations.

First of all, we need to express the A;; coefficients into relaxation time constants. On

the hot-side:

1
Al + AL =0 = A = - AL =
i
(P B 1
Ty
h h h h h h 1 1
0 1
h h h h 1
Ap + Ap = 0 = Ap = - Ay = Th"

A constraint on the relaxation times is identified through detailed balance:

1 1 h_gh
Ap _ 1 — T _
-5 = —_—T = € Th
Az P
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On the cold-side:

1
Ag + AL = 0= A4 = - A4 = &
1
c h Z_(_E.CL"igl . . 1
Aj, = Aje FT ‘“A(Cn*-ﬁ
1
A 4 AS 4 AS =0 = AS = —Ac — A, — = L
la ba aa ba — 1a aa = Te Te
1 a
< AS. = 0 AS, = AC. = 1
b3t Az = = A T A T g
3
c c .—-——b—-_(Eg-EC)
Y e*(is;th) _oAc — ek Te
3b b3 b3 — "“‘—TC
3
eiuig;EC) 1
A + A + A =0 = Ay = —A5 - A = - —— + =
3 b

A restriction on the relaxation times can be similarly obtained:

1 1
Al Ts T 7% (Bf-ES—a(up—pa))
S = ¢ k T¢
h —(E§—Ef)
As 1 _ e FT
¢ T

Given the above relations, we are ready to write out all the Bloch equations. Polar-

izations terms are incorporated to account for the effects of quantum coupling.

d 1 1 e FTh Nog Ny Noy
—N, Noy | — — —_—— | = 3.2
giov T ol TR e Tty B2



d e *Th Nig Noy 14
2N Noo | — e == —P, 3.3
7 o2 T Noz T1h+ Th T Th no (33)
(Eb_EM (E§—EE)
LI . PR
Pl 03 T¢ TF Th Th Th 0b T R L
(3.4)
d 1 1 Nig No1
2N I B -9 3.5
PR + N1 {Tf Tlh} Te Tlh (3.5)
1 Noo U
—N N. = — P —P 6
dt 12 + 12T1h Tlh 3 A + B B (3 )
—(B§—Ef)
d 1 1 Nog e tE 4
4N Nia | — = N — —P 3.7
g [T{L Tf} YT oo 6D
(Eb —EM)
d 1 1 N2a € kI
=N. N. — = N, - =P 3.8
PR + Ny {T; + Tzh:I T + Not Tzh 4 (3:8)
(eh-El)
d 1 1 e k Ty vV
e - —P 3.9
dtN22 + Nooy |:T2(’ + T;{} Noz T2h + 7 D ( )
(ES - ES) (E2h~EQh)
O Npy + Mo | + mr| = N 4 Nogort Pp  (3.10)
Vs + Ny 7% 7 %o TR b :
_ (kB
dt 0b 0b Tbc Tlh T2h
c C c c _(Eg_EC)
B =l PN I
T¢ T T Ty T3
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d 1 1 e *Th Not Nig Na, (Eg-Bs — wg-wi) [ 1 1
— Noa + Noa | = — —— | = —+ ——+ =+ N, KT e
giNoet Now | e + 7+ e T T Nwe T T

(3.12)

—(E$-E%)

iN N i N i Ny NOb+N e_(Eg—E:ik-T(ug-uz)) 1 B e BT
at T T T T T TR | T¢ Ts

(3.13)
d 1 1 N11 NOa (Bf—E§ — (uf—ug) 1 1
“ N + Nig |7 + 70 | = % + N F T — - =
R A IR A T

(3.14)

(5 Ef)

d 1 Noy  Noge FTn (B§-Ef - w§-u) [ 1 1
_Na N,a I - — k T¢ — e
et [+ 7y | = 7 T e T T

(3.15)

(sh-58) _(ES_ B
dN N 1 N 1 N23+N0,, " kT N _(E - bgugy |1 e TET
— — —_— pead o € ¢ Te —_—
det T e ok T Th 2 e Ts

(3.16)

In order to facilitate discussion, we define the following equivalent relaxation times,

keeping in mind that we are assuming a lossless level 2 and its lifetime is infinite,

T = oo
B
%ETLIC+TL{L+_-—€ T2hh (3.17)
Bl pad
%2. — % P e T2hh (3.18)



il

I

e

If

Ml

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)



1 1
Fe T oTm (3.31)
s I7

1
T

We similarly introduce relaxation terms into the evolution equations for the polariza-

tions:
—%QA(t) + Q;it) = (D1 —wn) Pa(t) — %Po(t) (3.32)
%PA(“ + %Q = — (O —wa) Qalt) + %[Nm(t)—Nu(w} + %Qc(ﬂ (3.33)
%Qg(t) + Q;i—g) = wy Pp(t) + %Pc(t) (3.34)
%Pg(t) + P;it) = —ws Qpt) + %[Nm(t)—Nm(t)] + %Qc(t) (3.35)
%Qe(t) + Q%t—) = (1 —wa1) Po(t) — %PA(t) - %PB(t) (3.36)
%Pc(t) L ;ét) = — (1 —ws) Qelt) + %QA(t) - %Qa(t) (3.37)
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%QD(t) %%gt—) = w2 Ip(t)
%pD(t) . L %(f) = —ws Qp(t) + %‘C{st(ﬂ—%?(t)]
Sast) + LU =y pee
%pE(t) ;L %(;) = —ws Qp(t) + %[Nozﬁ%%s(t)]

3.1 Equilibrium values

(3.38)

(3.39)

(3.40)

(3.41)

We have specified above a set of coupled Bloch equations. The source constant terms

to the Bloch equations are the occupation probabilities of the two-electron reser-

voir states Ng, and Ny, which are products of the single-electron thermal equilibrium

values according to Eq.(3.1). Below we calculate the single-electron equilibrium prob-

abilities. Let us look at the hot-side relaxation equations:

h h h
d 4 Ny _ Ty U

O

61

(3.42)
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We solve for the equilibrium values by demanding the derivatives to be zero, which

leads to

ho_ . h
ny = ng (3.45)
1 I
o b _ T DN -
ng = ng = —F—— = e h (3.46)
7

Since we assume the existence of one single electron residing on the hot-side, we have

nd + nb o+ ol =1 (3.47)
which results in
h,O __ RO __ 1 3.48
g =Ny = b — Bk (3.48)
2 4+e¢ FTa
_E} - Eh
pho = ¢ 7 (3.49)
2 - Bh _ Eh -
2 +e FT

where the 0 in the superscript indicates equilibrium value. Similarly for the cold-side

we have relaxation equations:

d ng ng
Gpe p M _ T 3.50
@ T T T (8:50)
d B
ne ng o |8 FTe
Zpeo4 e = L L. 3.51
e T T T T | T TR (3:51)
d ng ng -1 1
Gpe g Mo M5 e (22 2 3.52
@t e T T [Tf + Tg] (8:52)
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—(E§-Ep)

d e + (3.53)
-—n =7 .
da? TS bTy
as well as conservation of probability and constraint on relaxation times

nt +n, +n§ +ny =1 (3.54)
75 — 7% (Bf—BE—(uf—nS))
" 3 _(BE—BG—(up—#g
T¢ w(;'a;l*Ec) = e k Tc (3.55)

1 e FTe ~

Ty T3

0 _ _c0 __ 1
o= N T B B i — s (BI-F% - (if = #%) (3.56)

2 + e k Te + e k Tc

_ Bf—Bf—(uf-p§)

¢,0 € k Tc
= _(Bf ~ B& — (wp — Ma)) T BLBL — (i - ng) (3.57)
2 + e ke + [ k Tc
% T,
0 _ e P
(I Ef — E§ — (uf — pg) _ B§-Eg - (b - #§) (358)
2 + e kTe + e k Te

3.2 Coherence times

We have previously established the two-electron occupation relaxation times from the
one-electron ones. In this section we derive the relationship between the polarization
relaxation times (coherence times) and the occupation relaxation times, following
the same approach as in Problem 24.5 on pp.496 of [10]. Suppose we have a simple
situation where a coupling V exists between two states, state 0 and state 1. These
two states communicate with a reservoir and we assume that the effects of relaxation

into the reservoir can be represented as a loss in probability amplitude with lifetimes
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To and 7y for the two corresponding states. We then write down an empirical model

d
h | —colt
zz[dtco() + p
L d o (t
th I:ECl(t) + #} = E1 C](t) + %4 Co(t).
With the definition of occupation probabilities and polarizations,
No(t) = |eo(t)]?

Ni(t) = Ja(t)

Q = cc1 + ¢ ¢

P e — Cico
1
we write down the Bloch equations
d Ny |4
~0 - p
" /2 R
d N, 1%
N — = —— P
- )2 R
d 1 1 E, - Ey %
dtP+P(TO+Tl> ( R )Q+ g (M= M)
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(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)



d 11
20+ Q (_1 + _) = ———°P (3.68)

T T0

If we denote Tj as the state 0 relaxation time, 77 as the state 1 relaxation time, and

T as the coherence time, we can deduce from the above equations

T, =2 (3.70)
2
1 1/1 1
L . 3.71
T = 2 (TO * T1> (371)

The above equations suggest the following relationships between the coherence times

and occupation relaxation times for our model

Eoie )
OTEREY
b-ied)



3.3 The steady-state limit

As is typical in this kind of problem, the polarization terms will be nearly static,
while the level population terms will be slowly varying. Of interest to us is the limit
in which the level populations are time independent. In this limit, we can obtain the
various quantities by solving the following matrix equation, treating Ny, as an input

source to our system of equations. We define

AQ = Qzl — W31 (377)

Aw = 921 — W (378)

We make some definitions of matrices: M is a 24 x 12 matrix with the following

nonzero elements:

1 1
Ml(l,].) = =, M1(1,2):——w32 ; M1(2,1):UJ32 s M1(272):—
TE TE
1% \%4 1 1
M (2,4) =2— M(2,5) = —-2— M, M 12y = ——
1( ) ) h y 1( ) ) 3 ’ (3 3) TOl 1(37 ) Tlh
1% 1 \4 1
M(4,2) = ——, M M(5,2) = —,  M(5,5) = —
1( 3 ) B ’ (4 4) T02 1(57 ) A ) 1(‘)75 T03
1 %
(6 6) M1(6,7) = —-Aw 5 M1(6,11) =, M1(7, 6)
TA h
Mi(T,T) = — , My(T,10) = = | My(8,8) = =,  My(8,9) = —w
TA 1V - B y 1\O, TB 3 1 9 32
U V U 1
=, M = — ., My(8,10
ME 1) =-5, MET)=5. ME9=7. M@10)=z
1 -U
M1(8, 11) - —AQ , M1(9,8) = W32 , Ml(g 9) T—— s M1(9, 10) T
B
Vv U 1
Mi(10,7) = — , M(10,9) = —, M;(10,10) = =— , M;(10,11) = —AQ
h h Tc
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\% U 1
M(11,6) = —— ,  M;(11,8) = —, M;(11,10) = AQ M(11,11) = —
h h Tc
M(12,3) = — | Mi(12,12) = ——— | M(13,4) = — | My(13,7) = —2
1 p - Tlh 3 1 b - Tll ) 1 ; - Tlh s 1 3 - A
% 1 14 Vv
M1(13,9) == ——'ﬁ 3 M1(14,5) = —T—lh s M1(14,9) = —%' 3 M1(15,9) = ——ﬁ
—(fé%%&—’ U e-@é‘;_,r%’ﬁ .-
e _
M1(17, 3) - ——Cl"'h s M1(17, 7) = % 5 M1(18,4) = ——:TT y M1(19,5) =
2 2
M(20,5) = =1/T5 , M;i(21,12) = —1/T}
M, is a 24 x 12 matrix with the following nonzero elements:
M35)——1 M(41)—_1 M(46)—_1 M(52)—_—1
2( ) - Tzh y 2\ %, _ Th ) PANCS - Tzh ) 2\ - Tlh
—(E§-Ef)
-1 e U U
M. = My(5,8) = —— My(T, 1) =2—, My(7,2)=—-2—
2(577) Trf ) 2( ) ) "‘T:f y 2( ) ) A 2( ) h
1% Vv 1 1
=92 = -9 = 4.9) = —
M5(9,1) 2h . M>(9,2) 2h . M(13,1) Tlh . M(14,2) T
e 1 1
M2(147 10) = B—TE—— ’ M2(1573) = TD- ) M2(1673) = —Wws2, M2(167 4) = —]_;;
—i3
1% V 1 1
M>(16,6) = 23 ,  My(16,7) = —2—5 ,  My(17,5) = T_21 . M(17,11) = ~?1c
vV 1 Vv 1
1 = —— Mo(1 = — M5(19,5) = —, M5(19,8) = —
MZ( 87 5) h y 2( 877) T22 ’ 2( ) ) h 2( ) T23
& 1 1 1
My(19,12) = GT My(20,8) = 7, Mp(20,10) =~ Mp(20,12) =~
3 2
1
My(21,9) = 5,1- COM2L10) = —A%,, My(22,2) = —— ,  My(22,9) = —A5,
la 3
1 1 1 .
M2(22, 10) = =, M2(23,5) = e M2(23, 11) ==, M2(23, 12) = _Aab
Tla T1 T2a
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T Tk Ty, 1
My(24,11) = —AS, | M(24,12) = —

1
My(24,7) = ==, My(24,8) = & =
2b

T -

Matrix M is composed of matrices M; and M,:

X is a 24 x 1 column vector, with the following elements: X(1) = Qg, X(2) = Pg,
X(3) = Nop, X(4) = Nog, X(5) = Nos, X(6) = Qa, X(7) = P4, X(8) = Qs,
X(9) = Pp, X(10) = Qc, X(11) = Pe, X(12) = Nui, X(13) = Nip, X(14) = Ny,
X(15) = Qp, X(16) = Pp, X(17) = Naj, X(18) = N, X(19) = N3, X(20) =
Nop,X (21) = Ny, X(22) = Nyp, X(23) = Ny, and X (24) = Ny,

— Noa

Y is a 24 x 1 column vector, with three non-zero elements: Y'(3) = Y(21) = %}%,
1

¢
and Y(23) = Ny, AS .

Solving the matrix equation M - X = Y would give us the values of the quanti-
ties involved in this model. However, the equation is too complicated to be solved

analytically and therefore must be solved numerically.

3.4 Discussion

We have introduced losses into our Bloch equation model of the quantum-coupled
thermal to electric conversion device. We have also included the thermodynamics
aspect by deriving the equilibrium values associated with the states. Taking the
steady-state limit, we arrive at a set of equations from which all the quantities essential
to the device performance can be solved. In the next chapter we dwell on the device

characteristics and see what the model tells us about the behavior of the device.
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Chapter 4

Device characteristics

Given the Bloch equation model developed in the previous two chapters, we are now
in a position to compute the key device performance figures. First of all, we are
interested in finding the current that would flow on the cold-side. The current is the
electron charge multiplied by the rate at which an electron at |¢3) relaxes into the
reservoir. Since the hot-side electron could be at level |ug), |u;), or |uz), the current

i1s a sum of three terms:

No3 — N, Ny — N Nog — N
03 o N b N 2b

_ _ _ (4.1)
T T T

current = gq

In subsequent discussions we denote the current as /. We can express the current in
terms of the polarization terms by substituting Equations (3.4), (3.7), and (3.10) into

Equation (4.1), noting that time derivatives are zero in the steady state limit:

_(EZ-E§)
Noz — Noy " Niz — Ny + Noz — Ny _ _ Nog N E KTh Nz Ngg
T 5 T h YT " TP
_(8h-8f)
Niz  Noz V Nos e *Th 14
Qs T Y 0 NS Yp

+



V V V
- %PE_ ‘EPB‘ EPD

We can further re-express above expression. From Equation (3.3) we have:

_(ER-ER)
N Noo NooE FTho Ny VP
T Th T Tk TF R E
From Equation (3.6) we have:
U 14 N1y Noa
ZPy 4+ —Py = 22 @
R R v R 0
From Equation (3.9) we have:
(BB}
(5] kT N22 V
N02 N e PD
T! iR B
Summing up the above three equations we obtain:
U |4 V V I
7 ha R e w8 5D p

The calculation of current is hence reduced to the calculation of Pj.

4.1 Power and efficiency

(4.3)

(4.5)

(4.6)

The thermal power transferred from the hot-side to the cold-side is equal to the

energy difference between |u,) and |u;) multiplied by the rate at which |uz(21)¢1(22))

transitions to |u;(21)@2(22)). We can see from Eq. (3.8) that this rate is ¥ P4. The

left-hand side of Eq. (3.8) is the increase rate of Ny; plus the relaxation rates from Ny

to other states. The right-hand side of Eq.(3.8) is the relaxation rates from N, and
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Ny; into Npp, minus the rate of transfer from Nj; to Nya. Therefore we identify the
last term in Eq. (3.8) £ Py as the transfer rate from Juz(21)$1(22)) to [ui(z1)¢2(22)).

Hence, the power transferred is:

Pr = power transferred = (E} — E}) %PA = Qg % Py (4.7)

The power delivered to the load is equal to the current multiplied by the voltage drop,

which is in turn equal to the difference in Fermi levels divided by electron charge:

[ [s4
Hy

Pp = power delivered = current x voltage drop = q%PA . % (4.8)

The efficiency of the device would be the ratio of power delivered over power trans-
ferred:
My — Ha

efficiency = BB (4.9)

Hereafter we may denote the power transferred as Pr and the power delivered as Pp.

Also, we denote ¢ AV = uf — u¢ and AE = E} — EN.

4.2 Calculation of P4

Even though we could solve for P4 (and therefore current and power) numerically
as mentioned before, we would like to have some more analytical understanding.
There is much algebra but the main goal is to arrive at Eq. (A.53), showing that

P4y x (ng’onf‘o - ni”ong’o). The detailed calculations are done in Appendix A.

4.3 Case of on-resonance

The most important situation in a physical device corresponds to the most trivial

mathematical limit of the equations under discussion. We would expect the largest
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throughput under conditions where there is a resonance between the hot-side quantum
well and the cold-side quantum well, and in addition where there is a resonance
between the excited state of the quantum well on the left side of the converter and
the single state on the right side of the converter. In the case that the different
two-level models are in resonance, we have

Aw = le — Wy = 0 (410)

In the event that there is a resonance between the two converter levels, we have

W = 0 (4.11)

This is consistent with

AQ = Q21~w31 =0 (412)

In this section, we assume the case of on-resonance and denote E} — E} = E§ — Ef =

AE.

From previous discussions we know current = q%PA, which is proportional to
h,0 ¢0 hO ¢0 __
Ny My — Ty Ny =
_ AR Bi—85 4 AV
e ¥Tp, — e "k Tc gk Ic
(4.13)

_Eh - B} _ B — E§ — (uf — ug) _B§-B§ -~ (u§ - u§)
2+ e *h 2 + e kT +e k Te

Since B — E< = AFE, the numerator in the above equation can be re-written as

_.AE _AE g AV _AE (;__1_) AV
e FTh — ¢ kTeekTc = ¢ k1, [1 A A o 9 Bl (4.14)
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Figure 4-1: Negative-voltage case. In this regime, the load is providing power to heat
up the cold-side, which is also receiving heat from the hot-side. We want to avoid
operating in this range of voltage.

The sign of current is dependent on the exponent

AE (1 1), 4dV
E \T, T. kT,

and hence we identify four regimes of operation, depending on the efficiency £ AAEV:

(1) %{ < 0:

In this case, both I and Pr are positive, and Pp is negative. The hot-side and the
load are both providing power to heat the cold-side. Energy is lost when an electron

relaxes from ¢3 to ¢,. The efficiency is negative in this case. Please see Fig 4-1.

(2) Bzt < 287 < 1

I, Pr, are negative, which means the cold-side is giving energy to the hot-side. Pp
is negative, which means the load is providing the cold-side with energy. Efficiency

smaller than 1 gives |Pr| > |Pp|, which says the cold-side gives the hot-side more

73



<+ Relaxation absorbs

= energy to cool
u,| @ | ¢, @¢ ) cold side
2| =t F2|=~ P, -1<\.
U — u. | @ ® ® | ® |oad
o —1 1 ®, provides

energy

1

L1

RL

Figure 4-2: “Efficiency” greater than Carnot but smaller than 1. In this regime, the
device functions like a refrigerator where the load is a power source providing energy
into the system to cool the cold-side down and to heat up the hot-side.

power than it receives from the load; hence the cold-side is being cooled and the
energy is lost when an electron jumps from ¢, to ¢3. Please see Fig 4-2. The device
in this case acts as a refrigerator, which is a very interesting limit that we have not

explored.

AV,
(3) 1 < Lo

I, Pr,and Pp are again all negative. Efficiency greater than 1 gives |Pp| > |Prl,
which says the cold-side gives the hot-side less power than it receives from the load;
hence the cold-side is being heated and it gains this energy when an electron relaxes
from ¢, to ¢3. Please see Fig 4-3.

AV Tp—Tc .

This is the normal mode of operation for the device. The current and the power
transferred are both positive and the efliciency is within the Carnot limit. Energy

loss occurs when an electron relaxes from ¢z to ¢,. The efficiency increases linearly
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Figure 4-3: “Efficiency” greater than 1. In this regime, the cold-side load is actually
a battery providing power to the cold-side. A fraction of this power is transferred to
the hot-side. In short, a battery is heating both the cold-side and the hot-side in this
case.
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Figure 4-4: “Efficiency” between 0 and Carnot limit — normal operation mode. In
this regime, the device functions as a thermal to electric converter consuming heat
from the hot-side and producing electricity on the cold-side. The efficiency increases
linearly with the voltage but the current decreases with increasing voltage, and the
efficiency reaches the Carnot limit at zero current.
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with voltage as is evident from Eq. (4.9). When £ AAEV = ThT_h Lo the current is zero

and the efficiency reaches the Carnot limit. Please see Fig 4-4.

4.4 Equilibrium values revisited

In the above model we have used quantum levels to represent the reservoirs, and
the equilibrium values obtained are thus different from the more realistic case where
the reservoirs are not simplified to quantum levels. In this section we consider the

equlibrium values in the latter setting.

