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In the observation of multiple thresholds in the cavity-quantum electrodynamics microlaser there was de-
viation from the result predicted by uniform atom-cavity coupling theory, notably a frequency-pushing behav-
ior. We analyze in the semiclassical limit the tilted injection of atoms, originally used to achieve a spatially
uniform atom-cavity coupling, and show that the deviation originates from the interference between the in-
duced dipole moments associated with two traveling-wave components of a standing-wave cavity mode. The
criteria for sufficiently reduced interference and thus uniform atom-cavity interactions are derived in analytic
considerations and verified by numerical calculation. Our analysis is well supported by experimental data.

DOI: 10.1103/PhysRevA.79.033816 PACS number�s�: 42.50.Pq, 42.50.Gy, 42.55.�f

I. INTRODUCTION

The cavity-quantum electrodynamics �QED� microlaser,
an optical analog of the micromaser �1�, is one of the most
fundamental systems in quantum optics. It amplifies light via
coherent interaction between a small number of two-level
atoms and a single cavity mode under the strong-coupling
condition. The first operation of the microlaser successfully
demonstrated lasing in the single atom level �2�. But spa-
tially nonuniform atom-cavity coupling was unavoidable as
in most cavity-QED experiments �3–6� employing a colli-
mated atomic beam in the optical frequency region. Typi-
cally, the atomic beam width extends over hundreds of wave-
lengths inside the cavity mode. Soon it was realized that
position dependence in the coupling strength can be removed
in effect by tilting the atomic beam and incorporating
Doppler-shifted traveling-wave-like interactions �7� at the
expense of reducing the coupling strength to a half of its
original maximum. With this scheme the microlaser has suc-
cessfully witnessed sub-Poissonian photon statistics �8� and
multiple thresholds �9�, which are theoretically predicted fea-
tures under the uniform atom-cavity coupling condition.

It was observed, however, that the mean photon number
in the cavity as a function of the intracavity atom number
deviates from the theoretical prediction based on the uniform
atom-cavity coupling condition as the system approaches the
higher threshold region �10�. In particular, the mean photon
number versus cavity detuning curve at a fixed atom number
appears as if Doppler-shifted resonances got farther away
from the rest-atom resonance by tens of MHz �frequency-
pushing effect�. According to the uniform coupling theory,
the cavity-tuning curve should look symmetric with respect
to a Doppler-shifted resonance frequency. The mechanical
effect is ruled out because the additional Doppler shift in-
duced by the optical force is much less than the mean Dop-
pler shift. There was speculation that this asymmetry might
be due to bichromatic interaction of the two traveling-wave
components of the cavity field with the atoms �9–11�, but no

quantitative explanation to this asymmetry has been put forth
so far.

Bichromatic atom-field interaction is a well-studied sub-
ject of considerable interest in atomic physics and quantum
optics. Usually two independent coherent fields with differ-
ent frequencies interact with an atom near resonantly. A
unique feature of the bichromatic atom-cavity interaction in
the microlaser, which also imposes additional difficulties, is
that the two fields are the two traveling-wave components of
a single standing-wave cavity field, which grows and shrinks
by coherent interaction with the atoms while the Rabi angles
involved in this interaction can be much larger than unity.

In this paper we solve the problem semiclassically �i.e.,
mean photon number much greater than unity� by evaluating
the unitary operator associated with the atom-cavity interac-
tion in Dyson series with an explicit time-position-dependent
atom-cavity coupling. We show that the frequency pushing
originates from a bichromatic interference between the
atomic dipoles induced by the two traveling-wave compo-
nents. We also show the frequency pushing accompanies spa-
tial nonuniformity in the atom-cavity interaction. We then
find criteria to achieve uniform coupling regardless of the
occurrence of multiple thresholds. In fact, the experimental
condition of Ref. �9� does not meet the criteria strictly. Our
experimental data strongly support the validity of the criteria
while nicely fit by theoretical curves.

The phase sensitivity is often encountered in the problem
of interaction between two-level atoms and bichromatic
fields �12�. The previous relevant theories �13–15� are lim-
ited to small Rabi angles. The present work registers another
progress on this subject by giving an insight on the influence
of the detuning between bichromatic fields to phase sensitiv-
ity beyond the first-order effect.

