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Abstract

We numerically and analytically investigate the linear complex mode frequencies
of model micro-reconnecting plasma modes which have transverse wavelengths of the
order of the electron skin depth ¢/wp.. This model mode, which can have finite wave-
length parallel to the magnetic field, is found in the limit of a straight and uniform
magnetic field in the presence of temperature gradients. The theory of the related
micro-reconnecting modes has been previously developed in view of explaining the ob-
servation of macroscopic instabilities which are not predicted by the drift tearing mode
theory [2]. These micro-reconnecting modes are radially localized by magnetic shear
and lead to the formation of microscopic magnetic islands. We derive the model dis-
persion equation, which closely follows the derivation of the micro-reconnecting mode
dispersion equation [1], under relevant conditions using the drift kinetic approxima-
tion. We also consider the dispersion relation in the fluid limit [1]. We examine the
solutions of the resulting dispersion relations and confirm the driving effect of the

electron temperature gradient, and the stabilizing effect of a density gradient.
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Chapter 1

Introduction

1.1 Background

Currently, approximately 79 percent of the energy used on our planet is generated
by burning fossil fuels which release environmentally harmful compounds into our
atmosphere [3]. If we were to burn a teaspoon of liquid hydrogen in the presence
of oxygen, we would produce water and 40.9kJ of energy. If the same teaspoon of
hydrogen underwent fusion, we would produce helium, neutrons, and 1.97 x 108%J
of energy. This incredible abundance of energy available through the fusion process,
along with its clean byproducts have made fusion enefgy a very appealing alternative
technology. Experts are currently working to design a way to control a fusion reaction
and harness the resulting energy.

Present day laboratory plasma experiments relevant to controlled fusion generally
have plasma temperatures as high as 15keV, which would melt any material container

we could use. Typically the plasma is contained at low density, and when making



contact with the high density material container, it loses large fractions of its energy
as it melts the container. An apparent solution to this problem is to use magnetic
fields to confine the plasma, as we approach the necessary temperature and density
conditions for fusion to occur. One such confinement configuration is the tokamak,
an axisymmetric torus with magnet’ic field lines which wind around the torus with a
strong component parallel to the toroidal axis and a weak component which circles
the poloidal plane. These field lines result from a toroidal field component which is
generated externally by coils, and a poloidal field which is generated by the currents
in the plasma.

This magnetic field configuration is able to overcome the loss of plasma confine-
ment due to particle drifts, which arise from the gradients and curvature of the mag-
netic field and the electric field. However, we still struggle with plasma confinement
because of instabilities like those resulting from magnetic reconnection. Magnetic
reconnection is a phenomenon in which the magnetic field lines in a plasma magnetic
field configuration break apart and reconnect in a way that can facilitate energy and
particle transport. Further efforts to design a controlled magnetically confined fu-
sion device rely on a strong theoretical understanding of these magnetic reconnection

events, and the relevant plasma modes.

1.2 Motivation

Magnetic reconnection and the associated magnetic island structures have been con-
sistently observed in well confined, high temperature plasmas [4]. Existing models of

magnetic reconnection such as the drift-tearing mode which explain such instabilities



in lower temperature regimes do not predict instabilities in these conditions. This is
due to the stabilizing effect of electron Landau damping in the collisionless case, and
to the parallel thermal conductivity in the weakly collisional case. These reconnection
events and the associated structures can be explained with micro-reconnecting mode
theory. In the theory, the micro-reconnecting modes are radially localized about the
reference surface where kj = k- B/B ~ 0. In the presence of magnetic shear, these
modes lead to the formation of microscopic magnetic islands with transverse scale
length ¢/wy.. These islands are created by an electromagnetic instability driven pri-
marily by the electron temperature gradient. The microscopic islands increase the
ratio of transverse to longitudinal thermal conductivity considerably over its classical
value. It is this increase which alters the stability criterion of the drift tearing modes
and permits the meso-scale magnetic reconnection, which is ultimately driven by the
current density gradient [2].

