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Abstract

In this paper we study the behavior of the local solutions of perturbed variational inequalities,
governed by perturbations to both the variational inequality function and the feasible region.
Assuming appropriate second-order and regularity conditions, we show that the perturbed local
solution set is nonempty, Lipschitz continuous, and directionally differentiable. Even when the
directional differentiability is not guaranteed, we are still able to describe and characterize first-
order information concerning the perturbed local solution set. We also discuss relations to nonlinear
programming sensitivity analysis.
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1. Introduction

In this paper we consider sensitivity analysis for the variational inequality problem stated in
the following standard form:
VI find x € Q such that F(x)"(x¥—=x)=0 for any x’ € Q.
In this formulation, the ground set Q@ = {x € R°|g(x) = 0,h(x) = 0}, and F, g, and h are functions
from R® to R?, from R” to R™, and from R” to R'respectively. As has long been recognized, a variational
inequality is an alternative formulation for a number of well-known problems, such as convex
programming problems, complementarity problems and fixed point problems. In practice, variational
inequalities are useful tools for modeling various equilibria in economics and transportation science.
Examples include spatial market equilibrium problems and traffic equilibrium problems. This paper
deals mainly with the behavior of the local solutions of such variational inequalities with respect to
smooth perturbations of the underlying problem data. Due to the nature of the variational inequality
problem, the sensitivity analysis we perform is closely related to that for optimization problems. The
main results of this paper are also applicable to perturbed optimization problems.

The first basic results of nonlinear programming sensitivity analysis assumed strict
complementary slackness, linear independence of the gradients of the binding constraints, and a
second order sufficient condition ( see Fiacco [ 1976 ], or [ 1983 ] ). Assuming these conditions, Fiacco
[ 1976 ]| showed that the perturbed local solution is a once continuously differentiable function of the
perturbation parameter. When the strict complementary slackness condition is relaxed, in general
the perturbed local solution is no longer differentiable with respect to the perturbation parameter.
However, if we strengthen the second order condition by imposing the so-called strong second order
sufficient condition, then the perturbed local solution is again a Lipschitz continuous function, and is
directionally differentiable at the point being considered ( see Jittorntrum [ 1984 ] and Robinson
[ 1980 ] ). Moreover, if we replace the linear independence condition with the Mangasarian and
Fromovitz constraint qualification, and assume the general strong second order sufficient condition,
then the perturbed local solution is merely a continuous function ( see Kojima [ 1980 ] ). If we further

weaken the strong second-order condition to a general second order sufficient condition, then the
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perturbed local solution still exists but may not be unique, and in this case, the perturbed local
solution set is Lipschitz continuous at the point being considered ( see Robinson [ 1982 ]). For a more
detailed survey, see Fiacco and Kyparisis [ 1984 ].

A number of authors have considered sensitivity and stability issues of variational inequalities
with special linear structures. These variational inequalities arise as natural mathematical
formulations of certain equilibrium problems ( for example, traffic equilibrium and spatially
separated economic markets ). Recently, a couple of authors have also considered the sensitivity
analysis for the general form of the variational inequality problem VI. Assuming strict
complementary slackness, linear independence of the gradients of the binding constraints, and the
second order sufficient condition, Tobin [ 1986 ] applied nonlinear programming sensitivity analysis
results of Fiacco {1976 ] to variational inequalities. While assuming the linear independence
condition and the strong second order sufficient condition, Kyparisis [ 1985 ] extended Robinson
[ 1980 ]’s work on generalized equations — he showed that the perturbed stationary point in this case
is a Lipschitz continuous function and is directionally differentiable at the point being considered.
Although stated only for nonlinear optimization problems, most of the results obtained by Robinson
[ 1982 ] are also valid for variational inequalities. In fact, Robinson showed that the perturbed local
solutions to the variational inequality problem is Lipschitz continuous at the point being considered,
assuming a regularity condition and a general second order sufficient condition.

In this paper, we study differentiability properties of perturbed local solutions for situations in
which the perturbed local solution is a multifunction of the perturbation parameter. Thus we need to
introduce the notion of differentiability for a point-to-set mapping at a given point. Assuming
appropiate second-order and regularity conditions, we prove that the perturbed local solution set is
nonempty and is directionally differentiable at the point being considered.

In the next section, we study various second-order conditions and constraint qualifications
associated with variational inequalities, and explore some properties of local solutions. Then in
Section 3, we conduct sensitivity analysis for general variational inequalities with nonlinear

constraints. In this section, we also define directional differentiability for a point-to-set mapping at a



given point. Finally, Section 4 discusses the application of this work to sensitivity analysis for

nonlinear programs.

2. First and second order conditions for variational inequalities

In this section, we first investigate some properties of the local solution to the variational
inequality problem VI. We then consider a perturbed version of VI and present some continuity
properties of the perturbed local solutions. For the moment we assume that F is once continuously

differentiable and that g and h are twice continuously differentiable.

Definition 2.1. We say x* is a local solution to variational inequality problem VI if for some
neighborhood M of x*, F ( x* )T (x” — x*) = 0 for any x’ € Q N M. Furthermore, if x* is the only local

solution in some neighborhood of x*, we say x* is an isolated local solution of V1.

Suppose x* is a local solution to problem VI. Then clearly x* is also a local minimum of the
following nonlinear program, and vice versa,
minimize F(x*)"z
subjectto g(z) =0
h(z)=0.
Let (u*, v*) denote the corresponding Lagrange multipliers. Also let
I (x*) = {i]gi(x*) =0,u;* >0},
Io(x*)={i]|gi(x*)=0,u* =0},
I3(x*) = {i|gi(x*)>0,u* =0},
Iix*) =1L (x*YN Iy (x*).
Now suppose the Mangasarian-Fromovitz constraint qualification ( MFCQ ) holds at x*, i.e., th (x*)
forj =1, .--, [ are linearly independent and some vector z € R” satisfies
Vgi{x*)z > 0fori€I(x*) and

Vhj(x*)z=0forj =1, .-, L
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Then the generalized Karush-Kuhn-Tucker condition ( GKKT) follows immediately, i.e., some
vectors u* and v* satisfy

F(x*) - Vg(x*)Tu* — Vh(x*)Tv* =0

uwTg(x*)=0

g(x*)=0

h(x*)=10

u* = 0.

For convenience, we let Lg(x,u,v) =F(x) = Vg(x) u - Vh(x)Tv.

