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ABSTRACT

Use is made of the Vlasov-Maxwell equations to investigate detailed properties
of the sideband instability for a helical wiggler free-electron laser with wiggler wave-
length A, = 27 /ko =const and normalized wiggler amplitude a,, = eB,,/mc?k, =const.
The model describes the nonlinear evolution of a right-circularly polarized primary
electromagnetic wave with frequency w,, wavenumber k,, and slowly varying ampli-
tude a,(z,t) and phase 8,(z,t) (eikonal approximation). The coupled Vlasov and
field-evolution equations are analyzed in the ponderomotive frame (“primed” vari-
ables) moving with velocity v, = w,/(k, + ko) relative to the laboratory. Detailed
properties of the sideband instability are investigated for small-amplitude perturba-
tions about a quasi-steady state characterized by an equilibrium electron distribution
f°(44) and a primary electromagnetic wave with constant amplitude @° =const (in-
dependent of z’ and ¢') and slowly varying phase %(2’). A formal dispersion relation
is derived for perturbations about a general equilibrium distribution f°(y}) which
may include both trapped and untrapped electrons. For the case where only trapped
electrons are present, the dispersion relation is reduced to a simple analytical form.
Detailed properties of the sideband instability are investigated for the case where the
trapped electrons uniformly populate the ponderomotive potential up to an energy
Yy < 4., where ¥4/, is the energy at the separatrix. Analysis of the dispersion rela-
tion shows that the maximum energy of the trapped-electron population (v),) signifi-
cantly affects detailed stability properties in the strong-pump and intermediate-pump
regimes.



I. Introduction

12173 evidence that free-electron

There is growing experimental' ~%° and theoretica
lasers (FEL’s)7™ %0 are effective sources of coherent radiation generation by intense
relativistic electron beams. Recent theoretical studies have included investigations

21-48

of nonlinear effects and saturation mechanisms, the influence of finite radial

50-55

geometry on linear stability properties, novel magnetic field geometries for ra-

30,56-80 and fundamental studies of stability behavior.®?=72 One

diation generation,
topic of considerable practical importance is the sideband instability~82!~28:38-48
which results from the bounce motion of electrons trapped in the (finite-amplitude)
ponderomotfve potential. It was first predicted theoretically by Kroll, Morton and
Rosenbluth?®® that the bounce motion of the trapped electrons can lead to the unstable

0-14% and experimental obser-

development of sideband signals. Numerical simulations
vations®~® subsequently demonstrated that sideband signals can grow to a significant
level. In analytical investigations of the sideband instability, both kinetic?*~23 and

24.28.39 models have been developed. Making use of the Vlasov-Maxwell

single-particle
equations in the ponderomotive frame, Davidson?! investigated the sideband insta-
bility for perturbations about a self-consistent equilibrium state. In circumstances
where the trapped electrons are localized near the bottom of the ponderomotive po-
tential, it was found that the detailed stability properties are relatively insensitive
to the form of the distribution of trapped electrons. In a subsequent analysis,?? the
detailed dependence of the sideband instability on the system parameters was exam-
ined. Moreover, Davidson and Wurtele?! have developed a single-particle model (with
appropriate statistical averages) to analyze the sideband instability in the pondero-
motive frame. The effects of the untrapped electrons have also been considered.?

Most previous studies of the sideband instability are restricted to the case where the

trapped electrons are “deeply” trapped in the ponderomotive potential. Recently,

(R



however, Riyopoulos and Tangé6 developed a kinetic model to study the sideband in-
stability for general distribution of trapped electrons. The influence of the sideband
signal on the electron dynamics has also been investigated.?” Furthermore, Sharp
and Yu®® have developed a kinetic model of the sideband instability in which the
transverse variations of the wave fields are calculated self-consistently from Maxwell’s
equations.

In this paper, we present a one-dimensional kinetic analysis of the sideband in-
stability. Similar to Sharp and Yu’s work,?®® we consider general trapped-electron
distribution and determine the self-consistent evolution of the electromagnetic fields.
The present analysis differs from Sharp and Yu’s work®® in the following important
aspects:

(a) For general trapped-electron distribution f°(+}), the kinetic dispersion relation
is reduced to a simple form [Eq.(130)] which involves integrals over only the energy
variable ;.

(b) When the electrons uniformly populate the ponderomotive potential up to
an energy level vy, < 4, [Eq.(132)], the dispersion relation is obtained in closed
analytical form [Eq.(141)].

(c) In the limiting case where the electrons uniformly populate the ponderomotive
potential up to the separatrix (v, = ¥, ), the dispersion relation is also obtained in
closed analytical form [Eq.(103)].

(d) The present analysis is carried out in the ponderomotive frame, which leads
to considerable simplification in the orbit equations {Egs. (83) and (111)] and in the
detailed investigation of the sideband instability.?! ~2373.74

The theoretical model (Sec.IT) employed in the present analysis is based on Vlasov-
Maxwell equations.  The basic equations and assumptions are described in

Sec.Il A. A tenuous, relativistic electron beam propagates through a constant-amplitude



helical wiggler magnetic field with wavelength A\, = 27/ky=const and normalized
amplitude a,, = eB,/mc*ko [Eq.(1)]. The model neglects longitudinal perturba-
tions (Compton-regime approximation with §¢ ~ 0) and transverse spétial varia-
tions (9/8z = 0 = 9/8y). Moreover, the analysis is carried out for the case of a
finite-amplitude primary electromagnetic wave (w,, k,) with right-circular polariza-
tion and slowly varying normalized amplitude a,(2,t) and wave phase §,(z,¢) in the
eikonal approximation [Eq.(2)]. In the ponderomotive frame [moving with velocity
Vp = w,/(ky + ko) relative to the laboratory frame|, the nonlinear evolution of the
complex amplitude a,(z’,t') = &,(2',t') exp(z8,(2',t')] is described by Eq.(19). It is
also assumed in the present analysis that all electrons move on surfaces with zero
transverse canonical momentum, with corresponding electron distribution function
of the form fy(2', p’,t') = 6(F,)8(P,) (2, p,t')[Eq.(10)] in the ponderomotive frame.
In Sec.Il B, equilibrium properties are investigated. Under quasi-steady-state con-
ditions (8/0t' = 0) corresponding to the saturated state of a free-electron laser, the
electron distribution function depends only on the energy constant of the motion
[Eq.(29)], and the primary electromagnetic wave has a constant amplitude 4% and a
slowly spatially vérying phase 82(2’) [Eq.(28)]. In Sec.III, the linear stability analysis
is presented. The method of characteristics is used to derive the kinetic dispersion
relation [Eqgs.(60) and (64)] from the linearized Vlasov-Maxwell equations (36) and
(39).

In Sec.IV, we apply the equilibrium and stability formalism developed in Secs.
IT and III to a particular choice of electron distribution function [Eq.(65)] in which
the electrons uniformly populate the ponderomotive potential up to the separatrix
(v6 = ¥,). The dispersion relation for this particular distribution is obtained in

closed analytical form [Eq.(103)]. In the limiting case where the dimensionless pump



strength

| Y,
P = -[05(¥)/Toek,]®

4
defined in Eq.(105) is small (P < 1), the maximum growth rate is determined an-
alytically [Eq(llO)] In the definition of the pump strength P, the quantity &g (%)
is the bounce frequency of a deeply trapped electron with energy 4’ [Eq.(78)], and
(3'/2/2)Tyck, is the familiar small-signal gain (temporal growth rate)™ calculated in
the ponderomotive frame.

For a distribution f°(4}) with only trapped electrons, the dispersion relation
(Eq.(64)] can be simplified analytically (Sec.V). Making use of the exact trajecto-
ries of the trapped elecfrons [Eq.(116)], we express the dispersion relation in a form
that involves integrals over only the variable 4§ [Eq.(130)]. To further simplify the
analysis, in Sec.VI we assume a step-function distribution [Eq.(132)] in which the
electrons uniformly populate the ponderomotive potential up to an energy vj, < ¥,.
The dispersion relation can then be simplified in closed form [Eqs.(139) and (141)].
In the weak-pump limit (P < 1), the maximum growth rate is obtained analytically
(Eq.(147)]. The dispersion relations (103) and (141) are solved numerically and the
results are presented in Sec.VI C. For different values of the dimensionless pump
strength P, the dependence of stability properties on the level of population {7}, in
Eq.(132)] of the pondéromotive potential by the trapped electrons is examined. In
the strong-pump regime (P > 1) and in the intermediate-pump regimes (P ~ 1), a
strong resonance structure is observed in plots of the growth rate versus wavenumber.
It is also found in these regimes that an increase in v}, causes a decrease in the maxi-
mﬁm growth rate and a decrease in the separation between growth rate peaks. When
Yar approaches ¥/, the growth rate peaks coalesce into a single smooth curve. By con-
trast, the change in ), has little effect on the stability properties in the weak-pump

limit (P <« 1). Moreover, the resonance structure is not observed in this limit.



II. Theoretical Model and Evolution Equations
A. Assumptions and Basic Equations

The model consists of a tenuous, relativistic electron beam propagating in the :

direction through a helical wiggler magnetic field with vector potential

Au(x) = (mc*/e)ay(x)

= —(mc?/e)ay(cos kyzé, + sin kozé,). (1)

‘Here —e is the electron charge, mc? is the electron rest energy, A\, = 27/ko = const
is the wiggler wavelength, the wiggler magnetic field is B,, = VXA,, and a,, =
eB,/mc*ko =const is the normalized wigglér amplitude. Transverse spatial variations
are neglected (0/0z = 0 = 8/0y), and it is assumed that the beam density and current
are sufficiently low that the equilibrium self fields associated with the space charge
and axial current of the electron beam are negligibly small. Moreover, longitudinal
perturbations are neglected in the stability analysis (Compton-regime approximation
with §¢ >~ 0). The electromagnetic wave signal is‘ assumed to be right-circularly

polarized with vector potential

A,(x,t) = (mc®/e)a,(x,t)
= (mc?/e)a,(z,t){cos[k,z — wyt + 6,(z,t)]éx

—sin[k,z — w,t + 6,(z,t)]ey}, (2)

where w, and k, are the frequency and wavenumber, respectively. In order to take the
sideband structure into account, the wave amplitude a,(z,t) and phase shift §,(z,t)
are allowed to vary slowly. The corresponding electromagnetic fields are given by
B, = VXA,, and E, = —(1/c)0A,/0t. The amplitude a,(z,t) in Eq.(2) is related
to the magnetic field amplitude B,(z,t) of the electromagnetic wave approximately

by a, = eB,/mc?k, for slowly varying a,.