We ignore spin in our analysis and hence the degeneracy of each quantum level 1s
1. Also, we ignore the possibility of multiple-electron occupation on either hot or the

cold-side. The partition function on the hot-side is:

Zn =1 4 e~(£’%) + e_<£'§7§> (4.15)

RO RO h0 _
We denote ny™, ny, and n," as the equilibrium values for the no-electron occu-

pation probability, one-electron occupation probability on |¢;(z;)), and one-electron

occupation probability on |¢1(z1)). These values are:

1
np? = A (4.16)

h,0

Ny = 4.17

1 Zh ( )
Ebuh

o)

= &7 (4.18)

Similarly, the cold-side partition function and equilibrium occupation probabilities

are as follows. Note that there is no equilibrium value for the occupation probability
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of ¢o(z2) as the quantum level does not relax to the reservoir.

2o =1+ (7)o (5 (4.19)
ny® = ?1_ (4.20)

ny’ = iﬁi} (4.21)

ng’ = @ (4.22)

This change in equilibrium values would only affect the absolute magnitude of the
current, but the three regimes of operation for the device would still hold true, as the

. h0 R0 . 0 0 .
ratio of ny"” to n}”, and the ratio of n5~ to n{", remain unchanged.

4.5 Numerical results

We present an example calculation of the device characteristics in the normal op-
eration mode using the above model. In this calculation the hot-side is assumed
to be at 600 K and the cold-side is at 300 K. The single-electron relaxation times
are assumed to be 7 = 1/(27) ps. The Coulomb and tunneling matrix elements
are: U = 2V = 2h/7. Each device, or pixel, is assumed to occupy an area of
1000 A x 1000 A = 1071 ¢cm?. The level spacing is: AE = 0.1 eV. Fermi levels
ph and pS are at energy level 0 eV, same as E} and Ef. Fermi level u§ is dependent
on the voltage. Note here we are under the on-resonance assumption and different
voltage points actually correspond to different devices on-resonant at the particular
voltages.

Figure 4-5 shows the current versus voltage characteristics. The short-circuit

current is 15.5 nA /pixel. With an assumed pixel area of 107'° cm?, the short-circuit
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Figure 4-5: Current versus voltage characteristic for the on-resonance case, which
refers to a set of devices, each of which has level 3 matched to level 2 at the particular
voltage.

current density is 155 A/cm?. The open-circuit voltage is as expected from the
analytical argument AFE/q x Carnot limit = 50 mV. Figure 4-6 shows power
delivered to the load per pixel versus voltage. The peak power is 0.29 nW/pixel or
2.9 W/cm? at the voltage of 30 mV, with corresponding efficiency of 30%, as can
be seen from the efficiency versus voltage plot of Figure 4-7. The efficiency plot is a
straight line consistent with above analytical derivations. According to Eq. (4.6) and
Eq. (4.7), the thermal power transferred is simply the current multiplied by AE/q

and is not plotted here.

4.6 Discussion

The Bloch equation modeling yields some understanding of the device behavior and
the results indicate that this new thermal to electric conversion scheme could po-
tentially have high efficiency and high power throughput. However, an issue arises
when we try to model the device in the off-resonance case. For a single device, if

we increase the voltage by AV then the Fermi level of reservoir b increases by AV.
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Figure 4-6: load power as a function of voltage for the on-resonance case. The on-
resonance case refers to a set of devices, each of which has level 3 matched to level 2
at the particular voltage.
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Figure 4-7: Efficiency as a function of voltage. Each point on the curve corresponds to
a different device with level 3 matched to level 2 at that particular operating voltage.
The efficiency approaches the Carnot limit 0.5 as the voltage approaches 50 mV
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Since level 3 relaxes to reservoir b, level 3 energy also increases by AV. As a result,
the value of ng°® does not change with AV and therefore the current and thermal
power transferred would not change with AV. This is erroneous as the load power
increases with AV and for sufficiently large AV the load power would exceed the
thermal power, breaking the law of conservation of energy.

The above contradiction indicates that the Bloch equations amended with phe-
nomenological relaxation terms are inconsistent with thermodynamics and thus a
different model needs to be developed to more sensibly simulate the device char-
acteristics. However, even though the model breaks for the off-resonance case, the
on-resonance case results from Bloch equation modeling still give us decent intuition
about the device and these results are not far off from those obtained with the more

sophisticated model described in Chapter 7.
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Chapter 5

Brute force numerical approach
and the secular equations

partitioning method

As pointed out at the end of the last chapter, the issue with the Bloch equation ap-
proach is that relaxation to the reservoirs can not be modeled correctly with the added
phenomenological terms in Bloch equations. To solve this problem, one method is to
approximate the reservoirs as many discrete levels spread over an energy spectrum,
each coupled to the quantum well levels with a matrix element. We can then solve the
system dynamics with Schrodinger’s equation numerically. This approach has been
demonstrated in section 24.3 of [10]. In principle, denser levels and a wider energy
spectrum lead to a better approximation of the reservoir, but experience shows that
the energy spacing between two adjacent levels only needs to be on the order of the
coupling matrix element and the number of levels only needs to be a couple hundreds
for the technique to give sensible results. In this chapter we solve some example
problems with this brute-force numerical approach. We also cross-check the validity
of the results by the use of the secular equations partitioning method, which will be

further explained in the next chapter.
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5.1 Basic demonstration

To show how the brute-force numerical approach works, we first consider a simple
problem depicted in Figure 5-1. Since this exercise is for demonstration purposes,
for simplicity % is taken to be 1 and the units of quantities are of less concern at the
moment. On the left-hand side there is a reservoir called continuum « that consists of
600 levels with energies evenly distributed between -300 and 300. On the right-hand
side there is an exactly the same reservoir called continuum 3. In between these two
reservoirs is a single discrete level ¥, that is coupled to each of the levels in the two

reservoirs with matrix element W = 1. The energy of ¥, is zero: £, = 0.

Suppose the wavefunction starts out at state ¥;. Due to the couplings to the
reservoir level, over time the wavefunction will spread out to other states and the
occupation probability of ¥; will decay. Then the wavefunction will oscillate back
onto state ¥y, and therefore we would have an oscillatory behavior of the level ¥,
occupation probability. If the two reservoirs are true continua, the wavefunction will
simply decay away and never oscillate back, with a decay rate given by the Golden
Rule. Our numerical model has finite levels and is not a true continuum but the initial
decay behavior predicted by the numerics will be close to that of a true continuum,
as long as we use enough levels to represent the reservoirs. Figure 5-2 shows the
occupation probability of ¥, as a function of time. The asterisks are the numerical
data points computed from the above mentioned model while the green line is the
exponential fitting. The decay rate obtained from the fitting is I' = 12.4 while the
one obtained from the Golden Rule is:

600

27
r = == |W|? = FE) = 2 x — &~ 12.
hl |“p(E 1) 21 X 2 X 500 57

The two numbers obtained above are close to each other, which gives us some confi-

dence in the feasibility of the numerical approach.
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Figure 5-1: Schmatics of the basic demonstration problem. There is one discrete level
W, coupled to two reservoirs, continuum « and continuum 3. Each of the reservoir
is modeled as 600 even distributed levels over the energy range -300 to 300. The
coupling matrix element between ¥; and each of the reservoir level is 1. ¥ is a level
in continuum « while W, is a continuum {3 level that is resonant with Wy.

5.2 Transition probability

In the following calculations we have used more states, 1201 levels with energies evenly
distributed between -300 and 300 to better model each reservoir. In this case, the

Golden Rule decay rate of state ¥; is I" = 25.13.

Suppose the wavefunction initially starts off at a level ¥y in continuum «, we
compute the occupation probability at the resonant level ¥, in continuum 3 as a
function of time. Figure 5-3 shows the transition probability versus time for £y = 0.
The probability increases exponentially in the beginning, but it reaches maximum
value 1 and starts decreasing at time = 12.5 due to the reflection back to state ¥;.
The initial increase rate of the W, occupation probability can be thought of as the
transition rate from ¥, to ¥,.. A summation of transition rates over all the reservoir
levels would give us the electron flux from reservoir « to reservoir 5. This is basically
how the numerical approach could be used to calculate device figures such as current

and power.
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time

Figure 5-2: Decay of the occupation probability of state ¥, over time. The asterisks
are the data points from the numerical model with the green line is the exponential
fitting.
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Figure 5-3: Transition probability from state ¥y in continuum o« to a resonant state
V.. in continuum 3 with the resonant energy £y, = FE; = 0. The probability
increases exponentially with time in the beginning and then at time = 12.5 it reaches
maximum 1 and starts decreasing.
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Figure 5-4: Transition lineshape for the basic demonstration problem. The cirlces
are the data points obtained from the numerical model, while the green line is the
lineshape obtained from the secular equations partitioning method augmented with
loss.

If we choose a different ¥q with a different energy, the transition probability would

be different because of the presence of level ¥;. The transition probability is higher

if Ey is closer to Ej.

Figure 5-4 shows the lineshape of the transition probability versus E, at time
t = 12.5. The circles are the data points obtained from the numerical model,
while the green line is the lineshape obtained from the secular equations partitioning
method, which will be described in the next section. The linewidth is as predicted
from the BW theory to be I'/2 = 12.57. The results of the numerical approach
and the BW theory match fairly well, which is an indication of the validity of both

approaches.
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5.3 Secular equations partitioning method

A secular equations partitioning method by Lowdin [11, 12] could be used to analyze
the type of problems we are considering. Secular equations are basically the set
of algebraic equations or Hamiltonian matrix obtained from finite-basis expansion.
We partition the basis states into ones (subset A) which we concentrate our interest
on and ones (subset B) which are of less concern to us. We can solve for states
in subset B in terms of states in subset A and then substitute back into the full
Hamiltonian matrix to obtain the effective Hamiltonian for subset A. We can then
focus on subset A with the effective Hamiltonian matrix which already takes into
account the influence of subset B. The original secular equations partitioning method
is for loss free problems. However, in our problem loss I' is present. We extend
the secular partitioning method to include loss by incorporating an imaginary part
—iRI'/2 into the energy of the level. Applied to our example, we have the following

secular equation:

r
E‘I’] = EI\Ill + W‘I’o - Zhé"lll

Rearranging terms gives:

Wy,

U, =
'TE - B+l

State ¥, eventually relaxes into ¥, and therefore:

2T
We have now substituted out ¥; from our equations. Since we start off at ¥q, we
take ¥y = 1 and obtain the lineshape (remembering that we have taken A and W
to be 1):

REIW %P (/27

|r|2:

(E-E)+ 12 (E-E)+ (/27
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Figure 5-5: Two continuua coupled through two discrete levels. There are two discrete
levels ¥; and U, in between the two continua. ¥; and ¥, are coupled with matrix
element V. ¥, is coupled to each of the continuum « level with matrix element W
while W5 is coupled to each of the continuum [ levels with matrix element W. W, is
a level in continuum S that is resonant with level ¥4 in continuum «.

5.4 Two discrete levels case

To show the generalizability of this numerical approach, we consider a more com-
plicated problem in this section. Please see Figure 5-5. In this case, there are two
discrete levels, ¥; and ¥y, in between the two continua. W; and W, are coupled
with matrix element V. ¥, is coupled to each of the continuum « level with matrix
element W while ¥, is coupled to each of the continuum ( levels with matrix element,
W. Again, each continuum consists of 1201 levels with energies evenly distributed
between -300 and 300. A is assumed to be 1 for the sake of convenience. The fol-
lowing values for the parameters are used: W = 1, £} = 10, F, = —10, V = 20.
The wavefunction starts out at state ¥y, and then evolves according to Schrodinger’s
equation. The decay rate of ¥; and ¥, is calculated from the Golden Rule:
1200

2
I = =S |\W|*(E = E;) = 27 X 2 X — = 12.57
=W ( ) = 2mx 2x e 125

We look at the transition probability |¥,|? over time, plotted in Figure 5-6 for the

case of Ey = 10. The transition probability first increases exponentially, but at time
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Figure 5-6: Transition Probability from state ¥y in continuum o to a resonant state
¥, in continuum £ with the resonant energy Fy = 10. The probability increases
exponentially with time in the beginning and then at time = 12.5 the simulation
becomes invalid due to reflections back from the reservoir levels.

12.5 there is a discontinuity in slope. We attribute this discontinuity to our use of
finite levels to represent continua and the simulation is only valid before this point.
The lineshape can be computed using the secular equations partitioning method. The

algebraic secular equations are:

r
E- U, = E Y + W¥ + V¥, — ihi\lll

r
E- 9y = E,- Uy + V- ¥, — z'h—2—\112
which give

VW,

V2 = BB D) (BBt D) _ V2

which in turn gives the lineshape
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Figure 5-7: Transition lineshape for the two discrete levels problem. The cirlces
are the data points obtained from the numerical model, while the green line is the
lineshape obtained from the infinite-order Brillouin-Wigner theory.

) ' T \ : Iiif‘\:l'W}2
‘\IIT'I = I - Zhg‘llgl = 242 252
(B-E)+T2] [(B-E) + 2|
where
Ei+E
By = ”; 242 \/(El )+ 4v?

Figure 5-7 shows the transition probability lineshape. The circles are the data points
generated by the numerical model, while the green line is secular equations partition-
ing method lineshape. The results obtained from these two methods again match,
which indicates that both methods can be extended to solve more general and com-

plicated problems.
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5.5 Discussion

We have seen how the brute force numerical approach works and how it could be
generalized to compute transition rates between discrete levels and continua (reser-
voirs). However, our device has one reservoir on the hot-side and two reservoirs on
the cold-side. Due to the presence of Coulomb coupling, two-electron states need to
be used and two-electron reservoirs, namely products of two one-electron reservoirs,
need to be modeled. To accurately represent these reservoirs would require the use of
a lot of levels and the simulation time would be long. Therefore it is foreseeable that
using the brute-force numerical approach would lead to slow progress. In addition,
the numerical model simply gives us some numbers and we would have little under-
standing of the results. We would much prefer some more advanced approach that
would allow analytic checks and more intuition. We have seen that the secular equa-
tions partitioning method augmented with loss yields results matching those of the
numerical approach. Given its validity and analytic capabilities, we use the secular

equations partitioning method in the following chapter to solve our device problem.
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Chapter 6

Secular equations partitioning

method modeling

In this chapter we present the device modeling results from the augmented secular
equations partitioning method. As described in the last chapter, we can partition
the full secular equations to give us an effective Hamiltonian matrix focusing on the
subset of states which arc of interest to us. There are a lot of states involved in
our model and we wish to reduce the system to those states crucial to computing
the device performance. We follow an approach similar to that described by Lowdin
[11, 12]. The original method did not include loss and we have extended the approach
to include loss properly. Please note that the notations used in this chapter might be
different from those used previously. Before jumping into the analysis of the device,
let us review the basic model. Please see Figure 6-1. One sees that there are five
discrete energy levels in the problem: levels a and b on the hot side; and levels 1, 2,
and 3 on the cold-side. In addition, one sees five different sets of continuum states
associated with the five different reservoirs: reservoirs R, and R on the hot side,
with associated continuum states denoted by r, and r3; and reservoirs Ry, R, and

R; on the cold-side, with associated states denoted by ry, 2 and 3.

To model the device, we require a set of two-electron state definitions. It will be

convenient to adopt a bra and ket notation for the two-electron states such as {r,,2).
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Hot-side Emitter Cold-side Converter

Ry

Figure 6-1: Model of the device. On the hot-side, the optical transition is modeled as
two discrete levels, each of which is coupled to a reservoir and the two reservoirs are
connected and have the same Fermi level. There are two levels in the first cold-side
well and one level in the second cold-side well. Coulomb coupling between the hot-side
levels and the first cold-side well levels exists across a vacuum gap. The excited level
of the first cold-side well is coupled to the level in the second cold-side well through
tunneling.

The 24 possible combinations of two-electron states are listed in Table 6.1.

Table 6.1: List of possible two-electron states.

HOT-SIDE COLD-SIDE | POSSIBLE STATES

discrete discrete la,1), [b,1), |a,2), |b,2), |a,3), and |b, 3)
discrete continuum | |a,ry), |b,71), |a,72), |b,72), |a,rs), and |b,r3)
continuum discrete ITa, 1), |76, 1), |74y 2), |7, 2), |74, 3), and |y, 3)

continuum  continuum | |re,71), |76, 71), |Ta,T2),s |76y T2), |Ta,y T3), and |1p,73)

6.1 Model Hamiltonian

To analyze the device dynamics, we require a model Hamiltonian that is relevant
to the two-electron states. The simplest such Hamiltonian is one in which states

are coupled with interaction terms that are relevant to the problem. For example,
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consider the coupled-channel equation for a two-electron state |b,1) which contains

an excited electron on the hot-side, and a ground state electron on the cold-side:

Eb,1) = (B, +EDb1) + Ula,2) + Wilre, 1) + Wilb,r1) (6.1)

The diagonal term is simply the combination of the two one-electron energies E, and
Ey. The Coulomb interaction between the two electrons produces a dipole-dipole
coupling which lowers the hot-side electron and raises the cold-side electron. The
associated interaction strength for this coupling is UU. There are in addition loss
terms that couple the discrete states to continuum states; these are parameterized
by W, and W;. All of the coupled-channel equations together combine to form a
very large eigenvalue problem, since there are two-electron basis states involving one-
electron continuum states on both the hot-side and the cold-side. The couplings that
we have included in the model under discussion are illustrated in Figure 6-2. Though
not directly relevant to our current discussion, the three-level system consisting of
the states |b,1), |a, 2), and |a, 3) has some interesting bandwidth behaviour and it is

further discussed in Appendix B.

6.2 Transition rate

To extract a transition rate from such a model is not difficult in principle. We compute
the transition rate for an effective transition from an initial continuum state (with
electrons in the R, and R; reservoirs) to a final continuum state (with electrons in
the R, and Rj reservoirs). We begin by selecting initial one-electron reservoir states
rp and r; to make |ry, r1), with a total energy E = €, + €1, where ¢, is the energy of
reservoir state 7, and ¢, is the energy of reservoir state ;. The final state is taken to
be |rq, r3), with the same total energy E = ¢, + €3, where ¢, is the energy for reservoir
state r,, and €3 is the energy for the reservoir state r3. The transition rate between

these two states is
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Figure 6-2: Level diagram showing the couplings among the two-electron states. Each
state consists of a hot-side electron state and a cold-side electron state. Initially the
hot-side electron occupies a reservoir level 7, while the cold-side electron occupies the
reservoir level 71, and the two-electron state is denoted ¥; in continuum « on the left-
hand side of the figure. After the excitation conversion process the hot-side electron
ends up in a reservoir level r, and the cold-side electron is promoted to reservoir level
rs, and the two-electron state is denoted ¥ in continuum 3 on the right-hand side
of the figure.
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WE) = (o alUiss (Bl 1) 2 p(F) (62)

The effective interaction U, is obtained by eliminating algebraically all other basis
states in the eigenvalue equation (which is possible since the energy is fixed). This

procedure is discussed in the next chapter.

6.3 Summation over initial states

The current which flows from the reservoirs R, and R; can be calculated by sum-
ming the transition rate over all initial states. In summing over these states, we need
to weigh the states by their occupation probability (assuming thermal equilibrium
within the reservoirs). Similarly, we also need to weigh the final states by the (ther-
modynamic) probability that they are not occupied. Taking these issues into account,

we write for the current

I = —e/déb/dfl/dea/d€3 Pu(€b)p1(€1)pala)p3(es)

2T

~lra, sl Uegs(er + ep) e, T1)[% Oep + €1 — €4 — €3)

{Pb(ﬁb)pl(el)[l — Pal€a)][l — p3(e3)] — palea)ps(es)[l — pulep)][1 — p1(61)]} (6.3)

One sees in this equation contributions both in the forward direction (starting from
|75,71)), and in the return direction (starting from |r,,73)). The integrations are
taken over the one-electron continuum states associated with the initial and final
two-electron states. The associated one-electron density of states functions are py(ep),
p1(€1), pa(€a), and ps(es). The one-electron occupation probabilities are py(ey), p1(€1),

Pal€a), and p3(e3). These are given by

1 _ 1
1 + elea—pa)/kTh ple) = 1 + eles—wo) /KT

palea) =
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B 1 B 1
ple) = T ps(es) = T oo

In these formula, the different u; are the Fermi levels associated with the reservoir

R;.

6.4 Power and efficiency

The basic operation of the converter is straightforward: an electron in the ground
state on the cold-side is promoted by excitation transfer due to Coulombic quantum
coupling from the hot-side; it tunnels to level 3 and then eventually goes into reservoir
R; which is at an elevated voltage; an electron goes from this reservoir into the
circuit where work is done on the load; and finally an electron from the circuit rejoins
reservoir 1 which is at ground. To characterize the device, we need to determine both
the power delivered from the hot-side and the power delivered to the load, from which

we can calculate the efficiency.

6.4.1 Power delivered from the hot-side

The calculation of the thermal power P, delivered from the hot-side involves mul-
tiplying individual transition rates within the integral that makes up the current by

the electron energy difference on the hot-side. We obtain

Py = / dep / de; / deqg / dez py(ep)p1(€1)pal€a)pales)

2T
";.L‘I(Ta; ralUsss(€1 + €0) |, 1)1 6(€b + €1 — €0 — €3) (€6 — €a)

{Pb(fb)pl(fl)[l — Pal€a)][1 = p3(es)] — palea)ps(es)(l —po(ep)][1 — Pl(fl)]} (6.5)
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6.4.2 Power delivered to the load

The power delivered to the load can be calculated directly from the product of the

current and the voltage drop on the load. The voltage drop on the load is

v, = —“3;‘“ (6.6)

Consequently, we obtain for the load power P;
P, = VI (6.7)

6.4.3 Efficiency

The device efficiency is the ratio of the load power to the thermal power

P

_ 1 6.8
n= 5 (6.8)

Individual forward and reverse current paths in this model are in detailed balance,
so that one would expect that the efficiency would be constrained by the Carnot
limit. We have found this to be so in our calculations. One can also derive this from
the basic model, by working with the occupation probabilities that appear in the
integral that defines the current [Equation (6.3)]. The term in brackets that contain

the occupation probabilities can be written in the form

{Pb(fb)m(fl)[l—l)a(ﬁa)][1—293(63)] —Pa(fa)Ps(fs)[l—Pb(ﬁb)][1—;01(61)]} =

fa_ta €3—u3 Sp_Hp €1 —H]
e *Th @ kTc — g KTy e kTc

(6.9)

(1 4ot ) (1 4okt ) (1 et ) (1 +ef*"k:%?)