Definition 2.2. We say a point x is a stationary point of the variational inequality problem VI if for

some vectors uand v, ( x, u, v) satisfies the GKKT condition.

In general, such Lagrange multipliers u and v may not be unique. However, it is easy to see that
the Linear Independence ( L1 ) of the gradients of the binding constraints implies the uniqueness of
the Lagrange multipliers. A standard theorem of the alternative also shows that LI implies MFCQ.
Therefore, LI implies GKKT as well at any local solution point. The LI condition at a local solution
point x* also implies the following second order necessary condition (SONC):

—Vig(x*)u* — V*h (x*) v* is positive semidefinite on Ty ( x*),
where Ty (x*) = {z| Vg (x*)z =0 fori € I{ (x*),Vg;(x*)z=0 fori € Io(x*), Vh(x*)z =10},
which, because of the GKKT condition, can be restatedas Ty (x*) = {z|F(x*)'z =0, Vg;(x*)z =0
fori € I(x*),Vh(x*)z = 0}. Note Ty ( x*) is well defined and does not depend upon the Lagrange
multipliers u*. Roughly speaking, the SONC states that the feasible region must satisfy a certain
convexity property at a local solution point.

Now suppose the GKKT condition holds at x* for some u* and v*. If g; ( - ) for i = 1, ---, m are
quasi-concave at x* i.e., g; (x) = g;( x* ) implies Vg; ( x* ) (x — x*) = 0, and hj(x)forj=1,.--, lare
affine functions, then x* is a local solution to VI. However, for more general functions g and h, we

need the following second order sufficient condition { SOSC ) to ensure that x* is a local solution:
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—Vig(x*)u* — V’h(x*)v* is positive definite on Ty ( x*).
Loosely speaking, the SOSC is imposed only upon the feasible region about x*. So for any small
perturbation of the function F, we do not expect that such a condition will ensure the existence of a
local solution near x* to the perturbed problem.

If VyLg ( x*, u, v) is positive definite on Ty ( x* ) for each ( u, v ) for which ( x* u, v ) satisfies
(GKKT), then we say that the problem satisfies the general second order condition (GSOC) at x*. (If
in particular, the Lagrange multipliers are unique at x*, then we say the second order condition
(SOC ) holds at x*. ) Robinson [ 10 ] has studied the behavior of perturbed solutions for the géneral
optimization problems under similar assumptions. Some of his results are also valid for variational
inequalities — the only necessary change is to replace Vf, the gradient of the objective function f, with
our general vector function F. In this section, we will paraphrase some of his results in terms of

variational inequalities.

Theorem 2.1. Suppose x* is a local solution of VI. Assume the problem satisfies MFCQ and GSOC at
x*. Then x* is an isolated local solution.

Proof. By Robinson [ 10, Theorem 2.4 ], x* is an isolated stationary point. By the continuity of g, Vg, h
and Vh, MFCQ is valid in a neighborhood of x* ( see Robinson [ 12, Theorem 3 ] ). Since MFCQ is a
sufficient condition for GKKT, any local solution near x* must also be a stationary point and,

therefore, x* must be an isolated local solution.

We now consider the following perturbed version of variational inequality problem VI:
Vi(e): find x € Q(¢) satisfying F(x,e)"(x —=x)=0 foranyx € Q(¢).
In this formulation, Q (¢) = {x|g(x,¢) 2 0,h(x,e) = 0}and ¢ € R*is a perturbation parameter.
Throughout this paper, we assume x* is a local solution ( or a stationary point, as distinguished by

context ) to problem VI ( ¢* ). We now list some basic assumptions needed in this paper, which all



concern the local properties of the functions F, g and h near (x*, ¢*). The variables ( x, ¢ ) appearing in

the following assumptions are restricted to a neighborhood of ( x*, &*).

Assumption'2.1. g (-, e)and h (-, ¢) are differentiable, and F (-, - ), Vg (-, - ), Vsh (-, - )
are continuous. Moreover, F ( -, e* ) is once continuously differentiable, g (-,e*)and h (-, &*) are
twice continuously differentiable.
Assumption 2.2. ( convergence condition ) For some L > 0,

|F(x,e) = F(x,e*)| < LJe—e*],

lg(x,e) —g(x,e*)|<Lje—e*|,

lh(x,e) — h(x,e*)]| < Lje—e*|,

IVeg(x,e) — Vig(x,e¥) || = Ljje — e*|,

|Vih(x,e) — Vih(x,e*)|| = Ljle — e*|.

Assumption 2.3. F (-, -), Vyg (-, ) and Vsh (-, - ) are differentiable at ( x*, e* ).

Assumptions 2.1 and 2.2 are essential to ensure the Lipschitz continuity of the perturbed local
solution set. Assumption 2.3 is needed only in studying the diff;rentiability property of the perturbed
local solution set. We also rely upon the following notation for carrying out the sensitivity analysis.
Let

S(e) = {x]|xisalocal solutionto VI(e)},

SP(e) = {x|xisastationary pointof VI(e)},

K(x,e)={(u,v)|(x,u,v)satisfies the GKKT corresponding to ¢ }.
If the constraints g ( -, e ) are quasi-concave and the constraints h ( -, ¢ ) are linear for each g, then
SP (&) C S (¢). On the other hand, if MFCQ is valid over the entire feasible region, then S(¢) C
SP (¢). The next theorem presents a continuity property regarding the point-to-set mappings SP ( -)
and K ( -, - ) near the point being considered. Although Robinson [ 10 ] has stated this result only

for optimization problems, it is also valid for variational inequalities.



Theorem 2.2. Suppose Assumption 2.1 is satisfied near ( x*, ¢* ). If GKKT and MFCQ hold at x* for &
= ¢*, then for some neighborhoods M of x* and N of ¢*, K(-, - ) and SP ( - ) N M are upper
semicontinuous on MXN and N respectively. Furthermore, K (-, - ) is uniformly bounded on
MXN.

Proof. See Robinson [ 10, Theorem 2.3 ].

In general, with these assumptions the local perturbed stationary point set SP N M may be empty
for any small perturbation. Therefore, we need additional second order conditions to ensure the
existence of perturbed stationary points or perturbed local solutions.

In the following theorem, we assume a local convexity condition and that the MFCQ condition
holds at (x*,e* ). Therefore in this case, the stationary points coincide with the local solutions in a

neighborhood of x*.