A detailed investigation of the sideband instability simplifies considerably if the

analysis is carried out in the ponderomotive frame moving with velocity?!=25:73.™
Up =ws/(k:+ kﬂ) (3)

Therefore, the subsequent analysis is carried out in ponderomotive-frame variables

(2',t',4') defined by the Lorentz transformation

7 = Yp(2z — vpt), t' = Yp(t — vpz/cz)
71 = 7p(7 - vppz/mcz)v (4)
where
T = (1- v:/cz)—uz’
yme® = (mict + pl + *p? + Ep)/2,

Here, y'mc? is the mechanical energy, and the components of momentum (p,p), p;)
are related to the velocity v/ = dx’'/dt’ by p’ = v'mv’. We introduce the complex

representation of the vector potentials defined by

a,(z) = azuw(z) —iap(2),

a, (z,t) = azs(z,t) — iay,(z,t). (5)

Making use of Eqs.(1) and (2) and the inverse transformation of Eq.(4), it is readily

shown that

as(Z,t') = —a,exp[—ivoko(z' + vpt')],

a; (Z,t') = a,exp[i(k,z —wit') +18,(2',t)], (6)

in ponderomotive frame variables. Here (w), &}) in the ponderomotive frame is related

to (wy, k,) in the laboratory frame by

’

wy = Yp(ws — ksvp), K, = vp(k, - w,vp/cz). (7)



For future reference, the second equation in (6) can also be expressed as
a; (2, t') = a (2, t') expli(k,z' — W t)], (8)
where the complex amplitude a,(z’,t) is defined by
a,(z',t') = a,(2',t') exp[26,(Z', t')]. {9)

In the present analysis, it is assumed that all electrons move on surfaces with
zero transverse canonical momentum. Correspondingly, the one-particle distribution

function for the beam electrons, in the ponderomotive frame, is of the form
filz', ') = 8(P)8(P)) f (2, P, t'), (10)
where P, and P, are the transverse canonical momenta
e e
P = p — —Au(2,t) — -A, (2, t
L= = () - S )
= pl + mea,, cos[ypko(z' + vpt')] — mca, cos(kiz’ —wit’ + 8,(2',t')],
e e ,
Py/ = ply — Z.-lwy(zl,tl) - z."lw(z ,tl)
= p! + meay sin[ypoko(z' + vpt')] + mca,sin[k]z’ — w't' + 8(2',t)]. 11
py P P 3 s s
In the present field configuration, P; and P, are exact constants of the motion in the

combined fields of the wiggler [Eq.(1)] and the signal wave [Eq.(2)]. For the class of

distribution functions in Eq.(10), the transverse velocities can be expressed as

v, = —;67{0.“, cos[voko(2' + vpt')] — a, cosk)z’ — wit' + 8(Z, t')]},

T —-%{aw sin[ypko(2z' + vpt')] + @, sin[k)z’ — wit' + &(Z, t')]}, (12)

where the relativistic mass factor ¥’ is given by

2
7 pz .
¥ =1+ e +a® + |a,|® — 2a,Re [a, exp(zk;,z’)] , (13)



and k; is defined by

k, = K, + 1pko = (k, + ko)/¥p- (14)

In obtaining Eqgs.(13) and (14), use is made of Eqgs.(3) and (7). The one-dimensional

distribution function f(z’,p},t') in Eq.(10) satisfies the nonlinear Vlasov equation

O | @00 | 207 OF _

= — = - =0, 1
e T op, 0z el op, (15)
where the electron Hamiltonian vy'mc? is defined by Eq.(13).

To complete the theoretical model, the space-time evolution of a] (z',t') is deter-
mined self-consistently from Maxwell’s equations. For the class of distribution func-
tions in Eq.(10), Maxwell’s equations for the complex vector potential a; (Z/,t') =
ax(2',t') —ia,(2',t') associated with the electromagnetic fields of the signal wave can

be expressed as
Y. ) _('t’)-——fﬁre_z c’odlf(/ 't’)('—") (16)
c2ot? Pz a,(z,l )= me J—wo P S 2, P U )V — 2V ),

where the transverse velocities v/, and v,, are defined in Eq.(12). Making use of Eqs.(8)

and (12), it follows that Eq.(16) can be expressed in the equivalent form

EZ 2 _l_Bza, _ Ba, _ 2w, ?_c_z_,_ N _cziiaa, (k2 = Wit
T2 TRyl c? Ot Hz2 2 \8t  w, Oz CXPIIE,Z s

4me? foo X
T ’f::z —o0 dp;f(zl’l"z’t'):ﬁa, expli(k,z’ — wit')]
4 ezaw 0. 1 '
= / dp, f(2', Pey ) = expl=ikovp(2" + vpt')]. (17)
mc oo 7

Consistent with the assumption that the complex amplitude a, is slowly varying with
z’ and t', we neglect the second-derivative contributions with respect to 2z’ and ¢’
in Eq.(17), but retain the terms proportional to 8a,/0t' and Oa,/0z' (eikonal ap-
proximation). Furthermore, we operate on Eq.(17) with £ fol" dz' exp(—1iklz' +wit'),

where L' = 2r/k/, [Eq.(14)] is the fundamental periodicity length for the (fast) spatial



oscillations in the ponderomotive frame. Treating the spatial variation of a, as slow,

the wave equation (17) can be approximated by
W2 4me? 1 U oo 1
_ Vs k/2 _/ dz'/ d/ Z/ / t/ -
[( C2 + s + me? L/ o oo pz.f( » P2y )7, a

2w, (Oa, N ¢*k! Oa,
2 \o W oz

_ 4mrea, 1 /L' ds () t/)exp(—ikx',z’)

7 y Pz ;
Y

met L' Jo (18)

for the evolution of the signal wave. Use has been made of w, = v,kov, to obtain

Eq.(18). Separating Eq.(18) into fast and slow contributions gives

4 1 v
w? = k2 + :: / dz/ dp., f(z', P, t' ) —————

¥'(z aPZ)
21w, ( Oa, k:_c":aa,
¢2 8t/ + / azl
47re Ay exp(—1tk,2’)
= d dp’ t)———2—, 19
mc? L’/ Z/ P.f(£, P, ) ¥'(2', p.) (19)

The first equation in (19) determines the real oscillation frequency ) in terms of A,
and beam dielectric effects. On the other hand, the second equation in (19) describes
the (slow) evolution of the complex amplitude a,(2',t') = &,(z/,t') exp[ié,(z’,t')] in-

duced by the wiggler field.

B. Equilibrium Analysis

Under quasi-steady-state conditions, an equilibrium analysis of Eqs.(15) and (19)
proceeds by setting 5% = 0 and looking for stationary solutions, njf°(z’,p.) and

af(z’), that satisfy the equations

25‘70 8f° 25‘705f0
™ g B e 52 o, =0

4me? Ay

1
e -] d ’ d 1 £0 /’ /’tl —_—
m L'./ ¢ / ASELS ¥'(2',p,)

da? 47re 3w Ty exp(—ik,z’)
! z d t 20
ikt = 22 P [ g po ) TEES (20)

2 . 212
w = c'kf +

10



where v,mc? is the Hamiltonian under the influence of the wiggler field a,, and the
stationary electromagnetic wave field a9(z'). Furthermore, nj=const is the average
density of the beam electrons in the ponderomotive frame, which is chosen so that
the normalization condition s JE dz' [, dp, fO(2',p,,t') = 1 is satisfied. Similar to
Eq.(13), ¥4 is given hy

/2
P;
m2c2

=1+ + @, + [af]* — 20, Re [af exp(iky2)] - (21)

It is clear that any distribution function which depends only on the constant of
the motion, v4(z’, p.), solves the first equation in (20). The complex amplitude a%(z’)
of the electromagnetic wave can be determined by solving the third equation in (20).
In the present analysis, it is assumed that in the equilibrium state the electromagnetic

wave has constant amplitude and slowly varying phase, i.e.,

a%(2') = &0 explit?()], (@)

3

where 4% = const.(independent‘of z’). Under this assumption, it follows from Eqgs.(20)

and (21) that

58° 4re®a, n, (L o0
1207 "s w b / (I A
-Qk,a, az, = - m02 L’v/O dZ -/;oo dpz.f [‘70(2 vpz)]
y cos(k)z' + 82(2')]
vo(2hp,)
2
v (2, pl) = 1+ ;p;‘c—z +al + (a))? - 2a,a) cos[k,z’ + 85(2")). (23)

Note that the integrals over z’ in Eqgs.(20) and (23) are over an interval of length
L' = 2r/k;,. Moreover, neglecting the slow z' variation of §(2') in the integration
over z’ in Eqs.(20) and (23), the integrands are periodic functions of z’ with period
L' = 2m/k,. Therefore, the right-hand side of the second equation in (20) and the
first equation in (23) are independent of z’. The solution of the first equation in (23)

is readily given by
§(2) = ekl (24)



where € is the small dimensionless parameter defined by

ek; = const.

2 a1 J oo ool
2reta,, Ny, cos{k2’ + ek z']

r 0
-] d // Cl ¢t pO[ 3/ / P pe) ) 2
k;rnczd(,’ LI\/O z oo sz [70( vpz)] ‘Y(’)(ZI,PIZ) ( 5)

Similarly, the second equation in (20) can be expressed as

ire? i 1
o =k TR [T e [ ol (26)
which plays the role of a dispersion relation relating w, and k), including beam di-
electric effects. For future reference, we differentiate Eq.(.26) with respect to k;, and

obtain the group velocity of the electromagnetic wave in the ponderomotive frame

/ ' .2
y _Ow, kic

57 Bk, T W,

(27)

Several noteworthy points regarding the equilibrium analysis are summarized be-
low:

(a) For constant equilibrium wave amplitude a?, the wave phase 6?(2’) is generally
slowly varying in order to satisfy the third equation in (20). The equilibrium phase
shift is given by Egs.(24) and (25).

(b) We note from Eq.(23) that the fundamental periodicity of the (fast) spatial
oscillation is actually given by L' = 27 /[(1 + €)k;]. Since the present model assumes
that the phase varies slowly, i.e., ¢/ <« 1, there is only a small correction to the
previously defined L' = 2r/k;.

(c) In Eq.(25), ek, appears on both sides of the equation. It would seem necessary
to determine ek in an implicit manner. However, consistent with the assumption

that € <« 1, we can approximate Eq.(25) by

2reta, 7

cos(k,z')

ek, = m%/ d(kﬁ,zl)/_ dp, f°la(2, pu)) 5 )

12



where the relativistic mass factor v{(2’,p}) is given approximately by

/2
20 0 N __ P. 2 ~0V2 ~0 -~ ‘
Y (Z,p,) =1+ 2 +ay, +(a,)° — 2a,a, cos(k,z'). (29)

Note that in Eq.(28), k, 2" is a dummy variable. Therefore, €k, is determined explicitly.

(d) Solving Eq.(29) for p), gives

;= #melyg -1 - a*(2)]"?, (30)
where a?(z’) is defined by
a*(2') = al + (&) — 2a.,aJ cos(k,2'). (31)

It is clear from Eqs (29), (30) and (31) that there are two classes of electron orbits.

Untrapped electrons, for which p/, does not change sign, have energy yimc? satisfying

(Fig.1) .

Yo > [1+ (aw + a2 2 =/, (32)
where a2 > 0 and a,, > 0 are assumed without loss of generality. On the other hand,
trapped electrons, which execute periodic motion in the ponderomotive potential, have

energy vomc? in the range (Fig.1)

/

YL(Z) = [1+ % ()]V? <% <74 (33)
For the trapped electrons, the density of particles with positive and negative momen-
tum in the ponderomotive frame must be identical. Therefore f°(2',p.) = fO(v}) is
a complete description for the trapped electron distribution. However, for untrapped

electrons the complete form of the distribution function is

£, 0) = B (u)UP) + f () U(=pL), (34)
where U(z) is the Heaviside step function defined by U(z) = 1forz > 0 and U(z) =0
for z < 0. In Eq.(34), f2(7) and f2(v5) are the distribution functions of the forward-
moving (p, > 0) and backward-moving (p, <’0) electrons in the ponderomotive frame.

For the untrapped electrons, f2(v4) and f2(vy) can be specified independently.

