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Abstract

A client/encoder edits a file, as modeled by an insertioetd®i (InDel) process. An old copy of the file is stored remotely
at a data-centre/decoder, and is also available to thet.cliée consider the problem of throughput- and computatlgrefficient
communication from the client to the data-centre, to endideserver to update its copy to the newly edited file. We stwdy
models for the source files/edit patterns: the random piteseduence left-to-right random InDel (RPES-LtRRID) prss, and
the arbitrary pre-edit sequence arbitrary InDel (APES-Apibcess. In both models, we consider the regime in whicmtmeber
of insertions/deletions is a small (but constant) fractiénhe original file. For both models we prove informatiomaonetic lower
bounds on the best possible compression rates that enablapfilates. Conversely, our compression algorithmsdyseamic
programming (DP)and entropy coding, and achieve rates that are approxiynaggimal.

|. INTRODUCTION

As the paradigm of cloud computing becomes pervasive,rgand transmitting files and their edited versions consuanes
huge amount of resources (storage, bandwidth, compujati@tient-datacentre channels, and intra-datacentfiéctrindustrial
projections|[[1] predict the size of the digital universelwikpand exponentially to 40 zetabytes (ZB) in 2020. By thwarly
40 % of information will be “touched” by cloud computingl[1].

If a file is “lightly edited”, storing and transmitting the & new file from clients to servers wastes a significant amou
of space and bandwidth. Scenarios in which the number o$ éslia small fraction of the original file are very common in
real-life editing behaviour. For example, data-backupgesys such as Dropbox and Time Machine keep regular snapshots
users’ files. In revision-control software such as CVS, @i Mercurial, users (programmers) are likely to periodycabmmit
and store their code after a small number of edits. Currenthny online-backup services udelta encodingalso known
asdelta compression and only upload the edited pieces of files [2]-[4]. Howeverthe best of our knowledge, no existing
techniques provide information-theoretically optimalhgaression guarantees, and indeed this is the primary batitn of
our work.

There are potentially many other types of edits besides syinbertions and deletions (for instance block insertideketion,
substitutions, transpositions, copy-paste, crefw. — these and other edit models have been considered in, antbeg o
works, [8]-[10]). Since these other edit models are in galn@rcombination of symbol insertions and deletions, we $oon
the “base case” of symbol insertions-deletifins.

A. Our work/contributions

In this work, we study the problem of one-way communicatibfile updates to a data-centre. The client (henceforth dalle
the encoder) has a filX (henceforth called the pre-edit source sequence) drawn $ame distribution, and edits it according
to some process — we shortly describe both the source anddth@recess in more detail — to generate the new Yle
The encoder has both the old fi and the edited version of the fil¥ @ The encoder transmits a function K, Y to the
data-centre (henceforth called the decoder). The preseditce sequencX is available at the decoder as side-information.
The goal of communication is for the decoder to reconst¥ictA “good” communication scheme manages to achieve this
while requiring minimal communication from the encoder he decodefl

We now discuss the pre-edit source sequence, and the ediégsroThere are many possible combinations of different
pre-edit source sequence processes, and edit proceseas . obthose that have been studied in the literature incladstrary
input processes [9]/[11], random input proces$es$ [10][I2Z], (partial) permutations [5], duplications [15];mdom edit
processes [9]5[13], Markov edit processes| [14].

In this work, we consider two models. In the Random Pre-Edijunce, Left-to-Right Random InDel (RPES-LtRRID)
process, a file is modeled as a sequence of symbols drawnuiritbrmly at random from an alphabet. The new file is
obtained from the old file throughleft-to-right random InDel processvhich is modeled as a Markov chain of three states: the
“insert symbol” state, the “delete symbol” state, and the-tperation” state. Roughly speaking, these three statesspond

1A caveat here — as is common in the literature, we charaeténz compression performance of our file update schemerirstef the number of symbols
inserted and deleted. However, explicitly modeling oth@mmon user operations can lead to different schemes anéblyokstter compression performance
in practice.

2The encoder may actually ALSO have access to the actual emiegs, but as we shall see this doesn’t necessarily helpriproblem.

3Several authors have considered the "interactive commatiait’ version of the problem, in which the encoder and decatbmmunicate in multiple
rounds. While tis is an interesting problem in its own right choose to focus on the relating less explored one-way eorwation problem, since as we
show, there is little throughput penalty with such a restic
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Table 1: (Related work) The content of each column is as follows'-Two aspects of each communication model are shown here. The
first aspect concerns what information is available to wigpelty. Depending on the specific model considered, eitreotiginal file (the
pre-edit source sequencX), or the new file (the post-edit source sequenge)or both may be available at the encoder and the decoder. The
second aspect considered is whether interactive/two-vamsinissions between the encoder and decoder are allowed)yothe encoder

is allowed to transmit (one-way communicatioR)The size of the source alphabet-denotes a binary source alphabet, ddd denotes

a general alphabet. ‘Arb’ represents an arbitrary (“worst-case”) pre-edit smisequence; ‘Ran’ represents the pre-edit sequences draw
i.i.d. from the alphabet! ‘Arb’ represents the positions and contents of the editsideirbitrary; ‘Ran’ represents random positions and
contents of edits; ‘Markov’ represents the edit procesadei Markov chain® Here ‘Ins’,'Del’ and ‘Sub’ respectively represent insertj
deletion and substitution edit operatiofisUpper bounds on the number of edits in each work, as a fundion (length of the pre-edit
source sequencK). © Whether an explicit information-theoretical lower boursdpresented, where ‘Y’ and ‘N’ stands for ‘Yes’ and ‘No’
respectively, and ‘-’ for the case where the number of edits(i) or within a factor of order-optimal lower bounds in some tway
communication model$ Whether the algorithm is deterministic (‘D’) or random (R® The complexity of the algorithm, as a function

of n (length of the pre-edit source sequerXg. '© Whether the algorithm has “small” errore-error, or zero error'' The number of bits
transmitted. In our notatiorg, stands for the fraction (of) of insertions, and for the fraction of deletions. I [9][[11]=[13], the fraotis

of insertions and deletions vanish with hence the corresponding variables are denetednd d,,. ' This column has additional remarks
on specific works.

to the cursor moving “from left to right”, and at each poinither a uniformly random symbol is inserted, the symbol at
the cursor is deleted, or the cursor jumps ahead withoutgihgrthe previous symbol. This model attempts to capture a
"one-pass/streaming” edit proc&s.

We also study an Arbitrary Pre-Edit Sequence, ArbitraryéhQAPES-AID) process. In this model, the old file is modeled
as an arbitrary sequence over an arbitrary alphabelhe post-edit source sequen¥eis generated from the pre-edit source
sequenceX through anarbitrary/“worst-case” InDel process- we require that the number of edit operations is at most a
small (but possibly constant) fraction of the file lengthThe sequence of edits (insertions and deletions) is argitip to an
upper bound on the total number, occurs in arbitrary passti@nd inserts arbitrary symbols frashfor edits corresponding
to insertions. Both these models are described formallyeictiSn[II=B.

In both our models, we consider arbitrary alphabet sizes. fié¢ prove information-theoretic lower bounds on the
compression rate needed so that the decoder is able to tecins for both models. To do so we build non-trivially on recent
work on the deletion channel [116] in the random pre-edit sege/edit model (see Theoréin 8), and provide a combinatoria
argument in the arbitrary pre-edit source/edit model (sheofem D). We then design “universal” computationallyesdfit
achievability schemes based on dynamic programming (D®)eatropy coding (see Theoreniis] 10[&] 11). The compression
rate achieved by the DP scheme is an explicitly computalidéiae term away from the lower bound for almost all alphabet
sizel, and number of edits. In the regime wherein the number oféslia small (but possibly constant) fraction of the length
of X and the alphabet size is large, this term is small (detaiSdantion 1V-B).

“More general/realistic sources/Markov edit-processestta subject of our ongoing research.

5In the random source/edit model, we actually have no réistnion the alphabet-size; in the arbitrary source/edit ehddr technical reasons, our bounds
hold only for alphabets of size at least 3.



