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Abstract

Mechanical deformation plays a crucial role both in the normal operation of a Lithium-Ion
battery, as well as in its degradation and ultimate failure. This thesis addresses the theoret-
ical formulation, numerical implementation, and application of fully-coupled deformation-
diffusion theories aimed at two different classes of electrode materials: (i) phase-separating
electrodes, and (ii) amorphous Silicon electrodes, which are elaborated on next.

Central to the study of phase-separating electrodes is the coupling between mechanical
deformation and the Cahn-Hilliard phase-field theory. We have formulated a thermody-
namically consistent theory which couples Cahn-Hilliard species diffusion with large elastic
deformations of a body. Through a split-method, we have numerically implemented our
theory, and using our implementation we first studied the diffusion-only problem of spinodal
decomposition in the absence of mechanical deformation. Second, we studied the chemo-
mechanically-coupled problem of lithiation of isotropic spheroidal phase-separating electrode
particles. We showed that the coupling of mechanical deformation with diffusion is crucial in
determining the lithiation morphology, and hence the Li distribution, within these particles.

Amorphous silicon (a-Si), when fully lithiated, has a theoretical capacity ~ 10 times
larger than current-generation graphite anodes. However, the intercalation of such a large
amount of Li into a-Si induces very large elastic-plastic deformations. We have formulated
and numerically implemented a fully-coupled deformation-diffusion theory, which accounts
for transient diffusion of lithium and accompanying large elastic-plastic deformations. We
have calibrated our theory, and applied it to modeling galvanostatic charging of hollow a-
Si nanotubes whose exterior walls have been oxidized to prevent outward expansion. Our
predictions of the voltage vs. state-of-charge (SOC) behavior at various charging rates (C-
rate) are in good agreement with experiments from the literature. Through simulation, we
studied how plastic deformation affects the performance of a-Si-based anodes by reducing
stress, thus enabling higher realizable capacities, and introducing dissipation.

Finally, in order to design a-Si-based anodes aimed at mitigating failure of the solid
electrolyte interphase (SEI), we have formulated and studied a continuum theory for the
growth of an SEI layer - a theory which accounts for the generation of growth stresses.

Thesis Supervisor: Lallit Anand
Title: Rohsenow Professor of Mechanical Engineering
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Chapter 1

Introduction

1.1 Background

The development of Lithium-Ion batteries (LIBs) with improved capacity, life, safety, and
cost, is of major importance for a wide range of industries - from large-scale stationary
energy storage systems in renewable energy plants, to portable power systems for sustainable
electric vehicles. The development of simulation-based tools for the design, life-prediction,
optimization, and diagnosis of LIBs for various applications is then of crucial importance
and remains at large an unsolved research question.

Lithium-ion batteries are assemblies of several cells which themselves are multilayered
systems containing many anode/separator/cathode units saturated with an electrolyte. The
anode and cathode layers (each ~ 100 pm thick) are separated by a thin (20 Am) microporous
polymeric membrane which prevents physical contact between the anode and cathode while
enabling ionic transport. The electrolyte consists of a lithium salt (e.g., LiPF6) in a mixed
organic solvent (e.g., etheylene carbonate-dimethyl carbonate).

The electrodes themselves are composite materials of active particles embedded in a
polymeric binder (e.g., PVDF) which contains a conductivity enhancer (e.g., carbon-black).
At the heart of a LIB are the active particles within the electrodes. Some representative
chemistries for the two electrodes are:

(i) For the negative electrode (anode): graphite in particulate form (mesocarbon mi-
crobeads); and

(ii) For the positive electrode (cathode): a lithium-metal-oxide in particulate form (e.g.,
LiCoO 2 ; LiMn 20 4 ; LiFePO 4).

Mechanical deformation plays a crucial role both in the normal operation of a battery, as
well as in its degradation, at virtually all length scales discussed above. For example, during
normal operation, stress can have a significant effect on the electrochemical behavior of the
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cell, while plastic deformation mechanisms can introduce unwanted dissipation. Mechanical
failure, through for example fracture of the active particles or delamination of the active
particles from their conductive matrix, can lead to degradation, capacity loss, and ultimately
the failure of the battery.

A complete understanding of LIBs will invariably require multi-scale modeling of the
various components described above, however in this thesis the research focus is at the single
active particle level. In this thesis, we have focused on studying the coupled diffusion-
deformation behavior of two different classes of electrode materials: (i) phase-separating
electrodes, and (ii) amorphous Silicon electrodes, which are discussed in the following sub-
sections.

1.1.1 Phase-separating electrodes

Several Li intercalation compounds of interest in battery applications exhibit phase-separation
into Li-rich and Li-poor phases (cf., e.g., Bruce et al., 2008; Tang et al., 2010). Central to
the study of diffusion-deformation problems in such electrode materials is understanding
the coupling between mechanical deformation and the resulting phase separation behavior
as modeled through the Cahn-Hilliard phase-field theory (Cahn and Hilliard, 1958, 1959).
Specifically, it is important to understand how mechanical deformation can affect the dis-
tribution of Li content within the particle during charging/discharging. This distribution of
Li, in turn, will affect the build up of stresses in the particle which might lead to its failure
through fracture.

1.1.2 Amorphous Silicon electrodes

When fully lithiated a-Si has a theoretical gravimetric capacity - 10 times larger than
current-generation graphite anodes. However, the intercalation of such a large amount of
Li into the a-Si induces very large elastic-plastic deformations - with volume changes of
approximately 300% (Obrovac and Krause, 2007). Two major mechanisms by which the
large deformations of the anode negatively affect its performance are:

a) Fracture of the anode particles. The large stresses that develop in the anode due to
inhomogeneous volume changes associated with large gradients of Li-ions in the anode
can lead to fracture of an anode particle. The formation and propagation of cracks in
turn lead to degradation of the performance of the battery, and significantly limit its
lifetime.

b) Failure of the solid electrolyte interface (SEI). During operation of a Li-ion battery, a
passivating film, known as the solid electrolyte interface (SEI), forms on the surface
of the anode. Due to the large volumetric changes associated with the lithiation of Si
anodes, the SEI is placed under large tensile stresses, which in turn cause it to fail.
Repeated failure and growth of the SEI leads to capacity fade of the battery.
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Fracture of anode particles has been successfully mitigated through the use of nano- and
micro-dimensioned particles (cf. He et al., 2011; McDowell et al., 2012; Berla et al., 2014).

In order to mitigate failure of the SEI due to the large volume changes associated with
lithiating a-Si anodes, various research groups have proposed the use of novel "engineered"
anodes which restrict the deformation incurred by the SEI during cyclic lithiation.

However, restriction of the expansion of a-Si during cycling leads to the generation of very
large stresses, forcing the a-Si anode to deform plastically. The elastic-plastic deformation
of the Si anode, resulting from the mechanical restrictions engineered into the structure, will
have a significant effect on the electrochemical performance of the anode, which at present
is largely unexplored, and is the focus of this part of the part of the thesis.

Finally, in order to design engineered a-Si nanostructured anodes aimed at mitigating
SEI failure, we must also consider the concurrent growth and stress generation within the
SEI layer. In order to understand stress generation within the SEI layer, a part of this thesis
is also focused on formulating a continuum theory for the the growth of an SEI layer - a
theory which accounts for the generation of the attendant growth stresses (cf. Mukhopadyay
et al., 2012).

1.2 Brief summary

This thesis is comprised of three major parts:

(i) Modeling phase-separating electrode materials;

(ii) Modeling amorphous Silicon electrodes; and

(iii) Modeling growth of a solid electrolyte interphase.

Each part is discussed in more detail in the following sections, and publications in peer-
reviewed journals related to each part are listed.

1.2.1 Modeling phase-separating electrode materials

We formulate a unified framework of balance laws and thermodynamically-consistent con-
stitutive equations which couple Cahn-Hilliard-type species diffusion with large elastic de-
formations of a body. The traditional Cahn-Hilliard theory, which is based on the species
concentration c and its spatial gradient Vc, leads to a partial differential equation for the
concentration which involves fourth-order spatial derivatives in c; this necessitates use of
basis functions in finite-element solution procedures that are piecewise smooth and glob-
ally C'-continuous. In order to use standard C-continuous finite-elements to implement
our phase-field model, we use a split-method to reduce the fourth-order equation into two
second-order partial differential equations (pdes). These two pdes, when taken together with
the pde representing the balance of forces, represent the three governing pdes for chemo-
mechanically-coupled problems. These equations are amenable to finite-element solution
methods which employ standard C0-continuous finite-element basis functions.
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We have numerically implemented our theory by writing a user-element subroutine for
the widely-used finite-element program Abaqus/Standard. We use this numerically imple-
mented theory to first study the diffusion-only problem of spinodal decomposition in the
absence of any mechanical deformation. Next, we use our fully-coupled theory and numerical-
implementation to study the combined effects of diffusion and stress on the lithiation of a
representative isotropic spheroidal-shaped particle of a phase-separating electrode material.

Importantly, we demonstrate that the elastic stiffness of the material can have a signif-
icant impact on the morphology of the phase front which forms inside the particle during
lithiation. Specifically, we showed that increasing the elastic stiffness can change the dis-
tribution of Li from a "core-shell" type distribution, to a "planar-front" distribution. This
change in Li distribution has important consequences in determining potential fracture sites,
since the "planar-front" type of distribution predicts a tensile maximum principle stress on
the exterior surface of the particle during lithiation, while the "core-shell" structure always
predicts compressive stresses on the exterior surface during lithiation.

- Di Leo, C.V. Rejovitzky, E. Anand, L., 2014. A Cahn-Hilliard-type phase-field theory
for species diffusion coupled with large elastic deformations: Application to phase-
segragating Li-ion electrode materials. Journal of the Mechanics and Physics of Solids
70, 1-29.

1.2.2 Modeling amorphous Silicon electrodes

We have formulated a fully-coupled diffusion-deformation theory, which accounts for tran-
sient diffusion of lithium and accompanying large elastic-plastic deformations. We have
numerically implemented our theory by writing a user-element subroutine for the widely-
used finite-element program Abaqus/Standard. The material parameters in the theory have
been calibrated to experiments of galvanostatic cycling of a half-cell composed of an a-Si
thin-film anode deposited on a quartz substrate, which have been reported in the litera-
ture. We show that our calibrated theory satisfactorily reproduces the mechanical response
of such an anode - as measured by the changes in curvature of the substrate, as well as
the electrochemical response - as measured by the voltage versus state-of-charge (SOC)
response.

We have applied our numerical simulation capability to model galvanostatic charging of
hollow a-Si nanotubes whose exterior walls have been oxidized to prevent outward expansion;
such anodes have been recently experimentally-realized in the literature. We show that the
results from our numerical simulations are in good agreement with the the experimentally-
measured voltage versus SOC behavior at various charging rates (C-rates).

Through our simulations, we have identified, and quantified, two major effects of plasticity
on the electrochemical performance of a-Si anodes:

9 First, for a given voltage cut-off, plasticity enables lithiation of the anode to a higher
SOC. This is because plastic flow reduces the stresses generated in the material, and
thus reduces the potential required to lithiate the material.
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* Second, plastic deformation accounts for a significant percentage of the energy dissi-
pated during the cycling of the anode at low C-rates.

Hence, plasticity can have either (a) a beneficial effect, that is, a higher SOC for a given
voltage cut-off; or (b) a detrimental effect, that is significant energy dissipation at low C-
rates.

- Di Leo, C.V. Rejovitzky, E., Anand L., 2015. Diffusion-deformation theory for amor-
phous silicon anodes: the role of plastic deformation on electrochemical performance.
International Journal of Solids and Structures. In Press.

1.2.3 Modeling growth of a solid electrolyte interphase

We have formulated a continuum theory for the growth of an SEI layer - a theory which
accounts for the generation of the attendant growth stresses. The theory has been numeri-
cally implemented in a finite-element program. This simulation capability for SEI growth is
coupled with our previously published chemo-mechanical simulation capability for interca-
lation of Li in electrode particles. We have calibrated the material parameters in our theory
by simulating SEI growth on graphite anodes which have been deposited on a stiff substrate.
We show that our simulation tool - with suitable choices for the material parameters - can
reproduce the experimentally measured substrate curvature versus state-of-charge, including
reproducing the "irreversible" stresses due to SEI growth

The evolution of the stress state within the SEI layer and at the SEI/anode-particle
interface for spherical- and spheroidal-shaped graphite particles is studied. This knowledge
of the local interfacial stresses provides a good estimate for the propensity of potential
delamination of an SEI layer from an anode particle.

- Rejovitzky, E., Di Leo, C.V., Anand, L., 2014. A theory and simulation capability for
growth of a solid electrolyte interphase layer at an anode particle in a Li-ion battery.
Journal of the Mechanics and Physics of Solids 78, 210-230.
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Chapter 2

Introduction

Several Li intercalation compounds of interest in battery applications exhibit phase-separation
(cf., e.g., Bruce et al., 2008; Tang et al., 2010), and central to the study of coupled diffusion-
deformation problems in such electrode materials is the Cahn-Hilliard phase-field theory
(Cahn and Hilliard, 1958, 1959; Cahn, 1961). As background, first consider the classical
Cahn-Hilliard theory for species diffusion and phase segregation which is uncoupled from the
mechanical problem. Let E E [0, 1] denote a normalized species concentration, /R(', VE) the
free energy per unit reference volume, and let the functional

T()= jB ?/)(El Vz) dvR (2.1)

denote the total free energy of the region of space occupied by the body B. Then classically,
for theories in which the free energy depends on VZ, the chemical potential [ is defined as
the variational derivative of the functional I(Z):

de -- - (_ - Div _ . (2.2)

A widely-used specific form for the free energy is the following separable energy first proposed
by Cahn and Hilliard

AR c, V) = + ACH IVC 2  AH > 0. (2.3)

Here, Oc(E) represents the coarse-grain chemical free energy, a double-well potential whose
wells (the "binodal points") define the phases; the second term which depends on the con-
centration gradient represents an interfacial energy, with ACH a gradient energy coefficient
with units of energy per unit volume times a length squared. For the free energy (2.3), the
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chemical potential, using (2.2), is

__=__ - ACHZ -d~c R (2.4)

where A is the Laplace operator. Next, species balance requires that

E -DivjR, (2.5)

with the species flux jR related to the chemical potential y through the constitutive equation

jR = -r ^(E)Vp, (2.6)

where rfn(e), the species mobility, is a nonlinear and positive function. Using (2.4) and (2.6)
in (2.5) yields the classical Cahn-Hilliard diffusion equation,

C = Div (rm(5)V (d d() ~ CH A ) (2-7)

Two mechanisms dominate the evolution of a solution to the Cahn-Hilliard equation: a
minimization of the chemical energy 'V{(e) drives the solution to binodal points and separates
the phases, while minimization of the interface energy (1/2)ACHIVeI 2 effectively coarsens the
phases.

The Cahn-Hilliard equation (2.7) involves fourth-order spatial derivatives of the con-
centration Z. For recent reviews and discussions of numerical solution techniques for the
Cahn-Hilliard equation, cf., e.g., Wells et al. (2006), Kuhl and Schmidt (2007), and Gomez
et al. (2008). As noted by Gomez et al. (2008), traditional numerical methods for dealing
with higher-order operators on very simple geometries include finite differences and spectral
approximations. However, for practical engineering applications, simple geometries are not
very relevant, and more geometrically flexible techniques such as the finite-element method
- which might allow for arbitrary two- and three-dimensional geometries - need to be
utilized.

In the context of the finite element method, the fourth order equation (2.7) typically
requires basis functions that are piecewise smooth and globally C 1-continuous, but there are
only a very limited number of two-dimensional finite elements possessing C1-continuity appli-
cable to complex geometries, and none in three-dimensions. Instead of using C-continuous
functions, the most common manner to solve this equation using finite elements, has been
with split-methods (also known as mixed-methods) which in addition to the primal variable
E, introduce an extra degree of freedom (cf., e.g., Wodo and Ganapathysubramanian, 2011).
We discuss next one such method proposed by Ubachs et al. (2004).1

'Gomez et al. (2008) have developed a new numerical analysis technique for the Cahn-Hilliard diffusion
problem based on an isogeometric analysis. In this thesis we do not discuss the isogeometric analysis proce-
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In contrast to the standard derivation of the Cahn-Hilliard equation discussed above,
Ubachs et al. (2004) introduced another variable a, which they call a nonlocal species con-
centration, and took as the governing partial differential equation for their diffusion problem,
the equation

c = Div (fin()Vp), with ft dE + 3(5 - c), / > 0, (2.8)

where the nonlocal field t is evaluated by solving another Helmholtz-type partial differential
equation,

-2A- = C, f > 0, (2.9)

in which f is a parameter with units of length. Note that using (2.9) we may eliminate the
factor (E - i) in (2.8)2 to obtain

p~1 d 4 _ -LA A with A =/3?2 > 0. (2.10)
dc

This expression for the chemical potential is similar to the Cahn-Hilliard relation (2.4),
except that in (2.10) one has the Laplacian of the nonlocal field ze and two parameters 3
and f, instead of the Laplacian of the local field AE and a single parameter ACH.

Equations (2.8) and (2.9), being partial differential equations, require boundary con-
ditions. The boundary conditions for (2.8) are standard. For (2.9) Ubachs et al. (2004)
introduced boundary conditions on either the value of e or its normal derivative. In their
calculations they used a homogeneous Neumann-type boundary condition of the form

(Vl) -nR = 0 on the external boundary &B of the body,

where nR denotes the outward unit normal to the external boundary &B of the body B.
The resulting problem then consists of two coupled second-order partial differential equations
(2.8) and (2.9), which are solved using finite element methods which employ standard C0 -
continuous finite element basis functions.

Such a theory, which uses a nonstandard variable i in order to introduce nonlocal effects,
has met with substantial operational success when modeling microstructure evolution in
two-phase alloys.(cf., e.g., Ubachs et al., 2004). However, from a physical point of view the
"derivation" of the important partial differential equation (2.9) for the variable e in Ubachs
et al. (2004) is not entirely satisfactory.

9 In particular, it is not clear whether (2.9) is a balance law, a constitutive equation, or
a combination of the two. Also, it is not clear how to arrive at such an equation based
on classical thermodynamic arguments.

dure, but restrict our attention to the widely-used finite-element solution methods which employ standard
C0-continuous finite-element basis functions.
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On the other hand - following the formulation of micromorphic theories of continua2 _
if from the outset one introduces 4 as an additional kinematical variable in the theory, then
it is possible to develop a thermodynamically consistent theory in a systematic fashion using
the principle of virtual power, in which the important relation (2.9) represents a microforce
balance supplemented by thermodynamically consistent constitutive equations.

Remark.
It is also possible to split the fourth-order Cahn-Hilliard equation without introducing

the additional kinematical variable 4. In this case, the first second-order partial differential
equation is still given by conservation of mass through

c = Div (ra(e) Vp), (2.11)

and the second second-order partial differential is simply the equation for the chemical po-
tential (2.4), viz.

d ) (2.12)

Using the principle of virtual power, (2.12) may also be shown to represent a microforce
balance supplemented by thermodynamically consistent constitutive equations.

These two distinct ways of deriving the Cahn-Hilliard equation using the principle of
virtual power, and subsequently computing using standard finite element procedures, are
studied extensively in Appendix B, where for simplicity and clarity we neglect the mechanical
deformation effects and consider only the diffusion problem as governed by the Cahn-Hilliard
equation.

The study in Appendix B also serves to determine how accurate numerical solutions to
the Cahn-Hilliard equation using the nonlocal field C, as governed by (2.8) and (2.9), are
when compared to numerical solutions using the split method as governed by (2.11) and
(2.12). E

This part of the thesis is organized as follows. In Chapter 3 we develop a thermodynam-
ically consistent framework for coupling a Cahn-Hilliard-type phase-field theory for species
diffusion with large elastic deformation. First, in Sections 3.1 through 3.8 we develop a rea-
sonably general framework which is summarized in Section 3.9. In Section 3.10 we specialize
our general framework and in Section 3.11 we summarize the governing partial differential
equations and boundary conditions for our theory. Finally, in Section 3.12 we briefly discuss
the numerical implementation of our theory. The theory was numerically implemented by
writing a user-element subroutine for the commercial finite element program Abaqus (2010).

In Chapter 4, using our numerical capability, we study the diffusion-only problem of
spinodal decomposition with the aim of determining an appropriate value for the modulus 3
in (2.9) for the split-method used in this work. This is also studied in detail in Appendix B.

2Cf., e.g., Forest (2009) and Anand et al. (2011) for recent discussions in the context of other gradient
theories.
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Finally, in Chapter 5, we use our fully-coupled theory and numerical implementation to study
the combined effects of diffusion and stress on the lithiation of a representative spheroidal-
shaped particle of a phase-separating electrode material. We finish in Chapter 6 with some
concluding remarks.
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Chapter 3

A Cahn-Hilliard-type phase-field
theory for species diffusion coupled

with large elastic deformations.

In the development of the theory in this Chapter - for clarity of the physical units of the
various quantities introduced - we find it useful to formulate our theory in terms of the
actual species concentration ca, given in terms of moles per unit reference volume, rather
than in terms of a normalized species concentration e E [0, 1] used thus far in the introductory
Chapter 2. Also, we employ a variable cR with units of moles per unit reference volume, and
its gradient VcR - with the latter being chosen to represent a measure of the inhomogeneity
of the microscale species concentration. For want of a better terminology, we call CR the
"micromorphic concentration."

In this Chapter, limiting our consideration to isothermal conditions, we develop a rea-
sonably general theory. An extension of this theory for anisothermal conditions is fairly
straightforward, an example of which can be found in our previous work Di Leo (2012) and
Di Leo and Anand (2013) where the theory is derived in the context of hydrogen diffusion
in metals.'

Notation: We use standard notation of modern continuum mechanics (Gurtin et al.,
2010). Specifically: V and Div denote the gradient and divergence with respect to the
material point X in the reference configuration, and A = DivV denotes the referential
Laplace operator; grad div, and div grad denote these operators with respect to the point
x = X(X, t) in the deformed body; a superposed dot denotes the material time-derivative.
Throughout, we write Fe- = (Fe)-1, Fe-T = (Fe)-T, etc. We write tr A, sym A, skw A, Ao,

10ur previous work Di Leo (2012), also uses a non-local variable, similar to <, however related to the
equivalent plastic strain, rather than to the concentration. There the non-local variable is used to formulate
a gradient plasticity theory for sole purpose of numerical regularization of shear bands.
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and sym0 A respectively, for the trace, symmetric, skew, deviatoric, and symmetric-deviatoric
parts of a tensor A. Also, the inner product of tensors A and B is denoted by A: B, and
the magnitude of A by IAl = vA: A.

3.1 Balance law for the diffusing species

Let cR(X, t) denote the total number of moles of the species per unit reference volume.
Changes in CR in a part P are brought about by the diffusion of the species across its
boundary OP. The diffusion is characterized by a flux jR(X, t), measured in number of moles
per unit area per unit time, so that

-- jR nRdaR

represents the amount of species entering P across OP per unit time. Thus the rate of change
of the species in P is given by

IP CR vR = - jR * R daR R ( 3. )

for every part P. Bringing the time derivative in (3.1) inside the integral and using the
divergence theorem on the integral over aP, we find that

J aR + DiviR ) dVR = 0- (3.2)

Finally, since P is arbitrary, this leads to the following local balance law for CR,

6R = -DivjR- (3-3)

3.2 Basic kinematics

Consider a macroscopically-homogeneous body B with the region of space it occupies in a
fixed reference configuration, and denote by X an arbitrary material point of B. We denote
by P an arbitrary part (subbody) of the reference body B with nR the outward unit normal
on the boundary OP of P.

A motion of B is a smooth one-to-one mapping x = x(X, t) with deformation gradient,
velocity, and velocity gradient given by

F = VX, v = y, L = gradv = F 1 . (3.4)



31

We base the theory on a multiplicative decomposition of the deformation gradient

F = FeFc. (3.5)

Here, suppressing the argument t:

(i) FC(X) represents the local distortion of the material neighborhood of X due to the
insertion (extraction) of the chemical species; and

(ii) F (X) represents the subsequent stretching and rotation of this coherent chemically
distorted material neighborhood, and thereby represents a corresponding elastic dis-
tortion.

We refer to FC and F' as the chemical and elastic distortions, respectively. We write

defJ = detF > 0, (3.6)

and hence, using (3.5),

JJeJc, where Je4 det Fe>0 and Jc 'f det F" > 0, (3.7)

so that F' and FC are invertible.
The right and left polar decompositions of F1 are given by

Fe = ReUe = VeRe, (3.8)

where Re is a rotation, while Ue and Ve are symmetric, positive-definite right and left stretch
tensors with

Ue = vFeTFe and Ve = \FeFeT

Also, the right elastic Cauchy-Green deformation tensor is given by

Ce = Ue 2 = FeT Fe.

Next, by (3.4)3 and (3.5)

with

L = Le + Fe LcFe-l,

Le = #e Fe-1 LC = #cFC~1

where Lc represents a distortion rate due to insertion (extraction) of the chemical species.
We assume that Lc is given by

LC = 6RA, with A = A(c).

(3.9)

(3.10)

(3.11)

(3.12)

(.13)
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Finally, using (3.4), (3.12), and (3.13), we may write (3.11), for future use, as

(Vi)F- 1 = #"Fe~ + dR (FeAFe-1). (3.14)

3.3 An additional variable c.

Next, we introduce another scalar cR, which we refer to as the "micromorphic concentration",
measured in moles per unit volume.

e The variable c, serves as an additional kinematical degree of freedom in developing a
gradient theory for species diffusion. Specifically, in contrast to the traditional Cahn-
Hilliard theory which is based on cR and VcR, here we develop a theory which depends
on cR, CR, and the gradient VCR.

3.4 Macroscopic and microscopic force balances de-
rived via the principle of virtual power

Following Germain (1973) and Gurtin (2002), we formulate the macroscopic and microscopic
force balances of the theory based on a nonstandard version of the principle of virtual power.

Consider an arbitrary part P of the body B. The virtual-power principle is based on a
fundamental power balance between the internal power Wint(P) expended within P, and the
external power Wext (P) expended on P. Specifically, we allow for power expended internally
by

(a) a stress Se power-conjugate to Fe;

(b) a scalar microscopic force ir power-conjugate to 6R;

(c) a scalar microscopic force p power-conjugate to eR;

(d) a vector microscopic force . power-conjugate to the gradient VbR;

and take Wint(P) to be given by

Wint(P) = J(S*: e + 7R R+ +VR )dvR, (3.15)

P

where, Se, r, 7p and are defined over the body for all time. We also allow for power to be
expended externally by

(a) a traction tR(nR) (for each unit vector nR) that expends power over i on the boundary
of the part;
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(b) a body-force bR that also expends power over j; 2 and

(c) a scalar microscopic traction ((nR) (for each unit vector nR) that expends power over
R on the boundary of the part;

and take Wext(P) to be given by

Wext(P) = tR(nR) kdaR + JbR jdvR + J (nR> RdaR. (3-16)
aP P OP

The balance equations and traction conditions of the theory - presumed not known in
advance - are derived using the principle of virtual power. Assume that, at some arbitrarily-
chosen but fixed time, the fields x, F, F', Fc, A, cR, and eR are known, and consider the
fields j, F, and 6R as virtual velocities to be specified independently in a manner consistent
with (3.14); that is, denoting the virtual fields by j, F', and aR to differentiate them from
fields associated with the actual evolution of the body, we require that

(V)F-' = eF ~1 + aR(FeAFe-1). (3.17)

Further, also considering 6 R to be a virtual velocity, and denoting the virtual counterpart of

CR by iR, we define a generalized virtual velocity to be a list

V = (i, Pe-, aR, ER)

consistent with (3.17).
In the statement of the principle of virtual power (to be delineated below), we need the

notion of a macroscopic rigid generalized virtual velocity V. Recall that if the macroscopic

motion of a body is rigid, then
P = f2F, (3.18)

where at any time t, Q is a spatially-constant skew tensor. Accordingly, we presume that

each fixed time t, for a macroscopic rigid virtual velocity V, the corresponding virtual F

obeys
F = QF, (3.19)

with Q a constant skew tensor on B, together with

R 0 F c = 0, and ER = 0, (3.20)

so that
Pe = PF-. (3.21)

Hence, using (3.19) we have
Fe = QF'. (3.22)

2 Since time scales associated with species diffusion are usually considerably longer than those associated

with wave propagation, we neglect all inertial effects.
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Accordingly, we refer to a macroscopic virtual field V as rigid if it satisfies

(Vj) = P = OF,

with Q a spatially constant skew tensor, together with

R 0, and R =0.

Then, writing

Wext(P, V) =

Wint(P, V) =

jtR(nR) daR +

J(S-Pe+ 7R +I

j bp jdvR laj

)CR + VCR ) dvR,

((nR) 'R daR,} (3.25)

respectively, for the external and internal expenditures of virtual power, the principle of
virtual power consists of two basic requirements:

(V1) Given any part P,

Wext (P, V) = Wint(P, V) for all generalized virtual velocities V.

(V2) Given any part P and a rigid virtual velocity V,

Wint(P, V) = 0 whenever V is a rigid macroscopic virtual velocity.

To deduce the consequences of the principle of virtual power, assume that (3.26) and
are satisfied. Note that in applying the virtual balance we are at liberty to choose
consistent with the constraint (3.17).

3.4.1 Macroscopic force and moment balances

Let CR = 0 and CR = 0, so that (Vj)(Fc)- = Pe. For this choice of V, (3.26) yields

(3.26)

(3.27)

(3.27)
any V

aP tR(n)-jda +j R R =

which, by defining

may be rewritten as

Se: e dvR
jP

TR LSeFc T

J tRR) R j(TR: v

(3.23)

(3.24)

j(SeFC--T ): Vk jdvR, (3.28)

(3.29)

Pe = nFe, )

j R ')dR, (3.30I(R: '
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and using the divergence theorem we may conclude that

j (t,(n,) - TRnR) RdaR + (Div TR + bR) dv = 0.
'P fP

Since this relation must hold for all P and all j, standard variational arguments yield the
traction condition

tR (nR) = TRnR, (3-31)

and the local macroscopic force balance

Div TR+ bR = 0, (3.32)

respectively.
Next, we deduce the consequences of requirement (V2) of the principle of virtual power.

Using (3.24) and (3.25)2, requirement (V2) of the principle of virtual power leads to the
requirement that

j(SeFeT): Q dvR = 0. (3.33)

Since P is arbitrary, we obtain that (SeFe T ): 1 = 0 for all skew tensors Q, which implies
that SeFe T is symmetric:

SeFe T = FeSeT . (3.34)

Moreover, (3.34) and (3.29) imply that

TRFT = FTTR. (3.35)

* In view of (3.32) and (3.35) the stress T,, represents the classical Piola stress, with

(3.32) and (3.35) representing the local macroscopic force and moment balances in the

reference body.

As is standard, the Piola stress TR is related to the symmetric Cauchy stress T in the

deformed body by
TR = JTFT , (3.36)

so that
T = J~1 TF T . (3.37)

It is convenient to introduce two new stress measures:

* The elastic second Piola stress,

T* e e F e-'TFe--T, (3.38)

which is symmetric on account of the symmetry of the Cauchy stress T.
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* The Mandel stress,

which in general is not symmetric.

Using (3.29), (3.36) and (3.5) we find that

= JTFe- T

Thus, using the definitions (3.38) and (3.39) we find that

Fe-iS e = JcTe and F'S' = jcMe.

3.4.2 Microscopic force balances

To discuss the microscopic counterparts of macroscopic force balance, consider first a gener-
alized virtual velocity with i = 0 and ER = 0. Choose the virtual field CR arbitrarily, and
let

Fe - eA.

Then
S : Re (F eSe): A= -(JcMe: A)aR, (3.42)

where we have used the relationship (3.41)2.
yields the first microscopic virtual-power relatii

Using (3.42) the power balance (3.27) then

JcMe: A)) CRdVR (3.43)
P

to be satisfied for all CR and all P. This yields the first microscopic force balance

7r = Jce A. (3.44)

Next, consider a generalized virtual velocity with j = 0 and R = 0. Choose the virtual
field iR arbitrarily, then the power balance (3.26) yields the second microscopic virtual-power
relation

(3.45)((nR) RdaR J (R + VCR dvR

aP P

to be satisfied for all iR and all P. Equivalently, using the divergence theorem,

J( (n) - -nR )6RdaR +

9P
I
P

(Div - p) RdVR = 0,

me C e - JeeTrTp-T
(3.39)

(3.40)

(3.41)
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and a standard argument yields the microscopic traction condition

((nR) = -nR (3.46)

and the second microscopic force balance

Div - p = 0. (3.47)

The converse assertion - that (3.31), (3.32), (3.44), (3.46) and (3.47) imply the principle
of virtual power - follows upon reversing the foregoing arguments.

Finally, using the traction conditions (3.31) and (3.46), the actual external expenditure
of power (3.16) may be written as

Wext(P) = J(TRnR) *daR + JbR. j dVR + J(C nR)fi RdaR. (3.48)

OP P aP

Also, using (3.41), and (3.10), the stress power S: Fe may be alternatively written as

S: Fe = (JcTe): (FT Pe) = !(JcTe): ae. (3.49)

Thus, the corresponding internal expenditure of power (3.15) may be written as

Wint(P) = ((JcTe): de + 7dR + PaR + - vNa) dvR. (3.50)

3.5 Free energy imbalance

Let 'OR denote the Helmholtz free-energy per unit reference volume, and consider a material

region P. Then, consistent with our omission of inertial effects, we neglect kinetic energy,

and take the free-energy imbalance under isothermal conditions as

dvR < WeXt(P) - jxt ,LR * nRdaR, (3.51)

where t represents the chemical potential of the diffusing species. Thus, since Wext(P) =
)Wi',t(P), upon recalling (3.50) and applying the divergence theorem to the term in (3.51)
involving an integral over the boundary aP of P, we obtain

jp ( R - 1 (JcTe):e - R - P R VbR + yDivjR + ja ' Vt dR <; 0, (3.52)
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which upon use of the balance law (3.3), and using the fact that (3.52) must hold for all
parts P, gives the local form of the free energy imbalance as

(JcT): &e - ~ IPCR - VR + jR - V/ < 0 (3.53)

where we have written
def

Pfet = P + 7r (3.54)

for a net chemical potential.

For later use we define the dissipation density D > 0 per unit volume per unit time by

= (JCTe): O& + /1't 6R + P&R + ' V(iR - JR V/I - /R > 0- (3-55)
2 _

Remark. For brevity we have not discussed invariance properties of the various fields
appearing in our theory. However, such considerations are straight-forward and extensively
elaborated upon in the context of a similar diffusion-deformation theory by Anand (2012).
Here, we simply note that all quantities in the free energy imbalance (3.53) and (3.55) are
invariant under a change in frame.

3.6 Constitutive theory

Guided by the free energy imbalance (3.53) we consider constitutive equations for the free
energy OR, the stress T , the net chemical potential pIet, the microstresses p and (, and the
species flux jR of the form:

R R R) VCR),

Te - T (Ce CR, CR1, VCR),

Pnet = Anet (C, e) R R ) (.6

P= p(C', CR, VCR),

(= (C'R, CR, VCR),

JR jR ,CR, CR, VCR, V -L)

It is convenient to introduce the notation

A = (Ce, C, CR, VCR) - (3-57)
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Substituting the constitutive equations (3.56) into the free-energy imbalance (3.53), we find
that it may then be written as

[kR(A) 1 Ic e + [ORa(A) -net] R + [ OC ] .58 R

aCe 2 aCR aR

A) (3.58)
+ - ( R + JR(AVp). V -m0.

This inequality is to hold hold for all values of Ce, CR, CR, and VCR- Since de, R, CR, and
V 6 R appear linearly, their "coefficients" must vanish, for otherwise Ce, 6R, iR, and VeR may
be chosen to violate (3.58). We are therefore led to the thermodynamic restriction that the
free energy determines the stress TI, the chemical potential P, the scalar microstress p, and
the vector microstress ( through the "state relations"

Te -- 1 (2 A R

aR
OCR >(3.59)

ObR(A)
S= CR

O/R(A)

VC R

and we are left with the following reduced dissipation inequality

D= -JR(A) -Vpu > 0. (3.60)

Remark. Combining the constitutive equations (3.59)2 for P with the first microforce
balance (3.44), we obtain the following constitutive equation for the chemical potential

-4= OR(A) _ JcMe :A. (3.61)
OCR

3.7 Species flux

Henceforth we neglect the dependence of jR on the microfields cR and VCR, and assume that

jR = -M(C', CR) VA, (362)
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where M is a mobility tensor. Using (3.62) the dissipation inequality (3.60) may be written
as

VpL -M(Ce, cR)VIL 0, (3.63)
which is a requirement that the mobility tensor M be positive-semidefinite.

3.8 Isotropic materials

Next we restrict our attention to isotropic materials, an idealization that leads to several
simplifications in the constitutive equations.

