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A “synthetic diagnostic” has been developed to calculate the expected experimental response of
phase contrast imaging �PCI�, a scattering diagnostic used to measure density fluctuations in
laboratory plasmas, to a tokamak discharge modeled with the GYRO nonlinear gyrokinetic code
�J. Candy and R. Waltz, J. Comput. Phys. 186, 545 �2003��. The synthetic PCI includes the spatial
response of the experimental diagnostic, primarily implemented as a line integral of plasma density
along the beam path, and the minimum and maximum wavenumber response resulting from the
detection scheme. The synthetic PCI can be used for comparisons between GYRO and experiment as
well as studies of the PCI response. © 2010 American Institute of Physics. �doi:10.1063/1.3435217�

I. INTRODUCTION

An ever more important role in plasma research is being
played by computer models of plasma turbulence which cal-
culate the fluctuating plasma densities and potentials in toka-
maks in the wavenumber and frequency range believed to
cause particle and energy transport, k�e�1 and ���ci.

1 The
models can help illuminate the underlying physics of trans-
port, for example, the correlation between the level of trans-
port and the fluctuation amplitude2 and the relative phase3 or
the contribution to transport by instabilities at different
spatial scales.4 A computer model has two advantages
over an experiment. First, the models are easier to diag-
nose than the experimental plasmas, both because some
fields, such as the potential, are difficult to measure
experimentally and because the model permits an arbitrary
number of samples at any spatial scale. Second, bulk plasma
parameters such as the density and temperature can be varied
individually and precisely in a simulation but can only be
controlled indirectly in an experiment. Another role of mod-
els in plasma research lies in prediction. It is critical that
the design of large scale, high performance experiments such
as ITER be based on accurate predictions of plasma
performance.5

For reliable predictive capability, appropriate validation
of the model is required;6 that is to say a model must be
shown to be consistent with physical experiments in the pa-
rameter range in which it is applied. The comparison of
model results to experiment is not as simple as it would seem
due to the limitations of experimental diagnostics. All plasma
measurements have limits in wavenumber, frequency, and
spatial response, and the instrumental response must be in-
corporated in any valid comparison between modeling and
experiment. A “synthetic diagnostic”7,8 applies the known
instrumental response to the output of the computer model to
calculate the signals that would be generated by the experi-
mental diagnostic. The synthetic diagnostic data can then be

analyzed as if it were experimental data to find frequency
spectra, correlation lengths, or other parameters as appropri-
ate for the diagnostic, the result of which can be used
for direct, quantitative comparisons between the model and
experiment.

Interpretation of the results of phase contrast imaging
�PCI� benefits significantly from the synthetic diagnostic
approach. As described below, PCI effectively integrates
the path of a laser beam through the plasma9 �shown in
Fig. 1�. While several assumptions are required to estimate
parameters such as total fluctuation amplitude ñ or cor-
relation length from PCI measurements,10 a comparison of
PCI results with modeling results can be made using a
synthetic diagnostic without making these questionable
assumptions.

Not every model provides output suitable for a synthetic
PCI �SPCI�. The model must cover the large radial and po-
loidal extent of the plasma traversed by the PCI beam path.
The range of the model must extend beyond the wavenumber
range expected for ion thermal gradient and trapped-electron
mode instabilities into the range of electron thermal gradient
instabilities to match the wavenumber range of the PCI di-
agnostics on DIII–D �Ref. 11� and Alcator C-Mod.12 The
model determined to best fit these requirements is the non-
linear gyrokinetic code GYRO.13–15 It includes the full gyro-
kinetic response of both electrons and ions, electromagnetic
effects, plasma shaping, and can use experimental profiles
for plasma parameters.