B. Related work

Various models of the file-synchronization problem havenbeensidered in the literature — see Taltldor a summary.
Our work here differs from each of those works in significamtya: For instance, in our model the encoder knows both files,
hence we design one-way communication protocols (rather the multi-round protocols required in the models wheee th
encoder and the decoder each has one version of the file @k i¥][6[0], [L1]-[13]); hence our protocols are informartio
theoretically near-optimal (however for two-way commuation model, computationally efficient schemes which achiates
with constant factors to the lower bounds are already chgiifey). The one-way communication model studiedin [104] [i&
the closest to our RPES-LtRRID model. For the informatibeetretical lower bound, we differ frorh [L4] by consideringthp
insertions and deletions, and arbitrary alphabet. Theesability scheme in[[10] matches the lower bound up to firsteor
term for the random source/edit model, whereas our scherfenigersal” for both RPES-LtRRID and APES-AID models in
our work. The literature on insertion/deletion channeld anror-correcting codes is also quite closely related -eéu we
borrow significantly from techniques i [i16], [19], [20].

There are two lines of related work. In file synchronizatisolggem, the encoder knowX and the decoder knowg. The
purpose is to let the decoder leaXnh (the encoder may or may not lealf) through communication (either two-way or one-
way). In our file update problem, the encoder knows §tland Y, the decoder knowX. The purpose is to let the decoder
learn Y by one-way communication. In[9], an interactive synchration algorithm was introduced which correets:)
random insertions, deletions and substitutions in bingphabet, where: represents the file size. This is adapted from their
previous work[[11] which corrects(n/logn) insertions and deletions. Their algorithm was used as a oaemt in [12] where
the synchronization algorithm corrects a small constaatttion of deletions over the binary alphabet, and’id [13] relrethe
algorithm synchronized insertions and deletions underbinary non-uniform source. A one-way file synchronizationdel
was studied in[[24] with Markov deletions in binary alphabetwhich an optimal rate in an information theoretic exgies
was proved. In[[10], a one-way file synchronization algarntivas introduced (with both versions available at the engode
that synchronizes random insertions, deletions and sutistis over the binary alphabet.

In the insertion/deletion channel problem, the channel ehtitere can be the same as our InDel process (there are many
different ways to model the stochastic insertions/detetim both problems). The purposes are different. In insefdieletion
channels, one need to choose the input distribution to magithe channel capacityax,x) /(X;Y) = max,x) H(Y) —
H(Y|X). In file updating problem, the input distribution is giverri{@rary and random in this paper). The purpose is to
find the minimum amount of information Enc need to send to Bea, v x) H(Y|X), where the probabilitp(Y|X) is
determined by the InDel process.

II. MODEL
A. Notational Convention

In this work, our notational conventions are as follows. Vémate scalars by lowercase nonboldface nonitalic symhuals s
asc. We use uppercase nonboldface symbols sucki &sdenote random variables, and lowercase nonboldfaceagrabch as
x to denote instantiations of those random variables. We téerextors (sequences) of random variables or their iriataonts
by boldface symbols, for exampl&X andx are vectors of random variabl§ and its instantiations respectively. We also
denote matrices by uppercase boldface symbols. For exaample by n matrix is denoted byM,, «,,, and when there is no
ambiguity we abbreviate it by dropping the dimensions, sasl. An n by n identity matrix is denoted by¥,,. We denote
sets by calligraphic symbols, such 8sThe length of a vectoX is denoted byX|. The cardinality of a sef is denoted by
|S|. We denote standard binary entropy BY-), that is, H(p) = —plogp — (1 — p)log (1 — p). All logorithms are binary.

B. Edit Process

1) Random Pre-Edit Sequence Left-to-Right Random InDeEGRBIRRID) ProcessAs noted in the introduction, many
different stochastic models for source sequences and suliegses have been considered in the literature. In thik, wae
study aRPES-LtRRIDprocess as shown in Fifl 1, which is motivated by the Markdetib® model in [14]. It is an i.i.d.
insertion-deletion process, a special case of a more gdeérto-right Markov InDel process as shown in Fig. 2. Oasults
should in general translate over to other stochastic madeisell in the regime wherein there are a small number of fioser
and deletions. But for the sake of concreteness, we focut®nitd. left-to-right random InDel process.

« Pre-edit source sequence (PreESH)e source initially has gre-edit source sequende = (X, X», ..., X,,), a length-
n sequence of symbols drawn i.i.d. uniformly at random fromsburce alphabet = {0, ...,a—1}. Finally, we append
anend of filesymbol X,,,; = eofto the end ofX. We denote the distribution of the pre-edit source sequbyggX).

« InDel process As shown in Fig[lL, the InDel process is a Markov Chain witleéhstates as defined in the following:

— the “insertion state: insert (write) a symbol uniformly drawn from; -
— the “deletion state’A: read one symbol rightwards in the pre-edit source sequincnd delete the symbol;
— the “no-operation statefj: read one symbol rightwards in the pre-edit source sequ&nand do nothing.




Fig. 1: Left-to-Right Random InDel (LtRRIOyrocess: Starting in front of the first symbol X, at each step, the process inserts a symbol
uniformly drawn from.4 with probability ¢, reads one symbol rightwards and deletes it with probghilitreads one symbol rightwards and
does nothing with probability — e — 6. Note that an inserted symbol is never deleted in this psdescontrast, a deleted symbol might
be inserted back right away, with probabili&y}T‘. The process stops when it reaches the end ofXile ; = eof.

The edit process starts in front &f; and ends when it reaches the end of g ; = eof This means that in our
model, the total number of deletions plus no-operationsakqgexactlyn. In addition there are a potentially unbounded
number of insertions (though in our model the expected nurobmsertions in bounde&).‘l’he number of deletions and
insertions are random variabléSp, and K; respectively. We describe thelit patternof the InDel process by a pair of
sequence® = (O"+K: CKr) where the edit operation pattern @ +%1 ¢ {z, A,7}"*¥1 and the insertion content
is CK1 ¢ AK1, Therandom (e, d)-InDel processis an i.i.d. insertion-deletion process wif(7) = ¢, P(A) = ¢, and
P)=1—€e—24.

Post-edit source sequence (PosES®)e post-edit source sequende = Y (X, E) is a sequence obtained frakthrough
the InDel proces& = (O"+&r CKr),

Post-edit setGiven any PreESX, any PosESY in A* (any sequence oved of any length) might be in its post-edit
set, albeit with possibly “very small” probability. In factor any X andY, there may be multiple edit patterns that
generateY from X. We usep(Y|X) to denote the probability that the output of the random tieftight InDel process
generate from X (via any edit pattern).

Runs:We use the usual definition (see, for example [21]) ofimbeing a maximal block of contiguous identical symbols.
Since we shall be interested in runs of several differentiseges, to avoid confusion about the parent sequence we use
S-run to denote a run in a sequen8e

Fig. 2: General Left-to-Right Markov InDel (GLtRMIDJrocess: a general three-state Markov Chain where transitietween any of the
three states can happen with general probabilities. Thidteein an InDel process with unit memory. However, the blengths of insertions
and deletions are still geometrically distributed. Thisd®lois a subject of our ongoing research.

2) Arbitrary Pre-Edit Sequence Arbitrary InDel (APES-AlBjocess:

Pre-edit source sequence (PreESShe source initially has gre-edit source sequenc¥ = (Xi,Xs,...,X,), an
arbitrary lengthrn sequence ind™.
InDel process The InDel processconsists of a sequence affbitrary InDel editsE = (E4, Eo, ..., E}i), wherek denotes

the number of editsFor notational convenience we also uXg to denoteX, andX; to denote the sequence obtained
from X, after the firstj edits (E,,...,E;) forall j =1,2,...,k. An arbitrary InDel edit E; = (P;,0;,C;) consists
of three parameters:

6Note that in our model a symbol that is inserted cannot beetblasince the “cursor” moves on after inserting a symbols Thjust one of many possible
stochastic InDel processes — we choose to work with this ingidee it makes notation more convenient — we believe simméaults can be obtained for a
variety of related stochastic InDel processes.



— the position of thecursor P; € {0,1,2,...,|X;_1|}, which is the positions between symbols (including in front
the first symbol and behind the last symbol) in therent sequenc&X,_;

— the edit operationO; € {«, A}, where. indicates that the edit operation is inserting at the cupsmition, andA
indicates that the edit operation is deleting the symbokamif of the cursor ( wherP; = 0, the edit operation can
only be an insertion, that i€); = );

— the content of insertiod’; € AU {nop}, which is an arbitrary symbol from if the edit operation is an insertion,
and “nop” if the edit operation is a deletion.

The sequence obtained froKy;_; after thejth arbitrary InDel edit; is a function ofX;_; and E;, and is denoted by
X; =X;(X;_1,FE;). The ed|t process defined as above |saatmtrary InDel process|f the edit process subjects to the
constraint that there are at mast insertions andn deletions, it is called aarbitrary (¢, §)-InDel process (Since the
sequence length keeps changing, for clarity, the paramaterwith respect to the length of the pre-edit source seguen
Two special cases are tlagbitrary e-insertion procesgequivalently an arbitrarye, 0)-InDel process), and tharbitrary
o-deletion procesgequivalently an arbitrary0, §)-InDel process).

