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ABSTRACT

The pulsed neutron technique has been used to determine the
nuclear parameters of a number of subcritical lattices of slightly
enriched uranium metal rods in heavy water. Experimental values
of the fundamental mode decay constant A and geometric buckling B2
have been related to the multiplication factor ke and the absorption
cross section vZ, by a two-group model. The thermal diffusion area
(L2 = VDO/VZ ) has also been obtained with calculated values of vDo,
The values of k_ are generally in agreement, within experimental
uncertainties, with values obtained with the method of added absorbers,
with the four-factor formula, and with the two-group critical equation.
The values of v=,_ and L2 are in agreement with the values computed
with the THERMGBS code.

The overall uncertainties in the values of ke vary from 1.5% to
4.5% with the larger values attributed to statistical fluctuations in the
experimental data. Known systematic sources of error presently
limit the accuracy of the pulsed neutron method to between 1.0% and
1.5%. .

Measurements have been made in two-region assemblies; the
values of k., obtained in the test region agree, within experimental
uncertainties, with those obtained with the four-factor formula in
lattices composed entirely of the test region medium.

Values of k., and vZ, in lattices successively modified by the
addition of a distributed neutron absorber have been obtained which
are more accurate than those determined from pulsed neutron
measurements on the unmodified lattices alone.

A value of 0.44 + 0.05 has been determined for the return coef-
ficient of thermal neutrons from the graphite-lined cavity below the
M.I.T. Lattice Facility experimental tank.
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CHAPTER 1

INTRODUCTION

1.1 THE M.IL.T. HEAVY WATER LATTICE PROJECT

The Department of Nuclear Engineering at M. 1. T., with the sup-
port of the United States Atomic Energy Commission, has undertaken a
program of experimental and theoretical studies of the physics of D20«—
moderated lattices of slightly enriched uranium rods.

The primary purpose of this program is to improve the under-
standing of the physics of heavy water lattices. The emphasis of the
program has therefore been on the adaptation of existing methods and,
where possible, the development of new methods for determining basic
lattice parameters; on the comparison of experimental results with
theoretical predictions; and on the refinement and extension of existing
theoretical models.

The results of the program have been summarized in annual pro-
gress reports and in individual reports. Bibliographies of the Lattice
Project publications may be found in Refs. H4 (prior to September,
1965) and H5 (after September, 1965).

1.2 IMPORTANCE OF THE PULSED NEUTRON SOURCE TECHNIQUE

Low power critical assemblies and subcritical (exponential)
facilities have been used extensively for obtaining basic reactor physics
data. These facilities are not encumbered by the difficulties which usu-
ally are inherent in the use of operating power reactors for this purpose,
and they offer the advantage of versatility in the types of reactor core
configurations which may be examined. Experimental methods have
been adapted or developed at M.I. T. for research on buckling (P1), fast
fission (W4), resonance capture (W2,D3), and thermal capture (B3, S2).
These methods may be supplemented by research in areas of single rod
measurements (P5), miniature lattice work (P3,S1), studies of lattices
with distributed neutron absorber (H1), measurements of fast neutron
distributions (W5), two-region lattice studies (G6), and pulsed neutron
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source methods (M1).

The pulsed neutron method, therefore, represents one of the
methods which can be applied to the study of subcritical neutron-
multiplying assemblies. The basic technique in the method consists of
introducing a short burst of high energy neutrons into a medium of
interest and then following the variation of the neutron density with
time after the end of the burst. Values of the prompt neutron decay
constant obtained from measurements of the neutron density as a
function of time have been used to evaluate lattice parameters of sub-
critical systems. Two of the most important are the parameters k_
and L2 which are difficult to measure in steady-state experiments in
subcritical assemblies. In addition, pulsed neutron experiments can
be used to obtain the prompt neutron lifetime and absolute reactivity
of a subcritical lattice.

The pulsed neutron source technique is attractive as a means for
studying subcritical assemblies because it is relatively simple to apply;
it provides its own supply of neutrons and, hence, does not require a
reactor thermal column or other driving source; and it yields results

of reasonable accuracy.

1.3 OBJECTIVES OF THE PRESENT WORK

The first objective in the present work is to measure, with the
pulsed neutron source technique, the basic parameters of interest in
subcritical lattices also studied by steady-state techniques at the
M.I. T. Lattice Facility. Malaviya (M1) showed that such measure-
ments are feasible and reported values of lattice parameters for one
lattice. The aim, therefore, is to extend these measurements to
several new lattices in order to build up a backlog of information
against which the several theoretical models may be tested.

The second objective is to improve the experimental techniques
and methods of data analysis where possible. Included in this objective
is determining the limits on the accuracy to which the various lattice
parameters can be measured by the pulsed source method.

The final objective is to set up techniques for making pulsed
neutron measurements in two-region lattices and in lattices with dis-

tributed neutron absorbers. Such lattices have been studied by steady-
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state methods, and pulsed neutron measurements in these lattices are
attractive as refinements to the standard subcritical techniques. A part
of the effort has been devoted to developing a method for analyzing the
pulsed neutron experiments in these lattices and to comparing the results

with those obtained by the steady-state methods.

1.4 CONTENTS OF THE REPORT

Chapter II contains the theoretical treatment of the pulsed neutron
source experiment as applied to the configurations investigated in this
work. The experimental methods are discussed in Chap. III. Chapter IV
describes the analysis of the data and Chap. V gives the results of this
work. The main body of the report concludes in Chap. VI which summa-
rizes the results and offers suggestions for the future. The appendices
contain, in order, a description of computer codes, the methods for cal-
culating theoretical values of lattice parameters, measurement of

higher mode decay constants and coefficients, and bibliography.
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CHAPTER 1I

THEORETICAL METHODS

The theoretical basis of the pulsed neutron source experi-
ments is discussed in this chapter. The basic features of the slowing
down and diffusion processes are described, first qualitatively, and
then quantitatively, on a Fermi age-diffusion model. Next, the treat-
ment is extended to two-region and absorber-modified lattices. In the
final sections of this chapter, the assumptions made in developing the

model are investigated and, where possible, eliminated.

2.1 QUALITATIVE DESCRIPTION OF THE KINETICS OF AN
ASSEMBLY IRRADIATED BY A BURST OF FAST NEUTRONS

The basic process in the pulsed neutron source technique begins
with the introduction of a short burst of neutrons into the medium of
interest. First, consider the medium to be non-multiplying. The
neutrons interact with the nuclei of the medium and lose energy through
elastic and inelastic collisions. During this slowing down phase, some
of the neutrons are removed from the medium by leakage and absorption.
Eventually, the remaining neutrons reach an asymptotic energy distri-
bution characteristic of the scattering, absorption, and leakage proper-
ties of the medium. Recent theoretical work (C1) indicates that, for
very small assemblies, the neutron distribution should not reach an
asymptotic state. This feature will not be discussed further because
the assemblies considered in this report are well above the maximum
size at which the effect is predicted to occur.

Once the neutron population has thermalized {(e. g., become asymp-
totic), the shape of the energy distribution remains constant with time
while its amplitude decays at a rate ultimately controlled by the lowest
eigenvalue characterizing the medium. The process terminates when
the thermalized neutrons have all undergone adsorption by the medium
or leakage from the medium.

If the medium under consideration possesses multiplying proper-

ties, the preceding description needs modification to include the effects
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of multiplication. One must consider lattice produced neutrons as well
as source produced neutrons. Those source neutrons which escape
leakage and capture during the slowing down phase constitute the
""zeroth'" generation of thermal neutrons. Some of these thermal
neutrons induce fission and produce further fast neutrons which, along
with those neutrons produced in fast and epithermal fission, thermalize
and constitute the first generation of thermal neutrons. This process
continues, with the ratio of thermal neutrons in the (n+1)SJt generation

to those in the nth

generation equal (by definition) to the effective multi-
plication factor (keff) of the medium. For a subcritical assembly, the
effective multiplication factor is less than unity and the overall neutron
population decreases with time.

In the succeeding sections of this chapter, the above described
processes are put in quantitative form. The emphasis in this paper is
placed on adapting the treatment to fit the various configurations
investigated experimentally as well as examining the validity of several
assumptions usually made in the analysis of pulsed neutron source

experiments.

2.2 QUANTITATIVE TREATMENT OF THE KINETICS OF AN
ASSEMBLY IRRADIATED BY A BURST OF FAST NEUTRONS

In this section, the basic equations describing the kinetics of an
assembly irradiated by a burst of fast neutrons are developed. The
model used for the description is Fermi age-diffusion theory, although
other models, such as two-group or multigroup theory, may also be
applied. The expressions obtained from these latter treatments are
compared with that of the Fermi age-diffusion result in the last section
of this chapter.

The assumptions made in the treatment are:

1) the neutrons from the pulsed source appear in the assembly

instantaneously as fast neutrons,
2) the system is bare and homogeneous,

3) the effect of delayed neutrons is neglected except as applied

to neutron multiplication,



16

4) fission during the neutron slowing down process is neglected,

and

5) the slowing down time for neutrons arising from thermal

fission is assumed negligible.

The effect of these assumptions is examined in the last section of this
chapter and, where possible, the development is repeated with the
assumption relaxed. All five assumptions are made in the treatment
of multiplying media; only the first two are required for moderating
media.

The development takes place in four steps. First, the spatial
distribution of fast neutrons, in the assembly, from the pulsed source
is derived. Next, the slowing down of the source neutrons in the medium
is examined under the assumption of a continuous slowing down model.
The third and fourth steps describe the diffusion of thermal neutrons in

non-multiplying and multiplying media, respectively.

2.2.1 Spatial Distribution of Neutrons from the Pulsed Neutron Source

A knowledge of the spatial distribution of neutrons from the
pulsed source is important because it provides an insight into the
problem of determining the thermal neutron distribution as a function
of time following the injection of the fast neutron burst. A 'first col-
lision' model is used to describe the source distribution. In other
words, a neutron begins the slowing down process at the location (in
space and time) of its first collision and not at its point of production
(the pulsed neutron source). This procedure is reasonable when one
considers that the mean free path of 14.7 Mev neutrons in heavy water
is approximately 30 centimeters. Thus, the source neutrons are dis-
tributed over a large volume of the medium when they begin the slowing
down process.

Although a more detailed description of the M. I. T. Lattice
Facility and associated pulsed neutron source equipment is given in
Chap. III, certain features of the Facility are shown schematically in
Fig. 2.1. The assembly being irradiated is cylindrical, with height H
and radius R. The pulsed neutron source is located at a distance b
above the top of the assembly, is centered on the axis (to achieve azi-

muthal symmetry), and emits isotropically SO neutrons per burst.
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FI1G. 2.1 SCHEMATIC DRAWING OF SUBCRITICAL
ASSEMBLY AND PULSED NEUTRON SOURCE
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The number of source neutrons reaching the location (r, z) in the
absence of interaction with nuclei in the assembly is:
S

S'r,z) = 5 o 5 - (2.1)
4(r +(b+z)“)

In view of the fact that some of these neutrons interact with assembly
nuclei before reaching (r, z), Eq. (2.1) should be multiplied by the prob-
ability that a neutron travels a distance x through the assembly and

then suffers a collision in the distance dx:

P(x)dx = e~ =% dx, (2.2)

where X is the macroscopic removal cross section of the assembly for

source neutrons. It can easily be shown that x is related to r and z:

X = z«/1 + (r/(b+z))2 . (2.3)
Hence, one obtains:

S(r, z) = S'"(r, z)P(r, z)

5 -Zz«/1+(r/(b+z))‘
e
= So<Z}) 5 5
r” + (bt+z)
= SOS'(r, z). (2.4)
This expression for the spatial distribution of source neutrons, when
multiplied by appropriate terms governing time and energy dependence,

is the source term to be used in the slowing down equation which is

treated in the next section.

2.2.2 Slowing Down Phase

In this section, the Fermi age model for neutron transport is
solved for a non-multiplying, weakly absorbing medium irradiated by
a burst of fast neutrons. This model is chosen because it offers a
clear description of the neutron behavior during the slowing down phase
and provides a logical transition to the thermal diffusion phase which is
the subject of the next two sections. A discussion of the restrictions

involved in the use of Fermi age theory is given in Ref. G1. A more
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complete treatment of the material presented here may be found in
Ref. M1.
The basic time-dependent Fermi age equation may be written as:

S(r,7,t) . 1

50,7~ vD{7) ot X7, 1, (2.5)

2 - o =
Vox(r, ,t) —B—Tx(r,ﬂ',t) +

where x(?, T,t) is the slowing down density without absorption, 7 is the
Fermi age (G4), p(0,7) is the infinite medium resonance escape proba-

bility, and the source term, S(?,'r,t), is given by:

S(T, 7,1t) = S(r, z)86(7)8(1). , (2.6)

The delta function representation in Eq. (2.6) is reasonably accurate
because all source neutrons have the same energy (14.7 Mev) and leave
the source at the same time (the difference in flight time between top
and bottom of the assembly for 14.7 Mev neutrons is on the order of

20 nanoseconds which is negligible, compared to the slowing down
scale of microseconds). The slowing down density with absorption,

q(;’, T,1t), is obtained by the transformation:

q(r, 7, 1) = pl0, T)x(T, T, 1). (2.7)

Equation (2.5) is solved with the aid of the Laplace Transform
Technique (H7). Denoting the transform variable by s and a trans-

formed quantity by a bar, the transform of Eq. (2.5) is written as:

2-,—> 9 - S(r,7,s) _ 1 - -
vVox{r,T,s) - 57 x(r,7,8) + (0, 7). = vD{7) [ sx{r,T,s)-x(r,7,0)].
(2.8)
The second term of the right side of Eq. (2.8) is taken as zero on
physical grounds:
x(r, 7,0) = 0. (2.9)

The spatial dependence of the functions )_((F, T,s) and §(I:, T,S) is
expressed in terms of an infinite sum of eigenfunctions generated by
the Helmholtz equation:

2p (¥) =0, (2.10)

v2F () + B
n n n

where the functions Fn(?) are required to vanish at the boundaries of
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the medium. The subscript n is a composite subscript representing the
same number of subscripts as there are spatial variables in the system.

Then, we can write:

X(T, 7,8 = ), A (,9)F (7)), (2.11a)
S(¥,7,8) =S, ), C_8(nF (). (2.11b)
n

In general, Fn(?) is known when the boundaries of the medium
are specified, the coefficients Cn are determined (after invoking the

orthogonality of the functions Fn(?)) by:"
— ’—> —
L dr S"(r)F (r)
r
Cn = PN s {2.12)
J; dr Fn(r)

r

and the coefficients —An('T’, s) are unknown. If Egs. (2.10), {2.11a), and
(2.11b) are inserted in Eq. (2.5), a linear, first-order differential
equation in the unknown coefficient A—n is obtained for which the solution

is:
A (1,s) = u(T)S C_ exp —fT (B2+—S-—>d'r (2.13)
n ’ o n 0 n vD ’ ’
where u(r) is the Heaviside function (M5). Equation (2.13) is easily

inverted and the resultant expression for q(»?, 7,t), the slowing down

density with absorption, is:

e
o, 7,1) = u(7)6< ) Z C Fn(F)e "AD , (2.14)
where:
(Za\ 1 Zalm)
\"D"> =.;f0 s dr’, (2.15a)
<_‘_]%>=_71__f7 dar' (2.15b)
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The interpretation of Eq. (2.14) provides additional insight into the
behavior of fast neutrons during slowing down. The monoenergetic
source of fast neutrons excites an infinite series of spatial modes,

i.e., Sn ~ CnFn' If we define:

__T
(vDy ’

T (2.16)

where T is the slowing down time to age T, the exponential term in

Eq. (2.14) may be written as:

e_(Bi+ <—Z]-3§>> T e-((vD)Brzl+ (vD><ED§>> T AT

1"

(2.17)

where A_ can be considered as the ''slowing down decay constant'' for
the nth mode. Thus, each source excited mode decays as it slows down
because of leakage and absorption. Furthermore, the delta function in
Eq. (2.14) indicates that the slowing down density to age T is zero
unless t = T.

In the following two sections, the thermal neutron diffusion equa-
tion for non-multiplying and multiplying media, respectively, is solved
with the source taken as the slowing down density to the age at thermal

energy ('r=TO) in Eq. (2.14).

2.2.3 Thermal Neutron Diffusion in Non-Multiplying Media

The main objective in this study is the determination of parame-
ters (of non-multiplying and multiplying media) from experimentally
observed values of the prompt neutron decay constant. The develop-
ment of an appropriate expression relating the decay constant to
parameters of the medium is undertaken in this section for a non-
multiplying medium, and in the next section for a multiplying medium.

The time-dependent diffusion equation for the thermal neutron

density is:
—_ 2 —~ —_— — — _i —>
vDVn(r,t) - VZan(r,t) + q(r, 'To,t) = 51 n(r, t), (2.18)

where the bars over vD and vZa indicate averages over the neutron

density:
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f dv vD(v) n(v)
v

vD = , (2.19a)
f dv n(v)
v
f dv -\Ea(v) n(v)
VI, =— (2.19b)
a f dv n(v)
\%
The Laplace Transform of Eq. (2.18) is:
VDV2A(TF, s) - VB, A(T, ) + (X, 7_, 8) = (¥, 5). (2.20)
If we write:
AT, 8) = ), Q)F (7), (2.21)
n

and substitute Eq. (2.21) in Eq. (2.20), the result, after simplification,

is:

_ -AnTO -sTO
()\n'l‘ s)Qn(s) = SOCne e s (2.22)
where:
N =vE_ +vDB2. (2.23)
n a n
If Eq. (2.22) is solved for Qn(s), we obtain:
_ -A T e—STo
Qn(s) = Socne )‘n—+S . (2.24)
The transform in Eq. (2.24) may be inverted with the help of the
Convolution Theorem (H7) and, finally, we obtain:
- W AT 0 -A
n(r,t) =S ; C F.(r)e e , (2.25)

as the desired expression for the time and spatial dependent thermal
neutron density in a non-multiplying medium. The familiar exponen-
tial time behavior of a thermalized burst of fast neutrons appears in
the last term of Eq. (2.25). The quantities Bi in Eq. (2.23) are the

eigenvalues arising in the solution of the Helmholtz equation (Eq.(2.10)),
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and they increase with increasing values of n. The smallest value of
2 2 _52
B (B1 =B

one spatial mode is involved) is the geometric buckling and, when

; the subscript 1 will be suppressed except when more than

inserted in Eq. (2.23), yields:

N =§;§a+WDB2,

(2.26)
which is the expression for the fundamental mode decay constant. After
a sufficiently long time, Eq. (2.25) contains only the first term in the
summation (corresponding to the fundamental mode (n=1) since the higher
order terms decay more quickly, and we have:

~ (AT
n(r,t) = SOCF(r Ye ° e—M. (2.27)

Before turning to a description of thermal diffusion in multiply-
ing media, a brief discussion of the quantity vD appearing in Eq.(2.23)
should be undertaken. A one velocity group treatment such as the one
leading to Eq. (2.25) cannot account for the interaction of thermal
neutrons with nuclei of the moderator. In a finite system, some of the
neutrons are lost during the diffusion process by leakage. Since the
diffusion coefficient (vD) increases with increasing neutron energy,
neutrons with higher energies will preferentially escape from the
system. This preferential leakage results in a "'softening' of the
neutron spectrum and a corresponding decrease in the value of vD from
its value in an infinite medium (no leakage). This effect has been
treated by von Dardel (D1) on the assumption that the deviation of the
neutron spectrum from its value in an infinite medium can be charac-
terized by the variation of the average neutron energy. His treatment
indicates that the diffusion coefficient depends linearly on the geometric
buckling (Bz). Additional theoretical (N1,N2) and experimental (K2)
investigations suggest a second-order dependence when the system
dimensions become quite limited. Hence, the diffusion coefficient is
written as:

VD = 3D, - cB? + FBY, (2.28)
where '\7]50 is the infinite medium diffusion coefficient and C is commonly

called the diffusion ""cooling'" coefficient. Inserting Eq. (2.28) in
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Eq. (2.26), we obtain (to terms in B4):

A = ﬁa + x_/'I’JOB2 - CB4, (2.29)

as the expression for the fundamental mode decay constant in a non-

multiplying medium.

2.2.4 Thermal Neutron Diffusion in Multiplying Media

The time-dependent diffusion equation for thermal neutrons in a

multiplying medium is:

vDVn(r, t) - vZ)an(r,t) + VZ‘,a(l-B)kooPl(B )n(r,t-—TO)

- _i..
+alr, 7 ,1) = 5y nir, 1), (2.30)

where B is the effectiveddelayed neutron fraction, Pl(Bz) is the fast
non-leakage probability',‘ TO is the slowing down time to thermal ener-
gies, and the rest of the terms have their usual meanings. In this
derivation, delayed neutrons are neglected (except for the effect on
neutron multiplication) and the slowing down time of fission neutrons
is neglected (TO = 0).

The Laplace Transform of Eq. (2.30) is:

—_— 2, — - > —— 2 -,
vDVn(r, s) - vza n(r,s) + vZ‘,a(l—B)kooPl(B ) n(r, s)

+ c_l(F,'ro,s) =sﬁ(?, s). (2.31)

2F (?) and writing:

Recalling that V2F (r)=-B
n n n

A(r, s) = ), Q(8)F (F), | (2.32)
n

Eq. (2.31) is written as:

J— _ 2 - 2 _ —(An+S)TO
(V2 +vDBZVE (1-Bk P (B)+s)Q (s) =S C e .

(2.33)

* Following the usual practice, the subscript 1 denotes the fast energy
group and the subscript 2 denotes the thermal energy group. If no sub-
script is used, the thermal energy group is implied.
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If we define:

2

= .o — 2
A, =VE_ + VDB, - VI (1-B)k P (B), (2.34)

and solve Eq. (2.33) for C_Qn(s), the result is:

_ AT & o
Q (s) =5 C e = - (2.35)

Equation (2.35) can be inverted with the help of the Convolution Theorem

and the expression for the thermal neutron density is:

— — —(An_)\n)TO —)\nt
n(r,t) = SO ; CnFn(r) e e . (2.36)

After a sufficiently long time, all modes but the fundamental have
decayed and only one term is left in the summation (2.36), for which

the decay constant is:
A =vS_+ VDBZ - vz k P (B? (2.37)
=vz_ +tv —vZa(l—B) . 1(B ). (2.37)
If the thermal neutron lifetime is defined as:

2. = 1 - 1 , (2.38)

2 3% +wB% = [1+L2BY
a a

Equation (2.37) may be rewritten:

| 2y
N —T—ll - 55 = 7 .
2 L 1+ L°B° | 2

(2.39)

Equation (2.37) is the basic Fermi age-diffusion model expression for
the prompt neutron, fundamental mode decay constant subject to the
assumptions listed at the beginning of Sec. 2.2. The use of this equa-
tion in conjunction with experimental data to obtain values of lattice

parameters is described in Chap. IV.
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2.3 TREATMENT OF TWO-REGION LATTICES

The fact that the construction and operation of critical and sub-
critical facilities are often expensive has stimulated research into
more economical means for determining lattice parameters while still
retaining satisfactory accuracy. One such method consists in removing
a small section from the center of a lattice whose properties are well
known and inserting in the vacancy a test lattice whose properties are
to be determined. An objective of the pulsed neutron source research
reported here has been to develop a method to treat such assemblies
and compare the experimental results with those obtained from steady-
state measurements (G6).

In this section, a one velocity group model is developed to treat
a two-region assembly irradiated by a burst of fast neutrons. The
development is similar to that of Sec. 2.2, although it is necessary to
examine the spatial dependence of the neutron density as well as the
time dependence.

The usual treatment of the time behavior of a chain reacting
system is based on the assumption that the time dependence of a par-
ticular spatial mode is the same at all locations within the system.
The validity of this assumption has been seriously questioned in con-
nection with studies of large reactor systems, and a great deal of
effort in recent years has been devoted to the field of space-dependent
reactor kinetics (see, for example, Ref. F1). The assumption of sepa-
rability is well justified, however, in small assemblies of the type
investigated in this work, and that it can be extended to two-region
assemblies, may be seen by the following argument. Consider the
properties of a medium to be functions of position, and write the dif-

fusion equation as:
V- ID(E) VT, 1) - V2 (E)n(F, 1) + KEn(E, v = -g—t n(7, 1),

(2.40)
where,
K(r) = VE _(F) [ 1-8(X)]k ()P, (¥). (2.41)

We assume:

n(r, 1) = ); Q (HF (T), (2.42)
n
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and, substituting Eq. (2.42) in Eq. (2.40), the result is (for the nth mode):

1
F_(T)

\:v IB(E)WF () +(KE)VE,0) Fn(F)] = ﬁ 2Q 1.
(2.43)

Since the right side of Eq. (2.43) is a function only of T and the left side
is a function only of t, each side is separately equal to the same constant.

Therefore, we have:

1 ) _
W 31 Qn(t) =-As (2.44)
which yields:
-)\nt
QM =Q e . (2.45)

Thus, the familiar exponential decay of each modal component of the
thermal neutron density results when the parameters of the medium are
functions of position. This result is now applied to the particular case
of a two radial-region, cylindrical assembly whose properties are con-
stant along the axial direction.

In the following analysis, the subscript b refers to the outer
region of the assembly whose properties are assumed known (reference
region), and the subscript x refers to the inner region of the assembly
whose properties are to be determined (test region). To avoid con-
fusion, the modal subscript n is omitted although the derivation applies
equally well to any and all spatial modes. In addition, the following

boundary conditions are stipulated:

1) the neutron density vanishes at the extrapolated boundaries
of the assembly (z = (0,H); r = Rb),

2) the neutron density is finite everywhere,
3) an effective source distribution appears at t=0 (n(T, 0) =no(?)),

4) the neutron flux and current are continuous across the bound -

ary (r = Rx) between the two regions.

The thermal neutron diffusion equation for either region is:

J— 2 — R
vD ’XV nb,x(r,t) - VZab

— - ____8_ -
b anJx(r,t)+Kb,an,X(r,t) =51 nb,x(r,t). (2.46)

2
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Substituting Eq. (2.42) in Eq. (2.46), the result is:

—= 1 0
VDb,X — K ’X-Vzab,x> = m 5{ Q(t): (247)
Fb x(r)

and, after introduction of Eq. (2.44), we get:

2 — —
VFb,x(r)_ A+ K -vZ

SRS bx Tabx_ g2 | (2.48)
Fb,x(r) vD

b,x

The solutions of Eq. (2.48) in each region are:

(_

Y (e Ry) ﬂl
F (r z) = A S1n<H) Y (a r) - _—(Tb—J (a r) (2.49a)
= i (T2
Fx(r, z) = A_ Sin ( H) Jo(axr), (2.49Db)
where,
2
=2 2
B2 - a?+(Z) . (2.50a)
2
a2 (3
BX—aX+ g/ - (2.50b)
The boundary conditions (4) state that:
Fb(Rx’ z) = FX(RX, z), (2.51a)
! — D '
VD ¥ (R ,Z) = VDXFX(RX,Z). (2.51b)

If Eq. (2.51b) is divided by Eq. (2.51a) and Egs. (2.49a) and (2.49b) are

substituted into the result, we obtain:

i Y (af ) )
b b
Y (a/ R ) ———-————J (a/ R )
g [ R ﬂ o ! I olapByp)
vD <T@ R vD L, (2.52)
\(QR)J % Y (o ,Rp) ;
Yo(abR )— ——T—“—Jo(abR )

—

which is the so-called secular equation in which both @, and a are
unknown. However, additional information is available for the determi-

nation of these quantities. From Eq. (2.48), we have:
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N=vE , +vD, B2 -V  (1-8)k_, P.(B? (2.532)
ab b~ b ab b’ Teobh” 1YV :

e —_ 52 —= 2
\ = Vzax + VDXBX - Vzax(l_Bx)kwxPI(Bx)' (2.53b)
2
b
can be obtained from Eq. (2.53a), once an experimental determination

Since the properties of the reference region are known, a value for B

of X\ is available. Then, a value of @y is evaluated from Eq. (2.50a) and
inserted in the secular equation (Eq. (2.52)). If it is assumed that the
difference vD, -'\71_)X is negligible or can be calculated, a value of a_ is
obtained from the solution of the secular equation. The relation between
a}z{ and Bi (Eq. (2.50b)) is next used to obtain a value for Bi.

values of X\ and Bi are used in conjunction with Eq. (2.53b) to evaluate

Finally,

the lattice parameters of the test region.

The analysis of data taken in two-region assemblies is described
in Chap. IV and the results of exploratory measurements in two such
assemblies are presented in Chap. V.

2.4 TREATMENT OF ABSORBER-MODIFIED LATTICES

The continuing search for more accurate determinations of
reactor parameters — in particular, the infinite medium multiplication
factor — has led to the development of several experimental procedures
with this purpose in mind. The technique of adding thermal neutron
absorber to a test section of a critical reactor, to the point where the
reactivity effect of the test section is the same as that of an equal
volume of void, is well documented (H6,D8). This technique has
recently been extended to subcritical lattices by J. Harrington (H1) in
an attempt to obtain an estimate of k  more precise than that obtainable
by other methods used in subcritical assemblies. An objective of this
work has been to make pulsed neutron measurements in absorber-
modified lattices and explore possible methods for analyzing the data
with the ultimate aim of comparing the results with those obtained by
steady-~state techniques.

The expression for the prompt neutron, fundamental mode decay

constant, as derived in Sec. 2.2.4, is:

=, =02 — 2
N =VZ_+ VDB - VI _(1-B)kP,(B). (2.37)
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One approach to the analysis of pulsed neutron source experiments, to
be discussed more fully in Chap. IV, begins by rewriting Eq. (2.37):

X’ =1 - SP' , (2.54)
where
\' =\ - VDB?, (2.55a)
. 2
P’ =P (B - 1, (2.55b)
r=vz | 1-(1-B)k ], (2.55¢)
s =VE_(1-B)k,. (2.550)

Then, assuming that vD can be calculated or determined in a separate
experiment and that an appropriate expression for Pl(Bz) is selected,
we can determine the coefficients r and s by least squares fitting the
measured values of A\ and B2 to a function of the form given by Eq. (2.54).
Finally, k_ and Vz‘,a may be evaluated from the fit values of r and s

by using a calculated value of (3.

If successive amounts of a distributed thermal neutron absorber
are now added uniformly to the medium and a set of pulsed neutron
measurements made on each configuration, additional information is
available which may improve the accuracy to which k_  is determined.
This possibility was originally pointed out by D. D. Lanning (L2). If
the lattice thermal utilization, f, and the absorption cross section,

;/'—ia, are written in terms of summations over the unit cell:

v nV
f o a0 0’0 (2.562)
3
iz'oraiﬁ1vl
3 ——
Zv n.v
____ 1=O alr 1 1
v ==Y (2.56b)
a 3
Z nv
=0 !

where the subscripts 0, 1, 2, and 3 represent fuel, moderator, clad-

ding, and added thermal absorber, respectively, and Vi is the volume
.th .

of the i constituent, then:
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a9 (2.57)

vE_(1-B)k,, = (1-B)nep

vZ
3
1+Z
i=

.V,
i
1n V

o] ]

o O

The coefficient s in Eq. (2.54), therefore, changes only because of
changes in volume fractions and disadvantage factors on the addition
of a thermal absorber. (This assumes that the absorber is a pure
thermal absorber so that € and p remain constant and that spectral
changes are small enough so that n remains constant.) The coefficient
r, on the other hand, increases as absorber is added because :\'fia
increases and, therefore, is a measure of the amount of absorber
added. If sufficient absorber is added to make (l—B)koo =1, a null

state, corresponding to r=0, results. Furthermore:

-1, (2.58)

r
S 1-B)k

o}

so that in the neighborhood of r=0, a sensitive measure of k_ is obtained.
In order to quantify the effect of adding absorber, consider the

following two situations: a) the clean (or no absorber added) lattice —

denoted by the superscript ¢ — and b) the "'null state' lattice — denoted

by the superscript y. Then:

(l-B)k(:o = (l—B)ncecpcfc, (2.59a)

(1-B)kY = (1-B)P p”F = 1.0, (2.59b)
and

(1-B)k; ¢\ [ c\[ c\/C

— 21k - (ﬂ-) (f—)(ﬁ—)<f—) . (2.60)

(1-B)k /e )\ pY/\ Y

The ratio (fc/fy) may be written (H1):

£€ _ CAY c Y AC,LAY c:l

fy =1+ f A3 + f [Al—A1+A2—A2 , (2.61)
where,

£€ 1 (2.62a)

T L AC . aC’
1+ A7+ Ag
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fd?i fdvx_/_i i(v)n(?, v) v .n.Vi
A =—— —= — = 2 (2.62b)
f dro f dv VZ}ao(v)n(r,v) Vzaonovo

The last term in Eq. (2.61) accounts for changes in the relative absorp-
tion rates in moderator and cladding caused by spectral and volume dis-

placement effects of the added absorber. If it is neglected, one may

write:
¢ =C Y =y
c vz n' VvV v n, vV
i—=1+ch%’=1+ 20 0 o 23 . 3 3 . (2.63)
f A AN _c
N ac o o a Z ni Vi
i=0

Substituting Eq. (2.63) in Eq. (2.60) and defining:

S
n_\[E , (2.64a)
ARSI

’Yl =
T BV,
Yo =| ——— | , (2.64b)
2 =Y v
ao o0 o
=y
v = "3 V3 (2.64c¢)
3 9 ? ’
) n Vv,
i=0
the result is:
_B)°C =Y
(_1._6)_1{.?_0.:7 14 vy Vza3 (2.65)
1.0 1 2°3 I5¢ ’ ’
a
and, on recalling the definition of rc, we get:
c _—=cC _ C | (1om Vo€ _ —=y
T -vza[l—(l B)kw} (1 'yl)vza 717273V2a3‘ (2.66)

If the changes in the neutron spectrum and constituent volume fractions
caused by the added absorber are small, then VR 1; Vo = 1; and
Eq. (2.66) reduces to:
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r = -y, VE 5. (2.67)
Therefore, once the amount of added absorber required to achieve the
null state is ascertained, the coefficient rC is known; and Eq. (2.54)
has only one unknown, namely, s®. This should reduce the uncertainty
in the fit value of s and, consequently, the uncertainty in the value of
k . which is derived from values of r and s€.

