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ABSTRACT

Title:

Essays on the Theory of Production and Technical Progress

Author:

Eytan Sheshinski

In the first chapter we consider a production model in which
machines embody the technology of their date of construction and
obsolescence takes its toll when rising wages absorb the revenues
from a particular machine. The length of life of machines is a
variable that is determined by equilibrium conditions. Chapter II
analyses a model in which the freedom to choose techniques with
varying capital-labor ratios exists only before a machine is constructed but not later (ex-ante but not ex-post). Chapter III provides
a generalization of the former: there may be some scope for variation
in labor requirements ex-post, but not as much as ex-ante. In all these
chapters we discuss conditions of short-run equilibrium and we prove
that, under certain conditions, any equilibrium solution converges
asymptotically to a unique balanced growth path in which the vintage
distribution of capital remains stationary.
In Chapter IV we consider a multi-sectoral model in which
a number of discrete activities are available to each sector. The
analysis concentrates on the recently-revived question of whether it
is possible to order the techniques that are chosen at each rate of
interest, such that their choice is a monotonic function of the rate of
interest. It is shown that in general no such order exists, although
conditions that ensure its existence can be formulated.
Chapter V is a comparison of the characteristics of socially
optimum and competitive paths of capital accumulation in an aggregative
model in which technical progress is viewed as a process of learning by
doing. We adopt Arrow' s hypothesis that learning by doing is measured
by cumulated gross investments. The implications of the hypothesis for
prices and equilibrium conditions in the two-sector case are briefly
dis cus s ed.
Chapter VI presents an empirical research on the significance of
the learning by doing hypothesis. While in most cases the "learning
coefficients" prove to be positive, their significance and, in particular,
their interpretation as technical progress (and not, say, conventional
economies of scale) is ambiguous.
Thesis supervisor:

Robert M. Solow

Title:

Professor of Economics
Department of Economics and Social Science
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CHAPTER

1

STABILITY OF GROWTH EQUILIBRIUM IN THE
NEO-CLASSICAL VINTAGE MODEL

1.

Introduction

The capital stock of any economy is a combination of a complex
temporal structure of a diversity of capital goods with varying efficiency.
Recognizing this fact, Solow advanced the hypothesis that capital goods
should be distinguished according to their date (vintage) of construction
because technical progress is, partly at least, "embodied" in capital
equipment, i. e.,
efficient,

it is carried out through the construction of new, more

capital goods [ 3].

As machines are qualitatively dissimilar,

a separate production function is required for each vintage.
is then the sum of output from all the vintages in use.

Total output

A simplification

is achieved if embodied technical progress is assumed to be purely
capital-augmenting.

Solow [ 3], Phelps [ 2] and, ma re generally,

Fisher [ 1], have shown that in this case it is possible to derive a
measure of "capital", J, defined as the sum of all machines of different
vintages weighted according to their vintage, so that total output can be

1.

The author would like to thank Professors F. M. Fisher, M. C.
They should not
Kemp and M. E. Yaari for helpful suggestions.
be held responsible for any errors.

2

written as a function of J and total labor alone.

However,

if embodied

technical progress is not capital-augmenting it cannot be expressed as
exclusively an improvement in the quality of machines,
equivalent aggregate-capital cannot be constructed.

and an

This is particularly

unfortunate for a study of the long-run properties of vintage models
because in this context technical progress is always taken to be laboraugmenting (Harrod-neutral), the only form consistent with balancedgrowth.
Phelps has studied the long-run properties of a vintage model in
which labor-augmenting and capital-augmenting technical progress are
equivalent,

i. e. the Cobb-Douglas [2].

He has shown for this case that

if savings are a fixed proportion of output any equilibrium growth path
eventually approaches balanced growth.

However, while the assumption

of Cobb-Douglas permits notable simplifications,

it eliminates an

important feature unique to vintage models: capital obsolescence.
This term means that through the competition of more efficient machines
and increasing wage costs, the operation of old machines becomes
unprofitable, and in the general case they are retired from production
even prior to their expiration through wear and tear.

The length of

life of machines thus becomes a variable that adds a new dimension to
the model as compared to non-vintage models.

3
The purpose of this paper is to study the asymptotic properties
of equilibrium solutions in vintage models that allow for capital
obsolescence.

The analysis is confined to the neo-classical model

where there is the same scope for substitution between labor and
capital ex-post as there is ex-ante

.

We shall assume that technical

progress is purely labor-augmenting and that savings are a fixed
For this case we shall prove that any path of

fraction of output.

growth equilibrium converges asymptotically to a unique balanced
growth path in which the vintage distribution of capital equipment
remains stationary.
The paper contains also a discussion of the asymptotic
properties of equilibrium solutions in vintage models where old machines
This class of cases has been the subject of a recent

are never scrapped.
study by Uzawa [ 6]

2

.

The basic method used in this paper owes much

to a related discussion of a fixed-proportions vintage model by Solow,
Tobin, Von Weizsacker and Yaari [ 4].

1.

Elsewhere we analyse the asymptotic properties of equilibrium
solutions of the Johansen ("Putty-Clay") vintage model, where
no ex-post labor-capital substitution is allowed [ 5].

2.

His assumption there differs slightly from the one usually made
in stability analysis (where, given any arbitrary initial conditions,
the system evolves after the initial period by its equations of
motion), in that he assumes that the equilibrium equations hold
at all times, - oo< t < + oo. However, his basic method can be
applied to other cases as well.
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2.

The Neo-Classical Vintage Model

Let L(t) be the number of laborers available at time t, and
K(v, t) be the number of vintage v machines surviving at time t.

L(t)

say n, i. e.

n.
7 n.

,

is assumed that the rate of growth of labor is constant,

It

(1)

A depreciation formula, p (t-v), connects K(v,t) with the
amount K(v), of capital equipment constructed at time v:

K(v, t) = p (t-v)K(v), v < t.

(2)

The survival function M (t-v) is assumed to satisfy the following
conditions:

p (0) = 1, p (t) = 0 for t > z,

where z is a positive number and z = + oo is permissible;

p (t)

1.

> 0, p '(t) < 0, for all 0 < t < z.

The stationary depreciation pattern, p (t-v), implies that
improvements in capital equipment are not reflected in
increases in durability.

5

Let Q(v, t) be the output produced by capital equipment of
vintage v, and L(v,t) be the number of laborers allocated to man
these machines.
It is assumed that part of technical progress is embodied in
capital equipment while the rest of progress is disembodied, i. e.,
it affects the efficiency of all the vintages equally.
progress is postulated to be Harrod-neutral.

All technical

A production function,

F, relates outputs and inputs

(4)

Q(v,t) = F(K(v,t), e a V+tt L(v, t)), v < t,

where eav+Pt is the efficiency of labor at time t associated with
capital of vintage v.

a and 0 stand for the rates of increase of

embodied and disembodied technical progress,

respectively.

We

assume that production is subject to constant return to scale and
diminishing marginal rates of substitution; hence

Q(v, t)

K(v, t)g(k(v, t)), v < t,

(5)

N(v't)

eav+OtL(vt)

(6)

where

K(v, t)

and F(l, X(v,,t)) is replaced by the shorthand notation g(X(v, t)).

6
In addition:

I

g(%) is twice continuously differentiable,

(7)

g(X) > 0, g'(X) > 0, g"(\) < 0

(8)

for all X > 0,

(9)

g(0) = 0, g(oo) = o,
g'(0) = positive constant,

g'(oo) = 0

,

(10)

where by a proper definition of units we shall let g'(0) = 1 whenever
(10) is postulated.

An alternative assumption that we shall consider

is

g'(0) = oo,

g'(0o)=0.

(11)

With assumption (10), it will be seen, it is possible that capital
equipment becomes economically obsolete before its physical lifetime
ends, while assumption (11) guarantees that any existing capital
equipment is utilized for production.
Perfect competition is assumed to prevail at any moment of
time t > 0.
The labor force is allocated among the various vintages so
as to equate the marginal product of labor to the wage rate, W(t),

W t)=

OQ(v, t)
aL(v, t)

7

or, in view of (5),

(12)

g'(( (v, t)) = w(t) ea (t-v),

where w(t)

= W(t) e-(a+I)t is the wage rate measured in terms of

labor efficiency units.

It is seen that whenever assumption (11)

holds we have that X(v,t) > 0 for all t-z < v < t, so that some
laborers are allocated to every existing vintage.
(10),

however, only those vintages,

v,

Under assumption

for which

(t-v)
g' (0) = 1 > w(t) e a

are acually in use.

In the latter case, let m(t) be the age of the

oldest capital equipment in use, i. e.

w(t) ea m(t)

provided m(t) < z.

1,

or w(t) = e-am(t),

(13)

In view of (8) it is possible to solve (12) for

(v, t)

(v, t)

where h = g'

1.

h[ w(t)ea (t-v)]

,

t-m(t) < v < t,

(the inverse of g').

(14)

Whenever (13) holds, one can

If (12) makes m(t)>z, then z is the binding factor and Eq. (13)
should consequently be dropped. Unless otherwise stated we
shall assume that m(t)< z for all t> 0. In the cases that we
shall consider m(t) is uniformly bc~inded for all t> 0 so that a
sufficiently large z will be indeed be irrelevant.
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substitute (13) in (14) to obtain

,

h[w(t)e (t-v)] = h[e (t-v-m(t))] , t-m(t) < v < t

(15)

where

h[ e -am(t)] > 0, h[]

= 0, h[0]

=oc

hI[e (t-v-M(t)] < 0 for all t-m(t) < v < t

(16)

(17)

Thus X (v, t) is an increasing function of v, ranging from zero
(when v = t-m(t)) to h[ e-am(t)I

(when v = t).

The relation between m(t) and total employment is given by the
labor supply = demand equation

t
L(v, t)dv

, t >

0

(18)

.

Lt-mtt

Let k(t) be the ratio of the capital equipment constructed at
time t to the labor force measured in terms of efficiency units,
employed at that instant, i. e.

k(t) =

Kt)
e(a + )t (t)

(19)

9
In view of (1),

(2), (6),

(13) and (19),

condition (18) is conveniently

written using intensive variables,

t
X(v, t)e(O+n)(v-t) 4(t-v)k(v)dv =
t-m(t)

1 =

(20)

h[ ea (t- v -m(t))]
V

( +n)(v-t) Lt-vk(Ov, t>O

.

t

t-m(t)

A similar argument shows that total output, Q(t), is given by

t

Q(v, t)dv =
) t-m(t)
t
t -m(t) g(h[ ea(t-v-m(t))) p(t-v)K(v)dv,

(21)

t>0

It may be of interest to find the growth rate of output in terms
of inputs.

Differentiation of (21) and (18),

in the former,

Q(t)

W(t) L(t)

Qt)

Q(t)

and substitution of the latter

gives, upon division by Q(t), the well-known formula

[+

L(t)

+

+

-+

(t 0 K(t)

,t

W(t)L(t)

6(t)

(22)

Q(t)

where
p (t, t) = g(h[e-am(t)I)

- e-am(t) h[e am(t)]

9
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is the quasi-rent of a unit of the latest equipment (vintage t) at
time t,

L

and

W(t)L(t)

16(t) =

~g(h[e

Qt-m(t)

a(t-v-m(t))-

L

am(t) ha(t--M(t))
Q(t

t(t-v)k(v)dv,

is an average rate of depreciation multiplied by the relative share
of capital. 2
We shall assume that savings are a constant portion,

s, (0< s<1),

The amount of new machines produced at time t is then

of output.

K(t) = sQ(t),
or, in view of the previous definitions

k(t) = s

g(X (v, t)) e(a + +n) (v-t) y (t-v)k(v)dv =

t

(23)

)

t-m(t

=

t
g(h[e a(t -v-m(t))])
t-m(t)

(a+p+n) (v-t)p (t -v)k(v)dv, t > 0.

A pair (k, m) of non-negative real-valued functions, which are
defined for all t > 0, and which satisfy equations (14),

(20) and-(23)

1. Making use of (5), (12), (14) and (15) one can find the quasi-rents
of a unit of equipment of vintage v at time t:
p(v, t) = g(h[edt-v-m(t))]) _ ea(t-v-m(t)) h[ea(t-v-m(t)) > 0
for all t-m(t)< v<t, and p(v, t) = 0 for v< t-m(t). In the range
t-m(t)< v< t quasi-rents are an increasing function of the
construction time v.
2. Notice that for P '(t-v)
pO(t-v)

L

= A, a constant,

6(t) =A.

j
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everywhere will be referred to as an equilibrium solution of the
system (14),

(20) and (23).

If assumption (11) (instead of (10))

is postulatel,

equilibrium conditions take a different form.

then the

Since all the vintages

are in use (m(t) = z), the full employment-condition becomes
t

1 =

h[w(t) e a(t-v) Ie(P+n) (v-0 p(t-v)k(v)dv, t> 0.

Equation (24) determines the wage rate, and,
X (v, t), uniquely.

k(t) =
s

t-z

(24)

by (14) also

The investment equation is similarly rewritten

g(h[w(t)ea(t-v)]) e(a+ +n)(v-t),(t -v)k(v)dv, t> 0,

(25)

A pair (k, w) of non-negative real-valued functions, which are
defined for all t > 0,

and which satisfy equations (24) and (25)

everywhere will be referred to as an equilibrium solution of the
system (24) and (25).
We shall now investigate the system under assumption (10),
which implies that capital equipment may be discarded before its
physical lifetime ends.

loom

12
The Model With Capital Obsolescence

Equilibrium Conditions

3.

Let us rewrite the two equations, (20) and (23),

that govern

the motion of the economy, using the substitution x = t-v,

1

Y

m(t)
h[ea(x-m(t))I

m(t)

k(t) = s

e-(+n)x

a(x-m(t))

g(h[e

x

))

p(x)k(t-x)dx, t> 0,

(26)

(a+B+n)x

e-

M

(x)k(t -x)dx, t > 0.

(27)

At any point in time t > 0, the economy inherits a given past
capital profile k(t-x),

0 < x < z,

From (16) and (17) we see that

the R. H. S. of (26) takes all the positive values as m(t) increases
from zero to infinity.

Consequently,

given the past capital profile,

m(t) is uniquely determined by the labor supply-demand equation (26),
and k(t) is in turn uniquely determined by (27).
initial conditions the system (26)-(27)

Thus, given the

generates a unique growth

equilibrium path.

4.

The Balanced Growth Solution

It is natural to look first for constant solutions to (26)-(27),
i. e., for solution functions (k(t), m(t)) for which both k(t) and m(t) are
constant functions.
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Let k and m be two positive numbers that satisfy the equation

1(28)

k=

] e-(+n)x 4(x) dx

mh[e
00

and consider the expression

s

s

)e-(a

g(h[ea(xm)]

(x) dx.

+0n)

0

In view of (9) this expression takes all the positive values
Hence,

there is a unique

*

as m increases from zero to infinity.
m

satisfying the equation,

1 = s Y

) e- a

g(h[ee

(x)dx.

(29)

0

Let k' be the positive number

uniquely defined by equation (28)

when m = m'.
It is seen that the path of capital accumulation (k(t), m(t))
for which k(t) = k* and m(t) = m,

for all t, is an equilibrium

solution of the system (26) and (27).
solution (k,

Uniqueness of the equilibrium

m*) is guaranteed by the strict convexity of the

production function (18).

Consequently we shall refer to the

solution k(t) = k* and m(t) = m * for all t as the balanced growth
solution of (26)-(27).

I
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Notice that corresponding to the balanced growth solution
(k*, m*) there is a balanced growth wage rate, w*, given by
w*= e- am*

a +

5.

=

w*e (a+)t

is therefore growing at the combined rate of

.

W*(t)

The undeflated balanced growth wage rate,

Stability Analysis

We turn now to the analysis of the equilibrium solutions
of (26)-(27).

At the initial period, t = 0, the economy is endowed

with a given arbitrary capital profile k(-x),

0 < x < z.

The motion

of the system afterwards is governed by the equilibrium conditions
(26)-(27).

We shall prove that for a given class of initial conditions

the equilibrium solution converges asymptotically to the balanced
growth solution.
The initial capital profile is given by a function k(-x) defined
over the interval (0, z]

,

and we shall assume that

k(-x) > k > 0

for all 0 < x < z,

where k < k* is a positive real number.

(30)

It is further assumed that

k(-x) is integrable on (0, z]

1.

For the case where the solution, m*, of (29) gives m* > z
see section 6 below.

I
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Some immediate conclusions from (26)-(27) are as follows
(the functions k(t) and m(t), t > 0, always denote equilibrium
solutions of (26)-(27)):

Remark 1.

k(t) > 0 and m(t) < oo

Proof.

Suppose there exists at t0 > 0 such that k(t ) = 0.

Then either k(t -x) = 0

for all t > 0.

for all x < t0 or m(t0) =0.

The finiteness of m(t) (in case z

cannot hold.

=

+oo

In any case (27)
follows from

condition (16).

for all t > 0.

Remark 2.

k(t) _< s

Proof.

By the mean value theorem we have that

g(h[ea(x-m(t)]) = g(h[1] ) + g'(h[e

where x 1 is between m(t) and x.

g(h[ ea(x-m(t))

e

1

Hence, in view of (9) and (16),

-m(t)) h[e a(x -m(t))
I

Making use of (31) and (27),

k(t) = se-am(t)

<

h[ea(x-m(t))

St03

-m(t))]) h[ea( x-m(t))] -h[1]],

(31)

we have from (26) that

1

t > 0.

e-

x)k(t-x)dx <

(32?)

E
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It can also be seen that k(t) > se arn(t)

for all t > 0.

Let m be a positive real number defined by m = Min[m(t), m 0,

0 < t < m
0where rn

is given by

0
1 s=

h[e

a(x- M)
O]

m(t) > m

Proof.

Since k(t) < s
0

..

for all t > 0 it is evident that m(t) >

For if m(t ) < m0

some sub-interval of [to-n

(33)

for all t > 0.

Remark 3.

for any t >m

-(O+n)x
eQ +f)X(x)dx.

,

t

for some t 0

then k(t) > s on

), which is impossible.

The remark

follows now immediately from the definition of m.

Remark 4.

The functions k(t) and m(t) are continuous for
all t > 0 and differentiable for all t > 0.

Proof.
for all t > 0.

m0

,

m

It is evident from (26)-(27) that k(t) is continuous
Assumption (30) and the upper-boundedness of k(t)

(Remark 2. ) guarantee that m(t) is continuous for all t > 0.

The

17

proof that k(t) and m(t) are differentiable for all t > 0 is deleted
because this result is nowhere used in the sequel.
We have already found a uniform upper-bound on k(t) and
a uniform lower bound on m(t) for all t >

It is next shown that

0.

k(t) and m(t) are uniformly bounded from below and from above,
respectively.

An outline of the proof is as follows. To prove that m(t)
is differentiable evaluate (20) once for time t and once
for time t+At and subtract the former from the latter.
One can use the mean value theorem to obtain, after
rearrangement and division by At
(f+n)x
a(u(t)-x1 )
u(t+ t)-u(t) ] h[e
] e
Iy(t-x1 )k(x )
-

1.

