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ABSTRACT

In this paper we provide worst case error bounds for several heuristics
for the uncapacitated dynamic lot size problem. We propose two managerially
oriented procedures and show that they have a relative worst case error bound
equal to two, and develop similar analyses for methods known as the "Silver
and Meal" heuristics, the part pefiod balancing heuristics, and economic
order quantity heuristics (expressed in terms of é time supply of demand).

We also present results on aggregation and partitioning of the planning horizonm.



1. Introduction

Due to their importance to production planning and inventory control, lot
size problems have been widely studied ([12] and [7]). 1In particular, these
problems play a key role in materials requirement planning ([6] and [8]).

In this paper, we study heuristics for the following uncapacitated version

of the lot size problem:

N T
(P) Min .Z ) [sitG(Xit) + hitIit + vitxit]
: i=1l t=1
s.t. Xit - Iit + Ii,t—l = dit i=1,...,N; t=1,...,T
xit’ it > 0 i=1,,..,N; t=1,...,T
» 1 if X,t >0 i=1,...,N
§(X;p) = ’
0 otherwise t=1,...,T

where the decision variables are:
Xit’ the number of units of product i to be produced in time period t,

Iit’ the inventory of product i carried from period t to period t+l,
and the parameters are:

S the set-up cost of producing product i in period t,
, the unit cost for holding product i from period t.to period t+l,
the unit production costs for product i in period t,
the demand of product i in period t.

Problem (P) is separable in i and reduces to N single product uncapacitated
lot size problems.

Sometime ago, Wagner and Whitin [9] proposed an efficient 0(T?) dynamic
programming algorithm for solving problem (P). The algorithm has not been

extensively used in practice, however, due to the difficulty that managers have

in understanding it and because it can be time consuming when applied to



~2-

problems involving tens of thousands of components. As a consequence, several
0(T) heuristics havé been developed for the uncapacitated lot size problem. In
this paper, we provide worst case error bounds for some of these heuristics and
we analyze aggregation procedures. In section two, we show that even though
the Silver and Meal heuristic has performed very well in several simulation
tests presented in the literature [7], the heuristic's worst case efrors can

be arbitrarily bad. In the same section, we propose two simple procedures

with a worst case relative error bound equal to two, and analyze a part period
balancing method and a heuristic based on the economic order quantity expressed
as a time supply [7]. In section three, we study the effect of reducing the
planning horizon. We show that the worst case error, when the multi-facility
single-item problem is partitioned in two sub-problems, does not exceed the

sum of the costs associated with a single set-up in each facility. 1In section
four, we address issues of aggregation, proving that when two products present
certain proportionality in their parameters, there is an optimal strategy that
applies to both. We also study'worst case errors for the cases where the
proportionality conditions are not applicable. The results of thié section
apply, in particular, to the diagnostic analysis of inventory systems and comple-
ment those of Bitran, Valor and Hax [1]. Finally, in the last section we

present conclusions and topics for further investigation.

2. Analysis of Some Heuristics for the Uncapacitated Lot Size Problem

As we have already noted, because practitioners have difficulty_understand-
‘ing optimization based methods such as the Wagner and Whitin algorithm, they
frequently use simpler, non-optimal, algorithms. Among these is the Silver
and Meal heuristic. In computational studies, this procedure has performed

well when compared to others in the literature [7; P. 317]. Nevertheless, as
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we show, its worst case error bound can be arbitrarily bad. Moreover, we show
that other well-known heuristics also perform badly in a worst case sense, and
propose two heuristics that have much better worst case performance.

Throughout this section, we will deal with singie-item production problems
and so we drop the index i from the formulation (P) (e.g. we useAdt instead of
d.. ). The results are‘derived for the case where Ve =V and therefore the

it

corresponding costs can be ignored.

The Silver and Meal Heuristic

To set notation, we briefly describe the Silver and Meal heuristic. Assume
we are in the beginning of the first period (or that we are in any subsequent
period wﬁere we will produce) and we want to determine the quantity Q to be
produced in this period.' The total cost associated with a production quantity

Q that satisfies demands for n periods is given by
TC(n) = set—up cost + carrying costs to the end of period n.

The procedure selects n as the first period that minimizes (locally) the total
cost per unit time, that is, if AC(t) = TC(t)/t denotes the average cost per

period, then
AC(1) > AC(2) > ... > AC(n)
AC(n) < AC(n#l).

In the next proposition, we establish a worst case error bound for this

heuristic.

Proposition 2.1: The worst case relative error for the Silver and Meal heuristic

can be arbitrarily large.
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Proof: We prove the proposition by means of a sequence of examples. Let n

be a positive integer. Consider a lot size problem with parameters

s, = 1, ht = 1 for all t, and

= 0,...,d =0, d -1

d; >0, d2 n n+1 2 n

1

=}

where Erlisa small positive quantity, and Sp» ht, and dt denote respectively
the set-up cost, holding cost, and the demand at time period t. Applying the

Silver and Meal heuristic, we have
1 1
AC(1) = 1> AC(2) = 5 > ... > AC(n) = o

1
1+'ﬁ-+n€n 1

n+1l n

AC(nt+l) = + (Ej‘q)en > AC(n).