In addition to improving the accuracy in k_, a knowledge of the
null state condition may also yield an estimate of Ts for the lattice. To
this end, it is assumed that the fast non-leakage probability can be
expressed by a Fermi slowing down kernel:

2

-B T

P’ = Pl(Bz) _1=e °©_ 1~ _B2 4 (2) (2.68)

1
TO+§B T

Inserting Eq. (2.68) in Eq. (2.54) and collecting terms corresponding to

like powers of Bz, one obtains:

AN =r+ sBzT - 1 sB4'r2

o 2 o
- r+tB% - uB?%, (2.69)

where
r=vE_[1-(1-B)k,], (2.55¢)
t = vZa(l-B)koo'ro, (2.70a)
u=15% (1-B)k_7° (2.70b)
2 a 0 o ’

Thus, it is also possible to fit the values of \ for different values of B2
data to a second-order power series in B2 and determine the coef-

ficients r, t, and u. For the null state, we have:

Y _ Y1 _pyY -y
t —vZa(l B)koo'ro vEL T s (2.71)
and, therefore:
"
T, (2.72)
VZy
a

Equation (2.72) states that an estimate for T, Mmay be derived from the
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ratio of the coefficient t to the absorption cross section in the null state
lattice.

Hence, this series of experiments may improve the accuracy in
koo over that which is obtainable from pulsed neutron source measure-
ments on the clean lattice alone and may also yield an estimate for the

age in the clean lattice.

2.5 INVESTIGATION OF THE ASSUMPTIONS MADE IN THE TREAT-
MENT OF THE KINETICS OF AN ASSEMBLY IRRADIATED BY
A BURST OF FAST NEUTRONS

In this section, the assumptions listed at the beginning of Sec. 2.2
are investigated in order to determine if they have a significant effect
on the expression for the prompt neutron decay constant in a subcritical,
multiplying assembly. Further discussion may be found in Chap. IV

(analysis of data) and Chap. V (results).

2.5.1 Effect of a Finite Source Burst Width

The assumption that the neutron source may be represented as a
delta function in time is generally applied to theoretical treatments of
pulsed neutron kinetics. However, the expression for the fundemantal
mode decay constant is not changed if the burst width is finite. Consider

the source shape to be a square wave of height HO and width A:
S(¥,7,1) = H_S(r, 2)8(r)[ u(t)-u(t-a)], (2.73)

where u(t) is the unit Heaviside or step function having a value of unity
for times greater than t=0 and a value of zero otherwise. If Eq. (2.73)
is substituted in Eq. (2.5) (the basic time-dependent Fermi age equation)
and the solution developed along the lines indicated in Sec. 2.2.2, the
resulting expression for the slowing down density with absorption is
similar to that derived in Sec. 2.2.2 (Eq. 2.14)):

-A_T
(¥, 7, 1) = u(r)[u(t-T)-u(t-T-A)]H @ C F (r)e no (2.74)
where, as before,
T =—L (2.16)

(vD)
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Physically, Eq. (2.74) states that, on the Fermi age model of neutron
slowing down, the slowing down density to age 7 is zero for all time
before t=T and after t=T+A and has a constant value over the time
interval between.

The thermal neutron diffusion equation is solved in a manner

analogous to that in Sec. 2.2.4 with the source given by Eq. (2.74). The

result is:
N N -AnTO i e)\nTo e—)\nJE _
n(r,t) = H_ ; C F (r)e - (T <t<T_+4),
(2.75a)
SRR VNRE NG S B R W
=HO ;CnFn(r)e T e (‘t$ TO+A).
(2.75Db)

The interpretation of Eq. (2.75) is as follows. For a very long burst
width (e. g., a steady-state source in the limit), Eq. (2.75a) states that
the nth modal component of the thermal neutron density approaches a
constant value. After the source is terminated and all neutrons have
slowed down to thermal velocities (t=T _+A), then Eq. (2.75b) states
that the nth modal component of the neut(;on density decays exponen-
tially with the same decay constant )\n as derived in Sec. 2.2.4. There-
fore, a finite source burst width is not, in itself, a limitation to the
observation of a fundamental mode decay constant.

The limitation manifests itself in two experimental difficulties.
First, bursts of fast neutrons are introduced repetitively into the
assembly, so it is essential that the neutron density following one burst
not be overlapped by the density from the succeeding burst. Second,
the nature of pulsed neutron sources is such that the area under the
burst shape is approximately constant (HOA = SO), so that the longer
the burst width, the smaller the effective neutron density (per burst)
as measured by a neutron counter. This is seen by taking the ratio of
the fundamental mode component of the neutron density given by
Eq. (2.36) (instantaneous burst) to that given by Eq. (2.75b) (finite
burst width):
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 —(A-NT
SOCF(r)e © e~)\t
R = - N
-(A-MT_ AN !
- 0-.€e -1, -\t
HOCF(I‘) e ‘:‘"‘_)\ y 'Ix e
S
_ o)
H A(1+1‘é+ )
o 2
L1 .
1+ 1‘23 (2.76)

Hence, to a first approximation, the effective neutron density is not

decreased until the quantity -)\—24- in Eq. (2.76) becomes significant.

2.5.2 Effect of a Non-Black Boundary Condition

A bare system is usually approximated experimentally by iso-
lating the system from its surroundings by distance or by wrapping
it with an absorbing material such as cadmium. The latter method
is employed at the M. I. T. Lattice Facility with the exception of the
bottom of the lattice tank through which the thermal neutron source
enters the assembly during steady-state experiments. However, the
derivation leading to Eq. (2.36) assumed that the entire assembly is
bare, and, to this end, a cadmium plate has been inserted at the
bottom of the lattice tank whenever pulsed neutron source experi-
ments have been made. The installation of this plate is not desir-
able from an experimental standpoint because the lattice must be
withdrawn from the tank to insert the plate. Withdrawing the lattice
has several effects: (1) it exposes a radiation source of fairly high
intensity, 0.05 to 0.5 r/hr, depending on the recent operating history
of the Facility; (2) it results in partial degradation of 1 to 2 gallons of
heavy water per experiment which must be removed before the Facility
can be operated again and which eventually must be reprocessed; and
(3) it consumes time while the system is being dried before further use.
If pulsed neutron source experiments are made without the cad-
mium plate at the bottom of the tank, there may be a discernable return
of thermal neutrons from the graphite-lined cavity below the lattice tank.

This return, which decreases the fundamental mode decay constant
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relative to that which would be observed with the cadmium plate in the
tank, may be taken into account by modifying the usual expression for
the extrapolation distance d (G4).

A certain fraction of the thermal neutrons leaving the assembly
through the bottom of the tank will be reflected back into the tank by
the graphite. This fraction, which is called the albedo, is written as

the ratio of return to outgoing neutron currents:

D .,
I §+g0
By=5 = , (2.77)
out Q‘*‘Qd)'
)

where, because of continuity of flux and current at an interface between
the two media, the quantities ¢ and D¢’ may be regarded as referring to
either medium. If Eq. (2.77) is solved for the ratio ¢/¢', the result is:

1+8
?1>¢T= ‘%"tr(l-ﬁi)’ (2.78)

>\tr = 3D. (2.79)

where

According to simple diffusion theory, the linear extrapolation distance

is given by:
w=_$n (2.80)

so that, inserting Eq. (2.78) in Eq. (2.80), we have:

1+8
2 a
§xtr<1-6a> ' (2.81)

According to the more exact transport theory, the numerical constant
in Eq. (2.81) should be 0.71, and, hence:

@ =011 x, [rra) g Fa (2.82)
=0 M T ) T TAR, ) '

where d is the extrapolation distance for a completely bare system.

d'

I

The expression for the geometric buckling of a bare cylindrical
system is:
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2 2
2 (2.405 T
(0 + )

where R and H are the physical radius and height, respectively, of the
system. To account for the return of neutrons through the bottom of
the tank, Eq. (2.82) is introduced into Eq. (2.83):

2
2.405\2 T
397 = (& +d (Ho+d+d'> ' (2.84)

Finally, the measured values of the decay constant can be related to

the lattice parameters of interest by replacing B2 with (B')2 in
Eq. (2.37) (the fast non-leakage probability is not affected because it

refers to neutrons with energies above the cadmium cutoff):

A =VE,_+ VD(BN? - VE_(1-B)k P, (B?). (2.85)

The experimental determination of an effective return coefficient for
the M.I.T. Lattice Facility is described in Chap. IV.

2.5.3 Effect of Delayed Neutrons

In this section, the effect of delayed neutrons on the kinetics of
an assembly irradiated by a burst of fast neutrons is examined, and
conditions under which this effect may be neglected are postulated.
One group of delayed neutrons is assumed; the treatment can be ex-
tended to include any arbitrary number of groups.

The conservation equations for thermal neutrons and delayed

neutron precursors, respectively, are:

vDVn(r,t) - vZan(r,t) + vZa(l—B)kooPl(B yn(r, t)

+ pwPI(B2)C(I~’, B+ a7 _,1) = n(r 1), (2.86)
and
~wC(T, t) + B3 k n(T ) =2 CE 1) (2.87)
2 p a w 3 a.t 3 3 L

where w is the decay constant for the delayed neutron precursors,
C(F, t) is the concentration of delayed neutron precursors, and the

other terms have been defined previously. These equations are
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solved by the Laplace Transform technique in a manner similar to that

of Sec. 2.2. Assuming that:

(T, 8) = ), Q(SF _(¥), (2.88a)
n
T(r, 8) = ), QUSIF (T), (2.88b)
n
where
v2F_(¥) = -B2F_(¥), (2.10)
n nn

and substituting Eqs. (2.88a), (2.88b), and (2.10) into the transforms of
Eqgs. (2.86) and (2.87), there follows, after eliminating the precursor

concentration between the two equations:

(wts)q(r, Tor s)

Q. _(s)=
n 2

(72_&+ Vf)Bn—VfJa(l-B)kal(BiH s) (wts) - Bﬁakal(Bi)w

(2.89)

We are interested in the time behavior of the thermal neutron density,

which is governed by the zeros of the denominator of Eq. (2.89). Hence:

. Nt gt L
nn(r,t) = Anpe + Ande Fn(r), (2.90)

where the subscripts p and d refer to the prompt and delayed portions
of the neutron density, respectively. If we let:

2

= .o — 2
@, =VE_+ VDB - VE_(1-B)k P (B.), (2.91)

and solve for the zeros of the denominator of Eq. (2.89), the result is:

i i
— 2
a *w 1- 4(anw-8v2akooP1(Bn)w)
)\np = - 5 1+ 5 s (2.922a)
L (a/n-l-w) B
— 2
a/n+w 1- 4(a’n“"BVZakooP (Bn)w>
N L= - 1 - (2.92Db)
nd 2 2
- (Qn+w) J
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If (w/an) « 1, Egs. (2.92a) and (2.92b) may be approximated by:

2 — 2
(a'n+w) - QW + BVZakooP (Bn)w
~ ~ Q’n, (2.938.)
(an+w)

N
np

—=, 2
aw-PpvZ k P (B w
. a1l n (2.93b)
nd
ozn+w

The quantity @, in Eq. (2.91) is identical to the expression previ-
ously obtained for the nth mode decay constant when delayed neutron

effects were neglected. Therefore, if the inequality:

<a—-‘*r)l> « 1, (2.94)

is satisfied, the prompt and delayed neutron decay constants are ade-
quately described by Eqgs. (2.93a) and (2.93b); furthermore, if the time
interval over which the neutron density is measured is short compared
to 1/w, the delayed neutron contribution may be considered as a con-
stant background superimposed on a sum of exponentially decaying

functions.

2.5.4 Effect of Epithermal Fission

The treatment presented in Sec. 2.2 assumed that all multiplied
neutrons were produced by thermal fission. Non-thermal fissions may
be of two types: epithermal 1/v-fission and resonance fission. Contri-
butions of the former type are automatically included in the preceding
treatment since the quantities 'V_Za, vD, and k_ are suitably averaged
over the neutron spectrum. However, for systems with high enrichment
or low moderator-to-fuel ratios, the contribution of fissions induced by
resonance energy neutrons may become significant. Malaviya (M1) has
treated the problem by a modified two-group model in which two multi-

plication factors are defined:

k = nep28p25f, (2.95a)

o0

k
r

Il

N,.€P9g(1-Pyc), (2.95b)
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where the subscript r refers to the resonance region, Pog and Pygare

238 and U235, respectively,

the resonance escape probabilities for U
and the other symbols have their usual meaning. Since the thermal

neutron lifetime is defined by the relation:

Q. = 1 (2.38)

2 '\E)a(1+L2B2) ’

the expression for the observed prompt neutron, fundamental mode

decay constant in the presence of resonance fission becomes:

. (1-pk P (B |
xr = 7= 1 - l (2.96)
2 2.2 (I'Br)kr l
(1+L.°B7) {1 - —— | |
P,(B?)
In the absence of resonance fission, we obtained earlier:
2
L -k P (B
A = £_ 1 - 2 2 s (2-39)
2 1+ L°B

so that for small kr (p25 ~ 1), Eq. (2.96) reduces to the result given in
Eq. (2.39). Furthermore, if we define:

k
k! = s ,
TR,
Pl(Bz)

Eq. (2.96) is identical in form to Eq. (2.39).

2.5.5 Effect of Fission Neutron Slowing Down Time

In reactor kinetics calculations based on the one-group model, it
is customary to neglect the slowing down time for fission neutrons pro-
duced in the assembly. This assumption is well justified in most non-
steady state treatments because the change in the neutron density during
a time interval equal to the neutron slowing down time is negligible. The
decay constant for a far subcritical assembly, however, may be large
enough so that this assumption is not valid for the purposes of evaluating

pulsed neutron source experiments. Hence, in this section, the
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assumption that neutrons produced from thermal fission slow down
instantaneously is removed. An age-diffusion analysis will be given
first, to be followed by a multigroup treatment.

The diffusion equation for thermal neutrons is repeated here:

J— 2 — —_ — R 2 — — _ 8 —
vDVn(r,t) —vZan(r,t)+vZa(l—B)kooP1(B )n(r,t-To)+q(r,To,t) =51 n(r,t),
(2.30)

where the notation n(?, t—TO) indicates that the source of fission
neutrons at time t is actually due to fast neutrons which were produced
at time TO earlier. It should be recalled that the continuous slowing
down model assumes that all neutrons require the same time to slow
down. If n(T, t—TO) is expanded in a Taylor Series about (I:, t), the

result is:

2

n(™,t-T ) =n(r,t) - T an(r, t) + -9 Qi(l_“:_t)\\ - .. (2.97)
o 0 ot 21 2
t ot /4

Inserting Eq. (2.97) in Eq. (2.30) and taking the Laplace Transform of

the result, we have:

s™T

[ 2m2
— 2. — -, — 2 o }— _
vDV®n - vZan+ VZa(l—B)kooPl(B )l_l —STO+ 5T " - - n+ g =sn.

(2.98)

The series in Eq. (2.98) can be truncated after two terms if sTO « 1 and,

solving for ﬁn, the result is:

- Iy

A = , (2.99)
n — 2
S s(l + T vz (1-B)k P (Bn))

where )\n has previously been defined as the nth mode decay constant in
the Fermi age-diffusion treatment:

2

— — — 2

)\n = VZa + VDBn - VEa(l'B)koopl(Bn)‘ (2.34)
The time behavior of the nth mode of the neutron density is governed by
the zeros in the denominator of Eq. (2.99) and, hence, the decay con-

stant is given by:
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N
n

T T v gk P (BD) (2100
o Ta 0" 1""n

If the slowing down time, To’ is neglected, Eq. (2.100) reduces to

Eqg. (2.34) of Sec. 2.2 ()‘;1 = )\n). The physical interpretation of

Eq. (2.100) is as follows. The Fermi age-diffusion expression for the

decay constant, N, underestimates the contribution of the multiplied

neutrons because it assumes these neutrons were produced instantan-

eously rather than at an earlier time when the neutron density was

higher by a factor e O, The modified Fermi age-diffusion treatment

leading to Eq. (2.100) corrects this deficiency by decreasing the non-

modified value of the decay constant which, in effect, prolongs the

decay time of the neutron density.

Another approach to the problem of a finite slowing down time is
afforded by the use of multigroup theory.. Suppose that the energy
range between fission and thermal energies is divided into I groups
spaced so that equal time is spent in each group during the slowing
down process; then, for a sufficient number of groups, the change in
the amplitude of the neutron density over the time interval spanned by
a particular group may be neglected. This effect is first treated by a
two-group model and then extended to an arbitrary number of groups
in a straightforward manner.

The two-group diffusion equations are:

— 2 — VoZy — ony

v1D1V n, - Vlzlnl + 5 (l—B)koon2 + VOZOnoé(t) ==5r > (2.101a)
9 - - ong

V2D2V n, - 222n2 + pVIZ)ln1 =57 > (2.101b)

where the subscripts 0, 1, and 2 refer to the source group (assumed
to appear in the system instantaneously at t = 0), the fast group, and
the thermal group, respectively. It will be noted that V;f)z = vD;
?7;2'2 = Ea; and nz(F, t) = n(¥, t) in accordance with the definitions of
these quantities given in Sec. 2.2.

The solution of Egs. (2.101a) and (2.101b) is obtained with the aid

of the Laplace Transformation. If the initial conditions:
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nl(?, 0) =0,
nZ(F, 0) =0,

are assumed and the spatial dependence is determined, as usual, by

the Helmholtz equation:

2

Von (I_:,t)=—B2n (F,t),

1,2 1,2

the transformed equations become:

—_— .9 - 2 - — -
—(lean+v Zl+s)n1n+ S (l-B)koon2n = -V Z 0o, (2.102a)
PV, T, B - (szan ) By (2.102b)
If we define
2, = 1 5 = L (2.103a)
vlzl + lean v121(1+'an)
,an = 1 5 = 1 N (2.103b)
V222 + VZDZBn v222(1+L Bn)

and eliminate n, between Eqgs. (2.102a) and (2.102b), the result is:

1n
[( 1+s£1n)(1+s22n) - (l-B)kwvlzlﬂlnv222ﬂ2ni\nzn

= pv, v = V121£1n£2n on " (2.104)

The time behavior of the thermal neutron density is characterized by
those values of s for which the quantity in brackets on the left-hand

side of Eq. (2.104) vanishes. Hence, we require:

s2+ s( : 1 ) =0, (2.105)
ln 2n

where

Yh = (1-3)k00v121£1 222221,1 (2.106)

The two roots of Eq. (2.105) are:



45

Lint o T3y ) By
N =—7—— |1+ , (2.107a)
in 2£1n£2n (2 )2
L ln 2n
Lint Loy - 41-v )y Lo
)‘Zn Y DRI 1 - 5 . (2.107b)
1n"2n L (,an'l'ﬂ ) J
2. 2
Since in” 2n 5 « 1, we have:
(£1n+£2n)
1 - 4(1- -Tn )2 2(1-7 ) £
/ 151 2n ~ 1 - 1n22n , (2.108)
uln+£2n) (’an+£2n)

and, substituting Eq. (2.108) in Egs. (2.107a) and (2.107b), the result is:

N Nuln 2) (17)£1n2n= 1,1 _ 1" 1
1n 21 nton®1ntay) Lin fon Tintlon 4pne
(2.109a)
1-v 1 -7
n n
e - . (2.109Db)
20 ST F 4, 0
JZ2n<1+£ )

2n

The asymptotic time behavior of the thermal neutron density is governed
by the smaller decay constant which is )‘2n‘ Furthermore, if Egs, (2.106)
and (2.103b) are inserted in Eq. (2.109b) and it is noted that:

— 1 2
vz, 4, =———=P (B, (2.110)
11"~ g2 1'n
on
then:
v = +vD.B2 -V =.(1-8)k _P,(BY)
2“2 " Vo2"n T Va¥a w0 1'"n
N, = , (2.111)
2n ,an
1+~
2n

which is identical to the expression derived in Sec. 2.2.4 (Eq. 2.34)
based on the Fermi age-diffusion model provided the ratio zln/£2n is
neglected. Thus, it is evident that neglect of the fast neutron lifetime
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in two-group theory is, in a sense, equivalent to neglect of the slowing
down time in Fermi age-diffusion theory.

The extension of the above development to an arbitrary number of
groups, insofar as comparison of asymptotic decay constants is con-
cerned, is straightforward. The characteristic polynomial equation in

s for I groups is:

)
I, 1-1i_;_+
S S ) 7. P - I Sma—

i=1 Tin

I
1 - (1-Bk, _H_ (:V:;iiﬂin)
+ i=1 =0, (2.112)

1
1=|1 (2,)
or

I I-1
S +als + .. .+aI_ls+aI-0. (2.113)

The smallest root of Eq. (2.113) is given approximately by:

I

“In a1’ (2.114)
and, hence:

1
1 - (1-B)k, iI=|1 (VZ2;.)
“In I ' (2.115)
: 121 uin)
If we write:
I I-1
121 () = 121 (23 + Ly, (2.116a)
= 2
L 6iE ) = viE 1|=|1 (PiBD). (2.116b)
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and revert to the notation used in the two-group treatment:

Z, (8, )+ 4y =0, + 2, (2.117a)
I-1

Ny 1|_|1 P, (B o) = V2,0, P (B ) (2.117b)

)\InE)\zn, (2.117¢c)

the expression for the decay constant becomes:

L 1- (l-B)kcov Zoly P (B2 o)
2n 21 +
n
V2. +V.D.B% - v.=.(1-B)k_P.(B2) (2.119)
) 2°n ~ Vaa oo n '
- 5 .
1+——--£”1
2n

Equation (2.119) is identical to Eq. (2.111) which was derived on the
basis of two-group theory. Thus, to first-order, the two-group and
multigroup treatments yield the same result provided the neutron life-
times and fast non-leakage probabilities are suitably defined in each
case.

Several expressions for the fundamental mode decay constant
have been derived in this chapter. Although each assumption or con-
dition has been investigated separately, the resulting expressions are
such that any combination can be applied to fit the experimental situ-
ation. Table 2.1 contains a summary of the various expressions In
Chap. IV, the evaluation of lattice parameters using several of the
above expressions is discussed, and in Chap. V, the results and con-

clusions are given.



TABLE 2.1

Expressions for the Fundamental Mode Decay Constant

Model

Expression

Remarks

1) Age-Diffusion

2) Age-Diffusion

3) Age-Diffusion

4) Modified
Two-Group

5) Modified
Age-Diffusion

6) Two-Group

7) Multigroup

vz + VDB
a

2 — 2
- VE_(1-B)k P, (B)

Vs, + vD(B")? - VE_(1-B)k P, (B?)

Vs, + oB? - Via(l-ﬁ)kooPl(Bz)
— 2
VE_(1-Bk P, (BY)
(I_Br)kr
P, (B%)

vz + vDB
a
1 -

— =42 — 2
v2a+ vDB" - an(l—B)kooPl(B )

1+ To?r'iau-ﬁ)kal(Bz)

— =52 — 2
vZ_ + VDB® - VE_(1-B)k P, (B?)

a
Z
1+
2
; I-1
VZ_+VDB® - VE _(1-B)k,, Tl'P(B)
i=1

I-1
), 2
i=1

i
1+ 7

I

Includes all assumptions given in
Sec. 2.2

Removes black boundary assumption
Bn2 = (% 405)2 ( T )2
R+d. H+d+d'

Includes delayed neutrons: (w/\) « 1

Includes resonance fission

Includes finite slowing down time (TO)

Includes finite fast neutron lifetime

Includes effective finite fast neutron
lifetime

8%
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CHAPTER 1III

EXPERIMENTAL EQUIPMENT

3.1 THE M.I.T. LATTICE FACILITY

A detailed description of the M. I. T. Exponential Lattice Facility
and its ancillary equipment has been given in an earlier report (H2).
Cross-sectional drawings of the Facility are shown in Figs. 3.1 and 3.2.
Neutrons from the thermal column of the M. I. T. Reactor enter a
graphite-lined cavity or '"hohlraum" and are reflected upward through
a graphite pedestal into a cylindrical tank. The tank is 67-1/4 inches
high and either 36 or 48 inches in diameter, depending on the lattice
being studied.

In all cases, the lattices studied consisted of uranium metal rods
clad in Type 1100 aluminum, located on a triangular spacing, and
immersed in heavy water. The absorber-modified lattices contained,
in addition, thin OFHC (oxygen-free, high conductivity) copper rods
which served as the distributed thermal neutron absorber. The lattices
investigated are summarized in Table 3.1.

The active length of the fuel rods was 48 inches, and the rods
were supported by aluminum adapters positioned in girders at the top
of the tank. An aluminum grid plate with appropriately spaced holes
served to position the rods at the bottom of the tank. A blanket of nitro-
gen gas was kept over the high purity (approximately 99.5 mole per cent)

heavy water to prevent degradation by atmospheric light water.

3.2 PULSED NEUTRON SOURCE EQUIPMENT

The modification of the M.I. T. Lattice Facility for pulsed neutron
source measurements and the additional equipment required for these
experiments have been described in detail in an earlier report (M1).
Since the experimental equipment used in this work differs very little
from that used previously, only those features which have changed will
be described in detail. A brief summary of the unchanged features will
be given. A block diagram of the experimental arrangement and data
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TABLE 3.1
Description of Lattices Studied

Lattice Fuel Slug Clad Fuel Rod Uranium Ds0O Cross Sectional
Lattice Spacing Diameter Air Gap Thickness Outer Enrichment Purity Area of Added
Designator (inches) (inches) (inches) (inches) Diameter (weight %) (mole %) Absorber per
(inches) Fuel Rod(inchesz)

125 1.25 0.250 0.006 0.028 0.318 1.143 99.60 -
175 1.75 0.250 0.006 0.028 0.318 1.143 99.53 -
175A1(a) 1.75 0.250 0.006 0.028 0.318 1.143 99.53 0.0278
175A1B1 1.75 0.250 0.006 0.028 0.318 1.143 99.53 0.0441
250 2.50 0.250 0.006 0.028 0.318 1.143 99.56 -
250B1(2) 2.50 0.250 0.006 0.028 0.318 1.143 99.56 0.0163
250B2 2.50 0.250 0.006 0.028 0.318 1.143 99.56 0.0326
253 2.50 0.750 0.004 0.028 0.814 0.947 99.51 -
253A2B1 2.50 0.750 0.004 0.028 0.814 0.947 99.51 0.0718
350 3.50 0.750 0.004 0.028 0.814 0.947 99.47 -
500 5.00 0.750 0.004 0.028 0.814 0.947 99.47 -
175(2R)(b) 1.75 0.250 0.006 0.028 0.318 1.027 99.53 -

1.75 0.250 0.006 0.028 0.318 1.143 99.53 -
500(2R) 5.00 1.010 0.014 0.028 1.094 0.710 99.47 —

5.00 0.750 0.004 0.028 0.814 0.947 99.47 -
mob(c) % ~ - - - - 99.47 -

(a)The symbol Al refers to one 0.188-inch-diameter copper rod per unit cell; the symbol Bl refers to one
0.144-inch-diameter copper rod per unit cell.
(b)

Two region assembly; the first set of values refers to the test lattice and the second set refers to the
reference lattice.

(c) Pure moderator.

¢S
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recording system is given at the end of this section.

3.2.1 Description of the Assembly

The normal arrangement and operation of the Lattice Facility had
to be modified to accept pulsed neutron source experiments. The black
boundary condition, essential to the definition of the geometric buckling
eigenvalue, was completed at the bottom of the exponential tank by the
presence of a 0.020-inch-thick cadmium plate of the same diameter as
the tank and clad with 0.0625-inch-thick aluminum (Type 6106-T6).
This plate, which blocked the bottom of the tank from the thermal column
source, was inserted when pulsed source experiments were made and
removed when steady-state measurements were made. The installation
of the plate was undesirable for experimental reasons (described in
Sec. 2.5.2) and experiments were made with and without the plate in an
attempt to obviate the need for the plate.

A second modification was made in order to insert a neutron
detector. The detector was located at che point r=0;z=H/2, where H
was the variable height of the moderator. This location was chosen to
achieve maximum suppression of higher mode contributions to the
observed thermal neutron density. The central fuel rod was replaced
with a 1.125-inch-0.D. aluminum thimble (Type 1100) in which the
detector could move axially. A lead plug at the bottom of the thimble
prevented the thimble from floating and a thin cadmium disk inserted
in the bottom of the thimble helped reduce thermal neutron streaming
up the thimble.

The third modification was necessitated by the proximity of the
M.I. T. Reactor. When the reactor was operating and the Lattice
Facility was blocked from the thermal column source, there was still
an appreciable neutron background in the assembly caused by photo-
neutrons resulting from gamma rays leaking from the reactor. It was
found that this background was too high for the achievement of satis-
factory results; consequently, pulsed source experiments were made

only on weekends when the reactor was shut down.
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3.2.2 Pulsed Neutron Source

The pulsed neutron source used for all experiments at the M.1.T.
Lattice Facility was a Type A-810 neutron generator built by Kaman
Nuclear of Colorado Springs, Colorado. A description of its operation
follows. The actual neutron source is situated in a sealed tube approxi-
mately 2 inches in diameter by 4-1/2 inches in length. Deuterium ions
are produced in a Penning cold cathode ion source and are accelerated
toward a tritiated titanium target by application of a short duration,
large negative voltage pulse. Neutrons (approximately 107 per burst)
are thus produced by the D-T reaction. The supply of deuterium gas is
continually replenished from a zirconium wire which releases adsorbed
deuterium when heated. The entire sealed tube is mounted in a sealed
cylindrical enclosure (5-inch diameter by 11-inch length) filled with
insulating oil. A schematic diagram of the tube and its components is
shown in Fig. 3.3.

The negative target voltage pulse was provided by a step-up (1:25)
transformer and was variable between 0 and 150 kilovolts. The pulse
width was approximately 10 microseconds and therefore was short
enough to meet the instantaneous burst width requirement discussed in
Sec. 2.5.1. A T-foot shielded, flexible, high voltage cable carried the
voltage pulse from the step-up transformer to the target. The sealed
tube assembly and step-up transformer were located in the Lattice
Room above the exponential tank while the main control unit, which
provided a variable (0 to 6 kv) pulse Voltagé to the step-up transformer,

was located on the reactor floor, 18 feet below the Lattice Room.

3.2.3 Detection System

The thermalized neutrons were detected by a small BF3 neutron
counter centered axially and radially in the assembly. The counter was
a N. Wood model (active volume 0.50-inch diameter by 4.0-inch length,
40 cms Hg filling pressure, B10 enrichment 96%) and was guided by the
aluminum thimble (Sec. 3.2.1) mounted along the axis of the tank. A
shielded cable ran from the counter to a small pre-amplifier through
an airtight stoppér plugged in a hole on the side of the exponential tank.

The associated amplifier-scaler (RIDL Models 30-19 and 49-30,
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respectively) and counter high voltage supply (RIDL Model 40-9) were
located near the main control unit on the reactor floor.

The dead time of the detection system was determined by the
double pulse generator method and was on the order of 2 microseconds
(M1). The output of the amplifier was monitored by an oscilloscope to
insure that the observed count rates corresponded to detected neutrons

and not to an external source of noise.

3.2.4 Data Recording System

The counts from the amplifier were sent to an analyzer whose
purpose was to map a time profile of the decaying neutron density by
recording numbers proportional to the density at preset intervals of
time. The analyzer used in this work was a TMC-256 channel analyzer
with a Model CN-110 digital computer and a Type 212 Pulsed Neutron
plug-in unit.

The system operates in the following way. The 255 channels
(2-256) are time analysis channels of equal duration A (adjustable
from 10 to 2560 microseconds in multiples of 2). Each channel is
separated from its neighbors by a dead time gap of 10 microseconds,
during which accumulated counts are stored in memory. The first
channel records a pre-burst background and its width is independently
variable as 2nA(n =1,2,3,...8).

The time sequence of the logic operation begins with a signal from
the main control rack to the Type 212 plug-in unit which opens the pre-
burst background channel. At the close of the background channel, the
Type 212 plug-in unit sends a signal back to the main control rack
which, in turn, sends out a signal to the pulsed voltage source. This
causes the negative voltage pulse to be applied to the pulsed neutron
source target. At the same time, a variable delay of duration
ZnA(n =1,2,3,...8) is initiated in the time analyzer while the neutron
burst thermalizes in the assembly. There is also a pre-set target
delay time continuously variable between 0 and 100 microseconds, so
that the overall delay time is reduced by the pre-set target delay time.
Thereafter, the remaining 255 channels open in succession to receive

counts from the detector. After the close of the last channel, the
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system is dead until another signal is received from the main control
unit by the Type 212 plug-in unit.

This sequence was repeated at a pre-set repetition rate (variable
from 1 pulse per second (pps) to 10 pps in steps of 1 pps) until a
desired number of counts was stored in the memory of the analyzer.
At the end of the run, the data were available in the form of punched
tape and printed tape.

A block diagram of the experimental arrangement and the data

recording system is shown in Fig. 3.4.

3.3 EXPERIMENTAL PROCEDURES

In this section, the experimental procedures of particular import-
ance to the performance of pulsed neutron source experiments are sum-
marized. The operation of the pulsed source, itself, has been described
in detail in Ref. M1 and is not repeated here.

The modifications of the Lattice Facility described in Sec. 3.2.1
were usually made on Friday night, to allow for a full day (Saturday) of
experiments. After the electronic equipment was fully warmed up, the
pulsed source was placed on the lid of the lattice tank and centered.
Then, the moderator was raised to its lowest level and the pulsed source
turned on.

Approximately 10 runs (at 10 different moderator heights) could
be made in a single day operation with the changes in moderator level
geared to give equal changes in the geometric buckling. The ranges of
moderator levels and corresponding geometric bucklings for the 3- and

4 -foot-diameter tanks are listed in Table 3.2.