At1

au(t+At)

au(t)

[

] .

t+At

a h'[e

a(x -v)
]e(+n-a )v
2

u(t+At)
4

] e (/3+n)x 4 P (t-x4 )k(x4 )

+

(j~~t-)+j'(
-vAt~~v~v
hutr
pA (t -V)+(x3 -v)At)k(v)dv = h[ e

u(t+At)
(1-e(+n)A t
At
where u(t) = t-m(t), x

and x 2 are numbers between u(t) and

u(t+At), and x 3 and x4 are numbers between t and t+At.
Since the R. H. S.
so has the L. H. S.

of this expression has a limit as At -

0,

Checking the sign of these elements

one finds that u(t), and thus m(t), is differentiable.

The

differentiability of k(t) then follows from (23).

L

a
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Let m be a positive real number defined by

-

h[ea(x-

+n

(34)

(x) dx.

Since k < k , it is seen from (28) and (34) that m > m

Lemma 1.

k(t) > k and m(t) < m

Proof.

Let t

t

0

- z < t < t
-

0

.

0-

.

1 =k

for all t > 0.

> 0 and suppose that k(t) > k for all

We shall prove that in this case k(t ) > k.

The

minimal value that k(t ) can take is given by the minimum of the
R. H. S. of (26),

given that s > k(t -x)>k for all 0< x< z, and such

that (27) is satisfied.

We formulate this minimization problem

as follows:

J(() = s

g(h[ea(x-)]) e -(a++n)

(x)9(x)dx

,

Minimize

0

-~

over all the functions

p that satisfy 9 > k, and given that m

satisfies

hea(x-m)
'

1 =

-(+n)

(x)(x)dx.

19
be the minimizing function.

Let p
p

It is easily seen that

(x) = k, 0 < x < m, where m is given by (34).

the functional J at p

*

J(p ) = k s

The value of

is

(bi

g(h[ e

-( h~

(-x-m)

] ) e(

x

M

'

(x) dx.

0*

From (24) and the fact that m > m

-

m
s

it is seen that

g(h[ e

(Xi)]

) e- a PO

i~(x) dx > 1,

0

hence J(P
Now,

for t

) > k, and since k(t 00) > J(&') it follows that k(t_) > k.
0

=0 we have that k(o) > k.

Using the above argument

and the continuity of k(t) we see that it is impossible to find a
> 0 such that k(t

t

0

0-

) < k while k(t) > k for all -z < t < t
-_-

0

In view of (26) it is now immediate that m(t) < m for all
t > 0, where m is given by (34).

This completes the proof.

The uniform boundedness of k(t) and m(t) is used in the
following proof.

Stability Theorem 1.

Let (k(t), m(t)), 0 -< t < + cc,
of (26) - (27).

Then Lim k(t) = k
t -* cc

,

be an equilibrium solution

and Lim m(t) = m
t -- CO

20

Proof.

Let the line [0, o ) be divided into intervals of length m, and
denote by t n
Lim t
n

n

tn-

c.

=

+ m,

and with t

,2...,

= 0.

Clearly,

In the course of the proof we shall look at successive

-oc

intervals of the form [t
(I)

a

n

n-1

n-1

Lim sup k(t) < k .
t --

such that k(t) < a

t > t (=t
n

, t).
n

n- 1

Suppose we can find a number,

for all t > t

n-l

-

n-1

Then, for any given

+ m) we have that k(t-x) < an,
- n-11 provided 0 < x < m.

Choose a specific t > t

.

Our purpose now is to find a number

-n

a

n

< a

n--

such that k(t) < a

n

The problem is similar to the one encountered in the
proof of Lemma 1.

The least upper bound of k(t) is given by the

least upper bound of the R. H. S. of (27),

subject to the restriction

that k(t-x) < an.
-n-l*

In order to find this bound we formulate the following
maximization problem:

Maximize J(V) = S

Jo

~

g(h[e

g~he~0

e-(a

(x)o(x)dx
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over all the functions 0 defined on (0, m]

and satisfying the

(x) < an-1

for all 0 < x < m

,

constraints

1 =

m h[eac(x-m I

e- (O+n)x p(x)o(x)dx

.

and m is determined by

0

Let 0' be the maximizing function.

It is immediate that

is given by

=

for 0 < x < m

an-

m = bn- , where b n-

and correspondingly

h[e(x-n-1)

is determined by

e-(+n)x

(x)dx

(35)

.

0 (x)

0

Obviously a nhave that b

m(t) < m.

in view of (34) and (35), we

Define the value of the functional J

as a

a

n

= Max J )=

J(

)=

b
a n-i
=a n-1s

Y

a(x-b
g(h[e

n-

e

-(ac+o+n)x k (x)dx

.

at

<

> k so that,

(36)
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By definition k(t) < J(V1

)

-nn

a

for all t > t .

Now, a

n

< a

if and

n-i

only if

bn-l

a (x-b

0 < S

g(h[e

Clearly a

n-i

> k

n-i1

,

-(a ++n)x

(x)dx < 1.

(37)

or otherwise there is nothing to prove.

It thus follows from equations (28) and (35) that b
in turn implies, in view of (29),

n-i

< m

which

that (37) is satisfied.

Having constructed a decreasing sequence {a

n }, such that

k(t) < a

for all t > t

k(t) < a

for all t > 0, and to show that the sequence {a } converges

to k

.

,

all that remains now is to fix a

As to the former, the upper bound

definition.

s

The latter is proved by setting a

such that

is appropriate by
n

=

a

n-I

in (36),

and

making use of (28) and (29).
(II)

Lim inf k(t) > k
t -+

.

employed in Part (I) of the proof,
cn-

Similar to the procedure

00

suppose we can find a number

such that k(t) > c_-i for all t > t

t > t ,

n-1

n

k(t-x) > cn-1 ,

1

-- n-1

.

provided 0 < x < m.

Then for any fixed
Our object now is to

find a new lower bound on k(t) that is higher than cnfor any t > t
-n

.

and holds

For this purpose we formulate the following

minimization problem:

Minimize J(9) = s
(P

g(h[e
Yo

]) e- (a

(x)(x)dx

PPOO--
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over all the functions P(x) that are defined on (0, m]

and that

< V(x)

for all 0 < x < m

,

cn-

,

satisfy the constraints

and

i =S
Let

c*

h[ea(x-m)]

e- O+n)x 4 (x)(,(x)dx.

be the minimizing function.

It can be shown that q* is

given by

< m

and correspondingly m = en-1, where en- 1

1 =cn

h[ e cx-en-11

s

Notice that for any c nm.
ni<

Min J() = J(

+n)x L(x)dx

e-

(38)

0

n-

e

is determined by

.

x

,

for 0 <

* (x) = C

- k , we have, in view of (34), that

The value of the functional J at p

=

cn-1 s

en

g(h[e

e

is given by

) )e-(a+t+n)x4 (x)dx. (39)

0

i

Pm""-
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Let J(p
t > t

n

k(t) > c n for all
) be denoted by c . Clearly
n

(It follows from (26) that e

is the maximal value that

n-l

for all t > t).

m(t) can assume, i. e., m(t) < e-

there is nothing to prove.
Clearly c n-l < k. . or otherwise
**
In view of (29) and (38) we thus have that e n-1 > m

-(a ++n)

n-

g(h[e

s

Hence, by (39) and (40), cn > c
c
k(t) > -n

.

,

and

(x)dx > 1

(40)

.

By construction, therefore,

and m(t) < e n-1 for all t > t n
-

Using the definition of

the sequence {cn},
n
en- I

s

c =c
n

n-

a(x- e_)

g(h[e

n

-(+nx

(41)

]) e- (O+n)xI4(x)dx,

0

one can show (by substitution of c

= cnl in (41))

From (38) it consequently follows that Lim c n
n - oc

that Lim e
n-- oc

k .

= m.

This proves

the statement of part (II).
Combining parts (I) and (II) of the proof it is now immediate
that Lim k(t)
t -.. OC

=

k'.

It follows from (26) that in this case Lim m(t) =m
t -oC

and the proof is complete.
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The Model Without Capital Obsolescence

6.

Equilibrium Conditions
It has already been observed that if the marginal product

of labor at L(v, t) = 0 is always infinite then some laborers are
allocated to every vintage of capital equipment and the equilibrium
equations take the form

h[w(t)eax

k(t)

=

s

e-

n

(x)k(t.-x)dx,

z g(h[w(t) eax]) e-(a~n)x

(x)k(t-x)dx,

t > O,

(42)

t>O.

(43)

At any point in time t > 0, the economy inherits a given past
capital profile k(t-x),

0 < x < z.

The labor supply-demand equation(42)

then determines a unique (in view of (9)) equilibrium wage rate,
w(t).

k(t) is, in turn, uniquely determined by (43).

Thus, given the

initial conditions the system (42) - (43) generates a unique growth
equilibrium path.

7.

The Balanced Growth Solution

Solution functions,

(k(t), w(t)), for which both k(t) and w(t)

are constant functions for all t, are called balanced growth solutions
of the system (42) - (43).

I

F""'
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Consider now the expression
zx
-(a+o+n)x
g(h[weax]) e

s

(x)dx,

0

where w is a positive real number.

In view of (11),

h is a

decreasing function of w ranging from infinity to zero as w takes
Thus there exists a unique positive

*

all the positive values.
number, w ,which

1= s

satisfies the following equation

z g(h[w eax]) e(a+o

n)x, (x)dx

(44)

.

0

Let k

k

be the real number defined by

(45)

eh[w
- fe

(x)dx

0

and w(t) = w

The path k(t) = k

,

for all t, is seen to be an

equilibrium solution of the system (42) - (43).
equilibrium solution (k
of g, (8).

,

Uniqueness of the

w') is guaranteed by the strict convexity

The equilibrium solution (k', w

) is thus called the

balanced growth solution of the system (42) - (43.
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8.

Stability Analysis

Beginning at time t = 0, the motion of the economy is
determined by (42)-(43).

At any later moment the equilibrium

wage rate is uniquely determined by the labor supply-demand
equation (42), which in turn determines uniquely the amount
(43) of new capital equipment.
We shall assume that the initial capital profile is given
by a positive bounded and integrable function k(-x),

k < k(-x) < k

for all 0 < x < z,

where k < k* and k> k* are positive real numbers.

(46)

Using the

same arguments as in the proofs of Lemma 1 and Remark 4, it can
be seen that any equilibrium solution of (42)-(43), (k(t), w(t)), is
both continuous and differentiable.
while w < w(t) < w, for all t_>

1.

2

k < k(t) < k

0, where w and w are the positive

Observe that (46) is satisfied whenever z is finite and
k(-x) is positive on (0, z] . If z is infinite, however,
(46) requires in addition that

Lim sup k(-x) < oc and
C

x

2.

Furthermore,

Differentiability,
interval t > 0.

Lim inf k(-x) > 0.
x -+.oO

one understands,

exists on the open

IMWIIO
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numbers given respectively by

h[w eaX

1= k

e

)xp (x)dx,

(47)

n)x

(48)

0

and

k

1

5

-

h[weax]

(x)dx

As might be expected it is also possible to establish the
following.

Stability Theorem 2.
Let (k(t) , w(t)), 0 < t < + x, be an equilibrium solution of
(42)-(43).

Then Lim k(t) = k
t-+ O

and Lim w(t) = w'.
t

O0

Proof,
We shall look at successive intervals of the form [t
n-1, 2, .. .,
+m
where t =t
n-l'-1
n n-l

with t =0.

1 , tn),

The sequence {nI} I, of
n

positive real numbers will be defined later.
(I)

Lim sup k(t) < k

one can find a positive number k
for all t > t

.

As in a previous proof,
< a n-<

Then for any given t > t

suppose

k such that k(t) <

an-l

+ m we have that

I
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k(t-x) < an_ I provided 0 < x < m.

Choose a specific positive number

hi< z and consider a t >tn-l + m.

Our purpose is to find a number

n

< a

such that k(t) < a

n-i

n

.

a

In order to find the least upper bound on k(t) we formulate the
following maximization problem:

over all the functions

(x) _

z g(h[we a x

e (a +P3n)x

(x) V)(x) dx

,

Maximize J() = s

V1 defined on (0, z] and satisfying the constraints

for all 0 < x <

n-l

m

for all m < x < z

V(x) <iTC

and

0

VIbe
*

Let

h

[

wea xI

the maximizing function.

an-1

(x) V)(x) dx

e-G3n)x

It is easily seen that

for all 0 < x < m

(x) =
for all m < x <

L

.

z

z
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and correspondingly w = bn-1 ,

where bn-i is determined by the

condition

I = an-i

h[b n-i

k(x)dx +

x]

I

h[ben-

x

- (3n)

x)dx.

'

0

(49)

The value of b nLet bn-

thus depends on m, so we write bn-=b n-

be the number defined by

an-I

Since a n->k

nIt,

s

n- Y

h[b neax

n-

(50)

Now, in view of (17), (47) and (50), it is seen

is a continuous and monotonic decreasing function of rn, ranging

from w to bn-

as m assumes all values between zero and z.

The value of the functional J at

=

-

s

g(h[bn-1Iea x

is given by

-(a ++n)x

(x)dx

+

that b n-

e(P3n)x .(x)dx.

(or else there is nothing to prove), we have from (17)

and (47) that Fn-I > w .

J(#)

).

z
+1 s

= a n-14(m)

m

n-i

,)

eax
tg(h[b

-(a

n

(x) dx

(51)

rp""

_N
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where

+

k (n)

-(a+o+n)x L (x)dx

n- ea x I

hsz
n-i

g(h[b

(x)dx

+n)

a x])e -(a

1

(52)

.

g(h[b
0

+

4~(m) = s

monotonically decreasing function of

is seen to be a positive,

m, and, in view of (47) and (50),

Lim 4(tn)
m-z

=

g(h[ b

s

We can now specify how m n-

e -(

n-i

(53)

(the length of the time-interval) is chosen.
a number sufficiently

Let mn-1= m be such a number.

now an as the R. H. S. of (51)

n

1.

4,(m

when m=m-

n-i

) < a

Define

1

(54)

n-1i

.

close to z such that 4 < 1.

=J( &)=a

(x) dx <

+

one can find, for a given a n-

In view of (53),

a

eax
n-

0

k(t) < a
-

n

< a

n-i

for all t>t

- n

= t

n-i

+ m

n-i

.

Thus,

Notice that if z were assumed finite then the length of the
time-intervals could be fixed at z (m n-=z,

n=1, 2, . . . ) and the

d
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previous procedure to choose Mn_

could be avoided. 1

All that remains now is to fix a
of the sequence
all t > 0, a
-

0

{a } is k*.

and to show that the limit

As to the former,

=k is appropriate (so that b

proved by setting a n=a

(II)

0

= w).

since k(t) < F for
The latter is

1 andn m =z in (54), (52) and (49).

Lim inf k(t)>k
t -p O0

.

Starting with the lower bound on

k(t) for all t > 0, k, the proof of this part is completely symmetrical

Combining parts (I) and (II) we have that lim k(t)
t --WO
in view of (48), we also have that lim w(t)
t-o 0 0
completes the proof.
Consequently,

9.

=

=

k

.

with the previous one and we shall not give it here.

w

This

Summary
This paper has analysed the asymptotic properties of equilibrium

solutions in the neo-classical model with capital embodied, laboraugmenting technical progress, in which savings is a fixed fraction of

1.

For the case where z is finite see also Uzawa [ 6] . The
complication in the case z = oc stems, loosely speaking, from
the fact that since old capital is never scrapped the initial
capital profile affects, although to a decreasing extent, all
future equilibrium conditions.

33

output. 1

It has been proved that both in the case where the economic

lifetime of capital equipment is variable, i. e. where machines are
discarded prior to their expiration through wear and tear, and in the
case where capital equipment is never completely scrapped,

any

path of growth equilibrium converges asymptotically to a unique
balanced growth path in which the vintage distribution of capital
equipment remains stationary.

1.

The methods used in the paper can be applied with obvious
modifications to the case where savings are a fixed fraction
of gross profits, or a fixed, but different, fraction of both
gross profits and wages, and the same stability theorems
that are proved here hold for these cases as well.

a
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CHAPTER II

STA BILITY OF GROWTH EQUILIBRIUM IN THE
JOHANSEN VINTAGE MODEL

1.

Intro duction

Two recent developments represent a departure from the
unsatisfactory assumption of complete homogeneity and malleability of the capital stock.

The first is the construction of the

capital vintage model in which machines of different dates of
construction are distinguished by the technology that they
embody.

The second is the construction of a model in which the

freedom to substitute capital for labor depends upon whether a
machine has already been constructed or is still in the stage of
design.

The latter distinction is a recognition of the fact that the

range of feasible capital-labor ratios is often limited by the type
of the constructed machines and does not reflect fully the
techniques which could become effective by designing new machines.
Johansen, who was the first to construct a model that incorporates
this feature,

made the assumption of complete non-malleability of

existing capital.

1.

That is, while there is scope for substitution

The author would like to thank, without implicating,
Professors F. M. Fisher, M. C. Kemp, R. M. Solow and
M. E. Yaari for helpful suggestions.
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between labor and capital before a machine has been installed
(ex-ante), no substitution is possible thereafter (ex-posL)

?

This

characteristic of capital has also been dubbed "putty-clay"' (putty
ex-ante,

clay ex-post).

Thus, each machine,

in addition to

embodying the technology of its date of construction,

is further

characterized by the size of the given crew of men that it was
designed to be worked with.

This double-characterization of

machines complicates considerably the solutions to the model when
off the path of balanced growth, mainly because the capital stock
that is in use does not necessarily comprise the most recent
vintages (old machines,
technology,

though embodying a relatively primitive

might have lower labor costs if their labor intensity is

sufficiently low),

Consequently,

the studies of this model, by

Johansen [ 2] , Solow [ 6] , [ 7] , Phelps [ 5]

and Kurz [ 4] , have all

concentrated either on the characterization of the balanced growth
path or on simulations that were intended to reveal some short-run
properties of the solutions,

The only study of the behavior of the

Johansen model out of steady state is that by Inada [ 1] .

He

analysed the asymptotic properties of the solutions for the case of
no technical progress (either embodied or not),

and has apparently

proved that convergence to a (full employment) balanced growth path
is impossible.

It was demonstrated,

however,

that his results

determination and do not stand otherwise

[ 3]

.

depend on a special assumption that he has made regarding the wage

M
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In this paper we shall further analyse the Johansen vintage
model.

The main purpose is to investigate the asymptotic properties

of equilibrium growth paths in this model.
We shall assume that technical progress may be partly
embodied in capital and partly disembodied.

However, we always

confine ourselves to the case where all technical progress is laboraugmenting (Harrod-neutral).

Another assumption is that savings

are a fixed fraction of output.

Even more restrictive, we assume

that the expectations of enterpreneurs are stationary.

Thus, although

investors are supposed to know that once they install a machine they
lose the freedom to change the capital-labor ratio, and hence the
stream of future quasi-rents, their choice of technique depends only
on the present circumstances because they are assumed to expect
the wage rate and the rate of interest to remain constant.

