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Abstract

This thesis studies a game theoretic model for scheduling transmissions among multi-
ple self-interested users in a wireless network with fading. Our model involves a finite
number of mobile users transmitting to a common base station under time-varying
channel conditions. A distinguishing feature of our model is the assumption that the
channel quality of each user is affected by global and time-varying conditions at the
base station, resulting in each user observing a common channel state. Each user
chooses a transmission policy that maximizes its utility function, which captures a
natural trade-off between throughput and power. The transmission policy specifies
how transmissions should be scheduled as a function of the time-varying common
channel state observed by each user.

We make three main contributions. First, we establish the existence of a Nash
equilibrium of this game and characterize the set of equilibria. We investigate the
efficiency properties of these equilibria, and study a related aggregate utility max-
imization problem, to serve as a benchmark for the performance of the equilibria.
We quantify the efficiency loss in the game comparing the optimal solution of the
aggregate utility maximization problem, to the best and worst equilibria in terms of
the aggregate utility. We show that the performance of the worst equilibrium can be
arbitrarily bad (in terms of the aggregate utility), but the efficiency loss of the best
equilibrium can be bounded as a function of a technology-related parameter.

Our second contribution is to study various distributed mechanisms to reach an
equilibrium of this game. We use the theory of potential games to establish con-
vergence of such mechanisms to an equilibrium. To this end, we study conditions
under which the scheduling game is a potential game. This necessitates extending
the known necessary conditions for the existence of ordinal potential in games. In
this thesis, we show that the scheduling game has a twice continuously differentiable
ordinal potential if and only if a rate alignment condition holds.

In our third contribution, we investigate the related question of characterizing
the “distance” of an arbitrary game to an exact potential game. We provide a new
framework based on combinatorial Hodge theory for projecting an arbitrary game
to the set of exact potential games. We prove that the equilibria of a game are ¢-
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equilibria of its projection, where € is bounded by the projection error. Moreover,
we show that the projection of a game to the set of exact potential games can be
calculated using distributed consensus algorithms.
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Title: Professor
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Chapter 1

Introduction

In this chapter we briefly discuss the role of game theory in control of wireless net-

works. We also present an outline and a summary of the contributions of this thesis.

1.1 Context

Traditional network optimization approach assumes a single network administrator
which has full access to all information in the network and designs algorithms that
optimize a single network-wide objective among obedient users. Modern networks,
on the other hand, have emerged from the interconnections of autonomous entities
and heterogeneous users with diverse set of application requirements. This naturally
has led to a distributed control paradigm in which network control functions are
delegated to end users who make their decisions independently according to their
own performance objective (e.g., [36, 35, 24, 25, 37)).

In scheduling and resource allocation problems in wireless networks, agents com-
pete for the available resources, such as bandwidth. Noncooperative game theory is
a natural theoretical framework for analysis and management of the competition in
wireless networks and it provides a robust and distributed control paradigm. Such
control paradigms allow having network domains, in which situation-aware users take
autonomous decisions with regard to their network usage, based on the current net-

work conditions and their individual preferences. In the recent literature, it is possible
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to see many applications of game theory to analysis and design of resource allocation
mechanisms in wireless networks (see, e.g., [3, 1, 25, 24, 34, 35, 26, 49], and [37] for

a survey).

A strategic form game consists of a set of players, a utility function and a set
of strategies defined for each player. In applications of game theory to the study of
wireless networks, users in the network are treated as players, objectives of players
are modeled by utility functions and the interactions between the users are analyzed.
Frequently, Nash equilibrium is used to study the outcome of the interactions of
players in a game. This solution concept defines an outcome of a game from which

no user has incentive to deviate unilaterally.

It is well-known that noncooperative behavior in networks results in inefficiency
in terms of the aggregate system utility. Aggregate utility maximization problem is
often studied as a benchmark problem to quantify the inefficiency of equilibria. In
games efficiency is commonly defined in terms of the ratio of the aggregate utility in
equilibria to the optimal solution of the this problem. In particular, two quantities
that are used to study the efficiency loss are the price of stability and price of anarchy
in the system, [5, 46, 48, 47]. These quantities represent the ratio of the aggregate
utility in the best and the worst equilibria to that of the optimal solution of the
benchmark problem. Price of stability and price of anarchy are frequently analyzed
in the literature for determining the quality of the equilibrium solution in network
problems (see e.g. [14, 22, 34, 35]).

An important challenge in game-theoretic models for networks is the development
of dynamics that converge to a Nash equilibrium. Much of the literature on this
topic focuses on dynamics that involve simple update rules by the players. However,
in general, simple dynamics do not converge to an equilibrium of a game. Potential
games are an important class of games in which simple dynamics converge (see e.g.
[41, 56, 28]). There are also extensions of potential games, such as ordinal potential
games, which have similar properties in terms of dynamics. The common feature of
these games is the existence of a potential function which represents the quality of

the different strategy profiles jointly for all users.
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The general framework which we consider in this thesis is that of users who obtain
some information about the network (e.g. channel quality) and accordingly control
their transmission parameters. More specifically, we study the scenario in which
finitely many users schedule their transmissions to a common base station, while the
channel quality between the users and the base station is time varying. In this work,
we model the interactions between the users in the network as a game and provide a
detailed analysis of this scheduling game. In particular, we study the Nash equilibria,
efficiency properties of the described game and provide dynamics that converge to an

equilibrium of the game.

1.2 Related Literature

In recent years game theory has found applications in various problems in the com-
munications literature, [38, 23, 26, 49, 55, 57, 33]. In this section we present a brief
overview of game-theoretic approaches to resource allocation in networks.

Today’s communication systems rely on transmission protocols in order to utilize
the scarce resources available, such as bandwidth and energy. Centralized control
protocols for these systems are not feasible due to the large size and complicated
interconnection structures of communication networks. This leads to distributed con-
trol protocols for the control of communication networks. An example is the TCP/IP
standard on which Internet is based. Such protocols rely heavily on cooperation of
users in the network with the assigned control rule but in many cases, users have
incentive to not to obey the control rule. This makes game theory a useful tool in
the analysis of networks [38, 23, 26].

Game theory has found applications to the power allocation problem in wireless
networks. A frequently studied channel model in these problems is the code division
multiple access (CDMA) channel [49, 1, 26, 51]. In [51] the authors consider a power
control game for a CDMA system with single base station where utility of each user
is a function of its transmit power and signal-to-interference ratio. They show that

the achieved equilibrium is inefficient and by supplementary pricing mechanism the
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quality of the equilibrium can be improved. In [49], the results of [51] are extended

to systems with multiple base stations and different pricing schemes are studied.

In [23], the authors consider resource allocation in time varying multiple access
channels with users limited by average power constraints. They show that the optimal
operating point (in terms of aggregate throughput) coincides with the unique Nash
equilibrium of the proposed game. Another work related to multiple access channels
is [38]. This paper considers games in multiple access channels where users have
quality of service constraints. The authors discuss various utility functions and their
implications on the communication systems. The strategy spaces of users consist of
a selection of different parameters including choice of transmit powers, transmission
rates, modulation scheme, and utilities in the game are defined as a function of these
parameters. The authors discuss the properties of the Nash equilibria of the resulting
games and quantify the effect of different network parameters on energy efficiency

and network capacity.

There is also work related to resource allocation games in collision channels. This
channel model differs from the CDMA channels as in collision channels, transmissions
at a given time slot are successful only if a single user attempts transmission during
this time slot. In [35], the authors consider a model for an uplink collision channel.
The channel quality process is assumed to be time varying and independent across the
users. Each user aims at minimizing its power investment while satisfying a minimum
throughput demand. The authors study the conditions under which equilibrium in
the game exists. They show that there are at most two equilibria in the game and
if multiple equilibria exist one equilibrium is strictly better than the other for all
users in terms of the power investment. The authors also suggest a fully distributed
mechanism that converges to the good quality equilibrium. Using a similar model in
[36] the authors show that when additional power levels are made available to users in
the system, a paradoxical behavior is observed, i.e. the equilibrium quality decreases

when more power levels are present in the system.

The wireless network game that is considered in this thesis is related to the games

considered in [35, 36], however it significantly differs in the assumptions on the channel

16



quality processes and utilities of users.

1.3 Contributions and Thesis Outline

In this thesis we study a game theoretic model for distributed scheduling in wireless
collision channels. We consider a wireless network, where finitely many users interact
over a shared collision channel. Channel quality of each user is affected by global and
time varying conditions. Each user independently adjusts its transmission parameters
in order to maximize its payoff which is a function of the trade-off between throughput
and power.

Our main results related to the scheduling game can be summarized as follows,

o We study the existence of Nash equilibrium and its properties. We show that
equilibrium always exists but it is not unique. In fact there can be uncountably

many equilibria in the game.

e We then consider the efficiency loss in the system to determine the quality of the
game solution. To this end, we first study the social welfare (aggregate utility)
maximization problem in the network to serve as a benchmark to determine the
quality of the game solution. We show that the social welfare maximization pro-
plem is a nonconvex optimization problem. We prove that under self-interested
user behavior, the equilibrium performance can be arbitrarily bad. Neverthe-
less, the efficiency loss at the best equilibrium can be bounded as a function of
a technology parameter, which accounts both for the mobiles’ power limitations

and the underlying channel quality.

o We present various dynamics that ensure convergence to a Nash equilibrium
in the game. In particular, we show that best-response dynamics converge
to an equilibrium in finite time under certain update rules. To do this, we
exploit the structure of the strategy spaces of users and utilize the properties
of potential games. We also empirically verify the convergence of the dynamics

to an equilibrium.
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This thesis not only studies the results for the specific wireless network game, but
also contributes to the theory of potential games. In the analysis of the scheduling
game we use the properties of potential and ordinal potential games to obtain results
about the game dynamics. However, in the literature there are no easy to check
conditions for studying the existence of ordinal potential in games. This necessitates

the study of the conditions on existence of ordinal potential in games.

Although there has been much work in the literature on the necessary and suffi-
cient conditions for the existence of exact potential, the conditions for the existence
of ordinal potential are not well understood [41]. In [54, 43|, the authors present
conditions for the existence of an ordinal potential, however these conditions are not
easily checkable. In particular for continuous games, different tools are necessary to

study the existence of an ordinal potential.

Exact potential games have many desirable properties, however the class of exact
potential games is a “small” subset of the space of games. This motivates the study
of the class of games that are “approximately” potential games. To this end, in this
thesis we suggest an approach for finding a potential game that is close in some sense
to a given game. For this we apply ideas previously used in the context of ranking

problems to the theory of potential games.

Combinatorial Hodge theory is a tool that is used in ranking problems to determine
the inconsistency in the pairwise rankings [21]. Pairwise comparisons (or rankings)
of different alternatives contain inconsistencies if there is no order representing the
preferences. For example, if three alternatives a,b,c are considered and pairwise
rankings indicating a > b, b > ¢, ¢ > a are present (where > represents the preference

relation between alternatives) the pairwise rankings are inconsistent.

In a game utility of a user represents rankings of different strategy profiles by this
particular user. The game is a potential game if the rankings given by different users
are consistent, i.e. if user interests are aligned with a global performance goal. We use
the ideas from combinatorial Hodge theory to study the inconsistency in the pairwise
rankings of the strategy profiles when the game is not a potential game. This leads

to a framework for projecting an arbitrary game to the set of exact potential games.
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Our results related to the conditions on existence of ordinal potential in games

and projections to the set of exact potential games are summarized below.

e We consider a strategic form game, with finitely many users and study the
sets of exact potential games and its extensions. We show that the set of
exact potential games is convex, whereas the set of ordinal potential games is
nonconvex. We also show that the set of exact potential games is a “small”

subspace of the space of games.

e Secondly, we consider continuous games, where the strategy space of each player
is a nonempty closed bounded subset of an Euclidean space. Assuming that
players have differentiable utility functions we obtain necessary conditions for
existence of a continuously differentiable ordinal potential function. Some of
the results obtained here are in the same spirit as [16, 32], which provide easy
to check conditions for existence of utilities representing preferences of agents

in an economy.

e We apply our results on ordinal potential games to the scheduling game studied
in this thesis. We show that the game has a continuously differentiable ordinal

potential if and only if a symmetry condition holds in the game.

e We study the problem of projection of finite games to the set of exact potential
games. The projection framework enables us to find a potential game that is

closest to a given game in a well defined norm.

e We show that the projections can be obtained with a distributed procedure
requiring some information exchange between the players of a game. Addition-
ally we prove that each equilibrium of the initial game is an e-equilibrium of the
projected game and each equilibrium of the projected game is an e-equilibrium

of the initial game.

19



1.3.1 Outline

The rest of this thesis is organized as follows. In Chapter 2 we provide definitions and
some known results about games with emphasis on potential games. We also state the
known results in the literature about the existence of potential in games. Additionally,
we introduce the combinatorial Hodge Theory which is related to the projection
framework considered in this thesis. In Chapter 3, we introduce the scheduling game
and we provide the results obtained for this game. In Chapter 4 we focus on the
existence of potential in games and the projections of games to the set of exact
potential games. In Chapter 5 we present a summary of our results as well as future

directions for research.
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Chapter 2

Background

In this chapter we give an overview of basic notions of game theory with emphasis on
the potential games. In Section 2.1 we discuss concepts of equilibrium, efficiency loss
and dynamics in games. In this section, we also introduce potential games and discuss
various generalization of potential games. Moreover, the results in the literature

related to the existence of potential in games are presented.

In Section 2.2, we introduce combinatorial Hodge theory and discuss its relation to
the problem of projecting an arbitrary game to the set of exact potential games. We
provide an application of Hodge theory to ranking problems, as a similar approach is
used in Chapter 4 for projections of games. Additionally, we provide the notations

and basic results, related to our projection framework.

2.1 Game Theory and Potential Games

In this section we provide a basic introduction to game theory. We formally define
games and discuss different solution concepts in games. We focus on properties of
potential games and give a summary of results on efficiency loss and dynamics in

games.
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2.1.1 Basic Definitions and Notations

Game theory is the study of multi-person decision problems. A mathematical model
of a game considers interactions of a number of decision makers, often referred to
as agents or players. Agents are assumed to have their individual objectives and
act according to their objectives. The aim of game theory is to analyze strategic
interactions between different agents in a system.

In this thesis we restrict ourselves to strategic form games. A strategic form

game consists of:

e Set of players, which is usually assumed to be finite. We denote the set of

players by M = {1,... M}.

e Strategy space E™ for each player m € M, which is the set of actions a player

can take. We denote the joint strategy space of all players by E = [],,c\ ™.
o Utility function v™ : F — R for each player m € M.
We use ™ € E™ to denote a strategy of player m. A collection z = (z',... z™)

of strategies of all players is referred to as a strategy profile. The utility function of
a player assigns a payoff to a given strategy profile, and payoff of a player is affected
by strategies of other players. Usually the set of all players but m is denoted by —m
and these players are referred to as opponents of player m. The set of actions for
opponents of player m is denoted by £~™. We denote a strategic game with given set
of players, strategy spaces and utility functions as G = (M, {E™ }nueats {U™ bmem)-
As a short hand notation we use uqy = {u!,...uM} for the collection of all utilities
in the game.

The set of actions available in a game are often referred to as pure strategies. An
extension of pure strategies is mixed strategies where mixed strategy of a player can
be defined as a probability distribution over the set of its pure strategies. In this
thesis we are concerned only with pure strategies and term strategy refers to pure

strategies.
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In strategic form games the underlying assumption is that preferences of players
are captured through the utility functions, i.e. a strategy profile z is preferred over
strategy profile y by player m if and only if v™(z) > u™(y). Players are assumed
to be non-cooperative, each player acts independently to improve its payoff. They
are also rational in the sense that they utilize strategies with better payoffs. This

assumption leads to an equilibrium concept for games, namely the Nash Equilibrium.

Definition 2.1.1 (Nash Equilibrium). A Nash equilibrium is a strategy profile from
which no player can unilaterally deviate and improve its payoff. Formally, a strategy
M)

profile z = (z',...,2™) is a Nash equilibrium point if

™ e argn;axum(:im, ™), for every m e M (2.1)
gmeEm

Note that Nash equilibrium of a game represents a stable outcome of a strategic
form game as when a Nash equilibrium is reached rational players do not deviate from
this strategy profile. This makes Nash equilibrium one of the most frequently used
solution concepts for games, and in this thesis for the most part we restrict ourselves
to this solution concept. By the definition above a Nash equilibrium is a pure strategy
profile if it exists. Such an equilibrium is also known as pure Nash equilibrium, we

simply refer to it as Nash equilibrium.
The notion of best response is closely related to Nash equilibrium. The set of

best responses of a player to its opponents strategies ™™ is given by,

BR™(x ™) = argmaxu™ (X", x ™) (2.2)
xme Em

and it stands for the set of strategies which maximize the payoff of player m given
strategies of other players. This implies that, a Nash equilibrium is a strategy profile
in which all players utilize their best responses.

Note that given the definition of Nash equilibrium it is not clear whether it always
exists. In Table 2.1 we present the matching pennies game, which has no Nash Equi-

librium. In this game players 1 and 2 announce heads (H) or tails (T) simultaneously
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H([1-1]-1
T|-1,1]1-1

Table 2.1: Matching Pennies Game

H T
H| L, 1 |-1,-1
T|-1,-1] 1,1

Table 2.2: Modified Matching Pennies Game

and if their announcements match player 1 and 2 receive payoffs 1 and —1 respec-
tively, and if they do not match payoffs become —1 and 1. In Table 2.1, the left most
column stands for actions of first player and top most row stands for actions of second
player. Given strategies of both players in the corresponding box first number stands
for the payoff of player 1 and the second number stands for the payoff of player 2. It
can be seen from this table that none of the strategy profiles do satisfy the definition
of Nash equilibrium.

If the strategy space of each player in a strategic form game with finitely many
players is finite then the game is referred to as a finite game. On the other hand,
if the strategy spaces of players are nonempty compact metric spaces and the utility
functions are continuous then the game is said to be a continuous game.

The matching pennies game suggests that Nash equilibrium may not exist in finite
games. An interesting result on existence of Nash equilibrium in continuous games is
given in Section 2.1.2.

We note that if Nash equilibrium exists it need not be unique, an example can
be obtained by modifying the payoffs in the matching pennies game. Assume that
in the new matching pennies game both players receive 1 if they announce the same
outcome and both receive —1 otherwise. The payoffs of the modified game are as
given in Table 2.2. In this game strategy profiles (H, H) and (7, T) both satisfy the
definition of Nash equilibrium.

We conclude this section with a related solution concept, namely the e-equilibrium.

Definition 2.1.2 (e-Equilibrium). e-equilibrium is a strategy profile from which no
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player can unilaterally deviate and improve its payoff more than €. Formally, a strat-

egy profile x £ (z*,..., 2M) is an e-equilibrium if

u™(x™, ™) > um (@™ aT™) —€, for every I™ € E™ and m € M (2.3)

Note that every Nash equilibrium is an e-equilibrium with e = 0. This equilibrium

concept refers to strategy profiles that are approximately an equilibrium.

2.1.2 Existence of Nash Equilibrium

In this section we discuss existence of a Nash equilibrium in continuous games. The
theorems that show existence of a Nash equilibrium in continuous games are usually
derived utilizing Kakutani’s fixed point theorem, [20, 44, 15, 19]. Below we state a

well known existence result without proving it (see [19]).

Theorem 2.1.1. Consider a strategic form game with strateqy spaces E™ being
nonempty compact convexr subsets of an Euclidean space. If the payoff function of
each player is continuous in joint strategies and quasi-concave in its strategy, there

exists a pure-strategy Nash Equilibrium.

We make use of this theorem in Chapter 3 to conclude existence of a Nash equi-
librium. Note that the above theorem also implies existence of equilibria for finite

games when mixed strategies are utilized.

2.1.3 Potential Games

Potential games is a class of games in which preferences of all players are aligned with
a global objective [41, 31]. This feature is desirable as it makes potential games easier
to analyze and it also ensures that simple dynamics such as best response dynamics
and fictitious play converge to an equilibrium in potential games [28, 56, 31, 50.
Another reason for potential games to receive attention is its relation to congestion
games. Congestion games, which was defined in [45], is an important class of games for

economics. As shown in [41] every finite potential game is isomorphic to a congestion
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game. In this section we focus on the basic properties of potential games and state
the conditions under which a game is a potential game, and we defer the results about
dynamics in potential games to Section 2.1.5.

We start by giving definitions of exact and ordinal potential games.