Synthetic diagnostics are best implemented as postpro-
cessors. That allows for separate development of the model
and synthetic diagnostic and permits many synthetic diag-
nostics to be applied to the output of each relatively costly
model run. Several synthetic diagnostics exist for use with
GYRO.7,8

Section II of this paper describes the calculations that
constitute the SPCI diagnostic. Section III provides an ex-
ample of the SPCI applied to a simulation of a plasma typical
of Alcator C-Mod.
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II. COMPONENTS OF THE SPCI CALCULATION

A. Plasma geometry

GYRO does not allow a completely free representation of
the flux surfaces. Instead, the Miller geometry16 is assumed,
which ensures that the plasma is in magnetohydrodynamics
equilibrium. An approximate Miller geometry representation
must be determined for the plasma to be simulated. This is
provided by codes such as TRANSP �Ref. 17� and ONETWO.18

The Miller flux surfaces for a simulation of C-Mod are
shown in Fig. 2. In the Miller representation, each flux sur-
face is parametrized as

R = R0 + r cos�� + sin−1 � sin �� , �1�

z = �r sin � . �2�

The terms R0, �, �, and r vary across the plasma profile. For
simplicity, each flux surface can be labeled with its value of
r, and R0, �, and � then become functions of r. A term �1

describing up-down asymmetry in triangularity is also in-
cluded in GYRO, but as it has minimal effect on the part of
the plasma concerning the SPCI it is not considered here.
The parameters R0�r�, ��r�, and ��r� are provided as values
at a discrete set of points. In practice, the set of points is
dense enough �e.g., 50 points across the plasma column� that
a piecewise linear interpolation is adequate for the SPCI.
Note that � is a dummy parameter and not a physical angle,
i.e., �� tan−1�z / �R−R0�� except for plasmas with circular
cross section.

The position of the PCI beam path is fixed in laboratory
space but not in Miller coordinates because the geometry of
each plasma varies. It is necessary therefore to invert the
relations in Eqs. �1� and �2� to determine the values of r and

� that correspond to a point �R ,z� in laboratory space. This
calculation is trivial to describe but not to implement. The set
of equations cannot be inverted directly both because the �
dependence is complex and because the interpolated func-
tions R0�r�, ��r�, and ��r� are not analytic. In restricted por-
tions of the plasma, for example near the midplane �i.e.,
�=0�, approximations may be used to simplify the calcula-
tion, but the SPCI must be accurate for all values of �. The
values of R and z must be determined to an accuracy much
better than 1 mm to allow the SPCI to accurately represent
wavenumbers as high as 40 cm−1 as appropriate for the ex-
perimental diagnostics.

The inversion is accomplished by first defining a dis-
tance function

D�r,�� = ��R1 − R�r,���2 + �z1 − z�r,���2�1/2, �3�

where R�r ,�� and z�r ,�� are defined in Eqs. �1� and �2�. Then
a minimization procedure is applied to the square of D,
thereby finding the values of r and � that correspond to the
laboratory coordinates �R1 ,z1�. Minimization is applied to
the square of D because that quantity is roughly quadratic
near the minimum.

It is important to note the manner in which the parameter
� can introduce errors into the calculation. Miller approxima-
tions of experimental plasma geometries may show a large

(b) DIII−D(a) C−Mod

1 m0.75 m
FIG. 1. PCI beam paths on �a� Alcator C-Mod and �b� DIII–D are shown
shaded on the machine cross section.
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FIG. 2. Miller coordinate system for a GYRO simulation of a C-Mod dis-
charge. Flux surfaces are spaced by 0.05 in r /a. Spacing of � coordinates is
2� /20.
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amount of “noise,” or spurious oscillations, in the fit to ��r�
because the flux surface shape is insensitive to small changes
in �. This is equivalent to extremely large short-scale varia-
tions in plasma current, which has little effect on the shape of
the flux surfaces or the GYRO simulation, but distorts the
geometry mapping described here and hence the reconstruc-
tion of the fluctuating density. The parameter ��r� resulting
from the fits must be monitored and adjusted if necessary.

B. Density reconstruction

The PCI measurement is sensitive to electron density, so
the SPCI requires a calculation of the fluctuating density ñe

at arbitrary �r ,�� in the plasma. GYRO calculates the fluctu-
ating density as a series of toroidal modes with explicit spa-
tial dependence. For each mode �, a complex envelope func-
tion �n��r ,� , t� is evolved nonlinearly. The outputs of GYRO

include a file storing the geometrical phase ��r ,�� and a file
with the density moments �n��r ,� , t� for all �, r, �, and t for
each plasma species. The fluctuating density is calculated
as8,13

ñ�r,�,	,t� = n̄e �
�=−�N−1�

N−1

�n��r,�,t�e−i��	+��r,��+�0t�, �4�

where n̄e is a constant scale factor, N is the number of modes
simulated, �0 is a rotation frequency, and the reality condi-
tion defines �n� for ��0. The short-scale poloidal variation
in the fluctuations comes from the phase of the exponential
term. The rotation frequency produces the Doppler shift aris-
ing from plasma motion perpendicular to the magnetic field.

