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Keywords: Transmission system planning, AC power flow, tain a significant portion of the true optimal solution. Leve

lift-and-project relaxation, linear programming aging the maturity of commercial mixed integer linear pro-
gramming solvers, our method represents the most scalable
Abstract option to date for transmission system planning with full AC

We apply relaxation procedures to polynomial optimizationload flow.

problems that originate in transmission system plannind, a  We emphasize that the role of relaxation in the design pro-
obtain new convex formulations for the AC case. The apcess is not to create a feasible solution, but rather to con-
proach is novel because the optimization is efficient bui als struct a near-feasible solution that captures the streabfir
addresses the true nonlinear physics directly. We illtsstt®e  the optimal one, and therefore enables a follow-on desim st
method on a test case derived from a notional shipboard dishat should be easier, for example a standard nonlinear pro-

tribution system. gramming formulation in conjunction with branch and bound.
Moreover, one often finds that the relaxed solution adds key
1. INTRODUCTION insights to the original problem, which can be studied in de-

. . . ._tail via simulation. A relaxed solution can be used to reduce

Transmission system planning (TSP) is a network design . : .

. o . or reformulate the design variables, by relabeling the-solu
problem in which lines are selected from a candidate set t

. . . L fon as a fixed parameter set, and making new variables. In
meet physical requirements while minimizing investment an . . L2 e
: . . s .~ many cases, we have to identify a feasible initial solution i
operational costs [5, 7]. Linearized or ‘DC’ power flow is a

standard simplification in the field [10], since AC flow is too the new variable set; this is a separate problem from opamiz

. T . tion, however.
complicated for most optimization scenarios. In network de H i . K9 bench
sign problems, however, even linearized power flow creates €re we Specialize our previous wor [,] to a new bench-
a nonlinear, non-convex problem because the existence of ark case based on ash|pboard c_j|str|bl_1t|on system._ The all-
line can be a variable. Thus TSP with linearized load flowel_eCtr_IC Sr}l'p' er-]‘?-f]r; 'Sd‘_a _proto_typlca:jl micro-grid d%dlgrt)s
has traditionally been handled via further simplified forms plication, for which the disjunctive and transportation

the so-called transportation and disjunctive models [Tiha are enrflrely dunsunega as notid above. Nr?.tehthat :gebmo;j_els
same time, in applications like a ship electrical systeng li given here do not address robustness, which would be of in-

resistive characteristics are no longer negligible commgpao te_:rest to th? all-electric S_h'p and some other m|crog_r|d_$, b

reactances, because of the short line lengths, and the DC sijia alternative cost functions such issues may be within the

plification is invalid for any purpose. An AC solution for TSP Scope of our general approach.

therefore has significant value, but only recently has ihbee

approached in full [6], using an interior point method in-tan

dem with a constructive heuristic algorithm. 2. TRANSMISSION SYSTEM PLANNING
Toward this end, our objective is to develop and apply MODELS

new algorithms for power distribution design problemsttha We now derive linear models for AC transmission system

will improve accuracy and efficiency across several applicaplanning which are similar in structure and size to the ex-

tion areas. We utilize ‘lift-and-project’ relaxation pemtures  isting linear models [7]. We are given the following problem

in our development, specifically that of [8]. A relaxation is parameters: line investment vectya vector of real and reac-

an approximation to an optimization problem which alwaystive generation and demand limigs p, g, andd, normalized

bounds the minimum below (or maximum above), and is typ-flow limits S, existing network?, and line construction limits

ically easier to solve than the original problem. The phras€. Let" denote the set of buseQg the set of existing lines,

lift-and-project refers to lifting an optimization proleto  and Q the set of candidate lines. We follow the notational

a higher-dimensional space via the introduction of new-vari conventions that unless otherwise specified, single sigbscr

ables, and then projecting the lifted problems solutiorkbac denote members df, double subscripts members @f and

onto the original variables. Relaxed solutions are oftdm su i ~ j summation oveQy U Q. Let s, v, andy respectively

optimal or infeasible for the original problem, but can con-denote complex powers, voltages and admittances. The basic



AC power flow model is given by

NLAC m|n ZC.JE.J

i~]

st s5= (&) +&j) (Mviyi —viviy;)

Although we have only used a single constraint in this ap-
proximation, any set of piecewise linear constraints can al
be used.