Definition 2.1.3 (Exact Potential Game). A game is called an ezact potential game

if a function ® : E — R such that
O™, 2™™) = By aT") = um (@™, 2T — um (Y™, 2™, (24)

forallm e M, 2™ y™ € E™, x™™ € E~™ exists.

Definition 2.1.4 (Ordinal Potential Game). A game is called an ordinal potential
game if a function ® : E — R such that

(2™, z7™) = (Y™, 27™) > 0 & u™ (@™ xT™) —u™ (Y™, 2T™) > 0, (2.5)

forallm e M, 2™ y™ € E™, 2™ € E~™ exists.

The functions @, satisfying the conditions in Definitions 2.1.3 and 2.1.4 are called
exact potential function and ordinal potential function respectively. We refer to exact
potential functions and ordinal potential functions as potential functions in short.
Observe that ordinal potential games is an extension of exact potential games as can
be seen from the definitions. Hence, every exact potential game is an ordinal potential
game. Another extension of exact potential games is weighted potential games.
In weighted potential games potential function ® satisfies,

O(x™, ™) = O(y™, 27" = W™ (W (2™ 2™ — u(y™, z ™)), (2.6)
instead of (2.4), where w™ € R is a positive weight corresponding to player m. Clearly
weighted potential games are also ordinal potential games.

Definitions 2.1.3 and 2.1.4 imply that the potential function is an aggregate rep-

resentation of utility functions of the players. This enables a more tractable analysis
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of equilibria in exact and ordinal potential games as shown in the following lemma

[41).

Lemma 2.1.1. Let ® be an (ordinal) potential function for G = (M, {E™}mem,

{u™}mer).  The equilibrium set of G coincides with the equilibrium set of G =

<M7 {Em}mEMv {(I)}meM>-

This lemma has two implications. First given a potential function ®, a strategy

profile z is a Nash Equilibrium if and only if for all m € M
O(z™ z7™) > P(y™,x™) forally™ e E™ (2.7)

Second, Lemma 2.1.1 also suggests a way of finding Nash equilibria. It can be seen
from (2.7) that maxima of the potential function correspond to equilibria for both
continuous and finite games. This implies that for finite potential games a pure Nash
equilibrium always exists as the maximum of the potential function always exists.
However, a strategy profile which is not even a local maximum of the potential

may be a Nash equilibrium of a potential game as can be seen from the next example.

Example 2.1.1. Consider a game with utilities u(z,y) = u*(z,y) = ®(z,y) =
@212 | @@ _ o2 _ @ -1 yhere 1 € B = R
represents strategies of player 1 and y € E* = R represents strategies of player 2.
Note that for this potential function ®(z,0) = ®(0,y) = 0 for all z,y € R, hence
none of the players have incentive to deviate from (x,y) = (0,0) and this strategy
profile is a Nash equilibrium. On the other hand, as Figure 2-1 shows this point is

not a local maximum of the potential.

It should also be noted that not all local maxima of the potential correspond to

equilibria of the game, this is illustrated in the next example.

Example 2.1.2. Consider a game with utilities u(z,y) = u(x,y) = (1—z%)cos(my)e ¥’
where x € [—1, 1] represents strategies of player 1 and y € [—4,4] represents actions

of player 2. It can be seen that this is a potential game with potential ®(z,y) =
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Potential @ with respect to Strategies of Players

D(xy)

Figure 2-1: Nash equilibrium need not be a local maximum of the potential

(1 — z2)cos(my)e¥’. On the other hand as Figure 2-2 indicates the potential has
multiple local mazima for which x = 0 but the potential is mazimized for y = 0 and
from all other local mazima player 2 has incentive to modify its strategy and move to

y = 0 implying that the only equilibrium of the game is (x,y) = (0,0).

In view of the desirable properties of potential games, an important question is
to provide conditions under which a game has a potential function. In the following

we provide a brief overview of known conditions from the literature [41, 54, 53].

Definition 2.1.5 (Path- Improvement Path - Closed Path ). A path is a collection of
strateqy profiles v = (xo, . .. Tn) such that x; and x;4 differ in the strategy of ezactly
one player where z; € E for i € {0,1,...N}. A path is an improvement path if
u™(x;) > u™(z;-1) where my is the player strategy of which differs between z; and
zi—1. If for a path v = (zo, ... zn), we have xg = xN, then the path is referred as a

closed path (or cycle).

The length of a path v = (xo,...2zn) is N. The transition from strategy profile
x;_1 to x; is called as step 7 of the path. We say a closed path is simple if no strategy

profile other than the first and the last strategy profiles is repeated along the path.
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Potential @ with respect to Strategies of Players

Dxy)

S 05

Figure 2-2: Local maximum of the potential need not be an equilibrium

In [41], authors present conditions on the existence of an exact potential in finite
games that involve paths. For any path v = (zo,...zn) let I (77, uqu) represent the

“cost improvement” along path 7, i.e.,

N
I(y,uan) = > u™(m;) — u™ (i), (2.8)

i=1
where m; denotes the player changing its strategy in the ith step of the path. The
following theorem from [41] presents a characterization of exact potential games using

conditions on cost improvement along closed paths (or cycles).

Theorem 2.1.2. A game G is an exact potential game if and only if for all simple
closed paths, v, 1(,uqy) = 0. Moreover, it is sufficient to check closed paths of length
4.

The claim that I(7y, uqy) = 0 for every simple closed path 7 can be seen rewriting
(2.8) with the exact potential function and observing that the the canonical sum
along v should be equal to 0. Having I(7, uau) = 0 for all simple closed paths implies
that the game is an exact potential game as in this case a potential function can be

constructed by setting the potential equal to zero at an arbitrary strategy profile,
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say x and setting I(7y,uy;) equal to the potential of strategy profile y if v is a path
connecting x to y. In proving that this is a valid potential functino the property that
I{7y,uqy) = 0 for all closed paths is used. This also gives a procedure for constructing
the potential function in a potential game. Note that this function is unique up to
an additive constant. On the other hand, enumerating and checking all 4 step closed
paths may be computationally infeasible for checking the existence of exact potential.

In [54], authors present necessary and sufficient conditions for the existence of an
ordinal potential in games. Similar to [41], they present conditions on the existence of
a potential by constructing paths of different strategy profiles. Authors define weak
improvement cycle as a closed path at every step of which player whose strategy
is modified has a nonnegative change in its utility and at least at one step the change
in payoffs is strictly positive. An obvious necessary condition for the existence of an
ordinal potential is that no weak improvement cycle exists in the game. It can be
seen that if this condition does not hold, the value of the potential cannot remain

constant along a cycle.

The main result of [54] is summarized in the following theorem:

Theorem 2.1.3. A countable game is an ordinal potential game if and only if the set

of strategies does not contain any weak improvement cycles.

By definition, a game is a potential game if and only if there exists a potential
function which represents the preferences of each player among the strategy profiles
for which only its strategy is changing. Existence of a weak improvement cycle implies
that there is no potential function or ranking of strategy profiles that is consistent
with these preferences of players. If a weak improvement cycle exists in a game we
say that there are inconsistent preference relations in the game.

In [54] the paths over which utility of the players modifying their strategy does not
decrease are referred to as nondeteriorating path, and equivalence classes are defined
on F by stating two strategy profiles x and y belong to the same equivalence class
if there are nondeteriorating paths from x to y and from y to x. An order relation

> on equivalence classes is defined as follows: two difference equivalence classes [z]
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and [y] satisfy [z] > [y] if there is a nondeteriorating path from y to z. The set of
equivalence classes is said to be properly ordered if there exists a function defined on
the set of equivalence classes that is order preserving. The set of equivalence classes
A is said to be order dense if there exists a countable subset of equivalence classes B

such that for any z,z € A — B there exists y € B such that z -y, y > .

An extension of Theorem 2.1.3 states that for an uncountable game if set of
equivalence classes a contains countable order dense set then the game is an ordinal

potential game if and only if no weak improvement cycles exist.

Similar to the result related to exact potential games, it is not clear how one can
determine the existence of weak improvement cycles in a systematic and computation-
ally feasible way, possibly by avoiding enumeration of all the cycles. For uncountable
games, although finding a cycle that a weak improvement cycle implies that the game
is not an ordinal potential game, concluding that the game is an ordinal potential
game is difficult if not impossible. Note that unlike the result in [41] for ordinal
potential games it is not sufficient to study cycles of length 4, hence the number of

cycles one has to check increases significantly for ordinal potential games.

There are also results on the existence of an exact potential in games with differ-

entiable utility functions. One such result due to [41] is stated below.

Theorem 2.1.4. Let G be a game in which the strategy spaces are intervals of real
numbers, i.e. ™ € E™ C R for all m € M. Suppose the utilities are twice continu-
ously differentiable. Then G is a potential game if and only if,

Pum Dk
dxmdzk  dxrmozk

for allm,k € M. (2.9)

This statement can be extended to games where the strategy spaces are compact
subsets of n—dimensional Euclidean spaces. However, to our knowledge in the litera-
ture there are no easy to check conditions for ordinal potential games that is similar

to Theorem 2.1.4.
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2.1.4 Efficiency Loss in Games

In games we are frequently interested in comparing the quality of the equilibria to a
centralized, system-optimal solution. Recently, there has been much work in quan-
tifying the efficiency loss incurred by the selfish behavior of players in networked
systems (see [46, 47, 12, 22]). The two concepts which are most commonly used in
this context are the price of anarchy (PoA), and price of stability (PoS). These
concepts stand for the quality of the best and worst equilibria when compared to a
globally optimal solution in terms of some well defined quality measure.

A frequently used quality measure is the aggregate utility in the system given

by,
u(z) = Z u™(z). (2.10)

meM
We define the set of globally optimal solutions by argmax . u(z). Note that defin-
ing such metrics for efficiency loss is usually not very meaningful for specific game
instances, as we are interested in obtaining efficiency loss characterization for a class
of games. The usual practice is to characterize PoA and PoS for a class of games.
We use the notation Zg for the set of game instances of interest and Z € 7 for a

game instance in this set.

Below we give a formal definition of PoA and PoS.

Definition 2.1.6 (Price of Stability - Price of Anarchy). For every I € Ig, denote
by Nz the set of Nash equilibria, and let z% be an optimal strategy profile in terms of
the aggregate utility. PoS and PoA are defined as follows:

PoS = sup inf u(xz)j (2.11)
Ie7g *€NT u(X)
PoA = sup sup u(z) (2.12)

IeZg 2Ny u(:z:) .

These quantities are well studied for game classes such as congestion games, [14,
17, 5]. Also properties of potential games are used in the literature to bound the

efficiency loss, for details see [5, 42, 31].
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2.1.5 Dynamics in Games

We already introduced Nash equilibrium as a solution concept in games. An im-
portant question is how a game reaches to an equilibrium. This question is usually
answered by theoretical models of dynamics in games. In this section we mention two
important classes of dynamics in games: best-response dynamics and fictitious play.
Detailed surveys of dynamics in games can be found in [56, 18].

Perhaps the most natural mechanism for (distributed) convergence to an equilib-
rium relies on a player’s best response, which in general is a player’s strategy that
maximizes its own utility, given the strategies of other players. An informal descrip-
tion of a general best-response mechanism is simple: Fach player updates its strategy
from time to time through a best response (2.2).

This model assumes that players are not aware of the utilities of other players
and given a strategy profile players independently update their strategies to greedily
maximize their payoffs. Variations of these dynamics can be obtained depending on
the update schedules of players. Updates may take place simultaneously or sequen-
tially at a prescribed order or randomly decided at each time slot. Another variation
of these dynamics is better response dynamics in which given a strategy profile
x, player m updates its strategy not necessarily to a strategy in BR™(xz™™) but to
an arbitrary strategy y™ which satisfies u™(y™,z™™) > u™ (2™, 2™ ™).

Best or better response dynamics do not converge to an equilibrium in general,
however for finite potential games, it is possible to show convergence of such dynamics
to an equilibrium. This is due to the finite improvement property, which is defined

next.

Definition 2.1.7 (Finite Improvement Property (FIP)). A game is said to have the

finite improvement property if every improvement path is finite.

The following lemma from [41] can be used to show convergence of the best re-

sponse dynamics to an equilibrium in finite potential games.

Lemma 2.1.2. Every finite potential game has the finite improvement property.
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This lemma follows since along an improvement path, the potential has to increase
at each step but due to the fact that the game is a finite game the improvement
path has to terminate in finitely many steps. This implies that best and better
response dynamics should terminate in finite games in finitely many steps provided
that potential increases at every step. We leave the precise descriptions of the update
rules that are used in these dynamics to Chapter 3 where we discuss convergent

dynamics for a wireless scheduling game.

Another widely used dynamic is the fictitious play [56, 18, 40, 28]. In fictitious
play, agents act as if their opponents are utilizing stationary strategies. It is assumed
that players update their strategies at times t € Z,. Another assumption is that
at time ¢ + 1 players have observed the actions of all players up to time ¢ and they
have access to the empirical average of the number of times their opponents utilize
each strategy profile x™™ € E~™. Player m assumes that this empirical average is a
realization of a randomized stationary strategy its opponents are utilizing and chooses
a strategy to maximize its expected payoff. It is known that fictitious play converges
to a Nash equilibrium in potential games [56].

Note that both of the dynamics described here are myopic in the sense that players
are trying to maximize the payoff at the time of their updates. There are more
complicated dynamics in which players have memory and take strategic actions as a
function of their past observations, [56]. For simplicity, in this thesis, we just consider

the best response dynamics described in this section.

2.2 Projections of Games to the Set of Exact Po-

tential Games

Despite their desirable properties, the set of exact potential games is a “small” subset
of the space of games. This motivates us to study the class of games that are “close”
to a potential game. Our approach relies on projecting an arbitrary game to the set

of exact potential games and using the projection error to quantify the distance of
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this game from the set of exact potential games. The projection also shows us how
to modify the utility functions in a minimal way to obtain a game with desirable

properties of a potential game.

The task of designing games to achieve a specific outcome is studied in game
theory under mechanism design [19, 42]. The projection approach allows modifying
payoffs of players to obtain a potential game with desirable properties. Therefore,
this approach is similar to mechanism design in spirit. However it should be noted
that in mechanism design problems the focus is mainly on designing a game with
small efficiency loss, whereas in the projection approach the goal is to obtain a game

with the desirable properties of potential games.

The problem of obtaining a projection of a game to the set of exact potential
games may be important from the perspective of cooperative control problems. The
control of several autonomous agents working towards a common global objective is
usually addressed by cooperative control problems. Recently game-theoretic models
have attracted attention in the context of distributed cooperative control problems.
The general framework utilized in this approach is to endow agents with utility func-
tions designed to ensure that collective behavior of users drives the system to operate
at a Nash equilibrium which is the same as or close to a global optimum 7, 29, 27, 30].
However, if the resulting game is not a potential game, then there exists inconsistent
preference relations in the joint strategy space, and simple dynamics may not con-
verge to an equilibrium due to the inconsistencies. On the other hand, the projection
approach can be used to eliminate the inconsistencies and obtain a potential game.
Moreover, provided that the projection error is small, a Nash equilibrium of the pro-
jected game will be close to the globally optimal solution in terms of the performance.
Therefore, the projection methods may help in designing game-theoretic models for
cooperative control systems in which simple dynamics converge to a good quality

equilibrium of the game.

There is an interesting connection between potential games and the ranking prob-
lems. In ranking problems, it is assumed that a set of alternatives and the data (or

rankings) which corresponds to cardinal scores assigned to these alternatives is given.
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The input data can be incomplete or inconsistent, and the main objective is to find
a score function defined on the set of alternatives, representing the input data. This
score function is frequently referred to as the global ranking.

In certain settings the input data represents the amount an alternative is pre-
ferred over another. This data may be obtained by pairwise comparisons of the given
cardinal scores and often referred to as pairwise rankings or pairwise comparisons. If
three alternatives a, b, ¢ are considered and pairwise rankings indicating @ > b, b > ¢,
¢ > a are present (where > represents the preference relation between alternatives)
the provided pairwise ranking among these three alternatives is locally inconsistent.
A global ranking which represents the input data cannot contain such inconsistencies,
and is globally consistent.

In a game utility of each player represents the ranking of strategy profiles by this
player. For each player m, consider the pairwise comparison of strategy profiles which
differ by the strategy of player m. A game is an exact potential game if and only
if for each player the pairwise comparisons obtained from its utility function match
with the pairwise comparisons obtained from a potential function. Hence, potential
games are games in which rankings given by different players can be represented by a
potential function. Therefore, the question of finding a global ranking that represents
a set of possibly inconsistent rankings is related to finding a potential function that
represents a collection of utilities in the best possible way.

In recent works, tools from combinatorial Hodge Theory has been used in ranking
problems. In particular, the recent paper [21] represents a given collection of pairwise
rankings as a vector field and uses the Helmholtz decomposition of a vector field to
determine a global ranking representing the pairwise rankings in the best possible
way.

The Helmholtz Decomposition allows decomposition of a vector field into three

vector fields:
e Gradient flow (globally consistent component)

e Harmonic flow (locally consistent but globally inconsistent component)
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o Curl flow (locally inconsistent component).

The gradient flow is the consistent part in the given pairwise rankings that actually
creates the global ranking. The curl flow represents the local inconsistency in the
pairwise rankings. Note that the local inconsistencies by definition involve three
alternatives. If there is an inconsistency in the pairwise rankings that can only be
observed by checking more than 3 pairwise comparisons, the consistency is not local
and is a part of the Harmonic flow. The approach in [21] enables us to construct a
global ranking if the given pairwise rankings are globally consistent. For the case,
when there is no global ranking representing a given collection of pairwise rankings,

this approach also characterizes the nature of inconsistencies in the pairwise rankings.

In the rest of this section we give a brief overview of the Combinatorial Hodge

Theory and its application to ranking problems.

2.2.1 Combinatorial Hodge Theory

The objective of this section is to provide the results from combinatorial Hodge Theory
that will be used for the projection of games to the set of exact potential games (see
Chapter 4). We introduce basic definitions, notation and discuss preliminary results

related to combinatorial Hodge Theory.

Let E denote a set of alternatives', we define by Co = {f| f : E — R} the
set of functions defined on E. We study the comparisons of different alternatives
but we assume that not all alternatives are comparable. We denote the set of pairs
of comparable alternatives by A C E x E, and we say that alternatives p,q are
comparable if (p,q) € A. Furthermore we assume that (p,q) € A if and only

if (q,p) € A. Similarly we define the set of 3 cliques of comparable alternatives,
T ={(p,q,1)l(p,q), (a,r), (p,r) € A}.

!We use the same notation for the set of alternatives and the set of strategy profiles, given the
connection between the ranking problems and the problem of finding an exact potential function
which represents an arbitrary game
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We define an indicator function of comparable alternatives W : Ex E — R as

1 if(p,g)ed
W(p,q) = (2.13)
0 otherwise

It will be convenient to represent the comparable alternatives using the graph
G = (E, A), where F is the set of nodes (or alternatives) and A is the set of edges in
the graph. An edge is present between the alternatives that are comparable.

Pairwise comparisons represent how much an alternative is valued over another.
A pairwise comparison on the set of alternatives is defined as X : £ x EF — R such

that

X(p.q) —~X(qa,p) if (p,q) € A (2.14)
p,q)= .
0 otherwise.

We denote the set of pairwise comparisons from £ x E to R by C;. By (2.14) it
follows that X (p,p) = 0 for all X € C;. The pairwise comparisons correspond to
edge flows on G.

Similar to the edge flows, we define triangular flow of the alternatives ¥ : F x

E x F — R such that

¥(p,q,r) = ¥(q,r,p) = ¥(r,p,q) = —¥(q,p,r) = —¥(p,r,q) = -¥(r,q,p),
(2.15)
and ¥U(p,q,r) = 0 if (p,q,r) ¢ T. We denote the set of triangular flows from
E x E x E toR by Cs.

Next we define operators that will be used in the analysis of the projection prob-
lem. In the following, assume that ¢ € Cy is an arbitrary function. We first define

the combinatorial gradient operator & : Co — C, given by

(d0®)(P,q) = W(p, q)(¢(q) — o(P)), (2.16)

for all p,q € E, ¢ € Cy.

An operator which is used in the characterization of the inconsistencies is the curl
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operator &; : C; — Cy, which is defined for all X € C; and (p,q,r) € T as,

(6:X)(p,q,r) = X(p,q) + X(q,r) + X(r, p). (2.17)

We denote the adjoints of operators § and &; by 6§ and 67 respectively. For
k € {0,1}, given an inner product (-,-)z on Cj adjoint of &, & : Ck11 — Cj is the

operator which satisfies,

(Okfis Ger1)ks1 = (i, Okt 1)k, (2.18)

for all f; € Ck, grs1 € Cry1. We drop the subscript in the inner product notation if
the space in which it is defined is clear from the context. We next present particular

inner products in spaces Cp, C; and Cs that are used in our projection framework.