3.8.1 Isotropic free energy

To begin with, the free energy function 4R(Ce, cR, CR, VCR) is then an isotropic function of
its arguments. An immediate consequence is that the free energy function has the represen-
tation3

OR (C, CR, CRVCR) = OR 'CeC R, CR, IVCRI) (3-64)

with
Ice = (11 (Ce)J2(Ce) , 13 (Ce))

the list of principal invariants of Ce. Next, the spectral representation of Ce is

3

Ce = S wfri e r', with w' = g 2  (3.65)
i=1

where (ri, r , re) are the orthonormal eigenvectors of Ce and Ue, and (A , A , A ) are the
positive eigenvalues of Ue. Let

3
Ee flnUe=Er r, e e eAE In UE ri 9 r, with E - , (3.66)

i=1

denote the logarithmic elastic strain. With the logarithmic elastic strain defined by (3.66),
for isotropic materials we henceforth consider a free energy of the form

/R =R (Ee ,cR, CR VCR (3-67)

with lEe a list of principal invariants of E', or equivalently a list of principal values of E .
Then, straightforward calculations (cf., e.g. Anand and Su, 2005) show that the Mandel

3In addition to a dependence of the free energy on the list (Ice, CR, CR, JVCR 1), there is a possible depen-
dence on the joint invariants (VCR) .Ce(VCR) and (VCR) .Ce 2(VCR), but for brevity we do not include them
here.
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stress is symmetric and given by

M= Jc-1 (OR(TEe7CRAiR,
(9Ee

IVCR)) (3.68)

and the corresponding Cauchy stress is

T = je-ReMe ReT. (3.69)

3.8.2 Constitutive equation for the chemical distortion rate L'

Let Q denote the volume of a mole of the species (partial molar volume), presumed to be
constant. Then for isotropic materials we assume that the chemical distortion Fc is given by

F = (Jc)1/ 3 1 with JC = 1 + QcR > 0, (3.70)

such that the total change in volume per unit reference volume when q'= CR,max, is given
by (Q ' CR,maX). Recalling the constraint (3.13), and using (3.70), we have that the chemical
distortion is given by

LC =cFc-l = eRA = _ 1 1 C-1 Q1
3

and we have A=1A = Jc-1 Q 1.
3

In this case, with A given by (3.71)2, the expression (3.61) for the chemical potential
simplifies to

&4'R (TEe, CR, CR, VcR)

acR
- Q (-tr Me

3.8.3 Isotropic mobility

For isotropic materials the mobility tensor has the representation

M(Ce, CR) = rf(IEe, CR)1, with rh(1Ee, cR)>

a scalar mobility. The isotropic constitutive theory discussed above is summarized next.

3.9 Summary

Our theory relates the following basic fields:

(3.71)

(3.72)

(3.73)
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x = X(X, ),
F=VX, J=detF>O,
F = FeF,
Fe, Jc = det Fe > 0,
Fe, Je=detFe>O,
Fe= ReUe = VeRe,
Ue = E 3 = Are 0 re,

Ve = 3= Aele 0 le, where le = Rere,
E 0,Z 1 (in )C) 0 r,
E c 1E (In A()r, a re, e

H RLEReT a (n A.l a a
T = T)T,
me =JeR'TTRe,

TR = JTF-T ,

OR,

O = constant,

CR,

CR,max,

C = CR/CR,max E [0,1],

JR,
CR, m

& , = (PR/CR,max,

p,

motion;
deformation gradient;
multiplicative decomposition of F;
chemical distortion;
elastic distortion;
polar decompositions of Fe;

spectral decomposition of Ue;
spectral decomposition of Ve;

logarithmic elastic strain;

spatial logarithmic elastic strain;
Cauchy stress;
Mandel stress;
Piola stress;
free energy density per unit reference volume;
constant absolute temperature;
molar species concentration
per unit reference volume;
maximum molar species concentration
per unit reference volume;
normalized species concentration;
volume of a mole of the diffusing species;
chemical potential;
referential species flux vector;
micromorphic species concentration;
normalized micromorphic species concentration;
scalar microstress;
vector microstress.

3.9.1 Constitutive equations

1. Free energy

R -R(TEe, CR, R, VCR (3.74)

where lEe represents a list of the principal invariants of the logarithmic elastic strain
E .

2. Mandel stress. Cauchy stress. Piola stress
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The Mandel stress is given by

Me = Jc-l1 (?bR(TEe , CR, CR,

OEe
VCR

which, on account of the isotropy of /R is symmetric.

The Cauchy stress is given by

def J- Re aR(IEe, CR CR IVCR)T (R -1Ee

(3.75)

ReT), (3.76)

and the Piola stress is given by

def e 9R Ee
TR = (Re&R( (3.77)CRi VR R eT F-T

OEe

3. Chemical potential

The quantity
bOR(IEe, CR, CR, VCR

aCR
-Q Itr Me

3
(3.78)

represents the chemical potential, with Q the molar volume of the species.

4. Microstress p

The scalar microstress p is given by

_ = (3.79)

5. Microstress

The vector microstress is given by

OR 0 (IEe , CR, CR VCR

OVCR

6. Evolution equation for FC

The evolution equation for FC is

(3.80)

1
A = J" I Q (33

1=

O'R (IEe, CRCR, iVCRI)

FC = Lc Fc, (3.81)L C = 6R A
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with
JC = 1+ QCR, (3.82)

and with Q a constant.

7. Species flux

The species flux jR is presumed to obey the constitutive equation

jR = -mV-, (3.83)

with m = ril(IEe , cR) > 0 the species mobility.

3.10 Specialization of the constitutive equations

Within the limits of an isotropic idealization, the theory presented thus far is quite general.
Next we introduce special constitutive equations which are useful for modeling Cahn-Hilliard-
type diffusion of Li coupled to large elastic deformation of electrode materials in Li-ion
batteries.

3.10.1 Free energy

We consider a separable free energy of the form

RIEe , CR, CR , VR) chemical (CR) + penalty R R interface R + lastic(I CR).

(3.84)
Here

(i) ochenica is the change in chemical free energy due to mixing of the species with the
host material. As a simple continuum approximation to mixing, we take this to be
given by a regular solution model (cf., e.g., DeHoff, 2006)

Ochemical CR,max (P e + R9 (ln i + (1 - Z) ln(1 - )) + X E(1 - Z)) , (3.85)

where
- CR 0 < < 1 (3.86)

CR,max

is a normalized species concentration, with c,max the concentration of the species in
moles per unit reference volume when all the accommodating sites in the host material
all filled; R the universal gas constant; and d the absolute temperature (assumed to
be constant). Also,

- p' is a reference value of the chemical potential of the diffusing species;

- the second term in (3.85), involving RO, represents the entropy of mixing for an
ideal solution; while
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- the last term in (3.85), involving x, represents an energetic interaction between
the diffusing species and the host material.

(ii) enalty accounts for an energetic penalty incurred by the micromorphic concentration
CR being different from the concentration field CR. Introducing

C = CRm (3.87)
CR,max

as a normalized micromorphic concentration, we take the energetic penalty to be given
by the following simple quadratic form

openalty = CR,max 2( - 5)2 (3.88)
R 2

with # > 0 a penalty energy coefficient with units of energy per mole.

(iii) Oiterfae is an interfacial free energy which depends on the gradient of the micromorphic
concentration, VCR. We take it to be given by the following simple quadratic form

Ointerface = C I,max A IV&; 2 , (3.89)

with A > 0 a gradient energy coefficient with units of energy per mole times length
squared, and it is this term which introduces an internal length scale for the width of
interfaces between distinct phases.

(iv) Oeastic is the contribution to the change in the free energy due to the elastic deformation
of the host material, taken to be given by

R asc c Ee: IE()[E ) ,E = 2G(e)R + K(E) - -G(6) 1 ® 1, (3.90)

where C is the elasticity tensor, with II and 1 the fourth- and second-order identity
tensors, and the parameters

G(E) > 0, K(E) > 0, (3.91)

are the concentration-dependent shear and bulk moduli, respectively.4 The term

-E e: C(E)[E*]
2

4 This is a simple generalization of the classical strain energy function of infinitesimal isotropic elasticity

to finite strains using the logarithmic elastic strain (Anand, 1979, 1986), and concentration-dependent elastic
moduli.
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in (3.90) is a measure of the free energy per unit volume of the local structural space
defined by the range of FC(X), and multiplication of this term by JC = det FC gives us
the free energy per unit volume of the reference space.

Thus, using (3.85), (3.88), (3.89), and (3.90) in (3.84), a simple form of the free en-
ergy function which accounts for the combined effects of mixing, swelling, and finite elastic
stretching is

V)R = cR,max (A + R ( (Eln Z+ (1 - Z) In (I - Z ) + X (1 - i) + # (E - )

+ J E e :C)[E .

3.10.2 Stress

Using (3.92) and (3.75) we find that the Mandel stress is given by

Me = 2GEe + (K - (2/3)G)(trE e)1.

Then, using (3.76) we find that the Cauchy stress tensor is given by

T = je- 1 2GEe + (K - (2/3)G)(trE e)

and the Piola stress, TR = JTF-T , is given by

TR = JC 2GEe + (K - (2/3)G)(trEe1] F~ T .

In (3.94) and (3.95) we have used the notation EH l R=ER T for the
elastic strain.

(3.92)

(3.93)

(3.94)

(3.95)

spatial logarithmic

3.10.3 Chemical potential

Using (3.78) and (3.92), the chemical potential p is given by

= P0 + Rdln + x(I - 2e) + O( - Q)- ItrMe

(3.96)

+ Q1 E ()[E .
(c 1 a t ( 6 e]+ ___E': [E~]

CR,max &c 2/
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3.10.4 Microforces. Governing equation for the micromorphic
concentration <-

From (3.79), (3.80), and (3.92), the microstresses p and are given by

P -O(E ';)j(3.97)
= AVE.

Further, the local microforce balance (3.47), viz. Dive - p = 0, together with the
constitutive equations (3.97) for p and C, yield

AA 3( - ) = 0. (3.98)

Remark. Introducing the quantity

f = 6 > O (3.99)

which has units of length, equation (3.98) may be written as

0 - f2AT = Z. (3.100)

The partial differential equation (3.100), together with (3.99) are identical to the Helmholtz-
type equation (2.9) introduced by Ubachs et al. (2004), but here derived in a thermodynam-
ically consistent manner. Further, as we shall show in Chapter 4, the parameter e defined
in (3.99) does not by itself control the width of the interface between phases. Once a value
of 0 is chosen such that the micromorphic concentration cR is sufficiently close to c, then
the width of the interface between phases at a given temperature depends only on the two
physical parameters A and x in the free energy.

3.10.5 Species flux

In the expression (3.83) for the species flux, we take the mobility as the following function
of the species concentration,

rin(c) = mo c (1 - e), with mo > 0 a constant, (3.101)

which represents the physical requirement that the pure phases E = 0 and E = 1 have
vanishing mobility. Thus, using (3.101) in (3.83) we obtain

jR = -(mocR(1 - E)) V/,30 '3102)
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with p given in (3.96).

Remark. In the absence of mechanical coupling, under isothermal conditions, and in the
case of an ideal solution for which x = 0, and for which we neglect the gradient effects
/ = A = 0, the gradient of the chemical potential (3.96) is given by

V/, = Rd9 ((11 VC , (3.103)

and in this case, using (3.101) and (3.102), the species flux reduces to the classical Fick's
law

def
jR = -Do VCR, with Do _ mORV > 0, (3.104)

where Do represents a species diffusivity, and the partial differential equation (3.3) takes the
classical form

CR = DO ACR. (3.105)

3.11 Governing partial differential equations. Bound-
ary conditions

3.11.1 Partial differential equations

The governing partial differential equations consist of:

1. The local macroforce balance (3.32), viz.

DivTR + bR = 0, (3-106)

where bR is the non-inertial body force, and TR is given by (3.95).

2. The local balance equation for the species concentration (3.3 , together with (3.102),
gives

CR = Div (fi(cR)Vp/), with M(cR) = mOR(1 - 5), mo > 0, (3.107)

and with the chemical potential given by (3.96).

3. The local microforce balance (3.47), together with the constitutive equations (3.97),
yields the governing equation for the micromorphic concentration (3.100), viz.

A A, + O(e - d) = 0. (3.108)
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3.11.2 Boundary and initial conditions

Let Sx and StR denote complementary subsurfaces of the boundary OB of the body B. Then,
as is standard, for a time interval t E [0, T] we consider a pair of simple boundary conditions
in which the motion is specified on S. and the surface traction on StR:

x = X on Sx x [0, T],(

TRnR = tR on StR x [0, T].

Further, letting ScR and SiR denote complementary subsurfaces of the boundary, we consider
a pair of simple boundary conditions in which the species concentration is specified on SCR
and the species flux on SjR:

CR = CR on SCR x [0, T],
(3.110)

jR nR=3 on SR x [0, T].

Next, the presence of microscopic stresses results in an expenditure of power

LB (A(V) - nR R daR

where in writing this expenditure we have made use of the constitutive equation (3.97)2. This
necessitates a consideration of boundary conditions on OB involving the term A(V&) -nR and
the scalar rate dR-

* We restrict our attention to boundary conditions that result in a null expenditure of
microscopic power in the sense that (A(VP) -nR) R = 0-

Consistent with our assumption of null expenditure of microscopic power, we consider a
boundary condition of the form5

A(Vi) -nR = 0 on B x [0, T]. (3.111)

The initial data is taken as

X(X, 0) = X0 (X), cR(X, 0) = CR,O, and CR(X, 0) = CR,O in B. (3.112)

The coupled set of equations (3.106), (3.107), and (3.108), together with the boundary con-
ditions (3.109), (3.110), (3.111), and the initial conditions (3.112), yield an initial/boundary-
value problem for the motion X(X, t), the species concentration cR(X, t), and the micromor-
phic concentration CR(X, t).

5 From a theoretical point of view it is clear that one may also prescribe a boundary condition of the form

CR = CR, where cR is a prescribed constant micromorphic concentration on a portion of 9B where (3.111) is
not prescribed. However, the physical nature of such a boundary condition is unclear, and we thus restrict
ourselves to a boundary condition of the form (3.111).
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Remark. In the standard variational derivation of the Cahn-Hilliard theory, if the func-
tional I(Z) in (2.1) is augmented to include a contribution from a surface energy of the
body

I(E) = lB Vz) dvR + J 3R(E) daR, (3.113)

where ^R(i) is a surface free-energy per unit area of the boundary 9B of the body (Cahn,
1977), then the first variation of (3.113) gives the following natural boundary condition,

(AV6) - - on &B, (3.114)

where nR is the outward unit normal to 8B. Such a boundary condition has been re-
cently considered by Cogswell and Bazant (2013) in their study of phase-separation at sur-
faces of nanoparticles. While surface-energy effects are clearly of substantial importance in
nanometer-sized particles where the surface-to-volume ratio is large, in this study we restrict
our attention to the boundary condition (3.111), and leave a study of the consequences of
using a boundary conditions of the type (3.114) to future work.

3.12 Numerical Implementation of the theory

Eq. (3.96) for the chemical potential may be written as

t = A + Rtln( I C + x(l - 2e) + O(e - (6) + pU, (3.115)

where we have introduced a "stress potential",

def 1 Jc 1 e] I (1 e
PC= --- tr MeE': [E + Q E : (e)E (3.116)3 CR,max 2 e] +1

which quantifies the effect of mechanical deformation on the chemical potential. In our
numerical implementation, we restrict attention to materials for which the last two terms on
the right of (3.116) are small compared to the first term, and as an approximation we take
the stress chemical potential to be simply given by6

1
Q= tr M'. (3.117)3

We have implemented our theory in the implicit finite element program Abaqus (2010)
by writing a user element subroutine (UEL). We have implemented three different elements:

6Cf. Sethuraman et al. (2010a) for arguments leading to such an approximation even for silicon, which
can absorb a large amount of lithium, and for which the values of the elastic moduli are significantly affected
when it is fully lithiated.

mj" ; F'VP,"- - --- m-jpvq Rip I " pill
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(i) a 2D plane-strain 4-node linear isoparametric quadrilateral which we refer to as UPE4;
(ii) a 2D axisymmetric 4-node linear isoparametric quadrilateral which we refer to as UAX4;
and (iii) a 3D 8-node linear isoparametric brick which we refer to as U3D8. The details of
our numerical procedure can be found in Appendix. A.

The degrees of freedom for these elements are the displacement components {N}, the
normalized concentration 6, the normalized micromorphic concentration e, and in order to
resolve the stress gradients required to compute the term Va in (3.102), we treat the stress
chemical potential [p, in (3.117) as an additional degree of freedom (cf., Bower and Guduru,
2012).
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Chapter 4

Simulations for the special case of
spinodal decomposition by diffusion in

the absence of mechanical
deformation

In this section we focus on the special case of simulating spinodal decomposition by diffusion
in a body for which deformation is suppressed (a rigid body) and which is also stress free.
Spinodal decomposition is a phase transformation in which an initially homogeneous binary
mixture separates into distinct regions which are characterized by being either rich or poor
in their concentration of a particular component. This results in the creation of interfaces
with sharp concentration gradients which introduce additional energy into the system.

In the absence of any mechanical deformation, the free energy (3.92) may be written in
a "normalized" manner as

tg = R O R 22OPR= Rt9ci,,max = (E In E (1 -e)lIn (1- E) + / (1 - E) + A(1/2)lVd:I 2 + 0(1/2) (E -C)2

chemical energy ipc interfacial energy penalty energy

(4.1)
where we have set the reference chemical potential t0 = 0, and, fixing the temperature V,
have defined the following "normalized" quantities 1

def X - def A def/- A and (4.2)
x 9R' R79' R79

Here,

'We use the term "normalized" loosely; the quantities V and 3 are dimensionless, however the gradient
coefficient A has units of length squared.

53
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* The normalized chemical energy, ', the first term in (4.1), governs phase separation
and depends only on the local concentration E. A plot of the normalized chemical
energy for S< = 3 is shown schematically in Fig. 4-1. When the initial concentration 6
is within the spinodal region e E (Ey, Es) (i.e., regions where 029',R/E2 < 0), the system
can spinodally decompose into multiple phases of equilibrium concentrations Zn and
E,, called the binodal concentrations. The system minimizes its energy by changing its
initial concentration distribution and tending towards the equilibrium concentrations.

cc

R,max

C
Ca C"Y C6 CO

Figure 4-1: Typical double-well chemical free energy based on equation (4.1) for j<= 3.

" The second term in (4.1), the interfacial energy, depends on the gradient of the mi-
cromorphic concentration VE, and is scaled by an interfacial energy parameter A with

units of length squared. This energy can be reduced via "coarsening" of the phases, a

process during which the system finds more favorable lower energy configurations by
minimizing the phase interfaces.

" The third term in (4.1) represents an energetic penalty for the micromorphic concen-

tration d_= being different from the actual concentration E. This energy is scaled by a

penalty modulus 0. As 0 is increased, the difference JE-ifj is reduced, and the solutions

from the present gradient micromorphic concentration theory are expected to converge
towards the solutions to the actual fourth-order Cahn-Hilliard equation (2.7).

The purpose of this section is to understand the effects of the value of the penalty modulus
on the solutions from our gradient micromorphic concentration theory for spinodal decompo-
sition in two and three dimensions. Specifically, it is important to make an informed decision

as to what the value of the parameter should be in order to obtain solutions which are in

some sense close to those which might be obtained from the actual Cahn-Hilliard theory.
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Accordingly, for all simulations in this section, we fix the value of the parameters X and
) at2

,V=3, A=2.5 x10-4 im, (4.3)

and study the manner in which the value of / affects the numerical solution of a spinodal
decomposition problem. Specifically, we chose to study isolated and periodic systems in
which phase separation is allowed to proceed until a "steady-state" solution for the phase
morphology is attained. From the results of our numerical simulations at steady-state, we

(i) plotted the distribution of the difference E - E, from which we computed the maximum
of the absolute value of the difference of the two quantities, max - , and

(ii) also measured the phase interface width d,

and through this quantified the effect of the parameter / on max I- E I and d.
In order to measure the width of the interface between the two phases in a consistent

fashion, we chose a specific method for characterizing a phase-interface, which is shown
schematically for a one-dimensional phase-separation situation in Fig. 4-2 (c.f. Wodo and
Ganapathysubramanian, 2011). With respect to this figure, the interface width d is defined
by the intersection of the tangent to the concentration profile at the mean concentration
Em = 16, - E,8/2 with the binodal concentrations. That is,

def d \
d = (Ea - E6) .E(4.4)

We recall from Cahn and Hilliard (1958) that an estimate of the concentration variation
across a phase interface may be obtained as

A~c 1/2
d& _ R,max

-- (4.5)

where the quantity Z ,max is schematically shown in Fig. 4-1.' Combining (4.5) with (4.4)
we have the following important estimate for the width of the interface separating the two
phases,

_1/2

dest = (Ea - (A) / (4.6)
AOC,Max

2We also fix the diffusivity at Do = 1.0 x 10-14 m 2/sec. For the purpose of the study reported in this
section, the value of the diffusivity Do acts only to change the time-scale within which a nominal steady-state
in the morphology of phase separation is reached - it has no effect on the actual morphology of the phase
separation. Thus, any reasonable value of Do would suffice, and is not crucial for the conclusions that we
shall draw from our simulations regarding the value of /.

3 Here, A does not represent the Laplace operator. For the specific free-energy considered here, A ,max
is the difference in the value of the chemical free energy at the mean concentration Em, and value of the
chemical free energy at either of the binodal points E, or 6,.
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C

Figure 4-2: Schematic of a phase front between binodal concentrations c, and Z3, and the defi-
nition of the interface width d.

Using the values (4.3) for the material parameters V and A, we obtain the estimate

d,4t = 40 nm. (4.7)

We use this estimate (4.7) for the interface width to choose an appropriately fine finite-
element mesh so as to get a good resolution of the phase interfaces in our numerical simula-
tions.

4.1 Two-dimensional simulations of phase-separation

The results in the form of contours of e shown in Fig. 4-3, are from a simulation which
was performed on a square domain with an edge length L = 800 nm and meshed with
100 x 100 two-dimensional square elements. Each element is of an edge length of 8 nm,
which gave a mesh resolution of det/8 nm = 5 elements across a potential phase interface.
The initial concentration in the domain was given as a random uniform distribution with
a mean of eo = 0.63 and a maximum fluctuation of 0.05. The initial distribution & o of the
micromorphic concentration d was taken to be identical to that of the actual concentration
e. Periodic boundary conditions on and i were applied on all the boundaries. For the
particular simulation shown in this figure, the penalty modulus is taken as = 1000. Fig. 4-3
illustrates the evolution of phases during spinodal decomposition - from the early stages
of the spinodal decomposition, when the components are well-mixed and the concentration
is nearly homogenous, until a steady-state is reached, at which time two distinct phases are
observed. In this particular simulation, the steady-state morphology consists of a circular
concentration-poor region surrounded by a concentration-rich domain.
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In order to maximize the accuracy of our numerical measurement of the interface width
d, we performed additional simulations with an improved mesh resolution. Specifically, we
considered a square domain with an edge length L = 200 nm which was again meshed with
100 x 100 two-dimensional square elements, so that each element is now of an edge length
2 nm. This gives an improved mesh resolution of dest/ 2 nm = 20 elements across a potential
phase interface. In these simulations, keeping all other parameters constant, we varied

E [5, 10, 25, 50,100, 250, 500, 750, 1000].

In Fig. 4-4 we show contours of the difference E - & at steady-state for various values of
/, using the simulations with refined mesh. In this figure one can clearly observe that as
the value of / increases from 5 towards 1000, the difference E - c decreases to a low value
of |E - CI c 5 x 10-4 for 3 = 1000. In Fig. 4-5 we plot the maximum of the absolute value
of the difference, maxIE - 4|, for increasing values of / on a log-log scale. From this figure
we observe that maxIE - cI tends to zero as the penalty modulus 3 is increased. Thus, as 3
is increased the solutions from our theory approach those that would be obtained by using
the standard Cahn-Hilliard theory.

As an alternative measure of convergence we measured the interface widths d from the
same simulations shown in Fig. 4-4 for different values of /. The result is shown in Fig. 4-6 (a);
note that the x-scale in this figure is logarithmic. This figure clearly shows that as the value
of / is increased to a value greater than about / ~ 100, the interface-width converges to
a finite value of d ~ 30 nm. To emphasize this result, in Fig. 4-6 (b) we plot the variation
of |(do - d$=1000)/dest| as a function /, on a log-log scale. This plot clearly shows that for
values 3 > 100 the difference I(d - d =1000)/d st is approximately 1%.

These results show that using a value of 3 = 1000 the solutions from our theory should
approach the solutions that might be obtained from the standard Cahn-Hilliard theory.

4.2 Three-dimensional simulations of phase-separation

For completeness, we repeat the calculations shown in the previous section, but this time in
three dimensions. The simulation shown in Fig. 4-7 was performed in a cubic domain with
an edge length L = 400 nm and meshed with 50 x 50 x 50 three-dimensional cubic elements,
so that each element is of edge length 8 nm, which gives a mesh resolution of dest/ 8 nm = 5
elements across a potential phase interface. The initial concentration in the domain is given
as a random uniform distribution with a mean of EO = 0.75 and a maximum fluctuation of
0.05. The initial distribution co of the micromorphic concentration ; is taken to be identical
to that of the actual concentration E. As before, periodic boundary conditions on E and Z are
applied on all the boundaries. For the particular simulation shown in Fig. 4-7 the penalty
modulus is taken as / = 1000.

In order to illustrate the evolution of phases during spinodal decomposition in three
dimensions, Fig. 4-7 shows iso-surfaces of the normalized concentration E as they evolve
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in time. In this particular simulation, the steady-state morphology consists of a spherical
concentration-poor region surrounded by a concentration-rich domain.

As in the two-dimensional calculations, in order to maximize the accuracy of our numer-
ical measurement of d, we performed additional simulations with an improved mesh resolu-
tion. Specifically we considered a cubic domain with a smaller edge length of L = 200 nm,
which was again meshed with the same number of 50 x 50 x 50 three-dimensional cubic
elements, so that each element is now of edge length 4 nm. This gives an improved mesh
resolution of dest/4 nm = 10 elements across a potential phase interface. As before, keeping
all other parameters constant, we varied 3 E [5, 1000].

Fig. 4-8 shows iso-surfaces of the difference Z - & for various values of 3, using the
simulations with refined mesh. As before, in Fig. 4-5 we also show the convergence of
maxjE - ci for the 3D simulations. Again, as / increases to 03 = 1000, the maxIE - dl
decreases to a value less than approximately 5 x 10'. The variation of the interface width
d with varying / for the 3D simulations is also shown in Fig. 4-6 and follows the same trend
as the two-dimensional simulations described above.

To conclude this brief study on spinodal decomposition in the absence of mechanical
deformation we note that:

" Our simulations show that as we increase the value of the penalty modulus 3 the value
of maxj I- tI tends to zero. This indicates that the solutions from our theory based on
the gradient of the microconcentration cR will approach those that might be obtained
using the classical Cahn-Hilliard theory which is based on the gradient of cR. 4

" The convergence of the values of the interface-width d as the penalty modulus / in-
creases gives us a methodology for choosing an appropriately high value of /. For a
sufficiently large value of /, the interface width d is controlled solely by the physical
parameters A and $.

" The results from our two- and three-dimensional numerical study show that for the
material parameters chosen, a value of / = 1000 is sufficiently large to provide an
accurately converged solution to the problem of phase-separation.

Having determined an appropriate value for the penalty modulus 3, we next study the
important chemo-mechanically-coupled problem of lithiation of a spheroidal-shaped electrode
particle.

An additional analysis of the convergence of the split-method discussed in this chapter to
the solutions of the classical Cahn-Hilliard theory is given in Appendix A, where we compare
to solutions of the classical Cahn-Hilliard theory obtained using a different split-method, not
involving cR. See also the remark at the end of Chapter 2.

' We also note that the two- and three-dimensional simulations shown here closely resemble those of Wodo
and Ganapathysubramanian (2011) who used an operator-split method to solve.the Cahn-Hilliard equation
which does not include the introduction of the micrmorphic concentration d .
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Figure 4-3: Contours of normalized concentration i showing the evolution of phase-separation

morphology in two dimensions for Eo = 0.63, at different times t [ [0.4,0.8,6.5,20, 100, 105] seconds.
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Figure 4-7: Iso-surfaces of normalized concentration E showing the evolution of phase-separation

morphology in three dimensions for o = 0.75, at different times t ~ [0, 3.5, 4.8,17, 36, 105] seconds.
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Chapter 5

Coupled chemo-mechanical
simulations of lithiation of a
spheroidal electrode particle

We consider lithiation of a spheroidal particle whose semi-major axis (axis of radial symme-
try) is 0.5 ptm, and semi-minor axis is 0.3 ptm, see Fig. 5-1. The illustrative material properties
used in our simulations are shown in Table 5.1. They represent values for a particle made
from "isotropic" LiFePO 4. Using (4.6) and the values of X and A chosen in Table 5.1, we
estimate a potential phase-interface-width of dest = 0.04 pm (in the absence of stress), which
is much smaller than the particular particle size chosen for study.1

Our interest in this section is to study the effect of stress through the stress potential
p, on lithiation. To vary the magnitude of M, which depends on tr Me (cf., eq. 3.117), we
shall - keeping the Poisson's ratio v fixed - vary the value of the Young's modulus of the
particle, which will in turn change the magnitude of the Mandel stress Me (cf., eq. 3.93).
Thus, introducing a normalized elastic modulus

E = (5.1)

where E0 is the value of the Young's modulus given in Table 5.1, we shall vary the value of
E in the range

E E [0.1, 0.2, 1],

and study the effect of stress in the particle on lithiation.

1 LiFePO 4 is an important olivine-type material which is widely-used for the positive electrode in modern
Li-ion batteries. We recognize that actual LiFePO 4 particles currently used in practice are highly anisotropic
nanoparticles, and not isotropic and micron-dimensioned. We leave a study of the important effects of
crystallographic anisotropy and the nano-size of LiFePO 4 to future work.

63
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Parameter Value Source Parameter Value

Eo 124.5 (GPa) a 3

V 0.25 a A 2.5 x 10-4 (pm2 )

Cmax 2.29 x 104(mol/m 3) b 103

Q 4.05 x 10-6(m 3/mol) c ? 300 (K)

Do 1 x 10- 14 (m2 /sec) d

Table 5.1: Material properties used in the simulations. Values for the Young's modulus E and the
Poisson's ratio v are the average of the values for FePO 4 and LiFePO 4, estimated by Maxisch and
Ceder (2006) for isotropic polycrystalline materials from the anisotropic single-crystal constants.
Sources: a - Maxisch and Ceder (2006), b - Zeng and Bazant (2014), c - Rousse et al. (2003),
d - Malik et al. (2010).

Due to the symmetry of the geometry, we mesh only one quarter of the cross-section
of the spheroidal particle with 3675 four-noded fully-integrated axi-symmetric elements; cf.
Fig. 5-1. The boundary conditions used in our simulations are as follows:

" Mechanical boundary conditions: The nodes along edge AB (radial symmetry) are
constrained to have zero radial displacement, while the nodes along edge BC (mirror
symmetry) are constrained to have zero vertical displacement. Further, the exterior
boundary AC is taken to be traction-free. Also, no body forces are applied.

" Chemical boundary conditions: The edges AB and BC are prescribed zero flux
conditions, jR n nR = 0, while on the exterior boundary AC the species flux is controlled
by the boundary condition

JR ,R - k(/(electrode surf.) - jext), (5.2)

where plectrode surf.) is the chemical potential at the boundary of the electrode particle
- which depends on both the concentration and the stress at the boundary through
(3.96) - and Pext is the externally "applied" electrochemical potential. The quantity

[ext is controlled in our simulations to model lithium insertion (,,electrode surf.) < Pext)

and lithium extraction (y (electrode surf.) > P-xt). The parameter k > 0 is a factor which
characterizes the apparent conductance of the electrode/electrolyte interface to a flux
of Li ions.2

In our simulations we use a value of k = 1. This value was chosen so that the lithiation
of the particles is limited by the diffusion of Li in the bulk of the electrode particle, and

2 This boundary condition can also be derived by considering linear electrochemical reaction kinetics at
this boundary, see Sect. 8.13, in which the boundary condition would stem from a suitable linearization of
(8.167).

V-PIRRM"Mm"W"
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not by the conductance of Li across the electrode/electrolyte interface, cf. the remark
below.

* Boundary condition for the micromorphic concentration cR: We set

Vca -n, = 0

on all boundaries AB, BC, and AC; cf., eq. (3.111)2.

Remark. The flux of Li through the surface is controlled by the conductance parameter k
defined in (5.2) above, while the flux of the lithium within the bulk of the electrode particle is
controlled by the mobility parameter m (cf. 3.83). The ratio k/m has units of inverse length,
and with L denoting a characteristic length dimension of the particle, we may - using the
analogy with standard ideas in heat-transfer - define a dimensionless "Biot"-number

def kL
Bi - . (5.3)

As in heat-transfer, if Bi > 1 then the surface reaction processes offers little resistance
to species transfer, while if Bi < 1 then the surface reaction processes offer substantial
resistance to species transfer while the species concentration within the particle is almost
constant.

In this part of our work we are concerned with circumstances in which Bi > 1, such that
that the surface reaction processes offer little resistance to species transfer. Accordingly, for
our simulations of the lithiation of a spheroidal particle, with m ~ MocR,max = DOCR,max/R79 ,
we find that for the values of Do, c,max, and V given in Table 5.1, and a characteristic length

of the particle L = 0.3 pm, that a value k = 1 mol2 /(m 2 J s) gives B = 3.3 x 101 - a value
which is very much larger than 1. Accordingly, in the simulations reported in Chapter 5 we

use a value of surface conductance k = 1 mol2 /(m 2 J s).

We have conducted simulations for two different chemical loading conditions:

(a) Slow ramp of Aext: First we consider the case in which Aext is ramped linearly from

an initial value A& to a final value f#f,

[ext = [L + (Ap - At)(t/T), (5.4)

over a time T = 30 min. We consider this ramp to be slow, since the ramp-time

of T = 30 min is much larger than the characteristic time scale for diffusion r =

(0.5 _m)2/Do = 25 s of Li in the particle. The initial and final electrochemical poten-
tials are chosen based on the chemical potential of the Li in the stress-free electrode

at normalized concentrations of E = 0.005 and E = 0.995:3

[j(E = 0.005) = -5.8 kJ/mol, and pf(E= 0.995) = 5.8 kJ/mol. (5.5)

3These values where simply computed using eq. (3.115) with Z - Z = 0, and M, = 0.

-------------
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(b) Step change in #ext: In this case 11et is ramped from ji to Af nearly instantaneously,
and then held constant. Numerically, this was realized by ramping i#ext to its final
value in T = 1 sec, 4 and then maintaining it constant until full lithiation was achieved.

5.1 Lithiation under a slow ramp of ftext

When the electrochemical potential Aext is ramped slowly from Aj to f2f, bulk diffusion of
Li in the particle is much faster than the rate of increase of the concentration of Li on
the boundary. This leads to a concentration profile inside the particle which is essentially
homogeneous up until the point at which phase-separation initiates at the boundary of the
particle.

A commonly used quantity in the Li-ion battery literature is the state-of-charge (SOC),

sock (fB v (5.6)
(fB dvR)

which represents the volume average of the net species concentration in the particle. We use
this average quantity as a measure of the extent of lithiation of the particle.

Fig. 5-2(a) shows the sate-of-charge (SOC) of the particle as a function of time for the
entire simulation span from 0 to 1800 s, while Fig. 5-2(b) focuses-in on the time period
1060 < t < 1120 s in which a Li-rich and a Li-poor phase co-exist within the particle.
The effect of varying B E [0.1,0.2, 1] on the state-of-charge versus time curves is not very
distinguishable in Fig. 5-2(a), but is clearly visible in the time-window shown in Fig. 5-2(b),
when the particle exhibits phase-separation. As P increases, Fig. 5-2(b) shows that the time
taken to lithiate the particle decreases. That is, the increased level of stresses, and hence
P.1, act to enable faster lithiation of the particle under the particular chemical-boundary
conditions considered here.

The different values of B also result in different distributions of the normalized Li con-
centration Z, and the maximum principal Cauchy stress cl in the particle. The contour plots
of these quantities at t = 1080s, indicated by a dashed line in Fig. 5-2(b), are shown in
Fig. 5-2(c).

Fig. 5-2(c) (top) shows that at the smallest value of E = 0.1, one obtains a "core-shell"
type of Li distribution in the particle. However, as the value of E increases from 0.1 to
1.0, one no longer obtains a core-shell type of lithium distribution - instead, because of the
spheroidal geometry, a mildly curved "planar front" separates a high-Li concentration region
from the low-Li concentration region. This is an important result because it indicates that
the widely-presumed "core-shell" type of lithiation is not the most energetically favorable
lithium concentration distribution under the conditions of the problem under study. The
contours in Fig. 5-2(c) (top) also show a widening of the interface separating the two phases

4As opposed to T = 30mins in case (a).
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as the value of E increases - this is another manifestation of the effect of stress in coupled
diffusion-deformation problems.

The change in the distribution of the lithium concentration with increasing values of E
also has an important effect on the resulting stress distribution in the particle. Fig. 5-2(c)
(bottom) shows contours of the maximum principal stress o. Note that unlike the situation
for E = 0.1, where the maximum principal stress on the periphery of the particle is compres-
sive, 0 1 $ -100 MPa, - which is what one expects from a core-shell-like distribution of the
Li-concentration - for the case E = 1.0 there are regions on the periphery of the particle
with values of ol | 700 MPa. Since fracture of brittle electrode particles is usually dictated
by large positive values of the maximum principal stress, this result predicts substantially
different potential sites for fracture than are predicted by a theory in which the coupling of
the diffusion and phase-separation with the attendant mechanical swelling is not properly
accounted for.

In Fig. 5-3(a) we plot the externally-applied electrochemical potential fext as a function
of SOC, for both Li-insertion and Li-extraction, where the Li-extraction step is simulated
by simply reversing the Aext ramp to vary from Af to Aj. To make contact with the manner
in which these results are typically presented in the literature, in Fig. 5-3(b) we plot the
interfacial voltage V versus SOC, where

V Le Vo - P*ex. (5.7)
F

Here, V0 = 3.42 volts denotes the reference open-circuit voltage of an LiFePO4-electrode
versus a reference Li-metal electrode (c.f. Bai et al., 2011), F is the Faraday constant, and
V is the potential difference between the LiFeP04-electrode and the electrolyte. This figure
clearly shows the signature plateau in the experimentally-observed voltage versus SOC curves
for Li-ion batteries with LiFePO4 cathodes (cf. Fig. 7 in Tarascon and Armand, 2001b).