13



(e) Although the present analysis requires that the equilibrium distribution f°(2’, p’)
be a function of +;, it provides no information about the detailed dependence of f°
on 5. Generally speaking, we should account for the system evolution from some
initial state f(z’, p},t' = 0) to the quasi-steady state in Eq.(20) in order to determine
the actual form of f°(44). For present purposes, we first carry out a linear stability
analysis for perturbations about general f°(vy). Later, when the form of f°(v}) is
required to determine detailed stability behavior, a choice of f°(v4) will be made

which makes the analysis tractable.

14



III. Linear Stability Analysis
A. Linearized Vlasov-Maxwell Equations

With regard to a stability analysis based on the Vlasov-Maxwell equations (15) and
(19), we consider small-amplitude perturbation about the quasi-steady state f°(z’, p})

and a2 exp(i69(z’)] described in Sec.II B, and express

f(2,8.t) = w[f2,B) + 6f(2,P..t)],

a,(z',t') = [&2 + ba,(Z, t)] exp[i82(2')], (35)

where ny=const is the average density of the beam electrons in the ponderomotive
frame. Here, for small perturbations in wave amplitude 6a, = a, — a2 and phase
§ = & — 89 it follows that the complex perturbation 6a,(z’,t') in Eq.(35) can be
approximated by éa, = éa, + ig',&.?. The linearized Vlasov equation is given by

_?_ 26‘76 % 287{) 9 [

{6t’ M S B T ™ 5y o, | (Pt
- 8f° 8 8f° 8

2 tr ot

¢ {ap; 52 az'a'}&’ (2, P2)-

(36)

Here, 5v = 4’ — 7}, where 4’ and ~; are defined in Eqs.(13) and (29), respectively.
Making use of Eqgs. (28), (29) and (35), we can express Eq.(13) as

v'? = 42 + 2a%Re(8a,) + |6a,|* - 22, Re [50,, exp(ik;z')] . (37)
Consistent with the assumption that |a%| « 1 and |éa,| < 1, we approximate 6y’ by
! Qw ‘1.7 7
87"~ ——Re [50, exp(ik,z )] . (38)
Yo

The perturbed complex wave amplitude §a, is then determined self-consistently from

the linearized equation
(8 o}
‘ ! / + ! /
2w, (5{, + vgé;-; +'ng€kp ba,
Ameta,, 0

exp[—ik,z’ —163(2')]
=1
m L

¥'(2, p,)

/0 Y /_ : dp8f(,Plut) . (39)

15



In deriving Eq.(39) from Egs.(19), (27) and (35), zeroth-order terms are eliminated
by using Eq.(23).

Equations (36) and (39) can used to determine the evolution of §f and éa, self-
consistently. If the perturbations § f and éa, grow, then the equilibrium distribution
f° is unstable. If the perturbations damp, the system returns to equilibrium and is
stable. A useful method for solving the linearized Vlasov equation (36) is based on the
method of characteristics. We denote by z"(t”) and p}(t”) the particle trajectories

under the influence of the wiggler field and the equilibrium electromagnetic field.

That is, 2”(t") and pJ/(t") satisfy the Hamilton equations of motion

z

d

@t = ™ gl eD,

d 15}

a—,;P'z' = -“mcz'g;,;%(z",P'z'), (40)

where the Hamiltonian mc?4{ is given in Eq.(29). We further assume that the tra-

//
z

jectories z(t") and p/(t") pass through the phase-space point (z/,p,) at time t” = ¢t/,

ie.,

" =t) = 2,

p(t"=t) = p.. (41)
Using the chain rule for differentiation, it can be shown that the total time derivative,

following the particle trajectories in the equilibrium field .configuration, is

d 0 d2 0 dp! o

@ T T @ o Tt o
9 207 0 207 0
= — 2o 2 = 4
ot " G o T Bt Bt (42)

Moreover, making use of the fact that the equilibrium distribution function is a func-
tion only of g, the following identity is readily shown

Bf"vi_af"a_ai"{@‘ré@ 6763}_13f°{d a}: (43)

Opt 82" Bz Op! ~ Ovg \BplBz" B Opf | mc2 by | dt" ot

16



It is then evident that Eq.(36) is equivalent to

d.._offd 8,
d—;;5f 57{‘—'—.—}57 (44)

evaluated at t” = t/. For amplifying perturbations that grow temporally, we integrate
Eq.(44) from t” = —oo to t” = t/, and neglect the initial perturbation (at t’ = —o0).
Making use of Eqgs.(42) and (43), this gives

fO

0

/.I / / ! t " a " Uy
st = 3 vt - [yttt e

for the perturbed distribution function §f(z,p},t’). Eq.(45) is then substituted into
Eq.(39) to determine the self-consistent evolution of the field perturbation, §a,(z’,t'),
in the small-amplitude regime. Note that the integral over t” in Eq.(45) requires a
determination from Eq.(40) of the orbits z”(t”) and p?(t”) in the equilibrium field

configuration.

B. Kinetic Dispersion Relation

For clarity of derivation, we express the complex perturbed wave amplitude éa,(2’, ')

explicitly in terms of its real and imaginary parts
ba,(2,t') = 8ai(2,t') + iba’(2, 1), (46)

where 6a] = 6a, = &, —a° and ba} = §a% = (6 — §°)a°. The linearized equation (39)

can then be expressed as

(2 9 :
2w, {(B—t-; g@z’) bal — viek Sa]
4mela,, 1 sin(k}z')

2r )
= b k/ / / d 15 /’ / , tl p ,
m 27 -/(; d( pZ ) ) Pz f(z P )7I(ZI» plz)

2w [(% + vé%) Sai + v;ek;,&a:]

4reta, N cos(k,2')

- dre 2_77/ u'/ dp.8f(z ,pz,t)—(;,jz—,—) (47)
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In obtaining Eq.(47), use is made of the assumption &/ > ek, to approximate k}z’ +
63(2') by k}z'. Making use of Eqs.(38) and (46) in Eq.(45), we obtain the expression
for §f in terms of a” and 6ai, i.e., '
- a, Of° : t
5 /, /,tlz———w——— 51‘ KA T ‘//__/ 1"
f(Z,p.,t) W, { a;, cos( pz) da’, sm(kpz) . dt
o T gl /] o LN v : /]

X %5%(:4 yt") | cos(k,z") — %5%(2 ,t") | sin(kyz")| . (48)

In terms of the Fouriet-Lvaplace transforms of 6a’ and 8a!, Eq.(48) can be expressed

as

v _ G Of° rd(AR) pdA)f L '
§F(<,pl b)) = —%0%/ - /C L 54T(AK, M) cos(ky2')

. t
—§AI(AK, Aw') sin(k.z') — / dt" exp[—iA' (" — t')]
x exp[iAK (2" — 2')] [~iAW/6AT(AK', Aw') cos(K,z")

+iAW' A (AK, A) sin(k;’,z”)] } exp[i(Ak'Z — Aw't)], (49)

where the transformed variables §A™(Ak/, Aw') and §4*(AK’, Aw'’) are related to the
perturbations §a] and 8a’ by

sa(2 ) = / il%ﬂexp(myz') /C

/ d(;\:’) exp(:Ak'Z") /c

d(f‘“’ ) exp(—iAu/t)5AT( AN, Au),
T

d(Aw’)
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exp(—iAW't)6 A (AR, Aw'). (50)

Here, the integral over Ak’ is along the real Ak’ axis from Ak’ = —oco to Ak = +o0,
and the contour C, which is parallel to the real Aw’ axis, is so chosen such that

Im(Aw'’) is sufficiently large that the Laplace transform
A(AK, Au') = / dt’ exp(idw't) A(AK, ) (51)
0
converges. Because 6a7(z’,t') and 6ai(z',t') are real-valued functions, it follows that

SAT(—AK, —Aw™) = [fAT(AK, A",  SAY(—AK,—Aw™) = [§A(AK, Aw)]".
(52)
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Consistent with the assumption that §a7 and éa! vary slowly, the integrals over
Ak’ and Aw’ in Eq.(49) contribute mainly from the region satiéfying |AK| < k] and
|Aw'| « ck, in AK-Aw' space. Therefore, the factor exp[iAk/(2” — 2)] in Eq.(49)
varies slowly compared to sin(k,2") and cos(k,z"), so that exp[iAk/ (2" — z)] can be

approximated by unity. Equation (49) can then be expressed as

d(AK)  d(Aw’
5f(z’,p;,t')=/ ( )/C ( w)sF(p’ o2’y Ak, Aw’) expli( AK'2 — Aw't')], (53)

2r 2w 2P
where
SF(p., kL', Ak Aw') = ——gﬂ—a—ﬁ 8A" cos(k.2') — 5Ai sin(k!z')
et % 5% P P

tl
- dt" exp[—1AW (t" — t')]

—00

X [-—-iAw'5A" cos(k,2") + iAw'§A sin(k;',z")] } (54)

Note that the argument kjz’ of §F(p;, k,2', Ak’, Aw’) corresponds to a fast spatial
variation, in contrast to the slow variation of exp(:Ak’z’). Substituting Eqs.(50) and

(53) into Eq.(47) then gives

2w [i (—Aw + v, AK) 6A™ — v)ek§ A

4mre’a, nf (2" o0 sin(k.z")
_—__.___._._‘ﬁ___ dkl 7 / d/5F / kIZI,Ak,,."_\ / ._.__L_,
m 2r -L ( p? ) —oo P (pz’ P “ )7,(2/) p;)
2w [i (AW + V,AK) 64T + vekl 647
4mwea,, 7y [T o0 cos(klz")
— w b d kl 7 / d / 5 / , 14 I, Ak,, A / P ) 55
m 27|- A ( Pz ) oo pz F(pz Pz w )7,(2,,p;) ( )

In obtaining Eq.(55), use is made of the assumption that exp(iAk'z’) varies slowly
compared to sin(k;2z') and cos(k,z’), so that exp(:Ak'z’) can be taken outside of the
integration over z’.