Theorem 2.3. Suppose Assumption 2.1 is satisfied at ( x*, e* ). Assume GKKT, MFCQ and GSOC
hold at ( x*, e* ). Also assume that g ( -, £ ) is locally quasi-concave at x* and h ( -, ¢ ) is affine for ¢
near e¢*. Then for some neighborhoods M of x* and N ofe*, S(e) "M =SP(e)NM = Jforeache €
Proof. Since g ( -, ¢} is locally quasi-concave and h ( -, £ ) is affine for ¢ near e*, and since MFCQ
holds at ( x*, e* ), for some neighborhoods M; of x* and N1 of e*, Q (£) N M is a convex set, and MFCQ
holds over Q (&) N M; for each ¢ € Ny ( see Robinson[ 12, Theorem 3 ]). Hence, S(e) N M; = SP (&)
N M; for eache € Ny.

We now proceed to prove that the perturbed local solution set is nonempty by contraposition. Let §
be positive number and B be an n-dimentional unit ball, and consider the following locally restricted
variational inequality problem
VI(e, 8): find x € Q(e) N {x* + 8§ B} satisfying

F(x,e)"(xX=x)=0 foranyx € Q(e)N{x*+ 8B}



Note that Q () N {x* + & B }is compact for all ¢ € N and is convex for § sufficiently small. So in this
case, VI (¢, § ) always has a solution. Furthermore, if this solution is in the interior of { x* + § B},
then it is also a local solution to the original problem VI (e).

Consequently, if the theorem is not valid, then for some sequence 8, | 0, there are sequences { ex" }x
and { x" }x with xi" solving VI (g%, 8, ) and that satisfy e * — £* and || xk" — x* || = 8,. Without loss of
generality we assume x;" — x0. Letting k = + %, we thus obtain a sequence { xn } satisfying || xn — x* ||
= &, and xn solves VI (¢*, §,). Notice that the restricted feasible region Q (¢*) N {x* +8, B} = {x|
g(x,e*) =0, =8,fx — x*||2+8,°=0,h(x,¢*) = 0}. It is easy to see that MFCQ holds for the
enlarged system over Q (£*) N {x* + §, B } as long as §, is small enough. Thus, the GKKT condition
applies at any solution point of VI ( ¢*, 8, ). In particular, for each xn, some vectors un, vh, and wn
satisfy

F(xne*) — Vyg(xn,e*)Tun — Veh(xn, e*)Tvn + 28, (xn — x*)Twn =10,

(un)T g(xn,e*) =0,

(we)T(=8uflx — x*||2+ 8,°) =0,

g(xne*) =0,

—8ullx — x*[* + 8,5 =0,

h{xn e*) =0,

un = 0, wn = (.
We now view 8, as a perturbation parameter in the new system. When 6, = 0, the new system
reduces to the original GKKT condition corresponding to ¢*. By Theorem 2.2, K ( xn, §,, ) is upper
semicontinuous and uniformly bounded at ( x*, 0 ). Therefore, without loss of generality we assume
that un — u*, vn —» v* and wo — w*, and that ( x*, u*, v* ) satisfies the original GKKT condition
corresponding to e*,

Now let (x¢, ug, vi, wg) = (1 — t) (x*, u*, v*, w*) + t(xn, un, vo, wn) and consider the following
function
s(t)=(xn — x*)T[Lg(xq,uy, vy, e%) + 28, (x¢ — x*¥)wyl + (un — u*)Tg(x,e*) +

+ (vh— v¥)Th(x,e*)+ (wn — w*)[ =8, x¢ — x*||? + 8,.°]



It is easy to verify thats (0) = (wn — w*)§,°and s (1) < 0. So by the mean-value theorem, for some
0=t,=<1,5"(ty) =s(1) = s(0) = (w* — wn)§,% Some simple algebraic manipulation shows that
s’ (ty) = (xn — x*)T [V Ly ( Xt Ut , Ve, €%) + 28, wy ] (xn — x*). Now notice that || x» — x* || = §,.
If we let z be any limiting vector of the sequence { (xn — x*)/8, },, then|z| = 1 and z € T (x*). Also,
the inequality s’ (t,) < (w* — wn) §,*implies that lims’(t,)/8,’ < 0 and consequently that

2" ViLg(x* u* v¥ e*)z < 0,

which contradicts the GSOC assumption.

The next theorem indicates that the local perturbed stationary points ( and hence the perturbed
local solutions under the MFCQ assumption ) are actually Lipschitz continuous if in addition,
Assumption 2.2 is satisfied. We letd ( x, A ) denote the distance from point x to set A,ie,d(x, A) =

inf{|x~yll:y€A}

Theorem 2.4. Suppose Assumptions 2.1 and 2.2 are éatisﬁed at (x* ¢*). Assume GKKT, MFCQ and

GSOC hold at (x*, e*). Then for some neighborhoods M of x* and N of ¢*, and for some constant p > 0,
dl(x,u,v),{x*} X K(x*,e*)] < plle — e*|

foreache € N,x € SP(¢)NM,and (u,v) € K(x,¢e).

Proof. By Robinson [ 10, Theorem 4.2 and Corollary 4.3 ].

3. Sensitivity analysis for variational inequalities

We begin this section with a few definitions. As we mentioned previously, the local perturbed
solution to VI (¢) may not be unique under the assumptions invoked in this paper. Therefore, for any
¢ in any neighborhood M of x*, ¢ = S (&) N M is generally a point-to-set mapping. For the purpose of
our analysis, we define Lipschitz continuity and directional differentiability for a point-to-set

mapping T (&) at a given point ( x*, ¢*) in the following sense.



Definition 3.1. A point-to-set mapping T ( ¢ ) from R* to R® is said to be Lipschitz continuous at
(x*,¢e*) if for some neighborhood N of £* and some number L > 0,

[x(e)=x*]|<Lje—-¢e*|| foranyx(e)€T(e)ande € N.
Definition 3.2. A point-to-set mapping T (&) from R* to R® is said to be differentiable in the direction
gp at ( x*, e* ) if there is a vector d (g9 ) € R" satisfying the property that for any x (e* + tgp) €

T(e* + teg),
. 1
lim — | x(e*x+ teo) —x* | =d(e)).
t 0
t—> 0+
The mapping T ( £ ) is said to be directionally differentiable at ( x*, e* ) if it is differentiable in every

direction gg € R¥.