The barely discernible multiple lines in the plateau regions of Fig. 5-3 correspond to
different values of .; there is essentially no effect of varying F on the curves shown in this
figure. This is a result of the fact that we have prescribed the externally-applied electro-
chemical potential fiext, and thus can not discern the effects of stress by simply looking at
plots of iext versus SOC.

5.2 Lithiation under a step change in Aext

Next we consider the case in which ftext is quickly ramped from At to Af in 1 second, and
then held constant until full lithiation of the particle has been achieved. Fig. 5-4(a) shows
the SOC of the particle as a function of time for different values of F. Note first that in
contrast to the results in the previous subsection for the slow ramp, for the step change
boundary condition phase-separations occur nearly instantaneously for all values of E. The
SOC versus time curves show different rise-times for different values of E. Consistent with
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the results of the simulations in the previous subsection, we observe that an increase F
results in faster lithiation of the particle.

Fig. 5-4 (b) shows contours of the normalized concentration E (top), and of the maximum
principal stress a- (bottom). These contours correspond to a time of t = 3s, which is
indicated by a dashed line in Fig. 5-4(b). In contrast to the previous simulations, the
contours of E show that in all of the simulations, regardless of the magnitude of E, the
particles lithiate with a "core-shell" type of phase distribution. Such a phase distribution is
a direct result of the fast "step"-change of the electrochemical potential on the boundary.
Since Aext is ramped to fi in 1s, this amount of time is much shorter than the time for
diffusion of T = 25s of Li in the particle; there is not enough time for two phases to form
and stably co-exist on the surface of the particle, and the result is a core-shell type of phase
distribution in the particle. Consistent with the simulations shown previously in Fig. 5-2, an
increase in - for the present boundary condition also results in a widening of the interface
separating the two phases. The maximum tensile values of the maximum principal Cauchy
stress occur in the interior of the particle during lithiation - it reaches a high value of
U- = 1.2GPa for B = 1.
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Figure 5-1: Spheroid geometry and finite-element mesh used in computation. Due to the symme-

try of the problem, only a quarter of the cross-section of the spheroid is meshed with axisymmetric

elements.
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Figure 5-2: Simulations with varying Young's modulus under an applied slow ramp of the

external electrochemical potential. (a) State of charge (SOC) vs. time for the entire lithiation

simulation. (b) SOC vs. time focused around the time at which phase-separation occurs. (c)
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contours at t = 3 s
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Figure 5-4: Simulations with varying Young's modulus under an applied step of the external

electrochemical potential. (a) State of charge vs. time. (b) Contours at t = 3 sec of normalized

concentration i- (top), and of maximum principal stress a1 (bottom), for three varying values of the

normalized modulusk = E/EO.



Chapter 6

Concluding remarks

We have formulated a thermodynamically-consistent theory which couples Cahn-Hilliard-
type species diffusion with large elastic deformations of a body. In contrast to the traditional
Cahn-Hilliard theory which is based on C and VcR, our theory is based on cR, another
scalar cR, and its gradient VcR. For the diffusion-only problem which is uncoupled from
mechanics, instead of a partial differential equation (pde) for the concentration CR which
involves fourth-order spatial derivatives, one then obtains two coupled second-order pdes
for C and cR. These two pdes, when taken together with the pde representing the balance
of forces, represent the three governing pdes for the chemo-mechanically-coupled problem.
These equations are amenable to finite element solution methods, which employ standard
C0-continuous finite element basis functions.

The general constitutive theory is specialized for isotropic materials, and within the
isotropic idealization the constitutive equations are further specialized to model the chemo-
mechanically-coupled problem of diffusion of Li in phase-separating electrode materials for
Li-ion batteries.

The specialized theory has been implemented in the widely-used finite-element package
Abaqus (2010) by writing custom user-element subroutines (UELs). This numerical simula-
tion capability is used to study aspects of (a) the diffusion-only problem of spinodal decompo-
sition, and (b) the chemo-mechanically-coupled problem of lithiation of a spheroidal-shaped
particle of a representative cathode material.

Much remains to be done to extend the theory and the numerical simulation capability
to model actual electrode materials. Many cathode and anode materials currently used in
Li-ion batteries are highly anisotropic and used as particles with nano-metric dimensions
- they are not isotropic and micron-dimensioned. Our general chemo-mechanically-coupled
phase-field theory is amenable to be specialized to account for such anisotropies, but we leave
such specializations and a study of the important effects of crystallographic anisotropy and
the nanometric size of modern electrode particles to future work. Also of major importance
for future study is the role of the many different types of boundary conditions which are
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encountered in the operation of actual Li-ion batteries. For nanometer-sized particles in
which the surface-to-volume ratio is large, there is also a need to properly formulate and
study the effects of boundary conditions which account for possibly-important surface energy
effects.



Part II

Modeling amorphous Silicon
electrodes
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Chapter 7

Introduction

The development of Li-ion batteries with improved capacity, life, safety, and cost, is of ma-
jor importance for a wide range of industries - from large-scale stationary energy storage
systems in renewable energy plants, to portable power systems for sustainable electric vehi-
cles. In an attempt to increase capacity, researchers have proposed the use of lithium-metal
alloys, e.g. lithium-silicon and lithium-tin alloys, or a combination of lithium-metal alloys
and graphite, as potential anode materials since they possess a higher capacity for Li than
the current-generation graphite anodes (cf., e.g., Li et al., 1999; Tarascon and Armand,
2001a; Scrosati and Garche, 2010). For example, when fully lithiated to Li1 5Si 4, a silicon
anode can theoretically achieve a specific capacity of ~ 3.5 Ah/g, which compares with only
0.37 Ah/g for the current-generation graphite anodes. However, the intercalation of such a
large amount of Li into the silicon induces very large elastic-plastic deformations - with
volume changes of approximately of ~ 300% (Obrovac and Krause, 2007). The two major
mechanisms by which the large deformations of the anode negatively affect its performance
are:

* Fracture of the anode particles. The large stresses that develop in the anode due to
inhomogeneous volume changes associated with large gradients of Li-ions in the anode
can lead to fracture of an anode particle. The formation and propagation of cracks in
turn lead to degradation of the performance of the battery, and significantly limit its
lifetime.

" Failure of the solid electrolyte interface (SEI). During operation of a Li-ion battery, a
passivating film, known as the solid electrolyte interface (SEI), forms on the surface
of the anode. Due to the large volumetric changes associated with the lithiation of Si
anodes, the SEI is placed under large tensile stresses, which in turn cause it to fail.
Repeated failure and growth of the SEI leads to capacity fade of the battery.

In order to develop a successful Si-based anode, both the problems mentioned above need
to be addressed. Fracture of anode particles has been successfully mitigated through the
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use of nano- and micro-dimensioned particles. When the anode is composed of crystalline
silicon (c-Si), nano-dimensioned materials have been successfully lithiated without fracture,
even though lithiation in these materials occurs by a two-phase mechanism where pure c-Si
reacts with Li, forming a heavily lithiated amorphous LiSi phase (often Lii5 Si4) behind a
propagating phase front (cf., e.g., Ryu et al., 2011; Liu et al., 2012b). More recently, it has
been found that the lithiation behavior of amorphous Si (a-Si) is substantially different from
that of c-Si. Indeed, a-Si nanoparticles have been observed to be quite robust to fracture
during cycling (He et al., 2011; McDowell et al., 2012), and Berla et al. (2014) have recently
shown that a-Si is resistant to fracture even at the micron scale (~ 2ptm). In this thesis,
we focus on modeling the response of amorphous Silicon (a-Si) as an anode material. For
brevity, henceforth we often simply write Si rather than a-Si.

In order to mitigate failure of the SEI due to the large volume changes associated with
lithiating Si anodes, various research groups have proposed the use of novel "engineered"
anodes which restrict the deformation incurred by the SEI during cyclic lithiation. One
such engineered anode, developed by Wu et al. (2012), consists of an ensemble of hollow Si
nanotubes whose exterior surfaces have been oxidized to form silicon-dioxide. The electrolyte
contacts the anode only at the silicon-dioxide surface, and thus the SEI grows only on the
exterior of the nanotube and is not in contact with the Si. The relatively stiff silicon-
dioxide shell acts as a mechanical constraint layer which prevents the outward expansion of
the nanotube, and thus effectively restricts the deformation which is incurred by the SEI.
However, the presence of the silicon-dioxide constraining layer leads to the generation of very
large stresses during cyclic lithiation, forcing the Si anode to deform plastically towards the
inside of the hollow nanotube. The elastic-plastic deformation of the Si anode, resulting from
the mechanical constraint imposed by the silicon-dioxide layer, will have a significant effect
on the electrochemical performance of the anode, which at present is largely unexplored, and
is the focus of this thesis. We expect, as noted by Sethuraman et al. (2010b), that plasticity
will play a role both in determining the energy dissipated during cycling of the anode as well
as in determining the realizable capacity of the anode.

Recently, Zhao et al. (2011), Bower et al. (2011), and Anand (2012) have proposed
theories which couple large elastic-plastic deformations with large volumetric swelling due
to diffusion of lithium. Further, substantial progress has been made recently by Bucci et al.
(2014) to calibrate the theory of Bower et al. (2011) to results from their experiments in which
a half-cell based on an a-Si thin film deposited on a quartz substrate is electrochemically
cycled while the curvature of the substrate is simultaneously measured; cf. also Pharr et al.
(2014). However, to the best of our knowledge, such theories have not been used to determine
how the elastic-plastic deformation of a-Si affects the electrochemical performance of anodes
with more complex geometries such as those of the oxidized hollow a-Si nanotubes of Wu
et al. (2012).1

'We note that Zhao et al. (2012) have previously studied the generation of stresses in spherical and cylin-
drical hollow core-shell nanostructures. However, in their study they used various simplifying assumptions -
e.g., rigid-perfectly-plastic material, no effect of concentration on the material properties, plane-strain condi-
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Accordingly, the purpose of this thesis is to report on our theory and finite-element-
based numerical simulation method for modeling geometrically complex a-Si anodes of the
type studied by Wu et al. (2012). We have applied our simulation capability to quantifying
how the elastic-plastic deformation deformation of engineered silicon anodes affects their
electrochemical performance.

This Part of the thesis is structured as follows. In Chapter 8 we develop a thermo-
dynamically consistent framework for coupling species diffusion with large elastic-plastic
deformations. First, in Sections 8.1 through 8.8 we develop a reasonably general theoreti-
cal framework. In Section 8.10 we specialize our general framework, which is summarized in
Section 8.11, and in Section 8.12 we further summarize the governing partial differential equa-
tions and the boundary conditions for our theory. Finally, in Section 8.14 we briefly discuss
the numerical implementation of our theory. The theory was numerically implemented by
writing user-element subroutines for the commercial finite element program Abaqus (2010).

In Chapter 9, in order to estimate the material parameters in our theory which are not
directly available in the literature, we calibrate the material parameters of our theory to
results from substrate curvature experiments available in the recent literature (Pharr et al.,
2014; Bucci et al., 2014).

In Chapter 10 we apply our fully calibrated theory to modeling the hollow double-walled
amorphous Silicon nanotube anodes of Wu et al. (2012). Beyond comparing our simulation
predictions to the results from their experiments, we investigate the importance of plastic-
ity on the electrochemical behavior of such anodes. We finish in Chapter 11 with some
concluding remarks.

tions, uniform concentration, etc. Further, they made no attempt to model the voltage versus state-of-charge
response of the system, and compare model predictions against experimental results.
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Chapter 8

Diffusion-deformation theory for

amorphous silicon anodes

In order to model the experimentally-observed chemo-mechanical response of a-Si (e.g., Pharr
et al., 2014; Bucci et al., 2014), the theory summarized below accounts for:

(i) large elastic-plastic deformations using finite deformation kinematics;

(ii) variation of the elastic moduli with varying lithium content;

(iii) dependence of the yield strength on lithium content; and

(iv) rate-sensitive plastic response.

We are interested in studying amorphous Si. Hence, from the onset, we will assume that
the deformation incurred by the body due to intercalation is isotropic, this will be made
mathematically precise in the sections to follow. Further, we note that we restrict ourselves
to isothermal conditions.

Notation: We use standard notation of modern continuum mechanics (Gurtin et al.,
2010). Specifically: V and Div denote the gradient and divergence with respect to the
material point X in the reference configuration; grad and div denote these operators with
respect to the point x = X(X, t) in the deformed body; a superposed dot denotes the material
time-derivative. Throughout, we write F- 1 = (Fe)-1, Fe-T = (Fe)-T, etc. We write trA,
sym A, skw A, AO, and sym0A respectively, for the trace, symmetric, skew, deviatoric, and
symmetric-deviatoric parts of a tensor A. Also, the inner product of tensors A and B is
denoted by A: B, and the magnitude of A by IA = VA: A.
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8.1 Kinematics

Consider a macroscopically-homogeneous body B with the region of space it occupies in a
fixed reference configuration, and denote by X an arbitrary material point of B. A motion
of B is then a smooth one-to-one mapping x = X(X, t) with deformation gradient, velocity,
and velocity gradient given by

F = VX, vy , L = gradv = FF- 1. (8.1)

We base the theory on a multiplicative decomposition of the deformation gradient

F = FeFPF, with FS = Asi, As > 0. (8.2)

Here, suppressing the argument t:

(i) F3(X) represents the local distortion of the material neighborhood of X due to a
volumetric swelling (de-swelling) due to insertion (extraction) of lithium, with A' the
swelling stretch;

(ii) FP(X) represents the local irreversible plastic deformation of the swollen neighborhood
of X caused by inelastic mechanisms such as the motion of dislocations in crystalline
materials or shear transformations of atomic clusters in amorphous materials; and

(iii) F'(X) represents the subsequent stretching and rotation of this coherent swollen and
plastically deformed material neighborhood, and thereby represents a corresponding
elastic distortion.

We refer to F', FP, and Fe as the swelling, plastic, and elastic distortions, respectively.
We write

def
J = detF > 0, (8.3)

and hence, using (8.2),

J = JJPjS, where Je detFe >0 JP Le det FP > 0, and J8 n'det Fs > 0,
(8.4)

so that F', FP and F are invertible. Note that from (8.2)2,

J = (As) 3 . (8.5)

The right and left polar decompositions of F' are given by

Fe = ReUe = VeRe, (8.6)

where Re is a rotation, while Ue and Ve are symmetric, positive-definite right and left stretch
tensors with

Ue = -Fe T Fe and Ve = /FeFeT . (8.7)
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Also, the right elastic Cauchy-Green deformation tensor is given by

Ce = Ue2 = FeTFe. (8.8)

Next, by (8.1)3 and (8.2), and noting that F is spherical in form,

L = Le + Fe (LP + Ls)Fe-1,

with
Le = #eFe-I, LP = PFP~1

(8.9)

(8.10), Ls = #sF-1

As is standard,
through

we define the elastic, plastic and swelling stretching and spin tensors

= symLe,

DP= symLP,

D= symL',

W e = skw Le,

WP = skwLP,

Ws = skw L',

(8.11)

so that Le = De + We, LP = DP + WP, and Ls=D+Ws.
Further from (8.2), (8.10)3, and (8.11)3

Ds = (XAsl1)1 and Ws = 0.

Also, since
s= J'trD',

1
D8 = (.iss Js-)1,3

and, since Ls = Ds, we have
Fs = DsFs.

Next, we make two basic kinematical assumptions concerning plastic flow:

(i) First, we make the standard assumption that plastic flow is incompressible, so that

JP = det FP = 1

Hence, using (8.4)

and trLP = trDP = 0.

j = JeJa.

(ii) Second, from the outset we constrain the theory by limiting our discussion to cir-
cumstances under which the material may be idealized as isotropic. For isotropic
elastic-viscoplastic theories utilizing the multiplicative decomposition of F, it is widely
assumed that the plastic flow is irrotational, in the sense that

WP = 0. (8.18)

we have

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)
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Then, LP = DP and
tP = DPFP.

Further, on account of (8.12) and (8.18), (8.9) reduces to

L = Le + Fe(DP + D8)Fe-l

For later use we introduce a positive-valued variable -P called the equivalent
strain, which we assume evolves according to the differential equation1

e' = 2/3 DP subject to the initial condition e(X, 0) = 0.

tensile plastic

(8.21)

Then, whenever IDPI # 0,

NP = DP
|DP|'

with trNP = 0, (8.22)

defines the plastic flow direction, and therefore

(8.23)

8.2 Frame-indifference

A change in frame, at each fixed time t, is a transformation - defined by a rotation Q(t)
and a spatial point y(t) - which transforms spatial points x to spatial points

x* = F(x),
= y(t) + Q(t)(x - o),

with o a fixed spatial origin. The function LF represents a rigid mapping of
space into itself.

By (8.25) the transformation law for the motion x = X(X, t) has the form

X*(X, t) = y(t) + Q(t)(x(X, t) - o).

Hence the deformation gradient F transforms according to

F* = QF.

the observed

(8.26)

(8.27)

Since frame changes only involve the observed space, the reference space and the local

intermediate spaces (which are the ranges of FS(X) and FPF8 (X)) are independent of the

'This is a slight abuse in notation in the sense that P is not the material time derivative of -E, but is
defined to be V2/3 times the norm of DP.

(8.19)

(8.20)

(8.24)

(8.25)

D P = V/3/2 e NP.



choice of a change in frame. Thus

FS and FP are invariant under a change in frame.

This observation, (8.2), and (8.27) yield the transformation law

= QFe.

Also, using (8.10) and (8.28),

DP and D' are invariant,

and, by (8.10)1, Le* = QLeQT + QQT, and hence

De* = QDeQT, We* = QWeQ T + QQT .

Further, by (8.6),
QFe = QReUe = QVeQ TQRe,

and we may conclude from the uniqueness of the polar decomposition that

Re * = QR, Ve* = QVeQT, U' is invariant.

In addition, on account of the definition (8.8) and (8.32)3,

C' is also invariant. (8.33)

8.3 Balance of forces and moments

Throughout, we denote by P an arbitrary part (subregion) of the reference body B, with nR

the outward unit normal on the boundary OP of P.
Since time scales associated with species diffusion are usually considerably longer than

those associated with wave propagation, we neglect all inertial effects. Then, standard
considerations of balance of forces and moments, when expressed referentially, give:

(a) There exists a stress tensor TR, called the Piola stress, such that the surface traction
on an element of the surface OP of P, is given by

tR(nR) = TRnR. (8.34)

(b) TR satisfies the macroscopic force balance

DivTR+R , (8.3
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(8.28)

(8.29)

(8.30)

(8.31)

(8.32)

(8'35)
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where ba is an external body force per unit reference volume, which, consistent with
neglect of inertial effects, is taken to be time-independent.

(c) TR obeys the the symmetry condition

TRFT = FTTR, (8.36)

which represents a balance of moments.

Further, under a change in frame, TR transforms as

T*= QTR (8.37)
TR R- (.

Finally, as is standard, the Piola stress TR is related to the standard symmetric Cauchy
stress T in the deformed body by

TR = J TF-T , (8.38)

so that
T = J-1TFT . (8.39)

On account of (8.27) and (8.37) the transformation rule for the Cauchy stress T under a
change in frame is

T* =QTQT . (8.40)

8.4 Balance law for the diffusing species

Let cR(X, t) denote the molar concentration of lithium per unit reference volume, and let

c(X, t) = J-CR denote the molar concentration of lithium per unit deformed volume. Changes
in c in a part Pt are brought about by the diffusion of lithium across its boundary 8 pt. The
diffusion is characterized by a flux j(X, t), the number of moles of lithium measured per unit
area per unit time of the deformed body. Thus the rate of change of lithium in Pt is given
by

f c dv = - j j -nda (8.41)

for every part Pt. In bringing the time derivative in (8.41) inside the integral, we must
account for the fact that the intergal is taken over the deformed body, which may be changing
with time. Using the fact that dv = J dvR, and c = Jc, we may manipulate the left hand
side of (8.41) to bring the time derivative inside the integral as follows

f d = j (cJ)dvR = (cJ)dv =j (cJ) J-1 d = J-1 d. (8.42)
Pt fP P Pt
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and hence (8.41), using (8.42) may be written as

/ 6, J- dv = - j -nda. (8.43)

Using the divergence theorem on the integral over &Pt, we find that

I (6J-1 + divj) dv = 0. (8.44)

Since P is arbitrary, this leads to the following local balance law for cR,

CR = - Jdivj. (8.45)

For later use, we define a flux jR per unit are per unit time in the reference body. Mass balance
(8.45) may then also be expressed in terms of the referential divergence of the referential
flux as

6R = -DivjR. (8.46)

8.5 Balance of energy. Entropy imbalance. Free en-
ergy imbalance

Our discussion of thermodynamics involves the following fields:

ER the internal energy density per unit reference volume,

rqR the entropy density per unit reference volume,

qR the heat flux per unit reference area,

qR the external heat supply per unit reference volume,
,0 the absolute temperature (7 > 0),
it the chemical potential,

and follows the discussion of (Gurtin et al., 2010, 64). Consider a material region P.
Then, consistent with our omission of inertial effects, we neglect kinetic energy, and take the
balance law for energy as

jCR dR = 1 J R'R daR + jPR dVR + j (TRnR) - daR + jbR - dVR - j jR * nRdaR,

(8.47)
where the last term in (8.47) represents the flux of energy carried into P by the flux jR of
lithium.
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Also, the second law takes the form of an entropy imbalance

jRdVR d R- j nR d R R- (8.48)

Assume now that isothermal conditions prevail, so that

V = constant,

and introduce the Helmholtz free energy per unit reference volume defined by

OR = IcR ~ tR - (8.49)

Then, upon multiplying the entropy imbalance (8.48) by V and subtracting the result from
the energy balance (8.47) yields the free energy imbalance

j'V)RdvR j(TRnR) kdaR +jbR jdR IU.JR lRdaR. (8-50)

We henceforth restrict attention to isothermal processes and for that reason base the theory
on the free energy imbalance (8.50).

Applying the divergence theorem to the terms in (8.50) involving integrals over the bound-
ary OP of P, we obtain

j ('R - (DivTR+ bR) TR: F+ DivjR +jR .V/dVR 0, (8-51)

which upon use of the balance laws (8.35) and (8.46), and using the fact that (8.51) must
hold for all parts P, gives the local form of the free energy imbalance as

'Z)TR: P R +JR 'V[<0 - (8-52)

Next, using (8.2), (8.10)2,3, (8.17) and (8.38), we find that the stress-power TR: P admits
the decomposition

TR: F = J [(JeFe-1TFe-T): (Fe T e) + (Ce JeFe -TFe- T ): IP + (Ce JeFe-1TFe- T) L].

(8.53)

In view of (8.53), we introduce two new stress measures:

* The elastic second Piola stress,

Te = JeFe-TF e~ T (8.54)

which is symmetric on account of the symmetry of the Cauchy stress T.
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* The Mandel stress,
Me def CeT , (8.55)

which in general is not symmetric.

Note that on account of the transformation rule (8.29) for Fe, and the transformation
rule (8.40), the elastic second Piola stress and the Mandel stress are invariant under a change
in frame,

T * - T e and Me* = Me. (8.56)

Further, since the rate of change of elastic right Cauchy-Green tensor Ce is

&e = FeTFe + FPFe, (8.57)

the stress-power (8.53) may be written as

TR: F = 1 -(JTe): C Me : LP + JMe : L'. (8.58)
2

Next, recalling (8.12)2, (8.14), (8.16) and (8.18), we may write the stress-power (8.58) as

1(s~) 1
TR: = I - JT e): de + JSMe : DP + 1 (tr Me) js. (8.59)

Hence, using (8.59) in (8.52), the local free energy imbalance may be written as

R (JrT e Ce (trMe) - [UPR - JMe: DP +jR VA 0- (8.60)
2 30

8.6 Constitutive constraint between J and cR

We assume that

JS = j(CR), (8.61)

with
def dJ'(CR)

Q(cR) = dcR) > 0, (8.62)
dcR

so that changes in J arise entirely due to the change in species content. The quantity

Q(cR) > 0 represents a partial molar volume. We may then also write

= QR. (8.63)

Using (8.63) we can rewrite the swell stretching (8.14) as

1
Ds = -QJS'aR 1- (8.64)

3
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Using (8.63), the free energy imbalance (8.60) becomes

R- (J''T) : Ce - Pnet, - J'M': D + jR - V 0, (8.65)

where we have written
def 1

Pnet -[t + Q -(tr M') (8.66)

for an net chemical potential.

We note that under a change in frame

bR, CR, /L, JR, and Vp are invariant, (8.67)

OR, CR, and p because they are scalars, and jR and Vp since they are referential vector fields.
Also, recalling (8.33) and (8.56), we have that

Ce, Te, and Me are invariant under a change in frame. (8.68)

Thus with the invariance properties discussed above, all quantities in the free energy imbal-
ance (8.65) are invariant under a change in frame.

8.7 Constitutive theory

8.7.1 Energetic constitutive equations

Guided by the free-energy imbalance (8.65) we first consider the following set of constitutive
equations for the free energy OR, the stress T', and the net chemical potential /Lpet:

OR = OR (C, CR)

Te = Tp(C, CR) (8.69)

p = p. (Cec/tnet nt C)

Substituting the constitutive equations (8.69) into the free-energy imbalance (8.65), we
find that it may then be written as

(aOR( , CR) jr+ aPR , CR)

( Ce~ R) (Jre)): Pe+( cnet R _ J, Me: DP + j -Vie p K 0 . (8.70)

This inequality is to hold for all values of Ce and cR. Since e and 6R appear linearly, their
"coefficients" must vanish, for otherwise C and R may be chosen to violate (8.70). We are
therefore led to the thermodynamic restriction that the free energy determines the stress Te
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and the chemical potential p through the "state relations"

T e -1 ' 2 aR(Ce, CR)

V ( e ace 1(8.71)

A= as(C, ICR) Q (tr Me)
aCR 3

and we are left with the following reduced dissipation inequality

JS M : DP - jR VIL>O0 (8.72)

8.7.2 Dissipative constitutive equations

Recall the quantity & defined in (8.21). We use it as a scalar hardening variable to account
for the strain-hardening characteristics typically observed during plastic deformation. Since
EP is a scalar field it is invariant under a change in frame.

It is important to note that in the dissipation inequality (8.72) the quantity M': DP is
the plastic dissipation per unit volume of the local intermediate space mapped by F8 FP, and
multiplying this term by J' gives the plastic dissipation per unit volume of the reference
space. Thus, guided by (8.72), and experience with existing plasticity theories, we assume
that the plastic stretching is given in terms of the stress deviator Me, as well as the equivalent
tensile plastic strain e and the species content cR:

DP = DP(Me, ', CR)- (8.73)

To the constitutive equation (8.73), we append a Fick-type relation for the flux of the
diffusing species,

j = -M grad p, where M = M(Ce, CR, C') (8.74)

is a mobility tensor. The constitutive equation (8.74) may be expressed in the reference body
as

jR = -(JC-1)MV[ 1 . (8.75)

Remark. The constitutive equation (8.74) for the species flux differs from (3.62) used in
Part I. In Part I, it was the referential species flux, jR, which was taken to be given by a
mobility times the negative of the referential gradient of the chemical potential (-Vy). We
believe that (8.74) is the more appropriate form for the species flux for large deformations of
continually isotropic materials. However, we note that (3.62) in Part I is more appropriate for
instances in which the microstructure affects the manner in which diffusion occurs within a
body. In such instances, a referential description of the species flux is important in accounting
for how the transport and rotation of the microstructure will affect diffusion. E
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Using (8.73), (8.75), (8.21) and (8.22), the dissipation inequality (8.72) may be written
as

Js 3/II/2(Me: NP) ' + Va - (JC- M)Vp > 0. (8.76)

Henceforth, we define
u /3/2(Me : NP) (8.77)

as the equivalent tensile stress, so that (8.76) may be written as

J &P + Vu - (JC-1 M)Vp > 0. (8.78)

Recalling that Js > 0 and J > 0, we assume that each of the two terms in (8.78)
individually satisfy

d-P'>0 for ' >0, (8.79)

Vp - (C-M)Vk ;> 0. (8.80)

In this case, we note from (8.80) that the tensor C'M is positive semi-definite.
Finally, note that on account of the transformation rules listed in the paragraph con-

taining (8.67) and (8.68), the constitutive equations (8.69), (8.73), and (8.74) are frame-
indifferent.

8.8 Isotropy

As mentioned previously, we have restricted our attention to isotropic materials. In this case,

(t) the response functions V), Te, itnet, and DP must also each be isotropic.

($) the mobility tensor has the representation

M(Ce, cR'E) =ri(Ice ,cR, F)1, with rn( Ice, cR, F) > 0 (8.81)

a scalar mobility, and with

Ece = (Ii(Ce), I2 (Ce), 13 (Ce)

the list of principal invariants of Ce.

8.8.1 Isotropic free energy

An immediate consequence of the isotropy of the free energy is that the free energy function
has the representation

0. (Ce, CR) = OPR (ITcecR). (8.82)

1 -1 1 1 "'M "r-r
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Thus, from (8.71)1, it follows that

T J-1(2 =)(., 2CR)), (8.83)

and that T' is an isotropic function of C*. Then since the Mandel stress is defined by (cf.
(8.55))

me = CTe

we find that Te and Ce commute,

CeTe = eCe, (8.84)

and hence that the Mandel stress Me is symmetric.

Next, the spectral representation of Ce is

3

Ce =ZWre 9 r , with w= A e2, (8.85)

where (ri, r', re) are the orthonormal eigenvectors of Ce and Ue, and (Al, A), A)) are the
positive eigenvalues of Ue.

Let
3

e d InU = Ei ri 9 r , (8.86)

denote the logarithmic elastic strain with principal values

enA~ (8.87)

and consider an elastic free energy function of the form

OR (ECe, CR) = R(E, E2, E3, CR) (8.88)

Then, straightforward calculations show that the Mandel stress is given by

Me = J1 3 (Ee, Ee Ege, CR) e (9 r . (8.89)
i=1~

With the logarithmic elastic strain defined by (8.86), and bearing (8.88) and (8.89), for
isotropic elastic materials we henceforth consider a free energy of the form

(8.90)R(E1, E, 7Ei, CR) =R (-Ee i CR)
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with 1 Ee a list of principal invariants of E', or equivalently a list of principal values of E'.
The Mandel stress is then given by

Me = JS9-1 O R(lEe CR) (8.91)
aEe

and the corresponding Cauchy stress is

T = Je-ReMeRe T. (8.92)

8.8.2 Plastic flow rule for isotropic materials

Recall the constitutive equation (8.73) along with (8.23) for the plastic stretching DP,

DP = D(M, , CR) = /3/ 2 0(M, iP, CR) NP(M 0, CR). (8.93)

Guided by (8.76), we henceforth adopt the classical codirectionality hypothesis, which
asserts that the direction of plastic flow NP is parallel to and points in the same direction as
Me,

Me
NP = 0 (8.94)

IM8V

Further, note that on account of the isotropy of DP, the equivalent tensile plastic strain rate

function P(Me, e, CR) is also isotropic, and has the representation

= ( ', cR) 0, (8.95)

where 'Me is the list of principal invariants of M8.
A further consequence of (8.94) is that from the definition (8.77) for the equivalent tensile

stress we have

= 3/2(M : NP) = 03/2|M8!. (8.96)

Further, in accordance with prior experience, we henceforth neglect any dependence on
detMe in the expression (8.95) for viscoplastic flow. Then, using (8.77) and (8.94), the
plastic stretching DP in (8.93) may be written as

3 me.
DP = -Mp with i" = ?(&, CR) 0. (8-97)

2 d-
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8.9 Summary of the constitutive theory

Our theory relates the following basic fields:

x = X(X, ),
F=VX, J=detF>0,
F = FeFPF,

FS = A'1, J8 = (A) 3 > 0,
FP, JP=detFP=1,
Fe, je = det Fe > 0,

Fe = ReUe = VeRe,

Ce = FeTFe = Ue 2,
Ue = E3 1 Ae re 0 re,

Ve = 3 Aele & le, where le = Rere,

Ee = E3=1 (In Ae )re 0 re,

Ee L ReEeRe T = E3l (in ){)l* le,
H a1(nAea a,

T = TV,

me = jeReT TRe,

TR = JTF T ,

CR,

C,

jR,

j1,

8.9.1 Constitutive equations

1. Swelling ratio J

The swelling ratio J1 is related to

relation

motion;

deformation gradient;
multiplicative decomposition of F;
swelling distortion;
plastic distortion;
elastic distortion;
polar decompositions of Fe;
elastic right Cauchy-Green tensor;
spectral decomposition of Ue;
spectral decomposition of Ve;
logarithmic elastic strain;

spatial logarithmic elastic strain;
Cauchy stress;
Mandel stress;
Piola stress;
free energy density per unit reference volume;
molar concentration per unit
reference volume;
molar concentration per unit volume
in the deformed body;
chemical potential;
referential species flux vector;
spatial species flux vector.

the species concentration through a constitutive

J = jS(CR)

where

Q(CR) def d.J(cR) , 01
dcR

(8.98)

(8.99)

represents a partial molar volume.
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2. Free energy
OR = O R(IEeCR) (8.100)

where IEe represents a list of the principal invariants of the elastic strain E*.

3. Mandel stress. Cauchy stress

The Mandel stress is given by

M = JS- 1 (DR(IEe CR) (8.101)
( (Ee

which, on account of the isotropy of R is symmetric. The equivalent tensile stress is
defined by

/ /(3/2) IMeI. (8.102)
The Cauchy stress is related to the Mandel stress by

T 4 Je- (ReMeR T ). (8.103)

4. Chemical potential

The quantity

&l/i(IEe, CR)
PLL & R (ICR) ~ Ac (tr Me), (8.104) pC =3 ~c

represents the chemical potential, with Q he partial molar volume of lithium.

5. Evolution equation for F

The evolution equation for F is
PS = Ds F, (8.105)

with D' given by
1

D8 = 5QJ S~1 . (8.106)3

6. Evolution equation for FP

The evolution equation for FP is

PP = DP FP, (8.107)

where DP is given by
DP = P(3M0/2-), (8.108)

and P is given by a constitutive equation

? = p(&,CR) 0. (8.109)
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Here

F(X, t) = P(X, () d( with F(X, 0) =0, (8.110)

is the equivalent tensile plastic strain.

7. Species flux

The spatial species flux j is presumed to obey

j = -m grad y, (8.111)

which yields a referential species flux

jR = -m(JC 1 ) VpL, (8.112)

with fh(IEe, CR, ') > 0 the mobility of the diffusing species.

The evolution equations for FS and FP need to be accompanied by initial conditions.
Typical initial conditions presume that the body is initially (at time t = 0, say) in a pristine
state in the sense that

F(X, 0) = Fs(X, 0) = FP(X, 0) = 1, (8.113)

so that by F = FeFPF we also have Fe(X, 0) = 1.

8.10 Specialization of the constitutive equations

The theory presented thus far is quite general. We now introduce special constitutive equa-
tions aimed at modeling a-Si anodes. The specialized choices are based largely on the exper-
imental observations of Pharr et al. (2014) and Bucci et al. (2014), which will be discussed
in detail in Chapter 9, when the theory is calibrated.

8.10.1 Swelling ratio J

For the constitutive equation (8.98) we assume that JS varies linearly with cR,

J = 1 + Q(CR - CR,Q), (8.114)

with a constant partial molar volume Q > 0, and with CR,O the concentration of Li when
J = 1. cR,O is often taken as the initial concentration with the assumption that J8 = 1 is
the initial condition for the volume ratio swelling distortion.
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8.10.2 Free energy

We consider a separable free energy of the form

OR (IEe, CR) = OR(CR) R Eec). (8.115)

Here:

(i) 0' is the change in chemical free energy due to mixing/intercalation of the lithium ions
with the host electrode. It is taken to be given by

7

= ROcR,max ; In+ (1 - )In(1 - + c,mx an )(8.116)
n=2

where
def CR

_ 
= , O<i < 1, (8.117)

CR,MaX

is a normalized lithium ion concentration, with CR,ma,,x the concentration of lithium in
moles per unit reference volume when all the intercalation sites are filled. In (8.116),
R is the gas constant, V is the absolute temperature, and the polynomial dependence

D e n),in which a are fitting coefficients, is motivated by the recent paper by
Bucci et al. (2014).

(ii) 4{ is the contribution to the change in the free energy due to the elastic deformation
of the host electrode material, taken to be given by

(l1~ def (2 ~
J8 Ese: tF()[E ,e1 20(E)+ k(G ) - -GQ) 1 0 1, (8.118)

where C(Z) is a concentration dependent elasticity tensor, with i and 1 the fourth- and
second-order identity tensors, and the parameters

O(e) > 0, K(Z ) > 0, (8.119)

are the concentration-dependent shear modulus and bulk modulus, respectively. The
term2

2Ee : e( )[E]

in (8.118) is a measure of the free energy per unit volume of the local intermediate
space defined by the range of FPF8 (X), and multiplication of this term by J gives us
the free energy per unit volume of the reference space.