Without

this assumption the marginal product of investment cannot be defined
without full specification of the expected rate of increase of wages
and the rate of interest, a case whose behavior seems to be
intractable.
For the case analysed in this paper we shall prove that any
full-employment path of growth equilibrium converges asymptotically
to a unique balanced growth path in which the vintage distribution of
capital equipment remains stationary.

1.

Although it is not too difficult to introduce expectations of a
constant rate of increase of wages and a constant rate of
interest.
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Some methods that we shall use here are similar to those
used in a related discussion of a fixed-proportions (no ex-ante as
well as ex-post substitution between labor and capital) vintage model,
by Solow,

Tobin, Von-Weizsacker and Yaari [ 8].

In fact, this paper

can very well be regarded as an extension of their work.

2.

The Model
Let L(t) be the number of laborers available at time t,

and

K(v, t) be the number of vintage v machines surviving at time t.
is assumed that the rate of growth of labor is constant,

say n, i. e.

L (t)

(1)

L(t) =n.

A depreciation formula, p(t

-

v), connects K(v t) with the

amount, K(v), of capital equipment constructed at time v:

K(v, t) = 4(t-v)K(v), v < t.

The survival function M(t

-

(2)

v) is assumed to satisfy the

following conditions:

P(O)= 1, /(t)

1.

=

It

0 for t > z,

The stationary depreciation pattern, p(t - v), implies that
improvements in capital equipment are not reflected in
increases in durability.
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where z is a positive number and z = + cc is permissible;

p(t) > 0, 4'(t) < 0, for all 0 < t < z.

Let Q(v, t) be the output produced by capital equipment of
vintage v, and L(v, t) be the number of laborers allocated to man
these machines.
It is assumed that part of technical progress is embodied in
capital equipment while the rest of progress is disembodied; i. e.,
it affects the efficiency of all the vintages equally.
progress is postulated to be Harrod-neutral.

All technical

A production function,

F, relates outputs and inputs.

Q (v, t) = F(K(v, t), ea v+ItL(v, t)),

v < t,

(4)

where ea v+1t is the efficiency of labor at time t associated with
capital of vintage v.

a and

f stand for the rates of increase of

embodied and disembodied technical progress,

respectively.

We

assume that production is subject to constant returns to scale; hence

Q(v, t) = K(v, t)g( X(v, t)),

v < t,

(5)
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where

ea v+PtL(v, t)
(v, t)

=

(6)

K(v, t)

and F(l, X(v, t) is replaced by the shorthand notation g(X(v, t)).
X(v, t) is the number of laborers,

in terms of the efficiency of

labor at time t associated with equipment of vintage v, per
machine of vintage v.
Now, what distinguishes the Johansen model from the
orthodox neo-classical vintage model is the restriction that the
number of laborers required to operate a machine is fixed once
the machine has been constructed.
here in two ways.

This concept may be interpreted

One can postulate that the number of laborers in

terms of the efficiency of labor at time t associated with the capital
equipment of vintage v, X, is fixed, i. e.

X(v, t) = X(v, v) = X(v), for all v < t.

(7)

An alternative assumption is that the number of laborers in
terms of the efficiency of labor at time v associated with the capital
equipment of vintage v is fixed, i. e.

X(v, t) = X(v, v) eP(t-v) for all v < t.

(8)
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We shall here follow assumption (7) but one can show that
all of our conclusions hold as well with assumption (8).
The production function,

g, is assumed to satisfy the

following conditions:

g(X) is twice continuously differentiable,

g(X) > 0, g'(X)

g(O)

= 0, g( oo)

> 0, g"() <

=

0

(9)

for all X > 0,

(10)

(11)

o.

Perfect competition prevails at any moment of time t >

0.

Firms are assumed to choose the optimal labor-machine ratio,
X(t), for the newly constructed equipment so as to maximize their
discounted future profits.

With stationary expectations the optimal

ratio is determined by the marginal productivity condition,

a Q(t, t)
W (t) =a L(t, t)'
where W(t) is the wage rate.

It is convenient to define a wage rate,

w(t), measured in terms of labor efficiency units:

1.

w(t) = W(t) e-(a+P)t

With no disembodied technical progress (0=0) the two cases,
(7) and (8), are identical.
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The above condition then becomes 1

(12)

g'(X(t)) = w(t).

Any existing capital equipment operates under fixed
coefficients so that a rise in the wage rate may eliminate profits.
In this case the operation of such a machine is terminated because
from the firm's point of view the equipment is obsolete and, in
order to prevent losses, should be retired from production.
However, the machine might be utilized again at a later date if a
decrease in the wage rate will be sufficient to make it's operation
profitable.
At each instance of time we define a set, V(t, w), of all the
existing vintages which, given the wage rate w(t), can be operated
without lo s s, 2

V(t, w) =

t-z < v < t

g(x))

ea(v-t)-w(t) > 0

,

t > 0.

(13)

In (13) we have used the fact that a machine is profitable whenever

1.

It will be noticed that, in view of (13) and (18) below, we
always have that g'(0) > w(t).

2.

If X(v) is a continuous function on [ t-z, t), then V(t, w) is the
union of a finite or infinite number of time-intervals, for
each of which the condition in (13) holds.

M
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the average product of labor,

X()

ea(v-t) exceeds the wage rate,

w(t).
Suppose now that the wage rate is fixed at a point where not
all the existing equipment can be profitably operated.

In this case,

perfect competition eliminates profits on the extensive margin, i. e.
on the least profitable machines.
least one vintage,

say t-m(t),

w(t) = g((t-m(t)))

such that 2

am(t)

(14)

)

X(t-m(t)

In other words, there exists at

1.

Notice that there is no unique relation between X(t) and the
maximal X that is included in the set V(t, w). However, if
there is no technical progress then there exists a unique
(t), which is given by
maximal X, denoted by X

g'(X(t)) =

g(Xmax(t))

ax()

max

such that the set V consists of all those X(v) that satisfy the
condition X(v) < X
(t).
The presence of embodied technical progress complicates
things because now one has to take account not only of the
labor requirements associated with each machine but also
of its date of construction.
2.

The case where z = + Co and

w(t) = lim inf g(v))
v -0 - 00

a(v-t)

is explicitly excluded by (17) below.
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Combining (12) and (14) we then have

g'1(X (t))=

t-

g~k~-m~)))
t)

e

amt)

, t- m(t) E V (t, w),

(15)

which is a relation between the current labor-machine ratio and the
labor-machine ratio associated with the no-profit machine of vintage
t-m(t).
The relation between the set (13) and the total demand for
labor is seen from the demand function

L(v, t)dv, t > 0,

(16)

V(t, w)

which is a decreasing function of w ranging from zero to the maximum
possible employment,

N(t), given by utilizing all the existing capital

equipment,
t
N(t) =

L(v, t) dv.

t-z

We wish to exclude the possibility of labor being unemployed
because of a shortage of capital.

Hence a labor-non-redundancy

M
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condition is assumed:

I

t
L(t) < N(t)

(17)

L(v, t)dv, for all t > 0.

=

t-z

In this case the full-employment equation

L(v, t)dv, t > 0,

L(t) =

(18)

V (t, W)
holds at each point in time, beginning at the initial period t=0.
Let k(t) be the ratio of vintage t capital equipment to the
labor force at time t, measured in terms of efficiency units,

k(t) =

K(t)
e(a+g)tL(t)

In view of (1),

(2), (6),

(7) and (19),

conditions (18) is

conveniently written using intensive variables,

1=

C

X (v) e( P+n) (v- t)p
Mt-v)k(v)dv,

t > 0.

(20)

V(t, w)

1.

Some implications of relaxing this assumption are discussed
in [ 1] , [ 3] , and in Section 7 below.

M
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A similar argument shows that total output, Q(t), is given

by

W)

Q(t) =

Q(v, t) dv =

g(X(v))/(t-v)K(v) dv,

t > 0.

(21)

V(t, w)

It may be of interest to find the growth rate of output in
terms of inputs.
of intervals,

If the set (13) consists of a finite or infinite number

differentiation of (21) and (18),

and substitution of the

latter in the former, gives, upon division by Q(t), the well-known
formula

Q)=~

w(t)L(t)

Q (t)

+ L(t)

~L+(tj

K(t)-

(t,

+

P

(t

)

w(t)L(t)(
Q M(t

(22)

)

Q(t)

whe r e

p (t, t) = g 0, t)) -

w(t) X (t)

is the quasi-rent of a unit of the most recent equipment (vintage t)
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at time t, and

(

w(t)L(t)
Q(t)

t)=

g (X (v)) -w M e

(t - V) x (v)

p

Q-)I

V(t, w)

-

-

(t - v) K(v) d

,

)

[I

t -V

is an average rate of depreciation multiplied by the relative share
of capital. 1
We shall assume that savings are a constant portion,
s, (0< s< 1),

of output.

The amount of new machines produced at

ti ne t is then
K(t) = sQ(t),
or, in view of the previous definitions

g(X (v))e (a + +n)(v-t)p (t -.v)k(v)dv, t > 0.

k(t) = s

(23)

V(t, w)

A triple (k(t), X(t), w(t)) of non-negative real-valued functions,
which are defined for all t > 0, and which satisfy equations (12),
and (23) everywhere,

(20)

will be referred to as an equilibrium solution of

the system (12), (20) and (23).

1.

L

Notice that for

(t-v)

=,

a constant,

6(t) = p.

9
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If assumption (17) is violated then the full-employment
equation (18) has to be replaced by the inequality

t
L(v, t) dv,

L (t) > N(t) =
t- z

or

t
X (v,)e (+n)(v-t)P

(24)

(t-v)k(v) dv.

t- z

It is noticed that when (24) holds with equality, i. e. when
both capital and labor are fully utilized, the wage rate is indeterminate.
When (24) holds with strict inequality,

i. e. when labor is unemployed,

the wage rate is set at the minimum acceptable level ("subsistencelevel").

These cases will be discussed later.

We shall now investigate

the system under conditions of full-employment.

i
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3.

Equilibrium Conditions:

Full-Employment

To facilitate further references let us rewrite the fullemployment equilibrium conditions,

(20), (23) and (12),

using the

transformation x = t-v,

(+n)xpM(x)k(t-x)dx,

1 =(t-x)e
X(t, w)

k(t) = s

g( X (t -x))e_

t>O,

(25)

p (x) k(t - x) dx, t > 0.,

(26)

X(t, w)

(t)) = w(t),

g (

where

xe

(27)

X(t, w) if and only if veV(t, w), as defined by (13).

At any

current point, t> 0, the economy inherits a past capital profile
(k(v), X (v)),

t-z< v< t.

In view of (17), the current wage rate w(t), and

thus the current labor-machine ratio X(t),
(25) and (27),

k(t) is, in turn, uniquely determined by(26).

The Balanced Growth Solution

It is natural to look first for constant solution functions to (25)
(27),

-

4.

respectively.

are uniquely determined by

i. e. , equilibrium solution functions (k(t), X (t), w(t)) for which

k(t), X(t) and w(t) are all constant functions.

Any such solution is

called a balanced growth solution.

W
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Let X and m be a pair of positive numbers which satisfy the
relation

1 = sg(Xe)

e (apn)xp(x)dx

(28)

0

In view of (10) and (11),
of m,

(28) gives X as a decreasing function

ranging, from infinity to zero as m takes all the positive values,

On the other hand,

consider the expression

m,
e-agX

g'(X) =

(29)

which gives X as an increasing or decreasing function of m depending
upon whether the elasticity of substitution is less than or greater
than one,

respectively.

Thus if the elasticity of substitution does not

exceed one, then there always exist unique positive numbers X * and
m* which satisfy both (28) and (29).

In such cases,

let k*, w* and

X* be uniquely defined by

k

(30)
*

X

e -(O+n)xpy(x)dx

0

w

X=

=g'(

x

'),

0 < x< mr

(31)

.

(32)

d

It is seen that any path (k(t), X (t), w(t))for which k(t) = k
X (t)=X

and w(t) =w

(consequently X(t, w) = X ) for all t is an

equilibrium solution of the system (25) - (27).
of the production function,
unique.

,
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(10),

The strict convexity

guarantees that this solution is

Thus we shall refer to (k

,

,

w ) as the balanced growth

solution. 1

1.

If the lifetime of capital equipment,

z, is finite this imposes

the restriction m < z on the solutions to (28)-(29).

Thus, when-

exceeds z, one has to drop the no-profit

ever the solution m

condition (29) (since when all the stock of equipment is utilized
there is no zero-profit extensive margin).

In this case X

given by

(z

1 = sg(x )

e- (

+n

p(x) dx,

0

and k

is defined by

k
k=

1
e - O+n)xp(x)dx
I0

In what follows we shall assume that m

< z.

is
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In order to ensure the existence of the balanced growth
solution we shall assume hereafter that the elasticity of substitution
associated with the production function g, denoted by a, does not
exceed one, I

0 < -y

5.

(33)

1.

Stability Analysis

Starting at time t = 0 the economy begins to evolve by the
equilibrium conditions (25) - (27).

At that instance of time we

visualize it as endowed with an arbitrary capital profile,

(k(v), \(v)),

for -z < v < 0, that reflects the number of machines of different
vintages and the labor-machine ratio associated with each of the
machines inherited.

Both are given data that determine the future
We shall prove that for a given class of initial

course of the economy.

conditions, any equilibrium solution converges asymptotically to the
balanced growth solution.
We shall assume that the initial capital profile is given by
two arbitrary bounded functions k(v)

k < k(v)< k and X < X(v)<
-0
0
-

1.
=g'(\)[

g()-.

and X(v)., defined on [ -z, 0):

0 for all -z < v < 0,
-

(34)

g'(x)]

i

where k , k , X and ). are positive real numbers, k
-o
o -o
0
-o
X

<X <X 0.

< k < k

,
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It is also assumed that k(v) and X(v) are integrable.

The immediate conclusions from (25)-(27) and (34) are the following:

Remark 1.

k(t)>O and

Proof.

Suppose there exists a to> 0 such that k(to) = 0.

view of (26),

then,

or X(to, w) =

(t)>O

0

either k(t -x)=0 or X(t 0 -x)=O

, where

k is

In

for all xEX(to, w),

the null set. In any case (25) cannot hold.

From (14) and(25) it is clear that

Remark 2.

for allt>

(t 0 )=0 for any t >0 is also impossible.

k(t) and X(t) are continuous for all t > 0.
The proof of this remark is obvious.

Now,

in order to find the asymptotic properties of the solutions

to (25)-(27) we shall first try to put bounds, upper and lower,

on the

range of all equilibrium solutions and then we shall show how this range
can be decreased gradually as time passes.
Let y

y=

=

y(X, k) be a function defined by

y(

e -a'm
e

(35)

where X and m are positive real numbers obeying the restriction

1

=

X k

e-(3+n)x (x) dx,

(36)

0

for any given positive number k (Figure 1).
1.

If z were assumed finite,
X(v)) would satisfy (34).

It is seen that

then any positive functions (k(v),

I
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g'(X.)

91 L)

I

)

I I(%*

y(k, k)

81 F)

9-

y(\4k)
g'()
A

0

T;
Figure 1

In

5.5

< 0 and a>

0.

Furthermore,

one can easily show that for any

given number k, there exists a unique number,

X,

such that

y = y(X, k) = g'(X).

when k

=

k.

k > k;, and let X be the solution to (37)

One can find a sufficiently large k such that X < X

Similarly, let k be a number, k < k O,
We assume that

solution of (36) when k = k and X =

-0

and let X be the solution of
.

Finally, let m be the

,

(37) when k = k.

.

Let k be a number,

(37)

m (0+n)x:

p(x) dx,

l=Xk e('e3 n

(38)

where also, from (35) and (37),

g'(X)

(39)

e a m .-

Similarly, let rn be the solution of (36) when k

I-

1- =k

+n)x e -

n

(x) dx,

=

k and X

=X,

(40)

where also, from (35) and (37),

g'() = a

I)

m
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Observe that since X < X

m < m

<'T we have, in view of (33),

that

< m.

Lemma.

k < k(t) < kand X < X(t) < T for all t > 0.

Proof.

Let t

for all t < t

0

> 0, and suppose that k < k(t) < V and X < X(t) <X

We shall prove that in this case k < k(t ) < k and

0

X <X(t)<~
The least upper bound of k(t ) is given by the least upper
0

bound of the R. H. S. of (26),
k and X.

given the above constraints on

In order to find this upper bound we set-up the following

maximization problem

Maximize

J(;,

5)

= s

g(5(x))e (d P

n)x ()#

x)dx

iG, 6

over all the functions q) and 6 defined on
following constraints are satisfied:

k < V(x)< V and X < 6(x)< T,

and

1 =

6(x)e -

n)x (x)

(x)dx.

( 0, z] and such that the
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X is any well-defined subset of the interval[ 0., z).
It can be shown that the maximizing functions V

and 6

are given by

V(x)

6

= ki

for 0 < x < z,

X_

for 0< x < z,

=

'(x)

x

=

x1

0 < x < m

,

and correspondingly,

where m is given by (38).
The value of the functional, J at

rm
J(

, 6 )=k s

'0-

c

and

6

is thus

g
e - (a +O+n)xpA(x) dx.
g(k)

(42)

From the balanced growth solution to (28) and the fact that X< x
and m < m,

0 < s

we have that

g(X) e (a ++n)x

(x) dx < 1.

(43)

0
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from (26) and (42), k(t)

Consequently,

one can now show that k(t

< .

By a symmetrical proof

) > k.

It remains to be shown that X < X (t )<X.
on the R.H.S.of (1 5) at t=t

Consider the bounds

Given the constraints on k and X on the

interval [t0-z, t0), and the previous analysis of (35)-(37),

-

g(

-

m<) g(X (t -m(t 0

-a m(t )<

we have that

e am

x (t -m(t ))

for any X (t 0 -m(t 0 )) and m(t0) such that (2 5) (27) are" satisfied.
in view of (15) and (44),
Now,

Thus,

X< \ (t0 )<

for t = 0 we have that k < k(0)<k and X < X (0)<K.

Using

the above argument we see that it is impossible to find a t > 0 such
that the inequalities (43) and (44) are not satisfied.

This completes the

proof.
Observe now that since k(t) and X(t) are uniformly bounded for
all t, so is the set X(t,w).

In fact, let m be the longest possible

service-life of a capital equipment.

1 = X k
e -(O+n)x
- -oA

Hence X(t, w) E (0, 1n]

In view of (25),

5n

(x) dx.

is given by

(45)

(or V(t, w) E [ t-Mn, t)) for all t > 0.

M
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Stability Theorem.
Let (k(t), X (t), w(t)), 0< t < oc, be an equilibrium solution of
Then limr k(t) = k
t -0 c

(2 5)-(27).

(Consequently,

,

lim (t) = X and lim w(t) = w
t -> oo
t --)o0

lim X(t, w) =X').
t -4 oo

Proof.
In the course of the proof we shall look at successive intervals
of the form [ tn-1 , t ),

n=, 2,

with to=0,

.

and Lim inf X (t)>_

Lim sup k(t)_< k

(I).

t 4 00

bn

and c n-1

such that k(t)_< a nand b-l

a

l'here

all t>t

c
1 = an

Suppose one

and

satisfy the conditions:

-

lfor

.

t - Oc

can find numbers an-1, b n(t) >b

and tn =tn-l+2m.