We investigate the model micro-reconnecting modes, which are derived without
the presence of magnetic shear and with kj # 0. Modes of this type may be ob-
served experimentally and this analysis serves as a foundation for further theoretical
investigation of the micro-reconnecting modes.

In this thesis we investigate the stability of these model micro-reconnecting modes.
In Chapter 2 we detail the relevant derivation of the dispersion equation. Then in
Chapter 3 we analyze the solutions of the mode frequencies under various conditions.
We make some concluding remarks about our results and future projects in Chapter

4.



Chapter 2

Model Micro-Reconnecting Modes

2.1 Dispersion Relation Derivation

In attempting to understand these model micro-reconnecting plasma modes, we will
examine the solutions of the relevant mode dispersion relation under various con-
ditions. We proceed by reproducing the dispersion relation derivation previously
obtained by Bruno Coppi [1] for the related micro-reconnecting modes. The contents
of this chapter closely follow these notes, though we make simplifying approxima-
tions in our derivation which distinguish our resulting mode from the similar micro-
reconnecting modes. In the micro-reconnecting mode theory, the magnetic shear is

introduced through the equilibrium magnetic field

B = By(e, + Liey) (2.1)

8
such that x corresponds to the radial distance from some reference rational surface.
The y and z coordinates correspond to the angular displacement in the poloidal

plane, and along the toroidal axis, respectively. This coordinate system, along with
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the expected magnetic field lines in the tokamak are shown in Figure 2.1. From the

Figure 2.1: The magnetic field lines in the Tokamak configuration are shown on the

left. The coordinate system is depicted on the right

MHD equation of motion in equilibrium conditions,
1

and the relation V x B = %J , our equilibrium magnetic field given in Eq. (2.1)
must be balanced by an equilibrium pressure that depends on x. It also follows that
the equilibrium temperature and density are independent of y and z. In the present
analysis we neglect magnetic shear by considering z/L; < 1 and thus B ~ Bge,,
though we maintain that the equilibrium density and temperature depend on x. To
derive the dispersion relation we utilize the drift kinetic approximation which averages
out the gyrating motion of the charged particles. We consider the motion of the

guiding centers of the particles which can be approximated to first order as the E x B



drift velocity

cE x B
Voo S 7

We begin with the linear phase space density equation for electrons which is given as

2 B . B  BJ
aaj; +V- {[EUH] Je}=-V- {[Evll vall + Vge] fe} + _EII (2.2)

where f,, fe are the equilibrium and perturbed phase space density respectively, and
E" is the perturbed parallel component of the electric field. We use potentials to
represent perturbed electromagnetic fields E=-Vd- ——A B =V x A. Then

the perturbed guiding center velocity is

We can reduce this equation with the simplifying approximation

. . B B ~ B
— B=VA"><'§+A||VX§2VA"X-B— (23)

A

A2A|

ol o

where the curl of the equilibrium magnetic field unit vector vanishes in our case where
the field lines are virtually straight. We have also neglected B” so that we may rewrite

the pertubed guiding center velocity as

Vge = — 7

Returning to Eq. (2.2) we see that the guiding center velocity appears as

cV<I>xB cV<I>><B cVd x B ca<1>afe

(2.4)

Where the E x B motion is approximately incompressible, and we have used the fact

that the equilibrium only depends on x. We continue by taking advantage of the



fact that V - B ~ 0 and the relations given in Eq. (2.3) to impose the following

simplification

Ban] fo} = =V - {[VA) x 2’U||] fe}

B, df ok
B' ™dzB~ B 0y oz

B .
-V {[§U||

= —v)[VA) x (2.5)

where again we discard the contribution of y and z in the dot product because the
equilibrium only depends on x. With Eq. (2.4) and Eq. (2.5) we can rewrite Eq.
(2.2)
0.
ot

woky oL | co00s.
B 0y Oz Bﬁy Ox

+ V- {[gul £} = - + B (0

Now we introduce the following Fourier-Laplace representations.