A similar criterion on the Doppler shift �degree of atomic
beam tilting� for achieving spatially uniform vacuum Rabi
oscillation via unidirectional momentum transfer has been
given in a quantum theory with the atomic center-of-mass
motion quantized �16�. Our criteria may be regarded as its
natural extension to the semiclassical limit. In addition, we
derive our criteria analytically whereas the analogous crite-
rion in Ref. �16� was found by numerical analysis. Further-
more, we present in detail the effect of interference and*kwan@phya.snu.ac.kr
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thereby the microlaser output if the criteria are not strictly
met. As another previous study we also note that a quantum
trajectory analysis of the correlation measurement in a
cavity-QED setting was given for a misaligned atomic beam
�17�. Although the degradation of nonclassical correlation
due to Doppler shift was nicely explained, the notion of cou-
pling between bichromatic components was not clear.

This paper is organized as follows. In Sec. II, a semiclas-
sical theory to determine the steady-state solution of the mi-
crolaser is explained. We derive analytic expressions regard-
ing the emission probability for a tilted atomic beam
configuration in Sec. III and numerically calculate the micro-
laser output in Sec. IV. We present experimental results
which strongly support our analysis with correct fits in Sec.
V.

II. STEADY STATES UNDER UNIFORM COUPLING

Let us review how to determine the steady states of the
microlaser assuming a uniform coupling. In the microlaser a
stream of barium atoms traverses a high-Q �3�109� cavity
mode. Atom-cavity coupling g, cavity decay rate �c, and
atomic spontaneous emission rate �p are 2�� �380, 150, 50�
kHz, respectively, and thus the so-called strong-coupling
condition, 2g��c ,�p, is satisfied. The atoms are fully in-
verted to their excited states of 1S0-3P1 transition before en-
tering the cavity mode. Energy is delivered to the cavity
according to an emission probability Pem determined by co-
herent atom-cavity interaction. The energy inflow thus equals
atomic flux times the emission probability. Since the atomic
decay during the transit time � through the cavity mode is
negligible ��p��1�, the main mechanism to lose energy in
this system is through the coupling to the outside continuum
modes, which is phenomenologically designated as �cn re-
gardless of atomic parameters. Then the mean photon num-
ber n in the steady state is determined by the so-called gain-
loss equation

N

�
Pem = �cn , �1�

where N is the mean number of atoms inside the cavity. The
left-hand side of Eq. �1� is a gain of the microlaser whereas
the right-hand side describes a loss. Self-consistent determi-
nation of the steady state via rate equations was first intro-
duced in Ref. �18�. In the present many-atom system, the
cross interaction between atoms can be neglected since the
change in the Rabi angle induced by adding or subtracting a
photon by the other atoms inside the cavity is very small
when the mean photon number is much larger than unity
�19�. The problem is then reduced to obtaining the emission
probability as a function of n, �, and cavity-atom detuning �.

The emission probability is obtained as follows. Let us
denote the excited state a, the ground state b, and the fre-
quency of each level as 	a ,	b, respectively. The dipole in-
teraction with a light field of E0 cos 	t is described by a
Hamiltonian

H = H0 + H1, �2�

where

H0 = 
	a�a��a� + 
	b�b��b� �3�

and

H1�t� = 
�0 cos 	t�a��b� + H.c., �4�

where �0=�E0 /
 is the Rabi frequency associated with E0
and “H.c.” stands for Hermitian conjugate. It is convenient to
work in the interaction picture with

U0�t� = exp�− i	at��a��a� + exp�− i	bt��b��b� . �5�

The transformed interaction Hamiltonian is then given by

V�t� = U0
†�t�H1�t�U0�t�

�
1

2

�0�exp�− i�t��a��b� + exp�i�t��b��a�� �6�

under the rotating wave approximation with �=	− �	a
−	b�		−	0. The atomic ket state evolves by an unitary
operator as

�
I���� = UI����
I�0�� = UI����a� , �7�

where UI��� is a time evolution operator given by

UI��� = exp
−
i



�

0

�

V�t�dt� , �8�

and the emission probability is the given by Pem
= ��b�UI����a��2. The time evolution operator is explicitly ex-
panded in Dyson series as

UI��� = 1 −
i



�

0

�

V�t1�dt1 + 
− i



�2

��
0

� �
0

t1

V�t1�V�t2�dt1dt2 + ¯ , �9�

where obviously only odd terms contribute to the transition
amplitude �b�UI����a�. It is well known �20�

�b�UI����a� = �
n=0

� 
− i�0

2
�2n+1�

0

�

dt2n+1�
0

t2n+1

dt2n ¯ �
0

t1

dt1

�exp�i��t2n+1 − t2n + ¯ − t2 + t1��

=
− i�0

��0
2 + �2

sin
��0
2 + �2�

2
�exp�− i��/2� , �10�

thereby

Pem =
�0

2

�0
2 + �2sin2
��0

2 + �2�

2
� . �11�

If the Rabi frequency acquires an overall phase, say �0
→�0 exp�ikz0�, the expression of the transition amplitude in
Eq. �10� is also multiplied by the factor exp�ikz0�, which
makes no physical difference in the emission probability.