The plasma density must be determined at arbitrary
�r ,�� while �n� and � are known only on a grid. Because
both the envelope functions �n� and the geometry function �
vary slowly with �, a simple weighted average of the four
nearest grid points is used to interpolate �n� and � in r and �,

H�r,�� = wrw�H�ri,� j� + �1 − wr�w�H�ri+1,� j�

+ wr�1 − w��H�ri,� j+1�

+ �1 − wr��1 − w��H�ri+1,� j+1� , �5�

where ri�r�ri+1, � j ���� j+1, wr= �ri+1−r� / �ri+1−ri�,
w�= ��i+1−�� / ��i+1−�i�, and H is either � or �n�. The density
is constructed according to Eq. �4� using the interpolated
values of � and �n�. The given interpolation scheme has been
found to produce a density ñ which is smooth and undis-
torted, while interpolating the calculated values of ñ leads to
significant errors.

Performing the interpolated density reconstruction
around the midplane on the high-field side of the plasma
requires the proper symmetry and continuity relations. The
geometric phase � is antisymmetric in � for up-down sym-
metric plasmas, and hence is discontinuous at �=�. The
electron density ñe is continuous at �=� for all values of 	,
so each term in the sum in Eq. �4� is continuous at �=�.
These two relations permit the calculation of �n��r ,�=� , t�
from �n��r ,�=−� , t�.

C. Response of PCI

PCI is an internal reference beam interferometry tech-
nique. Invented by Frits Zernike for microscopy, the appli-
cation to tokamak plasmas was developed by Weisen.9 The
PCI method operates by turning the variation in the index of
refraction in a probed medium into amplitude variation at an
observation point. It is a small-angle scattering technique
with the detector at an image plane. The experimental setup
on DIII–D �Ref. 19� is typical of installations on tokamak
devices. A 5 cm diameter CO2 laser beam at 
0=10.6 �m is
used to probe the plasma.11 The laser passes through the
plasma nearly vertically. The laser is imaged onto a 16 chan-
nel HgMnTe detector with circular elements. The detector
bandwidth is roughly 10 MHz, higher than the typical signals
of interest ��1 MHz�. The Alcator C-Mod �Ref. 20� PCI
system21 is similar.

In the plasma, the wave fronts of the electric field of the
probe beam are distorted by density fluctuations,9

Epl = E0ei��R̄,t� � E0�1 + i��R̄,t�� , �6�

where R̄ is a coordinate perpendicular to the beam. PCI can
generate a two-dimensional �2D� image, but electrostatic tur-
bulence in tokamaks shows little variation along the field
lines; hence PCI is often implemented as a one-dimensional

diagnostic. The coordinate R̄ is identical to the radial coor-
dinate R for a purely vertical probe beam. The term E0 in-
cludes effects that can be neglected for the current calcula-
tion, including the intensity profile of the beam and the phase
shift due to propagation. The wavelength of the probe beam
is chosen so that �
1.

In the detection system, an optical element called a
phase plate is used to shift the phase of the unscattered ra-
diation by � /4. The phase plate used on DIII–D is a 5 cm
diameter ZnSe disk. The disk has a reflective coating with a
thickness 
0 /8 except over an uncoated central region. The
most weakly scattered radiation cannot be separated from the
unscattered beam, leading to a loss of response at small
wavenumbers. The nature of this cutoff has been calculated
and the behavior verified in the laboratory.22 The response
has the functional form

T�k� = 1 − e−�k/kmin�2
, �7�

where kmin depends on physical parameters of the optical
system. The discussion below assumes that this cutoff is
applied.

The radiation with the unscattered component phase
shifted by the phase plate is then imaged on the detector with
magnification M creating an electric field

Edet�MR̄,t� = E0�i + i��R̄,t�� . �8�

The detector is sensitive to intensity,

Idet = 	Edet	2 = 	E0	2	i + i�	2 � 	E0	2�1 + 2��R̄,t�� . �9�

The detectors are ac coupled, so the detected intensity is
proportional to the phase shift �. The beam size at the
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detector plane is larger than the detector, so variation in am-
plitude across the beam can be neglected or easily normal-
ized out.