These definitions are natural extensions of the same notions for point-to-point mappings and have
clear geometrical meanings — when the mapping is single valued, these definitions are exactly the
usual ones for functions. By our definition, differentiability is a strong property that requires all
points in T ( & ) converge to a common point along the same direction and with the same rate. For
example, T (e) = {&}is differentiable at (0, 0) while T(e) = { 0, ¢ ] is not. In general, when a point-
to-set mapping T ( -) is not differentiable along direction gg at ( x*, e* ), we let

D(ep) = {d|dis the limit of some convergent sequence of the form [ x (e* + tep) — x* ]/t }.
To be more precise, for t > 0 we first let
Talt,eg) ={[x(e*+teg) —x*1/t | x(e*+teg)€T(e*+teg)} fort > 0.
Then we define
D(e,) = :T;H_IO T, (te,)= {d| 3d(t,)¢ T ,(t, ¢,) suchthat d(t,)—>d as t, l 0}
Clearly, D (gg ) also contains the first order information about the limiting behavior of T ( - ) at
(x*,e*). For example, T (¢) = {x € R*| x12 + x92 = ¢2 } is not differentiable at (0,0)but D(1) =

{x € R’ x12 +x92 = 1} (weleteg = 1since ¢ is a scale parameter ), which means that the set T (¢ )

10
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converges to x* = 0 along all directions with the same rate. Notice that D (g ) is a closed set and has

the following simple properties.

Lemma 3.1. If the mapping T ( - ) is Lipschitz continuous at ( x*, e* ) with Lipschitz constant L, then
D(eg)C {x€R|| x| =L} is uniformly bounded in any direction gg. Furthermore, T ( - ) is

differentiable in direction £ if and only if D ( g¢ ) is a singleton.

A Polyhedral Version of the Problem
We first briefly summerize the results obtained by Qiu and Magnanti [ 8 } for the case in which
the feasible region mapping is a constant polyhedron,ie,Q(e) =P ={x€R*|Ax=2b,Cx =d}.
We then try to generalize these results to the general case for which the feasible region mapping is
defined by a set of parameterized nonlinear constraints.
Suppose x* is a solution to the problem VI (e*). Let
Ty ={x|F(x*e*)'x=0Ax=0 fori € I(x*),Cx =0},
where A;is the ith row vector of matrix A. We now invoke the following basic assumptions concerning
the function F ( -, ) near ( x*, ¢* ). We assume for some neighborhoods U of x* and V of ¢*,
(a) F (- -)is continuous on UXV,
(b) Forsome L > 0,
(F(x,e)=F(x,e*)|<Lje—~e*| foranyx€{x*+ T }NU,e€V,
(¢) F (-, -)isdifferentiable at ( x*, ¢* ).
With additional second order assumptions, we are now able to obtain some properties of the local

perturbed solution set.

Proposition 3.1. Suppose V. F ( x*, ¢* ) is positive definite on Ty, i.e., GSOC is satisfied. Then for
some neighborhood M of x*, S (¢ ) N M is nonempty and is Lipschitz continuous at ( x*, ¢* ).
Furthermore, for any direction g9 € R, the set D (gg ) is contained in the solution set S ( gg )* of the

following linear variational inequality problem

1
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VI(eg): find x € Ty satisfying [VeF(x*,e*)x + V.F(x* e*)gp]"(x¥’ = x) =0 foranyx € T;.

Here we try to characterize the set D ( gy ) that contains first order information of the perturbed
solutions. The theorem shows only that D ( gg ) is contained in S (gg )*. But we further conjecture that
D (gg) = S(gg)* for any gq. Notice that S ( g9 )* is also a compact set if we assume the hypotheses of
Proposition 3.1. To see this, suppose some sequence { xn } satisfies xn € S(gg)* and xn — . Since x =
0isin Ty, we obtain

~ [V F(x* e*)xn + V.F(x* e¥)gg["xn =0  foralln.
Let z be a limiting vector of the sequence { xn /| xn || }. Thenz € Ty and || z || = 1. But from the
inequality, we have z" V(F ( x* ¢* )z < 0, which is a contradiction to the GSOC assumption. So

S (eg)* is bounded. It is easy to see that S (gg)* is a closed set.

Example 3.1. Consider the following three-dimensional example

VI(e): find x € P satisfying F(x,e)"(xX —x)=0 foranyx € P

where P = {x € R’|x1 2 0,x0 20,x3=0},0<e <o andF(x,e)=(x; + x9 —¢g,%] + x9 — ¢, 1.
Note that x* = (0,0, 0) is the unique solution to VI (0) and that the hypotheses of Proposition 3.1 are
satisfied. In this case, the perturbed solution set is givenby S(e) = {x|x; + xg = ¢,x; = 0,x9 = 0,
x3 = 0 }for 0 < ¢ < o, which is not differentiable at (x*, ¢* ). However, it is easy to verify that D (gg )

=S(gp) ={x|xy+x9=¢gp,x1 =0,%x9 =0,x3 = 0}foreg = 0.

The next theorem shows that if the general second order condition is strengthened slightly, then
the local perturbed solution set is directionally differentiable. We let span ( T; ) denote the linear

subspace spanned by the set T;.

Proposition 3.2. Suppose V,F ( x*, £* ) is positive definite on span ( Ty ). Then for some neighborhood
Mof x*, S (&) N M is nonempty and is directionally differentiable at (x*,e* ) for any direction gg.

Furthermore, the derivative d (gg ) uniquely solves VI (gg)*.

12



Example 3.2. Consider a one-dimensional example withP = {x € R'|x =2 0},0 = e < 1,and let F be
given by

0 0sx<eg2
F(x,£)={(x—-£2)/(1——s) e2<x<zsg
X e=x <o,

It is easy to verify that x* = 0 uniquely solves VI (0) and that this problem satisfies the hypotheses of
Proposition 3.2. The perturbed solution set in this case is S (¢ ) = [ 0, €2 ], which is indeed
differentiable at (0, 0 ). However, we notice that the perturbed solutions are not unique in this case.
The next result shows that the local perturbed solution would be unique if we further impose some

first-order smoothness conditions on the function F.

Proposition 3.3. Assume the hypotheses of Proposition 3.2. Also assume that F ( -, ¢ ) is
differentiable in a neighborhood of x* for € near ¢*, and that V,F ( -, - ) is continucus at ( x*, e* ).
Then for some neighborhoods M of x* and N of ¢*, S (&) N M is single valued for each ¢ € N and is

directionally differentiable at ( x*, e*).