Using the relation �0=2g�n, we obtain the expression for
Pem�� ,n ;��. We can construct a map of gain on �� ,n� space
and the steady states are determined by intersection curves
between the gain map and the plane of cavity decay �cn as
shown in Fig. 1. For each closed curve, the lower half at
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which the slope of the gain along the photon number is posi-
tive constitutes an unstable solution, thus will not be consid-
ered �9�. The upper half of each curve is a part of a micro-
laser detuning curve, what is measured in a typical
experiment, where the cavity’s resonant frequency is scanned
at a given input atomic flux. There are more than one set of
solution if the atomic flux is high enough and we call the nth
curve as nth branch solution. Since Eq. �11� is symmetric
with respect to the sign of � the detuning curve is also ex-
pected to be symmetric.

III. EFFECT OF TILTED INJECTION OF ATOMS
ON THE ATOM-CAVITY INTERACTION

If we tilt the atomic beam slightly, the atom’s coordinate
along the cavity axis is given by z�t�=z0+ut, where z0 is the
position of injection for the specific atom and u is the veloc-
ity along the cavity axis. In a typical experiment the trans-
verse velocity is v=800 m /s and the tilt angle is tens of
mrad, thus u is order of 10 m/s and the corresponding Dop-
pler shift ��	ku� /2� is order of 10 MHz. The mode function
for a TEM00 Gaussian mode in the atomic frame of reference
is

cos��t + kz0�exp�− �x2 + y2�/w2� , �12�

where x and y are the transverse coordinates orthogonal to z
and w is the mode waist. Plots of the mode function for two
representative values of kz0 are shown in Fig. 2. Note that the
incident position z0 is mapped to the phase of amplitude
modulation while it is mapped to the amplitude itself for
normal injection ��=0�.

Our model Hamiltonian in the tilted case is given by

H1�t� = 
�0 cos��t + kz0�cos 	t�a��b� + H.c. �13�

and the transformed interaction Hamiltonian V�t� is, apart
from 
�0 /2,

„exp�− i��� − ��t − kz0�� + exp�− i��� + ��t + kz0��…�a��b�

+ „exp�i��� − ��t − kz0�� + exp�i��� + ��t + kz0��…�b��a� .
�14�

Let us call the corresponding unitary operator UI
tilt���. For

this bichromatic interaction a closed-form solution of
�b�UI

tilt����a� is not known to our knowledge. However we
can get an insight on the interference between bichromatic
components under a specific condition. For �	�0� /2�1,
we may seek the first-order term of the Dyson series in �,
which is written as

�exp�i�� − ���� − 1�
i�� − ���

exp�− ikz0�

+
�exp�i�� + ���� − 1�

i�� + ���
exp�ikz0� . �15�

Its contribution to Pem is then �2�

sinc2
 �� − ���
2

� + sinc2
 �� + ���
2

�
+ 2 cos
��

+ 2kz0
�sinc
 �� − ���

2
�sinc
 �� + ���

2
� .

�16�

The expansion parameter ��=�ng�� has a meaning of the
accumulated Rabi angle during � in the presence of n pho-
tons. The first and second terms represent the interaction
with the blueshifted and redshifted traveling waves, respec-
tively, if ��0, and the third term represents the interference
between them. Nonuniform feature or kz0 dependence solely
comes from the interference term. Figure 3 shows the differ-
ence of the cross term at an antinode �kz0=0� and at a node
�kz0=� /2�. The most dramatic difference arises for �����1.
For normal injection ���=0� it simply states that the interac-
tion is present there or not. We also observe that for the
antinode the emission of photon is enhanced for �2��2

whereas it is enhanced for �2��2 for the node. To suppress
the terms of spatial dependence we should then have

��� � 1/� , �17�

which indicates the separation of two Doppler-shifted reso-
nance peaks should be much larger than the transit-time
broadened width of each in the detuning curve.

FIG. 1. �Color online� Illustration showing how the steady-state
detuning curve is determined. There are five stable branch solutions
in this case.