-n

e~(n)x

p(x)dx,

(46)

and

g'(b

1
1 ) = b
n-l
b n-l

e

(47)

n-1

Choose any fixed t> tn-l + rm.

We wish to bound k(t) from

above, i. e. to find the maximum of the R. H. S.
k(t-x) < a

and x(t-x)>b

of (26),

given that

1n-for all 0 < x < r"n, and subject to

condition (15).

M
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The solution to this problem has already been previously
It was stated there that the highest value that k(t) can

worked out.
assume,

denoted by a , is given by
n

an

an-

s jn-

g(b n- )

a

+

(48)

(x)dx.

Clearly a n-l>k* and bn-l< V* or otherwise there is nothing
to prove (consequently, in view of (33) and (47), cn-

.< m*<n).

By

comparison with the balanced growth solution (28)-(32),

(b

0<s fn1g
0

and thus k(t)< a

n-

<a

n n-l

for all t > t

Consider now any t > t
X(t) can take, given that k(t-x)
0 < x< m.

P(x) dx < 1,

)e-(a ++n

.

n-i

g(b 1 )
bn l
bn
bn-,

- cn
,
e -a

+ m.

Let bn be the lowest value that

< an and X(t-x) > bn-1 for all

In view of (25) and (15), b

91b )

(49)

is seen to be given by

(50)

6

1

where
c

b

n

1 =1=b^
b
a

n e -(a+t3+ n)xp (x)dx.

Now, since a

< an-l we have that

> bn

n-i

Finally, let a

g (b n)

g'(b ) =

n

and c

n

(1
(51)

Cn > cn-i and consequently,

be the numbers defined by

-ac n52

(52)

-b e
b
n

c

1 = b a

e - +n)x

(53)

p (x) dx.

These various definitions are pictured in Figure 2..
One can readily see that

a<

an < an-1 and

cn-l < cn <c n

< a nn and \(t) > b_ for all t -> tn . Being
monotonic and bounded, the sequences {an}, {b } and {c } have
Hence we know that k(t)

limits.

Making use of (48)-(53),

one finds that Lim an = k
n--oO n
we take, in view
c
and
As a , b
o
o
0

Lim b = X* and Lim c = m.
n
n
n- c
n- oo
of the LemmaP, k_ and m, respectively.
of part (I).

This completes the proof
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g'(X)

g'(bn- 1)1

Q-

-

g'(bn

'X, an

I
I

I
I

y( X, an
)

-

I

(

II

g(,

6
0

bb

n-1

0

)

Ii

e

x
*

g'(R

n
Figure 2
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(II)

Lim inf k(t) > k* and Lim sup X(t)
t- 00
t- 00

<

\l.

Starting with

the bounds k, X and m, as defined in the Lemma, the proof of this
part is completely symmetrical to the previous one and we shall not
give it here.
Combining parts (I) and (II), we have that Lim k(t) = k* and
t-+ 00

Consequently,
Lim X(t) = *.
t) 00
This completes the proof.

in view of (25)-(27),

Lim X(t, w) = X*.
t- 00

Unemployment of Labor

6.

In line with the neo-classical postulates, we have assumed that
labor is fully employed at each instant of time.
functions of the Johansen model, however,

One of the useful

is that it can show how an

economy may lack, temporarily or permanently, the plant capacity
to employ all the available labor force.
We have already observed,

(24), that if laborers are in excess

supply then competition drives the wage rate to the bare subsistence
requirements.

Suppose, therefore, that there exists a social

subsistence wage rate, w, such that no laborer works for less than
w[

1].1

Of course, if the minimum wage rate that laborers require

exceeds the balanced growth wage rate, w*, then balanced growth is

1.

This assumption implies that the undeflated subsistence wage
rate, W(t), increases at a constant rate of (a+f3).

64
impossible by hypothesis.
some critical value,

In fact, if the minimum wage rate exceeds

then an eventual decline of the capital-labor

ratio is inevitable. [ 1]
To be more precise, letiC be the highest value that X(t)
can take, where

Tis given by

g (7) = w.

(54)

(Since w(t) > w and g'(\(t)) = w(t), g'(X(t)) > g'(C).
X(t)

< 7, for all t > 0).

c+L+n

g(o) = a

,

Thus

Let N. and w be defined by

(55)

and w = g(\).

Observe that sg(\)'is the output-capital ratio that is equal
to the natural rate of growth, a

+P+ n.

as the warranted growth rate.

We shall now prove the following

Proposition.

One can thus regard sg()

If w > w then Lim k(t) = 0.
t- cc
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In view of (23) we have that

Proof.

k (t) e (a +P+ n)t=

w)

s

g( X(v))e(a +P+n)vp (t-v)k(v)dv <

tS e(a+P+n)vk(v)dv =

< sg(C)

-00

e(a +#+nvk(v)dv,

+ sg(_)

k

t > 0,

0

where k 0is given by

e(a + P+ n)vk(v)dv.
-00

Hence,

sg(7)k(t) e (a + P+ n)t
k

+ sg(~9

< sg(X).

t5e (a + P+ n)vk(v) dv
t

Integrating both side s over

e (a+ 0+ n)vk(v)dv]

log[ k0+ s g (7)
t0

[ 0, t]

, we have

-log k

_<

ts g ()dv

= s g (_)t,

0o

m
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or

k(t) < k

e[ sg(X)-(a++n)]t

In view of (55) and the fact that
sg(R)-(a+ 0+n) < 0.

T <^\

t > 0.

(56)

(since w > wx) we see that

Hence, lim k(t) = 0, which is what had to be

proved.
Recall that N(t) is the maximum employment capacity of
the economy at time t.

The previous discussion indicates that if the
0

> 0 such

-

conditions of the proposition hold then. there exists a t
that N(t)

< L(t) for all t > t0.

On the other hand, if sg(7) > a+ o+n

then it is quite possible that unemployment exists at some point
to

N(t0)

< L(t ), and N(t 1 ) > L(t1 ) for some t1 > to; that is, full

employment is restored at a later date.
We have already mentioned that the case where N(t 0

L(t ),

i. e. the supply of labor equals the demand for labor when all the
existing capital equipment is in use, raises some difficulties for
the stability analysis since in this case the wage rate, w(t), and

1.

It can also be seen that (disregarding depreciation) if
sg(-) = a+fP+n then a situation of secular unemployment
(a constant fraction of the labor force being unemployed)'
is possible.

-I
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thus

. (t), are indeterminate. 1
A completely general analysis of the Johansen model should,

of course, try to tie together all these possible regions,

e.g.,

periods

of unemployment followed by periods of full employment and vice versa.

1.

This indeterminacy in the dynamic process is, of course, only
momentary. Notice that if one takes the labor supply as being
somewhat elastic with respect to the wage rate then this
indeterminacy would never arise. In this case, one writes the
labor supply schedule, Ls(t), as Ls(t) = 1 (w(t)) L(t), where

0 < 1(w)<

1,1 '(w) > 0, 1(0) = 0 and I(oo) = 1.

All our results

on the asymptotic properties of equilibrium solutions would
still apply to this case.
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CHAPTER III

A GENERALIZED VINTAGE MODEL

1.

Introduction

If capital were an amorphous input that can be freely molded
to adjust to any number of laborers, variations in the amount of labor
per unit of capital along a given production function were possible at
all times.

In most cases, however, while an entrepreneur is probably

able to choose between techniques with varying labor-capital ratios at
the time when a machine is designed (ex-ante), this freedom is
considerably restricted once the machine has been installed (ex-post).
While in extreme cases absolutely no ex-post substitution is possible,
i. e. , once installed a machine has to be worked with a given,
unchangeable,

crew of men (Johansen's assumption

[

1] ), it is more

general to assume that there is some ex-post scope for variation in
labor requirements,

but not as much as ex-ante.

In this paper we are interested in extending the Johansen
vintage model in this direction.

Since the model that we shall set up

contains the orthodox neo-classical vintage model (in which the
ex-post and the ex-ante scope for substitution are the same) and the
Johansen vintage model as limiting cases, it is referred to as a
generalized vintage model.
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Technical progress will be assumed to be partly embodied
in capital and partly disembodied.

We shall always confine ourselves

to labor-augmenting (Harrod-neutral) technical progress,

and to the

case where aggregate savings are a fixed fraction of output.

Under

certain assumptions we shall prove that any equilibrium solution of
the generalized vintage model converges asymptotically to a unique
balanced growth path in which the vintage distribution of capital
equipment remains stationary.

2.

The Technology

Suppose an economy produces a single output by means of
two scarce factors, a homogeneous factor termed labor, and a
heterogeneous factor termed capital equipment.

Capital equipment

is composed of various machines (or "plants') that are distinguished
according to their date of construction (vintage).

The output produced

by the machines of vintage v at time t, Q(v, t) is a function of the
number of machines of vintage v surviving to time t, K(v, t), and of
the number of laborers allocated to operate these machines,

L(v, t).

It is assumed that there is a continuous process of technical progress
and that part of technical progress is embodied in capital equipment
while the rest of progress is disembodied,
efficiency of all the vintages equally.

i. e.,

it affects the

All technical progress is
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postulated to be Harrod-neutral.

A production function, F, relates

outputs and inputs

Q(v,t) = F(K(v,t), e av+ Pt L(v, t); X (v) ), v < t,

(1)

where eav+ t is the efficiency of labor at time t associated with
capital of vintage v.

a and

P

stand for the rates of increase of

embodied and disembodied technical progress, respectively.
role of the parameter \(v) will be explained shortly.

The

We assume

that production is subject to constant return to scale in capital and
labor and to diminishing marginal rates of substitution; hence

(2)

Q(v, t) = K(v, t)g (X(v, t); X(v) ), v < t,

where

a'v+ fit
X(vt)

=

e

(3)

L(v,
t) t)
K(v,

and F(1, X(v,t); X(v)) is replaced by the shorthand notation

g(X(v, t); X(v)).
The ratio \(v, t) is the number of men working with a machine
of vintage v at time t, measured in terms of the efficiency of labor
at time t associated with machines of vintage v.
denote X(v,v) = X(v).

For simplicity we
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Let u stand for the first argument and y for the second
argument in g.
It is assumed that

g(u;y) is twice continuously differentiable,

(4)

g(u;y) > 0, g1 (u;y) > 0,

(5)

g 1 1 (u;y) < 0

for all u > 0 and y > 0,

g1 (0;0)= positive constant

,

g(0;y) = 0, g(oo;y) = oo for any y > 0,

(6)

g1 (Qo;y) = 0 for any y > 0, (7)

where subscripts denote partial differentiation with respect to the
indicated argument.
g(0;0) = 1.

By a proper choice of units we shall let

Notice that as yet no assumption has been made about

the way that g depends on y.

1.

The alternative assumption g 1 (0;0) = oo is more in line with
the neo-classical vintage model in which machines are never
completely discarded. The reader will have no difficulty in
anal zing this case with the aid of the following discussion
and [2].
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Let g(y) be a shorthand notation for g(u;u) (=
u

E

y).

Imposing the restriction that u = y,

it is assumed that g(y)

satisfies the neo-classical conditions (4)-(7).
assumption will now explain the role of

g(u;y), where

The following

k(v) in the production

function (1):

g(u;y)

< g(y)

for all u and y.

(8)

It is seen that g(y) is the envelope of the class of functions
g(u;y) for all u > 0.
is as follows.

The economic interpretation of this assumption

Each machine of vintage v is supposed to have been

designed to be worked at a labor-machine ratio of X(v) = y.

While
,

the current labor -machine ratio, X(v, t) = u. might differ from y

this change in techniques involves in general certain renovation costs
that are reflected in a lower output per unit of capital.

Thus for any

current labor-machine ratio u, a machine that has been designed to
be worked with a different ratio produces less than a machine that
fits this ratio by design.

This assumption is illustrated in Figure 1

a a is the ex-ante unit-isoguant,

i.e. the isoquant that is relevant at

the design stage; bb is the ex-post unit-isoquant,

i. e. the isoquant

that is relevant after a machine that was designed to be worked at a
labor-machine ratio of

OE

has been installed.

The ex-post

unit-isoquant cc illustrates Johansen' s assumption that no substitution
is possible ex-post.

1.

Labor in Figure 1 is measured in efficiency units.
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Labor

a

b

c

b

Capital

0

Figure 1
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The notion that ex-post production functions should be less
elastic than the ex-ante production function is formalized in the
following assumption.

Let

4

be the ratio of the ex-post to the ex-ante

marginal product of labor,

4

g 1 (u;y)
(u;y) =

(9)

,

g' (y)

and let output per machine be fixed at an arbitrary level g

= g(u;y).

Then we assume that

> 0

for any u and y.

(10)

-

d
dy jg

That is, for a given level of output, labor' s marginal
product curve is less elastic ex-post than ex-ante.
Two limiting cases of the previous model are worth
mentioning:

a.

The orthodox neo-classical vintage model.

This is the case

where the ex-post and the ex-ante production functions are congruent,
i. e.

.

1

(11)

for any y > 0.

See the analogous assumption in the Johansen Model [2

]

.

g(u;y) = g(u)

I
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b.

This is the case where ex-post

The Johansen Vintage Model.

substitution is impossible

, i.e.

for 0 < u < y
(12)
for u > y.

(Y)J

3.

Market Equilibrium Conditions

Suppose that perfect competition prevails at any moment of
time t > 0.

Thus, the labor force is allocated among the various

vintages so as to equate the marginal product of labor to the wagerate, W(t),

W(t)

a Q(v, t)
a L(v, t)'

or, in view of (2),

(13)

w (t)e a(t, V) = g (X(v,t);X(v)),

where w(t) = W(t)e-(a+ P)t is the wage rate measured in terms of
efficiency units of labor.

of course, only for those

It is noticed that the Johansen ex-post production function (12)
is not differentiable and thus does not satisfy (4). For a treatment of the Johansen vintage model see [2]
.

1.

(13) is valid,

I

A
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vintages for which the solution X(v, t) > 0.

Hence, at each instant

of time we define a set, V(t, w), of all the existing vintages which,
given the wage rate, can be operated without loss,

V(t, w) =

v

I

g 1 (X(v,t); X(v)) = w(t)eca(t -V)and X(v, t) > 0

,

(1.4)

for all t > 0.

Suppose now that the wage rate is fixed at a point where
not all the existing equipment can be profitably operated.

In this

case perfect compeition will eliminate profits on the least profitable
machines that are in use.
dentoed by t-m(t),

Thus, there exists at least one vintage,

such that

(15)

w(t) = gl(0;X(t-m(t)) e- a m(t)

Setting v= t in (13)

and equating to (15)

yields

g' (X(t)) = g 1 (0;X(t-m(t)) e -am(t)

(16)

which is a relation between the labor -machine ratio of a newly
constructed machine and the labor-machine ratio of a zero-profit
machine.

9
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Let L(t) be the number of laborers available at time t.
relation between the set V(t, w), (14),

The

and total employment is given

by the labor supply = demand equation

L(t) =

L(v, t)dv,

t > 0.

(17)

V(t, w)

It is assumed that the rate of growth of labor is constant,
say n, i.e.

L(t)

n.

(18)

LTt)=nA depreciation formula,
K(v, t) with the amount K(v),

i(t-v), is assumed to connect

of capital equipment constructed at

time v:

K(v, t) =

(t-v)K(v),

v < t.

(19)

The survival function p(t-v) is assumed to satisfy the
following conditions:

(0) =

1.

1,

1 .(t)

= 0 for t > z,

The stationary depreciation pattern, p(t-v), implies that
improvements in capital equipment are not reflected in
increases in durability.

I
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IJ(t) > 0,

+ oo is permissible,

C(t) < 0, for all 0 < t < z

Whenever finite, however,

.

where z is a positive number and z =

we shall assume that

z

is sufficiently

large so as not to be a binding factor.1
Let k(t) be the ratio of the capital equipment constructed at
time t to the labor force at time t, measured in terms of efficiency
,

units of labor, i. e.

k~t) = K(t)

(20)

e ai~

In view of (3),

L(t)

(18),

(19) and (20),

condition (17)

is

conveniently written using intensive variables,

1

=

X(v, t) e(O+n) (v-t) (t-v)k(v) dv,

t > 0.

(21)

V(t, w)

1.

In the cases that we shall consider the lifetime of machines
will prove to be bounded so that a sufficiently large z will
indeed be irrelevant.

M
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A similar argument shows that total output produced at time
t, Q(t),

is given by

Q(t)

=

S

tw

Q(v, t)dv =

V(t, w)

g(X(v,t);X(v))p (t-v)K(v) dv,

t>0.

(22)

=V(t, w)

We shall assume that savings are a constant fraction,
0< s< 1, of output.

s,

The amount of new machines produced at time

t is then

K(t) = s Q (t),

or, in view of the previous definitions,

k(t) = s

g(

( v, t0); X ( v))e (a +O+n)(v-t )p t-v)k(v)d, t>0.

V(t, w
(23)
We shall find it convenient to rewrite equations (21), (23),(13)
(for v=t) and the allocation rule (14),

1 =

X (t -x, t)e -(

using the transformation x=t-v:

n)xy (x)k(t-x)dx,

(24)

X(t, w)

I
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k(t)= s

g(X(t-x), t);X.(t-x))ee(+3

+ n)x()k(t-x)dx,

(25)

X(t, w)

w(t) = g' (X(t)),

(26)

and

X(t, W) =

<

x_<z g9 (X(t-x, t);X(t-x))

w(t)e

and .(t -x, t)

>0

,

(27)

for all t >0.
At any point in time the economy has a given capital profile
(k(t-x), X(t-x)), 0 <x<z.

The equations that govern the motion of the

economy thereafter are (24)-(27).
run equilibrium.

From (7)

Consider the existence of a short-

and (26) it is seen that the R. H. S. of (24)

takes all the positive values as w(t) increases from zero to infinity.
Hence,

for a given capital profile, the labor supply-demand equation

determines a unique wage rate, and thus X (t-x, t), X(t), and the set
X(t, w) are determined by (26) and (27).

k(t) is then uniquely

determined by (25).
A pair (k(t),X(t)) of non-negative real-valued functions, which
are defined for all t>0 and which satisfy (24)-(27) everywhere will be
referred to as an equilibrium solution of (24)-(27).

0
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4.

The Balanced Growth Solution
It is natural to look first for constant solution functions to

(24)-(25),

i. e., for equilibrium solutions (k(t), X (t)) for which both

k(t) and X(t) are constant functions.
Let X and x be two positive real numbers,

and let h(x, X)

be the function defined by

(28)

g 1 (h;X) = g'(X)ea x.

In view of (5),

h(x, X) is a decreasing function of x, ranging

from X to zero as x increases from zero to m, where m is a positive
number that depends on X, defined by

(29)

g 1 (0;x) = g'(X)ea m.

From (10) we see that m increases with X.