For convenience, we introduce the following notation
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2 1 T oo 0
a, = / d(k'z’)exp(iuk'z')/ dp’i-éf—

2o ’ Pl e g Oy
’ : 1- 2A/2l i 1 . I oodp;afo
xI(Aw) = —51Aw'awwpb2—ﬂ_ /_" d(k,2") exp(ivk,z )-/—oo vz 6_'%
t’
X / dt” exp {~i[Aw/(t" ~ )] £k ["(¢") — 2]}, (56)

where

ol 52
~p _ 4dmnge

Wop =

(57)

m

is the nonrelativistic plasma frequency-squared in the ponderomotive frame. Because

o, . o . .
e, dp’z#%% is an even function of 2/, it is readily shown that

a,=a’, =a_, =a, (58)

v

where * denotes complex conjugate. Substituting (54) into (55), and making use of
(58), we obtain the following coupled equations relating the perturbation amplitudes
§A" and §A°
s ’ 1 ’ N/ —f At - -
{2 (v, AR = 20) = 2 [ (A) = X3 (M) + x5 (A0) = xTp(Aw)] b 84
/ 1 / - - / 1
= { W gekp - wpb(a2 — o)+ 5 5 { 3 (AW') = xd (Aw') — xo (AwW') + xZ,(Aw )] } 54,

1 _
{20 (o AR — Au) + - [ (AW) + X5 (Aw) = x5 (Aw) = xTp(Aw)] b

1 / .
= {—_w viek! — wpb(az + ag) + = 5 [ T (AW + x$(AW) + x5 (AW') + x5 (Aw )] } 54"

$s"g~'p

Therefore, for §A"™ and §A* not to vanish, AA’ and Aw’ must satisfy the dispersion

relation

[(U;Ak' _ AW+ DO’] [(U;Ak/ ~ AW - D;‘]

o2 O
= l:v;ek; " (a2 — ) + Dn-] [v'gek;, + W, (a2 + o) — DF |, (60)
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where DZ is defined by

D = [ (A) £ x5 ()] + (-1 [ (Ae) £ x5(Ae)],  (61)

/
4wt

for n = 0,1, and xZ(Aw') and o, are defined in (56). Furthermore, k) and v,
are defined in Eqs.(25) and (27). Equation (60) is the desired kinetic dispersion
relation describing the linear stability properties for small-amplitude perturbations
about tvhe general equilibrium distribution function f°(v;) and the wave field a%(2’) =
@y expli&y(2')]-

Making use of the symmetry property of Eq.(40), it can be shown that

zll(t/l, _z/, _p;) —_— _Z/I(t”’zl,p;),
p,zl(t”7"zl’ “p’z) = "P;I(t”’ zl’plz)v ' (62)

/!
z

where 2(t") and p}(t") are the orbits of the particle with “initial” conditions 2"(¢t" =

"
z

t') = 2’ and p!(t” = t') = p/. By changing the signs of the variables z’ and p/ in

Eq.(56), and using Eq.(62), it is straightforward to show that
X2, (Ae) = X (A) (63)

for the cases where only trapped electrons are present in prescribing the equilibrium

distribution f°(«}). Therefore, the kinetic dispersion relation (60) reduces to

' 2 ‘:&,2 1 - /
(v, Ak — Aw')" = {v;ek;, - éﬁ(az — ag) + 2 [n (Aw') = x5 (Aw )]}

2w’

s s

! k! g 1 + ’ ; /
X {vgekp + _B‘;(az + ag) — 5 {Xz (Aw’) + xg (Aw )] } , (64)

for distributions f°(+;) with only trapped electrons. Equation (64) is one of the main
results of this paper and can be used to investigate detailed stability behavior for a

wide range of trapped-electron distributions f°(+}).
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IV. Sideband Instability for Uniformly Populated Trapped-
Electron Distribution

As an applicatipn of the kinetic equilibrium and stability formalism developed
in Secs. II and III, we now consider an equilibrium state in which the electromag-
netic wave has constant amplitude, a$ =const., and the electrons are all trapped and
uniformly populated in the ponderomotive potential, i.e.,

1

~1 / . ot ) -
Of 1\ _ v T- <% <74 :
fn) = { 0, otherwise. (65)

Here, 47 =1 + (ay, + 42)%, 42 = 1 + (a,, — a2)%, and N is the appropriate normaliza-
tion constant. Moreover, a,, and & are defined in Eqgs.(6) and (22), respectively. The
contours corresponding to v, = const. in phase space are shown in Fig.1. For the dis-
tribution described by Eq.(65), electrons are uniformly populated in the phase-space
region inside the separatrix. The normalization constant N in Eq.(65) is determined

from

o [ e [T a0 = 1, (66)

2m J-n
where «] is defined in Eq.(29). The integral over p, in Eq.(66) can be converted into

an integral over v}. From Eq.(29), we obtain

[} ! / / ’
2,2 Yodo _ ‘ Yomedy, (67)
P. [v& =1 —a?(2")]/*’

dp, =m

where the plus sign corresponds to p, > 0 and the minus sign corresponds to p, < 0.

Furthermore, a?(z’) is defined by
a*(') = a2 + &) — 2a,4] cos(k,2'). (68)

Making use of Egs.(65), (66) and (67) , it follows that

1o e 2ymc _
== [ i) [ dn 0 , 69
N o /:_" ( pZ ) + (2) Yo [7(/)2 -1= az(z’)]l/z ( )

22



where 4’ (z) is defined by

12
v (2) = [1 - az(:')] . (70)
Carrying out the integrals over v, and k)2’ in Eq.(69) gives
N = 8 a0, (71)
Ly

Substituting Eq.(71) into Eq.(65), the equilibrium distribution function f°(}) can

be expressed as

— ot} / a0
o) = { W =comst.,, Y. <7 <74

72
0, otherwise. (72)

The equilibrium phase shift of the electromagnetic wave, ek, is determined from
Eq.(28). Substituting Eq.(72) into Eq.(28), and using Eq.(67) to convert the inte-

gral over p/ into an integral over 4}, the equilibrium phase shift ek;, for a uniformly

populated trapped-electron distribution is given by

ro2al/2 1 g ¥ cos(k’z')
K = ___P"_w___f K 2 / d~! p ’ -
*r = Beer(@pr am o W% [y o PO T e (73)

where &;;3, = 4nnge?/m is the nonrelativistic plasma frequency-squared in the pon-

deromotive frame. The integral over v} can be carried out to give

-2 1/2 - ¥+ (4awa®)V/? cos (22

ek! = _.w;’f‘f___/ d(k}z") cos(k.z') In Y+ ) (,j ,)

L4 32k c?(a0)3/2 Jx 7 P ¥, ~ (4a,,a9)!/2 cos (—’éi)
_ wfbat,/z (4aw&2)1/2 (74)

4k, c?(a9)3/2 Yoo |’
where W(z) is defined by
1 r% 1+ zcosb
W(z) = - — . 7

(2) =3 /0 d6 cos(26) In <1 —— 9) (75)

For [z| « 1, which is the regime of practical interest, it can be shown that the power

series expansion of W(z) is

ox w

Wr(w) — 2k—1 wzk—-l’
Xt
i m(m—1)---3 m!! ’
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for odd integer m. For example, the first three terms of C are

L Cr=

v=1. C¥=
! 15

OOIIQ

In the regime of practical interest, a,, is of order unity and !a?| « 1. Therefore, it
is a good approximation to replace W [(4a a )1/2/'7+] in Eq.(74) by (4a,,a%)!/2/3%".

The expression for ek; correct to the lowest order is then given by
ek! = g

P 6k 62a0.7+ ’ (77)

For future reference, we introduce the small dimensionless parameter Iy, and the

bounce frequency wg(v;) of a deeply trapped electron with energy v defined by

F/S az GJI,’%
0 4! 7’3ck' ’
21.72
A a,adc k;
Gp(v) = —7—— (78)
0

In the definition of 'y, the characteristic energy 4’ of an electron trapped in the

ponderomotive potential is given approximately by
¥ = (1+a2)2 (79)

[see Eq.(29) with p/, = 0 and a? < a,,.] Making use of Eq.(78), and the approximation

¥, >~ 4" (for a2 < a,), Eq.(77) can be expressed in the equivalent form

o 2 (Toek)?

g D 37(’7—)’ (80)

where v is defined in Eq.(27). In Eq.(78), (3'/2/2)['yck/, is the familiar small-signal

gain (temporal growth rate)’ calculated in the ponderomotive frame.

A. Particle Orbits at the Separatrix

The kinetic dispersion relation (64) contains integrals over t”, which require a

determination of the orbits z”(t"”) and p}(t”) from the equations of the motion. For the
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distribution function given in Eq.(72), it follows that 8f°/0v, = —(1/N)&(v5 — %)
Therefore, to evaluate the necessary orbit integrals, the relevant orbits are those of
electrons moving on the separatrix with y5 = /. Setting v equal to ¥/, Eq.(29)
readily gives
dz"\’ 9 [-/2
~ 7 ~ 2 "

(ﬁiﬁ)=ZCh+-l—au>L (81)
where 42 = 1 + (ay, + a2)?, and a?(2") is given in Eq.(68). The “initial” conditions
of the orbits are

Z”(t” = t/) — Z/,

d 1 S fam 2, .n11/2
| =S pror-e@)” (52)

=gt 7+

The plus sign in Eq.(82) corresponds to electrons moving in the forward direction
(p; > 0), whereas the minus sign corresponds to electrons with p), < 0. Making use

of Eq.(68) and the definition of ¥/, Eq.(81) can be expressed in the form

1d(kz") 1 k2"

2 a7y )

1 a,a3ck?

= =d({,) = —L. 83
7 =0 =5 (83)

Again, the plus (minus) sign in Eq.(83) corresponds to forward-moving (backward-
moving) electrons in the ponderomotive frame. Because of the periodicity of the equi-
librium configuration, without loss of generality, we concentrate on the ponderomotive
potential in the region centered at z' = 0 and spanning the interval —7 < k2’ < .

The solution to Eq.(83) subject to the “initial” conditions in Eq.(82) is given by

/
k,2"(t") = —m+4tan”! {u exp(iz—)] ,
B
T/ — t” - t/,
k' /+7I'
u = tan (-—P—Z—Z—> (84)

For t" — oo, it follows from Eq.(84) that
k,2"(t" — o0) = £, (85)
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which means that all the forward-moving (backward-moving) electrons approach

k,z' = m (ky2' = —m) as t” approaches infinity.
B. Evaluation of Dielectric Coefficients

Converting the integral over p,, in Eq.(56) to an integral over v} by using Eq.(67)

gives
7. 2 Of° expli(v — 1)kl 2’
xFAW) = B Aw'a? wpb / d(k.z2") /‘Y+ d_'7:(18f/ ezp[z(" )k, 2]
2 2m &) Yo 0% [YE — 1= a(2)]/?

1 o
X3 / dr’ exp (—tAuw'T) {exp[ik;zi('r')] + exp[ik;zf(r')]} (86)

for distributions containing only trapped electrons. Here, z/,(7’) is the trajectory of
an electron with initial conditions z"(r' = 0) = 2’ and p/(7' = 0) = +mc[y2 -1 -
a(z')]'/2. Furthermore, a(z’) and 4’ (') are defined in Eqs.(68) and (70), respectively.

Interchanging the order of the k,z’ and v; integrations, it follows that

) 4 kp2r (%) /I
[awa [ b = dvo/k,, N CEIR (87)

for the trapped electrons. In Eq.(87), 9. = [1+(a, —a?)?]*/? is the absolute minimum
value of v/ (2') = (1 + a®(2')]'/?, which occurs for k.2’ = 0. Moreover, the turning

points £27(v;) for a trapped electron with energy +, are determined from
v =1+a*(zp) =1+ a + (a°%)° - 2a,a, cos(k,z7), (88)

or equivalently,

Yo =32 + daua;sin®[kyz7(v;)/2]. (89)

Making use of Eq.(87) to interchange the order of the k}z’ and ~; integrations in

Eq.(86) gives

¥4 dy Of° Rezr(n) d(k,2') expli(v — 1)k,2’
X;{-(L\w/) — —'_’LA pgb/ + _'_7/2_[7/ T ( ) /2p[ ( ) /P 1/]2
. Y %% wg) 2m [vg —1—a(2')]

x—/ dr’ exp(—zAw‘r){exp 2 ()] + exp[ik,z” ')]} (90)
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for distribution functions containing only trapped electrons. Similarly, the first equa-

tion in (56) can be expressed in the equivalent form

&, =

Ze [rmed O puett A7) eeliv?)

2 A O ke 2 g -1 a()] 2
A a? /7+ dyo Of° /kézfr(vé) d(k,2') expli(v — 1)k, 2]
2 L% 0% Sty 2 [~ 1— a(2)]?

0
></ dr’ exp(—iAw'r’) exp(ik,z’). (91)

Combining Eqs.(90) and (91), we obtain

wpba,,—xu (Aw) = "m"‘—‘cZAw ?”A;i/7+ d'Yo Bfo /k;';zlr(‘Yé) d(k;z/)
4 % Ovh Sk 2

expli(v — 1)k, ']
2 —1—a( 1/2/ dr'exp (—1Aw'r’)

X {2 exp zkl',z') — explik, 2!/ (1')] — exp[zk;z’_'(r’)]}, (92)

which is the required combination in the dispersion relation (64) for v = 0, 2.