2 This is a simple generalization of the classical strain energy function of infinitesimal isotropic elasticity
to finite strains using the logarithmic elastic strain (Anand, 1979, 1986), and concentration-dependent elastic
moduli.
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Thus, using (8.116) and (8.118) in (8.115), a simple form of the free energy function
which accounts for the combined effects of mixing, swelling, and finite elastic stretching is

R =10 CR+ ROR,max (ElnE+ (1

7

) ln(1 - E) ) + CR,max Z a, .(n)

n=2

+ Js E e (E)[E ,

( 2G(E)I + k(E) (8.121)

the elasticity tensor, and J = 1 + Q(cR - cR,O)-

8.10.3 Stress. Chemical potential

Using (8.120) and (8.101) we find that the Mandel stress is given by

me = 2G(Z)Ee + (k(5) - (2/3)G(E))(trEe)1. (8.122)

Then, using (8.103) we find that the Cauchy stress tensor is given by3

T = je-1 (2O(Z)EH + (K(ca) - (2/3)G(E))(tr E*H) (8.123)

Hence the Piola stress, TR = JTF-', is given by

TR =J' (2O()E H + (k(E) - (2/3)O(E))(trE H)1 F-T (8.124)

In (8.123) and (8.124) we have used the notation

E e = ln VeH (8.125)

for the logarithmic elastic strain in the deformed body.

3Cf. Qi et al. (2010) and Shenoy et al. (2010) for a first-principles calculation of the variation of elas-
tic constants of silicon and graphite with increasing Li content. Their calculations show that graphite is
substantially stiffened by lithium, while silicon is substantially softened.

with

(8.120)

2 ()1@1
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Also, using (8.104) and (8.120), the chemical potential y is given by

[ = R9 ln ( 1

- ( (tr Me) -
Js

C RCR,max
- Q (2Ee: c(CR)[Ee).

where in writing (8.126) we have defined an "activity coefficient" y by

7

RV ln(-y) E Lan. Unl)

n=2

8.10.4 Species flux

In the expression (8.111) for the species flux, we
the species concentration

rl(cR moC( 1 - MO,

which represents the physical requirement that
vanishing mobility. Further,

Do = moRd > 0

denotes the diffusivity of the chemical species.

Then, using (8.128) in (8.111) we obtain

take mobility as the following function of

with mO > 0,

the pure phases c = 0 and e =

j = -moc(1 - E)gradp

with / given in (8.126).

8.10.5 Plastic flow rate e5

Next, we consider the flow function (8.109) which specifies the equivalent tensile plastic
strain rate. We introduce two positive-valued scalar resistances Y and Y with dimensions
of stress. We assume that Y is a constant, while

Y =Y(B)

depends on the species concentration E. The resistance Y accounts for strain hardening/soft-
ening characteristics of the material. Then, as a simple specific expression for P, we choose

(8.126)

(8.127)

(8.128)

1 have

(8.129)

(8.130)

'E e : [Ee]
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a the following power-law form

0 if & <; Y{ .( -Y) m  if (8.131)
to if d-> Y.
(Y

For non-zero plastic strain rate, (8.131) may be inverted to give the following strength
relation,

1/M
when i" > 0. (8.132)

Here O is reference tensile plastic strain rate, and m is a measure of the strain-rate sensitivity
of the material.

In order to model the experimentally-observed concentration-dependent change in the
yield strength of a-Si, we adopt the following specific form for Y(e),

Y(Z) = Ysat + (Y - Ysat) exp _), (8.133)

with {Yo, Ysat, E*} three positive-valued material parameters. This function produces a simple
exponential softening response from an initial value Y to a lower saturation value Ysat < Y,
with 6* controlling the rate of decay. Further, as a special value for Y in the rate-dependent
response (8.146), we take

(8.134)Y = Ysat.
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8.11 Summary of the specialized constitutive theory

Our specialized theory relates the following basic fields:

x = X(X, t)
F = VX
F = FeFPF

Fs, FP, Fe

Fe= ReUe

Ue =3 =_1 \re ) 9r e

Ee =3= 1 (ln Ae)re & re

E = ReEeReT

T = TT

me = JeReTTRe

cR

CR,max

Z = cR/CR,max E [0,1]
c = J- 1 CR

P

j

motion;
deformation gradient;
multiplicative decomposition of F;
swelling, plastic, and elastic distortions;
polar decompositions of Fe;

spectral decomposition of Ue;

logarithmic elastic strain;
spatial logarithmic elastic strain;
Cauchy stress;
Mandel stress;
molar concentration per unit reference volume;
maximum molar concentration per unit reference volume;
normalized concentration;
molar concentration per unit volume in the deformed body;
chemical potential;
spatial species flux vector.

8.11.1 Constitutive equations

1. Kinematics. Multiplicative decomposition of the deformation gradient,

F = FeFPF',

with

J = detF > 0, Je = detFe > 0 JP = detFP = 1, Js = detF8 > 0.

2. Swelling distortion. Based on the isotropy of a-Si, we take the swelling distortion F1
to be spherical and to depend on the Li concentration,

FS= (js)1/ 3 1, with J = 1 + Q(cR - cR,O), (8.137)

where Q is a constant partial molar volume of the intercalating Li in the body, and cR,o
is the initial concentration of Li.

(8.135)

(8.136)

1 111 111 PR I -



103

3. Free energy. The free energy per unit reference volume is taken as

OR ,R,max(,ln, + (1- E) ln(1 - E)+ cR,mn Z n) + Ja1 E e :(E)[Ee
n=2 (-)0

chemical energy elastic energy

(8.138)
Here, R is the gas constant, t9 is the constant absolute temperature, and the polynomial
dependence E7= an . E(n) in the chemical free energy, in which an are fitting coefficients,
is motivated by the recent paper Bucci et al. (2014). Further,

C(Z) = 2G(E)I + (K(E) - (2/3)G(6))1 9 1, (8.139)

is a concentration-dependent elasticity tensor, with G(E) and k( i) concentration-dependent
shear and bulk moduli, respectively.

4. Stress. The Mandel and Cauchy stress tensors are respectively given by,

Me = J3~1 = 2G(E)Ee + k(E) - 2d() (trE e)1, and
/ 3(8.140)

T = Je-ReMe R T = Je-1 2O(,)E e + K() - Od(,) (trEH e))

5. Chemical Potential. The chemical potential of the Li in the anode is given by,

___ 1
a= R - Q-trMe
aCR 3

= R ln 7 )- MtrM' + C E: d [cEe] +Q(E: e()Ee]
1 -E 3 Ca,Max2 de,;(

(8.141)

where, following Bucci et al. (2014), we have defined an "activity coefficient" y by

7

RV ln(y) = E an - -(n-1. (8.142)
n=2

The polynomial coefficients an are determined by fitting to experimental or numerical

simulations of the open-circuit potential of Si during lithiation. Such a fit was performed

by Bucci et al. (2014) for a-Si; we use their fitting coefficients in this paper.
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6. Evolution equation for FP. The plastic distortion evolves according to

PP = DPFP, with DP = P _M , tp > 0, FP(X,0) = 1, (8.143)

where

= _ V/3/21Me (8.144)

defines an equivalent tensile stress, and P denotes an equivalent tensile plastic strain rate.
We introduce a positive-valued, stress-dimensioned, and concentration-dependent yield
strength Y(e) > 0, and assume that a no-flow condition,

P = 0 if 5 Y(e), . (8.145)

holds. During plastic flow, P > 0, the equivalent tensile stress is taken to be equal to a
rate-dependent flow strength,

S=Y(6) + Y - (8.146)EO

where Y, > 0 is a positive-valued, stress-dimensioned constant, o is a reference tensile
plastic strain rate, and m is a measure of the strain-rate sensititivy of the material.
Equations (8.145) and (8.146) may be combined to give the equivalent tensile plastic
strain rate as,

0 if & < Y(a),

- if & > Y(e). (8.147)

Y,

In order to model the experimentally-observed concentration-dependent change in the
yield strength of a-Si, we adopt the following specific form for Y(E),

Y(Z) = Ysat + (Yo - Ysat) exp -_- (8.148)

with {YO, Ysat, ,*} three positive-valued material parameters. This function produces a
simple exponential softening response from an initial value Y to a lower saturation value

Ysat < Y, with E* controlling the rate of decay. Further, as a special value for Y in the
rate-dependent response (8.146), we take

Y* = Ysat. (8.149)
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7. Species flux. The spatial flux j, of the intercalating Li is taken to depend on the spatial
gradient grad y, of the chemical potential:

Doj = -m grad y, with m = 7jc(l - E) > 0 the mobility. (8.150)

Here, Do is a constant diffusion coefficient.

8.12 Governing partial differential equations. Bound-
ary and initial conditions

The governing partial differential equations consist of:

1. The local force balance
divT + b = 0, (8.151)

where the Cauchy stress T is given by (8.140), and b is the non-inertial body force.

2. The local balance for the species concentration

CR = - J divj, (8.152)

with the flux j given by (8.150).

With Su and St denoting complementary subsurfaces of the boundary 0Bt of the deformed
body Bt, as boundary conditions we consider a pair of simple boundary conditions in which
the displacement u = x - X is specified on Su and the surface traction on St:

u =u on Su x (0, T), (8.153)

Tn =t on St x (0, T).

With S,, and Sj another pair of complementary subsurfaces of the boundary Bt, we also
consider boundary conditions in which the chemical potential is specified on S, and the
spatial species flux on Sj

Y = P on S, x (0, T), (8.154)

jn =j on Sj x (0, T).

The initial data is taken as

u(X, 0) = 0, and p(X, 0) = po(X) in B. (8.155)

The coupled set of equations (8.151) and (8.152), together with (8.153), (8.154) and (8.155)
yield an initial/boundary-value problem for the displacement u(X, t) and the chemical po-
tential pz(X, t).
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8.13 Electrode/electrolyte interfacial reaction kinetics.
Butler-Volmer equation

ELECTROCHEMICAL POTENTIAL: The electrochemical potential of the ith charged species
in a chemical reaction is defined as

pi = pi + ziFo1 , (8.156)

where pi is its chemical potential, zi is its valence, F is Faraday's constant,4 and #, is the
electric potential in phase I in which the charged species is found.5

Consider an electrode containing some Li submerged in a bath of an electrolyte containing
Li+ ions. We make the following assumptions regarding this system:

" The electrode material is considered insoluble in the electrolyte.

" We assume that within the electrode there are more than enough electrons to combine
with the Li ions, so that lithium in the electrode exists as a neutral species.

" We consider the electrical conductivity of the electrode to be large, and the diffusion
of Li+ through the electrolyte to be fast.

" We denote the electric potential in the electrode by 0', and the electric potential in the
electrolyte by 4. Further, we assume that both of these electric potentials are uniform,
and variations in the electric potential occur only at the electrode/electrolyte interface.

Consider now the following electrochemical reaction at the surface of the electrode,

Li(electrode surf.) y2 Li+ (electrolyte) + e- (electrode surf.) (8.157)

and let
(electrode surf.) (electrolyte) ,(electrode surf.), (8.158)

/Li 7 , i , and e 818

respectively, denote the the electrochemical potentials of the Li atoms on the surface of the
electrode, Li ions in the electrolyte, and the electrons on the surface of the electrode.

Remark. Henceforth, for brevity, we will omit the superscripts used in (8.157) and (8.158)
to denote the location of each species. Thus, for the ensuing discussion, the neutral Li as well
as the electrons should always be considered as being on the the surface of the electrode, while
the Li+ ions should always be considered as being in the electrolyte. Hence, the subscript
denoting the species type is also an indicator of its location. 0

4 The Faraday constant is the magnitude of electric charge per mole of electrons. It has a value
9.64853399(24) x 104 C mol 1 .

5Henceforth we distinguish the electrochemical potential with an overset tilde, A, while the chemical
potential, p, will not have an overset tilde.
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Let the difference between the electrochemical potentials of the reactant and products in
(8.157) divided by Faraday's constant be denoted by

f [t(U - ( 2 Li+ + ie-)). (8.159)

This represents a "driving force" for the chemical reaction (8.157) in the sense that:

" If q > 0, then lithium is favored to be expelled form the electrode into the electrolyte
- Li is oxidized to form Li+.

* If 7 < 0, then lithium is favored to be intercalated form the electrolyte into the electrode
- Li+ is reduced to form Li.

* And, the condition q = 0 represents the condition for equilibrium of the reaction in
equation (8.157).

The electrochemical potentials in (8.159) may be further expressed in terms of their
chemical potentials and electric potentials as

LU = YUi,

Pi+ = AU+ + F4, (8.160)

Le- = Pe- - FO ,

where in writing (8.160) we have made use of the fact that Li atoms in the electrode are a

neutral species, that the Li ions are positively charged (valance of +1), and that the electrons

are negatively charged (valance of -1). Further note that the electric potential acting on

the Li ions is that of the electrolyte, q, and the electric potential acting on the electrons is

that of the electrode, #e.
Next, consistent with our earlier assumptions, we assume further that the activities of

the Li+ ions in the electrolyte and the electrons e- in the electrode have a value of unity6 -

that is the electrolyte and the electrode may be treated as infinite reservoirs which supply

Li+ ions and electrons e- to the chemical reaction at the surface of the electrode particle.

Then, the electrochemical potentials (8.160) may be written as

AU = PU + AU(C, M, g

b+ = -Li+ + F#, (8.161)

Ae- = PO- - FO ,e~ =

'The chemical potential of a species is usually written as

Ai = A9 + R?9 ln(ai),

where ai represents the activity of the species, and p9 represents the reference value when ai 1.
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where the reference potentials p4, IP{+ and pe _ are constants, and where we have recalled
that the chemical potential of the Li at the surface of the electrode is a function of the
concentration, the Mandel stress, and the temperature, (c.f. eq. 8.141). Using (8.161) we
may write the quantity 7 defined (8.159) as

U (C, M, 1) _ (Pi+ + tto_ - PO)L = + A#, (8.162)
F F

where
(8.163)

represents the voltage drop across the electrode/electroyte interface.

Equilibrium: At equilibrium q = 0. Thus, using (8.162), we may define an equilibrium
interfacial voltage as

AFeq = VO* - ' ' , (8.164)F
where

Sdef (pYi+ + IPo _ PLO
V =e constant. (8.165)F

In the absence of stresses, (8.164) represents the standard Nernst equation for the system
under consideration.

Using (8.164), we may rewrite (8.162) as

77 = AO - A~eq. (8.166)

The quantity q is commonly referred to as the overpotential, since - as is clear from
(8.166) - it represents the electric potential above (or below) an equilibrium value required
to drive the chemical reaction.

Deviation from equilibrium: When the overpotential r # 0, the chemical reaction (8.157)
takes place, and there is a resulting current I. The current I per unit area is a function of
the overpotential 7, and is widely taken to be given by the phenomenological Butler-Volmer
equation (cf., e.g., Newman and Thomas-Alyea, 2010; Bazant, 2013),

I = ) exp -a -exp ((1 -a) . (8.167)

Here, Io is a concentration-dependent exchange current, given by

10 = FkO(1 - 5)ae(-a), (8.168)

0 < a < 1 is a symmetry factor which biases the reaction, and ko is a rate constant which is
typically determined experimentally. In our simulations we assume a = 0.5, in which case
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(8.167) may be inverted to yield

= 2- Rsinh1( , with I = Fk(1 - E)1/2(E)1/2. (8.169)
F (2Io

Remark. In writing the (8.168), we have made an assumption that the exchange current
Io depend only on the concentration in a fashion that is consistent with an ideal solid
solution (cf. Bazant, 2013). Due to the fact that the chemical potential pLi depends also
on the mechanical deformation through the Mandel stress, we expect that Io should also
depend on the mechanical deformation through the Mandel stress. We neglect any such
dependence here. Hence, our interfacial reaction kinetics, as given by the Butler-Volmer
equation (8.167), depend on the Mandel stress only through the overpotential 'q. We leave
a detailed investigation of the effect of stress on the exchange current 1o for a future work.

Equilibrium potential. Cell voltage: Let

A,,.t #e cnt _ 0

define the voltage drop at the counter-electrode/electrolyte interface in the cell, where #'"*
is the electric potential of the counter-electrode which is a constant. Then, we define an
equilibrium potential for the cell through

Udef A,,_A~t-(8.170)U = A~keq - Aq5cat.(.7)

Then, using (8.170) and (8.164), we obtain that

U = Vo M, 0) where V = VO* - Aocnt = constant. (8.171)
F

Thus, the parameter V depends on the counter-electrode used. It is a Li foil in all the

experiments considered in this part of the thesis.

Finally, the cell voltage is defined as the voltage drop between the electrode and the

counter electrode

V Le Oe ent(8.172)
= (#* - ) - (Ocn" - #) = AO - Aocnt,

where in writting (8.172) we have made use of the assumption that the electrolyte electric

potential # is constant through the electrolyte. Using (8.166), (8.169), and (8.171) the cell
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voltage may be written as

p U( , eM, ) R7 . 1 1 I (8.173)
F o- --snh -I. F F 2o

Flux boundary condition: As discussed in (8.154)2, at a point on the surface of the
deformed body we may prescribe a flux boundary condition, j - n = j. The prescribed flux
j is related to an applied current I per unit area at that point by

=-I/F. (8.174)

For such an applied flux boundary condition, we may then use (8.173) to compute the voltage
V corresponding the applied current per unit area I.

Remark. When a battery is cycled under constant current conditions, that is galvanostatic
conditions, it is the total current

Itotal = iat I da,

which is constant across the electrode, while the current density I may not be uniform
across the electrode even though the Voltage V might be. In a finite-element simulation of
an arbitrary shaped-electrode which has been discretized to have m elements on the exterior
boundary of the body, one must prescribe an integral constraint of the form

m m

itotal = 1 j Ik da = -F JA da (8.175)
k=1 tN k=1 tE

where Jk represents the flux to be prescribed on the desired surface of the k-th element.
However, in the simulations considered in this part of the thesis the diffusion is essentially
one-dimensional in nature, there is a single element on the surface of our simulation domains,
and the simple eq. (8.174) applies. l

8.14 Numerical implementation of the theory

We have implemented our coupled diffusion-deformation theory described in Sect. 8.11 by
writing a user-element subroutine (UEL) for Abaqus (2010), for a 2D axisymmetric 4-node
linear isoparametric quadrilateral element. The details of our numerical procedure can be
found in Appendix. C.

We note that in our numerical implementation we have ignored the last two terms in
(8.141) for the chemical potential. These terms are quadratic in the elastic strains, and
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expected to be smaller in magnitude than the other terms in (8.141). Cf. Sethuraman et al.
(2010b) for arguments leading to such an approximation even for silicon, which can absorb
a large amount of lithium, and for which the values of the elastic moduli are significantly
affected when it is fully lithiated.
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Chapter 9

Calibration of the material

parameters in the theory

The purpose of this Chapter is to report on the calibration of the material parameters in
our theory. The calibrated values are summarized in Table 9.1 at the end of this Section.
A majority of the material properties necessary to characterize our constitutive theory are
available in the literature. For the rest, we discuss in detail the procedures that we have
used to estimate the values from published experimental data, primarily from the substrate-
curvature experiments reported by Pharr et al. (2014).

9.1 Chemical properties

" The x in LixSi represents the stoichiometric amount of Li in the compound LixSi. We
assume here that Si may be fully lithiated to the compound Li15 Si4 , so that xma = 3.75.
Note that x is related to the normalized concentration Z by x = xmaxc.

* With psi = 7.874. 10 mol/m3 the molar density of Si (Mohr et al., 2008), the maximum
molar concentration of Li in Si is then given by cR,max = 3.75- psi = 0.295 -106 mol/m 3 .

* The maximum volumetric swelling of Si has been measured by Obrovac and Krause
(2007) as QcC,mx = 2.625, and hence the partial molar volume of Li in Si is Q =
8.89. 10-6 m3/mol.

" The diffusivity Do of Li in Si has been measured by Ding et al. (2009) to be Do =
10-16 m2 /sec.

* Finally, the coefficients used by Bucci et al. (2014) to fit the activity coefficient (8.142)
are a2/F = 0.8735V, a3/F = 0.7185V, a4/F = -4.504V, a5/F = 6.876 V, a6/F =
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-4.6272 V, and a7/F = 1.1744 V, where F = 9.6485-104 C/mol is the Faraday constant.
The reference potential is V = 0.88 V

9.2 Elastic properties

With
X Xmaxc

a 1- = -(9.1)
X+1 XmaxC + 1

denoting the atomic fraction of Li atoms, the variation of the Young's modulus E, and the
Poisson's ratio v, with Li concentration is taken to obey a simple rule-of-mixtures proposed
by Sethuraman et al. (2012),

E=aELi+(1-a)Esi, and v=avLi+(1-a)vsi, (9.2)

where (ELi, vLi) are the elastic properties of pure Li, and (Esi, vsi) are the elastic properties
of pure Si. Although the mixture rule (9.2) is linear with respect to the atom fraction
a, see Fig. 9-1(a), it produces a non-linear result with respect to either the stoichiometric
coefficient x or the normalized concentration = x/Xmax, as shown in Fig. 9-1(b). The elastic
moduli (E, v) are converted to (G, K) by using the standard relations G = E/(2(1 + v)) and
K = E/(3(1 - 2v)).

9.3 Plastic Properties. Reaction Constant

The remaining material properties that need to be calibrated are the plastic properties
{YO, Ysat, Z, , o, m} in equations (8.147) and (8.148), as well as the reaction constant ko in the
expression (8.169)2 for the exchange current Io. Pharr et al. (2014) and Bucci et al. (2014)
have recently reported on their novel experiments in which a half-cell based on an a-Si thin-
film anode deposited on a quartz substrate is galvanostatically cycled against a Li electrode,
while the curvature of the substrate is simultaneously monitored. We have calibrated the
plastic properties and the reaction constant by conducting finite-element simulations of the
substrate curvature experiments and adjusting these material parameters so that pertinent
numerical results match those which were measured experimentally by Pharr et al. (2014).

In the experiments of Pharr et al. (2014), a 100nm amorphous silicon film was deposited
on a quartz substrate and first lithiated/delithiated galvanostatically against a Li-electrode
in a half cell at a C-rate of 1/8 for one cycle. During the second cycle the lithiation rate was
varied in order to induce different strain rates in the silicon film to probe the rate sensitivity
of plastic flow of a-Si. During their experiment a substrate-curvature measuring technique
was used to estimate the nominal stress in the a-Si film by using the classical Stoney formula
(Stoney, 1909)

1 E h 2
0 1 7, (9.3) 61- v hj'
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where , is the experimentally-measured curvature of the substrate, E, and v, are the Young's
modulus and Poisson's ratio of the substrate, and h, and hf are the thicknesses of the
substrate and the film layers, respectively.

As noted by Pharr et al. (2014), in their experiments there is loss of Li to the formation of
SEI on the silicon anode. Thus, what is experimentally controlled during their galvanostatic
experiments is the total flux of lithium into the system, jtot, and not the flux of lithium,
jsi into the silicon anode; a portion jsEI of the total flux in the system is consumed in the
formation of the SEI. Thus,

JSi = Jtot - JSEI- (9.4)

In our simulations we prescribe the flux of lithium into the silicon jsi. Thus, in order to
compare our simulations to the experimental results of Pharr et al. (2014), we need to
estimate JSEI. Following recent models of SEI formation (cf. e.g. Smith et al., 2011b; Pinson
and Bazant, 2013), and based on our previous paper on modeling SEI growth, Rejovitzky
et al. (2014), we assume that the rate of loss of Lithium is inversely proportional to the
square-root of time'

JSEI (9-5)

where B is a proportionality constant. Thus, combining (9.5) with (9.4), we obtain

jsi = jtot - B/V. (9.6)

The total flux jtot depends on the charging rate and is determined by the experimental
conditions. From the experiment results of Pharr et al. (2014) we have estimated that2

B = 1.3364 - 10- 5 mol/(m 2 sec1/ 2 ).

For later use we introduce the quantity

Xtot = A 3.75 Jtot dT, (9.7)
V CR,max JO

which represents a normalized measure of the total amount of Li going into the system; here
A and V are the initial area and volume of the a-Si anode respectively.

The simulation domain used to numerically represent the substrate curvature experiments
of Pharr et al. (2014) is shown in Fig. 9-2. In order to minimize computational effort, we
have only considered a small section of an axisymmetric plate adjacent to the axis of radial

'Bucci et al. (2014) have accounted for Li lost to SEI formation in a similar manner; however, they
accounted for the flux of Li lost to SEI formation using a model which also depends on the applied voltage.
Here, for simplicity, and since modeling SEI formation is not the main objective of this paper, we simply
model loss of Li to SEI formation through (9.6).

2Specifically, from their voltage versus SOC plot, we estimate the difference in concentration at 1 V before
and after the first cycle, and based on the experimental C-rate, determine how much Li was lost in one full
cycle.
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symmetry as the simulation domain, and meshed it with a single column of elements.3 The
silicon layer was meshed with 20 user-elements whose constitutive behavior is described by
the coupled diffusion-deformation theory summarized in Sect. 8.11. The glass layer is meshed
with 20 built-in Abaqus elements whose constitute behavior is taken to be linear elastic with
a Young's modulus of E, = 72 GPa and Poissons ratio v, = 0.165.

The boundary/initial conditions used for the substrate-curvature simulations are as fol-
lows:

" Mechanical boundary conditions: With respect to Fig. 9-2(b), consistent with
radial symmetry, the nodes along edge AB are constrained to have zero radial dis-
placement. All nodes along the edge CD are constrained to remain on a straight line
as defined by the nodes at points C and D. The line formed by these nodes is free
to move and rotate, and it is from the rotation of this line with respect to its initial
vertical position that we compute the simulated curvature of the plate. Finally, the
node at point B is constrained to have zero vertical displacement to prevent any rigid
body motions.

" Flux boundary conditions: With respect to Fig. 9-2(b), on the nodes along edge
AC we prescribe the flux of lithium according to (9.6). As in the experiment of Pharr
et al. (2014), the total flux jtot is set to correspond to a C-rate of 1/8 for the first full
cycle. During the second cycle, the C-Rate was set to 1/8 for 1 h followed by a number
of segments with different C-rates. The time of each segment was chosen such that the
total flux into the system during each segment was equal. Specifically, C-rate jumps
from 1/8 to

C-rate E [1/2, 1/4, 1/16,1/32,1/64, 1/128], (9.8)

were considered.

The results from our material parameter calibration procedure are shown in Figs. 9-3
and 9-4. Fig. 9-3(a) compares the simulated nominal stress (solid line) as a function of
the total lithium content xtot, against the corresponding experimental measurement (dashed
line) (Pharr et al., 2014). The simulation captures the experimentally-observed behavior
relatively well. In obtaining this fit the material parameters

o = 2.3 -10 -3 1/sec and m = 2.94,

for the material rate-sensitivity were taken directly from Pharr et al. (2014), and only the
the parameters

{YO, Ysat, c }

in (8.148) were adjusted to fit the data.

3 In the experiments of Pharr et al. (2014), there is also a 15 nm layer of Ti and a 300 nm layer of Cu
between the glass substrate and the silicon film. Since these layers are relatively stiff, and much thinner than
the glass substrate, we do not include them in our finite element model.
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Fig. 9-3(b) shows the simulated voltage V (solid line) versus the total lithium content
xtot, against the corresponding experimental measurement (dashed line) (Pharr et al., 2014).
Note that in the simulation shown in Fig. 9-3(b) we maintained a C-rate equal to 1/8;
accordingly we have cropped the experimental data before the start of the C-rate jumps.
The simulated voltage was computed using equation (8.173) by appropriately adjusting the
parameter ko in the expression (8.169)2 for the exchange current 10. We adjusted ko so that
the total dissipation of energy in one full cycle (i.e. the area inside the curves encompassed
by the second and third half-cycles) in the simulation was approximately equal to that in
the experiment.

With respect to the comparisons shown in Fig. 9-3, we make the following observations:

* In Fig. 9-3(a), the onset of plasticity, followed by plastic softening, occurs earlier in
the simulation than in the experiment. This is likely due to the fact that we have
underestimated the amount of Li lost to SEI formation in the early stages of lithiation.

* The functional form (8.148) for the variation of the yield strength with species concen-
tration in the simulation captures the experimentally-observed plastic softening with
increasing concentration, relatively well. During delithiation, the model as well as the
experiments predict an increase in flow resistance due to a decrease in the concentration
of lithium.

" The simulated elastic unloading after the first half-cycle matches well with the corre-
sponding experimental results. This suggests that the mixing rule (9.2), combined with
the elastic constants listed in Table 9.1, are well suited to characterizing the variation
in elastic properties with changing Li concentration.

* As shown in Fig. 9-3(b), the simulation, using the reaction kinetics described in
Sect. 8.13, gives a fairly good approximation of the experimentally-measured voltage
versus xtot response.

Finally, Figs. 9-4(b) and (c) compare the simulated and experimentally-measured stress-
jumps due to changes in C-rate. Note that the axes in the two figures are identical in order to
provide an accurate visual comparison of the stress increments and decrements with changes
in C-rate. The simple power-law strain-rate-sensitivity for the a-Si in the theory produces
stress-jumps which are comparable to those measured experimentally by Pharr et al. (2014).

The final list of calibrated values for a-Si is summarized in Table 9.1. Note that only the
three material parameters {Yo, Ysat, } for the rate-independent part of the plastic deforma-
tion resistance, and the reaction kinetics parameter ko for the exchange current have been
fitted in this work; all the other parameters have been obtained from values published in the
literature. With all the material parameters in the theory fixed to the values shown in this
Table, in the next Section we apply our numerical simulation capability to model the hollow
double-walled Silicon anodes developed by Wu et al. (2012).
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Table 9.1: Material properties for our fully-coupled elastic-plastic deformation-diffusion model for
amorphous Silicon anodes

Parameter Value Source

Do 10-16 M2 /sec Ding et al. (2009)

Chemical QCR,max 2.625 Obrovac and Krause (2007)

CR,max = 3.75 - Psi 0.295 .106 mol/m 3  Psi = 7.874. 104 mol/m 3 from
Mohr et al. (2008)

[a2 , a3 , a4 , a 5, a 6, a7]/F [.8735,0.715, 14.54, Bucci et al. (2014)
6.876, -4.6272, 1.1744] V

Ea-Si 80 GPa

Elastic Va-Si 0.22 Sethuraman et al. (2012)
EL1  4.91 GPa

VL 0.36

Plastic io 2.3 - 10-3 1/sec Pharr et al. (2014)
Rate-Dependent m 2.94

Plastic Y 1.6 GPa

Rate-Independent Ysat 0.4 GPa Fitted to Pharr et al. (2014)

E* 0.04

Reaction Kinetics ko 3.25 - 10-7 mol/sec Fitted to Pharr et al. (2014)
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Figure 9-3: Fit of our substrate curvature simulation to the experiments of Pharr et al. (2014)

showing (a) the nominal stress in the Si film, and (b) the voltage, both as functions of the total
lithium content.
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Chapter 10

Modeling a hollow double-walled a-Si
nanotube anode

As discussed in the introduction, in order to mitigate failure of the SEI, various research
groups have proposed the use of novel Si anode designs which restrict the deformation in-
curred by the SEI during cyclic lithiation. One such design, experimentally-realized by Wu
et al. (2012), involves fabricating an anode which consists of an ensemble of hollow a-Si
nanotubes whose outside has been oxidized; see Fig. 10-1(a) for a TEM image. These struc-
tures are referred by the authors as double-walled nanotubes, where the two walls refer to
an interior Si core and an exterior silicon-dioxide shell; see schematic Fig. 10-1(b). Since the
electrolyte contacts the anode only on its exterior surface - the exposed surface of silicon-
dioxide, the SEI will also grow only on the exterior of the nanotube. During cycling, the
relatively stiff silicon-dioxide shell acts as a mechanical constraint layer which prevents the
outward expansion of the nanotube, effectively restricting the deformation incurred by the
SEI.

In this Section we apply our calibrated fully-coupled theory for a-Si to model such a
geometrically-complex anode design. We do so with all material properties for a-Si fixed at
the values shown in Table 9.1, which were calibrated from independent experiments. In our
simulations, the mechanical properties of the Si0 2 layer are simply taken to be linear elastic
with a Young's modulus of E = 90 GPa, and a Poisson's ratio of 1/ = 0.17.

In modeling the hollow nanotubes of Wu et al. (2012), we assume that they are axisym-
metric and have a length much larger than their diameter, so that diffusion of Li occurs
entirely in the radial direction. In accordance with these assumptions, and in order to save
computational effort, we take a sliver of the hollow tube, cf. Fig. 10-1(b), as our simula-
tion domain, and mesh it with a single row of elements; cf. Fig. 10-1(c). With respect to
Fig. 10-1(c) we apply the following boundary:

* Mechanical boundary conditions: The nodes along the edge AC are constrained
to have zero-displacement in the vertical z-direction. Consistent with our assumption

121



122

of a long thin tube, the nodes along edge DF are constrained to remain flat but are
allowed to displace in the z-direction. The edges AF and CD are traction-free.

" Chemical potential boundary conditions: Consistent with our assumption of
radial diffusion only, we constrain the chemical potential of the nodes on edge AC to
equal the chemical potential of the nodes on edge DF.

* Flux boundary conditions: In these simulations we neglect the transport of Li
through the Si0 2 layer. Then, consistent with the experiments which were done at a
constant current, we prescribe a flux of Li into the Si directly on the nodes on edge
BE. The magnitude of the flux is computed based on a desired C-rate through

= -(V/A)(C-rate/3600)cR,max,

where V and A are the initial volume and area of the Si anode respectively, and c,max
is the maximum molar concentration given in Table 9.1. In these simulations, for
simplicity, we do not consider any loss of Li to SEI formation. As in the experiments
of Wu et al. (2012), the simulated anode is cycled between voltage limits of 0.01 V and
1 V, where the simulated voltage is computed during the simulation using (8.173).

For later use, we define the state-of-charge (SOC) of the a-Si anode at a given time by

SOC = jB dV/j dv. (10.1)

Remark. As reported by Wu et al. (2012), and recently studied in detail by Zhang et al.
(2014), it is expected that during cycling the Si0 2 film will react with Li to form a silicon-
oxygen-lithium compound. This reaction, which is believed to be non-reversible, will con-
sume lithium and also lead to an expansion of the Si0 2 film. In our simulations we do not
attempt to model the uptake of Li, and the consequent expansion of the Si0 2 film during
cycling. We make this purposeful choice for two reasons: (i) We would like to maintain
our focus on the theory for a-Si and its response in the geometrically-complex anode under
study; and (ii) It is unclear at present what the product of the reaction involving Si0 2 and
Li is; and as such, attempting to model this would result in a number of additional fitting
parameters which cannot - at this stage of available experimental data - be independently
determined.

10.1 Typical simulation output

A typical result of our simulations is shown in Fig. 10-2, where we cycled a hollow double-
walled nanotube anode at a C-rate of 1 for three half-cycles between voltage limits of 0.01
and IV. On the left in Fig. 10-2 we show contours of the normalized concentration 5 (top),
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and contours of equivalent plastic strain P (bottom) in the a-Si. These contours are plotted
at states (A) and (B), which respectively represent the states at the beginning and end of
the last half-cycle; see the figure on the right, where these states are marked by dashed lines.
From the contours of equivalent plastic strain we note that at the end of 3 half-cycles, the
anode has accumulated a very large amount of plastic deformation - up to 210% plastic
strain.

On the right of Fig. 10-2 we show plots of the equilibrium U (blue), and the voltage
V (red), both as functions of the SOC. The difference between these two curves is the
overpotential, r7 = V - U, which arises entirely due to the surface reaction kinetics described
in Sect. 8.13. The equilibrium potential represents the intrinsic response of the Si anode,
and visualizing it together with the voltage allows us to discern the contribution from the
mechanical deformation of the Si anode to the overall voltage versus SOC behavior. The
dissipation due to plastic deformation is evident in the hysteretic behavior of the equilibrium
potential versus SOC curve. In this particular simulation, plasticity accounts for ~ 15% of
the total dissipation during one cycle.

10.2 Comparison between our simulation results and
the experiments of Wu et al. (2012)

Next, we compare our simulation results to the experimentally-measured voltage versus
capacity curves of Wu et al. (2012). To convert the capacity data reported by these authors
to SOC, we assume, as reported by the authors, that Si comprises 60% of the total mass of
the active material, and that the maximum capacity of Si is 3.579 Ah/g. In order to compare
the results from our simulations to those obtained experimentally, we ignore the results from
the first half-cycle in our simulations, and shift the minimum SOC achieved in subsequent
cycles to be zero. Fig. 10-3 (a) compares our simulated results (solid lines) for voltage versus
SOC, against the experimental results (dashed lines) of Wu et al. (2012) at two C-rates - a
C-rate of 1 (red) and a C-rate of 20 (blue). Although there are some discrepancies between
the simulated and experimental results, our theory is capable of qualitatively reproducing
the overall experimentally-measured response reasonably well.1

In order to get a more quantitative comparison between simulations and experiments,
we may calculate two additional quantities from the voltage versus SOC curves at different
C-rates:

* First, the total dissipation in one full cycle at a given C-rate is given by the corre-
sponding area inside the voltage versus SOC curve.

lIn our simulations we have considered only a single nanotube, while the experimental results of Wu et al.
(2012) were obtained from an anode which was made up of an ensemble of nanotubes of various dimensions.
Some of the differences between the simulated and experimental results shown in Fig. 10-3 are clearly due
to the fact that we are considering only a single nanotube. In future work we aim to simulate an anode
composed of many nanotubes of various dimensions.
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Second, the maximum capacity at a given C-rate corresponds to the capacity when the
voltage hits the lower cutoff limit of 0.01 V.