The Noulinear Problem
We now consider the problem VI (e ) with perturbed nonlinear constraints. From this point on, we
always assume that the problem satisfies Assumptions 2.1-2.3 at ( x*, ¢* ). By Theorem 2.4, MFCQ
and GSOC would imply that for some neighborhoods M of x* and N of ¢*, and for some p > 0,
|x(e) —x*| < ple —e*| foranyx(e) € SP(e)NM,e €N.
Furthermore, for each (u(e),v(e)) € K(x(e),¢), some (u*, v*) € K (x*, e*) satisfies
[(u(e),v(e)) — (u*, v¥)| < plle —e*|
Now suppose g is a vector in R*. Let x" be a vector in the set D ( £ ) associated with mapping SP (&) N
M and direction gg. By definition, x" is the limit of some convergent sequence of the form

{[x(e* +theg) = x*]/thtnen, wherex(e* + theg) € SP(e* + tyeg) N M.

13



We now want to derive some constraints that the vector x* must satisfy.

Lemma 3.2. Suppose [ x0 — x* ]/ t, — x" [ (un, vn) — (u*, v*) 1/t — (u®, v"), where xn € SP (e* +
tnep) N Mand (un, vn) € K (xn,e* + tyeg). Then ( x, u", v") satisfies the following system
ViLg (x*, u*, v¥, e*) x" + V.Lg (x* u*, v* e*)gg — Vg (x*,e¥)Tul — Vih(x*,e*)Tvi=0
Vg (x*,e*)x" + ngi(x*,e*)eé =0 ifi€lj,ori€lganduy">0
Vg (x*,e¥)x" + Vg (x*,e*¥)gg =0 ifi€lganduy® =0 (3.1)
Vih (x*,e*)x" + Voh(x*,e*)gg = 0
u;" UIS fori€I,ui*=0 fori€ly,u"=0 forié€ls.
Proof. For convenience, let en = e* + t, gg. Since GKKT holds for ¢* and each £* + t, g¢, we have the
following relations for n sufficiently large,
[Lg(xn un vo en) — Lg(x* u*, v* e*)}/t, =0
[gi(xnen) —gi(x*e*)]/t, = ifi€ly,ori€lgandu* >0
[g;(xnen) —g;(x*e*)]/t, =0 ifi€lpandy’ =0
[h(xn en) —~h(x*e*)]/t, =0
fun —uy*j/t, =0 ifi€ly
[un —u* ]/t =0 ifi€ls.

Lettingn — =, n € N, we observe that ( x*, u*, v* ) satisfies the desired system ( 3.1).

For now, in order to ensure that there is always a convergent sequence of the form
{ICun, vn) = (u*,v¥) 1/t,},
we assume that K ( x*, ¢* ) is a singleton. Notice that LI is a sufficient condition for such a
requirement. Recently, Kyparisis [ 7 | showed that this uniqueness condition is equivalent to the
following strict Mangasarian-Fromouvitz constraint qualification (SMFCQ ):
Vigi (x*,e*) 1€ 11,’ Vihj(x* ¢e*),j=1,---,1 are linearly independent and for some z € R",

Vegilx*,e*)z >0, i€]q
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Vegi(x*,e*¥)z=0, i€l
Vihj(x*,e*)z=0, j=1,--,L

Note that we do not need this condition for problems defined on polyhedral sets ( see Proposition 3.1).

Theorem 3.1. Suppose GKKT, SMFCQ and SOC hold at ( x*, ¢* ). Then for any direction gy € R,
D (egg)is a compact set and is contained in S ( g9 )*, the solution set of the following linear variational
inequality problem
VI(gp)t: find x € Q* satisfying
[ ViLg (x*, u* v* e*)x + V,Lg(x* u* v¥ e*)eg]"(x = x) =0 foranyx’ € Q*

where Q* = {x|F(x*,e*)x + (u*)" Vg (x*,e*)eg + (v¥*)T Voh (x*,e¥ ) g = 0, Vg (x*,e* ) x +

+ Vegi(x*,e*)gg =0 fori € I(x*), Vih(x* e*)x + Vch(x*,e*)egg = 0}.
Proof. The compactness of D ( g5 ) follows immediately from Theorem 2.4 and Lemma 3.1. Now
consider any convergent sequence [ x0 — x* ]/ t, — x" with xn € SP (e* + t,eg) N Mand n € N. Since
K (x* ¢e*) = {(u* v*)}isasingleton, by Theorem 2.4,

[ (un, vn) — (u*, v*)| < pllegllty forsome(un,vn) € K(xn, e* + t,e9).
Thus, for some subsequence N C N, [ (un, vn) — (u* v*)]/ty,— (u", v*), n € N’. By Lemma 3.2, any
such ( x", u*, v ) satisfies the system ( 3.1 ), which can be restated as follows if we view (u®, v*) as a
dual solution,
[VeLg(x* u*, v¥ e*)x” + VL (x*, u*, v¥ e*¥)ggl"(x’ = x*) =0 foranyx € Q°
where Q° = {x| Vyg; (x*,e*)x + Vg (x*,e*)gg = 0 fori€ Iy, Vogi(x* e*)x + Vg (x* e*)gg =0
fori€Ip, Vih(x*, e*)x + Veh(x*,e*)eg=0}.
Now we need show only that Q' = Q°.
Q°C Q*: Suppose x € Q°. Then
F(x*e*)Tx + (u*)TVeg (x*,e*)eg + (vF)TV.h (x*,e*)gg
= [Veg (x*,e*)Tu* + Vih (x*, e*)Tv* Tx + (u*)T Vg (x*, 6% )eg + (v¥)T Voh (x*, 2% ) g
=[Veg(x*,e*)x + Vg (x*,e*)gg ITu* + [ Vih (x*, e*)x + Vch (x*, %) gg |7 v*

=0.
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Thus, x € Q*.
Q* C Q% Suppose x € Q. Then
0=F(x*e*)"x + (u*)" Vg (x* e*¥)eg + (v¥*)TV.h(x*,e*)eg
= [Veg (x*,e¥)x + Vg (x*, e*)eg ) u* + [ Vih (x*, &%) x + Voh (x*, %) gg " v*
= [Veg (x* e*)x + Vg (x* e*)gg 1" u*.
But this equality and the fact that V,g ( x*, e*) x + Vg (x*,e*)gg = O foranyi € I and

ui* > 0imply Vg (x*,e*)x + Vg (x*,e*¥)gg = Ofori € Iy. Thus, x € Q°.

