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The free electron laser instability is investigated for a
relativistic annular electron beam propagating through a helical wiggler
magnetic field. It is assumed that the beam is thin, with radial
thickness (2a) much smaller than the beam radius (RO), and that
v/yb <« 1, where v is Budker's parameter. The stability analysis is
carried out within the framework of the linearized Vlasov-Maxwell
equations for perturbations with general azimuthal harmonic number £
and radial mode number s, including the important influence of (a)
finite beam geometry in the radial direction, (b) positioning of the
beam radius relative to the outer conducting wall (RO/RC), and (c) finite
wiggler amplitude (8B). All of these effects are shown to have an
important influence on stability behavior. Moreover, the maximum
coupling between the transverse and longitudinal modes increases
substantially with increasing radial mode number s. It is also
found that the transverse magnetic (TM) mode has slightly larger

growth rate than the transverse electric (TE) mode.




I. INTRODUCTION

There is a growing literature on the free electron laserl—7
which generates coherent electromagnetic radiation using a relativistic
electron beam. For the most bart, previous theoretical analyses of this
instability have been carried out fof an electron beam with uniform
density, neglecting the influence of finite radial geometry.3m6
Strictly Spéaking, a more accurate theoretical model of radiation
generation by the free electron laser instability, including a determina-
tion of the optimum value of the beam radius R,, requires a linear
stability analysis for perturbations about an annular electron beam
propagating in a helical wiggler magnetic field. This paper develops
a self-consistent theory of the free electron laser instability
for a relativistic annular electron beam propagating in a helical
wiggler field, allowing for perturbations with general azimuthal
harmohic number %. The present work extends the previous analysis7
by the authors, carried out for an undulator (multiple mirror) wiggler
field and % = 0 perturbations, to the case of a helical wiggler field
and arbitrary azimuthal harmonic number g.

The analysis is carried out within the framework of the Vlasov-
Maxwell equations for a relativistic annular electron beam propagating
in the combined transverse wiggler and uniform axial guide fields

described by ' '

B = B é& - §Bcosk - &Bsink,.zé ,
LY nZ 0"~y

0%8x

where B0 and 6B are constants, Ao = 21r/kO is the axial wavelength

of the helical wiggler field, and é_, é , and e_ are unit vectors
x® Ry nz

in the x-, y-, and z-directions, respectively. It is assumed that

the beam thickness (2a) is much smaller than the mean beam radius RO’




and that v/yb << 1, where v is Budker's parameter, and mec2 is the
characteristic energy of the electron beam. In Sec. II, equilibrium
properties are calculated for the choice of equilibrium distribution

function [Eq. (14)]

0 . 2.2 2
£, = KX 8(C, - Cg)8(Cy = y;m vg)G(C,) ,

where C Cy, and Cz are the helical, transverse, and axial invariants

h?
defined in Eqs. (12), (11), and (13), respectively, K is a normalization
constant, and ) and C0 are constants related to the radial thickness
and mean radius, respectively, of the beam.

The formal stability analysis for the free electron laser instability
is carried out in Sec. III, and a complete dispersion relation [Eq. (68)]
is obtained, assuming that |w - (k + nkO)Bbcl << kOBbc, mc,wherew and

k + nk, are the complex oscillation frequency and the wavenumber of the

0
perturbation, respectively, w, = eBo/ybmc is the electron cyclotron

frequency, c is the speed of light in vacuo, and Bbc = (Yg - 1)1/2

C/Yb
is the mean axial velocity of the electron beam. The resulting
dispersion relation [Eq. (68)] constitutes one of the principal
results of this paper and can be used to investigate stability properties
for a broad range of system parameters.

In Sec. IV, the dispersion relation for the free electron laser

instability is investigated for w and k + nkO near the simultaneous

zeroes of the transverse (vacuum waveguide) dispersion relation,

2

2 o TE mode,
9. (k + nk, - k)2 |RE = { LS

2 0 0 ¢ 82 ™ mode
¢ g+l,s ?

and the longitudinal dispersion relation T + (n/2y§)xn n = 0,
3

i,n

where R 1s the radius of the conducting wall, T and x , are
c £,n n,n

defined in Eqs. (54) and (81) and Bl' s and o are the s'th roots
?

s




of the Bessel function Jz'(%ﬂ s) = 0 and its derivative JE,(a ) = 0,
]

L',s

respectively. The abbreviations TE and TM refer to transverse electric
and transverse magnetic polarizations, respectively. It is shown that
the maximum coupling between the longitudinal and transverse modes

occurs at a value of R0 satisfying

/ TE mode,

%e,1"%+1,5 °?

RO/RC =
. a2,1/82+1’s s ™ mode .

Moreover, the coupling coefficient increases considerably with increasing
radial mode number s. It is also found that the TM mode is slightly

more unstable than the TE mode.




IT. EQUILIBRIUM CONFIGURATION AND ASSUMPTIONS

The equilibrium configuration consists of a relativistic annular

electron beam propagating in the combined transverse wiggler and uniform

axial guide fields described by

0 _ . .
B = ngk, + o
= Bogz - dBcoskoz%x - 6B51nkoz%y , @)

where B0 and 6B are constants, AO = 21r/k0 = const. is the axial
wavelength of the helical wiggler field, and éx’ éy’ and éz are

unit vectors in the x-, y-, and z-directions, respectively. The
electron beam has a characteristic radial thickness 2a and mean radius
RO’ and is located inside a grounded cylindrical conducting wall

with radius Rc' We introduce cylindrical polar coordinates (r,0,z)
with z-axis along the axis of the beam; r is the radial

distance from the z-axis, and 6 is the polar angle in a plane

perpendicular to the z-axis. 1In cylindrical coordinates, the trans-

verse wiggler field 8B in Eq. (1) can be expressed as
g8 R

6% GBr%r + GBBEe

-8Bcos (6 -~ koz)%r + 8Bsin(6 - koz)g‘e s 2)

where ér and %e are unit vectors in the r- and 0- directions, respectively.
To make the analysis tractable, the following simplifying assumptions
are made.