We have carried out such calculations for several different C-rates. Fig. 10-3(b) shows the
total dissipation as a function of C-rate - the simulations are shown as red circles, and
the corresponding experiments are shown as black squares; note that the abscissa for the
C-rates is logarithmic. It is clear from Fig. 10-3(b) that our simulations overestimate the
total dissipation; however, our simulations correctly predict the experimentally-observed
trend that the total dissipation is the largest at a C-rate ~ 1, and decreases as the C-rate
increases. The maximum capacity as a function of C-rate is shown in Fig. 10-3(c) - again
the simulations are shown as red circles, and the corresponding experiments are shown as
black squares. We obtain a good quantitative prediction of the experimentally-measured
maximum capacity as a function of C-rate.

We emphasize again that the results shown in Fig. 10-3 were obtained by using material
properties for a-Si which were were calbrated from independent experiments. This shows
that the theory and simulation capability presented in this part of the thesis is capable, with
reasonable accuracy, of modeling the electrochemical response of a geometrically-complex Si
anode.

10.3 Role of plastic deformation on the electrochemical
response of the a-Si anode

The simulation capability developed here allows us to explore the role of plastic deformation
on the voltage versus SOC behavior of the anode during cycling. We expect, as noted by
Sethuraman et al. (2010b), that plasticity will play a role both in determining the energy
dissipated during cycling of the anode as well as in determining the realizable capacity of
the anode.

First, we estimate the contribution of plasticity to the overall dissipation during cyclic
lithiation/delithiation. Fig. 10-4(a) shows the plastic dissipation per cycle as a function of
the C-rate. The dissipation due to plasticity is larger at low C-rates than at high C-rates.
There are two factors that contribute to this behavior: First, since the plastic response of
a-Si is rate-dependent, it exhibits a lower flow resistance at lower C-rates. Second, at low
C-rates the voltage cutoff of 0.01 V is reached at higher values of SOC, and therefore the
anode is deformed to a greater extent than at high C-rates.

Fig. 10-4 (b) shows the plastic dissipation normalized by the total dissipation (in percent)
as a function of the C-rate. This figure clearly shows that at low C-rates plasticity plays a
major role in the total dissipation of the anode over one cycle; it accounts for over 30% of
the total dissipation at a C-rate of 1/10.

Although plasticity can contribute significantly to the total dissipation of energy of the
anode per cycle, it also has the beneficial effect of relieving the build-up of elastic stresses in
the material. This in turn reduces the voltage required to lithiate the anode to a particular
SOC.
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To illustrate this important effect we have performed simulations suppressing plastic
deformation, while maintaining all other parameters constant. The results are shown in
Fig. 10-5, where we compare a simulation with plasticity (red lines) to a simulation without
plasticity (blue lines), both at a C-rate of 1. Fig. 10-5(a) compares the voltage V versus
SOC for the two simulations. This figure clearly shows that the simulation without plasticity
reaches the cutoff voltage of 0.01 V at a SOC of ~~ 0.3, whereas the simulation with plasticity
reaches the cutoff at a much higher SOC of ~ 0.7. The point in the first half-cycle where
the two curves deviate indicates the onset of plasticity in the simulations with plasticity.
Fig. 10-5(b) compares the equilibrium potential U versus SOC from the two simulations.
Note that there is no discernible hysteretic behavior in the simulation without plasticity,
since there is almost no dissipation of energy in the intrinsic behavior of the Si anode when
plasticity is suppressed.'

We have carried out such calculations for several different C-rates. Figs. 10-5(c) and (d),
respectively, show the total dissipation per cycle as a function of C-rate, and the maximum
capacity (SOC at V = 0.01 V) as a function of C-rate. Clearly, the simulations without
plasticity produce significantly different results than those with plasticity.

2 There are two possible dissipation mechanism in the electrode, one due to plastic deformation, and
one due to gradients in the chemical potential (c.f. eq. (8.11) in Anand, 2012). In our simulations, due to
the nano-metric size of the anodes considered, the gradients of the chemical potential are very small and
consequently the dissipation due to gradients in the chemical potential is very small.
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Figure 10-1: Modeling hollow double-walled nanotubes. (a) Shows a TEM of the experimentally-
realized nanotubes reproduced from Wu et al. (2012). (b) Shows a representative hollow double-
walled nanotube where, consistent with our assumptions of axisymmetry and radial diffusion, we
take a sliver of the tube on the ez-er plane as our simulation domain. (c) Shows a schematic of the
simulation domain (not to scale) and a representative finite-element mesh.
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Figure 10-2: Simulation of a hollow double-walled nanotube anode cycled at a C-rate of 1 between
voltage limits of 0.01 and 1 V for 3 half-cycles. Contours of normalized concentration e (top) and
equivalent plastic strain 0- (bottom), in the a-Si anode, at (A) the start, and (B) the end of the
last half-cycle. On the right we plot the voltage V, and equilibrium potential U, as functions of
SOC, for the same simulation.
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Figure 10-3: Comparison between simulated hollow double-walled nanotubes and the experiments

of Wu et al. (2012). (a) Voltage versus SOC at C-rates of 1 and 20, (b) total dissipation over one

full cycle as a function of C-rate, and (c) maximum capacity (i.e. SOC at cutoff of V = 0.01 V) as

a function of C-rate.
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Figure 10-4: Simulations of hollow double-walled nanotubes. (a) Plastic dissipation over one full

cycle as a function of C-rate. (b) Plastic dissipation normalized by total dissipation, in percent, as

a function of C-rate. Note the logarithmic x-axis.
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Chapter 11

Concluding remarks

We have formulated and numerically implemented a fully-coupled diffusion-deformation the-
ory, which accounts for transient diffusion of lithium and accompanying large elastic-plastic
deformations of a-Si. The material parameters in the theory have been calibrated to results
from experiments reported in the literature. We have applied our numerical simulation capa-
bility to model galvanostatic charging of hollow a-Si nanotubes whose exterior walls have been
oxidized to prevent outward expansion (Wu et al., 2012). We have shown that the results
from our numerical simulations are in good agreement with the experimentally-measured
voltage versus SOC behavior at various charging rates (C-rates). Through our simulations,
we have identified two major effects of plasticity on the performance of a-Si-based anodes:

9 First, plasticity enables lithiation of the anode to a higher SOC for a given voltage
cut-off. This is because plastic flow reduces the stresses generated in the material, and
thus reduces the potential required to lithiate the material.

9 Second, plastic deformation accounts for a significant amount of the energy dissipated
during the cycling of the anode at low C-rates. For the particular geometry of the anode
considered in Chapter 10, plasticity accounts for over 30% of the total dissipation per
cycle at a low C-rate of 1/10.

Hence, plasticity can have either a beneficial effect - that is, a higher SOC for a given voltage
cut-off, or a detrimental effect - that is, significant energy dissipation at low C-rates, on
the electrochemical performance of a-Si-based anodes.

The design of a-Si-based anodes for optimal performance is non-trivial. The fully-coupled
diffusion-deformation theory and simulation capability reported in this thesis should be useful
in developing a detailed understanding of the electro-chemo-mechanical operation of a-Si-
based anodes, and optimizing their design for future applications. Furthermore, the favor-
able comparison between the predictions from our continuum theory and the experimental
results shown in this work, demonstrates the applicability and importance of continuum-

131



132

level models in making meaningful predictions of the electrochemical response of a-Si based
nanostructured anodes.

Finally, the theory and numerical simulation tools developed in this work will help one
to formulate models at the porous-electrode-scale, where one must consider the interactions
between anode particles and binder and between anode particles themselves. Using the
foundations developed here, such a (non-trivial) extension of this work will allow one to
study how the stresses generated within an anode particle affects its interaction with other
particles, as well as study how the stresses generated in the microstructure might affect loss
of conductivity due to failure of the anode-particle/binder interfaces.



Part III

Modeling growth of a solid electrolyte
interphase
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Chapter 12

Introduction

12.1 Introduction

One of the major concerns in Li-Ion batteries is the mitigation of "aging" of the battery -
which refers to electro-chemo-mechanical degradation, capacity fade, and power loss of the
system.

Amongst the many mechanisms which cause aging in Li-ion batteries, a major mechanism
is the formation, due to decomposition of the electrolyte, of a thin solid electrolyte interphase
(SEI) layer on the surface of anode particles. The SEI layer is electronically insulating which
prevents further decomposition of the electrolyte, but it is ionically conductive and allows
the diffusion of Li ions through it. However, the formation of SEI consumes Li-ions, which
competes with the desired amount of Li for intercalation in the active anode material, and
this causes capacity fade. In addition, since Li-ions must diffuse through the SEI layer, the
formation of a SEI layer is accompanied by an increase of cell resistance. Often, the cyclic
volume changes of an anode particle during Li-ion intercalation and deintercalation can cause
the SEI layer to crack, delaminate, and spall from the surface of the anode particle. New
SEI is then formed on the freshly exposed particle surface, which consumes more Li-ions and
causes additional capacity fade. Both the chemical and mechanical integrity of the SEI are
critical to the safety and performance of Li-ion batteries (cf., e.g., Lee et al., 2007; Verma
et al., 2010; Barre et al., 2013).

The purpose of this work is develop a new theory and finite-element-based capability
for the simulation of growth of a solid electrolyte interphase layer at an anode particle in
a Li-ion battery. The theory attempts to account for the generation of stress due to the
growth of a SEI layer, as well as the stress that arises due to the lithiation and delithiation
of the anode particle. In the literature, the stress generated due to the growth of the SEI
layer is often called "irreversible" while the stress related to the swelling/de-swelling of the
anode particles during lithiation/delithiation is called "reversible."
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12.2 Substrate curvature experiments of Mukhopadyay
et al. (2012)

In a recent novel paper, Mukhopadyay et al. (2012) presented experimental measurements of
the reversible and irreversible stresses during SEI formation on a thin-film graphite anode. In
their experiments they used a 250 ptm thick, 1 in diameter quartz substrate on which, using
chemical vapor deposition (CVD) techniques, they deposited (i) a 15 nm thick Ti layer; (ii)
a 200 nm thick Ni layer; and finally (iii) a 200 nm layer of c-axis oriented graphite. The Ti
and Ni were deposited to act as a catalyst for graphitization and as a current collector. This
multilayered plate was then assembled into an electrochemical cell which was charged and
discharged under galvanostatic conditions against a Li-metal cathode to develop a SEI layer
on the graphite anode. The TEM micrograph in Fig. 12-1, reproduced from Mukhopadyay
et al. (2012), shows a 100nm-thick SEI layer which has formed on the graphite (CVD C)
anode after 50 cycles of charging and discharging. After the initial deposition of the graphite
layer, as well as during electrochemical cycling during which the SEI layer was formed,
Mukhopadyay et al. measured the curvature of the plate using an array of parallel laser
beams focused on the back side of the quartz substrate. The results from their experiments
are schematically shown in Fig. 12-2:

" Fig. 12-2 (a) shows the undeformed quartz substrate.

" After CVD deposition of the graphite layer at 1000'C and cool-down to room tem-
perature, the graphite contracts more than the substrate and this results in a positive
curvature, Fig. 12-2 (b).

" At the end of the first half-cycle of charging the authors observed a reduction in the
positive curvature of the plate; cf. Fig. 12-2 (c) relative to Fig. 12-2 (b). This reduction
in curvature occurs due to the expansion of the graphite upon lithiation, and also due
to the growth of the SEI layer.

" After the first complete lithiation/delithiation cycle, the graphite contracts to its ini-
tial delithiated state. However, the authors observed a reduction in the curvature
of the plate with respect to the curvature at the beginning of the first lithiation, cf.
Fig. 12-2 (d) relative to Fig. 12-2 (b). This reduction in curvature is an important
indicator of the expansion strain during the growth of the SEI layer.

" At the end of the second charging half-cycle the authors observed a further decrease
of curvature due to expansion of the graphite and the SEI, cf. Fig. 12-2 (e) relative to
Fig. 12-2 (d).

* After the second complete lithiation/delithiation cycle, they observed an increase in
curvature, cf. Fig. 12-2 (f) relative to Fig. 12-2 (e). This slight increase in curvature is
driven by the contraction of the graphite, while the continued formation and expansion
of the SEI layer counteracts the graphite contraction. Note that due to the growth
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strain in the SEI, the observed curvature at the end of the second cycle was lower than
the curvature at the end of the first cycle, cf. Fig. 12-2 (f) relative to Fig. 12-2 (d).

In subsequent cycles the authors observed a steady decrease in curvature due to the formation
of SEI, superimposed by cyclic curvature changes due to the lithiation/delithiation of the
graphite.

From their experimental measurements of the curvature changes of their multi-layered
plate, Mukhopadyay et al. calculated the changes in a nominal equi-biaxial stress, o-, in
the combined graphite/SEI "film" on the quartz substrate using the classical Stoney formula
(Stoney, 1909),

1 EQ h2\
o- = --vQ~hG) ; (12.1)

here, K is the curvature of the plate, EQ and vQ are the Young's modulus and the Poisson's

ratio of the quartz substrate, and hQ and hG are the thicknesses of the quartz and graphite
layers. Fig. 12-3 from their paper shows the cyclic electrical potential which was imposed
in their battery for the first 20 cycles of charging/discharging, together with the results
for the nominal stress that they inferred from their curvature measurements. The stress
levels corresponding to the peaks of the cyclic stress profile represent the "irreversible" stress
generation due to the growth of the SEI layer, while the stress levels during cycling represent
the "reversible" stress due to lithiation and delithiation. Fig. 12-3 shows that in the course
of 20 charge/discharge cycles the initially high ~ 0.9 GPa tensile nominal-stress, which is
introduced due to the deposition of the graphite on the quartz, reduces by a factor of two to
~ 0.4 GPa due to the growth of the SEI and the attendant generation of compressive stresses
in this layer. Reversible stresses in anodes due to lithiation/delithiation have been extensively
addressed in the literature - however, to the best of our knowledge, Mukhopadyay et al.
are the first group to report on experimental measurements of "irreversible" stresses due to
growth of SEI on an anode.

As mentioned above, the purpose of this work is to report on our new continuum-
mechanical theory and finite-element-based capability for the simulation of growth of a solid
electrolyte interphase layer at an anode particle in a Li-ion battery. In formulating our the-
ory we attempt to account for (i) the stress generation due to the lithiation and delithiation
of anode particles, and (ii) the stress-generation due to the growth of an SEI layer. We have
applied our theory and simulation capability for:

1. A study of the problem of SEI formation on the surface of a flat anode undergoing cyclic
lithiation and delithiation, as in the study of Mukhopadyay et al. (2012). We demon-
strate that we can reproduce their experimental results with reasonable quantitative
accuracy.

2. A study of the problem of SEI formation on the surface of spherical and spheroidal

graphite particles undergoing cyclic lithiation and delithiation. The stress state in the

SEI layer and at the SEI-particle interface are calculated and the propensity of potential

delamination of the SEI layer from the particle is identified. We show that the interplay
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between reversible particle swelling/deswelling and irreversible SEI growth has a crucial
effect on the magnitude of the stress levels that are generated, and consequently on
the mechanical integrity of the SEI layer.

12.3 Modeling of lithiation/delithiation of anode par-
ticles

In order to properly simulate the growth of an SEI layer on the surface of an anode particle
of a Li-ion battery, we must of course account for the chemo-mechanical deformation during
charging and discharging of the anode itself - a process during which commonly used anode
materials undergo substantial volume changes. As we shall show, such volumetric changes
of an anode particle can have a significant effect on the stress distribution that is developed
within the SEI layer. In order to model the intercalation of Li in an anode we will use
our recently published theory for species diffusion coupled with large elastic deformations
(Di Leo et al., 2014), discussed in detail in Chapter 3. Since this Li intercalation theory
is not the main subject of this part of the thesis, we defer a brief summary of this theory
to Section 13.3, and in the next section we turn our attention to the main subject, viz.,
modeling the growth of an SEI layer.
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Figure 12-1: TEM micrograph of a SEI layer on a graphite anode. From Mukhopadyay et al. 
(2012). 

discharged 

(a) (d) 

discharged charged 

(b) (e) 

charged discharged 

(c) (f) 

Figure 12-2: A schematic of the observed plate-curvature changes in the experiments of 
Mukhopadyay et al. (2012): (a) the initially straight plate; (b) the curved plate after carbon 
deposition; ( c) the curved plate, with the charged graphite at the end of the first half-cycle; ( d) 
the curved plate at the end of the first charging/ discharging cycle; ( e) the curved plate, charged 
graphite after one and a half cycles; and (f) the curved plate, discharged at the end of two cycles. 
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Chapter 13

Theory and simulation capability for
the growth of a solid electrolyte

interphase

The process of growth of an SEI layer involves the addition of new mass onto the surface
of an anode particle which is accompanied by a growth strain in the SEI - as a result,
the newly-deposited SEI layer and the anode contain balanced residual stresses. Although
the deposition of the layer and the associated strain generation occur simultaneously, we
conceptually idealize the growth of an SEI layer on a surface of interest as a two-step process
shown schematically in Fig. 13-1:

" The first step, which we refer to as deposition, results in the formation of a strain-
free layer of SEI on the surface of interest, cf. Fig. 13-1 (a) to (b). This process
controls the rate of increase of the thickness of the SEI layer perpendicular to the
surface of interest.

* The second step, which we refer to as in-plane expansion, models the evolution of
strain mismatch between the SEI layer and the substrate, cf. Fig. 13-1 (b) to (c). Note
that the reference configuration for the start of the expansion process is the "strain-free"
layer created during the deposition step.

Taken together, this idealized two-step process serves to model the experimentally observed
growth of a SEI layer on a substrate.

In the next two sections we detail the theory and the numerical modeling of each of these
two conceptually-separated sub-processes.

Remark. The intrinsic mechanism for the growth strains in the SEI and the attendant
large growth stresses (of the order of -1 GPa) is not completely clear. Based on their recent
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experimental study on the chemical and morphological changes, and stress generation during
SEI formation on c-axis oriented graphitic carbon electrodes, A. et al. (2014) have suggested
that it is the disruption of the surface of the graphite caused by solvated ions during the
initial stages of formation of the SEI which is the dominant cause of stress at high potentials
(above 0.5 V).

Our continuum model for SEI growth does not explicitly account for any specific mech-
anism for the formation and growth of the SEI. Rather, it assumes only that SEI formation
occurs and is accompanied by growth strains which can results in stress generation at the
SEI/anode interface.

13.1 Numerical modeling of SEI deposition

Fig. 13-2 shows a schematic of our numerical simulation scheme for modeling the deposition of
an SEI layer by the sequential conversion of multiple layers of finite elements - from elements
with properties representing the electrolyte, to elements with properties representing the SEL.
Fig. 13-2(a) shows three rows of elements representing the electrolyte (colored blue) adjacent
to three rows of elements representing the graphite (colored gray); the electrolyte elements are
sequentially converted to strain-free SEI elements (colored pink) at three prescribed times
(t(,, t (, t(3). Fig. 13-2 (b) shows the resulting profile of the total SEI layer thickness
h versus time t. In our numerical simulations we will choose the conversion times t E
[td,, tdp, i,,.. . , tep] for the different electrolyte layers so that the resulting thickness h(t)
of the total SEI layer approximates the experimentally-observed square-root growth profile
(Smith et al., 2011a). That is, we will choose the times when the electrolyte layers convert
to SEI such that SEI total thickness growth approximates

h(t) oc vt. (13.1)

We emphasize that this square-root growth profile is something that we shall prescribe - it
is not an outcome of a diffusion-controlled chemical reaction model.

The electrolyte is modeled as a linear elastic material with a very low Young's modulus
of E = 0.5 MPa, and a zero-valued Poisson's ratio, V = 0. Thus, any deformation of the
graphite/electrolyte system produces stresses in the graphite which are essentially unaffected
by the presence of the electrolyte elements. The specific constitutive behavior of the newly-
formed strain-free SEI layer for times t > tdep is described in the next section.

Prior to the conversion of an electrolyte element to an SEI element, that is for t <
tdep, the standard deformation gradient F(t) is used for the constitutive calculations for an
electrolyte element. The stress-free reference configuration for an SEI element of interest is
its configuration at the time t = tdep, when it is first converted from an element representing
electrolyte to an element representing SEL. Thus, to model the subsequent in-plane expansion
of a newly-deposited SEI element, the appropriate deformation gradient that is to be used
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for constitutive calculations is the relative deformation gradient,

FSEI(T) c Ftdg,(r) = F(r)F(tdep)- 1  for r > tdep. (13.2)

13.2 Modeling of in-plane expansion of SEI

In this section we detail our constitutive theory for modeling the in-plane expansion of the
SEI layer once it has been deposited on the surface of an anode. This theory is based - in
major part - on the theory of "growing matter in living systems" (cf., e.g., Kuhl, 2014, for
a recent review of the substantial literature on this topic), which employs the widely-used
Kr6ner (1960)-Lee (1969) multiplicative decomposition of the deformation gradient,

F = FeFg. (13.3)

Here, for modeling the in-plane expansion of the SEI,

" The deformation gradient in (13.3) is to be interpreted as the deformation gradient
FSEI defined in (13.2),

F = FSEI- (13.4)

* Also, we shall take F9 to be of the specific form given in eq. (13.14), which restricts
the "growth" to an in-plane expansion (more on this below).

For economy of notation we shall continue to use the standard notation in (13.3), with the
understanding that the deformation gradient F in what follows in this section is FSEI, and
that F9 will have the form (13.14), so that the "growth" represented by F9 refers only to
in-plane expansion of the SEI.

13.2.1 Kinematics

We denote by B the reference configuration for the SEI. An arbitrary material point of B
is denoted by X, and a motion of B is a smooth one-to-one mapping x = X(X, t) with
deformation gradient, velocity, and velocity gradient given by'

F = VX, V = x, L = gradv = FF-1. (13.5)

'Notation: We use standard notation of modern continuum mechanics Gurtin et al. (2010). Specifically:
V and Div denote the gradient and divergence with respect to the material point X in the reference config-
uration; grad and div denote these operators with respect to the point x = X(X, t) in the deformed body; a
superposed dot denotes the material time-derivative. Throughout, we write F'-1 = (Fe)~ 1, Fe-T = (Fe)-T ,
etc. We write tr A, sym A, skw A, Ao, and sym0 A respectively, for the trace, symmetric, skew, deviatoric,
and symmetric-deviatoric parts of a tensor A. Also, the inner product of tensors A and B is denoted by
A: B, and the magnitude of A by JAl = \AA.
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Following modern developments of large-deformation plasticity theory (cf., e.g., Gurtin et al.,
2010) and growth theory (cf., e.g., Kuhl, 2014), we base our theory on the multiplicative
decomposition (13.3) of the deformation gradient. Where, suppressing the argument t:

(i) Fg(X) represents the local distortion of the material neighborhood of X due to growth;
and

(ii) F'(X) represents the subsequent stretching and rotation of this coherent but distorted
material neighborhood, and thereby represents a corresponding elastic distortion.

We refer to F9 and F' as the growth and elastic distortions, respectively, and we refer to the
local space at X represented by the range of F9 (X), as the intermediate space at X.

As is standard, we assume that

J = det F > 0, (13.6)

and hence, using (13.3),

where Je = det Fe> 0 and J9 d' det F9 > 0,

so that Fe and F9 are invertible.
The right polar decomposition of Fe is given by

Fe = ReUe,

where Re is a rotation, while Ue is a symmetric, positive-definite tensor with

u e~ FeFe
US= V/TF.

As is standard, we define the elastic right Cauchy-Green tensor by

Ce = Ue2 = FeT Fe.

By (13.5)3 and (13.3),
L = L + FeLgF e-1

with
Le = #eFe-1,

We define the elastic and growth stretching and spin tensors through

=sym Le,

D9 = sym L9,

We = skw Le,

W9 = skw L9,

so that Le = De + We and L9 = D9 + W9.

j = Jejg, (13.7)

(13.8)

(13.9)

(13.10)

(13.11)

(13.12)

(13.13)

L9 = #9F9-1.
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Since an increase in thickness of the SEI layer in a direction perpendicular to the anode
surface does not result in generation of "growth stresses", we have modeled SEI growth as
two separate processes (cf. Section 3): (a) deposition, which results in a stress-free increase in
thickness, and (b) area growth which gives rise to growth stresses because of the constraint
of the substrate. Accordingly, we make the following additional kinematical assumptions
concerning SEI growth. Let HR(X) denote a plane through an infinitesimal neighborhood of
X on the surface of the anode oriented by a unit normal vector mR(X). Then, as a specific
model for F9 we consider isotropic area growth, described by

F9 = mR 0mR + Al(1 -MR &mR), (13.14)

where Al represents the growth stretch in the plane 11R perpendicular to mR. Futher, we
define

E9 Lf In Ag, (13.15)

as a corresponding growth strain, and introduce an

area growth ratio E9,

which represents the ratio of the area normal to mR in the intermediate configuration to the
area normal to mR in the reference configuration. Due to our assumption of pure in-plane
growth, 89 is identically equal to J9 and related to Al as follows:

09 =_ J9 = (Ag) 2 . (13.16)

Thus, note that
-9 = 289e . (13.17)

Since,
# 9 = A (1 - m MR), (13.18)

and
F9-1 RMR+=(1=mR MR), (13.19)

using (13.12)2, (13.19), and (13.15) we obtain

L 9 = 9 (1-MR mR). (13.20)

Upon using (13.17) in (13.20) gives

L= (6969-1) S, (13.21)

where

S = -(1 - m 0 (13.22)
2
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We restrict attention to circumstances in which

Og > 0, (13.23)

so that in-plane growth is irreversible. Note that L9 is symmetric, so that

L9 = D9, (13.24)

and
Wg = 0. (13.25)

13.2.2 Free energy imbalance

Introducing the Helmholtz free energy 0,R per unit reference volume, the classical local free-
energy imbalance under isothermal conditions is (Gurtin et al., 2010),

?PR - T,:FP <0, (13.26)

where, with TR denoting the standard Piola stress, the term TR: tin (13.26) represents the
stress-power per unit reference volume.

Recall that the Piola stress TR is related to the symmetric Cauchy stress T by

TR= JTF-T . (13.27)

Thus, using (13.3), (13.12)2, (13.16), and (13.27), the stress-power may be written as

TR:F = T,: (PeF9 + FeF 9 )
= (TRFgT ): Pe + (Fe TTR): tg

= 69 ((JeFe-1TFe-T ): (FeT te) + (CeJeFe-lTFe T ): L9). (13.28)

In view of (13.28), we introduce two new stress measures:

" The elastic second Piola stress,

Te = JeFe -TFe- T  (13.29)

which is symmetric on account of the symmetry of the Cauchy stress T.

" The Mandel stress,

Me Le CeTe (13.30)

which in general is not symmetric.

Further, from (13.10)
e - FeTFe + FeT#. (13.31)
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Thus, using the definitions (13.29),
may be written as

TR:F

(13.30) and the relation (13.31), the stress-power (13.28)

-- I Te: e + Me : L). (13.32)

Using (13.32) in (13.26), and using (13.21) allows us to write the free energy imbalance
as

(13.33)

Remark. For brevity we have not discussed invariance properties of the various fields
appearing in our theory. However, such considerations are straight-forward and extensively
elaborated upon in the context of plasticity theories, which have a similar structure, by
Gurtin et al. (2010). Here, we simply note that all quantities in the free energy imbalance
(13.33) are invariant under a change in frame.

13.2.3 Energetic constitutive equations

Guided by the free-energy imbalance (13.33), we first consider the following set of constitutive
equations for the free energy OR and the stress Te:

OR 4R(C, 89)

T Te(Ce, En).
(13.34)

Substituting the constitutive equations (13.34) into the dissipation inequality, we find that
the free-energy imbalance (13.33) may then be written as

(- (je(Ce9))) : Oe - - R ' +(CeE) Me:S g<0.oace 2 89
(13.35)

This inequality is satisfied provided that the free energy determines the
the "state relation"

Te = 89 (1 2 ' ,))
ace'

stress T' through

(13.36)

together with the dissipation inequality

where
F A+Me:S

(13.37)

(13.38)

e : jj e)R -E)g(IT OgMe: S < 0.2

.Fe ;> 0,)
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represents a thermodynamic force conjugate to 69, with

A(Ce, e) = - 'R(C, , (13.39)

representing an energetic constitutive contribution to F - called the affinity (cf., e.g., Loeffel
and Anand, 2011).

13.2.4 Dissipative constitutive equation

Guided by (13.37), we presume that the area expansion rate 69 is given by a constitutive
equation

69 = eV(egy7) ;> 0, (13.40)

such that F e > 0 holds whenever 69 > 0.

13.2.5 Specialization of the constitutive equations

Free energy

Next, restricting ourselves to an isotropic elastic response for the SEI, the free energy function

OR(Ce, e) is taken as an isotropic function of its arguments. An immediate consequence is
that the free energy function has the representation

OR (C E =O (-I eg), (13.41)

with

-Ce = (11 (Ce), 12(Ce), I3 (Ce))

the list of principal invariants of Ce. Next, the spectral representation of Ce is

3

Ce = > wri e re, with ef = Ae 2 , (13.42)

where (ri, r , re) are the orthonormal eigenvectors of C' and Ue, and (A , A , A ) are the
positive eigenvalues of Ue. Let

3

Ee = InUe= E r or, with Ei =n A, (13.43)
i 1

denote the logarithmic elastic strain. With the logarithmic elastic strain defined by (13.43),
for isotropic materials we henceforth consider a free energy of the form

OR (3R 44Ee , ) (13.44)
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with Ie a list of principal invariants of E', or equivalently a list of principal values of El.
Then, straightforward calculations (cf., e.g., Anand and Su, 2005, Section 7.2) show that the
Mandel stress is symmetric and given by

me = 69-1 aR (IEe 89) (13.45)
(9Ee'

and the corresponding Cauchy stress is given by

T = je-lReMeRT. (13.46)

Next, we consider the free energy to be a separable function of the form

R(Ee, Ee , e 9) + pchem 13g.7

Here:

(i) pe is an elastic energy given by

*O(IEe, 69 ) = E9 (Ee: CEe), C 2GE+ (K - 2G)1®1 (13.48)
3

where C is the elasticity tensor, with I and 1 the fourth- and second-order identity
tensors, and the parameters

G > 0, K > 0, (13.49)

are the shear modulus and bulk modulus, respectively. The term Ve in (13.48) is an
elastic energy measured per unit volume of the intermediate space; multiplication by
89 converts it to an energy measured per unit volume of the reference space. This is
a simple generalization of the classical strain energy function of infinitesimal isotropic
elasticity to moderately large elastic strains (Anand, 1979, 1986).

(ii) Vchem is a chemical energy related to the SEI reaction. We assume the following simple
linear relation (cf., e.g., Loeffel and Anand, 2011)

chem = H(1 - Og), (13.50)

where the parameter H > 0 represents a chemistry modulus. Thus, as 69 increases
from unity the free-energy decreases, which implies that area growth is energetically
favorable.

Thus
OR = 89 [}Ee: CEe] + H(1 - 89). (13.51)
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Then, by (13.45), (13.39), and (13.48), the Mandel stress and the affinity are given by

M = CEe = 2GEe + K(trEe)1,
A [ e] (13.52)

A=H- [1Ee CEe]

Using (13.52)1, (13.46), and (13.43) the Cauchy stress T is given by

T = J~1 (2GE H + (K - (2/3)G)(tr EH)1) with E H ff R E ReT, (13.53)

where EH is Hencky's spatial logarithmic strain.

Also, from (13.52)2 and (13.38) the "driving force" F for 69 is

F = H + Me: S - !Ee: CEe. (13.54)

Evolution equation for 89

Guided by Kuhl (2014), we choose a simple special form for (13.40),

k 1 - (g F if F > 01
69 =m ()ax (13.55)

0 otherwise,

where, k > 0 is a positive-valued (possibly temperature-dependent) parameter with units of
m3 /(J.sec), and 69ma is the maximum area growth.

This completes the constitutive theory for modeling the in-plane expansion of the SEI.

13.3 Summary of a theory for lithium intercalation
coupled with large elastic deformation

In order to model the diffusion of Li in the anode, and the resulting volumetric expansion/-
contraction of the anode due to Li intercalation, we make use of our recently published theory
for species diffusion coupled with large elastic deformations (Di Leo et al., 2014), which is
discussed in detail in Chapter 3. The theory of Di Leo et al. (2014) was formulated to also
account for phase separation. Here we restrict our attention to a simplified version of the
theory which neglects phase separation. The simplified version of the theory, using notation
and terminology essentially identical to that of the previous section, is summarized below:
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13.3.1 Constitutive equations

1. Kinematics. The deformation gradient is multiplicatively
distortion F', and a chemical distortion F through

decomposed into an elastic

F = FeF, J =Je Jc. (13.56)

2. Chemical distortion. We take the chemical distortion to
on the Li concentration,

be spherical and to depend

Fc= (Jc)1/ 3 1 with JC = 1 + Q(cR - co) > 0, (13.57)

where Q is a constant partial molar volume of the intercalating Li in the body, with co
the initial concentration.

3. Stress. The Mandel and Cauchy stress tensors are given by

Me = 2GEe + (K - (2/3)G)(trEe)1,

T = je-1 (2GEH + (K - (2/3)G)(trE*H)1), with EH =REReT.

4. Chemical Potential. The chemical potential of the Li in the anode is given by

Y = A + R ( .I ) - -trMe,I -E 3

where 5 def CR/cR,max is the normalized Li concentration, with CR,max the maximum
Li concentration, R is the gas constant, V is the temperature, and po is a constant
reference chemical potential. In our calculations we consider only isothermal conditions
at V = 300K.

5. Species flux. The flux jR of the intercalating Li is taken to be linear in the gradient
of the chemical potential,

jR = mh tt

where the mobility mn of the Li is a function of the concentration given by

m = Do( 1 -)

with Do a constant diffusion coefficient.

(13.58)

(13.59)

(13.60)

(13.61)
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13.4 Governing partial differential equations. Bound-
ary conditions

In the absence of non-inertial body forces and neglect of inertial forces, standard consider-
ations of balance of forces, when expressed spatially in the deformed body B = X(B), give
that the symmetric Cauchy stress tensor T satisfies the force balance

divT = 0. (13.62)

With Su and St denoting complementary subsurfaces of the boundary B of the deformed
body, we consider a pair of boundary conditions in which the displacement u = x - X is
specified on Su and the surface traction on St for a time interval t E [0, T]:

u = u on S, x [0, T],

Tn=t onStx[,T].(13.63)

Then (13.62), the constitutive equations for T expressed in terms of the deformation, to-
gether with (13.63) yields a boundary value problem for the displacement field u(x, t). The
field equation (13.62) and boundary conditions (13.63) are taken to hold for the anode, the
electrolyte, and the SEI, with the stress T given by their respective constitutive equations.

We neglect diffusion of Li in the SEI. Mass balance for diffusion of Li in the anode requires
that the balance equation

CR = -Div(jR) (13.64)

hold in the anode, with the flux given by (13.60). The initial condition for cR is taken as

CR(X, 0) = CR,O. (13.65)

Letting S, and SR denote complementary subsurfaces of the boundary aB of the reference
body B describing the anode material, we consider a pair of simple boundary conditions in
which the chemical potential is specified on S. and the species flux on Sj,:

A= p on S, x [0, T], 1

jR - nR I on SJR X [0, T].

13.4.1 Numerical implementation of the theory

We have implemented our SEI growth theory, described above in Sections 13.1 and 13.2,
in the implicit finite element program Abaqus (2010) by writing a a 2D axisymmetric 4-
node linear isoparametric quadrilateral user element subroutine (UEL).2 We have coupled

2We have also implemented a 2D plane-strain 4-node linear isoparametric quadrilateral element, and a
3D 8-node linear isoparametric brick; however, we do not show any simulations using these elements in this
paper.
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this numerical capability for SEI growth with our previously developed user element subrou-
tine(UEL) for simulation of lithiation and delithiation of electrode particles, Section 13.3.
For brevity, we omit all details of our numerical implementation.
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Figure 13-1: Idealization of SEI growth as a two-step process: (i) A "deposition" process in the

direction normal to the substrate, from (a) to (b), which involves the addition of mass to the system

to create a "strain-free" SEI layer. (ii) The "in-plane expansion" of the newly-deposited SEI layer,
from (b) to (c).
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Figure 13-2: Schematic of the numerical simulation scheme for the deposition of an SEI layer.
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Chapter 14

SEI formation on the surface of a flat
anode undergoing cyclic lithiation and

delithiation

The purpose of this chapter is to use the novel experimental results of Mukhopadyay et al.
(2012) to calibrate the material parameters in our theory and to verify whether our theory
is able to reproduce their experimental results with reasonable quantitative accuracy.

In their experiments Mukhopadyay et al. (2012) did not continuously monitor the thick-
ness of the SEI layer as it grows, they only reported that the thickness of the SEI layer after
811 hours of cyclic lithiation was h ~ 100nm. Thus, guided by the experimental results
of Smith et al. (2011a) who showed that the loss of Li in the battery (capacity fade) is
proportional to the square root of time, we assume (as discussed previously in Section 13.1)
that

h(t) = h(tf) ,ttf with tf = 811 hours and h(tf) = 100 nm. (14.1)

In order to estimate the material parameters in our in-plane SEI growth model, we
carried out a finite-element simulation of the experiments of Mukhopadyay et al. (2012),
which we describe below. Their physical experiment was performed on a 1 in-diameter quartz
substrate, as shown schematically in Fig. 14-1(a). In order to minimize the computational
effort, we considered a small section of the axisymmetric plate immediately adjacent to the
axis of radial symmetry as our simulation domain, and meshed it with a single column of
elements, as shown schematically in Fig. 14-1(b). The electrolyte/SEI layer was meshed with
150 elements whose constituve behavior is described by the deposition and expansion model
developed in Sects. 13.1 and 13.2. The graphite layer was meshed with 40 elements whose
constitutive behavior is described by the coupled deformation-diffusion theory summarized
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in Sect. 13.3. Finally, the quartz layer was meshed with 30 elements which are prescribed a
simple linear isotropic elastic constitutive behavior.