The theorem shows that D (eg) C S (gg)*, which is a partial characterization of the set D (gg). We

suspect that D (eg) = S(gg)* is always the case.

Conjecture 3.1. Assume the hypotheses of Theorem 3.1. Then D (gy) = S (g )* for any direction

o € R*.

In the next theorem, we show that the conjecture is true if the LI condition is satisfied at ( x*, e* )
and VI(¢gg)* (or system ( 3.1)) satisfies the strict complementary slackness condition ( SCS ), that is,
L

for any x* € S(gg)*, there is some dual solution ( u“, v*) satisfying u;" > 0ifi € Iy and Vg; ( x*,e*) x

+ Vegi (x*,e*)eg = 0.

Theorem 3.2. Assume the hypotheses of Theorem 3.1. Suppose that LI holds at ( x*, ¢* ) and that SCS
holds at each solution point of VI(gg ). Then D (eg) = S(gg)-.

Proof. Suppose x* € S (gg)*. Then for some dual solution (u", v*), ( x*, u*, v* ) satisfies system ( 3.1)
and the SCS condition. We want to show that some functions x (t) € SP (x* + teg) N Mand (u(t),
v(t)) €K (x(t), e* + teg)satisfy (x'(0),u’(0),v'(0)) = (x u", v*). And then, x* € D (g9)
follows immediately.

Consider the following system of equations
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A

La(x,u,v,e) =0

gi(x,e) =0 ifi€lj,ori€lganduy*>0

u=0 ifi€I3,ori € Ipandu" =0

h(x,e)=0.
For simplicity of notation, we lety = (x,u, v), and let H (y, £ ) = 0 denote this system of equations.
We also assume {1, -, i3} = [ U {i|i € Iy and u;* > 0 }. Now with this notation, the Jacobian

matrix of H with respecttoy = (x, u, v) is given by

—

! 1
ViLg ' —-Vig1 - =Vignm \ —Vyihy - Vb
| ;
_______ e e e e e
' ] ]
Y | i |
X
Blo o
N 1
ngil - S 4 0
J= 0 |1 !
: ! ! !
0 ° b .
1 i ]
_______ e m e e e et m e — - ——————
1 1
] 1
Vihr ! :
: ' 0 ! 0
AT :
L ] i _

It is not hard to show that SOC and LI imply J is nonsingular at { x*, u*, v*).

We now consider equations of the form H (y* + t y~ + JTz,e* + tey) = 0 with t and z as
variables. Notice (t,z) = (0, 0) satisfies the equations. The Jacobian matrix of this system at (0, 0)
with respect to z is JJ7, which is nonsingular. By the Implicit Function Theorem, for some
differentiable function z (t ) in a neighborhood of t = 0, (t,z (t)) satisfies the equations andz (0) =
0. Furthermore, differentiating both sides of H (y* + ty* + J7z (t),e* + teg) = 0 and using the
chain rule shows thatz’ (0) is determined by the equations J y* + JJ7z’(0) + K¢y = 0, where

K = [ VQLd ( X*y U*’ V*y S* )Tr vsgl ( X*’ C* )T) Ty vﬂgil ( X*, C* )T> Oy Ty 0; VCh ( X*y E* )T ]T.
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Note that each row of K is the gradient of an equation in the system H (y, ¢ ) = 0 with respect to ¢.
Since y* = ( x*, uk, v') satisfies system ( 3.1), we have J y* + K g9 = 0, which in turn implies that
z’(0) = 0. Therefore, if we let

y(t)=(x(t),ul(t),v(t))=y*+ty" +JI7z (1),
theny’(0) = y* = (x*, ut, vk).

Finally, in order to show that x (t) € SP(x* + teg) N Mand (u(t),v(t)) € K(x(t),e* + teg),
we need to prove only that g; (t) = g; (x(t), e* + teg) = 0(t > 0)fori € I3 and ui* = 0, and that
u;j(t) = 0(t > 0)fori€ Iyandu* > 0. Since we assume SCS holds for VI (gg )* at ( x*, u*, v*), by the
chain rule we have

gi'(0) = Vg (x* e*)x" + Vg (x*,e*)gg >0 fori€Isandu” = 0,and
u;’(0) = ut >0 forié€lpandu® > 0.
Therefore, for t positive and small enough, the desired property is guaranteed.
Thus we have shown that S (eg)* C D (gg). On the other hand, by Theorem 3.1, D (gg) C S(gg)~.

Hence, D(gg) = S(ep)".

It is worth noting that the SCS condition for the linear problem VI~ (g ) does not imply the SCS

condition for the original problem VI ( e* ) at x*. The following example illustrates this fact.

Example 3.3. Consider a problem VI ( ¢ ) with feasible region @ = {x € R*|x; =2 0,x9 =2 0,x3 =0}
fore = 0and function F (x,e) = (x; + 2x9 — ¢, 2x1 + x9 — ¢, 1 )T. Note that x* = (0, 0, 0) is the
unique solution to problem VI ( 0 ) and that the SCS condition is not satisfied at x*. However, it is not
hard to verify that in this case the linear problem VI (gg )" is specified by Q* = Qand F* = F(x, ¢gg)
for any g9 > 0, which has a unique solution x* = (g(/3, g¢/3, 0). It is obvious that the SCS condition

holds at x*.
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Lemma 3.1 shows that the local perturbed stationary point set is directionally differentiable if
and only if the set D ( gg ) is single valued for any g9 € R*. Therefore, we will now strengthen the

conditions of Theorem 3.2 to make S ( g9 )* a singleton.

Theorem 3.3. Assume the hypotheses of Theorem 3.1. If VL4 ( x*, u*, v*, £*) is positive definite on
span ( Ty ), then for some neighborhood M of x*, SP (£) N M is directionally differentiable at ( x*, ¢*)
for any direction gg. Furthermore, the derivative d ( g¢¢ ) uniquely solves the linear variational
inequality problem VI (¢gg)-.
Proof. We first show VI { g5 )* has a unique solution. Suppose x! and x2 € S (g9 ). Then x! — x2 €
span(T;)and

[ VeLg (x*, u*, v* e*)xl + Vo Lg(x*, u*, v*, e*) gy " (x2 -~ x1) = 0,

[ ViLg (x*, u*, v*, e*) x2 + V,Lq(x* u*, v¥ e*)egg]" (x! — x2) = 0.
Adding these two inequalities, we obtain ( x1 — x2)T V Lg ( x*, u*, v* e*) (x1 — x2) < 0. Since we
assume that VyLq ( x*, u*, v*, ¢* ) is positive definite on span (T ), x! = x2. By Theorem 3.1, D (gg) C

S(gg)*. Therefore, D ( gq) is also a singleton.

