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THE WATER-WAVE PROBLEM WITH SURFACE TENSION

N W=

STRICHARTZ ESTIMATES FOR

HANS CHRISTIANSON, VERA MIKYOUNG HUR, AND GIGLIOLA STAFFILANI

ABSTRACT. Strichartz-type estimates for one-dimensional surface water-waves
under surface tension are studied, based on the formulation of the problem as
a nonlinear dispersive equation. We establish a family of dispersion estimates
on time scales depending on the size of the frequencies. We infer that a solu-
tion u of the dispersive equation we introduce satisfies local-in-time Strichartz
estimates with loss in derivative:

1
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where C' depends on T and on the norms of the initial data in H® x Hs=3/2,
The proof uses the frequency analysis and semiclassical Strichartz estimates
for the linealized water-wave operator.
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||u||Lp([o,T])W571/p,q(R) <G, -+ -=
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1. INTRODUCTION

EEEEEEREEEE=

The problem of surface water waves, in its simplest form, concerns the two-

Date: October 8, 2009.

dimensional dynamics of an incompressible inviscid liquid of infinite depth and the
wave motion on its one-dimensional surface layer, under the influence of gravity and
surface tension. The moving surface is given as a nonself-intersecting parametrized
curve. The liquid occupies the domain below the curve, where the liquid motion
is described by the Euler equations under gravity. The flow beneath the moving
surface is required to be irrotational. The kinematic and dynamic boundary condi-
tions hold at the moving surface, stating respectively that the normal component
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of velocity is continuous along the moving surface and that the jump in pressure
across the moving surface is proportional to its mean curvature. The flow is as-
sumed to be almost at rest at great depths, and the moving surface is taken to be
asymptotically flat.

Provided with the initial surface profile and the initial state of fluid current, the
water-wave problem naturally poses as an initial value problem. Early mathemat-
ical results for local well-posedness date back to [17,23] and include [12,22, 33, 34].
Following the works by Sijue Wu [30, 31] there has been considerable progress
in the study of local well-posedness for the water-wave problem as well as for a
class of the Euler equations with free boundary. We refer the interested reader
to [3,4,10,11,20,21,25], and references therein. Recently, results for long-time
existence [24,32] appeared for gravity water waves of infinite depth.

Nonlinearity characteristic to the boundary conditions at the moving surface
significantly restricts the range of analytical tools available for the existence theory
for the water-wave problem. As a matter of fact, all results listed in the previous
paragraph on local well-posedness hinge upon obtaining high energy expressions
and establishing their bounds, namely the energy method. While construction of
such energy expressions is nontrivial and design of an iteration scheme is involved,
nevertheless, results from the energy method do not provide any further information
about solutions, other than that they remain as smooth as their initial states. Better
understanding of the dynamics of surface water waves can be made with the help
of a priori estimates other than energy estimates.

On the other hand, the dispersion relation (see Remark [2.0])

1/2
(1.1) c(k) = (§|k| + |~%|> Wkl

of surface water waves provides a guiding principle of their linear dynamics. Here,
c(k) is the speed of the simple harmonic oscillation with the wave number k; S >
0 is the coefficient of surface tension and g > 0 is the gravitational constant of
acceleration. Under the influence of surface tension, i.e. S > 0, the fact that the
phase velocity c¢(k) is asymptotically proportional to the square root of k as k — oo
indicates a certain “regularizing” effect by the process of broadening out the surface
profile. In the gravity-wave setting, i.e. S =0 and g > 0, in contrast, (LT) does
not induce such a regularizing effectl.

Dispersive properties have paramount importance in the study of nonlinear
Schrédinger equations, the Korteweg-de Vries equation, nonlinear wave equations,
and other nonlinear dispersive equations. In the recent work of Alazard, Burq and
Zuilly [1], local smoothing effects are obtained for water waves under surface ten-
sion (see also Appendix [A]). Such a smoothing effect is a direct consequence of the
dispersive property of surface water waves, and it contrasts markedly with what
energy estimates alone can tell. The present purpose is to investigate the dispersive
property for the water-wave problem with one-dimensional surface under surface
tension by establishing estimates of the solution under the mixed Sobolev norms,
commonly referred to as Strichartz estimates.

1 Gravity waves may still be thought of as “dispersive” in the sense that wave components
with different frequencies propagate at different speeds; see [32].
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1.1. The main results. The present treatment of the dispersive property for the
water-wave problem under surface tension is based on the formulation of the prob-
lem as a second-order in time nonlinear dispersive equation

(1.2) 0P — gH@iu + gHOqu = —2ud;0pu — u?0%u + R(u, Osu),

coupled with a transport-type equation ([B.8]). We shall derive it in Section 2] and
Section Bl Here, u is related to the tangential velocity at the moving surface and
it serves as the unknown; ¢ € R, is the temporal variable and o € R is the
(renormalized) arclength parametrization of the curve, which serves as the spatial
variable. The Hilbert transform, denoted by H, may be defined via the Fourier
transform as fl\f(f) = —isgn(f)f({“). The remainder R is of lower order compared
to 2udi0qu and u?d2u in the sense that

[1R(w, du)|| s < Clullmasr, [|0pul[ m+)

for s > 1. Here and elsewhere, H® means the L?-Sobolev space of order s in the
variable o € R.

Our main results concern Strichartz estimates for the water-wave problem under
surface tension with loss in derivative. In the course of the proof, its local well-
posedness is proved.

Theorem 1.1. Let S > 0 and g > 0 be held fized. For s > 2+ 1/2 the initial value
problem of ([L2) prescribed with the initial conditions

w(0,0) = up(a) and (0, ) = uy (),
where (ug,ur) € H*(R)x H*~3/2(R) is locally well-posed on a time intervalt € [0, T
for some T > 0, and the solution u satisfies (u(t),du(t)) € C([0,T]; H*(R) x
H*=3/2(R)).
Moreover, if s is sufficiently large, the solution u satisfies the inequality

(1.3) (/T (/Oo |D§_1/pu(t,a)|qda>p/th>l/q <c,
0 —00

where (p,q) satisfies the admissibility condition

2 1 1
1.4 -4+ - = q < o0,
(1.4) PR
and C > 0 depends on s,q,p, T and ||uo| g (w), [|u1l ge-s/2r)- Here and in sequel,
Dy = —i0,.

If the solution is localized to dyadic frequency bands and semiclassical time
scales, the estimate is better.

Theorem 1.2. Let 1)7(D,) be a Fourier multiplier supported in frequencies 2772 <
|€] < 2972, Under the hypothesis of Theorem [ with s sufficiently large, the
frequency-localized solution 1’ (D )u satisfies

2o 12 p/a \1/q
(1.5) (/O (/ DS p¢J(Da)u(t,a)|qda) dt) <,

where (p,q) satisfies (L4) with ¢ < oo and C > 0 depends on s,q,p,T and
l[woll g s lluall gs—s/2-
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Notations. Recorded here are the notations and conventions used in the sequel.
Let 0 < k,l < oo and 1 < p,q < oo. By WF4(R) we mean the L7 Sobolev space
on o € R of order k, and by W/?([0,T]) we mean the LP Sobolev space on the
interval t € [0, 7] of order . By H}([0,T]) the L? Sobolev space on the interval
t € [0,T] of order I . We will also use the Sobolev spaces of negative order, H*(R)
with & < 0. For 0 < p, ¢ < oo we recall the definitions for the mixed Sobolev spaces
LY(R)LY([0,T]) and LY ([0, T])LL(R) by the norms of these spaces

1/q

T q/p
I fllza@®ceqory = /R(/O |f(t,a)|pdt> da ,
T p/q 1/p
I fllzeqo,rpramy = (/O (/le(t,aﬂqda) dt) .

We write LL LY. for L (R)LY([0,T]) and LY.LY for LY ([0,T])L%L(R) when there
is no ambiguity. We use the analogous convention for W(if’qW%’p , W%p Wk and
HLHE,

1.2. Perspectives. The derivative loss of 1/p in Theorem [[T] is likely not sharp,
as the following heuristic arguments indicate.

For any dispersive equation in one spatial dimension, the W' — L% decay
rate is ¢~ /2 (with loss of s derivatives depending on the equation). If we linearize
about the zero solution (see (LI4)) below), we see the solution satisfies Strichartz
estimates with the admissibility condition (I4) and a 1/2p derivative loss (see, for
example, [8]), which is an improvement of 1/2p derivatives compared to Theorem
[T Moreover, this equation satisfies the scaling symmetr

u(t, @) — X 2u (N2t Aa)

for any dilation factor A > 0, and we readily verify that Strichartz estimates with
the admissibility condition (4] and 1/2p derivative loss is invariant with respect
to this scaling. We thus expect Strichartz estimates with admissibility condition
(C4) and 1/2p derivative loss to be optimal. That is, Theorem [Tl represents twice
the loss in derivative of the optimal estimate.

However, this optimal estimate cannot be obtained by interpolation with known
estimates, even in weighted form. Indeed, to compare to the local smoothing esti-
mate ( [1] or Appendix[A]), if we use Sobolev embeddings, we have

()™ D27 ul| oo 1y s < O () ™7 Dtl/Q_1/pDZ_1/2p+1/2_1/qU|\Lz([o,T])Lg

and if we use that D; is comparable to Dg/ 2 (at least for a solution linearized about

0), in turn, we have

[| ()™ Dtl/Qil/pDZH/Q_l/qUHL2([0,T})Lg < Cl ()" DT a=2IPy | 1o (o 1y 2 -

2In the absence of the effect of gravity, g = 0, the nonlinear equation (2] also enjoys this
scaling symmetry. This follows from the scaling symmetry of the Euler equations and the dynamic
boundary condition that the jump of pressure across the moving surface is proportional to the
mean curvature of the surface.
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1/q
A
1 T __ Suggested by scaling
R Sobolev embedding plus local smoothing
— Holder plus energy
1/2

S
1 1/p

1)4 1/2

FIGURE 1. Fixed time scale, 1/2p derivative loss. The (p,q) re-
lation suggested by scaling, from Sobolev embeddings plus local
smoothing effect, and from Hoélder’s inequality in time with Sobolev
embeddings and energy conservation.

By the local smoothing effect gain of 1/4 derivative, we then bound || {a) ™” Dy

p > 1/2,in terms of the initial data in H*(R) x H* 3/2(R), provided that

2 1
-+ -=1
P q
This is weaker than the optimal estimate. On the other hand, if we use Holder’s
inequality plus energy conservation, we get a loss of 1/2p derivatives provided
1 1 1
_|_

U||Lp(o,T])Lg,

2 q 2
(see Figure[I)).

To make a direct comparison of the estimate of Theorem [T with the optimal
condition is not as clear, since we must use Sobolev embeddings somewhere. If
we do use an additional Sobolev embedding in the discussion above to make a
comparison of 1/p derivative loss, the optimal admissibility condition becomes

5 1 1
1.6 = 4o =C,
while that from smoothing is (LG with the right hand side replaced by 1, and that
for energy estimates is

1
4+l ==
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1/q
A
1 T _  Theorem [[T]
----.  Suggested by scaling and Sobolev
,,,,,,,, Sobolev embedding plus local smoothing
— Holder plus energy
1/2

! 1— >
1/15/4 2/51/2 Hp

FIGURE 2. Fixed time scale, 1/p derivative loss. The (p, ¢) rela-
tion given in Theorem [Tl that suggested by scaling, from Sobolev
embeddings plus local smoothing effect, and from Holder’s inequal-
ity in time with Sobolev embeddings and energy conservation.

(see FIgure 2)). Again we see that the estimate of Theorem [[I] cannot be obtained
by interpolation between known estimates.

On the semiclassical time scale 0 < ¢ < 2_<7'/2T, our Strichartz estimate (L) has
a smaller loss in derivative, and the optimal scaling condition is the same as (4.
Since the local smoothing cannot be improved on the semiclassical time scale, our
estimate (L3 represents a larger gain over what Sobolev embeddings plus local
smoothing could tell us on the semiclassical time scale (see Figure B).

1.3. Idea of the proofs. While (I2)) is dispersive, its nonlinearity is severe, and
as such in the study of its dispersive properties one must take its nonlinear effect
into account. To better understand the strength of nonlinearity versus the weak-
ness of dispersion we examine the local smoothing effect for (L2). An application
of Parseval’s formula, together with a change of variables, shows that ( [19] for
instance) the solution of the linear homogeneous equation

(1.7) OFu — gﬂagu =0, S>0

gains 1/4 derivative of smoothness over the initial data. An application of a T'T* ar-
gument then shows that the solution of the corresponding inhomogeneous equation
gains 2 derivatives of smoothness over the inhomogeneity. But, this local smoothing
effect is not enough to control nonlinear terms in (L2 containing more than two
spatial derivatives, e.g. 2ud;0yu.
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1/q
A
1 T ___ Theorem (and scaling)
R Sobolev embedding plus local smoothing
— Holder plus energy
1/2

:
14 1/)2 T

FIGURE 3. Semiclassical time scale, 1/2p derivative loss. The
(p, q) relation given in Theorem [[L2] (agrees with that suggested by
scaling), Sobolev embeddings plus local smoothing, and Holder’s
inequality in time plus Sobolev embeddings plus energy conserva-
tion.

To overcome this setback and to obtain Strichartz estimates for the solution of
nonlinear equation (L2]), we write it as

(1.8) OFu — gH@iu + gHOpu + 2udOou + u?02u = R(u, yu).

That is, we view 2ud;0,u and u?02u as “linear” components of the equation, but
with variable coefficients which happen to depend on the solution itself. In other
words, we reduce the size of nonlinearity at the expense of making its linear part
more complicated. We then make a serious effort to establish Strichartz estimates
for the linear operator

(1.9) 27 — gﬂai + gHO, + 2V (t,0)0;00 + V2(t,0)02,

for a class of functions for the variable coefficient V (¢, ).

The operator (LI) may be thought of the operator 9? — HO? perturbed by
variable-coefficient but lower-order terms 2V (¢, @)9,0; + V2(t,a)0%. While the
added terms are of lower order they are not constant, and they bring a great deal
of difficulty in the analysis of the paper, which is the heart of the matter.

In [1] and in Appendix [A] in order to establish the local smoothing effect for the
nonlinear equation ([L2)), similar approaches are employed.
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1.3.1. Construction of the parametriz. Our approach to establishing microlocal
Strichartz estimates for (I.9) is based on the construction of its approximate solu-
tion.

When V(t,«) = 0, the solution of the homogeneous equation (7)) is given by
the formula

u(t, o) = 4i // ei(mﬁ)&((eit\af“/? + e Y0 (8)

™

(1.10)

eitle?? _ o—itlg*?