FIG. 2. Mode function for atoms injected into the cavity at two
different positions �kz0=0,� /2� with a tilt angle with Doppler shift
of � /2�=22.8 MHz at a speed of v=750 m /s, which are typical
experimental parameters.
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The typical experimental situation, however, cannot be
fully understood by the first-order term only since �=�ng�
�1 for n�80, which is then limited to the first branch so-
lution. The next high-order terms are very complicated for
arbitrary �. For clarity let us focus on the situation in which
the cavity is tuned to one of the Doppler-shifted resonances,
say, �=�. The first-order term then reads ��

1 + sinc���/2�exp�i��� + 2kz0�� �18�

apart from an overall phase. The interpretation is the same as
given above for arbitrary � with the second term represent-
ing the interference between bichromatic components. The
third-order term reads �3�

1

3!
+

1 − cos����sinc����
2����2 +

1

2
sinc����exp�i��� + 2kz0��

+
cos����sinc����

2����2 exp�− i��� − 2kz0��

+
1 − sinc�2���

4����2 exp�i�2�� + 4kz0�� , �19�

where the first term comprises clean Rabi oscillation since
those terms are summed up as

�
n=0

�
�− i��2n+1

�2n + 1�!
= − i sin��� . �20�

Here again we observe that the spatially nonuniform contri-
bution with the kz0 dependence contains sinc���� or powers
of ����−1, which falls rapidly as a function of ��. These en-
velopes are persistent to the terms other than those in Eq.
�20� for even higher-order terms of Dyson series. Thus the
criterion in Eq. �17� is still valid for the higher orders of �.
Another feature to note in the higher-order terms is the ap-
pearance of harmonic resonances such as 2�� ,3��, and so
on.

As � gets larger beyond unity, however, the kz0-dependent
terms and harmonic contributions get amplified. Thus we
need to ultimately involve � in the criterion for ��. The
general condition for arbitrarily large � is obtained as fol-
lows. Ideal Rabi oscillations with the coupling strength re-

duced to a half is expected if we achieve a spatially uniform
and interference-free situation. In other words, on a Doppler-
shifted resonance �say �=�� the transition amplitude is very
close to that given by Eq. �10� with �0→�0 /2 and �=0
regardless of kz0. Thus we calculate the remaining secondary
terms other than the ideal Rabi oscillation in the transition
amplitude as

�b�UI
tilt�� = ���a� − �b�UI�� = 0��a��0→�1/2��0 exp�−ikz0�

= exp�− ikz0��
n=0

� 
− i�0

4
�2n+1

��
0

�

dt2n+1�
0

t2n+1

dt2n ¯ �
0

t1

dt1

��1 + exp�2i��t2n+1 − t2n + ¯ − t2 + t1��

�exp�2ikz0� − 1�

=
− i�0 exp�ikz0�
���0/2�2 + �2��2

sin
���0/2�2 + �2��2�

2
�exp�− i���

�21�

by using Eq. �10� and the arbitrariness of the overall phase in
the Rabi frequency. Hence to suppress the magnitude of Eq.
�21� another criterion for spatially uniform coupling can be
generally declared as

��� � �0/2. �22�

With Eq. �17� we can then summarize as

��� � Max��ng,1/�� . �23�

The requirement of large Doppler shift for spatially uni-
form coupling is reminiscent of a similar criterion ����g for
clean vacuum Rabi oscillation in Ref. �16�. Both the present
analysis and that of Ref. �16� deal with a similar situation
where the position of the atomic beam along the standing
wave is not determined but its momentum is well defined. In
Ref. �16�, the unidirectional momentum transfer occurs be-
cause the recoil to the other direction is effectively sup-
pressed by a large detuning from the corresponding
traveling-wave component. Although the momentum and the
photonic quantum basis are not considered in the present
semiclassical analysis, the underlying principle, that is, de-
coupling the opposite traveling-wave components by tilting
the atomic beam is the same in both cases. As mentioned
earlier in Sec. I, the extension to the semiclassical regime
with n�1 is given here analytically rather than by numerical
observation.