(a) The thickness of the annular electron beam is much smaller

than its mean radius, i.e.,

a/R0 << 1. (3)




(b) The characteristic transverse momentum 1 of a beam electron
is small in comparison with the characteristic directed axial momentum

ymeb, i.e.,
,gl l <« mevb % pz ’ . (4)

where Vb is the mean axial velocity of the electron beam.

(c) It is also assumed that
\)/Yb << 19 (5)

where ybmc2 is the characteristic electron energy, and v = Nbez/mc2

is Budker's parameter. Here, ¢ is the speed of light in vacuo, -e and
m are the electron charge and rest mass, respectively, and

Nb = Jzﬂ de f: dr r ng is the number of electrons per unit axial length.
Consistent with Eq. (5), the equilibrium self fields can be neglected
in comparison with the applied magnetic field %0 in Eq. (1).

‘(d) It is assumed that the axial wavelength Ag = 21r/k0 of the helical

wiggler field is sufficiently short that

m2 2
c 6B 2 2
o - o 282 SR (6)
“o 7 Yl o
where wg and w, are defined by
eB0
wy = kOVb and w, = Yone . @)

Consistent with Eq. (6), it is also assumed that

chwo B i?
2 v . -ﬁ—" << 1 ’ (8)
Wb "o

Iwg - wcl
which is easy to satisfy for sufficiently short wiggler wavelengths.

(e) In the stability analysis, it is assumed that the wave

perturbations are far removed from resonance with the transverse




cyclotron motion and the axial motion of the beam, i.e.,
Iw - (k + nkO)Vb| << “c’ko‘ﬁ" (9

where ¢ is the complex oscillation frequency, and k + nko is the
wavenumber of the perturbation. It is also assumed that the cyclotron

motion and the axial motion is nonresonant with

#Fw o, (10)

where v, = pz/ym is the axial velocity of a typical beam electron.
Within the context of Assumption (c), there are three exact
invariant58 associated with the single-particle motion in the equilibrium

field %0 [Eq. (1)]. These are the transverse invariant C,,

2 . 2 2¢B,
Ci =p.  +pg+ kg (P, = vymV) + 55— k R1°6B, (11)
the helical invariant Ch’
1 edB
=P, +— (p mV ) + =— rsin(®6 ~ k z) (12)
Ch 6 ko z k0

and the axial invariant Cz defined by

2
eB \2 eB
0 0 2e
(Cz'a‘r) (Pz“c‘k—) ey R Sk » (13)

0 0

where p = (pr, Pgs pz) = ymy is the mechanical momentum, Pe = r(p6 - eBor/2c)

is the canonical angular momentum associated with the axial field B

yme? = m2c® + C%EZ)llz

0,

is the relativistic electron energy, and Yy =
(1 -V / ) 12 const.
In the present analysis, we consider the general class of annular

electron beam equilibria described by8

fp = K 6(C, - yamivds(c, - €,)6(C,) | (14)

where Vo is a constant related to the radial thickness of the bean,




K is a positive normalization constant, C0 = const. is defined by

eB0

1
Ch = - 2 o

2
0 Ro (15)

and G(Cz) is normalized according to
f dcG(c,) = 1. (16)

In the parameter regimes of practical interest for free electron laser

applications, G(Cz) is strongly peaked around Cz = meVb, with

characteristic half-width ACz << meV . We therefore approximate
Eq. (13) by8
w, Gg
c —_— a7

z Pz u-w R B
0 ¢

o

where use has been made of Eq. (8).
As a simple example, we consider the distribution function

in which all electrons have a same value of axial invariant Cz, i.e.,
G(Cz) = 6(Cz - ymeb) . (18)

After some straightforward algebraic manipulation that makes use of

Egs. (3), (6), (15), and (17), it can be shown that the electron density
profile associated with the distribution function in Eqs. (14).

and (18) can be approximated by8

2
Nb/n

e ={ 12 - Dk -

0 s otherwise ,

= R, + r., and the effective Larmor radius T is

where r, = R 2 0 L

1 0
defined by

. o Tr

L’




2 2
\Y 2
2 Yo b B
w2t a3 ) ‘ (20)
we (wo - wc) 0

In the lowest-order calculation presented here, the electron density
profile in Eq. (19) is independent of 6 and z for system parameters
satisfying Eqs. (3) and (6). Additional equilibrium properties assoc-

jated with the distribution function in Eq. (14) are discussed in Ref. 8.

paa
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III. LINEARIZED VLASOV-MAXWELL EQUATIONS

In this section, we make use of the linearized Vlasov-Maxwell
equations to obtain an eigenvalue equation describing the free electron
laser instabiiity in an annular electron beam. In the subsequent
analysis, it is assumed that all pertﬁrbed quantities have temporal

and spatial variations of the form
6‘1’(?\{‘3t) = GW(%)EXP(—iwt) ’

where Imw > 0, and 6@(¥) is the amplitude of the perturbation. Using
the method of characteristics, and neglecting initial perturbationmns,

the perturbed electron distribution function is given by

t
Gfb(ﬁ’R’t) = eJ_m dt'[—V'6¢(§',t') - %-gET-dé(g',t')
(21)
v' x ¥' x SA(x',t")
3 ~ N 9 0, +
+ o ] BR' fb(')‘v( ,R ) s

where d%'/dt' = X' and dg'/dt' = —ex' x Qo(ﬁ')/c, and the particle
trajectories (g', R') in the equilibrium field configuration satisfy
the "initial" condition 5'(t' =t) = ¥ and R'(t' =t) = p- In Eq. (21),
the perturbed electric and magnetic potentials, ¢ and GQ, are determined

self-consistently from the linearized Maxwell equations

2

(v2 - 3;-9———).5¢ = 4wefd3p SE. (22)
2 2 b
¢ at

and
2 1 32 4me 3

V - =%=])s6A=—"—|dp v &f, , (23)

c2 at2 N c n b

respectively, where use has been made of the Lorentz gauge condition

la_ =
'Y, . Gé(ﬁst) + c 5t 5¢(3§’t) 0. (24)