TP

us(8) ) e,

where ug and u; describe the initial data. Here, for the sake of exposition, we have
assumed S/2 = 1 and g = 0. Motivated by this, we make an oscillatory integral
ansatz

w(t,a) = % // e—iﬁi(eiw+(t>a7£)f+(ﬁ) + eisa*(tvayi)f—(ﬁ)) dpde

to solve the problem associated to (LA). The phase functions o™ is chosen to satisfy
00,0, &) = &, and as such the recovery of the initial conditions entails solving
for f* a system of elliptic pseudodifferential equations.

Applying the linear operator (L9) to our ansatz, we consider the worst terms,
produced when first-order derivatives fall on the phase functions. They make a
first-order nonlinear equation [@IZ) for »*, commonly referred to as the eikonal
or Hamilton-Jacobi equation. The usual approach to solving the Hamilton-Jacobi
equation is through the technique of generating functions for the associated Hamil-
tonian. The equation (£I2) is, however, neither homogeneous nor polyhomoge-
neous (in gpti and F), and as such solutions are found on a time scale comparable
to |¢]~1/2. See Lemma EH for details. We thus construct phase functions for each
dyadic frequency band || ~ 27 on a frequency-dependent time scale t ~ 277 /2. The
construction of the leading-order parametriz w is detailed in Section Ml

1.3.2. Semiclassical Strichartz estimates. We explain our strategy to establish Strichartz
estimates for the linearized water-wave operator (L9) under surface tension.

Let us first discuss basic ideas for Strichartz estimates for the one-dimensional
free Schrodinger equation

(1.11) i0u+02u=0, tacR

since we will use similar ideas. Prescribed with the initial condition u(0, o) = ug(«),
the solution of (LLII]) can be written via the Fourier transform as

u(t, a) = / / ei€(a=F) i€ 0 (3)dBdE.
We write this as a convolution with an integral kernel as
u(t, ) = /K(t,a,ﬁ)uo(ﬁ)dﬁ, where K(t,a, ) = /eig(o‘_ﬁ)e”gdﬁ.

The phase function p(&;t, a, 3) = £(a — B) + €2 has a critical point at
Oep(€e) =a—[F+2t6. =0, or & =(8—a)/2t
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Since 8§2<p(§c) = 2t, moreover, the phase is nondegenerate for ¢ > 0. Then, by the
standard method of stationary phaseﬁ, at least for ug localized in frequency, we
obtain K = K; + (smoothing) with

(1.12) K (t o, B)] < OFV2,

where C' > 0 is independent of ¢, o and (.

Next, we recall an abstract result which follows from the work of Ginibre-Velo [15,
16] and recorded in the paper of Keel and Tao [18], stating that a dispersion estimate
leads to Strichartz estimates under the LY L%-norm for a range of (p,q) depending
on the strength of the dispersion (the power of ¢ in the dispersion estimate).

Theorem 1.3. Let (X,dx) be a measure space, let H be a Hilbert space, and let
U(t): H— L*(X) be a linear operator satisfying

@) U@ fllez < Cillfllz, and

(i) [UEU*()gllre < Cilt =19l s
for some o > 0. Then for every pair (p,q) satisfying

1 o o

p oq 2
the estimate
U@ fllerrs < Callfllu
holds true, where Cy > 0 depends only on Ci, o, p and q.
The semiclassical dispersion estimate we prove in this paper depends also on the
semiclassical parameter 277. A rescaling in time and application of Theorem

gives the following semiclassical Strichartz estimate theorem (see, for example, [14,
Theorem B.10]).

Theorem 1.4 (Semiclassical Strichartz estimates). Let (X, dx) be a measure space,
let ho > 0 fized, let H be a Hilbert space, and let U(t) : H — L*(X) be a linear
operator satisfying

@) U@ fllzz < Cillfllm, and
(i) [UE U ()gllpe < C2h™ [t =177 |gll 2
for some o >0 and all 0 < h < hg. Then for every pair (p,q) satisfying

1 o o

poq 2
the estimate
U@ fllrre < Csh™ || fllu
holds true, where Cs > 0 depends only on Cy, Cs, o, u, p and q.
In light of the above theorem, ([LI2)) gives that a solution of (LII]) satisfies the
estimate
lullzprs < Clluollz:
where (p, q) satisfies

3 Estimate (LI2) is usually derived from the explicit formula for the kernel K, but here we want
to stress a method that can be generalized for variable coefficient dispersive differential operators.
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Furthermore, a scaling argument assures that the estimate is sharp.

Returning to our setting, we consider the linear problem

113) {a,?U — HO3U + 2V (t,)0,0,U + V2(t,0)02U = R(t, )

U(0,a) = Up(e) and 9:U(0,a) = Uy (),

on the time scale [0,277/2T] where U, R, Uy and U, are localized to the dyadic
frequency band 2972 < [¢] < 29F2. Here, for simplicity we take S/2 =1 and g = 0.
We write the oscillatory integrals

(1.14) [ xtter ey s) 3 el =0, 0))asde

associated to the solution of the zero-coefficient equation, V(t,cﬁ =0.
Considering the corresponding phase for £ large and positivdl, ¢ > 0, and with
the + sign, let ©(&;t, o, B) = E(a — B) + t&€3/2. Tts critical point &, is at

4

3 foay’
(1.15) OeplEe) = 16/ +a—pg=0, or €C_§< t )

Since

42
35280(@:) = g (ﬁ——a) )

the critical point is nondegenerate for t > 0 and we are ready to use the method

of stationary phase. However, plugging these results into the stationary phase

argument does not yield a bound on the kernel uniform in « or 3.

To remedy this, we use propagation of singularities to estimate (o — )/t in
terms of derivatives in 3 to obtain a dispersion rate of t~1/2 with loss in derivative.
But, our parametrix is for the operator (L9) with variable coefficients, which is
considerably more complicated than ([LI4]). Moreover, the parametrix exists only
for times t ~ £€7'/2, so we can only obtain this estimate on semiclassical time scales.
This approach is taken in [5,7,9,26-29] and many others, for the wave equations
and the Schroédinger equations.

In the proof of the microlocal dispersion estimate Lemma [5.4] for the range
of times t ~ &~ 1/2, where £ is localized in a dyadic band & ~ 27, the relation
([CI5) implies that (o — 3)/t is bounded by 27/2, and as a consequence, the kernel
corresponding to (LI4) decays like 27 /44=1/2 on such a time scale. This decay rate
explains the admissibility condition (I4) in the main result. The loss in derivative
comes from taking u = 1/4, 0 = 1/2, and h = 277 in Theorem [[4

In Theorem [5.2] we use Theorem [[.4] to deduce the semiclassical Strichartz esti-

mates for (LI3) as
(1.16)

1UN Lo o,2-72mpy s < CUIUol garze + ULl gy2r20-2/2 + RN L1 10 05720y mr/2e-212)

where (p, q) satisfies (L4]) and C' > 0 depend on p, ¢ and the Sobolev norms of V.

4Here and elsewhere in the paper, the interval [0, 2*j/2T] can be substituted for any interval
I of length 279/2T contained in the domain of V, by shifting ¢ to the beginning of the interval I.

5 To avoid the singularity in the phase at & = 0, we assume our initial data are localized to
high frequencies.
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1.3.3. Adding up the dyadic blocks and from linear to monlinear. We give a brief
outline of the argument that allows us to move from Theorem to Theorem [T]
and Theorem

Let us divide the interval [0, 7] into 27/2 small intervals of the size 277/2T. We
apply ([LI6) on each short interval of size 277/2T and we simply sum up 2//2 many
small time-scale estimates. In doing so we introduce an additional loss of 1/2p
derivative. Then by appealing to Littlewood-Paley theory we sum up dyadic fre-
quencies to assert Corollary 5.3l We only pause here to remark that the parametrix
is constructed only for high frequencies; low frequencies can be estimated via energy
estimates.

In order to prove the estimate for the nonlinear equation (L)), we employ the
energy method to establish local existence and uniqueness of the solution of (L)
in the Sobolev classes. It is detailed in Section[@l Applying 93 to (L8], we arrive
at the linear equation

D205 u — gH@g@Zu + gH 0051 + 28,0505 u + u20205u = R(u, dyu)

for &% u, where R is a collection of lower-order terms. By setting v = V(f, ) and
R(u,du) = R(t,«), and applying the above result, we assert that d%u satisfies
the estimates of Corollary As a consequence of uniqueness then u satisfies
Strichartz estimates as in the Theorem [T}

Theorem is obtained by repeating the argument above about how to move
from linear to nonlinear problem via energy method to the Strichartz estimate
(CIG) for the dyadic-frequency localization.

We finally remark that Theorem [[.2]does not imply Theorem [[.I]since frequency
localization of the initial data is lost due to the presence of the nonlinearity.

1.4. Organization. The article consists of three main parts.

The first part is to formulate the hydrodynamic problem of water waves un-
der surface tension as a nonlinear dispersive equation. In Section 2l we recall the
formulation in [3] of the water-wave problem. In Section [ the system is further
formulated as a second-order in time nonlinear dispersive equation weakly coupled
to a transport-type equation.

The second part concerns the semiclassical Strichartz estimates for the lin-
earized water-wave equation under surface tension. In Section M we construct a
high-frequency parametrix for each dyadic frequency band and on the frequency-
dependent time scale. In Section [}l we prove that the parametrix possesses semi-
classical Strichartz estimates.

The third part concerns results for the nonlinear problem. In Section[d the local-
in-time existence and uniqueness is established via the energy method. Finally,
Section [ presents the proof of the Strichartz estimates for the nonlinear problem.

Appendix [A] contains a proof of the local smoothing effect for ([L2) via the
method of positive commutators, suggested to us by T. Alazard, N. Burq, and C.
Zuily. Appendices[Bl{D] collect miscellaneous calculations in the course of the paper
and linear energy estimates.
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2. THE HYDRODYNAMIC PROBLEM OF SURFACE WATER-WAVES

Recorded here is the approach taken in [3] of the formulation of the water-
wave problem when surface tension is acted on. The idea is to employ a favorable
parametrization of the moving surface and choose convenient dependent variables.

Throughout the paper, partial differentiation is represented either by the symbol
0 or by subscript. The complex plane C is identified with the real two-dimensional
space R?, whenever it is convenient to do so, via the mapping ® : R? — C, ®(z,y) =
x + iy. The conjugate of a complex number z is denoted by Z.

2.1. The evolution of the moving surface and the vorticity strength. The
equation of the moving surface is written as (x(t, o), y(t, «)), where o € R is the
parametrization of the curve, and ®(z(t, o), y(t, ) = z(t, ). Let

2

s2 =22 492 and 0 = arctan(ya/za)

denote, respectively, the square of the arc length and the tangent angle that the
curve forms with the horizontal direction. The unit tangent and normal vectors of
the curve are t = (cosf,sinf) and h = (—sin#, cos ), respectively.

The evolution equations of the moving surface are written

O(z,y) = Ult + Uta.
In other words, Ull is the tangential velocity and U~ is the normal velocity of the
moving surface. Accordingly,

1 Ul
0150 = 0, U — U+0,0, 0,0 = S—aaUL + =40,

Sa
respectively. By insistingﬁ 0¢Sq = 0, and furthermore, s, = 1 for each t € Ry and
a € R, we regard the evolution equation of the moving surface as

(2.1) 90 = 9, U+ + U9,0,

where Ul is determined by solving d,U!l = U+d,0. Such a (renormalized) ar-
clength parametrization is assumed initially, and the choice of tangential velocity
will guarantee that the parametrization is maintained at later time.

Describing the dynamics on the moving surface, we employ the idea of vortex
sheets in the two-fluid system, and we suppose that the interface separating the
vacuum from the fluid moves with different velocities along the tangential direction
of the interface.

Let ¢T represent the velocity potentials of the upper and the lower fluids, re-
spectively, and let p* be the densities of the upper and the lower fluids and p*
be the corresponding pressures. The Euler equations in the vacuum and the fluid
region take the form

1 pt
+ , - 2, P
(2.2) [e0) +2|V¢ | +pi 0,

6 The normal velocity U+ is determined by the equations of motion, while the tangential
velocity U I only serves to reparametrize the moving surface. Adding an arbitrary tangential
velocity does not change the shape of the surface, and thus one may choose the tangential velocity
to satisfy a certain condition.
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and the boundary conditions at the interface are written as
[Vot] =0 and [p] = 59,0,

where [-] represents the jump of the quantity across the interface. We note that the
arclength parametrization of the interface offers a particularly succinct expression
of the mean curvature.

Let v denote the vorter sheet strengtiﬂ. Introducing the Birkhoff-Rott integraﬁ

= 1 <) /
2.3 d(W = —PV ——d
(2:3) (W)(a) 270 Loo z(a) — z(a) “
we express the limiting value of velocity at the interface as

Vot (t, 7 (2)(t,a)) = W(t,a) £ %”y(t, a)t.

On the other hand, d;(z,y) = W + (Ul - W - §)t and U+ = W - h.
By combining Bernoulli’s equation (Z2]) with the boundary conditions at the
interface and by using the above notations, we derive the evolution equation of v

(2.4) Oy = SO0 + 0, (U =W - t)y) — 2W, -t — %yaw +2Ul - W -t)W,, - t.

The development is detailed in [3, Appendix B].
In summary, the water-wave problem consists of [2.1) and (Z4]). A useful feature
of the formulation is that surface tension enters the equation in the linear fashion.

2.2. The system for the tangent angle and the modified tangent velocity.
The choice of tangential velocity Ull produces in (4) nonlinear terms involving
Ul =W -t. In order to express these terms in a more convenient way, we introduce
the modified tangential velocity
(2.5) u= %”y— (Ul —wW - ),
and we rewrite the system (Z1]) and (Z4]) in terms of 6 and u, instead of . Physi-
cally interpreted, v measures the difference between the Lagrangian tangential ve-
locity W-t+ %*y and tangential velocity Ull which guarantees arclength parametriza-
tion. Once (z(t, o), y(t, ) is given, the mapping v — w is one-to-one.

The first step is to approximate W in terms of the Hilbert transform. By ex-
panding ®(W) in the Taylor fashion, one obtains

T(W)(a) =PV /OO . (COR

271 oo Za(d) (o — )
o 1 1 ,
Tom ) (z<a> —@) " za(@)a - a/>) o
::%H (%) + Klz]y.

Note that K[z]7y is not singular as the singularities in the expression of K[z] cancel.
Moreover, K[z] has the “smoothing” property

(2.6) K[ e < OOl gresi-n)|| flzn  for s >1andn=0,1.