Two set-ups occur, one at period 1 and the second at period n+l. The

total cost given by the heuristic is ZH = 2., The optimal solution is to produce

everything at period 1. The total cost of the optimal solution is

- 2 =
Zg = 1 +n(l/n° + En) 1+ 1/n + ne_ .
Hence,
g 2
Zg 1+ 1/n + ne ’
n

If ne - 0, this ratio tends to 2 as n -~ =,

Consider next a lot size problem with parameters

s, = 1, ht = 1, and
£ = 3 = 2
d1 > 0, d2 .. dn 0, dn+l 1/n° + e,
- - _ - 2
dhe2 sy, T 0 dy g = 1/nT Fe



According to the Silver-Meal heuristic, the production will occur in periods 1,
n+l, and 2nt+2, with total costs ZH = 3. The optimal strategy is still to

produce everything in period 1. The total cost of the optimal solution is

- 2. 2 -
Z0 1+ n(l/n° + en) + (2n) (1/n* + en) 1+ 3/n + 3n€n
and
o 3
z0 1+ 3/n+ 3n€n

If ne > 0, this ratio tends to 3 as n + o,
By increasing the size of the problem and duplicating the demand pattern

as we have, the relative error can be made arbitrarily large. EEZEEQ

Economic Order Quantity and Part-Period Balancing Heuristics

We next consider two other procedures used in practice: an economic order
quantity heuristic expressed as a time supply of demand and a part-period
balancing heuristic. The economic order quantity expressed as a time supply

applies to problem with stationary costs, i.e. for all t, s, = s and ht = h.
The economic time supply is determined from the average demand rate D by the

formula

Teoq =

E0Q 2s
D
rounded to the nearest integer greater than zero. That is, the item is produced
in a quantity large enough to cover exactly the demands of this integer number
of periods.
As we might expect, this heuristic performs particularly poorly when there

is a significant variability in the demand pattern. The following proposition

illustrates this point.



Proposition 2.2: The economic order quantity expressed as a time supply scheme

for solving the uncapacitated lot size problem can be arbitrarily bad.

Proof: Let € > be given and let n be a given positive integer. Consider a

problem having the parameters

dl =2n - g, dt = g/ (n~1) t=2,3,...,T
T
— tildt
D = e 2n/n = 2.
According to the heuristic, TEOQ = 1, hence, we produce in every period. The
cost associated with this plan is Z_ = n. The optimal plan is to produce every-

H
thing in the first period. The optimal cost is

Z, = 1+¢€/(n-1) +2e/(n-1) + ...+ (n-1)e/(n-1) = 1 + €n/2.
Z
Hence, 7= 115275. If ne >+ 0 and n > «, we can make the relative error

0
arbitrarily bad.

In the part—period balancing heuristic, the production in any period when
we produce is chosen so'that the total carrying costs for the periods covered
by the production quantity is made as close as possible to the set-up cost.

We make the assumption, when applying this heuristic, that if a set-up occurs
in period t-1 and the holding cost is larger than the set up cost in period t,
then we also set-up in period t. We will again assume statiohéry fixed costs

s, =8 and holding costs ht = h. Then,

Proposition 2.3: When applied to the uncapacitated single-item lot size problem,

the worst case relative error of the part-period balancing heuristic is bounded

‘by 3.
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Proof: Assuming that when applying this heuristic, we incur n set-ups. Then,

= +
ZH ns H

where H corresponds to the total holding costs. But H is bounded by 2ns, since
between two consecutive set-ups and after the last set-up, the holding cost does
not exceed 2s.

denote the cost associated with the optimal plan. Then, Z, > ns

Let Z 0 =

0
since if r and u correspond to two consecutive set-up periods determined by the
heuristic, the optimal strategy must incur a cost (holding or a set-up) at least

as large as one set-up cost in the interval (R,u]. There are (n~1) of such

intervals, plus the initial set-up.

ZH ns + 2ns _ 77
Hence,-z-a < s 3. ‘ A2

The worst case bound derived in Proposition 2.3 is tight as is shown in

the following example. Consider the uncapacitated problem with parameters:

h=1,s =1

d1+3i =g >0 i=0,1,2,...,n-1
d2+3i =€, > 0 i=0,1,2,...,n-1
d3+3i =85 - 83 i=0,1,2,...,n-1
where 0 < €2 < €3 < s, 8> 283, s > €1+€2, and s > 2€2+€3.

By applying the part-period balancing heuristic, we incur set-ups at
periods t = 1+3i, i=0,1,2,...,n-1. The total costs associated with this plan

is

ZH = n + (32 + 2 - 283)n = 3n + nez - 2ne3.

The optimal solution is to produce at periods t = 3+3i, i=0,1,...,n-1 and

period 1. The optimal cost is
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Z0 = n+1+ (n—l)(€l+2€2) + €,y (nt+l) + (2n—1)€2 + (n—l)El.
Therefore,
Eﬂ ) 3n + n€2 - 2n€3
Z0 (n+l)+(2n—1)€2 + (n—l)el
if nez -+ 0, n€3 -+ 0, nel -+ 0, and n » «, then
Z
= > 3.
0

Two Other Heuristics

We next consider two more heuristic procedures where we assume without loss
of generality that dl > 0. The two heuristics are closely related. They use
the same basic rule, produce for an integral number of periods, the number being
chosen so that holding cost in total first exceeds a set-up cost. In Heuristic
1, this rule is applied in a forward manner and in Heuristic 2, it is applied

backwards. More formally, the heuristics are described as follows.

Heuristic 1 (forward):
Step 0: Set-up at t=l.

Step 1: Let H

]
[«]
-
rt
It
rt

]

Step 2: Let t t+1. If t > T, go to step 4, otherwise, let

t-1

H+ I hd,.

H e

*
q=t
If H > S.s 8O to Step 3, otherwise go to Step 2.

Step 3: Let t-1
X,= 1 da .
t x 94
q=t
Go to Step 1.
Step 4: Let t-1
X, = z d .
t *
q=t



Heuristic 2 (backward):

Step 0: Let t=T.