One sees that the electron flow is positive when the numerator is positive, which

occurs when
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€a — Ha €3 — U3 €p — b €1 —
+ >
T, P PR

which reduces to

T, —T:
ps = < (€ — €a) (%) (6.10)

remembering that €, — €, = €3 — €; from energy conservation. Since the incremental
power delivered to the load is proportional to 3 — g1, and the incremental thermal
power is proportional to €, — ¢,, the incremental efficiency for each contribution is
(3 — w1)/(ep — €5). 1f the incremental thermal power is positive, then either (1)
electron flow is positive and the energy quanta transferred e, — €, is positive or (2)
electron flow is negative and the energy quanta transferred €, — ¢, is negative. In
both cases we have that the incremental efficiency for each contribution satisfies the

Carnot limit

B3~ M1 _ T, - T,
€p — €4 Th

(6.11)

When this inequality is not satisfied, the incremental thermal power is either zero or

negative, and the associated contribution does not improve device operation.

99



Chapter 7

Secular equations partitioning

method calculation

In the previous chapter we have specified a model for our device and derived ex-
pressions for the various performance figures, assuming that the effective interaction
Uesy is known. In this chapter we describe how to use the partitioning technique to
eliminate intermediate states and arrive at an expression for the effective interaction.
This type of calculation has been carried out for the effective couplings between the
donor and acceptor states in aggregated molecular assemblies [13]. The calculation in

[13] does not include loss terms while here we have incorporated loss appropriately.

Our model is a special case of a more basic problem. Suppose there are two reser-
voirs connected through arbitrary levels and we want to calculate the flux between
the two reservoirs. Specifically, we want to compute the flux from an initial state ¥,
to a final state U. The intermediate levels are denoted as ¥,’s. The initial state and
the final states are resonant at energy E. The initial states constitute a continuum

« and the final states constitute a continuum (3.
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Figure 7-1: Energy level diagram of basic problem. Initial state ¥; resides in contin-
uum « while the final state ¥ resides in continuum 3. They are connected through
a network of intermediate states ¥;’s.

7.1 Basic sector equations

See Figure 7-1 for an illustration of the basic problem. We use the secular equations
partitioning method to solve this problem. First we write down algebraic sector

equations, assuming the coupling matrix elements V’s are all real for the sake of

simplicity:
Ew = HW + YV, (7
J#Eif
EV; =H; ¥y + ) Vip Uy + Vi W + Vis Oy (7.2)
F#Eigf
EV; = H U + Y V5 0, (7.3)
J#iLf

Each level might be coupled to a reservoir with a decay rate I' into the reservoir.
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Vi1, By G >

Figure 7-2: Lossy level ¥; coupled to a continuum of states ¥;’s with matrix elements
W;s
Taking this into account, the H’s are defined as:

T
W, = B, ~ ihl (7.4)

where E), is the energy of level p and the imaginary part is the loss term.

7.2 Loss term

Here we explain the derivation of the loss term. Suppose we have a lossy level ¥4
coupled to a continuum of states ¥;’s with matrix elements W;’s. (See Figure 7-2).

We write down the secular equations:

E¥, = BT, + Y W; (7.5)
J#1

Substituting Eq. (7.6) into Eq. (7.5) gives
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W12 Oy

EV, = E, U, + ZE_E‘
J

i#l1

We evaluate the second term in the above equation:

W, W2 o(E; |2 ) 12 )
Z I o~ [W;[* o( J)dEj — _ Wil p(E])dEj— f W] p(E])dEj
j#lE—Ej E,-F o Ei—F c, B;—FE
where contour C; consists of two line paths E; = —co ~ E~¢and E; = E+¢€~ 00,
and contour Cs is a hemisphere E; = E + € - e § = —1 ~ 0. In the limit e — 0%,

the two contour integrals become:

\Wil* p(Bj) W3
- R GE; — gt
which is the self-energy term, and
W; 12 p(E; , LI
_ I__Jl_p(ﬂszj s —in|W|Pp(E;) = —ihz

Ca Ej_E 2

which is the loss term, and I' here is the Golden Rule decay rate of level ¥;.

7.3 Vector and matrix notation

We introduce some matrix notations to facilitate our discussion.
1. T, is the column vector of all ¥;’s.

2. K is the coupling matrix among the ¥;’s:

Vp, g #1i, f (?)m = H, 0pg + Vpq (7.7)

Because V,, is assumed real,

V;qzvqp
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Therefore K is symmetric.

3. V' is the coupling column vector between ¥; and ¥,’s:

(V) = (7.8)

4. V7 is the coupling column vector between ¥y and ¥,’s:

(T/‘f )j =V (7.9)

7.4 Vector and matrix equations

With the above definitions, we rewrite the algebraic sector equations into matrix

equations:

—i\T —
EV, = H U, + (V) T, (7.10)
EY, =K + V¥ + V' ¥, (7.11)
AT —
Ev, = H Y + (V) G, (7.12)
From eq. (7.11),
T = [E - K| Ve +7 v, (7.13)

Substituting eq. (7.13) into eq. (7.10), we obtain

E\I/i = Hi \I’i + Uii \I’i + Uif \I’f (714)
where

104



—i\T = =1
Us = (v) e -&| ¥V (7.15)
N r =11 _
Uy = (?) e -E& ¥ (7.16)
Substituting eq. (7.13) into eq. (7.12), we obtain
E\I’f = Hf ‘I’f + Uff \ij + Uf,; \I/,; (717)
where
— T — -1 —f
Us = (v) : [E - K| -V (7.18)
AT —-1
Up = (V) [E - K] v (7.19)

Uy; is equal to Usp:

- -7 - @) T -

Note that Uy is equal to its transpose because Uy is a scalar.

7.5 Effective matrix element

In the previous chapter we have described how to compute the device performance
given the matrix element U,¢(E). Here we give the detailed calculation of Ugss(E).
We apply the theory in the last section to our device. Please refer back to Figure 6-2.

Let us define the real and imaginary parts of K

=l
i
|

—ih (7.20)

0o | =l
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where A contains the real components of TI?-, namely the energy terms, and T contains
the imaginary components of ?, namely the loss terms. The columns and rows of
the matrices are listed with the following order of intermediate states: |b,ry), |rp, 1),

b, 1), |a,r2), |a,2), |a,3), |ra,2), la,r3), and |r,, 3).

[ Ey+e 0 Wi 0 0 0 0 0 0
0 e+EBE W 0 0 0 0 0 0
Wi Wy Ey+E 0 U 0 0 0 0
0 0 0 Eite Wi 0 0 0 0
4= 0 0 U Wy E.+E V W, 0 0
0 0 0 0 14 E, + E3 0 W W
0 0 0 0 W, 0  etB 0 v
0 0 0 0 0 Wi 0 Eyte 0
0 0 0 0 0 W, v 0 eatEs
(7.21)
r ]

Ty, 0 O 0 0 0 0 0 0

0O Tys; 0 0 0 0 0 0 0

0 0 Ty 0 0 0 0 0 0

0 0 0 Ty, O 0O 0 0 O

T=|0 0 0 0 Tyy 0 0 0 0 (7.22)

© 0 0 0 0 Tes O 0 O

0o 0 0 0 0 0 Trno 0 0

0O 0 0 0 0 0 0 T4, O

|0 0 0 0 0 0 0 0 Ty

The energy of the system is

E=c¢+¢ =¢,+e€3.

The I''s are obtained from the Golden Rule:
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27

Iy, = T Wb2 Pb (€b)
2
L1 = ? W12 Pt (61)
27 27
Ly = 5 143 Pb(E_El)'f‘? Wt p1(E - E)
2m
Lor, = e W¢12 Pa (€a)
27 o 2T o
Lo = - W, Pa(E—E2)+7 Wy p2 (B — Eq)
27 27
Lo = - w? Pa(E—E?))-"‘T W3 ps (E — E,)

]

T

L2 = - W3 p2 (€2)
27

Loryg = T VVa2 Pa (Ea)
27

I3 = e W3 ps (€3)

The coupling column vectors for the initial and final states are
— T
V=W W, 000000 0]

and
V=looo0o0o000 W Wg]T
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(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)



Therefore the effective matrix element between the initial state and the final state is

Usps = Upi = (Vf)T- E —?F e

7.6 Discussion

We have specified the expression for the effective coupling matrix element U, s, which
along with the model presented in the previous chapter gives a way to calculate all the
device characteristics of interest to us. In the next chapter we embark on numerical

evaluations of our model.
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Chapter 8

Results from secular equations

partitioning method

We previously calculated numerical figures such as current and load power with the
Bloch equations model. It was recognized that the Bloch equations were inconsistent
with thermodynamics and could not give sensible results for the off-resonance case.
The brute-force numerical approach presents an alternative to the Bloch equations
but using it to analyze complex problems is costly both in terms of development time
and simulation time. However, the validity of the brute-force numerical approach
seems good as the method gives results matching those from the secular equations
partitioning method. In the previous two chapters we have been developing formula-
tions for the device characteristics using the secular equations partitioning method,
and in this chapter we apply numerical parameters to the formulations. The on-
resonant current and power figures are comparable to those from the Bloch equations

model, and we have also successfully analyzed the off-resonant case.

8.1 Numerical values

In the calculations described in this section, we take the hot-side temperature T}, to
be 600 K, and the cold-side temperature T, to be 300 K. The quantum well on the

hot-side has energy levels separated by 100 meV. This energy separation, denoted
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by AE, was selected because it maximizes the load power given the temperatures.
We have assumed that the quantum well on the cold-side has energy levels matched
to those on the hot-side. The Fermi levels pu,, py, and u, are set to ground, and
assumed to be matched to the energy of levels a and 1 (also as a result of load power
optimization). The tunneling matrix element V' is defined in terms of the associated

Rabi oscillation frequency

, Tad

- (8.1)

Q = % = 27 x 10!

We have assumed that the coupling between the levels of the hot-side quantum well

and the first cold-side quantum well is twice the tunneling matrix element

U=2V

This choice maximizes load power. For simplicity, we have taken all of the relaxation
times for transitions from the one-electron states a, b, 1 and 3 to be matched to the

coherent transitions

Simulations indicate that the highest load power values are obtained when the decay
rate of these important discrete levels to their respective reservoirs are matched to

the coherent transition rates.

We model each reservoir as a continuum of levels with a uniform density of states
independent of energy. A quantum well level is coupled to each level in a reservoir
with a constant matrix element W. These coupling matrix elements are assumed to
be a thousand times smaller than the tunneling coupling (couplings to a continuum
involve small individual matrix elements; for given relaxation times our results are

independent of the choice of these couplings as long as they are sufficiently small):

W1 = Wz = Wa == Wb = 10—37‘lﬂ
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The density of states p for the reservoir is defined such that the Golden Rule is

satisfied for the chosen decay rate I" and matrix element W:

A
P= wp
The density of states for reservoir R, is assumed to be the same as that of reservoir

Ri: py = py. The matrix element W, is such that the Golden Rule is satisfied:

h

Wo =4Iz
2 227rp2

An individual device occupies a quantum dot, or a pixel, and the number of pixels
that can be packed into a unit area determines the power and current density of an
array of the device. In this calculation we have assumed that a single device occupies
an area of 120 nm x 120 nm, or 6.9 x 10° devices/cm?. Examples of quantum dot
arrays with small dot sizes and small inter-dot spacings include a ZnS quantum dot
array with dot diameter 2.66+0.22 nm and spacing 12 nm [14], and close packed
quantum dots with tunable diameter 3-10 nm of various materials [15]. A dense
array (~ 10'! dots/cm?) of InAs quantum dots of size 12+1 nm in GaAs substrate
have been fabricated and characterized [16]. InSb quantum dots in a GaSb matrix

with lateral size ~10 nm and density ~ 6 x 10'® ecm™ have also been reported [17].

8.2 Level 2 loss

Loss from level 2 (the excited state of the cold-side quantum well near the gap)
has a different effect on the system than the loss associated with the other levels.
For example, transitions from reservoir Ry to level 1 sustain the population of level
1, allowing the device to function hence such transitions are critical to the device
operation. Similarly, the thermalization of level 3 to reservoir Rj is required for
current to be provided to the load. Loss in the case of level 2 simply drains electrons
that otherwise might have delivered power to the load. In this case, loss from level 2

directly reduces efficiency and degrades device performance.
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Figure 8-1: Efficiency as a function of voltage for case with zero level 2 loss. Each
point on the curve corresponds to a different device with level 3 matched to level 2
at that particular operating voltage. The efficiency approaches the Carnot limit 0.5
as the voltage approaches 50 mV. The dashed line is the linear efficiency from the
Bloch equation analysis

It is useful to consider device performance in the idealized limit when the loss from
level 2 is set to zero. Although there are a variety of issues involved in the physics
and modeling that are probably worthy of comment, we elect to dispense with them
for the purposes of this discussion, and simply present the results for efficiency as a
function of voltage in Figure 8-1. In this plot, we show results from calculations that
correspond to a collection of different devices, each one designed so that level 3 is
matched to level 2 at the operating voltage, and each run with an optimum electrical

load. One can see that the efliciency is essentially

— ,U3A_E/-l'1 (82)

most of the way to the Carnot limit, which is what we have obtained in the Bloch
equations analysis. In essence, the promotion of the cold-side electron due to excita-
tion transfer from the hot-side leads to an energy of €, — ¢, that can be used to drive

a load at voltages up to
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Figure 8-2: The maximum efficiency obtainable for each given level 2 loss. The
efficiency shown is normalized to the Carnot limit. As the loss increases from 0 to
0.2V/h, the peak efficiency drops from 0.9 of the Carnot limit to half of the Carnot
limit.

AE (T, —T,
< = 8.
Vi < - ( T ) (8.3)

At voltages less than this maximum, we are not using the transferred energy efficiently,
and hence the device efficiency is reduced proportionally. We are not able to maintain
efficiency up to the Carnot limit since there is a spread in the distribution of electron

energies transferred.

In Figure 8-2 we show the peak efficiency obtainable as a function of level 2 loss.
One sees a rapid reduction in efficiency with increasing level 2 loss, such that the
maximum device performance reaches half the Carnot limit approximately when

Vv

Iy = O.QE =020 (half Carnot limit) (8.4)

This places a premium in this type of scheme in working to preserve level 2 population

as much as possible. In the calculations that follow, we have adopted a value of
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[y = 0.1% =010 (simulations) (8.5)

which leads to a maximum efficiency of about 60% of the Carnot limit.

8.3 Results with moderate level 2 loss

In Figure 8-3, we show current as a function of voltage. Two plots, one for the on-
resonance case (solid curve) and the other for the off-resonance case (dashed curve),
are superimposed on the same graph. The on-resonance case again refers to the
results for a set of devices, each one designed so that level 3 is matched to level 2 at
the operating voltage. The off-resonance case is the characteristics for a particular
device of which level 3 energy is equal to 70 meV when the voltage across the load
is zero. When the voltage changes, level 3 energy changes along because level 3 is
coupled to reservoir Ry of which Fermi level y3 changes with the voltage, assuming
reservoir Ry is at ground. Therefore for the off-resonance case level 3 is only matched
to level 2 at the voltage of 30 mV when the level 3 energy is raised from 70 meV to
100 meV. We see from Figure 8-3 that the on-resonance case short-circuit current is
about 18 nA/pixel. With an assumed pixel area 120 nmx120 nm=1.44x10"cm?,
the short-circuit current density is estimated to be around 125 A/cm®. The open-
circuit voltage is approximately AE x (Carnot efficiency)/e = 50 mV as indicated by
Eq. (8.3).

For the off-resonance case, levels 2 and 3 are matched when the voltage is equal
to 30 mV, and the off-resonance curve coincides with the on-resonance curve at this
voltage. Away from this voltage, the current becomes suppressed as the mismatch
between levels 2 and 3 increases. The range of voltage where the off-resonance current
is within a half of the on-resonance current is about 10 mV, which indicates the
flexibility in the operating voltage for a single device. Thinking of the levels 2 and
3 mismatch from another perspective, if we fix uz3 — p; = 30 meV and all other

parameters while varying Ej3, we obtain a line-shape (shown in Figure 8-4). It has
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Figure 8-3: Current versus voltage characteristic for the on-resonance (solid curve)
and off-resonance (dashed curve) cases. The on-resonance case refers to a set of
devices, each of which has level 3 matched to level 2 at the particular voltage. The
off-resonance case is the results for a device of which level 3 energy is equal to 70
meV when the voltage is zero.

a Lorentzian dependence with a FWHM of 13 meV, which is a consequence of the
choice of 7 in the design. This is relevant to the device tolerance on the level energies.
If we instead vary E,, we again find a Lorentzian line-shape (see Figure 8-5) but the
width 11.6 meV is slightly smaller. This is due to the fact that changing level 2
makes not only the tunneling‘transition off-resonant, but it also changes the degree‘

of resonance for the excitation transfer from the hot-side.

Figure 8-6 shows the power delivered from the hot-side as a function of voltage
with the solid curve being the on-resonance case and the dashed curve being the
off-resonance case. The maximum thermal power occurs at short-circuit and is equal
to 2.12 nW/pixel or 14.7 W/cm? for an assumed pixel area of 120 nmx120 nm.
This level of thermal power is comparable to the value 12.50 W/cm? of a micron-gap

thermo-photovoltaic cell that has been reported in the literature [4].
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Figure 8-4: Line-shape for the current when level 3 energy is varied while fixing all
other parameters. A Lorentzian dependence is observed and the FWHM is 13 meV.
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Figure 8-5: Line-shape for the current when level 2 energy is varied while fixing all
other parameters. A Lorentzian dependence is observed and the FWHM is 11.6 meV.
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Figure 8-6: thermal power delivered from the hot-side as a function of voltage for the
on-resonance (solid curve) and off-resonance (dashed curve) cases. The on-resonance
case refers to a set of devices, each of which has level 3 matched to level 2 at the
particular voltage. The off-resonance case is the results for a device of which level 3
energy is equal to 70 meV when the voltage is zero.

Figure 8-7 shows the power delivered to the load as a function of voltage. The solid
curve is again the on-resonance case and the dashed curve is the off-resonance case.
The load power reaches maximum 0.335 nW/pixel, or 2.33W/cm?, at the voltage
of 30 mV. From Figure 8-6 we see that the power delivered from the hot-side at
this voltage is 1.38 nW/pixel or 9.58 W/cm? for the assumed pixel area, and hence
the efficiency at this voltage is 2.33/9.58, or 24.3%, which is slightly lower than
the maximum efficiency 28% achievable at the voltage of 40 mV. Recall that these
power values are obtained under the assumption of 1.44x1071% cm? pixel area, but
in principle this number can be made smaller. For example, the active area of the
design in Chapter 11 is only 6.53x107!3 cm?. A smaller pixel area would lead to a

larger power value.
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Figure 8-7: Load power as a function of voltage for the on-resonance (solid curve)
and off-resonance (dashed curve) cases. The on-resonance case refers to a set of
devices, each of which has level 3 matched to level 2 at the particular voltage. The
off-resonance case is the results for a device of which level 3 energy is equal to 70
meV when the voltage is zero.

8.4 Optimization

We can optimize the load power by changing AE. The rest of the device parameters
are assumed to be the same as in the last subsection (7}, = 600 K, T, = 300 K,
V =k =I7s, U = 2k, Ws= 1073h1). Figure 8-8 shows contours of equal load
power as AE and the efficiency are varied (the efficiency is varied by changing the
voltage). Next to each contour is a number indicating the value of load power in units
of 0.1 nW /pixel. We see that the choice of AE = 100 meV maximizes the load power

when the matrix elements and relaxation times are fixed.

Our choice of U also maximizes the load power for fixed matrix element V' = A2
and other device parameters (T}, = 600 K, T, = 300 K, I’s= i), AE = 100 meV).
The value of AE is 100 meV in accordance with the previous optimization. Figure
8-9 shows the contours of load power when matrix element U is varied and when

the efficiency is changed by varying the voltage. Next to each contour is a number
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Figure 8-8: Optimization of load power by varying AFE and the efficiency while fixing
all other parameters. For a particular AE value, variation of the efficiency is achieved
by increasing the voltage from 0V up until the maximum efficiency is reached. Con-
tours of equal load power are shown in the graph. Next to each contour is a number
indicating the value of load power in unit of 0.1 nW/pixel. It can be seen that load
power is maximized at AE = 100 meV and efficiency 24%.
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Figure 8-9: Optimization of load power by varying U and the efliciency while fixing all
other parameters. For a particular U value, variation of the efficiency is achieved by
changing the voltage. Contours of equal load power are shown in the graph. Next to
each contour is a number indicating the value of load power in unit of 0.1 nW /pixel.
It can be seen that load power is maximized at U = 282 x h and efficiency 24%.

indicating the value of load power in unit of 0.1 nW/pixel. The maximum power 3.35
W/cem? is obtained at U = 2Q - h and the corresponding efficiency is 24.3%. It is
observed that further increase in U decreases the power. An explanation is that when
the Coulomb coupling is large, an electron promoted to level 2 is quickly de-excited
to level 1 to transfer energy back to the hot-side, and there is not enough time for
the electron to tunnel to level 3. On the other hand, when U is small, energy transfer
across the vacuum gap becomes the bottleneck of the conversion process and the

power drops with decreasing U.

8.5 Discussion

We have presented a model for analyzing the characteristics of the new thermal to
electric conversion scheme. Example calculations have been done which indicated the
potential competitiveness of the scheme. We would like to move towards calculations

for more specific material and dimension designs of the device, which are developed
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in the following chapters.
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Chapter 9

Electrostatic potentials near a gap

This chapter is reproduced from Prof. Peter Hagelstein’s notes with the same title.
The electronic file for the original notes has been lost. Also, there are some typos
and missing definitions in the document. Therefore, the corrected version is included

here as a chapter for completeness and easier reference.

Up until this point we have been applying assumed parameters into our model to
obtain numerical results. A key parameter is the Coulomb coupling matrix element
U. We would like to calculate this matrix element given the gap thickness and the
materials on both sides of the gap. Therefore, we need to compute the Coulomb inter-

action energy between electrons residing-in the hot-side and the cold-side materials.

We first consider solving the electric potential for a two-media problem using the
method of image charge (see for example [18]). The image charge method has an ad-
vantage of easy generalizability into the three-media problem via the use of reflection

and transmission coeflicients.

9.1 The two-region problem

We begin with a consideration of the simple two region problem, for which a simple

exact analytic solution is available. The situation is illustrated in Figure 9-1.
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Figure 9-1: Charge q above a boundary between two dielectric regions.