TABLE 3.2

Ranges of the Moderator Heights and Geometric Bucklings

Tank Diameter Moderator Height Geometric Buckling
(ft) H_, cm B2, em™2
3 57.5 - 130.7 0.0052 - 0.0031

4 57.0 - 129.9 0.0042 - 0.0020
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An accurate determination of the moderator height was essential
to a precise definition of the geometric buckling of the system. The
relative moderator level could be read to an accuracy of £ 0.05 cm on
a graduated sight glass attached to the outside of the assembly shielding.
However, a sight glass reading of zero did not correspond to a moder-
ator level of zero so that it was necessary to determine a correction
factor to convert sight glass readings to moderator heights. This was
accomplished by measuring the distance from the bottom of the tank
(or cadmium plate) to the overflow line on the tank and subtracting it
from the full height sight glass reading. The correction factors
obtained (both with and without the cadmium plate in the bottom of the
tank) are listed in Table 3.3. These correction factors should be re-
measured each time the tank is changed in the future, since the tank

location relative to that of the sight glass may change.

TABLE 3.3

Values of the Sight Glass
Correction Factor

Tank Diameter With Cd. Plate Without Cd. Plate
(ft) (cm) (cm)
3 28.9 28.3
4 30.2 28.6

The variables in the data recording system were set as follows.
For expected values of the decay constant greater than approximately
1500 sec'l, a channel width of A = 40 microseconds was used. A width
of A = 80 microseconds was used for expected values less than 1500
sec'l. A minimum of 2000 counts in the most active channel was found
to give a statistical accuracy of 1% or better in the fit value of the
decay constant when a channel width of 40 microseconds was employed
(4000 counts in the case of an 80-microsecond channel width). The

background channel was set at 256 X A to maximize the accumulation of
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pre-burst background counts while the combination of the analyzer delay

and the preset target delay were set to minimize the overall delay time.



61

CHAPTER IV

ANALYSIS OF DATA

This chapter deals with the means by which the desired values of
lattice parameters are obtained from pulsed neutron measurements on
subcritical assemblies. The extraction of a value for the fundamental
mode decay constant (and, possibly, one for the next higher spatial
mode decay constant) from a measurement of the neutron density as a
function of time is treated first. Next, the relation between the parame-
ters of a multiplying medium and the decay constant is developed. Then,
the analysis of measurements in two-region assemblies, absorber-
modified assemblies, and media with a non-black boundary (determin-
ation of the graphite cavity albedo) is described. The chapter concludes
with a discussion of the errors associated with the parameters obtained

from pulsed source measurements.

4.1 DETERMINATION OF DECAY CONSTANTS

The first step in the analysis of data from pulsed neutron experi-
ments is the determination of decay constants from measurements of
the neutron density as a function of time. In general, it is always pos-
sible to obtain a value for the fundamental mode decay constant, and
under certain conditions, it is possible to obtain an estimate of the next

higher mode decay constant.

4.1.1 Fundamental Mode Decay Constant

The data from pulsed source experiments are analyzed under the
assumption that the observed neutron density can be represented by an
infinite sum of exponential functions plus a constant background term:

0 -)\nt
n(t) = 2 An e + b. (4.1)
n=1

The spatial dependence of the neutron density, which would normally

appear in the coefficients Arl in Eq. (4.1), is omitted because the
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neutron detector location is fixed during any particular measurement.
The background term contains contributions from lattice photoneutrons
(induced by gamma rays from the MITR and the lattice fuel elements)
and delayed neutrons. As shown in Sec. 2.5.3, the assumption that the
delayed neutron contribution is constant over the time interval of obser-

vation depends on the inequality:
(w/N\) « 1. (2.94)

The largest value of (w/\) in this work is approximately 0.01, so that
the assumption of a constant delayed neutron background is justified.

The decay constants )\n increase with increasing values of the
index n; hence, after a sufficient length of time, the summation in
Eq. (4.1) has only one term (corresponding to the fundamental mode).
Thus, Eq. (4.1) reduces to:

-)\lt
n(t) = Ale + b, (4.2)
where the quantities Al’ )\1, and b are to be determined.

One of the computer codes used in this work, EXPO (M1), makes
a weighted, least-squares iterative analysis of the count rate data
obtained from the data recording system described in Sec. 3.2.4 and
calculates values of Al, >\1, and b. Since the data in early time
channels may contain significant contributions from higher spatial
modes (harmonics), the code has provisions to neglect the early chan-
nels, one by one, and repeat the analysis. This procedure effectively
varies the waiting time between the introduction of the neutron pulse
and the beginning of the data analysis. When the decaying neutron
density is following only the fundamental mode, the fit values of Al’ )\1,
and b remain constant as a function of the waiting time. In this way,
the waiting time for the establishment of the fundamental mode is
ascertained along with the corresponding value of the fundamental mode
decay constant.

A second code, STRIP, which has been written as a part of this
program to provide an independent check on the results of EXPO,
determines the parameters Al’ A and b in a slightly different
manner. An initial guess for the background (obtained from the pre-burst

background channel) is subtracted from the data and a least-squares fit
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made on the natural logarithm of the difference:
,Qn[n(ti)—b] = 4n (Al) - Mt (4.3)

where the index i indicates channel number. However, the resulting
values of Al’ )\1, and b may not be the best fit to the data, owing to a
poor guess for b and/or the presence of higher modes in the early
time channels. These two difficulties are overcome by systematically
varying the value of b subtracted from the data and the time range over
which the fit to Eq. (4.3) is made (e. g., varying the initial and final
channel numbers) until the variance of fit is a minimum. The variance
of fit, which is a measure of how well the fitted parameters (Al, xl,
and b) agree with the experimental data, is defined by:

N 2

-—)\lt.l
Z W.(n.-A e -b)
=1 i\ i 1™

V = , (4.4)
N -3

where Wi is the weight assigned to the ith data point and the quantity
N-3 represents the number of data points minus the number of degrees
of freedom. That combination of values of Al’ )\1, and b which yields
the smallest value of V is the set which is the '"best fit'" to the experi-
mental data. In this way, a value of )\1 is obtained which can be com-
pared to that obtained from EXPO.

4.1.2 Fundamental and Next Higher Mode Decay Constants

Under certain conditions, it may be possible to obtain an estimate

of the next higher spatial mode decay constant. If \_ is sufficiently

2
smaller than >‘n for all n greater than 2, then over a certain portion of

the data, Eq. (4.1) can be simplified to:

-)\lt -)\2’(
e + A.e + b. (4.5)

n(t) = A 2

1

The FRAUD code, also written as a portion of this work, fits the experi-
mental data to the form given in Eq. (4.5) in much the same way that
STRIP analyzes the data according to Eq. (4.3).

Mt and b (which can be obtained from the
results of STRIP or EXPOQO) are subtracted from the data and a least-

Initial estimates of Ale—
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squares fit made on the natural logarithm of the difference:

[ At
1 MY i‘_ 1 .1
n n(ti) -A1 e -b |=4n A2 - )\Zti’ (4.6)

where the superscript 1 indicates the first estimate. The quantities
Aée')\éti and b are then subtracted from the initial data and a similar
least-squares fit made to obtain values of A? and k? (the second esti-
mate of these quantities). This process is continued until the changes

in Al’ xl, A2’ and )\2 from one iteration to the next satisfy predeter-
mined convergence criteria.

The above procedure is repeated with systematically different
values of b and the time ranges over which the least-squares fit to the
two exponential functions is made. That set of values of the five un-
known parameters in Eq. (4.5) which results in the smallest variance
of fit is, as before, taken to be the ''best fit'" to the experimental data.
Thus, a third value of )\1 is obtained as well as an estimate for the
next higher mode decay constant. Another advantage of FRAUD is that
more of the experimental data are used in the analysis, which reduces
the uncertainty in the fit values of A1 and xl relative to those obtained
from STRIP and EXPO.

A more complete description of the operation and use of these three
computer codes may be found in Appendix A. The values of the decay

constants are listed in Sec. 5.1.

4.2 DETERMINATION OF LATTICE PARAMETERS

The second step in the analysis of pulsed source experiments
involves relating the experimental values of the decay constant to the
lattice parameters of interest. The evaluation of moderator parame-
ters has been described in an earlier report (M1) and is not taken up
here.

The expression for the decay constant in terms of the parameters
of the medium for which the decay constant is measured is not unique.
There appears to be no ''a priori' reason dictating the preference of
modified age-diffusion or two-group theories, each of which yields
slightly different expressions for the decay constant. Furthermore,

the values of the fast non-leakage probability differ by as much as 16%
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between the two models. Thus, one of the goals of this work is to de-~
termine which, if either, of the two theories is the more appropriate.
In addition to the selection of a theoretical model, a decision
must be made as to which lattice parameters to treat as unknown and
which to treat as known. There are seven quantities appearing in the
expressions for the decay constant which are to be determined: the
absorption cross section, Via; the diffusion coefficient, vD; the infinite
medium multiplication factor, koo; the neutron age to thermal, 'TO; the
effective delayed neutron fraction, f; the fission neutron slowing down
time, TO; and the ratio of fast to thermal neutron lifetimes, (21/22).

The remaining quantity, the geometric buckling:

2 2
_(2.405 T
‘(Ro+d) +<HO+2d> ; (2.83)

is the known independent 1nvar1able (the moderator height, H o’ is
changed to vary the value of B ) which can be measured to an estlmated
accuracy of 0.4%.

The last three quantities of the seven listed above are all small
compared to the dominant term in the factor in which they appear; i.e.,
the quantity B appears only in the factor (1-8), which is close to unity;
the quantity To appears only in the factor (1+ Toﬁa(l-ﬁ)kal(Bz)),
which is usually between 1.01 and 1.10 in the assemblies studied; and
the quantity (21/22) appears only in the factor (1+ 11/22), which is also
usually between 1.01 and 1.10. Thus, it is reasonable to assume that S,
To’ and (121/22) can be calculated because, although the uncertainty in
the calculation may be relatively large, the overall contribution to the
expressions for the decay constant is small. The calculation of these
quantities is described in Appendix B.

The neutron age to thermal, T o’ has been measured in heavy
water to an accuracy of 2.5% (W1), and extensive theoretical treatments
(G1) are available to correct this value for the small effects of lattice
heterogeneity. The age to thermal is therefore taken as known.

These assumptions reduce the number of quantities to be deter-
mined experimentally from seven to three. Of these three, the diffusion

coefficient:

vD = vD_ - CB?, (2.28)



66

is directly obtainable from the analysis of pulsed source experiments on
pure moderator (see, for example, Ref. M1). However, as pointed out
in Appendix B (see Sec. B.4), the introduction of fuel or other strong
absorber into a weakly absorbing medium such as a moderator signifi-
cantly hardens the neutron spectrum relative to that existing in pure
moderator. Thus, the values of ?rl—)o and C for heavy water cannot be
applied directly to the analysis of pulsed source experiments on uranium,
heavy water lattices. It is argued, nevertheless, that if the experimental
values of VBO and C in heavy water are corrected for the effects of
spectral hardening by some theoretical model, valid estimates of these
quantities in a lattice are obtained. A theoretical correction to account
for spectral hardening, which is based on use of the THERMOS code (H9),
is described in Appendix B and corrected values are tabulated there.

to be treated

This final assumption leaves two quantities, V_Z-a and k_,

as unknown in the analysis of pulsed source experiments.

Both modified age-diffusion and two-group models are applied to
the analysis of the experimental data. The age-diffusion treatment is
presented first, followed by the two-group treatment.

The expression for the fundamental mode decay constant obtained
from a modified age-diffusion model is transcribed from Chap. I

V= +vDB2 - ¥E _(1-B)k_P,(B?)
a 1 a 0”17

A= — 5 , (2.100)
1+ T _VE_(1-B)k P, (B)

where the subscript i refers to the discrete values of the experimental
observables )‘i and Biz. The objective is to find values of Via and k__
which, in conjunction with the calculated value of vD, 8, ‘T‘O, and To’
give the best agreement with the experimental data.

To this end, Eq. (2.100) is rewritten:

P - 2
)\i = VZa - Vza(l-B)kal(Bi)’ (4.7)

where,

_ 2. | —=2
N = )\i[l+aFAP1(Bi)] - VDB

i (4.83.)

app = T v, (1-B)k . (4.8D)
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For a particular value of g the quantity )\' in Eq. (4.7) can be con—
51d62red as a corrected experimental decay constant and, with P (B )
-B4T

e Lo as the independent variable, a least-squares fit is made to

obtain the ''least-squares' coefficients -\.I_Za and 'V_Ea(l-B)koo. Hence,
values of the parameters vZa and k_ are obtained from the coefficients
of the least-squares fit. Furthermore, since k_ is customarily close
to unity, a smaller uncertainty in the derived value of koo is obtained if

the least-squares fit is made on a modified version of Eq. (4.7):

[ o 2 — '
N o=vz [1-(1-Bk ] - vZ_(1-B)k [P (B) - 1]=r- sP].

(4.9)
Then, koo is derived as:

Kk = 1 , (4.10)

*®  (1-B)(1+r/s)

There is, however, a further equation to satisfy before the final values

of Via and k_ are obtained; namely, Eq. (4.8b), which is rewritten as:

FA __os (4.11)
T_(1-B) ~ "Za ke :

If, for a particular choice of Qg and for the calculated values of TO and
B, the product of the derived parameters vz}a and k  does not agree with
the right-hand side of Eq. (4.11), the least-squares fit to Eq. (4.7) is

FA until Eq. (4.11) is satisfied. The

corresponding values of V_'Z)a and k_ are then the values of these parame-

repeated with a different value of «

ters which yield the best agreement between the experimental data and
Eq. (2.100). Finally, an experimental value of the thermal diffusion area
(L2 = ﬁo/ﬁa) is obtained as the ratio of the infinite medium diffusion
coefficient (tabulated in Table B.5) to the absorption cross section.

An IBM-7094 Computer code, LSQHEB, has been written as a part
of this program to aid in the analysis. The code takes the experimental
values of )\i and Bi2 and the calculated values of B, T o and vD as input
data, makes a least-squares fit to Eq. (4.7) for a specified range of
values of Qpp s and computes values of ﬁa and 1«:oo and their standard
deviations. A description of the use and operation of LSQHEB is given
in Appendix A.
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The two-group expression for the fundamental mode decay constant
is derived in Chap. I
vE_+vDBZ - ¥ _(1-8)k_P,(B?)
_ a i a o 1V

)\i— . (2.111)
1+ 121/122

The use of Eq. (2.111) in conjunction with experimental data is similar to
the procedure just described for the modified age-diffusion model. The

ratio (21/22) is written as:

2 V_Za(1+L2B12) - .
Y 5= = ey (1+L"B)P (B), (4.12)
2 V121(1+‘7'0Bi)
where:
v_za
g T — - (4.132)
v, 2
11
1
Pl(Biz) = 5 (4.13b)
1+ 7'0Bi

Then, substitution of Eq. (4.12) into Eq. (2.111) yields:

, 2.2 2] — 2
\ )\i[l + 2y (1+L°B))P (BY) | - VDB

1]

S — 2
VE,_ - VE_(1-B)k P, (B). (4.14)

The parameters ?/_Z)a and k_  are evaluated over a range of values of L OYer
with calculated values of B, 7_, vD, and 1.2, When Eq. (4.13a) is satis-
fied (i. e., the least-squares value of VZa equals the product of % and
the calculated value of v121), the corresponding values of vZa and koo
are taken to be the best values relating the experimental data to
Eq. (2.111). Reference is again made to Appendix A where a description
of LSQHEB, the computer code written to facilitate the analysis, is given.
This section is concluded with a brief summary of the method used
by Malaviya (M1) to determine the parameters k_ and -\Tia. The age-
diffusion model was used to develop the expression for A, with the
slowing down time TO neglected in the derivation and the diffusion cooling

coefficient set equal to zero. The resulting expression for \ was:
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== —_ 2 —= 2
N\ = VZa + VDOB - Vza(l_B)kaI(B ). (2.37)
The fast non-leakage probability was expanded in a power series in BzTO:
2
-B T
e 0=1—B27- +—1-B4'r . ,
o 2 o}

and, after collecting terms in like powers of Bz, Malaviya obtained:

= r+ B2 - uB% (4.15)
where:
r =—\7§a[1-(1—3)k00], (4.15a)
t=VD_+ V5 (1-B)k 7, (4.15b)
u=+VE (1-B)k_72 (4.15¢)
LB, ST .

A least-squares fit was made to obtain the coefficients r, t, and u (with
calculated values of To and B and with the value of V—Do obtained from
experiments on moderator alone), and the parameters k_ and vZ}a were
evaluated from Egs. (4.15a) and (4.15b). The results obtained from
Malaviya's method of analysis are given in Sec. 5.2.2 for the 500 lattice
for purposes of comparison with the method of analysis developed in this

work.

4.3 ANALYSIS OF TWO-REGION LATTICES

The goal of pulsed neutron measurements in two-region assemblies
is to obtain experimental values of lattice parameters in the inner (or
test) region of the assembly. The properties of the outer (or reference)
region of the assembly are presumed known from previous pulsed source
measurements on a lattice composed entirely of the reference medium.
The analysis is based on the two-group expression for the decay constant
(for reasons to be given in Sec. 5.7) although the modified age-diffusion
treatment could be used as well.

The measured value of the fundamental mode decay constant can
be related to the parameters of the reference region (denoted, as in
Chap. II, by the subscript b):

4
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— — 2 — 2
vz}ab + vaBb - VZab(l-B)koobPl(Bb)

\ = 55 5 , (4.16)

1+ aszb(1+LbBb)P1(Bb)
where:
2
2 _ 2 T
Bb—ab+(H) . (2.50a)

The quantity atz) is the radial geometric buckling of the reference region
and is unknown. However, for a measured value of \ (corresponding to
a particular extrapolated moderator height H), Eq. (4.16) can be solved
for BE since the properties of the reference region are known. Then, a
value of a/tz) is obtained from Eq. (2.50a). This procedure is repeated for
several sets of values of A and H and, since the radial geometric buck-
ling is independent of H, the several values of a,g can be averaged to
obtain ozkz) for the reference region. The radial geometric buckling of
the test region (denoted, as in Chap. II, by the subscript x) is next
determined from the secular equation (Eq. (2.52)) which is transcribed

from Chap. Il in functional form:
gb(oz s va, Rx’ Rb) = gx(ax, VDX, RX, Rb), (2.52)

where Rb is the outer radius of the assembly and RX is the boundary

separating the two regions. The quantity Rx is determined from:
TR =N_A (4.17)

where AX is the cross-sectional area of a unit cell of the test region and
NX is the number of such unit cells. The left-hand side of Eq. (2.52) is

a known quantity, once o is determined; hence, @  can be obtained from
the solution of Eq. (2.52). The geometric buckling of the test region at
each moderator height H is then known:

2
- )
BX—aX+ g/ (2.50Db)

Finally, the parameters of the test lattice are related to the measured
values of the decay constant:

2

—= == — 2
vE_ + VD B - VB, (1-Bk, P (BY)

A=

55 5 s (4.18)
1+ asz( 1+LXBX)P1(BX)

in a manner identical to that described in Sec. 4.2.
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4.4 ANALYSIS OF ABSORBER-MODIFIED LATTICES

The uncertainty in the values of Via and k_ derived from a set of
pulsed source measurements may be reduced by adding successive
amounts of a thermal neutron absorber to the lattice and repeating the
measurements.

Equation (4.9) is first recalled:

N =r - sP, (4.9)
where,

r=vZ [1-(1-Bk,], (4.19a)

s = v _(1-B)k,, (4.19b)

Pt =P,(B? - 1. (4.19¢)

Values of Via and kco can be obtained for each lattice studied (e. g., the
unmodified lattice and each absorber-modified lattice) from the coef-
ficients r and s in the manner described in Sec. 4.2. However, as
pointed out in Chap. II, the addition of a thermal absorber provides
additional information. If sufficient absorber is added to make (1-f)k_ =
1.0, then r = 0 and a '"null state” results. With the null state condition,
a relation between the absorption cross section of the "null state' added
absorber and the coefficient r in the unmodified lattice is derived in
Chap. 1I:

C _ (1.4 YoSC _ -y
r=(1 ‘Yl)an ‘yl’yz'}'svzag, (2.66)

where the superscripts ¢ and y represent the unmodified and null state

lattices, respectively; —V_Z_aS is the added absorber cross section, and:

v =(n_c><£f)(ﬁ>, (2.642)
LA AT AT

eV (2.64b)
2 =Y v '

ao O O
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_y
n, v
383 (2.64c)

2 ¢
120 Y

V3

Thus, Eq. (4.9) has only one unknown coefficient, s, which should reduce
the uncertainty in the fit value of s and, consequently, the uncertainty in
the values of ;r_ig and kfo derived from rC and s®. The purpose of this
section is to describe how the ''null state'' condition is determined since,
in general, it is highly unlikely that the exact amount of absorber required
can be determined in advance.

The null state is determined from the experimental values of the
coefficient r and the theoretical results of THERMOS and TULIP (H1).
First, Eqs. (2.56b) and (2.57) are substituted into Eq. (4.19):

3
iZ'O va, vy ﬁaoﬁov o
r= - (1-B)nep ——— . (4.20)
3 3
120 hiYs i}=10 R

3
If Eq. (4.20) is multiplied by the ratio( Z ﬁ.V./vZaoﬁoVo> , the result is:

i=0 ' '
ar=q+X3, (4.21)
where:

3 -

'Z'o n;Vy
q = _i_.__"_..___, (4.22a)

vZ_nV

ao o o

2 S——
iz VZ,in Vi
q = [1-(1-B)nep] + —— , (4.22b)
vZ)aonoV0
VZ_,0,V
X3 = :_—_—'%‘3__'—3"é . (4.22c)
vZ_nV
a0’ 0 o

The quantities a and X3 are obtained from the output of THERMOS
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{unmodified lattice) and TULIP (absorber-modified lattices) , leaving the
coefficient q as the only unknown quantity in Eq. (4.21). Hence, a least-
squares fit to Eq. (4.21), with the experimental values of r, is used to
obtain q. Furthermore, at the null state, r = 0; and, therefore:

V=Y. al v
(X3)nu11 --4= ——373—_}%__3 ' (4.23)
state Vzao no Vo

Finally, substitution of Eqgs. (4.22a) and (4.23) into Eq. (2.66) and insertion
of the definitions of 75 and 73 yields:

r® = (1-7VE, - Z—I&E (4.24)
a
Values of the factors ap'pearing in 7y (Eq. (2.643a)) have been tabulated in
a recent report (H1).

It is also shown in Chap. II that an estimate of To for the unmodified
lattice can be obtained if a three-parameter least-squares fit is made on

the decay constant as a function of geometric buckling data:

N o=+ tB2 - uB?, (2.69)

The expression for o is:

T = . (2.72)

Since the variation of the coefficient t with increasing amounts of added
absorber is small (see Eq. (2.57)), an adequate estimate of tY can be

obtained from a first-order least-squares fit to the experimental values
of t as a function of vZ > On V . The absorption cross section

3 3 3
of the null state lattice can be written in terms of a and q:

2 vzzinfvl
7Y = 4 =0 _q (4.25)
a y ==Y =y ) )
a vz’ n'V
ao O O

Hence, provided the range and accuracy of the data justify a three-
parameter fit, an estimate of T for the lattice is obtained which can

then be compared with the value calculated in Appendix B.
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4.5 DETERMINATION OF EFFECTIVE RETURN COEFFICIENT

Pulsed source measurements have been made with and without a
cadmium plate at the bottom of the lattice tank in an attempt to obviate
the need for the plate. Both a moderating medium and a neutron-
multiplying medium have been investigated. The analysis of the former
condition is described first, followed by that for a multiplying medium.

The expression for the decay constant in a moderating medium is

derived in Sec. 2.2.3:

N =VE_+ V_DOBZ - cBY, (2.29)

where B2 is the geometric buckling for a bare cylindrical system:

2 2
2 _(2.405 i
= <R0+d> * <HO+"zd) : (2.83)

If the bottom of the lattice tank is not effectively bare, the expression
for the buckling should be modified:

2
2.405 T

R_td T+B,Y | *
H +d+d( )

(B’ (2.84)

1-8

where Ba is the return coefficient or albedo of the graphite-lined cavity
below the lattice tank. For a measurement of the decay constant in the

non-bare system:
B —_ 2 4
\ = VZa + VDO(B’) - C(B")". (4.26)

Thus, once the properties of the moderator (e. g., _V_ia’ 7[-)0, C) have
been determined from pulsed neutron experiments on the bare system,
(B')2 is obtained as the smaller solution of Eq. (4.26) for a particular
measured value of N\. Finally, the return coefficient is evaluated from
Eq. (2.84). Since Ba should be independent of the moderator height Ho’
the several values of Ba (one for each value of \) are averaged to obtain
a value for the entire set of measurements.

The above analysis can be extended to multiplying systems pro-
vided the distinction between fast and thermal neutrons is taken into

account insofar as cadmium is concerned. The cadmium plate absorbs
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practically all neutrons impinging on it with energies less than the cad-
mium cutoff and very few with energies above the cutoff. Hence, the
terms in the expression for the decay constant which involve the fast
non-leakage probability are not affected by the presence or absence of
the cadmium plate. The expression for the decay constant in the non-

bare system becomes, on the modified age-diffusion model:

vZ_ +¥D(B"? - ¥E _(1-p)k P, (B
A= —2 — 2 5 , (4.27a)
1+ T VB, (1-8)k, P, (B%)

or,

v, + DB - VE_(1-p)k P, (B?)
\ = = , (4.27b)

a 2/ 2 2
1+‘?—1<1+L (B') )Pl(B )

on the two-group model. The determination of Ba from this point on is

the same as that described for the non-multiplying medium.

4.6 ANALYSIS OF ERRORS

One of the objectives of this work is to determine how accurately
the lattice parameters — in particular, k_  — can be measured with the
pulsed source technique. There are two types of errors associated with
the derived value of k_; statistical and systematic.

The statistical errors arise because of the random nature of neutron
interactions. Thus, the data recorded by the time analyzer exhibit
random fluctuations about the exponential form of the decay of the
neutron density. The magnitudes of these fluctuations are reflected in
the standard deviation of the decay constant which is computed by standard
techniques (H8) as a part of the operation of each of the three computer
codes described in Sec. 4.1. In theory, the standard deviation of a par-
ticular decay constant can be made negligibly small if enough data are
collected.

After several different decay constants have been measured, a
least-squares fit is made to obtain the coefficients r and s (Eqgs. (4.19a)
and (4.19b)) together with their standard deviations. The uncertainty in

the value of k_ derived from r and s (denoted by 6k_) then reflects the
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uncertainties in r and s which, in turn, reflect the standard deviations
of the decay constants used in the least-squares fit. This contribution
to the error in k_, which arises solely from the statistical nature of
neutron interactions, can, in theory, be made arbitrarily small if enough
values of the decay constants are obtained.
However, in the absence of significant statistical errors, there
are still systematic errors which contribute to the overall uncertainty
ink_ . For example, a change in the reported value of the age to thermal,
T o would shift all the values of the fast non-leakage probability by approxi-
mately the same percentage and, hence, change the derived value of k_.
These systematic errors can be taken into account by solving the two-
group (or modified age-diffusion) expression for the decay constant to
obtain k_:
vZ, + vDB? - )\(1 +V:Za (1+L?B*P, (B
k= . 1% 5 , (4.28)
an(l-B")Pl(B )

and then applying the formula (F2):

2 Ko ’ 2
Ak )" =) | 5% | (AX)7, (4.29)
1 1

1

where Xi takes on successive values of all the parameters in Eq. (4.28)
except those whose errors are part of the least-squares fitting process
(i.e., N and V:‘?a) and do not affect koo in a systematic way. The two
parameters whose associated errors have the most pronounced effect
on kco are T and V_DO (see Sec. 5.6). Their contributions to Eq. (4.29)

are, respectively:

2 2
(A]&m),’_O ~k B Pl(B AT, (4.30)

2
B —
(Ak )= = AVD . (4.31)
VD, _vZa(l-—B)Pl(B2) o

The final error associated with k_ is then given by:

(ok_)? = (6k )% + (ak )2, (4.32)



and reflects contributions from both systematic sources (Eq. (4.29))
and random sources (standard deviations in the least-squares coef-
ficients arising from uncertainties in the fit values of the decay con-

stants). ‘

7
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CHAPTER V

RESULTS AND CONCLUSIONS

The results of the investigation are given in this chapter. Section
5.1 contains values of the fundamental mode decay constants and corre-
sponding geometric bucklings. The derived parameters for heavy water
and for multiplying media are presented in Sec. 5.2. The results of two-
region and absorber-modified lattice studies are dealt with in Secs. 5.3
and 5.4, respectively, while the measured values of the return coef-
ficient are given in Sec. 5.5. The several systematic contributions to
the total error in k_ are listed in Sec. 5.6. The final section discusses
and compares the results, and, where appropriate, presents the conclu-

sions drawn from this work.

5.1 FUNDAMENTAL MODE DECAY CONSTANTS

The determination of a value for the fundamental mode decay
constant from a measurement of the neutron density as a function of
time is described in Sec. 4.1. The results for heavy water are given
in Table 5.1 and for the several lattices are given in Tables 5.2 -5.12.
The corresponding values of geometric buckling are also listed. Esti-
mates of the next higher mode decay constants for the 500 lattice, which
yielded the best results from the standpoint of statistical accuracy, are
given in Appendix C based on the analysis with FRAUD. The lattices
studied are described in Table 3.1.

Each set of data was analyzed with the three IBM-7094 Computer
codes, FRAUD, EXPO, and STRIP. A typical example, based on the
results of FRAUD, is given in Fig. 5.1 which illustrates the variation
of \ as a function of B? for the 500 lattice.

The errors listed are the standard deviations arising from the
least-squares fitting and reflect the statistical fluctuations in the

observed data.



TABLE 5.1

Measured Fundamental Mode Decay Constant A

as a Function of Geometric Buckling B2
for 99.47% Heavy Water at 25°C

79

G]ggrcrllﬁ‘icg;c Decay Constant X\, sec™!

B2, m~2 FRAUD EXPO STRIP
20.41 452.6 + 4.2 443.6 + 8.9 441.8 + 4.7
22.29 487.7+ 4.9 488.7 + 9.1 486.6 + 11.8
24.59 528.6 + 5.3 539.2 + 10.4 521.0 £ 5.7
26.82 588.6 + 2.9 580.3 + 5.4 581.2 + 5.6
28.83 614.6 + 5.8 608.2 + 7.5 606.9 + 10.5
31.10 669.1 + 4.3 663.8 + 5.6 663.9 + 9.9
31.18 674.9 + 2.9 664.5 + 9.7 656.6 + 7.3
33.43 728.5 + 10.4 722.6 + 7.6 720.2 + 14.2
35.68 767.7 + 5.8 762.1 + 6.5 761.9 + 8.8
38.13 809.4 + 6.3 806.0 + 17.2 800.6 + 23.9
38.88 825.5 + 5.8 829.6 + 12.8 822.2 + 14.9
40.21 867.4 + 4.2 852.8 + 13.8 847.6 + 13.4
41.91 890.4 + 4.9 890.2 + 10.7 879.6 + 23.5
42.57 899.6 + 6.9 900.7 + 19.2 895.7 + 28.2
45.04 954.8 + 4.6 952.4 + 13.8 939.6 + 11.1
48.97 1026.9 + 4.9 1030.4 + 14.9 1026.3 + 27.5
54.71 1139.6 + 13.7 1132.4 + 13.8 1130.7 + 19.0
57.48 1206.7 + 13.2 1196.7 + 10.8 1178.8 + 11.3
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TABLE 5.2

Measured Fundamental Mode Decay Constant A\
as a Function of Geometric Buckling B2
for the 125 Lattice

G]gglgi{iaigc Decay Constant X\, sec™!

B2, m™2 EXPO STRIP
30.94 . 950.7 £ 15.3 945.5 £ 21.8
33.01 1084.2 + 14.6 1075.8 + 20.4
34.55 1135.2 £ 20.7 1140.6 + 24.3
36.60 1239.2 + 20.8 1231.3 + 21.8
39.30 1376.7 £ 26.4 1377.0 £ 32.3

43.21 1558.7 £ 17.6 1562.6 £ 18.3




TABLE 5.3

Measured Fundamental Mode Decay Constant \

as a Function of Geometric Buckling B

2

for the 175 Lattice

81

Géﬁgﬁg; Decay Constant X\, sec™ !

BZ, m™2 FRAUD EXPO STRIP
31.00 676.6 4.3 675.1 + 5.9 672.3 + 6.1
31.88 746.9 + 6.3 745.0 + 8.2 736.8 + 7.7
33.03 747.5 £ 4.2 761.0 + 9.3 755.8 + 10.2
34.58 816.2 + 3.7 814.2 + 8.2 810.3 + 6.6
36.62 922.5 + 4.6 922.8 + 10.5 921.4 + 17.5
39.26 1009.8 + 8.3 1014.3 + 12.2 1003.4 £ 9.3
43.23 1125.1 + 6.6 1133.8 + 13.1 1121.0 £ 11.6
45.80 1207.8 % 7.9 1202.8 + 16.2 1204.6 + 13.6
49.26 1309.0 + 15.9 1284.0 + 11.9 1286.0 + 16.0
52.59 1449.5 + 39.2 1440.0 + 18.0 1452.2 + 22.9
57.81 1591.6 + 34.8 1579.0 + 17.8 1577.8 + 27.2




TABLE 5.4

Measured Fundamental Mode Decay Constant \

as a Function of Geometric Buckling B

2

for the 175 A1l Lattice
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Ggﬁifigigc Decay Constant X\, sec™!

B2, m~2 FRAUD EXPO STRIP
30.96 1357.9 + 8.1 1291.3 + 32.6 1231.0 + 40.
31.88 1410.5 + 14.1 1317.0 £ 22.5 1278.8 + 47.
33.04 1491.0 % 21.5 1400.6 + 42.1 1375.2 + 37.
34.57 1517.7 + 11.2 1491.3 + 26.2 1485.3 + 35.
36.56 1583.4 + 10.7 1546.9 + 26.3 1533.2 + 26.
39.40 1689.6 + 34.8 1645.3 + 29.5 1648.5 + 37.
43.29 1875.6 + 23.7 1779.3 + 42.3 1761.6 + 59.
49.31 2085.1 + 54.2 1998.7 + 37.4 2013.5 + 78.