Step 1l: Let H

L]
o
-
ct

Il
&

. Step 2: Let t = t-1. If t = 0, go to Step 4, otherwise, let
' *
t
H = H+ ht h) d .
q=t+1 4

If H > S, 89 to Step 3, otherwise go to Step 2.

%
Step 3: Let t
X = X d . Go to Step 1.
t+1 qmt+l
*
Step 4: Let t
X, = ¥ d. Stop.
1 =1 q

We next identify a few properties of solutions obtained by applying these
. procedures.
Assume constant set-up costs and suppose that the production periods for

Heuristic 1 are

t, = l<t2<...<tn. , | (2.1)

Let the production periods determined by Heuristic 2 be.

ti = 1<té<...<tr'1. (2.2)
2 N

Then,
Lemma 2.1: Consider period t& for some j > 1. If for some i,

t, <t! <t

. MRS then t!

<
Jl—t

i.
Proof: Assume t]} . > ti' Then,

j-1

TS IR Qe (2.3)
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Also, by Heuristic 1,

t 1

i1 t-1
z (% hq)dt < s (2.4)
t=ti+1 a=t
and by Heuristic 2,
'—
tj 1 -1
z (. .z hq)dt > s. (2.5)
=t a=t"! -
t tj—l q tj-l 1

Since hq and dt are non-negative, (2.3), (2.4), and (2.5) are not consistent.

Hence,

tJ!_1 <t

1

Lemma 2.2: Consider period tk for some k > 1. If for some j,

|< <l < '.
tj St <t then t, . tj

Proof: Parallels the proof of Lemma 2.1. Ezzzza

Proposition 2.4 (Interleaving Property): Heuristics 1 and 2 generate an equal

. . = 1 \J
number of production periods, i.e., n; = n,. Moreover t, < t, Lty <ty <.
<t! <t .
b I |
Proof: We have that
T t-1
z ( I h )dt < s by Heuristic 1 (2.6)
t=tn +1 g=t q
1 1
T t-1
z ( z h )dt > s by Heuristic 2 2.7)
t=t' q=t' -1
) )
and
T t-1 ,
X ( Z h )dt < s by Heuristic 2. (2.8)
t=t' +1 q=t’
"2 )
(2.6), (2.7), and (2.8) imply that t; S-tn . (2.9)

2 1
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By Heuristic 1,

t
k'l t-1
X ( z h )dt > 8. (2.10)
e=t_ _+l g=t_ q
1 1
(2.1) and (2.8) imply t < t' . ‘ (2.11)
nl—l n,

2.1, (2.2), (2.9), (2.11), and successive applications of Lemmas 2.1 and 2.2

will prove the desired result. . EZZZZZ

Let ZHi be the objective value of the feasible solution to the lot size

problem when Heuristic i, i=1,2, is applied, and let Z, be the corresponding

0

optimal value.

Proposition 2.5: —— < 2,

Proof: We prove the result for Heuristic 1. Similar arguments lead to the
same result for Heuristic 2.

Assume that (2.1) holds. Then,

ZHl = nls + H

. where H corresponds to the holding cost and s is the set—up cost.
Since a set=up cost is incurred whenever the holding cost exceeds a set-

up cost, it follows that H < n.s. Hence,

1

ZHl < 2nls.

A lower bound on ZO can be obtained as follows. An optimal solution
will necessarily have holding cost plus set—up cost at least equal to s in the
interval (ti’ ti+1]' There are (nl—l) of such intervals implying a cost of at
least (nl—l)s. Since a set-up is incurred in period tl=1 as well, a lower

bound on the optimal value is n,s. Therefore,



-=12-

Zm 2nys

- S 35 - 2 vz

0

The worst case bound derived in Proposition 2.5 is tight as is shown in
the following example. Consider the.uncapacitated lot size problem with

parameters:

d2i+1 = & i=1,...,m
dZi = 1—81 i=l,...,m
d1 = 1

s = 1, h =1

T = 2m+ 1

1>€2>€1 > 0.

By applying Heuristic 1, production will occur in the odd periods. So,

ZHl = (m+l) + m(l—el).

An optimal solution will have set-ups at even periods and at t=1. Hence,

ZO = m+ 1+ mez.
Therefore,
ZHl ) 2m + 1 - mel
Z0 m+ 1+ m€2

If m >, me, >~ 0, and me, -+ 0,

1

A similar example shows that the worst case bound of 2 is tight for
Heuristic 2 as well.

Based on worst case performance, the suggested algorithms are more attractive
than the Silver-Meal heuristic and the other two heuristics discussed earlier.

If demands are bounded from below, we can improve the error bound in
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Proposition 2.5. We assume, without loss of generality, that ht > 1, t=1,2,...,T.

Proposition 2.6: Let s be the set—up cost and suppose that dt > ps, t=1,2,...,T,
for some constant p. Let r and u denote two consecutive production points deter-
mined by Heuristic 1 or 2. Then, if p < 1, the cost of the heuristic solution

in the interval (r,u] is at most (2-p) times the cost of any solution in this

interval; if p > 1, the solution is optimal.

Proof: 1If p > 1, the holding cost always exceeds a set-up cost. Therefore,
producing in every period is the optimal strategy.

For p < 1, let H denote the holding cost of the solution given by
Heuristic i in this interval. Then, the heuristic's cost cy in the interval is

s + H. By the rules of the heuristic, H < s and H + (hr + hr+1 + ... +h d

u—l) u
is greater than s. Consider any other solution and let ¢ be the corresponding
cost in the interval. If this solution does not produce in the interval, it
incurs a holding cost of at least max (s, H + ps) (since du > ps).