The phase shift � results from the index of refraction of
the plasma, which is

N = �1 − �pe
2 /�2�1/2 � 1 − �pe

2 /2�2 �10�

for a CO2 laser beam with frequency �. The phase shift is
thus related to the plasma frequency,

��R̄� = k0
 �N − 1�dz̄ = −
 �pe
2 /�2c��dz̄ , �11�

where k0 is the wavenumber of the laser beam and z̄ de-
scribes length along the beam path. Using the definition of
plasma frequency �pe

2 =nee
2 /�0me and Eqs. �9� and �11�, the

time-dependent intensity at the detector is

Ĩdet �
 ñe�R̄, z̄�dz̄ . �12�

D. Assembling the SPCI signal

The equations presented in the previous sections are
combined in a straightforward fashion to create the SPCI.
The calculation simply integrates the intensity at the detector
plane as described by Eq. �12� over each detector element. A
set of chords parallel to the probe beam is chosen, spanning
the width of the probe beam with a spacing of less than 1/4
of the detector element spacing. In the coordinate system

used, each chord corresponds to a single value of R̄. A set of
points along each chord is chosen with a spacing �z̄ smaller
than the shortest wavelength mode included in the simulated
data.

For each point �R̄ , z̄� in each chord, the corresponding
�R ,z� is used to calculate the Miller coordinate �r ,�� as de-
scribed in Sec. II A. The fluctuating electron density is cal-
culated at each �r ,�� in the PCI beam path as described in
Sec. II B. The line integral along the beam path described by
Eq. �12� is calculated as a sum over z̄. The appropriate low k

response is included by performing a Fourier transform in R̄
and multiplying by the response described by Eq. �7�. The
result is the intensity as a function of position across the
detector.

The signal from each detector element is then calculated
by performing an integral of the intensity over the area of the
element. Detector elements on the DIII–D PCI are circular
while the Alcator C-Mod PCI uses a detector with rectangu-
lar elements. The shape of the detector elements controls the
system response above the highest resolvable wavenumber.
Aliasing is not a problem in practice as the plasma turbu-
lence spectrum falls off quickly with increasing k; optical

z
(m

)

R (m)

-8

-6

-4

-2

0

2

4

6

8

ñ
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FIG. 3. �Color online� A reconstruction of fluctuating electron density ñe for
a typical GYRO run. This is performed on a simple grid for visualization
purposes. The vertical lines represent the PCI beam path.
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FIG. 4. �Color online� The spectrum S�kPCI , f� from a SPCI calculation
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perpendicular plasma flow velocity of approximately V�=3.2 km /s at the
measurement location. Dashed line represents a phase velocity of 4 km/s.
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antialiasing apertures can be added easily to the experimental
PCI and incorporated into the SPCI as a high k cutoff to the
transfer function in Eq. �7�.

The resulting signals are stored in the format used for
experimental PCI data so that the same routines are used for
analysis of SPCI data as are used for experimental PCI data.
The SPCI is implemented in the high-level computer lan-
guage IDL,23 commonly used in fusion research, as are most
of the data analysis routines. The calculation can be speeded
up when accurate response at the wavenumber limits is not
needed by reducing the number of chords. The span of the
chords can be limited to the portion of the beam imaged on
the detector instead of the entire beam width at the loss of
accurate low k response. The chord spacing can be increased
to one chord per detector element when no high k modes are
present in the simulation and correct modeling of the high k
response is not needed. In practice, the speed difference is
two orders of magnitude.