Without loss of generality, the perturbation amplitudes are

expanded according to
G = 11 ;pin)(r)exp{i[le + (c + nk)zl} . (25)
. Q== np=-o

Correct to lowest order, the axial motion of the electrons is free-

streaming, i.e.,

z' = 2z +~E§ (' - t) (26)
ym )

The transverse trajectories are calculated for the case where the
wiggler amplitude satisfies Eq. (6), assuming that the axial and
transverse motions are far removed from cyclotron resonance, i.e.,

2 2 2 R 7,8
kovz # w, [Eq. (10)]. After some straightforward algebra, we
obtain

L .
v. = v.cosw T (r - R))w sinw 1
r r (] ( 0) c c

Ye 6B
;—-:—'w—'-B—‘ {- vzcos(e - koz - kovz‘r)

c 070
+ [(mc/ko)sin(e - koz)sinwcr + vzcos(e - kOZ)COchT]} ,(27)

and

LI - +
Ve (r Ro)wcCOSmCT vrsinmcr

“c )]
w. - ug B, VzSin(8 " kg2 - kv, T
c 00

- [(mc/ko)sin(e - koz)coswcr - vzcos(e - koz)sinwcT]} ,(28)

where use has been made of Eqs. (12) and (26), and T = t' - t.
As evident from Eqs. (27) and (28), the radial and azimuthal
orbits contain oscillatory contributions proportional to COSw, T,

sinw T, sin(8 - kyz - kovzr) and cos(8 - kyz - kova). For present
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purposes, in the t'-integration on the right-hand side of Eq. (21)
P g q >

we retain terms proportional to [w - (k + nko)pz/ym]—l, and assume that
the value of [w - (k + nko)pz/ym] is well removed from resonance
with the cyclotron motion and the axial motion of the beam [Eq. (9)],
i.e.,

lw - (k + nko)pz/yml w, »  kgV

0b °

Within the context of Egs. (1) and (9), the perturbed distribution function

in Eq. (21) can be approxirated by7
R 0 -~ 1 -
dfb(¥’R) = —e[ ) dtexp (-iwT) 2[ymiw(6¢ -z X' . 6&)
(0 @9 o
SRS FEUEESUR GA} 2 Hi e -ox T er) )
where y = H/mc2 = (1 + Rz/mzcz)l/z. Moreover, making use of Eq. (9),
only those contributions to v; and vé proportional to sin(6 - koz - kova)

and cos(6 - koz - kovzr) are retained. That is, on the right-hand

side of Eq. (29), we retain contributions to v; and'vé of the form
V ey & 8B ez -
Vi =V, oy - o By cos (9 kgz = kov, ), (30)
and
' We &B
Ve = V.o - w B. sin(e - kyz - kgv 1) . (31)
0 ¢ 0

Finally, since

orbits is small-amplitude [Egs.

(3), (6), and (9)], we approximate

the oscillatory modulation of the radial and azimuthal

(32)

in the arguments of the perturbation amplitudes on the right-hand side

of Eq. (29), i.e.,

b (exp(ine’) = 4N (exp (ig0)
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Substituting Eqs. (25) and (30) - (32) into Eq. (29), and making
use of Eq. (9), we find after some straightforward algebra that the

perturbed distribution function Gfb(é,g) can be approximated by

exp{1[28 + (k + nk,)z]) ) _ Yz ()
An ¢£

Ey Goop) =

2)n w - (k + nko)vz e z '3
2 ¢ w - w. B nt+l78,8-1 n- 1 8,8+1
c 00
v w
1l 'z c SB (n+1) (n~-1)
*32 c w - w, B [An+1An,£—1 + An—l n,2+l] ’ (33)
c 00
where the function An,(R,w,k) is defined by
20 20
.(R,w k) = 2[ymw - (k + n'k )p ] ———-+ (k + nk )-——— . (34)
3 op
P_L z
It is convenient to introduce the dimensionless potential
amplitudes defined by
4,0 =25 4™ - ‘“’( ) (35)
mc
- _ (n+1)
Ay, pa1(™) = 2 Ag,9:1(7) (36)
and
- - _e_ (n+l)
Ar,g41() 2l Ar,ps1(® - (7
Moreover, we introduce the dimensionless parameter
A = ___ggg__ . (38)
2ybmc ko
and define the effective susceptibility X n.(w,k) by
3
R A v (p,w,k)
_ 2{"¢c 3 n' ‘R2¥»
n.(m,k) = 47e fo rdrjd P oo o nko)vz (39)
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To simplify the present analysis, it is also assumed that

wy >> 0 5 (40)

where Wy = kOVb and.wC = eBO/ybmc. Equation (40) is easily satisfied
in parameter regimes of practical interest for free electron’laser
applications.