Thus, in view of (5), (10)

and (28),

h(0,X)

=

X,

h (x, X)< 0,

for all

h(m,A )

=

h 2(x,X )>

0< x< m and X > 0.

0,

(30)

0,

(31)

Furthermore,

given x, the function

g.(h,(x, X);X ) is an increasing function of k.

M
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Consider the expression

s

g(h(x, X ); X)e (a

n)x

(x)dx.

0

From the previous analysis we see that this expression
takes all the positive values as X and m increase from zero to
infinity.

Thus, there exist unique numbers X * and m* that satisfy

(28), (29) and the equation

1

s

*)

*) e-(a+1+n)x

(x) dx.

(32)

0m

Let k* and w* be the numbers

k

=

1

11

0

w=

(33)
-

g!(X *),

~(13n)xpxd

(34)

and let X* be

X

=

0<

x<

m

}

(35)

M
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It is readily seen that the path of capital accumulation
(k(t),

X (t))for which k(t) = k

X(t-x, t) = h(x, X
of (24)-(27).

,

(t) = X

and,

consequently, w(t)

w",

) and X(t, w) = X , for all t,is an equilibrium solution

Uniqueness of the balanced growth path is guaranteed by

the strict convexity of the production functions, (5),

and by (10).

Consequently, we shall refer to this solution as the balanced growth
solution of the generalized vintage model.
Notice that on the balanced growth path,
ratio, measured in efficiency units of labor,
during the lifetime of a machine,

the labor-machine

is continually decreasing

starting from X

when constructed

and becoming zero as the machine is scrapped m" periods later. 1

5.

Stability Analysis

We turn now to an analysis of the equilibrium solutions of
(24)-(27).

At the initial period, t = 0, we visualize the economy as

endowed with an arbitrary capital profile (k(-x), X (-x)),

0 <

x < z.

The motion of the system afterwards is governed by the equilibrium
conditions (24)-(27).

We shall prove that for a certain class of initial

conditions any equilibrium solution converges asymptotically to the
balanced growth solution.
The initial capital profile is given by functions k(-x) and
X(-x),

defined on the interval (0, z ].

1

Notice also that th}e undeflated balanced growth wage rate
W*(t) = w* e(a +)
increases at the combined rate of a + 3.

We shall assume

M
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that
o <k(-x)< 7

-0-

<k

<k

-

0

and>

o-

-

where k

andX.

<K>

(36)

< X)-x)<X O< x<z,

<>

- o

are positive real numbers.

It is

also assumed that k( -x) andX.(-x) are integrable.
Some immediate conclusions follow from (24) and (25) (the
functions k(t) and> (t) always denote an equilibrium solution):

Remark 1.

k(t)> 0 and. (t)> 0 for all t>0.

Remark 2.

k(t) <s for allt

Proof.

By the mean value theorem and (6),

g(K(t -x, t);

=

(t-x))

=

>0.

g(O;K(t-x)) + g0 A;k (t-x))

(t-x, t) =

g1X 1; x(t-x))X(t-X, t),

where

k I is a number between zero and K(t-x, t).

(6) and (8),

g (

;(t -x))

< g. (0; X (t-x)) <1.

In view of (5),

Thus , from (24) and

(25),

k(t) = s

X t,v
t,
X(

g(X(t -x, t);x(t -x))e

X.(t-x, t)e- (n+

< st
X(t, w

(x)k(t -x)dx <

nx(x)k(t-x)dx <s,t

>O. (3 7)
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Remark 3.

k(t) andX (t) are continuous for all t>0.

We shall now show that the range of all possible equilibrium
solutions is uniformly bounded, and then we shall indicate how these
bounds can be gradually decreased as time passes.
Consider again equations (28) and (29).
number,

Let k>k

be a

and letX be the solution to the equation

1

k

h(x,)e -0+X(x)nf)
dx,

(38)

0

where h(x,X) and m are defined by (28) and (29),
X = X.

respectively,

when

In view of (10) one can clearly find a sufficiently large k such

that . < X

.

----

Similarly, let k <k

0

be a positive number,

and let X

be the solution to

=k

Cm

--

h(x,)

+n) x
e -+n

(x) dx

(39)

,

0

X

X.

respectively,

One can choose a sufficiently small k such thatK

Observe that since X<X

<T, we have that m

<m <m.

>X

.

where h(x,K) and m are defined by (28) and (29),

when
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Lemma.

k(t)>k and A <\(t) <T for all t

Proof.

Let t

X

(t

o

-

> 0, and suppose that k<k(t_ -x) <k and

0---

-x) <T, for all 0 < x <z.
0

> 0.

We shall prove that in this case

---

k < k(t ) < k, and X < X(t ) < X.

In order to find the lower bound

of k(t ) given the above constraints, we formulate the following
maximization problem:

Minimize J(

, 6) = s

g( 5(x, t ); 6(x)) e (

n)x(x)1 (x) dx,

subject to the constraint

1=

S

(x, t0)e 0+n)x(x) (x)dx

over all the continuous functions r/(x) and 6(x) defined on (0, z
(x) <k, X < 6(x) <X, where 6(x, t ) and X are given by

X=

1.

xI g (6(x,t ); 6(x))

1

0

g'(5(t ))e a and 5(x,t )>0
0
0

Of course, in view of Remark 2, k is binding provided
k < s.

,

k _<

1
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and 6(t ) is an arbitrary number.
that the minimizing functions

S(x)= k

and

It is simple (but lengthy) to show
and 6

c

6(x) =

6 (x, to ) = h(x,K)

are given by

for all

0< x<

x = {O <

and

where h andTh are defined by (28) and (29),
The value of the functional J at V/i' and 6

x

z

< -ii}

respectively,

for X = X.

is thus

-(a +O+n)x

') = k s

J(c/i,

g(h(x,

);K)e

p (x) dx .0

(40)

In view of (33) and (39),

-(a +O+n)x
p (x) dx >

g(h(x, X); X)e

,

m
n'I
s Y
0

so that k(t_) >J(p

,

6

)> k

.

Using now a symmetrical proof one can

) < k.

show that k(t

It remains to be shown that X < x (t
constraints,

0

) < X.

one can use the argument in [ 2]

Given the previous

to show that

-a m(t0)
g'(-)<

g (

x (to

-m(t

)))e

= g' (x(t 0)) < g9

for any 0 < m(t ) < z such that (24) is satisfied.

( ),I

Hence, X < X(t0

(41)

)<X.
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.

=0 we have that k < k(0) < K and X < X(0)<

Now, for t
0

Using the above argument one can see that there exists no to_>

0,

such that the inequalities in the statement of the Lemma are violated.
This completes the proof.
The uniform boundedness of k(t) and X(t) is used in the
proof the following theorem.

Stability Theorem.
Let (k(t),
(27).

X (t)),

0 < t < oa, be an equilibrium solution of (24)-

Then Lim k(t)=k
t -- oo

and Lim X (t) = X
t -- 00

Proof.
Observe first that since k(t) and X(t) are uniformly bounded
so is the set X (t, w).

for all t >0,

Let r

be the longest possible

service-life of a machine,

A

h(x, X) e-(+n)x

0

Thus, X(t, w)

P (x) dx

C (0, ^] , for all t > 0.

In the course of the proof we

+ 2

= 0 and t

=t

(I). Lim

sup k(t) < k

t -bW0

1

t)

n = 1,2,

.

shall look at successive intervals of the form [t
witht

(42)

and Lim inf X (t) > X
t -wO

suppose one
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can find numbers an- 1,
X(t) >b n-

such that k(t) < a n-

bn-1 and c n-1

and

where these numbers satisfy the condi-

for all t_>tn -,

tions:

cn-l h(x, bn-i )e- (3n)x p (x) dx

g 1 (h(x, bn

1

); b

1

) = g'(bn-1

(43)

ea x

(44)

.

1 = a

(45)

and

g9(0; b n-)

=

g' (bn- ) a

A

Choose any t > t n-1

+ m.

n-l

We wish to find a new upper bound

for k(t), given that k(t-x) < a n-1 and X (t-x)_> b n-0<
solution to this problem had already been worked out

k(t) can take, denoted by an

=cn
an n

0

Clearly a n-i > k

is given by

g(h(xb
); b
)e -(a+3+n)x
' n-)
n-i
p (x) dx.

(and b n-

< X

Cn-

g(h(x, b

(46)

) or otherwise there is nothing to

By comparison with (32) we see that

s
0 < 0<

The

in the proof

); bn

)e -(a +3+n)xp (x) dx < 1

,

prove.

A.

It has been stated there that the maximum value that

of the Lemma.

A

x <
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an < a n-l
1

Consider now any t > t
X(t),

given that k(t-x) < "
-on

show that b

.

and thus k(t) <

Let b

be the minimum of

n

and X (t-x)_> b

n-i

, 0< x <

mA.

One can

is given by

g 1 (0;b

)

1

=

g'(b )ea $n

(47)

where c n is defined by
=

1

Since ''

let a

n

Cn) h(x,b n-i )e

n > c n-

< an-P

and c

n

p(3nx~
(x) dx

and, consequently,

(48)

b

> b n-.

Finally,

be the numbers defined by

g'(bn)e

g 1 (0, b )

(49)

c

and

1

=

an

nh(x, b )e-(+n)x

(x) dx

(50)

0

k(t) < a

{
1.

a}

< a < a
and c
nn
n-i
n-i

and X (t)_> bn for all t >t
{b

} and {c n} have limits.

.

< c < c
- nn

I

.

One can show that a

Being monotonic,

Thus,
the sequences

Making use of (46)-(50),

For a diagramatic illustration of the argument see [ 2]

one

I
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finds that lim
and c

a

= k ,lim
b =X
and lim c = m.
As a
n
o b0
0
n--0o
n---oo
we take, by the Lemma, k, X and m, respectively. This

n-co

n

completes the proof of part (I).

(II).

Lim inf k(t)
t-*t-t

>

k'

and Lim
oc

sup X (t) <

X *.

Starting

with the bounds k, T and m, the proof of this part is completely
symmetrical to the previous one, and we shall not give it here.
Combining parts (I) and (II), we have that lim k(t) = k* and
t-0cC
lim X (t) = X * (consequently, lim X(t, w) = X*).

t -- OC

This completes the

t -. OC

proof.

6.

Summary and a Comment

In this paper we have constructed an aggregative capital
vintage model in which the freedom to substitute labor for capital
can be reduced, but not eliminated,
installed.

once a machine has been

The neo-classical and the Johansen vintage models

have been shown to be limiting cases of this model.

We have

formulated the short-run equilibrium conditions and have proved
that in the case where savings are in fixed proportion to output,
equilibrium solutions converge asymptotically to a unique balanced
growth path.
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The distinction between ex-post and ex-ante production
functions has two important aspects which, by our assumptions,
have been ignored in this paper.

First, there is the possibility

of having ex-post a range of increasing returns to scale,
certain indivisibilities of equipment.

reflecting

In this case, of course,

one

cannot use the competitive mechanism to allocate the labor force
among the various vintages.

Second,

once it is recognized that

the capital stock may lack the capacity to employ all the labor
force,

the possibility of temporary or permanent unemployment

cannot be ignored.
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CHAPTER IV

SWITCHES OF TECHNIQUES:

1.

A RE EXAMINATION

1

Introduction

Suppose that a number of discrete activities are available to
each of several sectors in an economy.
processes,

or production methods, such that their choice is a

monotonic function of the rate of interest?

We shall here demonstrate,

in a manner somewhat different from Pasinetti's, 2 that in general
no such ordering is possible, although conditions that ensure the
existence of such an order can be found. 3

2.

Choice of Technique for a Given Rate of Interest

It has been shown that in Leontief's static interindustry model,
if each good is produced by a sector which has a choice between a
number of alternative processes, and there is only one primary scarce

1.

This chapter has been considerably condensed in view of a
forthcoming paper by Bruno, M. , Burmeister, E. , Sheshinski, E.,
titled The Nature and Implications of the Reswitching of Techniques,
which discusses the subject of this chapter in much more detail.

2.

Pasinetti [6].

3.

For a recent discussion of this problem, see Hicks [2, pp.
It is mentioned also in Morishima [4, p. 126]

See footnote on page 101.

.

I

Is it possible to order these
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factor (labor), then each sector uses only one of the processes available
to it regardless of the composition of net output.

It has later been shown

that this "Substitution Theorem" can be extended to include a Leontief
system with fixed and circulating capital, provided the rate of interest
is constant.

Let us begin by restating this result using the terminology

of activity analysis.
Let n + 1 be the total number of commodities involved.

The

first one, labelled 0, is termed "labor", while the rest, labelled
1, 2,

...

,

n, are termed "goods".

Every good is produced by a sector

which is assumed to have at least one technological possibility called
a process.

Every process produces only one good and employs labor

and eventually a number of goods as inputs, i. e. , input coefficients
of every process are non-negative constants.

A process is capable of

being operated at any non-negative level, implying that production is
subject to constant returns to scale.

Labor supply is given from outside

the system, but none of any good.
More specifically, suppose that sector
m. alternative processes to produce good
a.

(j =

can choose between
1, 2, ...

, n).

> 0 be the amount of good i used per unit of output of good

by the 6 -th process of sector

1.

j

j

j,

Let

j

and let a 0 5. be the labor input

See Morishima [4 Ch. IV], Samuelson [8], Levhari [ 3].
Also Morishima-Murata [5]and Sheshinski -Burmeister [ 9].

M
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coefficient of that process.

Assume that each sector selects a

process among those available to it. 1
n
Any such set of n processes (and there are .I.

J= 1

is called a technique of production.
and are labelled a,
nxn matrix A

6

,.

. ,

.

2

A typical technique 6 consists of an

j.

6.

6.
6

a , whose j-th entry is ao 5. (j

Let P be the price vector P = (Pl, P ,
of good

3

Thus, techniques can be ordered

whose j-th column, a 3 is given by a

and of row-vector,

m. such sets)

P ),

=

(a 1.,

a 2 6 . ...

=

1, 2,...,

, a5.

3

3

J
n).

where P. is the price

Further, let r be the rate of interest and w be the (money)

wage-rate.
Under perfectly competitive conditions, the equilibrium price
of each producible good equals its unit cost of production.

Thus, if

the adopted technique is 5,

P = Wa

6

+ ( 1+ r) PA

6

It is assumed that the technique

(1)

6 is productive, i. e. , that the

matrix A5 satisfies the Hawkins -Simon condition,

so that for a

sufficiently small rate of interest the solution vector P = P (r) to (1)
is strictly positive.

Such a solution is called the price vector

1.

The impossibility of using a combination of processes is
immaterial. See Levhari [3].

2.

The notation is Morishimal s [4, Ch. IV].

M
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associated with technique 5 at the rate of interest r.

The maximum

rate of interest (the Frobinius root) consistent with noninegative prices
for technique 5 is denoted by r

,

and for all possible techniques by r

max r ). We can now restate more precisely the dynamic
6
substitution Theorem:

(

For any preassigned value of the wage rate and the interest-rate,

0

< r < r,

there always exists among the set of productive techniques,

one technique 0 = O(r) with an associated price vector P
that P (r)

= P (r),

such

P (r) for any other technique 6.

Notice that cost minimization ensures that in equilibrium

technique 0 is actually selected as optimal.
It might be of some interest to state the dual to this theorem.
For this purpose let L be the number of laborers given from outside
the system.

By a proper choice of units we shall let L E 1.

If

laborers don' t save anything and the technique used is 6, then labor s
consumption, C, is given by

6
P (r)C = WL = W.

(2)

The n-I dimensional hyperplane defined by (2), P (r)C (r)

W,

is called the (labor' s) consumption-possibility set associated with
technique 6 at an interest rate r.

It is immediately seen that, given

a wage -rate W and an interest rate r, minimization of each and every
component of the price vector is equivalent to selection of the highest

-7
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consumption-possibility set.

Thus,

For any preassigned value of the wage-rate and the rate of
interest, 0 < r < r, there always exists, among the set of productive
techniques,

possibility set P (r)C (r)
i (i =

1,

0 = 0(r), with an associated consumption

one technique,
=

such that for any coordinate

W,

0

0

6

6

2, . . . , n), C. (r) > C. (r), whenever C. (r) = C. (r) for all
3
3
S1

j f i, for any technique 6.
It is important to notice that whether actually a competitive
equilibrium corresponds to a maximum of total consumption depends
on the aggregate savings behavior.

Only in a golden-age, when labor' s

consumption and total consumption are identical (all profits are saved)
is this correspondence ensured, but off the golden-age path no such
correspondence need exist.

3.

Switches of Techniques
The optimal technique adopted, 0 = 0(r), depends in general on

the rate of interest.
r0 < r

< r.,

Consider three different rates of interest,

and suppose that 0(r) = a, and

a is selected at r

while technique

possible that 0(r2) = a again?

(r 1) = /3, i.e.,

3 is optimal at r '

technique

IIs it then

The possibility of this case will now

be domonstrated by a numerical example followed by a more general
argument.

1.

Equality between techniques applies to all the components
of the corresponding matrices and vectors.
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First, consider again the two techniques a and 3, and the
solutions to the price equations (1)

associated with these techniques:

Pa = Waa[I-(1 + r)A]

= Wa

[I-(I+ r)A

]
WW

Each of the functions

(3)

,

0 < r < r

(4)

or

P.

(i

,

= 1, 2, ... ,n),

as defined

P.

11

by (3) and (4),

0 < r < ra,

gives the real wage (in terms of good i) as a (decreasing)

function of the rate of interest in the specified interval,

and is called

the factor -price equation of good i associated with technique a and /
respectively.

,

P

,

For each good i, the outer envelope of the factor-price

equations associated with every possible technique is called the
factor-price frontier of good i.

Any point on the factor-price frontier

corresponds to an optimal technique.
techniques available,

Thus, if a and

/

are the only

then in the range of interest-rates where Pa < PO

the factor-price frontier for every good is identical with the corresponding
factor-price equation of technique a, and conversely when PO < Pa
A point where Pa = PO (and (PC'

PO) changes sign) is called a switch-

point between the two techniques.

1.

Independently of whether either a or
the factor-price frontier.

/

actually form part of
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4.

A Numerical Example

Consider a two-sector economy,
the two goods labelled 1, 2.
alternative processes.

each sector producing one of

The first sector can adopt one of two

The two processes are given by the following

, a 2 1) (0. 2;0, 0. 8), and (a6 1 ;a'

coefficients: (a0 1 ;a

,a

1 )= (0.

51;0., 5, O. 0 1).

The second sector has only one available process, given by the vector:
(a0 2 ;a 1 2 ,a 2 2 )= (0. 7;0. 3, 0).

Hence, there are two possible techniques,

termed a and 0I, that the economy can adopt:

[aa

a01a021
a21a22

-0.2
0.8

0.7
0

and

a

- aa01 a02Sa 21a22-

-0. 51 0. 7
0.01

0

The values of the factor price equations were computed for
various rates of interest, and are given in the table at the end (see
Figure 1).
It is seen that

(r)=a for 0< r< 0. 13 and for 0. 73 < r < 1.09,

while O(r) = 0 for 0. 13 < r < 0. 73.

Thus, technique a is adopted at

both "low" and "high" rates of interest but not at the "medium" rates.