We are interested in developing solutions to the Poisson equation

—V - (eV®) = p

for this arrangement of charge and dielectric constants.

It is known that a solution can be constructed in the form

q A S
o (I‘) = 4”‘{1\/(3*}&}2‘*'92 + \/(z+h)2-§-p2 220

= z2<0

where A and B are constants to be determined by matching the boundary conditions.

The boundary conditions at the boundary between the dielectrics are given in terms

of the electric fields in the two regions

fl'(ElEl — EQEZ) =0

le(El - Ez) =0
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where the field is determined from the potential from

E= -Vo

in the two regions.

The second of these conditions can be met by making the potential continuous

across the boundary

P (p,0) = P2(p,0)

The first of these requires that the derivatives in z satisfy
[3@1 (p, Z)} _ [3‘1’2 (p, Z)J
€ | ————— = & | ————+
0 z=0 0z z=0
Matching the boundary conditions on our solutions in the two regions leads to the

two constraints

9 -
Lo tA=B (9.1)
4 —
€ [47‘(’61 AJ = €2B (92)

This leads to explicit expressions for A and B

A = q (61 - 62)
dme; \ €1 + €

The solution that results is

q q €] — €2 >
P (I‘) _ 47r¢sl\/(z—h)2+p2 + 47r€1\/(z+h)2+p2 (51 + 52) 220

q
2m(er + e2)/(2—h)24p2
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9.2 Thinking about the problem in terms of reflec-
tion and transmission

We would like to extend the two-region problem to a more complicated three-region
problem. To facilitate this generalization, it is useful to re-examine our solutions to the
two-region problem. Note that the form of the solution for the two-region problem
is similar in form to solutions to wave equations. In such problems, an incident
wave encounters a discontinuity, and one finds reflected and transmitted waves. The
electrostatic problem under discussion of course has no waves; however, we can see a
similar form in the solution that we constructed. The electrostatic field of the charge
encounters a discontinuity in the dielectric, which gives rise to an image charge field
in the upper sector (which is a reflection of sorts), and a field that penetrates into
the region with a different dielectric region. We might write the solution in terms of

a reflection and transmission coefficient

q n q -0
(I)(I‘) _ 4ﬂ61\/(z—h)2+p2 T47'L'61 \/(z+h)2+p2 z 2
q

t41r52 /(z—h)2+p?

z<0

where
€ — €2

€1+€2

262
€1 + €2

We note the similarity between these coefficients, and coefficients that one finds for

wave-interface problems.

If we think of the potential solution in this way, then it provides some intuition as
to how to go about constructing a potential solution for the three-dielectric problem

considered in the next section.
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Figure 9-2: Three-region electrostatic problem with a charge above a gap between
two dielectric regions

9.3 The three region problem

We now consider the development of solutions to the Poisson equation in the case of
a charge situated over a gap between two dielectric regions as illustrated in Figure

9-2.

Based on the discussion given above for the two-region problem, we can extend
the basic approach to develop solutions for the three-region problem. The idea is to
imagine an image charge calculation in which the amplitudes of the image charges
are determined from combinations of reflection and transmission coefficients. For
example, we develop a solution from an image charge expansion that can be written

formally as

(I):(b0+®1+¢’2+

In which ®, is the solution in the case that no boundary interactions are included.
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.
2 z >0

dmey v/ (z—h)2+p?

Qo = <0 _L<2z<0

0 z < —L

\

The next term in the expansion includes terms that involve a reflection or transmission

at a single boundary

(

q S
01 dme1+/ (z+h)2+p? z2>0
d, = {pg——9 L <
1 t()l reo r—_—(z—h)2+p2 L <z < 0
0 z< —L

Based on the discussion above, we may write

€1 — €
01 —
€1 + €
260
tor = ——
€1 + €0

The notation for transmission o is that the solution begins in region 1 and ends up
in region 0. The notation for the reflection ryg; is that the solution begins in region
1, encounters a boundary with region 0, and then reflects back into region 1.

The next term in the expansion involves terms with two boundary interactions.

We have

’

0 z>0

— q — L <
2 | Tozotor ameor/(e+ht2L)24p? <z<0

tootor — =
\ 4mear/ (2—h)2+p2

The associated reflection and transmission coeflicients are

z<—L




262
tog = ——
€ + €

In general, we will have

Ez'—(ij

Tign = ———
i
€; + €5

The next term in the expansion involving three boundary interactions is

(

t t 2 z2>0
w07oz0to1 2
b3 = T d —L<
\ 7"010’020t014mo\/(z_h_2L)2+pz <z<0
0 z<~L

\

We can continue to develop such solutions at will. The next one can be written as

4

0 z2>0

P, = To20T010T020t 1 —L<2<0
4 0207 0107020001 =7 e <

z < —L

taoTor0T 020t 4
| 2070107 020%01 /G h

9.3.1 The solution below the gap

From the discussion given above, we may develop a solution for the region below the

gap with dielectric constant e;. We may write

d + 207010702001 d +
dmea/ (2 — h)? + p? dmegy/(z — h — 20)? + p?

(13(2)(1') = t20t01

This can be developed somewhat more compactly in series notation. We have

(1) = tyt rotoTo20]" 7
(r) 20 012{010 020 PR/ Py oy

n

We recall that
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Forar _ €p — €1 € — €

0107020 — 0 + € 0 + €
46062

(60 + 61) (60 + 62)

tootor =

The solution for z < —L is then

R, e ) ;
(0 + €1)(€0 + €2) <=\ + & € + €/ 4mey/(z —h—2nL)?+ p?

If we have another charge ¢ situated at z < —L, then the Coulombic interaction

energy between the charge in medium 1 and the charge in medium 2 is

deger 0 — ) (€ — €\ q
U =
(x) (0 + €1)(e0 + 62)2 (60 + €1> (60 + 62) dmear/(z — h — 2nL)? + p?
(9.3)
9.3.2 The solution above the gap

We can similarly develop a solution in the region above the gap for z > 0. The

solution in this region is

W) = q g q
Uy ey AN Ry Y
+ twrozotor d = + 110702070107 020%01 d +
dre;/(z + h + 2L)% + p? Amer/(z + h +4L)% + p?

This can be written more compactly as

q

q
+r
drer/(z — h)% + p? 1ol dmer/(z + h)? + p?

oW(r) =
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q
drery/(z + h+2nL)2 + p?

n—1
+ E to1 [To207010)" Tozotor

Substituting in for the various reflection and transmission coefficients leads to

W (r) = q N (61 - eo) q
Arer/(z — h)? + p? €1 + €0/ dmey\/(z + h)?2 + p?

4e —a\" e - e\"
4 0€1 Z( 0 1) ( 0 2) q
(€0 + e)(eo+e) =\ + € €0 + €/ dmei/(z+h+2nL)*+

9.3.3 The solution within the gap

Finally, we may use the results above to develop solutions within the gap region. We

may write

q q
“+ To20fo1

dmegr/(z — h)? + p? dmegr/(z + h + 2L)% + p?

q q
4 roarot + To207T0107 0208
0107020 0147r€0\/(72—h*2L)2+p2 02070107020 0147T€0\/(Z+h+4[’)2+p2

we may write this more compactly as

o0

O = Z [To107020]" to1 4
n=0 4W60ﬁ2 —h - 2nL]2 + P2
n q
+Z (To10T020]" Tozoto1
n=0 47reo\/[z+h+2(n+ 1)L + p2

If we substitute in for the various reflection and transmission coefficients, we obtain
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Equipotential lines for a three—region problem

Figure 9-3: The dotted lines are the equipotential lines for an example three-region
problem with ¢/47 taken to be 1 and g =1, €, = €2 = 10, h = 5, and L = 10.

PO — ( 2¢€9 )i(ﬁo - 61)11(50 *Q))n q
€1 + €0 € + € € + €/ dmep\/(z—h—2nL)% + p?

n=>0

2 00 _ n . (n+1)
0 €0 €1 €0 €2 q
+(e +€)Z(60+61) (60+62) 2
1 0/ n=0 47’l’60\/[z+h+2(ﬂ+1)L] +P2

As a demonstration, in Figure 9-3 we compute the field solutions and plot the equipo-
tential lines for a three-region problem.
9.4 Hamiltonian for dipole-dipole interaction across

a gap

We are interested in the development of a Hamiltonian for two dipoles that are sepa-

rated by a gap. To develop an appropriate expression, we begin with the interaction
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energy between two charges on either side of the gap

46062 > € — € " €g — €9 "
(€0+61)(€0+€2)Z <€0+61> (60+62> (94)

n=0

495
X
dmeyn/(2z; — 2+ 2nL)? + (z; — ;)2 + (y; — yj)?

where we assume that the charges are located such that z; > 2j.
The dipole-dipole Hamiltonian is obtained through a process of linearization. For
example, supposed that the charge associated with each radiator is localized in the

vicinity of some center position, so that

Tr; = Xi + 61’2‘

v =Y, + dy

Z; = Zi + 52’1'

Ij = Xj + 51']‘

Y; + oy;

Il

Yj

Z; = Zj + (SZj

We consider the X, Y, and Z variables to define center of mass positions of the
radiators, and the oz, 0y, and 6z coordinates to keep track of the location of the
charge relative to the center of mass coordinates. In this case the static interaction

becomes
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deges = €0 — €1\ [€0— €2 \"
U; =
4 (60"{*62);(604—61) (60+€2>

q:4;

X

The next step is to linearize this expression. For this purpose, it is convenient to
introdue new quantities in order to simplify the notations somewhat. We define the

difference vector

ARn = 1L,(Xi — X)) +1,(Y; = ;) + 1.(Z; — Z; + 2nL)

We also define the deviation vectors

r, = 11(51‘1 + iy(syi + izézi

r, = ix5$] + iyéyJ + iz5zj

With these definitions, we may rewrite the interaction energy as

Uy; = dep€a Z (60 - 61) 4i9;
Y (€0 + €1)(€0 + 62) € +e1 /) 4meARy, + (r; —ry)l

We note that

1 1
AR + (ri — r;)| - \/lARijnlz + 2ARyjn - (ri — ;) + |1 — 142

This can also be written as

1 1 1
IAR»”n + (ri - I'])l (Aannl \/1 + 2AR'J" (ri—r;) + [ri — rjl

‘l nlz
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We recall that the Taylor expansion of v/1 4+ x is

Consequently, we may expand to obtain

AR + (1i — 1)

1 L _ ARy (ry — 1) 1iri-x N 3[ARyj, - (r; — 1;)]? L
|ARju] |ARjn|? 2|ARy.* 2 |ARjn|*

Here we have kept terms up to second order in r; — r;. This can be recast as

1
Rijn + (ri—1;)]

1 ARyjp - (ri —15)  1|r =1 n 3[ARy, - (r — r;)]° 4o
|AR;5,| - JARy;, 3 2 |AR;12 2 |AR;jn|

From this we are able to extract the dipole-dipole interaction. The terms in this
series that are responsible are the ones involving a single occurrence of r; and a single

occurrence of r;. These terms are

L nen o ARARy x)
‘ARUnls lARij"‘5

Using this result, we may obtain the dipole-dipole Hamiltonian Hin

IA{int = 46062
(eo + €1)(€0 + €2)
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Xi (60-61)” <60—62>n 1 [ dsz 3(d,,AR.Un)(AR,,’]nd])

€+ € €p + €2 4Teq IAR»z]nP B IARU'ﬂIs

n=0

where dy is the dipole operator

di = qirg

This can also be written as

[:Imt _ 46062
(Eo + 61)(60 + 62)

Zfeo—ea\" [eo—e\" 1 A
d; - d; — 3(di - i) (Lijn - d;
Xz <€0+€1> (€0+€2) 47T€2,AR,;]'”I3 [ J 3<d 1‘7 )(1‘7 dj)]

n=0

where

’ |AR;0|

9.5 Discussion

We have derived the classical expression for the interaction energy between a pair of

electrons located in two media separated by a gap. We can apply this result to obtain

the Coulomb coupling matrix element U by taking the expectation of the interaction

energy over the product electron states of the hot-side and the cold-side. Namely,

U = (b,1|U;;la, 2) where states a, b, 1, and 2 are as defined in Chapter 7 and U;; is

as in Eq. 9.4. In the next chapter we then aim to calculate the wavefunctions of the

electrons for a given design of the quantum wells. In this chapter we have also derived

a formula for the dipole approximation of the interaction energy, which will be useful
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later on for analyzing the case where the hot-side material consists of a continuum of

small absorbing dipoles.
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Chapter 10

Numerical modeling of quantum

dots

In our quantum-coupled conversion scheme we have assumed the existence of quantum
wells containing one or two discrete levels. To implement such wells one can embed
a semiconductor material with a lower conduction bandedge in a matrix of another
semiconductor material with a higher conduction bandedge, forming a quantum dot.
Given suitable conduction bandedge difference between the two materials, we can
expect one or two discrete electron states to reside in the dot if the dot size is small
enough. In this chapter we briefly explain the numerical method used to compute the

energies and wavefunctions of the dot states.

10.1 Simple potential

Let us consider a quantum well sitting against a vacuum gap with conduction band-
edge profile as depicted in Figure 10-1. Material 2 has an elevated conduction band-
edge relative to that of material 1. The potential goes to infinity at the boundary
with the gap as the electron should not escape into the vacuum gap. A bound-state

of the quantum well satisfies the time-independent Schrodinger’s equation:
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h2d< 1 dy(z)

C2dzx mz) dx

> +V(z) -¢(z) = E-4(z) (10.1)
where V() is the potential profile and m(z) is the space-dependent effective mass
of the electron. Region 1 consists of a homogeneous material with electron mass
denoted m,. Region 2 consists of another homogeneous material with electron mass

denoted my. Within region 1 or region 2, the mass is constant and we can write the

Schrédinger’s equation as

_h? dPy(a)
2m  dx?

+V(z)-¢(z) = E-y(x)

From Eq. 10.1, the following boundary conditions need to hold at the boundary

between the two materials (z = d) to avoid impulses in the wavefunction:

P(d”) = p(d") (10.2)
Ldp(z)| 1 du(a)
myodz |y omy d |y 109

10.2 Numerical scheme

We can solve the Schrédinger’s equation numerically via finite-difference schemes.
Lets suppose we put Ny — 1 grids in region 1 and N, — 1 grids in region 2. See
Figure 10-2. We can use a simple three-point differencing scheme for the second
derivative (with O(h?) error where h is the spacing between adjacent grids on the x

axis), resulting in the following equation:

_71_2 [%’—1 —2¢i+ 90

o %) J + Viz;) -y = E-4y

where m is equal to m; in region 1 and equal to m; in region 2. The above equation
applies to grids of which neighboring grids are well-defined without any problem, but

for grids near the boundaries we need to take extra care. What are the values of the
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material 1
region 1

material 2
region 2

Figure 10-1: One-dimensional potential profile for a quantum well sitting against the
gap. Material 2 has an elevated conduction bandedge relative to that of material 1.
The potential goes to infinity at the boundary with the gap.

139



wavefunction at the boundary? The wavefunction should be zero at the gap boundary
as the potential is infinity there: 1) = 0. Since a bound-state wavefunction decays
away exponentially in region 2, we take ¥y, yn,-1 = 0. At the boundary between
region 1 and region 2, we are subject to the boundary conditions Eq. (10.2) and Eq.
(10.3). Denoting the wavefunction at the boundary to be ¢, we can use a simple
two-point differencing scheme with O(h) error to express Eq. (10.3):

=Yy 1 YN -

m h Mo h

which solves to give

My YNy -1+ M1 - P,

- 10.4
The Schrédinger’s equation at xy,—; is originally:
B2 (6= 2wt + Y,
—27711 [ Ih‘Z . +V($N1—1)'1’DN1_1 == E'le—l (105)

We eliminate ¢ by applying Eq. (10.4) into the above equation to obtain:

hz —2m1 - Mo 2m1 -+ mo
- ~ — 2 +V(zN - -1 =FE-9Yn,_
2m, - h? K my + ms >¢N1 1t (m1+m2 Yni-z| TV (@) Vi
(10.6)

We can construct a similar equation for grid zy,. Altogether, we can obtain a matrix

equation of the following form:

HY=FE %

where ) is a column vector containing 1, ¥z, -+, ¥nN,+N,—2. The above is a matrix
eigen problem and we can use any of the available matrix packages to solve for the
eigen-values and eigen-vectors to give us the energies and wavefunctions of the bound

states.
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Figure 10-2: Finite-difference scheme with the grid discretizations shown.

10.3 Order of error

We have described the basic approach to solving bound-state energies and wave-
functions of one-dimensional quantum wells. This approach can be generalized to
solve two-dimensional and three-dimensional potential well problems. One important
point to note is the order of error. In the above example we have used a O(h?) three-
point differencing scheme for the second derivative and a O(h) two-point differencing
scheme for the first derivative of the boundary condition. Altogether, the accuracy
is limited by that of the boundary condition and the overall error is of order O(h).
Therefore, to achieve desired accuracy one would need to match the order of error
for both the second derivative discretization of Schrodinger’s equation and the first
derivative discretization of the boundary condition. In this chapter we demonstrate
the numerics with three-point differencing scheme for the second derivative and two-
point differencing scheme for the first derivative for the sake of clarity. In the next
chapter we describe a quantum dot implementation of our device, and in calculating
the three-dimensional wavefunctions of the dot states we have used a six-point differ-
encing scheme for the second derivative and a five-point differencing scheme for the
first derivative, resulting in O(h*) order of error (see pp. 914 of [19] for the associated
formulae). Using a higher point differencing scheme could increase the error order
but would also require more grids, leading to a longer simulation time. To keep the

run time manageable, we have used six grids in each of the regions in each of the di-

141



mension for the three-dimensional quantum dot problems. Even though the relatively
low number of grids might lead to some error, the analysis suffices here as our focus
1s on the new thermal to electric conversion scheme and not on precise calculations

of quantum dot wavefunctions.

10.4 Two-dimensional scheme

We describe how to generalize the numerical method to solve two-dimensional prob-
lems. Figure 10-3 shows a two-dimensional well sitting against an infinite potential
wall. The potential is lower inside the square and higher outside, and it goes to in-
finity at the wall to the right of the square. We put grids on the z-y plane as shown
in Figure 10-4. The numbering of the grids starts from the upper left and increases
from right to left and top to bottom. There are n grid points in each row. The line
on the right indicates the infinite wall while the square indicates the potential well.

The Schrodinger’s equation reads

h?
2

v( L w<w,y>) F Vi@yi(ey) = E-ploy)

m(x,y)

Inside a homogeneous region, the Schrodinger’s equation can be expanded as

2m

h2 82 82
{%5 + a—y—z} Y(z,y) + V(z,y)b(z,y) = E-¢(z,y)

Differencing gives

_71_2 r/}jq — 295 + Y n Yi—n = 20 + Yjn

where h, is the spacing between adjacent grids on the x axis and A, is the spacing
between adjacent grids on the y axis. For the boundary condition we can use the
one-dimensional result Eq. 10.4. For example, Figure 10-4 shows a boundary relation

in the y direction among ¥x_,, ¢, and ¥y:
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M- Yg—n + Mo Yi
my1 + me

¢ = (10.7)

where m; is the electron mass inside the well and ms is the electron mass outside the

well. Figure 10-4 also shows a boundary relation in the z direction among v, 6, and

d)g—ﬂ

g = ™Yo F M2 Yo (10.8)

mi + Mo

We use Eq. (10.7) and Eq. (10.8) to eliminate ¢ and 6 from the differenced Schrédinger’s
equations, similar to the one-dimensional case of going from Eq.(10.5) to Eq. (10.6).
Therefore we can construct and solve a matrix eigen problem for a column vector
1 containing all the ¥;’s. Figures 10-5, 10-6, and 10-7 show the three bound-state
wavefunctions for an example two-dimensional potential well as described above. The
well has a width of 45 A in the z direction and a width of 145 A in the y direction.
The potentail inside the well is 697 meV lower than that outside the well. The ef-
fective electron mass outside the well is 0.067mg, where my is the free electron mass.
The effective electron mass inside the well is 0.024m,. The calculation is done with
a six-point differencing scheme for the second derivative and a five-point differencing
scheme for the first derivative, The number of grids used is 120 in the x direction and
90 in the y direction. We can see from the figures that in the z direction the well is
only wide enough to hold one state while the well is wider in the y direction. The

well holds three states and the excitations are in the y direction.

10.5 Three-dimensional problem

In this section we consider a three-dimensional potential well problem. Figure 10-8
shows a cubic shape quantum dot sitting against an infinite wall. The potential at
the wall is infinite and the potential inside the well is lower than that outside the

well. The Schrédinger’s equation reads
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Figure 10-4: Grid discretizations for the two-dimensional potential well problem.
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Figure 10-5: Normalized ground-state wavefunction of the two-dimensional potential
well.
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Figure 10-6: Normalized first-excited wavefunction of the two-dimensional potential
well.
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Figure 10-7: Normalized second-excited wavefunction of the two-dimensional poten-
tial well.

hZ

9 \% (—l—vw(mvy#z)) + V(xmyaz)w(mvyiz) = E'lb(f:yaz)

m(z,y, 2)

Inside a homogeneous region, the Schrondiger’s equation can be expanded as

2m

3 [ g B 2

=+ g+ a_"} B(@y2) + Viz,y, 2@ y,2) = B-$(z,y,2)

We discretize the problem with grids shown in Figure 10-9. The numbering of the
grid increases with increasing x coordinate, then increasing y coordinate, and finally
increasing z coordinate. There are n grid points in the z direction and g grid points

in the y direction. Differencing the Schrddinger’s equation gives
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e S ) + Yimn = 25+ jan | Vjong = 205 F Vit
m 72 h2 n2

+V(xj>ijzj)¢j = E,lp]

where h, is the spacing between adjacent grids in the x direction, h, is the spacing
between adjacent grids in the y direction, A, is the spacing between adjacent grids in
the z direction. The boundary condition Eq. 10.4 still applies in the three-dimensional
case. Again, a matrix eigen problem for the vector of ¢’s can be developed and solved.
We calculate the bound states for the problem of 45A x 145A x 45A size quantum
dot in the x, y, and z directions with the potential inside the dot being 697 meV
lower than outside. The effective mass inside the dot is 0.024 my and that outside
the dot is 0.067 mg. The calculation is done with a six-point differencing scheme
for the second derivative and a five-point differencing scheme for the first derivative,
The number of grids used is 24 in the x direction, 18 in the y direction, and 18 in
the z direction. Figures 10-10, 10-11, and 10-12 show the cross-sectional view of the
normalized ground-state wavefunction in the x-y, z-z, and y-z plane. Figures 10-13,
10-14, and 10-15 show the cross-sectional views for the first excited state. Due to the
additional dimension leading to a lower level of confinement, this three-dimensional
potential well only has two bound states as opposed to three as in the case of the
two-dimensional potential well. It can be seen that in the z and z directions the well
holds only one state while in the y direction the well is wider and holds one more

excited state.
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Figure 10-8: Three-dimensional potential well sitting against an infinite wall.
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Figure 10-9: Grid discretizations for the three-dimensional potential well problem.
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Figure 10-10: x-y cross-section view through the center of the quantum dot for the
normalized ground-state wavefunction of the three-dimensional potential well prob-

lem.
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Figure 10-11: x-z cross-section view through the center of the quantum dot for the
normalized ground-state wavefunction of the three-dimensional potential well prob-

lem.
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Figure 10-12: y-z cross-section view through the center of the quantum dot for the
normalized ground-state wavefunction of the three-dimensional potential well prob-
lem.
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Figure 10-13: x-y cross-section view through the center of the quantum dot for the
normalized first-excited state wavefunction of the three-dimensional potential well

problem.