The integral jd3px6%b in Eq. (23) is required to evaluate
the r-, 6—,.and z~components of the perturbed current density.
Within the context of Egs. (3), (6), and (9), it is important to
note from Eqs. (11) and (14) that the quantity An,(R,m,k) defined
in Eq. (34) is an even function of P, ~ Pro» where8

w

0
pe oy - @ Ncos (6 - koz) . (41)

prO = 2y

Therefore, it follows from Eq. (33) that

]

3 p 3 2
jd PV, éfb I d p(pro/ybm)ﬁfb s

where we have approximated y = Yy which is consistent with Eq. (9).

That is, the perturbed radial current is given approximately by

3 - -

-e]d PV, Gfb = ~-2echcos(6 - koz)énb . (42)
where use has been made of Eq. (40). It can also be shown that the
perturbed azimuthal current is given approximately by

—eJd3pveéfb = 2edisin(6 - kpz)dny . (43)

Making use of Egs. (33) (43), the Maxwell equations (22) and

(23) can be expressed in the approximate form

e

sssssseaT s m e
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2 2 §(r - R.)
19 3 L W 2\ - ,
T 3T rs"lj-_f'*"—z‘ (k+nk0) ¢£(r) = 2 o(w,k) , (44)
r c YbRo
R SIS VS (n - 1)k 1°) A
rar © ar 2 2 [ n - kgl r, o410
21 (2+1 0
- __.75_—1 A9,2+l(r) = = Ao(w,k) , (45)
r 0
LTS TYC ™ Vi WS N ) |
rar ¥ ar 2 2 n-Dky 1" 9 Ag o7 (0
. 6 (x-Rg)
21i(+1) ~ _
T 0
I TS WO~ Vol S SR 1 O )
T3r " 3r 2 2 n 0 r, -1
R 8(r - R,)
21 (2-1) _
r 0
TN T Vit S S 1 § SN
T3r T or 2 2 )Xo 8,2-1T
§(r - )
21(2-1) * _ R’ -
ISR AL () = (-ih)o(w,k) , (48)

for a thin annular beam satisfying Eq. (3). In Eqs. (44) - (48), the

source function o(w,k) is defined by
olw,k) = xp 10 (R) = M xy g8y o1 (Rg) - Xn,n-1%, 241 Ro) !
(49)

- A[Xn,n+1Ar,Il.--l(RO) + xn,n—lAr,z+1(R0)] '

Since the right-hand side of Eq. (44) vanishes except at r = Ry»

Eq. (44) can be expressed as

|
IQJ
IO)

Q>
2}
S8

2 -
( r T --&5 + pﬁ) ¢, () =0, (50)
r
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for r # RO. In Eq. (57), the parameter pi is defined by

p2 = w?/c? - Gk + nkp)? . (51)

The solution to Eq. (50) is given by

AJl(pnr) + BNz(pnr) . R, <r <R,

8, (x) = (52)

CJl(pnr) , 0 <r < R0 s

where Jz(xj and Nz(x) are Bessel functions of the first and second

kind, respectively, of order 2, Rc is the radius of the conducting wall,
and the constants A, B, and C are determined from the appropriate
boundary conditions. Multiplying Eq. (44) by r and integrating

from Ro(l—e) to R0(1+s), with g » 0+, we obtain7

Ty a@sd (Rp) = = T3 0@,k (53)
ZYb

where the longitudinal dielectric function Pl n(w,k) is defined by
>

3, (€ )13, € )
T EIN ) - 3, GO &)

Pl’nﬁu,k) = (54)

with En = anO and Cn = chn'

The transverse dielectric functions associated with Eqs. (45) - (48)
are calculated in detail in Appendix A. For example, for 0 < r < RO,

the solutions to Eqs. (45) and (46) are given by

- | (2+1)

Ar,2+1(r) =C gy

Jl(pn—lr) + C+ J£+2(pn-lr) ’

(55)

(2+1)

;e,1+1(r) = ic e

RSN B AR AL IR B

where pi_l = mz/c2 - [k + (n—l)/ko]z, and the constants C§£+l) are

determined from the appropriate boundary conditions. After some

straightforward algebraic manipulation, which is summarized in
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Appendix A, it can be shown from Eqs. (45) and (46) that

(2+1)

—

Dt ey e ) = hew,k) (56)
and
(2+1) _1
Dy g (6 ) = F 0,0 - (57)
where the transverse dielectric functions D2+1(w k) and Dz+1(w,k) are
defined by
+ o Tp1Te G904 By)
Dppr(wsk) = - =5 5 Gy ° (58)
£ °n-1""242 " ’n-1
and
0.1 = 8p41(Cp-1)/™9, (6 1) (59
£+1 :

By (o INR(E ) = I, (€ )

Here, the prime (') denotes (d/dx)J (x). In Eqs. (58) and (59),

2

2+1
Lo, = [mz/c2 - (k + n'kO)Z]R s E v = [w 2 - (k + n'kG)Z]RZ, and
the function gl'(C) is defined by

23,, (03}, (@)
2ot (8 = T TON, (@ + 3L, (N, (D)

(60)

Similarly, the solutions to the coupled differential equations

(47) and (48) are given by

Ar,2°l(r) - Cfl-l)JQ—Z(pn+1r) + C(z l)J ® Ph+1’” )
(61)
A = ¢o(2-1) (2-1)
Ae,z—l(r) = 1c J2.—2(pn+l x) - iC J (Pn+lr) ?
for 0 <r < RO. From Eqs. (47) and (48), we obtain
ORI NN IEE FETORORE (62)
and
(2-1) =1
ORI IR IEE JETOR SN (63)
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where the transverse dielectric functions D (m k) and D (w k) are

defined by

8-1(En4n) /™y By
By (N (B ) - 3, C

bt . (w,k) =

-1 n (64)

n+1
and
191 Corn) -1 040)

D, .(w,k) = - . (65)
-1 o Cni) T2 Chp)

Substituting Eqs. (55) and (61) into Eq. (49), the source

function o(w,k) can be expressed as

o(w,k) = x, 18, R - Alx, My )
(66)
(-1)
+ Xn,n+lC+ JZ(En+1)] '

Equations (53), (56), (57), (62), and (63) constitute a set of linear

algebraic equations relating ¢ (R ), C (2+1) and sz_l). However,

we note from Eq. (66) that the common source term o(w,k) is related only

to the constants ¢2(R ), cf£+l), and Ciﬁ‘l).