1.

Notice that both techniques, unlike in Pasinetti' s examples,
It is clear therefore that this kind of
are indecomposable.
assumption cannot prevent the occurrence of multiple
switch-points. See Levhari [3].
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w
1

w
P.

1

P.a

ww
11

PT
Ir
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Figure

1
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In the dual plane, (C , C 2 ), we substitute ( 1) in (2) to write
the latter once for technique a and once for

3,

-l
PCa

P

C

=

a.

[I- 1+ r)A]

Ca =

=

a.

[I-(l+ r)A

CO= W,

For a given r (0 < r < min (r a', ro)

W,

0< r < r

,

(5)

0 < r < ro,

(6)

), (5) and (6) define two straight

lines with one vertex on each of the positive coordinate axes (C

1

C2).

For our example, if the rate of interest is below 0. 13 or above 0. 73
(like r 0 and r 2 in Figure 2) then technique a gives the higher
consumption-possibility schedule, while if r is in the interval
(0. 13,

0. 73) (like r 1), then technique

/

enables a higher consumption

basket.

5.

Conditions That Ensure the Existence of an Order in Techniques

Obviously,

if any pair of techniques has at most one common

switch-point then selected techniques can be ordered monotonically
by the rate of interest.

But notice that this condition is sufficient to

ensure the existence of such a monotonic order, but it is not necessary
(if more than two techniques are available).

1.

In our previous example,

Such a condition for a simple two-sector model, which is
a special case of the condition given below, can be found

in Hicks. [2, p.

154].
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C2

POCO = Pa (r0)Ca = w

Pp(r0)CO = W

PO CO

=

PO(r )CO

w

Pa(r )Ca = w

PO CO = Pa(r2)a = W

PC(r)Co = W

cI

0
Figure 2
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if there exists a third technique,

-y, that dominates both a and

then although this condition is not satisfied (for a and

1,

1), the

selected technique (T) is invariant for changes in the rate of
interest.
To investigate this condition more closely,
(3) and (4) are both n-th degree polynomials in r.

observe that
Evaluate these

equations at a switch-point, and subtract the latter from the former.

a

[I-( 1+r)A']

-a

[I-(1+r)A I

I =

0.

(7)

In order to find a condition for existence of at most one
positive real root of (7) we shall use Descartes Rule of Signs.
This rule says that the number of positive real roots is equal to
the number of variations of sign of the coefficients (or less than
this number of a positive even integer).

In our case this condition

seems to have a simple economic interpretation. 2

Dickson [1, p. 76].

See, for example,

2.

The fact that the alteration of signs in the input streams has
something to do with the possibility of multiple switch-points
(roots), suggests the analogous problem of an investment
option having more than one internal rate of return. That
any number of zeros in the present value function can occur
was pointed out by Samuelson,[7,.p. 475]
.

1.
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If 0 < r < min (r, r ) then one can expand (7) in the
(convergent) series

0=

(a

-~l 1+r 2(2

-1 )+1+r(

where a

a

=

#

R

=, a/ , a. = a

a

23 + ...

(A

+ (1+r)n(a n -/n n )+...

ai
) and/3.

=

/3

/3i
)

a (A

,

(i=

(8)

1,2,...,n,...).

Suppose there is one and only one sign change of the coefficients in (8).
For example,

let the first term be negative (a.>

Recall that a

and

each good.

a 1 and

/

,

i =

1,2,...).

0 are the direct labor requirements per unit, of

/3

are, on the other hand, the first round of

"indirect" labor requirements (the amount of labor needed to
produce a unit of good i, needed to produce a unit of good

j),

a

and

2

and so forth.
2 are the second round of indirect labor requirements,
Hence, while technique a uses less direct labor than technique
the latter embodies more

indirect

substituted for "indirect" labor,
intensive" technique,

labor.

/,

If the word "capital" is

one can show that the more "capital

0, is adopted at low rates of interest, while the

"labor intensive" technique a, is selected at high rates, and there is
no possibility of a technique "coming back".

The term "indirect"

labor should, of course, be interpreted in relative terms.

Thus,

if the first m coefficients in (8) are, say, negative, then one can
say that technique a uses relatively more indirect labor or "capital". 1

1.

An alternative classification is in terms of the average
period of production.

-A
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6.

Conclusion
We can conclude as follows: unless severe restrictions are

imposed on the techniques that an economy can adopt, it is not
possible in general to order them such that their choice is monotonic
with respect to the rate of interest.

Because of this nonmonotonicity,

we expect that one will face considerable difficulties when attempting
to construct a "capital aggregate" based on a multi-sectoral model.
Furthermore, the switching problem points out, but is not identical
with, the possibility that (when comparing alternative steady states)
consumption per capita is not a monotonic function of the rate of
interest. 1

1.

See Morishima[4, pp.

122-30].
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Technique a

w
r

p

Technique 3

w

w

a
1

-3p1
1

2

w
1

1.0000

1.0000

0.9614

0.9880

0.05

0.8888

0.9179

0.8684

0.9109

0.10

0.7906

0.8622

0.7838

0.8396

0.15

0.7033

0.7718

0.7064

0.7733

0.20

0.6254

0.7064

0.6361

0.7112

0.25

0.5556

0.6452

0.5711

0.6529

0. 30

0.4927

0.5877

0. 5111

0.5977

0.35

0.4359

0.5336

0.4557

0.5453

0.40

0.3844

0.4825

0.4042

0.4952

0.45

0.3376

0.4341

0. 3563

0,4472

0.50

0.2949

0.3882

0.3116

0.4009

0.55

0.2558

0.3445

0.2698

0.3560

0.60

0.2199

0.3028

0.2306

0. 3124

0.65

0.1869

0.2629

0.1939

0.2697

0.70

0. 1565

0.2247

0. 1593

0.2277

0. 75

0. 1283

0. 1881

0. 1267

0. 1863

0.80

0.1023

0.1529

0.0960

0.1452

0.85

0.0781

0.1190

0.0669

0.1043

0.90

0.0556

0.0864

0.0394

0.0633

0.95

0.0347

0.0549

0.0133

0. 0221

1.00

0,0153

0.0244

-

0,00
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CHAPTER V

OPTIMAL GROWTH WITH DISEMBODIED LEARNING BY DOING

Even so time does not exist.... apart
from the movement or quiet rest of things.
Lucretius, On the Nature of Things.

1.

Introduction

The character of technical progress is substantially
amended if it is asserted that advances in knowledge accrue not
from the passage of time as such but from the stimulus of capital
accumulation.

The latter assumption has become known as the

learning by doing hypothesis, by which Arrow meant to imply that
technical progress is due to the accumulation of experience in the
production process itself, and that experience can be measured by
cumulated gross investment [ 1] .

In this form technical progress

is in fact a particular case of increasing returns to scale and as
such has significant implications for the efficiency of a market

1.

Thanks are due to Professors K. Shell and R. M. Solow
for helpful suggestions. However, they should not be
held responsible for any errors.

110

111

system in which the extra knowledge that investment leads to cannot
by appropriated or sold.

Arrow's model can thus provide a basis

for studying how the relation between investment and technical
progress affects the social optimum path of captial accumulation,
and the implications of such a relation for the efficiency of a
competitive system.
The purpose of this paper is to characterize the optimal path
of capital accumulation in a model that is patterned after that of
Arrow.

As in his model technical progress is taken to depend on

the accumulation of experience in the production process, while
experience is measured by cumulated gross investment.

Unlike

Arrow's assumptions, however, technical progress is disembodied
and the production function is not restricted to fixed coefficients.
We shall show that this version, while retaining the leading features
of Arrow's model, and in particular the divergence of the social from
the private rate of return on capital, much simplifies the analysis.
It also enables us to analyse in more detail the properties of the
optimal path of capital accumulation and to compare it with the
competitive solution.
While Arrow's analysis is conducted in terms of an aggregative
model, the concept of learning from experience is perhaps more

1.

The latter generalization is due to Levhari [ 3)

.

naturally applied to a multi-sectoral model, in which case additional

M
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Thus, if technical

consequences of the hypothesis are revealed.

progress depends on cumulated past investments,
prices.

so are relative

In other words, if there are economies from working on

a large scale, where scale is measured by the sum of past
investments, then, in the general case, relative prices do not
depend solely on relative factor prices, but also on the scale of
production.

A final section of the paper will demonstrate this

consequence for the case of a two-sector model.
Taking a broad view, the main conclusion that emerges from
our analysis is, in accord with Arrow's results, that investment in
a competitive economy tends in the long-run to fall below the
socially optimum level.

2.

The Model
Consider the familiar one-good aggregative neo-classical

model in which current output, Y(t), is divided between current
consumption,

C(t), and gross investment, Z(t).

Output is produced

by the currently existing stocks of capital, K(t), and labor, L(t).
Thus,

Y(t) = C(t) + Z(t) = F[ K(t), A(t) L(t)]

where F[ .]

,

is the neo-classical production function exhibiting

(1)
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constant returns to scale and diminishing marginal rate of
substitution.

The current efficiency of labor is measured by

A(t).
Suppose that the rate of growth of labor is constant, say n,

L(t) = e

nt
(2)

Define then the usual per-capita quantities measured in
terms of the efficiency of labor, so as to rewrite (1) in the form

y(t) = c(t) +

z(t) = f(k(t)),

(3)

where

Y(t)
y(t) = A(t) L(t)

k(t)

K(t)
A(t) L(t)

and the expression F[ k(t), 1]

C (t)

c)

z(t)

A(t) L(t)

-

Z(t)
A(t) L(t)'

has been replaced by the shorthand

notation f(k(t)).
The function f(-) is assumed to satisfy the neo-classical

114

conditions :

(4)

f(k) is twice continuously differentiable,

for all 0 < k <

f(k) > 0, f'(k) > 0, f''(k)< 0

oo,

(5)

f(0) = 0,

f( o0) = Go,

(6)

f'(0) = 00,

f'(oo) =

(7)

0,

Now, technical progress, A(t), rather than proceeding at an
externally given rate, is assumed to reflect cumulated experience
in the production of investment goods.

The hypothesis is that

experience is measured by cumulated gross investments, G(t),

t

Z(v) dv.

G(t)
-00

Following Arrow's assumption (based on the experience of the
airframe indwstry) let

A(t)=

(8)

G(t)]

where a is a positive parameter,

0 < a < 1.
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We shall assume for simplicity that there is no capital
depreciation.

In this case gross investment is equal to net

capital formation, K(t), so that cumulated past investments
are equal to the current capital stock,

K(t) = G(t).

(9)

is not homogeneous of

It is noticed that the function F[]
degree one in K and L. 2

is multiplied by

Rather, if K is multiplied by X and L

- (<X) then

F[ XK, (K)a(X 1-a L)]

=

F[\ K, X (KaL)]

=

XF[ K, A L] .

= XF[ K, Ka L]

(10)

like an evaporative decay,

1.

Simple depreciation formulae,
are easy to introduce.

2.

In general, the function F[ 1 is not homogeneous in K and
L. The exception is the Cobb-Douglas, in which case
learning by doing is identical with conventional homogeneity
of a degree greater than one,
F[ K, A L]

=KO(A L) 1~9 = Ky LO -

where y =+

'

O< P< 1,

a(1-P),and'7+(1-P) = 1 + a(l-)>l

if a>0.

In principle, however, learning by doing should be
distinguished from the usual kind of increasing returns.
3.

All variables are understood to be functions of time.
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Let w be the marginal product of labor, measured in efficiency
units, and let p be the marginal product, or social rate of return, of
capital.

In view of (1),

(3),

.

w =w(k) = -

(8), and (9), we have

F2 =f(k) - kf'(k),

(11)

and
p =p (k) =

_

K

F

+ aF 2

AL
K

=

~
f(k)
f'(k) + a[ k

- f'(k)]

,

(12)

where subscripts denote partial differentiation with respect to the indicated
argument.

Since F[ -]

is not homogeneous of degree one in K and L,

it would be impossible for both capital and labor to be paid their
marginal products.

In particular,

if the labor market were perfectly

competitive so that the wage rate equals w, then the private investor
,

is paid a rental, denoted by r, that falls short of p

r = r(k) = f'(k) = p - a

-w

(13)

It is seen that there is a gap between the social rate of
return and the competitive rental on capital and that the gap is
proportional to the wage bill per unit of capital.

1.

The relation between,what might be called,the competitive and
the social factor price frontier can be seen by solving for w
once in terms of r, from (11) and (13), and once in terms of p,
Evidently, at any given wage rate, the
from (11) and (12).
social rate of return p is proportionately higher than the private
rental, r.
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By implication, if labor were paid only a fraciion(1-a) of
it's marginal product, by means, say,, of a tax on wages, then the
capital rental that includes the proceeds of the tax as a subsidy
would be equal to the marginal product of capital.

3.

Some Implications

Balanced Growth.

In view of (1) - (7), it can be seen that

there exists a unique positive number g,

n

a(14)
0<
=

such that output and capital both grow at the constant rate g:

1.

Y/Y

= g.

Thus, substitute in (1) Y(t) = Y egt and K(t) = K e gt
where Y

0

and K

0

are any positive numbers:

Y egt = F[ K 0egt, K e(ag +n)t]

or Y e[ g(I-a)-n]t

-

K/K

K0f(e[ g(1-a)-n] t), which implies that g(l-a) -n = 0.
The existence of g is guaranteed by (4) - (7).

M
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It is interesting to notice that in a state of balanced growth
the undeflated wage rate increases at the rate

1

an
na .

Thus, among

balanced paths, the higher the labor force growth the higher is the
rate of growth of the wage rate.

The reason for this seeming

paradox is, as Arrow notes, that a higher growth rate of labor
induces more investment, which in turn raises labor's efficiency
and thus the wage rate.
Asymptotic Growth with Proportional Savings.

Using (8)

and (9), one derives from (3) that 2

k =(l-a)[f(k)-c]

(15)

- nk.

s, 0

Suppose now that savings is a fixed fraction,
output.

<s <1, of

(15) then becomes a familiar differential equation

k=s(-a) f(k) - nk.

(16)

Let ko be the capital-labor ratio uniquely defined by

f(k)

_

ko0
1.

(17)

n

s(-a)

Since k is fixed on the balanced growth path
n

W(t) =
2.

[ f(k)-kf'(k)]

By definition,

A(t)

dei i

[ f(k)-kf'(k)]

-a) K

Aoe

it follows that
t

_F_-a

1
, and z = 1-a

(k + nk).

Starting with any arbitrary initial stock of capital,
k(O) = k

,
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it can be readily shown that the unique solution of (16) has the

=

property that lim k(t)
t -. 00

k . k0 is, of course, the balanced growth

capital-labor ratio corresponding to a savings rate of s.
The Golden Rule of Capital Accumulation.

Consider the model in

a state of balanced growth with fixed k and c.

Observe first that,

by (9),

A

T

K

a

K

k

T~)
k-

Integration of the above expression, using (2), yields that

a
A(t) = k(t)

an
e

Consumption per-capita,

C(t)
L7t)

C(t)
A (t) L(t)

(18)

.

C(t)
L

can thus be expressed as

A(t) = c(t)k(t)l-

an t
e 1-a

(19)

Hence, maximization of consumption per-capita over all possible
balanced growth configurations is equivalent to the maximization of

1.

Analogous results hold for the case where a fixed fraction of
profits is saved, or where wages and profits are saved in
fixed, but different, proportions.
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a
In view of (15) we have that for k = 0, c = f(k)

ck

-

-a

k.

Now,

maximization of the expression

a
ck l-a

a
= [ f (k)

k 1-a

n Ce k]

yields the following necessary condition for a maximum, 1

(1-a) f'(k) + a f (k)
k

n
1-a

(20)

The solution to (20), denoted by k*, is called the golden rule
path of capital accumulation.

Here, as in other models, the rule

requires that the steady state capital-labor ratio, k*, be determined
by the equality of the social rate of return on capital, (12), and the
The determination of k* is illustrated in

rate of growth: p

Figure 1. 2
(4), (20) is also sufficient.

1.

By the convexity of f(- )

2.

Let k be the maximal sustainable capital-labor ratio:

A

F-)

fT(

.

It should be clear that the solution k* to (20) is

always lower than'k. To see this observe that the social
rate of return, p , is an average of the marginal and average
products of capital:
f'I(k) < p =

I (-a) f'I(k) + a fk)<

Hence, at k = k*, p
A

k * < k.

-rn

fk )

f(k*)
<f k)

,

which implies that
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f(k)
k

n
I -a

f(k)
+a k

p

(

*

(

f

I

a

A
0

k

k

k
Figure

1
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4.

The Optimal Program of Capital Accumulation

We address ourselves now to the problem of characterising
the program of capital accumulation which is consistent with the
assumptions about the technology, and which optimizes some suitable
criterion (welfare) function subject to given initial conditions.
We assume that there is a planning board whose objective
is to maximize the sum of discounted future consumption per-capita.
If 6'> is the planning board's constant rate of time discount, then
the problem is to maximize the expression

00
-6 1 t

C(t)

jSLe

dt.

0

It is convenient to write the maximand in the equivalent form

___

_t)_

__

an t
0

L(t)e

where 6 = 6' -

n.

1-a

e

-6t

dt,

-a

In this form the objective appears to be the

maximization of the sum of discounted future consumption per-capita
deflated by a time trend.

This change is not essential so long as

6 > 0, so that an optimal plan can exist.

1.

Modifications that are required when the objective function
is not linear in consumption per-capita are discussed in
an Appendix.
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The maximand is constrained by the conditions,

k(t) = s(t) F[ K(t), A(t) L(t)]

and given that K(O) = K

A(t) = K(t)

where 0 < s(t) < 1 denotes the fraction of current output currently
saved.

Using intensive variables, the previous problem can be reduced
to the following form:
To maximize

(21)

[ cx] e- 6tdt

subject to the constraints

i = (1-a)sf(k)

c = (1-s)f(k)

-

nk,

(22)

(23)

a
x

= k

-a

(24)
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0 < s < 1,

(25)

k(O) = k ,

(26)

where s is, say, a piecewise continuous function of time that has to
be chosen optimally.
The above problem is solved by use of Pontryagin' s
Maximum Principle [4].

Application of theorem 3 there

[4, p. 63] yields that if a program {k(t), s(t); 0 < t < oo } is optimal,
it is necessary that there exists a continuous function of time, q(t),
such that

(27)

with initial condition k(O) = k

q

-

,

k = (1- a)sf(k)-nk

(l-s)x p(k) - q[ (I-a)sf' (k)-n] + 6q,

s maximizes [q(l-a) - x]s

subject to O < s < 1

(28)

(29)

and s is a piecewise continuous function of time,

and,
lim qe-6t = 0.
t -. 00

(30)
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By virtue of the assumptions of diminishing marginal rates of
substitution (4)-(5), and the weak concavity of (21), the above
necessary conditions are also sufficient and characterize a unique
optimum growth path, whenever such exists. 1
It is natural to look first whether there is any path which
satisfies all the optimality conditions (27)-(30),
initial conditions.

save, probably, the

One such path is the singular solution to the pair
given the allocation condition (Z9).

of differential equations (27)-(28),

The solution, denoted by (k , q ) and s , is uniquely defined by

p (k6 ) = (1-a)f'(k

) + a -f (k')

n

-

+ 6,

(31)

1-a

1.

q

= la_

where x

s

=

k

n

=k

,

1-a f k')

(32)

(33)

The usual sufficiency proof for such problems can be
applied to our case. cf. , e. g, , [2], and [5].