« Post-edit source sequence (PosESS)post-edit source sequencgenoted byY = Y (X, E), is the sequence obtained
from X through an arbitrary InDel proce¥ = {F1, ..., E;}. If the InDel process is subject to &n §)-constraint, the
post-edit source sequence is called(an)-post-edit source sequence

o (X, (¢,0))-post-edit setLet ). s(X) denote the(X, (e, §))-post-edit set- the set of all sequences ovdrthat may be
obtained fromX via the arbitrary(e, )-InDel process.

o Runs:The same as defined in the RPES-LtRRID modelimis a maximal block of contiguous identical symbols.

Remark: Note that in theAPES-AID processhe order of insertions and deletions in the edit process general arbitrary.

However, based on the following Fddt 1, we can simplify thedeldoy separating the insertions and deletions.

Fact 1. An arbitrary (¢, §)-InDel process can be separated to an arbitraryleletion process followed by an arbitrary -
insertion process.

The proof of Facfl is provided in AppendiX B.

C. Communication Model

The communication system is as shown in [Eig. 3. We define thenamication model for both RPES-LtRRID process and
APES-AID process. For clarity, we state the model for the BRRERRID process, and repeat for the APES-AID process using
notation without bars.

v

Y Enc Bnc(X., ¥ Dec Y’
Fig. 3: Communication model: The source has both the rand@&$SX and the random PosESS, as discussed in Secti@n [I-B1. The
sequencé is obtained fromX through the randone, §)-InDel process discussed in SectionT}B1. The source exgtite source sequences
(X,7Y) into a transmissioEnc(X,Y) and sends it to the decoder through a noiseless channel.rbitey PreESSX is available at the
decoder as side-information. The decoder recetes X, Y), and regenerates the arbitrary PosB8Srom (Enc(X,Y), X). Here the bar
superscript is used to denote the fact that the source seegi@md edit process are as described in Selcfionlll-B1 rdtaerSectiof T-BP.
The communication model for the APES-AID model discusse8entior{I-B2 is similar, except that the quant{tX, Y, Enc(X,Y), Y’}
are replaced wit{X,Y,Enc(X,Y),Y’}.

In the RPES-LtRRID processiodel, the source has both the PreE68nd the PosESY . The PosESY is obtained from
the PreESSX through a randonte, §)-InDel process. The PreES% and PosESY are encoded using ancoderEnc. Its
output is possibly any non-negative intedaic(X,Y). Taking as inputs the transmissiéimc(X,Y) and the PreESX, the
decodemec reconstructs the PosESSasY’. The codeCS° comprises the encoder-decoder g&inc, Dec). Theaverage rate
R of the codeCy;? is the average number of bits transmitted by the encodenetelisy "¢ . 4. v 4. P(X,Y)log|Enc(X, Y)|.

A codeCg? is “(1— P.)-good” if the average probability of errardefined aPrx 4». YeA*{(X Y) : Dec(Enc(X,Y),X) #
Y}, is less thanP.. A rate R, s is said to beachievable on averagi for any P, > 0 there is a code for sufficiently large
n such that it is(1 — P.)-good. The infimum over (over alh and corresponding¢?®) of all achievable rates is called the
optimal average transmission ratand is denotedz’ ;

In the APES-AID processnodel, the source has both the PreE®Snd the POSESY . The PosESSY is obtained from
the PreESSX through an arbitranye, )-InDel process. The PreES% and PosESS are encoded using ancoderEnc
into atransmissionEnc(X,Y) from the set{1,2,...,2"%} whereR denotes theate of the encodeEnc. Taking as inputs
the transmissiofEnc(X, Y) and the PreESX, the decoderDec reconstructs the POSESB asY’. The codeCs® comprises
the encoder-decoder pdiEnc, Dec). A codeC:° is said to be “good” if for everyX in A" andY in the (X, (¢, §))-post-edit



set, the decoder outputs the correct PosE®SY’ = Y. A rate R, s is said to beachievableif for sufficiently largen there
exists a good code with rate at maBt 5. The infimum (over alln and corresponding°) of all achievable rates is called
the optimal transmission rateand is denoted?; ;.

Remark: For the APES-AID processwe require zero-error for the source code. Because we daievacthis stringent
requirement without paying a penalty in our optimal achideaate. Conversely, we allow “small” error in tfRPES-LtRRID
process Because it is necessary to allow for “atypical” source seges and edit patterns.

IIl. LOWERBOUND
A. RPES-LtRRID Process

1) Proof RoadmapSince the decoder already has access to the PréE 3% entropy ofEnc(X, Y) merely needs to equal
H(Y|X), the conditional entropy of the entire POSESS given the 8&ee the details in Lemrfih 2). The challenge is to
characterize this conditional entropy in single-lettenputable form, rather than as a “complicated” functiomef indeed the
same challenge is faced in providing information-thearetinverses foany problems in which information is processed and/or
communicated. For scenarios when the relationship o Y corresponds to amemorylesshannel, standard techniques
often apply — unfortunately, this is not the case in our filelate problem. We follow the lead df [16], which noted that for
InDel processes that are independent of the sequence beitegl €as in our case), characteriziif{Y|X) is equivalent to
characterizingH (E|X,Y). (Recall thatE denotes the random variable corresponding to the editrpatta fact (Y |X)
can be written adi(E) — H(E|X, Y) This is because of the aforementioned independence bet@ead X, and the fact
that Y is a deterministic function oX and E. We argue this formally in Lemmid 3. The entropy of the editgrais H (E)
equals exactly to the entropy of specifying the locationgei&tions, and insertions and their contents (this is afdoemally
in Lemmal% below)ﬂ Since multiple edit patterns can take a PreBS® a PosESY, the termH (E|X,Y) corresponds to
the uncertainty in the edit pattern given ba&handY. The intuition is that disambiguating this uncertainty &eless for the
problem of file updating, hence this quantity is called “maisisecret” in[14]. For instance, givéX = 00000 andY = 000,
the decoder doesn’t know, nor does it need to know, whichipgattern of two deletions convertéd to Y; all the encoder
needs to communicate to the decoder is that there were tvagial®. In general, if a symbol is deleted from a run or the
same symbol generating a run is inserted in the run (editsstharten or lengthen runs iK), the encoder doesn't need to
specify to the decoder the exact locations of deletions seriions inX-runs.

However, characterizingl (E|X,Y) is still a non-trivial task, since it corresponds to an epicayuantity of “long sequences
with memory”. One challenge is that it is hard to aligfrruns andY-runs. In other words, it's in general difficult to tell
which run/runs inX lead to a run inY (we call this run/runs irX the parent run/runsof the run inY [16]). We develop the
approach in[[16]:

« We first carefully “perturb” the original edit patte to atypicalized edit patterrEs (described in details below).

« We compute theypicalized PosESY corresponding to operating the typicalized edit patron the PreESX.

« We show via non-trivial case analysis and Lemioha 6 that wittsadll amount” O(max(e, §)%n) bits) of additional

information,X and Y can be aligned.

« We show two implications of the above alignment: Lenitha 6 fates' a bound o (E|X, Y), and Lemm4l7 shows that

H(E[X,Y) is “close” to H(E|X,Y).

Pulling together the implications of the steps above ersabeto characteriz& (Y |X), up to “first order ine ands”. We

summarize the steps of our proof in Hg. 4.

(B,X,Y)<E">®,X,7)

% ¥ EC A v o <
< XY
Lemma 2 (Fano’s) Computed in Lemma 4 Bounded in Lemma 6 ( ’ ) (X’ Y)
Bounded in Lemma 7

Lemma 3

— T/
nRes > H(Y|X) H(E) - HE|X,Y) = H(E) - HEX,Y)+ HEX,Y) - HEX,Y) > H(E)- HEX,Y) - 2H(E°) - H(Ag y)

Fig. 4: Flowchart of the proof: The natural lower bound of tmaount of information that the encoder needs to send to tbedée is given
by the conditional entropy? (Y|X), which we show in Lemmfl3 equals to the amount of informatimmléscribe the edit patterfl (E)
subtracts an amount called “nature’s sectB{E|X,Y). We characterizé{ (E) in Lemmal4. To characterize nature’s secdt{E[X,Y),
we perturb the edit patterR to a “typicalized” edit patterd. We show in Lemml? that nature’s seci#{E|X,Y) is within at most an
order O(max (e, §)?) distance from the “typicalized nature’s secréf{E|X,Y), which we characterize in Lemnfi 6.