The next corollary follows immediately if we notice that
span (T )C Ty = {x € R*| Vygi (x*,e*)x =0 fori €I, Vih(x* e*)x =0}

={x€R*|F(x*e*)Tx=0,Vih(x* e*)x=0}.

Corollary 3.1. Assume the hypotheses of Theorem 3.1. Also assume that the strong second order
condition ( SSOC ) holds at ( x*, e*), i.e., V4Lg ( x*, u*, v*, ¢*) is positive definite on Ty. Then for some

neighborhood M of x*, SP (&) N M is directionally differentiable at { x*, e*).

Notice that the directional derivative d ( &g ) uniquely solves the variational inequality problem

VI (gg ). By applying Theorems 2.4 and 3.3 to VI ( g9 )*, we know that d ( gg ) is locally Lipschitz

19



continuous and directionally differentiable at each point £y € R*. For the case in which the feasible
region is unperturbed, we can further show that the directional derivative d ( £q ) is globally Lipschitz
continuous with respect to £9. Suppose ( ey, -, e, ) is an orthonomal basis of the subspace span
(Ty). Let E = [ ey, -, e; ] be an nXr matrix with ej, -,e, as its columns, and let
G = ETV Lgq( x*, u*, v*, ¢*)E,

the projected (on to span ( Ty ) ) matrix of VyLg ( x*, u*, v*, *). Then, V,Lq ( x*, u*, v¥, e* ) is positive
definite on span ( Ty ) if and only if G is positive definite. We let A, denote the minimum eigenvalue
of the symmetric matrix [ G + G ]/2. For any arbitrary matrix A, the norm of A is usually defined as

[Af =sup {1 Ax ]}

ixj=1

The next corollary shows that the derivative d ( ¢g ) of the local perturbed stationary point set is

Lipschitz continuous with respect to g if the feasible region is not perturbed.

Corollary 3.2. Assume the hypotheses of Theorem 3.3. Further assume that Q (¢) = Q = {x]g(x)
= 0,h(x) =0} Thenforanyegy, ey’ € R¥,
Id(eg') —d(eg”) | S [ Ve F (x*,e*) ||/ Amin 1l €0" — £0” ||
Proof. Since g and h are independent of ¢, VI ( ¢ )* becomes
find x € Q- satisfying [ VyLg(x* u*, v¥, e*)x + V,F (x*,e*)eg " (x —x) = 0 for any x’ € -
where Q° = {x|F(x* e*)x = 0,Vygi(x*)x =0 fori€[,Vih(x*)x =0},
Therefore, we have
[VeLq (x* u*, v*, e*)d (e9’) + V.F (x*,e*¥)eg I"[d(ey’) —d(gy”)] <0 <
= [VeLlg (x*, u*, v¥, e*)d (g9”) + V.F (x*,e*)go” 1" [d(gg’) — d(gg”) ]
Since VyLg (x*, u*, v*, e*) is positive definite on span ( Ty ), this inequality implies
Aminfld (e0") — d(eg”) [[* < [d(eg’) — d(g9”) ]" VxLq (x*, u*, v¥, e*)[d(eg ) — d(eg”)]
= [(VeLg (x*, u*, v¥, e*)d(eg’) + V.F (x* e¥)eg) — (ViLg (x*,u*, v* e*)d(g”) +
+ VeF (x*,e%)eg") " [d (e’ ) —d(ep”)]
=[VeF(x*, e*)(eg” —e9’) 1" [d(eg) — d(eg”)]

SIVF (x*,e*)[1d (e0') — d(e9”) | lleo” — e0” .
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Dividing both sides by [|d (e¢’) — d (£¢” ) |, we obtain the desired inequality.

In the previous theorems, the perturbed stationary point need not be unique ( see Example 3.1 or
3.2). The next theorem describes a condition that ensures the uniqueness of the perturbed stationary

point.

Theorem 3.4. Assume the hypotheses of Corollary 3.1. Suppose that F (-, ¢), Vyg (-, ¢),Vih (-, ¢)
are differentiable in a neighborhood of x* for each ¢ near ¢* and that ViF ( -, - ), Vg ( -, - ),
V.*h (-, -) are continuous at ( x*, e* ). Then for some neighborhood M of x* and N of ¢*, SP (¢ ) N M
is single valued for each e € N.
Proof. We prove the theorem by showing the contraposition. Suppose some sequences {xn }, { yn },
and {en } satisfy xn = yn xn, yn € SP(en), and xn, yn — x* en— g*. Let ( un, v.n)bea vector in K (xn,
en)and ( un, o ya vector in K (yn, en). By Theorem 2.4, both ( un, vn)and( un,vn ) approach ( u*,
v* ) as n approaches . Without loss of generality we assume that (xn — yn) /| xn — yn|— z. Notice
that z satisfies ||z || = 1, Vyg; (x*,e*)z = 0fori € I; (x*),and Vih (x*, e*) z = 0. Therefore, we have
z %z 0andz€ Ts. Nowlet({x(t),u(t),v(t)) =t(xn,un,vn)+(1-t)(yn, un, vyn)andconsider
the following function

s(t) =La(x(t),ult)vit)en)(x0—yn)+g(x(t)en) (un—un)+

+h(x(t),en) (va— v,

Notice thats’ (t) = (x0 — yn)" ViLg (x(t),u(t),v(t),en)(xn — yn). Since the GKKT condition
holds for both ( xn, un, vn)and(yn, un, v ), it is easy to verify thats(0) =2 0ands (1) < 0. By the
mean-value theorem, for some 0 < t, < 1, we have

$'(tn) = (xn — yn )TV Lg(x(ty),ulty),v(ty),en)(xn — yn) < 0.
Dividing both sides by || x» — yn || * and taking the limit as n — , we find a contradiction to the