We assume that for ¢;, ¢y € Cp,

(1, P2) Z ¢1(p (2.19)

PEE

For X,Y € C;, we define the inner product on C; as

1
XY)=3 >, WEaXpaY(Paq
. (P.q)€EXE (2.20)
=5 > X(pa)Y(p.9)
(pa)eA
For U, ¥, € Cy the inner product on 5 satisfies
(T, W)= > ¥i(p,q,1)¥s(p,q,1). (2:21)

(par)eT

Using these definitions and the definition of the adjoint, the operators ¢} satisfies

ql(p.9)eA
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Equivalently, since W(p,q) = 0 for (p,q) ¢ A

(&%X)(p) =->_ W(p,q)X(p.q). (2.23)

qelE

Note that d; operates like the divergence operator of calculus, for this reason we

sometimes refer to the operator —d3 as the divergence operator-

The domains and codomains of mappings do, 6,63, 67 are summarized in (2.24)

and (2.25):

Co 2 0y 2 (2.24)
and
65 67
C() — Cl — Cg. (225)

We sometimes use the notations grad, div, curl instead of dy, —dg, 01 respectively.

The functions in Cp can be represented by vectors of length |E| = h. This simply
requires indexing all alternatives and constructing a vector with the ith entry equal
to the value of the function evaluated at the ith alternative. Using this alternative
description, we have Cy = R". Similarly C; can be expressed as a vector of length
h x h however as elements of C} is a subset of the set of functions from F x E to
R, it follows that C; C R Note that the operators defined so far are linear and
this makes the alternative descriptions as the operators can be expressed in terms of

matrices.

Another operator which is used in the study of the projections is the analogue of

the graph Laplacian, A : Cy — Cj, which is given by,
Ay = 65 0 dy, (2.26)

where o represents the composition of the operators. To simplify the notation we
sometimes drop o and use Ag = d5dp. The reason this operator is named as the graph
Laplacian becomes apparent once it is expressed in the matrix representation. Using

the matrix representation for the Laplacian and substituting the definitions of §, and
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¢, the Laplacian can be expressed as

Y W(p,r) ifp=gq
rek
[AO}p,q = ~1 if p #q and (p’ q) €A (2'27)
\ 0 otherwise,

where [Ag]p,q denotes the entry of the matrix with row index equal to the index of
p and column index equal to index of q. This is precisely the definition of Laplacian

matrix of a graph with node set E and arc set A.

A related operator is denoted by Ay,

Al = 5; o (51 + (50 o} (56, (228)

and it is the discrete analogue of the Helmholtz operator [21].

The operators § and d; are closed, i.e., ; 0 &g = 0. This implies the well known
identities in vector calculus such as curl o grad = 0, div o curl* = 0. Moreover this

property is used in the proof of the decomposition theorem discussed below.

Let X € C; be a pairwise ranking. If X is derived from a global ranking on E, then
X is said to be globally consistent. Equivalently X is globally consistent if X = do¢ for
some ¢ € Cy. Here ¢ is the potential function or global ranking corresponding to X.
This suggests that the set of globally consistent pairwise rankings can be represented
by im(grad), the image of the grad operator. By closedness of § and 4y, ;X =0
for a globally consistent pairwise ranking X. We define locally inconsistent pairwise
rankings as the pairwise rankings for which (6;X)(p,q,r) = X(p,q) + X(q,r) +
X (r,p) # 0 for some (p,q,r) € T. Note that ker(d;) is the set of pairwise rankings
which have no local inconsistencies (as curl is zero), but it turns out that this set
is not equal to im(grad), and the pairwise rankings belonging to difference of these
sets are the harmonic rankings, which are locally consistent but globally inconsistent.

These observations are formalized with the following decomposition theorem from

[21].
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Theorem 2.2.1 (Helmholtz Decomposition Theorem?). Cy admits an orthogonal

decomposition

C1 = 1m(d) & ker(A;) & im(d}) (2.29)

where ker(Ay) = ker(d1) N ker(dy).

The statement of the above theorem can alternatively be written as

C1 = im(grad) & ker(Ar) ® im(curl®) (2.30)

for ker(Ay) = ker(61) Nker(63) = ker(curl) N ker(div).

ker(curl) ker(div)

Figure 2-3: Helmholtz Decomposition in C,

This decomposition theorem implies that the space of flows admits three different
orthogonal components. First component is the image of the gradient, which stands
for the globally consistent flows. Locally inconsistent component can be found as the
image of adjoint of curl operator or alternatively as the orthogonal complement of
the kernel of the curl operator. Globally inconsistent but locally consistent flows are
defined by the kernel of the A;, which is essentially the intersection of the kernels of
the curl and the divergence operators. This also implies that kernel of the curl oper-

ator consists of locally consistent flows (that may or may not be globally consistent)

2Hodge Decomposition theorem gives a generalization of Helmholtz Decomposition theorem for
higher dimensions (for details see [21]).
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and kernel of the divergence consists of inconsistent components which are locally or

globally inconsistent. These relations are summarized in Figure 2-3.

2.2.2 Application of Hodge Theory to Ranking Problems

In this section, we briefly summarize an application of the Helmholtz decomposition
to ranking problem as presented in [21]. We use similar ideas in the analysis of

projections on the set of exact potential games in Chapter 4.

The decomposition theorem can be used to determine if there is inconsistency in a
given set of pairwise comparisons and it allows to determine whether the inconsistency
is local or global. In this section we assume that the pairwise comparisons denoted
by Y are given and a global ranking, s, representing these comparisons is of interest.

This problem can be formulated as the following optimization problem:
in ||6os — Y |3 .
min [[dos — Y[, (2.31)

where || X2 = (X, X) for the inner product defined in (2.20).

This problem is essentially projection of a given flow on the space of globally

consistent flows. It is proved in [21] that the solution for this problem is given by,
st =AlgY, (2.32)

where t stands for the pseudo inverse. The result is immediately obtained by noting

that the projection error is orthogonal to the image space of , thus optimal s satisfies

95008 = Nos = 05Y .

It is possible to analyze the residual component after projection on the space
of consistent flows. The residual component, R* = §ys* — Y, can further be pro-
jected on the local and global inconsistency components giving more insight about
the source of inconsistency. The Helmholtz decomposition theorem implies that

R = projim(cwp)? + projker(m)}_/. It can be shown that local inconsistency compo-
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nent can be found using
projim(curl*)f/ = curl®(curl curl*)fcurlY (2.33)

which is obtained by projecting Y to im(curl*) and mapping it back to C; ensuring

that component with zero curl disappears.

2.2.3 Notation Used in the Projection Problem

In this thesis we consider using the Helmholtz decomposition framework for pro jecting
games to the set of exact potential games. This necessitates some additional notation

which we introduce next.

In the problem of projection on the set of exact potential games, our ob jective is
to obtain a potential function (global ranking) representing a given game, defined on
the set of strategy profiles. Therefore, the set of alternatives is equal to the set of

strategy profiles £, for the projection problem.

In the following, Cy denotes the set of real valued functions defined on E =
E' x -+ x EM (such as utilities and potentials) and C; denotes the set of pairwise
comparisons. We assume the game is finite, and as discussed earlier we equivalently
use Co = R", and C; C R"" where |E™| = h,, for all m € M and |E| = []
h.

mem hm =

In potential games, we are interested in pairwise comparisons between strategy
profiles that differ in the strategy of a single player. Therefore, we say that the
strategy profiles that differ in the strategy of a single player are comparable and

redefine W: Ex E — R as

1 if p, q differ in the strategy of a single player
W(p,q) = (2.34)
0 otherwise
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We define a similar function, W™ : E x F — R as

1 if p, q differ in the strategy of player m only
W™(p,q) = (2.35)
0 otherwise.

W™ is an indicator function which is equal to 1 if p and q differ in the strategy of

player m. We say that such strategy profiles are comparable by player m. Note that

Q=Y Wpa), (2.36)

memM

and W™(p,qQ)W*(p,q) =0 for all p,q € E and k,m € M such that k # m.

Given ¢ € Cy, define D,, : Cy — C) such that

(Dro)(p,q) = W™(p,q) (¢(a@) — 4(p)) - (2.37)

Similar to the gradient operator, D,, quantifies the difference between the strategy
profiles, on the other hand it can be nonzero only for strategy profiles comparable
by player m. Note that this is a linear operator and when we consider Cy and C; as
subsets of Euclidean spaces. D, can be treated as a h? x h matrix. The motivation for
introducing this operator, as can be seen in next section, stems from the fact that the
pairwise comparisons we deal with have a special structure that can be represented

in terms of the operator D,,. We denote the adjoint of the D,, by D}, for all m € M.

We define D : C} — Oy, where C}! = Cy x - - x Co, such that

(Du)(p,q) = > W™(p,q) (u™(q) — u™(p)), (2.38)
meM

for u = {u™}mem. It can be seen that Du =3 . Dpu™. Given a collection of

utilities this operator constructs the pairwise comparisons which are comparable.

The operator D,, and its adjoint D}, m € M, are closely related to dy and dg.
Note that by definition, W™(p, q)(60®)(pP,q) = (Dmn¢)(P,q). Summing this over m
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and using (2.36), for any ¢ € Cy, p,q € E it follows that

S0 = Y Dno. (2.39)

memM

We define operators A,, : C; — C; for m € M such that

(AmX)(p,q) = W™ (p,a)X(p, q) (2.40)

for all X € C, p,q € E. By definition A,, is a self adjoint scaling operator. It can

be seen that

Dy = Ao, (2.41)

from the definitions of D,, and A,,. Hence,
D}, = 65Am. (2.42)
This enables expressing the operator D, explicitly. Given some X € C}, we have

(DRX)(P) =~ W"(p,a)X(p,q) (2.43)

qelE

which follows from (2.23) and the fact that W™(p,q)W (p,q) = W™(p, q).
From (2.43), (2.23) and (2.36) it follows that

5= Dr. (2.44)

meM
Another implication of (2.42) is that DD, = 0 if k # m, i.e. the image spaces
of D,, m € M are orthogonal. To see this note that

DDy = 85 A A mbo (2.45)

and (AyA,X)(p,q) =0 for all p,q€ E and X € C;.

The orthogonality enables us to exploit the properties of the previously defined
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Laplacian operator. Observe that

DNo=0600=063 Y D= Dt Y Dp

meM keM meMmM

=Y D;Dm.

memM

(2.46)

Here the second equality follows from the fact that ép = > ... D Noting that
(609)(P; @) = (Dm¢)(p, q) if W™(p,q) =1 it also follows that

D2 Dy = D25, (2.47)

Observe that Dy, acts as the divergence operator, when W™ instead of W is utilized
for the definition of the gradient operator and the inner product on C;. Together
with (2.47) this suggests that D} D,, = D} & is a Laplacian with respect to the new
weights. This leads us to define a new Laplacian operator Ay, = DX D,, and from

(2.46) it follows that

Do= ) Aom. (2.48)
meM

We illustrate the graphs used for defining Laplacians A¢ and Ag,, in Figure 2-4.
In this figure, each player has three strategies and node (7, j) represents the strategy
profile in which players 1 and 2 use strategies ¢ and j respectively. Ag 1, Aga corre-
spond to the Laplacians of the graphs of strategy profiles comparable by player 1 and
player 2. Hence, according to Figure 2-4, Aq;, Ao are defined on the graphs where
edges are shown with dashed and solid lines respectively. On the other hand A, is

defined on the graph for which all edges (dashed and solid) are present.

In our analysis kernel and orthogonal complement of the kernel of D,, plays a
key role. It is known that for a linear operator L, LTL (where 1 denotes the pseudo
inverse) is the operator for projection on the orthogonal complement of the kernel of
L. We define a projection operator for projection on the orthogonal complement of

kernel of D, as follows,

Projm = D} Dy, (2.49)
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Figure 2-4: Graphs used for defining different Laplacians in a game with 2 players.

Note that this operator is very similar to Ag .

For a given game with collection of utilities {u™} e € CH, we refer to proj,u™
and (I — proj,)u™ are respectively the strategic and nonstrategic components of the
utility of player m. The motivation behind this is that (I — proj,, )u™ denotes the
projection of the utility ™ to the kernel of D,, and hence D,,(I —proj,)u™ = 0. On
the other hand, entries of D,,u™ = D,proj,u™ indicates the pairwise rankings of
different strategy profiles by player m. Therefore, proj,u™ contains all the strategic
information of player m whereas I — proj,,u™ stands for the nonstrategic component
of u™.

Due to the special structure of the underlying graph there is a relationship between
the projection operator proj, = D! D,, and Laplacian operator Ag,, = D}, D,,. Next

theorem establishes this relationship between D} D,, and D}, D,,.

Theorem 2.2.2. Let |E™| = hy, for allm € M. Then, for allm € M, D} D, =

cmD,TﬂDm where ¢, =

= Ghmo >,

Proof. The proof relies on the fact that D}, D,, = Ay, is a Laplacian operator. As
weights W™(p, q) = 1, if and only if p,q € E differ in the strategy of player m the
underlying graph has edges between strategy profiles which differ only in the strategy
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of player m. For a fixed m, it can be seen that strategy profile p = (p™,p™)
has edges to strategy profiles (q™,p~™) for all q™ € E™, q™ # p™ but to none of
the strategy profiles (q™,q™™) for =™ # p~™. This implies that the graph over
which Ag, is defined has |[E~™| =[], tm hy components (each p~™ € E~™ creates a
different component), each of which has |[E™| = h,, elements. Note that all strategy
profiles in a component are connected, thus the underlying graph consists of |E~™|

components, each of which is a complete graph with |E™| nodes.

The Laplacian of an unweighted complete graph with n nodes has eigenvalues 0
and ", where the multiplicity of nonzero eigenvalues is n—1 [13]. Each component
of Ay, has eigenvalues 0 and ﬁfﬁ—l with multiplicities 1 and h,, — 1 respectively.
Therefore, Ag ,, has eigenvalues 0 and h_:'%f where the multiplicity of nonzero eigen-
values is (hum — 1) [1j4m Pk = h — [ 11z Pe- This suggests that the dimension of the

kernel of Ao, is [, o Pk

Observe that the kernel of Aq,, = D}, D,, contains the kernel of D,,. For every
q ™ € E~™ define vyg-m € Cy such that

1 ifqgm=p™
V- (p) = (2.50)
0 otherwise

It is easy to see that vp-m L vg-m for p™ # q™™ and Dyvp-m =0forallp™ € E~™.
Thus, for all g™, v4-= belongs to the kernel of D,, and by mutual orthogonality of
these functions Dy, has dimension at least |[E~™| = ][, hx. As the dimension of
the kernel of Ag,, is [], 4m hi and it contains kernel of D,,, this implies that the

kernels of Dy, and A, coincide.

Thus Ag,, maps any v € Cj in the kernel of D,, to zero and scales the v in
the orthogonal complement of the kernel by ;ﬁﬁ—l On the other hand D D,, is a
projection operator and it has eigenvalue 0 for all functions in the kernel of D,, and

1 for the functions in the orthogonal complement of kernel of D,,. This implies that

h
Nom = —=—DI D, .
0, o — 1 mm (2.51)

49



as the claim suggests. a

In the proof of the previous theorem we also established that the kernels of D,
and A, are equal and have dimension [, 4m Ik We make use of this fact in Chapter

4 and for future reference we state the following lemma.
Lemma 2.2.1. Kernels of Dy, and Do, are equal and have dimension [], 4m hi.

In the projection problem the distance of the initial game from the set of exact
potential games will be important. To quantify the deviation of a game from a

potential game we next introduce some useful norms. For ¢ € Cy, let

]2 = (¢,0)2 = (Z ¢2(p)> : (2.52)

peE

For the collection of utilities u = {u™}mers € CM define the following norm,

meM memM

[lull2 = (Z <um7um>> = (Z HumH%) - (2.53)

For a game G assume that {u™ },,e s and {v™ }bueaq are the two different collections
of utilities denote by u and v respectively. We use the notation u—v = {u™—v™ } e m
to denote the collection of utilities where utility function of player m is 4™ — ™. The

norm of u — v is expressed as
1
2
lu—v|l2 = (Z Hum—va%) : (2.54)
memM
Finally we define a weighted norm for X € C as follows
1 1 :
[ X[l = (X, X)2 = (5 > W(p,q)X2(p,c1)> : (2.55)
p,qcl

The notations that are used in this thesis regarding the projection on the set of

potential games is summarized in the Table 2.3.
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g The game instance (M, {E™ }nem, {u" bmem)-
M | The set of players, {1,...M}.
E™ || The set of actions player m has, E™ = {1...hy}.
E The joint action space [, .., E™.
u™ || The utility function of player m, u™ : E — R, in the sequel utilities are treated
as vectors of length |E|.
u The collection of utilities of all players, u = {u™};merp € CH.
W™ | Function indicating whether strategy profiles are comparable by player m or
not, W™ : Ex E — {0,1}.
W Function indicating whether strategy profiles are comparable or not, W : E x
E — {0,1}.
Co Space of utilities, Cy = {u™|u™ : E — R}, if u™ is represented as a vector
then Cp = RIE.
Cy Space of pairwise comparison functions from E x E to R, C; functions can be
represented as vectors of length |E|%.
do The gradient operator. & : Cy — Ci, for ¢ € C satisfies (80¢)(p,q) =
W(p,q) (¢(a) = ¢(p))-
Dy, || D 1 Gy — C4, for ¢ € Cy satisfies (Dn¢)(p,q) = W™(p, q) (¢(q) — é(p)).
D |D : " — C , for u € C} satisies (Du)(p,q) =
> e WP, @) (w™(q) — u™(p)).
o 05 : C1 — Cp is the adjoint of the operator dy.
Ay | Laplacian operator for the graph of all comparable strategy profiles. Aq :
Co - CO satisfies AO = (58(50
Agm || Laplacian operator for the graph of comparable strategies by player m. Ag, :
Cy — Cy satisfies Ay, = Dy, Dy, = D .
Projm || Projection operator used for projection on the orthogonal complement of kernel

of Dpn. projy, : Co — Cy satisfies proj, = D, D,,.

Table 2.3: Summary of Notations

Note that by the definitions of the operators in Table 2.3 it can be seen that a

game is an exact potential game if and only if there exists a ® € Cy such that

Dpu™ = Dy, @ for all m € M. (2.56)

This alternative definition for exact potential games is used in Chapter 4.
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Chapter 3

Competitive Scheduling in

Wireless Collision Channels

In this chapter, we consider a wireless collision channel, shared by a finite number of
users who wish to optimally schedule their transmissions based on a natural trade-off
between throughput and power. The channel quality between each user and the base
station is randomly time-varying and observed by the user prior to each transmission
decision. The bulk of the research in the area has been carried under a simplified
assumption that the channel state processes of different users are independent (see
e.g.,[4, 35]). In practice, however, there are global system effects, which simultane-
ously affect the quality of all transmissions (e.g., thermal noise at the base station,
or common weather conditions). Consequently, a distinctive feature of our model is
that the state processes of different users are correlated. As an approximating model,
we consider in this chapter the case of full correlation, meaning that all users observe
the same state prior to transmission. A fully correlated state can have a positive role
of a coordinating signal, in the sense that different states can be “divided” between
different users. On the other hand, such state correlation increases the potential de-
terioration in system performance due to noncooperation, as users might transmit
simultaneously when good channel conditions are available.

The rest of this chapter is organized as follows. In Section 3.1 we describe the

network and game models studied in this chapter. In Section 3.2 we define a related
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optimization problem to determine a system optimal solution of the scheduling prob-
lem. In Section 3.3 we quantify the efficiency loss in the scheduling game. We discuss

the best response dynamics and their convergence properties in Section 3.4.

3.1 The Model and Preliminaries

We consider a wireless network, shared by a finite set of mobile users M = {1,..., M}
who transmit at a fixed power level to a common base station over a shared collision
channel. Time is slotted, so that each transmission attempt takes place within slot
boundaries that are common to all. Transmission of a user is successful only if no
other user attempts transmission simultaneously. Thus, at each time slot, at most
one user can successfully transmit to the base station. To further specify our model,
we start with a description of the channel between each user and the base station
(Section 3.1.1), ignoring the possibility of collisions. In Section 3.1.2, we formalize
the user objective and formulate the noncooperative game which arises in a multi-user

shared network.