(2+1)

In this regard, the

equations containing C 52—1)

and C are completely decoupled from

the remaining equations. Without loss of generality, Eqs. (56)
and (63) are therefore omitted from the subsequent stability

analysis. Making use of Egqs. (53), (57), and (62), we obtain the matrix

equation relating ;2(R0), c(l'l) (2+1)

oy Jo (B 41)> and €

J (En_l), i.e.,

ﬂ
rl,n + 2 2 xn,n ’ AXn n-1"
b Yb
1 - 2
"2 Mg a0 D1 A X, na
2
T2 AXn,n ’ A Xn,n—l
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which is similar in general form to the matrix equation obtained by Uhm
and Davidson7 for the free electron laser instability associated with
an annular electron beam propagating through an undulatéor multiple
mirror magnetic fiel&. 0f course, the transverse dielectric
functions D;+l ;nd Dz—l for a helical wiggler field are different from
those for an undulator field.

The cohdition for a nontrivial solution to Eq. (67) is that
the determinant of the matrix vanish. This gives the general dispersion

relation

+ - n
D£-1D2+1(F2.,n + 9 2 xn,n)
b
(68)

)

2, + -
= r
A (Dl—lxn,n—l + D2+1Xn,n+1 2,n

=0,

which can be used to determine the complex eigenfrequency w in terms of

k + nko, ko, v, A, and A.
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IV. FREE ELECTRON LASER STABILITY PROPERTIES

We now investigate the free electron laser stability properties
predicted by Eq. (68) for a relativistic annular electron beam
propagating in a helical wiggler field. Consistent with Egs. (5)

and (9), the eigenfrequency w can be approximated by w = (k+nk0)Vb. We

. . _ 02,2 2,1/2
therefore approximate Cn+1 = {w/c [k+(n+1)k0] } Rc by
(k+nk0)2 ,)1/2
Cn+1 =1 —-'Y—Z-——‘—“ + ZkO(k'i'nko) + ko Rc . (69)
b

After careful examination of Eq. (64) together with Egs. (60) and (69),
it is evident that the transverse dielectric function D:_l(w,k) is

never equal to zero for k + nk, > 0. In this regard, for small wiggler

0
amplitude (A << 1), we investigate free electron laser stability

properties for w and (k + nko) near the simultaneous zeros of the (A - 0)

l+l(w’k) = 0, and the (A + 0) longitudinal

transverse dispersion relation D

dispersion relation T + (n/2y2)x = (0. For small but finite A,
£,n b’ *n,n

the general dispersion relation in Eq. (68) can then be approximated

by the simplified form

- T = 2
D£+1(%2,n + 2Y2 Xn,n) A Xn,n—lrz,n ) (70)
b

Equation (70) is one of the principal results of this paper and can be
used to investigate stability properties for a broad range of system

parameters.

Making use of

p, = ig = i(k +nky)/y, , (71)

the longitudinal dielectric function P2 o can be expressed as
?

Rl’n 2 n 0 2 Iz(anc)Kl(ano) - I,Q(anO)Kl(anc)

r (72)
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for k + nk0 > 0. In Eq. (72), Il(x) and Kz(x) are modified Bessel
functions of the first and second kind, respectively, of order L, and
h(anO) is the effective longitudinal wave admittance. For short
axial wavelengths Qith (Rc - Ro)(k + nko) >> yp, it is readily shown
from Eq. (72) that the wave admittance h can be approximateé by
k + nko
h(anO) = 2 T Ry - (73)
b

For free eléctron laser applications characterized by axial wavenumber
k + nk0 = (1 + Bb)yiko, Eq. (73) constitutes an excellent approximation.
For very small wiggler amplitude (A -+ 0), or for very low beam

density (v -+ 0), it is evident from Eq. (70) that the linear dispersion

relation for transverse perturbations is given by

D2+l(w,k) =0, (74?

and the linear dispersion relation for longitudinal perturbations is

given by

1"2 n(w,k) +'—1§ Xy n = o, (75)
] ZYb } ]

where k + nko > 0 has been assumed. IMaking use of Egs. (59) and (60),

the dispersion relation in Eq. (74) can be expressed in the equivalent

form
2
2 o
w_ _ 2 _ Tatl,s
7 = (k + nkg kg)® = =5, (76)
c Rc

for the transverse electric (TE) polarization, and

2 g?
9 _ (k 4+ nk, - k)l = 22L.S (77)
2 0o~ ko 2
C

for the transverse magnetic (TM) polarization. In Egs. (76) and (77),

o, is the s'th root of JL'(al'

S

) =0, and B, is the s'th root
’S g’s
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of Jl'(B ) = 0. Equations (76) and (77) are the familiar TE and T

L', s

mode dispersion relations for the vacuum waveguide modes.