TABLE 5.5
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Measured Fundamental Mode Decay Constant \

as a Function of Geometric Buckling B2

for the 175 A1B1 Lattice

Gggi?t;igc Decay Constant \, sec™ !

B2, m™2 FRAUD EXPO STRIP
30.95 1761.8 £ 26.5 1707.6 £ 23. 1686.0 = 30.8
31.85 1792.8 £ 13.3 1738.0 £ 27. 1720.5 + 26.0
33.04 1832.6 + 26.5 1783.6 + 31. 1739.4 + 42.3
34.56 1894.9 £ 19.5 1824.1 £+ 28. 1823.8 + 31.9
36.46 1978.4 + 17.8 1940.7 £ 22. 1967.1 £ 33.7
39.32 2068.9 + 32.7 2011.8 + 34. 2030.7 £ 50.4
43.33 2188.8 £ 38.2 2154.0 £ 42. 2158.7 + 44.1
49.37 2397.2 £ 30.5 2396.9 + 48. 2381.3 + 50.3




TABLE 5.6

Measured Fundamental Mode Decay Constant N\

as a Function of Geometric Buckling B2

for the 250 Lattice
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Gﬁg?ﬁﬁigc Decay Constant X\, sec™!

BZ, m™2 FRAUD EXPO STRIP
31.03 658.2 + 2.9 654.8 + 10.5 660.0 + 6.9
31.03 665.1 + 5.2 655.0 + 9.4 670.4 + 10.6
31.92 681.2 + 2.4 682.2 + 1.7 680.9 + 7.2
33.20 705.6 + 8.3 701.3 + 8.8 696.6 + 12.8
34.66 752.7 + 13.5 748.4 + 11.1 744.2 + 14.6
36.69 802.9 £ 5.1 817.2 + 17.2 801.6 + 12.6
39.46 895.1 £ 7.0 880.0 + 21.6 874.6 + 12.5
43.54 994.9 £ 4.9 985.8 + 14.4 980.1 + 12.9
49.59 1204.5 + 5.3 1170.0 £ 13.1 1163.7 £ 14.2




TABLE 5.7
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Measured Fundamental Mode Decay Constant \

as a Function of Geometric Buckling B

2

for the 250 B1 Lattice

GBegafilitfligc Decay Constant \, sec™!

B2, m™2 FRAUD EXPO STRIP
31.02 829.1 + 5.7 813.1 + 11.1 810.2 + 8.2
31.90 878.5 + 2.3 844.8 £ 11.9 854.2 + 16.3
33.10 904.4 + 5.4 889.7 + 9.1 890.3 + 9.6
34.62 921.8 + 4.5 919.1 + 14.6 912.1 + 13.2
36.64 985.9 + 6.1 968.3 + 15.3 970.5 + 16.2
39.38 1079.6 + 13.5 1048.0 + 15.0 1039.5 + 18.2
43.34 1174.0 £ 7.2 1143.2 + 13.2 . 1149.9 + 12.2
49.36 1336.6 + 22.9 1309.9 + 19.7 1309.9 £ 31.0
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TABLE 5.8

Measured Fundamental Mode Decay Constant A
as a Function of Geometric Buckling B2
for the 250 B2 Lattice

G]gggi{ig;c Decay Constant X\, sec™
B2, In_2 FRAUD EXPO STRIP
31.02 1045.5 £ 5.5 1019.7 + 15.6 1027.3 £ 18.5
31.96 -- -- 1062.6 £ 24.7
33.13 1144.8 + 8.9 1089.9 +£ 16.3 1088.8 £ 20.4
34.63 1111.5 £ 28.1 1109.0 £ 39.6 1113.7 £ 66.5
36.66 1212.0 £ 21.7 1166.1 + 53.0 1194.3 £ 75.9
39.25 1243.4 £ 6.9 1214.3 £ 16.5 1221.8 + 23.8
43.44 1352.0 £ 11.3 1351.5+ 17.4 1347.3 £ 16.4

49.51 1542.9 £ 20.3 1512.4 £+ 26.8 1509.7 £ 26.7




Measured Fundamental Mode Decay Constant A

as a Function of Geometric Buckling B2

TABLE 5.9

for the 253 Lattice
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G]gggﬁgl;c Decay Constant \, sec”!

B?, m™2 " FRAUD EXPO STRIP
30.90 1511.2 £ 8.9 1452.0 £ 21.4 1456.9 + 42.1
30.90 1596.5 + 12.1 1602.0 £ 33.3 1567.9 + 33.6
33.40 1726.4 + 14.3 1697.7 £ 41.1 1703.7 + 44.8
35.87 1918.1 £ 24.1 1892.3 £ 28.1 1871.2 + 28.5
38.83 2063.5 + 26.8 1976.4 + 27.7 1957.7 £ 27.5
41.97 2168.8 + 39.0 2133.8 £ 37.4 2136.7 + 44.3
45.20 2343.0 £ 17.6 2286.2 + 30.2 2265.7 £ 42.9
48.38 2487.6 + 32.4 2464.3 + 41.1 2466.7 £ 123.5
51.63 2661.5 + 73.6 2623.1 + 37.6 2610.3 £ 50.6
55.30 2747.8 £ 39.5 2740.1 + 88.3 2748.1 + 78.8
57.61 2887.1 £ 32.9 2844.2 + 49.4 2858.5 + 47.7




TABLE 5.10

Measured Fundamental Mode Decay Constant A

as a Function of Geometric Buckling B2

for the 253 A2B1 Lattice
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Gﬁgﬁ?ﬁfligc Decay Constant \, sec™?

B2, m™2 FRAUD EXPO STRIP
30.87 2237.0 £ 37.1 2338.5+£ 72.0 2286.5 £ 115.7
30.88 2537.3 £ 40.9 2460.9 + 83.5 v2383.4 + 108.2
33.40 2479.8 + 43.0 2525.5 £ 57.4 2456.2 £ 59.7
33.40 2805.5 + 61.5 -- -

35.88 2779.2 £ 36.1 2664.8 £ 78.7 2608.3 £ 61.1
38.74 2902.3 + 68.4 2819.3 £ 61.9 2772.6 £ 110.4
41.95 3040.3 £ 83.5 2975.5 £ 73.9 2928.2 £ 89.6
45.18 3365.7 £ 47.3 3175.2 £ 79.1 3143.6 + 85.4
48.29 3297.8 + 68.0 3233.4 £ 205.5 3226.9 £ 107.2
51.36 3352.1 £ 106.8 3316.1 £ 136.2 3259.1 £ 138.4
51.36 3728.0 + 86.1 3417.9 £ 101.4 3375.2 £ 92.1




TABLE 5.11

Measured Fundamental Mode Decay Constant \

as a Function of Geometric Buckling Bz

for the 350 Lattice
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G]gggrll{el‘g;igc Decay Constant \, sec™ !

%, m™” rrRAUD'®) Expo'®) sTrip'®)
20.18 332.1 £ 1.7 330.7+ 2.0 330.6 £ 2.6
22.19 421.4 £ 5.1 418.6 £ 2.2 418.5+ 4.6
24.01 491.3 £ 2.8 494 .4 + 3.4 490.0 £ 7.7
26.01 592.9 £ 5.1 587.5 £ 6.0 584.7 + 7.0
27.93 665.9 £ 5.7 662.9 £ 4.7 662.6 + 6.8
30.03 747.8 £ 12.6 743.6 £ 5.9 746.9 £ 11.2
32.15 817.1 £ 8.1 816.4 £ 6.1 816.8 £ 7.0
34.12 897.5 + 9.0 888.9 £ 7.2 891.7+£ 7.8
36.31 961.9 £ 8.2 958.0 £ 9.4 958.6 + 7.3
38.23 1030.1 + 9.6 1029.9 + 9.4 1030.4 + 11.8
40.58 1094.6 £ 8.4 1076.7 + 9.6 1077.4 + 14.4

(a)These values were measured without the
of the tank.

cadmium plate at the bottom



Measured Fundamental Mode Decay Constant A

as a Function of Geometric Buckling B2

TABLE 5.12

for the 500 Lattice
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G]Sgg{eﬁ;igc Decay Constant \, sec™!

B2, m™2 FRAUD EXPO STRIP
20.36 324.3+ 1.5 319.2 £ 5.4 321.6 £ 2.8
22.16 382.3 £ 3.7 380.1 £ 4.0 380.7 + 3.6
24.34 450.6 = 3.5 447.2 + 3.8 447.1 + 3.2
26.44 517.1 £ 3.9 519.8 + 8.4 518.4 £ 5.2
28.49 587.5 + 6.4 590.5 £ 7.1 591.2 £ 10.1
30.68 658.4 £ 9.0 647.0+£ 6.0 642.8 £ 5.5
33.02 723.7 + 3.3 723.1 £ 10.0 722.5 £ 13.1
35.02 782.7 £ 6.8 774.7 +£ 9.5 775.4 +£ 11.7
37.43 857.1 £ 10.5 848.9 £ 9.0 842.5 £ 9.0
39.41 928.1 + 4.6 926.6 £ 20.9 925.9 £ 18.2
41.66 969.3 £ 9.2 967.8 £ 14.0 967.4 £ 17.1
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5.2 PARAMETERS OF HEAVY WATER AND OF MULTIPLYING MEDIA

5.2.1 Parameters of Heavy Water

The decay constants for heavy water listed in Table 5.1 were ana-
lyzed with the DEECEE code (M1) to determine the diffusion coefficient,
—V—Do’ and the diffusion cooling coefficient, C. The absorption cross

section was computed according to the relation:

_ 5 -1
vZ = 2.2 X 10 Ny ol fop O+(1—f)oH o |sec .
2 2 2
where NDzO is the number density of heavy water molecules, f is the
D50 H,0 are the 2200 meter/

second microscopic absorption cross sections of D20 and H20, res-

mole fraction of heavy water, and o and ¢

pectively. With the following values:

24
NDZO = 0.0331 X 10" “/cc,
f =0.9947,
_ -24 2
GD20 = 0.0012 X 10 cm’,
-24 2
GH20 = 0.660 X 10 cm”,

V:‘Ja was determined to be 34.16 sec™ L.
The values of vD  and C obtained for 99.47% D,0 at 25°C are given
in Table 5.13 based on each of the three decay constant analysis codes.

TABLE 5.13

Measured Values of the Diffusion Coefficient V—DO
and the Diffusion Cooling Coefficient C in 99.47% Heavy Water at 25°C

Computer Diffusion Coefficient Diffusion Cooling Coefficient
Code _XT)O,cmzsec"IXIO—5 C, em?sec™Ix107°
FRAUD 2.067 £ 0.018 5.18 + 3.24
EXPO 2.039 £ 0.015 2.13 £ 2.58

STRIP 2.018 £ 0.017 1.94 £ 3.01
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5.2.2 Parameters of Multiplying Media

The analysis of a series of measured decay constants as a function
of geometric buckling to obtain values of k_ and V_Za is described in
Sec. 4.2. Both a modified age-diffusion model and a two-group model
have been used and, since there is no a priori reason to prefer one
model to the other, the results of both treatments are given. The modi-
fied age-diffusion results are listed in Tables 5.14a and 5.14b and those
from the two-group treatment in Tables 5.15a and 5.15b. Values of the
parameters presumed known in the analysis, either from a calculation
or from a previous experiment, are tabulated in Appendix B.

The errors listed are derived from the standard deviations of the
coefficients of the least-squares fit and reflect only the statistical fluc-
tuations in the data. The contribution of systematic errors to the total
error is presented in Sec. 5.6.

Section 4.2 concludes with a brief summary of the method of
Malaviya (M1) for determining k_ and ﬁa' The results obtained with
his method are given here for the 500 lattice based on use of the decay
constants from FRAUD.

The following values were obtained for the three coefficients of

the least-squares fit:

r

— -1
vE,[1-(1-B)k, ] = -354.9 & 26.7 sec™",

— L — B 5 2 -1
t—VD0+v2a(1-B)koo‘rO—(3.441:t0.198))(10 cm” sec T,

1

— 2 6 4 -1
u== Za(l—B)kwTo = (5.66‘,i 3.44) X 10~ cm ™~ sec .

2
With values of L and B8 given in Appendix B:

T = 121i3cm2,
o)

B =(7.83 £ 0.18) X 1072,

and the value of '\7]—30 for heavy water listed in Table 5.13:

Vﬁo =(2.067 + 0.018) X 105 cm? sec'1

the following values were obtained for k_ and ﬁa:
k =1.466 + 0.064,

o0
VE_ = 1000.5  184.1 sec™ !,
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TABLE 5.14a

Measured Values of the Multiplication Factor k
Derived from a Modified Age-Diffusion Analysis

Lattice Multiplication Factor
Designator ko
FRAUD EXPO STRIP

125 -— 1.327 £ 0.042 1.330 £ 0.031
175 1.455 + 0.092 1.440 £ 0.080 1.437 £ 0.068
175 Al 1.006 £ 0.030 1.016 £ 0.045 1.086 £ 0.071
175 A1B1 0.704 £ 0.020 0.796 + 0.028 0.842 + 0.040
250 1.452 + 0.089 1.445 £ 0.075 1.412 £ 0.102
250 B1 0.983 + 0.115 1.074 + 0.048 1.101 + 0.059
250 B2 0.561 £ 0.183 0.775 + 0.065 0.743 + 0.038
253 1.097 + 0.038 1.101 £ 0.046 1.068 £ 0.033
253 A2B1 0.876 + 0.083 0.807 £ 0.029 0.834 + 0.027
350 1.358 + 0.021 1.353 £ 0.022 1.351 £ 0.019

500 1.427 £ 0.013 1.421 £ 0.022 1.411 £ 0.018




TABLE 5.14b

Measured Values of the Absorption Cross Section an

Derived from a Modified Age-Diffusion Analysis
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Absorption Cross Section

thtice 1
Designator an, sec
FRAUD EXPO STRIP

125 -- 2617.4 + 118.9 2730.5 £ 89.6
175 1337.2 + 114.2 1195.1 + 88.8 1303.8 £ 82.8
175 A1l 2359.9 + 134.4 2217.7 + 169.8 2645.7 + 295.8
175 A1B1 2141.6 £ 70.4 2373.7 + 119.1 2569.5 + 190.8
250 707.2 £ 60.7 631.4 + 45.9 559.5 + 58.7
250 B1 567.1 + 128.9 656.9 + 52.3 737.5 £ 70.9
250 B2 615.9 + 148.1 781.3 £ 86.5 780.0 + 48.0
253 3667.0 + 215.5 3618.5 £ 224.7 3394.3 + 158.9
253 A2B1 4803.2 + 704.8 4034.6 £ 194.5 4103.6 £+ 176.7
350 1837.3 + 58.4 1863.2 £ 60.2 1790.4 + 37.1
500 927.9 £ 15.5 929.1 + 26.1 942.6 £ 23.1
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TABLE 5.15a

Measured Values of the Multiplication Factor k_|

Derived from a Two-Group Analysis

Lattice Multiplication Factor

Designator Koo
FRAUD EXPO STRIP

125 -- 1.312 + 0.034 1.315 + 0.026
175 1.402 £ 0.071 1.392 + 0.061 1.389 + 0.051
175 A1l 1.073 £ 0.029 1.086 + 0.040 1.139 + 0.062
175 A1B1 0.829 £ 0.015 0.908 + 0.024 0.949 £ 0.034
250 1.393 £ 0.074 1.389 + 0.062 1.367 + 0.082
250 B1 1.052 £ 0.108 1.127 + 0.044 1.146 + 0.052
250 B2 0.693 + 0.153 0.887 £ 0.057 0.861 £ 0.033
253 1.151 + 0.032 1.155 + 0.039 1.132 £ 0.029
253 A2B1 0.981 + 0.074 0.922 + 0.025 0.948 £+ 0.023
350 1.329 £ 0.014 1.325 + 0.014 1.322 + 0.014

500 1.379 + 0.012 1.375 £ 0.016 1.367 £ 0.014




TABLE 5.15b

Measured Values of the Absorption Cross Section vZa

Derived from a Two-Group Analysis

97

Absorption Cross Section

Lattice -1
Designator Vza’ sec
FRAUD EXPO STRIP

125 -- 3458.7 £ 157.0 3610.7 £ 121.9
175 1838.0 £ 153.7 1685.2 £ 120.3 1818.0 £ 111.1
175 A1l 2733.6 £ 92.5 3052.6 £ 170.6 3333.6 £ 265.0
175 A1B1 3056.0 £ 187.7 2932.6 + 228.9 3497.9 + 395.8
250 1025.4 £ 93.9 920.2 £ 70.5 805.1 + 89.3
250 B1 753.4 £ 185.7 895.7 £ 75.0 1002.2 £+ 100.2
250 B2 768.6 £ 215.6 1013.5 £ 129.9 1009.8 £ 73.1
253 4867.5 £ 282.6 4824.0 £ 304.1 4554.0 +£ 219.9
253 A2B1 6285.3 £ 1005.0 5242.7 + 276.5 5372.5 + 252.6
350 2189.2 £ 55.5 2213.5+ 56.9 2169.7 + 40.5
500 1159.3 £ 22.3 1167.1 £ 28.7 1170.8 £ 27.5
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The uncertainties quoted are based only on those in the coefficients r

and t and do not reflect the uncertainties in L B, and ﬁo'

5.3 TWO-REGION LATTICES

The analysis of pulsed source experiments in two-region lattices
is described in Sec. 4.3. Two such lattices have been investigated in the
course of this work and are designated as 175(2R) and 500(2R) (see
Table 3.1 for a description of these lattices). The measured decay con-
stants for these two lattices are tabulated in Tables 5.16 and 5.17 as a
function of moderator height Ho'

The first step in the analysis, carried out here on the two-group
model, is the determination of the parameters of the reference lattices
which are the 175 and 500 lattices, respectively. The derived values of
k. and ﬁa for these lattices are given in Tables 5.15a and 5.15b, and
the calculated values of vD, 7o and vlzl are tabulated in Appendix B.

Next, the measured values of \ in the two-region lattice are used
in conjunction with the known properties of the reference lattice to
obtain the radial geometric buckling of the reference portion of the two-
region lattice. As noted in Sec. 4.3, the radial geometric buckling, oz2
is independent of the moderator height HO. This feature is illustrated
in Fig. 5.2 which shows the variation of af% as a function of HO for the
500(2R) lattice based on the decay constants obtained from EXPQO. The
values of a/2 and o

b b
of the three codes for the analysis of the decay constant.

for the two lattices are listed in Table 5.18 for each

The third step involves obtaining the square root of the radial geo-
metric buckling of the test region, @, as the solution to the secular
equation (Eq. (2.52)). The solutions a azre tabulated in Table 5.18,
along with the corresponding values of a. Necessary to the solution of
the secular equation are the values of Rx’ the boundary between the two

regions, and R, , the extrapolated radius of the lattice. These are:

b:

R_=10.35 cm, 1

X 175(2R)
R, =47.58 cm, J

and,

R_ = 27.90 cm, )

X > 500(2R)
R, = 62.82 cm. |
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TABLE 5.16

Measured Fundamental Mode Decay Constant A\
as a Function of Moderator Height HO
for the 175 {(2R) Lattice

M%ﬁ?gitor Decay Constant \, sec!

H,, ecm FRAUD EXPO STRIP
130.8 728.7T £ 4.3 715.0 £+ 5.9 711.9 + 4.8
108.3 794.1 £ 6.7 783.2 + 7.8 775.1 + 7.0

94.4 869.8 £ 7.4 862.3 £ 12.7 871.7 £ 8.2

82.9 983.8 £ 7.8 969.0 £ 13.4 971.4 + 13.1
74.3 1094.6 £ 10.7 1083.4 £ 12.9 1076.4 + 12.3
67.8 1227.7 £ 9.9 1198.5 + 13.7 1194.9 + 14.4
63.0 1295.7 £ 21.1 1280.4 £ 15.7 1286.4 + 25.0
59.9 1340.9 £ 20.7 1338.2 + 32.4 1337.6 £ 23.4
54.9 1461.9 + 25.8 1453.2 + 17.4 1451.7 &£ 17.7

52.9 1576.6 £ 20.2 1559.9 £ 37.0 1578.6 £ 28.3
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TABLE 5.17

Measured Fundamental Mode Decay Constant A
as a Function of Moderator Height HO
for the 500 (2R) Lattice

Moderator Decay Constant \, sec™!
Height
Hy, cm FRAUD'® Expo'®) sTRIP'®)
129.9 393.2+ 2.1 393.3 + 3.4 394.3 £ 3.3
112.8 469.4 + 3.9 465.1 £ 5.9 465.2 £ 4.3
98.9 529.2 + 3.4 527.1 £ 4.5 527.0 £ 4.3
89.7 593.3 + 4.6 593.4 £ 5.1 590.7 £ 3.8
82.4 656.5+ 11.6 657.4 £ 9.5 656.4 + 11.2
76.5 720.0 £ 10.8 716.5 £ 7.1 714.4 £ 10.7
71.4 747.7 £ 4.3 779.8 £ 9.8 779.3 £ 12.0
67.8 814.3 £ 20.6 811.9 + 10.4 810.0 £ 7.5
63.8 879.3 £ 4.1 878.3 £ 8.6 878.4 + 11.1
60.9 948.7 + 13.7 933.7 £ 8.7 922.2 £ 8.7
58.1 986.6 + 13.6 983.6 £ 9.0 982.4 + 11.8

(a)These values were measured without the cadmium plate at the bottom
of the tank.
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TABLE 5.18

Values of the Radial Geometric Buckling

for the Reference and Test Regions of Two-Region Lattices

Reference Region

Test Region

Lattice Computer
Designator Code 2 -2 - -1 2 -2
o, , m o, m a_, m o, m
b: b) X: X:

175 (2R) FRATUD 25.70 £ 0.16 5.069 + 0.035 4.982 £ 0.034 24.82 £ 0.17
EXPO 25.67 £ 0.15 5.067 £ 0.035 4.993 + 0.034 24.93 £ 0.17
STRIP 25.71 £ 0.17 5.070 + 0.035 4.975 £ 0.034 24.75 £ 0.18

500 (2R) FRAUD 17.72 £ 0.11 4.209 £ 0.036 3.328 £ 0.028 11.08 + 0.09
EXPO 17.82 £ 0.11 4.221 £ 0.036 3.308 £ 0.028 10.94 £ 0.09
STRIP 17.81 + 0.12 4.221 + 0.036 3.306 £ 0.028 10.93 £ 0.09

¢0T
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The final step consists of least-squares fitting the measured values
of X in the two-region assembly and the corresponding values of the
geometric buckling in the test region to obtain values of k_ and ?/_ia in
the test region. The results are listed in Table 5.19, together with the
associated uncertainties which are based on the standard deviations of

the least-squares coefficients.

TABLE 5.19

Experimental Values of k_ and V—-Za
for the Test Region of Two-Region Lattices

Multiplication Absorption

Lattice Computer Factor Cross Section

Designator Code koo v _, sec”
a

FRAUD 1.344 + 0.050 1652.9 + 108.4

175(2R) EXPO 1.350 + 0.035 1631.1 + 71.9
STRIP 1.341 + 0.035 1695.9 £ 77.6
FRAUD 1.188 + 0.018 1143.5 + 53.7

500(2R) EXPO 1.175 + 0.020 1128.1 + 59.4
STRIP 1.167 £ 0.021 1103.5 + 62.6

5.4 ABSORBER-MODIFIED LATTICES

The first step in the analysis of pulsed source experiments on
absorber-modified lattices is the determination of the least-squares
coefficient r (Eq. (4.19a)) for the unmodified lattice and for each
absorber-modified lattice. Then, a least-squares fit is made to an

equation of the form:

ar =q+ X (4.21)

3"
The values of r used are experimental and the values of a and X3 used
are calculated. The negative of the least-squares value of q is the null-
state (r=0) value of X3. Finally, a new value of r® is obtained according

to the relation:
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r® = (1-7,)v= Sl (4.24)
1 a 2C ’ ’
developed in Chap. IV.

Three unmodified lattices, 175, 250, and 253, have been studied
with this technique. Two different concentrations of absorber were added
to each of the first two lattices, and one concentration was added to the
253 lattice. A summary of these lattices is given in Table 3.1. The
values of r, a, and X3, based on a two-group model, are summarized
in Table 5.20. Three values of r, based on each of the three computer
codes, are quoted for each lattice. The variation of ar as a function of
X3 for the 250, 250B1, and 250B2 lattices is shown in Fig. 5.3, in which
the values of r were obtained from the LSQHEB analysis of decay con-
stants obtained from EXPO. Table 5.21 contains the new values of r°
obtained according to Eq. (4.24).

The new values of r° are then used in conjunction with the unmodi-
fied lattice values of N\ as a function of B2 to obtain new values of s°.
The least-squares fit is carried out with the aid of LSQHEB and new
values of kOo and 5'—23, evaluated from r° and sc, are given in Table 5.22.
The quoted uncertainties are based on the standard deviations of r and
s,

The possibility of obtaining an estimate of To for the unmodified
lattice has been advanced in Secs. 2.4 and 4.4. It depends on fitting the
mzeasured decay constants to a power series in the geometric buckling
B~

N o= r + tB2 - uB?, (2.69)

and determining the null-state value of the coefficient t. The relation

between '7'o and t7 is:

S | (2.72)

where,

_ql . (4.25)



in Unmodified and Absorber-Modified Lattices

Values of r, a, and X

TABLE 5.20

3

r

1

a

Lattice (sec™ ") 3
Designator (sec)
FRAUD EXPO STRIP

175 ~719.8 £ 68.1 -641.5 £ 54.7 -687.5 £ 49.8 .010 X 10_4 0.0000
175 Al -197.1 £ 79.4 -228.3 £ 103.3 -453.3 £ 177.2 .904 X 10_4t 0.4279
175 A1B1 485.5 £ 40.6 303.6 £ 75.2 196.2 £ 116.7 .859 X 10_4 0.6280
250 -392.4 £ 39.1 -347.6 £ 30.1 -286.9 + 38.0 .248 X 10_3 0.0000
250 B1 -33.2 £ 77.1 -105.9 £ 32.7 -136.8 £ 42.9 .210)(10—3 0.2490
250 B2 239.8 £ 94.0 120.8 + 59.9 147.4 + 33.8 .223 X 10-3 0.4905
253 -689.6 £ 126.5 -706.5 £ 151.3 -562.2 £ 110.3 .901 X 10_4 0.0000
253 A2B1 166.3 £ 469.3 447.0 £ 134.3 322.0 £ 126.4 .178 X 10_4£ 0.1673

G0T
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TABLE 5.21

Least-Squares Values of q and New Values of rc

in Unmodified Lattices
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Lattice Computer r i
Designator Code 9 (sec™")
175 FRAUD -.3954 + .0394 -644.7 £ 62.9
EXPO -.4219 £+ .0421 -691.0 £ 67.6
STRIP -.4370 £ .0439 -714.8 £ 70.2
250 FRAUD -.4184 £ .0790 -330.7 £ 62.3
EXPO -.4000 £ .0165 -316.6 £ 13.0
STRIP -.3528 + .0295 -279.3 £ 23.3
253 FRAUD -.1315 + .0016 -633.3 £ 7.7
EXPO -.1081 £ .0232 -509.1 + 109.1
STRIP -.1081 £ .0014 -512.8 £ 19.4




TABLE 5.22

New Experimental Values of the Multiplication Factor k_|

and the Absorption Cross Section VZ)a

in Unmodified Lattices

Computer Code

Lattice
Designator Quantity FRAUD EXPO STRIP
175 1.399 £ 0.055 1.394 £ 0.054 1.390 + 0.049
250 Mulg}phcaﬁon 1.391 + 0.101 1.387 £ 0.022 1.366 + 0.041
actor
253 Ko 1.143 + 0.002 1.125 + 0.028 1.124 + 0.005
175 Absorption 1626.6 + 65.8 1767.7 + 70.6 1845.0 + 72.0
250 Cross Section 862.3 + 63.6 839.8 + 16.0 785.5 + 25.9
an, sec
253 4725.3 + 51.1 4382.3 + 129.0 44445 + 48.9

80T
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Because of the large uncertainty in the final result, this method of
determining To is not considered practical for the data at hand; and,
therefore, the analysis is presented only for one set of absorber-
modified lattices.

The determination of the coefficients r, t, and u is carried out
with the LSQHEB code which performs a least-squares fit to the \ as
a function of B2 data in the manner described in Sec. 4.2. The result-
ing values of t for the 175, 175A1, and 175A1B1 lattices, with decay
constants obtained from FRAUD, are listed in Table 5.23. In view of

TABLE 5.23

Experimental Values of the Coefficient t
in Absorber-Modified Lattices

-5

Lattice t X210 1
Designator (cm®sec 7)
175 5.48 + 1.79
175A1 2.92 £ 2.21
175A1B1 4.09 £ 0.91

the theoretically expected small variation of t as a function of added
absorber and the relatively large variation obtained experimentally, the
only realistic estimate of tV is obtained from an average of the three

values in Table 5.23, and, therefore:

7 = (4.18 + 0.74) X 10° cm? sec™ L.

With the values of a and g in Table 5.20 and Table 5.21, respectively,

the null state absorption cross section is:

1

]

VEZ = 2413.5 + 66.7 sec”

and the final value of '7'0 is 173 + 22 crn2.
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5.5 EFFECTIVE RETURN COEFFICIENT

Measurements of the decay constant A with and without the cadmium
plate in the bottom of the lattice tank have been made in pure moderator
and in the 500 lattice. The values of X\ measured without the plate are
listed in Tables 5.24 (moderator) and 5.25 (500 lattice).

The evaluation of Ba first requires the determination of the parame-
ters of the medium with the cadmium plate at the bottom of the tank.
These have been given in Tables 5.13 (moderator) and 5.15a and 5.15b
(500 lattice). Next, the decay constants measured without the cadmium
plate and the known parameters of the medium are used to evaluate the
geometric buckling for the medium without the plate. Finally, the value

of Ba is determined from the relation:

2.405 T

)" = (g R +d THR
H +d+d( )

(2.84)
1-8

The variation of Ba as a function of (B')2 is illustrated in Fig. 5.4 for
both the moderator and the 500 lattice. The results shown are based on
decay constants obtained from FRAUD. Certain of the data points are
averages of two runs at a particular value of (B')2. In all cases, the
differences in the two values of Ba were less than the uncertainties in
either value.

The final values of Ba’ which are averages of the individual values
of Ba over the range of geometric bucklings, are given in Table 5.26.
The uncertainties quoted are the total errors which include contributions
from statistical fluctuations in the observed values of X\ and systematic
errors in the values of d and Ho' The final value of Ba is taken to be

the average of the lattice and moderator results:
Ba = 0.44 = 0.05,

and is the same for all three decay constant analysis codes.
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TABLE 5.24

Measured Fundamental Mode Decay Constant \
Without the Cadmium Plate at the Bottom of the Tank
as a Function of Moderator Height Ho for 99.47% Heavy Water at 25°C

Moderator Decay Constant \, sec”!
Height - ‘
H_, cm FRAUD EXPO STRIP
130.5 435.3 + 5.1 436.9 + 8.1 427.9 £ 3.7
113.5 475.4 £ 1.8 469.0 £ 5.5 465.3 + 5.1
99.4 498.4 + 6.9 498.9 + 5.7 493.3 + 6.5
90.0 560.5 + 1.8 549.2 + 5.5 549.9 + 5.7
83.0 577.5 + 5.2 576.8 + 7.4 572.6 + 5.4
77.0 625.1 £ 3.1 620.6 + 6.3 614.8 + 5.6
71.8 676.3 + 3.9 677.1 £ 8.9 666.7 + 8.3
67.9 710.7 + 4.9 699.7 + 5.8 699.2 + 6.4
64.3 742.2 + 4.4 734.7 + 8.0 735.4 + 5.9
61.4 769.6 + 14.8 765.7 + 8.2 758.4 + 7.4

59.5 780.9 £ 27.8 786.3 £ 17.1 779.7 £ 6.9




Measured Fundamental Mode Decay Constant A

TABLE 5.25

Without the Cadmium Plate at the Bottom of the Tank
as a Function of Moderator Height HO for the 500 Lattice
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Moderator | Decay Constant \, sec_1

Height T}T :

H_, cm FRAUL EXPO STRIP
129.9 317.6 £ 1.9 317.5+ 2.1 316.8 £ 3.0
129.9 316.8 + 3.4 318.1 £ 6.1 314.9+ 2.4
114.0 358.7+ 2.5 359.7 + 4.3 354.9+ 2.3

98.8 444.8 + 2.9 442.1 £ 3.2 441.4 + 2.5
90.7 495.4 £ 3.7 495.3 £ 4.6 492.0 £ 6.5
83.3 554.7 £ 6.1 552.3 £ 7.1 548.3 £ 4.2
82.4 558.4 + 4.3 561.6 £ 5.4 555.2 + 4.6
77.4 608.5 £ 7.3 604.7 £ 6.0 604.0 £ 7.1
76.5 623.4 £ 12.2 620.3 + 4.5 618.9 + 5.3
72.4 670.8 £ 5.1 674.6 + 6.2 665.0 £ 12.4
71.4 675.7 £ 6.8 673.5+ 5.3 673.5 + 5.5
68.4 737.1 £ 4.1 741.4 £ 8.8 730.3 £ 7.9
67.4 740.2 + 11.7 731.6 £ 9.5 729.4 £ 6.7
64.7 784.2 + 13.1 780.4 £ 4.7 774.8 £ 6.9
63.8 784.2 + 4.5 791.8 + 8.4 782.3 £ 7.3
61.0 841.8 £ 7.1 841.7 £ 8.7 842.2 + 10.2
58.1 895.2 £ 6.6 893.2 £ 11.6 886.5+ 11.0
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TABLE 5.26

Experimental Values of the Return Coefficient Ba

Lattice Computer Return Coefficient
Designator Code Ba
FRAUD 0.47 + 0.08
MOD EXPO 0.50 + 0.08
STRIP 0.49 + 0.08
FRAUD 0.42 £ 0.07
500 EXPO 0.41 £ 0.07
STRIP 0.40 £ 0.07

5.6 EVALUATION OF ERRORS

The determination of the total error in the measured lattice
parameters, based on contributions from statistical fluctuations and
systematic sources, is described in Sec. 4.6. Errors in the several
parameters presumed known in the analysis can be taken into account

according to the following relations:

ok \2
2 _ © 2
(Ak )° = ;(——-axi) (AX)*, (4.292)
== 2 aﬁa2 2
(AVE )" = )| =] (ax)° (4.29b)
i 1
The total error is then:
2 2 2
(ok )" =(ak )™ + (6k )7, (4.30a)
(0= )2 = (ATE )% + (672 )2 (4.30b)
a a a’ ’? ’

where ék_ and 6723 represent the statistical errors.