GSSOC assumption and thereby complete the proof.
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Theorems 3.3 and 3.4 extend a recent result by Kyparisis [ 6, Theorem 4.3 ]. Specifically, we
weakened his LI condition to the SMFCQ condition. We now discuss the possibility of further relaxing
the SMFCQ condition. In the prior analysis, we use the fact that for each sequence { ( x1,¢en) }, ¢ N
satisfying xn € SP (en) and xn — x* ¢n — ¢* there is a vector ( u*, v¥*) € K ( x*, ¢* ) and a sequence
(un,ve) € K(xn,¢en), n€ N for which[ (un, vn) — (u*, v*)]/| en - e*| is uniformly bounded. And,
this property is guaranteed by our assumption that K ( x*,£*) is a singleton. We hope this assumption
can somehow be relaxed. Now let us consider some of the properties of the mapping K ( -, - ). We
notice that for each x (e} € SP (¢), x (¢) solves the following linearized problem:

minimize F(x(eg),e)z (3.2)
subjectto Veg(x(e),e)z=Vyeg(x(e),e)x(e)—g(x(e)e)
Vih(x(e),e)z=Vih(x(e),e)x(e)—h(x(e),e).
For purpose of convenience, let
a(x(e),e) =Vg(x(e)e)x(e)—g(x(e)e),and
b(x(eg)e)=Vih(x(e)e)x(e)—~h(x(e)e).
Then the set of Lagrange multipliers K ( x (¢), £) is specified by the solution set of the dual problem of
(3.2):
maximize a(x(e),e)’u+b(x(e)e)v (3.3)
subjectto  Vyg(x(e),e) u+ Vih(x(e),e)'v=F(x(e)e)
u=0.
Therefore, if MFCQ and GSOC are satisfied at ( x*, ¢* ), then by Theorem 2.4, K (x (¢ ), e ) is a
bounded polyhedron for ( x (¢), ¢) in a neighborhood of ( x*, ¢* ) and for each (u(e),v(e)) € K (x (¢),
£ ), there is some (uc*, v.*) € K ( x* ¢*) for which
[(ule),v(e)) — (u* ve*) | < ulle — e*|.
We observe from the proof of Theorem 3.1 that if for each sequence { ( xn, en) }, ¢ N satisfying xn €
SP (en) and xn — x* and en — &*, we can somehow select a subsequence N’ C N, and a sequence

{(un, vn)}, ¢ nosatisfying (un, vn) € K (xn,en) for n € N’ and a vector (u*, v*¥) € K ( x*, %) so that
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[Cun,vo) — (u*, v*)| < p|en — e*| for some p > 0,
then all the results we obtained in this section are still valid. We also notice that this property is
satisfied in the following two cases:
(i) some basic optimal solution (u*, v*) to the dual problem ( 3.3 ) corresponding to e* has
nondegenerate u variables,
or, more generally,
(ii) for some subsequence N’ C NandabasisB(-,-)of(3.3),B(xn,en)forn€ Nisa

equence of optimal bases and B ( x*, ¢* ) is invertible.

4. Relations to Sensitivity Analysis for Optimization Problems
As has long been recognized, a function F from R" to R" can be written as the gradient of some

function f from R* to R! (i.e., F (x) = V{(x)) if and only if the Jacobian matrix VF ( x ) is symmetric
for all x. And in this special case, the GKKT condition for problem VI becomes the ordinary Karush-
Kuhn-Tucker condition (KKT ) for the following optimization problem:
MIN: minimize f(x)

subjectto g(x) =0

h(x)=0

Let L be the usual Lagrange function associated with problem MIN | i.e.,

Lix,u,v)=f(x)=g(x)Tu-h(x)"v.
Then by definition, Lg (x,u, v) = V,L(x,u, v)and VL4 (x,u,v) = V4*L (%, u, v ). The optimization
problem MIN and the variational inequality problem VI ( with F = Vf) are intimately related,
though results for one problem class need not translate directly into useful results for the other. For
example, as we have noticed, the stationary points for these two problems are identical. However, the
conditions for when a stationary point x* is a local solution for MIN or is a local solution to VI are
different. Typically, optimization theory i.mposes a second order condition { V.*L ( x*, u*, v* ) is

positive definite on Ty ) to ensure that x* is a local solution to MIN. On the other hand, as we observed
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previously, a convexity condition ( local quasi-concavity of the constraints ) will ensure that x* is a
local solution to V1. In general, these second-order and convexity conditions do not imply each other.

Note, however, that whenever the MFCQ is valid, every local solution to MIN is a stationary
point. Consequently, when conducting sensitivity analysis for local minimum ( i.e., studying
properties such as Lipschitz continuity, directional differentiability, and uniqueness, but not
existence ), we can rely upon results developed for the broader class of stationary points. Since all of
our results apply to stationary points of MIN ( or, equivalently, of VI with F = Vf), they provide
results concerning perturbed local minima to MIN. In particular, our results specify conditions under
which the set of perturbed local minima is directionally differentiable. In contrast, in the context of
optimization problems, using weaker conditions ( MFCQ instead of our SMFCQ ), Robinson { 10 | has
already established Lipschitz continuity, but not differentiability. Jittorntrum [ 3 ], envoking a
stronger condition ( LI instead of SMFCQ ) has established the uniqueness and directional
differentiability of the perturbed solutions to MIN.

We also note that when applied to optimization problems MIN with linear constraints, our
companion paper ( Qiu and Magnanti [ 8 ] ) provides an alternative proof, with somewhat weaker
conditions, for the Lipschitz continuity and directional differentiability of the perturbed local solution
set. Moreover, the results in that paper will also apply to optimization problems with auxiliary
variables that appear only in the constraints.

To conclude this section, we give one example to illustrate the property stated in Theorem 3.1.

Example 4.1. Consider the following perturbed minimization problem MIN (¢ ):

minimize (x; + x9)*/2 — e(x; + X9) + x3

subjectto x; 20,x90=20,x3=0
where 0 < & < . Since ¢ is a scale parameter, we let the perturbation direction g¢g = 1. It is easy to
verify that x* = (0, 0, 0) solves MIN ( 0 ) and that { u1*, ue* ) = (0, 0 ) and v* = 1 are the
corresponding Lagrange multipliers. Notice that the problem satisfies the hypotheses of Theorem 3.1

at (x*, ¢*). The perturbed solution set in this case is given by
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S(e)={x|x1 +x2=¢,x1=0,x9=20,x3 =0},
which is not differentiable at e* = 0. However, just as proved by Theorem 3.1, it is possible to show

1,x; = 0,x9 = 0,x3 = 0}is the solution set of the following linear

thattheset D(1) = {x]|x; + x2
variational inequality problem
Vi(eg)t: find x € Q* satisfying

[V L (x*, u*, v¥ e*)x + V2L (x* u*, v¥, e*)gol" (x’ — x) = 0 foranyx’ € QF,

where Q- = Q in this special case.
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