150



N

T/ DO

i
L&)]
i

\

normalized wavefuction (1.’(Angstrom)3"2)

S
o

80

40

100 20

X axis in Angstrom Z axis in Angstrom

Figure 10-14: x-z cross-section view through the center of the quantum dot for the
normalized first-excited state wavefunction of the three-dimensional potential well
problem.
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Figure 10-15: y-z cross-section view through the center of the quantum dot for the
normalized first-excited state wavefunction of the three-dimensional potential well
problem.
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Chapter 11

Quantum dot design, issues, and

parameters

We have done much analysis on the quantum-coupled thermal to electric conversion
scheme. To further explore the feasibility of such a scheme, we present a particular
design of the device where quantum dots are used to implement the potential wells of
the scheme. Even though the precise fabrication of the device seems difficult, there
has been evidence showing research progress towards the various components essential

to the implementation of the design.

11.1 Design basics

Here we outline the basic quantum dot design of the thermal to electric converter.
Please refer to Figure 11-1. The hot-side consists of a semiconductor substrate with
a quantum dot on the surface having two levels matched to those of a cold-side dot.
There is a doped layer of semiconductor underneath the hot-side dot which acts as a
reservoir. Across the gap, the cold-side has two quantum dots on the surface. Dot 1
has two levels (levels 1 and 2) and they couple to the hot-side dipole via a Coulomb
interaction. Dot 2 has one level (level 3) and it couples to the excited level (level
2) of dot 1 through tunneling. The lower level (level 1) of dot 1 relaxes to reservoir

1, which is at ground voltage. The dot 2 level relaxes to reservoir 2 which is at an
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Reservoir 1

Reservoir 2
Cold-side

Figure 11-1: An example implementation of one unit of the device. The hot-side has
a dot facing dot 1 across the gap. The hot-side dot has two levels matched to those
of dot 1. Dot 1 holds two levels and dot 2 holds one level. The dots are presumed
to be implemented in a substrate that is not shown. There is a layer of reservoir
underneath the hot-side dot which is also not shown. Reservoir 1 is at ground while
reservoir 2 is at an elevated voltage. The unit is repeated over a larger area with
common reservoirs 1 and 2.

elevated voltage. Reservoir 1 has a branch off the bus in order to couple the lower
level of dot 1. The branch is horizontal to dot 1 and it faces the center of dot 1
with a distance. Reservoir 2 is parallel to dot 1 and it runs on the surface next to
dot 2 with a distance. The cold-side structure is repeated over the surface with the
reservoir 1 buses linked together and the reservoir 2 buses linked together. Reservoir
1 and reservoir 2 are connected through the load. Figure 11-2 shows an array of the

device units and their interconnections.

11.2 Materials and dimensions

The hot-side is at temperature 600 K and the cold-side is at 300 K. Dot 1 has a
x X y x z dimension (145 A) x (45 A) x (45 A) and is implemented using InAs. The

energy separation of the dot 1 levels is 92 meV. Both reservoir 1 and reservoir 2 are
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Figure 11-2: A schematic showing how the individual device units might be inter-
connected. The dots are presumed to be implemented on a substrate that is not
shown.
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made up of n-type InAs with 6 x 10'®* ecm ™ doping. The hot-side is made up of InAs
quantum dots on GaAs matrix, with the dots having the same size as the cold-side dot
1. The hot-side dot and the cold-side dot 1 are aligned such that they face each other
across the gap. There is a layer of n-type 2.1 x 10'8 em~ doped InAs 65A below
the hot-side dots. On the cold-side, dot 2 is assumed to be InAs, with dimensions
(45 A) x (45 A) x (70 A), and is horizontally pointing to the top part of dot 1. The
wavefunction of the excited level of dot 1 has a peak in the upper half of the dot in
x direction. On the other hand, the ground state wavefunction of dot 1 has a peak
in the middle of the dot and is of lower value than the excited level in the upper
half of the dot. Therefore, having dot 2 horizontally pointing to the upper half of
the dot makes the dot 2 level couple to the excited state of dot 1 preferentially due
to the spatial configuration. In addition, the excited state of dot 1 is more extended
and it couples to dot 2 more strongly due to its higher tunneling probability. Dot
2 holds a level that is lower than the excited level of dot 1 by 40 meV such that
at a voltage of 40 mV they become resonant. Note that Figure 11-1 is not drawn
to scale. The distance between dot 1 and dot 2 is 35 A. The reservoir 1 branch
with transverse size (10 A) x (10 A) is horizontally positioned 30 A away from the
center of dot 1. Due to this spatial orientation, reservoir 1 coupling to the excited
level of dot 1 is much smaller than the coupling between reservoir 1 and the ground
state of dot 1. Reservoir 2 is located 30 A away from dot 2 and it has a transverse
size of (45 A) x (45 A). The substrate on the cold-side is GaAs. The gap thickness
is assumed to be nanometer-scaled. Gaps of 5-15 nm are well within the present
state of the art [20] and a nanometer gap has been used to demonstrate cooling by

room-temperature thermionic emission [21].

We have picked the material choice of InAs/GaAs because this is one of the most
extensively studied quantum dot systems. The purpose of the substrate is to hold
the dots and reservoir in place and also to provide finite barrier between the dots for

tunneling to be possible.
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11.3 Fabrication issues

The fabrication of quantum dots presents a challenge. The quantum dots need to meet
two criteria. First of all, the dots need to be small enough to contain only one or two
states. One common method of quantum dot fabrication is the Stranski-Krastanow
(SK) growth mode, namely strain-induced self-organization growth of quantum dots
[22]. Using the SK growth, InAs/GaAs quantum dots containing as few as three
states have been reported [23] (flat elliptical lens-shaped dots with height 2.5 nm and
base length 25 nm) and it is conceivable that fewer-state dots are achievable. Second,
precise positioning of the dots is required. Using pre-patterned templates with the
SK method, growth of InAs/GaAs dots on designated areas has been carried out

[24, 25, 26, 27], but exact positioning of single quantum dots is still difficult.

There are other nanofabrication techniques aside from the SK method. FElectron
beam lithography has been shown to produce resist dots of approximately 5 to 6
nm[28]|. Scanning tunneling microscope lithography has been used to fabricate 15 nm
wide trenches in Si [29]. Dip-pen nanolithography has been used to write alkanethiols
with 30-nanometer linewidth on a gold thin film [30] and to deposit AuCi2HgsS (2.5
nm in diameter) gold nanocluster islands (lateral dimensions 67 nm x 72 nm) on
a silica surface. It is possible that these methods could be adapted to construct

nano-structures demonstrating the quantum properties we desire.

Another fabrication issue is the highly ordered nano-sized reservoir array as shown
in Figure 11-2. The reservoir branch that couples to the cold-side dot requires smaller
dimension and might be implemented as conductive carbon nanotubes. The size of
single-well carbon nanotubes is typically 1 to 3 nm in diameter [31]. The reservoir
interconnects could potentially be of larger sizes and might be implemented as doped
regions or semiconductor nanowires. Doped regions can be shaped by resist of which
resolution can be 5 to 6 nm with electron beam lithography [28]. Good control over
the diameter and length of nanowires has been demonstrated in nearly monodisperse

indium phosphide nanowires of diameters 10, 20, and 30 nm and lengths 2, 4, 6,
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and 9 pm [32]. Doping is required to make the nanowires into electron reservoirs
and we have seen examples of B-doped silicon nanowires of diameter 150 nm and
P-doped silicon nanowires of diameter 90 nm [33]. Connecting individual wires into
the complex branched array structure of Figure 11-2 presents a great challenge, which

would require further research.

11.4 Parameter estimations

Having specified a design of the device, we wish to evaluate 1ts performance. Before
we can do so, we need to estimate the various material parameters associated with

the design.

11.4.1 Quantum dot parameters

A calculation of the energy levels in InAs/GaAs quantum dots is performed in [34]
and we use their conduction band discontinuity of 697 mV in this work. Unlike [34]
which assumes a unique effective mass 0.067 throughout the structure, we use the
InAs effective mass 0.024 in the InAs region and the GaAs effective mass of 0.067 in
the GaAs region. The two levels in dot 1 are computed to be 525 meV and 617 meV
above the conduction bandedge of InAs. The level in dot 2 is computed to be 577 meV
above the conduction bandedge of InAs. Following the numerical method described
in the previous chapter we calculate the quantum dot wavefunctions. The Coulomb
coupling matrix element is obtained by applying the wavefunctions to the three-region
Coulomb interaction energy result using Eq. 9.3. As is done in [35], we use the square
of the refractive index at the transition frequency as the dielectric response in Eq. 9.3
instead of the static dielectric constant. The tunneling matrix element is estimated

to be V = 3.3 meV, which matches a relaxation time of //V = 0.2 ps.

11.4.2 Fermi levels

Solving the following equation gives the Fermi level of the reservoir:
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ND = NCFI/Q(T]C)

where Np is the doping level and N, is the effective density of states of the conduction
band of InAs 8.7 x 10! em™®. Fy, is the Fermi-Dirac integral of order 1/2. 7. is
the normalized energy spacing between the Fermi level and the conduction band edge
n. = (Er — E.)/kT. Both the hot-side and the cold-side reservoirs are solved to
have the Fermi level above the conduction band edge by 525 meV, matching the
ground-state energy of dot 1 and the hot-side dot.

11.4.3 Relaxation times

The relaxation times on the hot-side dot levels is estimated using the approach de-
scribed in Chapter 13. For the hot-side dot, the ground state relaxation time is
calculated to be 0.2 ps while that of the excited state is estimated to be 0.06 ps. On
the cold-side, level 1 and level 3 also have a relaxation time of 0.2 ps. The relaxation

of level 2 is considered below.

11.4.4 Loss

As noted before, the relaxation of level 2 in dot 1 constitutes loss. This relaxation
consists of three components. The first component is the phonon-assisted relaxation.
The second component is the relaxation into reservoir 1. The last component is the
relaxation into surface states. The phonon-assisted [23] relaxation is characterized by
a relaxation time of 37 ps from [23]. The level spacing between the two levels in dot
1 is 92 meV, which is 20 meV detuning from 72 meV, a multiple of the GaAs LO-
phonon energy hwy=36 meV. This detuning is the same as that in [23] and therefore
we use their measured lifetime of 37 ps as the phonon-assisted loss relaxation time of
the excited level in dot 1. This lifetime of QD levels is considerably longer than that
of bulk or two-dimensional heterostructures because there are no levels to relax to
at hwo harmonies; namely, the density of states is restricted. In addition, the pola-

ronic nature of the confined electron coupled to the phonon [23] results in inefficient
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phonon-assited relaxation, and therefore implementing the cold-side with quantum
dots has an advantage of lower loss compared to the two-dimensional heterostructure

implementation.

The lifetimes for the relaxations into reservoir 1 and the surface are estimated using
the approach described in Chapter 13. The lifetime of level 2 relaxation into reservoir
1 is estimated to be 20 ps. The relaxation time into the surface states is dependent on
how far the dot is from the surface and in principle can be made long. A discussion on
the relaxation into surface states is deferred to Chapter 13. Here we only consider the
effects of the phonon-assisted relaxation of lifetime 37 ps and relaxation into reservoir

1 of lifetime 20 ps. The total equivalent relaxation time is

1 1 \!
~ 13
(20 ps T 37 ps) ps

11.5 Discussion

A specific quantum dot design of the proposed thermal to electric conversion has been
decribed and the various parameters associated with the design have been estimated.
We are now in a position to apply the parameters to our augmented secular equations
model and to obtain numerical device characteristics, which will be the topic of next

chapter.
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Chapter 12

Numerical results

In the last chapter we have given a quantum dot design of the quantum-coupled single-
electron conversion scheme. We have also given specific values to all the essential
parameters of the design except the Coulomb coupling, which is dependent on the
gap thickness. In this chapter we present numerical results of the device performance

for the case of 5 nm gap, and also give the gap-dependence of the load power.

12.1 Load power and efficiency

For a gap of 5 nm, the Coulomb coupling matrix element U is 2.5 x 1074 eV. We
assume each device unit occupies an area of 1000 A x 1000 A. We assume that at
this size dot 1 only couples to the hot-side dot directly across the gap and it does
not couple to other hot-side dots 1000 A or further away. The calculated device load
power as a function of voltage is shown in Figure 12-1. The load power is similar to
a parabolic curve of a typical thermoelectric device characteristic with the maximum
value occurring somewhere in the middle of the voltage range. The maximum load

power is 23 mW /cm? at a voltage 27.5 mV with a corresponding efficiency of 26%.

The calculated conversion efficiency along with the dashed line Bloch equations
result ¢- V/AE is plotted in Figure 12-2, where q is the electron charge, V is the volt-

age, and AFE is the energy spacing of the dot 1 levels. Intuitively, after an excitation
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transfer occurs, one electron on the cold-side receives energy AE and then does work
q-V on the load. Therefore, we expect the efficiency to be simply ¢-V/AE. However,
there are complications to this simple argument. First of all, because the dot levels
have finite relaxation times, their energies have spreadings due to the energy-time un-
certainty relation. Therefore the excitation received from the hot-side is not exactly
AFE. Second, the excited level of dot 1 has a relaxation that constitutes loss and this

degrades the efficiency.

Please refer to Figure 12-2. Initially the efficiency increases with voltage roughly
following the ¢ - V/AFE line until it reaches its maximum value 43% at 42 mV. The
loss takes greater effects beyond this point and the efficiency drops rapidly with
further voltage increase. The corresponding load power at the maximum efficiency is

8 mW /cm?.

The efficiency is rather independent of the gap thickness for a given device, but the
load power is strongly dependent on the Coulomb coupling matrix element and thus is
dependent on the gap. Figure 12-3 shows the maximum load power for gap thickness
1 nm through 10 nm. The maximum load power drops from 257 mW/cm? at 1 nm
to 3.4 mW/cm? at 10 nm. The thermal power follows a similar gap-dependence to
go from 1.66 W/cm? at 1 nm to 152 mW/cm? at 5 nm to 23 mW/cm? at 10 nm.
At larger gap thickness, the dipole-dipole interaction energy has a 1/R3 dependence,
where R is the distance between the two dipoles. The Coulomb matrix element U
thus has a 1/R? dependence and is small at large gaps. The current and power then

have a U2 Golden rule dependence and the dependence on distance is 1/ R®.

12.2 Comparison with TPV and MTPV

We compare the performance of the quantum dot design with that of TPV and
MTPV. The figures for TPV are taken from the experimental results of [8]. The
numbers for MTPV are experimental results from [4] done at a 0.12 um gap. Figure

12-4 shows the total thermal power transferred from the emitter to the TPV diode
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Figure 12-1: Load power versus voltage for a 5 nm gap implementation of the design.

The maximum load power is 23 mW/cm? at voltage 27.5 mV with a corresponding
efficiency of 26%.
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Figure 12-2: Efficiency versus voltage for a 5 nm gap implementation of the de-

sign. The maximum efficiency is 43% occurring at voltage 42 mV with load power 8
mW /cm?.
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Figure 12-3: Maximum load power for gap thickness from 1 nm to 10 nm. The
maximum load power drops from 257 mW /cm? at 1 nm to 3.4 mW/cm? at 10 nm

or quantum converter. Also shown are the blackbody limit oT* for TPV and the
evanescent coupling limit n?sT* for MTPV, where n? is the averaged refractive index
of silicon for the case of [4]. The calculations for the quantum dot design assume a
lower temperature of 600 Kelvin and we have presented two results, where the higher
power case corresponds to a design with 1 nm gap and the lower one corresponds to
a design with 5 nm gap. Both power per unit area and power per unit active area
are presented. Note that the load power for our device is dependent on the density
of device units, and we have assumed a 100 nm x 100 nm device unit area. Recall
that the active area fill factor assumed is 0.0065 and the power per unit active area
represents the potential power the device can achieve. It is clear from Figure 12-4
that the TPV power is an order of magnitude or lower than the blackbody radiation
limit and the MTPV power is also an order of magnitude lower than the evanescent
coupling limit, while the quantumd dot design of the single-electron conversion scheme

can potentially exceed these limites by orders of magnitude.

Figure 12-5 shows the conversion efficiency for TPV [8] and the quantum-coupled

scheme, along with the Carnot limit, the fundamental upper bound for thermal to
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Figure 12-4: Thermal power for TPV, MTPV, and quantum dot design with 1 nm
and 5 nm gaps. The values for TPV and MTPV are experimental results from [§]
and [4]

electric conversion efficiency. The efficiency for the MTPV is not available. The 1 nm
gap and 5 nm gap cases have the same efficiency and therefore only one data point is
shown for the quantum dot design. We see that the potential conversion efficiency for
the quantum dot design is high, approaching the Carnot limit, while the efficiencies
for TPV are below 30% of the Carnot limit. Note that in our present calculation we
have neglected Coulomb-coupled heat flow, which is expected to be the dominant loss
mechanism. We have derived a formula for the evaluation of this loss in Appendix C

and a calculation will be carried out in the future.

12.3 Constraints

The load power is constrained by how fast electrons can be transported between
the quantum dots and the reservoirs, namely the relaxation times, and how fast the
excitation can be transferred from the hot-side to the cold-side, namely the Coulomb
coupling. It appears that with this design, the Coulomb coupling matrix element

is the bottleneck to the load power. For the quantum dot design at 5 nm gap, the
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Figure 12-5: Efficiency for TPV and quantum dot design. The efficiency for the
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data point is shown for the qauntum dot design. The values for TPV are experimental
results from [8]. There is no efficiency value reported in [4] for MTPV.
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Coulomb coupling matrix element is U = 2.5 x 107* eV, corresponding to a time scale
g g

of h/U = 2.6 ps, an order of magnitude slower than the relaxation time 0.2 ps.

The Coulomb coupling matrix element is constrained by two factors. First, the
high dielectric constants of the hot-side and cold-side semiconductors decrease the
interaction energy between a hot-side electron and a cold-side electron. Second, the
transition dipole moment between the two levels in dot 1 is small, due to the small

size of dot 1 and arising from the limitation that dot 1 has only two levels.

12.4 Discussion

We have shown that a quantum dot design of the quantum-coupled conversion scheme
could lead to high efficiency and decent load power. There is no fundamental limit
such as the blackbody limit or the evanescent coupling limit to the power of our device,
and the calculations have shown that indeed the power of the quantum dot design
of the single-electron conversion scheme could greatly exceed those limits. Also, the

predicted efficiency of is very high.

It is natural to ask if there exists an alternative design of the quantum-coupled

single-electron conversion scheme, and in the next chapter we consider such a design.
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Chapter 13

Relaxation times

Relaxation times are important paramters critical to the function of our proposed
device. In this chapter we consider how to estimate the loss relaxation time of level 2
in dot 1 and the lifetime of relaxations into reservoirs for other levels. As mentioned
in Chapter 11, the loss relaxation time of level 2 consists of phonon-assisted relaxation
and relaxations into reservoir 1 and surface states. In our design, the InAs dots are
right on to the surface, and therefore we expect the interactions of the quantum
dots (QD) levels with surface states to degrade the QDs’ optical properties [36] and
contribute to loss. In order to reduce loss, we could position the QDs underneath the
surface to decrease these interactions at the expense of weaker Coulombic coupling
between the hot-side and the cold-side dots. Here we investigate how the loss is

affected by the distance between the QDs and the surface.

13.1 Measurement

The photoluminescence (PL) intensity and the corresponding lifetime are measured
for InAs QDs in a GaAs matrix with varying distances to the surface [36]. Note
that the lifetime measured in [36] is that of electron-hole pair creations and not
intersubband transitions as in our thermal to electric conversion scheme. However,
this lifetime still contains information about the effects of the surface states. The

emission lifetime decreases from 550 ps for the distance to the surface of 51 nm
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to 65 ps for the distance of 9 nm [36]. This decrease in lifetime is caused by the
competition between the capture of the photocarriers in the QDs and the surface
states [37]. Therefore the capture of the carriers by the surface states is on the order
of 65 ps for the distance of 9 nm to the surface. Note that as the distance to the
surface decreases, the linewidth increases faster than the decrease in lifetime [36] due
to the partial strain relaxation in the thin layer between the QDs and the surface [37]
and this effect should not be mistaken as the surface states effects. As the distance
to surface is decreased further from 9 nm, the surface states effects would be more
pronouned and potentially could be detrimental to the efficiency of our device. To
control the distance to the surfaceof the QDs, one first grows InAs QDs on GaAs
surface and then caps the QDs with GaAs growth of desired thickness [37].