JE _JZ" eikzx+ikyy+ikzz—iwt
e = Je

A

_ F atkzzt+ikyytik,z—iwt
d=>0e v

A" — A” eikzx—}—ikyy—{—ikzz—iwt

where the tilde represents a perturbed quantity. Combining these expressions with
Eq. (2.6) we have

r af afe
(w = kyop) fe = (UnAn - C‘I’)% - -;n—(ku‘l’ - —An)8 m

(2.7)

where in the present we define kjy = k- B/B ~ k,. Then we consider an equilibrium

Maxwelian distribution,

fo = nla), [ &7

21T, (z)
with which we can further reduce Eq. (2.7)
1dn 1 dT, me'U” dT,

(w = Kyop)fe (’UuAn ~ G T o i
© (kg YAy
oo a® = 2 A () (28)



To close the system of equations self consistently we need to find the perturbed elec-
tromagnetic fields in terms of the perturbed distribution function. We accomplish this
by using the linear phase space density equation to calculate the perturbed parallel
current and perturbed charge density. Then we impose the quasineutrality condition

and Ampere’s law as follows

0 ~ —4me[n; — 27 / ’U_Ld'U_Ldv“fe]

A 4 A
V2A” = —?271‘/1)J_dvldv"v"fe

We take the ion response to be adiabatic (k1p; > 1), and we take k2 ,k2 > k2 so that

these expressions take the form

0~ —47re[—--673n - 27r/v_Ldvldv”fe] (2.9)
x 4me ~
(_k: - k;)AII _%2ﬂ/deUJ_dU||U||fe (2.10)

To take advantage of the quasineutrality condition and Ampere’s law we solve Eq.
(2.8) for f. and integrate over v, where we integrate over the same range of v, for

Eq. (2.9) and Eq. (2.10). We find that

]1 1dn 1@+mevﬁgﬁ2
B 'ndx 2T, dz 272 dz
1 me’l)”

= (kg - —Au)

27r/0 'UJ_d’UJ_fe [’U"A"

’fnvu

- Fe
w — k"v" me

Where F, = [;° vidvy f.. Now to simplify the expression above, we introduce the

following diamagnetic frequencies,

y ck,T, 1 dT, _ckT. 1dn

¥Te = Wye = g

T eB T dz eB ndzx

so that
1 2 m

0 ~ € Wye — 5WyTe + WiTeV 55 — W 1y ~ ~
on [ A X P 127 ~ @Y g
m A vydvy fo = T n + T . k‘"'l)" [ - A” <I>]nFe



Combining this result with Eq. (2.10), we find that

2 21 % W*Te + W*TeU" 2T. E}-u/i _ (i F
[kz + ky]All w—kyyy [ ¢l loyFe
If we introduce the following definitions d2 = ¢?/w?,, and w?, = 4nne?/m,, and

Vie = 1/2T¢/me, we can rewrite this equation as

+ W*Te(vﬁ/vtze - %) -
w — Ky

- o0 Whe Wy~ =
[ﬁ@+£%M«é%§[mmm [%M—QMML(ZH)

Manipulating Eq. (2.9) in the same way we arrive at

Wae + Ware(V] /07, — §) —w

A 3]F, (2.12)
w = kjy) I

02—[14—%]&)4—[:’ d’U"

We proceed by introducing €2, defined as

- *e+w*Te(u - 1/2) w
Q= — duu’e™ s
VT / ( k||”te )

where u = v /v.. Then by utilizing the fact that the integral of an odd power of u

over —oo < u < 00 is zero, we can reduce Eq. (2.12) to give a relation between ®

and A~”
v?ek“‘Q*/ch2 A

P~ A
T/T +w:ke/(-(-)+k"'vteﬂ /2&)3 "