Consequently, if it does not produce,

C

7? < max {EEE : H<s, c>max (s, H + ps)} =

A

Hits - H + ps + (1-p)s < Hps +A(1fE)S
maxX (ps+H,s) max (ps+H,s) — Hips s

= 2-p.

If this solution produces once in the interval (r,u], either
(1) u = r+l in which case ¢ = ¢y = s or

(ii) u > r+l in which case the new solution must incur a holding cost

of at least ps for some period in the interval (r,u].

Therefore,
°H s+H 2s 2
— < < = - . -
c — st+ps — s+ps 1+p < 2p for O0<pc<l.
s+

c
If the solution produces more than once, then Tg-i

5]
@ |
I A
-
N
N
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Corollary 2.1: Let s be the set—up cost and suppose that dt > ps, t=1,...,T
Z

for some constant p < 1. Then, sup-igi-f_Z - P.

Proof: We prove the result for Heuristic 1 only. Similar arguments can be used

nl—l
for Heuristic 2. Consider (2.1). The corresponding cost is s + I a; + a,
i=1 1
where a, is the cost of the interval (t., t,,,] and a_ is the holding cost
i i i+l n,
nl—l
beyond period t . The cost of the optimal solution is s + I bi + b  where
] , i=1 5]
b, is the cost in the interval (t.,, t,,,] and b is the cost beyond period t .
i i i+l nl a nl
By the nature of the heuristic a_ < s and hence b > a . Since —1-< 2 - p,
n n, — n b, —
1 n1 1 1 i
s + I ai
i=1,2,...,n.-1 by Proposition 2.6, =1 _ . 2-p.
1 n, -
s+ I b,
=1 %
Therefore, the supremum does not exceed 2-p. EZZ;{Q'

Some of the worst case error bounds that we have presented assume no limita-
tions on the length of the planning horizons. It remains to be studied how such

error bounds change if the planning horizon is fixed.

3. " Reducing the Planning Horizon

In this section we compute the cost of reducing the planning horizon in
an uncapacitated lot size problem. Usually, demand forecasts deteriorate
towards the end of the planning horizon. By considering a reduced number of
time periods, we operate with a more accurate forecast and handle smaller data
bases.

Consider the single product, multi-facility model with concave costs:
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T M
(F) Min £ I [C, (X, ) +H, (I,)]
g=1 j=1 Jt It jtje
set. L= I, g vX =X j=l,...,M-1; t=1,...,T

e = Dr,e-1 7 Xwe ~ D¢ t=1,...,T

> > j=l,... s t= se ey
Xy 2 0, I > 0 j=1,...,M; t=1 T
IjO = IjT = 0 j=1,...,M

where the index j indicates the facility and the index t, the time period.

Facility 1 Facility 2 | eesceecccccsceccse | Facility M , E;Z;zzgl
v I l
Inventory 1 Inventory 2 , Inventory M-1 Inventory M

Figure 1: Multi-Facility Model in Series

We assume that the costs are of the form
C. (X = v,X. + s.6(X.
Jt( jt) j it k| ¢ Jt)

H, (I, = h,I,
Jt( Jt) J 3t

where

1 if X, >0
§(x,.) = ;

J 0 if X, =0
Jjt

Partitioning Problem (F) in two subproblems, the first with T. periods and

1

the second with the remaining T, = T-T, periods, we obtain:

2 1
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1 u
(F1) Min til jil [vajt + SjG(th) + thjt]
sete Iooo= I g v X - Xi4 e t=1,...,M-1; t=1,...,T,
Tee = Dye-1* Fwe ~ D t=l,...,T)
X;ps Iy 2 O AL el T
IjO = 0 j=1,...,M
and
T M
(F2) Min t=;;+1 jil [VjXjt + st(th) + thjt]
s.t. Ijt = Ij,t-l + th - Xj+l,t j=l,f..,M-l; t=T1+l,...,T
Tye = Dee-1t Bee - O | t=T,+1,...,T
Xieo Tip 2 0 371,00 My e=T 41, .., T
IjTl = IjT = 0 ' j=1,...,M

Let v(Y) denote the optimal value of Problem Y. Then,

M
Proposition 3.1: 0 < v(F1) + v(F2) - v(F) < I s..

Proof: Assume that in the optimal solution of (F), the set-ups, at Facility j,

occurred at periods

< < < ves oo <
Loty Sbyp S e Sbyp Sty S Sy ST
J J ]
Hence,
M
v(F) = Y n,s. +X H, +C

where Hj corresponds to the holding cost associated with the inventories at



facility j, and

T M
C is equal to X Dt r owv,.
t=1 = =1
*
Let t = T1+1. Then, for some kj
1 < < < < * < < < t < T
< ® 8 . . o - .
St St tjkj t = tka+1 ing =

Consider the following feasible solution to (F):
a) the set-ups, at Facility j, are incurred at periods

veey L evey t. 3 and
] b ] Jn’

*
t t t , t
j1° "j2° ik.? 4 k,+1° .
h| h| Iy jJ 3

b) the production at periods

€10 tjz, cens tjkj-l’ tjkj+l’ cees tjnj

are the same as in the optimal solution to (F);

¢c) at period tjk we produce the necessary amount so that IT = 0, and

J % 1
at time period t we produce the difference between the amount we were

supposed to produce at period t, in the optimal solution to (F) and

k.
I%5

this new quantity.
The objective wvalue, denoted by f;, for this feasible solution satisfies
M

< I (n.+1)sj + I H +C
j=1 j

v
fF
where Hé is the new holding cost at facility j.
' *
The inequality is due to the fact that we might not have to produce at t
(the difference is zero). Note that Hg f_Hj since we are carrying at most the’

same inventory as in the optimal solution to (F).