3.1.1 The Physical Network Model

Our model for the channel between each mobile (or user) and the base station is
characterized by two basic elements.

a. Channel state process. We assume that the channel state between mobile m
and the base station evolves as a stationary process H™(t), t € Z, (e.g., Markovian)
taking values in a set H™ = (1,2, ..., Ap) of Ay, states. The stationary probability
that mobile m observes state ¢ € H™ at any time ¢ is given by 7}".

b. Expected data rate. We denote by R[™ > 0 the expected data rate (or simply,
the rate)! that user m can sustain at any given slot as a function of the current state
¢ € H™. We further denote by R™ = {R*, R} ..., R} the set of all data rates for
user m, and define R = R! x R?--- x RM. For convenience, we assume that for every

m € M the expected data rate R]" strictly decreases in the state index ¢, so that

'Say, in bits per second.
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State Quantization and CDF as a Function of Rate ( Rate Distribution exp(5))
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Figure 3-1: State Quantization Example

R">Rp--- > Rg”‘m, Le., state 1 represents the “best state” in which the highest rate
can be achieved.

Note that the actual channel quality may still take continuous values, which each
user reasonably quantifies into a finite number of information states. Using the cu-
mulative density function of the underlying channel quality, the expected data rates
and their associated steady state probabilities can be obtained. The motivation be-
hind considering a discrete state process rather than the actual channel quality is the
technical inability of mobiles to sense and process a continuum of channel quality
information.

Figure 3-1 exemplifies the quantization in the channel quality. In the figure rates
are assumed to be normalized to 1 and rates between 0.4 and 0.5 are represented
by a single discrete state i, steady state occurrence probability of which is ;.
and corresponding expected rate can be calculated from the underlying cumulative
density function (CDF) of the rate distribution.

A central assumption in this chapter is that the state processes of different users

are fully correlated, as we formalize below.
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Assumption 3.1.1 (Full Correlation). All users observe the same channel state H(t)
in any gwen time t. That is, for every mobile m € M: (i) H™ =H = {1,2...,h},
(i) T = 7; for every i € H and (iii) H™(t) = H(t) (where H is the common state

space, and ™ = (my, ..., m) 1S its stationary distribution).

We emphasize that although all mobiles observe the same state, the corresponding
rates R}" need not be equal across mobiles, i.e., in our general model we do not assume
that R = R¥, m,k € M, i € H. The case where the latter condition does hold will
be considered as a special case in Section 3.4.

The above model can be used to capture the following network scenario. The
channel state corresponds to global conditions that affect all user transmissions. Ex-
amples may include thermal noise at the base station and weather conditions (that
play a central role, e.g., in satellite networks), which affect all mobiles in a similar
manner. The state information can be communicated from the base-station to all mo-
biles via a feedback channel. After obtaining the state information at the beginning
of each slot, a user may respond by adjusting its coding scheme in order to maximize
its data rate on that slot. The rate R]" thus takes into account the quality of the
current state ¢, the coding scheme adapted by the user, and “local” characteristics,
such as the user’s transmission power, the location relative to the base station and
(local) fast-fading effects. We emphasize that R* is an average quantity, which aver-
ages possible fluctuations in local channel conditions, which usually occur at a faster
time-scale relative to the change in the global channel state (see, e.g., [39]). This
assumption is commensurate with practical considerations, as mobiles usually cannot

react to fast local changes.

3.1.2 User Objective and Game Formulation

In this subsection we describe the user objective and the noncooperative game which
arises as a consequence of the user interaction over the collision channel. In addi-
tion, we provide some basic properties and examples for the Nash equilibrium of the

underlying game.
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Basic Definitions

The basic assumption of our model is that users always have packets to send, yet
they are free to determine their own transmission schedule in order to fulfill their
objectives. Furthermore, users are unable to coordinate their transmission decisions.

Our focus in this chapter is on stationary transmission strategies, in which the
decision of whether to transmit or not can depend (only) on the current state. A

formal definition is provided below.

Definition 3.1.1 (Stationary Strategies). A stationary strategy for user m is a map-
ping o™ : H — [0,1)*. Equivalently, o™ is represented by an h-dimensional vector
p™ = (p7,...,p) € [0, 1]", where the i-th entry corresponds to user m’s transmission

probability when the observed state is 1.

We denote the the strategy profiles for the wireless scheduling game by p =
(p',...pM).

For a given strategy profile p, we define below the Quality of Service (QoS) mea-
sures that determine user performance. Let B™ be the (fixed) transmission power of
user m per transmission attempt, and denote by ﬁm(pm) its average power invest-
ment, as determined by its strategy p™. Then clearly, P™(p™) = B™ 2?21 mpl for
every user m. We normalize the latter measure by dividing it by B™, and consider

henceforth the normalized power investment, given by
h
P™(p™) = mpl". (3.1)
i=1

For simplicity, we shall refer to P™(p™) as the power investment of user m. We
assume that each user m is subject to an individual power constraint 0 < P™ < 1, so

that any user strategy p™ should obey
P™(p™) < P™. (3.2)

The vector of power constraints is denoted by P = (P',... PM),
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The second measure of interest is the mobile’s average throughput, denoted by
I™(p™,p~™). The average throughput of every user m depends on the transmission

success probability at any given state ¢, [, m(1— p¥). Hence,

h

™" p ") = > mRrpr [[(1-ph). (3.3)
i=1 k#m

Each user wishes to optimize a natural trade-off between throughput and power,

which is captured by maximizing the following utility function
u™(p™ p” ") =T"(p", p") = AP (p"), (34)

subject to the power constraint (3.2), where A™ > 0 is a user dependent trade-off
coefficient. We use the notation A = (A!,..., AM) for the vector of all users’ trade-off
coefficients; note that each game instance can now be formally described by the tuple
7= {M,R,x \P}

The term A™P™(p™, p~™) in (3.4) can be viewed as the power cost of the mobile.
The user utility thus incorporates both a “hard” constraint on power consumption
(in the form of (3.2)), but also accounts for mobile devices that do not consume their
power abilities to the maximum extent, as energy might be a scarce resource, the
usage of which needs to be evaluated against the throughput benefit. We note that

the utility (3.4) accommodates the following special cases:

o Fully “elastic” users. By setting P™(p™) = 1, a user practically does not have
a hard constraint on power usage. Accordingly, the optimal operating point of
the user is determined solely by the tradeoff between power and throughput, as
manifested by the factor A™. The fully elastic user case has been considered in

the wireless games literature in different contexts (see, e.g., [1}).

o Power-cost neutral users. Consider a user with A™ = 0. Such a user is interested
only in maximizing its throughput subject to a power constraint. This form of

utility has been examined, e.g., in [4] and [25].
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Nash Equilibrium

The strategy spaces of users are affected by the power constraints and the strategy

space of user m can be expressed as:
E™ = {p™|P™(p™) < P™,0 < p™ < 1}. (3.5)

As previously stated in Chapter 2 the joint strategy space is denoted by E = [, E™.

In the described game the Nash equilibrium always exists as we summarize below.
Theorem 3.1.1. There always exists a pure Nash equilibrium for the game.

Proof. E™ is a compact, nonempty, convex subset of an Euclidean space for all m €
M by (3.5). The payoff function of each user is a continuous function. Moreover, the
payoff of user m is linear in its strategy. Using Theorem 2.1.1 a pure Nash equilibrium

of this game exists. O

We conclude this section by examples which point to some interesting features of
the underlying game. The first example shows that there are possibly infinitely many

Nash equilibria.

Example 3.1.1. Consider a game with two users, m, k, and two states 1, 2. Let
m=m=3 RP=Rf =10, R =R =5, \"=X =2 and P" = 0.8, P*=0.3.
It can be easily shown that the strategy profile (b7, p%, p¥, p§) = (1, 0.6, 0, z) is

an equilibrium of the game, for every z € [0,0.6] .

The next example demonstrates that the behavior of the system in an equilibrium
can sometimes be counterintuitive. For example, states which lead to lower expected
rates can be utilized (in terms of the total power investment) more than higher quality

states.

Example 3.1.2. Consider a game with two users, m, k, and two states 1, 2. Let
7r1:7r2=%,R;”:R’fz&RQ’Z=R§=3,/\m:)\"=1and]5m=0.8,

P¥ =0.3. The unique equilibrium of this game instance is given by (p*, p}*, p*, pk) =
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(1, 0.6, 0, 0.6). Observe that the total power investment at state 1 (0.5) is lower than

the total power investment at state 2 (0.6).

Both examples demonstrate some negative indications as to the predictability of
the Nash equilibrium. Not only the number of equilibria is unbounded, but also
we cannot rely on monotonicity results (such as total power investment increasing
with the quality of the state) in order to provide a rough characterization of an
equilibrium. At the same time, these observations motivate the study of performance-
loss bounds at any equilibrium point, and also of network dynamics that can converge

to a predictable equilibrium point. Both directions would be examined in the sequel.

3.1.3 Existence of Nash Equilibrium for General Strategy

Spaces

In this section we assume that users are not necessarily constrained to stationary
strategies and they can utilize nonstationary strategies as well. We show the existence
of the Nash equilibrium by showing that equilibria among stationary strategies are
actually equilibria among general set of strategies. In other words assuming the
system operates at an equilibrium of the stationary strategies then none of the users
have incentive to utilize a nonstationary strategy.

The model for nonstationary strategies is slightly different than that of stationary
strategies. At each time slot, regardless of the state of the channel and actions of
other users, each user has two possible actions. We denote the set of possible actions
for user m by A™ = {0,1}, where 1 corresponds to transmitting and 0 corresponds
to idling. A = {A™}M_, is the joint action space. It is assumed that users may
randomize their actions over possible actions at each time slot; we accordingly denote
the set of probability distributions over A™ at time slot ¢ by £™(t).

We define a general strategy of user m by s™ = {s™(1),s™(2)...} € £™ where
s™(t) € ¥™(t) is a probability distribution through which the user m chooses its
action at time slot ¢, and ¥™ = X™(1) x ¥™(2)... is the collection of probability

distributions at all time slots. We denote the strategies of all users, or strategy profile,
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by s = {s!,s?...sM} and strategies of users other than m by s™™.

Strategies of users may depend on the past history of the system. The history
of user m may include, states observed in the past, actions of user m in the past,
collision history, and perhaps some additional information. We denote the history of
user m at time ¢ by y™(¢) € Y™(t), where Y™(¢) is the set of all possible realizations
of history of user m up to time ¢. s™(t) is a mapping from the history up to time ¢ to

the set of probability distributions over the action space, or s™(t) : Y™(t) — L™(t).

Metrics presented in equations (3.1), (3.3) are related to expected average power
and throughput and determined under the assumption of stationarity in user actions.
We next introduce the utility and constraints used in the nonstationary counterpart
of the previously defined problem. To that end, we define the expected average power

and expected average utility as,

T
P™(s™) = lim sup —1—E[Z I™(t)] (3.6)

T
T—o0 =1

and

T
(s, s™) = lmsup 2By RMOMO(TL0 - Fe)-am) 67)
- t=1 k#m

respectively. Here I™(t) is an indicator variable that is equal to 1 if user m transmits
a packet at time slot ¢ and equal to 0 otherwise. R™(t) is a random variable which is
equal to the rate of a successful transmission for user m in time slot ¢, this quantity
is random as it depends on the realization of the channel state. (3.6) is simply
the expected average number of transmissions and (3.7) follows by noting that the
first term is the expected average rate of successful transmissions and the second
term is the expected average cost of transmissions. Note that although in equations
(3.6),(3.7), s™ and s™™ do not appear explicitly, the statistics of indicator variables
are determined by these quantities and hence expected average power and utility are

functions of 8™ and s™™.

In the new game formulation the strategy space of user m will be denoted as
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follows,

Em = {s"|P(s™) < P™ s™ e ™). (3.8)
Note that each stationary strategy profile, p corresponds to a strategy profile
among general strategies that is denoted by s(p) and satisfies,

Pr(I™(t) =1 | y™(t), state i is observed at tine ¢) = p*. (3.9)

2

It is easy to see that (using (3.6) and (3.7))

Pr(s™(p)) = P™(p™) (3.10)

and

Ugy (8™ (P), 87" (p)) = w™(P™,p™™), (3.11)

if the channel state process is stationary. Hence for a game instance if p € E then
the corresponding stationary general strategy s(p) € Eay = [[,,cpq ooy and moreover
players get same payoffs. Next we state the main theorem of this section. Note that

the theorem assumes that the underlying channel state process is Markovian.

Theorem 3.1.2. For a game instance T = {M, R, 7w, A, f’}, assume that p is a Nash
equiltbrium among stationary strategies. If the channel state process is Markovian

then s(p) s a Nash equilibrium among general strategies.

Proof. We prove the statement by showing that, at s(p) no user has an incentive
to adopt a nonstationary strategy. In order to simplify the notation we denote the
general strategy corresponding to the stationary strategy p by s™ = s™(p) for any
user m.

Assume that the claim is wrong and user m has a strictly better payoff by utilizing
an optimal strategy §™ which is not necessarily stationary. Since all users other than
m are utilizing stationary strategies and since the channel state process is Markovian
it follows that finding §™, maximizing (3.7) subject to (3.8) is a constrained Markov

decision problem [2, 6]. Moreover the resulting Markov decision problem has finitely
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many states (state space is simply H) and it is known that there exists an optimal
stationary solution for this problem [10]. Let g™ be the described optimal stationary

solution, then it follows that
™M™, P = ugy (87,87 > ugy(s™,87™) = u(p™, p ™). (3.12)

and hence p cannot be an equilibrium as user m has incentive to switch from p™ to
q™. Thus we obtain a contradiction and s(p) is a Nash equilibrium among general

strategies as claimed.

Therefore, a pure Nash equilibrium among stationary strategies is a Nash equilib-

rium among general strategies. a

As stationary strategies are also Markovian the previous theorem implies that for
the problem formulation studied in this chapter a Nash equilibrium of the game in
which all users play stationary strategies remains to be a Nash equilibrium if users

are allowed to utilize nonstationary strategies.

In the rest of this chapter we restrict ourselves to the stationary game formulation

which was previously described.

3.2 Social Welfare and Threshold Strategies

In this section we characterize the optimal operating point of the network. This
characterization allows us to study the efficiency loss due to self-interested behavior
(Section 3.3).

An optimal strategy profile in our system is a strategy profile that maximizes the

aggregate user utility. Formally, p* is an optimal strategy profile if it is a solution to

the Social Welfare Problem (SWP), given by

(SWP) max u(p), (3.13)

pelE
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where

u(p) = T™(p) — X" P™(p). (3.14)

We note that (SWP) is a non-convex optimization problem. To see this we make use
of the Hessian matrix of u(p), denoted by V?u(p). The entries of the Hessian for a
function f(x) can be given as V2f(x);; = %(x). We use the fact that Hessian
of a concave function is negative semidefinite at every point in its domain and the

objective function in convex maximization problems is concave [8, 11].
Lemma 3.2.1. (SWP) is a nonconvezx optimization problem.

Proof. The definition of u(p) in (3.14) reveals that the diagonal of the V2u(p) is al-
ways equal to zero. Hence, trace of the Hessian, or equivalently the sum of eigenvalues
of the Hessian is equal to zero for any p. But for p € F such that p* € (0,1) for all
m, 4, the Hessian is not identically equal to zero, or equivalently all eigenvalues of it
can not be equal to zero. Thus, the Hessian is neither negative nor positive semidefi-
nite. Since Hessian is not negative semidefinite, u(p) is not a concave function of its

argument and hence the (SWP) is not a convex optimization problem. O
For a further characterization of (SWP), we require the definitions stated below.

Definition 3.2.1 (Partially and Fully Utilized States). Let p™ be some strategy of
user m. Under that strateqy, state i is partially utilized by user m if p* € (0,1);

state i s fully utilized by the user if p* = 1.

Definition 3.2.2 (Threshold Strategies). A strategy p™ of user m is a threshold
strateqy, if the following conditions hold: (i) User m partially utilizes at most one
state, and (ii) If user m partially utilizes exactly one state, then the power constraint
(3.2) is active (i.e., met with equality). A strategy profile p = (p,...,p") is a
threshold strategy profile if p™ is a threshold strategy for every m € M.

We next provide a per-state utilization bound for any optimal solution of (SWP).

Proposition 3.2.1. Let p be an optimal solution of (SWP). Then 3 p* <1 for
every 1 € H.
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The significance of the above result is that in case that all mobiles use the same
power level B for transmission, then the total energy investment at any optimal
solution is bounded above by Bh, where h is the number of states. Note that this
bound does not depend on the number of mobiles. The per-state utilization bound
will play a key role in Section 3.3, while bounding the overall efficiency loss in the

system.

Proof. For the proof, we shall make use of the partial derivatives of the aggregate

utility, given by

a m(Br [ =pb) = Ar = >R T a-ob)), (3.15)

k#m l#m k#m, 1

for any m € M. Let p; = [[,(1 — p¥). For any p such that pf < 1 for all k € M,

(3.15) can be rewritten as

Ou(p) Pi AR Pi
=m R — —=—(1-p") : R
op 1—pr pl ;ﬂ

Pi Rzn )‘Zn m l l
— R

l

(3.16)

Let p be an optimal solution of (SWP) and consider some state 7. If this state is
used by a user with probability 1 then obviously no other user transmits at this state
and the claim immediately follows.

The claim obviously holds if no user utilizes the state. Hence, assume that in the
optimal solution state ¢ is partially used by some users. Let K; C M be the subset

of users that partially utilize state ¢. Let

!

m € argmin —-—. (3.17)
leK; - b
Since p is optimal it follows that
u(p)
>0 .
apm =0 (3.18)



as otherwise the aggregate utility can be improved by decreasing p!*. Substituting

(3.16) in (3.18) and recalling that 1 — p¥ > 0 for every k € K, we obtain that

Rzm )\m p i l

1_p;n pz

(3.19)

hence

1_pl Z z Rﬁ_l mzpﬁ (3.20)

where the last inequality follows from (3.17). (3.20) immediately implies that 3, p} <
1. d

We next introduce some ideas from linear programming which are used in the
study of threshold strategies. A linear program is an optimization problem with linear
objective function and linear equality or inequality constraints. Linear constraints
lead to a polyhedral feasible region. For a linear program on n variables, points of
the feasible region where n linearly independent constraints are active (i.e. satisfied
with equality) are called as extreme points of the feasible region. In linear programs
with bounded feasible regions there always exists an optimal solution which is an
extreme point of the feasible region [9]. Note that the threshold strategies of a user

correspond to the extreme points of its strategy space.

The main result of this section is stated below.

Theorem 3.2.1. There exists an optimal solution of (SWP) where all users employ

threshold strategies.

Proof. Let p be an optimal solution of (SWP) and, define the function gg' : E™ — R

as follows:

g5 (P™) £ u(P™, p™") —u(d™, P (3.21)

The function gZ'(-) quantifies the change in the aggregate utility, if user m utilizes a
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strategy p™ instead of p™. Consider the following optimization problem,

max g5 (") (3.22)

st. p"€E™

If an optimal solution of this maximization problem is p™ it follows from the definition
of gf* that (p™,p~™) is an optimal solution of (SWP).

Observe that gZ'(p™) is linear in p™. Since E™ is by definition a polyhedron
(see (3.5)), (3.22) is a linear optimization problem. Therefore, an optimal solution of
(3.22) exists at an extreme point of E™, and it follows that there exists an optimal
solution of (SWP) in which user m utilizes a threshold strategy.

Note that in the above argument starting from an arbitrary optimal solution of
(SWP), we achieve an optimal solution of (SWP), in which all users but m utilize the
same strategy and user m utilizes a threshold strategy. Repeating the same argument
for all users it follows that there exists an optimal solution of (SWP) where all users

utilize threshold strategies. O

Due to the non-convexity of (SWP), we cannot rely on first order optimality
conditions for the characterization of the optimal solution. Nonetheless, Theorem
3.2.1 indicates that there always exist an optimal solution with some well-defined
structure, which is used in the next section for comparing the performance of the

optimal solution, to performance of equilibria.

3.3 Efficiency Loss

We proceed to examine the extent to which selfish behavior affects system perfor-
mance. That is, we are interested in comparing the quality of the obtained equilibrium
points to the centralized, system-optimal solution (3.13). Recently, there has been
much work in quantifying the efficiency loss incurred by the selfish behavior of users
in networked systems (see [46] for a comprehensive review). As discussed in Chapter

2 price of anarchy (PoA) and price of stability (PoS) are commonly used concepts
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to quantify the efficiency loss. The performance measure that we consider here in
order to evaluate the quality of a network working point is naturally the aggregate
user utility (3.14).