In our simulations we neglect the diffusion of Li-ions through the SEI, which effectively
means that we neglect any resistance offered by the SEI to the diffusion of Li in the graphite.
Henceforth, for brevity, we will use the terms "fully delithiated" and "fully lithiated" to
describe the graphite layer when it has an average normalized Li concentration of E = 0.05
and e = 0.95, respectively.

The boundary/initial conditions that we used in our simulations are as follows:

" Mechanical boundary conditions: Consistent with the radial symmetry of the
problem, the nodes along the edge AD in Fig. 14-1(b) are constrained to have zero
radial displacement. All nodes on the edge EH are constrained to remain on a straight
line as defined by the nodes at points E and H. The line formed by the nodes along
edge EH is free to move and rotate, and it is from the rotation of this line with respect
to its initial vertical position that we computed the curvature of the plate.

" Initial concentration of Li in the graphite: The initial concentration of lithium
in the graphite layer is taken as a low value of io = 0.05. In order to model the
experimentally-observed stress generated during the chemical vapor deposition of the
graphite, we use an alternative form of (13.57), viz.,

Jc = 1+(cRO- ) + (14.2)

where Jo accounts for the initial strain mismatch in the graphite. This is used purely
as a numerically-expedient tool for achieving a residual stress mimicking the stress
developed during the chemical vapor deposition of the graphite layer on the quartz
substrate in the experiments.

" Chemical boundary conditions for the graphite: The nodes on the edges BC,
CF, and GF in Fig. 14-1 are prescribed to have zero outwards flux, i.e. j = 0 (cf. eq.
(13.66)2). As mentioned above, we neglect the diffusion of Li-ions through the SEI
and directly prescribe a constant flux of Li on the edge BG. Further, in order to study
the effect of the lithiation/delithiation of the graphite on the process of SEI deposition
and growth, in this particular geometry, we consider two separate cases:

(a) Simulation with lithiation/delithiation of the graphite: In their exper-
iments, Mukhopadyay et al. used a charge rate (C-rate) of C/10, which in the
absence of capacity fade would yield a lithiation/delithiation cycle with a duration
of 10 hours. Due to the capacity fade, the duration was shorter and changed from
cycle to cycle. Since we do not model capacity fade in the graphite, we adjusted
the C-rate to C/8.1, which corresponds to 50 cycles over the entire 811 hours of
their experiment. The magnitude of the flux was then computed accordingly to
get from the fully delithiated state to the fully lithiated state in a time thc = 8.1
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hours. That is,

= -1.8. 10-7 mol/(m2 sec) 2n - 2 < t/th < 2n - 1, (143)
1.8. 10-7 mol/(m 2 sec) 2n - 1 < t/th, < 2n,

where n E [1, . . . , N] is the cycle number. Such an idealized square-cyclic value
for the boundary flux is schematcally shown in Fig. 14-2.

(b) Simulation without lithiation/delithiation of the graphite: In this case
we ignored the lithiation and delithiation of the graphite and simply prescribed

3=0 (14.4)

along the edge BG. Without any changes in Li concentration, the graphite re-
sponds as a purely elastic solid.

14.1 Material parameters

Using (13.54) in (13.55) we recall next the evolution equation for the area ratio E9:

k 1- ) (H + Me: S - }Ee: CEe) if F > 0,
log =max'- (14.5)

0 otherwise.

At this stage of research in the field, not enough is known to fully characterize the material
parameters appearing in such an evolution equation. In our simulations, for pragmatic
reasons, we choose a sufficiently large value of the chemical modulus H so that H > (Me:
S - !E' : CEe), and the steady state at which the evolution of 09 stops, occurs when
E9 = E"ma. Thus, the rate at which the evolution of area growth strains occurs within the
SEI is then primarily controlled by 1/(kH), which represents a characteristic time for the
evolution of 9. Specifically, we choose values of

H = 8 x 106 MJ/m 3  and k = 10-7 m3 /(MJ - sec), (14.6)

so that the characteristic time is

1/(kH) = 1.25 sec. (14.7)

With this choice for the parameter pair (k, H), the area swelling ratio 9g in a particular layer
of SEI elements reaches its maximum value E,, before the next layer of SEI elements is
deposited according to the deposition scheme described by (14.1).
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With k and H fixed at the values in (14.6) above, the rest of the material parameters for
the SEI, as well as the parameters for the graphite and the quartz that we have used to fit
the experiments of Mukhopadyay et al. (2012), are summarized in Table 14.1.

Table 14.1: Material parameters for SEI, graphite, and quartz
Mukhopadyay et al. (2012)

Layer Parameter Value

used to fit the experiments of

Source

Es 25 GPa
SEI VS 0.3 Fitted

emax 1.088

EG 100 GPa

Graphite 0.3 Qi et al. (2010)

Q 1.249 10- 7 m3/mol

CR,max 2.914. 104 mol/m 3

Do 10-13 m2 /s Christensen and Newman (2006)

Quartz
EQ

VQ

72 GPa

0.165
De Jong et al. (2000)

Remark. The values for EG and Q for graphite used here are an adaptation of the results
from a density functional theory (DFT) calculations by Qi et al. (2010). In their density
functional theory analysis, Qi et al. (2010) predicted a 1.2% stretch of all material fibers in
the basal plane. A corresponding value for isotropic swelling which yields 1.2% stretch of all
material fibers is QcR,ma = 3.63- 102. Further, they found the stiffness in the basal-plane to
vary with respect to composition, with an average of C11 - 1047 GPa. However, we find these
DFT-based calculated values to be too high, and inconsistent with the experimental results
of Mukhopadyay et al. (2012). Accordingly, in our simulations we have chosen substantially
reduced values for the stiffness EG and the total swelling Qca,max -- values which, when
compared to those based on Qi et al. (2010), are lower by a factor of ten. E

14.2 Simulation results

As summarized in Section 12.2, Mukhopadyay et al. (2012) interpreted their experimentally-
measured curvatures in terms of a nominal stress which was calculated using Stoney's formula
(12.1); cf. Fig. 12-3. Since our numerical simulations directly give us the results for the
curvature changes, we have converted their reported stress values back to curvature values
by using (12.1), the material parameters for the quartz in Table 14.1, and the thicknesses of
the quartz and graphite layers presented in Fig. 14-1. Their experimental curvature versus
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time results are shown as a blue line in Fig. 14-3 (a). The corresponding curvature versus
time from our finite element simulation results are also plotted in this figure as a red line. The
two important experimentally-observed phenomena are clearly captured by our numerical
simulations:

(i) First, there as an overall decrease of the curvature rK as a function of time - this is
due to the growth of the SEI layer.

(ii) Second, overlaid on the overall decrease in curvature, there is a cyclic oscillation of the
curvature - this is due to the lithiation/delithiation cycles of the graphite layer.

Highlighted in Fig. 14-3 (a) by blue dots are the experimental curvature measurements
after a complete lithiation/delithiation cycle. These points correspond to instances when
the graphite layer is essentially free of Li. These experimental curvature measurments after
full lithiation/delithiation cycles are replotted in Fig. 14-3(b) as blue dots. In this figure we
also show the results of our numerical simulations without the lithiation/delithiation of the
graphite, that is, the case corresponding to the boundary condition (14.4); this result is shown
as a red line. The drop in curvature with time in the numerical results in Fig. 14-3 (b) is due
entirely to the growth of the SEI layer. This numerically-predicted curvature history agrees
well with the experimental curvature measurements taken after full lithiation/delithiation
cycles.

In in Fig. 14-3 (a) the experimental results show an increase in the amplitude of the cyclic
oscillations of the curvature which, as noted by Mukhopadyay et al. (2012), are consistent
with an increase in the capacity of the graphite. In our simulations, we have not considered
any variation in the capacity of the graphite during cycling. Thus, the amplitude of the
oscillations in the stress in our simulations remain constant during cycling.

The results in Fig. 14-3 are extremely encouraging, they show that our theory and nu-
merical simulation capability - with suitable choices for the material parameters - can
reproduce the sophisticated experimental results of Mukhopadyay et al. (2012) with reason-
able quantitative accuracy.
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Figure 14-3: Experimental curvature versus time data of Mukhopadyay et al. (2012) compared
with corresponding results from finite element simulation: (a) Experimental data and simulations
including lithiation/delithiation of the graphite layer. (b) Experimental data for curvatures mea-
sured only at the end of a complete lithiation/delithiation cycle compared against a numerical
simulation without lithiation of the graphite.
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Chapter 15

SEI formation on the surface of
spherical and spheroidal graphite

particles undergoing cyclic lithiation
and delithiation

In this section we numerically simulate SEI growth on a spherical-shaped anode particle
during cyclic lithiation/delithiation, and compare the results obtained for a spherical particle
against those for a particle geometry which is spheroidal rather than perfectly spherical.

Andersson et al. (2008) have reported on their measurements of SEI growth on graphite
particles with an average diameter of ~~ 3 Mm. In their experiments they performed two full
lithiation/delithiation cycles at a C-rate of C/7. After cycling and washing of the anode, they
measured an SEI thickness of 45 nm. Guided by the experiments of these authors, in our
simulations we choose the dimensions of the graphite particles to have a diameter of ~ 3 Am.
Specifically, we consider the spherical- and spheroidal-shaped particles schematically shown
in Fig. 15-1: the spherical particle is taken to have a radius of 1.5pm, and the spheroidal
particle to have a major axis of 2 ym and a minor axis of 1 pm. Due to the symmetries in the
geometry, we mesh only one-half of the axisymmetric profile of each particle. Both particles
are meshed using 7500 elements, together with an electrolyte/SEI layer which is meshed
using 5000 elements - with 50 elements in the direction normal to the anode surface and
100 elements along the surface of the anode particle. The properties for the SEI are taken
as those calibrated in Chapter 14 and listed in Table 14.1. However, following Christensen
and Newman (2006), for an "isotropic" graphite anode we use,

EG = 15GPa, vG = 0. 3 ,

Q = 2.745 - 10-6 m3/mol, cR,max = 2.914 - 104mOl/m 3, Do = 10-3 m2 /s. (15.1)
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Further, based on the work of Andersson et al. (2008), we prescribe the thickness of the SEI
to evolve according to (cf., eq. (14.1))

h(t) = h(tf) t/tf, with t1 = 28 h and h(tf) = 45 nm, (15.2)

With reference to Fig. 15-1, the boundary and initial conditions that we used in our
simulations are as follows:

" Mechanical boundary conditions: Symmetry conditions are prescribed on edges
BE and BD, where the nodes along BE are constrained to have zero radial displacement
while the nodes along BD are constrained to have zero vertical displacement. The
exterior boundary DE is taken to be traction-free.

* Chemical initial conditions: The initial concentration of Li in the graphite particles
is taken to have a low value of Eo = 0.05.

" Chemical boundary conditions: In accordance with the symmetry conditions on
edges BA and BC, the nodes along these edges are prescribed to have zero outwards
flux, i.e. j = 0. As in Chapter 14, we neglect diffusion of Li-ions through the elec-
trolyte/SEI layer, and prescribe a constant flux of Li ions on the edge AC. We consider
the following two cases:

(a) Simulations with lithiation/delithiation of the graphite particle: First,
we account for the lithiation and delithiation of the graphite anode particle, con-
currently with SEI growth, by considering a non-zero value of the flux prescribed
on the anode edge AC. Specifically, consistent with the experiments of Andersson
et al. (2008) we prescribe a flux according to a C-rate of C/7; viz., a flux which
takes the particle from a fully delithiated state into a fully lithiated state in 7
hours and vice verse:

-5.20. 10-7 mol/(m 2 sec) 2n - 2 < t/th < 2n - 1 (15.3)
5.20 - 10-7 mol/(m 2 sec) 2n - 1 < t/thc < 2n

for the spherical particle, and

= -4.26. 10-7 mol/(m 2 sec) 2n - 2 < t/thc < 2n - 1 (15.4)
4.26. 10-7 mol/(m 2 sec) 2n - 1 < t/thc < 2n

for the spheroidal particle, with thc = 7 hours. The difference in the prescribed
fluxes for the spherical and spheroidal particles is due to their different surface-
area-to-volume ratios. As in the experiments of Andersson et al., in our simula-
tions we carry out two full lithiation/delithiation cycles.

(b) Simulations without lithiation/delithiation of the graphite particle: In
order to study the effect of graphite swelling on the stresses in the SEI layer
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we have also performed simulations with no lithiation of the graphite by simply
prescribing a zero normal flux along the edge AC,

S=0.

We have applied the same SEI growth rates in order to have results comparable
to the simulations with lithiation/delithiation.

The results from the numerical simulations for the spherical and spheroidal-shaped particles
are discussed in the next two subsections.

15.1 Simulation results for SEI growth on a spherical
anode particle

As described above, the simulations were run for two complete cycles of lithiation and delithi-
ation of the anode particle, with simultaneous deposition and expansion of the SEI. The two
full cycles of lithiation/delithiation are of course equivalent to four half-cycles - each half-
cycle consisting of either fully lithiating or fully delithiating the anode particle. Figs. 15-2(a)
and (b) show plots of the variation of the hoop stress Too = eo - Teo (in a cylindrical co-
ordinate system, cf. Fig. 15-2) within the SEI layer at the north-pole of the particle, as a
function of the outward distance from the surface of the anode; cf. the schematic on the left
of Fig. 15-2(a). These figures thus show the variation of the "hoop-stress" in the SEI as a
function of the outward distance from the surface of the anode.

Fig. 15-2(a) compares the result for the hoop stress variation in the SEI for a simulation
with two complete (or four half-cycles) of lithiation/delithiation of the graphite (solid line),
against the result for a simulation in which the graphite is not lithiated (dashed line). At the
end of the two full-cycles the graphite is delithiated, as it is in the case when the graphite is
never lithiated. In the case of no lithiation of the graphite the hoop stress in the SEI layer
is almost uniform at a value of approximately -1.5 GPa, whereas with cyclic lithiation the
hoop stress varies in the approximate range -2.3 GPa to -1.5 GPa across the thickness of
the SEI layer.

The variation in hoop stress within the SEI thickness for the case of cyclic lithiation
arises due to the fact that as the SEI deposition and growth is occurring, the underlying
graphite is also undergoing relatively large volumetric changes due to the intercalation of
Li. This result is easily understood using the schematic shown in Fig. 15-3. Consider a fully
lithiated particle shown in Fig. 15-3(a) onto which an SEI layer forms, Fig. 15-3(b). The SEI
layer which forms will be in compression due to the inherent growth hoop stress which arises
during the process of SEI expansion. Once the particle delithiates, see Fig. 15-3(c), the SEI
layer will develop higher compressive stresses due to volumetric shrinking of the graphite
particle onto which the SEI layer is attached. The regions of the SEI in Fig. 15-2(a) which
have the largest compressive stresses of - -2.3 GPa thus correspond to layers of SEI which
were formed when the particle was fully lithiated.
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To further illustrate the importance of accounting for stress generation due to both the
SEI growth and the lithiation/delithiation of the underlying graphite particle, Fig. 15-2(b)
shows the results of the simulation with cyclic lithiation of the graphite at two different
times: (i) at the end of 4 half-cycles when the anode is delithiated (solid line), and (ii) at
the end of 3 half-cycles when the anode is fully lithiated (dashed line). As expected, when
the graphite is fully lithiated, the overall hoop stress profile through the thickness of the SEI
exhibits lower levels of compressive hoop stress than at the state when it is fully delithiated,
since some of the compressive stress is relieved by the volumetric swelling of the graphite
anode when it is lithiated.

Of significant interest for judging the tendency for the SEI layer to delaminate from the
anode particle is the normal component of the traction, T, = n -Tn, where n is the outward
unit normal to the anode/SEI interface; cf. schematic on the left of Fig. 15-2(c). Figs. 15-2(c)
and (d) show the variation of T at the anode/SEI interface as a function of the normalized
distance along the circumference of the particle, starting from the north-pole of the particle.
As before, Fig. 15-2(c) shows the result from a simulation with cyclic lithiation/delithiation
of the graphite (solid line) versus the result from a simulation in which the graphite is not
lithiated (dashed line). The normal stress profiles in this figure are computed at the end
of four half-cycles when the graphite is equally devoid of Li in both simulations. Note that
the addition of cyclic lithiation/delithiation of the graphite leads to the development of
larger tensile normal stress T at the anode/SEI interface. The larger value of T" in the
simulation with cyclic lithiation of the graphite is consistent with the observation of the
larger compressive hoop stress in the SEI layer for the same simulation, cf. Fig. 15-2(a).

Finally, Fig. 15-2(d) shows the results for T for the simulation with cyclic lithiation of the
graphite at two different times: (i) at the end of 4 half-cycles when the anode is delithiatated
(solid line), and (ii) at the end of 3 half-cycle when the anode is fully lithiated (dashed line).
When the particle is lithiated (dashed line) the normal interface stress is ~ 55 MPa, whereas
at when the particle is delithiated (solid line) the normal stress is ~ 115 MPa. This illustrates
the contribution of the delithiation of graphite anode to the formation of additional normal
stress along the anode/SEI interface.

15.2 Simulation results for SEI growth on a spheroidal
anode particle

In this section we present the results of our simulations for a spheroidal graphite particle
and compare (i) the hoop stress distribution in the SEI layer, as well as (ii) the normal stress
distribution at the anode/SEI interface, against the corresponding results for a spherical
particle. The results in this section are presented in the same fashion as was done in Sect. 15.1
for the case of a spherical particle.

Figs. 15-4(a) and (b) show plots of the variation of the hoop stress at the north-pole of
the spheroidal particle in the SEI layer as a function of the distance from the surface of the
anode. These results are similar to those in Figs. 15-2(a) and (b) for a spherical particle.
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Figs. 15-4(c) and (d) show the normal traction T at the anode/SEI interface as a function
of the normalized distance along the circumference of the particle. These results differ
significantly from those obtained using a spherical particle; compare with Figs. 15-2(c) and
(d). In the spheroidal particle the normal traction along the anode/SEI interface in the
vicinity of the north-pole of the particle, is substantially higher than the normal traction
in a spherical particle. Focusing on the normal traction after 4 half-cycles - when the
particle is fully delithiated - we see that the normal traction for the spheroidal particle,
Fig. 15-4(d) (solid line), reaches a maximum value of ~ 320 MPa at the north-pole. In
contrast, the normal traction in the sphere, Fig. 15-2(d) (solid line), reaches a maximum
value of - 120 MPa, which is constant along the circumference of the particle.

The substantial increase in normal tensile traction at the anode/SEI interface for a
spheroidal (non-spherical) particle - as compared to a spherical particle - is important
in developing a more complete understanding of the role of particle shape in increasing (or
decreasing) the potential for delamination of a SEI layer from an anode particle.

Remark. In order to determine whether the SEI delaminates from the anode, the maxi-
mum calculated value of T must be compared with the cohesive strength of the interface.
However, to the best of our knowledge, measurements of cohesive strengths of SEI/anode
interfaces have not been reported in the literature. Still, examining the evolution of the
normal stress T at the interface provides some insight as to when the SEI might delami-
nate. Fig. 15-5 shows the evolution of T, near the north pole of the spheroidal particle for
two full lithiation/delithiation cycles. In the first half-cycle of lithiation the normal stress
T increases, while in the second half-cycle of lithiation T decreases. However T increases
during both delithiation half-cycles - which is to be expected because the graphite shrinks
away from the SEI layer during delithiation. Thus, once an SEI layer has been formed,
delamination of this layer from the anode is most likeley to occur during delithiation. 0
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Figure 15-3: Schematic of SEI growth on a lithiated graphite anode followed by delithiation of

the anode. The development of a compressive growth hoop stress, (a) to (b), is followed by further

compression of the SEI layer due to delithiation of the graphite, (b) to (c).
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Chapter 16

Concluding remarks

We have formulated a new continuum-mechanical theory and a finite-element-based capa-
bility for the simulation of growth of a solid electrolyte interphase layer at an anode particle
in a Li-ion battery. Our simulation capability accounts for the stress-generation due to the
growth of a SEI layer, as well as the cyclic stresses that are generated due to the lithiation
and delithiation of the anode particle.

We have calibrated the material parameters in our theory by using available data from the
literature, and by using results from the substrate curvature experiments of Mukhopadyay
et al. (2012). The results that we have presented in Section 14 are extremely encouraging;
they show that our theory and numerical simulation capability - with suitable choices for
the material parameters - can reproduce the novel experimental results of Mukhopadyay
et al. (2012) with reasonable quantitative accuracy.

The calibrated theory has been used to simulate SEI growth on a spherical and a
spheroidal graphite anode particle. Our simulations show that large non-uniform compres-
sive hoop stresses are generated within the SEI due to both the growth of the SEI and the
lithiation/delithiation of the anode particle. Our study shows that SEI layers which are
formed on the anode while it is in an expanded/lithiated state will develop higher compres-
sive hoop stresses once the anode is subsequently delithiated. These findings are especially
important since they in turn affect the large normal tensile tractions which develop along
the anode/SEI interface - tractions which can lead to the delamination-type failure of the
SEI and thus to accelerated capacity fade. Our study of spheroidal versus spherical particles
shows that spheroidal particles develop much larger (order 3 times larger) normal tractions
at certain points at the anode/SEI interface than spherical particles do. As such, spheroidal
particles are at a higher risk for potential delamination failure of the SEI.

Our work presents a first step in the modeling of SEI growth at active anode particles,
and carrying out a detailed stress analysis of the process. Much remains to be done; some
important items that need attention in the future include:
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" The square-root of time growth for the thickening of the SEI in our model is something
that has been prescribed a-priori. In a more complete future theory the square-root
of time growth might be the outcome of more completely modeled diffusion-limited
chemical reaction processes which involve the electrolyte, electrons, and the resulting
SEI (cf., e.g., Pinson and Bazant, 2013).

" Diffusion of Li through the SEI needs to be accounted for.

" Effects of anisotropic elasticity and anisotropic diffusion in the anode particles need to
be accounted for.

" Arbitrary three-dimensional particle shapes need to be studied.

" SEI growth on other types of anode particles, such as those made from silicon - which
exhibits significantly larger volume changes - needs to be studied.

Finally, there is a pressing need for the direct experimental measurement of the material
properies of the anode particles, the SEI layers, and the SEI/anode interfaces. This state-
ment regarding experimental measurement of material properies is true also for all other
microscopic (and macrscopic) components of Li-ion batteries.



Chapter 17

Conclusion

17.1 Summary

The development of simulation-based tools for the design, life-prediction, and optimization
of Lithium-Ion batteries (LIBs) is of crucial importance to the advancement of clean energy
storage, and largely remains an open issue of research. In this thesis, we have developed such
simulation-based tools with a focus on the the interaction between mechanical deformation
and diffusion in single active particles of LIB electrodes.

This thesis has addressed the theoretical formulation, numerical implementation, and
application of diffusion-deformation theories aimed at two different classes of electrode ma-
terials: (i) phase-separating electrodes, and (ii) elastic-plastic deforming electrodes. Further,
we have developed a theory and simulation capability for modeling growth of a solid elec-
trolyte interphase at the surface of an electrode. To conclude, we briefly summarize the main
contributions of each part of this thesis:

Part I: Modeling phase-separating electrode materials

9 We formulated a thermodynamically-consistent theory which couples Cahn-Hilliard
species diffusion with large elastic deformations of a body. The theory was formulated
using the principle of virtual power, which yields two coupled second-order partial
differential equations which are amenable to being solved with a standard finite element
implementation.

* The theory has been implemented in the finite-element program Abaqus (2010) by
writing custom user-element subroutines.

e Using our simulation capability, we studied the chemo-mechanically-coupled problem
of lithiation of isotropic spheroidal phase-separating electrode particles. We showed
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that the coupling of mechanical deformation with diffusion is crucial in determining
the lithiation morphology, and hence the Li distribution, within these particles.

Part II: Modeling amorphous Silicon electrodes

" We have formulated and numerically implemented a fully-coupled diffusion-deformation
theory which accounts for transient diffusion of lithium and accompanying large elastic-
plastic deformation of amorphous Silicon.

" The theory was calibrated to results from electrochemical cycling experiments of a-Si
thin films deposited on quartz substrates performed by Pharr et al. (2014) and Bucci
et al. (2014). By choosing appropriate material parameters, our simulations reproduce
the experimentally measured voltage vs. state-of-charge and substrate curvature vs.
state-of-charge curves.

" We have applied our numerical simulation capability to model galvanostatic charging
of hollow a-Si nanotubes whose exterior walls have been oxidized to prevent outward
expansion. We have shown that the results from our numerical simulations, without any
parameter adjustments, are in reasonable agreement with the experimentally-measured
voltage versus SOC behavior at various charging rates (C-rates).

" Using our numerical simulation capability we identify, and quantify, two major effects
of plasticity on the performance of a-Si-based anodes of the type under consideration
here:

- First, plasticity enables lithiation of the anode to a higher SOC for a given voltage
cut-off. This is because plastic flow reduces the stresses generated in the material,
and thus reduces the potential required to lithiate the material.

- Second, plastic deformation accounts for a significant amount of the energy dissi-
pated during the cycling of the anode at low C-rates.

* We have demonstrated the applicability and importance of continuum-level models in
making meaningful predictions of the electrochemical response of a-Si based nanos-
tructured anodes.

Part III: Modeling growth of a solid electrolyte interphase

" We have formulated a new continuum-mechanical theory and a finite-element-based
capability for the simulation of growth of a solid electrolyte interphase layer at an
anode particle in a Li-ion battery.

* We have calibrated the theory to results from electrochemical cycling experiments of
graphite thin films deposited on quartz substrates performed by Mukhopadyay et al.
(2012). By choosing appropriate material parameters, our simulations reproduce the
experimentally measured cyclic stresses, due to graphite lithiation/delithiation as well
as the experimentally measured growth stresses.
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* We have shown that SEI growth on spherical and spheroidal particles, as they are being
charged/discharged, can lead to large non-uniform compressive hoop stresses within the
SEI. Our finding that hoop stresses within the SEI remain compressive throughout the
cycling of the anode, have important consequences for predicting failure of SEI. They
suggest that SEI is not likely to fail through radial cracking but is prone to failure
through delamination from the anode surface.

17.2 Outlook

While progress has been made in this thesis towards modeling deformation-diffusion pro-
cesses in LIBs, much remains to be done. We list below, for the main parts of this thesis,
as well as for the broader topic of modeling batteries as a whole, some directions for future
work which have not been addresses in this thesis:

Outlook on modeling phase-separating electrode materials:

* Many cathode and anode materials currently used in Li-ion batteries are highly anisotropic.
The general chemo-mechanically-coupled phase-field theory derived in this thesis is
amenable to be specialized to account for such necessary anisotropies, however such
work has not yet been performed.

* Boundary conditions are of major importance in modeling battery electrodes and need
to be carefully considered. For nanometer-sized particles, there might also be a need to
properly formulate and account for possible surface energy effects (i.e. surface-wetting),
as recently studied by Cogswell and Bazant (2013). This is a non-trivial extension of the
work in this thesis which requires careful theoretical as well as numerical considerations.

Outlook on modeling amorphous Silicon electrodes:

* The simulations considered in this thesis for hollow double-walled nanotubes include
only a single nanotube, while the experimental results of Wu et al. (2012) were obtained
from an anode which was made up of an ensemble of nanotubes of various dimensions.
One extension of this work that is important, is the ability to model a variety of
nanotubes with a statistical distribution of geometrical and material properties. Such
an extension is non-trivial, from a computational implementation perspective, since
it requires a highly non-linear multi-point constraine between the displacement and
chemical potential degrees of freedom on the exterior surfaces of all of the tubes (cf.
the Remark leading to (8.175)).

e In the modeling of the Si/Si0 2 double-walled nanotubes, the Si0 2 film is treated as
a linear-elastic film through which diffusion of Li is neglected. This model needs to
be extended to account for the fact that the Si0 2 film will react with Li to form a
silicon-oxygen-lithium compound, which will consume some of the available Li, and
which will affect Li diffusion to the a-Si anode.
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" Recently, McDowell et al. (2013) and Wang et al. (2013) have experimentally observed
that the first lithiation half-cycle of a-Si nanoparticle appears to proceed by a quasi-two-
phase mechanism and not by single-phase diffusional insertion of Li. Such a mechanism
has been neglected in this thesis with respect to modeling a-Si, however including such
a mechanism would be a natural extension of this work, since two-phase mechanisms
have been considered in detail when modeling phase-separating electrodes in Part I of
this thesis.

" Finally, the simulation-based tool developed here for modeling nanostructured a-Si-
based anodes should be further tested against other anode geometries. Some specific
anodes of interest would be the "yolk-shell" structure of Liu et al. (2012a), and the
Silicon-Copper nanolattices being developed by Xia and Greer (2015).

Outlook on modeling growth of a solid electrolyte interphase:

" In our model, the square-root of time growth for the thickening of the SEI is something
that has been prescribed a-priori. In a more complete theory, the square-root of time
growth might be the outcome of a diffusion-limited chemical reaction process which
involves the electrolyte, electrons, and the resulting SEI (cf., e.g., Pinson and Bazant,
2013).

" Diffusion of Li through the SEI needs to be accounted for.

" Effects of anisotropic elasticity and anisotropic diffusion in the anode particles need to
be accounted for.

" SEI growth on other types of anode particles, such as those made from silicon -
which exhibits significantly larger volume changes - needs to be studied, both from a
numerical as well as from an experimental perspective.

Overall outlook:

* A broader extension of this work, equally applicable to all parts discussed above,
involves the up-scaling of our single active particle models to the porous electrode scale.
One potential realization of such an up-scaling would be to fully discretize a portion
of the porous-electrode scale including detailed discretizations of the active particles,
binder, and conductivity enhancing particles. Further, to properly account for the
chemical and mechanical connection between these various materials, we suggest the
development of fully-coupled chemo-mechanical cohesive zone elements. Such "zero-
thickness" elements could account for the electrochemical reaction kinetics at these
interfaces (i.e. Butler-Volmer-type reaction kinetics), as well as account for possible
failure of the mechanical interfaces through appropriate traction-separation relations.
Finally, these fully-coupled elements could account for how mechanical damage affects
loss of chemical connectivity as manifested through a loss of the flux of Li through the
interface.
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There are other approaches to modeling the porous-electrode scale. Notably, porous
electrode theory (cf., e.g., Ferguson and Bazant, 2012), which introduces notions of
porosity and tortuosity to effectively average across the porous-electrode scale, can be
used as a predictive, and computationally efficient tool for modeling LIBs. However,
it is unclear at this time how porous electrode theory might be extend to introduce
notions of mechanical damage, such as fracture, within the active particles, and at the
particle binder interfaces. The aforementioned approach, involving a full discretization
of a portion of the porous-electrode scale, might help elucidate how damage mechanisms
can be incorporated in regular porous electrode theory.

" Mechanical damage, for example through fracture of the active particles or through
fracture or delamination of the SEI layer, is also of critical importance to understanding
degradation in LIBs. Theoretical models and numerical tools need to be developed to
extend the work in this thesis to include fracture mechanisms. Cohesive zone models,
as detailed in the bullet point above, could also provide useful in the development of
such fracture models.

" There is a pressing need for the experimental measurement of the material properties of
the electrode particles, the SEI layers, and the SEI/electrode interfaces. This statement
regarding experimental measurement of material properties is true also for all other
microscopic (and macrscopic) components of Li-ion batteries.

" Other components of a LIB, such as the polymer membrane separating the anode and
cathode materials, are also critical in the stability of the battery over its lifetime. Fu-
ture work should also focus on understanding and modeling the mechanical behavior of
the polymer membrane separator in order to better understand how such a component
might fail under regular operation or due to mechanical abuse of the cell.

* Finally, we would like to note that the theoretical formulations, and numerical tools,
developed in this thesis are broadly applicable to a large number of problems in energy
production, transportation, and storage. For example, similar ideas to to the ones
developed in this thesis have been applied to modeling hydrogen diffusion in metals (Di
Leo and Anand, 2013), oxide growth in thermal barrier coatings (Loeffel and Anand,
2011), and dielectric elastomers (Henann et al., 2013) amongst others. Some example
future applications might include developing deformation-diffusion models for: (i) high-
temperature ceramic ion-transport membranes for fuel cells and air purification, (ii)
hydrogen storage in metal-hydride systems, and (iii) catalysis.
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Appendix A

Numerical methodology for Part I:
Modeling phase-separating electrode

materials.

A.1 Introduction

Following the framework developed by Chester et al. (2015), in this Appendix we present
the details of our numerical implementation of the constitutive model developed in Part I
for the coupled diffusion-deformation behavior of phase-separating electrode materials. In
particular, we present here the "Residual" vector and "Tangent" matrix which must be
implemented in order to solve the coupled set of equations in the finite element program
Abaqus/Standard through the use of the user element (UEL) subroutine. Details on how
to implement the residuals and tangents developed here within the UEL fortran subroutines
can be found in Chester et al. (2015), and are thus omitted from this Appendix.

In Sect. A.2 we begin by recalling the governing partial differential equations and bound-
ary conditions, and then formulate the variational statements which will serve to develop the
residual necessary in the finite element implementation. In Sect. A.3 we derive the tangents.
We summarize our results in Sect. A.4.

A.2 Variational formulation. Residuals

We begin by recalling the governing partial differential equations (3.106), (3.107), and
(3.108), along with the equation for the stress potential (3.117), and their boundary condi-
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tions:

Macroforce balance

divT + b= 0

u= U

= Div (fn-Vp)

Mass balance C = C

I-Vp -n= 3

A A, + /( - d) = 0

Microforce balance

p, = -Q-tr M' in B,
Equation for the stress potential 3

1 1-p, = A, on S,,,.

Note that in writing (A.1) we have made the following choices:

" The macroforce balance in (3.106) is stated in the reference configuration, whereas here
we have stated it in the deformed configuration and will also numerically implement
it in the deformed configuration. Such a choice is made following the finite element
developments of Chester (2011), on which this development is based. We note that
this choice will not affect the accuracy of our results.

" The mass balance is written in terms of the normalized concentration Z = CR/CR,max,
and the degree of freedom (dof) used in the numerical implementation is also the
normalized concentration E. In doing so, using (3.107) we have defined

-def-m = moc(1 - Z). (A.2)

Similarly, the microforce balance is written in terms of the normalized micromorphic
concentration c which is also the dof for this pde.

With
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in B,

on S,

on St,

in B,

on Sc,

on Sj.

in B,

on S,

on S4.

(A.1)

(A.3)w1, W2, W3, W4,
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denoting weighting (or test) fields which vanish on S, Sc, S,, and S,,
forms corresponding to (A. 1) are given by

f(T: gradwi - wi - b) dv - wi . t da = 0,

j (W 2 + Vw2 - (7t7Vp)) dvR + j W 2J daR = 0,

j (w,30(e - E) + AVW3 - V&) dvR - j W 3 daR

w 4 (t, + Q tr Me dvR = 0.

respectively, the weak

(A.4)
=0,

The body is approximated using finite elements, B = UBe, and the trial solutions for the
displacement, the concentration, the micromorphic concentration, and the stress potential
are interpolated inside each element by

u = E UANA,

A

E = AN, A

A
= ;ANA

A
[Pa = Z ,^NA,

A

with the index A = {1, 2, ... , M} denoting the nodes of the element, uA denoting the nodal
displacements, ^ denoting the nodal concentrations, A denoting the nodal micromorphic
concentrations, [L, denoting the nodal stress potentials, and NA the shape functions. Using
a standard Galerkin approach, the weighting fields are interpolated by the same functions,
that is

= wj^N, w2 = A2^NA,
A A

W3 = E,
A

= WAN^.
A

Using (A.5) and (A.6) in (A.4), yields the following element-level system equations.

(TgradNA - N b) dv - N~t da = 0,

L (N~b+VNA. (V p) dVR + jN^3 daR = 0,

/ (NA(e - ) + AVNA V ) dVR - N AdaR = 0,
Be fSte

N AP+
Q trMe) dVR=0.

(A.5)

(A.6)

(A.7)

I
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This system of coupled equations is solved using a Newton procedure in Abaqus by defining
element-level residuals and tangents. Using (A.7), the element-level residuals for the dis-
placements, the concentration, the micromorphic concentration, and the stress potential are
given by

^ = (TgradNA - NAb) dv -
JBe Iste

NA'

= j= (N +VNA- (r7Vp)) dv + 
JBe fsj

t = (NA!(& - e) + AVNA -V) dvR -

R= L AN (

N A da,

iSe
NAdaR,

+ Q tr Me dVR.

(A.8)

Next, recall equation (3.96) for the chemical potential p which may be written as

t = f(a) - #5 + PfO, with f(E) = RV ln _ + (1 - 2Z) + OE.

Using (A.9), we may write the residual RA for the concentration in terms of all other degrees
of freedom as

RZ= (NAc+m (VN . _V - VNA .OV&+VNAVp ))

+ Sj

dvR

(A.10)
NA] daR,

with Of RV 2X_+
-- 

2xE+ ,
Doand M- = R (V -).

A.3 Tangents

In addition to the residuals, the following tangents are also required:

AB BA
K A= OR

&uB'
A~B =gA

KAB - -RZ

K6CB = - ,'

K AB _ R A
Z6jt ~ 8pB

orB

K AB RC

K-AB

C~A BK~A 11B -O,

(A.9)

(A.11)

(A. 12)
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and

K AB _ RA

K&AB RA (A.13)

K AB = ORA

First, the tangent of the displacement residual with respect to the displacement dof, in
indicial notation, is given by (cf. Chester et al. (2015))

tK B ON A &ik N B f N AN Bk 'da, (A. 14)
AB - - 1ik dv + JN^NB~

Uik Be axj OX1 fSt allk

with

AJk 1 = 9TR,im. (A.15)JljmFn 
aFkn

In our numerical implementation we make the simplifying approximation that the spatial
tangent modulus (A. 15) is equal to the elasticity tensor (3.90), that is

A ~ C =2G1+ K -G 101, (A.16)

where G and K are the shear and bulk moduli respectively, and II and 1 are fourth- and
second-order identity tensors.