For future reference, Taylor expanding the transverse dielectric

function D;+l(w’k) in Eq. (59) about the vacuum waveguide results, it is

straightforward to show that D (w,k) can be approximated by

2+1
2 2
R J, - (a )
- 2 2 241" 2+1,s
D . (u,k) = —=— (a - (241) 2
+1 2“§+1 2¢+1,s Jz(a£+1,sR0/Rc)
S (78)
wz 2 ai+1 s
- - - - ]
x 5 (k + nko ko) 5
c R
c
for the TE modes, and
2 ' 2
D” . (w,k) = EE JJL+1(B,Q+],JS)
2+1 2 J!I,(BHl,sRO/Rc)
79
x |% - (k + nk_ - k)" - =,
c2 0 0 R2

for the TM modes.
In order to investigate the influence of axial momentum spread
on the free electron laser instability, we assume an axial distribution

function of the form

(80)

_4 1
G(Cz) o

2 2
(Cz - meVb) + A

where A is the characteristic spread in Cz about the mean value ymeb.
We further assume that the spread A is small in comparison with
YV 0 ice., & <<y mV. Substituting Eqs. (14), (34), and (80)
into Eq. (39), we then obtain

wz - (ktnk,) (k+n'k )c2
2v 0 0

Y _ . 3 .2°
b [w (k+nk0)Vb + 1|k+nk0|A/ybm]

Xn,n’ (81)

within the context of Egqs. (6) and (9).
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For small but finite wiggler amplitude and low beam density,
we make use of Egs. (72), (78), (79), and (81), to simplify the
full dispersion relation in Eq. (70). This gives
: 2
2 a |k+nk IA 2
: 2 2+
3 - (4 kg - k)P - s w = (ko) Vy + 1 ———0
c Rc Y
2vc2 2 a§+1
- 53 [Zko(k+nk ) - kL - 2aS (82)
= 0 0 RZ
'Yb c
2 az
- 2 ve a _ _A+1l,s E
4 5 ko(k+nk0 ko) — le(RO/Rc) s
YbRc Rc
for the TE mode polarization, and
2 2
2 B | k+nk | &
2
5 - (omk k) ? - RSy, (k) + 1 —s——
c R YoM
c b
2 g2 )
_ 2ve 2k _(k+nk,) - kz _ _Atl,s (83)
3h 0 0 0 RZ
Yy c
2 vcz Bi+l s\ M
= - - e =3
4 R2 ko(k+nk0 ko) R2 le(RO/Rc) ,
Ty c c /
for the TM mode polarization. In Eqs. (82) and (83), the TE and TM
. E M ,
coupling coefficients, st(RO/Rc) and st(RO/Rc)’ are defined by
2 2
E _ %a41,s Joog i1, sRo/Re)
QQS(RO/RC) 2 2 J, - (a ) (84)
o4l (2+1) +1 % 9+1,s
and 2
, J, (B R /R )
M - £ 72+1,s 0" "¢
Qe (Ry/R)) (85)

J;.+1(82+1,s) ’

respectively. Equations (82) and (83) are the dispersion relations
used in the remainder of this section, and can be used to investigate
stability properties for a broad range of system parameters of experimental

interest.
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A careful examination of Egqs. (84) and (85) shows that the
coupling between the transverse and longitudinal modes is maximum

whenever Ji(a RO/Rc) = 0 for the TE mode, and JE(B

2+1,s” RO/Rc) =0

2+1,s

for the TM mode. Hére, the prime (') denotes sz(x)/dx. In this context,

it is found that the maximum growth rate for perturbations with

azimuthal harmonic number & occurs for a value of RO/Rc given by
al,l/a£+1,s s TE mode ,

RO/Rc = (86)
o,1/Bg41,5 » T mode,

h i ‘ , = 0. '
where az’l is the first root of Jl(az,l) 0. Equation (86)

is valid only when a for the TE mode, and a

2,1 = %e+1,s 2,1 = Potl,s

for the T™ mode. For a > (TE), or o

2,1~ %e+l,s 2,1~ Pa+l,s

the maximum growth rate occurs for RO/Rc = 1.

Shown in Fig. 1 are plots of (a) the ratio RO/RC that satisfies
Eq. (86), and (b) the corresponding coupling coefficients QES and Q%S
for several values of azimuthal and radial mode numbers, & and s.
Several points are noteworthy in Fig. 1. First, the maximum coupling
occurs at RO/Rc = 1 for the (2,s) = (0,1) mode, where aO,l = 3,83,
@ = 1.84 and Bl,l =~ 3,83. Second, except for azimuthally symmetric
perturbations (% = 0), the value of RO/Rc corresponding to maximum
coupling increases with increasing mode numbers 2 and s. Third,
from Fig. 1(b), for a specified value of azimuthal harmonic
number %, the maximum coupling coefficients corresponding to the values
of RO/Rc in Eq. (86), increase rapidly with increasing radial mode

number s. Finally, for specified values of (%,s), we note from

Fig. 1(b) that the maximum value of Q? S is slightly larger than Qf <
’ ’
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Defining the normalized Doppler-shifted eigenfrequency by
2= [w - (k+nk0)Vb]/k0c , (87)

we calculate the normalized growth rate Qi = 1ImQ numerically from Eqs. (82)
and (83) for a broad range of system parameters Yy v/Yb, A, A/mec,

RO/Rc’ £, and s. Shown in Fig. 2 are plots of the normalized growth

rate Qi versus (k + nko)/k0 [Eqs. (82) and (83)] for (&,s)

Yy = 10, v/yb = 0.02, A2 = 0.01, A/mec = 0.002, and RO/Rc =

1,3),
%1,1/%,3
for the TE mode, and RO/Rc = ul,l/82,3 for the TM mode. It is evident
from Fig. 2 that the TM mode is slightly more unstable than the TE
mode, which is consistent with Fig. 1(b).