13.2 Simple one-dimensional analysis

In this section we describe a simple model for the relaxation caused by the surface
states. Plotted in Figure 13-1 is the normalized wavefunction magnitude squared
(|®]?) versus the distance to the surface for a ground state electron residing in a one-
dimensional InAs quantum well of width 1.5 nm sandwiched by GaAs layers. There is
not a numerical value for the QD height given in [36], and our choice of 1.5 nm width
is a result of fitting our calculation to the measured lifetime for the distance of 9 nm
in [36]. Note that the discontinuity in slope comes from the different effective masses,
0.067 for GaAs and 0.024 for InAs. The two vertical lines in the graph at 9 m and
10.5 nm indicate the two InAs/GaAs boundaries. The GaAs region to the right of the
InAs region, denoted region II, is assumed to extend to infinity. The GaAs region to
the left of the InAs region, denoted region I, has a width of 9 nm and its left boundary
is the surface to the gap. In our calculation we have assumed that the wavefunction
slope going into the surface is zero. Following the Gamow approximation approach
in section 8.5 of [10], an estimation of the decay rate v, caused by the surface states

is
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where k is the wavenumber and m is the electron effective mass, both in the InAs
region. The variable « is the decay constant of the electron wavefunction in region
I. Here d refers to the thickness of region I. The variable f denotes the chance of
an electron approaching the surface getting captured by the surface states, and it
is assumed to be 1 in this calulation. The reasoning behind this expression is as
follows. An electron rattles inside the well with a velocity ik/m. Therefore the rate

at which the electron hits the left boundary of the well is 5— = dthhfff TnAs well) The

tunneling probability for the electron to tunnel to the surface is e722¢, Multiplying
the above two quantity with the chance of surface state capture gives us the Gamow

approximation [10].
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When the QD’s are away from the surface, the QD’s have a PL lifetime of 550 ps.
Therefore, the total PL decay rate is the sum of contributions from the surface and

the bulk 550 ps decay:

v 78+550ps

and the expression for the lifetime is

-1

T = <2m X (widt}:lkof region I) e 5501 ps) (13.2)

Shown in Figure 13-2 are the measured lifetimes from [36] and the calculated lifetimes
for various distances to the surface. The lifetime is predicted to drop dramatically as
the distance shortens. There are several ways of increasing the lifetime of the electron.
First of all, we can increase the width of the InAs well, leading to a lower energy and
less extended electron state, hence lowering the interactions between the electron state
and the surface states. Figure 13-3 shows the improvement in lifetime if the InAs well
is made 3 nm wide. We can also use a material with a higher conduction bandedge
for region I, effectively increasing the barrier height of region I and protecting the
electron in the well from interacting with the surface states. Figure 13-4 shows the
effect on the calculated lifetime when region I has a band edge 500 meV higher than
that of GaAs. Finally, we can use a material with a heavier electron mass for region
I to make it more effective in separating the electron from the surface states. Plotted
in Figure 13-5 is the longer estimated lifetime for the case of an 0.2 effective mass

carrier in region I.

13.3 Surface modifications

Functionalization of the surface could supress surface state density and improve the
carrier lifetime of QDs. This has been demonstrated in the case of self-assembed

1.6 nm octadecylthiol (ODT) monolayer on the GaAs surface [38]. Growth of ODT

monolayer on the GaAs surface suppresses the surface state densities by arsenide-
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Figure 13-3: Calculated lifetime for the case of an increased InAs well width to 3 nm
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sulfide coupling [38]. The PL intensity is increased by up to a factor of 1.9 after
the coating of the ODT monolayer for the cases of InAs QDs 10, 20, and 30 nm
underneath the surface. We would also expect improvement in relaxation time after
the functionalization of the GaAs surface. The chemical stability of the ODT coating
is good as the PL intensity is measured to be pretty much the same after leaving
the sample in air at room temperature for a month [38]. The thermal stability of
the ODT coating is also good as demonstrated through the PL measurement after

heating the sample at 573 K [38].

13.4 Bulk defects

There exist defects and impurities in GaAs and other III-V semiconductors [39].
Hydrogen can be used to neutralize or passivate these defects and an increase by
a factor of up to 50 has been observed in the room-temperature emission of bulk
InAs/GaAs self-assembled QDs subjected to a hydrogen-passivation treatment [39].
The 37 ps lifetime measurement of [23] was done on a sample without any passivation
step [40], and hence it is possible to reduce the loss of level 2 via suitable bulk (and

surface) passivations.

13.5 Discussion

It has been shown experimentally that bringing quantum dots closer to the surface
decreases their lifetime due to carrier capture by the surface states. The measured
capture time 65 ps at a distance of 9 nm to the surface is longer than the level 2
lifetime estimate of 13 ps mentioned in Chapter 11. Quantum dots closer than 9
nm to the surface could potentially have much shorter lifetimes, but using a better
barrier material for region I or increasing the width of the InAs region could lead to an
improved capture time. Furthermore, organic materials can be grown to functionalize
the surface, reducing the surface state density and increasing the capture time. Loss

can also come from bulk defects in addition to surface states, and hydrogenation has
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Figure 13-6: Contour plot of the Coulombic coupling matrix element with respect to
the distance to the surface and the gap thickness.

been shown to be effective in passivating the bulk defects to reduce loss.

From our analyses so far it is clear that there is a tradeoff between the level 2 loss
to surface states and the distance between the QD and the surface. The larger this
disance is the smaller the Coulombic coupling matrix element would be. However,
does this distance have the same impact on the Coulombic coupling matrix element as
the gap thickness? From Eq. 9.4 it seems that increasing the distance to the surface
would have less effect on the Coulombic coupling matrix element than increasing
the gap thickness, as the gap thickness is amplified by the number the reflections.
This is indeed the case. Shown in Figure 13-6 is a contour plot of the Coulombic
coupling matrix element with respect to the distance to the surface and the gap
thickness calculated from Eq. (9.4) for two electrons each residing 22.5 A underneath
the surface of a GaAs cold-side and a GaAs hot-side. It is seen that the Coulombic
coupling matrix element decreases slower for increasing distance to the surface than

increasing gap thickness.
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13.6 Hot-side relaxation time

The above Gamow approach can also be used to estimate the hot-side relaxation time.
On the hot-side, there is a heavily doped layer 65 A underneath the dot. We can think
of the electron in the dot as rattling back and forth. Every time the electron hits the
boundary of the dot it has a chance of tunneling out of the dot. If the electron tunnels
out of the dot and travels towards the doped layer, it gets captured when it reaches
the doped layer. The doped layer thus acts like a surface in the above surface capture
problem. We follow the above one-dimensional estimation using the dot height 45 A
as the width of the InAs region and 65 A as the distance to the surface. Using Eq.
13.1, the relaxation time for the ground state is calculated to be 0.2 ps and that of

the excited state is estimated to be 0.06 ps.

13.7 Cold-side dot 1 relaxation times into reser-
voir 1

We can apply the Gamow approximation to obtain the relaxation times into reservoir
1. Please refer to Figure 11-1. An electron in dot 1 is rattling back and forth in the z
direction and it has a chance of tunneling out of the dot. Once it leaves dot 1, it has
a chance of reaching the reservoir 1 branch provided that the electron’s x position
matches that of the reservoir 1 branch. The expression for the relaxation rate into
the reservoir is thus:

hk
. e—2ad .

Y p

T om-w
where k is the wavenumber in dot 1 and m is the electron effective mass in dot 1. The
variable « is the decay constant of the electron wavefunction in the GaAs region. w
is the width of the InAs dot in the z direction. The variable d refers to the distance
between dot 1 and the reservoir 1 branch. THe variable p is the probability that

the electron in dot 1 has an z position matching that of the reservoir 1 branch. The
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probability that an electron reaching the reservoir will be captured is taken to be
one. The excited state wavefunction of dot 1 has a zero at the center of the dot which
the reservoir 1 branch faces. On the other hand, the ground state wavefunction has
a maximum at the center of the dot. Therefore, we would expect the ground state
relaxation time to be much shorter than that of the excited state. Using the above
expression we calculate the relaxation rates and hence the relaxation times for the
two levels in dot 1. The ground state has a relaxation time into reservoir 1 of (.2
ps while that of the excited state is computed to be 20 ps. We similarly obtain the

relaxation time into reservoir 2 for the dot 2 level to be 0.2 ps.

13.8 Summary

We have used the Gamow approximation to estimate the loss caused by the surface
states, and we have shown that the loss can be reduced by changing the distance
to the surface and the material choice of the design. The literature also suggests
the use of hydrogen passivation to reduce loss. The Gamow approximation has also
been applied to the calculations of the hot-side and cold-side relaxation times into

the reservoirs to obtain the parameters in Chapter 11.
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Chapter 14

Thermal radiation loss

We have previously focused on level 2 loss as the main source of loss. However,
the thermal radiation from the hot-side would be absorbed by the cold-side. In this
chapter we estimate this source of energy loss. Note that dipole-dipole Coulomb
coupling dominates the heat loss, but estimates were not available at the time the

thesis was written.

14.1 Thermal radiation

The thermal radiation inside an infinite homogeneous material can be obtained from

combining Eq. (7.84) and Eq. (7.96) in [41]

R= /O " P(E)E

P(E) is the spectrum of the radiation

P 2ncE3n?(E)
(he(eeThat — 1)

where E is the energy of the photon, ¢ is the speed of light in vacuum, h is Planck’s
constant, kg is Boltzmann’s constant, T is the absolute temperature, and n(E) is
the frequency-dependent refractive index. The factor of n*(E) is included because

of the small gap used in our design [5]. When the gap is large, the expression for
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the radiation power spectral density does not have the factor n?(E) as in the above
equation. However, it has been observed that the heat transfer increases as the gap
decreases [42, 43, 44], and at our small gap it is suitable to include the factor n?(E)

as explained in [5].

14.2 Thermal radiation in a finite material

Since our device relies on surface structures for the thermal to electric conversion, in
principle the hot-side and the cold-side can be thin. (See Figure 14-1). The hot-side
has two boundaries Hy and H,. The cold-side has two boundaries C; and C,. The
hot-side has a finite thickness of dy and the cold-side has a finite thickness of dc.
The question is how much radiation the hot-side emits. Let us first consider the case
as depicted in Figure 14-2 where the hot-side is semi-infinite, extending beyond H;
to the left infinitely. The radiation going through boundary H; is P. Going through
a distance of dy, this radiation would be reduced to P - e=*H#% where oy is the
absorption coefficient of the hot-side material and it could be temperature-dependent.
The total radiation at boundary Hs, is P, which consists of the contribution from the
material to the left of H; and the contribution from the material between H; and
Hj. Since we know the contribution from the material to the left of H; is P-e~oHdx ,
the thermal radiation at H, for a hot-side with thickness dy is P - [1 — e oHdy ], as
shown in Figure 14-3. The radiation spectrum for a GaAs hot-side of thickness 1 pm

is shown in Figure 14-4.

14.3 Transmissions

The thermal radiation needs to be transmitted through boundaries H, and C; to
enter the cold-side. (See Figure 14-5). At each boundary the radiation is reduced due
to reflection. The reflection coefficient can be obtained from Eq. (8-140) in [45]:

_1-1ye

F_1+1/\ﬁ
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Figure 14-1: Finite-thickness of hot-side and cold-side
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dy

Figure 14-2: Thermal radiation for the case of a semi-infinite hot-side.
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Figure 14-3: Thermal radiation for the case of a hot-side with finite thickness
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Figure 14-4: Radiation spectrum for GaAs of finite thickness 1 pm.
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where ¢ is the dielectric constant of the hot-side or the cold-side. The amount of
radiation impinging on Hj is
P.[1—eondn]

The amount of radiation transmitted through Ho is

Py =P [l—e™n¥] . [1-|Tx4l’],
where T'y is the reflection coefficient for H,. The amount of radiatioin entering into
the cold-side is then
P [1-Tcl?],
where T'c is the reflection coefficient for C;. The amount of radiation finally reaching
Cg is
Py [1—|T¢)?] - 7%,
where ac is the absorption coefficient of the cold-side. Therefore the amount of
radiation absorbed on the cold-side is
P [1—|T¢)?] - [1 —e@e%]

The radiation that is not absorbed by the cold-side can be recycled by putting a

reflector in back of the cold-side or using a TPV cell to convert the radiation.

14.4 Estimated loss

We use the above expression to evaluate the thermal radiation loss on the cold-side.
Figure 14-6 shows the loss as a function of the hot-side thickness and the cold-side
thickness. The achievable load power is greater than 50 mW/cm? for gaps smaller

than 3 nm (Figure 12-3). When the hot-side and the cold-side thickness are less than
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P =P-[1-eh] (12

P [1-cl?]

P. [1 _e-ﬂHdH}
=
Py [1-|l ] e

I‘-I, dy H, C,

Figure 14-5: Amounts of radiation at various boundaries of the hot-side and the
cold-side

1 pm the thermal radiation loss is less than 1.3 mW/em?, which is small compared

to the achievable load power of 50 mW /cm? .
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Figure 14-6: Thermal radiation loss as a function of the hot-side and the cold-side
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Chapter 15

Hot-side dielectrics design

In the previous chapter we have presented a quantum dot implementation of the
quantum-coupled thermal to electric conversion device. One of the difficulties as-
sociated with that design is the spatial alignment of quantum dots on the hot-side
with quantum dots on the cold-side. In addition, the hot-side temperature is limited
as quantum dots diffuse at high temperatures and the device ceases to function as
modeled at high temperatures. An alternative approach is to replace the hot side
simply with a dielectric material that absorbs at the transition energy 92 meV of the
cold-side dot 1. The transition energy is the energy difference between the two levels
in dot 1. In this chapter we describe modeling and simulation results for such an

implementation.

15.1 Basic model

Please see Figure 15-1 for an illustration of the device. The hot-side is now a dielectric
material absorbing at the energy of 92 meV. The loss of an absorbing dielectric can
be modelled as a reservoir comprising a continuum of harmonic oscillators [46]. Here
we take the simple view of treating the loss as a reservoir of two-level dipoles. The
circled two-level dipoles in Figure 15-1 represent the reservoir of dipoles responsible
for the absorption of light. When the dielectric is heated, the excited electron in

each dipole can transfer its excitation to the cold-side through Coulomb interaction
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and the transferred excitation can be turned into electrical work through the same
cold-side converter as described previously. Shown in Figure 15-2 is the two-electron
level diagram constructed for a reservoir of dipoles of level a and level b coupled to
the cold-side quantum dot levels through a Coulomb interaction matrix element U.
Transitions from state |b, 1) to state |a, r3) represent pumping electrons from state ry
in reservoir R; to state r3 in reservoir R3 to do electrical work. Transitions from state
|b,71) to state |a,rs) represents energy transfer from the hot-side to the cold-side to
excite an electron to level 2, but the electron loses its energy and relaxes into reservoir

Ry, contributing to loss.

Following a similar approach to that of Chapter 6, we obtain the effective coupling

matrix element U,y between state |b, 1) and state |a,r3):

UVW, W3

UEH ~ db,l(da,2da,3 - V2) - U2da,3

where

db,] = € — E1 + thb,1/2
da2 = hw+€1 - E2 +tha,2/2

da3 = hw+61 — E3+?:hra’3/2

21
INSEE —h—Wfpl(ﬁl)

27
Lop = }Tng)z(ﬁwﬂLfl)

2
Fa,3 = —h—Wngg,(h(.U‘*'El)
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The notations are as follows. €; is the reservoir state r| energy. F;, E,, and 3 are
the energies of the cold-side levels 1, 2, and 3. W;, W, and W5 are the coupling
matrix elements between levels 1, 2, 3 and their associated reservoir levels. p;, po,
and p3 are the reservoir density of states. The energy spacing between the two levels

a and b of the hot-side dipole is fiw.

In the last chapter, at a gap of 5 nm the Coulomb matrix element U between the
hot-side and the cold-side quantum dot dipoles is calculated to be 2.5 x 1074 eV, or
h/U = 2.6 ps, which is ten times longer than the cold-side relaxation rate. Even for
a gap of 1 nm, the A/U = 0.76 ps is still long. The hot-side dielectric dipoles are
expected to be smaller than the transition dipole moment of an artificial quantum
dot. In addition, most of the dipoles are distributed further away in the bulk of the
hot-side. Hence the matrix element U between the hot-side dielectric dipoles and the
cold-side quantum dot dipole is much smaller than the cold-side relaxation rates. In
this case, we approximate the effective matrix element U,z by omitting the U term

n the denominator and we obtain

Us VWi,
U ~ db,l(da,Zda,3 - VZ)

The contribution from a hot-side dipole of level a and level b with energy spacing Aw

to the device current is then

Ueff

2
Idipole = Q|U|2/d€1P1(€1)p3(€1+hw)€|<7"a,7’3|7|"“b771>|2

X{Prow(W)p1(€1) [1 — p3(e1 + Aw)] — phign(w)pa(er + fw) [1 — p1(er)]}

where piow(w) is the thermal equilibrium probability that the dipole is in its lower
energy state (level a) and puign(w) is the probability that the dipole is in the higher

energy state (level b). The values of these two probabilities are

1
Prowl) = Tty
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e—hw/kTh
Prigh(@) = T
To calculate the total device current, we integrate through all the dipoles with dif-
ferent frequencies and spatial positions. Because the dipoles in principle can have
arbitrary orientation, we use the averaged Coulomb matrix element squared in the

following expression.

From Chapter 9 we see that the dipole interaction energy between a hot-side dipole

d; and a cold-side dipole d; is

4€0€2|dj|
(€0 + €1)(€o + €2)

[ o] n n
€0 — €1 €9 — €9 1 [ N 2 N N
X d; - n; — 3(d; - i, ) (L -n]
; (€o+€1> (60—*—62) 4rea| AR |3 v ( o) (lgn - 2y)
where 11; is the unit vector in the direction of dj, and iijn is a unit vector in the
direction of d; — d;. The hot-side dipole in principle can have a random orientation,
and we do an averaging to relate the expectation of the Coulombic matrix element

squared to the dipole moment:

(o = — 30 (

- m(eg + €1)%(€o + €2)?

o0 n n

Z €y — €1 €p — €2 1
=0 (€0+€1> (60+62) |ARmn|3
)

o0 T n

Z (60—61> (60—62)
+ € €+ €

—o \fo 2 0 2

X [di —3(d; - iijn)iijn] -1

eold;|?

- 37T(60 + 61)2(60 + 62)2
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1 2

We define f(r,w) as

2

_ €
flr,w) = 3m(eo + €1)%(eo + €2)2

= €) — €1 " €g — €9 " 1 2 :
d, - d; - ijn/ijn
Z<€0+62) <€0+62) IARijn[3 [ ' 3( i1 )13 }

n=0
The total current with contributions from all the dipoles is expressed in the following

integral:

2mwq

Lital = = /dBrpT/dwpw(w)ldjlzf(r,w)/dqpl(el)pg(el + hw)

(7, 7ol s 1) s (o) [L = g + )
~poullin(es + 1) [1 = pr(e)]} (15.1)

where p, (assumed uniform) and p,, are the spatial and spectral density of dipoles in

the dielectric.

15.2 Absorption and dipoles

The equation relating the photoabsorption rate per unit volume and the dipole mo-

ments and the density of dipoles is from the Golden Rule [47]

7 = TP Bofo() (15.2)

where 7 is the absorption rate, d is the dipole moment, E; is the electric field of the
light, and p(E) is the density of dipoles per unit energy. Expressing «y in terms of the

absorption coeffcient [47], we get

(15.3)



Hotside

Coldside

load

Figure 15-1: A schematic for the device structure with the hot-side being a dielec-
tric material absorbing at the energy of 92 meV. The absorption of the dielectric
is modeled as due to a reservoir of two-level dipoles each of which is circled in the

diagram

{b, Ry} {a, Rs}
—|b, r;> |a,3> - W, , —la, ry>
— T I b,1> U |a,2>.n _

4...-.. e = b!."
b

E |a, ry>
{a,R,}

Figure 15-2: Two-electron level diagram constructed for a reservoir containing dipoles
of level a and level b coupled to the cold-side quantum dot levels.
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The intensity can be computed from the expectation value of the Poynting vector

operator [47]

S = |(Ex H)

Applying the field operators quantized in a lossy medium [48]:

S = \/u:o«Eo + Ep) (Eo- (n+ik)+ Ej(n—ik))) = 4n\/%(Re{Eo} )= 2n\/£|Eol

(15.4)
where 7 is the real part of the refractive index. Combining equations (15.2), (15.3),

and (15.4) gives the absorption coefficient

a = n‘/'u—omuldl?p(E)
€o

The quantity p(£) actually encompasses three components. The first component
is the spatial density of dipoles: p,. The second component is the density of two-
level dipoles with energy spacing hw: p,. The third component is the equilibrium
probability that the dipole is in its lower enegy state, namely pyo,. Altogether we

have the following equation

a(w) = “(w)\/l::z’”w|d|2plowprpw(w)

_ n(w) Ho 2
= 1+ e-hw/kT \ / g”w|d| PrPu(w)

Therefore we can express the integral involving the hot-side dipole moments, occupa-

tion probability, and density of states, as a function of the absorption coefficient:

ld‘zprplow(w>pw(w) = \/;E%2 (15.5)

0 NTW

Similaraly
o NTTW

AP s (@)pu) = e [ ) (15.6)
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From Eq. (15.1), Eq. (15.5), and Eq. (15.6), we formulate an expression for the
current that can be evaluated given the refractive index and absorption coefficient

data of the materials and the cold-side dipole moment |d,]:

€
o = [ @ [ doftr o)== [2 [ desra,rl i) Por(e)es(ertie)

x{e™™/*hp, (€1) [1 — ps(er + hw)] — pa(es + fw) [1 — pr(ea)]}

We can evaluate the above expression to obtain the load current. A similar formula
can be derived for the loss current. Dividing the load current by the sum of the load

and the loss currents gives us the efficiency.

15.3 Aluminum oxide Al,Oj3 results

We apply the model described above to the case where the hot-side is aluminum ox-
ide Al,O5 as this material has absorptions around the energy of 92 meV. The room
temperature optical constants of aluminum oxide are obtained from [49]. The absorp-
tion coefficient for the temperature of 600 K is inferred from the room temperature
values through Eq. 15.5. There appears to be two sets of inconsistent data from [50]
and [51], and we have chosen to use the data from [50]. We have used the data for
the ordinary polarization because it has one plane of polarization as opposed to the
extraordinary polarization which is only in one direction. Therefore, we expect the

data for the ordinary polarization to play a dominant role.