M
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Assume that the initial capital-labor ratio is k
k(0)=k .

,

i. e.

Then a program of capital accumulation satisfying the

necessary conditions is that of fixing q(t)=q' for 0 < t < co, and
maintaining the capital-labor ratio k(t) = k , for 0 < t < oo.
savings ratio corresponding to this program is s .

The

This unique

program will be referred to as the optimum balanced growth path.
Note that the optimum balanced growth path is merely a
modified golden rule path, (20).

The modification is that the social

rate of return, p , is equated not to the rate of growth,

na , but to

the latter plus the discount factor 6 which reflects the community's
rate of time preference.
Consider now

the linear Taylor approximations of the system

of differential equations (27)-(Z8),
{k, q I x < q(l -a)},

the roots kit,

evaluated at (k , q ).

2 of the characteristic equation of

the associated linear system to (27)-(28),

(a1

where a

) (a 2 ~

-

=

(1-a)f'(k )

domain {k, q

are the solutions of

) = 0,

-

n < 0 and a 2 = -(l-a)f'(k') + (n+6) > 0.

x > q(l-a)},

the roots

'

of

- 2

l)

(a'

2

-

I)

=

0

In the

of the characteristic

equation of the associated linear system to (27)-(28),

(a!

In the domain

are the solutions
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where a' 1

= - n < 0 and a' 2 = n + 6 >

0.

the roots are real and opposite in sign.
of the balanced-growth path, (k , q

In both cases, therefore
This saddle-point property

), suggests that the stable

branches form a unique optimal path for any initial k(0) = k0 / k.
A proof of this assertion follows.
We shall describe the solutions of the system (27)-(28),
given the allocation rule (29), in the positive quadrant of the (k, q)
plane.

The appropriate phase diagram is given in Figure 2.
Condition (29) implies that for optimality it is necessary that

when

x > q(l- a)

0 < s < I

when

x = q(l-a)

s = 1

when

x

s = 0

(34)

<q(l-a)

The curve x = q(l-a) is seen to divide the (k, q) plane into
two separate domains.

The solutions to (27)-(28) will be studied

separately for each domain.

The domain {k,q 10 < x < q(l-a)}.
value of one.

In this domain s is assigned a

The differential equations (27)-(28) thus become:

i = (1-a)f(k) - nk,

(35)

j
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q
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1

=0

X

S

q(l -a

=

)

0i

/3

q

S

= 0
I

I

I
I
I

I
I
I

I
I
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q =

(36)

q[ (1-a)f'(k) - (n+6)].

-

Consider then the two functions

1 (k, q) = (1-a)f(k)

- nk,

(37)

and

(38)

0 2 (k,q) = (1-a)f'(k) - (n+6).

The locus of all the pairs (k, q) that yield i0

is defined by

(k, q)=0, while the locus of all the pairs (k, q) that yield qL=O is

defined by 0 2 (k, q)=O.

The locus 01l=0, being independent of q,

f(k)

_

n

.

defines a unique capital-labor ratio, denoted k, given by

l-ca

(39)

Similarly, the locus 0,=0, being independent of q, defines a
unique capital-labor ratio, denoted k, given by

(k)V,=

n+6

(40)

(40)

Mood

130
Typical trajectories can now be drawn using the fact that

k> 0 for all k < k, while

Ik <

0 for all k > k, and that cj < 0 for all

k < k and q > 0 for all k > k.
The domain {k,q

Ix > q(l-a) > 0}.

a value of zero.

The differential equations (27)-(28) thus become

k

=

-

(41)

nk,

(k) + q(n+6 ).

q= -ap

Hence, i

In this domain s is assigned

< 0 in this domain.

(42)

Define the function 0 2 (k, q) in this

domain as

O 2 (k, q) =

-

a p (k) + q(n+6).

The locus of all the pairs (k, q) that yield q = 0 is defined by
02 (k, q) = 0.

Observe that since x < q(1-a),

02 (k, q) =x

(k) + q(n+6) < -q[ p ( k) -(n+ 6)].(4

(43)
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Thus, if k is the capital-labor ratio defined by

p(k) = (1-a) f'(k) + af

=

(45)

n+6,

then from (44) and (45) it is seen that for a non-negative q,
t2 (k, q) < 0 for all k <

k.

In the positive quadrant,

locus 0 2 (k, q) = 0 is defined for all k < k < oc.
slope

therefore, the

To calculate the

along this locus one first finds that

d

ak

k 1-a

02=0

-

8# 2 (k, q)

and

a0 2 (k, q)
aq

dq
dk 12=0

is the elasticity of p with respect to k.

-

"kT

a [
k 1-a

a

a,q2

I2

0

>< 0 as -a T Z
1-a
.

where rl =

n+6,

I 02=0

Thus

(46)
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Without further assumptions about the relation between a and the
elasticity r;, the sign of (46) is indeterminate.
Corresponding to 7, (45), define q by

-a
-

=

where x = k

(47)

By virtue of (43) and (45), it is seen that (k, q) is a limitpoint of the locus 0 2 (k, q) = 0 and that there is no other common
point to this locus aiid the curve x = q(l-a ).
Typical trajectories can now be drawn using the fact that
q< 0 for all q below the locus 0 2 (k, q) = 0, while q> 0 for all q
above 0 2 (k, q) = 0.
On any trajectory not passing through the point

The Optimal Path.,

*

In fact, a

*

, q ), k can be written as a continuous function of q.

trajectory not passing through (k , q ) is uniquely determined by
specification of initial conditions (kid, q0).

The existence of a

unique optimal path satisfying conditions (27)-(30) can be established.
If k
q(0),

k

,

then the planning board would assign a price

such that the point (k , q0) lies on a trajectory that passes
*

*

*

q=

= k(0)

through (k , q ).

to achieve (k

q ).
*

*

,

Let 0 < t

< cc be the time required for such a program

Then the optimal program is

(k(t) = k*, s(t) = s*; t* < t < oo)
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It is seen that any other path leads ultimately to a violation of
condition (30) or of the non-negativity of k.
of the unique optimal path, denoted SS,

The saddle-point property

is illustrated in Figures 2. 1

It is noticed that the savings ratio on the unique optimum path
is either one or zero depending upon whether the initial capital-labor
ratio is less or greater than k*,

respectively.

This follows from the

linearity of instantaneous utility (of per-capita consumption) assumed
in (21).
The behavior of the social demand price of investment,
the optimum path is also of some interest.

q, on

In particular, the shadow

price of investment is not a monotonic function of the capital-labor
ratio, so that q, say, might fall and then rise while k is increasing.
It should be pointed out that deepening of capital while the price of
investment rises would not be optimal if it were not for the returns to
investment due to learning by doing.

-

To see that in each of the domains there exists a trajectory,
wholly contained in the domain, which leads to the point (k*,
q*), calculate the slope of a typical trajectory. From (32)
(33) we have that at any point (k, q) in the domain {k, qI0< x<

dq
"Ik
Thus,

-

,

in view of (34),

while dq=

dk(k* q*)

-a

q[ (1-a)f' (k) -(n + 5)]
()I- a)f ( k) - nk
(k,

q)

at any point (k, q), k<k*, dq
k

.

q)

On the other hand, the slope of the

curve x = q( 1-a) is given by dq

-)

dl=q(1-a)

1-a k

This is

sufficient to prove the existence of a trajectory that lies in the
domain and leads to the (k*, q*). A similar argument can be

applied to the domain {k, qIx > q(1-a) > 0}

.

1.
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5.

The Competitive Solution and Corrective Fiscal Policy

Consider now the path of capital accumulation that would
obtain if the economy were not centrally planned but under conditions
of perfect competition with all the individuals having the same
particular utility function (21).
In this case the supply of capital in the economy is infinitely
elastic at a rental, or rate of interest, of

n-Q

+ 6; i. e.,

investors

will take any investment with a (private) rate of return that exceeds
or equals the rate of growth plus the time discount factor 6, and will
take no investment at lower rates of return.

For an equilibrium in

which some, but not all, of income is saved, we must have the
equality r =-n

+6.

In view of (13) this condition defines the unique

competitive balanced capital-labor ratio, denoted by k-*,

r(k-*) = f'(k"*)

-

n

+ 6,

(48)

which is to be compared with the socially optimum balanced capitallabor ratio k*,

(31).

It is readily seen that k' > k**,

which implies

that the competitive economy has a tendency to settle to a steady-state
in which investment is below the socially optimum level,

The reason

for this inefficiency is, of course, that under competitive conditions
the one responsible for technical progress, i. e. the private
enterpreneur,

is not rewarded with his full marginal product, and

consequently he tends to devote less resources to investment than is
socially desirable.
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Corrective fiscal policy should obviously be aimed to subsidize
investments so as to equate the social and the competitive rates of return
on investment.

The exact amount of the subsidy per unit of capital is given

by the difference between these rates,

p

-

=a[k[
pr -r=

k>f(k)- f'(k)] > 0.

(49)

One can calculate of course how the rate of subsidy changes
along the optimal path.

For example, in the Cobb-Douglas case where

f(k)= ko, 0 < 3< 1, (49) becomes

p

-

r = a (1 - g)0'_

Thus, as the capital-labor ratio increases (for all k < k*) the rate of
subsidy decreases, and vice versa.

1.

In general, however,
dk

= af"

[ -1- - 1] < 0,
7r

where

-=
and
7r

f'(k)[f(k) - kf'(k)]
f(k)f" (k)k
kf' (k)
f(k)

(elasticity of substitution),
(relative share of capital).
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6.

A Two-sector Model
We shall now consider briefly a neo-classical two-sector

model in which two different goods are produced: an investment
good (produced by sector 1) and a consumption good (produced by
sector 2).

Except for technical progress the model is identical with

the usual two-sector model, and thus many details will be omitted.
Let the quantity of currently produced good i, Y (t), be
expressed by

Y.(t) = F.[ K.(t), A.(t) L.(t)] , i = 1, 2

(50)

where K (t) and L (t) are the quantity of capital and number of
laborers, respectively,

allocated to sector i.

Thus, if capital,

K(t), and labor, L(t), are fully employed we have K 1 (t) + K 2 (t)
and L1 (t) + L2 (t) = L(t).

= K(t)

We assume that the capital good is infintely

durable and that labor increases at a constant rate n.
Technical progress in sector 2, A 2 (t), is assumed to be
increasing at a given (constant) rate X, while progress in sector 1,
A (t), is supposed to depend on cumulated past outputs of investment

1.

For comprehensive descriptions of the neo-classical two-sector
model see, e. g. , Uzawa [ 7) and Shell [ 5). We shall assume
that the reader is familiar with this model.
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goods, i. e., on the quantity of capital.

In particular, we assume that

A 2 (t) = [ K(t) ] c ,

where 0< a <

(51)

1 is a constant.

In order to make balanced growth

feasible we shall confine the analysis to the case where X

=an

1-a

Let us rewrite (50) in per-capita quantities measured in terms
of the efficiency of labor in sector 1, using the notation in [ 5] :

k (t)

y1 (t) = 2 (t)x(t)f
1

1

(52)

(xt)),()

x~t)

and

(53)

y 2(t) = I2?(t) f2 (k 2(t)),

where x(t) = [K(t)] a e

t=k(t)a (using the assumption that X = a n
1 -a

Let w be an arbitrary wage-rental ratio.

Efficient capital-labor ratios

are found by solving for k. from

k
-

xf
=

lx-k
k

lx

f2(k2
=2 2-k
f1 (k?)

2

.(4

(54)
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Given x, k. are uniquely determined increasing functions of w:
k

kI (w, x) and k=

).

Define also p(w, x), the .supply

price of a unit of investment goods in terms of consumption goods,
f' (k2()
p(W, X) = f (k(wx)
fT(

)

x

(55)

.

Thus, the relative price does not depend only on the wage-rental ratio
but also on the aggregate quantity of capital.

Furthermore, from (55)

we see that

x

'

p

f" k
1 1. < 0,
2
1

so that, not surprisingly, the price of the good that is produced more
efficiently when the quantity of capital is higher decreases as the quantity
of capital is increased, although relative factor-prices remain constant. 2
Finally, we wish to outline some characteristics of the program
of capital accumulation that maximizes the discounted sum of per-capita
consumption, y 2 , subject to the proper feasibility and initial conditions.

1.

From (54),

x

dk

x-

1

1 dx

1' where o, is the elasticity of

.

substitution of f 1
2.

Notice that this result adds a new aspect to the conventional
"infant-industry" argument for protection in international
trade. Temporary protection of a product can be justified
if current investments are expected to reduce it's price in the
near future.

139
We shall omit all the steps that are required in order to find the equations
that define the optimal path as well as the proof that such a path exists,
and concentrate only on the case of non-specialization. 1
In the domain of non-specialization,

i. e. when it is optimal

to produce both goods, the supply price of the investment good in terms
of the consumption good, p, is equal to the shadow price of
investment good,

the

Now, one can show that the equations

denoted by q.

that govern the motion of q and k along the optimal path are

k_,

k 2 ()

(5n

k=

k( )

-

-

k (, x)

kg (w, x
1

-k (w, X)f(

1.

x

xI

x

k2(w) -k

k 2 (o) - k(,

n
-

(56)

-a k,

Y)

k L

x)

+ 6)

(W x
x

(57)

The reader can easily work out all the details by reference
to the literature, in particular [ 5 ]
.

kk
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By (54) and (55), using the fact that p = q, specification of q
and k uniquely determines k (w ,x) and k 2 (w).

Thus,, the R. H.S.

of (56) and (57) are uniquely determined by q and k.
The singular solution to the pair of differential equations

(56)

-

(57), denoted by k*, q*, k1 * and k 2 *, is uniquely defined by
k

- k=

k

- k

k
t 1

kj

k'''k*

1-ca

x*

k "

(59)

+ 6

1f

k

k'
- k-

kf

1

''
k

+
_n

(58)

xk

f2 (k)
('k"')
f (k')

k:'

(0

2

x*/

ff (k)
q-

,

=

f1(&
where x* = k* a

(61)
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The stationary, or balanced growth,
a saddle-point of the system (56) - (57)
about no factor-intensity reversals,

.

solution (58) - (61) is

With a suitable assumption

the stable branches of the

form a unique optimal path of capital accumulation,
k(O)

# k*,

q

i. e. for k

-

trajectories that pass through the stationary point can be shown to

= q(O) is chosen so that (k(O), q(O)) is on the unique

backward solution from (k*, q*). 2
It is seen from (59) that on the optimal balanced growth path
the social rate of return on capital equals the rate of growth plus
the time-preference factor

6.

The former depends, of course,

not

only on the aggregate balanced capital-labor ratio but also on the
sectoral balanced capital-labor ratios,

i. e. on the allocation of

resources between sectors.
The competitive balanced growth solution,
q** ,kg*

and k2,is

denoted by k **,

the solution of (58) - (61) when from the L. H. S.

of (59) the second term is deleted.

Upon comparison it will become

Can be verified by solving for the roots of the linear system
associated with (56) - (57), evaluated at (k*, q*).

2.

In each of the regions of specialization, of course, the proper
set of differential equations should be calculated by application
of Pontryagin's Maximum Principle. Cf., e. g., [ 5 ]
.

1.
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evident that k**< k* and, in addition, that

k
k,,

<

k,

Thus,

investment in the competitive economy is below the social optimum
and the allocation of resources between sectors similarly deviates
from the social optimum.

Clearly,

it is desirable that the

government should intervene in the market process in order to
guarantee investors their marginal product.

1.

The amount of the required subsidy per unit of capital is
Notice
given by the second term on the R. H. S. of (57).
that if it were assumed that technical progress in sector
1 depends not on the total quantity of capital, but on the
quantity of capital allotted to that sector, then it would be
desirable to subsidize only investors in sector 1, rather
than all the investors.

__4
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APPENDIX

Let U [ .] be a concave utility (welfare) function,

defined over

deflated consumption per-capita

U

=

a n

Le 1-a

(la)

U [cx.

t

The deflator is a pure time trend,

a

, that reflects the increase

in labor productivity at given capital-labor ratios.

The planning

board' s objective function is defined by the integral

0U [cx] e- t dt,

(2. a)

0

where

c= (1- s) f(k)

The problem is to choose a piecewise continuous function s
maximize (2. a), subject to the constraints (ZZ)-(26).

(3.a)

so as to

144
It is as sumed that

Furthermore,

(4.a)

.

U'[cx]> 0, U''[cx] < 0 for all 0<cx<oo

in order to guarantee that the optimal consumption

U' [0 ] = 0

it is postulated that

(5.a)

.

path is always positive,

Application of the Maximum Principle (in particular Theorem
3 in [ 4,

p. 63]),

yields that if a program { k(t),

s(t);

0 < t < oo} is

optimal then there exists a continuous function q, such that

k= (1-a) s f(k) - nk

(6. a)

q

_

(l-s) U' [ cx]
1-a

.x

p(k)

- q[ (I - a')s, f' (k) - (n+6)]

-

with initial condition k(0) = ko,

,;

(7. a)
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(8. a)

s maximizes [ q(1-a) - U' [ cx] x] s subject to 0 < s < 1,
and s is a piecewise continuous function of t,

(9. a)

lim q.e - 6t = 0.
t-11oo

It is immediately seen that condition (4. a) guarantees that 0 < s
for all 0

< 1

<t < oo.

By virtue of the assumptions of diminishing marginal rates of
substitution (4)-(5),

and diminishing marginal utility (4. a), the above

necessary conditions are also sufficient and characterize a unique
optimal growth path, whenever such exists. I
To start with, consider the singular solutions to the differential
equations (5. a) and (6. a), given (3. a) and the allocation rule (8. a),
denoted k*, q*,

p(k*) =

1.

s* and c*, and uniquely defined by

(k*) + (l-c) f' (k*) =

n

+ 6,

(10. a)

Again, the usual sufficiency proof for such cases can be applied
5].
here. Cf., e.g., [2] or

--A
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k
n
1-a f k

(11. a)

,

)

s

C

= (1-s)

q

=

f (k )

a)

,

and

* *

, U[c xi13x,

1-a

1-a

*
wherex

The path k(t) = k, q (t) = q

=

(13.a)

k

*

and c(t)= c

s (t) = s

,

*

*

for

0 < t < oo , is a unique optimum balanced growth path, and it satisfies
conditions (6. a)-(9. a) provided k(O) = k
balanced price of investment q

,

.

Notice that, unlike the

the balanced capital-labor ratio k',

(10. a), is independent of the form of the utility function.
*

Expanding (6. a) and (7. a) around (k
the balanced growth path is a saddle-point.

.*

,

q'), one can verify that
To examine the behavior

of the differential equations (6. a) and (7. a) in the positive quadrant of
the (k, q) plane, consider first the case where (8. a) gives an interior
solution, i. e.,

q(1-a) = U'[(1-s) f(k) .xlx

and 0<s<l.