The magnitude of the several contributions to the total error in k

is illustrated by examining one lattice, the 500 lattice, in detail. The
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final results, which are discussed and compared in the next section, are
then reported on the basis of the total error.

The analysis employs the results of the two-group model and uses
decay constants obtained from FRAUD. The values of the parameters
presumed known and their associated uncertainties are transcribed

from Appendix B:

5 1

VD_ = (2.203 + 0.016) X 10° em” sec™!,
C =(4.58 + 0.28) X 10° ecm® sec™ !,

2

3

T =121+ 3 cm
0
sk

VT, = (437 0.87)X10% sec™ !,

B =(7.83 £ 0.18) X 1077,

L2 - 186.6 + 5.0 cm?.

Typical values of B2 and X\ in the center of the range of values are used:

N\ =658.4 % 9.0 sec_l,

B2 - 3068+ 0.15 m™2.

Values of k_ and Via are given in Table 5.15. The various contributions
to (Akoo) are summarized in Table 5.27. Summing the contributions to
(Ak_) according to Eq. (4.29a) yields:

( ok, ’ 2 He:
Ak, = Z(aXJ (AX))

i

= 0.014.

Finally, the total error in koo is evaluated from Eq. (4.30a):

ok

(e 0]

1/2
[(Akm)z + (51{00)2}

0.020.

1

" The large uncertainty in v.Z. is based on an estimated uncertainty of
kT (more likely in the positive direction) in the lower limit of the fast
energy group.
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TABLE 5.27

Contributions to the Systematic Error in k_|

Quantity kg Contribution
X, 8%,
vD_ 3.658 X 107° 0.0068
C 1.122 X 1078 0.0003
T, 3.139 X 1072 0.0094
Vz'z‘:l 4.464%X 107" 0.0039
8 1.390 0.0002
1.2 4.659 X 107° 0.0002
B2 3.811 X 10° 0.0057

the total error in Via for the 500 lattice and for k_ and Via for the

remaining lattices are evaluated in a similar manner.

5.7 DISCUSSION, CONCLUSIONS, AND COMPARISON OF RESULTS

5.7.1 Fundamental Mode Decay Constant

The experimental measurements of the neutron density as a
function of time have been analyzed with three computer codes to obtain
three values of the fundamental mode decay constant A\. Two of the
codes, FRAUD and STRIP, were written as a part of this program, and
the third, EXPO, was written as part of a previous report (M1). The
measured values of N\ for the several lattices investigated in the present
work, based on each of the computer codes, are tabulated in Tables 5.1-
5.12, 5.16, 5.17, 5.24, and 5.25. There is good agreement, within the
quoted standard deviations, among the results of the three codes in over
90% of the cases.

The standard deviations of the decay constants obtained from
STRIP and EXPO are, on the average, close to 1% although they some-

times become larger for larger values of \. This increase arises
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because, for a fixed number of counts in the most active channel, the
number of decades over which the neutron density can be monitored
decreases as the decay constant increases, with the result that fewer
total counts are available for the analysis. The standard deviations of
the decay constants obtained from FRAUD are generally smaller than
1%. This result is expected because FRAUD utilizes a greater range
of the count rate data than either STRIP or EXPO.

A factor in the selection of a data analysis code is the amount of
time required, both on the part of the computer, itself, and on the part
of the user in preparing the data for the computer, to obtain the desired
value of \. The required computer times on the IBM-7094 are approxi-
mately 0.8, 1.0, and 3.0 minutes per case for STRIP, EXPO, and
FRAUD, respectively. The order, in terms of increasing data prepar-
ation time, is EXPO, STRIP, and FRAUD.

Thus, no single code is best from all standpoints. However, in
the absence of severe time limitations, the FRAUD code is preferable
because of the expected greater confidence in the result. Furthermore,
if time permits, all three codes should be employed in an analysis
because a poor set of data can usually be detected by inconsistencies
among the three values of \.

5.7.2 Moderator Parameters

Experimental values of the moderator parameters 7]30 and C for
heavy water are listed in Table 5.13. The value of VDO from FRAUD is
repeated in Table 5.28 which summarizes experimental and theoretical
determinations of 7130 and C by other workers. Table 5.28 also contains
experimental values of '\7130 corrected to 100% D20 and 20°C according to

the relations:

AVD 5
_Z—T——= 0.0055 cm /sec C,
f 1 -f
e —,
VDO VDD20 VDHzo

where f is the mole fraction of D2O. The temperature correction is
based on the measurements of Daughtry and Waltner (D4). The value



TABLE 5.28
Parameters of Heavy Water by the Pulsed Neutron Method

100% D20
DoO Diffusion__  Diffusion Cooling Diffusion__  Diffusion Cooling
2% Coefficient, vD Coefficient, C Coefficient, vD Coefficient, C
Author Purity  Temp. o} o}
(mole %) °C emZsec™%10™°  cm*sec 1072 cm?sec™Ix10” em*sec™Ix107°
Jones et al.(J1) 1965 99.80 21 1.966 £ 0.137 3.56 £ 1.08 1.978 £ 0.137 3.56 + 1.08
Kussmaul and
Meister (K4) 1963 99.82 21 2.000 £ 0.010 5.25 £ 0.25 2.011 £ 0.010 5.25 £ 0.25
Ganguly et al.
(G2) 1963 99.88 20 2.068 + 0.050 3.27 £ 0.21 2.080 £ 0.050 3.27 £ 0.21
Malaviya et al.
(M1) 1064 99.60 20 1.967 £ 0.023 4.87 £ 0.31 2.003 £ 0.024 4.87 + 0.31
Malaviya and Profio
(M2) 1963 99.80 21 2.045 + 0.044 4.71 £ 0.38 2.059 + 0.044 4.71 + 0.38
Parks and Bauman
(P2) 1965 99.84 29 2.12 4+ 0.02 8.1 £ 0.3 2.09 £ 0.02 8.1 +£0.3
Westfall and Waltner
(W3) 1962 99.81 29 2.040 £ 0.013 4.19 £ 0.18 2.014 £+ 0.013 4.19+ 0.18
Utzinger et al. .
(U1) 1965 99.85 22 2.020 = 0.010 2.023 £ 0.010
Honeck and Michael
(H10)® 1963 100.0 20 2.057 4.73
THERMOS (H9)2 1961 100.0 20 2.114
Radkowsky (R2)® 1950 100.0 20 2.10
Present WorkP 99.47 25 2.067 £ 0.018 2.088 £ 0.018

(a) Theoretical

(b) Based on decay constants obtained from FRAUD

811
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of \_f_DO for H20 is (3.598 + 0.010) X 104 cm2 sec_1 which is based on a
weighted average of the results reported in Refs. D6, G5, K3, L3, J1,
and S3. The values of C are not corrected because the magnitude of the
correction is much smaller than the reported uncertainties in C.

The corrected value of 7]30 in the present work is (2.088+ 0.018)
X 105 cm2 sec'l, which disagrees with the weighted average of
(2.031 + 0.015) X 105 cm2 sec_1 for the earlier measurements listed in
Table 5.28, but agrees well with the recent experimental value of
{2.09 + 0.02) X 105 (:m2 sec_1 reported by Parks and Bauman (P2) and
the theoretical values calculated by the methods of Honeck and Michael
(H10) and Radkowsky (R2).

It was not possible to obtain a reliable value of C in the present
work as evidenced by the large experimental errors reported in
Table 5.13. A better estimate for C would have required measure-
ments of N in smaller assemblies (larger values of Bz) than those used
here. At the largest value of B?‘ given in Table 5.1, the contribution of
the diffusion cooling term (CB4) to the measured value of \ is only 1.1%
of that of the diffusion term (\_/’_DO). Thus, diffusion cooling does not

have a significant effect on the results reported in the present work.

5.7.3 Multiplication Factor (koo)

Experimental determinations of k _ are given in Tables 5.14a
(modified age-diffusion model) and 5.15a (two-group model). Values
are reported in triplicate; one for each of the three codes used to
obtain a value of the decay constant. It is desired to select which, if
any, code yields the best results and which, if any, theoretical model
gives better agreement with values of k_ obtained by other means.

With the exception of the 175A1B1 lattice, the experimental
values of k_ based on each of the three computer codes agree within
the quoted standard deviations. This conclusion holds for both the
modified age-diffusion model and the two-group model and is consistent
with the observation in Sec. 5.7.1 that the three separate values of the
decay constant agree within experimental error in over 90% of the
cases. It seems reasonable, therefore, to select that value of koo
which has the smallest percentage standard deviation.

The choice of the theoretical model requires comparison with
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values of k_  obtained by methods other than the pulsed source technique.
Three methods of determining k_ for these lattices have been used for

comparison with the pulsed source values.

(1) Addition of distributed thermal neutron absorbers.

J. Harrington (H1) has developed a technique for determining ko0 in
absorber-modified subcritical lattices which is similar to the Hanford
"null-reactivity'' technique (H6). The measured value of the material
buckling of the subcritical assembly is used to determine the amount
of absorber required to reduce koo to unity (null-state), and an equation

similar to Eq. (2.65) is applied to derive values of k_:

(D@ [reaag)e () e

where the symbols in Eq. (5.1) have been defined in Sec. 2.4. It should
be pointed out, however, that the null states leading to Egs. (5.1) and
(2.65) differ by the factor {1-3).

(2) Four-Factor Formula. If koo is defined as the ratio of the

total number of neutrons produced to the total number of neutrons
destroyed, per unit time, in a system of infinite extent, k can be

written as:

k = nepf, (5.2)

co

where n is the number of fission neutrons produced per neutron
absorbed, € is the total number of fast neutrons produced per neutron
resultin‘g from fission, p is the probability that a fast neutron is not
absorbed while slowing down to thermal energies, and f is the proba-
bility that a thermal neutron 1z absorbed in the fuel. The values of the
four factors in Eq. {5.2) are usually determined by a combination of

calculations and measurements as described in Ref. H1.

(3) Critical Equation. The relationship between k _and the

material buckling B?n’ the critical equation, depends on the theoretical
model used to describe the neutron slowing-down process. Two of the

more common relations are:

B27’

k =(1+L2B2> e mo), (5.3a)
o0 m
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<1+L2 2) 14B 'T'> (5.3b)

which are based on age-diffusion theory and two-group theory, respect-
ively. Values of k_ can be determined from these relations with calcu-
lated values of To and L2 and measured values of B?n

The comparison of the several values of k__ is presented in
Table 5.29. The first two columns contain the pulsed source values of
L derived on age-diffusion and two-group theories, respectively, and
selected in the manner described above. The uncertainties listed are
the total errors which include contributions from statistical and known
systematic sources. Columns 3 and 4 contain values of k_ obtained
from Eqgs. (5.1) and (5.2), respectively, and are taken from Ref. (H1).
The values of k__ in the last two columns are evaluated from Egs.(5.3a)
and (5.3b) with the use of calculated values of T and L (see Appendix B)
and measured values of B {see Refs. H1 and H5) The uncertainties
given for these latter values of k_ are based on the standard deviations
in the measured values of Bfn and on estimated uncertainties of 2.5%
and 3.0% in the calculated values of S and L2, respectively.

If the two pulsed neutron values of k_ are compared with the
values obtained from their respective critical equations for each of the
eleven lattices listed in Table 5.29, the results of the comparison can

be divided into four categories:

(1) both pulsed neutron values are in good agreement, within the
quoted uncertainties, with their respective critical equation
values for four lattices (125,175, 250, 350);

(2) the pulsed neutron values obtained from the two-group ana-
lysis agree well with the values obtained from the two-group
critical equation for four lattices (175A1B1, 250B1, 253, 500)

while the corresponding age-diffusion results do not;

(3) the pulsed neutron value obtained from the age-diffusion ana-
lysis agrees well with the value obtained from the age-
v diffusion critical equation for one lattice (175A1) while the

corresponding two-group result does not;

(4) neither pulsed neutron value is in agreement with its respect-

ive critical equation value for two lattices (250B2, 253A2B1)



TABLE 5.29

Values of the Multiplication Factor koo

Source of Value for koo

Age-Diffusion Two-Group

Lattice Pulsed Source Pulsed Added Four-Factor Critical Critical

Designator (Age-Diffusion) Source Absorber Formula Equation Equation

(Two-Group) (Eq. 5.1) (Eq. 5.2) (Eq. 5.3a) (Eq. 5.3b)
125 1.330 £ 0.035 1.315 £ 0.030 1.330 £ 0.027 1.338 £ 0.008 1.318 + 0.008
175 1.437 £ 0.070 1.389 +£ 0.054 1.416 £ 0.011 1.393 + 0.026 1.419 £ 0.010  1.400 £+ 0.010
175A1 1.006 £ 0.034 1.073 +£ 0.033 1.004 + 0.009 0.988 + 0.018 1.004 £ 0.007 1.004 £ 0.007
175A1B1 0.704 + 0.026 0.829 £ 0.022 0.871 + 0.012 0.857 + 0.017 0.831 £ 0.006 0.826 £ 0.006
250 1.445 + 0.077 1.389 + 0.064 1.429 £ 0.007 1.422 £+ 0.028 1.432 + 0.013 1.419 £ 0.013
250B1 1.074 £ 0.051 1.127 + 0.047 1.148 £ 0.007 1.143 + 0.023 1.142 £ 0.006 1.140 + 0.006
250B2 0.743 + 0.041 0.861 £ 0.037 0,963 + 0.005 0.959 + 0.020 0.963 +£ 0.003 0.963 + 0.003
253 1.097 £ 0.036 1.151 £ 0.036 1.187 £ 0.027 1.154 + 0.023 1.1904 0.004 1.179 + 0.004
253A2B1 0.834 + 0.031 0.948 + 0.028 1.003 £ 0.026 0.976 + 0.020 1.002 £ 0.011 1.002 + 0.011
350 1.351 £ 0.025 1.329 £ 0.021 1.331 £ 0.008 1.315 + 0.008
500 1.427 + 0.021 1.379 £ 0.020 1.390 £ 0.009 1.378 £ 0.009

¢el
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although the two-group results are closer than the age-

diffusion results in each case.

If the pulsed neutron values are compared with the values obtained from
the method of added absorbers (Eq. (5.1)) and with the values obtained
from the four-factor formula (Eq. (5.2)), similar results are obtained
for each comparison. For all eleven lattices, the percentage uncertainty
in the pulsed neutron value of k_ obtained from the two-group model is
less than the corresponding value obtained from the age-diffusion model.
It is concluded, therefore, that the two-group analysis is preferable to
the age-diffusion analysis insofar as determining values of k _ in these
lattices by the pulsed neutron technique is concerned. This conclusion
is consistent with that reached by Meister (M3) who measured values of
the decay constant in natural uranium, heavy water lattices and com-
pared them with the resulis of simple two-group calculations based on
lattice parameters obtained from previous exponential experiments;

the agreement was good in the buckling range B2 <25 m_z.

A significant feature of Table 5.29 is the good agreement, within
the quoted uncertainties, among the three steady-state values of k__ for
all lattices except the 175A1B1 lattice. The pulsed neutron values of
k  obtained from the two-group analysis, with the exception of the
three lattices previously noted, are also in agreement with the steady-
state results. This lends confidence to all four methods for determin-
ing k_ in lattices of partially enriched uranium and heavy water.

Other workers have also obtained good agreement among two or
more methods of determining k_ in heavy water lattices. Green (G7, G8)
has calculated values of the material buckling B?n from the two-group

expression:
2,2 2
k= <1+L Bm)(HToBm , (5.3Db)

with values of k__ obtained from the four-factor formula and with calcu-
lated values of T and L2 and has compared them to experimental values
of Bfn; the agreement between the derived bucklings and the experi-
mental bucklings was good within the assumed experimental errors.
Swedish workers (P4), on the other hand, prefer to compare the

measured and calculated bucklings on the basis of a modified age-diffusion
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theory. Crandall et al. (C2) have reported good agreement between
measurements of k_ by the null reactivity technique (H6) in the PCTR
and PLATR reactors and those obtained from two-group calculations
with measured values of the material buckling.

The choice of the best method for determining k__ in subcritical
lattices of uranium and heavy water is still an open question although
certain conclusions may be drawn from the results presented here.

The relatively larger (2.5% - 4.5%) uncertainties in some of the pulsed
neutron results are attributed to statistical fluctuations in the measured
values of the decay constant. If enough data (see Sec. 3.3 for a dis-
cussion of this point) are collected, the overall uncertainty in the
pulsed neutron value of k  may be reduced to about 1.5% (see, for
example, the results for the 350 and 500 lattices in Table 5.29). This
uncertainty is dominated by the uncertainties in the calculated values of
the parameters presumed known in the analysis which, as shown in
Sec. 5.6, contribute between 1.0% and 1.5%. to the total uncertainty.
Thus, until the uncertainties in s and V—DO (and, to a lesser extent, in
C, B, L2, BZ, and Tzl) can be reduced, the overall uncertainty in the
pulsed neutron value of k_  cannot be reduced below 1.0%. The results
of Harrington (H1) indicate that uncertainties between 1.9% and 2.0%
are to be expected in values of k_ obtained from the four-factor
formula and that uncertainties between 0.5% and 1.0% are possible

with the method of added absorbers provided sufficient accuracy in the
measurement of the material buckling is achieved. The uncertainties
in the values of k_  calculated from the critical equation are between
0.3% and 1.1% for the results given in Table 5.29.

From the standpoint of the overall uncertainty in koo, the critical-
equation analysis and added-absorber method yield the best precision.
A disadvantage of the latter method is the extensive amount of time and
effort required to achieve the stated accuracy. On the other hand,
Crandall et al. (C2, C3) note that exponential-critical intercomparisons
have demonstrated that small systematic differences exist between
values of the material buckling measured in exponential and critical
assemblies. They conclude that most of the differences are due to sys-
tematic changes in values of the radial buckling measured in the expo-

nential assembly. This effect may also be present in the method of
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"null-state' condition is determined from

added absorbers in which the
measurements of the material buckling as a function of the amount of
added absorber. The determination of k  from a critical equation,
therefore, seems to offer some advantages over the method involving
added absorbers. Here, however, the choice of the ""appropriate' criti-
cal equation raises a new problem.

The pulsed neutron method provides results in a convenient way
which may be compared with the results obtained from the critical
equation. The precision of the (pulsed neutron) results should be as
good as, or better than, that obtained with the four-factor formula.

The pulsed neutron method requires less time to make the measure-
ments and analyze the data than does the four-factor method. The
method of added absorbers, as noted above, also suffers from the dis-
advantage of a time limitation, but it achieves somewhat better pre-

cision than the pulsed neutron method.

5.7.4 Absorption Cross Section (Vz’:a) and Thermal Diffusion Area (Lz)

Tables 5.30 and 5.31 contain experimental and theoretical values
of the absorption cross section -\-/'_ia and thermal diffusion area L:2
(= Vﬁo/ﬁa)’ respectively. The theoretical values of these quantities,
based on the results of THERMOS, are taken from Table B.4. The
experimental values of V—Z-a are taken from Tables 5.14b and 5.15b, and
those of VD0 are taken from Table B.5.

With the exception of the 175A1 lattice, the values of VZa and L

obtained from the two-group analysis are considerably closer to the

2

theoretical values than are those obtained from the age-diffusion ana-
lysis. Furthermore, if an estimated 3% uncertainty is included in the
theoretical values of L2 (due to uncertainties in the nuclear cross
sections used by THERMOS), the two-group pulsed source values of L2
are in reasonable agreement with those from THERMOS. These obser-
vations reinforce the conclusion given in Sec. 5.7.3, with respect to
values of k_, that the two-group analysis yields better results than the
age-diffusion analysis. Consequently, the analysis of two-region
lattices, absorber-modified lattices, and return coefficient measure-

ments has been carried out on a two-group model.



TABLE 5.30

Values of the Absorption Cross Section ;’Ea
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Source of Value for Vf)a (sec™

Lattice Pulsed Source Pulsed Source Theoretical
Designator (Age-Diffusion) (Two-Group) (THERMOS)
125 2730.6 £ 89.6 3610.7 + 121.9 3376.6
175 1303.8 + 82.8 1818.0 + 111.1 1716.4
175A1 2359.9 £ 134 .4 2733.6 £ 92.5 2442.1
175A1B1 2141.6 £ 70.4 3056.0 + 187.7 2834.5
250 631.4 £ 45.9 920.2 £ 70.5 840.9
250B1 656.9 + 52.3 895.7 £ 75.0 1076.0
250B2 780.0 + 48.0 1009.8 £ 73.1 1265.2
253 3667.0 £ 215.5 4867.5 £ 282.6 5312.5
253A2B1 4103.6 £ 176.7 5372.5 £ 252.6 6611.0
350 1790.4 £ 38.1 2189.2 + 56.5 2530.3
500 927.9 + 16.5 1159.3 + 23.4 1182.4
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TABLE 5.31

Values of the Thermal Diffusion Area L2

Source of Value for L2 (cmz)

Lattice Pulsed Source Pulsed Source Theoretical
Designator (Age-Diffusion) (Two-Group) (THERMOS)
125 93.2 + 4.1 70.5 £ 2.7 76.7
175 175.0 £ 11.1 125.5 + 7.7 135.6
175A1 102.4 £ 5.8 88.5+ 3.0 98.5
175A1B1 114.6 £ 3.7 80.3 +4.9 86.5
250 342.3 + 24.9 234.8 + 18.0 260.9
250B1 331.9 + 26.4 243.4 £ 20.4 206.3
250B2 278.8 £ 17.2 215.4 £ 15.6 177.4
253 73.4 + 4.3 55.2 + 3.2 50.7
253A2B1 66.4 + 2.9 40.5+ 1.9 42.2
350 132.8 £ 2.8 108.6 + 3.8 99.7

500 237.4 £ 4.2 190.0 £ 3.8 1.86.6
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5.7.5 Two-Region Lattices

The values of k_ and v_i}a in the test region of two-region 1atti2ces
are given in Table 5.19. They are repeated, along with values of L7,
in Table 5.32 which provides a comparison of these values with those
obtained by other means. Values of k_ based on Eq. (5.2) have previ-
ously been given for a lattice composed entirely of the test region of
the 175(2R) lattice by D'Ardenne (D3) and of the 500(2R) lattice by
Weitzberg (W2). The theoretical values of ﬁa and L2 are evaluated
from the results of THERMOS (see Table B.4). The uncertainties listed
for the pulsed source results are the total uncertainties.

The pulsed source and steady-state values of k_ are in excellent
agreement within the quoted uncertainties. Agreement between theory
and experiment for '{I—Za and L2 is also good for the 175(2R) lattice but
only fair for the 500(2R) lattice. Thus, it is concluded that values of
k . for the test region of two-region lattices can be obtained to satis-
factory accuracy, and that it may be possible to measure ﬁa and L2

in these assemblies.

5.7.6 Absorber-Modified Lattices

The new values of koo and Via obtained in the unmodified 175, 250,
and 253 lattices, after analysis according to the method described in
Sec. 4.4, are given in Table 5.22. They are compared in Table 5.33
with the corresponding values given in Tables 5.15a and 5.15b which
were obtained by a two-group analysis of the unmodified lattices alone.
In all cases, the uncertainties in the former values are reduced rela-
tive to those in the latter (the reduction is particularly good for the 250
and 253 lattices), thereby indicating the efficacy of the method. The
reduction in uncertainty applies only to the statistical fluctuations in
the data. The overall uncertainty, as noted in Sec. 5.7.3, cannot be
reduced below the limits set by systematic sources of error. It is con-
cluded, therefore, that pulsed neutron measurements on absorber-
modified lattices yield improved values of k_ and ﬁa relative to those
obtained for the unmodified lattice alone and that they are worthwhile
whenever steady-state measurements are made in absorber-modified

lattices.



TABLE 5.32

Values of the Multiplication Factor kw, Absorption Cross Section Vf)a,

and Thermal Diffusion Area L2 in the Test Region of Two-Region Lattices

Source of Value for koo Source of Value for ﬁa Source of Value for L2 (sz)

(sec-1)

Four-~Factor
Lattice Pulsed Source Formula Pulsed Source Theoretical Pulsed Source Theoretical
Designator (Two-Group) (Equation(5.2)) (Two-CGroup) {(THERMOS) (Two-Group) (THERMOS)

175(2R) 1.350 £ 0.038 1.339 £ 0.020 1631.1 £ 73.2 1615.9 139.8 £ 6.3 143.6

500(2R) 1.188 £ 0.024 1.219 £ 0.014 1143.5 £ 55.3 1687.3 207.5 £ 10.0 140.6

6¢1



TABLE 5.33

Comparison of Values of the Multiplication Factor k |
and Absorption Cross Section V_ia
in Unmodified Lattices

Source of Value for koo

Source of Value for —V_Za (sec—l)

Lattice Table 5.22 Table 5.15a Table 5.22 Table 5.15b
Designator (new value) (new value)
175 1.390 + 0.049 1.389 + 0.051 1845.0 £ 72.0 1811.0 £ 111.1
250 1.387 + 0.022 1.389 + 0.062 839.8 + 16.0 920.2 £ 70.5
253 1.143 £ 0.002 1.151 + 0.032 4725.3 £ 51.3 4867.2 + 282.6

0€T
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The large uncertainty in the values of To obtained from the analy-
sis of absorber-modified lattices renders the method of little practical
value, at least insofar as the data obtained in this work is concerned.
This large uncertainty arises because of the large uncertainty in the
least-squares coefficient t obtained from the three-parameter fit de-
scribed in Sec. 4.2. The same conclusion can also be reached from an
examination of the results of a three-parameter fit to the X\ data as a
function of B2. If the values of k _ and Vf)a derived for the 500 lattice
from a three-parameter fit (see last part of Sec. 5.2) are compared to
the corresponding values in Tables 5.14a and 5.14b derived from a two-
parameter fit, it is seen that the two-parameter fit yields uncertainties

which are 10% to 20% of those obtained from the three-parameter fit.
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CHAPTER VI

SUMMARY AND RECOMMENDATIONS FOR FUTURE WORK

The results of the work are summarized in this chapter, and

recommendations for future work are given.

6.1 SUMMARY

The time dependence of the neutron density in a multiplying
medium irradiated by bursts of fast neutrons has been investigated
theoretically and experimentally. The theoretical work has concen-
trated on the development of expressions relating the prompt neutron
decay constant to the nuclear parameters of the medium derived
according to several theoretical models. Thus, the decay of a ther-
malized pulse of neutrons has been treated by age-diffusion theory,

a modified age-diffusion theory in which the slowing down time for
neutrons produced in thermal fission is taken as finite, two-group
theory, and multigroup theory. The effects of delayed neutrons,
finite source burst width, and resonance fission have also been
considered.

The expression for the prompt neutron decay constant has also
been derived under several experimental situations. The parameters
of the test region in a two-region assembly have been related to the
decay constant for the two-region assembly on the assumption that the
parameters of the reference region are known from previous pulsed
neutron experiments on a lattice composed entirely of the reference
region medium. The analysis of experiments on a lattice modified by
the insertion of successive amounts of a distributed neutron absorber
has indicated the possibility of obtaining values of the parameters of
the unmodified lattice more accurately than would be possible with
measurements on the unmodified lattice alone. Finally, the absence
of a cadmium plate at the bottom of the lattice tank, normally inserted
to complete the ''black boundary' requirement, has been treated by

means of an effective return coefficient.
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The experimental program has consisted of thermal die-away
measurements in a number of subcritical lattices of partially enriched
uranium metal rods and heavy water (see Table 3.1). Measurements
were made at several values of the moderator height in each lattice to
vary the geometric buckling Bz. Three values of the fundamental mode
decay constant N, one from each of three computer codes, were obtained
from each set of data. Agreement, within experimental error, among
the three values was obtained in over 90% of the cases studied. The
experimental values of A and B2 were analyzed on both the modified
age-diffusion model and the two-group model to obtain the parameters
koo and V—Z')a. _’I_‘he remaininzg quant—i‘_c.iies appearing in the expressions for
A, e.g., T vD, B, To’ L7, and VlZ)l, were presumed known on the
basis of calculations described in Appendix B. Experimental values of
the thermal diffusion area L2 were also obtained from the ratio of vD
to V_Ea. .

Measurements of X\ as a function of B” were also made in pure
moderator. The data were analyzed according to the method described
in Ref. (M1) to obtain values of the diffusion parameters of heavy water.

The conclusions drawn from the present work are summarized

“as follows: The values of k_ obtained with the pulsed neutron technique
are in good agreement, within the quoted uncertainties, with those
obtained with steady-state techniques, e.g., measurements of the
material buckling (critical equation), method of added absorbers (H1),
and the four-factor formula. The agreement is better for a two-group
analysis of the pulsed neutron measurements than for a modified age-
diffusion analysis. Furthermore, the percentage uncertainties in the
two-group values of k_ are smaller than those in the corresponding
age-diffusion values.

Uncertainties between 1.5% and 4.5% have been obtained in the
values of k__ reported in this work. The smaller uncertainties are
dominated by the contribution of known systematic sources of error
which, at present, limit the precision of the pulsed neutron method to
between 1.0% and 1.5%. The pulsed neutron method is attractive,
therefore, as a means of comparison with the results of material buck-
ling measurements. The accuracy of the pulsed neutron method should

be as good as, or better than, that of the four-factor formula and it is
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less time consuming. The added-absorber method also requires con-
siderably more time than the pulsed neutron method although somewhat
better precision is possible with the former method.

The values of Via and L2 obtained with a two-group analysis of
the pulsed neutron measurements are in reasonable agreement, within
experimental error, with values obtained from the THERMOS code.

Analysis of pulsed neutron measurements in two-region assem-
blies indicates that this technique may be used to study these assemblies.
The pulsed neutron values of k_ in the test region of two-region lattices
agree well with steady-state values of k_  obtained by other workers in
lattices composed entirely of the test region medium.

The proposed analysis of absorber-modified lattices has been
applied to three such sets of lattices. In all cases, the uncertainties in
the new values of k_ and _x'/—i‘.a are smaller than those obtained from an
analysis of pulsed neutron measurements on the unmodified lattice
alone.

Pulsed neutron measurements with and without a cadmium plate
at the bottom of the lattice tank indicate that the return coefficient for
thermal neutrons from the graphite-lined cavity below the lattice tank
is 0.44 + 0.05. This value is independent of the moderator height and
is an average of measurements made in one lattice and in pure moder-

ator.

6.2 RECOMMENDATIONS FOR FUTURE WORK

The values of k_ obtained in the present work agree well with
values obtained from the two-group critical equation with measured
values of the material buckling and calculated values of To and L2.

It is recommended that the pulsed neutron technique be extended

to future lattices studied on the M.I. T. Heavy Water Lattice Project
to provide a comparison with measurements of the material buckling.
The method should become a standard tool in the investigation of sub-
critical lattices of this type.

The ultimate precision of the pulsed neutron technique is limited
by the contribution of known systematic sources of error to the total
uncertainty. Thus, the overall uncertainty in k  may be reduced by

reducing the uncertainties in the parameters presumed known in the
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analysis. The percentage uncertainty in the diffusion coefficient v_ﬁo

of 0.9% could be reduced by an extensive series of measurements of
the diffusion parameters of heavy water. A more accurate measure-
ment of the age to indium resonance in heavy water would be useful
inasmuch as the present uncertainty in TS is 2.5%. Similar consider-
ations apply, to a lesser extent, to the rest of the "known' parameters.
It may be possible, therefore, to reduce the overall uncertainty in koo
to 1.0% or less if measurements along these lines are made.

Pulsed neutron measurements can be made without a cadmium
plate at the bottom of the lattice tank provided the effective return
coefficient discussed in Secs. 4.5 and 5.5 is included in the analysis
of data. It would be desirable to make additional measurements of the
return coefficient to reduce the uncertainty in the value reported here.
The increase in the contribution of known systematic errors to the
uncertainty in k_ caused by use of the return coefficient, however, is
only 0.05%, indicating that the uncertainty in the return coefficient has
a relatively small effect on the overall uncertainty in k .

An extensive investigation of the various methods for determining
a value of the decay constant from a set of experimental data was made
before the methods described in Sec. 4.1 were selected. One method,
which was tried and rejected, consisted of fitting the observed data to
a sum of exponential functions plus a constant background term by
means of an iterative, least-squares technique in the same way that
EXPO makes a fit to a single exponential function plus constant back-
ground. The iteration in the former method often diverged or oscil-
lated, most likely because the initial guesses for the decay constants
and coefficients were not sufficiently good (S4). Another method,
which may prove useful in the analysis of data obtained from pulsed
neutron experiments, has been suggested by Gardner (G3). It involves
the use of integral transforms to determine the values of the decay
constants in a set of data. An advantage of this method is that it does
not require initial guesses for the number and values of the decay
constants.

The statistical uncertainties in the values of k  and Ea obtained
with the pulsed neutron technique could be reduced if a pulsed neutron

source stronger than the one used in this work were obtained. It would
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be desirable to investigate the possibility of using a larger BF3 detector
than the one used here or of trying a different type of detector, e. g.,
fission chamber, solid state detector, etc. These modifications in the
experimental equipment might also improve the statistical accuracy of
the pulsed neutron technique.