The standard definitions of PoA and PoS consider all possible instances of the
associated game. Recall that in our specific framework, a game instance is given by
the tuple Z = {M,R, 7, \,P}. The next example shows that the performance at

the best Nash equilibrium can be arbitrarily bad compared to the socially optimal

working point.

Example 3.3.1. Consider a network with two users m and k and two channel states.
Let m = my =5, Pm =1 P¥ =1 Assume that R} = R = ¢, R = 4, R} = 4¢,
A = \F = $. The socially optimal working point is given by p = (P7", 3", p§, ph) =
(3,0,0,1) and the unigue equilibrium is p = (P, Py, ¥, ps) = (0,1,1,0). Note that

’ 9
w(p) = 1+ £, while u(p) = %. Hence, “B) > 2

8 > w(p) ~ 3¢’ which goes to infinity as € — 0.

The above example suggests that if we consider all possible game instances {M, R, , \, P},
then equilibrium performance can be arbitrarily bad. However, we note that for a
given mobile technology, some elements within any game instance cannot obtain all
possible values. Specifically, 7 is determined by the technological ability of the mobiles
to quantize the actual channel quality into a finite number of “information states” as
described in Section 3.1. Naturally, one may think of several measures for quantify-
ing the quality of a given quantization. We represent the quantization quality by a
single parameter m,q. 2 max;ey T, under the understanding that smaller T, the
better is the quantization procedure. In addition, a specific wireless technology is
obviously characterized by the power constraint P™. Again, we represent the power-
capability of a given technology by a single parameter P, = min,ca P™. Finally,
we determine the technological quality of a set of mobiles through the scalar @ = gjﬁ.

We consider next the efficiency loss for a given technological quality . Denote by
To, the subset of all game instances such that @@ = Qo. We provide below modified
definitions of price of stability (PoS) and price of anarchy (PoA) which take the

quality parameter into account.
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Definition 3.3.1 (Price of Stability - Price of Anarchy). For every game instance
T, denote by Nt the set of Nash equilibria, and let p% be an optimal strategy profile.
Then for any fized Q, the PoS and PoA are defined as

_ o u(pp)
PoS(Q) = ISéll% plen]\t;l u(p)’ (3.23)
PoA(Q) = sup sup u(p}). (3.24)

Ielg peENT u(p)

We next provide upper and lower bounds for PoS(Q) under the assumption that
@ < 1 (note that an the unbounded price of stability in Example 3.3.1 was obtained for
@ > 1). The upper bound on the price of stability follows from the next proposition.

Proposition 3.3.1. Fiz Q < 1. Let p be some threshold strategy profile, and let
u(P) be the respective aggregate utility (3.14). Then there exists an equilibrium point
P whose aggregate utility is not worse than u(p)(1 — Q)*. That s, %% <(1-Q) 2
Proof. The key idea behind the proof is to start from a threshold strategy profile
p and to reach an equilibrium point by some iterative process. In each step of the

process we obtain the worst-case performance loss, which leads to the overall loss in

the entire procedure.

1. Let 1 be the set of states such that each state i € H satisfies p* > 0 for some
m € M. For each i € H, define

m; € argmax RF —\F, (3.25)
{keM|o<pF<1}

If the set argmax e aqo<ph<1y B — A" is ot a singleton, m; is chosen arbitrarily
from the elements of the set. Consider a modified strategy profile q of the
original strategy profile p, given by

) 1 ifieH, k=m;
4% = (3.26)
0 otherwise.

Let N = {m;|i € H}. Note that from the definition of a threshold strategy and
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(3.25) it follows that the transmission probability of any user in q is strictly
larger than the transmission probability in p at most for a single state (namely

the partially used state, if such exists).

. The strategy profile q can be infeasible, as the power constraint of every m € N
can be violated by investing extra power in partially used states. Note that if
k ¢ N, strategy q* < p* is feasible. Also ¢¥ € {0,1} forall k € M, i € H, and

no two users utilize the same state.

Let AP™ m € N, denote the maximum additional power investment required
for user m to utilize strategy q™ instead of p™ (recall that each user partially
uses at most a single state). This quantity is obviously bounded by 7., since
fully utilizing any state requires at most 7,4, amount of additional power. Set

AP™ = 0 if the strategy of m is already feasible. We next obtain a feasible
strategy by modifying q.

. Consider the following optimization problem,

=k, . _ —
BR'(p",p ") = argmax  u*(p*,p*)
P
st Y mpb < it (3.27)
i€H 1€EH
0<pf <1,

FRk(f)k,p_k) denotes the threshold best response of user k£ to p~* assuming
that the power investment in the optimization problem is less than or equal
to the power investment under p*. Due to the linearity of uf(p*, p*) in p*,
the problem becomes a linear optimization problem and a threshold strategy

solving (3.27) always exists. Define

h
e =max{j € HU{h+ 1}|Z7r,<q£c > AP*}.
i=j

By convention, assume that Z?:h +1 @ = 0 for any a;, thus v, = h + 1 for any
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feasible strategy q.

Consider the following iterative algorithm

(a) Set M =0, p=q.

(b) Choose k € argmin ,,_y; v (if the set is not a singleton choose an arbi-

trary k in the set).

(c) If v < h + 1 modify q* to

qf if ¢ < v
Aok APk
qlk = Zl:’yg2 Wf::l ap ifi1= Yk (328)
0 if ¢ > Yk

else set g = q*. Let w* = ﬁk(qk,p“k).
(d) For any i € H if 0 < wf < 1 set wf = 0.

(e) Set p = (W, p~%), M = M U {k}. If M = M terminate, else go to step
3b.

Let w denote the strategy profile that is achieved upon termination of the above
algorithm. It can be readily seen that w is feasible and all states up to some
threshold i are used with probability 1 (each state i < %, i € H is used by a
single user with probability 1), while the remaining states are not used at all.
The 0 — 1 property follows from step 3d. The threshold state phenomenon can
be easily proved, as otherwise one obtains a contradiction with the optimality

of w¥ in step 3c for some k.

. Let p be a Nash equilibrium such that w has the same transmission probability
assignment as p for states 1 < 4. Such p is guaranteed to exist by considering
a reduced game where only states ¢ > i are considered and the power budgets

are given by P™ — Zh -mw, for all m € M.

i=1 k3

We next show that the efficiency loss between p and any p is bounded by some

fraction of u(p), where p is the initial optimal threshold solution. To that end, we
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consider the efficiency loss incurred in the transition from p to p through the path

p—q—w—p.

p—q:

q— w:

Note that u(q) > u(p), since

u(P) =Y m Yy AR -5 - )

i€H 1 k£l
<y my ARJa-sH-X)
ien 1 Kl
<> my AR -N (3.29)
ieH l
<Y m(RP = A™) Zp'li
icH l
<) m(RI =A™ = u(q),
ieH

where >, Pt < 1 and p* < pi* for all m € M, i € H. The existence of
g for all m € M, i € H satisfying the first inequality follows by considering
the aggregate utility maximization problem for each state i € H separately and
using the fact that at any optimal strategy p, >, pt < 1, as Proposition 3.2.1

suggests.

For any user m € M if pf = 0 for k # m whenever p* > 0, then v™(p™, p™™) =
Y ien mPT (R — X™). Hence the payoff is a weighted linear combination of
the power invested in different states. Now due to linearity, by assuming: (i)
Y ien TPY > 3 and (ii)Z?:j a1 mpyt < o it follows that if user m modifies its
strategy p™ to a strategy p™ such that transmission probabilities in states i > j
for a fixed j are set to zero, then ™ (p™,p™™)—u™(Pp™, p~ ™) < %um(pm, p).
This follows since o amount of power which is utilized in lower weights con-

tribute at most %um(pm, p ™) to the user’s payoff.

In step 3 of the algorithm, observe that modifying actions of a user does not
affect the payoffs of other users. Let 4™ be the initial payoff of user m in this

step, then ) . u™ = u(q). Denote the payoff of user m after step 3c by
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4™, it follows that 4™ > u™(1 — Zmex) since for users satisfying AP™ =0 the

min

payoff actually increases when playing the best response. Also, for users with
AP™ > 0, at least P, is invested in the system and these users stop investing
Tmaez amount of power in their worst states in step 3¢ (as in (3.28)). Then
playing best response, the aggregate utility can only increase and it is larger

than u™ (1 — ez,

Similarly, in step 3d of algorithm, every user m using a state partially invests at
least P,,;, amount of power and it stops investing at most 7,4, amount of power

in its worst states. Denote its final payoff by @™. Then, @™ > 4™(1 — Frez) >

min ' T

u™(1— ’}’,—f::u)? Since users who do not utilize any state partially do not modify

in

2 2
their strategies, it follows that u(q) (1 - Emﬂ) = Y e (1 - ”—ML) u™ <

Pmin Pmin

Y omem @ = u(w).

: Finally, it can be seen that u(w) < w(p). Since pf = wf fori < i, k € M

and the contribution of remaining states to the aggregate utility can not be
negative as in this case, at least one user can improve his payoff by setting the
transmission probabilities in states 7 > ¢ equal to zero and this contradicts with

the fact that p is a Nash equilibrium. To summarize,

u(p)(1 - 2)” < u(q)(1 - T)? < u(p) (3.30)

P, min min

Hence, %(%2 < G—zmay }mz)z as the claim suggests.
Prin

O

Recalling that there always exists an optimal threshold strategy profile (Theorem

3.2.1), immediately establishes the following.

Corollary 3.3.1. Let Q < 1. Then PoS(Q) < (1—-Q)~2.

The above result implies that for P,,;, fixed, a finer quantization of the channel

quality results in a better upper bound for the PoS, which approaches 1 as w0 — 0.

It is also possible to obtain a lower bound on the PoS for any given @) as the next

proposition suggests.
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Proposition 3.3.2. Let Q < 1. Then PoS(Q) > (1 — F—1+_1J) .
Q

Proof. We present a parameterized example achieving the PoS lower bound for a
given (). Consider a game with two players m and k. Let @ be fixed and define j =

[é +1]. Choose Py, such that P, < TJ‘lJ and Tpee = Prin@. Let H ={1,2,...h}

and h > j. Consider the system with m; = 7 = % + € < Mpae for sufficiently small

€ at states ¢ € {1,2,...5} (i.e., the best j states). Also assume that 7, = 7,4, and
the remaining 7; are chosen so that )., m = 1. Let Pm =Pk =P A=)\ =
A, where A will be specified along the sequel. Choose rates as (R{*, Ry*...R") =
(104 71,10+ 72... 10+ 75,7541 ...75), (RE, RS ... RE) = (71,70 ... 7§, Pjyn, ... Th), for
Th< o <Tipp <A< <--<rp<dand T < < T <ALKTF <o <Fp <6
for some 8. In this setting, the optimal solution is p* = 0, p™ = (1,...,1,1-¢,0,...0)
where state j is the partially used state, and € is a function of ¢ that satisfies € — 0
as ¢ — 0. On the other hand, the best Nash equilibrium satisfies p{* = 1 for i < j
and p* = 0 for j > ¢ whereas pf =1 and pf = 0 for i # j (where we choose A such
that A < é;). Now choosing ¢ and § sufficiently small (so that the contribution of
the terms such as r; and 7; to the aggregate utility is negligible) the aggregate utility
is approximately 107 in the central optimum, whereas it is 107(j — 1) in the best

Nash equilibrium, hence

i, 1\

t

Observe that, for Q@ < 1 or for @ = % + € for some integer n and 0 < ¢ < 1,
L% +1] =~ % and hence PoS > ﬁ for such @. Note that PoS(Q) < (1 - Q)2 by
Corollary 3.3.1, the gap between the upper and lower bound remains a subject for
on-going work.

We conclude this section by showing that the PoA is unbounded for any Q).

Proposition 3.3.3. For any given @, PoA(Q) = o
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Proof. The proof is constructive and follows from an example. Fix (), M and consider
a game instance with H = {1,2...h} for A > Q7' Let R = R, T = Tz = 3,
X = )\, P™ = Taaz for every m € M and ¢ € H. Assume that 3, M‘\l/-—;z\-: =
h— Q7! and R; > X for every ¢ € H (it is always possible to construct such a
problem instance for a given @ by choosing h and {R; };cx) properly. It can be seen

that there exists an equilibrium p for every such game instance which satisfies

pt=1-— M‘{/% for every m € M, i € H, (3.31)

which yields u(p) = >_,,cpu™(P) = 0 at this equilibrium. Note that the given

strategy profile is feasible since for any m € M,

Srr -3 T i

i€H ieH ) (3.32)
h B Q— Tmaz 5
=1— = — pm
h Q

The aggregate utility at an optimal solution is obviously greater than 0, as R; > A
for every ¢ € H, leading to an unbounded PoA.
O

The above result indicates that despite technological enhancements (which result
in a low Q), the network can still arrive at bad-quality equilibria with unbounded
performance loss. This negative result emphasizes the significance of mechanisms or
distributed algorithms, which preclude such equilibria. We address this important

design issues in the next section.

3.4 Best-Response Dynamics

A Nash equilibrium point for our game represents a strategically stable working point,
from which no user has incentive to deviate unilaterally. In this section we address
the question of if and how the system arrives at an equilibrium, which is of great

importance from the system point of view. As discussed in Section 3.3, the set of
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equilibria can vary with respect to performance. Hence, we conclude this section by

briefly discussing how to lead the system to good quality equilibria.

3.4.1 Convergence Properties

In Chapter 2 best response dynamics was defined. In this chapter we discuss the use
of best response dynamics to ensure convergence to an equilibrium of the scheduling
game.

The best-response mechanism, is not guaranteed to converge to an equilibrium in
our game without imposing additional assumptions. We specify below the required
assumptions. Our convergence analysis relies on establishing the existence of a po-
tential function under a certain condition, which we refer to as the rate alignment

condition. The rate alignment condition is defined as follows.

Assumption 3.4.1 (Rate Alignment Condition). The set of user rates { R }icr.mem
is said to be aligned if there exist per-user positive coefficients {¢™}mem and per-state

positive constants {R;}ien such that
R™ = c"R, (3.33)

for every m € M and i € H. The rate alignment condition is satisfied if user rates

are aligned.

The coefficient ¢™ above reflects user m’s relative quality of transmissions, which
is affected mainly by its transmission power and location relative to the base station.
While the rate alignment condition might not hold for general and heterogeneous
mobile systems, a special case of interest which satisfies (3.33) is the symmetric-rate
case, i.e., ¢ = c for every m € M. Rate-symmetry is expected in systems where
mobiles use the same technology (transmission power and coding scheme), and where

“local” conditions, such as distance from the base station, are similar.

Theorem 3.4.1. Under Assumption 3.4.1, our game is an ordinal potential game
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with a potential function given by

Zﬂ, H 1-ph) ZZm kpf (3.34)

kem i=1 keM

Proof. Consider two different strategy profiles p, q such that

p=({P"p ™ (3.35)

=(q",p™™")
Observe that

wm—mm——zf?mu—wwwrwmu]l—n -3 Gl )

k#m

Zmpz (Rr - - quz (R [Ja-pb)—am)

k£m k#m

=£W@%W@)

(3.36)
Since ¢™ > 0, the above equality implies that the game is an ordinal potential

game. O

Theorem 3.4.1 also indicates that the game is also a weighted potential game
where weight of each player is equal to ch hence if ¢™ = 1 for every m € M, then
the game is an exact potential game.

In the following, we assume that users restrict themselves to threshold strategies
(see Definition 3.2.2). Since our focus is on best response dynamics this assumption
is natural as whenever a user updates its strategy there always exists a threshold
strategy that maximizes the performance of that user. Moreover, it turns out that
despite the fact that the game we are interested in is a continuous game, convergence
takes place in finitely many update periods if users only utilize threshold strategies.

Throughout this section, we assume that users may update their strategy at a
slower time-scale compared to their transmission rates. For simplicity, we assume

that user updates may take place only every Tg time slots and refer to Ty as the
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update period.

For our convergence result, we require the following set of assumptions.

Assumption 3.4.2.

(i) The user population is fized.

(7i) Rates are aligned (see Assumption 3.4.1).

(iii) The transmission-success probabilities [ ], #n(l—pf),i € H are perfectly estimated

by each user before each update.
Consider the following mechanism.

Definition 3.4.1 (Round-Robin BR Dynamics). Strategy updates take place in a
round-robin manner and at each update period only a single user may modify its
strategy. The user who is chosen for update modifies its strategy to a threshold strategy
from the set BR™(p™™), if the modification strictly improves its utility.

As the utility of each user is linear in its actions and the strategy space is a poly-
hedron best responses of users can be found by solving a linear program. Hence,
BR™(p~™™) always contains an extreme point of E™. As extreme points correspond
to threshold strategies in the system there always exists a threshold strategy in
BR™(p™™).

The next lemma suggests that our game is a finite game if users are restricted to
playing threshold strategies, and further provides a bound on the number of threshold

strategy profiles for any given game instance.

Lemma 3.4.1. For a given game instance with M users and h states the number of

threshold strategy profile is bounded by (2e)M(+1),

Proof. Observe that for any user m € M, its threshold strategies are the extreme
points of the feasible region E™. Similarly each threshold strategy profile p cor-
responds to an extreme point of the joint feasible region E. The idea behind the
proof is to upper bound the number of extreme points of the joint feasible region or

equivalently the number of threshold strategies in the system.
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In general, a polyhedral region that is a subset of R™ and is defined by & constraints
is represented by the polyhedron {z| Ax < b}, where A is a k x n matrix and b € R*
is a constant vector. Now, at any extreme point of this polyhedron, at least n linearly
independent constraints are active, and such constraints define extreme points, hence
there are at most (Z) threshold strategies.

In our problem, each user has h decision variables and a total of 2h+1 constraints.
Hence, in total we have M (2h + 1) constraints and Mh variables. Thus, the number

of threshold strategies is bounded by

(M(Qh + 1)) _ (M (2h + 1)) (3.37)

Mh M(h+1)
M(h+1)
< eM(2h +1) < (2e)MBHD),
MB+1)
where the first inequality follows from the inequality (') < (<2)™. d

Relying on the above lemma, we have the following convergence result.

Theorem 3.4.2. Let Assumption 3.4.2 hold. Then Round-Robin best response dy-
namics converge in finitely many update periods to an equilibrium point. In ad-

dition, the number of update periods required for convergence is upper bounded by

M(26)M(h+1) .

Proof. Utilizing Round-Robin best response dynamics players are restricted to playing
threshold strategies after first M updates. By restricting users to threshold strategies,
the underlying game becomes a finite game (i.e., the game has a finite action space
as Lemma 3.4.1 suggests), with a potential function given by (3.34). As such, the
finite improvement property (FIP) in potential games (see Chapter 2), holds: Any
sequence of updates, which results in strict improvement in the utility of the user
who is modifying its strategy, terminates after finitely many updates. Moreover, each
finite improvement path terminates at a Nash equilibrium.

By Lemma 3.4.1 the number of threshold strategies is bounded by (2¢)M*+1,
Observing that no strategy profile can occur more than once during the updates (as

the potential strictly increases with each update), this implies that number of updates
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required for convergence is bounded by (2¢)”(*1) By Definition 3.4.1, a user who
can strictly improve its utility can be found in every M update periods. Hence, the

number of update periods required for convergence is bounded by M (2¢)M*+1) O

We emphasize that the restriction to threshold strategies is commensurate with
the users’ best interest. Not only there always exists such best-response strategy, but
also it is reasonably easier to implement.

We discuss next some important considerations regarding the presented mecha-
nism and the assumptions required for its convergence. The best response dynamics
as described in Definition 3.4.1, requires synchronization between the mobiles, which
can be done centrally by the base station or by a supplementary distributed procedure.
We emphasize that the schedule of updates is the only item that needs to be centrally
determined. Users are free to choose their strategies according to their own prefer-
ences, which are usually private information. Assumption 3.4.2(iii) entails the notion
of a quasi-static system, in which each user responds to the steady state reached after
preceding user update. This approximates a natural scenario where users update their
transmission probabilities at much slower time-scales than their respective transmis-
sion rates. An implicit assumption here is that the update-period T is chosen large
enough to allow for accurate estimation of the transmission-success probabilities. We
leave the exact determination of Tg for future work. We emphasize that users need
not be aware of the specific transmission probabilities p* of other users. Indeed, in
view of (3.4), only the transmission-success probabilities [], ., (1 — pf), i € H are
required. These can be estimated by sensing the channel and keeping track of idle
slots.