7 The flow is irrotational. The vorticity, however, has a singular distribution supported on the
interface. The vortex sheet strength then measures concentration of vorticity along the interface.

8 In the recovery of the velocity from the vorticity distribution, we employ the Biot-Savart law
to derive an integral expression, the limit of which at the interface is the Birkhoff-Rott integral.
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The proof is very similar to that of [2, Lemma 3.5], and hence it is omitted. The
commutator operator

1 [ h(a') — h(a)
H, h == N—————dd’
) = 1 [ e
has a similar smoothing property
(2.7) IH, B f e < Cllall gessr | £l gr-sry fors,s’ > 0and r>1/2.

The proof is found, for instance, in [33, Lemma 2.14].
The next step is to represent W, as

1 . 1 .
(2.8) Wa~f1:§H(’ya)+m-ﬁ and Wa~t:—§H(70a)+m-t,
where
— Yo YZaa 2o 1 YZaa
2. ) = Za — - — |H, —= «— — .
@) o =socls (32205 )+ 5 g (- 722

Indeed, by differentiating W = 1 H (y)+(smooth remainder) and using fi, = —0,t
one obtains
1

1 o
W, = 5H(%‘)ﬁ — 5H(fyG(l)t + (smooth remainder).

The detailed calculation is found in [2, Section 2.2].
Using the results above, finally, (21 and (24]) are written as

(2.10a) O = 2829 — 90 — udou + 05 (=12 (t, @) 0l + (HOuu + 11 (L, @))?),
(2.10b) O = —udpb + HOpu + 11 (¢, @),

where
(2.11) ri(t,a) = —H(m-t) + m - f,

1 1
(2.12) ro(t,a) = Wy -n+uW, -n+ 579t + §"yu9a.

The detailed derivation is found in the proof of [3, Proposition 2.1].

2.3. Estimates for r; and ry. This subsection concerns the estimates of the re-
mainder terms in the system (2.I0). We state the main result.

Proposition 2.1. The remainders r1 and ro in 2II) and in (ZI2)), respectively,
satisfy

(2.13)  |r1llems < CUON 2, 10]| o0 ) (1 + [Jul|g2-n)  for s =1 and n=0,1,
(2.14)  Irallas < CION ov2) (1 + full o) for s > 1.

Moreover, o may be written as ro = HOyu + r3, where

(2.15) lrsllms < C3|0]] a1 (1 + [Ju] ge+1)? for s > 1.

Our result is related to that in [3], but with the important difference that here
S > 0 is held fixed whereas in [3] the estimates are uniform as S — 0.
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The remainder term r; involves “smoothing” operators K[z] and [H, Zig] On
account of ([2.6]) and ([2.7), it follows that

@

(2.16) lm || gs < C|0 m7s+n )Y 72— for s > 1and n=0,1.
Then, it is immediate that

(2.17) lrall s < OO\ 2, |01 mron ) |V 127 for s > 1 and n = 0.1.

We further estimate 1 in terms of u (instead of ) and . Below is the basic
regularity property of ~.

Lemma 2.2. Let S > 0 be held fized. For s > 1, if 6 € HtY/2 w € H® and
v € H*7! then v € H® and

Ve < Cllullers + CUION resrr2).

Indeed, the definition of u and (Z.8) yield that 0oy = 204u + H(79,0) — 2m - t.
The assertion then follows from (Z.16]).

The estimate (ZI3) finally follows by combining (ZI7) with Lemma [Z21

A consequence of (ZI6) is that u = 37 + (lower order terms), which is useful in
the future consideration.

Corollary 2.3. Fors>1,if0 € H*"'/2 we H® andvy € H* ' thenUl - W -t €
H?® and

U =W e < CUN )l + C10] ).

The assertion follows at once from 9, (Ul = W -t) = ~W,, - t.

The estimates for 75 are more involved. Using (28] and 2I0b) we write

. 1 .
ra(tia) = Woitu (A0, +mon)

(2.18) ! )
+ 57(—u9a + Hug +1r1(t, ) + §7u8a9.

Much of our effort to estimate ro goes to show that the principal part of W; - n,
and subsequently, the principal part of ro is HOzu.

Lemma 2.4 (Calculation of Wy -n). For s > 1, we have

(2.19) IWe g < C(10]ge+2) + C(L+ Jlulle)?,

R 1
(2.20) HWf A §H(%)HHS < Cl0 1) + C + [l grosr)2
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Proof. By writing W, in terms of v and K[z], we have
Wt ‘N :RC(ZZQE(Wt))

:Re(2i Za(@)PV /00 L)a/)do/)

™ oo 2(a) = 2(
e O IR
:%H(%) — Re (%PV /Z z;((z/,)) Za(og - Z‘,‘(O‘/)da’>

+ Re(iza(@)K[2]71)

+Re (%ZQ(Q)PV / h ’L(gl))zat(a’)ﬁda’)

— 00

(
_Re( ! za(oz)PV/oo Do (”’(O‘/,) > Ztgz) _z

2m .

1
3:§H(%) + Ry + R+ Rs + Ry.

In the proof, we examine each R;, j = 1,2,3,4, separately.
In order to estimate R;, we simplify the expression by introducing

zo(a) — zo (0 ! ,
q:)’(O[,O[/) = % = /0 Zaa(Ta + (1 — 7')04 )dT

It is standard (see [6], for instance) that
laall a1 llgall o < CCUON are)-

The Minkowski inequality and the Fubini theorem then apply to yield that

| em@pda<e [ [

<C10l o+1) 17l 22

|05 a3 (e, o )|dada’

() [*
za(a)

whence
|Rallsze < COBls el 22
The smoothing property of K[z] in (28] implies to yield a similar estimate
| Rallsre < COOs) el 2
Further, in Appendix [Blit is shown that
(2.21) Vel s < C|10|lrs+2) + Cllul| s+ for s > 0.
By the above estimate for s = 0, then, it follows that
| R

Hs, ‘RQ”HS < O(H9||Hs+1) + C||u||Hs+1 for s > 1.

Next, upon writing W in terms of the Hilbert transform and K[z], we have

Rs; = —Re <%ZQ(Q)H <Zl2zm) +iza(a)K[2] (212%» ,

[e3 «
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)

whence for s > 1 the following inequalities hold:

Y Y
||Rg||Hs<c<||o||Hs><\ Lt CUOls) | 2

[e% Hs e}
CUON =+ ) U =0l 2o + 1yl 2 (1621l £2)
CU0N zrs+1) (1 + Jluall o).

The last inequality uses (2I0b). Indeed,
100 < Cllullgrees + CQU0lle)  for s> 1.

<
<

In order to estimate R4, similarly, we write

Ry = Re(%za[H, 2t (iaa(l))

Zo Zo
+ i202:K]2] (&1 (%)) — 2oK]2] (zt(?a (%)) )

We claim that

(2.22) [zell e < Cllulles + C (0] gavr)  for s > 1.

To see this, we write
ztsz((W-ﬂ)ﬁ—i—(W-E)‘E—i—(U” —W-‘E)‘E).
By (2.6) and the result of Corollary 2.3] then follows
[Wllas < Cllvllms + CUON s+ )7 a1
U =W - ]|z < CUN )l re-s + C(10] 1)
for s > 1, which proves the claim. With (Z22]) immediately follows that

||R4||Hs<c<||e||Hs+1>(nztnm\aa(l)H +ztaa(l) )
Za ) || gt Za /) |l12

< C0lpre+2) (1 + Nl gz + ).
Finally, combining estimates for R; through R4 yields that
|R1 + Rz + Rs + Rl s < C(|0]| gro+1) + C(1 + ||ul| gro+1)?.
This together with (221)) asserts (2I19) and 220]). O

Returning to the estimate of r9, we estimate terms in (ZI8]) other than Wy -
in the usual way by using (ZI6]), and therefore (ZI4]) follows. To establish (215,
we write ro = HOyu + r3, where

ry = 8, (Ul =W %) + Ry + Ry + R3 + Ry.

Since
R 1 1 .
0,0, (U =W - t) = —5H(0e) = SH(¥0ar) + Or(m - 1),
it follows ([ZZI5). This completes the proof of Proposition 211

We end this subsection with estimates of the time derivatives of K[z]f and
[H, h]f, which will be useful in the following section.
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Corollary 2.5. For s > 1 we have

(2.23) 10Kz ) e SCUIONprs+1) (X + Nullproer + [1f e + 10ef ] £2),
(2.24) 0H, W f e <NOchlles 1f 1Lz + [[ll o [0 f ] 2
for s> 1.

The proofs are in Appendix

Remark 2.6 (The dispersion relation). We linearize ([ZI0) about a flat equilibrium
u =0 and 6 = 0 to obtain

Oru = %826‘ — g9,
8,59 = H@au.

By considering the plane-wave solution u = expik(a — ¢(k)t), we arrive at the

dispersion relation
S g 12
etk = (S04 2) " o
2 || ||

where ¢(k) is the phase velocity corresponding to the wave number k; w = ¢(k)k is
the frequency.

Colloquially, when S > 0, waves of high frequencies (short waves) propagate
faster than waves of low frequencies (long waves). Broadening out the wave profile,
it in consequence induces a certain “smoothing effect”. When S = 0, on the
other hand, such a smoothing effect is not expected. Alternatively put, the above
dispersion relation indicates that the linear system of surface water waves exhibits
a regularizing effect when the effects of surface tension are accounted for.

The present purpose is to quantitatively analyze such a smoothing effect in terms
of integrability under the mixed Sobolev norms.

3. REFORMULATION: THE WATER-WAVE PROBLEM AS A DISPERSIVE EQUATION

The formulation of the water-wave problem under surface tension ultimately
takes the form of a second-order in time nonlinear dispersive equation, coupled
with a transport-type equation.

When both the effects of surface tension and gravity are present, S > 0 and
g > 0, in (ZI0) the surface-tension term %826‘ is of higher order compared to the
gravity term gf and it dominates the linear dynamics. For simplicity of exposition,
thus, the effects of gravity are neglected and further the coefficient of the surface
tension term is normalized so that

S
=0 d —=1.
g an 5

3.1. Reduction to the dispersive equation. By differentiating (ZI0h) in the
t-variable we obtain the second-order in time nonlinear dispersive equation

02u — HO3u = —2udpOru — u?0%u — 0,000
— 30,udiu — 3u(Oqu)? + 0%ry + 2udary + ury + rs.
Here, 71 is defined in (2IT]), and
(3.1) 1 =0, (12 (t, @) 0 + (HOuu + 11 (t,@))?),
(3.2) 5 =05, 10y (— H(0pu) 006 + r3(t, )00 + (Hdqu + 71 (t, ))?).
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By [Z13) and ([ZI9)) it follows that
(3.3) Irallzs < CUIONe+2) (1 + [Jullme)®  for s > 1.

Further, the leading term of 9, 10;(—H (0;u)0,0) cancels -0,002u so that the
highest-order nonlinear terms in the above equation do not involve 6 explicitly.
Indeed, successive substitutions of dyu and 9:0 by (ZI0) result in that

Ty = — 8a9H3t(8§9 — U0t + 1r4) — 0100 H (Oru)
+ 0413000 + 1730:00,0 + 2(HOou + 11) (HOtOgus + O¢r1)
=000%u — 0,1 (0200%u)
_ ot ((6a9)H(—2u6a6tu —w20%u — 0,002
— 30,u0iu — 3u3§u 4+ Orrg — UO0Ta — 2T48au))
+ 3071(7“3 — Howu) (H@iu — 0,00,u — udpu — u2u + Oury + ury)
+ 0, (0a00;r3) + 20, (HOu + 1) (HO0Opu + 0411 ).
Therefore, we arrive at the following equation
Ot — HO2u = —2ud,0pu — u*02u, +R(u, Oyu, 0).
The remainder is given as
(3.4)  R(u,0mu,0) = 02r1 + udars + 2ury — 05 (92 u(Opu 4 udau — r4)) + 76,
where
Oare = — (0a0)H(—2uds0iu — uzaiu - (%9821; — 30,u0u
— 3udu + Oyry — udars — 2r404u)
+ (rg — H@tu)(Hﬁiu — 00001 — udyu — u2u + Oy + ury)
+ 00,00:13 + 2(HOpu + 11 ) (HO0 Oru + O¢1).

The remainders 71, r4 and rg involve 6, which incidentally is determined by
solving (Z10b) when w is prescribed. As such, R may be thought of depending u
and d;u only. In this sense, we write it as R(u, dyu). The remainder term R(u, Oru)
is of lower order compared to ud,d;u and u?9%u. More precisely, in the following
subsection we will show that
(3.6) [ R(u, Opu)l|ms < C(lull gsr, |00ul| m+)

for s > 1.
The water waves under surface tension is finally viewed as the nonlinear disper-
sive equation

(3.7) 02u — HO3u = —2uda0pu — u?0%u + R(u, Osu),
where R(u, Oru), defined in (B4, is determined with the help of the transport-type
equation
(3.8) Ot = —udob + HOpu + 11 (t, ).
Nothing is lost in deriving 3.7)) (coupled with ([B3.8))) from (ZI0). To see this,
we write (37 as the first-order in time system as
Oiu + udyu = v,
Ov + udov = HO3u + R(u, Oyu) — dpudau — ud2u.

(3.5)
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Comparing the first equation of the above system with (ZI0) dictates that the first
equation of the above is equivalent to (ZI0h) if we set v = 920 + ry. It is then
straightforward to see that the second equation of the above system is equivalent
to (ZI0b) up to constants of integration, which are zero under the assumption that
the wave profile and its derivatives vanish at infinity.

Proposition 3.1. The equation B.), where R(u, dwu) is defined by BA), is equiv-
alent to (2I0).

Similarly, the initial value problem of ([B.1) prescribed with the initial conditions
u(0, @) = ug(a) and Oyu(0, ) = ui () is equivalent to the initial value problem of
ZI0) with the initial conditions u(0, &) = u(0) and 6(0, o) = bp(«x) provided that
the compatibility condition

uyp = 8390 - uoaauo + 8(;1(—7”2(0, Oé)aaoo + (H&auo —+ 17 (0, Oé))2>

holds true.

The transport-type equation ([B.8) is to help to determine certain terms in the
expression of R in ([B.7) in terms of u and dyu only, and we only need ([B.6]) in the
forthcoming analysis.

As explained in Section 1, a useful feature of the formulation ([B.7) is that its dis-
persive character is visible in the linear part. Moreover, the highest-order nonlinear
terms in (37) do not involve 0 explicitly.