As described in [9], define the new variables:

p<Re)sj<p
]
g<Im)sj<q
]
v <|vil <V
- o 2
|si| < (& +&)s (i,]) eQuQ oG = WX ,
0<&j <E;, &eN & = &j(w+x)
_ _ Hij = bij (Wyxi — WiX)) — Gij (XiX] + Wiw;)
Note that although line variables and parameters are non- g (W2
directional, i.e&jj = &ji, 5; = Sji and so on, sending and re- 'l
ceiving power flowss; ands;; are not. Vi = G (WX —wixj) +bij (xix) +wiw;)
—bfj (W + )
2.1. Linear AC models @j = &ij (b (wjxi —wiXj) — 0ij (XiXj +wWiw;)
We first must rewrite NLAC in terms of real, polynomial +gi (W—2+x,-2))
constraints so we may begin to build a relaxation. y et A
g+ jb, v=w+ jx, s= p+ jq, and let = b+ bs", wherebhis Wij = &ij (G (Wi —wixj) + bij (6} +wiwj)
the line shunt susceptance. Applying the relaxation proeed fbisj (vvi2+x,-2))

of [8], NLACS is then is given by

NLACS min ZC.JE.,

Epawx &

st pij = (&) +&j) (bij (wjx —wix;)
—g|J(X|XJ+W| J +g|J(VV2+X1))

)
aij = (&) +&j) (9 J(W
+bij (XiX] +wiw;j) —
PR<>Ri<h

]
g <> G <G
]

VV<W2 X2 <V

PG+ < (8] &) S

(i,j) € QUQ
0<&;<§;, &jeN

These new variables have implicit constraints given by

Gij (Kij — Wji) — bij (Vij —Vji)
(g5 + bijb§) (ai — o))
ij + Hji) + 9ij (Vij + Vi)
(g.,b”—g., bj) (o +aj)
i — @ji) — bij (Wij — Wji)
(af +bijbiy) (8 —35i)
@;
=

U
=

—~

Jij (@j

bij (@ +@ji) +gij (Wij + Wji)

gijbij — gijbfj ) (3ij — ;i)

The line capacity constraint involving the square root rep-

resents a slight obstacle: although it can be expressedgoly
mially, fourth order products of voltage variables wouldda
to be included, rendering the size of the resulting relaxati
impractically large. We instead approximate them so that

and g are involved linearly; a few options are apparent. To

keep the formulation general, we introduce the constahts

andt? and replace (1) with

G ]+ o | < (8 + &) s

Let ® denote the set on which the variablesy, ¢, U, a,
and?d satisfy these equalities. Forming constraints containing
up to second-order terms and substituting the new variables



we have The mixed integer linear program was solved using the
modeling language AMPL [4] and solver CPLEX [1], in 1.0

LAC min zci i&ij seconds on a laptop representative of current standares. Ta
LUVQBaS 5 ble 3 and Fig. 1 show which lines were selected (including
s.t. {KVv,0,P,0,06} € d the base design). Inspection shows that large loads are con-
p < z Eﬂ. Wi+ <P nected directly to large generators, as expected. Noritirgu
g connections, or lack of connection, elsewhere are gegerall
g < zaioj Vij + Wi <G due to the fact tha’g the z-distgnces are n_ot evident in the fig-
7 ure, and that certain connections were simply not part of the
\liz <a < \7'2 allowable set in Table 1.
VZEij < 8y < VPEj;
— - Py Table2. Bus real power limits and locations
v (E” _E”> <&ai-8 <¥ (E” _E”> Bus p (kW) | (kW) | x(m) | y(m) | z(m)
Tilj ’M‘j ’ _HiZj ’Vij ’ <5 (i,j)€Qo 1: fwd. mn. gen. 0 35000 | 18.0 | 2.1 5.8
1 2 B 2: fwd. aux. gen. 0 3500 | 235 | -21 | 538
T @ [+ 7 |wij | <558 3: PCM 2a 500 | 500 | 221| O | 56
1l , 21T\, - 4: PCM la -500 -500 | 33.8 | -2.7 3
i ’E"“” @ ’ B ’E"V” w"‘ 5: PCM 1a 500 | -500 | 104 | 7.0 | 82
<5 (zij —Eu) (.)€ Qo 6: aft mn. gen. 0 35000 | -10.4| 0.6 | 5.8
_ 7: aft aux. gen. 0 3500 | -43.0| -06 | 5.8
0<&ij <&j, &jeN 8: PCM 2a 500 | -500 | -47 | O | 56
) . 9:PCMl1la -500 -500 85 | -5.2 3
Through the Fhe relaxation procedure, the AC transm.lssm.n 10: PCM 1a -500 500 18 7 8.2
systerr_1 planning problem has thus been posed as a mixed in-1- pcMm 2a -100 100 | -40.8 0 56
teger linear program. 12: port rud. -50 -50 -68 4.1 3.0
13: stbd. rud. -50 -50 -68 | -4.1 3
3. APPLICATIONS 14: PCM 1la -100 -100 | -30.8| -1.8 3
3.1. Computational example 15: PCM 1la -100 -100 | -50.9| 6.4 8.2
In this section we apply LAC to a to a 19-bus, 46- 16: port motor | -37000 -37000 -14.9) 4 3
. : . " 17: stbd. motor | -37000 | -37000 | 13.4 -4 3
candidate-line example which was abstracted from a ndtiona '
: . 18: port rdr. -2300 | -2300 30 4.2 20
shipboard power system [2]. The outcome of this example 7’
S on ; . : 19: sthd. rdr. -2300 | -2300 | 30 -4.2 20
calculation is not considered to be directly applicableti® t
electric ship specifically, but rather as a result represiet
of a microgrid design, having geographic content and highly
variable loads. Tables 1 and 2 contain all relevant problem
data. Table 3. LAC solution _
Reactive power limits are assumed to be one tenth of real Line | Additions
power limits, reactance and resistance are both set toHengt 1-5 1
over line capacity, and to two for all lines. The base lay- 1-17 1
out n°® was chosen to be a ring connecting the power con- 2-5 1
verter modules. Voltage limits are not enforced in this ex- 3-4 2
ample. Line costs are proportional to length times capacity 6-16 1
where length is assumed to be the ‘Manhattan distance’ (x- 7-15 1
distance plus y-distance plus z-distance) between twosbuse 8-9 1
We use a slightly more complicated flow limit approximation 9-14 2
than (2.1.), which is a proper relaxation: 11-14 1
12-15 1
13-15 1
ol < (mi+n%)sic o] < (ni+nf)sy e I