Remark. As detailed in Chester et al. (2015), to accommodate compressible and nearly
incompressible material behavior and mitigate volumetric locking behavior, we use the so
called F-bar method (de Souza Neto et al., 1996). In such a method, the deformation gradient
is suitably replaced such that the incompressibility constrained is enforced as an approximate
average throughout the element, rather than point wise at each integration point. The use
of the F-bar method does not change the integration point residuals, simply the modified
deformation is used. However, the tangent (A.14), and all tangents which involve residuals
being derived with respect to the displacement degrees of freedom, must be modified. The
necessary modifications are discussed in detail in Chester et al. (2015), El

The tangent of the displacement residual with respect to the concentration dof is given
by

KAB - - N gradN dv + N^NB-da. (A.17)
Uc fBe aE fSt aE



We make the approximation that
aT aMe

Recalling (3.93) and (3.82), and using the fact that trE' = ln(J/Jc), we may write

Me = 2GEe +Kln(+ 1,0 Je JC = 1+ QecR,max, (A.19)

which yields
_Me KQcR,max

19E Jc
(A.20)

Next, the tangent of the concentration residual (A.10) with respect to the concentration
dof is given by

KAB =- N A NB 9-
je Be (C O + N

+inNBVN^ - finV N^-&E2

-f _= -o(I - 2E)l
& R'

VNA. VE - VNA - oV<-c + VN A - v 1 )

Of1NB dvR - Is;

and 02 f _ R79(2B - 1)
062 62(1 - Z 2

The tangent of the concentration residual (A.10) with respect to the micromorphic concen-
tration is given by

-ilVN A - N NB dv,
JSe

NANB 2I daR
ad

The tangent of the concentration residual (A.10) with respect to the stress potential dof is
given by

KB^ - 7 nVN A - V N B dvR -
Be e

NAN B daR.
19 -o-

The tangent of the micromorphic concentration residual with respect to the micromorphic
concentration dof is given by

K^B=- -fe(BNANB+ A -VNB dvR +
Be Se
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(A.18)

with

N A NB O4 da,
OE

(A.21)

(A.22)

K B =- (A.23)

(A.24)

N A NB daR.Oc_ (A.25)
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The tangent of the micromorphic concentration residual with respect to the concentration
dof is given by

K ^B = - fiNANB dvR+ NANB
e~ -JBe ./, + CeN a (A.26)

The tangent of the stress potential residual with respect to the stress potential dof is
given by

KAB -A
Acry/Jr

IBe
NANB dVR. (A.27)

The tangent of the stress potential residual with respect to the concentration dof is given by

KAB = - NANB. dv, (A.28)where Bsg 3 ( )i

where, using (A.19), we have that

atr Me 3K~cR,max

Jc
(A.29)

The tangent of the stress potential residual with respect to the displacement dof in indicial
notation is given by

K,AB = - f (A.30)3 atr Me aFd.

which using the identity

Fi3 = 6j + E up X 'B
53

may be written as

ONB
= ik 9 B

aj
(A.31)

(A.32)/ Itr Me &NB
KAB = - I NAQ dvR.I"c7 U JBe 3 F~ O X

From (A.19) we have that

OtrMe
aF

3K 9J
J aF

3K- -JF- T = 3KF-T
J

(A.33)

A.4 Summary

We may summarize the element-level residuals and tangents for the displacements u, nor-
malized concentration E, normalized micromorphic concentration c, and stress potential p,

aB



196

degrees of freedom as

= = (TgradNA - N b) dv - NAt da,
JBe St

6 = j (N +f (VNA

(NA3Qr( - E) + AVNA . V&) dvR -

A = eN A

S1S,

+ Q tr Me dVR,

R j
C| = fe

V - VN- V+ VN A. -V dv

+f NA jdan,
Sjs

N A daR,

(A.34)
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and

KAB ~ ikONA ON BUiUk JBe O j l dv +

K=- JNB % dv+

'Ste
NANB O da

OUk

INANB .d
IV NB e.da,

NB (VN

+ilNBVN A. V
(90

A - V -VNA

+ FnVNA -OVNB)
OE /

OV- + VNA

dvR,
Is;

KAB = -fVN A - /VNB dvR - N ANB daR,

fB = i-VN ^ -VNB dv N - N NB -daR,

Be JS 0

KAB = f

KB = f- e

(3N ANB + AVN .VNB) dvR +

-/3NANB dVR +
fSz

N ANB dVR,

KtAB = - N^NB -a

K1 tr Me B

K B = - N A N B FX d ,C JB ~ 3 Fik

KB = - (NANB -V )

NANB da,
ac

(A.35)

N A NB daR,

KABlIa

NANBl da,
09C

=- J~
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with

Do

&B4i D0= -(1 - 2),

Of R af -R_ - 2X+ o,
c c(1 - c)

a2f R79(2E - 1)

2 ((A.36)
A~-,C=2GR+ (K- 3G) 101,

aT iMe KQCR,max1

Otr M _ 3KQcR,max

Be Jc

tr Me
= 3KF T .

OF



Appendix B

Split methods for solving the
Cahn-Hilliard equation

As mentioned in Chapter 2, the Cahn-Hilliard equation for the diffusion of a species involves
solving a partial differential equation (pde) which contains fourth-order spatial derivatives.
From a practical engineering application, the use of the finite-element method to solve such
equations is often preferable since it allows for modeling in arbitrary geometries. However,
if solved using the finite-element procedure, such fourth-order equations necessitate basis
functions which are piecewise smooth and globally C 1-continuos. In order to use standard
CO-continuos finite-elements, one often employs a split method formulation to reduce the
fourth-order equation into two second-order partial differential equations. In reducing the
fourth-order equation of interest into two second-order equations, two distinct split method
formulations may be used:

" The first method involves introducing an additional pde which governs an internal
variable of the model, usually one whose gradients are necessary for computation of
the original equation. As we shall see in Sect. B.1, when the two second-order pdes in
this method are combined they recover the classical Cahn-Hilliard equation. We thus
refer to this method as the classical formulation.

" The second method, involves the introduction of an additional variable, not present in
the original model, to serve as an additional kinematical degree of freedom (DOF) on
which to formulate the split method. We refer to this method as the micromorphic
formulation since we will refer to the additional variable as the micromorphic variable.

The classical formulation has the clear advantage that it does not introduce any additional
variables or material/simulation properties. However, in some applications the classical for-
mulation can lead to stiff and numerically difficult to solve equations. Thus, in certain cases,
it may then be useful and numerically convenient to use the micromorphic formulation to
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reformulate the fourth-order equation as two coupled second-order pdes. However, the micro-
morphic formulation does not directly solve the physical problem of interest, and introduces
an additional parameter which must be appropriately determined.

The Cahn-Hilliard equation is ideal for studying the aforementioned split method formu-
lations since it is amenable to being formulated with both classical and micromorphic split
methods and has been studied extensively in the literature. Wodo and Ganapathysubrama-
nian (2011) and Gomez and Hughes (2011) both solve the Cahn-Hilliard equation using a
classical split method formulation approach with a focus on new and novel time-stepping al-
gorithms. Gomez et al. (2008) solve the fourth-order Cahn-Hilliard equation using the novel
and non-standard isogeometric analysis which, although it does not require a split method,
involves complicated numerics which are difficult to implement in commercially available
FEA codes. Wells et al. (2006) solve the problem using a classical split method formula-
tion as a reference for their development of a discontinuous Galerkin method. Ubachs et al.
(2004), in the context of modeling the microstructural evolution of tin-lead solder, solve the
Cahn-Hilliard equation using a micromorphic split method formulation similar to previous
formulations of micromorphic theories (cf. e.g. Forest, 2009).

The Cahn-Hilliard theory for diffusion of a species within a body may be summarized by

.L= Div a()V - AAB), (B.1)

which is a nonlinear partial differential equation for the normalized concentration of the
diffusing species 6 E [0, 1], and involves fourth-order derivatives of E. In (B.1), c is the
chemical free energy of mixing and the term (-AAE) is the contribution of the the interfa-
cial free energy to the chemical potential, with A a gradient energy parameter and AE the
Laplacian of the normalized concentration. Further, fin(E) > 0 is the mobility of the diffusing
species.

In the classical formulation the fourth-order equation (B. 1) is described by the follow-
ing two second-order equations

= Div (h(e)Vf),

classical formulation (B.2)
11 E . AA61

where the two solution variables are the concentration E and the chemical potential P.

In the micromorphic formulation an additional variable e is introduced, which we
refer to as the micromorphic variable. Using a microforce balance, and suitable constitutive
equations, we may show that formulating the diffusion theory with this additional kinemati-
cal degree of freedom yields a split method formulation with the following governing partial
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differential equations

Cc= Div (r ) (E~v + O3E - d))) micromorphic formulation (B.3)

AA c + O(Z- 0 0

where the additional second-order pde is a Hemholtz-type equation governing the micromor-
phic variable &. We note that:

* The micromorphic formulation introduces an additional parameter, 0, which we refer
to as the penalty modulus.

As briefly introduced here, and further elaborated on in Sect. B.2, it is not immediately clear
when the micromorphic formulation produces suitable results when compared to the classical
formulation; specifically how the parameter / should be chosen. In Chapter 4 we performed
a limited set of simulations aimed at illustrating how the micromorphic formulation of the
Cahn-Hilliard equation should converge as the penalty modulus # is increased. However, no
comparison was performed between the micromorphic (B.3) and classical (B.2) split methods
for soliving the Cahn-Hilliard equation. Such a comparison, along with some theoretical
details for completeness, is presented in this Appendix.

The purpose of this Appendix is thus as follows:

" First, we derive the classical split method formulations (B.2) in a thermodynamically
consistent fashion by using the principle of virtual power. Unlike derivations based
on the variational derivative, the formulation shown here clearly distinguishes between
balance laws and constitutive equations. Further, from the formulation it is clear what
the appropriate boundary conditions for the resulting pdes are.

" Second, we investigate through numerical simulations the two different split method
formulations aimed at solving the Cahn-Hilliard equation using finite-elements. Specifi-
cally, we show that the micromorphic formulation converges to the classical formulation
for appropriately chosen simulation parameters.

* Finally, we present in detail the numerical procedures used to implement the afore-
mentioned split methods in the commercial FEA package Abaqus (2010).

Finally, we remark that in this Appendix we consider only the diffusion problem and do not
account for the deformation of the body. Hence, we do not distinguish between spatial and
referential quantities (i.e. vectors, operators, etc.), and all quantities should be considered
to be defined with respect to the reference body.
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B.1 Cahn-Hilliard diffusion theory derived using the
principle of virtual power

In contrast to a standard derivation of the Cahn-Hilliard equation based on a variational
derivative of the total energy, see eqs. (2.1) through (2.7), following Gurtin (1996) and Anand
(2012), this derivation is based on using the principle of virtual power. The derivation is
similar to that presented in Chapter 3, however here we do not introduce an additional
kinematical variable. Further, here we will consider only diffusion of a species, without any
consideration for mechanical deformation.

B.1.1 Mass balance

With E(X, t) E [0, 1] denoting a normalized concentration, the local mass balance law for the
concentration is given by (cf. Sect. 3.1)

A = -Div (j), (B.4)

where j is the species flux.

B.1.2 Microforce balance derived via the principle of virtual power

Consider a part P of the body B within which the species is diffusing. The virtual power
principle is based on a fundamental power balance between the internal power Wint(P)
expended within the part P, and the external power Wxt (P) expended on P. Specifically, we
allow for power expended internally by

(i) a scalar microscopic force ir power-conjugate to A;

(ii) a vector microscopic force power-conjugate to the gradient V';

and take Wint(P) to be given by

Wint (P) = j (7r + -V) dV, (B.5)

where ir and are defined over the body for all time. We also allow for power to be expended
externally by

(i) a scalar microscopic traction ( that expends power over A on the boundary of the part;

and take Wext(P) to be given by

W/Vext(P) = j ('dA. (B.6)
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Assume that at some arbitrarily-chosen but fixed time, the field E is known, and consider
c as a virtual velocity. Then, denoting the virtual field by E to differentiate it from the field
associated with the actual evolution of the body, we may use (B.5) and (B.6) to write the
internal and external expenditures of virtual power as

Wint(P, ) = j (7r+ -v) dV,
(B.7)

Wext(P, a) = (E dA.

The principle of virtual power then consist of the requirement that

Wint(P, a) = Wext(P, 5) for all virtual velocities a. (B.8)

which using (B.5) and (B.6) yields

I (ira + Va) dV = jo dA. (B.9)

Next, using the identity Div (aa) = Div (a)a + a -Va and the divergence theorem, we may
write (B.9) as

j -( - n adA - (iv - Div( ))adV = 0, (B.10)

where n is the outward unit normal on the boundary 4P. Since this relation must hold for
all P and for all a, standard variational arguments yield the traction condition

((n) =-n, (B.11)

and the microforce balance
7r - DivC = 0. (B.12)

B.1.3 Free energy imbalance

Let V) denote the Helmholtz free energy per unit volume, and consider a material region
P. Then, under isothermal conditions, the first and second laws of thermodynamics may be
combined to form the free energy imbalance as

/j ?PdV <; Wext(P) - jp Mj -ndA, (B.13)

where [y represents the chemical potential of the diffusing species, and j is the species flux.
Thus, since Wext(P) = Wint(P), recalling (B.5) and applying the divergence theorem to the
term involving an integral over the boundary OP of P, we may write the free energy imbalance
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(B.13) as

j ( -k - --V + pDiv(j) +j.Va) dV 0. (B.14)

Finally, using mass balance (B.4), and the fact that (B.14) must hold for all parts P, the
local form of the free energy imbalance is

ret- VC+j -Vy < 0, (B.15)

where we have defined
7rnet = / + 7r (B.16)

for a net microforce. Finally, for later use, using (B.6) and (B.11) we may also write the
free-energy imbalance (B.13) as

/j dV < ja (L n) dA - p 
t(j -n) dA. (B.17)

B.1.4 Constitutive theory

Guided by the free energy imbalance (B. 15) we consider energetic constitutive equations for
the free energy 4, the net microforce rnet, and the vector microforce of the form

4rnet =retV), 18)

S= (6 V)

Substituting the constitutive equation (B.18)1 into the free energy imbalance (B.15), we find
that it may be written as

( - rnet) C + (-V+j -VA < 0. (B.19)

This inequality must hold for all values of Z and Ve. Since C and Vl appear linearly,
their "coefficients" must vanish, for otherwise they may be chosen to violate (B.19). We
are therefor led to the thermodynamic restriction that the free energy determine the net
microforce lrnet, and the vector microscopic force through the "state relations"

a8p(5, Va)
7rnet

-c (B.20)
(a Vo)J
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and we are left with the following dissipation inequality

D = -j - VP 0. (B.21)

Based on the dissipation inequality (B.21), the flux is constitutively prescribed to obey

j = -7h(E)Vpu (B.22)

and the dissipation inequality is given as

V = ^ ()VAI 0, (B.23)

which imposes the restriction that the mobility rii(Z) > 0.
Then, using (B.20) and (B. 16) in the microforce balance (B.12), we arrive at the following

partial differential equation for the chemical potential

Div (B.24)

Finally, recalling mass balance (B.4), using (B.22), and the governing pde for the chemical
potential (B.24) we may, without specifying the specific form of the free energy b, summarize
the gradient diffusion theory through the equations

E Div (M^(E)V ()

O'i(5, VE) _ (&'2(, Ve) N(B.25)
/1= Div ,.)

and to complete the theory we are left only with specifying the form of the free energy
function 4(6, VE), and the form of the concentration dependent mobility m^(E).

B.1.5 Boundary Conditions

Eqs. (B.25) must also be accompanied by appropriate boundary and initial conditions. The
boundary conditions are based on the external mechanisms which may result in changes to
the free-energy. Recall the free-energy imbalance, viz. (B. 17)

jp OdV ; Jop -n)dA- opp(j -n)dA, (B.26)

then, based on this imbalance, we define the following boundary conditions for a time interval
t E [0, T]:

* With Sz and S denoting complementary subsurfaces of the boundary &B of the body
B, we consider first a pair of boundary conditions in which the normalized species
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concentration is specified on S6 and the species flux on Sj:

c =c Eon Sj x[0,T],
on S(B.27)j -n = -rn(Z)Vp- n= J on Sj x [0,T].l

* With S, and S denoting complementary subsurfaces of the boundary &B of the body
B, we consider a pair of boundary conditions in which the chemical potential is specified
on S and the scalar microscopic traction is specified on S :

P = y on S. x [0, T]

n n on SC x [0, T], (B.28)
&Vc

where in writing (B.28) 2 we have used the state relation (B.20) 2. Note that the specified
quantities j and ( may be functions of time as well as functions of the variables Z and
yL at the point where the boundary condition is specified.

Finally, the initial conditions are taken as

E(X,0) = 6o(X), and p(X, 0) = po(X), in B. (B.29)

Together, the coupled set of equations (B.25), with boundary conditions (B.27) and (B.28),
and initial conditions (B.29), yield a boundary-value problem for the normalized concentra-
tion (X, t) and the chemical potential p(X, t), and form the basis of the classical formulation
split method discussed in this work.

Remark. In writing (B.27) and (B.28) we made an implicit assumption that mass balance
(B.25) 1 will be the pde governing the normalized concentration E dof, hence allowing us to
prescribe (B.27) 1, and that the microforce balance (B.25) 2 will be the pde governing the
chemical potential p dof, allowing us to prescribe (B.28) 1. This choice is reflected in Section
B.7, where we detail our numerical methodology.

This choice is not unique. In fact, the first term on the right-hand-side of (B.26) suggests
that E and - n should be conjugate, while the second term suggests that A and j - n
should be conjugate. This could easily be achieved by choosing mass balance (B.25)1 as the
governing pde for the chemical potential p dof, and choosing the microforce balance (B.25) 2
as the governing pde for the normalized concentration E dof. In such an implementation, the
boundary conditions would be as follows

=yon SpX[01T] 
(B.30)

j -n = -An(Z)Vp - n = j on S x [0, T].
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and
c= c on Se x [0, T]

(B.31)
-n = _- n= ( on St x [O,T],avE

where S, U Sj = OB, S, n Sj = 0, Se U Sc = &B, and SE nc = 0.
In the numerical results presented in this appendix, we will only consider periodic bound-

ary conditions which are implemented as constrains on the concentration E and the chemical
potential fL, and hence either of the two aforementiond implementation choices is equivalent.

However, from a physical point of view, based on (B.26), the second choice, whereby
mass balance (B.25)1 is the pde governing the chemical potential A dof, and the microforce
balance (B.25) 2 is the pde governing the normalized concentration E dof, is more appealing.

B.2 Micromorphic Cahn-Hilliard diffusion theory de-
rived using the principle of virtual power

In addition to the classical split method formulation developed in Sect. B.1, one may use
a similar procedure, to derive another set of two coupled second-order PDEs describing the
Cahn-Hilliard equation. In this formulation however we introduce an additional variable,
which we define through the symbol & and refer to as the micromorphic concentration.
The variable e serves as an additional kinematical degree of freedom in developing a gradient
theory for species diffusion. Specifically, in contrast to the a formulation based on E and VE,
see Sect. B.1, this formulations is based on i, &, and the gradient Ve.

Since the theoretical derivation using the additional variable e has been developed in
Chapter 3 in the context of a coupled diffusion-deformation framework, and since it is similar
to the derivation detailed in Sect. B.1, we present here only a summary of the resulting pdes
and their boundary and initial conditions.

A diffusion theory based on the additional kinematical variable e, and derived using
the principle of virtual power, yields the following two coupled second-order differential
equations:

E = Div (r:n(E)Vp) , p=

= )(B.32)

0 = -Div

where we note that that the free energy O(E, c, VE) is now a function of the concentration E,
the micromorphic concentration & and the gradient of the micromorphic concentration Ve.
The additional pde (B.32) 2 is a hemholtz-type equation governing the micromorphic variable
IP.
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For the mass balance pde (B.32) 1, we have the boundary conditions

c=c on S, x[0,T],( .
-mVP -n=j on Sjx [O,T], (B.33)

and for the microforce balance pde (B.32) 2 we have the boundary conditions

c=c on SexE[,T],

8@ (B.34)

-n on S( x [0, T].

In (B.33) Se and Sj are complementary subsurfaces of the boundary &B of the body B, while
similarly in (B.34) S and S are complementary subsurfaces of the boundary B of the body
B. Finally, the initial conditions are taken as

e(X, 0) = 0o(X), and i(X, 0) = 1o(X), in B. (B.35)

Together, the coupled set of equations (B.32), with boundary conditions (B.33), (B.34), and
initial conditions (B.35), yield a boundary-value problem for the normalized concentration E
and the micromorphic variable c, and form the basis of the micromorphic formulation split
method discussed in this work.

We must now specify the free energy functions required to complete the diffusion theories
derived in Sects. B.1 and B.2. Recall that the free energy function in the classical diffusion
theory depends on E and its gradient VE while the free energy function in the micromorphic
diffusion theory depends on E, e and the gradient Vt.

B.2.1 Free energy for the classical formulation

In the classical diffusion theory we employ the standard free energy proposed by Cahn and
Hilliard. The free energy is of the form

( V o) = Schemical (E) + 4 interface(VE). (B.36)

Here

(i) o/chemical is the free energy of mixing for the species in the body (also known as the
coarse-grain or configurational energy), and it is taken to be given by

g chemical = poe0 + R9 (ln e + (1 - E) ln(1 - E)) + xE(1 - Z), (B.37)

which represents a regular solid solution model. The second term in (B.37), involving
the gas constant R and the absolute temperature d, represent the entropy of mixing;
while the last term in (B.37), involving x, is an energetic interaction between the
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diffusing species and the host material which accounts for the mixing being non-ideal.
For a two-phase material, as is of interest in this work, the free energy /chemical is
a double-well potential whose wells (known as the "binodal points") define the two
phases of the material.

(ii) pinterface is an interfacial free energy which depends on the gradient of the concentration
VE. It is taken to be given by

,ointerface = (1/2)AjVE| 2, (B.38)

with A > 0 a gradient energy coefficient.

Thus, using (B.37) and (B.38) in (B.36), the total free energy in the classical formulation is
given by

0 = p"O+ RV (ln E + (1 - E) ln(1 - E)) + X6(1 - E) + (1/2)AIVE| 2 . (B.39)

Finally, for a regular solid solution model as described through (B.37), the appropriate
mobility is given by

m = moE(1 - E), MO = > 0, (B.40)

which represents the physical requirement that the mobility vanish for the pure phases E = 0
and E= 1.

Using the free energy (B.39) and the mobility (B.40) in (B.25), we have the following
specialized governing pdes for the classical formulation

E = Div (moE(1 - E)Vp)

y = pi + RO ln ( _ + x(1 - 2E) - AAE, }

classical
split formulation.

Further, using (B.39) in (B.27) and (B.28), the boundary conditions are

-mV-n = 

AVE - n =(

on Sz x [0, T],

on Sj x [0, T],

on S, x [0, T],

on S( x [0, T],

with
SUS =B,

Sj US = OB,

s. n sj = 0,

s, n Sc = 0.

B.2.2 Free energy for the micromorphic diffusion theory

In the micromorphic diffusion theory we consider a separable free energy of the form

(, V) = +chemical +penalty e) + interface(Ve).

(B.41)

(B.42)

(B.43)



210

Here

(i) 4 chemical is the free energy of mixing and is identical to that used in the classical
formulation (B.37), viz.

pchemical = jtOZ+ R9 ( ln E + (1 - e) ln(1 - ) x(1 - Z). (B.44)

(ii) Vbpenalty accounts for an energetic penalty incurred by the micromorphic variable & being
different from the concentration field 5. We take this energetic penalty to be given by
the following simple quadratic form

0penalty = (1/2)#(a - (B.45)

with 3 > 0 a penalty modulus.

(iii) 4interf is an interfacial free energy, similar to (B.38) in the classical formulation,
however here taken to depend on the gradient of the micromorphic concentration Vs.
It is thus taken to be given by

ointerface = (1/2)AIVfI 2, (B.46)

with A > 0 a gradient energy coefficient.

Thus, using (B.44), (B.45), and (B.46) in (B.43), the total free energy in the micromorphic-
formulation is given by

= te + R (e In E+ (1 - -) ln(1 - Z)) + XE(l - Z) + (1/2)(e - 4)2 + (1/2)AIV;1 2 . (B.47)

Finally, the mobility in the micromorphic formulation is identical to that used for the classical
formulation (B.40) since the chemical free energies of the two formulations are also the same.

Using the free energy (B.47) and the mobility (B.40) in (B.32), we have the following
specialized governing pdes for the micromorphic diffusion theory

0 ==- micromorphic
) - 2/ +split

0 =A Ad + 0(6 - ).formulation
(B.48)
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Using (B.47) in (B.33) and (B.34), the boundary conditions are

-mV-t n=.

C =VC

AVs - n ={

on Se x [0,T],

on Sj x [0, T],(

on S x [0,T],(

on S( x [0, T],

with
S. U Sj =B,

SuS = aB,

s. n Sj = 0,
S. n Sc = 0.

Remark. The free energy used in the micromorphic diffusion theory (B.47),
the classical free energy proposed by Cahn and Hilliard used in the classical
(B.39), however there are two important differences:

is similar to
formulation

" First, the interfacial energy in the micromorphic theory depends on the gradient of the
micromorphic concentration Vi and not on the gradient of the concentration VE.

* Second, the micromorphic theory includes a penalty free energy o/penalty (B.45), which
effectively enforces that the micromorphic Z mimic the behavior of the real concentra-
tion E.

It is this penalty energy which introduces an additional parameter into the model, the penalty
modulus #. It is clear from (B.47) that larger values of 0 will result in a greater energetic
penalty being paid for by & being different from E. Thus, one aim of this work is determining
what an appropriate value of the penalty modulus 0 is such that we obtain solutions using
the micromorphic formulation which are in some sense close to those obtained with the
classical formulation which does not have any additional parameters.

(B.49)



B.3 Summary of the theoretical framework

The two formulations presented in Sects. B.1 and B.32, and specialized in B.2 may be succinctly summarized as follows:

r (Z, VE) = chem(Z) inter(VE)I

free energy j

governing equatio

boundary conditio

free energy

governing equat

boundary condil

ochemn _ t& + R79 (Z in E + ( 1 - E) in(1I - Z )) + XE(1 - E),

pnlter = (1/2)AIVE1 2, A > 0,

E = Div (moE(1 - E)Vp),

P =yo" + Rd In _ EE + X(1 - 2E) - AAE, '1 - c

c= c

-mVp -n =

AVE.- n = {

on Sz x [0, T],

on Sj x [0, T],

on S, x [0, T],

on SC x [0, T],

with

S6 u S = OB,

s, n Sj = 0,
SL U SC = B

s, n Sc = 0.

ns

(, V;) = chem(E) + pen(e, C) ?inter (v)

Ochem =p R79(Eln + (1 - E) In(1 - E)) + X(l -E

open = (1/2)0(E - d)2, > 0,

,Ointer = (1/2)A Vt 12 , A > 0,

ions

ions

{ = Div (moE(1 - E)Vp)

0 = AAT + O(E - Z)

C= C

-mV - n =I

AVE - n ={

A = Ap0 + R?9

on S6 x [0, T],

on Sj x [0, T],

on S x [0, T],

on S x [0, T],

with

(1 - )

Sz U S= OB,

Se n S = 0,

S U Sc =B,

S nSc = 0.

classical

split

formulation

micromorphic

split

formulation

(B.50)

(B-51)X(1 - 2E) + O(E - &,),)
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B.4 Numerical implementation

The two theories summarized in Sect. B.3, have been numerically implemented in the com-
mercially available implicit finite element program Abaqus (2010) through the writing of a
set of user element subroutines (UEL). For each of the two theories, we have developed two
different elements: (i) a 2D 4-node linear isoparametric quadrilateral which we refer to as
U2D4; and (ii) a 3D 8-node linear isoparametric brick which we refer to as U3D8.

In the case of the classical split formulation, the degrees of freedom for these elements are
the normalized concentration E and the chemical potential p. In the case of the micromorphic
split formulation, the degrees of freedom for these elements are the normalized concentration
E and the normalized micromorphic concentration <-c. Details of our numerical methodology,
and some specifics regarding its implementation in Abaqus, are provided in Sect. B.7.

B.5 Simulations of spinodal decomposition by diffusion

The aforementioned theoretical and numerical framework was applied to modeling spinodal
decomposition by diffusion in a similar fashion as described in Sect. 4. Spinodal decompo-
sition is a process in which an initially homogeneous binary mixture phase segregates into
distinct regions which are characterized by being either rich or poor in their concentration
of a particular component. This phase segregation results in the creation of interfaces with
sharp concentration gradients which introduce additional energy into the system. The sys-
tem then evolves by coarsening of the phases such that the interfacial energy is minimized
until a steady-sate morphology is achieved.

The purpose of this section is two-fold.

1. First, we perform a brief mesh refinement study using one-dimensional simulations to
compare steady-state concentration profiles in simulations with varying mesh densities.
Such a study is not performed in Sect. 4.

2. Second, we investigate the effect of varying the penalty modulus 3 in the micromorphic
split method implementation. Specifically, using the classical formulation as a basis
for comparison, we aim to find appropriately high values of the penalty modulus #
such that the micromorphic formulation converges to the classical formulation and
thus recovers a solution of the original Cahn-Hilliard equation.

There are several criteria which one might use in order to compare the two split methods
and determine if the penalty modulus 3 is appropriately large. In this work we consider the
following methods:

(i) First, from simulations using the micromorphic formulation, we measure the maximum
difference between the concentration E and the micromorphic concentration <-, at steady-
state as a function of /.
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(ii) Second, we consider measurements of the interface width d at steady-state. Here,
spinodal decomposition simulations of isolated periodic systems are performed until a
steady-state morphology is reached at which point a phase interface width d can be
measured. We then compare the interface widths computed using the micromorphic
formulation with varying 0 to that computed using the classical formulation.

(ii) Third, we consider the free energy of the -system as it evolves from an unstable con-
figuration until steady-state is reached. This criteria is important since it compares
the transient behavior of the two formulations. Comparison of this measure between
the two formulations, demonstrates that the transient behavior of the micromorphic
formulation is also suitably converged to that of the classic formulation.

We begin by writing the free energies of the two formulations in a normalized fashion.
For the classical formulation, the free energy (B.39) may be written normalized as

( I (ln + (1 - E) ln(1 - 5) + - (1 - Z)) + A(1/2)IV I2  , (B.52)

chemical energy 1chem interfacial energy ,inter

and for the micromorphic formulation, the free energy (B.47) may be written normalized as

( ln + (1 -Z) ln(1 -Z) + X c(1 -Z) + A(1/2)IV|2  + /(1/2)(E- )2
R79

chemical energy Ochem interfacial energy Ointer penalty energy open

(B.53)
In writing the normalized free energies (B.52) and (B.53), we have set the reference chemical
potential /-0 = 0, and have defined the following "normalized" material parameters

k = A = , and /3= ..
Rd' RhOV (B.54)

The quantities V and / are dimensionless, while the normalized gradient energy coefficient
A has units of length squared.1 Henceforth, we focus only on the normalized quantities 2,
A, and /.

Further, we are only interested in studying the effect of the normalized penalty modulus
/, we thus fix the value of all other relevant material parameters at

= 3, A = 2.5 x 10-4 pm 2 . (B.55)

The diffusivity is set to Do = 2.5 x 10-3 ftm 2/sec and acts only the set the time scale within
which phase-segregation evolves - it has no effect on the actual morphology of of the phase
segregation, and is thus arbitrarily set to its given value.

'When prescribing the normalized quantities /, \, and #, the thermal energy R79 is effectively removed
as a material parameter and has no effect on the physical problem. That is, any variations of R?9 - for fixed
value of , A, and #, have no effect on the simulations. We thus arbitrarily chose V = 300 K for this work.
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Remark. In both (B.52) and (B.53), for values of > 2, the normalized chemical en-
ergy 0chem is a double-well potential which governs phase segregation. A plot of ?pchem for
; = 3 is shown schematically in Fig. 4-1. When the initial concentration E is within the
spinodal region E E (iy, E6) (i.e. regions where 0 2 chem/ 0a2 < 0), the system may spinodally
decompose into multiple phases of equilibrium concentrations E. and E8, called the binodal
concentrations. E

B.5.1 Consistent definition of an interface width

For completeness of this Appendix, we repeat our definition of an interface width which was
previously presented in Sect. 4.

In order to consistently define the width of an interface between two phases, we consider
the specific method shown schematically for a one-dimensional phase-separation situation
in Fig. 4-2 (c.f. Wodo and Ganapathysubramanian, 2011). With respect to this figure, the
interface width d is defined by the intersection of the tangent to the concentration profile at
the mean concentration em = 16a - E,3/ 2 with the binodal concentrations. That is,

d ef ( E3) d. (B.56)
d dx

Further, in order to chose an appropriately fine finite-element mesh, it is important that
we have an a-priori estimate of the interface width d. To this end, we recall from Cahn and
Hilliard (1958) that an estimate of the concentration gradient at the mean concentration
may be obtained through

dE ( 6 chem 1/2
dx _ a (B.57)

where the quantity 6 [hem is shown schematically in Fig. 4-2. Combining (B.57) with (B.56)
we have the following important estimate for the width of the interface separating two phases

S1/2

dest = (Ea - E) A 1/m (B.58)
max)

which we note also depends on / through the binodal concentrations E and E,. Finally, for
the values of the material parameters i and A given in(B.55), we obtain a numerical estimate
of the front width as

dest =40 nm. (B.59)

B.5.2 Mesh refinement

In simulations involving spinodal decomposition and phase-segregation, the interface width
is an important physical parameter of the system. From a numerical perspective, this in-
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terface width must be discretized with a sufficiently large number of elements in order to
achieve accurate results. Here we briefly investigate the effect of mesh refinement using
one-dimensional simulations and the classical formulation split method.

To quantify the resolution of our finite-element mesh, we define the normalized quantity

- des
R = des (B.60)

lelem

where dest is the estimated interface width (B.58), and lelem is the edge length of a single
element in the simulation. The quantity R is thus simply the number of finite-elements
across a potential phase interface of size dest. Further:

" With respect to Fig. B-1(a), we performed one-dimensional simulations by using a
single row of 2D elements in which all of the degrees of freedom on the nodes on face
AB are constrained to equal those of the nodes on face CD.

* For all of the simulations in this section, regardless of mesh density, the initial concen-
tration E is taken to vary linearly between io = 0.4 on the boundary AC and ao = 0.6
on the boundary BD, see Fig. B-1(a).2

" The simulation domain size is kept constant at 0.2 pm, which is sufficiently large com-
pared to the estimated front width dest = 40 nm computed in (B.59).

" Finally, we consider mesh resolutions in the range

R E [5, 10, 20, 40, 80, 160].

We note that we increase the mesh resolution R always by a factor of two such that
when comparing two simulations with different mesh resolutions we can compare con-
centrations at the same physical locations.

In all simulations, we allow the system to equilibrate until a steady-state concentration profile
is formed, see Fig. B-1(b) for an example of the steady-state profile with ft = 10.

In order to measure convergence of the numerical solution as we refine the mesh, we chose
as an "exact" solution the numerical simulation with fT = 160. Fig. B-2 shows the maximum
difference between the steady-state concentration profile and the "exact" concentration pro-
file computed with ft = 160 as a function of varying mesh resolution fT in a log-log scale.
As shown in Fig. B-2, the quantity maxlE - R= 16o converges with increasing resolution R .
Further, in accordance with other mesh refinement studies in the literature (cf. Wodo and
Ganapathysubramanian, 2011), a resolution of R = 5 or higher produces less than 1% error.
Based on this brief analysis we may now chose appropriately fine finite-element meshes in
our subsequent studies.

2 The initial chemical potential po is computed using (B.41) 2 using the initial concentration io and
assuming no gradients of concentration, i.e. AZ = 0.
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B.5.3 Convergence of the micromorphic formulation split method
with increasing values of the penalty modulus 0

We now focus on investigating the effect of the normalized penalty modulus 3 on the mi-
cromorphic formulation split method. For all of the simulations presented in this section we
make the following specific choices:

" With respect to Fig. B-3, which shows simulation domains for one-, two-, and three-
dimensional simulations of spinodal decomposition, we apply period boundary condi-
tions on all exterior surfaces. One-dimensional simulations are achieved by using a
single row of 2D elements and constraining all degrees of freedom on the nodes on face
AB to equal those of the nodes on face CD.

" Unless otherwise specified, the initial normalized concentration in the domain Zo was
given as a random uniform distribution with a mean of io = 0.75 and a maximum
fluctuation of 0.05, see Fig. B-3. For simulations using the classical formulation, the
initial chemical potential po was computed based on the initial normalized concentra-
tion according to

po = Rd log _ + E01 - 2Eo ).

For simulations using the micromorphic formulation, the initial micromorphic concen-
tration <-o is set equal to the initial normalized concentration Zo.

* To quantify the physical size of the simulation domain we define the dimensionless
quantity

- D
dest

where dest is the estimated interface width (B.58), and D is the physical edge length
of the domain in either one, two, or three dimensions as defined in Fig. B-3.