Combining this result with Eq. (2.11) we arrive at the following result

H-k89m£@+£ﬁmwwﬁnqu+§*e

’-E Wae

(W1 + ] (2.13)

where ¢, = 1/2T;/m.. Then by carefully adding zero to the argument of the integral
in €2,, we can simplify the integrals we need to compute in searching for the solutions

of the resulting expression. We find that

Q= ware(1+ F) — (w — wie)(1 + GY)

9



where

> du2u2e_“2(—‘————_(u25§£; :iz/ 2)))

’U.2

ET/ du2ue ™ (A2—u2)

s
I
RS-

,\

Rearranging the terms we find [1]

k2 k2 2A2 2A

2A3
T lAT + (A7 = TG0 - ag—olr - (1 - 1) - rarl(1+ GY)
2A? 2A k?
~ A3 — 0 0 2 _ .
A°+D[1 o 1+ Fy) — <31Dk2(1+F0)+ozA71+k2 (2.14)
where

wire K2 w 7.2 2 |, 1.2\.02 Wse _T
= = A= k= (kZ+k%)d = = —
D ,k"l’vte2+2k27 lk"lvte’ ( _«l;+ y) er O |k'”|’Ute’ T ]

The details of these final steps are outlined in Appendix A.

2.2 Fluid Limit

We also wish to investigate these model micro-reconnecting modes in the fluid limit,

where w/kjv;. > 1. In this case we can make the following expansion

Refering back to our definition of 2, we have

1 0 —u2q 2 0 kﬁ’utze ,
Q*N—ﬁ/_w due 2u [w*e"'W*Te(u —1/2)_w](1+ wz u)

In our analysis we introduce the parameter € = kjv;,/w® < 1 and we assume the

following orderings wye/wire ~ w/wire ~ €. In these conditions Q, ~ w,r,, and from

10



Eq. (2.13) we find the following result for the model micro-reconnecting modes in the

fluid limit.
T *e 7"’! *
(W1 + 5 “ ] + - k"c (ware) (A2K2 + d2K2) ~ wPw,re[1 + Twwe]
After rearranging the terms we have
23 T; Wee 1 22 T; Whe
~ 1
Faon! ' To T = @Rraera N Ty

and introducing the following definitions

Wie L} 2

- 2 1/3
= ()3, A=
o =wip " T, ‘K.

k" 02 eWxTe

W, K= (82 + ) (e s
WiTe

we arrive at our desired dispersion relation [1]

1 A
@*(1+ f_l) 1~ —];sz(l + ) (2.15)

which is cubic in the complex mode frequency. There are two real parameters, k2

which is related to the temperature gradient, and A which is related to the effect of

a density gradient.

11



Chapter 3

Numerical Analysis and Results

Now we wish to investigate the model micro-reconnecting modes by analyzing the

solutions of the dispersion relations derived in Chapter 2.

3.1 The Fluid Limit

We begin by analyzing the solutions of Eq. (2.15), which was derived in the fluid
limit.
w(@ + A) (3.1)

where we recall

2.2

_ 2 s weli, 2 kijCoe
= A= BB, kg = (d2k2 + d2k2 1/
a=u kﬁcgew*Te ™ T, ( kﬁcgew*Te ) o = (dek. +de y)( 2WfTe )

In producing our solution curves we take A real and hold it constant and find the
solutions of @, which corresponds to the scaled micro-reconnecting mode frequency, for
various values of k,. We find that @ is purely real as long as ko remains below a critical

value k;. The imaginary part of @ reaches its maximum value as ko goes to infinity,

12



but reaches nearly peak value at around ko ~ 2 for values of A < 5. A plot of this is
shown in Figure 3.1, along with a plot of @ in the complex plane for 2 > ko > ket
and several values of A. As expected from a cubic equation, the complex solutions
come in pairs, and in addition to unstable roots we find damped modes. It would
appear from this figure that as we increase A which can be interpreted as a density
gradient parameter, that the mode frequencies diminish. We took ky = 2 and found
@ for A ranging from 0 to 10 as shown in Figure 3.2, and confirmed the suppressing
effect of A. We also wish to uncover a relation between A and the associated critical
value of ky at which the solutions & become complex. We expect this transition to
occur when the first derivative of Eq. (3.1) with respect to @ is zero. Differentiating
Eq.(3.1) with respect to @ we have