Equation (92) is valid for any equilibrium distribution function which contains

only trapped electrons. Differentiating Eq.(72) with respect to ; gives

3f0 ™ ’ it / At ‘
B = Imaagatyz (0 = 72) = 8% — 34 )L (93)

for a uniform distribution of trapped electrons. It is evident from Eqgs.(92) and (93)
that the relevant electron orbits are those either on the separatrix (y) = 4) or
trapped at the bottom of the ponderomotive potential (y5 = ¥.). The orbit of
an electron with v5 = 4. is simply 2{ (') = /(') = 2/, and it is evident from
Eq.(92) that the corresponding contribution to the dielectric function @}, — x; (Aw/)
vanishes. Therefore, substituting Eq.(93) into Eq.(92), the dielectric function reduces

to

. A' »
Vo, — xF(AW) = gz——%—wﬁ/_ dr’ exp(—1Aw'r’)
. explitv = DR
3 2 k
X/_" d(k,z") cos(k57)2) { exp(ik,z')

— explikyz ()] - explik, (7))}, (94)
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where k; 2 (') is given by Eq.(84). In deriving Eq.(94), use has been made of Eq.(68)

to express [y — 1 — a®(2')]/? as
(2 -1 — a(z")]"? = (awa®)/*[2 + 2 cos(k, 2’ )]M? = 2(ay,a°)? cos( 22 /2).  (95)

Moreover, the order of the k,z’ and 7’ integrations has been reversed.

Making use of Eq.(84), it can be shown after some algebraic manipulation (Ap-

pendix A) that

[_" d(l\,’ I)cos(k} .__,/2) { exp[zk’ L) - ik;z/]}

2(r-1)r 16(F —1)*  32(I - 1)Iw
= ———— " InT 96
Ty Mt TTEy ey (%)
where
T/
I' = exp(——). (97)
. B
Substituting Eq.(96) into Eq.(94) for v = 0 gives
Adv'a,
won — xg (Aw') = %—%&;ﬁé/ dr’ exp(—iAw'r")
2T - 1) (T —1)2
—_— —|. 98
x[(f‘+1)3 SRRy (98)
Similarly, it can be shown from Eq.(84) that (Appendix A)
/ / exp 2kl I) N A ‘1.0 /
/ d(k,z cos R ,/2) {exp(zkpz ) — exp[iklz} (T )]}
r2+10r+1 2r(C+1)
= - InT 99
o[ - o .
Substituting Eq.(99) into Eq.(94) for v = 2 gives
~ 12 + ’ i Aw’ QuwWpp 1t
W@z — X3 (Aw') = ST/ dr’ exp(——z.lw ')
<+
?+10r+1 20(C+1) ,
- InT}. 100
[ -0 (-1 " (100)



After further algebraic manipulation (Appendix B), the dielectric functions in Egs.
(98) and (100) can be expressed as

2 + Gud d
Wopto = Xg = ~3a0 1 +ia[l — 2% 3&3 ()},
aw‘ba 1 .
b2 — X3 = 2;}42?) {§ — za[2a22( ) — (2% + 1)]} (101)

Here, @ = Auw'rg, and the functions Y (a) and Z(«) are defined by

/cm de Ima > -1,
Y(a) = 4 exp(z) + 1’
- /°° exp(—ioz) v 1 i Ima < —1
exp(:z: )+ 1 ~ sinh(ra)’ mE=Th
/ dz a:ex(p zami Ima > -1,
exp(z) —
Z(0) = 4 s gexp zaw) 1 w? I (102)
- S < -1
/ exp(z) — 1 T sinh®(ra)’ me=

Evidently, properties of the functions Y () and Z(a) are key in describing detailed

stability behavior.

C. Maximum Growth Rate in the Weak-Pump Regime

Substituting Eqs.(101) and (102) into the dispersion relation Eq.(64) and making

use of Iqs.(27), (80) and (83), the dispersion relation can be expressed as

/ ’r /2___1_ ’ / / . / ’
(AK' = AQ) = S(AQ) 1+ A0 RN (AQ)+1AQZ(AQ)]
1 . ’ Ay N3 d - / A O3 AOY
3 HIAQ — (A0) +(AQ) d(AQI)}(AQ)-z(_\Q) Z(AQ )}103)

for a uniform distribution of trapped electrons extending from the bottom of the
ponderomotive potential to the separatrix at v5 = 7,. Here, AK’ and AQ' are the

normalized wavenumber and frequency defined by

AK' = v, Ak'tg, AQ' = Au'Tp. (104)



Moreover, the dimensionless parameter P, which is a measure of the pump strength,

is defined by

1 1 [@p(3)]° |
P= oo == B . 1
IviehiTp)? 4 [ } (105)

In obtaining Eq.(105), use has been made of Egs.(80) and (83), and the approximation
v, >+ (for a? € a,).

Equation(103) can be solved numerically for the real oscillation frequency Re(A(Y)
and the growth rate Im(AQ’) in terms of AK’, ek, and 75. For a uniform population of
trapped electrons it is evident from Eq.(103) that properties of the sideband instability
depend on the average electron density (4;) and the amplitudes of the wiggler field
(a,,) and the equilibrium wave field (a?) only through the combination occurring in
the dimensionless pump parameter P. The numerical results for different values of
the pump strength P will be presented in Sec.VI and compared with those for a
general step-function distribution of trapped electrons which does not extend to the
separatrix v, = ¥, .

Although the growth rate Im(AY) must generally be determined numerically
from Eq.(103), analytical estimates of the maximum growth rate can be made in the
weak-pump limit(P <« 1). It is evident from Eq.(105) that this limit corresponds
to the regime with high electron density (large w3) and small wave amplitude a.
However, it should be kept in mind that ¢k, < k; is assumed in the present analysis.
Therefore, the limiting case where a% approaches zero at finite value of the electron
density is excluded from the present model.

For |a] > 1 and Im(a) > —1, the functions Y(a) and Z(a) can be expanded in

an asymptotic series in powers of 1/a as

Dty = Yip_ L, Lde 3in Wi
? ) 1 e L [ 1 N
Z@) = (=3 5N 5 5@ 5 0109



Substituting Eq.(106) into Eq.(103) gives the approximate dispersion relation
(AK'— AQ)? = L 1+ _3 (107)
9P (AQY)?
for o = [|AQ| > 1 and Im(AQ') > —1. Close examination of Eq.(107) (Appendix

C) shows that the maximum growth rate occurs at

' 1 _
(AK )M >~ 3P_1/5 (108)

Moreover, the maximum normalized growth rate and the corresponding normalized

real frequency are given by

, 32
Im(AQ)M = 2—4/—3'—}5'1%,
1 1
RC(AQI)A[ = WF}I—/E (109)

Therefore, in the weak-pump limit, the maximum growth rate for a uniformly popu-

lated trapped-electron distribution is given by

Im( Aw')M

31/ V3 31/2 (Qx',?gaiczkf)l/a (110)

-2 — YOy —
= 5 Py, = 3 (Locke) = 5 | Tynag
It is noteworthy that, in the weak-pump limit, the maximum growth rate is indepen-
dent of the equilibrium amplitude of the signal wave. If solved in the ponderomotive
frame and in the weak-pump limit (P & 1), the dispersion relation obtained by David-
son and Wurtele?* for deeply trapped electrons gives the same maximum growth rate

as Eq.(110).
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V. Dispersion Relation for General Trapped-Electron Dis-
tribution ' |

In this section, we remove the assumption that the distribution of trapped elec-
trons is uniform, and simplify the dispersion relation (64) for general distribution

function f°(~}).
A. Trapped-Electron Orbits (7. < vy < ¥,)

For trapped electrons with energy +{, Eq.(29) readily gives

dz"\* , ,
(457 ) =g -1, (1)

where 1 + (ay +a2)2 = 2 > v¢ > 42 = 1 + (aw — @)%, and a(z"”) is defined in

Eq.(68). The “initial” conditions for the orbits are

le(tll _ t/) _ 7!
d

= =t) = i;cl—h(’f—l—ag(z’)]l/z. (112)
0

As before, the plus (minus) sign in Eq.(112) corresponds to electrons moving forward

(backward) in the ponderomotive frame. We define

2 212 ~0
Yo — Y% + daua, e
KT = NI (113)

and introduce the new independent variable " defined by
st sinn” = sin(k,z"/2). (114)

Equation (111) can then be expressed as

dTI” 2
(2;;) = &3 (7o) (1 — 7 sin®n"), (115)

where the bounce frequency wj(yg) near the bottom of the ponderomotive potential

is defined in Eq.(78)



Equation (115) can be solved for n”(t") in terms of elliptic integrals, and then
the orbit 2"(t"”) calculated from Eq.(114).>* Without presenting algebraic details, we

obtain the trapped electren trajectory®!
: ‘_n : n ! ’ " / 2 -
sin(ky2"/2) = krsing” = krsnfwp(vo)(t" — ') + =K (kr)bol, (116)

where 6 is related to the initial condition 2z’ = z"(t” = t') by

o ;
sin(k,z'/2) = krsn [—I'(RT)BO . (117)
Ly ]
The range of 6, is chosen such that
bi bis dz"']
e < 6o < 2 3%’1 =g >0,
d "
—‘7l'<90§—§,0r % <90S7r’ H%Jtu___ti 0.

In Eqs.(116) and (117), the functions K(u) and sn(u) are the complete eliiptic inte-
gral of the first kind and the sine-amplitude of the Jacobian elliptic function, respec-
tively.8* The function sn(u) is periodic with period 4K (xr). Therefore, the trapped
electron motion given in Eq.(116) has bounce frequency

rp(24) (w18)

wy(vp) =27 fy = 3K (rg)

Equation (116) can also be expressed in harmonic representation as®

Z'(t")y=2"+ i 22 {sin(2n — D){wp(v5)(t" — t') + 8] — sin(2n — 1)8,}, (119)

n=1

where the coefficient z7 is defined by

ZT = §— 1 a;—l/z
n k,(2n — 1)1+ a2V
K[(1 — k¥)1/2
ar = exp {——71’ I K(n;;) ]} . (120)

Taking the limit kr < 1, which corresponds to the orbit of a deeply trapped electron,
Eq.(119) reduces to the motion of a simple harmonic oscillator with bounce frequency
wp(7p). For general value of trapped electron energy v;, it is evident from Egs.(118)
and (120) that the bounce frequency w,(y,) decreases as v, is increased, and the

higher harmonics in Eq.(119) play a significant role.
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B. Evaluation of Dielectric Coefficients

In this section, use is made of the trapped-electron trajectories [Eqs.(116) and
(L17)] to carry out the integrals over t” and Az’ in Eq.(56). Making use of Eqs.(67),
(87) and (117), the following conversion of integration variables is obtained for the

trapped electrons
Yome

/ d(k,2' /dpz .._,/ d%/ 6, Pt

Here, a?(2’) is defined in Eq.(68). By differentiating both sides of Eq.(117), it can be

k/ 7/)
dby

(121)

shown that

d(ky2") AK (k1) . 20 1/

d00 - (4(1 &0)1/2 [70 -l-a (z )] )
d(k,2') Yome

dé 0 . ..
/ / ¢ d00 V& — 1 — a?(2)]}/?
T 2k/
= [ [T (122)

g - wy(70)

where w{(]) is defined in Eq.(118). It readily follows from Egs.(121) and (122) that

the quantities o, and xJ (Aw’) given in Eq.(56) can be expressed as

2 2 L/ ~ / 0
a, = %y ¢ p/’Y+ _dn Of / dfo exp(ivk,z'),

2 2 Sy YRwi(b) O,
1 mc?k], ¥ dyy  Of°
HAW) = —ziAd/a?@R e / 0 / dBy exp(ivk)z
X (Au) 2 Poor Jy Bwy(vh) 07 o exp(ivhy )
tl
x / dt" exp{—i[Aw/(t" — t')] + ik [2"(t") - 2]}, (123)

Making use of the Cauchy integral formula®® it can be shown from Eq.(117) that

!
E(sr) | . 5 Ir* o
K(xT) i=sr2q. K2(kT) 1 —af
2 l/2

cos(kz') = 2 exp(ilbo),

sin(klz') = (=i) 3 Ai’(’ exp(ilo), (124)

T
I=+1,£3,... sr) 1+ af _
where ar is defined in Eq.(120). Moreover, K(k) and E(k) are the complete elliptic

integrals of the first and second kind, respectively. In obtaining Eq.(124), use is made
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of the following series expansions of the Jacobian elliptic functions®?