It may be possible to extend the pulsed neutron technique to the
study of miniature lattices. This would provide greater flexibility in
the number of lattices which could be studied since, at present, pulsed
neutron experiments can be made only on weekends and other periods of
reactor shutdown. One of the proBlems which could be studied is the
effect of diffusion cooling in multiplying media. Little work has appeared
to date on this subject because the effect is small in most subcritical
assemblies of practical size. An interesting experiment to study the
effect of spectral hardening in the miniature lattice would be to measure
the diffusion parameters (ﬁo and C) in a mixture of heavy water and
added absorber (copper rods, for example) and compare them with
values of W)O and C obtained in heazvy water alone.

The \ data as a function of B” obtained in the present work was
analyzed with a two-parameter fit to obtain values of k_  and V—Za. If
a sufficient number of values of \ is obtained for a particular lattice,
say 30 to 40, it may be possible to make a three-parameter fit of
reasonable accuracy to determine a value of ;JTDO for the lattice as well

as values of kK _and vZ .
o] a
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APPENDIX A

COMPUTER PROGRAMS

The computer codes used in the analysis of experimental data
obtained from pulsed source measurements are described in this
appendix. The basic mathematical tool employed is the technique of
"east-squares fitting'' with which it is assumed the reader is familiar.
Excellent treatments of the subject may be found in the literature and
the interested reader is referred to them (see, for example, the dis-
cussions in Refs. D7, F2, H8, S4, and W6). A general description of
each code is given first, followed by the input quantities required, an
IBM-FORTRAN II listing, and a sample input deck.

A.1 THE EXPO CODE

The EXPO code, which has been described in detail in Ref. M1,
is one of the three techniques used to obtain a vaiue of the fundamental
mode decay constant from a measurement of the neutron density as a
function of time following the introduction of burst of fast neutrons into
the medium. It assumes that the observed data may be represented as
the sum of a single exponential function plus background:

-\

y(t) = ae t + b. (A.1)

An initial guess, denoted by the subscript zero, is made for each of
the three unknowns (a, A\, and b) and Eq. (A.1) is rewritten:

(A +8N)E
y(t) = (a_+éa)e °© + (b_+8b), (A.2)

where the quantities 6a, 8\, and éb are the differences between the
"true values'' and the "guessed values.'" Equation (A.2) is then expanded

in a Taylor Series about the guessed values:
10+ (38) 52+ (3) 2 (3)
y(t) =y (1) + (83. Oaa + (3% Oax + (5% Oer ... (A.3)

If the expansion in Eq. (A.3) is truncated after terms to first order,
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Eqg. (A.3) is linear in the correction factors éa, 6\, and éb, which may
be determined by standard least-squares fitting techniques. The cor-
rections are then added to their respective initial guesses to obtain
second estimates of the quantities a, N\, and b and the above steps are
repeated. The process continues until the ratio of each correction

factor to its estimate satisfies an appropriate convergence criterion:

éa

P < €, (A.43)
(o]

o\

r < 6)\, (A.4b)
o]

6b

-b—o < €-b : (A.4C)

In practice, higher spatial modes, in addition to the fundamental
mode, are excited by the pulsed source. These higher modes are
shorter lived than the fundamental mode, so that data in early time
channels are not adequately described by Eq. (A.1). However, after
sufficient time, the higher modes have died out and Eq. (A.1) is a valid
representation of the data. The condition that higher modes are no
longer present is verified by successively dropping the early time
channels and repeating the above analysis. When the fit values of a, A,
and b become constant (within statistical error) as a function of "waiting
time" (or initial channel number), the observed data is assumed to follow

the form given in Eq. (A.1).

A.2 THE STRIP CODE

The STRIP code was written to provide an independent check on
the value of the fundamental mode decay constant obtained from EXPO.
The values obtained from STRIP agree with those from EXPO, within
standard deviations, in practically all cases and, in addition, STRIP
requires approximately 20% less operating time on the IBM-7094 com-
puter than EXPO.

A.2.1 Description of STRIP

The STRIP code assumes that the count rate data can be repre-

sented by a function of the form given in Eq. (A.1):
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At

y(t) = ae” "+ b. (A.1)

Subtracting an estimated value for the background from Eq. (A.1) and

taking the natural logarithm of the difference yields:
2n[ y(t)-b] = £n(a) - Nt (A.5)

Equation (A.5) is linear in the unknown parameters £n(a) and X which
again may be determined along with their standard deviations by least-
squares fitting techniques.

The fit values of a and X coupled with the estimated value of b,
however, may not be the "'best' values for the particular data at hand
because of (1) a poor guess for the background term, and/ or (2) con-
tamination of the early time data by higher spatial modes. These two
difficulties are overcome by systematically varying the value of b sub-
tracted from the data and by systematically varying the time range over
which the fit to Eq. (A.5) is performed and computing the variance of
fit associated with each set of parameters (a, A, and b). The variance
of fit is a measure of how well the fitted parameters match the experi-
mental data and is defined as the sum of weighted residuals squared
divided by the number of data points minus the number of degrees of

freedom:

M -\t 2

Z W.(C.-ae l-b)
i\ 71

i=1

V = . (A.6)
M -3

In Eq. (A.8), V is the variance of fit, Ci is the experimental count rate
in the ith channel, Wi is the weight assigned to the value of Ci’ and M
is the number of data points used in the fit. That set of parameters
which results in the smallest value of V is taken to be the best set for
the experimental data.

The manner in which the background and data time ranges are
systematically varied is best understood with the aid of Fig. A.1, which
is a schematic representation of a typical set of data. The data in
channels earlier than channel N contain contributions from higher modes,
and data in channels later than channel MM contain statistical fluctu-
ations (arising as the count rate approaches the background value) which

inhibit the accuracy of Eq. (A.5). Thus, in a typical analysis, a value
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for b is estimated (that value recorded in the pre-burst channel is
generally used — see Sec. 3.2.4), and a value of MM is selected (that
value for which the corresponding count rate is approximately twice
the estimated background is generally used). A range of values is then
assigned to N and a least-squares fit applied to the data between
channels N and MM for each value of N in the assigned range. That

"waiting time"

value of N resulting in minimum V is taken to be the
necessary for the higher modes to die out. In similar fashion, the
values of MM (holding b and N fixed) and b (holding N and MM fixed)
are successively varied and the minimum V in each range noted. If the
values of MM and b selected in this manner differ appreciably from
their initial estimates, the above process is repeated until the change
in b is less than 1% and the change in MM is less than three channel
numbers. In this way, the best values for the parameters a, N\, and b
are ascertained.

It is noted that STRIP does not '"search' for the minimum value
of V but prints out the computed value of V corresponding to each vari-
ation in N, MM, or b. Thus, the user of the code should, himself,
select the value of N corresponding to minimum V before continuing on
to the variation of MM, and so on.

The input quantities to STRIP are explained in the next section
which is followed by an IBM-FORTRAN II listing and sample input deck

for the code.

A.2.2 Input Instructions for STRIP

Card 1 (Format(2014)). The following quantities appear, in order,
on this card:

NORUN is the designation for the set of data being analyzed;

M is the number of data points submitted;

MM is the number of the last channel used in the fit to Eq. (A.5);

MK is always equal to MM;

MMIN is the smallest value of MM used when MM is varied -— if
MM is not varied, then MMIN is equal to MM;

N is the number of the first channel used in the fit to Eq. (A.5);

NK is always equal to N;
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NMAX is the largest value of N used when N is varied — if N is
not varied, then NMAX is equal to N;

K1 controls the format for reading in count rate data — the format
is (1X, 7F9.0), (7(4X,F6.0)), or (8(5X,F5.0)), depending on whether K1

is positive, zero, or negative, respectively.

Card 2 (Format(1X, 7F9.0)). The following quantities appear, in
order, on this card:

TAU is the counter deadtime in microseconds;

WIDTH is the channel width in microseconds;

GAP is the spacing between successive channels in microseconds;

PULSE is the number of pulses introduced into the assembly
during the interval of the measurement;

DELAY is the preset target delay time setting in microseconds
(see Sec. 3.2.4);

D is the delay time ratio (see Sec. 3.2.4);

SCALE is a scale factor which is used to change the magnitude of
the internally computed weighting coefficients — a value of 1.0 is

normally used.

Card 3 (Format(1X, 7F9.0)). The following quantities appear, in
order, on this card:

BGINL is the smallest estimated background count rate per
channel;

BGFNL is the largest estimated background count rate per
channel — if the background is held constant, then BGFNL is equal to
BGINL;

SIGBG is the estimated uncertainty in the background count rate;

DELBG is the incremental change in the background count rate

per successive fit.

Card 4 (Format is defined by K1 on Card 1). The following
quantities appear, in order, on this card:

CRAW(I) are the uncorrected counts per channel. They are read
in on successive cards according to the specified format until M count
rates have been stored in the memory of the computer. The uncorrected
count rates are corrected internally for counter dead time according to

the relation: o = CRAW(I)
T 1.0 - (CRAW(DXTAU)/(PULSEXWIDTH) °

(A.6)
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Ae2e3 LISTINGS FOR STRIP

CCMPUTER PROGRAL STRIP

LISTS
LABEL
SYMEOL TABLE

THIS CODE MAKES A SEMI=LOGy LEAST SQUARES FIT TO A SET OF ~uLs
NEUTRON DIF=AWAY DiT4 TO DETERMINE THE FURDAMENTAL HODE DECAY
CONSTANT |

DIMENSION CRAW(3% )9l (30C)9CI300)sCPI30C) 9% (300)93TORELISIL)
FORMAT(2UT4) '

FORMAT(1X9T7F9e)

FORMAT(8(5XsF5e0))

FORMAT(T(4XsF6e0))

FORMAT(2H1 )

FORMAT (46H= HENRY Ee SLISS*PULSED NEUTRGIN DATA RCDUCTIUN)
FORMAT(2UH RUNMN NUMBER = l14)

FORMAT(1X96PT7FCGel) :

FORMAT(9H NMAX = 913970 MM = 913910H BKGNB = 975e1)

READ INPUT TAPE 491 9HORUNMORF oMaMidpidig Il gicpum g N AX K]
NORUN IS THE RUN NUMBER :

MORE 1S5 POSITIVE IF ANOIHLER S&T OF DATA 1S TO FOLLOW

»1 13 THE NUMBER CF RAW DATA POIRTS SUBMITTED .

MM 1S THE LAST CHAMNEL Uscd IN TH: DECAY JONSTANT ANALYSIC

MK IS ALWAYS EQUAL TO Miv '

MMIN 1S THE CRITERION FOR DROPPING POINTS FROM THE END CF T
N I3 THE -FIRST CHANNEL UStD IN THE ANALYSIS

NK IS ALWAYS EQUAL TO N

NMAX 1S THE CRITFRION FOR DROPPING POINTS FRO# THE BEGINH i
K1 DETERMINES THE FORMAT FOR READING IN COUNT RATE DATA

READ INPUT TAPE 4929TAUsWIDTHYGAP 9PULS9DELAY 9D SCALE

TAU IS THE COUNTER DEADTIME IN MICROSECCNDS

WIDTH 1S THE CHANNEL WIDTH IN MICROSECORDS .

GAP IS THE SPACING BETWEEN SUCCESSIVE CHANNELS IN MICROSECONLC
PULZE 15 THF NUMRER OF TARGET PULSES

DELAY 13 THE TARGET DulAY TIME SETTING InN HICROSECONDS

D IS THt DYLAY TIME RATIO : : ~

SCALE IS USED TO CHANGE THE MAGNITUDS CF THeo WEIGHTINe CC
READ INPUT TAPE &492sBGINLEGFNLISIGBGIDELLS

SGINL IS THE LOWEST ESTIMATE FOR THE CHAUNEL BACKGROUND
3GFNL IS THE HIGHEST ESTIMATE FOR THE CHANNEL BACKGROUND
SIGBG IS THE ESTIMATED c=RROR IN THE BACKGROUND

DELEG IS THE FACTOR BY WHICH THE BACKGROUND IS INCREASE: IN

Sy

DATA
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SUCCESSIVE FITS
TF(K1Y10291039104

D READ 1: g (CRAW(I)y I=14M)

GO TO 15

READ 1219 (CRAV(I)y T=1¢M)

GO TO 135

READ . 29 (CRAWC(IYy T=14i1)

CRAW(I) ARE THE Raw COUNT RATES IN Couitis P CHANNEL
WRITE OUTPUT TAP: 293

WRITE OUTPUT TAPE 294

CALL CLOCK!(2)

-WRITE OUTPUT TAPE 2959NORUN

H = 140

BKGND = BGTINL

S = WIDTH + GAP

T(1) = (WIDTH®D = DFLAY) + WIDTH/Z.
DO 9 1 = 2M

T(IY = T(l) + 5*(FLOATF(I) - leC)
DO 10 I = 14

X1 = (CRAW(II#TAUY/(PULSE*WIDTH)
ClI) = CRAW(I)/(1lel = X1

DO 12 I = NyMM

CR(I) = C{T) = FK&HS

DC 20 1 = NoM

IF(CP(IN)I12913014

CO(I) = CTeu

W(l) = CeC

GO TO 20

SOIY = SCALZ#(CP(T )% 2)/(C(I) + SIGBC#::2)

SP{I) = LOGF(CP(I))
CONTINUE

SUML = CaC

SUMz2 = el

SUM3 = {ec

SUMG = (o7

SUMS = D60

DO 25 1 = MeMM

SUMLI = SUM1 + W(T})

SUM2 = SUM2 4+ WI(IYVy*T(1)

SUM3 = SUM3 + WIIN=T(IY*T(1)

S5UMG = SUM4 4+ W(TI)Y#CPI(])

3UMS = SUMS 4+ WII)#CP(I)V*T(1)

DETT = SUM1%¥SUM3 = SUM2%SUM2

ACOET = (SUMGHSUME = SUMB*SUM2)Y/DETT
ACOET . = EXPF(ACOET)

ALMDA = {SUM&*SUM? = SUMB®SUMIYV/DETT
VAR = Co0

DO 30 I = Nt
CP(IY=C(I) = BKGND

VAR=VAR + (140/(C(I) + SIGEG*#2))*((CP(I) = ACOET*EXPF (=ALMNDA%

1)) %*2)

VAR = VAR¥(1e0/FLOATF(M=N=1))

DELAC SQRTF(L(SUM3/DETT)#VAR)
DELAC = DELAC¥ACOET

DELAL SORTFL(SUML/DETT)*VAR)

144
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IF{H)34934p32
FORMAT(69H: N MM M  BKGND LANBDA SIGMA CCEFFT
1GMA  VARIANCE) - ‘ : '
WRITE QUTPUT TAPRPF 2,431
H = 060

FORMAT(31490PF74196P2F10Ue390P2F106390PF1045) -

WRITE OUTPUT TAPE 2933 9risiirisMeBRGID9ALMDASUELALYACCET 9DELAC VAT
IF(BKGND = BGFNL)&4T941 941 . ' :
BKGND=BKGND + DFILRLG

GC 70 11

IF(N = NMAX)429434943
“N=N + 1

BKGND=BGINL

GC TO 11

TF (MMIN=MM) 44 945 945
MuEMM = 1
BKGND=BGINL

N=NK

GO TO 11

IF(MORE) 4694698
CALL FXIT

END

ST
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80
leu
2688
4158
3371
2441,
16424
1137

A Y
511
381
233
1804
123
93
88
8Qe
78

" T6e
68

STRIP

5C 35
loet
lell
32084 -
4141,
3184
23Gca
1451
1086
O43e
4740
343
235
16Ca
145
116
&5
TTe
93
69
T2

21

SAMPLE INPUT DECK

21 21
3:0u0e0
a2

3449,

4074 o
3195
2198,
146%
1004 ¢
641
427
297
27
174
140
114
86 'y
8l
794
61l
6C

1
10Ce0

3797
3993
28914
20360
1362
905
671
4260
319
236
17Ce
14Ce
1032
101
78
824
80
764

le0

40520
36930
273%0
18280
12670
784

5696

394
2760
227
161
118
102
Goe
65 e
71
654
70

146
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A.3 THE FRAUD CODE

The objectives of the FRAUD code are (1) to obtain a more accu-
rate value of the fundamental mode decay constant, (2) to obtain an
estimate for the value of the next higher spatial mode decay constant,
and (3) to provide an independent check on the value of the fundamental
mode decay constant obtained from EXPO and STRIP.

A.3.1 Description of FRAUD

In Sec. 2.2.4, the thermal neutron density following injection of a
burst of fast neutrons is derived as an infinite sum of exponential

functions (plus a constant background):

y(t) = oi <aie—)\it) + b. (A.T)

i=1

The values of )\i increase monotonically with increasing values of the
index i, so that after a sufficiently long time, the sum in Eq. (A.7)
contains only one term (corresponding to i=1 and represented by
Eq. (A.1)). However, owing to a particular detector location, the con-
tribution of certain of the higher mode terms to Eq. (A.7) may be very
small, so that the sum in Eq. (A.7) may be reduced to two terms over
a considerable portion of the time range. This is illustrated schemati-
cally in Fig. A.2.

Thus, FRAUD assumes that the neutron density may be written

as (after subtracting an estimated value for the background):

—}\lt At
y(t) = ae +a,e s (A.8)
where )\2 > )\1. An initial estimate for the longer lived component in
Eq. (A.8) allows it to be subtracted from the observed count rate:

1 —)\it -)\21:
yz(t) = y(t) - aje =a,e s (A.9)
where the superscript 1 indicates that the values are first estimates of
these quantities. Taking the natural logarithm of each side of Eq. (A.9)

yields:

2n[ yz(t)] = n(a,) - Ayt (A.10)
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A first estimate of the higher mode parameters a, and )\2 can then be
obtained by least-squares fitting over the range of channels between N2
and M2 (see Fig. A.2). This estimate is then subtracted from the
original data (Eq. (A.8)):

1

1 —)\zt —)\1‘t
yl(t) = y(t) - age =a,e s (A.11)
which can be rewritten:
£n[y1(t)] = Qn(al)—P\It. (A.12)

The second estimate for the parameters ay and )\1 is obtained from a
least-squares fit to Eq. (A.12) over the channel range N1 to M1. This
iteration procedure is continued until the percentage change in each
parameter between successive iterations satisfies a pre-determined

convergence criterion:

ax11+21 - ""111 2
2 = 2 < €, (A.13a)
a.l’2 1,2
Mg - M
= 2 <€)\ . {(A.13b)
)\1,2 1,2

The best values for the unknown parameters are determined by
systematic variation of M2, N1, M1, N2, and b (usually in that order)
until the variance of fit is minimum. The procedure for varying these

quantities is identical to that described in Sec. A.2.1.

A.3.2 Input Instructions for FRAUD

The input quantities for FRAUD are explained, not necessarily in
order, in this section. The proper order can be found in the listing of

the code in the next section.

Card 1 (Format(1X, 10I5)):

NORUN is the designation for the set of data being analyzed;
MORE is positive if another set of data follows;

ADD is not used by the program;

ITMAX is maximum number of iterations permitted;

N is the number of data points submitted.
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Cards 2 and 3 (Format(1X,7F9.2)). The quantities on this card
are identical to those on Cards 2 and 3, respectively, of the STRIP

input (see Sec. A.2.2).

Card 4 (Format (1X, 1514)):

K1 is positive if values of the parameters are printed out after
each iteration — otherwise, they are printed out only after convergence;

K2 and K3 control the print-out of corrected data, fit data, etc. —
these quantities are printed out when K2=N2 and K3=M2 (if no print-out
is desired, then K2=0; K3=0);

K4 and K5 control the formulation of the weighting coefficients —
both K4 and K5 are usually set equal to -1;

K6 controls the format for reading in count rate data — the format
is (1X, 7F9.0), (7(4X,F6.0)), or {8(5X,F5.0)), depending on whether K6
is positive, zero, or negative, respectively.

K7 and K8 are not used by the program.

Card 5 (Format (1X, 1514)):

N1, M1, N2, and M2 are the starting channel numbers for each
of the four ranges which are varied;

N1K, M1K, N2K, and M2K are always equal to N1, M1, N2, and
M2, respectively;

N1MAX, M1IMIN, N2MAX, and M2MIN are the final channel
numbers for each of the four ranges which are varied — if a particular
range is not varied, then the final number of the range is set equal to

the starting number of the range.

Card 6 (Format(1X, 7F9.7)):

Q1 and DEI.Q1 are the initial guesses for the fundamental mode
decay constant and its error;

Al and DELA1 are the initial guesses for the fundamental mode

coefficient and its error:

Card 7 (Format(1X, 7T¥9.7)):
EPSA1, EPSQ1l, EPSA2, and EPSQ2 are the convergence criteria

to be satisfied by the parameters.

Card 8 (Format determined by K6 on Card 4):
CRAW(I) are the uncorrected counts per channel. The N counts

are read in on successive cards according to the above format.
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Ae3e3 LISTINGS FOR FRAUD

COMPUTER PROGRAM FRAUD

LISTS
LABEL

SYMBOL TABLFE .
DIMENSION CRAW(30C)sT(300) 9C(300)sFIT(300)9FITL(300)sFITZ2(2C0O)
1HJCAN(30C) 9C1(300)9C2(350) 9 WL(3C0)sW2(300)

COMMON NORUN9MORE ¢ ADD s ITHMAX N9 TAUSWIDTHGAP pPULSE ¢ DELAY 9 U9 ML o M1K o1
T1AINGM2 oM2K 9 M2MIN 9 N2 oNICgN2ZMAXIERSALYEPSGL9EPSAZ9EPSUZ KGN 5L
29BGFNLsSIGRGIDELBGICRANSToCoIToALINLIA29Q2 9 AXLsQXL9AXZ QX9 Ty e
33,KLoK59K69KTsK8sVARIVARLSVARZ2$FITHFITLeF1T29DELALYDELQI »bELAZ 9Tl
4Q2 9SUMAL »SUMOL s SUMA2 9 SUMQ2 9 DET19DET29CLeC2oWlaWZyHIOAN N sl 9l 104
5X

THIS CODE FITS TWO HARMONICS TO A SET OF PULSED NEUTRON DIt=niifY
DATA BY MEANS OF AN ITERATIVE#STRIPPING TECHNIQUE

CALL PATA

FORMAT(46H= HENMRY Eo¢ BLISS*#PULSED NEUTROMN DATA REDUCTICN)

FORMAT(2CH RUN NUMBER = s15)

FORMAT(120HGIT N2 M2 M1 M1 BKGND LAMBDA1 SIGMA COEF®E
171 SIGHMA LAMBDAZ STGMA COEFFT2 STGHA
2VARTANCE)

FORMAT(2H )

FORMAT (2H1 )

WRITE OUTPUT TAPE 2925

WRITE QUTPUT TAPE 292
CALL CLOCK({2)

WRITE OUTPUT TAPE 293 sNORUN
WRITE OUTPUT. TAPE 294

WRITE QUTPUT TAPE 295

BKGND = BGINL

DO 7 I=1N

Cl1) = CRAW(I) = BKGND
CALL FITT

IF(N2=N2MAX 89945
N2=N2+1

GO TO 6

IF(MZMIN=M2)10911s11

M2=M2=1

N2=N2t

GC TO 6

IF(N1=NIMAX)12931431

N1=N1+1
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27

N2=N2K
M2=M2K
GO TO 6
IF(MIMIN=M1)32913413
Ml=Mla]

N1=N1K
N2=N2K
M2=M2K

GO TO 6
IF(BKGND=BGFNL)14915915

4 BKGND = BKGND + DELBG

Ml = MI1K

M2 = M2K

N1=N1K

N2 = N2K

GO TO 28
IF(MORE)27427 91
CALL EXIT

END

152
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SUBROUTINE DATA
LISTS8
LABEL

SYMBOL TABLE

DIMENSION CRAW(300)sT(300)sC(300)sFIT(300)sFIT1(300)srIT2(200)
1HJOAN(300) 9C1(300)9C2(300) sW1(300)sW2(300)

COMMON NORUN MODE.ADD.ITMAX.NOTAUQWIDTH.GA“QDULSEnDELAYoDo”lo“lV0“
TIMINGM29MZK gM2MIN o2 9 N2K sN2MAX9EPSAL9EPSQALIEPSAZ9EPSGZ9BKONLIBGIT il
2oBGFNL9SIGBGoDELBGoCRAW;T9C0IT’Alo@loAZ’QZOAXlOCXIQAXZtCXZofloYZ’T
339K4sK59K69KT9KB VAP 3 VARL g VAR2FIToFITL9FIT29DELALSDELOL 9L A2Z0un].
4Q29SUMAL»SUMQL s SUMA2 s SUMQ2 yDET19DET29CLeC29WLoWZ 9 HJIOANgN1 9i'licgNIidA
5X

THIS SUHROUTIMNE READS IN THE RAW DATAs COMPUTES CHANNEL TlIwstos AnD
AND CORRECTS FOR DEAD TIME AND BACKGROUND

FORMAT(1X91015)

FORMAT(1X9s7F20e2)

FORMAT(1X91514)

FORMAT(1X9s7F9eT)

FORMAT(1X97F940)

FORMAT(8(5XsF540))

FORMAT(7(4XsF640))

READ INPUT TAPE 491009NORUN9MOREWADD ITMAXHN

NORUN IS THE RUN NUMBER

MORE 'IS POSITIVE IF ANOTHER SET QOF DATA IS TC FCLLOW

ADD IS POSITIVE IF CONSECUTIVE CHANNELS ARE TO BE ADDED TOGETHER
TO IMPROVE THE FIT

ITMAX IS THE MAXIMUN NUMBER OF ITERATIOMS PERMITTED

N IS THE NUMBER OF RAW DATA POINTS SUBMITTED

READ INPUT TAPE 4431019 TAUSWIDTHeGAPsPULSFE 9sDELAY D

TAU 1S THE COUNTER DEADTIME IN MICROSECONDS

WIDTH IS THE CHANNEL WIDTH IN MICROSECCNDS

GAP IS THE SPACING BETWEEN SUCCESSIV? CHANNELS IN MICRUOSEZCONDS
PULSE IS THE NUMBER OF TARGET PULSES ‘

DELAY IS THE TARGET DELAY TIME SETTING IM MICPOSECONMDS

D 1S THE DELAY TIME RATIO

READ INPUT TAPE 49101 BGINLsBGFNLsSIGBGsDELBG

BGINL IS THE LOWEST ESTIMATE FOR THE CHANNEL BACKGROUND

BGENL 15 THE.HIGHEST ESTIMATE FOR THE CHANNEL SACKGROUND

SIGBG IS THE ESTIMATED ERROR IN THE BACKGROUND COUNT RATE

DELBG IS THE FACTOR BY WHICH THE BACKGROUND 15 INCREASED FOR THE
NEXT FIT

READ INPUT TAPE 441029K19K29K39K49K59KH69KT79K8

THE VARIOUS VALUES OF K ARE CONTROL FACTORS

IF K1 IS POSITIVE VALUES OF THE DECAY COMSTANTSs ETCe ARE PRIMTED
OUT AFTER EACH ITERATION

IF K1 IS ZERO OR NEGATIVE THESE VALUES ARE PRINMTED OUT COMLY AFTEPD
CONVERGENCE

K2 AND K3 CONTROL THE PRINT OUT OF THE CORRECTED DATAs FIT DATA
ETCe = THESE VALUES ARE PRINTED OUT WHEN K2 = N2 AND K3 = M2

K& AND K5 CONTROL THE FORMULATION OF THE WEIGHTING COEFFICIENTS
READ INPUT TAPE 49102 9M1gMIKyMIMIN M2 yM2KgM2MINSNLgNIK9NIMAXINZ29N2
1Ko N2MAX
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M1 IS THE LAST DATA POINT USED IN THiE FIRST HARMONIC FIT
M1K IS ALWAYS IDENTICAL' TO M
MIMIN IS THE CRITERINN FNR DROPPIMG OOINTS FROM THE EMD 7F Tric
FIRST HARMONIC CATA
M2 18 THE LAST POINT USED IN THE SECOND HARMONIC FIT
M2K 1S ALWAYS IDENTICAL TO M2
M2MIN IS THE CRITERION FOR DROPPING POINTS FROM Thic ciiv O T.ic
SECOND HARMONIC DATA '
Nl IS THE FIRST POINT USED IN THE FIRST HARMOMNIC FIT
N1K IS ALWAYS IDENTICAL TO N1
NIMAX IS THE CRITFRTION FOR DROPPING POINTS FROM THE BEGINNIIG
N2 1S THE FIRPST ONINT USED IM THE SECOMD HATWAMIC FIT
N2K 1S ALWAYS IDENTICAL TO N2
N2MAX IS THE CRITERION FOR DROPPING POINTS FROM THE rmaGIMIIN,
READ INPUT TAPE 4491039A19Q19DELALDELQL
THESE ARE THE INITIAL GUESSES FOR THE F123T HARMONIC COEFFICL T
DECAY CONSTANT s ANU THEIR UNCERTAINHTIuSs HESPRCTIVELY
REZAL INPUT TAPE 49103 9EPSALEPSQLIEPLA29ERPGN2
THESE ARE THF COMVIPGEMCE CRITERIA TN BE USED IM THE ITETATI? S
IF(K6)18191829183
181 READ INPUT TAPE 491059 (CRAW(I)s I=1sN)

~
&

GO TO 190
182 READ INPUT TAPE 491069 (CRAW(TI) s I=1sN)
GO TO 190

183 READ INPUT TAPE 449104y (CRAW(I)y I=1N) -
CRAWI(I) ARE THE RAW COUNT RATES IN CUOUNTS PER CHANNEL
19C S=WIDTH + GAP
T(1)=(WIDTH*#D=DELAY) + WIDTH/2e0
DO 171 I=7yN
171 TIN=T(1) + S*(FLOATF(I)=-1e0)
DO 172 I=1yN )
X1=(CRAW(I)*TAU)/(PULSE*WIDTH)
172 CRAW(I) = CRAW(I)/(1eC - X1)
RETURN
END



A0

"

155

SUBROUTINE FITT
LISTS
LABEL

-t
—

SYMBOL TABLE

DIMENSION CRAW(30.)9T(320)9CI30U)9FIT(300)sFITL(300)sFIT2(300)s
1HJOAN(300)9C1(300)9C2(32C) sW1(300)sW2(300)

COMMON NORUN.MOPF0A009ITMAX.NOTAUDWIDTH.QAPQPULSEODELHYODQMI9xlkoy
TIMINGM2 9M2K o M2MI N 91129 112K 9 M 2MAX 9EPSAL 9 Li"5U 19 EFSAZ9EPSG2y KWL LT L
ZyB3GFNLSIGEGYDELAGICRAWSToCoIToALINT A2 20 AXLIOXL9AXZ 9T ALY 19" 29"
339KG K596 9KTIKEBIVARYVARL 9 VAR2FIToFITLeFIT29DELALYDELRLDE! F2eDEL
402 9SUMALpSUMNL 9 SUMA2 3 5UMN2 yDET1oDET29C10C2o W1 oW 29 HINDAN gNT g N1V g M1 A
5X

THIS SURRNUTINE CALLS THE FITTIMNG SULTTUTIMES AMD TESTS THE "=5U' T
FOR PROPER COMVERGENCE

99 FORMAT(3I290PF6e2s1P312e491PEL245)
221 FORMAT(S59HN CHAMMIL TIME RAW DATA COR DATA 10D
TATA) '
23 FORMAT(1990PFB8e0s1P3E1Ge4)
Hl=U60(
HZ'—'O.L
IT=1

0l CALL FOXX1

IF(IT=1)2C692069202

IF(ABSF((AX2=A2)/A2) = CPSA2)2C392039205

H2=140

IF(ABSF((QX2=0Q2)/02) = EEPSQ2)20692069205

H2=040

A2=AX2

Q2=0X2

[F(IT=1)22592259208

229 VAR2=040
DO 226 I=N2yM2
FIT2(1)=AZ#EXPF(=Q2#T(1I))

FITZ2(I)==FI1T2(1)

226 VARZ=VARZ + ((C2(1) = LOGF(FIT2(1)))**2)*W2(1)
VAR?2=VAR2%1¢0/FLOATF (M2-N2=1)
DELA2=SQRTF((SUMA2/DETZ2)*VAR2)

DELAZ2=DELA2#*AZ
DELAZ2==DELAZ2
DELQZ2=SQRTF({SUMN2/DET2)*VAR2)

208 CALL FOXX2
IF(ABSF((AX1=Al)/Al) = EPSA1)20792C79209

207 Hl=140
IF(ABSF{(GX1=G1)/Q1) = EPSQL1)21092109209

209 H1=0,40

21C Al=AX1
Q1=QX1

211 CALL FOXX3

212 IF(H1)21542159213

213 IF(H2)21592154218

215 IF(K1)21792179216

216 WRITE OUTPUT TAPE 29199sIT sN29M2 M1 sM19BXGMDesN1sDELCLIALIDELALS 2

[CS I

N

N
O
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1DELQ2sA2¢DELAZ2»VAR
217 1T = 1T + 1
IF(IT = ITMAX)20142019218
218 WRITE OUTPUT TAPE 29199oll'iNZiMZoNloMlodKGNDoOloDELQIOAloDE’Alo’“Zo
1DELQ29sA29DELAZ2 VAR
IF(N2 = K2)25092199250
219 [F(M2 = K3)25042209250
220 WRITE OUTPUT TAPE 29221
222 WRITE OUTPUT TAPE 292239 (I19T(I)sCRAW(IVNC(IYOFIT(IYs I = NZgM1)
25C RETURN
END
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SUBROUTINE FOXX1
LISTS
LABEL

CFOXX1

3*

SO Oy

302

303
A4

SYMBOL TABLE :

DIMENSION CRAW(300)sT(300)9sC(300)sFIT(300)9FITL(300)9FIT2(300))
1HJOAN(300) 9C1(300)9C2(300)9W1(300)sW2(300) N
COMMON NORUN ¢yMORE ¢y ADD 9 ITMAX 9N TAUIWIDTHGAP 9 PULSE9DELAY sD oMl 91100
TIMINSM29M2K oM2MINgN2 ¢ N2K sN2MAX $EPSALWEPSN19EPSA29EPSG2 9B GNDIRGTML
29BGFNLSIGBGIDELRGyCRAWSToCoITIALIRLIA29729AX190X19AX2IOX29 19 20"
339K49K59K69KT9K89VARIVARL9VARZWFITHFITLIFIT29DELALYDELQLDELAZ DL
4Q29SUMAL 9 SUMNL s SUMA2 9 SUMQ2 9DET19DET29C19C29W1 oW2Z9HJOANYNL 9 NLIK 9 H1MA
5X

THIS SUBPOUTIME MAVES A LEAST SQUARES FIT Tr THE SECOND HARY"IC
DATA : A

DO 301 I=N2sM2 :
HJOAN(I)=A1*EXPF(=Q1%T (1))
C2(I1)=C(I)=HJOANI(T)
c2(1y==C2(1)

DO 306 I=N2sM2
IF(C2(1))30293029303
W2(1)=0e0

C2(1)=040

GO TO 306
IF(K4)30543059304

W2 (1) = (C(I)#*%2)/(CRAW(I) + SIGBG*%2)
C2(1) = LOGF(C2(I))

GO TO 306

505 W2(I) = (C2(I)*%2)/(CRAW(I) + SIGBG**2 4+ (cXPF(=2e40%0L#T(I))) " (Orl

iy
oo
P

07

1A1#%2 + (A1#DELQLI*#T(I))%%2))
C2(1) = LOGF(C2(1))

CONTINUE

SUM1=04C

SUM2=040

SUM3=040

SUM4=040

SUMS:U.O

DO 307 1 = N2sM2

SUM1=SUM1 + W2(1)

SUM2=SUM2 + W2 (I1)*T(1)
SUM3=SUM3 + W2 (I)*(T(I)*x2)
SUM&=SUM4 + W2 (T1)*C2(1)

SUM5 = SUM5 4+ W2(I1)*C2(I)*T(1)
DET2=(SUM1#SUM3) =(SUM2%SUM2)
AX2 = (SUM4#SUM3 = SUMS*SUM2) /DET2
AX2=EXPF(AX2)

AX2==AX2 ,
QX2 = (SUM4*SUM2 = SUMS5#SUML)/DET2
SUMA2=5SUM3

SUMQ2=SUM1

RETURN

END
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SUBROUTINE FOXX2

* LISTS8

* LABEL

CFOXX2

* SYMBOL TABLE

DIMENSION CRAW(30C)9T(300)9C{300)9FIT(300)sFIT1(300)9FIT2(300)>»
1HJOAN(300)9C1(300)9C2(300)9WL(300)9W2(300) g
COMMON NORUN ¢MORE ¢y ADDs ITMAXoN o TAUIWIDTHIGAP 9PULSE9DELAY 9D 9™ 19" 1" ¥
T1IMINGM2 gM2K gM2MINMgM2 g M2 gM2MAX 9 EPSALWEPSN1 9EPSAZYEPSQ29BLGMD9nGIML
2OBGFNL’SIGBG’DELBGOCDAWOT.COITOAIOOIDAZQ 29AXIIQXL9AXZ29ICOX2 9 19 29"
339K49KO9KOE9KT9IKE9VARIVARL 9 VARZ2WFITHFITLoFIT29DELALWDELQL9DELAZYDEL
4”295UMA105UM01’SU”AZQQUV”Z’DETlDDET29C10C20W1OWZoHJOANo“lo“l” 1VA
5X

THIS SUBROUTINE MAKES A LEAST SQUARES FIT TO THE FIRST HARMONIC
DATA

SN SNANS!