One major difference between our work and the analysis_ihifL&at since we consider both insertions and deletions, ou
case-analysis is significantly more intricate. Anothefedénce is that we explicitly characterize our bounds fgusaces over

“Recall in our left-to-right InDel model a symbol that is inwel will not be deleted. Even in other models, the reductionhe entropy ofE due to
interaction of insertions and deletions would be a multative factor ofe x §, which is a “higher-order/smaller” term than the terms weu® on in this
work, in the regime of smaklt,d.



all (finite) alphabet sizes, whereas|[16] concerned itsel§ avith binary sequences. Also, besides the differenceadets and
techniques, the underlying motivation differs. The aushaofr [1€] focused on characterizing the capacity of deletbannels
(and hence they could choose arbitrary subsets of PreESSheOother hand we focus on the file update problem (and hence
our “channel input” PreESX is drawn according to source statistics).

2) Proof Details: Recall in the InDel model (described in Sectlon T1B1), ti¢éat number of deletions and no-operations
equalsn, with probability of an edit to be a deletion and to be a norapen (conditioning on that the edit is not an insertion)
equals& and 1;—:5 respectively. Hence, the total number of deletidfis follows a binomial distributionB(r, &) with
meanl%in. Recall that in our model we allow insertions in front of thesfisymbol and after the last symbol — this is the
reason why the index of number of insertioRs is parametrized byn + 1) rather thamm in the following. The distribution
of the number of insertions in the beginning of the InDel msxand after each deletion or no-operatiofis, (1 — ¢€), the
geometric distribution on the support ¢6,1,2,...} with parameter(1 — ¢) [22]. The InDel process stops when the total
number of deletions and no-operationsiisHence,K; is the sum ofn 4 1 i.i.d. random variables whose distributions follow
Geop(1 — €). On the other handk; is the number of insertions with probabilityuntil » + 1 deletions/no-operations occur,
which follows a negative binomial distributioNB(n + 1; €) with mean(n + 1)< [22].

Throughout this section, because we deal with sequencésraiidom lengths, we use Theorem 3[in|[23] multiply times.
Hence we restate the theorem here as a preliminary for cen gpabofs.

Theorem 1. [23] [Theorem 3 (Determined Stopping Time)] A stopping tifids said to be a determined stopping time for
the i.i.d. sequenc&’y, Xo,... if {N =n} € 0(X1,Xo,..., X,,) forall n=1,2,..., whereo(X1, Xo,...,X,,) is theo-field
generated byX, Xo, ..., X,. Then, for a determined stopping tin,

H(XN) = E[N]JH(X1), (1)
where XV € A* denotes the randomly stopped sequence.

Lemma 2 (Converse) For the Random Pre-Edit Sequence Left-to-Right RandomlI(RRES-LtRRID) process, the achievable
rate R. s is at leastH (Y|X).

Proof: We firstly show a modified version of the conventional Fanasquality 7(Y|Y’) < 1+ P.log|Y|. Because we
allow insertions in our model, the length af can be arbitrarily large as the block-lengthgrows without bound. Hence, the
upper bound on the terfl (Y|Y', Y’ # Y) <log|Y] in the proof of the conventional Fano’s inequality doesnarkvin our
problem. We modify the Fano’s inequality bound the termMgY Y’ Y’ # Y) < H(Y). The PosESY is a sequence of
symbols drawn uniformly i.i.d. fromA, where its lengthin — Kp + K;) is a “determined stopping time” for the sequence.
Hence by Theorefl 1/ (Y) = (n— E[Kp|+ E[K[])log |A| = (%g 1;) log | A|. Hence, our modified Fano’s inequality
is

H(Y|X,Enc(X,Y)) <1+ P, G — 0

‘ )1og|A| < no, @)
1—¢€

whereo,, — 0 asn — oo.
We have the following chain of inequalities,

nRes > H(EDC(X
> H(Enc(X X)
= H(Y|X) + H(Enc(X,Y)|X,Y) - H(Y|X,Enc(X,Y))

@ 5 (YIX) - H(Y|X,Enc(X,Y))

v))
Y|

®
> H(Y|X) = non, 3)

where equality (a) holds since standard arguments showrdinaiomized encoders do not help. Inequality (b) followsrfro
our modified Fano’s inequality as shown in Equafidn 2.
Dividing both sides of Equatioinl 3 by deduce our converse. O

Lemma 3. The conditional entropyZ (Y |X) equals the entropy of the edit patteffi(E), less “nature’s secret’H (E|X,Y),
i.e., H(Y|X) = HE) - HE|X,Y).

Proof:



Y HE) - HEX,Y),

where (a) is from the Chain Rule; (b) is because the dditge independent of the PreESS and (c) is because the POSESS
Y is a deterministic function ofX,Y). O
Lemma 4. lim,, oo LH(E) > H(0) + H(e) + elog |A| + 2 min(e, §)?> + O(max(e, §)?)
Proof: Recall thatE = (O"+E1 CKr) where O"*%1 is an i.i.d. sequence wit?(O; = 7) = ¢, P(O; = A) = § and
P(O1 =7) =1—¢— 6. Hence,
H(O;1) = —dlogé —eloge — (1 —e—4)log (1 — e —9)
=H()+ H(e)+ (1 —d)log(1—0)+ (1 —¢€)log(l —€) — (1 —e—3)log(l —e—9)

@ H(5) + H(e) + (1 — 6)(log e)(— — % —0() + (1 - ) loge)(—e ~ G — )~
(1—6—e)(loge)[—(6 +¢) — @ —O((6 +¢)*)]
= H(8) + H(e) — edloge + O(max(e, 6)?), 4

where step (@) is by Taylor series expansion. Hence,

— Tim {0+ BKAHON) + Y H(CH) Pr(Ks = k)
k=0

k=0

= lim l[(n + E[K{])H(O1) + E[K[]|H(C1)]

n—00 M

1 _
@ iy L n——HH(Ol)—i-(n—i—l)l ‘
— €

n—soomn |1 —e€
1 _
= 7 (H(O1) +elog |A])
() 1
1—ce€
v H(8) 4+ H(e) + elog |A| — edlogd — e?loge + (log e + log |A])e* + O(max(e, §)*)

> H(8) + H(e) + elog |A| + 2min(e, §)*"7 4+ O(max(e, §)?),

log |A|}

(H(8) + H(e) + elog |A| — e loge + O(max(e, §)*))

where equality (a) is because by Theorem 3[in| [28} K is a “determined stopping time” for the i.i.d. edit sequence
01,03, ..., henceH(O"¥1) = (n + E[K;])H(O;). Equality (b) is because given the edit operation seque&deesr,
the insertion content sequenc&<’ depends only on the number of insertioRs§ From equality (b) to equality (c) is by
expandingK; and noting thatC¥’ is a sequence of i.i.d. variables. Equality (d) is by F2®ia) and noting that the content
of insertions are uniformly drawn from the alphabet. Eqyale) is by Equatiof 4. Equality (f) is by taking the Taylorigs
expansion of;-, H(5) and H (c). O

As discussed in SectidnTII-A1 and Figl. 4, the next quantigyeed to calculate/bound is the “nature’s sectétE|X,Y)
of the edit process. However, this quantity is in generdialift to calculate becausK andY are unsynchronized. Hence

8Equivalently, H(CK1|O™*+ K1) = H(CK1|0"*t K1 K;) = H(CKI|K7) + HO"TK1|CK1 K;) — HO™ K1 |K;) = H(CKI|K7).



we perturb the edit proceds to a “typicalized edit processﬁ], for which an analogue of nature’s secfé(ED_C,Y) can be
calculated (see Lemnid 6 for details). We now formally defireetypicalized edit proceds and some sequences that depend
on E:

Definition 1 (Typicalized edit process)The typicalized edit patterk is determined fron{X, E) by choosing a subset of the
edits in the original edit patteriE in the following way. The extended run [16] of a run 3 includes the run and its two
neighbouring symbols, one on each side. GiVXnE), for all X-runs, count the number of edits per extendedfunthere

is no more than one edit in the extended run, the edit patternhis run is set to be the same in the typicalized edit pattern
If there is more than one edit in the extended run, the tyjzedl edit patterrs has no edits in that run, that is, thE-run
and the correspondind -run are identical.