1 1+ k?
snfu+iK(K)] = - + ;k u+O(ud),
. . - Z 2 - k2 . ‘ 3
dn[u + 1K (k)] = — w4+ O(u”), (125)

to evaluate the residues. Here, sn and dn are Jacobian elliptic functions.®! Squaring
the two equations in (124), adding them together and then operating on the sum with

ST . dfo readily gives the identity

2.4 2.4 !
r lm ar

[, E(sr )_}
1‘[2 Kier) Y 7L ..K4<~T)(1—aT) t KT d)p

l=%2,144, l=%1,43,

(126)

Substituting Eq.(124) into the first equation in (123) for v = 0 and v = 2, we
obtain
aZmc’k, /"’+ dv, Of°
oy = ,
° 2 i dwp(v) O

o = Gamchy i dy  Of° [ E(rr) }
2 /;'. 62‘”{,(’70)3’70{ 2 K(kr) !

1271'4 a,!I. _ l27r4 alT
+ Z K4(I{T) (1 — a%r)2 Z K4(K.T) (1 T afr)? } . (127)

l=+2,44,. l=+1,43,

Following the procedure used in deriving Eq.(124), it can be shown from Eq.(116)

that
rony E(KT) Ir? aflfz I AY I ’
cos(k,z") = 2K(n1) -1+ 1=i§4,... K2(ng) 1 - b exp{el{w, (7o) (t" — t') + 60)},
I of?
in(klz") = (-1 . exp{el{wy(v5)(t" = t') + 65}, 128
sin( p? ) ( )lzi;i&-n Kz(ht:r)l-%—-a,lr p{el{w (70)( ) o)} (128)

where z” is the electron trajectory in Eq.(116), and the bounce frequency wj(vy) is
defined in Eq.(118). Substituting Eq.(128) into the second equation in (123) for v = 0

and v = 2, and carrying out the integrals over ¢ and 6, give the desired results
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w 124 o ’
2 L Yo “"b( Y0) O,

27 aIT AL
——

| l=i§4,... K3(r7) (1 - af)? Aw’ — lwj(~5)

‘. 5 d~! 0 K

PPt ar Aw’
t X R U d) Ao i ')}’
[=+1,£3,- T T b\ Yo

» ) / 0 2
x5 (AW) = ! 2wﬁ,mc2k' /:*+ dv_Of { [2 E(xr) - 1]
Y

2w LovEw(10) 0% | | K(kT)

Brt ah A/
D DI c oo ¥ T T
l=32,44, T T 5(70)

l2 4 1 A ’
- Z 47r aTl 2 / w/ ’ : (129)
1=t 2s,... K(mT) (14 af)? A’ — luyp(¥g)

Substituting Eqs.(127) and (129) into the kinetic dispersion relation (64) and

making use of the identity in (126), we obtain

(v'Ak' - Aw’)2 = {vlek! - Mk, / Yo dy  0f°

g o W, 1=2,4,.. 7 %- 6w (7) 016
i d £0y )

K(n7) (1 = a7)? [(Aw')? — 2w ()]

271 o 0
) 1y awpbmck ¥ dyy Of
= e

s =13, Yo wy(Y0) 070

P ar wy’ (7o)
" K(vr) (1 + o P (A - l2w{3(76)]} , (130)

where ek is defined in Eq.(28). Making use of Egs.(121), (122) and (124), the equi-

librium phase shift ek can be expressed as

awwgmky, (¥ dv) E(kT)
k= B °__ |2 — 1| £24%). 131
=i L, o PRy ] o sy

Equation (130), which is one of the main results of this paper, is the desired form of the
kinetic dispersion relation. Note that Equation (130) is valid for general distribution

function f°(+4) consisting only of trapped electrons (4. < 74 < 4. ).
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VI. Sideband Instability for Step-Function Trapped-Electron
Distribution

A. Dispersion Relation

To study the influence of the distribution function on the sideband instability, we

consider the particular form of trapped-electron distribution specified by (Fig.2)

1 2 < ,Y/ < ‘YI>
oy — 3 N - oS T A 139
() { 0, otherwise. ‘ (132)

Here, 73, < 44 is a parameter characterizing the maximum electron energy and

N(7v)) is the normalization constant determined from

1 g~ o0 ¥y dAyg
1=——-—/ dk'z’/ dpl, f° ’=mc2k'/ 0¥
2w - ( P ) —oo P f (70) P L wb(‘Y(l))

In obtaining Eq.(133), use has been made of Eqgs.(121) and (122) to convert the

(Yo)- (133)

integration variables from 2’ and p/ to 7). Making use of Eqs.(118) and (133), the

normalization constant N(vj,) is found to be

N = 2 (@u2) (3 ~ DK (sar) + Blsar) (134)

W here
/2 - 2,12
wty w

(135)

The equilibrium phase shift ek, for the choice of distribution function in Eq.(132) is
determined from Eqgs.(131), (132) and (134). This gives

viek = vieok,Gar(Tar) (136)

where

2(F6ck;)3
B
1 QN%[E(I‘&M)

Gulny) = 3|0 = I)K(KM) - -1f. (137)

/ '
’UgEokp =

37



Here, I'y and Wg(3’) are defined in Eq.(78). In obtaining Eq.(136), use has been
made of the assumption a,, > a to replace 1/v§ by 1/4’ = 1/(1 + a2)"/? and bring
it outside the integral over 44 in Eq.(131). From Eq.(132) it follows that
| af° 1
M N0

where N(7v),) is defined in Eq.(134).

[80v - 4" ) = 6(% — h))s (138)

The kinetic dispersion relation (130) then reduces to

I r [AY4 — / kl 2 I
(UgAk A“)) ('Ugﬁo p) {GAI(‘YAI) + (Nﬁ’ _ 1)K(K«[p]) + E(KM)
% Z Ut arp "-’bz(‘h'w)
=5 K(kar) (1 — alppg)? (Aw')? — Buf?(v)y)
, K(rm)/2
X G +
{ m(The) (k3 — DK(rm) + E(spr)
- bt by, ()
X , (139
2 R(ar) (1 a7 (3P — Py [ (129

where

Ki(1 * Ki1)'?) }
K(K,M)

and v, — kic?/w]. In terms of dimensionless variables AQ' = Aw’ /g (v4,) and AK' =

arm = exp{~—7r (140)

vy AK' Jwp(vay). the dispersion relation Fq.(139) can be expressed in the equivalent

form
{ Qr (kar)
AK' A = S Gulvi) + l
( ) P { M(‘YM) vl {Z—IEL,:MAQ,F _ 12}

’ Q?(RM)
X GM(’7 ) ) =+ . (141)
{ " =13, [&%—"QAQ’F ~ 12

Here, the quantities P and Q;(xps) are defined by

p _ BN _1 [%ﬁ')r
v’gz(eok;,)"’ 4 | Thek, ’
K(k 2 [yt at
Q[i(nhl) — ( M)/ TM (142)

(=3; — VK (kar) + E(sar) K(rar) (1 £ abopg 2
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Note that the dimensionless pump strength P defined in Eq.(142) is identical to that
defined in Eq.(105) for a uniform distribution of trapped electrons extending to the

separatrix yo = ..
B. Maximum Growth Rate in the Weak-Pump Regime

The dispersion relation (141) can be used to determine detailed properties of the
sideband instability for the choice of distribution function in Eq.(132). Although the
dispersion relation (141) generally must be solved numerically, analytical estimates
of the maximum growth rate can be made in the weak-pump regime.

First of all, a useful identity can be derived from Eq.(124). It is readily shown
from Eq.(124) that

Z QF (km) + Z Q; (kum)

1=1,3,-- 1=2,4,--

= K(I‘i )/2 1 f2m dbo d ) ? d . ) ?
- E(w)+(~§f— 1)1{(,.;,‘,)'2'/O g{[gfg cos(k,z )} + {E@; sin(kjz )] }

Klodf2 1 fon oo i 059
- B(sm) + (53— DE(sm) 2Jo 2m | dy
After some straightforward algebra, it follows from Eqgs.(117) and (143) that
| 2K (kar)]?
Yo Qf(sm)+ Y Qi (km)= [——(—JQ] , (144)
1=1,3,.. =24, ™

where Q7 (k) is defined in Eq.(142).
In the weak-pump regime (P < 1), the dispersion relation Eq.(141) can be ap-

proximated near the maximum growth rate by (Appendix D)

(AK'— AQ')? = %{Gm(vh)+[m] > QF(NM)}

=24,
T

X {GM(7;W) + [m] > QT(NM)} - (145)

1=1,3,-
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Close examination of Eq.(145)(Appendix D) shows that the maximum growth occurs
for

» Gar(yy, _
(AK )~ —‘-—1;(17;”), (146)

and the corresponding growth rate and real frequency shift are

V3
94/3 p1/8°
1

RC(AQ,)]\,{ = m (147)

Im(AQ)pr

Several points are noteworthy with regard to the stability properties calculated
above in the weak-pump regime. These can be summarized as follows:

(a) The maximum growth rate and the corresponding real frequency shift Eq.(147)
do not depend on 7}, although (AK’)as does [Eq.(146)].

(b) Since the uniformly-populated trapped-electron distribution in Eq.(65) is a
limiting case (y); — ) of the general step-function distribution in Eq.(132), it is
not surprising to find that the maximum growth rate and the corresponding frequency
shift in Eq.(147) are identical to those given in Eq.(109).

(c) The real frequency shift at maximum growth is given by

“"}/ 7/ ,
Re(aw)ar = S2h) 5 ) (148)

in the weak-pump regime (P < 1). By contrast, it will be evident from the numerical

results presented in Sec.VI C that
Re(Aw)ar = (1) (149)

in the strong-pump regime (P > 1). Indeed, the synchrotron oscillations of the

trapped electrons constitute the basic mechanism driving the sideband instability.