Another useful feature of ([B.7) is that it suggests a natural expression for high
energy of the nonlinear problem. See Section

While (B7) is dispersive, its nonlinearity is rather severe, and as such in the
study of the dispersive property for (3.7 we must take its nonlinearity into account.
Indeed, we view [B.7) as

02 — HOu + 2udaOiu + u?0%u = R(u, Opu).

That is, we view 2ud,0;u and u?02u as “linear” components of the equation, but
with variable coefficients which happen to depend on the solution itself. Then, we
make efforts to establish the dispersive property for the linear operator

0? — HI3 4+ 2V (t,0)0:00 + V2 (t, a)0?
for a general class of functions for V (¢, «).

3.2. Estimates for the remainder. The proof of (8.6 involves estimates of var-
ious remainder terms in ([B4]) in terms of v and dyu only (instead of #). To this
end, we estimate 6 in terms of u and d;u once and for good.

Lemma 3.2. For s > 0 it follows that
(3.9) 101 zro+2 < C(llullpr=2) (1 + 1Bl rr= + [ ro1)*.

The proof is given in Appendix[Bl With the use of (33]), we obtain the estimates
for the various remainders in terms of u and d;u as

Irllms < Cllullz2, [Jwll o1, 10wl o-2),
Irallms < C(llulle+r, |0l ),

I7sllme < C(llullgo+r, 10pull o),
Il < Cllullaz, [lull s, 19wl ga-r),

where s > 1. We also estimate for 9yr1, 0;72, (and in turn, 9;r3).
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Lemma 3.3. Fors>1,

(3.10) [0er1l| e < CU|O¢ull g, [ull grosa, |Opwel| =),
(3.11) 02|l e < C(l|ullrave, (| Opull ravs),

(3.12) 03|l s < Cl|ullrave, | Opul| ravs),

(3.13) [0erallzrs < Cllwll resr, [|Oul| ms).-

The proofs of BI0) and (BI2) are given in Appendix [Bl Therefore,

I76llrrs < Clulle+r, | Oull ),
and (3.0) follows.

4. CONSTRUCTION OF THE DYADIC FREQUENCY PARAMETRIX

This section contains the detailed construction of semiclassical parametrices for
the linearized water-wave equation.

4.1. The oscillatory-integral ansatz. Let us invoke the standard notations Dy =
—i0y and D, = —id,, and let us denote

(4.1) P=D?—iHD? +2V(t,0) Do Dy + V(t,a) D2,
where the coefficient function V' € H!([0,T])H*(R) is given for some T > 0 fixed
and for [, k > 0 sufficiently large. We assume that V' is real-valued, and we tacitly

identify V with an H!H” extension supported in a slightly larger set in .
The operator P is obtained by replacing the nonlinear coefficient « in

92 — HO® + 2udady + u22,

which defines the nonlinear equation (B7), by a variable coefficient V (¢, ), and
thus it is related to the linearized equation of (30).

Let the frequency cut-off function ¢° € C*°(R) satisfy ¥°(§) =1 for |{]| > M +1
and ¢°(¢) = 0 for |¢] < M for some M > 0 large to be fixed later. Let the dyadic
frequency cut-off function ¢ € C>(R) satisfy ¥(£) = 1 on & € [271/4,21/4] be
supported on [273/4,23/4] and

Do) =1 for ¢ > M+1,
J=Jjo
where 270 > M, and let ‘ ‘
P(E) = (277 [¢E]).
That is, 17 (£) = 1 on & € [2771/4,20%1/4] and it is supported on [2773/4 2743/4] A
function f is said to satisfy the dyadic-frequency localization if
(42) W (Da)f = f.

Let j > jo be held fixed throughout this section, where 2J0 > M. Let ué € L*(R)
and v} € H3/2(R) satisfy the dyadic frequency localization {@2). Our goal is to
construct a dyadic-frequency parametriz to Pu = 0 with the frequency-localized
initial data uj’s, n = 0,1, for frequencies comparable to 2/ and on a time scale
comparable to 279/2. More precisely, we shall find a function w’ approximately
solving

Pu=0 in[0,277/2T]; x R,
u(0, ) = u)(a) and du(0,a) = ul(a)
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(with errors bounded in Sobolev spaces) for the frequency interval 2972 < [¢] <
2772, Here, we only consider the time interval ¢ € [0, 23/ 2T, although the results
apply on any semiclassical time interval of length 27/2T". The over all dependence
on the coefficient function V is in the fixed time interval ¢ € [0,T]. For simplicity
of exposition, we often write |¢| ~ 27 to mean the dyadic frequency band 2772 <
€] < 2772,
Motivated by the oscillatory integral representation in (II0) for the zero-coefficient

case, we make the ansatz

(4.3) wj(t,a) — % // e—iﬁﬁ(eigaj,+(t,a,£)fj,+(ﬁ) + ei«pj”(t,a,i)fjv—(ﬁ))dﬂ dé

for the (leading-order) parametriz. Here, ¢’* and 7% satisfy the dyadic frequency
localization ([{.2). In order to satisfy the initial conditions, we insist that

@0, 0,€) = at.

The phase functions ¢7** are taken in the class of rough symbols, which is described
below.

Symbol classes. For k > 0 and m € R, denoted by S;* the class of rough symbols
is defined to be the set

Sit = {a(0,€) € ()" WES(R)CE(R) : |08 2" al < Cho e (€™ for k' <k},

where (£) = (14+£2)/2. Symbols in S are not necessarily smooth in the a-variable
(as opposed to classical symbols), but they share in common with classical symbols
decay properties in the &-variable. We write Sy for SY when there is no ambiguity.

The quantization of a symbol a in S} is the usual (left) quantization. It is
initially defined as an operator on Schwartz functions f as

Op (@)(a, D)f(a) = 5 [ [ alae)e@ ¢ p(5) s e

and then extended in the distributional sense. We write W}* for the corresponding
space of quantized operators.
The main property of the symbol classes S;* is the L? boundedness.

Lemma 4.1. If a € S for k > 0 sufficiently large, then Op (a) extends to a
bounded linear operator

Op (a) : L*(R) — L*(R)

with the operator norm depending on at most k derivatives of a(a,§) measured in
the L norm.

The proof is exactly the same as in the setting of smooth symbols, keeping track
of how many derivatives are used.

Finally, by WS we denote the space W, ([0, T])S}", the space of W->([0, T])
functions taking values in rough symbols in S;".

The main result of this section is the existence of the dyadic-frequency parametrix
of the form in (@3] with certain properties of the phase functions .

Proposition 4.2 (Existence of the leading-order parametrix). Let V € H'([0, T])H*(R)
for some T > 0 and I,k > 1 sufficiently large and let j > jo > 1, where 27° > M s
sufficiently large.
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If (u},w)]) € L3(R) x H-3/2(R) satisfy the dyadic-frequency localization E32),
then there exist the phase functions

¢ E(t o, €) = af £ €2t + 9 E (L 0, 6))

for 0 <t < 279/2T and 2772 < |€] < 2712 with 9% € Wzl’,ojopTS,g, and f* which

satisfy the dyadic-frequency localization (E2]) and the estimate
(4.4) 175122 < Calllupllce + lludll y-s2),
so that w’ defined by [@3) satisfies
{Pw = E in[0,279/2T], x R,
w(0,a) = u}(a) and Ow(0,a) = uj(a)
with the pointwise error estimate
(4.5) IEMIz < Collwgllon + luillm-r2),  0<t<277/T,

Here, C1,Ca > 0 are polynomials in ||V|| g 1o )y v () for some values of I" and k'
i the ranges 0 <1’ <1, 0 <K < k.

Remark 4.3. As we will see later, on the short time scales, the oscillatory integral
defined by ¢’* preserves dyadic localization (see LemmaL8]). In particular, multi-
plying the integral by 27°, any estimate we prove on w’* in H g’ has an immediate
analogue in H5 +s,

At first glance, the error E looks bad, for it requires in (£H]) one more derivative
of the initial data. However, the error is in the inhomogeneity, and as such it only
appears when we try to measure the difference between the actual solution and
the parametrix. The energy estimates (B.4]) associated to the linear inhomogeneous
problem with zero initial data, on the other hand, control 3/2 more derivatives of
the solution as compared to the inhomogeneity. Hence, E is bad but controllable.

Remark 4.4 (Remark on the ansatz). We explain why we take (@3] as our
parametrix.

In order to solve Pu = 0 with the initial data localized to high frequencies, one
would try a fine parametrix with amplitudes A* as

wtia) = 5= [ [ @ C@Oat a1 (9

T o0 A (1, ) (5)) d dE.

We require that ¢F satisfy ¢=(0,a,&) = af and that A(0,a,¢) and AF(0,a,§)
are elliptic, and as such the recovery of the initial conditions entails solving for f*
a system of elliptic pseudodifferential equations.

Applying Pu = 0 to our ansatz, we group terms according to their orders in
&. The worst terms, produced when derivatives fall on the phase functions, make
a first-order nonlinear equation for ¢*, commonly referred to as the eikonal or
Hamilton-Jacobi equation. The other terms form a linear equation, commonly
referred to as the transport equation, for A* with coefficients depending on ¢* and
its derivatives.

The usual approach to solving the Hamilton-Jacobi equation is through the tech-
nique of generating functions for the associated Hamiltonian. The equation is,
however, neither homogeneous nor polyhomogeneous (in %i and @), and as such
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solutions are found on a time scale comparable to [¢|~'/2. See Lemma We
thus construct phase functions (and amplitudes) for each dyadic frequency band
|| ~ 27 on a time interval comparable to 279/2,

With ¢F determined, the usual approach to solving the transport equation is to
expand A% as a formal series as

AE(t 0, 8) = AR (8, )¢

n=0

and determining A*" recursively. In practice, one takes a finite number of terms
in the formal series and estimates the resulting error. In our application, we only
take the very first term, A*Y = 1, in the amplitude expansion. As a result, we
have ([A3]) as our leading-order parametrix.

The full amplitude expansion can be computed assuming more regularity on V,

but it results in polynomial growth of the lower order terms in the amplitude.

We now construct the parametrix. Let us fix j > jo > 1, where 270 > M is
sufficiently large. Our parametrix as well as the phase function depend on the
dyadic-frequency band 2772 < |¢| < 2772, However, we simply write w and T,
respectively. To avoid excessive notation, we furthermore consider only the term
with the superscript + and write ¢ = ¢, f = f7, and

(4.6) w(t,a) = % // e B8 £(5) dg de.
The construction is completely analogous for the term with the superscript —. We
further assume £ > 0. After our construction is complete, it will be justified that
the parametrix preserves the sets 2972 < & < 2712 and —2/12 < ¢ < —2772. Thus,
we tacitly assume & > 0 and 2972 < £ < 2912 throughout our construction.

We compute Pw using the ansatz [@3]). It is straightforward that

@n  Diulta) =g [[ e et ign) ro)asi
@8)  Diutta) =g [[ e~ ipu) f()dE,
@9 DiDaultia) = 5 [ [ pupn — tpu) (B

We recall that the subscripts mean partial differentiation. In Appendix [C] we show
that iHD3w = —HJ32w can be expressed in a similar fashion as

iHD3w(t, )
@10y =g [[ €O (1D + 3Dal gl + Dalleal? + [a’
+ 3(1Dal + [¢al)Paa — Paca ) f(3)dAdE.
For simplicity of exposition, in what follows, we take D, and ¢, to be positive

and avoid the absolute value and the sign. Again, this is justified in Lemma [£.8] by
showing that negative frequencies and positive frequencies do not interfere.
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Applying Pw = 0 to the results in ([@7)-[@I0), we obtain the following equation
for ¢:

(pt2 - Z'()Dtt + 2V(t7 a)(‘PaSDt - i@ta - Z'()Dozat - 6tao¢)

(4.11) ) 5 . 3 _
+ Vit a)(¢n — i¥aa) = (Pa — 3iPaPaa — Paaa) = 0.

In solving the above equation, we only consider terms that are produced when
first-order derivatives fall on the phase function only. They make a nonlinear equa-
tion for ¢, commonly referred to as the eikonal or Hamilton-Jacobi equation. For
other applications, a lower order error may be required. This can be brought about

by considering a linear transport equation for amplitudes as well; see Remark .4l

4.2. Construction of the phase functions. This subsection concerns solving
the nonlinear Hamilton-Jacobi equation and determining the phase functions.

Lemma 4.5 (The Hamilton-Jacobi equation). Given a coefficient function V in
a bounded subset of H'([0, T])H*(R) for some T > 0 and for I,k > 1 sufficiently
large, and given j > jo with 270 > M > 0 sufficiently large, the following equation
(4.12)
Pi(t, 0, €) + 2V (1 a)pe(t, 0, €)palt, 0, €) + V(t a)pa(t o, ) — po(t, a,6) = 0
with the initial condition
¢(0,a,8) = af
has two solutions p»® for 2072 < € < 2712 on the time interval 0 < t < 2779/2T.
Moreover,
(4.13) PPt 0 8) = af £t + 0P E(E 0,€))
where
PE(t, 0,8) = OtV (L o) + [Vt a)?) € Wo,,, . SP
satisfies
07 OF 9| < Crr2732()™™ for K <k — 1.

The derivatives of @7+ have the following properties

(4.14)
ChE(t 0, ) =€ £ 205t 0,8) = E(1+O(1) € WSSty
(4.15)
Pt 0,8) = €21+ 0F (0, €)) = €21+ 0(671) e Wy 83

for 2772 < ¢ < 2912 That is, i is of order & on the dyadic frequency band
2/2 << 29%2 and on the small frequency-dependent time scale 0 < t < 277/2T
and gpg’i is of order £3/2.

The class of rough symbols S;* is defined in the previous subsection.
We recall that only ¢ = 7% is considered in writing (ZII)). That enforces & be
positive, which is tacitly assumed in this subsection and the following one.

Remark 4.6. A few comments are needed about Lemma

First, the result applies equally well on any time interval I of length 277/2T
which is in the domain of V. The initial conditions for ¢* are then prescribed at
the beginning of I rather than at 0.
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Second, since ([EIZ) is quadratic in ¢, there are two phases ¢®. This may
be thought of as an analog of incoming/outgoing solutions of the wave equation,
although we do not exercise that level of sophistication here. We write the two

branches of [£12) as
(4.16) v = —V(ta)ey £ (93)*?,
and we will work on the “factorized” Hamilton-Jacobi equation in sequel.