A last comment relates to the rate-alignment condition. The convergence results
in this section rely on establishing a potential function for the underlying game, which
is shown to exist when rates are aligned. In next chapter, we show that in a system of
three states or more, the alignment condition is not only sufficient, but also necessary
for the existence of a continously differentiable potential function. This suggests that
novel methods would have to be employed for establishing convergence of dynamics

under more general assumptions.
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Next we relax the deterministic update schedule (round-robin updates) of the

previous theorem. Consider the following set of dynamics,

Definition 3.4.2 (Randomized Best Response Dynamics). Let fa : M — [0,1] be
a probability mass function defined on set M such that fa(k) > 0 for oll k € M.
Start from a strategy profile p. At each update period,

1. Randomly choose one user in M using distribution fa4.

2. Let m be the user chosen in the previous step, if m has an estimation of p™™

set p™ to a threshold best response of user m in BR™(p™™), else set p™ = p™.

3. If user m has better payoff utilizing p™ then let p = (p™,p™™), otherwise do
not modify p.

Theorem 3.4.3. Let Assumption 38.4.2 hold. Then the randomized best response
dynamics converge to a Nash equilibrium of the game in finitely many update periods

with probability 1.

Proof. As in Theorem 3.4.2 game is a finite ordinal potential game, and has the finite
improvement property.

Let K be the length of the longest improvement path, since the game is a finite
game there are finitely many improvement paths and K is well defined. Using the
randomized best response dynamics at each step assuming that a Nash equilibrium is
not reached, with probability at least mingeaq fas(k) > 0 a user who has incentive to
modify his strategy is chosen for update. The expected number of updates to reach to
a Nash equilibrium (Nyg) is smaller than the expected time to observe K successes
in a Bernoulli process (Tx) with success probability mingea faq(k). The latter is

simply hence

- K
minge pm fm(k)?

K

ElNwe] < BlTk] = o=

(3.38)

Thus, with probability 1 a Nash equilibrium is achieved in finitely many updates.

By assumption 3.4.2 it follows that convergence to a Nash equilibrium happens in
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finitely many time slots with probability 1. Now the result follows since when a Nash
equilibrium is achieved, none of the users have any incentive to deviate from the Nash

equilibrium. a

Theorems 3.4.2 and 3.4.3 imply that using best response update rules and thresh-
old strategies convergence to an equilibrium takes place. Also observe that the equi-
librium reached as a result of this update rule is a threshold strategy profile. This

leads us to the following corollary.

Corollary 3.4.1. Let rate alignment condition hold. Then, there exists a threshold
strategy profile that is also a Nash equilibrium of the game.

3.4.2 Simulations

The objective in this section is to study through simulations the convergence proper-
ties of sequential best-response dynamics. More specifically, we wish to examine the
dependence of convergence time on several factors, such as the number of users in the
system, the number of states, and the technology factor Q. In all our experiments, we
consider a relaxed version of Assumption 3.4.2, where the rate-alignment condition
(Assumption 3.4.2(ii)) is not enforced.

The specific setup for our simulations is as follows. We assume that m; = % for
every 1 € H. For given ), M and h, we construct a significant number of game
instances (10000) by randomly choosing in each instance the power constraints P™,
the tradeoff coefficient A™ and the associated rates R for every m € M, i € H. We
simulate each game instance, and examine the average convergence speed, measured
in the number of round-robin iterations (recall that in a round-robin iteration, each
user updates its strategy at most once). Figure 3-2 presents the convergence speed
results for () = 0.5 and @ = 0.95, as a function of the number of users in the system.
For the given value of (), we consider three cases for which number of states, h, is
different.

As seen in Figure 3-2, the average number of Round-Robin cycles required for

convergence is less than three on average. We emphasize that all game instances
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Convergence Speed vs. Number of Users, Q=0.5
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Figure 3-2: Convergence speed as a function of the number of users.

converge without requiring the rate-alignment condition, indicating the possibility to
exclude this condition in future analysis of best-response convergence. It can be seen
that increasing @ slows down the convergence speed slightly. We observe that all

graph curves initially increase as a function of the number of users, and after some
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point gradually decrease until reaching a fixed number of iterations. This interesting
phenomenon can be intuitively justified as follows: When the number of users is
relatively small, there is less competition on each state, and convergence is fast. At
the other extreme, when the number of users is larger than some threshold, then
there are more users who can fully utilize states at the first iteration (see Definition
3.2.1), thereby decreasing the competition at subsequent iterations and leading to

faster convergence.

3.4.3 Obtaining Desirable Equilibria

We conclude this section by briefly discussing possible means for obtaining high-
quality equilibria in terms of the aggregate utility (3.14). Theorem 3.4.2 introduces
a scheme (or mechanism) which assures converge to an equilibrium point in a finite
number of steps. However, the resulting equilibrium can be of low quality. Proposition
3.3.1 suggests that if the system is initiated at some threshold strategy profile, then
there exists an equilibrium, performance of which cannot deviate by much, compared
to the performance at the initial working point. Consequently, one may consider an
iterative hybrid algorithm, in which a network-management entity forces some initial
working-point (a good quality threshold strategy profile), waits enough time until
convergence, and if the equilibrium performance is unsatisfactory, enforces a different
working point, until reaching a satisfactory equilibrium. The algorithm would rely on
the fast convergence to an equilibrium, which is demonstrated in all our simulations,
and allows to consider numerous initial working points in plausible time-intervals. The
precise requirements and properties of such an algorithm, as well as the means for

choosing and enforcing initial working-points, remain as a challenging future direction.
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Chapter 4

Potential Games and Projections

to the Set of Potential Games

In this chapter we focus on the properties of the set of exact potential games. The
main objective of this chapter is to characterize the properties of this set and quantify
the “distance” of an arbitrary game to the set of exact potential games. We also pro-
vide a condition for checking existence of an ordinal potential function in continuous

games, and relate it to the scheduling game described in the previous chapter.

The rest of this chapter is organized as follows. In Section 4.1 we consider the
sets of exact, weighted and ordinal potential games and present properties of these
sets. In particular, we study some topological properties of these sets. In Section 4.2
we present a necessary condition for the existence of an ordinal potential function in
continuous games. Using this condition we prove that the scheduling game presented
in Chapter 3 does not have a twice continuously differentiable ordinal potential func-
tion unless the rate alignment condition (Assumption 3.4.1) holds. In Section 4.3 we
discuss different approaches for projecting a game to the set of exact potential games.
We also discuss the distributed implementation of projections and present simulation

results.
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4.1 Sets of Potential Games

In this section we restrict ourselves to the study of finite games, with set of players
M = {1,...,M} and strategy spaces E™ = {1,...,hy} for all m € M. In our
discussion of topological properties of sets of potential games we assume that a fixed
joint strategy space E = [ .., E™ is given, and the set of games defined on this
joint strategy space is of interest.

We denote the set of games with player set M and joint strategy space F as
Grme = {MAE™ mept, {u" mend) [u™ € Co for all m € M. (4.1)

It is clear that there is a bijective correspondence between Guq g and the set CM as
gy = {u™}mer € C}F and each ugy; € C) uniquely defines a different game instance
in Ga,p- In the following we use the product space of utilities, CJ7, to study the
space of games. We define the dimension and convexity of the set of games using the
properties of C}?. We use the terms space of games and the product space of utilities
interchangeably.

In Chapter 2 it was discussed that each function in Cy has a vector representation,
hence an alternative representation for Cy is RIFI. Using this, it can be seen that the
dimension of Cy is equal to [E| =[] c v( Am-

We define the dimension of space of games with joint strategy space E, and set
of players M as the dimension of the product space of utility functions of all players,
C}'. Dimension of this product space is the sum of the dimension of all spaces in the

product. The following lemma characterizes the dimension of the space of games as

a function of E and M.

Lemma 4.1.1. The dimension of the space of games with set of players M, and joint
strategy space E is M ], c\q hm-

Proof. The dimension of Cy is |E| = [],,co(hm. Therefore, the dimension of C¥/,
or the dimension of space of games with joint strategy space E, can be given by

M| = M T o O
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Using the vector representations of utilities we can define the dimension of a a
subspace in Cy or C¥ as the dimension of the corresponding vector space. Let payoff

function of player m be represented by the column vector ™. Then the column vector

var= | (4.2)

belongs to C. This suggests that each subspace of C34 can be studied as a subspace
of RMIPl and dimension of a subspace of games can be calculated from the dimension
of the corresponding subspace of RMIZl. In this section, we use this approach to find
the dimension of the set of exact potential games.

We next define the notion of convexity that is relevant to our projection framework.
We define the convexity of the set of games by making use of the underlying set of

utility functions.

Definition 4.1.1. Let B C Gump. The set B is said to be convezr if and only if
for any two game instances Gy, Go € B with collections of utilities u = {u™}men,

v = {v™}mesm respectively
<M: {Em}mEMa {aum + (1 - a)vm}m€M> € Ba (43)

for all o € 10,1].

Note that with this definition the convexity of Gu (gmy,.. . follows trivially.

We next obtain results on the dimension of the sets of potential games and the
convexity properties of these sets.

In Theorem 2.1.2, a condition for a game to be an exact potential game is stated.
This theorem implies that a game is an exact potential game if and only if for any
simple closed cycle, v, I(7, ua) = 0, where (7, uu;) denotes the aggregate change in
the payoff over all steps of v (see Chapter 2).
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Enumerating all the simple closed cycles of the game, a necessary and sufficient
condition for existence of an exact potential function can be written as a linear equa-
tion

Lugy =0 (4.4)

for some matrix L. Here Lug; is a vector, ith row of which gives the condition
I(7;,uqq) = 0 for the ith simple closed cycle 7;. Note that this is possible since
I(7;,uqy) = 0 is a linear function of the payoffs in the game for any 7;. It follows
from (4.4) that the set of exact potential games is a subspace in cH.

The dimension of the set of exact potential games is given by the dimension of
the null space of L. For |[M| = 3 and h,,, = ho for all m € M, Figure 4.1 shows the

dimension of exact potential games and dimension of all games for different ho.

Dimension vs. Cardinality of Strategy Spaces
1600 T . . T .

——— Space of all games
——— Space of potential games ]

T

1400

1200 .

1000 8

800

Dimension

600

400

2001 4

O 1 1 1 1
2 3 4 5 6 7 8

Cardinality of each strategy space

Figure 4-1: Dimensions of set of all games and exact potential games for 3 players
with same number of strategies

Using data fitting tools in Figure 4.1, it can be seen that the dimension of the exact
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potential games for the presented example is given by AT +mh{* ' — 1. The following
theorem formalizes this result by providing an exact expression for the dimension of

the set of exact potential games.

Theorem 4.1.1. The dimension of the set of exact potential games is given by,

I+ > I -1 (4.5)

meM meM ke M, k#m

Proof. Note that potential function for a game is unique up to a constant. Fixpy € E
and consider the set B = {¢|¢(po) = 0,¢ € Cp}. Each potential game has a unique
potential function in B. For all p # py define ¢, : E — R such that

1 ifq=
Pp(a) = a=p (4.6)

0 otherwise

Clearly {¢p|p € F,p # po} is a set of orthogonal basis vectors of B.
The dimension of the set of exact potential games is equivalent to the dimension

of,
U = {ulu = {u™}mem, there exists ¢ € B such that Dy,u™ = D,,,¢,for all m € M }.
Consider the system of equations for a fixed ¢p.

Dpu™ = Dppp  for all m € M. (4.7)

The kernel of D,, has dimension [, 4m Ik as it can be seen from Lemma 2.2.1. There-
fore, the kernel of the linear system in (4.7) has a dimension ), ¢ [Tjsm 2 = K.
Consider collection of utilities vy, = {v]' }merm = {@p}mem. Note that vy, is a solu-
tion of (4.7), hence the set of solutions of the system in (4.7) is nonempty and has
dimension equal to K.

Let {b;}X, be a basis for the kernel of the linear system in (4.7), where b; =
{67} mem € C. Note that Db = 0 for all m € M as b; belongs to the kernel of
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the linear system. We claim that {vp}psp, U {b;}2X, is a basis for U. First we prove
linear independence of this collection. Assume the linear independence fails, then for

some «y, B3 not identically equal to 0,

K
St + Y Bl =0 (4.8)
i=1

P#Po

for all m € M. Note that as {b;}[, constitute a basis for some subspace it follows

that there exists a 3, # 0 for (4.8) to hold.
Multiplying (4.8) by Dy, and substituting vj' = ép,

D Y Bop =0, (4.9)

P#Po
for all m € M as b" is in the kernel of D,, by definition. Since this is true for all m
it follows that
> Bpdp=c (4.10)

P#Po

for some constant ¢. On the other hand

Z Bpdp(Po) =0 (4.11)

P#Po

by definition of ¢, and hence ¢ = 0. Thus, (4.10) implies that

Z Opdp =0 (4'12)

P#DPo

but this contradicts with the fact that {&p}psp, is a basis for B. Thus {vp}pzp, U

{b;}£, is a linearly independent collection.

Next we show that any element of U can be obtained as a linear combination of
elements in the collection {vp}prp, U {bi}5,. Let u € U be a collection of utilities

with the corresponding potential & € B. Consider the vector u — >, ®(p)vp in
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CM. Note that for all m € M,

Dm(u™ =Y ®(p)op) = Dm(u™ = Y _ &(p)sy)

PEE pEE (4.13)
= Dp(u™ — @) =0,

where we used the fact that Y  ®(p)¢p = @ Thus u — > 5 ®(p)v, lies in
the kernel of the system given in (4.7). Therefore, u can be obtained as a linear
combination of elements in the collection {vp}psp, U {bi}E ;.

It follows that the dimension of the set of exact potential games is the cardinality
of the collection {vp}psp, U {bi}ie;. Noting that [{vp}prpe] = [Lners im — 1 and
K =% nep [lism hi the dimension of the set of exact potential games is obtained

as

I+ D> I m-1 (4.14)

meM meM k#m,keM

Il
We proceed by studying the convexity properties of the sets of potential games.

Theorem 4.1.2. The set of weighted potential games and the set of ordinal potential

games are not convez.

Proof. We prove the claim by showing the convex combination of two weighted po-
tential games is not an ordinal potential game. This implies that the sets of both
weighted and ordinal potential games are nonconvex since every weighted potential
game is an ordinal potential game.

In Table 4.1 we present the payoffs and the potential in a two player game, G,
where each player has two strategies. Given strategies of both players the first table
shows payoffs of players (the first number denotes the payoff of the first player), the
second table shows the corresponding potential function. In both tables the first
column stands for actions of first player and top row stands for actions of second
player. Note that this game is a weighted potential game with weights w! = 1,

w? = 3.
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A B A B
A[0004 Alo]|12
B[2,0]38.,6 B|2]20

Table 4.1: Payoffs and potential in G,

Now with the same notations we define another game G, as in Table 4.2. Note

that this game is also a weighted potential game with weights w' = 3, w? = 1.

A B A B
Al42160 A 2018
B108]0,0 B8]0

Table 4.2: Payoffs and potential in G,

We consider a game Gs in which the payoffs are averages (hence convex combina-

tions) of payoffs of G; and G..

A B
A21[32
B 1443

Table 4.3: Payoffs in G3

Note that in this game strategy profiles satisfy the preference relations
(4,A)> (B, A) > (B,B) > (A,B) > (A, A), (4.15)

and the preference relations are strict. Thus this game has a weak improvement cycle
and hence it is not an ordinal potential game.

The above example shows that the sets of weighted and ordinal potential games
with two players each of which has two strategies is nonconvex. For games in which
the joint strategy space is larger the result immediately follows by noting that any
game derived from the games in Tables 4.1 and 4.2 by setting the potential functions
on the newly introduced strategy profiles equal to 0 and deriving utilities accordingly,
is a weighted potential game. However, the convex combinations of these games are
not ordinal potential games as the weak improvement cycle in Table 4.3 is preserved

in the convex combination. O
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The next theorem shows that the set of exact potential games is convex.
Theorem 4.1.3. The set of exact potential games is convez.

Proof. Let G; and G, be exact potential games with set of players M, and joint
strategy spaces E. Denote the collection of utilities in G; and Gs by u = {u™ }mem
and v = {v™},er respectively. Since these games are exact potential games it follows
that for all m € M,

D™ = Dy (4.16)

and

Dyt™ = Dioho (4.17)

for some ¢y, ¢o € Cy. Consider the convex combination of the utilities v = {v™} e =

{ou™ + (1 — a)v™}men for a € [0,1]. It follows that for all m € M,

D™ = Dip(agy + (1 — a)¢s) (4.18)

by the linearity of the operator D,,. Thus, the game with strategy space F, set of
players M, collection of utilities v is an exact potential game, and as « is arbitrary

the set of exact potential games is convex. |

4.2 Conditions on the Existence of Differentiable

Ordinal Potential in Continuous Games

In this section we obtain a necessary condition for the existence of a continuously
differentiable potential function for continuous games. We also use this result to show
that the scheduling game introduced in Chapter 3 does not have a twice continuously
differentiable ordinal potential.

In this section we assume that for all m € M, E™ C R for some h € Z, is a
compact and nonempty set and »u™(-) is twice continuously differentiable in p. We

denote the space of twice continuously differentiable functions by C2.
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In the following proposition, we study the relationship between the partial deriva-
tives of ordinal potential function and the utilities of players. We are interested in the
set A™ = {p Pu_*ﬂ(g%,?—_m) # 0, for some ¢ € H and p € int(FE)} (int(-) denotes inte-
rior of a set) for all m € M . The proposition states that in ordinal potential games
for any user m € M, at any strategy profile p € A™ , the vector of partial derivatives
of the ordinal potential function and that of the utility of user m with respect to the

actions of user m are aligned with some alignment function d™(p™,p™™) : E — R.

Proposition 4.2.1. Consider the game G = (M, {E™}, {u™(-)}),
(1) If there exists a continuously differentiable ordinal potential function ¢(-) : E —
R then for everym € M, i € H, p € A™ it satisfies,

m Su™ mj —-m
4 (p™, p~™) (™, p™)

Zob D ) kY D S} 4.1
opr opr ’ (4.19)

and d™(p) > 0.

(i) If for oll m € M, utility functions u™(-) are linear in p™, and if there
exists a continuously differentiable function ¢(-) : E — R such that for every
meM, ieH, peF,

06(p™, p™)
op™

aum (pm’ p—m>

=d" " P

, (4.20)

and d™(p) > 0 then ¢(-) is an ordinal potential function for G.

Proof. (i) (4.19) implies that for user m the vector of partial derivatives of its utility
and the ordinal potential function with respect to p™ are aligned. Assume that a
potential function ¢(-) : £ — R exists, and assume by contradiction that (4.19)
does not hold for some m. Then there exists p = (p™,p™™) and q = (q™,p™™),
p € A™, q € E such that

Va™(p™,p~™) (q—p) >0 and Vo(p™,p ™) (q-p) <0. (4.21)

This implies that the directional derivatives of u™(:) and ¢(-) in (q — p) direction
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have opposite signs at p, and hence there exists some ¢ > 0 small such that
u"(p™ +e(q™ —p™),p™"™) —u™ (™, p7") >0, (4.22)

whereas

o(P™ +e(d™ —p™),p™") —d(p™,p") <0, (4.23)

which is a contradiction to the assumption that ¢(-) is an ordinal potential function.

(ii) Assume that (4.20) holds for some function ¢(-). Then, for every p =
(p™,p ™) €Eandq=(q",p ") €E

vu™(p™, p~™) (g~ p) > 0 & Vé(p™,p™) (a—p) > 0. (4.24)

Observe that since utility of user m is linear in its actions,
mf{,m ..—m m{.m —m —mnT
u™(q™,p") —u"(p™, p ") = Vu(p™, ") (@ - p). (4.25)

Moreover, for all m € M linearity implies that

Gu™(p™,p") _ oum(y™,p™™)

o o for all Y™ € E™, i € H. (4.26)
Hence, substituting (4.26) in (4.25) yields,
u™(@™,p™") —w"(P™,p ™) = Vu(y",p™) (a - p), (4.27)

for any y™ € E™.

First we show that v™(q™, p™™)—u™(p™,p™™) > 0 = é(q™, p ™) —0(p™, p™™) >
0. If u™(q™ p~™) — w™(P™, p~™) > 0 then by (4.27) Vu™(y™,p ™) (q — p) > 0.
For v* = aq™ + (1 — a)p™, a € (0,1) this is equivalent to Vu™(y™, p~™)"(q —
(v™,p~™)) > 0, and using (4.24), the last inequality implies that Vo(y™, p~™)" (q —
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(7™, p™™)) > 0. Now using the fundamental theorem of calculus,

S(a™ p™) — B(p™, p~™) = / Vo(s)ds > 0, (4.28)

m

where I' = {(aq™ + (1 —a)p™,p™™) | @ € [0,1]}. In (4.28) we made use of the fact
that in I'™, s is in the form of (y™,p™™), hence vectors q — (v, p~™) and ds are
always aligned and V¢(-) is a continuous function.