(14. a)
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Whenever satisfied,

one can solve (14. a) for s in terms of k

and q,

-

Denoting a =

U1T

( 15. a)

.

s = s (k, q)

1[cx]cx and
I[cx]

'(k)k

T =

f(k)

one can differentiate (14. a) implicity and calculate that

as

-s
'9 q -

I > 0,

* q

and s (k, oo) = 1 for any 0 < k < oo

_I

I

Tr

-

(

)

(

aS

The sign of the last expression is in general indeterminate.
now the two functions

and 0 2

S2(k, q) = [1-s (k, q)] p (k)

nk

-

(16. a)

+

SI (k, q) = (1-a) s (k, q) f (k)

T

Consider

(1-a) s (k, q) fI (k)

-

(n + 6).

(17. a)
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The locus of all the pairs (k, q) that yield k = 0 is defined by
pairs (k, q)that yield q = 0 is
(k, q) = 0, while the locus of all the

defined by Q2(k, q) = 0.
Let k be the capital-labor ratio given by

The curve V 1(k, q) = 0.
fwk

The locus # (k, q) = 0 is seen to be defined only for

.

n

1-a1

.

k

_

k < k, and 0 l(k, oo) = 0.

dq
dk

._

q( s
ko=0k 1-s)

In general,

(17)-k
s

one can calculate that

_q
k

ds
dk

s-7r+
_-s

1a

Without further restrictions, the sign of the last expression is
indeterminate.

The curve
f'(k) = n+
1-a2

2

_

Let k be the capital-labor ratio given by

(k, q) = 0.

It can be seen from (13. a) that the locus 0,(k, q) = 0

.

is defined only for k > k, and 0(k,
along

L2

=

where

=

0.

Implicit differentiation

0, gives

dq
l a n ~ 5 f I' (k)

oo)

-q

dk

2=0 k

dk=

-

f'(k)

(-a\
\ a

_

Again the assumptions that have been made so

far are insufficient to determine the sign of the last expression.

A-
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Finally, let V1 3 be the function

0 3 (k, q) = q ( 1-a)

-

(18. a)

U' [ f(k)x]x.

The locus 0 3 (k, q) = 0 divides the (k, q) plane into two domains.
0, we have that for any point

Given any (k 0 , q ) such that 0 3 (k0, q )

(k0, q), q > qo, the allocation rule (8. a) gives an interior solution,
i. e. , 0 < s < 1, while for any pair (ko, q), q < qo, condition (8. a)
implies that s = 0.

Differentiating (18. a) implicitly gives the expression

dq
dk I 13= 0

the

-/1-/

sign of which is indeterminate.
Since the shape of all the critical loci cannot be established

without further assumptions, it is generally impossible to further
(beyond uniqueness) characterize the optimal path.

For illustrative

purposes, however, we shall consider now the special case where
,

the utility function is logarithmic, i. e.

U[ cx] = log (cx).

( 19. a)
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Equations (15. a)-( 18. a) become in this case,

1 - q( 1-a) f(k)

(k, q) = (l-a) f(k)

0 2 (k, q) =

-

_7

+

q-a)

k)

nk -

for all

q( 1-a ) f(k) >

1,

,

s(k, q) =

q

(1-a) f' (k) - (n+ 5)

3(k, q) =q( I- a) -.

The reader can easily verify that in this case the shape of the
loci Oi(k, q) = 0, i =

1, 2, 3, is as illustrated in Figure 1. a.

We see that the stable branches of the saddle point (k*, q*)
depict a unique optimal growth path.

Any other path ultimately

leads to a violation of condition (40) or of a non-negativity condition.
In addition, for the particular case (19. a), along the optimal path, q
is strictly decreasing (increasing) with k if k(O) < k

(k(O) > k*).

LO)

LCD

-4-

Cd
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CHAPTER VI

SOME TESTS OF THE LEARNING BY DOING HYPOTHESISI

1.

Preliminaries and Objective
In a move away from the crude notion that technical progress

depends on the passage of time as such, Professor Arrow [ 1] has
advanced the hypothesis that technical progress is due, in part at
least, to learning by doing; that is, to the accumulation of experience
in the production process itself.

As a measure for cumulated experi-

ence Arrow has taken cumulated gross investments.

2

In this form

his hypothesis defines a relation between investment and technical
progress, and so provides a basis for a non-static treatment of
increasing returns to scale.

1.

I am indebted to Professor Robert Solow for helpful discussions.
Errors are, of course, mine.

2.

Another possibility is to take cumulated experience to depend
on cumulated gross outputs. This hypothesis might explain a
phenomena like the "Horndal Effect", mentioned by Arrow.
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Indeed, in Arrow's model output is not a homogeneous function
of the first degree in labor and cumulated investments, which implies
that labor and capital cannot both be paid their marginal product.
particular,

In

if the extra knowledge that an investment leads to cannot be

sold or appropriated in a competitive market then the private benefit of
investment is less than the social benefit.

One consequence of this gap

between the social and the private rates of return on capital is that
investment has a tendency to fall below the socially optimum level.
Another consequence, one in which we shall be interested in this paper,
is that the standard practice of basing calculations of capital's contribution to growth on the relative share of profits leads to an underestimate.
While most growth theorists regard Arrow's hypothesis as
appealing,

it has never, as far as we know, been subjected to an

empirical test which would evaluate its relative importance for overall
technical progress.

In this paper we shall make an attempt in this

direction.
For this purpose we shall use a model that is patterned after.
that of Arrow.

As in his model, Technical progress will be assumed

to be neutral and to depend on cumulated gross

investments.

while Arrow uses a vintage approach with fixed coefficients,

However,
we shall

assume that technical progress is disembodied and that variations in
labor-capital ratios are possible.

1.

This version much simplifies

The latter generalization is due to Levhari [ 6] . For an analysis
of the long-run properties of the model that is used here see [ 7]

-4
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Arrow's analysis while retaining all of the model's leading features
(in particular the gap between the social and the private rates of
return on capital).

There is good reason to believe that the intro-

duction of an "embodiment" effect in our model would not have
changed our results in any significant way.
The statistical results that are reported in the paper are
confined to the constant elasticity of substitution (CES) class of
production functions.

Estimates are based on ordinary,

single-

equation least-squares and are obtained from data covering two-digit
manufacturing industries in the United-States.

2.

Theoretical Model

Consider an industry or an economy whose output,

Y, is

produced by a stock of capital, K, and labor, L,

Y = F[

Where F

[.

K, AL]

(1)

is a "well-behaved' production function exhibiting

decreasing marginal rates of substitution and constant returns to scale
in K and AL.

1.

A represents technical progress.

For some of the recent doubts about the empirical significance
of "embodiment" see Denison [ 3] and Jorgen son [5]
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Rather then proceeding at an externally given rate, it is
assumed that A reflects cumulated experience in production,which is
taken to depend on cumulated gross investments,

G.

Following

Arrow's assumption (based on the studies of the airframe industry)
it is postulated that A = G:, where a is a positive number,
which will be referred to as the

learning coefficient

assumed that there is no capital depreciation.

.

0< a < 1,

It is further

In this case gross

investment equals net capital formation and, hence,
investments are equal to the stock of capital: G = K.

cumulated gross
Technical

progress is thus

A = Ka.

(2)

From (1) and (2) it is evident that there are increasing returns to
scale in K and L.

Notice also that,

save in the Cobb-Douglas case,

F is not homogeneous in K and L. I

The marginal products of labor

and capital are, respectively

2

(3)

A

In the Cobb-Douglas case: F [K, AL]

= KO(AL)-

K7L

-

1.

=F

'

L

0< 0 < 1, y = f + a (1-0) and-y + (1-0)> 1. Hence, it is
practically impossible in this case to distinguish learning by
doing from conventional increasing returns to scale. We shall
further discuss this below.
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and

DY
-aK

F

1

+P

2

AL
AL
K

(4)

where subscripts denote partial differentiation with respect to the
indicated argument.
Suppose that all the variables are functions of time.

The

rate of growth of output can then be expressed in terms of the rates
of growth of inputs,

(Fl K

Let

Tr

+

F2.AL)L]

(5)

denote the relative share of capital in income.

From

(3) it is seen that if labor is paid its marginal product then (5) can
be written in the observable form, 2

Y

K
TK

-r

K

+

+ (

L
-r

1

) L

L

+

+'K

K
7rK

K

1.

Notice that "time" can be interpreted here as "space",
regions, states etc.

2.

But we shall not use (6) to estimate a because of the large
disturbance term involved in this relation when fitted across
states. We got this impression from some cross-section
runs that we have tried.

i. e.,
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The rate of growth of output is thus completely accounted for
by the rates of growth of capital and labor if properly weighted.
However,

the standard practice of subtracting the rates of growth of

inputs weighted by their respective relative shares from the rate of
growth of output is seen to leave an "unexplained" residual of
(1-,

)a

,

which depends on the rate of growth of capital.

If accepted

as true, Equation (6) can thus be used to estimate the learning
coefficient and, in particular, to test whether it is significantly
different from zero.

3.

Relations for the CES Production Function

If the production function (1) belongs to the CES class of
production functions,

it can be written as

1
Y = B

where B > 0,

[KT+(l - 0 )(AL'
),

0 <

/<

(7)

1 and y < 1 are the parameters of (7).

It is well

known that the elasticity of substitution between K and L, denoted by or,
is given by the constant

and, consequently,

case ( o=l) is a limiting form of (7),
Suppose that the wage rate,
of labor, (3).

that the Cobb-Douglas

obtained by letting y approach 0.
W, is equal to the marginal product

Let r be the rental of capital.

It is easily verified that
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from (2) and (7) we then obtain the following equilibrium conditions:

B W

L

a

-a)

(8)

and

Y

where B

=

B

r

B

B(l-0]3~

,

(9)

and B"'

B-LBI3J

.

It is noticed that in

the case that a = 0 (no "learning"), (8) reduces to the relation originally
.

derived and estimated by Arrow, Chenery, Minhas and Solow [2 I

Since (8) and (9) are linear in the logarithms of the respective
variables, one may estimate the parameters of the production function
(7) from these equations.

Furthermore,

a test of the validity of the

model is provided by comparison of estimated elasticities of substitution
obtained from (8) and from (9).

If the model were valid these estimates

should not be significantly different.

The significance of the learning

coefficient provides a direct test for the learning by doing hypothesis.

1.

If technical progress were Hicks-neutral, then (9) would be
replaced by

-

B

rd Ka(-a), which is symmetric with (8).

In the regression analysis this form was tried, but results
were not superior to, and in many cases were poorer than,

those obtained from (9).

14

1W_
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One should realize,

however,

a reliable estimate of a from (8),
substitution is close to unity.

that it is quite difficult to obtain

in particular if the elasticity of

As g- approaches unity, the asymptotic

standard error of the estimate of a approaches infinity, and in the
limiting Cobb-Douglas case (a-=1) one cannot identify a from (8).
this case,
available.

nevertheless,

In

a more direct method of estimation is

Thus, a logarithmic regression of the Cobb-Douglas

production function

Y = B K0(AL)l~0= BK7L

where y = 0 + a (1-0),

1

~

,

(10)

can provide estimates of a and 3.

The difficulty with the Cobb-Douglas case, as we have already
mentioned, is one of interpretation rather then statistical, because in
this case it is impossible to separate

learning by doing from conven-

tional economies of scale by means of sectoral or aggregate data on
inputs and outputs.

To distinguish between the two one has probably

to use more direct methods, like the study of individual production
processes.

4.

Statistical Implementation

The parameters of the production function (7) will here be
estimated from cross-sectional data of manufacturing industries in the
. United-States,

covering value-added,

employees and stock values of capital.

average wages, number of
It is assumed, of course, that
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for each industry,

states are sufficiently homogeneous to be meaning-

fully represented by a single production function.

It is also required

that factor price ratios and the stock values of capital vary sufficiently
from state to state to permit identification.
The data are obtained from the Census of Manufactures and
pertain to 1957.

The capital stock series that is used here consists

of the gross book value of the capital stock as of December 31, 1956.
No attempt has been made to express the series in common units
(constant dollars).

We use gross rather than net values of capital

for two principal reasons.

First, gross values seem to be the

appropriate variable for an index of

learning by doing .

Secondly,

the book value of accumulated depreciation tends to underestimate
the capital stock data that is required in this type of estimation.
Notice, however,

that if industries had more or less the same history

of investment in the various states then using either net or gross book
value will produce little distortions.

The number of employees series

refers to the average number of employees reported and value-added
includes depreciation.

The average wage rate was computed as the

ratio of the wage bill and the number of employees.

The interest rate

was computed in a residual fashion, i. e. as value added minus the
wage bill divided by the stock of capital.
We give in Table 1 the point estimates of the elasticities of
substitution and learning coefficients from Equation (8) and (9).
Several remarks are pertinent with respect to these estimate.s.

First,

except for industries 20 and 34, all the estimates of the elasticity of

Table

1,

Cross-Section Estimates of Elasticities of Substitution,

Learning Coefficients

and Cobb-Douglas Parameters in Two-Digit Manufacturing Industries
in the United States,

1957.

(Regression over States)
y
Industrial
Classification

Industry

B

W0

K

1

-

Y

1)

a

Q1

-2
R

Y

BKO (Ka2 L)1 ~0

2
s

a2

2
R

No. of
Observations

20

Food and kindred prods.

.666
(.134)

.199

.625

.645
(.050)

.808

.532
(.125)

.464

.891

41

22

Textile mill prods.

.006

.825

744

010

.901

21

-.008

.803

. 371
(.102)
.490
(.083)

.

Apparel and related prods.

.713
(.096)
.733
(.084)

.

23

.837
(.092)
1.135
(.123)

.042

.910

24

24

Lumber and wood prods.

.354

.940

. 899

. 381
(.150)

. 141

.890

23

25

Furniture and fixtures

-.006

.976

.774
(.056)
.712
(.365)

.950

. 381
(.115)

. 043

. 782

22

26

Pulp paper and allied prods.

.742

.338
(.109)

.210

.931

30

27

Printing and publishing

1.090
(.121)
.914
(.033)

.810

.410
(.098)

.312

.941

18

28

.817

.821
(.018)

.928

.204
(.161)
.325
(.201)

.

.919

31

.012

.947

18

.053

.962

15

851

15

1.052
(.067)
.995
(.038)

.778

1.105
(.230)
.900
(.030)

.013

.621

.425

.785

Chemicals and allied prods.

. 883
(.220)

.

29

Petroleum and coal prods.

1.384
(.511)

.134

.911

.788
(.047)

.946

30

Rubber products

-.023

.954

Leather and leather goods

.644
(.064)
.739
(.088)

.886

31

1.211
(.081)
. 900
(.264)

32

Stone, Clay and glass prods.

.980
(.118)

.107

.780

. 899
(.087)

.812

.302
(.096)

.104

.822

27

33

Primary metal industries

. 731
(.260)

.230

. 465

. 659
(.098)

. 635

. 241
(.073)

. 247

. 850

28

34

Fabricated metal products

.614
(.198)

.034

.713

.585
(.103)

.511

.037

.717

33

35

Machinery except electrical

.933
(.136)

.042

.672

. 601
(.073)

.713

.358
(.166)
.254

.072

.728

29

36

Electrical machinery

.692

.510

.772

.612

.675

.415

.018

.854

25

-.

310

041

.

557

(.247)

Source:

B** r02

K
07 2

.

846

.287
(.162)
. 201
(.122)

.

-.

300

003

.

(.089)

37

Transportation equipment

. 991
(.304)

. 023

. 555

. 784
(.126)

. 609

. 217

. 048

. 870

27

38

Instruments and related prod.

.691
(.120)

.124

.680

.586
(.169)

.572

.320

.273

.785

11

United States Census of Manufactures,

I, II, III (Washington, Government Printing Office,

_____________

1958).
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substitution from Equation (8) are not significantly different from unity.
However, among the estimates from Equation (9),

except those of

industries 25, 26 and 27, all are smaller than unity.

But notice that

these different conclusions are not caused by significantly different
estimates of the elasticities of substitution, but rather because of the
greater reliability of the estimates obtained from (9).
for three industries (23,

Indeed, except

30, 35), the estimates of the elasticities of

substitution obtained from (8) are not significantly different from those
obtained from (9), which is a remarkable result, considering some
1
This test, of course,
previous studies which point out to the contrary.
should strengthen our confidence in the various estimators, all of which
are highly significant.
It appears also that there is no meaningful way to classify
industries, say into investment-oriented and consumption-oriented groups,
according to the size of the elasticity of substitution.
Thirdly, with the exception of four industries (23, 25, 30, 31), the
estimated learning coefficients are all positive.

It is noticed that in all

the cases, save one, that the estimate is negative, the elasticity of
substitution is greater than one.

This gives reason to think that these

particular estimates of the elasticity of substitution are upward biased. 2

1.

See, e.g., [4].

2.

Recall that a is computed by dividing the exponent of K in (8) by
one minus the estimated elasticity of substitution.

-

-
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Standard errors of the estimated learning coefficients are unknown
because of their indirect derivation from Equation (8).

However,

calculation of their asymptotic standard errors indicates that they are
quite frail. 2
Values of the positive learning coefficients range from . 5 to . 006,
with Electrical machinery (36),

Printing and publishing (27) and

Chemicals and allied products (28) exhibiting the largest coefficients.
Since the estimated CES production functions turn out not to be
much different from Cobb-Douglas,

one is relatively safe in assuming

the latter and in estimating the parameters from the direct regression
of (10).
We see from Table 1 that the Cobb-Douglas assumption gives in
all cases a better fit.

The estimated a 2 now provides simply an estimate

of increasing returns to scale. 3

With one exception (31),

a 2 is positive

in all industries, ranging from . 46 in Food and kindred products to . 01
in Textile mill products (22) and in Transportation equipment (37).

While

the learning coefficients are now invariably larger than the previous
estimates, calculation of their asymptotic standard errors indicates that
their statistical significance is still marginal.

1.

a is estimated from the logarithmic form of (8) by dividing the
coefficient of capital by one minus the estimated elasticity of
substitution.

2.

Asymptotic standard errors can be shown to involve a term
which becomes larger the closer - is to unity.

3.

It is more conventional to define the degree of economies of scale
as the excess of the coefficients in (10) above unity, which is
a(1- 0) and not a itself.

1
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5.

Concluding Comments
As a gross generalization we can derive the following propositions

from our results.

But first it should be pointed out again that what we

call here learning coefficients might well be regarded as indices of
conventional economies of scale.
industry-aggregate data,

The separation of the two, using

seems practically impossible.

The CES class of production functions, corrected for the presence
of learning by doing, provides a reasonable fit for the industries considered.
While nearly all industries exhibit some degree of learning by doing, the
empirical significance of the latter is smaller than what one would probably
expect from theoretical, a-priori, arguments.

These results, of course,

apply at the aggregate level used in this study, and they might have little
bearing on the well-known studies of particular production processes which
indicate a much larger degree of learning from experience.

I
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