A standard method of existence for a Hamilton-Jacobi equation of the kind of
([@I6) would be to construct ¢+ as a generating function of a symplectic transforma-
tion which arises as a solution of the corresponding system of ordinary differential
equations

a= _V(tv OZ) + %771/27
n=Va(t,a)n

with the initial condition
a(0)=8,  n(0)=¢

for each ,( € R. Here and elsewhere, the dot above a variable denotes the differ-
entiation with respect to the t-variable. This system has a solution only for a time
scale comparable to £ ~'/2, which is what we are after, but we desire a finer control.

The idea lies in that [@I6) is sought of as perturbation of ¢ = (¢£)3/2 under
a lower-order term. With the initial condition (0, «, &) = «& the solutions of
this equation are found explicitly to be ¢o(t, @, &) = af + t&3/2. Then, it seems
reasonable to find solutions to (£I0) as a perturbation of ¢y. The added term in
(&IG), while being of lower order, destroys the homogeneity of the equation and it
causes serious difficulties in the application of the Hamilton-Jacobi theory.

Proof. For simplicity of exposition, we will suppress the dependence of the phase
on dyadic frequencies £ ~ 27 and we will prove for the + sign only. Let ¢ = ¢7F
denote the solution; the proof for the — sign is identical.

Let us consider the initial value problem

(4.17) pr ==V (t,a)pa + /%, 90,0, &) = ag,

where ¢ is a function of ¢, & with a parameter £. As is remarked above, we construct
the solution as a perturbation of

®o (t7 a, 5) = ag + t§3/27
3/2

which is a solution to a homogeneous equation ¢; = ¢4~ with the same initial
condition. Specifically, we make the ansatz

plt,a,€) = af + &2 (t + 0(t, 0, €)),
where
I(t, 0, ) =9(t,277/%0,€) and 9 € Sy
Substituting our ansatz for ¢ into [@IT) yields the following initial value problem
(4.18) Oy = €12V (,2020) (1 4 2797261 /20 ) + (14 279/261/29,,)3/2 — 1,
' 90,0, 6) = 0
where ¥ is evaluated at (t,, €). The corresponding Hamiltonian is

qt,c,m) = =& 2V (,22a) (1 + 27726 2n) + (1 + 277726 2p)3/2 — 1
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and the corresponding Hamiltonian system is

a=29 _ _o-irry(r 902 + 89-9/2¢1/2(1 4 9-3/261 /212,
(4.19a) on
i = =g = 2926712V, (1, 29/2) (1 + 279/2¢1 /)
(6%
with the initial conditions
(4.19b) a(0) =4 and n(0) =,

where 5, € R and ¢ € [—¢,¢€] for some € > 0. We recall that the dot above a
variable denotes the differentiation with respect to the ¢-variable. Since under the
assumption of & ~ 27 the right sides of ([I%h) satisfy the Lipschitz condition with
respect to a and 7 with the Lipschitz constants comparable to 27/2, it is standard
from the theory of ordinary differential equations that a unique solution of (£19)
exists on the time interval 0 < ¢ < 2779/2T for the range of the initial conditions
given above, and the solution is at least as smooth as the right hand side.

We write o = ot(3,¢), n =n'(3,¢), and x*(8,¢) = (a,n) for the symplectomor-
phism given by the solution of (I9). Let w be the 1-form

w = —7dt + nda + BdC,
and let A be the surface

A= {(t,q(t, 5"(8. Q). (8,€), B €) = (£, 8,¢) € [0,2792T], x Ry x [, €c}
Since A is a graph it is an embedded three-dimensional submanifold of T*R3. Since
dw is a symplectic structure on T*R? and since the fact that x' is symplectic
implies dw|s = 0, additionally, A is a Lagrangian submanifold. Such an embedded
Lagrangian submanifold A can be written as the graph of a closed 1-form, say
o(t,3,¢). Since R? is simply connected, the Poincaré lemma implies that there
exists 1§(t, B, ¢) such that

dd = o.
We will prove in Appendix [C] that the mapping
(4.20) B a'(8,¢)

is invertible for each ¢ € [—¢, €] and 0 < ¢ < 27927, and we write 8 = B(a, ().
Comparing w with d written in the (¢, «, () coordinates, we find that
d9 = —7dt + nda + BdC.
This implies
09 ] 09
- — -— = d — =qt
S = B0 g =n(B(a.0,0), and Gl =a(t.an)

which, in turn, implies for ¢ € [—e, €],
it e, Q) = —E72V(,272a) (1 4 27972 20, (t, o, )
+ (14 279/26Y25,)% 2 (¢, a,m) — 1.

Therefore, (A1) follows once we substitute for ¥ and ¢.

The estimates [@II4) and (@ID) follow easily by differentiating the relations
([ETD) and @EI), using the timescale 0 < t < 277/2T and substituting J(t, o, &) =
I(t,279/2, €). This completes the proof. O
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4.3. Finishing up the construction: recovery of initial conditions. It re-
mains to determine f%* to satisfy the initial conditions

w (0, @) = ud)(a), Dy’ (0, ) = —ind ().

Since ¢ *(0, o, £) = af it follows that
w(0.0) = 5o [[[ @ PE ) 4 (@) de = P @) + £ (),

™
D! (0,0) = 5 [ [P 0.0.04(9) + el (0.0, (9)dsdg
=: A7 (@, Do) f7 + A7 (@, Da) f77
Thus, we are led to the elliptic system for f7* as
{f“ + = u,
AP (@, Da) 77+ AP (o, Da) 77 = —i].
The results of Lemma state that
o (0.0,6) = £ (1L +0(6) € 814

behave like the classical symbol +£3/2. Consequently, A7* are elliptic pseduod-

ifferential operators, which are approximately in/ 2, and they have approximate
inverses, denoted by (A{’i)’l. We only pause here to note that the existence of
approximate inverses here means the existence of honest inverses with the same es-
timates as the approximate inverse maps. Indeed, the error involved in our setting
is @(¢-1/2), which, in the dyadic-frequency band & ~ 27 is @(279/2). Hence the
approximate inverse mapping has an error which is bounded by @(2‘” 2) on the
appropriate Hilbert space and the honest inverse can be obtained by the natural
Neumann series. _ _ _ _

Therefore, the operators 1 — (A7)~ A} and 1 — (AJ")~1 A}~ are bounded on
L? and invertible with L? bounded inverses. We set

£ =(1 = (A7) A + (A7) ),
P =0 = )08 AT )
Then, @) follows immediately.

This completes the construction of the parametrix and the proof of Proposition
4.2

4.4. The Fourier integral operators. We establish the basic boundedness prop-
erty and propagation of singularities for our leading-order parametrix. Let us first
establish a basic L2-boundedness result.

Lemma 4.7. Let F(t) for 0 < t < 279/2T be defined, initially on the Schwartz
class, by the formula

F(t) () = / / ¢~ 1981 () £(5) dpdg

where @ is either of p»* and is constructed in Lemma[f-8 Then F(t) extends to
a bounded linear operator L?, — L? and

IF0)l2z 2 <1+ 0(2).
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The proof of the lemma shows that F(t) is almost unitarity point-wise in ¢. If
©* have been constructed on an interval of length 277/2T in the domain of V (¢, &),
then the result holds equally true for each point on the interval.

Proof. We will prove the assertion for ¢/ = 7% the proof for ¢/~ being analogous.
Further, We will prove the estimate for F* rather than F', since some nontrivial
cancellation makes the proof much easier. Indeed, we will show that F*(t) =

~1A(a,277/2D,,) for a pseudodifferential operator A with rough symbol, A =
14 O(t). Since

IF* ) fll72 = (FOF*@)f, ) < |FOF* @) fllzzllfll 22,
it suffices to prove the assertion for
(4.21) FO)F*(t)f(a) = / / /(@ (1) =16 (o) do/ dE.
Recalling the results of ¢ from Lemma [£5] we have
90] (t7 a, 5) - QOJ (t7 CY/, 5) = (Oé - a/)g + 53/2(19'] (tu a, é-) - 19] (t7 CY/, 5))
= (Oé - a/)g(l + ’&J (tv a, alv 5))
where 07 = Q(t) € Wzl 2 Sh_y satisfies
5k15k219J 9~ J(k1+k2)/2@()

for k; 4 ko < k— 1. We perform the change of variables n = £(1+ 97 (¢, a, o/, €)) in
(EZ1) to obtain

F(H)F* (1) f(a) = / / A o, of €) (0ol dE,

where a symbol
A(t,a,a’,f) = 1+@( ) € WlOO Skfl

2-3/2T
satisfies
ook A = oI iHk) 20y (1) for 1 < ky 4 kg <k — 1.
Then the Calderén-Vaillancourt theorem implies the assertion. O

The following lemma regarding the Fourier integral operator related to (£3)
shows how to pass derivatives through the oscillatory integral, and it also justifies
localizing to positive or negative €.

Lemma 4.8. Letm € R, [ > 2, k>3 and let j > jo > 1 with 27° > M sufficiently
large. Let @7 (t, &) € Wzl °]°/2TS3/2 be as constructed in Lemma[{.]
Suppose that B(a, &) € U7, where k' > k+ 4. Then, for any f € HJ'(R)

satisfying the dyadic frequency localization (IM) the following

B(a,Da)// e—iﬁﬁeisaj’i(t,af)f(ﬁ) dpade

= // e—iﬁﬁeupﬂ"i(t,a,ﬁ)gjmfg(t’ajg)f(ﬁ) dpdé + (Ef)(t, a)

holds, where B € Wzl ]1/5;5 4 is supported in c{27 < & < 427 for some 0 < ¢y < ¢}
independent of j, and Ef satisfies the dyadic-frequency localization (X2) and Ef

enjoys the estimate

||Ef||L2 ([0,2—4/2T7) C”f”Hm L.
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Furthermore, if 1/~Jj(Da) € Y, is equal to 1 in the dyadic region 2972 < [£] <
21+2  then

Y (Dy) / / B giv!F (tang) f(B) dpde = / / o—1BE ip? E (t,0,6) F(B) dpde

modulo a lower order error.

As usual, the constant C' > 0 in the error estimate depends on up to k derivatives
in a of B(a,§) and k derivatives in « of V (¢, ). The requirement of 4 derivative
comes from keeping track of the number of derivatives used to control the error
terms in the Egorov theorem. Of course, the error estimate can be improved upon
more careful use of the Egorov theorem.

Proof. As usual, we prove only for ¢/ = @7 the proof for ¢~ is similar.
Let us consider the oscillatory integral operator

(Ff)(t0) = / / eI (1) £(5) dd.
The results of Lemma say that
¢t o, &) = al + 2 (t+ (L, a,8))

with ¥9(t, a, &) = O(t) € W)™, Sy, and that

wi(tv O‘vg) = 5(1 + Q(t» € WQZLOJ?&TSlifl'

Since
. 3 ) .
Pelt, ) = a+ S+ 0 (1, 0,6) + €20 (1 0, ),

it follows that
2

oI
¥ _'_52

Y
(4.22) £ <0 < - 3

where C' > 0 is independent of £. In light of this and Lemma [£7 then F' is an
elliptic Fourier integral operator.

Let us also choose x2(§) such that x2(§) = 1 on [1/2,2] and it is supported in
[1/4,4]. Let x3(€) = x2(277¢). We define a modified phase function

(4.23) Pt 0 €) = ag + 167 + 3 (€0 (£ 0, )€,
Note that the modified phase function @7 is defined for all £ > M and @7 (¢, a, &) =
@I (t, o, &) on the dyadic-frequncy band 2772 < & < 29+2,

We note that the phase ¢/ is the generating function of the symplectomorphism
in the proof of Lemma B3] in the dyadic band 2772 < ¢ < 2712, which is a lower
order perturbation of the symplectomorphism

2
) for 2972 <€ <2912,
O

(4.24) a|—>a—|—gt§1/2, & &

The phase ¢’ generates the same symplectomorphism in the dyadic region, and
extends it to be (Z24) in the rest of phase space. Let ! be this extended symplec-
tomorphism.

In light of the Egorov theorem [13], then it follows that F' transforms symbols

according to the symplectic transformation x!.
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It remains to show that ' maps dyadic frequencies to dyadic frequencies and
preserves the order of the symbol. Indeed, the & component of st is £(1 + D(t)),
whence

{co?? €< a2} C{(K)2(a,€) 1 2! <€ <127} C {eg2? <€ <27}

for some positive constants co < c1,¢f < ¢}, and ¢ < ¢{, where (k')s denotes the
second component of x!.

Therefore, for any pseudodifferential operator B € U7}, where k' > k + 4, it
follows that

Bla,Da) [ [ 5 o0 pieyagig = [[ et ) (Bp) (5)dpag
for some pseudodifferential operator Be W, with principal symbol

o(B) = e(t, o, &) (k") "0 (B),

where e € S)_, is elliptic on the support of (k%)*o(B). This completes the proof.
O

Remark 4.9. The assertion of Lemma [£8 holds true when replacing ¢ by —¢&.
This justifies considering only positive £ in the construction of the parametrix in
the previous section. In what follows, we will drop the assumption that we work
on positive €. In other words, the phase functions take the form

ePE(t . ) = af £ €32 (t+ 99E (L, a,€))

and similarly for the amplitudes and others.

5. STRICHARTZ ESTIMATES FOR THE LINEARIZED EQUATION

A dispersion estimate on a semiclassical time scale implies semiclassical Strichartz
estimates for linearized water-wave problems under surface tension. Gluing these
together Strichartz estimates on a fixed time scale are established with loss in de-
rivative.

5.1. Preparation for the proof. Let us consider the initial value problem of the
linear homogeneous equation

(5.1) {8fu — HO3u + 2V (t,a)000;u + V2(t,a)0%u = 0,

u(0,a) = up(e) and  Gu(0, ) = ug (),

where the coefficient function V' € H!([0, T])HX(R) is given for some T > 0 fixed
and for [,k > 1 sufficiently large, Let us also consider the related initial value
problem of the inhomogeneous equation with the zero data

(5.2) {va — HO3v + 2V (t,)0,01v + V3(t,a)0%v = R(t, a),

v(0,0) =0 and 0Oww(0, ) =0,
where R € L?([0,T])HE(R) for some s > 0.

As a preliminary result, we establish the existence and uniqueness of the actual
solutions of (B]) and (B.2)) via the standard energy method.
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Theorem 5.1 (Existence and uniqueness for (51) and (5.2))). Let V € H'([0, T]) HE(R)
for some T > 0 and for some I,k > 0.