Intuitively the frequency pushing can be understood as
follows. In the higher branch solutions the atoms undergo
more than one cycle of Rabi oscillation. The emitted photons
are reabsorbed by the atoms several times there. Let us con-
sider an excited atom, with a transverse velocity u along the
cavity axis �z axis�, emitting a photon in +z direction at 	0
+� due to Doppler shift. The photon reflected back to the
same atom then appears to be at 	0+2�, creating an induced
dipole at that frequency. Further re-emission would then oc-
cur at 	0+3� in +z direction, and so on. Likewise, the emis-

FIG. 3. �Color online� Density plot of the difference of the cross
term for kz0=0, � /2 as a function of �� and ��. Dashed lines �
= �� are shown for comparison.
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sion in −z direction would result in frequencies 	0−� ,	0
−3�, etc. The interference between such multiphoton pro-
cesses is the physical origin of the harmonic resonance
which is also the very reason of the frequency pushing. Since
both traveling-wave components are constituents of the same
standing wave, the effect of the detuned traveling-wave com-
ponent gets inevitably stronger as the Rabi frequency of the
common cavity field grows. In Sec. IV, the correct effect of
the traveling-wave interference in the microlaser signal is
calculated for the first time.

IV. NUMERICAL RESULTS

A numerical method including the coupling between two
traveling-wave components in the microlaser has been de-
vised in Ref. �11�. The strategy is to divide the induced po-
larization of the atomic dipole into two parts, each of which
corresponds to one of the traveling waves. The coupling be-
tween them are taken into account by considering a common
cavity field operating on both atomic polarization. As we will
show later in this section the approach in Ref. �11� is missing
the harmonic resonances, and thus failed to explain the fre-
quency pushing quantitatively.

Here we present the correct calculation for the frequency
pushing and the related deviation from the uniform coupling
theory by directly employing the amplitude-modulated mode
function as in Eq. �12�. Numerical integration of the optical
Bloch equation is performed in order to obtain the emission
probability. The equations are

Ṡ1�t� = �S2�t� , �24�

Ṡ2�t� = − �S1�t� + ��t�S3�t� , �25�

Ṡ3�t� = − ��t�S2�t� , �26�

where 2S1�t�=�ab exp�i	t�+�baexp�−i	t�, 2S2�t�
= i��ab exp�i	t�−�ba exp�−i	t��, S3�t�=�aa−�bb, and ��t� is
the Rabi frequency including the amplitude-modulated mode
function. The emission probability is given by 1

2 �1−S3����
for the initial condition of S1�0�=S2�0�=0, S3�0�=1. We
present the results for two kinds of transverse envelope of
��t�, a top hat and a Gaussian profile. The former is consis-
tent with the analysis in the previous section and allows us to
identify the contribution of kz0-dependent terms in the emis-
sion probability. The latter is consistent with the experiment
and will hence be used to explain the experimental results.
The monoenergetic beam is assumed in order to clarify the
essence of the physics although we take into account the
inhomogeneous velocity broadening of the actual atomic
beam when we give a fit to the experimental data in Sec. V.

A. Top-hat mode profile

Figure 4 shows the emission probability for four different
tilt angles or Doppler shifts. The left column �a�–�d� is drawn
for injection at the antinode and the right column �e�–�h� for
the node. Doppler shift � /2� is increased from 0 to 45 MHz.
For normal injection, �a� and �e�, Pem’s are very different

depending on the injection position z0. It simply reflects the
fact that Rabi frequency is largest at the antinode and no
interaction at the node. For an intermediate tilt angle, �b� and
�f�, at which ���ng at n�6000 a significant dependence on
kz0 emerges for n�1000. As expected, the interference ef-
fect comes into play in such a way that Pem reaches unity
with smaller n for ���� ��� for the antinode whereas it does
for ���� ��� for the node �recall the discussion on Fig. 3�.
Furthermore, we also find gain peaks roughly at the twice of
� in Fig. 4�f�, which is identified as a harmonic resonance
which appears in the higher-order expansion of Dyson series.

FIG. 4. �Color online� Density plots of emission probabilities
for the antinode ��a�– �d�� and the node ��e�– �h��. A top-hat mode
profile is assumed. From the first row to the fourth, � /2� are 0, 15,
30, and 45 MHz, respectively. Typical parameters in the experi-
ment, v=750 m /s �monovelocity� with g /2�=380 kHz and
�c /2�=150 kHz, are used.
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As the tilt angle gets larger, the similarity between two cases
or the uniformity of interaction reaches the higher branch
solutions. In the regime where the spatially uniform coupling
is achieved, the Rabi frequency is effectively reduced to a
half of its maximum value as it should be. This general be-
havior is also observed qualitatively with a realistic Gaussian
mode function in the next section.