Figure 15-3 shows the load power as a function of voltage for the case of an alu-
minum oxide hot-side with a 5 nm gap. The maximum power is 76 mW /cm? at the
voltage of 29 mV with a corresponding efficiency of 28%. Figure 15-4 shows the effi-
ciency as a function of voltage. The maximum efficiency is 42% at 41 mV. The load

power corresponding to a maximum efficiency is 34 mW /cm?.
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The power has a dependence of 1/R® for the hot-side quantum dot design, but
the dependence for the hot-side dielectric case is slower. The maximum load power
drops from 620 mW/cm? at a 1 nm gap to 0.03 mW/cm? at a 100 nm gap. The
load power is higher than that of the quantum dot design. The maximum thermal
power drops from around 4 W/cm? at 1 nm gap to 478 mW/cm? at 5 nm gap to
0.2 mW/cm? at 100 nm gap. At larger gaps, the dipole-dipole interaction decreases
as 1/R® and the Coulomb coupling matrix element squared decreases as 1/R®. The
volume of dipoles the cold-side dipole couples to increases as 3. Therefore the overall
dependence is 1/R*. We can show this more formally. If we integrate the Coulomb
matrix element squared over the hot-side dipole located at z below the surface with

a lateral displacement p from the cold-side dipole we obtain:

T e 2mpdp R = 2mp/Rd(p/ R)
/ d“/o CTRr T, /R)/o (/R + D + 2] R

_i/""dt/OO 2rxdx
- R3 0 0 ((t + 1)2 + 1'2)3/2

The efficiency is rather independent of the gap thickness from this model. There
are parasitic losses that we have not considered. Thermal radiation from the hot-side
can be absorbed on the cold-side and this loss is discussed in the next section. In
addition, heat transfer via Coulomb coupling between the dipoles on the two sides

leads to loss as well. This loss has not been evaluated.

15.4 Thermal radiation loss

The thermal radiation emitted from the hot-side can also be absorbed on the cold-

side to give loss. Therefore, we would like to minimize this radiation. As discussed in
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Figure 15-3: Load power as a function of voltage for the hot-side aluminum oxide de-
sign. The maximum power is 76 mW /cm? at the voltage 29 mV with a corresponding
efficiencyof 28%
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Figure 15-4: Efficiency as a function of voltage for the hot-side aluminum oxide
design. The maximum efficiency is 42% at the voltage 41 mV with a corresponding
load power of 3¢ mW /cm?
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Figure 15-5: The maximum device load power (with 5 nm gap) and the thermal
radiation as a function of the hot-side thickness.

Chapter 14, decreasing the hot-side thickness reduces the thermal radiation. However,
in the hot-side dielectrics design decreasing the hot-side thickness reduces the amount
of emitter dipoles on the hot-side and hence decreases the power throughput. Figure
15-5 shows the maximum device load power per unit active area (with a 5 nm gap) as
well as the thermal radiation versus the hot-side thickness for the hot-side aluminum
oxide design. We can see clearly the trade-off between increasing the load power and
decreasing the thermal radiation. Figure 15-6 shows the spectrum of the thermal
radiation for the hot-side thickness of 10 nm.

Alternatively we can decrease the cold-side thickness while keeping the infinite
hot-side thickness. Following the approach described in Chapter 14 we calculate this
loss as a function of the cold-side thickness (Figure 15-7). For a cold-side thickness

2 and

of less than 300 nm, the thermal radiation loss would be less than 1 mW/cm
small compared to the load power of 620 mW /cm? which is achievable at a gap of 1

nm and 76 mW /cm? achievable at a gap of 5 nm.
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Figure 15-6: the spectrum of the thermal radiation for the hot-side thickness of 10
nm

loss on the cold-side as a function of cold-side thickness
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Figure 15-7: Thermal radiation loss on the cold-side as a function of cold-side thick-
ness while the hot-side aluminum is assumed a thickness of infinity.
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15.5 Summary

We have described a design where the hot-side is free of the restriction of quantum
dot alignment with the cold-side. Instead, a dielectric which absorbs at the cold-side
transition energy 92 meV is used as the hot-side. The load power is increased and has
a slower dependence on gap thickness due to the presence of a reservoir of dipoles in
the dielectric. In addition, the hot-side dielectric can operate at a higher temperature,
which is detrimental to the hot-side quantum dot design as at high temperatures the
quantum dots suffer from diffusion. Another advantage of this design is the potential
for higher throughput. A hot-side dielectric material with a stronger absorption at

92 meV would increase the load power of such a device.
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Chapter 16

Quantum model of the image

charge

We have examined the case where the hot-side emitter is an aluminum oxide dielectric.
Another possibility for the emitter is a material that supports surface carriers, for
example a conductor or a highly-doped semiconductor. An electron ¢ in the cold-side
dot 1 induces an image charge on the hot-side if the hot-side is a good conductor.
The Coulomb interaction between chagre g and the induced image charge could lead
to excitation transfer. Our model described in previous chapters can be adapted
to analyze this situation, but we need to figure out a way to calculate the coupling
matrix element /. The strategy here is to first construct a classical model and a
quantum model for the same problem and then extract matrix element U from the

classical result. Below we detail the derivations.

16.1 Classical equation of motion

Let us first consider a problem similar to the three-region problem in Chapter 9 but
with the charge q oscillating back and forth as dcos(wt). The gap thickness is L and
charge q is located distance h from the boundary between medium 1 and the gap.
Medium 2 is assumed to be a metal, a semi-metal, or a highly-doped semiconduc-

tor. Refer to Figure 16-1. Charge ¢ moving above a metal surface with distance R
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Figure 16-1: Charge q oscillating above a three-region configuration.

experiences a friction force due to its effect on the image charges in the metal [52].
Depending on whether charge ¢ is moving parallel or vertical to the metal surface,

the friction coefficients in Gaussian c.g.s units are [53, 54]

FL= 8ro R3

where ¢ is the conductivity of the metal. Note that the above results assume the

condition of a good conductor (Eq. (24) of [54]):

: <1
oh

where ¢ is the speed of light in vacuum and v is the velocity of charge g. What the
above criterion says is basically that the conductivity of the material needs to be
sufficiently high for the friction coefficients to hold. In our three-region problem the
electric field needs to transmit through the boundary between medium 1 and the gap.
Thus we amend the above two equations by introducing the transmission coefficient

tw to obtain

t10g”

Iy = ——8 __
= 16ro(h + L)
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t10g°

P, = —2
7 Bro(h+ L)®

where

260
€1 + €

tig =

If there is no friction force, charge q oscillates as p = d- cos(wt) and it experiences an
external force mdw? cos(wt). With the existence of the friction force from the image
charges and assuming medium 1 has a relaxation time 71, the motion of charge ¢ is

governed by the following classical equation of motion:

d? 1 d
m {_p + <~— + F) d_ﬂ = — mw?dcos(wt)

where T is equal to the parallel friction coefficient I'y or vertical friction coefficient I,

depending on the orientation of charge ¢ motion. Solving the above equation gives

(1) = Re —mdw?e™?
AV = T Tt im(Um + 1) [

For the sake of clarity, we change the phase and rewrite p(t) as

mdw? sin(wt)
& mA(Lr + TP

p(t) =

and the friction force is

I'mdw?® cos(wt)

= et/ T

16.2 Two-level approximation

The simplest quantum model for the image charge is a two-level approximation. The
two levels are degenerate because the image charge is a free carrier. Let’s denote the

image charge two levels as |¢,) and |¢;). The oscillating charge ¢ is also modelled as
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two levels |¢1) and |¢o). The image charge and charge g have individual Hamiltonians

H; = |9)Eu{¢al + |do)En{ts|

Hy = [p0)E(o1] + |d2)Ea{ss]

where subscript 7 stands for image charge and ¢ stands for charge g. Note that the
energy spacing of charge q satisfies (F; — E})/h = w in correspondence to the classical
problem.

The electrostatic coupling between the image charge and charge ¢ is represented

as

U=uU I¢a>|¢2><¢bl<¢ll+’¢b>|¢l><¢a|<¢2[j} +U{|¢a>|¢l><¢bl<¢2|+‘¢b>|¢2><¢a‘<¢ll

Note that |¢,) and |¢p) are degenerate and hence there are twice as many terms in
the above equation as the number of U coupling terms in Eq. (2.1).

The overall Hamiltonian is then

For a product wavefunction of the image charge and charge g

o= Pi(t)(t)

the Schrodinger’s equation reads

Olehi)
ot

ol¥)
ot

Oly)
ot

ih = h) + iR|e,) = Hly)

= lwo) (Bilwd) + (Olwg) g + 1) (Aules)) + (Ol o)
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We decompose the above equation into the following two equations

ity 22 = ) (Bld) + (Ol (16.)

i) 0 = gy (Blpa) + (O1)) b

multiply Eq. (16.1) by (34| gives the evolution equation for the image charge:

o)

ih 5

= Hilbs) + (qlUlg) ) (16.2)

In order to infer the matrix element U from the classical equations, we construct a

charge q wavefunction that would match the classical results (w; = E1/h, wy = Ea/h):

[g) = alt)lér) + ca(t)ld2)

where
a(t) = re ™t (16.3)
Cg(t> = T26_iw2t (164)
and
1 mdw? mdw?
r = 5 1+ 1 5 > + 1-—
Vmiwt + m?(1/7, +T) \[m2w4+m2(1/rqz+I‘)2
1 mdw? mdw?
ry = = |14 1= .
2 Vmiwt +m?(1/7, + T)? vVmiwt +m2(1/7, +T)?

Note that r; and ry satisfy
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2 2
ri+r, = 1

2
o — mdc (16.5)
2v/m2wt + m2(1/7, + T)2

We assume the dipole length of |¢1) and |¢2) to be d and they are out of phase by
—1/2:

(alplor) = de'™

The expectation of the position of the wavefunction matches the oscillation in the

classical model

(thglpltbg) = ri{dilpldr) + r5{¢o|pld2) + 2Re{cici{dpa|pldr)}

From Eq. (16.3), Eq. (16.4), and Eq. (16.5) we see that the oscillation term in the

above equation is

dw sin(wt
2Re{csc1(d2lpldn)} = W:Z f::(ll(c/i) TT)?

which corresponds to the oscillation as described in Eq. (16.1). Given the wavefunc-

tion |¢1), we evaluate the coupling matrix element in Eq. (16.2):
W@elUlg) = U|lda) (ciez + c1c3) (du] + ) (ciez + eich) <¢a|:|

Urnuw? cos(wt)
vm2wt + m(1/7, +T)2

160) (0] + |¢b><¢a|}

Therefore, the equivalent coupling matrix element between the two image charge

levels is
U = Umw? cos(wt) .
vmiwt +m(1/1, +T)?

(16.6)

From Eq. (18.6) in [10], a forced two-level system has a coupling matrix element
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Ut) = — F(t){¢alples) (16.7)

where the force F(¢) is the force on the image charge, and is equal to the negation of

the force on charge q:

~I'mdw?® cos(wt)

F(t) = —f(t)= Tt (T 1)

The image charge dipole length is presumed to be the same as the charge g dipole

length (¢.|plds) = d. Therefore Eq. (16.7) becomes

_ —I'md?w? cos(wt)
vVmuwt +m(1/m +T)2

Ut)

Compare the above equation with Eq. (16.6) gives

U = —Twd (16.8)

which is the Coulomb coupling matrix element between charge ¢ and the induced

image charge.

16.3 Example calculations

We compute the case where the hot-side is metallic barium and the cold-side is the
same as in previous dot-dot and dielectric-dot designs. The choice of barium is because
it has a relatively high resitivity. Barium has a resistivity of 6 x 1077 ohm - m at 273
K [55], assuming a linear temperature dependence of resistivity [55], we expect the
resistivity at 600 K to be 1.32 x 107 ohm - m or 1.47 x 107!¢ s in c.g.s. unit. The
electron charge is 4.8 x 1071° esu. The dipole length in dot 1 of the cold-side is d =
3.5 nm and the energy spacing between the two levels in dot 1 is 92 meV, which is
equivalently w = 1.4 x 10" s~!. Given the dot size (145 A) x (45 A) x (45 A), we
take h to be the dot-center value 22.5 A. Medium 1 is GaAs with a refractive index

squared 10.69 at 92 meV, interpolated from [56]. Assuming we have a tiny gap of
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L = 5 nm, the parallel friction coefficient is

thQQ

r, = — o9
l 16wo(h + L)3

= 3.03%x 107! gm-sec™! = 3.03 x 10722 kg - sec™!

From Eq. (16.8) the Coulombic coupling strength is 3.25x107° eV. The relaxation
time of barium at 273 K is 1.9 fs [55]. Assuming an inverse linear temperature
dependence, the relaxation time at 600 K is approximately 0.86 fs. Given the above
parameters, we can compute the device performance. The efficiency (Figure 16-2) is
slightly lower but is in general agreement with those obtained for the dot-dot and
dielectric-dot designs. The load power (Figure 16-3) has similar shape but is almost
six orders of magnitude smaller than that of the diclectric-dot design due to the small
Coulombic coupling matrix element. Note that the plasma frequency of barium (with

free electron density 3.15 x 10%® m=3[55]) is

= 10" rad/s

B \/3.15 x 1028 - (1.6 x 01-19)2
“P=V 91x 10-71-8.85 x 10-12

Therefore the cold-side dot 1 transition with frequency 1.4 x 10! rad/s couples very
weakly to the plasmon which is far off resonance. It is possible to replace barium with
a doped semiconductor with a plasma frequency matched to the cold-side transition

energy to enhance the coupling.

16.4 Discussion

The above analyses are only valid when the emitter is a good conductor, as noted
in the first section. However, when the conductivity is high, the friction coefficient
would be low, leading to a small Coulomb coupling matrix element U and low load
power. It is possible to use less-conducting materials (with lower plasma frequencies)
for the emitter in the hope of increasing the Coulombic coupling. However, it would

require further modeling efforts to anaylze such cases.
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Figure 16-2: Efficiency as a function of voltage for the hot-side barium design. The

maximum efficiency is 39% at the voltage 40.4 mV with corresponding load power
5.784x107% mW /cm?
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Figure 16-3: Load power as a function of voltage for the hot-side barium design. The
maximum load power is 107> mW/cm? at the voltage 28.4 mV with corresponding
efficiency 26.6%
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Chapter 17

Conclusions

The thermal to electric conversion scheme analyzed in this thesis work is based on
two concepts — (1) use of Coulomb coupling to increase throughput power/area, and
(2) restriction of levels to try to improve efficiency. Coulomb coupling seems to work
in our model, at least per unit active arca. One can exceed the black body limit with
Coulomb coupling, but the gap has to be very small. We found good power per unit
active area at nano-scale gaps (see Figure 17-1 for a plot of the load power per unit

active area for the case of alumina hot-side at 5 nm gap).

The designs also achieve very high efficiency, because efforts have been made to
conserve entropy. The excitation transfer via Coulomb coupling is isentropic. The
electron tunneling process is also isentropic. This model allows one in principle to

keep the losses low and efficiency high.

Note that in our present calculation we have neglected Coulomb-coupled heat flow,
which is expected to be the dominant loss mechanism. We have derived a formula for
the evaluation of this loss in Appendix C and a calculation will be carried out in the

future.

As mentioned in Chapter 4, the quantum-coupled single-electron conversion scheme

can act as a refrigerator when the voltage is in a certain range. This application has
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Figure 17-1: Load power per unit active area for the hot-side alumina design at 5 nm
gap

not been properly analyzed and further explorations are needed.

17.1 Models

We have developed several models for analyzing our proposed thermal to electric
conversion scheme. The first Bloch equations model gives good intuition on the
device behavior and the different operation regimes. The Bloch equations model can
also be easily evaluated to give numerical device characteristics. However, it is shown
that the Bloch equations model is inconsistent with thermodynamics. The brute-force
numerical approach is put forth as an alternative method for analyzing the scheme.
Even though the brute-force numerical approach works well on simple problems, this
approach is very computation-costly and it is not feasible to generalize the method
to model complex problems such as our conversion scheme. The secular equations
partitioning method augmented with loss is then developed as our working model.

This model is consistent with thermodynamics and gives sensible numerical results.
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To apply the secular equations model to specific designs, we considered detailed
calculations of the Coulomb interaction energy and quantum dot electron wavefunc-
tions, which give us the input parameters to the secular equations model. A design
that can be readily analyzed by the secular equations model is a basic quantum dot
design of the conversion scheme, where both the hot-side emitter and the cold-side
converter consist of an array of quantum dots. It is also realized that the hot-side
emitter can be replaced by a dielectric material or a conductor. Models for these two

cases are developed and the device performance is analyzed.

17.2 Original contributions

Given a new quantum-coupled thermal to electric conversion scheme, this thesis work
alms at understanding and analyzing the behavior and potential of devices imple-

menting the new conversion scheme.

The full set of Bloch equations is developed based on an initial analysis by Prof.
Hagelstein. Equilibrium values are incorporated into the equations. Expressions for
the device figures such as current, power, and efficiency are derived. The Bloch equa-
tions are simplified to allow interpretations of the different regimes of device operation.
Bloch equations are evaluated numerically to give device characteristics for the on-
resonance case. Inconsistency between the Bloch equations and thermodynamics is

identified when analyzing the off-resonance case.

In wrestling with the proper inclusion of loss in our models, A brute-force numerical
method is implemented to solve simple problems. Secular equations partitioning
method is extended to include loss and to verify the results from the brute-force
numerical approach. The secular equations model is developed for the conversion
scheme and expressions for the device characteristics are derived. Non-uniform grid
Simpson integration in energy and matrix inversion with LU decomposition is used

to implement the numerical simulations from the secular equations model.
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Finite-difference equations for the one-dimensional, two-dimensional, and three-
dimensional Schrodinger’s equation are developed for the potential well problems. A
quantum dot design of the thermal to electric converter is constructed. Quantum dot
electron wavefunctions and energies are calculated from the finite-difference method.
The device performance of the quantum dot design is numerically evaluated. An
adapted model for the hot-side dielectric design is developed and implemented to give
numerical results. Another model for the hot-side conductor design is constructed and

numerical simulations are carried out.

17.3 Future prospects

The new thermal to electric conversion scheme seems to have an advantage of having
a high efficiency exceeding 40% and load power per unit active area larger than 10
W /cm? (for a hot-side alumina design at 5 nm gap). To further improve the load
power, one may explore the possibility of increasing the load power by packing the
device units more densely. One may also try to use materials with lower dielectric
constants in the hope of increasing the Coulomb coupling. Also, it is possible to
obtain a larger transition dipole on the cold-side by using different materials. For
the hot-side dielectric design, one possibility is to find highly absorbing (emitting)
dielectric materials at the conversion frequency to increase the load power. Using
doped semiconductors as the emitter is one case that has not yet been properly

analyzed and further modeling is required.

The cold-side converter presents great fabrication challenges. As described in Chap-
ter 11, research in the fields of quantum dot and nanowire fabrication has shown
promising results. Other nano-structures which we have not considered might also
exhibit similar quantum effects to be used to implement the conversion scheme. It
is our hope that this work would stimulate further research efforts in both nano-

fabrication methods and energy conversion concepts.
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Appendix A

P, computation

In this and subsequent subsections, we may denote E} — E! = E§ — Ef = AE, and
ﬂc%’igi = AV, where q is the electron charge. We assume that Noy, Noa, N1p, Nia,
Nop, and Ny, are all constants equal to their equilibrium values and act as sources to
our system of equations. In order to make this assumption consistent with our Bloch
equations, we need to make T¢ = T¢ = 0 so that changes on the rest of the N’s do

not result in changes on Noy, Noa, Nip, Nia, Nop, and No,.

From equations (3.35), (3.34), (3.37), (3.36), and (3.33), we can eliminate Q¢ and

Pc to obtain the following two equations:

) . U
Pjsigp + Pgip = 2% [Nay — Nig (A1)
. , Vv
Py ja + Pgjp = 27{[1\713 — Ny (A.2)
1 2 AQ Te v
ia = — + (—) Te + b (A.3)
Ty h = + AQ2 Te + (%)2 T4 + (%)2 Ty
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VU % W32 TB

ip = ++ 1o - (A4)

nh =+ AT+ (F) Tu+ (9 T

Uvv was AQ gy [TB + Tc] A

Ja = E-f‘; TC + 1 2 hh AWA 2 (A5)

e+ (A Te + () Ta + (5) Ts

, 1 U\? w2 (D [Ty + To] T

JBZT—+W§2TB+<g>TC‘ ) 322(h)[BV2 | T N2

B o T (AQ)”" Te + (g) Ta + (g) Ty

(A.6)

The strategy for solving P4 is then to first express Nay, Nz, and Nis in terms of Py

and Pg, and then along with the above two equations we can compute Pjy.

A.0.1 Solving Ny

We repeat below equations 3.8, 3.2, and 3.5 in the steady-state limit:

AE
N21 N2a Ngle_-k Th U
= — —P A7
T5 Tf + T2h A4 (A7)

NO] NOa Nll N21

_ A8
T ~ T T T T T (4.8)

Ny Nia Noy
= A9
Tw ~ Tf T (49)

Eliminating N;; from equations A.8 and A.9 gives
L Th T Th

Nop | = — =] = Noy— + Nog== + Nig— A.10
01 [Tm Tlh} 21TZ;Z + Np T + NV T ( )

From the above equation and equation (A.7) we eliminate Ny; to obtain the following
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equations, where

Tlh T11
= — - = A1l
w T Tlh ( )
N 6}?’?’;; B w — Tlh . UP e%T’Lw—}—N Tlh LN T11 n we—"%ThN
21 T21 2 TQh e h A 2 Oa Tlc la Tlc Tlc 2 2a
(A.12)

If we let P4 = 0, then the starting three equations in this subsection are the same as
those that would have been satisfied by the equilibrium values. Hence we can replace

all the source terms in the above equation with the equilibrium value of Noy:

Ny = da Py + na'ng® (A.13)

where ng’o and n‘{’o represent the hot side occupation probability on us(z;) and the

cold side occupation probability on ¢;(z), and d4 is defined through

Umh
-1y w
dy = ——22 —~ (A.14)
esjh
o Thw — —szﬁ

We can show that the denominator in equation (A.14) is positive. From equation

(3.23),

TQ"_TQ"+T1C

— = > 1 A.1b
T Ts (A.15)

Substitue the definitions of Tp; equation (3.17) and the definition of T}, equation(3.20)

into the definition of w equation (A.11),
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5 h h h  _cph_gh b —(5h-B}
T Ty T T T %LT;EL) > _,1:%@ (i ThE) (A.16)
T,

W = —— — ———

B TS N i
Ty, T Tt T1h+Tf+T2he

Substituting inequalities (A.15) and (A.16) into the denominator of equation (A.14)

shows that the denominator is positive.

A.0.2 Solving N13

We repeat equations (3.7), (3.4), (3.3), (3.41), (3.10), (3.10), (3.39), and (3.6) in the

steady-state, double-resonance limit.