For each pair of ug € H**3/2(R) and u; € H*(R), where 0 < s +3/2 < k, there
exists a unique solution u to (BI)) on the interval 0 <t < T satisfying

(5:3) l1ll oo (o.77ymr+272(my T N0kttll Loe 0,1 1 () < Crllvoll rovorz ) +lluall e w))-

Furthermore, for each R € L2([0,T])H:(R), there exists a unique solution v to
B2) satisfying

(5.4) [vll Lo o,y B ®) + 101 oo (0, yy 12272y S C2ll Rl L2 0,17y B2 () -

Here, C1,C2 > 0 are polynomial in ||V oo (jo,1)ywz> ) and [[Vi|| Loe (o, 17)wz> (m) -

The existence and uniqueness is standard by combining the energy estimate (53]
and (B4) with regularization and a Galerkin approximation. The detailed proofs
of (53) and (54) are in Appendix [Dl

The main result is in this section is semiclassical Strichartz estimates for the
linearized water-wave problem under surface tension.

Theorem 5.2. Let V € HY([0,T))HE(R) for some T > 0 and for I,k > 1 suf-
ficiently large and let j > jo, where jo > 1 is sufficiently large. Suppose that
U € L>([0,277/2T])H/?P(R) solves
(5.5)
OPU — HO3U + 2V (t,2)0a,0:U + V2(t,0)02U = R(t,a) fort € [0,279/2T),
U(0,a) = Up(a) and 0U(0,a) = Uy(cx),

where (Up,Uy) € HY?P(R) x HY?=3/2(R) and R € L*([0, T]))H'/?*=3/2(R). Sup-
pose, further, that U, R, Uy, and Uy satisfy a dyadic frequency localization (£2) at
frequency 27. Then, U enjoys the estimate
(5.6)

1UN e (o,2-72mpypa < CUIol garze + ULl y2r2o-0/2 + RN 1110 05720y s 2e-572),

where (p,q) satisfies
2 1 1

p g 2
and C' depend on p,q and the Sobolev norms of V' of orders bounded by | and k.
Moreover, gluing together these estimates on 27/2 many time intervals of length
279/2T we obtain Strichartz estimates on a fixed time scale with loss in derivative.

Corollary 5.3. Let V € HY([0,T])HFR) for some T > 0 and for some I,k > 1
sufficiently large.

If (U, Uy) € HYP(R) x H=3/2F1/P(R), then the solution U € L>=([0,T])H'/?(R)
of the initial value problem () satisfies the inequality
(5.7) 1T eo, ey < C1l0oll ey + Ul gr-3/241/0(m))-

If R € L*([0,T]))H3/>*1/P(R), then the solution v € L>([0,T])HY?(R) of the
initial value problem ([B.2) satisfies the inequality
(5.8) vl oo,y La®) < CollRI| 1o,y r-3/241/0(R)-

Here, (p,q) satisfies the admissibility condition in Theorem [5.3 with ¢ < oo, and
C1,Cy depend on p,q and the Sobolev norms of V' of orders bounded by | and k.
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5.2. Proof of Theorem and Corollary We explain our strategy to
proving Theorem[5.2] We first demonstrate that the homogeneous dyadic-frequency
parametrix in Proposition .2 satisfies an L}, — L dispersion estimate on a semi-
classical time interval of length 277/2. Then we use Theorem [ to deduce the
semiclassical Strichartz estimates for the parametrix. We use the energy estimates
to show that the parametrix is sufficient to estimate the actual solution in the
Strichartz norms on semiclassical time scales. To prove Corollary [(.3] we sum up
the estimates on semiclassical time scales to obtain an estimate on a fixed time
scale with loss in derivative from the summation.

We begin by proving the short-time dispersion estimate. Without loss in gen-
erality, we work on the time interval ¢ € [0,277/2T]. The analogous statments
are true for any interval of length 277/2T in [0,T]. In order to estimate various
quantities involving the parametrix (@3] we have found it expedient to “glue” to-
gether on the time scale 0 < ¢t < 279/2T the phases ¢/®, which are supported on
2772 L |€] < 2772, to obtain global phases with similar properties. As usual, we
avoid excessive notation by considering the ¢+ case only and writing ¢/ = @7+
and similarly for other quantities with the 4 parity. The analysis in the ¢/~ case
is completely analogous.

For ¢ > 0 small, let us choose x1(¢) such that x1(¢) = 1 on [0,7] and it is
supported in [0 — €,T + ¢]. Recall that x2(§) is such that x2(§) = 1 on [1/2,2]
and it is supported in [1/4,4]. We need x2 satisfying x2(§) = 1 on supp x2(§)
and supp Yo C [1/4 — e,4 4+ ¢]. Let xJ(t) = x1(27/%t), x3(&) = x2(277¢), and
B(€) = X2(277€). We define a modified phase function

(5.9) Pt 0, €) = al + P2 + ] (D3N (¢, )IEP?,

where 97 = 97T has been constructed in Proposition The modified phase
function @7 is defined for all ¢ and all |¢| > M and we claim it has the properties

(5.10) W (t, 0, &) = tO(Jt] + [€]71/2) e Wh

0
271'/2T8k'

To see this, note that

(5.11) 9 (¢, @, &) = O(lt] + 1€]7/?).

Indeed, a simple substitution of ¢ in the eikonal equation yields that ¥ satisfies
(5.12) Dy(t, 0, &) = =] 72V (t ) (1 +9a) + (1 +92)%% — 1,

where 9, (¢, o, &) = O(t). Since 9(0, a, &) = 0 by construction, J(t, a, &) = tO(Jt] +
|€]71/2) as claimed.

We redefine w’* by replacing the phase function ¢’ by ¢/. The new oscillatory
integral agrees with the old one for 0 < ¢ < 277/2T and for the data u}, and u)
satisfying the dyadic-frequency localization ([£2), but it has the virtue of being
globally defined so that we can use the theory of Fourier integral operators.

Let us consider the Fourier integral operator

1 —if¢ g (t,o ~j
613 (FN(ta) = 5 [[ T O 05 (3) dps
It is standard from the results of Lemma [£.7] and Lemma (4.8 that
IEf@O e < (T +O@)flas
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for s > 0 and each 0 < ¢t < T. As in Section for the Schrédinger equation, we
write the oscillatory mtegral as

Ff(t.a) = [ K(ta.0)f(9)d5,
where
(5.14) Kt )= [ % o0 (g€,
Lemma 5.4 (Microlocal dispersion estimates). The kernel in (5I4) satisfies
K|z < C2/4H2 0 for |t < 279/°T,

so that

IFf(®)llee < O/ 2|\ fllny,  for 8] < 279/2T.
Proof. The proof uses the method of stationary phase together with the assumption
that ¢ is in an interval of length 277/2T to estimate the error terms. We assume as

usual that ¢ is large and positive; the large negative case is treated similarly.
We next compute

06(#(E:t,0) — 56) = & — 5+ SHE? + D] (O EDIE! 297 (1, )
+ (027X (2T EDIEF 0 (¢, 0 €)
+ X (X (ENIE[ 20607 (1, €)

= o= B+ St + €200t + e 72)

on |t| < 279/2T and for 2771 < |¢] < 277!, The second equality uses that ¥/ € SY,

the ¢ localization due to xJ (¢ ), and (BI0)-(ETII). A critical point of the phase
@I (&5, o) — BE, therefore, is given by

2= 20200 o),

We observe that the localization of )2% implies that the integrand is zero unless
€ ~ 27, and hence &, ~ 27.
Next we compute for [t| < 277/2T:

R €5t = 5) = g™+ pd O eDlel 9 )

(
+ ] (027X 27T ED PP (¢, o, €)
+xl(t)x%(lfl)lﬁlg/z’@gw(t a,§)

+3x] (1277 x5 (278D 29 (8, o, €)
+ x4 (0277 x5(277 €€ 0697 (1, a1, €)

3
= ST+ Ot + el 72),
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where we have again used the ¢ localization of x?(¢) and (5.10)-(511). Evaluating
this at the critical point, we obtain

3?(@ (&t,a) — 55)‘5256 :Zt . gﬁ%oz(l + @(2*3’/2))
9

=550+ O27912)).

Thus, the critical point is nondegenerate for ¢ > 0.

Applying the method of stationary phaseﬁ completes the proof of the lemma,
once we observe that the restriction [t| < 279/2T combined with the restriction
& ~ 27 implies that (8 — «)/?/t'/2 is bounded by 27/* for this range of t. O

In order to apply Theorem [[4] we need to control F(')F*(t).

Lemma 5.5. The Fourier integral operator F' given in (513) satisfies the estimate
IFE)F* () f (@)l < C24 N — 6|71 2| |,

for |t'|, |t] < 279/2T.

Proof. We write

F()VF* (8)f () = / / ¢ 0.8 (10 O (1) (1) (R(€))2 £ (ool de

and its corresponding kernel

Ki(a,a) = / (P W= (1l ) (1) (¢) (5 (6)) e

We cannot apply the same argument as in Lemma [5.4] to estimate K3, since the
difference of the two phases depends on « and /. However, the only part from
which we cannot directly factor the ¢’ — ¢ is of lower order. Precisely,

Pt €) = @ (t,o,§) = (a — a)e+(t' — )¢
HEPBEN O () (@, €) = xq ()9 (8,0, £))
= (a—a)E1+0Q2772) + (' = )21+ 0(2777)).
We then apply the same arguments as in Lemma [5.4] to complete the proof. O
The parametrix constructed in Proposition[4.2]is not an exact solution for (5.),
and it only exists for a short time scale depending on the dyadic frequency band.

We use energy estimates for the linear equation (G)) to show that the parametrix
is sufficient to estimate the actual solution.

Proof of Theorem[5.4. We break U into a piece solving the homogeneous equation
with the frequency-localized initial data and a piece solving the inhomogeneous
equation with the null data. Once we prove the result for the homogeneous equation,
then the result for the inhomogeneous equation follows immediately from Duhamel’s
principle. Hence, we may assume that U solves the initial value problem for the
homogeneous equation

PU=0 for te]0,277/2T],
U(0,a) = Up(a), U (0, ) = Uz ()

QStationary phase gives a bound of 27/4t=1/2 plus a reminder term. Since we localize both in
time and space this reminder is even smaller than t—1/2.
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recalling the notation ([@I)). We approximate U on the interval [0,277/2T] by the
oscillatory integral parametrix given in Proposition .2l The parametrix W solves
{PW =E for tel0,279/2T],
W(0, ) = Up(a), W (0,a) = Ui (),
where E satisfies the error estimates (0). We write

10N zeqo,2-372myee < NIWllero,2-52myra + 10 = Willeo,2-5721)) 08 -
Upon applying Theorem [[.4] it is readily seen that the first term on the right side

satisfies (5.6]).
The function Z = U — W solves

PZ=—E  for tel0,279/%T),
Z(0,a) =0, 0:Z(0,a) =0,

and hence satisfies the energy estimate (5.4))

(5-15)  |0:Z| e o,2-372my 1 + 121l oo (p0,2- 27y mrzt/2 < CNE L2 (o,2-572m 12

for =3/2 < s < k—3/2.
By the Sobolev embedding, Holder inequality in time and the energy estimate
with s = 1/2 — 1/q we then have

121 Lo o,2-ir2my 28 SCNZN Lo 0.9-ir277) m2r2-1/a

gC(Tzijﬂ)l/p ”Z”Lm([o)g—j/zT])H;/Qfl/q

<C(T27j/2)1/p||E||L2([07271/2T])H;171/q
<CT1/Z)”E”L2([0,2*J'/2T])H;171/q71/2p
<CT*?|E|, .. (0.2-3/2T]) HZ 1= 1/4=1/p-

Then using the estimates on E given in ([40]), the estimate (5.6) for Z follows. O

Proof of Corollary 2.3 As above, once we prove (&), then an application of Duhamel’s
principle and the Minkowski inequality yields (E.8]). In what follows, thus, we con-
sider only the homogeneous equation.

The first step is to chop the actual solution of (&) into pieces each of which is
localized in a dyadic frequency band. Let us choose a partition of unity in &

1=1-¢") &+ > (¢
Jzjo
as in Section [l It is standard from the Littlewood-Paley theory that if f € LI(R),

q < oo, then
1/2

11l < CIA =¥ (D) fllzs + | D W7 (Da)f117s :
Jjzjo
and hence it suffices to prove (I3)) on dyadic frequency bands.
Let U be the actual solution of (B]), and let U7 = 97 (D,)U. It is readily seen
that U7 solves
{anﬂ' — HO3UI + 2V (t,0)0a0,U7 + V2(t, 0)02U7 = RI(U),

(5.16) Ui(0,a) = Uj(a) and 8,U7(0,a) = Ui (a),
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where UJ = 47 (Da)Uy, U = 17(D,)U; and
RJ(U) = [2V(t7 a)aﬂtat + V2(ta 05)82 ’ 1/)j (DO&)]U

(5.17) - - ,
= 7 (Da)2 77 (Aov (t, &, Do) Dy Dy + Ay2(t, ov, Do) D2)U.

Here, [+, -] denotes the commutator, Asy and Ay-2 are zeroth-order pseudodifferen-
tial operators, and ¢/ is a smooth function with support contained in a neighbour-
hood of the support of ¥7. It is immediate to see that D, is comparable to 27 on
the support of 1/;j . Consequently, we have the estimate

(5.18) 1R ||z < CU Ul + 1497 0:U 1 12),

where C' > 0 is a constant independent of j depending only on a finite number of
derivatives of V. _
Let U? = Uj + U] be the solutions to the homogeneous and inhomogeneous

problems, respectively, corresponding to (5.I0). That is, U ,JL solves

PU} =0  for tel0,T],
Ul(0,0) = Ui(a),  8UL(0,a) =U{(a),

while Ug solves
PU} =RI(U)  for tel0,T],
U (0,0) =0,  9,U(0,a) = 0.

We will prove the Strichartz estimates for U Z, which, via Duhamel’s principle, will
imply the Strichartz estimates for Ug . Then summing in j will imply the Strichartz
estimates for U solving (G.1]).

We divide the interval [0, 7] into 2//2 small intervals of the size 277/2T. Let
Ty =277/2(m — 1)T, where 1 < m < 2//2 and let I"™7 = [Ty, j, Tim+1,4] so that

o1 = J 1.

1<m<29/2
Then, we apply the results of Theorem on each short time interval I, 1 <
m < 29/2 to obtain
0i/2
|\UZ||IEP([07TDLQ(R) = Z |‘U}{||Z£p(1m,j)Lq(R)
m=1

23/2

. . p
<C Y (3T i) arvs2o gy + 1T Ton ) 1720-3/23 )
m=1

. . . p
< C22 (U8 s 20 gy + 1007 e 2022wy ) -

The last inequality uses the energy estimate.