If we partition this feasible solution, the two components are feasible

v
F1

objective values in (Fl) and (F2), and noting that v(F1l) f_fg

in (F1) and (F2), respectively. Denoting by f and f;z the corresponding

1 and v(F2) f_f;z,
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we have

v LV v
v(Fl) 4+ v(F2) f_fF = fFl + sz
M M M M M
< L (n+l)s,+ Z H!+C< I n;s,+ I H +C+ I
j=l J j j=l ] j=1 31 j=1 J . j:l
M
= v(F) + ¥ s, . (3.1)
j=1

Since the combination of any feasible solution to (¥1) and (F2) forms a feasible

solutibn to (F)
v(F) < v(Fl) + v(F2) . (3.2)

From (3.1) and (3.2)

=

0 < v(F1) + v(F2) - v(F) < I s, . 7/
j=1

Assume that the demands are not known with reasonable accuracy, for
example, for more than T/2 periods into &he future. Proposition 3.1 states that
by partitioning the problem into two problems of size T/2 we incur, in the worst
case, an extra cost equal to ? s.. This extra cost can be viewed as the maximum
value of the information on tgzldemands for the last T/2 periods.

A special instance of Proposition 3.1 is the single product, single facility
problem or more generally, the multiproduct uncapacitated lot size problem. The
worst case is now a set-up for theAsingle product case and the sum of the set-
ups of each product in the multiproduct case.

Note that Proposition 3.1 could be derived for the case of non-constant set-
up costs, non-increasing productionvcosts, and no restrictions on the holding
costs. In this case, we would have:

M

0 < v(F1) + v(F2) - v(F) < I

jo1 SjT 41 °

1
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4. Aggregation

In this section we suggest an aggregation‘procédure for solving a multi-
product uncapacitated lot size problem. We define a basic aggregate product
which production strategy dictates the production plans for all products in
the aggregation. Worst case error bounds are derived. The aggregation suggested
avoids, in part, detailed demand forecasts and limits the amount of data manipu-
lation of inventory systems.

Consider the single product uncapacitated lot size problem.

T
(P1) Min T [stﬁ(xt) + htIt + VtXt]
t=1
s.t. ‘xt - I+ It_1 = dt t=1,...,T
X, I, >0 t=1,...,T
1 if Xt >0 :
' S(Xt) = t=1,...,T

0 otherwise
An optimal solution for this problem follows a 'Vagner-Whitin" strategy, i.e.,

X I,y =0 t=1,2,...,T (assuming I,=0).

Using this result we can formulate an equivalent facility location problem.
In this formulation the binary variable Y, denotes whether or not we produce in

period t and etj denotes the fraction of the demand in period j ‘that is produced

in period t.

T T T
(Q) Min X c,.8,.+ I s,y
t=1 j=t tj tj t=1 t't
J
s.t. til etj = 1 j=1,...,T
0= tjiytil t=1,...,T; j > ¢t

Ve integer t=1,...,T
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= .o + =1,...,T; j > t.
where ctj (ht + ht+1 + + hj-l vt)dj t=1, T3 3 > ¢
j
Note that since I ©
g=1
of the yt's will be non-zero. If the yt's are integers, the remaining constraints

=1 and O 5_etj f_yt < 1, it follows that at least one

form a unimodular matrix implying that the th's will be integers in the optimal

solution.

We study this formulation to compute bounds for the errors due to the product

aggregation.

Proposition 4.1: If in Problem (Q) the cost coefficients are replaced by

'e= . + o, '= > . i
c ti kctJ uJ and S¢ kst for some k 0 and any‘aJ, the optlma} strategy

will not change (i.e., the location of the facilities in the optimal solution

are the same for both cost structures).

Proof: Let U denote the feasible set of Problem (Q). Then,

T T
Min (X I ¢

T
e-+ )} S'y) =
(0,y)et t=1 j=t S B o

t=1 t't

T T
Min {2 I [(ke,, +0a.,)0 .1+ I (ks vy )} =
(6,y)eU  t=1 j>t R R

T T T T
= (e?;?eu {k[tz1 j§; ctjetj + til s,y .1+ tzl Jzt a.etj} =
T T T
= (6?;?€U {k[tz1 jgﬁ Ctjetj + tzl sy, 1+ jil t§1 a.etj} =
. T T T T j
i (e?;§eu k[til jit “t°y ¥ tzl el ¥ jil E tzl st
But,
j
X th = 1 for any (6,y)eU
t=1

Hence,
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T T T
Min (X X ¢' .6..+ I s'y)

®,y)eU  t=1 j=t Bty vt
T T T T

= i /,
Ioag+tk Min (2L e 8.+ I sy) V)
j=1 (6,y)eU  t=1 j=t t=1

Proposition 4.1 suggests a way to group products. If product 1 has cost coeffi-

cients ctj and S¢ and product 2 has cost coefficients c;j and sé such that

céj = kctj + aj, s; = kst for some k > 0 and ajeR, we can solve just one of
the problems because both have the same optimal strategy.

From now on we assume that for each product the set-up costs, holding
costs, and production costs are constant over time. In this case, since the
total demand is fixed, the production costs are fixed as well and can be
eliminated.