Next we show that ¢(q™, p~™)—¢(p™, p™™) > 0 = v (g™, p™™)—u™(p™, p™™) >
0. If ¢(q™, p~ ™) —d(p™, p~™) > 0 then there exists ay™ = aq™+ (1—a)p™ for some
a € [0, 1] so that Vo(y™, p“m)T(q-— p) > 0 since otherwise we obtain a contradiction
with ¢(q™, p™™) — ¢(p™,p~™) > 0 using the integral in (4.28). Combining this with
(4.24) it can be obtained that Vu™(y™, p~™)"(q — p) > 0. Hence, (4.25) and (4.26)
imply that «™(q™, p~™) — u™(p™, p~™) > 0.

Therefore, if (4.20) is satisfied with some continuously differentiable ¢(-), the game

G is an ordinal potential game with potential function ¢(-). |

Using Proposition 4.2.1 we can obtain results on the existence of differentiable
ordinal potential in the scheduling game. To this end we first state a preliminary

result.

Lemma 4.2.1. In the scheduling game, the set By = {p |Q% #0, form €
M, i€ H,p € int(E)} contains a nonempty open subset of the joint feasible action

space, E.

Proof. For every nonempty open subset U of E, there exists an open set V, contained
in U such that for every strategy profile q in V/, g—zg(q) # 0 for a user k € M and a
state j € H, since %(q) is a continuous function of its argument and the set R — {0}
is open. The fact that V is not empty immediately follows from the definition of
the utility function u*(-). Since the above statement is true for an arbitrary open

set U and since there are finitely many users and states in the system, there exists a

nonempty subset of £ which is contained in By. O
In the following we denote a nonempty open set of E contained in By by V5.
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The next lemma characterizes the partial derivatives of the utilities for the schedul-

ing game assuming that a C? ordinal potential function exists.

Lemma 4.2.2. Consider the scheduling game with |M| > 1, |[H| > 2 and C? ordinal
potential function. Let ¢, and alignment functions, d™(-), d*(-) be as in (i) of Propo-
sition 4.2.1. For anym,k € M, there exists ™ : E — R such that for every p € V,
and for any i € H,

M (M y— M k(nk n—Fk
O™ P _ iy PP i e, (4.29)
Op; Op;
and
d*(p* ., p™*) o, Ou"(P",pT™) .
E a (P)T for alli € 'H. (4.30)

Proof. Consider two different users m, k € M and two different states ¢, j € H. Then
by Proposition 4.2.1 and by the symmetry of the second derivatives of the potential

function it follows that

0°¢ 9 —m " (P™P™)
=9 _(p) = (d™(p™,p ™) D P )
0 ko kUt (pF,p7F) P o ‘
= m(d ( P ) % ): m k(p))
for p € V.
The previous equation is equivalent to,
M (T 1y —M MM =M k(~k ~—k k(~k ~—k
od™(p™,p ™) du™(p™,p"") _ 0d*(p*,p~") Out(p%, p7") (4.32)

oph o oy ot 7

using chain rule and observing that partial derivative of a utility of a user with respect
to actions in some state j, is a function of actions of users in state j. (4.32) implies

that

od™(p™,p~™) ad* (pF p=F)
9" (p™p ") (
i S 5 4.33
duk(pkp~k) T Sum(pm,p-m)° (4.33)
s opy*

As i and j are arbitrary and |H| > 2, (4.33) implies that there exists a function

97



o™ . E — R such that

3d"‘(p’”}ép"”) ad* (p*,p~*)
k Bp; opl"
™ (p) = uF(pFp=F) — dwm(pmp=m) (4.34)
Bpi-c Bpfgn
for all - € H. |

The reason for (4.29) and (4.30) to hold is that for fixed p the system of equations
in (4.32) with unknowns equal to partial derivatives of d™ and d* is a linear system
of equations with null space of rank one, and null space vector satisfies (4.29) and
(4.30). However, if there are two or less states in the system, this system of equations
has a null space with a higher dimension and hence (4.29) and (4.30) does not follow.

The next theorem shows that a C? ordinal potential function, does not exist in

the game unless the rate alignment condition holds.

Theorem 4.2.1. Consider a scheduling game with more than a single player and
three or more states. The game has a C* ordinal potential function if and only if the

rate alignment condition (assumption 3.4.1) holds.

Proof. If assumption 3.4.1 holds, the result follows directly from Theorem 3.4.1.

For the other part of the claim, assume that there exists a C* potential function
¢ for the scheduling game.

Observe that there exists p € Vj such that d*(p*,p™*) # 0 or d™(p™,p™) # 0
since otherwise there exists a neighborhood in which although utility of a user is
changing by modifying the policy the potential of the game remains constant. Fix a
p € Vp such that d*(p*,p=*) # 0.

Now using symmetry of partial derivatives of the potential function with respect

to pI* and pf it is obtained that

od™(p™,p~") Ou™(p™, p~"™) Pum(p™,p™)

Fdm™(p™, p™ —
opk op ™, p) opk opy (4.35)
ad*(p*, p~*) ouF(p*, p~*) Lt _k>02u’°(p’“7p"“) '
o OpF PP T S o

Using (4.29) and (4.30) one can see that terms including partial derivatives of
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d™ and d* cancel, and substituting the second partial derivatives of utilities one can
achieve,

RI'™(p™,p™) = d*(p*,p~*) R} (4.36)

Note that (4.36) holds for any i and since d*(p*, p~*) # 0 it follows that d™(p™, p™) #
0. Therefore, (4.36) implies that rate alignment condition holds, hence the scheduling

game has a C? potential function if and only if assumption 3.4.1 holds. O

4.3 Projections to the Set of Exact Potential Games

Given an arbitrary game our goal is to project it to the set of exact potential games.
This enables us to quantify how “close” a game is to a potential game and provides
insights on how to modify the game (or equivalently the utilities of players) to in-
herit the desirable properties of potential games. Note that generalizations of exact
potential games such as weighted potential games and ordinal potential games have
similar desirable properties to those of exact potential games. However, we focus on
projections to the set of exact potential games as the sets of weighted and ordinal
potential games are nonconvex.

In the next subsections we discuss different approaches for projection to the set of
exact potential games. The approach in Section 4.3.1 utilizes the idea of projection of
the utility differences of strategy profiles in a game. Similar to the ranking problems,
a global function (potential function) that represents the pairwise comparisons (utility
differences) in the best possible way is found and then utilities of the projected game
are obtained by constructing utilities that agree with the potential and are closest to
the initial utilities in 2-norm sense. In Section 4.3.2 for an arbitrary game, we find
the potential game with the smallest change in the utilities. In this approach, we do
not construct the pairwise comparisons and operate in Cy space. In Section 4.3.3 we
repeat these projections utilizing infinity norm instead of 2 norm. In Section 4.3.4
we relate the equilibria of a game and e-equilibria of its projection. In Section 4.3.5
we discuss a distributed framework for implementing the projections and we present

simulation results in section 4.3.6.

99



4.3.1 Projection in

A potential game by definition satisfies D¢ = D,,u™ for all m € M where ¢ is
some potential function (cf. (2.56) from Chapter 2). Our goal is to find a potential
game that is “closest” to an arbitrary given game. In this subsection we discuss a
particular projection method in which we first obtain pairwise comparisons in a game,
Du € C1, and then project the pairwise comparisons to the set of consistent pairwise
comparisons in Cy, i.e. {X|X € C},80¢ = X for some ¢ € Cy}. For such a projection
in C1, one can construct a potential function representing the projected pairwise com-
parison. We then construct the new utility functions utilizing the obtained potential

function and the initial utility functions.

More precisely, we are interested in the following projection problem,

err(G) = gglig |IX = Dul|3
st Sob =X, (4.37)
X e, oy

where X represents a globally consistent pairwise comparison that corresponds to a
potential function ¢ and the optimal solution of this problem is the projection of Du
to the space of globally consistent pairwise rankings. An equivalent formulation of

(4.37) can be obtained as

erri(9) = min ||d0¢ — Dulfy. (4.38)

Solution of this problem can be found by making use of the Hodge theory as discussed

in Section 2.2.2 and the solution is:
¢ = AboiDu (4.39)

where AZ, is the pseudo-inverse of the previously defined Laplacian operator. In

projection of G, err1(G) denotes the norm of the projection error in €. The obtained
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¢ is the potential function for the projected game.

The utilities that represent the potential and that are close to initial utilities can
be constructed by solving an additional optimization problem (for a fixed ¢, and for

allme M ):

@™ =argmin |[u™ — a™|[3
um
st. Dpi™ = Do (4.40)
a™ € Cy.

We refer to solutions of (4.38) and (4.40) as C projection of the game since in C;
the pairwise rankings are projected to the set of globally consistent pairwise rankings

and then utilities and potential are constructed from this projection.

The solution of this projection problem is given by the following theorem.

Theorem 4.3.1. Solutions of (4.38) and (4.40) are given by:

.
¢ = <Z Ao,m> > Nomu™, (4.41)

meM meM
and
T
" = (I — projm)u™ + projm (Z Ao,k> Z Ag kU (4.42)
keM kEM

Proof. The solution of (4.38) is ¢ = A}ézDu as mentioned before in (4.39). Using
(2.46) and (2.44) and Du =3, .\, D,u™ it follows that

1
¢ = ( > D;‘an) > D; Y Dpum™ (4.43)

memM keM meM

Due to the orthogonality of image spaces of D,, and Dy, for any k # m the previous
equation becomes,
i
¢ = (Z D;Dm> > DjDyu™. (4.44)
meM meM

Given a potential ¢, we next focus on the solution for the utilities. Note that
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(4.40) can be reformulated as

" = ¢ +argmin[|(u™ = &) =yl [3
st. DpYm =0 (4.45)

Ym € 007

by setting v,, = ™ —¢. Observe that (4.45) is the projection problem to the kernel of
Dy (I —projm)(u™— ¢) gives a projection of (u™ — ¢) to the kernel of D,,, therefore

the optimal solution of the optimization problem in (4.45) can be obtained as

Y = (I = projm)(u™ — ¢), (4.46)
and thus @™ is obtained as a function of the potential,

0" =+ & = (I = projm)(u™ — 6) + ¢

(4.47)
= (I = projm)u™ + projme.
Now substituting the potential from (4.44), 4™ becomes
i
W™ = (I = projm)u™ + projm, (E D,’;Dk> > D;Dyuy. (4.48)
keM keM

The result follows from (4.44) and (4.48) noting that D; Dy = Aoy by definition. O

As discussed earlier (see (2.48) and the discussion following it) A ,, is a Laplacian
for the graph constructed on strategy profiles where edges exists between any two
strategy profile that are comparable by player m. (4.41) suggests that potential

function is a solution of,
(Z Ao,m> b= Nomu™ (4.49)
meM meM

Intuitively, the graph Laplacian gives a measure of how much a node is valued over its

neighbors. Then for each strategy profile, p, Ag,u™ indicates the value of p among
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all strategy profiles that are comparable with p by m. Hence, (4.49) implies that the
potential function represents the aggregate value of each strategy profile according to

different players.

In Chapter 2, it was explained that for player m the strategic component of a
function f € Cp is given by projn, f. It can be seen from (4.47) that for player m, the
projected utility 4™, is the sum of the nonstrategic part of the initial utility, «™, and

the strategic part of the potential, ¢.

Next we relate the projection error err?(G) to ||u — @||2. Observe that given an

optimal potential function ¢,

err}() = 1600 — Dull} = Y IDn@™ = )|E = Y (™ — ¢), D} D™ — ¢)),

memM memM

(4.50)
by the orthogonality of the image spaces of D,,, m € M.
On the other hand,
lu—alf= Y [um=amff=Y [[u"=a"3=3 llprojmu™ - ¢)|2

meM meMmM meM

= ) (projm(u™ = ¢), projm(u™ — ) (4.51)
meM

= > (W™ = ¢), projm(u™ — ¢))
memM

where the first line follows from (4.47) and the last line follows from the fact that
image of proj,, is orthogonal to image of I — proj,,. From (4.50) and (4.51) it follows
that err?(G) and |Ju — 4|2 are not necessarily equal. The next theorem provides an

inequality between err?(G) and ||u — 4|2

Theorem 4.3.2. Let a game G and its projection G have utilities u = {u™}mesm and

@ = {4™ }men respectively. Then,

lu =4z < erri(G). (4.52)
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Proof. Using (4.50), (4.51) and Theorem 2.2.2,

erri(G) = Z (u™ = @), Dy, Dy (u™ — ¢))

meM

=Y I — ), D D — )

meM hm -1

> > (W= ¢), D, D (u™ = &)

meM

(4.53)

= [ju —alf5.

Thus, |ju — 4|}y < erri(G). O

If h,,, = hp for all m € M. The above proof also implies that err(G) = %Hu—

alls.

4.3.2 Projection in Cj

A related optimization problem for finding a projection of a game to the set of exact
potential games is studied in this section. Consider,

errg(G) = min D ™ —amfs

¢7{ﬂm}mEM meM
st. D™ = Dy, (4.54)

¢, " € Cy forallme M.

Observe that in this optimization formulation the norm of change in the utilities is
minimized. As the utilities are in Cy, and the pairwise comparisons of utilities are not
utilized for projection, the projection approach in this section is different from the
approach taken in the previous section. We refer to the projection problem in (4.54)
as Cy projection. The next theorem states the potential function and the utilities

obtained from the above optimization formulation.
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Theorem 4.3.3. Optimal ¢ and {4™ }uenr Solving (4.54) are given by:

;
o= (Z projm> Z Projpu™. (4.55)

meM meM

and ‘r
4™ = (I — projm)u™ + projm (Z p?"ojk) Z ProjiU. (4.56)
keM kEM
Proof. The optimization problem in (4.54) can be reformulated as
min min u™ — a™||2
g in 3 J -l
st. Dpa™ = D0, (4.57)
a" e Cy forallme M,
or equivalently
min min |[u™ — @™||3
$€Co a™
(4.58)

s.t. Dpa™ = Do,
™ € Co,
since the objective function and the constraints are decoupled for different @™.

First consider for a fixed ¢ the following optimization problem

min  |[u™ —@"||3
st. Dpi™ = Do, (4.59)
a™ € Cy.
Defining v,, = @™ — ¢ an equivalent optimization problem is:
min [|(u" = ¢) = mllz
s.t. Dpym =0, (4.60)

Ym € CO)
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where the optimal solutions of (4.59) and (4.60) are related by 4,, = 4™ — ¢. The
optimal solution of (4.60) is the projection of (u™ — @) to the kernel of D,,, hence

optimal solution can be obtained as 4, = (I — proj,)(u™ — ¢). Therefore,
o™ = (I — projm)u™ + projmo. (4.61)
Using this (4.58) can be reformulated as,

. . m 2
min |[projm(u™ — @)|[5. (4.62)
meM

Let,
F8) = llprojm(u™ =)l = Y (™ = 6), projm(u™ — 6)). (4.63)
memM meM

Where the second equality follows from the fact that the images of proj,, and I—projm,

are orthogonal.

Note that the optimal solution of (4.62) satisfies V f(¢) = 0. Thus, it follows that

V(@)= 2projm(u™ —¢) =0, (4.64)

meM

or equivalently

Z Projpu™ = (Z projm> o, (4.65)

meM meM

which gives an optimal solution of
t
o= (Z projm> Z Projmu™. (4.66)
meM meM
Hence optimal solution 4™ for user m can be rewritten as

+
W™ = (I — projm)u™ + projm, <Z projk) Z ProJriy. (4.67)

keM kem
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Observe that similar to (4.42), (4.56) obtains 4™ as the sum of the nonstrategic
component of 4™ and the strategic component of the potential ¢. On the other hand,
since ¢ is a solution of (4.65), we conclude that in Cy projection the potential is
a function which represents the sum of strategic components of utilities of different
users.

The next theorem presents conditions under which Cy and C; projections coincide.

Theorem 4.3.4. Optimal solutions of Cy projection and Cy projection coincide when

all players have same number of strategies, i.e. hy, = hy for allm € M.

Proof. If for all m € M, h,, = ho, Theorem 2.2.2 suggests that

h
D! Dy = N = 1D,Tan. (4.68)

Thus, (4.55) can be rewritten as

il
. (Z % 1D:”D’”) 3 DDl

memM memM

;
= (Z D;‘an> > D Dyu™.

memM meM

(4.69)

which is equivalent to (4.41), hence potential functions in Cp and C; projections
coincide. On the other hand as can be seen from Theorems 4.3.1 and 4.3.3 both
projections satisfy

™ = (I — D!, Dpp)u™ + D}, Dpb. (4.70)

Hence, the projected utilities are the same and the solutions of Cy and C; projections

coincide. O

4.3.3 Projections Using Infinity Norm

In the previous section projections using 2 norm are studied. The 2 norm has the

benefit of giving closed form solutions for the studied projection problems. However,
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the projection problem can still be generalized to other norms. In this section we
explore projections using infinity norm.
First we define the infinity norm for functions in Cy and C,;. Let ¢ € Cy, X € C,

and v = {u™}nem € CM then

B]]oo = Iggglcb(p)I, (4.71)
llulloo = max [[u™||o, (4.72)
MW=%meﬂmM (4.73)

Let v = {u"}em and v = {Un }mear be two different collections of utility func-

tions. We define the norm of difference of these collections as
_ — m__,m
[lu = vfloo = max [[u™ — v™||o. (4.74)
In a similar fashion to (4.38) the projection problem can be formulated as,

(4.75)
st. @€ Cy
and given ¢, the optimal solution of (4.75), utilities can be constructed as
4™ € argmin  ||u” — @™o
s.t. D™ = D (4.76)

a™ € Cy.

This projection is similar to the C; projection discussed in the previous section and

we refer to this projection as C) projection using infinity norm.

As before we study the projection error and the norm of the difference between

the utilities of the initial game and utilities of its projection.

Theorem 4.3.5. Let a game G and its C1 projection using infinity norm have utilities
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u = {u™}mem and G = {G™}menm respectively. Then,
|[u — il < ETT1(G). (4.77)

Proof. Let ¢ denote the potential of the projection, for all m € M fix a strategy
py € E™. For all m € M, define 4™ : Cy — R such that

a™(p™,p ™) =u"(pg,p ")+ AP, P ") — (PP "), (4.78)

for all p € E. Observe that these utilities satisfy D,,,u™ = D,,¢. Considering equation
(4.76) it follows that

™ = @™|oo < [[u™ = @™|co- (4.79)

Also observe that
™ (p™,p~™) —u" (P p ™) = (¢(p™ p™) — d(py, P ™) — (W™, P ™) —u™(pgL, P ™))
Hence for all p = (p™,p™™) € F,

[@™(p) —u™(p)| = | (¢(P™, p™™) — &(p7, p ™) — (W™ (@™, p™) —u"(pg,p ™)) |
< max |W(p, q)(6o¢ — Du)(p, q)| = &rr1(G),
p,Q€E
(4.80)
as W((pg,p™™),(p™,p ™)) =1 (ie, (pf’,p~™) and (p™, p~ ™) differ in the strategy
of a single player).

Taking the maximum over p € E, m € M and utilizing (4.79), it follows that
v — ]| < EFT1(G). (4.81)

a

Similar to Cy projection that is discussed before one can introduce the following
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projection using infinity norm,

erro(G) = min max |[u™ — ™|
& {T" bnem memM
sit. Dpd™ = Do, (4.82)

o, u" € Cy forall me M.

We refer this projection as Cy projection using infinity norm.
Note that the Cy and C) projections using infinity norm do not admit closed
form solutions. For this reason in the rest of this chapter our main focus will be on

projections using 2 norm.

4.3.4 e-equilibria of a Game and its Projection

In the previous subsections, we studied the closest potential game to an arbitrary

game. In this section we relate the e-equilibria of these games.

Lemma 4.3.1. Let G and G be games with set of players M, strategy space E and

with collections of utilities u and U respectively.

1. Assume, ||lu — |l < a. Then each equilibrium of G is an c-equilibrium of G

and similarly each equilibrium of G is an e-equilibrium of G where € < \/2a.