E. Verification of the SPCI

Verification of a model consists of establishing that a
calculation accurately implements the underlying mathemati-
cal equations.6 Each stage of the SPCI was analyzed sepa-
rately to find any errors in the implementation. The inversion
of the mapping described in Sec. II A was tested to ensure
that mapping �R ,z�→ �r ,��→ �R� ,z�� reproduces the initial
value. The inversion was also tested to verify that a continu-
ous path in �R ,z� space produces a continuous path in �r ,��
space. Calculation of the density reconstruction described in
Sec. II B was tested by implementing it twice in two inde-
pendent pieces of code. First, the density was calculated for
the entire simulated region on the given r grid and interpo-
lated in �. This is primarily for visualization. Second, the
fluctuating density was calculated in a separately written
piece of code on a rectangular grid in �R ,z� to create a con-
tour plot which was compared to the results from the visual-
ization code. The calculation was also tested by checking
that ñ calculated along a continuous path in �R ,z� is also
continuous. The spectrum S�k , f� resulting from the SPCI
calculation was compared to the 2D spectra S�kr ,k� , f� cal-
culated at several points along the beam path. Only the por-
tions of the 2D spectra at k� ẑ �for a PCI beam in the ẑ
direction� contribute to the SPCI spectrum; a sum of these
must have the same characteristics as the SPCI spectrum.

III. EXAMPLE OF THE SPCI APPLIED
TO A SIMULATION OF ALCATOR C-MOD

The SPCI was written to apply equally well to the PCI
diagnostics on Alcator C-Mod and DIII–D. Most of the re-
quired information is included in the GYRO output, but addi-
tional parameters of the PCI system are required; end points
for the PCI laser path, the beam width, the number of detec-
tor channels, the channel spacing, the detector element
shape, the optical magnification, and kmin. The SPCI has been
applied recently to model C-Mod plasmas during studies of
transport in both L-mode plasmas24 and H-mode plasmas.25

The examples shown here are taken from the study of trans-
port in H-mode plasmas. Complete details on the plasma

parameters and the experimental PCI measurements are
available in Ref. 25.

A reconstruction of the density fluctuations as predicted
by GYRO for the C-Mod H-mode plasmas studied is shown
in Fig. 3. The PCI beam path is shown at its maximum
width. The simulation covers the region 0.38�r /a�0.80 of
a plasma with parameters Te0=Ti0=1.4 keV, ne0=2.3
�1020 m−3, B0=4.5 T, and Ip=0.8 MA, with 2MW of off-
axis ion cyclotron resonance heating at 80 MHz. Two fea-
tures indicate that the PCI signal above 200 kHz results from
density fluctuations in the radial portion of the plasma in-
cluded in the simulation. First, the phase velocity of the tur-
bulence is close to the measured E�B velocity both before
and after the internal transport barrier forms. The Doppler
shift in turbulence near the plasma edge is lower; hence it
does not contribute significantly to the PCI signal at high
frequency. Second, the spatial localization filter is able to
localize the signal to the upper or lower plasma as shown
below, and neither turbulence near the midplane nor turbu-
lence near the last closed flux surface can be localized due to
the magnetic geometry.

The SPCI spectrum S�kPCI , f� constructed from this
GYRO simulation is shown in Fig. 4. Parameters of the Alca-
tor C-Mod PCI are used: 32 channels, kmin=0.5 cm−1, chan-
nel spacing in plasma of 2.2 mm �for kmax=14 cm−1�, and
CO2 beam diameter of 0.11 m. The wavenumber kPCI refers
to the direction perpendicular to the PCI beam; on C-Mod,

this is −R̂. No Doppler shift is applied in Fig. 4�a�, while a
rotation frequency �0 as defined in Eq. �4� is added in Fig.
4�b� to match simulated and observed spectra. The Doppler
shift is consistent with experimental observations of Er.

25

Several features are seen that are typical of both the SPCI
and experimental PCI data. The spectra show modes propa-
gating with both positive and negative k. At each frequency,
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FIG. 5. �Color online� Experimental PCI spectra from two similar plasmas
with either the responsivity localized in either the �a� lower or �b� upper
portion of the tokamak. The SPCI spectra are shown limited to �c� z�0 and
�d� z�0.
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the spectra peak at finite k, with the value of the wavenumber
at the peak increasing with frequency. The turbulence has an
intrinsic phase velocity of roughly 1 km/s so that the ob-
served phase velocity in the laboratory frame of 4 km/s does
not equal precisely the plasma E�B velocity.