As an example of this result, suppose that we have two products, 1 and 2

having, respectively, set—up costs s, and So» holding costs h, and h,, demands

1 1 2’

dlt and d2t at time t. If the parameters of the two products satisfy the

conditions:

2 - 1 2 _ 1
ctJ kctj + o, and St kst for some k > 0 and o_.€R then,
s
s = ks or k = ~gu
2 1 s
1
c?, = (j~t)h.d
t] - 272]
¢, = (j-t)h,d
ti 171j
2 = 1 = ] -
ctj kctj + aj k(j t)hldlj + aj
(Jmt)hzd2j = k(j-t)hldlj + o, (4.1)

Expression (4.1) holds for all j > t. In particular setting, j=t it implies

that aj = 0. Therefore,
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k(J -t)hld

(J-t)hzd2j Tk
For j > t,
h2d2 = khldlj or
v . kh
—2‘1 = —ﬁ—— = constant = 0O !
1j 2
Formally,

Corollary 4,1: If two uncapacitated lot size problems have parameters satisfying

E-l—'i = o t=1,...,T (4.2)
2t :
s h
Tk = 2 and EﬁL = q (4.3)
%1 1

then, the optimal production strategies for both problems coincide.
Conditions (4.2) and (4.3) are equivalent to those used by Manne [5].
Unfortunately, relation (4.2) and/or (4.3) do not always hold in practice.

Therefore, we assume that the parameters are related in the following gemneral

way :
d
it . a + ¢, for some ¢ _eR
d t t
2t
where
T
Ldpe
o A t=1
= T
rd
t=1 2t
and
°1 2
G / ) = on for some neR.
1 2 .

In the remainder of this section we establish worst case error bounds for

the cases where we use the optimal strategy for product 1 as solution for
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product 2, when relation (4.2) and/or (4.3) are not satisfied exactly.

4.1 Condition (4.2) is not satisfied and (4.3) holds

Assume that

1t

o + ¢t or d = ad, + ¢,.d
2t

1t 2t t 2t

¢teR, a€R+ and n = 1.

If we solve Problem (Q) for product 1, we have:

T T
(e?i?gU {til jgﬁ G- t)hl 13 tj Zl Slyt}
T ‘ T
" e e jiﬁ A s Ve T
T T T
) (e?;?eu {til j;y 7600y%025%,5 * tzl Vet tzl jg; (176001834250
From (4.3), ahl = 7% = hzsl .
, 2
Substituting, we obtain
Min (T % G t)h, 1y A (3-t)h,¢.d, .6, .}
©,9)e0 1 ot 25, T23%y T L) 52 2 O A IR RS
= Min {il [ g L (3-t)h.d + g ] + g L (j-t)h ¢ d,.0 .}.
(0,7)eU 52 t=1 j>t 2923%; 1 2 =1 j>t 173723 7¢]
Let Béj 1 correspond to the optimal solution for product 1, and eij, yi

correspond to the optimal solution for product 2.

denoted by f! and f£? respectively.

2 when the feasible solution Géj, yé is used.

t=1,2,...,T,

The optimal values will be

Then,

Denote by fé the objective value for product
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. T T . T
i i (B?;?EU {til jitctjetj * til Slyt} i
= f—l—{g g (3-t)h,d,.6, + g s, yl} + g g (j-t)h,¢.d,.0, =
52 =1 j=t e 1’37237
= f-lf2+ g g (j-t)h,.d, .6} >—S—1-f2+ g ;: (j-t)h,.d, 0!,
8, 'V =1 j=t 173 723°t3 — s, =1 j=t 17525 tj
1 T 1 I ‘T : 1 2 T 2 -
v (6%;?EU {tzl jiﬁ ctjetj * til Slyt} 5'tzl jiﬁ ctjetj ' til Ve T
=i1—f2+§ g(j—t)hd)d B2..
°2 t=1 j=t 1’37257
So,
—Sif2+ g g (j-t)h.¢.d, .01, <
52 t=1 j=t I
<—s—lf2+'}r‘ ; (G-t)h,¢.d, .61, <
= s, Vo j=t 17§ 2§ tj —
< ilf2+ g:: § (j-t)h,¢.d, .02
) t=1 j=t 1737°237¢]
s1 SZhl h
Assuming 5 > 0 and since S = > We can write
2 1
£2 + g g (j—t)E—z—d)d ol
£=1 j=t @ "3
2 T T o h2 1
W tzl jit G-t) o ¢jd2jetj
< f2 + g g (j-t) E& $.d..02%,.
- t=1 j=t a 7323 °t]
or
T T h
0 < £ -f < I I (§-t) —&%cbjdzj(eij - eij). (4.4)

t=1 j=t
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We next compute an upper bound on the right hand side of this inequality.

1 2 2 _ gl
Since 0 < 61, <1, 0 <6, <1, ¢,(8, - 8.) 5_|¢j| , and thus

j

T T h2 .
< L% (3-t) == ¢.4,.(8%, - 8L
=1 j=t a 2 t] t]
T h2
j=1 : ,
Let ¢ = max |¢j|, it follows that
j=1’.lQ,T
' 2 2 ] T
0 < fv -7 <3 p) (J-l)hzd2j (4.6)
j=1
2 I
Defining fmax é:Ts2 + jil (J-l)hzdzj,
£2 _ g2
v < 2 4.7)
£2 g2 T @ :
“max

Relation (4.7) suggests that we should choose as the basic product the one

3

that gives the smallest value for o

Another bound can be obtained by defining f;ax as

T
2 - -
£ oax max{Tsz, sy + jil (3 1)h2d2j}.
In this case, 0 T o T
2 _ g2 LI h,(j-1)d,. I h,(j-1)d,,
fV f . a4j=1 2 2j ) o j=1 2 2j
£2_ g2~ T T
max T82 - s, - .§ (J-l)hzdzj' l(T—l)s2 - .Z .(J—l)hzdzj
j=1 i=1
Letting
o ' (T~-1)s2
r T
z (j—l)hzdzj
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we have