Remark:

o Whether to eliminate the deletions of neighbouring symloolsot is decided by checking the extended runs of the runs
they belong to. For example, fd& : 011223, there are two edits in the extended roin112 of the second rurill,
hence the edit in the first run — the deletion of the left-mosti4 eliminated inE. The right-neighbou? of the run111
belongs to the third rud2, whose extended rui223 contains only one edit. Hence, the deletion of the righghkour
2 of the run111 is not eliminated ink. The typicalized edit pattern in this examplels: 0111223.

o An insertion that occurs at the boundary of two runs is com@iin the extended runs of both the run at its left and the
run at its right. If there is more than one edit in at least ohthe extended runs it belongs to, the insertion is elimidate
in E. For example, forE : 011144223, in the extended run1112 there is only one edit — the insertion ofin front of
the right-neighbour. However, in the extended i3 there are two edits, the insertion #fs eliminated inE. The last
symbol 3 is the right-neighbour of the rug2, hence its deletion is not eliminated 1. The typicalized edit pattern in
this example i9111223.

Denote the number of insertions and deletions in the tyjziedledit proces® by K; and K, respectively. Since in our
model the way we define edit patterns ensures that the suneafutmber of deletions and no-operations in any edit pattern
(including typicalized edit patterns) always equals elyaat the length ofE equalsn + K.

Definition 2 (Typicalized PosESS)The typicalized POSESY is the post-edit source sequence obtained by operating the
typicalized edit patteri on the PreESX. The length ofY equalsn — Kp + K.

Definition 3 (Complement of the typicalized edit procesd)he complement of the typicalized edit procdss =
Q" = Noas K’) is defined to specify the eliminated edits, whafe ™~ i e {—,z, A}t K1-K1 specifies the positions

and operations of the eliminated edits aat '~ K € AKI—K: specifies the contents of eliminated insertions.

Fig.[H shows an example of all the sequences we define abovailMeuse this example later multiple times to explain
different concepts. Fid.]6 shows the dependencies of alk#uygiences we define above, and some internal random variable
we define and use in the later proofs.

We first show thafy-runs can be “mostly” aligned to the parent run/runsXin The intuition is that sinc&-runs undergo
at most one edit in the typicalized edit process, for afiyun, there are only a few possible cases for its parent uasjy
and the corresponding length(lengths). There are only twents where the cases of the parent run-length interseathwie
call the “ambiguous local alignment” events. An ambiguacal alignment event might be resolved by keeping alignioi b
possible alignments, until for one alignment no typicalizglit pattern can conveX to Y. Otherwise, both local alignments
are possible and results in different “global alignmentd$&nce, one can alig(\X,Y) in a left-to-right manner by checking
the lengths ofY -runs andX-runs, with the aid of some extra information indicating ethiglobal alignment it is. Fig8 gives
an example where an ambiguous local alignment is resolvedligyping further runs; Figl]l9 gives another example where
an ambiguous local alignment is not resolved hence leadwdopbssible global alignments. Ont&Y) are aligned, the
uncertainty of the typicalized edit patteE only lies in the positions of insertions that lengthen ruinsértions of the same
symbol as in the run) and deletions within the runs where thesur.

For a lengthk, Y-run, its possible parent run/runs are categorized intddhewing cases, as shown in Figl 7 (in all cases
we give examples corresponding to the Iengj;hY run being00000):

o Case 1:The parent run is a “single run” with lengtk .

— Case 1.1 (1-parent-O-edit)No edit in the parent run, hendg = ly. Eg: 00000 — 00000.
— Case 1.2 (1-parent-1-ins)One insertion in the parent run, hengg= Iy — 1. Eg: 00+°00 — 00000.
— Case 1.3 (1-parent-1-del)One deletion in the parent run, henge= Iy, + 1. EQ: 000080 — 00000.

9Deletion of any symbol in the extended run (including deletof either of the two symbols neighbouring ti&run) adds one to the count. Insertion
of a symbol adds one to the count only if the insertion happertse right of the left-neighbour of th&-run, and to the left of the right-neighbour of the
X-run. Note that insertions that occur between two runs ageetbre counted once in bok-runs, since they are in the extended run of eXchun.



length

X 0 0 0 1 1 1 1 2 2 3 2 3 3 n=13
edits 0 0¥ 0 1 A% 1 1 2 2 3 2 3+ 3

]_:3 n nu n n Aw A n A n n n nw oy n+ Ky =16
Y 0 01 0 1 4 1 2 3 2 33 3 n-Kp+K;=13
B¢~ - - — Ay A - - - — - — - 4K -K/ =14
En nun o 0o on Anonon oo ot Kp=15
Y 0 01 0 1 1 11 2 3 2 33 3 n—Kp+K;=14

Fig. 5: Example of the defined file and edit sequences: The rigtshows a lengthh = 13 PreESSX sequence over the alphabet
{0,1,2,3,4,5}. The second row shows in shorthand edits performgdf(onThe third row shows the corresponding edit patt&nAs
defined in the model section, insertions are represented dgletions byA, and no operations by. Here, for the sake of brevity we abuse
notation by representing the contents of insertions ascsibs to the corresponding rather than as a separaf‘’. For instance in the
example in this figure, the operation of inserting after the fifth symbol is represented by. Since there aré(; = 3 insertions in the edit
sequence, the length of the edit sequeRcequalsn + 3 = 16. The resulting PosESS sequer¥eis shown in the fourth row. Note tha&
has 6 runs 000, 1111, 22, 3, 2 and 33 (single symbols distinct from their neighbors also countwass). The corresponding extended runs
are respectivelp001, 011112, 1223, 232, 323, and233. The number of edits in each of these runs igtherefore réspbel, 3, 1, 0, 0, 1,
and in the corresponding extended runs is 1, 4, 1, 0, 1, 1. &Htheonly edits eliminated frofE to getE are the three edits in the second
X-run (since the corresponding extend&drun has 4 edits and by our definition typicalized edit paemay only have at most one edit
per extended run). The “complement” of the edit processetbee has blanks- everywhere except in the locations corresponding to the
three edits in the second run &, as shown in the fifth row. The sixth row shows the typicalizeiit process (with all the edit operations
present inE, except those corresponding to the three in the second r. &finally, the last row shows the resulting typicalized F3€E
Y resulting from operatind on X.

Definition 1 (Typicalized edit process)
& Definition 2 (Typicalized PosESS)
Example in Fig 5

E¢ Eliminated edits |Internal variables
o in proof of
AX,Y Global alignment | Lemma 5,6&7

Fig. 6: The dependency of all the sequences and internabrandriables for the proofs.

o Case 2 (sub-parent):The parent run is a “sub-run” of a lengtg-run, that is, an insertion of a different symbol in the
middle of a parent run breaks it into two runs. In this cdge>> Iy. Eg: 0000041000 — 000001000. Moreover, the next
run in'Y after this lengthi Y-run is also aligned to thiX-run.

« Case 3 (multi-parent): There aret+1 parentX-runs of thisY-run. Of these parefX-runs,t+1 runs (the odd-numbered
ones among thet + 1 X-runs) comprise of the same symbol (n this example) as the correspondiligrun, and are
of lengthsly, ..., [, respectively (say). Interleaved among these are the evmbaredX-runs, comprising of just one
symbol each, that must be different from the symbolin(our example) that compris¥. In this case, all the length-
even-numbereX-runs get deleted and there is no edit in the otherl odd-numbere&-runs (of the same symbol as
in this Y-run), hencely = /71 1; andig = Iy < Iy Eg: 0010020 — 00000.

Noting the parent run/runs lengths in all the above caseszanhining the run lengths & andX in a left-to-right manner,
the runs inY can be “almost”’ aligned to the parent run/runsXn except for the following twaambiguous local alignment
events. We show later that with the help of some “small anfoadditional informationH (Ax ), (X,Y) can be aligned.

« Ambiguous local alignment type-I' (Ix = Iy, — 1): Recall Case 3lg < Iy), whent =1landix =11 =ly—1,1o =1,
the length of theX-run is the same as in Case 1i% = Iy — 1). Hence, when finding the length of the to-be-aligned
X-run for a lengthk Y-run to bely — 1, one cannot teII immediately whether it is Case 1.2 or Case 3.

o Ambiguous local alignment type- 22 (Ix = Iy + 1): Recall Case 2ig > Iy), whenix = Iy +1 and the insertion of a
different symbol occurs in front of the last symbol of tXerun, leading to a length-Y-run, the length of theX- run is

the same as in Case 1.5 (= Iy + 1). Hence, when finding the length of the to-be- aligédun for a lengthkg Y-run
to bely + 1, one can't tell immed|ately whether it is Case 1.3 or Case 2.