1
(7~

(4_}2

A 2%
=t 34 (3.2)

If we define Cp = Elg — A and substitute Eq. (3.2) into Eq. (3.1) it becomes first order

in w.
24 2 ,
(g * 5% =

A

—mCO +1 (3.3)

Now we use the solution of Eq. (3.2), which we find from the quadratic formula

1 1,
w—§CO+ 900

A

+ 3 (3.4)

to eliminate @ from Eq. (3.3). We simplify the resulting expression to find the
following relation between A and the critical values of kg

4A3KS + 27kS + 6 A%k — A*ky — 6Aky — 2A3k2 — 4k2 — A2 =0 (3.5)

We examined Eq. (3.1) numerically to find a plot of critical values of kgAversus A

which agreed with our analytical prediction above as shown in Figure 3.3.

13



Im [@]

Re [3)

-0.25 +

-0.75 |

Figure 3.1: Above: Im[@] as kg — oo for A = 1, Below: @ in the complex plane for

2> ko > koyg and A =0,1,3 14



kozkeear

ko=2

Figure 3.2: Above: Re[@] versus A for kg = k. and ko = 2, Below: Im[w] versus A
for ko =2
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ko

Figure 3.3: The bold dashed line is our analytical prediction given in Eq. (3.5), and

the fine line is our numerical confirmation

3.2 The Drift-Kinetic Approximation

Now we will analyze the solutions of our dispersion relation derived with the drift-
kinetic approximation given in Eq. (2.14). We begin this analysis by considering the
case where 7 = T;/T, = 1, and %/ % > 1. In these conditions we may neglect
the contribution of the density gradient which appears in the variable o through the

frequency w,.. The resulting equation is

2A2 k2 273
A’ + D[l - ?](1 +Fp) = W[A + (A — ?)Gg] (3.6)

were we recall

_ WaTe k? W

= e QA
'k“l'l)te 2+ 2k |k|||’Ute

, k= d2kL + dK

16



and

/ du2u2 —u? (u2 - 1/2)))

A?_UZ

/ du2u’e™ A2 — u2)

The solutions to Eq. (3.6) give A, which corresponds to the scaled model micro-

reconnecting mode frequency, for a given choice of k£ and D, which we take to be
real. Our desired solution curves show A in the complex plane for a given value of
D and several values of k. Our solutions involve k in a range such that D, defined
above, can be approximated as independent of k. We expect the integrals FY and GY
to introduce an imaginary component to Eq. (3.6) for any nonzero choice of A due
to the residue from the pole. We define A = Ag, + 7y and separate F{ and G into
their real and imaginary components so that F§ = Fgg + iFy and GY = Gy +iGY;.

Then we can separate Eq. (3.6) into its real component:

(N~ 85r?) + DI(1+ By (1 — 2200y | Bhn o
R 1+ G0 - 2R 2T p S
) G - 2Ry o By g (37)

And its imaginary component:
3y~ + Dl - e Dy Ay g
(20 ¢ G - 2R 2T A
e e Tt S S P

To find our desired solution curves, we add the absolute values of the left hand sides

of Eq. (3.7) and Eq. (3.8) and search for values of k, D, and A which minimize this

17



Im[4]

ZA?
LS54 (1- Sx-)=0

-z

Figure 3.4: A in the complex plane for k from approximately 3 to 100 and D =
11,19,39,64. The bold line shows the solutions of the simplified cubic A% + D(1 —

2A%/k?) =0

sum. We find these minima by holding D and Ag./7y constant, and sweep over a
large range of values of k and |A|, looking for the specific combination closest to a
zero. Then by succesive iterations of decreasing the sweep range, and increasing the
sweep resolution, we find the desired solution point. Then we adjust the ratio Ag./~y
slightly, and repeat the process for the same value of D. Through this method, we
find the solution curves shown in Figure 3.4. We find that for each value of D, as
k — oo, Im[A]/Re[A] approaches some limiting value. Plots of k versus Im[A]/Re[A]

are shown in Figure 3.5 for various values of D.