Sy o <1

£2 - f£? r

v <

2 _fz -

max —% __ ire >1
OL(.E-:r—l) r

The bound given by (4.5) is attainable, as can be seen by the following

example:
Assume T = 4
sp = 10, by =1,d)y =10, 4, =0, dj3 =5, 95, =0
s, =10, h, =1, dy; = 9.5, dyy = 0, dpy = 5.5, dy, =0

Then, ¢ = 1 and

6,d,) = 0.5
09dpp = 0
bqdyq = 0.5
¢4dpy = 0

An optimal strategy for product 1 is to set-up at t = 1 only. This will
give f! = 20,

Using this strategy for product 2, we have
f2 = 10+11 = 21
v

The optimal strategy for product 2 is to set-up at t = 1 and t = 3. The

corresponding optimal value is
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. T b,
So, £2 - f2 = 1 = jzl (3’1)7.7“”3" dyy = 1

which in this case is also equal to

!

T
2.2 = 2 7 (5-Dh.d 1.
o -1 ' 272j

v 3

4.2 Condition (4.3) is not satisfied and (4.2) holds

" We next derive bounds for the instances where ¢t =0, t=1,...,T, and

n # 1. Then,

] S
n = (‘Fll'&) / ('h—i")
. T T . T
b (Sh,d;r)lsU {til jEt ctjetj * tzl Slyt} )
Substituting as in subsection 4.1, we obtain
£l = EEL Min {n] g g h,(j-t)d,.6_. + g s,y.] +
2 (0,y)eU  t=1 j=t 2 237t] gy 2t
T T
+ (1-n) tzl jzt h2(j_t)d2jetj} (4.8)
or
£l = i}ll- Min {n[g g h,(j-t)d,.6 . + g'sy +(n-1)§ s,y }
2 (8,y)eU t=1 j=t 2 2j°t] t=1 2t t=1 2t
(4.9)
Similarly,
- .
0 < £2-£2 < ]D;‘]i[ I hy(-1)d,, (4.10)
j=1
or
0 < f2-1f£% < [n-1] (T-D)s, (4.11)

from (4.8) and (4.9), respectively.
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To derive the relative error bound we define

T

£2 A Ts., + T

A h,(j-1)4d,..
max 2 j=1 2 2j

The result is:

1
-= >
ff,"fz 1 nifT] 1
—_—— <
2 _ge2
fmax £ l1-n ifn<1

4.3 Both conditions (4.2) and (4.3) do not hold
We now compute bounds for the general case, where ¢t # 0 for some t and
n # 1. Following similar procedures as in the previous subsections:
T T

T
Min {fX % ¢ .0 .+ L slyt} =

£l .
(8,y)eU t=1 j=t ' =3

ahl T T T
Min {(=nl I = hz(j-t)dzjetj + I os,y 1+
; t

(6,y)eu 2 t=1 j=t =1

T T T T
+ I x (j—t)h1¢jd2jetj+(1—n) I I (j-t)hjad

8, .1
t=1 j=t t=1 j=t t]

23
and,

¢j+(l-n)a
an

2 _ g2 .
0 < f.-£ < I (@ 1)h2 d

<
j=1 a3 -

) 1-n
< Gr +|"7{”l)

T
r (3-1)h,d,. (4.12)
j=1 272j

The bounds given by (4.10) and (4.12) are also attainable. The following
example attains bound (4.12). (To obtain the bound in (4.10), just take the

demands for product 2 equal to those of product 1). Let

%1 1
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¢d5 =
Ppdyy = -1

An optimal strategy for product 1 is to produce only at t = 1. Using this

strategy for product 2, we would obtain
f2 = 6+ 10.5 = 16.5,
v

The optimal solution for product 2 is to produce at t = 1 and t = 2. The

optimal value is

£2 = 12,
£2 -~ £2 = 4.5 and,
T
2 _ g2 ¢, l1-n] . -
£2- 8 < @G+ T (-hyd,,
j=1
_ 5 2/3 — =
= 573 (.1) + /3 5(2.1) 3+ 4.2 4.5.

So, the bound is tight.

4.4 Product Aggregation

We have been considering product aggregation, not only to avoid excessive
computations, but also to avoid excessive detailed demand forecasts. One might
argue that it is often easier to assess the demand of a whole family of products
than of eéch single product separately. Also, demands for longer intervals
might be easier to assess than for shorter ones. We explore these ideas in
what follows. Assume that there are N products and let the aggregate product

have demands
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We want to compute the parameters Sg and Hg (set-up cost and holding cost,
respectively) of this aggregate product in order to minimize the worst case

errors bound. Let

T Dt

D A I Dt’ oy A T s ¢it A T % and
t=1 it
2 dit
t=1
S a,s
= (B 1i
Ny G (4.13)
i
As we showed previously,
. ¢ |1-n,| T
0 < fi-f < =+ L) I (-Dhg,, (4.14)
i i j=1 J
where ¢i A max '¢it|’ and fi is the objective function value for product i .

t=1,...,T
corresponding to the solution of the aggregate product. Substituting (4.13)

in (4.14) we have

S

’ ' S h T
i i i i
0 < fi-f < ==H($, +o, |1 -=L2]) T (j-1)d (4.15)
v } Sg g i i Hgsioai j=1 ij
Let
si S hi
6i é= §—'Hg(¢i + ai ll " H s.a l)
4 g il
.and
B A max  {B,}
isl’lt.,N
From (4.15) it follows that
T 1 i N T : N T -
0 < I (fv -f7) < I Bi X (j—l)dij < B I I (j—l)dij =
i=1 i=1 j=1 i=1 j=1
T " .
= B I (j-1)D.. (4.16)
j=1 ]