On the other hand, 27/2? ~ DY?" on the frequency support of U and UY, and a
localized version for j > jo of (51) follows. To finish the proof we first notice that
for small frequencies, j < jo, the estimate follows from Sobolev embedding and the
energy estimate (5.3). By Duhamel’s principle and Minkowski’s integral inequality
then also (B.8]) follows. This completes the proof. O
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6. LOCAL WELL-POSEDNESS VIA ENERGY ESTIMATES

This section concerns the local well-posedness of the initial value problem asso-
ciated to (B7)). The result is of independent interest.

We recall that R(u,0pu) B), defined in (34, involves 6, which is determined
by (38). To be precise, hence, the local well-posedness is to be established for (31
coupled with ([B8)). Upon the observation that (31) and B8] are of different type,
we proceed by a “bootstrapping” argument. First, given # in an appropriate func-
tion space, the local well-posedness for (1) is established via the energy method,
with R(u, Opu) evaluated with the given 6. With u so obtained , next (B8] is solved
via the standard method of characteristics with the variable-coefficient v and 7
evaluated by the solution u in the first step. We focus on the development of an
energy estimate for (3.1) and its local well-posedness.

We begin by writing (B7) as the first-order in time system

{&u = v — ud,u,

6.1 ~
(6.1) 0w = HO3u — udov + R(u,v).

In other words, v = Oyu + ud,u is the material derivative of u. Here,
R(u,v) = R(u, v — udat) + vdau + u(dou)?
satisfies an estimate similar to (B.0):
1R, 0)llzre < C(full gosss [follme)  fors > 1.

Let us define the k-th energy associated to (6.1)) as

(6.2) (1) = / (081 u) HO (05 ) + (050)2) do
and the energy function for (6I)) of order s as

(6.3) € (1) = [lulF2 (1) + ollZ2 (6) + D EX(8).

k=1

Note that the operator Hd, is a positive operator with the symbol of its Fourier
transform |¢| and that

£ 112 =/ (f* + fHOLf) da.

— 00

In the energy estimates below, we make use of the fact that

oo

©4) [ h0ufHOLf da=5 [ (H.100a£)00 da < Clhllrsc ]

— 00 — 00

Indeed, by integration by parts,

/Oo hOo fHOWf dov = — /Oo H(hOof)duf do

- [ W(HOo )00 f do— [ (IH, 100 f)0n f da.

Then, ([6.4)) follows by (277) and upon the observation that [H, h|0n f = 0o ([H, h]f)—
[H, 0nh]f.
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It is readily seen that the energy function €5(t) is equivalent to |lu(t)||%. s/2 +
(| Q¢ (t)+u(t)Oau(t)||3- . Furthermore, €*(t) is equivalent to ||u(t)[|% 52+ Opu(t) |3
if 5> 1/2.

We now state and prove the nonlinear energy estimate for (G.1]).

Proposition 6.1 (The nonlinear energy estimates). If (u,v) € H*T3/2(R) x H*(R)
for s >1/2 solves 1)) on the intervalt € [0,T] for some T > 0 and if ||ul| 52+ <
400 for 0 <t <T then

(6.5) e (t) < Oy foro<t<T
and subsequently

lu(®)] grstsre + [|Ovu(®) || s < Co for0<t<T,
where the constants Cq,C2 > 0 depends on ||u(0)|| gs+s/2 + ||Ou(0)|| =

Remark 6.2 (Remark on the energy expression). One may try

(6.6) / ((0k0pu)* + X \uHO 2u) da

— 00
as the k-th energy function for BX). Due to the multi-derivative nonlinear term
u?d2u, however, the application to (6.6)) of the standard energy method is unwieldy.
Indeed, one takes the t-derivative of the energy function and substitutes 9?u by
B, but to arrive at an expression containing

o0
/ (0F 0yu) Ok (u20?u)dar,
— 00
which cannot be controlled by the energy function (G.6).

The idea of the proof is to write (B1) as a system (G to resolve the multi-
derivative term u?d2u into two single-derivative terms ud,u and ud,v, which work

favorably in the application of the energy method by canceling higher Sobolev
norms when integrated by parts.

Proof. We begin by investigating the time derivative of £* by calculating
d o0
—&k(t) = / (051 0pu) H 0o (05T u) + (050,v) (05 v)) dov
(6.7) dt —o0
=k 4 gk
Let us first compute £F. By using the first equation in (6.I)) and the integration
by parts we may write

gf::j[ O (—udou + 0)HOW (0 ) da

=— / w(F2u) (HO*2u) do
(6.8) =
+ / (OF T 0)H, 0% u do + (lower order terms),

—0o0
where (lower order terms) is a collection of terms which can be bounded in terms
of energy in a routine way. The second inequality uses ([6.4]). Note that

o0
/ (@ 2u) (HOM2u) dov < [ull oo ]2

— 00
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Similarly, we compute

g = / 0% (—udv + HOSu + R(u,v))(95v) da

—— [ 0k utn) — wdk )@k da— [ 0k ) O da
(6.9) > e
+ / (9%0)0k R(u,v) da 4 (lower order terms).

Again, (lower order terms) is made up of terms which can be bounded in terms of
the energy in a routine way. Note that

105 (udav) — udg ™ vll 2 < Cllull el 00l g

The third term on the right side of (6.8]) and the third term on the right side of
([69) cancel when added together. Other terms are bounded in terms of the energy,
provided that ||l gs/24 < 400.

We have proved

des
< CE(1+ %P
for some positive constant C' and for some p > 1. The proof then is complete by
applying Gronwall’s inequality. 0

Now, we make a few remarks on the existence, uniqueness and continuous de-
pendence for (B7), or equivalently, for ([GIl). In order to establish the existence
of solutions, we would need to regularize the equation in a certain way. The most
straightforward way is to introduce mollifiers (approximations to the Dirac delta
function) into the right sides of (G.II). We then repeat the argument in the proof
of Proposition for the regularized problems to obtain energy estimates of the
kind in (@3] independent of the mollification parameter. Subsequently, the Picard
theorem for ordinary differential equations on a Banach space applies to assert
that solutions to the mollified equations exist on short intervals of time. The solu-
tions can be continued on a time interval which is independent of the mollification
parameter thanks to the uniform bound from the energy estimate.

Next, an estimate similar to the energy estimate but in a low norm ((u,v) €
H* (R) x H¥ ~3/2(R) with 2 < s’ < 3 ) establishes that as the mollification param-
eter tends to zero, the solutions of the mollified equations converge to a solution
of the original (non-molified) equation (6. By interpolation, we find that this
convergence occurs in the high Sobolev norms, as well.

Uniqueness follows by the energy estimates for the difference of two solutions,
and continuous dependence follows from the time-reversibility of the equations.

The detail of local well-posedness via the argument above is carried out in [2]
for the vortex sheet problem with surface tension.

We summarize our result.

Theorem 6.3 (The local well-posedness). The initial value problem for (B7), pre-
scribed with the initial conditions (ug,u1) € H*(R) x H*73/2(R), s > 2 +1/2,
is well-posed on the time interval [0,T] for some T > 0 and (u(t),Oru(t)) €
C([0,T); H*(R) x H*~3/2(R)).
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Remark 6.4. The assumption that s > 2+ 1/2 is due to the commutator estimate
used in the proof of the energy estimates (Proposition [6.1]). Although this commu-
tator estimate can be improved by putting 1/2 derivatives on each of two copies of
u appearing in the energy calculation, we need 24 derivatives to couple with the
transport equation. In this sense, the local well-posedness should hold at s > 2,
although we do not prove it in this paper.

7. STRICHARTZ ESTIMATES FOR THE NONLINEAR PROBLEM

At last, we are in a position to prove the Strichartz estimates (L3) and (L) for
solutions to (B1).
Let us consider the initial value problem for (31) with the initial conditions

u(0,a) = up(er) and Gu(0, ) = uy (),

where (ug,u;) € H5(R) x H*"3/2(R) for s > 2 4+ 1/2. Theorem applies to
ensure that a unique solution exists on the time interval [0, 7] for some T > 0 and
(u(t), dpu(t)) € C([0,T); H*(R) x H*~3/%(R)).

We apply 02 to B70) and the above initial conditions to obtain

(7.1) (02 — HPu + 2uda0dyu + u2d2)03u = R(u, dyu),

' 92u(0, ) = OSup(e) and  905u(0, ) = Auy(a),
where
(7.2) R(u,dpu) = 05 R + [02,u?0? + 2udy0i]u.

We view the initial value problem (Z.I]) as a linear problem for 9%u of the form in
(1) and (52), where the solution u is the coefficient function V (£, ) and R(u, d;u)
is the inhomogeneous term R(, ). This can be done thanks to uniqueness of these
initial value problems.

Let us take s > 1 sufficiently large so that u € H'([0,T])H*(R), where [,k > 1
are large enough for the results in Section[dand SectionBland so that (95 ug, 5u1) €
L*(R) x H=32(R) and R € L*([0,T])L2(R). Therefore, Theorem applies to
yield the semiclassical Strichartz estimates (LH), and Corollary 3] apply to yield
the fixed time Strichartz estimates (I3)). This completes the proof of Theorem [I]
and Theorem

APPENDIX A. LOCAL SMOOTHING EFFECT FOR THE NONLINEAR PROBLEM

Remarked here is how the method of positive commutator yields the local smooth-
ing effect for [B7) of the gain of a 1/4 derivative’s smoothness. The method used
here was suggested to us by T. Alazard, N. Burq, and C. Zuily.

Theorem A.1 (The local smoothing effect). If s > 2 4 1/2 is sufficiently large,
then the solution v € C([0,T]; H*(R)) of the initial value problem for (31) with the
initial condition (ug,u;) € H*(R) x H*"3/2(R) satisfies the estimate

(A1) () ™" DY 4| oo, rpyre. < Clluoll i, [Jur] go-s/2),

where p > 1/2. Here, () = (1 + o?)Y/? describes weighted Sobolev spaces and
D, = —i0,.
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Proof. We recall that the energy method yields the local well-posedness of the initial
value problem for B.7) and v € C([0,T]; H3(R)) for some T' > 0.
Once we settle the issue of existence and uniqueness, we view [B.7) as

OPu — HO3u + 2V (t,)0100u + V2(t,a)0u = R(t, ),

where the variable coefficient V (¢, o) replaces the solution u and R(t,«) replaces
the remainder R(u, Oyu), as in Section[ll We choose s > 1 large so that V (¢, «) and
R(t, ) have the required regularity.

Let ¢ € C*°(R) be such that (&) = 1 for || = 1 and (&) = 0 for [§] < 1/2,
and let

U =w-+v,

where w = ¥(D,)u is the high frequency part of the solution and v is the low
frequency part of the solution. It is straightforward that v belongs to every Sobolev
space, and thus v is as smooth as we want. It suffices to show (A for w.

Further, let /(Do) = ¢ (Do) + ¢~ (Dy), where ¢ = )|es0 and ¢~ = 9|e<o,
and let wt = ¢*(D,)u. We will present the argument only for positive high
frequencies w™. For simplicity of notation, in what follows, we write w for w™.

For positive high frequencies £ > 0, the Hilbert transform H behaves like the
multiplication by —i, and thus

(A.2) Pw = (9} +i03 + 2V (t,0)0:00 + V*(t, )0 )w = R(t, a),
where 3
R =¢"(Da)R(t, ) + [2V(t,0)0:0a + VZ(t, )07, ¥ (Da)lu

satisfies the estimate

(A.3) IRl 22®) < [0 (Da) Rl 22 @) + Cllwllm =) + 10wl 22 &),
where C' > 0 depends on V' and its derivatives.
Let

A(a) = [ "B ap

for p > 1/2 as in the statement of the theorem. Let (-,-) . denote the (Hermitian)
L?-inner product. We compute
T

ditm [ (aRw) = [ (aRw) - [ (waR)

T T
:/ (APw,w) . dt — / (Aw, Pw) ., dt
0 0

T T
:/ <[A,P]w,w>L2dt+/ (P — P*)Aw,w) ., dt
0 0

+ [(Aatw, w}N}OT - [(Aw, Oyw) 2 }OT

Here, P* denotes the adjoint of P. The second equality uses that A is self-adjoint,
and the third inequality uses integrations by parts in ¢. The sum of the boundary
terms is 2i[Im (Adyw, w) ;.|

It is important to note that although the solution to the nonlinear equation (31
may be assumed real-valued, the solution w of ([A.2) is not, since we have cut it off
to positive frequencies. Indeed, if we add back in the negative frequencies so that
w is once more real-valued and if we try to construct an appropriate commutant,
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then we are inevitably led to use the Hilbert transform as part of the commutant,
and the resulting boundary terms do not cancel.
Next, it is straightforward that

[P, Alw = 3iAg0%w + 3i AnaOaw + iAgaaw
+ 2V (t, a)Aq Qyw + 212 (t, 0)AnOqw + V2(t, ) Apaw.

T T
Now, we compute / (Aw, Pw) ., dt = / (P* Aw,w) - dt. Integrations by parts
0 0

in ¢t and in « yield

T T T T
/0 (Aw, w) dt:[<Aw,atw>L2}o - [<Aatw,w>L2}O + /O (ADRw, w),, dt
T T
=9 {Im (Adyw, w) - }0 + / (Ad}w, w) , dt,
0

T T
| A igsuy e = [ n(aw), ), dt.
0 0

Similarly,

T T T
/ (Aw, 2V 8,00w) - dt =[<2VAw,aaw>L2}O - / 2V, Aw, Do) ;. dt
0 . 0
+ / (2Va A0, w) 2t + 2V 0,00 (Aw), ) 1 ),
T 292 TO 2
/0 (Aw,V Dw) o dt :/0 (<(V )aaAw,w>L2
+ (2(V2)ada(Aw), w) 1o + (V202 (Aw), w) . )dt.

Therefore,

T T N T
3i/ (AqOqw, Oqw) - dt =21 / Im <AR, w> dt + 4i [Im (Adyw, w) - }
0 0 L2 0

+1i ( (Acaaw, w) 2 + (2V AL 0iw, w) [ » )dt

HC\%

+/ (<2V2Aa6aw,w>L2 + <V2Aaaw, w>L2 )dt
0 . .
+ {<2VAw,8aw>}0 —/ (2V; Aw, Dgw) 2 dt
0

+ /OT (<2Va8t(Aw), W) 2

(VD) aadw,w) , + (2(V?) 08 (Aw), w) ., )dt.