(d) The maximum growth rate in the weak-pump regime (P < 1) is given by

\/ﬁ ) \/g @gaiczklz 1/3 ,
Im(;\w')M = ?Fgckp - 7 W (150)

which is independent of @, the equilibrium amplitude of the signal wave.
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C. Numerical Results

The dispersion relation (141) has been solved numerically for different values of
pump strength P. In this regard, the effects of system parameters such as the beam
density and the amplitudes of the wiggler field and the signal wave on stability behav-
lor are investigated. On the other hand, by varying v;, for a fixed value of P, we are
also able to examine the dependence of stability properties on the degree to which the
ponderomotive potential is populated by the trapped electrons. For 7}\, very close to
4., the distribution function (132) corresponds to deeply trapped electrons. In this
limit (vj; >~ 4. and ks =~ 0), the equilibrium phase shift [Eq.(136)] reduces to

O(Thekl)®  ifa

k = =
“ T G meay (o)
and the dispersion relation (141) reduces to
1 (AQ)?
AK' - AQ)Y = = ——r—. 2
( AfY) PAQ) -1 (152)

Equations (151) and (152) agree with the results obtained by Davidson and Wurtele.?*
In the limit of a fully populated ponderomotive potential where ), is very close
to ¥, (var = ¥, and kp; = 1), the equilibrium phase shift [Eq.(136)] reduces to

ek = 2Tock )t <o (153)
T3 0B ekctatyy,’

3

which is identical to the result for a uniformly populated trapped-electron distribution
given in Eq.(80). In this limit, however, the dispersion relation (141) is not well
defined. Therefore, in calculating the growth rate and real frequency shift for kp = 1,
use will be made of Eq.(103). The complete dispersion relation (141) [or Eq.(103)
for kp; = 1] has been solved numerically for three different values of pump strength
(P =10° P = 1.0 and P = 107?) and six different values of xps to determine the

complex oscillation frequency Af)Y as a function of real wavenumber AK'. The results
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are shown in Figs.3-8. Although multiple roots are found for a given value of AK”,
only the unstable root with Im(AQ’) > 0 is presented in the figures.

Shown in Figs.3 and 4 are the normalized growth rate Im(AQ’) = Im(Aw’) /wg(v},)
and the corresponding real frequency shift Re(AQ') = Re(Aw')/wg (7)), respectively,
for the choice of pump strength P = 10®, which corresponds to the strong-pump
regime. The following important features are observed in this regime:

(a) The growth rate curves have sharp peaks at

2
AK' = nm, where n = 1,2, .-, (154)

and the growth rate Im(Aw’) is much smaller than &g(v},).

(b) The normalized real frequency shift Re(A§Y) for the unstable sideband mode
is nearly equal to AK’. Together with the sharp peaks at AK' = nm, this
implies that the instability has strong resonance features when the real frequency
shift Re(Aw’) is equal to harmonics of wy(v},) = m&b(yh), which is the bounce
frequency of electrons with energy 5 = v3;. Therefore, in the strong-pump regime, it
can be argued that the sideband instability is driven by the synchrotron oscillations
of trapped electrons in the ponderomotive potential.

(c) For small values of ks, only the fundamental peak (n = 1) has a significant
growth rate. As sy is increased, the growth rate of the higher harmonics becomes
comparable to the growth rate of the fundamental. However, the separation between
adjacent peaks decreases and the maximum growth rate drops. When &, is equal to
unity, the distinct peaks coalesce into a single smooth curve, and the maximum growth
rate decreases substantially relative to that obtained for deeply trapped electrons
(kar >~ 0 and vy, >~ 4L).

Shown in Figs.5 and 6 are the normalized growth rate Im(AQ') = Im(Aw’) /@5 (var)
and the corresponding real frequency shift Re(AQ') = Re(Aw')/wg (7)), respectively,

plotted versus AK’ for the choice of pump strength P = 1.0, which corresponds to
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intermediate pump strength. In this regime, the general features of the instability
are:

(a)The growth rate curves have wider bandwidth than those in the strong-pump
regime, and the maximum growth rate is comparable to wi(v},)-

(b) The maximum growth rate does not occur exactly at harmonics of the bounce
frequency wy(v;,). However, the sideband instability is still driven by the synchrotron
oscillations of trapped electrons in the ponderomotive potential. Moreover, the growth
of the sideband signal is so strong (with growth raté comparable to the real frequency
shift) that the resonances broaden.

(c) The increase of kp causes a decrease in the maximum growth rate and a
corresponding merging of the peaks in the growth rate curves. This is similar to the
behavior in the strong-pump regime.

Shown in Figs.7 and 8 are plots versus A K’ of the normalized growth rate Im(AQ') =
Im(Aw’)/wg(va) and the corresponding real frequency shift Re(AQ') = Re(Aw')/WE(vh,)s
respectively, for the choice of pump strength P = 1073, which corresponds to the
weak-pump regime. The general features of the stability behavior in this regime can
be summarized as follows:

(a) No resonance peaks are observed. The normalized growth rate, real frequency
shift and wavenumber at maximum growth agree with those predicted in Eqs.(146)
and (147).

(b) Increasing the value ks has little effect on the maximum growth rate, other
than shifting the location on the AK’ axis where the maximum growth occurs.

Shown in Fig.9 are the plots of the maximum growth rate versus the pump strength
P, calculated from Eq.(141) for four different values of xj;. The same results are
displayed in (a) a linear-scale plot, and (b) a log-scale plot. It is evident that the

larger the pump strength P, the more the maximum growth rate is affected by the
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level of electron population (vj, and xps) in the ponderomotive potential.



VII. Conclusions

In the present analysis, we have made use Vlasov-Maxwell equations to investi-
gate detailed properties of the sideband instability for a helical wiggler free electron
laser. The model describes the nonlinear evolution of a right-circularly polarized pri-
mary electromagnetic wave with frequency w,, wavenumber k,, and slowly varying
amplitude a,(z,t) and phase §,(z,t) (eikonal approximation). The theoretical model
and the equilibrium analysis were described in Sec.Il. It was found in quasi-steady
state (0/0t' = 0) that the phase of the primary electromagnetic wave has slow spatial
variation [Eq.(28)]. In Sec.III, the formal kinetic dispersion relation [Eqs.(60) and
(64)] was derived in terms of the dielectric functions @, and x*(Aw') [Eq.(56)).

In Sec.IV, we considered the case where the trapped electrons uniformly pofmlate
the ponderomotive potential up to the separatrix (75 = ¥} ). Making use of the ex-
act trajectory of an electron on the separatrix [Eq.(84)], the dispersion relation was
obtained in closed form [Eq.(103)], and the maximum growth rate was determined
analytically in the. weak-pump limit (P < 1). For general distribution function con-
sisting of trapped electrons only, the dispersion relation was simplified to a tractable
form [Eq.(130)] which involves integrals over only the variable v} (Sec.V). In Sec.VI,
a closed form for the dispersion relation was obtained for a étep-function distribu-
tion [Eq.(132)], and in the weak-pump limit (P « 1) the maximum growth rate
was determined analytically. The closed dispersion relations (103) and (141) were
solveci numerically for different values of the dimensionless pump parameter P and
‘maximum energy v;, and detailed stability properties were examined. In was found
in the strong-pump regime (P > 1) and in the intermediate-pump regime (P = 1)
that plots of the growth rate Vérsus wavenumber exhibit a strong resonance struc-
ture, which indicates that the interaction between the sideband signal and the bounce

motion of the trapped electrons is the driving mechanism for the instability. It was
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also observed in these regimes that an increase in v}, causes a decrease in the maxi-
mum growth rate and a decrease in separation between adjacent growth peaks, which
coalesce in the limit vy, — 7. By contrast, in the weak-pump limit (P < 1), no
resonance structure was observed, and a change in v;; has little effect on the growth
rate. The maximum growth rate in the weak-pump regime is determined analytically
to be

Im( Awl)ju =

~12 2 272\ 1/3
By 22 (B220)" g

'
= (Tocky) = =5 1580

which is independent of v}, and a% It should be pointed out that if the small-
signal dispersion relation in the high-gain Compton regime [e.g., Eq.(26) in Ref.75
with k., >~ w/c and F = 1] is transformed to the ponderomotive frame, and solved
for complex frequency w’ with real wavenumber k', the maximum growth rate is
Im(w )y = ?(F{)ck;), the same as that obtained for the sideband instability in the
weak-pump regime. This indicates that the mechanism responsible for the sideband
instability in the weak-pump limit is similar to that of the usual free electron laser
instability in the small-signal regime. The bounce motion of the trapped electrons in
the ponderomotive frame plays a minor role in the weak-pump limit.

Although the dispersion relations (103) and (130) have been obtained in terms
of “primed” (ponderomotive frame) variables Ak’ and Aw’ in the present analysis,
these equations can be expressed in terms of iaboratory frame variables Ak and Aw

by means of the transformation

A = (Adw — v, Ak),

AK = Ak - 2Aw). (156)
C

Here, for real Ak’ and complex Aw’, both Ak and Aw are complex. Also note that
the characteristic time scale for the slow variation of system parameters is 1/wg (')

[Eq.(78)], where wj(7’) is the bounce frequency of a deeply trapped electron with
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energy ¥'. In the laboratory frame, the characteristic time scale is 1/Qg, where

Qp =ap(¥)/ 1 = (klauwds/y4)"

= (14 vp/c)awd®/(1 + a2)] 2k (157)

is the characteristic bounce frequency in the laboratory frame. Here, k;, has been
approximated by k, = (k, + ko)/vp = ¥p(1 + vp/c)kq.

To summarize, a kinetic formalism which accommodates general electron distribu-
tion has been developed (Secs.II and III) for investigating detailed properties of the
sideband .instability ovér a wide range of system parameters. For a particular form of
trapped-electron distribution function (i.e., a step-function distribution), the stabil-
ity properties were analysed in detail. When the dimensionless pump strength P is
of order unity or larger, it was found that the maximum energy +}, of the trapped-
electron population has a significant influence on stability properties. Moreover, the
dispersi()n relation (130) can be used to study the sideband instability for general
form of the trapped—electron distribution. A study of stability behavior for distri-
bution functions f°(v{) that vary smoothly with ) will be the subject of a future
investigation, and it is expected that the form of the distribution function will change
the resonance structure from that obtained in the present analysis, where f°(+}) is
assumed to be a step function. Furthermore, while emphasis in the present analysis
has been placed on the case where only trapped electrons are present (Secs.IV-VI),
the general dispersion relation (60) can also be used to investigate detailed stabil-
ity properties in circumstances where untrapped electrons play an important role in

modifying detailed stability behavior.
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Appendix A.