10



Y-run 00000
length Iy =

no edi oneé~deletion

one insdrtion

X-run [ 00000 00%900 000000 00000%100 | [ 0010020
length ZX:lY:5 ZXZZY—1:4 ZX:lY-Fl:G x = >Y ZX:2<ZY

Fig. 7: Given aY-run (00000) with length l¢, its parent run may be a single run, a sub-run, or several Besause there can be no more
than one edit in an extended run in the typicalized edit pscee can explicitly find the forms of the edits in differeases. If the parent
run is a single run with lengtliz, there may be no edit£ = Iy ); one insertion [ = Iy — 1); or one deletionlix = Iy + 1). If the
parent run is a sub-run with lengik, there must be one and only one insertion in the parent ruichwiireaks the parent run into two
runs with lengthly andlx — l. In this case/x > Iy If the parent runs are several runs where the length of teerfin islx, there
must be2t + 1 parent runs# > 1), where the odd-number runs are runs with symbols the santieed¥-run, and the even-number runs
are lenthi runs of symbols different from th& -run. In this caselx < Iy .

X 0001111223233
Y 0010111123233 3
Alignment 1: ) 0 0 101 1 1 2

Alignment 22 0 O¥'0 1 1 1 1 2

Fig. 8: Ambiguity resolved: 1)There is an ambiguous local alignment type-2 evegt=t I + 1) in aligning the firstX-run andY-run. The
first Y-run (00) is of length2, and the firs&X-run (000) to be aligned with thé -run is of length3 — they are comprised of the same symbol
0. The edit in the firstf(:run may be Case 1.3 (single-deletion) or Case 2 (singleriion breaking théX-run). We therefore examine the
next symbols inX andY. 2)In fact, even if we examine the next one or two symbolsKirand Y, the local ambiguity is not resolved.
The symbol after the firs¥-run (00) is a1, the same as the symbol after the fiBtrun (000), which means Case 1.3 (single-deletion) is
possible. The second symbol after terun (00) is a0, the same as the symbol the fifgtrun (00) is comprised of, which means Case
2 (single-insertion breaking th&-run) is possible. 3)Ambiguity is resolved by aligning thecendX-run to Y. Alignment 1: This must

mean that @ was inserted after the firgtin the secondX-run (1111), breaking it into two runs of’s in Y separated by & (respectively
the third to the eighth symbols i¥). This scenario is shown in the third line of the figure abcSimce the secon&-run had fourl’s,

the resultingY-run have three moré’s, with no more edits (since it is a typlcallzéﬁ run). However, there are fours in Y after the
“inserted” 0. Hence, alignment 1 is not possible. AlignmentThe first three runs if¥’ (0010) are aligned to the firsK-run. The next

X-run andY-run to align both have fout’s, hence can be aligned correctly and unambiguously.

Note that the ambiguous local alignments might be resolveénwaligning furtherX-runs andY-runs. Not all local
ambiguous alignments lead to different global alignmehte example in Fig:]8 and Fifl 9 show both the scenario when an
ambiguous local alignment is resolved later, and the sgc@wanen an ambiguous local alignment leads to different gllob
alignments.

We formally define the global alignment (we sometimes calllignment for short) of a pair of PreESS and typicalized
PosESS(KY), and also the partial alignment of their subsequences.

Definition 4 (Global Alignment) Let the number of runs in a typicalized PosE€®e denoted by . The typicalized PoSESS
Y can then by decomposed imo-runs as R o A
Y =Y(1)Y(2)...Y(py)- (5)

We then divideX into “segments that leads to correspondifgruns” as
X = Xg()Xg(2) ... Xy (pg)- (6)

Note thatXy,(i)'s are in general not runs oK. For anyY (i) that is created by insertions, set the correspondlig (i) to be
an empty runp with length0. For any X-run that is deleted and the two neighbouring runs of it onhbsitles are comprised
of different symbols, we force it to join the segment of ightrineighbouring run. The alignment & and Y is defined by
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X 00011112 232133

Y 001011112 2 3 3 3
Alignment 1: (0 Y10 1 1 1 1 2 2 2 333
Alignment 2: 2¢32 3 2 3 3

Fig. 9: Ambiguity unresolved: The edits in both Alignment 1 and alignment 2 conv&rtto Y. The challenge therefore is to characterize
the probability of such local ambiguity being globally usoévable. This is the thrust of Lemrha 5.

the vector of the lengths of the segmeﬁt§(z’)’s,

Ag v = (Xg )], 1Xg @), [ X3 (og)]). )

Definition 5 (Partial alignment) For the subsequence of a typicalized PosEfS’Sconsisting of the firstiy, runs
Y(1)Y(2).. Y(zY) whereiy < py, suppose the segments Xf that lead to theY-runs are X ¢(DX$(2)... X (iy).
The partial alignment oX and Y upto “depth” iy is defined by the vector of the lengths of the sengq,t@)

A,{Y = (X3 D 1Xg @), [Xg (ig))- €)

Recall that “nature’s secret” is the uncertainty of the gittern given PreESS and PosESS. We now bound the “nature’s
secret” of the typicalized edit pattefi(E|X,Y) from above byH (E, Ay +|X,Y). We further bound the latter quantity from

above by the sum of the two terms: the uncertaifityd ) of the global alignment, and the uncertaiffy(E|X, Y, A4 )
of the typicalized edit pattern given the global alignment.

Lemma 5. limy, oo L H(Ag ) < O(max(e, §)?).

Proof: The intuition that the uncertaintﬁ{(/lxy) of the global alignment is “small” is as follows. In any ambaus local
alignment event” = I't UT?, one of the two edit patterns has an insertion and the otterhdeletion. Hence “locally” the
positions of the outpuY by applying these two edit patterns 3o differ by a shift of two positions. If the matching procedure
described above in Fi§Jl0 keeps aligniXgw.r.t. Y via both edit patterns, the ambiguity is still not resolv@tiat means
we can find at least two distinct typicalized edit sequenbas ¢onvert two “similar” sections aX which differ by a shift of
two positions to the same section ¥t This means that some symbols (it turns out at least one oexearfy two neighbouring
symbols) in one section &X determine the values of other symbols within a short blodkis Ts because of the property of
typicalized edits that “not too many” insertions or deleso(no contiguous insertions/deletions) can happen in & siack.
Hence averaging oveX, the probability that we need extra information to resoluebayuous local alignments is “small”.

In the following, we boundH(AXy) from above carefully. We first convert the uncertaim(Ax ) averaging over
PreESSX and typicalized PosESY, to the number of “splits” (ambiguous local alignments woteed) averaging over the
PreESSX and edit patterrE, as shown in Equationl(9J=(14). Denote the numbex-ofins bypx. Fori = 1,2,..., px, define
the eventFi(x, e) from the matching algorithm — after typicalizirigto é and processing on %, the ith x-run encounter an
ambiguous local alignment, and for the subsequence gjarm the first symbol after théth run and ending at the symbol
before the next edit i (we call the length of this block ix the “gap”), the ambiguous edit pattern at tith run can
obtain the samg through some typical edits. IEi(x, e) does occur, it may cause a split on the path of alignment where
belongs to, in which case one bit is needed to distinguistvést the two ambiguous edit pattern. Hence, the total number
of bits needed to distinguish the path/alignment assodidgite ¢ from other paths splitting from it is bounded from above
by >-* 1 Leix,e). Fori =1,2,..., p%, denote the length of théh x -run by /;. Conditioning on that an ambiguous local
allgnmentF( y occurs to theith x-run, and the “gap’y from the symbol after théth x-run until the symbol before the next
edit, the probabilityPr(£i(x, €)|T'(;), longest gapy) only depend orx andg. We denote this probability averaged ow&rby
Pry = ccx Pr(x) Pr(Ei(x,€)|l';, longest gapy) and boundPr, later through some case analysis.

121 (a) erx Zer(i) Pr(y|5()H(Ax,y) 9)

- ZXEX Pr(x) Zer(i) (ZVeEE,(x,E)ﬁé—ﬁA’ Pr(e)) H(Ax’y) (10)



Break into runs:
{( 1) X(px)
V(1).....V(g)
Set X (0) = ¢ to be an emp-
ty run with length 0.
Initiate A)’(‘Y as an empty
binary tree with depth py.