DO 401 I=N1lyM1 :
HJOAN(I)==A2#EXPF (=0Q2%T(]))
401 CI(I)=C(1) +HJOAN(TI)
DO 406 I=N1yMl
IF(CL(IN)G0294029403
402 Cl(I)=0Ce0
W1(I)=040
GO TO 406
403 1F(K5)Y40594059404
Gu4 WI(I) = (C(I)%%*2)/(CRAW(I) + SIGEGH**2)

Cl(I) = LOGF(C1(I))
GO TO 406
455 WL(I) = (CL(I)**2)/(CRAW(I) + SIGBG**2 + (LXPF(=240#C2%*T(1)))"(DEL

1A2%%2 + (A2#DELQ2#T(I))*%2))
Cl(I) = LOGFI(C1(I))

406 CONTINUE
SUM1=0eC
SUM2=0e0
SUM3=040
SUM4=040
SUM5=040
DO 407 I=N1yM1
SUM1=SUM1 + W1(1I)

SUM2=SUM2 + WL(I)*T(I)
SUM3=SUM3 + WL(I)#(T(I)*%#2)
SUM4=SUM4 + W1(I)*Cl(I)

407 SUMS = SUMS + WL(I)N*CL(I)*T(I)
DET1=(SUM3%SUiMl) = (SUM2*SUM2)
AX1 = (SUM4#SUM3 = SUMS*SUMZ)/DETI
AX1=EXPF(AX1)

QX1 = (SUM4*SUM2 = SUM5*SUM1)/DET1
SUMA1=5UM3

SUMQl=SUM1

RETURN

END
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SUBROUTINE FOXX3
LISTS
LABEL

SYMBOL TABLE

DIMENSION CRAW(300)sT(300)9C(300)sFIT(300)sF1T1(300)sFIT2(Z0C)>
1HJOAN(300) 9C1(300)9C2(300)9W1(300)9W2(300) N
COMMON NORUN ¢MORE 9 ADDs ITMAX 9N TAUSWIDTHIGAP 9PULSE9DELAY 9D M1s™ 1" o™
L1MINgRZ M2 om2iiIiNoN2 912K sN2MAXWEPSALWEPSQLIEPSAZ29EPSQE 9 BKGHU culniL
2 9BGFNLSIGBGIDELEGICRAWsToCoTIToALsDL9A29729AX1 DXL 9AXS»OX29" 19" 20
339K49K59KE9KT oK 8sVARYVARL9VARZ2WFITHFITL9FIT29DELAL9DELQLPDELAZYDEL
4Q2 9 SUMAL 9 SUMNL 9 SUMAZ » SUMN2 ¢DETL19DET29C1eC2oW1 W29 HJICAMN yMN 1M 19 17 A
5X :

THIS SUBROUTINE CALCULATES THE VARIANCE ur FIT FOR EACH HARMU.LC
AND CALCULATES THE GOODMESS OF FIT OF THE ASSCCIATED PARAMETE™S

DO 501 I=N2sN
FITI(I)=A1#EXPF(=QL#T(1I)
FIT2(1)=p2#EXPF (=Q2%T(])
FIT(I)=FITI(I) + FIT2(1)
VAR=040

DO 502 I=N2sN

)
)

2 VAR=VAR 4 ((C(1) = FIT(I))##2)%1e0/(CRAW(I) + SIGBG*¥2)
VAR=VAR#14D/FLOATF(N = N2 = 1)
VAR1=(eC

DO 503 I=N1lsMl

VAR1=VARL + ((Cl(I) = LOGF(FITL(I)))**2)%Wi(1l)
VAR1=VAR1#140/FLOATF(M1 = N1 = 1)

VAR2=04C

DO 504 I=N2yM2

FIT2(1)==F1T2(1I)

VARZ=VAR2 + ((C2(1) = LOGF(FIT2(1)))*%2)*W2(1I)
VAR2=VAR2%#1sD/FLOATF(M2 =~ N2 = 1)
DELA1=SQRTF ( (SUMA1/DET1)*VAR1)

DELA1=DELA1%*Al

DELQL=SQRTF((SUMQ1/DET1)*VAR])
DELA2=SQRTF((SUMA2/DET2)*VAR2)

DELA2=DELA2%*A2

DELA2==~DELAZ2

DELQ2=SQRTF ((SUMQ2/DET2)*VAR2)

RETURN

END



501
200
62625

-1 0

72 73
1.23240
Qetl190
22544
4.5
3h45,
2612
1326
114,
T7oe
523
JCe
201
183
172
118
114
92
T3
760
T e
57

1 0
8040
62400
0 =1
73 11
Ce000681
040010
2688,
4158
3371 j
2441
1642
1137
7760
511
381
2335
18Ce
122,
93
88
89s
784
T6e
68

FRAUD

50 127
1000
lell
-1 +1
11 11
7780
040050
32084
4141
3184,
2398
1451,
1086,
643,
G474,
343
235
160
145,
116
85
77
93
69
T2

SAMPLE
3000040 10040
1,80

16 16 16 1
0000003
00050
3449 3797
4074 3993
3195 2891
2198 - 20360
1469, 1362,
1004, 905
64l 671¢ -
427 426
297 319
2704 2364
174 170
140 1404
114 103
86 101
8Ue T84
79 824
61, 8Ce
60, 760

INPUT DECK

240

3902
3881
28820
1952
1299,
833,
621
4.9
2820
2034
152
128,
115
89
844
T1le
664
80

40520
36930
27390
1828¢
1267
T840
569
394
2760
227
161
1160
103
85
85
71
65,
700

160
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A.4 THE LSQHEB CODE

The LSQHEB code was written to facilitate the determination of
the parameters k_ and 3’2—3 from measured values of N and B2. It con-
tains options which permit analysis of the data according to modified
age-diffusion theory, two-group theory, two-group theory with the
coefficient r held fixed, and age-diffusion theory with a power series

expansion for the fast non-leakage probability.

A.4.1 Description of LSQHEB

The two-group analysis is described in some detail, followed by
a summary of the modifications required to extend the analysis to the
other options. For a more complete description of the operation of
LSQHEB, reference is made to the listing in FORTRAN II in the next
section.

The two-group expression for the ith decay constant is:

—_ =2 4 —— 2
vz + VDoBi - CBi - VZa(l-B)kooPl(Bi)
)\i = 55 5 s (A.14)
1+ QZG(1+L Bi) Pl(Bi)
where
vZa
9q = — s (A.144a)
171
Pl(Biz) -1 (A.14b)
1+ ToBi

The quantities VDO, C, Vel and T, are presumed known and Eq. (A.14)

is rewritten:

— —— 2
M = VE_ +VE_(1-8) kP (B), (A.15)

where,
2,2 2 s 4
r _ -
)\i = )\i\:1+a2G(1+L Bi )Pl(Bi):\ VDOBi + CBi . (A.15a)
Then, a least-squares fit is made to Eq. (A.15) with Pl(Biz) taken as the
independent variable. The weighting coefficients are calculated accord-

W, - (1/%1)2,

ing to the relation:
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where o, is the standard deviation of ;. Values of the "least-squares"

coefficierllts vZa and vZ)a(l—B)koo and associated uncertainties are then
computed according to standard techniques which are described, for
example, in Ref. H8. Thus, the parameter 72-;: is obtained directly as
a coefficient of the least-squares fit. A value of k_ may also be
obtained (using a calculated value of B) as the ratio of the second to the
first coefficient. However, the resulting uncertainty in k_ may be
large if the uncertainty in either coefficient is large. A smaller uncer-
tainty in the value of k_, particularly in cases of practical interest
when k__ is near unity, results if Eq. (A.15) is put in slightly different
form:

N = TE[1-(1-B)k,]- 95, (1-p)k [P (B))-1] = - sP},  (A.16)
and a new least-squares fit made. Then kOO is derived as:

1

k = .
(1-B)(1+(r/s))

0

(A.17)

Before the final values of kco and an are obtained, however,
Eq. (A.14a) must be satisfied:

VZa = QZleZl . (A.14a)

The fast group removal cross section is presumed known (see Sec. B.6)
and, since e is not known in advance, the procedure described above
is repeated for a specified range of values of @9 Values of k_ and
an are printed out for each value of 95 and that set which results in
satisfaction of Eq. (A.14a) is selected as the set yielding the best agree-
ment with the experimental data.

The other options proceed in a similar manner, with the following

changes made:

(1) Modified age-diffusion analysis
2
r
M= "i(“"‘FAPl(Bi))’

= VE_(1-8) k, T,
2 'BizTo
Pl(Bi) = e :

YpA

2
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(2) Two-group analysis with r fixed

Coefficient r taken as known according to procedure outlined
in Sec. 4.4;

(3) Age diffusion analysis with power series expansion for fast

non-leakage probability

N =r+ tB,z - uB‘.L,
i i i

t = VZa(l-B)koo'ro,

u=(3)7Eu-p kg

The input data to LSQHEB, which consists of the measured decay
constants )\i, their associated uncertainties o, . and bucklings Biz, and

i
the parameters presumed known, are described in the next section.

A .4.2 Input Instructions for LSQHEB

Card 1 (Format (15I5)). The following quantities appear, in order,
on this card:

NORUN is the designation for the set of data being analyzed;

MORE is positive if another set of data follows;

N is the number of data points submitted.

Card 2 (Format (15I5)). The following quantities appear, in order,
on this card:

K1 is positive if a modified age-diffusion analysis is used;

K2 is positive if a two-group analysis is used;

K3 is positive if a modified age-diffusion analysis with the fast
non-leakage probability expanded in a power series is used;

K4 is positive if a two-group analysis is used with the coefficient
r fixed;

K5 to K10 are not used by the program.

Card 3 (Format (7F10.5)). This card contains values of the decay
constant Q(I) from I=1 to N.

Card 4 (Format (7F10.5)). This card contains values of the
standard deviation of the decay constants SIGQ(I) from I=1 to N.
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Card 5 (Format (7F10.5)). This card contains values of the buck-
ling BB(I) from I=1 to N.

Card 6 (Format (7F10.5)). The following quantities appear, in
order, on this card:

BETA is the effective delayed neutron fraction;

TAU is the neutron age to thermal;

SIGTAU is the uncertainty in TAU;

VD is the diffusion coefficient;

C is the diffusion cooling coefficient.

Card 7 (Format (7F10.5)). The following quantities appear, in
order, on this card:

ALMIN is the smallest value of «;

DELAL is the incremental change in « for the succeeding least-
squares fit;

ATLMAX is the largest value of «;

ZETA is the thermal diffusion area (Lz);

AFIX is the fixed value of r;

SGAFIX is the uncertainty is AFIX.
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Aeb4e3 LISTINGS FOR LSQHEB

COMPUTER PROGRAM LSQHEB

LISTS8
LABEL

CLSQHEB

3

NN O

SYMBOL TABLE

DIMENSION W(50)sQ(50)sSIGQR(50) 9BB(50) sP(50)sPP(50)9E(393)9EE(593)
1G(3)9Y(3)9QS(50)9QQS(50)

COMMON K1loK29K3sK49K59KE69KTaKB89IKIsKLO s NORUNSMORE s NoWSIGQPePPyALP
1HA BBy TAUSSIGTAUSQ9sQSsVDsCoL1sAISIGASIGEsBIBETAIDELALSALMAX s ZiTAY
2AFIX s SGAFIX9QQS»ALMIN

THIS CODE PERFORMS A LEAST=SQUARES FIT TO A SET OF LAMBDA AS £
FUCNTION OF B#*#2 DATA USING SEVERAL DIFFZRENT MODELS

1 FORMAT(2HO )

2 FORMATI(2H1 )

3 FORMAT(2H= )

4 FORMAT(75H= HENRY Ee BLISS*DECAY CONSTANT VERSUS GEOMETRIC BUCKLIN
16 LEAST SQUARES FIT)

5 FORMAT(20H LATTICE NUMBER = »I3)

6 FORMAT(61H FERMI AGE MODEL FOR FAST NON=-LEAKAGE PROBABILITY - VD
1KNOWN)

7 FORMAT(117HC VSA SIGVSA KINFIN SIGK1 SIGK2 ALPHA VAR
1TANCE COEFTM SIGMA COEFTN SIGMA TAU vD <)

8 FORMAT(2F84291X93F8e4sFTe39LlPEL24490P4F9029FTe192F7e3)
9 FORMAT(61H TWO GROUP MODEL FOR FAST NON=-LEAKAGE PROBABILITY - VD

1KNOWN)

1C FORMAT(124HO VSA SIGVSA KINFIN SIGK1 SIGK2 ALPHA L2
1 VARIANCE COEFTM SIGMA COETFN SIGMA TAU VD
2 Q)

11 FORMAT(2FB8e2s1X93F8e4s2FT7a391PEL12e490P4F9e29FTels2FT43)

12 FORMAT(79H EXPANSION OF FERMI SLOWING DOWN KERNAL IN POWER SERIES
1 OF BUCKLING = VD KNOWN)

13 FORMAT(124HO VSA SIGVSA  KINFIN  SIGK2 ALPHA VARIANCE
1 COEFTM SIGMA COEFTN SIGMA COEFTP S1
2GMA )

15 FORMAT(70OH COEFFICIENT M FIXED = EXACT EXPRESSION FOR FERMI SLOWI
ING DOWN KERNAL)

16 FORMAT(109HO VSA SIGVSA  KINFIN SIGK ALPHA VARIANCE
1 MFIX SIGMA  COEFTN SIGMA TAU VD <)

20 FORMAT(30H LAMBDA ~ SIGMA BUCKLING)

21 FORMAT(2F10429F1046)

51 CALL DATA

59 DO 60 I=1sN



60

52

70
71
72
75

80

100
101

109

110
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W(I)=(1eO0/SIGQ(T))#%2
IF(K1)1009100952

PRINT 2

PRINT &

CALL CLOCK(2)

PRINT 59¢NORUN

PRINT 3

PRINT 20

PRINT 21y (Q(I)sSIGQ(I)sBBI(I)s I=1sN)
PRINT 3

PRINT 6

PRINT 1

PRINT 7

PRINT 1

DO 70 I=1yN

P(I)=EXPF(=TAU*BB(I))

PP(I)=P(I) = 140

ALPHA=ALMIN

DO 75 I=1yN

QS(I)=QUI)#(1e0 + ALPHA*P(I)) =L1eOES*(VD*#BB(I) = C*BE(I)%=B(I))
L1=C

CALL FIT

VSA=A

SIGVSA=SIGA

XK==B/A

XK=XK/(1eC = BETA)
SIGXK1=XK#SQRTF((SIGA/A)##2 + (SIGB/B)##%2)
Ll=1

CALL FIT
SIGXK2=(XK##2 ) #*ABSF(A/B)*SQRTF((SIGA/A)*#2 4+ (SIGB/B)¥*%2)
VAR=040

DO 80 I=19N
HA=VSA#XK*(1e0 = BETA)*P(I)
VAR=VAR + W(I)*(Q(I) = (VSA + 1eO0ES*(VD*BB(I) =~ C#BB(I)*BE(I)) = H

1A) /{140 + ALPHAXP(1)))%%2
PRINT 8sVSAsSIGVSAIXKISIGXK1aSIGXK29ALPHAIVARIAISIGAIBISIGBTAUYVD
15C

ALPHA=ALPHA + DELAL
IF(ALPHA = ALMAX)729729100
IF(K2)12791279101

PRINT 2

PRINT 4

CALL CLOCK(2)

PRINT 5sNORUN

PRINT 3

PRINT 20

PRINT 219 (QUI)»SIGQ(I)sBB(I)s I=1sN)
PRINT 3

PRINT 9

PRINT 1

PRINT 10

PRINT 1

DO 110 I=1yN

P(I)=140/(1e0 + TAU#BB(I))
PP(I)=P(I) = 1le¢0 -
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113 ALPHA=ALMIN
114 DO 115 I=]1 N
115 QS(I)mQ(I)%{1e0 + ALPHA*P(I)*(IOO + ZETA#BB(I))) = leOQESH#(VD*BBI(I)
1 - C#BB({1)#BB(1))
L1=0
CALL FIT
VSA=A
SIGVSAaS1GA
XKn=B/A
XKnXK/(140 = BETA)
SIGXKIBXK*SQRTF((SIGA/A)**Z + (SIGB/B)##%2)
Li=l ‘
CALL FIT
SIGXK2= ( XK#%#2 ) #ABSF(A/B)*SQRTF({(SIGA/AY**2 + (SIGB/B)##2)
VAR=0,40 ’
DO 120 I=1yN
120 VAR=VAR + W(I)#(Q(I) = (VSA + 1leOES*¥(VD*BB(]) = C*BB(I)*BB(I)) =~ V
1SA#XK* (160 = BETAY#P(I))/ (140 + ALPHA#P(1)%#(1e0 + ZETA®BB(I))))#%2
PRINT 1lsVSA»SIGVSAIXKISIGXKL1sSIGXK29ALPHAYZETASVARIAISIGAIBISIGBY
1TAUsVDsC
ALPHA=ALPHA + DELAL
IF(ALPHA = ALMAX)11491144127
127 IF(K3)15091504130
130 PRINT 2
PRINT 4
CALL CLOCK(2)
PRINT 5 3sNORUN
PRINT 3
PRINT 20
PRINT 219 (QUI)YsSIGQ(I)eBB(I)s I=1sN)
PRINT 3
PRINT 12
PRINT 1
PRINT 13
PRINT 1
L1=0
CALL FIT1
150 IF(K4)18091809171
171 PRINT 2
PRINT &
CALL CLOCK(2)
PRINT 5»NORUN
PRINT 3 '
PRINT 20
PRINT 219 (Q(I)sSIGQ(I)eBB(I)s I=19N)
PRINT 3
PRINT 15
PRINT 1
PRINT 16
PRINT 1
CALL FIT2
180 IF(MORE)1819181,451
181 CALL EXIT
END
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SUBROUTINE DATA

LISTS
LABEL

CDATA

*

SYMBOL TABLE
DIMENSION W(50)90(50)9sSIGO(50)9BB(50)sP(50)sPP(50)9E(393)9eEE(393)y
1G(3)sY(3)9QS(20)9QQS(50) 3
COMMON K19K29K39K49K59K6sKTHKB 9K 9K10 s NORUN 9MORE SN pWeSIGQeP9PP9ALP
1HA BBy TAUSSIGTAUSQ»QSsVDsCoL1sAsSIGAISIGBIByBETASDELAL9WALMAXSZETAY
2AFIX9sSGAFIX»QQSsALMIN

20 FORMAT(1515)

31 FORMAT(7F1045)

READ
READ
READ
READ
READ
READ
READ

30 9NORUN s MORE 3N

30 oK1 9aK29K39K49KEIKE9KTIKBIKIIK1O
31»(Q(I)s I=1sN)

319(SIGO{I)s I=1sN)

319(BB(1)s I=19N)
319BETAPTAUSSIGTAUSVDC

31 9ALMINGDELAL 9ALMAX 9 ZETASPAF I X9»SCAFIX

RETURN

END
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SUBROUTINE FIT
LISTS
LABEL
CELT
; SYMBOL TABLE

DIMENSION W(50)sQ(50)sSIGQ(50)9BBI(50)sP(50C) sPP(50)9E(393)9EL(503)
1G(3)9Y(3)3QS(50)9»QQS(50)

COMMON K1lsK29K3pK49K59KE9KTeKB8HIKI K10 NOPUM sMORESNoWISIGQR9P»PPALP
1HA BBy TAUYSIGTAUSQOSsVDICoLlL19AsSIGAISIGBIByBETAYDELALPALMAXIZETAY
2AFIX9SGAFIX9QQSsALMIN

IF(ALPHA = ALMIN)3019301305
371 SUM1=Ce0

SUM2P=0,4C
SUM2PP=0,40
SUM3P="40
SUM3PP=0,40
DO 302 I=14N
SUM1=SUM1 + WI(I)
SUM2P=SUM2P + WI(I)#P(I)
SUM2PP=SUM2PP + W(I)*PP(I)
SUM3P=SUM3P 4+ W(I)#P(I)*P(1)
12 SUM3PP=SUM3PP 4+ W(I)*#PP(I)#PP(1)
05 SUM4=0e0
DO 306 1=1N
336 SUM4=SUM4E + W{I)*QS(I)
SUM5=040
IF(L1)30793079310
37 DO 308 I=19N
308 SUMB=SUMS + W(I)*QS(I)#P (1)
SUM2=SUM2P
SUM3=SUM3P
GO TO 315
31« DO 311 I=1»sN :
311 SUMB=5UMS 4+ WI({I)*QS(I)#PP(1])
SUM2=SUM2PP
SUNM3=SUM3PP
215 DET=SUM1#SUM3 = SUM2#SUM2
A= (SUM&#SUM3 = SUM2#SUMS)/DET
B=(SUM1#SUMS = SUM2#SUM&4)/DET
VAR=0,40
IF(L1)31693169318
316 DO 317 I=14N
317 VAR=VAR + WI(I)#((QS(I) = A = B*¥P(I))#*%2)
GO TO 320
318 DO 319 I=1N
319 VAR=VAR + W(I)*({(QS(I) — A = B*PP(I))#%2)
320 VAR=VAR/FLOATF(N = 2)
SIGA=SQRTF( (SUM3/DET)*VAR)
SIGB=SQRTF({ (SUM1/DET)*VAR)
RETURN
END

[SYRRUY]
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40
41
14
15

135

136

137
138
139
140
141
143
146

142

144

150
151

152

160

170

SUBROUTINE FIT1
LISTS
LABEL

SYMBOL TABLE

DIMENSION W(50)9Q(50)sSIGQ(50)9BB(50)sP(50)sPP(50)9E(393)9EE(393)
1G(3)sY(3)90S(50)9QQS(50)

COMMON K1 9K29K39K49K59KE9KToKB K9 9K10 9 NORUN9MOREINIWISIGQIPIPPYALP
1HA BBy TAUSSIGTAUIQsQSsVDCoL19A»SIGAISIGB B 9yBETAYDELALWALIMAXSZETAS
2AFIX9SGAFIX9QQSsALMIN

FORMAT(39HO OVERFLOW IN LEAST SQUARES DETERMINANT)

FORMAT (3940 LEAST SQUARES DETERMINANT IS SINGULAR)

FORMAT(COP2F84291PE124s491PE10Q0s290PF74391PT7EL11463)

FORMAT(OP2F84291PE126¢491PE10e29¢0P3F74391P7E1063)

DO 135 I=143

DO 1358 J=1,3

E(IsJ)=0Ce0

DO 136 I=1yN

E(1s1)=E(19l) + W(I)
E(192)=E(192) + W(I)#BB(I)
E(193)=E(193) + W(I)*(BB(I)*#2)
E(293)=E(293) + W(I)*(BB(I)%*x3)
E(393)=E(393) + W(I)®(BB(I)%¥*4)

E(291)=E(192)

E(292)=E(193)

E(3s1)=E(193)

E(392)=E(293)

ALPHA=ALMIN

DO 138 1=1yN
P(IV=EXPF({=TAU#BB (1))

DO 140 I=1,3

Y(I)=0eO

DO 142 1=l N
QS(I)=Q(I)#(1e0 + ALPHA*P(1)) = 1eO0ES*(VD*BB(I) = C#BB(I)*B3(1))
Y(1)y=Y(1l) 4+ W(I)*QS(1)
Y(2)aY(2) + W(I)#QS{I)*BEB(TI)
Y(3)=Y(3) 4+ W(I)*QS(I)*BB(I1)*BB(I)
Dl1=140

DO 144 I=1,3

DO 144 JU=1,43

EE(IsJ)=E(TsJ)
M=XSIMEQF(393919EEsYsD1sG)
GO TO (15291509151 ) M

PRINT 40

GO TO 165

PRINT 41

GO TO 165

DET=D1

COEFTM=EE(191)
COEFTN=EE(2s1)
COEFTP=EE(391)

VAR=0,40

DO 160 I=1N

VAR=VAR + WI(I)*((QS(I) = COEFTM = COEFTN#BB(I) - COEFTP*BE(I)*BB(1]
1)) %%2) :
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VAR=VAR/FLOATF(N = 3)

SIGM=SQRTF(((E(292)#E(393) = E(293)%E(392))/DET)*VAR)
SIGNeSQRTF(((E(1s1)%E(3+3) = E(193)*E(391))/DET)*VAR)
SIGP=SQRTF(((E(191)#E(292) = E(192)%E(291))/DET)*VAR)

XM= (STGM/COEFTM) #%2

XN=(SIGN/COEFTN)#%2

XPm(SIGP/COEFTP)#%2

XTAU=(SIGTAU/TAU) #%2

VSA=COEFTM + COEFTN/TAU

SIGVSA=SQRTF((SIGM*#2) + ((COEFTN/TAU)##2)% (XN + XTAU))
XK=140/(1e0 4+ (COEFTM®TAU)/COEFTN)

XK=XK/(1le0 = BETA)

SIGXK= ( XK##2)3#ABSF( (COEFTM#TAU) /COEFTIH)*SQRTF (XM + XN + XTAU)
PRINT 149VSApSIGVSAXK9SIGXKIALPHASVARYCOEFTHOSIGMICOEFTN9SIGIioCOE
1FTP#SIGP

164 ALPHA=ALPHA + DELAL

165

IF(ALPHA = ALMAX)13941394165
RETURN
END
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SUBROUTINE FIT2
LIST8

LABEL

SYMBOL TABLE

DIMENSION W{(50)9Q(50)9SIGQR(50)9BB(50) 9P (50)9PP(50)sE(393)9EE(393)
1G(3)sY(3)9QS(50)9QGS(50)

COMMON K1 9K29K39K49K59KE6sKTIKBIKIIK109NORUNgMORE sNoWoSIGQIPIPPIALP
1HA BB s TAUSSIGTAUSQ9QSeVDICILLI9AISIGAISIGBIBYBETAYDELALWALMAXSZZTAY
2AFIXeSGAFIXsQQSPALMIN

FORMAT(2FB8e291X92F8e4sF7e391PEL20490P4FSe29FTel92F70e3)

ALPHA=ALMIN

SUM1=0e0

SUM2=040

SUM3=2040

DO 205 1=1N

P(I}=1e0/{1e0 + TAU%#BBI(I))

PP{I)=P(I) = 140

DO 206 I=lyN

SUM1=SUM1 + W(I)

SUM2=SUM2 + W(I)Y*PP(I)

SUM3=SUM3 4+ WI(T1)#PP(I1)#PP(1)

SUM4=04e0 ‘

DO 208 I=1,yN

QS(I)=Q(I)%#(1e0 + ALPHAXP(I)%(1e0 + ZETA¥BB(I))) = 1eO0ESH*(VD*EE(T)
1 = C*¥BB(I)*BR(I))

SUM4=SUM4G + W(T)*QS(I)I#PP (1)

B=(SUM& = AFIX#SUM2)/SUM3

VAR=0,0

DO 210 I=1yN

BBAR=(QSLI) = AFIX)/PP(I)

VAR=VAR + W(Il)*((B = BBAR)#*%¥2)

VAR=VAR/FLOATF(N = 1)

SIGB=SQRTF({VAR/SUM1)

VAR=0,40

DO 211 I=1sN

VAR=VAR + WI{I)*(Q(I) = (VSA 4+ 1eOES*(VD*BB(I) = C*¥BB(I)*BB(I)) = V
1SA#XK%(1eC = BETA)#P(I))/(1e0 + ALPHA®P(I)*(1e0 + ZETA#BB(I))))=:*2

VSA=AFIX = B

XK=1640/(1e0 = (AFIX/B))

XK=XK/ (140 = BETA)

SIGVSA=SORTF( (SGAFIX*#%2) + (SIGB*%*2))

SIGXK=(XK##2 ) *ABSF(AFIX/E)#SQRTF( (SGAFIX/AFIX)#%2 4 (SIGB/B)*%*2)

PRINT 17sVSAsSIGVSAsXKISIGXK9ALPHAIVARIAFIX9SGAFIX9B9SIGReTAUNVDSC

ALPHA=ALPHA + DELAL

IF(ALPHA = ALMAX)20792079215

RETURN

END
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+1
67606
144945
4430
39421
Qe003100
0e005259
Oev0783
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1 11
+1 +1
T4Te5
159146
4416
34480
06003303
04005781
12540
04001
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*1 0
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6e33
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0e003188
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SAMPLE INPUT DECK

0 0 0 0

92245 100948 1125,1 120748
130940

4460 8e25 6e59 Te94
15487

06003662 0400392€6 06004323 06004580
06004926

24339 4e86

13546 =63145 62e9
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APPENDIX B

CALCULATION OF LATTICE PARAMETERS

Values of some of the parameters appearing in the various
expressions for the fundamental mode decay constant can be predicted
theoretically, either for comparison with experimentally obtained
values or for treating them as known in the analysis of experimental
data. A description of the methods used to calculate these parameters
is given in this appendix together with the values obtained.

B.1 FERMI AGE (To)

The Fermi age for neutrons is defined as one-sixth of the mean
square distance traveled by a neutron from the point of its production
(zero age) to the point at which its age is 7. Experimentally, the
neutron age in a particular medium (usually a moderator) is determined
from observations of the neutron density at a particular energy as a
function of position from a source of fast neutrons imbedded in the
medium. Indium, which has a strong, isolated absorption resonance at
1.46 ev (H11) is commonly used as a detector material. The age to
thermal energies is then obtained by adding a correction factor (based
on a calculation) to the observed age to indium resonance.

The age cannot be measured in this way in a multiplying medium
because it is impossible for a detector foil to distinguish between
neutrons from the source and neutrons resulting from multiplication
within the medium. But, if the volume fractions of fuel and other non-
moderator constituents are small, then it is reasonable to apply cor-
rection factors to the measured value for the age in pure moderator to
determine a value for the age in a multiplying medium. The following
treatment, which is based on that given in Ref. G1, allows the experi-
mentally determined age in pure D,0 to be corrected for effects due to
aluminum cladding, uranium fuel, light water contamination, and
density changes.