Derivation of Equations (96) and (99)

Making the change of variable u = tan[(k,2’ + 7)/4] gives

. 2u
ol _ . gt a] . A%
cos(k,z'/2) = sin[(k,z' +7)/2] = L
, 1-u? | 2\ 2i 2
exp(xik)z) = - 1 =—< = 1) .
p(=iky) (1+u2 ‘1+u2) wti

Making use of Eq.(84), it can also be shown that

where

2.
expliky 2L ()] = — (u_: =
>
Iy = exp(zF;_;)-

2
zI‘i _—1) ’

After some straightforward algebra, it follows from Eqs.(Al) and (A2) that

[ ke

exp(—1ik,z’)
cos(kp2'/2)

:8(1-‘;&—-1)'2/0‘&(1‘21 [1+

4

{exp(ik2') — exp[ikzL(m")]}

u2+l_‘i

u—1

Carrying out the integral over u, Eq.(A4) reduces to

__ 4 ]
(uw—1)2] (uw+3)2(u+iDg)?

kl /
7ty ZREEE fenpting ) — expli )

_ 32(11:1: I)Fi InT + 16(11;{: - 1) 232(1-‘:1: - ].)Fj:‘fr
(P4 1p T (e +1)2 (Tx+1)°
_8(r-yr . 16 -1)? 32T -l
(T'+1)3 (T +1)2 (T+1)p
where I' = I' .. Similarly it can be shown that
’ I ’Lk, I ) r_n
/ d(k,z E;;'i,‘%/—‘)—{exp (ik), ') — explikyl (7')]}
. 41 4 u2 + Fi
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Appendix B. Dielectric Responses for Uniformly-Populated
Trapped-Electron Distribution

Making the change of variable = —7'/75 gives
0 : 2I(C - 1) (T' —1)?
dr’exp(—idw'r) | ~=—"InT + -—=
[ o ewt-iumy [T NN
———-l'r /°° exp| za+ exp|(ia + 1)z]
[exp(z) + 1]2
z exp[(ia + 1)z][exp(z) — 1]
2 d
+ TB/(; i [exp(m) n 1]3 y (Bl)
where o = Aw'rg. To express Eq.(B1) in a more compact form, we define
Y(a) = /m dmﬁc—m Ima > -1 B2
~Jo exp(z) + 1’ e ' (B2)

Integrating by parts, it can be shown that

© expl(ia + 1)z] |
/0 dw———————-—[exp(m) e 3 +iaY (),
zexp[(ta +1)z}{exp(z) — 1] | S . d .
/ dz ) 1T 5 +2%a¥(a) +iod=¥(a). (B3)

Substituting Eq.(B3) into Eq.(B1), it follows from Eq.(98) that

" . " _ acbg ) q.zd,
W0 — Xg (Aw') = — 0|1+l -2 —j—} (@) (B4)

294a’ o
where a = Aw’rg. Equation (B4) is valid for Ima > —1. Moreover, the analytic
continuation of Y(a) into the region of the complex a-plane where Ima < —1 can be
obtained by deformation of the integration contour in Eq.(B2). Without presenting

the detailed derivation, the result is

I gz 2XB0%) Imo > —1

Yla)=4 %o, SRDEL L (B5)
/ 4z SXP —1az) L™ ma < —1
0 exp(z) +1 a sinh(mra)’ -7

The function Y'(a) defined in Eq.(B5) is analytic over the entire complex a-plane

except for the discrete poles located at o = —in, where n =1,2,3---. It can also be
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shown that Y'(a) has the recursive property

Y(a—i) =~ - V() (B6)

a
over the entire complex a-plane.

Similarly, it can be shown that

r+100+1 20 +1)
3(I' = 1)2 (T —1)3

0
/ dr’ exp(—t1Auw'T’) [ InT
1
T 3AW

oo . exp(z)
- 21'3/0 dz exp(zam)m

x{2lexp(=) — 1] - afexp(z) + 1]}. (B7)

Integrating by parts, it follows from Eqs.(100) and (B7) that

~ 12

"y / Quwwpy (1 .. .
Ges ~ x5 (Au) =~ {3-ialz(@) - @ia+ 1]}, (BY)
=1+
where Z(a) is defined by
2( )—/”d zexplian) s 1 (B9)
=) mexp(:c)—-l’ ma '

Extending the definition of Z(a) to the entire complex a-plane by analytic continu-

ation gives

[ apZRtez) Ima: > 1,
Z(@)=3 R L : (B10)
/ p z exp(—iaz) N 1 T Ima < —1
- T+ — — < -1
0 exp(z) =1 = a* sinh*(ra)
The function Z(a) has the recursive property
) 1
Z(a—1) = = + Z(a) : (B11)

over the entire complex a-plane.
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Appendix C. Maximum Growth Rate for a Uniformly-
Populated Trapped-Electron Dlstrlbutlon m
the Weak-Pump Limit

To determine the maximum growth rate in the weak-pump limit (P < 1) from

Eq.(107), we investigate two limiting cases.
Case I: |AK'| » |AQ| > 1
In this limit, the leading order solution to Eq.(107) is

/ 1 1
AK' = 55 (C1)

Correct to the next order, Eq.(107) can be approximated by

Lo _eaqpi/ay = L 3
ap(1 = BAPYY) = o5 114 s | (C2)
Solving Eq.(C2) for AQ gives
/ 1 J‘ \/§ \G
(AQ )M = 2—1/—5‘13175 (5 + 1—2—) . (63)

Case II: |AQ| > |AK'|, |[AQ| > 1
In this limit, the leading order solution to Eq.(107) is

/ 1 B}
A = =, (C4)

We express Af) as

7 1 I
AQ = spia T 5Q. (C5)

Correct to the next order, Eq.(107) can be approximated by

_}_ /2060y _ '-L 2 C6
9P[1+6P (692 .AK)]_QP(1+_7P). (C6)

Solving for AQY gives

9 -
§0 = AK' + S P2 (CT)
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Since A{Y is real-valued, correct to order P'/2, the maximum growth rate must be
smaller than P'/? in the weak-pump limit (P < 1). This implies that the growth
rate for Case I is larger than that for Case II. |

After examining other possible cases, we conclude that the maximum growth rate
obtained from Eq.(107) occurs in the limit described in Case I, and the corresponding

growth rate and real frequency shift are given in Eq.(C3).

Appéndix D. Maximum Growth Rate for a Step-Function
Trapped-Electron Distribution in the Weak-
Pump Limit

The condition for Eq.(145) to be a good approximation to Eq.(141) is

2K (k.
QF (kae) < Oulrp), for 11 2 | a0, (o1)

which will be shown to be satisfied at maximum growth in the weak-pump limit.
Similar to appendix C, we investigate Eq.(145) in two limiting cases.
Case I: [AK/| > |AQ| > 1

In this limit, the leading order solution to Eq.(145) is

, Gulv,
AK' = Jf’%ﬁ (D2)

Correct to the next order, Eq.(145) can be approximated by

Gi{(‘h’u) [1 2p'/2 AQ'} _ G.)zw(”/zlw) 1

Zal Eabreiworm bt a2 [”Gmwmmn'v]' (13)

In obtaining Eq.(D3) use has been made of Eq.(144). Solving for AQ’ from Eq.(D3)

gives

(AQ ) m ! (1 + z—\[-3—> : | (D4)

T oiApiE\2 " )
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Case II: |AQ| > |AK'|, |AQ| > 1

In this limit, the leading order solution to Eq.(145) is

oy - Fa(g)
We express A as
AQ/ _ GIU(FY;U) + 5QI ' (Dﬁ)
- pi/2 : 0,
Correct to the next order, Eq.(145) can be approximated by
GM(’YM) 2P/ ] Gh(ar) [ p ]
1+ 50 — AK' 1+ . D7
P Gar(v )( ) P GRs(vas) (7)
Solving for A{Y gives
P1/2
80 = AK' + ——— D8
2GM('YM) (D8)

Since A{Y is real-valued, correct to order P'/2) the maximum growth rate must be
smaller than P'/? in the weak-pump limit (P < 1). This implies that the growth
rate for Case I is larger than that for Case II.

After investigating other possible cases, we conclude that the maximum growth
rate obtained from Eq.(145) occurs in the limit described in Case I, and the corre-
sponding growth rate and real frequency shift are given in Eq.(D4).

Making use of Eq.(D.4), the condition in Eq.(D1) can be expressed as

, 2K (kpr) 1
QF(r) < Gulyy), for 2 2K L (D9)

For specified value of v}, it is evident that the condition in Eq.(D9) can be satisfied

for sufficiently small values of the dimensionless pump strength P.
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FIGURE CAPTIONS

Fig.1 In the equilibrium state, the electron motion in the phase space (z/,p’) occurs

on surfaces with 4§ = const, where v; is defined in Eq.(29).

Fig.2 Schematic of trapped-electron ‘distribution function f°(y;) versus «;, for the

case in which electrons uniformly populate the ponderomotive potential up to

an energy vy < ¥,-

Fig.3 Plots of the normalized growth rate Im(A§Y) = Im(Aw’)/&5(v}4) versus nor-
malized wavenumber AK’ = v Ak'/wp(v)y) obtained from Eq.(141) for the
choice of pump parameter P = 10%, and several values of kps corresponding
to (a)kar = 0.1,(b)km = 0.7,(c)sp = 0.9, (d)xpr = 0.99, and (e)xp = 0.999.
Shown in (f) is the result corresponding to xp; = 1.0, which is obtained from

Eq.(103) for P = 10°.

Fig.4 Plots of the normalized real frequency shift Re(A§)’) = Re(Aw’) /%M,) ver-
sus normalized wavenumber AK' = v] Ak’ /wi(7),) obtained from Eq.(141) for
the choice of pump parameter P = 10?, and several values of sy corresponding
to (a)kar = 0.1, (b)rar = 0.7,(c)mar = 0.9, (d)rar = 0.99, and (e)rp = 0.999.
Shown in (f) is the result corresponding to ks = 1.0, which is obtained from

Eq.(103) for P = 10°.

Fig.5 Plots of the normalized growth rate Im(AQ’) = Im(Aw’)/wg(Y)) versus nor-
malized wavenumber AK’ = v Ak /&p(v)s) obtained from Eq.(141) for the
choice of pump parameter P = 1.0, and several values of ks corresponding
to (a)sar = 0.1,(b)sy = 0.7,(c)rm = 0.9,(d)sar = 0.99, and (e)xpr = 0.999.
Shown in (f) is the result corresponding to xKp = 1.0, which is obtained from

Eq.(103) for P = 1.0.

60



Fig.6 Plots of the normalized real frequency shift Re(AQ’) = Re(Aw') [wg(vp) ver-
sus normalized wavenumber AK’ = v, Ak'/wg (7)) obtained from Eq.(141) for
the choice of pump parameter P = 1.0, and several values of xy; corresponding
to (a)nM = 0.1,(6)1{1\1 = 0.7,(6)!&‘,1” = 0.9,(d)K.M = 0.99, and (e)nM = 0.999.
Shown in (f) is the result corresponding to x5 = 1.0, which is obtained from

Eq.(103) for P = 1.0.

Fig.7 Plots of the normalized growth rate Im(AQ’) = Im(Aw’)/wg(v}) versus nor-
malized wavenumber AK' = v, AK'/Wp(y},) obtained from Eq.(141) for the
choice of pump parameter P = 1072, and several values of kps corresponding
to (a)sp = 0.1,(b)rar = 0.7, (c)sar = 0.9, (d)xpr = 0.99, and (e)xp = 0.999.
Shown in (f) is the result corresponding to xa; = 1.0, which is obtained from

Eq.(103) for P = 1073,

Fig.8 Plots of the normalized real frequency shift Re(AQ’) = Re(Aw’)/W(v4,) ver-
sus normalized wavenumber AK' = v] Ak'/Wp (7)) obtained from Eq.(141) for
the choice of pump parameter P = 1073, and several values of ks, (a)sp =
0.1,(b)xar — 0.7,(c)nar - 0.9.(d)xar - 0.99, and (e)xar = 0.999. Shown in (f)
is the result corresponding to ka; - 1.0, which is obtained from Eq.(103) for

P =1073.

Fig.9 Plots of the normalized maximum growth rate g—;,—jpl/slm(Aw')M/dzb(‘y,'”) =
Im(Aw')M/(%ﬁFf,ck,',) versus pump strength P'/® = wi(3')/(2'/°Tyck,) for sev-
eral values of ky;. The curves for ky = 0.1,kar = 0.7, and kpr = 0.99 are
calculated from Eq.(141). The curve for xp; = 1.0 is calculated from Eq.(103).

The same results are displayed in (a) a linear-scale plot, and (b) a log-scale plot.
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