ERROR
Alignment failed. Erase this branch in
the tree Ax o up to the node where the
last split appears. Ambiguous local align-
ment associates with the split resolved.

st Yho | X(ix +2k)| =13
and for k=1,....1,
X(1X+2k—1)\

Case 1.1 (1-parent-0-edit): ES
Align Y (iy) to X (ix) [Ambiguous local alignment type-1:

A)’( v(iy) =lx Case 1.2 and Case 3 are both possi-
: ble. Keep both ways of aligning the| Case 3 (multi parent): _

current runs and try aligning fur- Align Y(Hf) to X (ix),- -, X(ix +2t)
ther runs with the algorithm until Ax y(ly) l

a minimum distance — the “gap”, ix =ix + 2t

where both alignments have seen at|
least one edit in further runs.

ES

[Ambiguous local alignment type-2:
Case 1.3 and Case 2 are both possi-| Case 2 (sub-parent):

ble. Keep both ways of aligning the Align Y(zY) Y(iY 1), Y(iy +2) to X(ix)

current runs and try aligning fur-| A . .

- xviiy) =1y ; >
ther runs with the algorithm until X vliy) = B One ahgnn}ehnt‘ rule
a minimum distance — the “gap” Ag yliy + 1) =0 out not satisfying the
where both alignments have seen at Ax Y( t2)=lx Iy typlca‘l‘ ec};ts

iy =iy +2 ondition?

least one edit in further runs.

Case 2 Ambiguous local alignment not resolved |Case 1.2 (1-parent-1-ins):
‘Write one bit to BXY to indicate twol Align y(iY) to X(ix) | N
different cases of aligning this run. i
Keep both Case 1.2 and Case 3. (This|
creates new dimension in Ay ¢, and als
creates new loops of the algorithm.)

One alignment rule
out not satisfying the
“typical” edits

xv(iv) =lx

Case 1.3

Ambiguous local alignment not resolved Case 1.3 (1-parent-1-del):
Write one bit to By  to indicate twol Align Y(LY) to X(ix) P
different cases of aligning this run. Ax vliy) =Ix

Keep both Case 1.3 and Case 2. (Thig T
creates new dimension in Ay 3, and als.
creates new loops of the algorithm.)

Fig. 10: The flowchart of thealign moduleto align X and Y : The module takes iX and Y as inputs, and outputs all the possible
alignmentsAy ¢ as a binary tree of depthy. Any path of the output tree of length is a global alignment ofX,Y) as defined in
Definition[4; any partial path starting from the root of theetrwith lengthir, < py is a partial alignment upto depth-, as defined
in Definition[5. In the process of aligningX,Y), when an ambiguous local alignment occurs, the processskieein edit patterns and
continues aligning further runs with both alignments — tieiads to new loops of the algorithm and possible new bran¢sits) on the
tree A ¢ if the ambiguity is not resolved by aligning further runs.

(©)
<

_ _ ZV&GP ZVe xe)ﬁeP ( )
xeX Pr(x) Zer(i) (ZVeeE,(x,e)aé—w Pr(e)) Zv path p,eis ; ZVéeE,(i,é)aé—w Pr(e) NSp“t( 4)
(11)
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(d) _

. Ziex Zer Zv path P, c Ay o (ZVéePA ZVé,(i,é)%é Pr(e)) Neplit(£4) (12)
(e)

- Zscex ZyGY(x) Zv path p;ec Ay, ZVeePA VE,(%,8)—é (Pr( ) Sp“t( A% e))) (13)
2 D g PIE) Y Pr(e) - Nepjit(P4(x, € (14)

(9)

Px
<D P> Pr(e) ; Lgi(s,e) (15)

»

Px
h _ _ L
) Ziex Pr(x) ZEEE Pr(e) Z Pr(Fi(x,ée)) (16)
=1
. Px o0
@ Z’eX Pr(x) Z%E Pr(e) > > Pr(Ei(x,e)[T ;) longest gapy) Pr(I'(;), longest gapy) (17)
i=1 g=1
. px 0O
@ Zfex Pr(x) Y > Pr(Ei(x,e)T;,longest gapy) (ZGE Pr(&) Pr(I'(;, longest gapg)) (18)
i=1 g=1
(k) - Px OO o )
< erx )z; z; Pr(Ei(x, €)|T;,longest gap)(l; + 1) max(e, §) (19)
i=1 g=
0 max(e, 0) Z (l; +1) ZZ x) Pr(Ei(x,e)|T;), longest gapy) (20)
< max(e, 6) 2nzzxe %) Pr(Ei(x,€)|T;), longest gapy) (21)
= max(, 6)22712 Pr,. (22)
g=1

In equality (a), the seﬁ?(i) is obtained through typicalizing the s&t(x) — all the sequenceg(x) that resulting from
processing any edit patteiion x. In equality (b), we replac®r(y|x) with the sum of the probabilities of all the edit patterns
such that after typicalizing witkk and processing o obtainsy. The |nequal|ty (c) follows by bounding the entropy of the
tree A -y from above by the average of the number of sp}@pm ) on all the paths. Note that a path of the tl;e,ey is
a certain global alignment df, y) — consisting of many typlcallzed edit pattetnthe probability of which is the sum of the
probabilities of all thee resulting iné after typicalizing. The equality (d) follows by directIyneelingzvéemi_’é)ﬁé%y Pr(e).
Equality (e) and (f) follows because by fixirgande, we fix a path on the treé,—cyy. Moreover, for all thez’s which fixing
on the same patH,VSp“t(PA (x,€))'s equal.

In the following, we calculaté’r, — conditioning on the occurrence of an ambiguous local afignt, the probability that
the ambiguity is not resolved by continuing the matchingcpss until the gag — by breaking into four cases based on the
type of the ambiguous local alignment and which edit is thi¢ #ét actual happen®r, is the probability that averaging
overX andE, the path on the treely ¢ splits into two branches at a node.

« Ambiguous local alignmentT* (ix = Iy — 1): W.Lo.g., assume the symbol in the runlisand the subsequence X
starting from the run i9z,z,x5 . ... The correspondind’-run to be aligned i®0. There are two possibilities: 1) Case
I‘l(*) this possibility corresponds to an edit pattern resultm@*®z; - -- — 00z, ... with an insertion of0. 2) Case
I''(A) - the other possibility corresponds to the edit pattern iictvicaser; is deleted an@d combines withz; resulting
in 00 in the corresponding locations - 0zr0x3--- — 00x3.... In this casers must equab. In other words, ifzo
is not0, this edit pattern is impossible and the ambiguity is re@dJ\Averaging ovep(X), this happens with probability
- Moreover, this edit pattern results in eittigr0zs - - - — 00z3 ... (if x5 is not deleted), 00z 0xgxy - - — 002y . .

&If x5 is also deleted).
Hence, the local ambiguous event happens only if eitheor x4 is the same as:;;, which happens with probability

1 (A=) _ 214
[A] AR

— Casel''(z): The actual edi is a single insertion, and until the gapy there is no other edit:

0%, 03245 . . . Zg--- = 00210232425 ... 29 . ... (23)

In this case, the smallegtis 1, we denotey = 2t — 1 or 2¢, wheret = 1,2,.... The ambiguous edit is a deletion
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of z; and should also result in the saﬁi’ethrough some typical edits:

some typical edits
0210232475 ... g -+ — 00232425 ... 24 ... yp 00210x32475 ... 24 .. .. (24)

The symbolz; can equal any symbol from the alphabet butv.l.o.g. assume; = 1. From the above, there should
be some typical edits such that after applying these edithasequencesxyxs . . , the firstg symbols of
the resulting sequence should bérsz,zs . . — a shift rightwards of two posmons In the following, weaosh
that averaging ovePr(X), the probability that one can find some typical edits thaft shisequence rightwards by
two positions and match up to lengthdecays withg. (TheseX'’s are the ones that have splits in the tnng
along the paths with th& we are considering now.)

