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Abstract

A detailed account of a formal mathematical description of the interaction of relativistic
charged particle beams with electromagnetic waves, within the frame cf classical electro-
dynamics, is presented. The standard system of 8 equations (Maxwell, Lorentz gauge
"condition and fluid dynamics) in the 4-vector potential 4, and the 4-vector current den-
sity j, is reduced, after linearization, to a canonical system of 4 coixpled partial differential
equations in the electromagnetic field perturbation §4,. Both electromagnetic and dy-
namical quantities are treated as fields. according to the Eulerian formalism. This new
svstem is verv general. and different beam-wave interactions are characterized by different

fluid equilibria and boundary conditions for &4, and its derivatives.

* Permanent address : Thomson Tubes Electroniques, 78141 Vélizy, France.
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Oue of the central problems of relativistic electrodynamics is the interaction of charged
particles beams with electromagnetic waves(!~3l. The physics of such interactions is
very rich and a wide variety of complex phenomena arise, ranging from synchrotron and
Cerenkov!®! radiation to free-electron laser, cyclotron maser and other instabilities in-
volving non-neutral plasmas, as extensively discussed by Davidson(”). A large class of
beam-wave interaction problems involve electromagnetic energies that are small compared
to the particles kinetic energy, and a perturbation theory is appropriate to describe such
linear beam-wave interactions. This category of problem will be the focus of our attention
in this paper. Different formal mathematical descriptions of this type of interaction are
possible, such as the Maxwell-Vlasov kinetic theory or the Maxwell-Euler fluid model. In
this work, we consider the latter theory which involves the manipulation of fields for both
electromagnetic and dynamical quantities, and of operators such as the electromagnetic
wave propagator (d’Alembertian operator) or the fluid convective derivation, providing a

compact and elegant mathematical framework to study these interactions.

The main object of this work is to show that starting from the standard set of 8
equations in the 4-vector potential A, and the 4-vector current density j,, we can obtain
a canonical system of 4 coupled partial differential equations describing the evolution of
the electromagnetic field perturbation §.4,, by linearizing the interaction equations. The
compact set of partial differential equations (PDEs) derived in this manner involves the
perturbed electromagnetic 4-vector potential and the equilibrium fluid field components.
Different specific problems are characterized by different fluid equilibria and boundary con-
ditions for 64, and its derivatives. The initial set of 8 equations consists of the 4 Maxwell’s
equations with sources describing the evolution of the 4-vector potential, the Lorentz gauge
condition, which is equivalent to the conservation of charge or to the continuity equation,
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and 3 fluid equations of motion.

At this level, two main formal approaches can be used to solve this linear system
of PDEs®.. On the one hand, one can expand 64, into known eigenmodes satifving
the appropriate boundary conditions, and study the coupling of these modes through the
coupled PDEs. The other approach consists in solving directly these equations, then using
the boundary conditions to determine the actual eigenvalues and eigenfunctions of the

problem.

We now review the general formalism describing the interaction of a relativistic elec-
tron (or other charged particles) beam with electromagnetic fields, within the frame of
classical electrodynamics. A very large number of methods have been described in the
litterature, and there is, sometimes, some confusion about which equations and which
variables are most appropriate to formally describe a specific interaction problem. For
example, it is well-known that the gauge condition, the conservation of charge and the
continuity equation are equivalent. Here. our objective is t.o reduce the linearized equations

of interaction to a canonical system of 4 equations in the 4-vector potential perturbation

84, (z,)-

We first briefly review the equations relevant to the problem. The interaction of
charged particles with electromagnetic fields can be described. in the classical limit, by
two sets of equations. On the one hand, Maxwell’s two groups of equations, governing the

fields,

VxE+8B=0, (1)
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and the group with sources

= = 1
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On the othexl hand, the equations governing the particles dynamics, which are given by
dp=—e(E+7x B), (5)
and the continuity equation (charge or particles conservation)
Bp+V-7=0. (6)

Here, j, = [cp,7; = —enc, 7] is the 4-vector current density, with n the particle
density and 7 = ¢§ their velocities. The particles’ momentum is given by 7 = vm,#, and
their energy by y"2 = 1 — 2.

At this point, it is important to note that Maxwell’s first group of equations i(1) and
(2)! suggests the introduction of the 4-vector potential 4, = 14. A . defined such that

E '—eo - ag ."i-, (7)
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As a result. equations (1) and (2) are automatically satisfied. If. in addition. we impose

that the 4-vector potential satisfies the Lorentz gauge condition
)
—zato-."V'.-l=0. (9)
c

we see that the second group of equations is equivalent to

r_', 1 1

'LV - gaf} o—-—p=0, (10)
I’__ 1 - - - )
JLV"’—;&’] A~ poj =0. (1)



It should also be noted that the gauge condition (9) is equivalent to the continuity equation
(6).
The equation of momentum transfer (5) implicitly satisfies energy conservation as can

be seen by taking the dot product of equation (5) by B, to obtain

eE . v

d‘-y—-'nocz. (12)

Finally, using the definitions, equation (5) can be transformed to read, within the frame-

work of a relativistic fluid model,

) o= e 02 1/2 - . - - 5 - o
._3¢+v.V}v=—;—'(l-;z-) {—V¢—8.A+vxVxA+-c-5(V¢+3,A)-v},(13)

where we have used the explicit expression for convective derivation. We thus obtain a

closed system of 8 equations with 8 unknowns A,, nand ¢

[V."'z - %0,2] 1= p,env (14)
[6'2__6.12. t]q)::l-—en. (13)
S00-F-T=0 (16)

together with equation (13).