The PCI was operated with a rotatable mask as an opti-
cal filter that allows a degree of spatial localization. The PCI
response on two similar shots is shown in Fig. 5 with the
filter set to select for the lower portion of the plasma in �a�
and the upper in �b�. The strong peak at 140 kHz is the
quasicoherent �QC� mode.26 The change in the broadband
turbulence from k�0 in the upper plasma to k�0 in the
lower indicates that the mode propagates in the ion diamag-
netic drift direction. The SPCI signal can be artificially split
at z=0, separating the contribution from the lower plasma in
�c� and from the upper in �d�. The low-wavenumber spatial
response of the localized PCI is similar to the size of the
plasma minor radius, so a proper model of the observed sig-
nal includes a weighted integral over the whole plasma. The
resulting SPCI spectrum and experimental spectrum are
compared in Fig. 6. That wavenumber spectra of the model
and experiment have been shown to match well in shape and
absolute magnitude,25 as is shown in Fig. 7. The frequency

spectrum of the Doppler-shifted SPCI matches the experi-
mental spectrum within a factor of 2, except for irregularities
at low f which could be remedied by rerunning the simula-
tion with more modes at low n.

The data output by GYRO can be used to shed light on the
physics underlying the PCI measurement through compari-
son of the SPCI results with a local parametrization of the
turbulence. For example, the density reconstruction used for
the SPCI can also be used to sample the simulated plasma on
a 2D grid, allowing the calculation of the local 2D spectrum
S�kr ,k�� in the portion of the simulated region measured by
the PCI beam �R=0.69 m, z=0.15 m�, shown in Fig. 8 for a
frequency of 200 kHz. As expected from the PCI signal, a
peak is seen at k�=4 cm−1. In the radial direction, the turbu-
lence peaks at kr=2 cm−1 while the PCI responds only to
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turbulence with kr�0 in this portion of the plasma, showing
the difficulty in using the PCI to estimate total turbulence
amplitude without aid of a model and SPCI. �The spectrum
of turbulence is approximately symmetric in kr near the mid-
plane.� These data can be used to test methods for estimating
turbulence amplitude from PCI signals. The standard estima-
tion of PCI signal amplitude over a plasma column of length
H measuring turbulence with correlation length Lc is
A= ñe

�HLc.
10 The measured values used in the estimation are

PCI signal amplitude A=2�1016 m−2 between 300 and
500 kHz, path length of 0.23 m �half the machine size be-
cause the optical filter is in place�, and Lc=3 mm at
high frequency based on the observed spectrum, giving
ñe=A /�HLc=7�1017 m−3. The local turbulence amplitude
from the GYRO reconstruction, filtered to include the appro-
priate frequency range, is 1�1018 m−3, showing good
agreement. This relation should be examined for a wider set
of simulated plasmas. The probe beam of the C-Mod PCI is
nearly perpendicular to the flux surfaces in the portion of the
plasma simulated here, allowing the PCI wavenumber to be
interpreted as k�. The DIII–D PCI beam, on the other hand, is
at 45° to the outer flux surfaces; the SPCI is extremely valu-
able in interpreting the PCI signal in terms of kr and k� for
this machine.

IV. CONCLUSIONS

A synthetic PCI �SPCI� diagnostic has been imple-
mented as a postprocessor for the GYRO gyrokinetic plasma
fluctuation simulation. The SPCI includes the PCI spatial
response by integration of the modeled fluctuating density,
thereby including all effects of plasma geometry and turbu-
lence characteristics. The wavenumber limits caused by the
imaging and detection system are included with proper fall-
off. The SPCI is currently in use for comparing GYRO results
with experiment on DIII–D and Alcator C-Mod.

The SPCI implementation has been written to be modu-
lar to maximize the adaptability of the code. The bulk of the
code provides the fluctuating density ñe at an arbitrary �R ,z�
anywhere in the plasma cross section. This portion of the
SPCI code can be reused without modification in another
synthetic diagnostic that can express its response as a func-
tion of ñe�R ,z�.

The separation of the components of the SPCI can serve
as a model for a general framework to be used in the devel-
opment of synthetic diagnostics. One layer translates the out-
put of the model to physical parameters in the laboratory
frame, exposing these data through a standard interface. This
code would be specific to the model. Synthetic diagnostics
would be written to use the standard interface. Thus a syn-
thetic diagnostic once written could be applied to the output
of any model. This would maximize code reuse and increase
the number of comparisons between model and experiment.
It is an open question whether a standard interface as de-
scribed could adequately support the full range of diagnostic
needs. This issue will be explored as the SPCI is adapted to
spatially localized PCI.11
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