Shown in Fig. 3 are plots of the normalized TE mode growth rate
Q; versus (k + nko)/k0 obtained from Eq. (82) for RO/Rc = az,l/a2+1,s
[Eq. (86)]. The two plots correspond to (a) £ = 1 and several values
of s, and (b) s = 3 and several values of %, and parameters
otherwise identical to Fig. 2. As predicted in Fig. 1(b), it is
evident from Fig. 3(a) that for a specified value of azimuthal mode
number ¢, the growth rate and range of k-space corresponding to instability
increase rapidly with increasing radial mode number s. For RO/Rc
satisfying Eq. (86), we therefore conclude that perturbations with
high radial mode numbers exhibit stronger instability than the fundamental
mode (s=1). Moreover, the k-value corresponding to maximum growth is
somewhat reduced as the radial mode number s is increased. For
example, in Fig. 3(a), the maximum growth rate occurs at k + nkg = 195 ko
for s = 1, and at k + nky = 187 ko for s = 5. The maximum coupling
coefficient in Fig. 1(b) decreases slowly with increasing azimuthal
mode number %, as does the instability growth rate [Fig. 3(b)].

The instability results for the TM mode are similar to those for the

TE mode. However, the TM mode is somewhat more unstable than the TE mode.
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V. CONCLUSIONS

In this paper, we have investigated the free electron laser
stability properties for a relativistic annular electron beam propagating
in combined tfansverse wiggler and uniform axial guide fields. The
stability analysis has been carried out within the framework of the
linearized Vlasov-Maxwell equations. The equilibrium properties
and basic assumptions were summarized in Sec. II. The formal
stability analysis was carried out in Sec. III for general
azimuthal harmonic number £, and a complete dispersion relation
[Eqs. (68) or (70)] for the free electron laser instability was
obtained, including the important influence of finite radial geometry.

In Sec. IV, this dispersion relation was investigated for w and k + nko
near the simultaneous zeros of the transverse and longitudinal dielectric
functions. It was shown that the maximum coupling between the longitudinal
and transverse modes occurs for values of RO/Rc satisfying RO/Rc =

/ for the TE mode polarization, and RO/Rc =

%9,1"%+1,s % .1/Be41,s

for the TM mode polarization. Moreover, the strength of the coupling
increases considerably with increasing radial mode number s. It was

also found that the TM mode is slightly more unstable than the TE mode.
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APPENDIX A

ELECTROMAGNETIC POTENTIALS IN A CYLINDRICAL WAVEGUIDE

In this appendix, we investigate properties of the electromagnetic
potentials in a cylindrical waveguide with radius Rc' Within the context

of the Lorentz gauge condition,

¢(¥’t) =0, (A.1D)

the electromagnetic potentials, ¢ and é, are determined from the

Maxwell equations

= -4mp (%s t) s

D S
<]
[
I
IH
[\
%)
o
S’
-©-
L)
&
lad
g
i

c at
and (A.2)
2
(v2 - ~1—2.3_-2—) é(%)t) = - 'gl ,\I‘({’t) ’
c 9t

where p(%,t) and g(%,t) are the charge and current densities,
respectively, and c is the speed of light in vacuo. 1In the present
analysis, we assume that all quantities vary with space and time

according to
V(x,t) = Y(r)exp {i(20 + kz - wt)} , (A.3)

where % is the azimuthal harmonic number, k is the axial wavenumber,
w is the complex eigenfrequency, and Y(r) is the amplitude. The

components of the magnetic and electric fields can then be expressed as

ﬁr(r) = 1(4/1)A (x) - ki (0) ,
Be(r) = ikAr(r) - (a/ar)Az(r) , (A.4)
B (r) = (1/1)(3/31) (rA)) - (i/x)2k_(v) ,




and
ﬁr(r) = -(@/3r)¢(r) + (iw/C)Ar(r) >
Eg(r) = ~(11/2)$(r) + (iw/)A(x) ,
E_(r) = -ik¢(r) + (iw/c)A (r) .

Making use of Eq. (A.3), the Maxwell equations (A.2)
113 3 % 2\~ ~
(;a—;rg;-;—z—+ P )¢(r) = -4mp (1) ,

13 ] 22 + 1 2y ¢ 2i¢ ~
(s~ +p7) A ) - A -
r r
15 9 22 + 1 2y 7 2i8 »
(;-ﬁ-rs?————z +p)Ae(r)+'——2 Ar(r)=
r r
and
13 ) 22 24y 7 by
(;grﬁ—r—z+p)Az(r)=—c—Jz(r):

where p is defined by

02 = w272 -2 .

Introducing the new potential variables

A, =4 (0 1A,

in Eqs. (A.7) and (A.8) gives

2

13 _ a3 _ (1) 2|4 e _ b
(r 3r ~ dr r2 +p Ai(r) T e Ji(r) ’

where the current densities J+(r) are defined by 3+(r) =
In many charged particle beam applications, the pert

charge density and axial current are related by
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(A.5)

can be expressed as

(A.6)

(A.9)

(A.10)

(A.11)

(A.12)

~

J_(x) i&e(r).

urbed
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A

J, () = ne(x) , (A.13)

where n is a constant. We therefore restrict the subsequent analysis
to the case where Eq. (A.13) is satisfied. After a careful examination
of Eq. (A.6), (A.9), and (A.13), we find that the axial component of

vector potential is linearly proportional to $(r), i.e.,
A_(r) = n¢(x) . (A.14)

Making use of Eqs. (A.l1l), (A.5), and (A.14), the appropriate

boundary conditions at r = Rc are given by

$(R) = A (R) = A (R) = [(/or) (rh)]_ _ R <O (A.15)

provided

ke - nw # 0 . (A.16)

Here, RC is the radius of the conducting wall.