18
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100 }f

80 |

50 }

40 |

20 |

Im[d] fRe[4]

Figure 3.5: Im[A]/Re[A] for D = 11,19, 39,64 as k — oo

3.2.1 Theoretical Analysis

We notice in Figure 3.4 that for lower values of D, A bends toward the origin as it
approaches the real axis. We examine this behavior first by considering the residues
of the integrals. In the FY integral, if you consider the factor of 1/(A% — £2%), where

A =Ap. +ie,e <1 Then
A% — 2 ~ A%+ 2ieAp, — €2
If we define ¥ = (Ag. — &) , ¥ ~ ¢, then

£ = U* — 2AR, ¥ + A}, ~ A}, — 2AR. ¥

19



and so

A — &~ A%, — € + 2ieAg,

~ A% — (A%, — 2AR.0) + 2ieAR,

e+\I/2
e+ W

= 2ARe(iE + \I’) 2AR€
Thus 1/(A2—£€2) ~ (U —ie)/(2ARr.(€? +¥?)). Now we take advantage of the fact that
the factor of e¢* in the FY integral sufficiently suppresses the argument of the FY
integral, except when £ — Ag.. In that region, the pole will overtake the exponential

factor, and we may approximate the value of the entire integral as coming entirely

from this region surrounding the pole. Then we may rewrite the integral as such

1 e Az A2R (AQR — 1/2) .
0 e — f— - € € —_—

Where the first negative comes from the dé = —d¥ relation. Considering the imagi-

nary component

1 1/e
o 5 -
Foim = ﬁARe / Wi rwe 1+ 02/

Then converting to the variable ¥y = ¥/e and noting that d¥ = edy , we find the

imaginary residue

1 _ A2 e _
Fopm = ﬁ/\%ee Alee /_oo dp ——= 1+¢2 = A e Mhe (3.9)

The factor of m enters from the arctan integral. Because the real component was
of similar magnitude, but opposite sign we say that the real residue goes as Fyp, ~
—\/?A%ee"/\%e. We now wish to examine the behavior of the solutions of Eq. (3.6)
when A becomes complex. From our result in Eq. (3.9) we see that the terms involving

F{ and G} will always have an imaginary contribution due to the residue, though this

20



contribution is small for Ag. close to zero, or large. Now we begin with a purely real,

first order representation of Eq (3.6)

D, 2\
T+ 5= 25)

A3 =0 (3.10)

We then treat the following terms as a complex perturbation

]_62

Oy —2
ot 2T 2A

(3.11)

Then if we expand Eq. (3.10) with respect to a solution point Ay, we can equate the

second order terms to the perturbation above as follows [1]

112D 116D
01 (6A) ~ FP +

ST A - 2 1
2 N 2A3 k2

2A2

(3.12)

We found a solution near the real axis with D = 20, k ~ 3.1, F{ ~ 1.4 +ie, € < 1.
Plugging these values into our above relation gives us A = 1.24 + .175: — 8.02° for
A near the real axis. This supports our observed bending of the solutions near the

real axis.
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Chapter 4

Conclusions

We confirm the driving effect of an electron temperature gradient and the stabilizing
effect of a density gradient in these model micro-reconnecting modes. Experiments
that can reproduce the conditions of the micro-reconnecting modes can search for
these modes with transverse wavelengths of the order of c¢/wye, though the intro-
duction of magnetic shear and the spatial dependence of these modes may alter our
theoretical predictions. If these modes are observed, we predict their suppression in
the presence of a density gradient.