Nis N Ny  V
_ _Yp A17
T3 Th + T¢ n B (A17)

Ny Nys N3 Noy |4
S 23 - P A.18
T o Tt ot (A.18)

Noz Nig Nio V
— P A.19
T  TF T TF T RE (4.19)

2V
PE’ = ——h—TE [Nog - Nog] (AQO)

__AE
Nog Noy, Noze *7Tn 14

= = = —_— — — P A.21
T  Tf T TP D (A.21)
Nn  Npe® % v
h
T;? _ OQ;h + = Pp (A.22)
2
2V
PD = ?TD [N23 - sz] (A23)
N- N U 1%
?lhz = T—(f + gPA + EPB (A~24)
1 1
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Substituting equation (A.23) into equations A.22 and A.21 gives

AE
1 1% 2 e FTh V)2
Nos | = QVT2 Nay N{FA% 2V2TN
23 T_23 + 74D = T + N3 7 + 7 D Va2

Eliminating Ny, from the above two equations gives

e_%% A V\?2 e ’“Agh
Nog = N, 20—V T —_— 21— T, N,
23 Wa3 02 TF (h) p + T + <Tz> D:I ( 03 7

, where wo3 is defined as

1 1 V\i/ 1 1
= = 1 o(X) (= + T
was = e <h> (T22 * T23> D

Substituting equation A.20 into equations A.19 and A.18 gives

1 V_\?
Ngo | — 2 =T,
02 Tom + ( 5 E>

Nos

1 V\?2 Ny Nyy Ny V\?*
ool 1| = 2B LB Y 92 ) T N
Tos (h) E} m T T TA\E) E

Eliminating Ng, from the above two equations gives
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N2 (V\?
Nosz woz = =2 (“‘") Tg +

1 V\?
2o o8y
Tos (h) E

Nis Ny Nop
7+ \& (Tlh Tt T
(A.31)
, Where wys is defined as
oy = ot +2(V>2(i ; L)T (A.32)
T Ty Te h) \Te  Tw) © '
Eliminating N, from equations A.25 and A.29 gives
111 V\? V\?Tp
— [ = — | T = 2{ —) —=N
Noa (woz + ™ | T + 2<h> D ) <h> i 23
1 V\? Nis v\’
— 2t — | T —= 21 =1 Tg N A.33
+ Ton + (h) D [Tlh + (h) E Vo3 ( )

Eliminating N;» from the above equation and equation (A.24) gives

Vv 2TD 1 |4 2 Vv 2 U

Noz wo2 = 2(%) ”T;;:N23+ T;; + 2<E> Tp (Noa 2 (%) T + %—PA +

(A.34)
where wq, is defined as

1 V2 1 V2 eFh 1 [ 1 v

= |— +2(8) 7 o(Z) To| ~ St = | 4 2( =
e To (h> Bl T T (h> P (T2 TP [T * (h)

(A.35)

Eliminating Np3 from equations (A.26) and (A.34) gives
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V\* T U 1% 1 V\®
Noz eg2 = Nos €oz + (sz 2 (-) D 4wy —Py 4+ wy—Ps — 4+ 2 (——) Tp
2

h ThTS h h T h
(A.36)
where dys, do2, €02, €03 are defined as follows:
| 2% cF [ 1 V>
dos = wWys | = 21 =1 T, - — | 2(—1) T A.37
03 wWa3 T + (h) E T |\ Th + (ﬁ) D ( )
_ —RE V\? Th V\?
v\* Tp N
€g2 = W2 Woz — 4 <—> (*‘) € *7Th (A39)
h TS
2 (VN T o (VY | [ 2o 2% 4 1 (A.40)
= — — — w .
€03 7 T A D (T2h)2 E Wa3
Eliminating Na3 from equations (A.26) and (A.30) gives
Wag Nop | 1 V\® Was
Noz dos = Niz—— — | = 20— ) T N,
03 Qo3 13 i + s | T + (h) pl + Nop T
VAT Tp V\?
+ Ngs l:e kTp Q <%> (T2h)2 + 2 wog (%) Tg (A41)

Eliminating Ny, from the above equation and equation (A.36) gives

d,
Nos [dos - -'0*2'603] = Ny

€02

Wa3

— +
T{‘
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Té: h T2h T‘fe_oz €02 h €02 h
(A.42)
Eliminating N3 from the above equation and equation (A.17) gives
faU VI fa Joo Nop  Nip  Nopwas
Nizhyy = ————P, — - 1| P — = (A.43
R o S sl P ot et VT T Tigrr )
;where fos3, fou, fa, and hiz are defined as follows
_ do2
f03 = d03 — —€p3 (A44)
€02
dos | 1 V\?
fA = Woz— |=— -+ 21 — TD (A45)
eo2 | Ta2 h
1 Wa3
h13 = (A46)

T3 (TP)? fus

Following a similar argument as in last subsection, if welet P4 = Pg = Pp = Pg =
0, then the starting equations should be satisfied by the equilibrium values. If we
further demand Ny, = Ny and Nyogs = Ny, then the two quantum coupling
equations (A.20) and (A.23) would be satisfied. We can make this demand because
#2(22) does not relax to a reservoir and hence without quantum coupling the values
of Ny, Nia, and Ny, are undetermined. We denote n}f’o as the equilibrium hot side
occupation probability on u;(z) and n® as the equilibrium cold side occupation
probability on ¢3(z2). Grouping all the source terms into a single equilibrium term,

Ny3 can then be re-expressed as
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Nig = 2% + Ca Ps + Cp Pp (A.47)

where

Cy = A 48
AT f Th by b (A.48)
Vv fa } 1
Cg = — — 1 — A.49
5= % {fog FE (A.49)

A.0.3 Solving Ny

Our goal is to express Nyp in terms of P4, Pg, and a source term. We can do this by
successively expressing Nio in terms of Ny, Nos, ,/Ni3, and finally only P4, Pg, and
source terms. We invoke in sequence equations (A.24), (A.36), (A.17), and (A.47).

The result is:

Nz = n’f’o ng’o + Yya Py + UYB Pg (ABO)
where
_ eIy +g@-1—-+QK2T + TP (A51)
va = eo2 113 4 h | e |Ta h P ! .
€03 Tlh Vv Wo3 1 Vv 2 n €02 + ép3

= ——(C — | == 21— T, ) —r——— A.52
vB eo2 T3 B+ h|ew |1 * h ol T h €p2 ( )

We can solve for P4 from equations (A.2), (A.1), (A.13), (A.47), and (A.50).

d U . c

Py = m2g (ng’onl’o — n?’0n3’0> (A53)
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where
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Appendix B

Probability transfer in a

three-Level system

A kind of three-level system is encountered in Chapter 7 as well as in quantum
computation application [57]. In such a system, we have three levels where level 1
and level 2 are coupled with matrix element U, while level 2 and level 3 are coupled
with matrix element V. See Fig. B-1 for an energy diagram of the system. The
energies of the three levels are E;, E,, and Ej, respectively, and we also denote
E = E;. Levels 1 and 2 are resonant and we assume E| = Fy = 0 without loss of
generality. U and V are assumed to be positive real numbers for ease of analysis. The
system starts off at level 1 and then it oscillates among these three levels. We ask the
question of what the maximum probability transfer to level 3 can be. A closed-form
solution for the general case is difficult to obtain, but it exists in certain limiting

cases.

s YV, B

+—>

Figure B-1: Energy level diagram for the three-level system.
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B.1 The caseof U >>V

In this case, we treat V as a perturbation. The total Hamiltonian and the unperturbed

Hamiltonian are

0 U 0 0 U O
H=|U 0 V |,Hi=|U 0 0
0V FE 0 0 F
The perturbation matrix is:
00O
H'=1001
010

Therefore we have: H = Hq+ V' H’ The unperturbed wavefunctions are:

1/v/2 -1/V2 0
U= | 1/v/2 | uy=| 1/v/2 | uz= |0
0 0 1

The unperturbed energies are U, —U, and E, respectively. We carry out station-
ary perturbation theory [58] to first order and obtain the following three perturbed

wavefunctions:

1 =1 _VU_
V2 V2 (BE2-U?)
1 1 vV E
‘\/72- ) ﬁ ) _(E2~U2) - (Bl)
| -V 1
V2(U—E) V2(U+E)

T
We start off at level 1, which is represented by the vector [ 100 } . After dot
products with the perturbed wavefunctions to obtain superposition coefficients, we

obtain the time evolution of the wavefunction:

- 3 L
V2 2 (EZT=U?)
v = —| A N wg UV 1 v |k
V2 V2 ) V2 (B2 =U?) | (E2-U%)
1% %
V2(U~E) V2(U+E) 1
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The maximum probability at level 3 is then

1% 1% Uv 2
)|> : (B.2)

Pmax =
('2(U—E)| T o
The first two terms on the right hand side is determined by which of the following
two has greater absolute value:
Vv V VU

SU+E) T 2U-F)  P—E) (B-3)

v |4 ~VE
2(U+E) 2(U-E) (U2=E%) (B.4)

B.1.1 Thecaseof E~U or F<U

If E~U or E < U, the absolute value of equation(B.3) is about equal to or greater

than that of equation(B.4), and therefore

(B.5)

max (EQ _ UQ) (E? — UZ) - (E'+ U)2 (E~ U)Q

Equation(B.5) obviously breaks down when £ = U >> V. What should F,,,; be in

this case? In this case, we have the Hamiltonian

0 U 0
H=1U 0V
0 v U

It is easy to see that the eigenvalues are approximately U , U and —U (remember V is
small). The eigenvector corresponding to —U is approximately [ 1/vV2 —-1/v2 0 ]T
from the splitting of the first two levels. The approximate eigenvectors corresponding
to the approximate eigenvalue U has the form: [ a a b ]T ;where 2a% + b2 = 1
for normalization. In order to know the ratio between a and b, we need a better

approximation on the eigenvalues. Let Q(z) be the characteristic polynomial of H.
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We have

Q(z) = det(H — xl3) = 2*(U —x) + V* -z + U*(z = U).

Suppose z¢ = U is a root of Q(z). Let y = xy — U. y is small and
0=Qy+U)=—(y+U)y+Vi(y+U)+ Uy~ VU - 2Uy*

As a result,

|14
Y E——.

V2

It is easy to see that the approximate eigenvector corresponding to the approximate

T
eigenvalue U + % is [ % % % } and from the three approximate eigenvectors we
obtain
1 1 1
Pz (E=U)=(2-=-—=)*= =
(B=0)=(25 =3

Since probability transfer in a two-level system has a Lorentzian behavior [9], we

expect a similar form for P,,,.. Assuming a Lorentzian width parameter b:

B 40U V2
C(E+ U [(E-U) +1b]

max

1
Pru(E=U)=5=>b=2V".
Due to symmetry, we need a width parameter for the (£ + U)* term as well

4U? V2
(E+UY?+2V2][(E-U)"+2V2]

Renormalize to get P, (E=U)=0.5

V2(4 U2 +2 V?)
(E+U)+2V[(E-U)?+2V?2]

Pma:c = (BG)

B.1.2 Thecaseof £ >>U>>V

If £ >>U >>V, equation (B.4) is the dominating term in equation (B.2),
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Iongmax U=100V

O exact solution|

-0.5 0 0.5 1 1.5
Iogw(E/U)

Figure B-2: Comparison of the exact solution with approximate analytical solutions
(B.6) and (B.7) for U =100 V.

Fonaz = (2(UV— E) - 2(UV+E))2 - [((%-’E—J% -

(B.7)

In Fig B-2, we compare the exact solution [57] of Pp,e; and the approximate analytical
functions, equations (B.6) and (B.7), for the case of U = 100 V . We only plot the
positive E range as Py, is symmetric in E. We see that the functions are good
approximations in respective limits (£ < U or E = U, and E >> U) and they are

not so accurate in the transition region of E.

We denote fjmam to be an approximate solution of P, and the relative error to
be e = |me — Puz|/Pmaz- In Fig. B-3 we show a log plot of the relative error for
equation (B.6). As expected, the estimate is only good when U is much bigger than
V and F is not too much greater than U. In Fig. B-4, the log relative error plot

for equation (B.7) is shown. It is accurate in the large F limit, regardless of whether
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Figure B-3: Error plot for the approximate solution Eq. (B.6).

V << U or not, because when F is sufficiently large, level 3 is far away and the first
two levels is like a two-level system, and the perturbed wavefunctions equation (B.1)

is a good estimate.

B.2 The caseof V >>U

We consider the case when E = 0 first. In this case the Hamiltonian is diagnosable

[57], and the eigenvectors are

VIV + U2 U/\/2 (V2 +02) U/\/2(V2+U?)
0 ; 1/v2 ; 1/v/2

_UNTTETE | | v T | | v DY)

with eigenvalues 0 /U2 + V2, and —v/U? + V2, respectively. P,,,, is then calculated

to be
AU2V? 41
U2+Vv2)?: T Ve

As argued before, when E >> V >> U, approximate eigenvectors from equation

Frpip = (B.8)

(B.1) are good estimates and hence equation (B.7) applies. However, equation (B.7)
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Figure B-4: Error plot for the approximate analytical solution Eq. (B.7).

blows up when E goes to 0, and yet we know the finite value of Pp,., at E = 0. Again,

we need a Lorentzian width b:

V2
Pmaa: = m
4 U? 1%
Lo (B=0) = b=~
(E=0)=—7 ="~ 5
Therefore,
V2
-Pmar = ET"‘T,—'Z_ (Bg)
Tioe

In Fig. B-5, we compare the exact solution [57] of F,. and the approximate
analytical functions, equation (9) for the case of V' = 100 U . We see that the
analytical solution is a good approximation overall. In Fig. B-6 we show a log plot of
the relative error for equation (9). The estimate is accurate when U is much smaller

than V.
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Figure B-5: Comparison of exact solution with the approximate analytical solution
(B.9) for V =100 U.

log, o(¢)

1

Iogm(V/U) 3 Iogw(E/U)
Figure B-6: Error plot for the approximate analytical solution Eq. (B.9).
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B.3 Interpretation

In the U >> V limit, the first two levels behave as a two-level system, and there
is a level-splitting of magnitude U. Hence we have a peak of P, at £ = U as
indicated by Eq. (B.6) and Fig. B-2. The width of this peak is proportional to V,
which is reminiscent of a two level system [9] except with a V2 factor, possibly due

to the fact that level 3 is only coupled to level 2 not coupled to level 1.

In the large F limit, level 3 is far away from levels 1 and 2. Level 3 practically only
sees one level (levels 1 and 2 lumped together) and FPrq. goes down as V2/E?, same

as the large E limit for a two-level system [9].

In the V >> U limit, Pa. is & Lorenzian peaked at £ = 0. The width of the
Lorenzian is proportional to V2/U, and therefore when U is small compared to V' we
have large bandwidths. The reason for this is that when V' is much stronger than U,
level 2 and level 3 are strongly coupled and the coupling between level 1 and level 2
is the bottleneck of the probability transfer. Therefore, off-resonance effect betwecn

level 2 and level 3 does not become significant until these two levels are very far apart.

B.4 Lossy case

Equation (B.9) suggests that when U << V broad bandwidths are generated given
small U’s. Would this hold true in a more realistic system? In such a system there
would be presence of loss which reduces the bandwidth. Consider the following case
where the original three-level system is coupled to three reservoirs. See Fig. B-7
for a schematic. Reservoir « is modeled as a whole spectrum of levels with each
level coupled to level 1 with matrix element W;. The Golden Rule rate for level 1
relaxation to reservoir a is I';. Reservoir o has density of states p, (£). Similarly,
reservoir 3 is modeled as a spectrum of levels with each level coupled to level 3 with
matrix element Wy. The Golden Rule rate for level 3 relaxation into reservoir 3 is

[s. Wi and W, are assumed to be positive real. Reservoir # has density of states
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Figure B-7: Schematic for a lossy three-level system.

pp (E). Level 2 is coupled to each level in reservoir L with matrix element Wy and
has loss characterized by the Golden Rule rate I'y. If an electron starts off at level
W; in reservoir «, it goes through the three-level system and ends up at a resonant
level W, in reservoir 4. We consider the total flux from reservoir o to reservoir f,
obtained by integrating the transition rate between each resonant states ¥; and ¥,
over the whole energy spectrum. We are interested in finding out the bandwidth of

such flux and how the bandwidth is affected by loss.

B.4.1 Secular Equations Partitioning Method

We use the augmented secular equations partitioning method to calculate the flux.
Let E be an eigen-energy of the system. The H’s are the energies of the corresponding

levels adjusted with imaginary part to take into account losses,

Hl = E1 —-'I,HE
2
r

HQ = EQ—Zh—L'
2
L

H3 = E‘g—lh73

We write out scalar sector equations
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EU, = H ¥ + U ¥ +W, ¥, (B.11)

E\IIQ = HQ\I/2+U\I’1 +V\I’3 (B12)

EV, = H Uy + W3 Oy

rewrite equations (B.11), (B.12), and (B.13) into a matrix equation

v,y H U 0O v,y Wi 0
E| 9, = U H, V W, + 0 v + 0 W

-1

¥, E—-H, -U 0 Wi 0
v, = -U FE-H, -V 0 v, + 0
W3 0 -V E-—-H; 0 Wi

(B.14)
Substituting eq. (B.14) into eq. (B.10) we obtain

E‘I’,‘ - Hi\pi+Uii\I/i+Uif\I’f

, where
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Us=Wi|100] | v B-H, -V 0
0 _V  E-H, 1

—1
E—H, -U 0 0
Uy = WiWs [1 0 o| | v EBE-m -V 0
0 -V E—H 1

Uiy is the equivalent coupling matrix element between ¥; and U;. The transition rate
from W; to W is obtained from the Golden Rule to be 27|U;¢|2ps (E) /h. If we denote
p1 and ps to be the chemical potentials of reservoir 1 and reservoir 3, respectively,
and we denote T and T3 to be the reservoir temperatures, the thermal equilibrium
occupation probabilities for U; and Uy are p; (E) = 1/ (1 + exp{—E/kT1}) and p; =
1/ (1 + exp{—E/kT3}). The forward flux from ¥; to ¥ is proportional to p; (1 — py).
Similarly, the backward flux from Wy to ¥; is (1 — p;) ps. Therefore, the total flux

from reservoir 1 to reservoir 2 is

fluz = /f%(l—pﬂ = (L=pi) ps2n|Uis*p1 (E) ps (E) /R x dE. (B.15)

B.4.2 Numerical results

When Ej varies, the system goes off-resonant and only the term |U;s|? changes in eq.
(B.15). To investigate the effect of off-resonance on the flux, we hence only need to
consider the following integral as a function of E3: [ |Uy;|?dE, hereafter referred to as
the core integral. An example lineshape of the core integral is shown in Fig. B-8 for
the following choices of parameters: wg =27-102 s7!, V =wr-h, E; = E, =0 €V,
I'' = T3 = 1/wg, U = 0.01V, and T';, = 100V/h. We can fit the lineshape with a
Lorentzian and obtain the Full Width -Half Maximum (FWHM). Another example

lineshape is shown in Fig.B-9 for the same set of parameters except I';, = 0.01V/A.
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Figure B-8: Lineshape for U = 0.01V and I';, = 100V/A.

In this case of smaller Iz, there is a dip in the peak but the two sides still tail off
as Lorentizan and we can again fit the lineshape with a Lorentzian to obtain the
FWHM. In Fig. B-10 we show the width as a function of loss I';, and coupling U, all
normalized to coupling V. Large widths are created with small U’s, but the presence
of loss reduces the widths. This is counter-intuitive as normally loss contributes to the
uncertainty of the level 2 energy and hence should increase the bandwidth. In reality
though the effect of flux lost into reservoir L dominates over the increase in level 2

energy uncerntainty and hence the bandwidth is reduced when the loss increases.

B.5 Conclusion

We have shown analytically how a large bandwidth can exist in probability transfer
through a sequential three-level system given that the on-resonant coupling is much
weaker than the off-resonant coupling. This phenomenon is counter-intuitive and
may have potential applications. We have also demonstrated that the presence of

loss reduces the bandwidth.
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Figure B-9: Lineshape for U = 0.01V and [y, = V/A.

Figure B-10: FWHM as a function of I';, and U.
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Appendix C

Coulomb coupling loss

From Chapter 9 we see that the dipole interaction energy between a hot-side dipole

d;, and a cold-side dipole d, is

— 46062[dhtldcl
(€0 + €1)(€0 + €2)

n
0— €1 €0 — €2 1 [A . T 2 . }
X -np — 3 : n sy
Z (60 + 61) (co + ez) dmeslAR P L (B - forn) (et B0)

where 1, is the unit vector in the direction of dp, 1. is the unit vector in the direction
ofd,, and ic;m is a unit vector in the direction of d,—d;,. The hot-side and the cold-side
dipoles in principle can have a random orientation, and we do an averaging to relate

the expectation of the Coulombic matrix element squared to the dipole moments:

<|U‘2> _ Egldhl2ld012 <

7T(€0 + 61)2(60 + 62)2

00 n n
Z €y — €1 €p — €2 1
e (60 + 61) (60 + €2> AR cpn|?

S [ﬁh : ﬁc - 3(ﬁc : ichn)(ichn : ﬁh):‘

> - e0|dh| |d ?

€0 + 61 60 + 62)2
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1
x IAIR'chnl3

)

2
< flc ’ ﬂh -3 <ﬁc : ichn) (ichn ) ﬁh)

where the last term is evaluted by Mathematica to be

<

We define f(rp,r.,w)

n.n; — 3 (ﬁc . ichn) (ichn . ﬁh) 2> = /27r d9 /27r d¢ s(0 — ¢) — 30096005(]5]

2 2
D€

127 (€0 + €1)?(€g + €2)2

ad €0 — €1 " € — €2 " 1
r ¢ =
f(rh,re,w) n; <60+62) <€o+€2> |AR o |2

0

From similar arguments to that of the previous chapter, we obtan the expression for

the Coulomb coupling loss:

27 .
loss = = [ [ dreplot [ dunont()@IanPIAl (v (bt — i

Making use of equations 15.5 and 15.6 for both the hot-side and the cold-side, we

arrive at the following expression for the loss:

loss = d3rh/d3rc/dqu rh,rc,w)—w—————ah(w)ac(w) [e /KT —e_h“’/ch]
7r,uo wnp(w)ne(w)
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