For a medium containing more than one kind of material, the age
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can be written as:

_ 4B (B.1)
g 3%z _z, E
where,
o M
z, =3 |1-3 izl C./A; |, (B.2a)
M
T, = 12;1 z. (B.2Db)
M
izl ZSigl
£ = o v (B.2c)
Z > .
i=1 S1
N;jooi
C, =—5—. (B.2d)

In Egs. (B.2a) -(B.2d), M is the number of components in the mixture,
the subscripts s and t refer to scattering and transport, respectively,
and the symbols A and N refer to atomic weight and number density,

respectively. If the scattering cross sections all have the same energy

dependence, Eq. (B.1) may be rewritten:
L_gem oz [ °Fim dE (B.3)
T st fE E” )

where the function F(E) represents the energy dependence of the scatter-
ing cross sections. For a single species, assuming the scattering cross

section is independent of energy (F(E) = 1), we have:
(B.4)

Equation (B.4) can be used to estimate the age in a material for which
no experimental information is available (e. g., Fe, Al, U, etc.).
If Egs. (B.2a) -(B.2d) are substituted into Eq. (B.3), it can be shown,

after some algebraic manipulation, that:
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4 M M
10~ _
= —jzl L Aijcicj’ (B.5)
where,
1
Aii:?{’ (B6a)
i 1/2
[1-(2/3A) /€.
Ay=—— : ‘l
V7T (\1-(2/34) S |
-
L |[1-t2/3a))\ (¢ g /2
‘/TiTj L\l-(2/3Ai) 5;-’ J
P
ci=vip%. (B.6¢)

In Eq. (B.6c), V is the volume fraction of the i th component of the mix-
ture, P is the den31ty of the 1 th component, and Pio is the density of
the ith component at the temperature for which T. was measured or cal-
culated (Eq. (B.4)). The coefficients Aij have been evaluated for a
number of materials (G1,R1) and are listed in Table B.1 to facilitate
the use of Eq. (B.5). The values for Vi may be found in the annual
reports of the M.I. T. Lattice Project (H3, H4). It should be noted that
a value of the age calculated from Eq. (B.4) will be somewhat in error
owing to neglect of such effects as chemical binding. However, pro-
vided the volume fractions of the non-moderator constituents are a few
percent or less, the effect on Eq. (B.5) may be neglected. Further-
more, the value of 125 % 3 crn2 for the age in pure D20, which is based
on an experimental determination of 109 + 3 cm2 (W1) as the age to
1.46 ev and a correction of 16 cm2 to thermal energies, should be
changed if a newer and more accurate measurement of the age to 1.46 ev
is published.

The treatment so far has taken into account only elastic scatter-
ing. The threshold for inelastic scattering in uranium is approximately
300 kev which indicates that some fission neutrons may begin the slow-

ing down process with a partially degraded energy spectrum; hence,



177

TABLE B.1

Values of the Coefficients Aij
for Use in Eq. (B.5)(a)

Density!®) \ H,O D,O Al U Cu
gm/cc J
1.0 H,0 323 - - - —
1.1 D,0 400 80 — - -
2.1 Al 110 29 0.93 - -
18.7 U 500 120 4.9 2.4 -
8.9 cul® 468 177 9.7 17.6 21.5

(a) The values for H20, D20, Al, and U are reproduced from Ref. G1.
(b) The values for Cu have been calculated from Egs. (B.6a) and (B.6b).

(c) All calculations are based on the densities listed and all measure-
ments are corrected to these densities.

the value of the age should be decreased slightly to take into account
inelastic scattering. Galanin (G1) suggests the following formula to

treat this effect:

T\ %
T=T|1- <1 —;;) (Gi+cé>P , (B.7)

where To is the age for a neutron which has not undergone an inelastic

collision, T4 is the age for a neutron which has done so, o, and o, are
the inelastic and elastic scattering cross sections, respectively, for
uranium, and P is the probability that a neutron produced in a uranium
rod will undergo a collision before leaving the rod. The values of the
constants used in Eq. (B.7) are listed in Table B.2

The final values for the age as calculated with Egs. (B.5) and
(B.7) are given in Table B.3 for the lattices investigated in this work.
The method described in this section for determining the age in a
heavy water lattice is similar to that used by other workers, for example,
at the Chalk River (G8) and Savannah River (D9) Laboratories and at

A. B. Atomenergi (P4). The value of the age in a heavy water lattice is



TABLE B.2

Values of the Constants Used in Eq. (B.7)

Constant Value Source
o, 2.07 £ 0.51b R1
o, 1.89 £ 0.04b R1
'rl/'ro 0.7 Gl
Py g5ot 0.0812 R1
P0.750 0.2102 R1
P1.010 0.2648 R1

(a) The subscript on P refers to the rod diameter

in inches.

TABLE B.3

Calculated Values of the Neutron Age Ts

Lattice Designator

Neutron Age, cm2

125 129 + 3
175 125 + 3
175A1 125 + 3
175A1B1 125 + 3
250 123 + 3
250B1 123 + 3
250B2 123 + 3
253 128 + 3
253A2B1 128 + 3
350 123 + 3
500 121 + 3
175(2R)'®) 125 + 3

125 + 3
500(2R) 122 + 3

121 + 3
MOD 125 + 3

(a) See footnote (b) to Table 3.1.
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not very different from that in pure heavy water provided the volume
fraction of the non-moderator constituents in the lattice is small.
Differences in the calculated values of the age among different labora-
tories result primarily because of differences in the value of the age in
pure heavy water; e.g., 120 cm2 at Savannah River (D9) and 130 cm2

at A. B. Atomenergi (P4).

B.2 EFFECTIVE DELAYED NEUTRON FRACTION (B)

It has been shown in Chaps. II and IV that the effect of delayed
neutrons may be neglected for the lattices studied in this work provided

the multiplication factor used refers only to '"prompt'' neutrons:

kp =k (1-B). (B.8)

Values of k_ are inferred from measured values of the prompt neutron
multiplication factor by dividing by the quantity (1-8) where Bis the
effective fraction of neutrons whose appearance in the assembly is
delayed relative to that of the prompt neutrons.

The parameter Bis widely used in kinetics work and considerable
effort has been expended in obtaining theoretical and experimental
values for it. Malaviya (M1) has surveyed the various determinations
of B and recommends a value of B = (0.783 + 0.018) X 1072 as appropri-

ate for systems of partially enriched uranium metal and heavy water.

B.3 ABSORPTION CROSS SECTION (?fia)

One of the parameters which is readily obtained from a set of
pulse neutron experiments is the product of neutron velocity and macro-
scopic absorption cross section, weighted by the neutron density and

averaged over a unit cell:

’ (B.9)
= . B.9
f dr f dv n(?, v)
- v
r

f_} dr f dv vZa(r,v)n(r,v)
s __T
a

This quantity can be calculated with the aid of the THERMOS code (H9).
The numerator and denominator of Eq. (B.9) are each evaluated sepa-

rately by the code and the quantity Vf.)a is just the ratio of these two
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quantities. In the case of the absorber modified lattices, it is necessary
to use the TULIP code (H1) which normalizes the results of THERMOS
calculations centered on a fuel rod and on an added absorber rod,
respectively.

The calculated values of V_Za are listed in Table B.4 for the
lattices studied in this work.

B.4 DIFFUSION COEFFICIENT (V_-DO)

The THERMOS and TULIP codes can also be used to calculate
values of the velocity averaged diffusion coefficient in these lattices.
This quantity is defined in a manner similar to that for the absorption

cross section:

f_’ dr fv dvvD o(;’ V) n(F, v)

vD_ = — — — : (B.10)
f dr f dv n(r, v)

g v

r

It is sometimes argued (M1) that the value obtained for this quantity
from a pulsed neutron experiment on pure moderator can be taken as
the value for a lattice with the same moderator provided that: (1) the
macroscopic transport cross sections of fuel and moderator are simi-
lar; and (2) that the volume fraction of fuel is small. Although both
criteria are satisfied by the heavy water lattices studied at M.I. T.,
the assumption that _\71_30 remains constant from pure moderator to a
lattice is not valid because the addition of fuel (or other strong ab-
sorber) may significantly harden the neutron spectrum relative to that
existing in pure moderator. This effect causes —VTjo to increase when
an absorbing material is added to a moderating medium.

The calculation of TDO with the aid of THERMOS is slightly more
~ involved than the corresponding calculation of an. We define the fol-

lowing integrals:

Ilj = fdrj fdv n(rjl,v), (B.11a)

Iy; = fd}’j [ av Vn(;jgv), (B.11Db)
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_ fdfj [ av “vDo(}:.L,v) n(I:’].,v)
fd?j fdv vn(?j,v)

I3j

; (B.11c)
where the index ] refers to a particular constituent of the unit cell.
Since the contribution by the non-moderator constituents is small, we

can approximate the numerator of Eq. (B.10) for these constituents by:

12j

3[S (1-4.)4S .1
[ SJ( uJ) aJ]

fd}’j [ av vDO({«'j,v)n(I«’j,v) ~ (B.12)

The integral ISj for a water moderator is evaluated directly by the
EDIT subroutine (M.I. T. version) in THERMOS. Hence, for M homo-
geneous regions in the unit cell (with the Mth region being moderator)
Eq. (B.10) becomes:

5 - 2 * omlsm
i=1\3[Z _(1-g)+=_.

] [Zgy(1-p)+z 5]

I..
SIS

The values of EIT)() calculated according to Eq. (B.13) are given in
Table B.4. All values are based on a moderator temperature of 20°C
and the DZO purities listed in Tab1e23.1. The last column in Table B.4
contains the theoretical values of L. (= v_DO/_\;:V_‘.a), the thermal diffusion
area.

In analyzing the data obtained in this investigation, the intent has
been to work with experimental values of quantities whenever possible.
However, experimental determinations of 7130 in these lattices have
not, as yet, been reported and thus one must either consider VDO as an
unknown quantity to be determined from the pulsed neutron experiment
or treat -@0 as known on a ''quasi-experimental' basis. The latter
method was used in the data analysis and it is described below.

By "quasi-experimental' is meantthe correction of the experi-
mental value of 7]50 in pure moderator by the theoretical value from
THERMOS which takes spectral hardening into account. Thus, if we
use the superscripts e and t to represent experimental (or '"quasi-

experimental'') and theoretical, respectively, and the subscripts m



TABLE B.4
Values of the Absorption Cross Section V_Z}a, Diffusion Coefficient ?71—30,
and Thermal Diffusion Area L2 Calculated by THERMOS'2)

Thermal
Lattice DZO Purity Absorptio_n Diffusion Diffusion
Designator Cross Section Coefficient Area
Mole % -V—Za, sec™! V_DO, cm2sec™1x107° L2, cm?
125 99.60 3376.6 2.590 76.70
175 99.53 1716.4 2.327 135.6
175A1 99.53 2442.1 2.406 98.52
175A1B1 99.53 2834.5 2.452 86.51
250 99.56 840.9 2.194 260.9
250B1 99.56 1076.0 2.220 206.3
250B2 99.56 1265.2 2.244 177.4
253 99.51 5312.5 2.694 50.71
253A2B1 99.51 6611.0 2.789 42.19
350 99.47 2530.3 2.370 93.66
500 99.47 1182.4 2.206 186.6
175(2R)P) 99.53 1615.9 2.320 143.6
1716.4 2.3217 135.6
500(2R)(P) 99.47 1687.3 2.370 140.5
1182.4 2.206 186.6
MOD 99.47 31.62 2.063 6524.0

(a) All calculations are based on a moderator temperature of 20°C.
(b) See footnote (b) to Table 3.1.

¢8Il



183

and £ to represent moderator and lattice, respectively, we may write:

—-—e _ e —t =t
VDQ = va+ VD£ - VDm. (B.14)

That the theoretical correction should be linear may be seen from

Fig. B.1 in which the values of -\-ff)o calculated by THERMOS are plotted
as a function of fuel to moderator volume ratio for each of two different
enrichments. It is evident that the predicted variation of v_'D0 as a
function of Vf/Vm is linear. Thus, by assuming that the slopes of the
curves in Fig. B.1 remain constant for small changes in temperature
and DzO purity, it is possible to obtain '\T)j by correcting _VTDfn (the
experimental value of vDo in pure moderator) to the appropriate temp-
erature and purity and applying the spectral change computed by
THERMOS.

The results obtained for _\7_]5; are listed in Table B.5. A value is
quoted for each of the three computer codes (FRAUD, EXPO, and
STRIP) used to determine a value for the fundamental mode decay con-
stant. The corrections for D20 temperature and purity were given

earlier in Sec. 5.7. They are repeated here:

AVBIen 0
AT - 0.0055 cm“/sec °C, (B.15a)
1 __f ,1-f (B. 15a)
vD¢ D¢ vDE
m D20 HZO

—=e —e . —_— .
where vDD2O and VDI_Izo are the experimental values of vDo in pure

D20 and H2O, respectively, and f is the mole fraction of DZO'

B.5 SLOWING DOWN TIME (TO)

An important parameter appearing in an age-diffusion analysis of
the pulsed source experiment is the fission neutron slowing down time,
To' It is defined as the elapsed time between the production of a high
energy (~2 Mev) fission neutron and its appearance as a thermal neutron
in a system of infinite extent. Such a definition is rather arbitrary,
depending on when a neutron is considered to be ''thermalized." An

analogous problem arises in multigroup theory when one decides
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TABLE B.5

Corrected Experimental Values of the Diffusion Coefficient —ﬁjo

Diffusion Coefficient

DeLsigri;teor Temzaoeg)ature D20 Purity V—Do’ cm2sec'1><10—5
(Mole %)

FRAUD EXPO STRIP

125 27 99.60 2.603 2.574 2.545
175 27 99.53 2.339 2.310 2.281
17541 25 99.53 2.418 2.389 2.360
175A1B1 23 99.53 2.454 2.425 2.396
250 24 99.56 2.190 2.161 2.132
250B1 23 99.56 2.210 2.180 2.152
250B2 23 99.56 2.233 2.204 2.175
253 24 99.51 2.690 2.661 2.632
253A2B1 24 99.51 2.785 2.756 2.727
350 26 99.47 2.378 2.349 2.320
500 24 | 99.47 2.203 2.174 2.145
175(2R)(?) 23 99.53 2.310 2.281 2.252
2.317 2.288 2.259

500(2R)() 25 99.47 2.373 2.344 2.315
2.209 2.180 2.151

MOD 25 99.47 2.067 2.039 2.018

(a) See footnote (b) to Table 3.1.

G81
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arbitrarily on the energy boundary between groups.

One way of determining a value of T0 divides the time range into
two parts. The first part is called the moderating time and is defined
as the time required for a fission neutron to slow down to the cutoff of
the moderating region (customarily taken to be the cadmium cutoff at
0.4 ev). Above this energy the effect of chemical binding on the slowing
down process can be neglected and a straightforward relation between

the moderating time and cutoff velocity results (L1):

-2 rr _17_.__2
Tm_SE [V T v JNEZ v’ (B.16)
m o s 'm

since Vo Vi where v, is the initial velocity. A value for Tm can also
be obtained experimentally by observing the time dependence of capture
gamma rays from cadmium following the introduction of a fast neutron
2O is slightly
smaller than the value of 12.9 psec obtained from Eq. (B.16). The dif-

ference is not considered significant in view of the much longer time

burst. The experimental value of 10.5 + 1.0 psec (P6) in D

spent in the thermalization region to be discussed next.

The second part of the slowing down time is called the thermal- '
ization time and is defined as the time required for a fission neutron
to slow down from the cutoff of the moderating region to the thermal
energy region. An analytical description of the neutron slowing down
process in this region is extremely difficult because of effects such as
chemical binding which decrease the effective mass of the scattering
nuclei and permit up- as well as down-scattering.

The neutron temperature concept, first used in pulsed-source
work by von Dardel (D1), has gained wide acceptance as an experi-
mental means for studying the thermalization process. In this approxi-
mation, it is assumed that the neutrons entering the thermalization
region have a Maxwellian energy distribution characterized by a temper-
ature em which is greater than the moderator temperature 60; the dis-
tribution then cools exponentially to the moderator temperature. Thus,

we may write:
_ -t/ Tth
o(t) = 90 + (Om-eo)e s (B.17)

where the quantity Tth is called the thermalization time constant. On
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this model, the neutron pulse takes an infinite length of time to achieve
equilibrium with the moderator atoms. The thermalization time
constant may be considered as a measure of the time required to attain

equilibrium and, hence, we have:

T0=Tm+ Tth' (B.18)

The addition of Trn and T

Tm is an average time while Tth is a relaxation time. But, since the

th to obtain TO is slightly inconsistent in that

magnitude of the effect on the prompt neutron decay constant is only a
few per cent, this inconsistency may be neglected.

Experimentally, estimates of Tth can be obtained by measuring
the time dependence of neutron transmission through 1/v absorbers of
varying thicknesses. Such data on heavy water is sparse although a
value of 33 + 4 psec has recently been reported by Moller (M4).

Von Dardel (D2) has previously obtained a value of 60 £ 15 p.sec(*).

th' Nelkin
(N1) introduced the concept of the mean square energy transfer, M
defined by:

One can also turn to a theoretical model to estimatey T

2)

M, = [*dE [* dE"(E'-E)’ T _(E~E') M(E), (B.19)
0 0 S
where M(E) is the Maxwellian energy distribution, and showed that M2
could be related to T,?h:
o _ 3Nw
Tin = 3v M, - (B.20)
o 2
where the superscript "o'' refers to an infinite medium. A relation
o .
between Tth and Tth has been derived (A1l):
1 _wbBZ, 1
F— =gt , (B.21)
th T
th

which slightly decreases the value of the thermalization time constant

b

(%) This value and its associated uncertainty are estimates based on
a plot of neutron temperature as a function of time which appears
in Ref. D2.
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in a finite medium relative to that in an infinite medium. The correction
factor amounts to no more than 2% in the systems studied here and may
be neglected relative to the uncertainties in T’(c)h'

Beckurt's (B2) treatment of diffusion cooling leads to an expression
for T,?h in terms of the diffusion and diffusion cooling coefficients:

6C

o e ——————
Tth =—. (B.22)
(vD )
o)
In the absence of consistent experimental values for T° E’ci.A('BV.ZZ) is

th’
preferred because it is based on parameters directly obtainable from

a pulsed neutron experiment on pure moderator. As pointed out in

Sec. 5.7, it was not possible to obtain a reasonable value of C in this
work. But, a reasonable estimate for C can be obtained from a weighted
average of the first five values listed in Table 5.28, all of which are
reported at similar D20 temperatures and purities. With the value
obtained in the present work, the diffusion parameters of 100% D20 at
20°C are:

7D = (2.088 + 0.018) X 10° cmsec™ !,

C =1(4.53+£0.27) X 105 cm4sec—1,
which, when inserted in Eq. (B.22), yields:

o
th

If we use the experimental value of 10.5 £ 1 psec quoted earlier for the

T,,. =63 £ 4 psec.

moderation time, Tm’ we obtain an estimate for the total neutron
slowing down time in 100% D,0 at 20°C:

o

T =Tm+ Tth

° = T4 + 4 psec.

Since the parameter TO appears in the expression for the decay
constant only when there is neutron multiplication in the assembly, it
is desirable to obtain values of T0 in these assemblies. As a first
approximation, one might use the above value of To on the basis that
the spectral hardening caused by absorption in fuel and other absorbers
is not significant. As illustrated in Table B.4, the presence of fuel and
added absorber can increase .\—/'_f)o by as much as 35% in the lattices

studied here so that spectral hardening is significant. One would
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therefore expect the neutron slowing down time to decrease somewhat

as the amount of spectral hardening increases. A better approximation
is to assume that the ratio C/Gﬁo remains constant with changes in the
spectrum. This is equivalent to saying that the percentage decrease in
neutron leakage because of diffusion cooling is not influenced by

changes in the neutron spectrum. Then the decrease in To, as reflected
in a smaller value of the thermalization time constant, can be obtained
from the calculated increase in ;f]—)o (relative to the value in pure moder-
ator).

The constancy of C/xﬁjO in the presence of increasing absorption
cannot be verified experimentally because little, if any, effort has
been made to date to obtain values of C in multiplying assemblies. The
reason is that the contribution of the diffusion cooling term to the decay
constant is extremely small (less than 1%) in subcritical assemblies of
practical size. There has been some recent experimental and theo-
retical work on the changes in 7]—30 and C with moderator temperature
in pure moderator. An increase in moderator temperature causes the
average neutron velocity to increase by shifting the entire spectrum to
higher velocities while an increase in 1/v absorption increases the
average neutron velocity by depressing the lower velocity portion of
the spectrum. Although the means by which the spectrum is hardened
are different in the two cases, it is not clear that the change in C
should be different in the two cases. Thus, it is assumed that data on
the variation of the ratio C/\m0 with temperature in pure moderator
can be taken as indicative of the variation of C/V—lj_o with the amount of
absorption in multiplying assemblies. Experimental and theoretical
determinations of 7]50 and C as functions of temperature are listed in
Table B.6. The last column gives calculated values of C/\Tﬁo. Over a
wide range of experimental temperatures, it is seen that C/VT50
remains constant within the limits of experimental error. The calcu-
lations of Honeck and Michael (H10) also confirm this result although
their values of C are lower, in general, than the experimental values.
The constancy of C/\—f_ﬁ'o with spectrum changes appears to be a justi-
fiable assumption and we write the thermalization time constant for a
lattice as:

(TO ) =(T° ) Py (B.23)




Values of the Diffusion Coefficient ;_Do’ Diffusion Cooling Coefficient C,

TABLE B.6

and the Ratio (C/V_Do) as Functions of Temperature in Pure D2O
Diffusion Diffusion Cooling The Ratio
Author Temperature Coefficient Coefficient C/V_DO
(°C) V—'DO, em®sec™1x107° C, cm4se¢_1><10-5 cm?2
(a) Daughtry and 25 1.983 + 0.029 4.65 + 0.54 2.34 + 0.27
Waltner (D4) 50 2.189 + 0.035 6.39 + 0.74 2.92 + 0.34
75 2.331 + 0.040 7.08 + 0.85 3.04 £ 0.36
100 2.473 + 0.045 7.47 £ 1.02 3.02 £ 0.41
125 2.582 + 0.050 7.43 £ 1.16 2.88 + 0.49
150 2.714 + 0.056 7.69 £ 1.32 2.83 £ 0.49
170 2.906 £ 0.063 8.83 £ 1.53 3.04 £ 0.53
200 3.053 £ 0.070 9.26 £ 1.76 3.03 £ 0.58
225 3.246 + 0.078 10.16 £ 2.05 3.13 £ 0.63
250 3.517 + 0.088 12.41 £ 2.43 3.53:'+ 0.69
(b) Honeck and 20 2.054 4.73 2.30
Michael (H10) 77 2.354 5.31 2.26
127 2.658 6.05 2.28
177 3.011 7.43 2.47

(a) Experimental
(b) Theoretical

061
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where the subscripts £ and m refer to lattice and moderator, respect-
ively.

The final values for To’ based on Egs. (B.18) and (B.23), are
given in Table B.7. Values of the diffusion cooling coefficient, C, are

also given.

B.6 FAST REMOVAL CROSS SECTION (vlzl)

The fast removal cross section, 71-31, appears in the expression
for the prompt neutron decay constant when a two-group analysis of the
pulsed neutron source experiment is used. As in the case of the slowing
down time, this quantity has not been measured experimentally. In fact,
it is often treated as a parameter which is adjusted to ''force'' agree-
ment between theory and experiment. Since the ratio of fast to thermal

neutron lifetimes is usually only a few percent in the assemblies studied

here, it seems reasonable to calculate vlzl on the basis of a simple

model. It can be shown that the fast removal cross section in two-group

theory is given by the following expression (K1):

_Vlzsl

=—F
1 0
_1n._
§ T E,

vlz (B.24)

1

where Eo and EC are the upper and lower limits, respectively, of the
fast energy group. The quantity vlzsl is averaged over the neutron

density:
J

J‘ ° n(E) dE

C

o
v(E) ESI(E) n(E) dE

B o

(B.25)

&l

=

If we assume that, over the energy range of the fast group, ZS(E) is
constant and the neutron flux exhibits the familiar 1/E-dependence,
Eq. (B.25) becomes:



TABLE B.7

Values of the Diffusion Cooling Coefficient C, Thermalization Time Constant T1C:)h’

and Fission Neutron Slowing Down Time TO

Lattice Diffusion Cooling Thermalization Slowing Down

Designator Coefficient Time Constant Time
C, crn‘Lsec-IXIO_5 T,?h, psec T,. wsec

125 5.43 £ 0.33 50 £ 4 60 + 4
175 4.86 + 0.30 56 + 4 66 + 4
175A1 4.99 + 0.30 54 + 4 64 + 4
175A1B1 5.11 + 0.31 53 £ 4 64 + 4
250 4.56 £ 0.28 60 + 4 70+ 4
250B1 4.60 £ 0.28 59 + 4 70 + 4
250B2 4.65 + 0.28 59 t 4 69 + 4
253 5.61 + 0.34 48 + 4 59+ 4
253A2B1 5.81 £ 0.35 ' 47 + 4 58 + 4
350 4.94 + 0.30 55+ 4 66 + 4
500 4.58 + 0.28 59 £ 4 70+ 4
175(2R)(® 4.86 + 0.30 57 + 4 67 + 4
4.86 + 0.30 57+ 4 67 £ 4
500(2R)(a) 4.93 £ 0.30 55 + 4 66 + 4
4.58 + 0.28 59t 4 70 £ 4
MOD 4.43 + 0.27 63 £ 4 74 + 4

(a) See footnote (b) to Table 3.1.

G611
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The lower limit of the fast group is usually taken to be 5 kT (0.126 ev)
which corresponds to a neutron velocity of 4.91 X 105 cm/sec. For
99.47% D20, we have the following constants:

§ = 0.521,
1

Zsl =0.353 cm °,

which yields:

vlzl =4.44 X 104 sec'l.

For a medium composed of more than one material, it is assumed that
Wil can be obtained by suitable averaging of § and z,, over the con-
stituents of the medium. The final values of §, zsl’ and vlzl are listed
in Table B.8.



TABLE B.8

Values of the Average Change in Lethargy &, Fast Scattering Cross Section Esl’
and Fast Removal Cross Section v121

Average Change Fast Scattering Fast Removal
Lattice in Lethargy Cross Section Cross Section
Designator £ S q0 cm_l -;1-—2;-1, sec'1X510_4

125 0.494 0.348 4.23
175 0.505 0.350 4.34
175A1 0.496 0.353 4.30
175A1B1 0.491 0.355 4.28
250 0.510 0.352 4.41
250B1 0.509 v 0.352 4.40
250B2 0.506 ©0.353 4.39
253 0.468 0.353 4.06
253A2B1 0.458 0.356 4.01
350 0.491 0.353 4.26
500 0.504 0.353 4.37
175(2R)(®) 0.505 0.350 4.34
0.505 0.350 4.34
500(2R)(?) 0.494 0.353 4.28
_ 0.504 0.353 4.37
MOD 0.512 0.353 4.44

(a) See footnote (b) to Table 3.1.

61
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APPENDIX C

DETERMINATION OF HIGHER MODE DECAY
CONSTANTS AND COEFFICIENTS

The FRAUD code, which has been described in Secs. 4.1.2 and
A.3, assumes that the neutron density as a function of time following
the injection of a burst of fast neutrons may be represented as the sum

of two exponential functions (after subtracting the constant background):

—)\lt At
e + A

n(t) = A1

(C.1)

The purpose of this appendix is to test the validity of this assumption
by including values of )»2 in the least-squares fit of the N\ as a function
of B2 data and to compare the experimental values of the ratio (A2/A1)
to the theoretical values of this quantity derived from the analysis pre-
sented in Chap. II. The following discussion is based on results from
the 500 lattice.

C.1 THE NEXT HIGHER MODE DECAY CONSTANT

The inclusion of a value of the next higher mode decay constant
)\2 (dzenoted here by )‘nm)’ obtained from FRAUD in the \ as a function
of B® least-squares fit, requires that the corresponding value of the
separation constant Bg (denoted by Bim) be determined. First, from
an examination of the expression for )"nm derived in Chap. II,

- —_ 9 —_ 2
)\nm = VZa + VDBrlm - vZa(l—B) kooPI(Bnm)’ (C.2)

it is evident that the magnitude of )\nm increases as the magnitude of

2 . 2 .
Bnm increases (Pl(Bnm decreases as Bnm increases) and hence, the
next higher mode value of )‘nm obtained from FRAUD (E)\z) corresponds
to the next smallest value of B121m (= Bg). For a medium of cylindrical

. 2 .
shape, the expression for Bnm is:
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where,

m=1,2,3, ...
(C.32)
a = 2.405, 5.520, .

The smallest value of Bim (= B?l) has been defined previously as the

geometric buckling of the medium. Depending on the relative values of

2 . . 2 2
R and H, the next smallest value of Bnm is either B12 or le. How-

ever, from the expression for the spatial dependence of the nmth

mode,

an(r, z) = Jo(anr) sin (ng> s (C.4)

it is evident that, at the location of the detector (r=0; z=H/2), the contri-
bution to the neutron density by the nmth mode is zero for even values of
m. Therefore, the value of )\2 obtained from FRAUD corresponds either
t B2 r B2
© Bg1 OF B13° 5

Figure C.1 shows the variation of Bnm as a function of moderator
height H for the 500 lattice (R =62.66 cm). Separate curves are shown

for B2 B2 and B?B. For values of H greater than 112 cm, B?3< Bgl,

and fc;lrl vahzulas of H less than 112 cm, Bg:l < B?3. This result is incorpo-
rated in Table C.1 which lists the experimental values of )\1 and )\2 along
with the corresponding values of B% (= B?l) and Bg (= Bgl or B?B)'

The decay constants )\1 and )\2 were analyzed according to the two-

group method described in Sec. 4.2. The results were:

k_ = 1.385 + 0.023,
VE, = 1088.4 £ 38.1 sec” !,

The uncertainties are based on the standard deviations of the least-
squares coefficients. For comparison, the values of k__ and vza
obtained from an analysis of the fundamental mode decay constants

only are transcribed from Tables 5.15a and 5.15b:

k= 1.379 & 0.012,
VE, = 1159.3 £ 22.3 sec™ 1,

The variation of the measured decay constants listed in Table C.1
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TABLE C.1

Measured Fundamental and Next Higher Mode Decay Constants )\1 and )\2,

Coefficients A1 and AZ’ and Calculated Separation Constants B? and B;

as Functions of Moderator Height H for the 500 Lattice

Fundamental Mode Next Higher Mode
Decay Separation Decay Separation

M%;:%EOT kcon:;:il; Coe‘xZicient ;gnsjfg fonzz:itl Coeféicient (];gns::_néc

’ 1’ 1 1° 2’ 2 2’
132.0 324.3+ 1.5 10314 £ 60 20.36 1578.6 £ 20.9 -16297 + 364 65.60
115.0 382.3 £ 3.7 10660 £ 170 22.16 1913.9 + 49.4 -17728 £ 1541 81.80
101.2 450.6 £ 3.5 9921 + 144 24.34 2176.7 + 172.8 -15040 £ 2595 86.88
91.7 517.1 £ 3.9 9940 + 143 26.44 2513.1 £ 199.2 -16870 + 6318 88.98
84.6 587.5 £ 6.4 10362 £ 230 28.49 2036.0 + 54.1 -9049 + 482 91.03
78.6 658.4 £ 9.0 12371 + 343 30.68 2066.7 + 829.4 -9567 + 9020 93.22
73.4 723.7 + 3.3 9734 + 68 33.02 2237.2 £ 38.5 -7767 £ 173 95.56
69.7 782.7 £ 6.8 9489 + 181 35.02 2107.5 + 174.7 -5664 + 837 97.76
65.9 857.6 £ 10.5 9101 £ 275 37.43 2412.9 + 142.3 -6812 £+ 739 99.97
63.2 928.1 £ 4.6 10479 + 91 39.41 2311.6 £ 60.8 -6939 + 244 101.95
60.5 969.3 £ 9.2 9542 + 167 41.66 2556.5 + 66.2 -6547 £ 244 104.20

861
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as a function of separation constant is shown in Fig. C.2. The solid
line is the fitted expression for X\ based on values of N\, only, and the

1 and )\2.

1
dashed line is the fitted expression based on values of A\

C.2 THE RATIO (A2/A1)

The fitted coefficients A1 and A2 obtained from FRAUD are also
tabulated in Table C.1. It is desired to compare the experimental ratio
(AZ/AI) with that predicted theoretically. The definition of the nm P
mode coefficient is repeated from Chap. II:
nm—)\nm)To
A =C__F__(r,z)e s (C.5)

nm nm  nm

where,

f S'(r, Z)an(r, z) dr dz

C R Y/ , (C.5a)
nm F'2 (r,z) dr dz
nm
r,z

5\

2 \/ a\
Anm=<vD>Bnm+(vD>\—D— , (C.5b)
TO = —_ (C.5c)

(vD)

If Egs. (C.5b), (C.5¢c), and (C.2) are inserted in Eq. (C.5), the ratio
(A2/A1) may be written as:

A cC_F T (132 -
nm= nm nme 0] nm
Ay Gy Fyg

-P
nm

2 ——
Bll) BT (P na

(C.6)

The evaluation of the source expansion coefficients Cnm and C11 is
carried out using Eq. (C.5a) with the expression for S'(r, z) derived in
Sec. 2.2.1. The integral in the numerator of Eq. (C.5a) is evaluated
numerically. Values of (an(r,z)/Fll(r,z)) and Br21m are calculated
from Eqs. (C.4) and (C.3), respectively, and the determination of the
rest of the quantities in Eq. (C.6) has been described previously.

Figure C.3 illustrates the variation of the ratios (A21/A11) and
(A13/A11) as functions of the moderator height evaluated from Eq. (C.6).
Also shown are the experimental values of the ratio (A2/A1) calculated
from the results given in Table C.1.
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C.3 DISCUSSION

The comparison of the values of k based on A, alone and that

based on )"1 and >\.2 reveals excellent agreement withiln the quoted
uncertainties. A similar comparison of the two values of vZ)a shows
agreement just outside the quoted uncertainties. However, the uncer-
tainties in the latter values of k and V—Z—a are approximately twice
those of the former; and hence, for the data at hand, there is no
advantage to including values of )»2 in the least-squares fit.

At the same time, it can be concluded that Eq. (C.1) is a reason-
able approximation to the observed neutron density as a function of
time over part of the range of the data. However, the relatively large
uncertainties in )»2 (compared to those in )\1) and the amount of scatter
in the values of >\2 about the fit expression for N\ indicate that the contri-
bution of the next higher mode to the neutron density is small enough to
render impractical the inclusion of values of )\2 in the analysis of
pulsed source experiments at M. 1. T.

The poor agreement between the experimental and theoretical
values of (A2/A1) is hardly surprising in view of the approximations
involved in deriving the expression for the distribution of source
neutrons S(r,z) and in using continuous slowing-down theory. However,
it is ericouraging that the theoretically predicted negative value of the

coefficient A2 is verified experimentally in every case.
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