|I0ij|+|CIij| S\/é(nij+nﬂ)3j.



Tablel. Line data

Line | Length (m)] s(MW) [ n° [[ Line [ Length (m)] s(MW) [ n°
1-4 23.4 20.3 0 6-9 27.5 20.3 0
1-5 14.9 20.3 0 6-10 16.4 20.3 0
1-9 19.6 20.3 0 6-14 25.6 20.06 1
1-10 43.3 20.3 0 6-15 48.7 20.06 0
1-14 555 20.06 | O 6-16 10.7 40 0
1-15 75.6 20.06 0 6-17 31.2 40 0
1-16 37.6 40 0 7-9 58.9 3.3 0
1-17 13.5 40 0 7-10 35 3.3 0
2-4 13.7 3.3 0 7-14 16.2 3.06 0
2-5 24.6 3.3 0 7-15 17.3 3.06 0
2-9 20.9 3.3 0 7-16 35.5 23 0
2-10 53 3.3 0 7-17 62.6 23 0
2-14 57.4 3.06 0 8-9 21 0.6 0
2-15 85.3 3.06 0 8-10 22.9 0.6 0
2-16 47.3 23 0 9-14 42.7 0.36 1
2-17 14.8 23 0 11-14 14.4 0.12 0
3-4 17 0.6 0 11-15 19.1 0.12 0
3-5 21.3 0.6 0 12-14 43.1 0.12 0
4-5 38.3 0.6 1 12-15 24.6 0.12 0
4-6 50.3 20.3 0 13-14 39.5 0.12 0
4-7 81.7 3.3 0 13-15 32.8 0.12 0
4-9 27.8 0.6 1 14-15 33.5 0.12 1
5-6 29.6 20.3 0 16-18 62.1 21.5 0
5-7 63.4 3.3 0 16-19 70.1 21.5 0
5-10 28.4 0.6 1 17-18 41.8 21.5 0
5-15 61.9 0.36 1 17-19 33.8 215 0
3.2. Multiplescenarios transmission planning problem:

MSAC min Z CijEij

E,S,V i~]

Returning to the case of a shipboard electrical system as a s.t. éfj = (Eﬂ +&ij) (v{‘vﬁ*y@ —vf(v‘f*y,j) vk
prototype microgrid, we note that a ship may require mudtipl

k Ak
sets of loads, for example the operating conditions of trave P = ReZSﬁ <P vk
ing at high speed, versus active combat. Because these are ‘ : i
such different load scenarios, there is no analogue ingerre g <Im ZSKJ <q vk

]

trial system design.

]sﬁ < (B +&)s (i,]) € QU VK
A conservative approach would be to simply optimize with z
: - 0<&j <, &jeN
each load bus consuming the maximum power over all sce- J
narios; this however, will lead to highly conservative desi.
We can instead produce designs that are not overly conservB
tive by creating constraints and variables for each scenari
and optimizing the same objective as usual. Suppose we are
givenng scenarios, and for each scendcis 1,....nswe have 4. CONCLUSION
a set of minimum and maximum bus power levels at each bus We have applied a general relaxation for polynomial opti-
i, p, P, o, andg. Using a separate set of variables for eachmization problems to AC transmission system planning. By
set of power levels, we have the following multiple scenarioforming the problem as a mixed integer linear program, we

From here, relaxations may be developed by identically ap-
Tying the procedures of the previous section.



Figure 1. Solution with buses arranged geographically ac-
cording tox andy coordinates given in Table 1 (the aspect

are taking advantage of mature tools in convex optimization
to achieve efficient and reliable solutions to this diffiquribb-

lem.

The newly obtained model has been applied here to an AC
microgrid example based on an abstracted shipboard distri-
bution system, for which the traditional simplifying assum
tions in TSP are not valid. The algorithm found a solution in
modest computation time, that forms a cogent basis for fur-
ther refinement.
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