In a vacuum waveguide, where p = 0 = the solutions to

'Y

o>

Egqs. (A.6), (A.9), and (A.12) are given by
$(x) = (I/mA(x) = o3, (pr) , (A.17)

and

A (r) = a_J + (px) , (A.18)

where ¢ and a_ are constants, and Jl(x) is the Bessel function of the
first kind of order 2. After some straightforward algebra that makes
use of the definitions Ar = (A_+ A+)/2 and Ae = 1(A_ - A+)/2,

and the boundary condition Ae(Rc) = [(a/ar)(rAr)]R = 0 in Eq. (A.15),
c
we obtain a, = a_ in Eq. (A.18). Therefore, the radial and

azimuthal components of the vector potential can be expressed as
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A (x) = a3 (pr)/pT ,

(A.19)
A (x) = 13! (D) ,

for k¢ ~ nw # 0. In Eq. (A.18), the prime (') denotes (d/dx)JR(x).

For an electromagnetic wave described by Eq. (A.19) with a, # 0,

the boundary condition AB(RC) 0 implies

2 o :
9—2— - k% = —% , (A.20)
c R

where @ is the nth root of Ji(uln) = 0. Equation (A.20) obviously
satisfies Eq. (A.16). Moreover, from the boundary condition

$(Rc) = 0, we also note that the amplitude ¢ satisfies ¢ = 0,

which is consistent with the definition of the transverse electric (TE)
mode polarization characterized by ﬁz(r) = 0.

Similarly, for ¢ # 0, we find the transverse magnetic (TM) mode

dispersion relation

2
2 B

e - K2 = —%ﬂ , (a.21)
c Rc

where an is the nth root of the Bessel function Jz(Bln) = 0.

Since Ji(sln) # 0, the constant a, = 0 is required to satisfy the

+
boundary condition AB(RC) = 0, which is consistent with ﬁz(r) = 0.
From the Lorentz gauge condition in Eq. (A.1l), we also find n = w/kc,
and Eq. (A.16) can be expressed as k2c2 - mz # 0. To summarize,

for a vacuum waveguide, the TM or TE modes are exclusively described
by the potentials in Eq. (A.17) or Eq. (A.19), respectively.

As a second example, we calculate the electromagnetic dielectric
function for the case where the radial and azimuthal current densities

are given by
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R . ¢ §(r - RO)
Jr(r) = —iJe(r) = - Z;-———ig———— K, (A.22)
where RO and K are constants. In this case, Eqs. (A.7) and (A.8)
can be expressed as
: 2 §(r-R.)
159 ) 2 + 2
(25525 +0 )i -2 A - —Lx, (4.23)
r or R
r r 0
and
2 §(r-R.)
1 ‘
(-2 241, ) A () + 225 A () = — ik . (A.24)
T or r r R0

Substituting Eq. (A.1l) into Eqs. (A.23) and (A.24), it is found
that the solutions to the coupled differential equations (A.23) and

(A.24) are given by

A(r) =24 % * (A.25)

where the constants a_, b, and C, are determined by the boundary

conditions that the potentials Ae(r) and Ar(r) are continuous at r = RO’
and that Ae(r) and (B/BI)(rAr) vanish at r = Rc' According to Eq. (A.11),

Eq. (A.25) can also be expressed as

Jp-1(P) + BNy, (pr) + 2 Jp ) (pr) + BN, (or)
Ar(r) = R0 <r < R , (A.26)
cJ g~ l(pr) + + £+l(pr) 0 <r < R0 s
and
aJ,_,(pr) + b N _,(pr) - a, I PT) - BN, (pT)
Ae(r) = i RO <r < R . (A.27)
Jom 1) - c, Hl(pr) 0 <r <Ry .

Multiplying Eqs. (A.23) and (A.24) by r and integrating from Ro(1~s)

to R0(1+e), with ¢ » 0+, we obtain after some straightforward algebra,

+ 1
Dy (w,k)C I, 1 (E) = 5 K, (A.28)

and




32
D (w,k)C J ,(E) = Ix (A.29)
L’ -"2-1 2 ’ ’
where the dielectric functions Dz(w,k) and D;(w,k) are defined by
g3, (2)J, (L)
+ 2 £
D (w’k) = = ’ (A.30)
2 JR—I(E)J2+I(E)
and
1]
o - 23, (8)33 (&) /73, (&)
’ T _ 1 1
(A.31)
Here, £ = pR0 and g = pRC.
In a similar manner, we also obtain Eqs. (A.28) and (A.29)
in circumstances where the radial and azimuthal current densities
are related by
- - o S(-Ry)
Jr(r) = 1Je(r) = - Ro K . (A.;Z)
In this case, however, the dielectric functions are defined by
L
oo - 23, ()3} (8) /73, (©)
> - 1 - [ 1 ’
’ 23, (D3O, () - [3,(ON;(0) + I, (DN, ()13, (&)
(A.33)
and
_ 23, (93} (%)
D, (w,k) = - (A.34)

T (803, 1 (8)
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FIGURE CAPTIONS

Plots of (a) the ratio RO/Rc satisfying Eq. (86), and (b) the
corresponding coupling coefficients Qis and Q%s- for several
values of azimuthal and radial mode numbers, £ and s.

Plots of normalized growth rate Qi versus (k + nko)/k0

[Eqs. (82) and (83)] for (&,s) = (1,3), Yy = 10, v/yb = 0.02,

A2 = 0.01, A/mec = 0.002, and RO/RC satisfying Eq. (86).

Plots of normalized TE mode growth rate Qi versus (k + nko)/k0

[Eq. (82)] for RO/Rc = / (a) £ = 1 and several

%2,1/%+1,s?

values of s, (b) s = 3 and several values of &, and parameters

otherwise identical to Fig. 2.
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