L2



44 CHRISTIANSON, HUR, AND STAFFILANI

Since A and its derivatives are in L*°(R), using the energy estimates, Sobolev
embeddings, and the estimates for R, it follows that

||Aaaaw||2L2TLg S C(”RH%?TH*M + ||wH%2TH3/4 + ||wH%§S’H3/4 + H(?th%%jH,ML

+ HVH%;OHQ ”wHi?THi/“ + HathizTH;S/‘l

W7 e gy1r2

(L V2R ) -

F A1V Iz 0l

il + (L Vg my)

2
1/2
L2.H)

2
—3/4

P [

L2.H}
+ 1+ ||8§(V2)||%%0L30)||w|\%%%
+ 1+ [[0a(V? Jwl? )

L2.HY?
< C(T7 HV||H;;’/2H3’)

1100V I 1

wl|

2
W)
(Hw”L%ng/‘l + ”athL%pH;?’/‘l)z

for some s’ > 0. This completes the proof. O

APPENDIX B. ASSORTED PROOFS: FORMULATION
We collect the proofs of (Z.21]), Corollary 2.5 Lemma B2l and Lemma B3]
In order to estimate ||y:|| = in terms of u and 6, we recall that

Oy = 5020+ D (U — W - £)7) — 2W, - £ — %yaw LUl - W D)W, - &,

We expand W, - t as
Wt . E :Re(2a6(wt))

o (L Ye() /
=Re (2mza(a)PV/ 20) = 2(@) do >
FRe (- (Q>PV/7(Q’)M®/ =Tz + Rs
2mi (2(a) — 2(a))? ' ’
where J[z]f = Re (2izaH (%) + za(oz)lC[z]f). Accordingly, the above equation
for v takes the form as

(B.1) (14+2J[2])y = S@iﬁ—i—@a((U”—W-‘E)y)—%waﬂ—ﬂ(U”—W-‘E)Wa-f—2R5.

It is proved in [2, Lemma 6.1] that (1 + 27[2])~! : L? — L? is bounded. One
observes that Ry may be written in such a way that it is the sum of terms which
differ from Rs3 and R4 by multiplication by 7, and therefore, they are estimated
mutandis mutandi to yield that

IRs||zzs < CUNON pre+2) (1 + [l ro+1)?
for s > 1. The argument in the proof of [2, Lemma A.4] applies to assert (Z2I])

Proof of Corollary 23 We write
1 f 1 zi(@) — z ()

(K = Kl[z](0 —H | Sz2at ) — — N2 dd.
(KIELD =KL + 5ot (L) = 51 [ 1(0) 25 =20 o
Here, the last term is related to R3 and R4 in the proof of Lemma 2.4l and thus it

is estimated in a similar way.
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By the usual product rule, (Z24]) follows. O

Proof of LemmalZZQ For s = 0,1, we use the transport equation (B.8]). By multi-
plication by 6 to ([B.8) and integration by parts yield

1
% 0%da = 5/028(11; doz—|—/9H8au da+/9r1(t,a) dov.

We obtain the analogous identity for [(9,6)?, and by adding,

d
FplOlle < 0aullLoe 1Ol + 2(/lull = + Iroller).

Gronwall’s inequality then applies to give that

t
16112 <60l a2 +/ (lull g2 + llra |z )dt’
0

t t' t
+C [ Jowulle~ <||eo||H1+ / <||u||Hz+||m||H1>> o ([ 1onule- ) ar
0 0 t

SC(lullg2) (X + l[ull g2 + (o] 20)-
Indeed, [|r1[|g < C(10]2) (1 + |[ul| ).
Next, for s = 2 by multiplying ([ZI0b) by 926 and by integrating it it follows
that
1020112 < l10eull 2 + llullFp + 10abl 2o 10cull 2 + CUION g2) (1 + ull 2).

Together with the [|0]| g1 estimate above, this proves (8] for s = 0. For s > 2, we
take derivative of ([2I0b) and repeat the argument. This proves the assertion. [

Proof of Lemma[Z3 First, it is straightforward to see that
8tr1 = —H(mt E) — H(m fl)et +my - fl+ (mf)@t,

where

B(my) =zl (”—“ - 7) e (’qz] <7_a - 7>)

Za 22 Za 22

Zat 1 YZaa Za 1 VZaa
— |H,—= o — —0 |H, — o« — .
o] (o) il (o)
Then, [223) and (224]) apply to assert that

Iyl e < C(|10sull s [l mrosrs 1Bl o),

and, in turn, it follows 3I0). The difference is estimated in the usual way.
Next is the estimate for 9;r3. We recall from the proof of Lemma [2.4] that

1
Oyro = §H8t2’}/ + 8t(R1 + Ry + Rs + R4).
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In order to estimate for 977, we take the derivative with respect to t-variable of

(BI) to obtain

(id+ J[z])yee = — Re(QiZQtH (£> — 2iz H (Z—;zat>

@ [e%

+%m+@mwwk4wﬂyna(%%—aﬂ_wwawmﬂ.
Each term on the right side of the equation is estimated by using various estimates
we established previously, and then we conclude that
107917+ < Cllull o2, | Opul| o).
Again, using the estimates established previously, we obtain
[0:(Ry + Ro + R3 + Ra)|lme < C[|0cullar, Jull msr, [|Opul| o).

The differences of 97y and 9;R;’s, j = 1,2,3,4, are obtained in the usual way.
Therefore follows (B12).

That is, without the cancellation of the highest-order derivative term 9,092u in
ro, the remainder R(u,Opu) is of second-order in a. This completes the proof. O

APPENDIX C. ASSORTED PROOFS: PARAMETRIX CONSTRUCTION

We first derive ([ZI0). Let us first write i H D2w via the Fourier transform as

iHD3w(t,a) = —HOPw(t, )
1 . / c el - 7 et
— o [ e [ [ et gy apag’ an'a,
™

In what follows, we recall that we implicitly assume that both £ and ¢, are large
and positive and that & ~ 27. Our goal is to eliminate the dependence on ¢ in the
above integral so that the integration in o/ and ¢ yields §(a—a’) (so that the above
representation reduces to an integral in § and £’ only). To this end, we write

p(t,o8") = o(t,d/, &) + P(a,0) (o — o)
and we perform a change of variables to obtain
; 3 1 i(a—a’) (3
iHD w(t, ) = yp e MNn + &(a, o)
T

' // e~ giv(tbenl) £(3VaBde! dod dn.

We further write @(«, ') = @q(t,a’, &) + D1 (t, a, &/, '), where
/ 7 1 / 7 ’
qv)l(taaaa 75 ) = §@aa(t7a 75 )(Oé —Oé)

1 -
+ ggoaaoz(tu O/u 5/)(04 - a/)? + @(t, a, CY/, 5/)((1 - 0/)3
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for some & = O(sup,, |0%¢|), and accordingly, the above integral becomes

iHDgw(t,oz)
1 i(a—a’
:E//e( M (In+ @al® + 3|0 + @al>@1 + 310 + 0o |0} + D)

' // e,iﬁg,ei@(t,ﬂhf,)f(/@) dﬂdé’ do/d??.

We keep in mind that ¢, in the above expression is evaluated at (¢,a/,¢’). Now,
@, is a sum of terms multiplied with powers of & — ', which upon integrations by
parts in n are cancelled and the above integral, in turn, becomes

: 1 i(a—a’ .
zHDiw(t,oz) - in //6 ( )77(|,,7 + Sﬁa|3 + 3'L|77+ Sﬁa|<ﬂaa - <Paaa)

Under the assumption that either both n and ¢, are large and positive or both
are large and negative the above formal argument is justified. Indeed, the dyadic
frequency localization assumption ([E2) on f implies that w™ is also localized to
dyadic frequencies (possibly with different constants), and hence the singularity of
In| at n = 0 does not enter into the above calculation.

We now expand |n + ¢, | for both 7 and ¢, large and positive (see Lemma .8
for a justification of this)

7+ @al® = N> + 3leallnl® + 3lpal®nl + leal-

Again, we keep in mind that ¢, is evaluated at (¢, o/, £’). Substituting this in (CJ)
and integrations by parts in o’ then yield that

1 . /
JHD3w(t, o) = — Ha=aln
itHD w(t, a) 47T//e
- (InP + 310P1al + 3lnll2al? + eal® + 3i(1n] +¢a])Pas ~ Paaa )

[ et paasagdatan

Finally, ([@I0) follows upon integrations in o’ and 7.

(C.1)

Next, we show that the mapping in (£20)) is invertible for each ¢ € [—¢, €] and
0 <t <2927, Tt suffices to show that
OJa
ap
First, if n(t) is a solution of ([AI9h) with the initial condition 7(0) = ¢ then
(142797261 20)%) = 2(1 4 2797261 2) 27926120 = 2V, (¢, 272 a) (1 + 279726122,

whence

>0 1'>0 for0<t<279/2T.

—C(1 427928 22 (1427972 20)2) < C(1 + 279724 )2

for some C' > ||V, || Lsorse. We recall that the dot represents differentiation in the
t-variable. By Gronwall’s inequality it then follows that

(1427772612002 exp(—Ct) < (1 +279/2V2)2 < (1 +279/26/20)2 exp(C).
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That is, (1 +279/261/2(1))? = (1 4+ 277/2¢1/20)2(1 + O(t)).
Next, we calculate

K@(l + 2’3'/251/217))2]

ap
—9.979/2¢1/2 A1+ 279212y an

op ap
—3/2¢1/2 ) —j/2¢1/2
:28(1+2 5 77) Va(t72j/2a)a(1+2 g 77)
op op
+ 272V (1,272 0) (1 + 279/ 2y )‘9
ap
, » A(1 +279/2¢1/2p) oo\ ?
< Jj/2 J/2¢1/20\12 7/2
< (Wl 21+ 220 2 ) (ALY (00)

By Gronwall’s inequality it follows that

B(1 + 2792612\ ? o [ (2
( op 77> (t) < eXp(Ct2j/2”VHL°°W2°O) ¢ +23/2/0 (5_2)

for some C,C" > 0.
Finally, we calculate

[(2—2)2}2:22—22—2

8a - O(1 4 279/2¢1/2p) o » Oa
—j/2¢1/2 j/2 1/2 —1/2 i/2¢=1/2y/ j/2
Oa . _1 (01 +279/2¢12y) ’
J/2¢—1/2 V. J/2¢£1/2 1
~@RETVel ) (86) O+ 2R ) ( ap )

8a>2 (aa)
>-C|l— | -C su 99/2
<86 OgthPﬂ'/?T B

The claim then follows by Gronwall’s inequality once g_ﬁ =land 0 <t <
t=

279/2T are observed. Consequently, the inverse function theorem applies to give
that the mapping ([E20) is invertible for 0 < ¢t < 279/2T.

APPENDIX D. ENERGY ESTIMATES FOR THE LINEARIZED EQUATION

This appendix concerns the energy estimates (5.3]) and (54)) for the linear prob-
lems (B.]) and (B2)), respectively, the idea of which will be used repeatedly through-
out this work.

We write the second-order equation (B.]) as the following first-order system

(D.1) Ou = =V (t,a)0pu + v,
' O = =V (t,2)0,v + HI3u + Vi (t,a)Oqu + V (t, @) Vo (t, a)Ouu.

In other words, v = dyu + V(t,a)0qu is the directional derivative.
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Let us define the k-th energy associated to the above system by
1 oo
(D.2) gty = / (0510 HOW(04 ) + (080)%) da

and define the energy function of order s by
(D-3) € (1) = [lull () + Iloll7=(t) + D ¥ ().
k=1

Note that HO, is a positive operator with the symbol of its Fourier transform |¢|
and that

1122 = / (F2+ fHOL) da.

It is immediate that ¢*(t) is equivalent to [[u(t)||2,.,s/2 + [|0;u(t)||3;. provided that
HVHL“’([O,T])W(‘;’OO(R) is bounded.
We begin by investigating the time derivative of £", by calculating

d . © . ) )

oa @ ® /_ (05710 HOu (05 ) + (0h010) (95v)) da
= + &5

The first equality uses that HJ, is self-adjoint.

Let us first compute £F. By using the first equation in (D)) and the integration
by parts we may write

EF :/ OFHL(—V (L, 0)Dpu 4 v) HOn(0F T u) da
— [ Vi@ ook da

+ / (OF 1) HO 0% u do + (lower order terms)

:/ (OF 1 0)HO, 0% u do + (lower order terms),

where (lower order terms) is a collection of terms which can be bounded in terms
of energy in a routine way. The third equality uses (6.4]).
Similarly, we compute

EX :/ Ok (—V (t,0)0qv + HOu
— Vit @)0au — V(t, ) Vy (t, ) Dqu) (0Fv) da

_ / TRV (1 0)Buv) — V(E @) 10) (0 0) da

— 00

- / (OFHL)HO* 24 do + (lower order terms).

Again, (lower order terms) is made up of terms which can be bounded in terms
of the energy in a routine way. The first term on the right side is bounded by
IVl | Oavll 51
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The first term on the right side of £F and the second term on the right side of
&Y cancel when added together. Other terms are bounded in terms of the energy.
Therefore we have proved

des
dt

for some positive constant C, provided that ||V|| e ([0, 77)w = () is bounded. The
energy estimates (5.3]) with s > 0 then follows once Gronwall’s inequality applies.
For the inhomogeneous problem (5.2)) with s > 0, we proceed similarly to obtain

<C0e,

de?
o S CE + | R(t)|1 % )

from which (4] follows.
We next show that this can be extended to negative indices s. Let 0 < s’ < 3/2,
and observe that if u solves (B1)) for ¢ € [0,71], then U = (D,) ° u satisfies

{PU =[P, <Da>*5']u for t e [0,T1],
U(0,0) = (Da) " wo,  U(0,0) = (Do) .

Thus U satisfies the energy estimates (5.3)-(2.4) for s > 0:
(DS) ||8tU||L°O([OxT1])H3 + ||U||L°°([O,T1])Hg+3/2
< On (I[P D)™ Tull 2qo,rapy oy + ol gaoressz + ual ya-or)-

The commutator term is bounded by

([P, (Da)* ]UHL2([0,T1])H; < C(HatU”Lz([o,Tl])Hé*S’ + ||U||Lz([0,T1])H§*S’+1)

< O 2100l e o,y g + Il o am+0):

but for T7 > 0 sufficiently small and fixed, this can be absorbed into the left hand
side of (D.A) to get
(D.6)

100l oy iz + 1l o gy ez 52 < Cllltoll gorvara + Nl )

Applying this argument over a finite number of time steps of size 77 > 0 yields the
estimate for any finite 7" > 0, with constants dependent on 7'. A similar argument
applies in the case of (2] to yield the estimate (4] for —3/2 < s < 0.
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