In order to illustrate the spinodal decomposition process, Fig. B-4 shows three represen-
tative simulations of spinodal decomposition in one, two, and three dimensions using the
classical formulation split method at different stages in the spinodal decomposition process.
In these simulations, the normalized domain size is D = 20, while the resolutions are R = 5
for the one- and two-dimensional simulations and R = 2.5 for the three-dimensional simu-
lation. 3 For the one-dimensional simulation, Fig. B-4(a) shows both contours of normalized
concentration E as well as the concentration profile as a function of the normalized distance
x = x/D from from the left edge of the simulations domain. For the three-dimensional
simulation, Fig. B-4(c) shows iso-surfaces of the normalized concentration c.

Fig. B-4 illustrates the spinodal decomposition process - from the early stages of spin-
odal decomposition, when the components are well-mixed and the concentration is nearly

3We chose a lower resolution for the three-dimensional simulations in order to reduce the computational
time. These simulations, using R = 2.5, are purely for illustration and thus the accuracy is not of particular
concern.
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homogeneous, until a steady-state morphology is reached, at which time two distinct phases
are observed. In the 2D simulation, Fig. B-4(b), the steady-state morphology consists of a cir-
cular concentration-poor region surrounded by a concentration-rich domain. Similarly, in the
3D simulation, Fig. B-4(c), the steady-state morphology consists of a spherical concentration-
poor region surrounded by a concentration-rich domain.

Similar simulations were performed using the micromorphic formulation, keeping all pa-
rameters constant, and varying the normalized penalty modulus in the range

/ E [5,10, 25, 50, 100, 250, 500, 1000].

These simulations, in order to maximize their accuracy, were performed using a normalized
domain size of D = 5, and a resolution of R = 20. Fig. B-5 shows the difference E - d at
steady-state for one- two- and three-dimensional simulations with varying 3. In all cases we
see that as we increase the value of / towards 103, the difference Z - 4 decreases to a low
value of | - $ 5 x 10'. Further, from the simulations shown in Fig. B-5, in Fig. B-6 we
plot the maximum absolute value of the difference, maxl - 5|,for increasing values of 3 on
a log-log scale. From this figure we observe that maxe - e| tends to zero as the normalized
penalty modulus 3 is increased. Thus, as 3 is increased, the micromorphic concentration
i approaches the real concentration E and we expect the solutions from the micromorphic
formulation split method to converge to those that would be obtained using the classical
formulation split method.

As an alternative measure of convergence, one which compares the micromorphic and
classic formulations directly, we measure the interface widths d, defined in Sect. B.5.1, at
steady-state using the same simulations shown in Fig. B-5. The results for the interface
width measurements from the simulations using the micromorphic formulation are shown
in Fig. B-7(a); note that the x-scale is logarithmic. In Fig. B-7(b) we plot the variation
of Idmicro - dclassicl/dclassic as a function / on a log-log scale. This plot clearly shows that
for values of 3 > 100 the difference Idmicro - dclassicl/dclassic is approximately 2% and the
micromorphic formulation is clearly converging to the classical formulation with regards to
the interface width.

Remark. The second PDE in the micromorphic formulation (B.48) 2 , namely the microforce
balance for the micromorphic concentration c, may alternatively be written as

0 = f2 Ae + (E - f) = V/A/0, (B.61)

where the quantity f is a parameter with units of length. In Ubachs et al. (2004) this
parameter is incorrectly determined as being critical in controlling the interface width d
which forms in the process of spinodal decomposition. We have shown here, see Fig. B-7,
that at a fixed temperature and for fixed values of the material parameters x and A, which
are also properties in the original Cahn-Hilliard formulation, as we increase the modulus /
we converge to a fixed interface width d. That is, for appropriately high values of /, the
interface width d is solely controlled by the material parameters x and A. Further, we need
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not concern ourselves with properly discretizing the length f since it has no effect on the
actual length scale of the solution. 0

Our third measure of convergence for the micromorphic formulation is based on conver-
gence of the system free energy as the process of spinodal decomposition takes place. For
simplicity, in this convergence criteria we consider only two-dimensional simulations with a
normalized domain size of D = 20 and a resolution of I = 5.

Fig. B-8(a) shows the average chemical chetm, interfacial pinter, and penalty pen normal-
ized free energies4 , as a function of time for simulations using the micromorphic formulation
with / = 5 and / = 1000; note that the x-scale is logarithmic. First we note the overall
behavior of the free energies. When spinodal decomposition first occurs, at t ~ 10 sec, the
chemical free energy is significantly reduced as distinct phases of lower chemical free energy
are formed. Simultaneously, the interfacial free energy increases since sharp gradients in
concentration are present at the various interfaces which form between distinct phases. The
system then evolves, reducing its total free energy, by coarsening of the morphology through
the coalescence of the different phases. Finally, a steady-state is reached at t 0; 3 x 10 sec
when the system energy reaches a steady minimum. We also note in Fig. B-8 that as / is
increased from 5 to 103, the penalty free energy is reduced, and the chemical and interfacial
energies also change.

Fig. B-8(b) compares average normalized chemical chem and interfacial inter free energies
as a function of time for a simulation using the classical formulation (dashed red line) and
simulations using the micromorphic formulation with 0 E [5, 10, 103] (solid blue lines). We
can clearly see that as 3 is increased to / = 101, both the chemical and interfacial energies
from the micromorphic formulation match those obtained using the classical formulation not
just at steady-state but also throughout the transient response of the system. This figure
serves to show that the solutions obtained using the micromorphic formulation converge to
those obtained using the classical formulation not just at steady-state but also throughout
the transient response.

Remark. As we have shown in this Section, it it essentially that one chose a sufficiently large
value of the normalized penalty modulus /, however one is not free to chose an arbitrarily
large vale of 3. Large values of / result in ill conditioned matrices for the finite-element
problem, see App. B.7. It has been our experience that increasing the value of # to arbitrarily
high numbers (i.e. /3 = 105) in fact results in non-convergence of the simulations under the
same convergence criteria which result in converged simulations with 3 = 103 . Thus, one
may not simply chose an arbitrarily high value of /, rather one should chose the value of the
penalty modulus only as large as necessary in order to achieve the desired accuracy. E

4The average free energy is computed as E i/N where i is the free energy of interest computed at
the i-th integration point and N is the total number of integration points in the simulation domain.
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B.6 Steady-state morphologies in three dimensions

As a demonstration of the robustness and efficiency of the numerical methodology developed
in this work, similar to Wodo and Ganapathysubramanian (2011), in this section we present
various three-dimensional steady-state solutions to the Cahn-Hilliard equation computed
using our numerical implementation.

The three-dimensional simulations discussed in this Section are computed with the clas-
sical formulation split method with D = 10, R = 5, and with different initial concentrations
having a uniform distribution with a mean of Eo and a maximum fluctuation of 0.05. Fig. B-9
shows steady-state morphologies for simulations with different initial mean concentrations
Eo; note that the simulations have been translated within their periodic simulation domains
to provide the best visualization of the resulting morphology.

Fig. B-9(a) uses 6o = 0.625 and the resulting interface is representative of a Lawson
surface (cf. Ros, 2005), while (b) uses Eo = 0.75 and the resulting interface is spherical.
Figs. B-9(c) through (e) were all computed using a mean of o = 0.5 however each one with
a different initial distribution. In (c) the interface is representative of a P-Schwarz surface
(cf. Ros, 2005), while (d) and (e) are representative of Lamella and cylindrical surfaces
respectively. As illustrated by Fig. B-9, with the use of the numerical method provided in
this work we have been able to, with relative ease, compute the shown possible solutions to
the Cahn-Hilliard equation in a periodic three-dimensional domain.

Further, as noted by Wodo and Ganapathysubramanian (2011), the process of simulating
spinodal decomposition over long terms, including up steady-states, involves a large variation
in temporal scales. The time scales associated with reaching a steady-state solution are orders
of magnitude larger than the time scales associated with an event in which a rapid coarsening
of the concentration morphology occurs through the merger of two distinct phases. As such,
an adaptive time stepping algorithm is required in order to efficiently compute steady-state
solutions of simulations involving spinodal decomposition. An additional benefit of solving
within the Abaqus (2010) framework is that the built-in adaptive time-stepping algorithm has
proven effective in transitioning between the multiple time scales associated with simulating
spinodal decomposition, and has thus enabled efficient simulations of spinodal decomposition
up to steady-sate.

To illustrate this feature, Fig. B-10 shows the evolution of the simulation time step
At as a function of simulation time t in a log-log scale for the particular three-dimensional
simulation shown in Fig. B-9(b). In Fig. B-10, the drastic reduction in time steps At observed
at multiple times (i.e. at t ~ 4 x 10 sec), correspond to events during the simulation where
two phases merge in order to coarsen the concentration morphology and lower the system
energy. Following the coarsening event, the built-in adaptive time stepping in Abaqus is
able to quickly increase the simulation time step until another coarsening event occurs, thus
effectively switching between the different temporal scales - which from Fig. B-10 we note
can span 3 orders of magnitude, involved in simulating spinodal decomposition. Finally, as
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a benchmark for computational time required, the simulation shown in Fig. B-9(b) had a
total (wall-clock) computation time of 21.4 h using 22 CPUs (CPU time of 10.6 h).5

B.7 Numerical methodology

Following Chester et al. (2015), for each of the two split methods summarized in Sect. B.3
we present here the numerical methodology employed in this work.

B.7.1 Numerical methodology for the classical formulation split
method

We begin with the solution procedure for the classical formulation (B.50) 1., the strong form
of which is given by

- Div (mVp) = 0, m = moE(1 - E) in B,
mass balance C = on Se,

-mVp - n = 3 on Sj,

{ -to - R Iln c X(1 - 2E) + AAE = 0 s in B,
microforce balance onS,

AVE . n =on S<.
(B.62)

Then with w, and w2 denoting two test fields which vanish on Se and S,, respectively, the
corresponding weak forms are

f (w (1 - Div (mVp))) dv = 0,
JB (B.63)

W2 ( -to - R2 In - x(1 - 2E) + AA dv = 0.

'Significant computational time improvements can also be achieved by using the build-in iterative solver
provided in Abaqus (2010)
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Using the identity Div (aa) = Va -a + aDiv (a), the divergence theorem, and the boundary
conditions on Si and Sc we may simplify the weak form (B.63) to

j (wic + Vw 1 - (mVp)) dv + j wij da = 0,

j (w2 P - - R ln ) - x(l - 2E) - Vw 2 - (AVE)) dv + jw 2 lda = 0.

(B.64)

The body is approximated using finite elements, B = U B', and the trial solutions for the
concentration and the chemical potential are interpolated inside each element by

E = E AN^, and y=Z AN, (B.65)
A A

with the index A = 1, 2, ... , M denoting the nodes of the element, EA denoting the nodal
normalized concentrations, A denoting the nodal chemical potentials, and NA the shape
functions. We employ a standard Galerkin approach, in that the test fields are interpolated
by the shame shape functions, that is

w1=Zw, N^, and w2 =Zw NA. (B.66)
A A

Using (B.65) and (B.66) in (B.64) yields the following element-level system of equations

/eje wA (N A E+ VN A. (mnVg)) dv + j A4 N A da = 0,
B 1 Sj

W2 (N - - R In ( ) - X( -2) - -VN.(AV6)) dv + w NA(da = 0.

(B.67)

The system of equations (B.67) is solved using a Newton procedure. Thus, since w, and w 2
are arbitrary, we define the element-level residuals for the concentration and the chemical
potential as

= e (NA + VNA . (mVpt)) dv + NA da
B JSj

"^ = J N P- - R In E) - X( - 2E)) - VN . (AVE)) d + Is(.N a.

(B.68)
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In addition to the residuals (B.68), the following tangents are also required for the Newton
procedure

KjB = - KC =, K AB =
AP aL

and KB - (B.69)

Using (B.68) the tangents (B.69) may be evaluated as

+ NBOVN A
oc

-VI) dv - NA NB Ada

K,^B=- je

= lB

(VNA. (mVNB)) dv - /sje

NA NB dv -
lsC

NANB da
atp '

KAiB - N N + 2X) dv - NAN b da.

Finally, the term c in (B.68) 1 is computed using the approximation C = (Z ,i - E,)/At, and
to complete the evaluation of the tangents (B.70) we have

&c8 1
- = , andc At

- = mo(1 - 2E).
aec

(B.71)

B.7.2 Numerical methodology for the micromorphic formulation
split method

Below we present the solution procedure for the micromorphic formulation (B.51)2, the
strong form of which is given by

mass balance

{ - Div (mVp) = 0

c=

-Mvp- n= 3

in

0

0

AC + O( -d:;) = 0

microforce balance C = C

1AVe -n=

B,

S,

Sj,

in B,

on Se,

on S(,

K AB
- e NANB 0

-JB~& ( a

NA NB da,

(B.70)

(B.72)
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where the chemical potential y is given by

P 0 + R79 _ + X(1 - 2E) + 0(6 - ir-), (B.73)

and the mobility is given by m = moE(1 - e). Then with w, and w 2 denoting two test fields
which vanish on S6 and St respectively, the corresponding weak forms are

f wi ( - Div (mVp)) dv = 0,
JB (B.74)

W2 (A A&;, +#( - ,)) d = 0.

Using the identity Div (aa) = Va -a + aDiv (a), the divergence theorem, and the boundary
conditions on Sj and Sc we may simplify the weak form (B.74) to

jwin+ Vwi (m+V) + Vwi -(m V) dv + wj da = 0,
fB f~j(B.75)

j(w 20(6i-d) - Vw2 - (AVe)) dv + w 2 da = 0,

where we have used (B.73) to write (B.75) 2 in terms of the gradients of the solution vari-
ables e and e. The body is approximated using finite elements, B = U B, and the trial
solutions for the normalized concentration and the normalized micromorphic concentration
are interpolated inside each element by

= EANA, and e=Z ^ANA, (B.76)
A A

with the index A = 1, 2, ... , M denoting the nodes of the element, eA denoting the nodal
normalized concentrations, cA denoting the nodal normalized micromorphic concentrations,
and NA the shape functions. We employ a standard Galerkin approach, in that the test
fields are interpolated by the shame shape functions, that is

W= w1NA, and w 2 = w2N. (B.77)
A A

Using (B.76) and (B.77) in (B.75) yields the following element-level system of equations

eW( NV+VN- . V +VNA. m V) dv+jwNjda=0

je (V(B.78)

I f(N^#O(Z _ e) - VN A . ( AVif)) dv + W ANl A da = 0
fB fS e
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The system of equations (B.78) is solved using a Newton procedure. Thus, since w, and w2
are arbitrary, we define the element-level residuals for the normalized concentration and the
normalized micromorphic concentration as

R =( N^c+VNA (,

= e - -VI
B

azI VE) +VNA .

NA -(AVe)) dv+

( m V6)) dv+

NA da.

The term - in (B.79) 1 is computed using the approximation - = ( - n)/At, and using
(B.73), we have

56 6(1 -)
and 0/ = -3,49'

(B.80)

which, along with the mobility m = moZ(1 - E), are necessary to evaluate the residuals
(B.79). In addition to the residuals (B.68), the following tangents are also required for the
Newton procedure

KAB = ,RK e 1E
KAB = R , K AB = - R , and KAB = -R.

Using (B.68) the tangents (B.81) may be evaluated as

+ 2/m A-+ M _VN . VEKB 6

+m VNA -VNB
OE

K B - -

KB = -

K e

0/I NA( m0VNA V NB )

(-NAN B - AVN

(N ANB ) dv -

+N B 9OMaAVNA

- jN^NB 2.da

vB ) dv - NAA

= 0)

=0,

dv -

B da = 0,

NANB da = 0.

Finally, to complete the evaluation of the tangents (B.82) we require

02 p RO(2E - 1) am
2 

(1-)2 , and -= mo(1 -2).

NAda,

(B.79)

(B.81)

IS;
NANB da = 0,

(B.82)

(B.83)

+ NB 1M
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B.7.3 Implementation in Abaqus

We have implemented both the classical, Section B.7.1, and the micromorphic, Section B.7.2,
formulations of the Cahn-Hilliard equation by writing user-element subroutines (UEL) in
Abaqus (2010). During an analysis in Abaqus/Standard, the user subroutine UEL is called
for each iteration. Passed into the subroutine are the current guesses for all nodal quantities,6

and the user is required to evaluate and/or update two matrices denoted, in Abaqus' nota-
tion, RHS and AMATRX, which represent matrices of the nodal residuals and nodal tangents.
Specifically:

" The matrix RHS, as defined by the Abaqus documentation, is "An array containing
the contributions of this element to the right-hand side vectors of the overall system of
equations." In the classical formulation, referring to (B.68), RHS is the overall elemental
residual which in matrix form is given by

R = [R' R1 Re R'.. Rcm Rm" (B.84)

where M is the total number of nodes per element. Similarly, for the micromorphic
formulation, referring to (B.79), RHS is the overall elemental residual which in matrix
form is given by

R = [ R' R ' R' Re ... Rc? Rej] .B.5

" The matrix AMATRX as defined by the Abaqus documentation is "An array containing
the contribution of this element to the Jacobian (stiffness) or other matrix of the
overall system of equations." In the mixed formulation, referring to (B.70), AMATRX is
the overall element tangent which is given by

K1  K K12 K --- K1 K -
c Kcp K y cKj Km

K11 K11 K12 K12 - K1' K1M

K? K1 K K22--K? 2KEE Kp ? KE cp cc C11

K 21 K21 K22 K22 ... K2M K 2MK = E pc p ILE tp pc P (B.86)

KN1 KM1 K62 KE2 ... KXM K-""

KM1 KM' KM2 KM2 --- KNM KMM
_ AE pA ILE pit tie AM

'In the case of the mixed formulation the nodal quantities are the normalized nodal concentrations EA
and nodal chemical potentials p^. In the case of the micromorphic formulation the nodal quantities are the
normalized nodal concentrations EA and the normalized nodal micromorphic concentrations IpA.
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Similarly, for the micromorphic formulation, referring to (B.82), AMATRX is the overall
element tangent which is given by

... KlM

... K2_M
CC

... KMM

... KcmM

(B.87)

We have implemented the aforementioned theory
(2010) by writing user element subroutines (UEL) for

and numerical procedure in Abaqus
two different elements:

" a 2D 4-node linear isoparametric quadrilateral, which we refer to as U2D4;

" a 3D 8-node linear isoparametric brick which we refer to as U3D8.

~KM CC

Ke
KM CC

K21
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Figure B-8: (a) Evolution of the chemical 1 /hem (red), interfacial binter (green), and penalty

7pPen(blue) normalized energies (B.53) for a simulation with 3 = 5 (dashed line) and a simulation

with 3 = 1000 (solid line). (b) Convergence of the micromorphic formulation (red solid lines)

chemical ?,hem and interfacial /inter normalized energies to those computed using the classical

formulation (blue dashed lines).
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Figure B-9: Steady-state phase separation morphologies in three dimensions for simulations with

D = 10, R = 5. The simulations have a uniformly distributed initial concentration with mean

Co and maximum fluctuation of 0.05. (a) with do = 0.625 results in a Lawson surface. (b) with

iO = 0.75 results in a spherical surface. (c) through (d) all have a io = 0.5 but have different initial

random fluctuations, (c) results in a P-Schwarz surface, (d) results in Lamella, and (e) results in a

cylindrical surface.
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Figure B-10: Evolution of the simulation time steps At as a function of the simulation time t

for the 3D simulation shown in Fig. B-9(b). The drastic reduction in time steps at certain points

correspond to periods in the simulation where two phases merged to coarsen the morphology of the
system.
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Appendix C

Numerical methodology for Part II:
Modeling amorphous Silicon

electrodes

C.1 Introduction

Following the framework developed by Chester et al. (2015), in this Appendix we present the
details of our numerical implementation of the constitutive model developed in Part II for the
coupled diffusion-deformation behavior of amorphous Silicon (a-Si) electrodes. In particular,
we present here the "residual" vector and "tangent" matrix which must be implemented in
order to solve the coupled set of equations in the finite element program Abaqus/Standard
through the use of the user element (UEL) subroutine. Details on how to implement the
residuals and tangents developed here within the UEL fortran subroutines can be found in
Chester et al. (2015), and are thus omitted from this Appendix.

In Sect. C.2 we begin by recalling the governing partial differential equations and bound-
ary conditions, and then formulate the variational statements which will serve to develop the
residuals necessary for the finite element implementation. In Sect. C.3 we derive the tan-
gents. The residuals and tangents are summarized in Sect. C.4. In Sect. C.5 we summarize
our constitutive time integration procedure, and in Sect. C.6 we derive an algorithmically
consistent approximation for the spatial tangent modulus.
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C.2 Variational formulation. Residuals

We begin by recalling the governing partial differential equations (8.151), and (8.152), and
their boundary conditions:

divT + b =0 in B,

Force balance u on S,

Tn= ton St,

6R -Jdivj, in B, (C.1)

Mass balance [ = /I on S,

-mgrad [ - n = j on S3 .

Note that in this numerical implementation, the degrees of freedom are the displacements
u, governed by force balance, and the chemical potential t, governed by mass balance.
The choice of using the chemical potential as the degree of freedom for the mass balance
equation, rather than the concentration cR, is made for two reasons. First, it allows us to
prescribe, if needed, chemical potential boundary conditions. Second, it negates the necessity
of introducing an additional variable to capture the effect of stress on the chemical potential,
as was necessary in our the numerical implementation for Part I, see Sect. 8.14.

With
w 1 , and w 2  (C.2)

denoting weighting (or test) fields which vanish on Se, and S,1 respectively, the weak forms
corresponding to (C.1) are given by

J(T: gradwi - wi -b) dv - wi .tda = 0,

(w 2 J~-1) + grad w2 - (mgrad p)) dv + w2j da = 0.

The body is approximated using finite elements, B = UBe, and the trial solutions for the
displacement and the chemical potential are interpolated inside each element by

U = N A, and L= A N A (C4)
A A

with the index A = {1, 2, ... , M} denoting the nodes of the element, uA denoting the nodal
displacements, [z denoting the nodal chemical potentials, and NA the shape functions. Using
a standard Galerkin approach, the weighting fields are interpolated by the same functions,
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that is

1= wNA, and w2 = 22N^, (C.5)
A A

Using (C.4) and (C.5) in (C.3), yields the following element-level system equations.

/ (TgradNA - NAb) dv - j N A da = 0,
'6e fSt

(C.6)
j (N ( J 1 )+ grad NA. (mgrad /t)) dv + N da = 0.

LBe s;

This system of coupled equations is solved using a Newton procedure in Abaqus/Standard
by defining element-level residuals and tangents. Using (C.7), the element-level residuals for
the displacements and the chemical potential are given by

^ j (TgradNA - N b) dv - Nt da,
JBe St

(C.7)
= (N^&n(J-l) + grad NA . (mgrad M)) dv + NA da.

In the solution procedure, in order to compute the residuals above and the tangents that
follow, one needs to compute the concentration c, at every increment. Recall, the chemical
potential (8.141), which may be written in the following dimensionless form

A 0 - A+ In 7 ) - 3Qtr Me = 0. (C.8)
R79 1-z6 3R?9

Further, using (8.140) and (8.137), we may write the trMe term in (C.8) as

+In y _ In _ =0, (C.9)
R9 1 i- c R79 1 + Q(c - c :O)Ca,Max

which serves as an implicit equation for E = cR/CR,max which may be solved given a value for
J, which is computed from the displacement degrees of freedom, and a value for the chemical
potential degree of freedom. The term R in (C.7) 2 is computed using the approximation,

CR,n+1 - CR,n
CR = At
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C.3 Tangents

In addition to the residuals, the following tangents are also required:

OR A _ R RA
AB 00u AB A

K UU UB KP ayB(C .11)
KAB __ A A ORA

Ku/ K ~3  AB _ / a, ,B , i K1 =-gB'

First, the tangent of the displacement residual with respect to the displacement dof, in
indicial notation, is given by (cf. Chester et al., 2015)

KA - [ N Aj N B Ox + NA . ~
KAB=-- A Ai dv+ NANBada, (C.12)

Ui~ fBe aj ax, fse alk

with
-F OTR,im(C13

Aijk1 = JiFjmF O . (C.13)

The spatial tangent modulus A, will depend on the elastic-plastic constitutive response of
the material. An approximation for A is specified in Sect. C.5.

Remark. As detailed in Chester et al. (2015), to accommodate compressible and nearly
incompressible material behavior and mitigate volumetric locking behavior, we use the so
called F-bar method (de Souza Neto et al., 1996). In such a method, the deformation gradient
is suitably replaced such that the incompressibility constrained is enforced as an approximate
average throughout the element, rather than point wise at each integration point. The use
of the F-bar method does not change the integration point residuals, simply the modified
deformation is used. However, the tangent (A.14), and all tangents which involve residuals
being derived with respect to the displacement degrees of freedom, must be modified. The
necessary modifications are discussed in detail in Chester et al. (2015), E

The tangent of the displacement residual with respect to the chemical potential dof is
given by

/A BaT A Bt
Kp^B =- NB gradN dv + j NANB da. (C.14)

Based on (8.140)2, we make the approximation that

OT e 1 Me
-- ~ Je- (C.15)

op Opl
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Recalling (8.140), and (8.136), and using the fact that trEe = ln(J/J'), we may write

Me = 2GEe + Kln 1,

which yields
ame

Js = 1 + Q(cR - cR,o)

KQ OcR
is JA

where the term &cR/&p is computed numerically using a finite difference scheme as detailed
in Sect. C.5.

Next, the tangent of the chemical potential residual with respect to the chemical potential
dof is given by

KB= j N N B -+ NBgrad N A * grad y + m grad N A -grad NB)

N A NB daa (
(C. 18)

where the term a6R/O Pis computed numerically using a finite difference scheme, and where,
using (8.150), we may write

am am OCR

=9- acR 191
- 26)OC.

alp- R(J-1)(1RV
(C.19)

The tangent of the chemical potential residual with respect to the displacement dof is given
by

9NA aNB am
- m

axi OxO aXo

ONA OmR OcR N B apm

+ x, &CR J axi x,

ONA ONB al d
- m d

NANBLa da,
Oui

mR = Jm = D

OcR _9CR 915- OmOJ'Ti

0 CR(1 -E719

amY _ K
Ji

Do (1 -
(C.21)

(C.16)

(C.17)

dv

KAB A
Ktu = 3 - (N OCR ONB

aJ axi

- s
where

(C.20)

Om9R

acR

- fs



242

Note that in deriving (C.20) we have assumed that the deformation gradient is computed
from the displacements in the standard fashion. Additional terms will appear when using a
modified deformation gradient as discussed in the Remark following (C.13).

In our particular numerical implementation we have simply taken the tangent (C.20) to
be equal to zero, that is we use

KAB= 0./-ui (C.22)

Although this will affect our convergence rate, it does not affect the accuracy of our solutions.
We also note that convergence, even with the tangent (C.20) set to zero, has been found to
be sufficiently fast for the problems under consideration in this thesis.

C.4 Summary

We may summarize the element-level residuals and tangents for the displacements u and
chemical potential p degrees of freedom as

R^ j (TgradNA - N b) dv - N t da,

R2= j (NA6(J- 1) + grad NA . (mgrad y)) dv +
A Be Js;j

Uj I ONA &NB Isg -dK AB = A Ai dv + N ANB &U
se 8x; 8x st k

K =B - NB gradNA dv + N ANB da,

KAB = - N N B + aMNBgrad NA - grad 1-
ILA IsA([LJ (9p

+ m grad N A - grad NB) dv -

KA = 0.

(C.24)

N AN B ada,
amI

and

(C.23)
NA da,

fs -
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with

m = Doc(1 - E),

Om D0  _ OCRO D P-(J )(1 - 2E) , (C.25)

aT KQ acR
allJ e Js y

and where at each increment, the concentration CR cCR,max is computed through the implicit
equation (viz. C.9),

P_0 - /\ QK (_J_____
R79+ n 1-E Rd 1 + Q( - O)CR,max =(

Finally, the term CR is computed through (viz. C.10)

CR = CR,n 1 - CR,n (C.27)
AT

and the terms
CR and

Op' OpI
are computed numerically through a finite difference scheme as elaborated on in the next
Section.

C.5 Time integration procedure

The time integration procedure may be phrased as follows:

- Given {pIn+l, Fn+1} and {F },

- Solve for {Tn+1 , Fn+1 , Ca,n+}

This integration procedure has three steps:

1. Compute CR,nfl;

2. Compute F n 1 and Tn+1; and

3. Compute
OCR afRand a-,(C.28)

using a finite difference scheme.



244

We begin by recalling the implicit equation (C.26), which on account of the fact that the
swelling distortion is spherical and the fact that plastic deformation is incompressible, is a
relationship only between the chemical potential Pn+i, which is known, the volume ratio
J i which is known from Fn+1 , and the unknown concentration cR,n 1 = En+1 CR,max. Hence
we may solve

A0 ( \-nlE+ QK /n+4 -In+1 In +1 - In n+1 =0 (C.29)
RO - n+1 ) Rd (1 + Q(En+ -O )cR,max )

for the unknown CR,n+1 =n 1 CR,max- Note that with CR,n+1 known, we may compute

F+1 = (J '/ 3 1, Jn+1 = 1 + Q(cR,i,+l - CRO)30)

Next, the evolution equation FP = DPFP, reiterated from (8.144), is integrated by means
of the exponential map (cf. Weber and Anand, 1990), as

FP+1 = exp(AtDP, 1 )F , (C.31)

and the inverse FP-1 is given by

FP+1 = FP- 1 exp(-AtD ). (C.32)

Using F = FeFPF, the fact that F = (J) 1/ 3 1, and (C.32), we may write

Fn+1 =Fr exp(-AD+i). (C.33)

where we have defined the trial elastic distortion F', a known quantity, through

Ftr = Fn+l F P(J)-/1 (C.34)

The tensors Feg and F'r admit the polar decomposition

F~s 1 = R~~ U'e, and Fr = RerUr. (C.35)

Using (C.35) in (C.34), and rearranging, we obtain

Rn,+1Ua exp(+tD1a 1 ) = Rtr Ur. (C.36)

Since the principal directions of D~ 1 are the same as those of U'+, , and on account of the

uniqueness of the polar decomposition, from (C.36) we may write

Re 1) = RUr,
e n (C.37)

U exp(AtD 1) = Uer



245

Taking the natural logarithm of (C.37) 2 we obtain

E e1= Ee - AtD+ where E'r TIn U (C.38)

Using plastic incompressibility, (C.38) may be written as

trE e 1 = trEer,

n+1 = E ,tr - AtD$+1 -

Recalling the stress-strain relation (8.140)2, we may write (C.39) as

tr Me = trM'n+1 tr-

MO 'n+1 = M , tr -2GL~tDP~ 1

(C.39)

(C.40)

where we have used

trMt = 3KtrEtr, and M',tr = 2GEetr-

Recall that the plastic stretching is given by

DP = e2'NP, N' = .M

Using (C.42)1 in (C.40) 2 yields

Mn+1 = MO,tr - v/Gi 1 AtN$+1

which using (C.42) 2 and rearranging yields

( 2/3d&1 +1

tr def M ,tr,

+ V6 e,+1 At) Nn+1 = O,tr

Met
and NP' IVIItrl

we may write (C.44) as

( 2/3&n+1 = 2/3trNStr,

which yields

n+ 1 =Nr,

&n+1 = &tr - 3G(n+1 At).

(C.41)

(C.42)

Defining

(C.43)

(C.44)

(C.45)

(C.46)

(C.47)

+ v/6 i+1 At) NPn+1
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Thus, the direction of plastic flow at the end of the increment is determined from the trial
direction of plastic flow.

Next, during plastic flow iP > 0, the equivalent tensile stress is given by the flow strength
(viz. 8.146)

/2p 1/rn

&n+1 = Y(n+ ) + Y "+1 (C.48)
EO

Finally, using (C.48) in (C.47) 2 , gives the following implicit equation for iP

/ ,p 1/rn

g = dtr - Y(En+ 1 ) - Y* .+1 - 3G(n+1 At). (C.49)

Once a solution for #+1 has been found we can update all necessary quantities as follows.
First the plastic stretching, plastic distortion, and elastic distortion may be updated as

+= N3/2+Nr, FP 1 = exp(AtDn+1 )FP, F 1  = Fr exp(-ADP+), (C.50)

from which Een 1 may be computed. The Mandel stress is then computed as

n+1 = 2GEgn+1 + K(trEn+1 )1, (C.51)

and finally the Cauchy stress is given by

= (Je-4 )Re4Mej+1 Re. (C.52)

The only remaining part of this time integration procedure is to compute

and .

To do this we use a simple numerical perturbation and finite difference scheme. We define

positively and negatively perturbed chemical potentials as

A+ = Pn+1 + 6p, and A- = An+1 - 6 A, (C.53)

where the perturbation 1t is given by

6 n+I I' 10~- if IPln+1 I 1 (C.54)
10-8 if 1 n+| < 1.

Using the perturbed values of the chemical potential in the implicit equation (C.29), we then

solve for the positively perturbed concentration c+ and the negatively perturbed concentra-



247

tion c-, and compute
9

CR,n+l _C - CR (C.55)
ipn+1 2Jp

Further, we compute positively and negatively perturbed time rate of changes of the con-
centration through

+ R - CR,n and CR - CR,n (C.56)CR AtR A

from which we then compute
0CR,n+l _ 6R - CR (C.57)
apn+1 26p*

C.6 Spatial tangent modulus

In order to complete the tangents developed in Sect. C.3, we must compute the spatial
tangent modulus (viz. C.13)

'T
J1 F F0 TR,im (C.58)Aijkl = J- jmFn a .(C58

In this section we develop an estimate for this modulus. Specifically, we approximate (C.58)
by a derivative of the elastic Mandel stress with respect to the trial elastic strain, that is

Be
An+1 = "E . (C.59)

tEr

We will make use of different spatial tangent moduli for steps in which the deformation is
purely elastic, and steps in which there is plastic deformation, that is

An+1 = {(Ceiastic if &tr < 0) (C.60)
Cpiastic if dtr > 0 and P > 0,

where the elastic Ceiastic, and plastic Cpiastic moduli are defined next.

C.6.1 Elastic tangent

During a computational increment in which the deformation is purely elastic, Een 1 = E ,
and we may write the stress strain relation (C.51) as

+1= 2GEr + (K - G)tr Ee. (C.61)
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The elastic tangent modulus is then simply equal to the standard elastic stiffness

Ceiastic = " = 2GI + K
t~r

2
-- G 101

3,'

where I and 1 are the fourth- and second-order identity tensors.

C.6.2 Plastic tangent

We begin by writing Men 1 in terms of its deviatoric and trace parts

1
M MtrM 1.n+1 on~l +3 trn+1 1

which, using

Me,, -= IM , N 1 = N'r, and tr Me 1 = trMr,

and the definitions (C.42) and (C.45), may be written as

Mne= (n$)
n+1 = ( -tr )

+ tr Me1.,tr +3 tr

Taking the derivative with respect to the trial elastic strain yields

Cplastic - eaEtr
_ &n+l( tr

1 M

&M8,tr

0. &n+l
aEetr

Me8trM
Sr tr13 Ee

-tr )

(C.65)

Metr tr0 er

Noting that E' enters the update equation through dtr we may write

a&n+l

&Etr

and (C.65) may thus be written as

Cpiastic =- ( tr )
M ,tr
&Eir

1+ tr Mr 1
3 Etr

_ &n+1 Mdtr
9 6tr aEer

a5tr

Then using (C.41) we may write

Cpiastic = Ceiastic + ( &4r

(C.62)

(C.63)

(C.64)

&n+1

&tr )

M,tr
dtr

(C.66)

n+1l

&tr ) Utr

0atr
Etr

(C.67)
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where for conciseness we have defined a modified elastic modulus as

Ceiastic = - ) 2G I 1 1) +K101.

Next, using the definition of dtr, and the fact that NP is deviatoric we may write

&Utr 2 (9Eer

3 Mtr M,tr

S2 OEtr IMItrl

= -2G (II-

= 2GNr..

Using the result (C.69) and the fact that

1
3

Me
N . =O ,tr

2 Utr

we may write (C.67)

Cpjastic = Ceiastic + 2G (&n+l -n+l

&7tr)
NP. 0 NP., (C.71)

and all that remains is to determine adn+ 1 /Od&tr.

Recall the flow strength (C.48) and the update equation (C.47) 2 which may be written
as

&n+1 = Y('%+ 1 ) + S(+1),

&n+l = &tr - 3G(n+1 At),
(C.72)

where

S((+1) =. YP
".+1 ( )0 1/r

(C.68)

0 1) N 'r

(C.69)

(C.70)

MEtr: Etr)

(C.73)
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is the portion of the flow strength which depends on the equivalent tensile plastic strain rate.
Taking the derivative of (C.72) with respect to &tr yields

i&,+1

a&tr ~tr

(C.74)

where we have defined

def dS(i+1 )
HP+1 )-dig,1

Y* I
O M

1 -1

io
(C.75)

Eliminating apn+1 /Odtr from (C.74), we may solve for

& rn+i _ ( Pn+1 .
a~tr k(Pn 1 ) + 3GAt

Finally using (C.76) in (C.71) yields

(C.76)

Cpiastic = Ceiastic + 2G (- f+i( 1 )
H( G+) + 3GAt

In summary, recalling (C.60), (C.62) and (C.77), the spatial tangent modulus is given by

An+1 = Celastic
- 1 Cpiastic

with

if r < 0,

if dtr>O and P> ,

Ceiastic = 2G + (K -
-G 101;
3)

(C.78)
and

Cpiastic = Ceiastic + 2G ( H()+ 1 )
H(\ft+1) + 3Gz t

- n+i N. 9 NP,
Ntr )t

with Ceiastic given by (C.68), and H(itA4 ) given by (C.75).

Un+1

&tr)
N (9 NP, (C.77)