In future projects we can introduce the effects of magnetic shear, and the spatial
| dependence of the mode. With this we can get a clearer image of these micro recon-
necting modes, and see if the instabilities predicted by the model persist for localized
modes. If the instability does persist, as expected, then the resulting microscopic
islands may reduce the ratio of parallel to transverse thermal conductivity which
would then be capable of producing macroscopic reconnected magnetic surfaces in

the plasma as predicted by the micro-reconnecting mode theory. Further analysis of

22



these modes may offer more insight into the present dilemma between drift tearing

mode theory and high temperature plasma experimental results.
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Chapter 5

Appendix A

We begin with Eq. (2.13)

T; Wee 1 T; Wye

(W1 + Tw ]+ Shicee WK + d2K0) A ~ QL A[1 + T =] (61

and the definition of (2,.

2 o0 *e *T'e 2‘1 2) —
Q, = ﬁ—/ du2u?e (£ T+ Wt (u2 5 é )
\/_7; —0o0 “‘k”/l}teu

Now we manipulate our expression for €2,.

2 o0 2 *e *Te 2_1 -
Q*:A_/ duutes? (et rel —1/2) — v,

A2 — 42
where A = w/|kj|ve. Now we separate the different components of the integral Q,,

and carefully add zero to both components

Q. —wmf/ duzue— (W= 1/2) = (i —/1\{221/;\2)+(u (42 = 1/2)/A%),
—u?/A? + u?/A?

L L

2—u(

— (W — Whe \/_/ du2u
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Now if we carry A? through the integral, we can change the argument of the integrals

as follows

M)
A2

A ——u2)

Q, = w*Te\/i%. / ~ du2u?e™ ((u® — 1/2) +

—(w — Wye)—= / du2u?e™

We know that [ e du = /7. Then from integration by parts, we find that

I, 2ute ¥ du = [ 2u?e="(u? — 1/2)du = /7. Thus we have

(w?(u? — 1/2)))
A2 — 42

u2

—(W — Whe) = (W — Wae \/_/ du2ue™’ (A2 -—uz)

1 00
Q, = WeTe + WaTe——= / du2u2e'"’2(

We now define

= [ e (1),

u2

1 = 2
0 __ 2 _—u
GO B ﬁ[mdUQu © (A2 —u2)

so that

D = ware(1 + FY) — (w — wae)(1 + G (5.3)

Refering back to some initial definitions

k= (kX+ k;)dg 2, = Tvl

8

\‘
i
3|53

we rewrite Eq. (5.3)

W1+ Tw*e

) + kllvte(w*Te(l + 7)) - kz'vtze(w we) (14 GO)I(—K?)

2

~ —w?[1

(14 FQ)) + w1+ 'rﬁ](w — wie)(1+ GY)
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Then dividing through by |k |vd, we find

[A3(1 + T‘”:) + %le’;a + F9) — %(A - Ik‘l‘l’l*;te)u + GO))R?
o NP1 T (14 FD) = AL+ r (A - lk‘;l’l*;e)(uc:g)
Now we introduce the new variables
_ WaTe L Wae
TRl © T TRyl

and introduce a factor of 2/k? to rewrite our expression as

2A3(1 + T%) +7E(L+ F) — 7(A —a)(1+ GY)

21\.2 Iy
e —[1+ TK]g(l + F)) —

A? Q 0
—22—[1 + T-/-\-](A —a)(1+ Gy)

Rearranging yields

A (2“;—%2) + &1 - %/2\— (1+ Fp) — agf = (1 + FY) + 2aA*r
~ [TA+ (TA - %)Gg] —afr — 212—/\22(1 —7)— %/;ar](l + GY)
Defining D = £7k%/(2 + 2k?) we arrive at
A*+ D[l - 207 1+ F)) - aD2A(1 + FY) + aA®*r —2-
i k2t k2 + k2
I e R (- %\—ar](l +GY) (5.4)
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