B. Gaussian mode profile

On resonance the mode profile does not matter if the in-
tegrated Rabi angles are set the same. At off resonance, how-
ever, the response of the atom is different. In terms of Bloch
vector the torque vector ���t� ,0 ,�� is fixed for the top-hat
profile, while the torque vector wobbles due to the adiabatic
variation in Rabi frequency as a function of time for the
time-varying envelope. The results for a Gaussian TEM00
mode are shown in Fig. 5. The overall tendency is the same
as in the case of top hat except that the degree of kz0 depen-
dence is somewhat reduced. We ascribe it to the fact that the
adiabatic nature of Gaussian envelope suppresses the spuri-
ous harmonic resonances, which is induced by the square
edges of the top-hat profile. For intermediate tilt angles, for
which ���ng for the third branch solution as in �b� and �e�,
the frequency pushing is evident due to the harmonic reso-

nances. For larger tilt angles as in �c� and �f� clean Rabi
oscillations are recovered.

As mentioned earlier the validity of decomposing the
atomic polarization into two traveling-wave components as
in Ref. �11� is limited to small �. Consequently, the interfer-
ence effect or the frequency-pushing effect is more pro-
nounced in the third branch for the exact calculation than the
approximation of Ref. �11� as shown in Fig. 6.

V. EXPERIMENTAL TEST OF THEORY

To verify the validity of our theory we conducted the
same type of experiment as in Ref. �9�. With a high enough
atomic flux of mean velocity 800 m/s and inhomogeneous
velocity width of 30% �full width at half maximum
�FWHM��, we could observe the microlaser signal corre-
sponding up to the third branch solution. The detuning
curves were measured for two different tilt angles. In Fig. 7,
� /2�=15 MHz in �a� and � /2�=35 MHz in �b� so that
� / ��nmaxg��1 and 2.4, respectively, where nmax is the maxi-
mal mean photon number involved. In the experiment of Ref.
�9�, � / ��nmaxg� was about 0.9, close to the situation in �a�.
The frequency pushing, which manifests itself for intermedi-
ate tilt angles or Doppler shifts ����ng�, disappears for the
large enough Doppler shift as expected. In the latter case, the
detuning curve is more or less symmetric about each
Doppler-shifted resonance, implying spatially uniform atom-
cavity interactions.

The level of each branch solution and the shift of reso-
nance are in a good agreement with a theoretical fit with the
mean atom number as a fitting parameter. The reason why
the atom number is a fitting parameter is a practical one,
namely, the atomic flux may vary in experiments depending
on the tilt angle due to screening by a collimating aperture
along the path of the atomic beam.

Although the branch solutions are disconnected to one
another, the observed mean photon number jumps from one
branch to another at specific detunings. Even hysteresis is
observed with respect to the cavity scanning direction �9�.
This phenomena, now under study, can be understood quali-
tatively in terms of Fokker-Planck analysis of quantum tun-
neling between the double-well potentials �10�. The reason

FIG. 5. �Color online� Density plots of Pem for a Gaussian mode
profile. The same parameters and plot conventions are used as in
Fig. 4. From the first row to the third � /2� are 0, 15, and 30 MHz,
respectively.

FIG. 6. �Color online� Density plots of Pem for � /2�
=15 MHz at kz0=0. �a� By the exact calculation and �b� by the
approximate calculation of Ref. �11�.
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for additional broadening which occurs when each branch
solution approaches a saturation region is still not known and
will be investigated in the future.

VI. CONCLUSION

We have shown that the interference between the atomic
dipoles induced by two traveling-wave components brings
about the frequency-pushing effect observed in the detuning
curve of the cavity-QED microlaser. This interference is the
very mechanism that prevents us from achieving the spatially
uniform atom-cavity interactions when deliberately tilting
the atomic beam. Our analysis is done by evaluating the
unitary operator associated with the atom-cavity interaction
in Dyson series with an explicit time-position-dependent
atom-cavity coupling. Analytic explanations are given to un-
derstand the numerical and the experimental results. The cri-
teria for achieving the uniform atom-cavity interaction is to
set the Doppler shift by tilting the atomic beam much larger
than both the inverse of transit time and the accumulated
Rabi frequency involved. We found that the observed third
branch deviating from the prediction of uniform coupling
theory in the experiment of Ref. �9� is due to the Doppler
shift not large enough compared to the Rabi frequency asso-
ciated with the third branch. Almost symmetric detuning
curve was obtained in an experiment with a larger Doppler
shift, implying a spatially uniform coupling was achieved
there.
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