We now focus on the linear analysis of the beam-field interaction. Any fluid field
component f(z,) is written f = fo —~&f. The quantity fj refers to the beam self-consistent
equilibrium in the external fields. while § f corresponds to the electromagnetic perturbation.
Note that here. no assumption is made about the nature of the fluid equilibrium considered :
in particular, this equilibrium can be space-time dependent. We assume that for all fluid
field components. we have §f <« ifo. We can then linearize the equations presented
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above, with the result that

[ 2_ ] 54 = proelnos + Fobnl, (17)
[ 2 _ ] 8§ = ;—e&n, (18)
L S864+9-64=0, (19)
(8e + o - V165 + [67 - Voo = ~7o;°{—65¢-6,6§+&6’x Bo +% xV x §4

_ gg.fg‘ 55— (V66 + B A) - 5] — —(Eo 70)

2 - — -
- Zcf.g(a,, . §3) [Eo + U0 X Bg — Eg-(&,-a.,)] } (20)
Here the equilibrinm electric and magnetic fields are Ey(z,) and By(z, ), respectively. We
shall now reduce this system by considering
- é
ngév = (054 - ¢) (21)
Ho€
where
U |
0=8,8#=V"- ;2-33, (22)
is the d’Alembertian operator {electromagnetic wave propagator). We have. on the other
hand.
By + B - V (nob¥) = no 8, — Fo - ¥ .6F — 6570, ~ To - ¥ no, (23)
and, after (21),
I3 - - 1 I - =2 ry > é@
x_ag “+vg - V_.(noéﬂ = ,—‘—-;Ld. -~ Vo Vj D5.4 - joﬂ-c— . (24)
(]

The first term on the right-hand side of equation (23) is given by (20)

14

YoM,

no B — o - V166 — (nobt) -V fo = — no {-m — 881 -6Fx By~ToxV x 64

Fo.n  cn 3 Y P
-~ -:-ggEo-&v — (Vo + 8,54) - By} — ;L(Eo-vo)
2 fand o '1e fd
—127(170'517)[Eo+!70><Bo—§g'(Eo't7o)]}, (25)
[
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while the second term can be derived from the equilibrium continuity equation
g+ V -(netg) =0 = B + To - Ving = —no(V - 7). (26)
We thus have
- = - g o 6¢ - a7 g
B +50-V+V -vo](ElﬁA —ﬁol:l—c-> = poeno[d, + To - V}60. (27)

We now use equation (25) to obtain

¢

c

e
YoM

B+ 50V + .ao](c!&A'-EoD )+ [(us.z-ﬁ.,g%) .e] 5o = —phoerio
{-65¢-&61+66x§0+50 x ¥ x 64 - BBy 65~ (950 + 8,54) - 5]
- g:(fo-a.,) - %2‘3(60-66) [Eo + B X Bo - %(ﬁo -io)] }
(28)

At this point, we define the following fluid equilibrium fields

=~ eﬁo(z:, } w: no(z, e’ = to(z, ) - eEo(z,)
I e — T R y = . .\ = y v
o Yo(zu )mo Lo #070(:3&)"10 P c * 7 Yo(z.)moc

which are, respectively, the relativistic cyclotron frequencies in the equilibrium magnetic
field, the relativistic beam plasma frequency, the normalized fluid equilibrium vel?city
field and the normalized equilibrium electric field, governing the energy time-scale. The
formalism described here includes the most general case, where the dynamical quantities

describing the fluid equilibrium state are functions of both space and time.

Upon replacement of every quantity nyév appearing on the right-hand side of equation
(28) by the value defined in (21), we end up with the sought-after canonical system of 4
equations in the 4-potential vector perturbation 84, = 164, 54l
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(0489 = 95— 8o = Boll - = x =23 o ~ Bo(Ro - o) = iy x ol
(nax-é‘on%")

+ [(ms.i-ﬁogf;f) -\7] o

2
+‘l’c§{-65¢-a,5i+aox\?xsj+3‘o(65¢+a,a.i').a‘o}-_-o, (29)
;12-3,5¢+ V.54=0. (30)

Note that we can easily identify the different terms in equation (29) as a beam-mode
type operator coupled to an electromagnetic wave propagator, and a beam coupling term
proportional to the beam density profile w>(z,) and containing the ponderomotive force.

At this point, different beam-wave interactions are characterized by different fluid
equilibria and different boundary conditions for §4,. At this level, two main formal
approaches can be used to solve the canonical system derived above. On the one hand, one
can expand 64, into known eigenmodes satisfving the appropriatc boundary conditions.
and study the coupling of these modes through the coupled PDEs describing the evolution
of the d-vector potential perturbation. The other approach consists in solving directly
these equations, then using the boundary conditions to determine the actual eigenvalues
and eigenfunctions of the problem.

This formal description of beam-wave interactions is quite general and can be used
as a new canonical system of PDEs describing the self-consistent evolution of the 4-vector
potential perturbation in the linear regime. The formalism is Eulerian in the sense that
the (now implicit) fluid dynamical quantities are treated as continuous space-time fields,
on an equal footing with their electromagnetic counterparts.
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Finally, we plan to expand on this theory in an upcoming paper by treating the
problem of optical guiding in a FEL!®! within the framework of the formalism exposed in

this letter.
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