2. Assume, ||lu— i|l < a. Then each equilibrium of G is an e-equilibrium of G

and similarly each equilibrium of G is an e-equilibrium of G where € < 2a.

Proof. Note that it is sufficient to prove that each equilibrium of G is an e-equilibrium
of , by symmetry it also follows that each equilibrium of G is an e-equilibrium of G.

Let p be a Nash equilibrium of G, and q be a strategy profile that is different than
p in exactly a single strategy (i.e. W(p,q) = 1). Assume that p and q differ in the
strategy of player m only.

1. As |lu —4l]s < a it follows that

o’ > [lu—alfy > (@"(q) —u™(@)” + (@"(p) — u™(p))”. (4.83)
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Note that for any a,b € R; a® + b® < o? implies that a — b < v/2a. Thus (4.83)
implies that

V2a > (i™(q) —u™(q)) — (@™(p) — u™(p)) = 4™(q) — @™ (p).  (4.84)

where the last inequality follows as p is a Nash equilibrium of G and p, q differ
in the strategy of player m only. Since this is true for an arbitrary q which
is different than p in exactly a single strategy, p is an e-equilibrium of the

projected game where € < v/2a.

2. ||u —4||eo < a implies that

2a 2 [(@™(q) — u™(q)) | +] (@™ (p) — u™(P))|

> (4™(q) — u™(q)) — (@™(p) —u™(p)) -

(4.85)

As p is a Nash equilibrium of G and p, q differ in the strategy of player m only
(4.85) implies that
20 > 4™ (q) — 4™ (p)- (4.86)

Since this is true for an arbitrary q which is different than p in exactly a single

strategy, p is an e-equilibrium of the projected game where € < 2a.

Corollary 4.3.1. Let G be a game and G be its projection.

1. If 2 norm 1is used in the projection (Cy or C)) and err denotes the projection
error then any equilibrium of G is an e-equilibrium of G and any equilibrium of

G is an e-equilibrium of G for € < \/2err.

2. If infinity norm is used in the projection (Cy or C1) and erT denotes the projec-
tion error then any equilibrium of G isan e-equiltbrium of G and any equilibrium

of G is an e-equilibrium ofé for e < 2err.

Proof. Claim immediately follows from definitions of the projections, Theorem 4.3.2,

Theorem 4.3.5 and Lemma 4.3.1. |
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4.3.5 Distributed Implementation

In this section we discuss the distributed implementation of the projections using
2-norm. As Theorems 4.3.1 and 4.3.3 suggest the projected utilities contain a non-
strategic component, (I — proj,,)u™, and a strategic component obtained from the
potential function. Note that each player can calculate the nonstrategic part of its
projected utility on its own. On the other hand, the strategic components for C; and

Cp projections are

T
Projm@™ = projm (Z AO,k) Z Ao kg (4.87)

keM keM

and

T
projm@™ = projm, (Z pfrojk) Z Projriy. (4.88)

kem keM
respectively. However, this implies that in order to calculate the projections, all users
require the knowledge of Y e Do pUr O Y resm Projrug depending on the projection
being utilized. On the other hand these quantities can be calculated using distributed

averaging or consensus algorithms.

Averaging algorithms are a special case of consensus algorithms with the goal
of computing average of the initial values of nodes (or agents) on a graph. The
objective of averaging algorithms is to design simple distributed update schemes,
which do not require the knowledge of the underlying graph, in order to calculate
the average of the initial values of the agents. A widely studied averaging algorithm
due to [52] necessitates having agents which update their values by taking a weighted
average of their own values and the information received from their neighbors. Given
a communication graph, this algorithm can be ensured to converge to the average of
the initial values if the weights are properly chosen. For example, it can be shown
that convergence to the average of the initial values of agents ({2™(0)}men), takes

place in a n node network if at each step each node with d neighbor updates its value
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to

o+ 1) = " 4 mt) + % S 2h) (4.89)
keN(m)

where N(m) is the set of neighbors of user m, £™(t) is the value of node m at time
t. The convergence of this particular algorithm to the average of the initial values of
agents follows as the update matrix with the given weights is doubly stochastic (i.e.,
if the updates in (4.89) are written as z(t + 1) = Uz(t) where z is the vector of z™

matrix U is doubly stochastic) .

Note that as averaging can be done in a distributed manner utilizing the con-
sensus algorithms, the distributed computation of the strategic components in (4.87)
and (4.88) is possible. In the simple scheme we suggest for C; projection, each
player k£ € M calculates Agzu® and then, using the update rule described in equa-
tion (4.89) players obtain == 3,1, Aokt in the limit. Similarly for Co projection
players first calculate projyu® and the update rule converges to ﬁ > keM projyuk.
Given = 3, v DoxtF or 57 D e un projru® each player can calculate its new utility
in the projected game. Hence, the described approach allows distributed implemen-
tation of the projections introduced in Section 4.3. Distributed projection approach

is illustrated via simulations in the next section.

4.3.6 Simulations

In this section we present a simulation for projection to the set of exact potential
games utilizing a distributed algorithm. We assume that the updates follow the
update equation (4.89) and projection is found in a distributed manner described in

the previous section.

The game we simulate is related to average opinion game of [41]. In average
opinion games each player picks a number from a finite set (we assume that E™ =
{1,2,3} for all m € M) and the payoff of each user is assumed decrease with the

deviation of its number from the median of the numbers all players pick. A candidate
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utility for user m at p € E satisfies
u™(p) = 2M — (M — p™)?, (4.90)

where M is the median of p*, k € M. It is known that average opinion games are
not weighted potential games. By simulations it can be verified that such games are

ordinal potential games.

We consider a related graphical game in which each node corresponds to a player

and the payoff function of player m is given by
W™ (p) = 231 — (3™ — p™P, (4.91)

where M™ is the median of p*, k € N (m) (N(m) is the set of neighbors of player m).
Hence the game is an average opinion game on a graph where each player is trying

to reach the median opinion of its immediate neighbors.

We run our simulations for the communication graph given in Figure 4.3.6. For

Figure 4-2: The communication graph of players.

the given graph the game is not an ordinal potential game, hence weak improvement
cycles exist in the set of strategy profiles. Since all players have same number of
strategies, Cy and (' projections coincide for this game.

We assume that players can only communicate with their neighbors in the graph
given in Figure 4.3.6. Thus, update equation also relies on this graph.

In Figure 4-3 we plot the utility functions of all players in the initial and the

114



projected games. It can be seen that the projected utilities are very similar to the

initial utilities in terms of the payoffs.
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Figure 4-3: Original and projected payoff functions

In Figure 4-4 we plot the projection error at each step of the consensus algorithm.

It can be seen from this figure that convergence to the projected game takes place in

a small number of steps.

Projection Error

70

o 1 1

Projection Error vs. Time
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Figure 4-4: Projection Error vs. Time

Next we assume that players utilize their best responses and do projection simul-

taneously. We also assume that the game is initialized at a randomly chosen strategy
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profile and at each update each player independently plays its best response with
probability 0.5. We assume that the best responses are played according to players
payoff function at the time of the update. In Figure 4-5 we plot the aggregate payoffs
of players at each step of the consensus algorithm. It can be seen that aggregate
payoffs also converge in small number of steps, hence an equilibrium is reached, after
a small number of steps. On the other hand, in the initial game it may not be possible

to reach an equilibrium with best responses due to weak improvement cycles in the

joint strategy space.

Aggregate Payoffs vs. Time
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Figure 4-5: Aggregate Payoff vs. Time
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Chapter 5

Conclusions

5.1 Summary

In this thesis we have considered a wireless network game, where mobiles interact over
a shared collision channel. The novelty in our model is the state correlation assump-
tion, which incorporates the effect of global time-varying conditions on performance.
In general, the correlated state can be exploited by the users for time-division of
their transmission, which would obviously increase the system capacity. However,
we have shown that under self-interested user behavior, the equilibrium performance
can be arbitrarily bad. Nevertheless, the efficiency loss at the best equilibrium can
be bounded by a function of a technology parameter, which accounts both for the
mobiles power limitations and the level of discretization of the underlying channel
quality. Importantly, we have shown that under certain assumptions best-response
dynamics converge to an equilibrium in finite time, and empirically verified that such
dynamics converge fairly fast.

In the study of dynamics of the scheduling game we used the properties of poten-
tial games. In order to have a better understanding of potential games we studied
the convexity properties and dimensions of the spaces of potential games. We also
extended the known results in the literature on the existence of ordinal potential in
games and used these new results to show that the scheduling game introduced in

this thesis does not have a twice continuously differentiable potential function unless
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a rate alignment condition holds.

In this thesis, we have also studied the problem of finding a potential game that is
close in some sense to a given game. To this end, we have defined different methods
for projecting a game to the set of exact potential games. We have obtained closed
form solutions for projections using 2-norm, and showed that if 2-norm is used the
projection can be obtained with a distributed scheme by making use of the consensus
algorithms. Our simulations indicate that a distributed algorithm converges to a
potential game in a small number of steps.

Additionally, we obtained a relationship between the equilibria of a game and
its projection. Particularly, we showed that the equilibria of a game remain to be

e-equilibria of its projection, where € is bounded by the projection error.

5.2 Future Work

We briefly note several extensions and open directions of the presented work.

For the scheduling game the convergence analysis of best-response dynamics un-
der more general conditions is important. It is demonstrated with simulations that
convergence to an equilibrium with best responses takes place even when the game
is not a potential game. This suggests that new tools rather than the theory of
potential games are necessary in order to prove convergence of dynamics when the
rate alignment condition does not hold. Another challenging direction is to obtain a
tight bound on the price of stability, and examine how the price of anarchy can be
bounded while fixing other game parameters besides the technological quality. The
fading model we used in this thesis assumed that all users in the network receive
the same channel state at all time instants. An extension of the current model is to
consider the partial correlation case, in which a user reacts to a channel state that
incorporates both global and local temporal conditions.

In this thesis we provide a condition for existence of twice continuously differen-
tiable ordinal potential in continuous games. However, it is not true that a potential

game with differentiable utility functions always has a differentiable potential func-
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tion. Therefore, it is necessary to relax this differentiability assumption in order to be
able to test existence of ordinal potential in games. Tools from differential calculus
and vector calculus may be used in order to relax the differentiability condition on
the potential. We leave this as a challenging future problem.

It is interesting to identify other convex sets of games with desirable properties.
Given a convex set of games it is possible to extend the current projection framework
to obtain projections of games to this set. This approach provides insights on how
to modify the game (or equivalently the utilities of players) to obtain a game with
desirable properties. One particular example is projecting a game to the set of exact
potential games, with convex potential functions. This set is convex and projection
of an arbitrary game to this set has a unique equilibrium. Therefore, projection of
an arbitrary game on this set may be important, and is a topic for future study.

The distributed projection method presented in this thesis requires each player
to exchange its entire payoff matrix with its neighbors. However, it is not clear if
a distributed scheme, which obtains projection of a game to the set of exact poten-
tial games, exists under communication constraints. Study of distributed projection
schemes which work under communication constrains may be important for practical

applications of the projections and is left as a future problem.

119



120



Bibliography

[1] T. Alpcan, T. Basar, R. Srikant, and E. Altman. CDMA uplink power control
as a noncooperative game. Wireless Networks, 8:659-670, 2002.

[2] E. Altman. Constrained Markov Decision Processes. Chapman & Hall/CRC,
1999.

(3] E. Altman, Z. Altman, and F. INRIA. S-modular games and power control in
wireless networks. Automatic Control, IEEE Transactions on, 48(5):839-842,
2003.

[4] E. Altman, K. Avrachenkov, G. Miller, and B. Prabhu. Discrete power con-
trol: Cooperative and non-cooperative optimization. In INFOCOM, pages 3745,
2007.

[5] E. Anshelevich, A. Dasgupta, J. Kleinberg, E. Tardos, T. Wexler, and T. Rough-
garden. The price of stability for network design with fair cost allocation. In
Foundations of Computer Science, 2004. Proceedings. 45th Annual IEEE Sym-
posium on, pages 295-304, 2004.

[6] A. Arapostathis, V.S. Borkar, E. Fernandez-Gaucherand, M.K. Ghosh, and S.I.
Marcus. Discrete-time controlled Markov processes with average cost criterion:
A survey. Optimization, 31(2):282-344, 1993.

[7] G. Arslan, J.R. Marden, and J.S. Shamma. Autonomous vehicle-target assign-
ment: A game-theoretical formulation. Journal of Dynamic Systems, Measure-
ment, and Control, 129:584, 2007.

[8] D.P. Bertsekas. Nonlinear programming. 2004.
[9] D. Bertsimas and J.N. Tsitsiklis. Introduction to Linear Optimization. 1997.
[10] F.J. Beutler and K.W. Ross. Optimal policies for controlled markov chains with
a constraint. Journal of mathematical analysis and applications, 112(1):236-252,

1985.

[11] S.P. Boyd and L. Vandenberghe. Conver Optimization. Cambridge University
Press, 2004.

121



[12] G. Christodoulou and E. Koutsoupias. The price of anarchy of finite congestion
games. In Proceedings of the thirty-seventh annual ACM symposium on Theory
of computing, pages 67-73. ACM New York, NY, USA, 2005.

[13] F.R.K. Chung. Spectral graph theory. American Mathematical Society, 1997.

[14] J.R. Correa, A.S. Schulz, and N.E. Stier-Moses. On the inefficiency of equilibria
in congestion games. Lecture Notes in Computer Science, 3509:167-181, 2005.

[15] G. Debreu. A social equilibrium existence theorem. Proceedings of the National
Academy of Sciences, 38(10):886-893, 1952.

[16] G. Debreu. Smooth preferences. Econometrica, 40(4):603-615, 1972.

[17] D. Fotakis, S. Kontogiannis, and P. Spirakis. Selfish unsplittable flows. Theoret-
ical Computer Science, 348(2-3):226-239, 2005.

(18] D. Fudenberg and D.K. Levine. The theory of learning in games. MIT press,
1998.

[19] D. Fudenberg and J. Tirole. Game Theory. Mit Press, 1991.

[20] LL. Glicksberg. A further generalization of the Kakutani fixed point theorem,
with application to Nash equilibrium points. Proceedings of the American Math-
ematical Society, pages 170-174, 1952.

[21] X. Jiang, L.E.K.H. Lim, Y. Yao, and Y. Ye. Learning to Rank with Combinato-
rial Hodge Theory. stat, 1050:7, 2008.

[22] R. Johari, S. Mannor, and JN Tsitsiklis. Efficiency loss in a network resource
allocation game: the case of elastic supply. IEEE Transactions on Automatic
Control, 50(11):1712-1724, 2005.

(23] L. Lai and H. El Gamal. Fading Multiple Access Channels: A Game Theoretic
Perspective. In 2006 IEEE International Symposium on Information Theory,
pages 1334-1338, 2006.

[24] L. Lai and H. El Gamal. The Water-Filling Game in Fading Multiple-Access
Channels. Information Theory, IEEE Transactions on, 54(5):2110-2122, 2008.

[25] Z. Luo and J. Pang. Analysis of iterative waterfilling algorithm for multiuser
power control in digital subscriber lines. EURASIP J. Appl. Signal Process.,
2006(1):1-10.

[26] A.B. MacKenzie and S.B. Wicker. Game theory in communications: motivation,
explanation, and application to power control. In IEEE Global Telecommunica-
tions Conference, 2001. GLOBECOM’01, volume 2, 2001.

[27] J.R. Marden, G. Arslan, and J.S. Shamma. Cooperative Control and Potential
Games.

122



(28] J.R. Marden, G. Arslan, and J.S. Shamma. Joint Strategy Fictitious Play with
Inertia for Potential Games. In Decision and Control, 2005 and 2005 European
Control Conference. CDC-ECC’05. 44th IEEE Conference on, pages 6692-6697,
2005.

[29] J.R. Marden, G. Arslan, and J.S. Shamma. Connections between cooperative
control and potential games illustrated on the consensus problem. In Proceedings
of the 2007 European Control Conference (ECCOT), 2007.

[30] J.R. Marden and M. Effros. The Price of Selfishness in Network Coding.

[31] J.R. Marden and J.S. Shamma. Revisiting Log-Linear Learning: Asynchrony,
Completeness and Payoff-Based Implementation. Game and Economic Behavior,
2008.

[32] A. Mas-Colell. The theory of general economic equilibrium. a differentiable ap-
proach. Cambridge Univ Pr, 1989.

[33] I. Menache and E. Altman. Battery-State Dependent Power Control as a Dy-
namic Game. In Modeling and Optimization in Mobile, Ad Hoc, and Wireless
Networks and Workshops, 2008. WiOPT 2008. 6th International Symposium on,
pages 242-250, 2008.

[34] 1. Menache and N. Shimkin. Decentralized Rate Regulation in Random Access
Channels. INFOCOM 2008. The 27th Conference on Computer Communica-
tions. IEFEE, pages 394-402, 2008.

[35] 1. Menache and N. Shimkin. Efficient Rate-Constrained Nash Equilibrium in
Collision Channels with State Information. INFOCOM 2008, pages 403-411,
2008.

[36] I. Menache and N. Shimkin. Noncooperative power control and transmission
scheduling in wireless collision channels. 2008.

[37] F. Meshkati, H.V. Poor, and S.C. Schwartz. Energy-efficient resource allocation
in wireless networks. IEEFE Signal Processing Magazine, 24(3):58-68, 2007.

[38] F.Meshkati, H.V. Poor, S.C. Schwartz, and N.B. Mandayam. An energy-efficient
approach to power control and receiver design in wireless data networks. Com-
munications, IEEE Transactions on, 53(11):1885-1894, Nov. 2005.

[39] A. Molisch. Wireless communications. Wiley-IEEE Press, 2005.

[40] D. Monderer and L.S. Shapley. Fictitious play property for games with identical
interests. Journal of Economic Theory, 68(1):258-265, 1996.

[41] D. Monderer and L.S. Shapley. Potential Games. Games and Economic Behavior,
14(1):124-143, 1996.

123



[42] N. Nisan, T. Roughgarden, E. Tardos, and Vijay V. Vazirani. Algorithmic Game
Theory. Cambridge University Press, New York, NY, USA, 2007.

[43] H. Norde and F. Patrone. A potential approach for ordinal games. TOP, 9(1):69—
75, 2001.

[44] J.B. Rosen. Existence and uniqueness of equilibrium points for concave n-person
games. Econometrica, 33(3):520-534, 1965.

[45] R.W. Rosenthal. A class of games possessing pure-strategy Nash equilibria.
International Journal of Game Theory, 2(1):65-67, 1973.

[46] T. Roughgarden. Selfish Routing and the Price of Anarchy. MIT Press, 2005.

[47] T. Roughgarden and E. Tardos. How bad is selfish routing? Journal of the ACM
(JACM), 49(2):236-259, 2002.

[48] T. Roughgarden and E. Tardos. Bounding the inefficiency of equilibria in
nonatomic congestion games. Games and Economic Behavior, 47(2):389-403,
2004.

[49] C.U. Saraydar, N.B. Mandayam, and D.J. Goodman. Pricing and power con-
trol in a multicell wireless data network. IEEE Journal on Selected Areas in
Communications, 19(10):1883-1892, 2001.

[50] G. Scutari, S. Barbarossa, and D.P. Palomar. Potential games: A framework
for vector power control problems with coupled constraints. In Proc. IEEE In-
ternational Conference on Acoustics, Speech, and Signal Processing (ICASSP),
2006.

[51] V. Shah, N.B. Mandayam, and D.J. Goodman. Power control for wireless data
based on utility and pricing. In Personal, Indoor and Mobile Radio Communi-
cations, 1998. The Ninth IEEFE International Symposium on, volume 3, 1998.

[52] J.N. Tsitsiklis. Problems in decentralized decision making and computation. PhD
thesis, M. I. T., Dept. of Electrical Engineering and Computer Science, 1984.

[53] M. Voorneveld. Best-response potential games. Economics Letters, 66(3):289—
295, 2000.

[54] M. Voorneveld and H. Norde. A Characterization of Ordinal Potential Games.
Games and Economic Behavior, 19(2):235-242, 1997.

[55] M. Xiao, N.B. Shroff, and E.K.P. Chong. A utility-based power-control scheme
in wireless cellular systems. JEEE/ACM Transactions on Networking, 11(2):210-
221, 2003.

[56] H.P. Young. Strategic Learning and Its Limits. Oxford University Press, 2004.

124



[57] W. Yu, G. Ginis, and J.M. Cioffi. Distributed multiuser power control for digital
subscriber lines. IEEE Journal on Selected areas in Commaunications, 20(5):1105—
1115, 2002.

125