-31-

We wish to determine the values of Sg and Hg that minimize

N T
$ B, T (§-1)d,,.
i=1 T j=1 13

In order to avoid detailed forecasts, we suggest that a problem of the form

*

(R) B = Min {Max B,}
0<s i
g 1i=1,...,N
0<H
24

be solved. This problem can be written as

® B = Min§
s; S hi
s.t. § > —HI[¢, +a,(1- ——5———)] i=1,...,N
Sg g '1 i Sngai
s S hi
§ > S—-Hg[d)i'l'ai(——&——s o -1)] i=1,...,N
g igi

H >0, § >0.
g g

"As we can see, the optimal solution to this problem depends only on the ratio

H

gg. This implies that we have one degree of freedom to choose one of the two

8
parameters at will.

H
Define y A Eg- .
g
Then,
(R) B = Min §
s.t. § > (Si¢i + siai)y - hi i=1,...,N
§ > (si(bi - siai)y + hi i=1,...,N
y > 0

If we assume



T
1 = -
fmax - Tsi + .E 'hi(j l)dij’
j=1
it follows that
N . T
L(E - £) B I (J-1)D,
=] v J=1
<
N i i — N T
T (£ -f7) z I h,(G-1)d,
-1 max 1=1 §=1 i ij
If
N T
g p L3
= I (5-1)D, ’
J
J
then
N .
I (f] - £l
1;1 < % . _ (4.17)
R Gl )
j=1 Wmax

Minimizing B will assure that this relative error is made as small as possible.
Let us take a closer look at problem (R). Assuming ideal cases, we should

0. We show that this is the case.

*
expeét that B

Dt siai
Assume that ¢, = 0, i=1,...,N, t=1,....,T; — = o.,3; and —— = constant
it dit i hi
independent of i. . Then, problem (R) becomes
Min §
s.t. & > S 0¥ - hi A=1,...,N
§ > -s,oy +h, | i=1,...,N
y > 0
h,
i *
Ify = , then § = 0, implying B = O.
5,04

Therefore, for ideal cases, expressions (4.16) and (4.17) for the error
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bounds perform well.
A potential drawback in this approach is solving problem (R). For the
special case presented below, an explicit solution is given.

S.0.
Let —— be constant for j=1,2,...,N. Assuming

h,
J
o, > 6y, j=1,...,N  (4.18)

the optimal solution to (R) is

' hi * hi¢i
y = T and B = max fji——} .
i1 i=l,...,N i

Note that the assumption (4.18) is not that restrictive since we expect ai to
be large.

All the bounds calculated here are "a priori" bounds. Better bounds can
be obtained once a solution to the aggregate problem is determined (''a posteriori
bounds).

We have used aggregation of products in a way that differs from other
approaches in the literature. Our aggregate model suggests a production strategy
to be used as a solution to the initial production problem. In work on aggrega-
tion proposed in the literature [2], [3], [4], the aggregate model, once solved,
is itself the approximate solution to the initial problem.

Our aggregate optimization model is useful as a tool for the diagnostic
analysis of inventory systems. Firms want diagnostic studies to be done
cheaply and without much effort. Detailed demand forecasts and large data
manipulation'are prohibitive. The aggregation suggested ;akes into considera-
tion these factors.

There are some manipulations that one can do, prior to the aggregation,
that‘will result in a simplified problem (R) for which an explicit solution
" can be obtained.

Recalling Corollary 4.1, we can construct equivalent problems where new



-34~

demands are defined for product i, at time period t. The demands will be given

1t and the new holding costs for each product will be equal to onme.

Following the same steps as previously proposed, problem (R) becomes:

by hid

Min ¢
s.t. § > (syaf +s,00)y -1 : - i=1,...,N
§ > (-sia; + Si¢£) y+ 1 i=1,...,N
y > 0
where a; =‘%i and ¢£ = gi—.

The solution of the problem above is given by

2 |
y s (o + ) +sy (ocj -9,)
where s, (o, +¢,) = ~ max {s (a;, + ¢}
i=l,...,4,N
syay +6) = max (s (-, +9,)}

i=1"0"N
and (4.18) is assumed. Therefore,

_S_g ) 5@ *+ 4) + S (.otj - ¢j)
H, 2 .

Clearly, the original problem (R) and this new problem are not equivalent.
The manipulations proposed led to a simplified problem (R) wﬁich would be other-
wise obtained if we had used expression (4.14) in our prior developments and
defined Bi to be

'1_ni|
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5. Conclusions and Topics for Further ReSearch'

In pr;ctical settings, the use of simpler and intuitive procedures to solve
lot size problems are preferred to the more complex Wagner-Whitin algoirthm.
Often, such approximations rely mostly on common sense rules without strong
theoretical support. In this paper, we have tried to fill such a gap by
providing worst case relative errors for three heuristic procedures used. in
practice, and two related heuristics that‘can be seen as variants of part period
balancing. Further research remains to be done for some cases with finite
horizon and wheﬁ the demand follows special patterns. Also, probabilistic
error bounds would be of much interest for practical purposes.

lThe approximatiqns suggested in section four provide additional options
for m#nagers to solve the uncapaciated problem. Tﬁe aggregétion suggested in
this paper assumes constant set-up and holding costs. The general case remains

a topic for future research.
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