We first argue that the shift rightwards of two positions ¢t&€ accomplished before reaching the gag-irstly,
typical edits only shift the sequence by one position at & tibecause in typicalized edit pattern no contiguous edits
can happen. Before the sequence is shifted rightwards bybsiions, it must have been shifted rightwards by one
position by an insertion. After the insertion makes thetdhyfone position, all the symbols after the insertion are the
same and no other edits can happen (the symbols form a run)3>démplex§ TaTs ... Tg - —> 10033425 . .. T,

the insertion of0 shifts the sequence rightwards by one position. Becazlgseannot be deIeted;;g, has to equal

1. Hence we hava ‘%z, . .. g - — 10lz4ws ... z4. Also, z4 also has to equal, because for typicalized edit
patterns;z4, can not be deleted nor can an insertion happen in front,0By continuing the deduction, the symbols
{z4,5,...24} should all equalzs =1 and there can be no other edits among them because they farm a r

We prove an upper bound dPr, by induction. Recall that eithers or x4 has to equak; = 1. Hence forg = 1,

2
Pri=1- ('““t‘;'l = 2'&“;1 . Assume for odd number= 2t—1 wheret = 1,2, ..., the sequenceszazs . ..z,

can be converted to the shift of it rightwards by two posiiap to the gag — 10x32425 . .. 4. We look for what
condition should hold for the shifted sequence to be abledtcimup to the gap +2 = 2¢+ 1. Because we argued in
the last paragraph that the position (index) of the sequesacet shift rightwards by two before the gap, the segment
of sequence that convert tzsx42s ... 2, ends at index at leagt+ 1. If the index isg + 1 — 232425 ... 2511
converts t010x3x4x5 .x4, from the last paragraph, to match two more symbols we hgye = z442 = 7441 With
probability AR If the index is greater thagp+ 1, for exampleg + 2 — z3z4x5 . .. 2442 converts tolO0xszaxs . .. g4,
then amonge,3x,4, at least one of them should be the same symbal,as or =, 2. By conditioning on whether

2
|A|—1 |A]—1 |A|—2 4] A]?—6]A|+3
zg+1 and x40 equal, the probability |§—A‘ . (1 - (—IAt ) > + AT (1 — ( A ) > = ——qar < 1.

2_
Hence we havéPry; 1 < W - Prgy_1. For even numberg = 2t wheret = 1,2,..., we can bound the

- _ 2 t—1
probability Pr, = Pry, by Pry, ;. Hence, we havér, < Q‘Ij‘l"zl : (4|A‘ IA‘TL,AH?’)

t=1,2,....
— Casel''(A): The actual edif is the deletionA of =1, and until the gagy there is no other edit:

for g = 2t — 1 or 2t where

0xr0z32425 ... 24 - -+ = 00232425 ... 2g . ... (25)

In this caseys can be deleted and the smallgss 2. We denotey = 2¢ or 2t + 1, wheret = 1,2,.... The ambiguous
edit is a single insertion df in the run of0’s and should also result in the sanYethrough some typical edits:

some typical edits
0 $101‘3$4$5 - — 00210z32475 . . Tg... yp 00x3z4T5 . . . Lg.o.. (26)

W.l.o.g., assume;; = 1. From the above, there should be some typical edits suchaftet applying these edits to
the sequencéOzsz4ws ...z, . . ., the firstg — 2 symbols of the resulting sequence shouldibe,zs . . . z, — a shift
leftwards of two positions.

With similar arguments as Cagé& (1), the position/index of the sequence won't shift leftwargstivo positions to
match the |ndex ok before the actual edit pattern has the next edit (beforedpg. g-or the initial cond|t|onPr2 =1
and Prs = tA By induction, for even numbe@ 2t wheret = 1,2,..., Pryyo = Progo < AAP—GJAI3 p
For odd numberg = 2t + 1 wheret =1,2,..., we can bound the probab|I|tErq = Prosyq by ﬁrgt Hence we

havePr, < (W) for g =2t or 2t + 1 wheret =1,2,. ...

« Ambiguous local alignmentI? (Ix = Iy + 1): W.Lo.g., assume the symbol in the runfisand the subsequence X
starting from the run i90z,2225 . ... The correspondind -run to be aligned i$). There are two possibilities: 1) Case
I'2(A) — this corresponds to an edit pattern resulting)ffx; - -- — 0x; ... with an deletion of0 in the run. 2) Case
I'%(z) — the other possibility corresponds to the edit pattern withinsertion of an symbol other thdnin front of the
last0 in the run, breaking th&-run into two runs of0 with lengthix — 1 and lengtht — 00z - - - — 020z .. ..
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— Casel'?(A): The actual edifc is a single deletiom\, and until the gapy there is no other edit:
Oﬁxlxgm...wg--- — O0zi20m3 ... 2g . . .. (27)

In this case, the smallegtis 1. Denoteg = 2¢ — 1 or 2¢, wheret = 1,2,.... The ambiguous edit is an insertion of
21 in front of the last0 and should also results in the safWethrough some typical edits:

some typical edits
0“10961962:63...969--- — 0x10z 12223 ... 24 . .. yp T1T2L3 ... Ty .. .. (28)

W.l.o.g., assume;; = 1. From the above, there should be some typical edits suchaftet applying these edits to
the sequencelzozszy ... 24 .. ., the firstg — 1 symbols of the resulting sequence shouldibgsz, . ..z, — a shift
leftwards of two positions.

This is similar as Cas€&'(A) — shift forwards of two positions. (The only difference hésehe length of sequence

t—1
needed to match after the shiftgs— 1 istead ofg — 2 in this case.) In this case we hale, < (%#)

for g =2t — 1 or 2t wheret =1,2,....
— Casel?(z): The actual ediffs is an insertion of an symbol other thanin front of the last0, and until the gagy
there is no other edit:
0¥ 021 2223 . . Zg - — 000z 12273 ... 2y . . .. (29)

In this case, the smallegtis 1. Denoteg = 2t —1 or 2t, wheret = 1, 2,.... The ambiguous edit is a single deletion
of 0 and should also results in the sarffethrough some typical edits:

some typical edits
Oz zozs . . . Ty = 0212223 ... g . .. yp 000212223 ... 2g . ... (30)

The ambiguity only exists if the inserted symboéqualsz;. W.l.o.g., assumeé = x; = 1. From the above, there
should be some typical edits such that after applying thd#is & the sequence;zs...z, ..., and the firsty + 1
symbols of the resulting sequence shouldOlteszs . . . z, — a shift rightwards of two positions.

This is similar as Cas€&'(z) — shift rightwards of two positions. (The only differenceréés the length of sequence

t_
needed to match after the shiftds-1 istead ofg in this case.) In this case, we habe, < 4“:‘}"';4 . (4‘A|2|;6‘LA|+3)

for g =2t — 1 or 2t wheret =1,2,....

t—1
From the above case analysis, for all four cases, we Raye< EIE ) forg =2t—1org =2t wheret =1,2,....

g4|A\276|A\+3
HenceH (Ax ¢) < max(e,d)* - 2n- Y77 | Pry = O(max(e, )

n.
O
Lemmal6 below characterizes the “nature’s secret” of théchfized edit process as defined in Definit[dn 1.

0o -1 2
Lemma 6. lim,, oo 2ZH(E[X,Y) < Cj4(6 + €)+O(max(c,6)?) , where Clq = > (ﬁ) (1 - ﬁ) llogl is a
=1

constant that depends only on the alphabet &4

Proof: Knowing the global alignment ofx, ), the uncertainty in the typicalized edit pattern only lieghie uncertainty of the
locations of single-deletions and the single-insertiointhe same symbol (as in the run) within tikeruns. From the definition
of the typicalized edit pattern, ag-run undergoes at most one edit. Hence, we define the folppwotations describing the
edits from thex-runs perspective, which will be useful in calculatifE|X, Y, Ax v).

For any PreES, recall that we denote the number of runsxrby pg, and the run lengths byli,l>,...,l,.}. In the
following, we derive the probability of insertions and d@es in the typicalized edit process from bambol-perspective
and run-perspective

For thesymbol-perspective typicalized insertion/deletion pimibties, for any; = 1,2, ..., px, denoteSj to be the probability
that any specific symbol in thgth %-run is deletedd; = §(1 — e — d)5+! € (6 — (I; + 1)(62 + €5),6). Similarly, denote
¢; to be the probability that there is an insertion between tpecsic symbols in the extended run of thith x-run, ¢; =
e(1—e—08)12 e (e—(I;+2)(e2 +€d), €). Actually, we only need; < § andé; < e for upper bounding the “nature’s secret”.
The specific distribution of the typicalized edit proces®fisnterest for our future research on studying channel ciapaf
InDel channels.

Note that in the typicalized edit process, a&rrun either undergoes a single-deletion or a single-irsertHence, we
derive the insertion/deletion probabilities from the merspective. For any global alignmente {1,2,..., 8%y}, denote
D(pj) € {0,1}#= to be therun-perspective single-deletion patterwhere D, ; = 1 indicates there is one deletion in
the jth x-run in global alignmentz. Similarly, denotel”= € {0,1}#= to be therun-perspective single-same-symbol-

same(a)

insertion pattern where I, ,.a),; = 1 indicates there is one insertion of the same symbol (irserthat lengthens
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the run) in thejth x-run in global alignmenta. Dropping the subscripta) in D, ; and Igme(a),;, that is, D; and
Lame,; are indicating random variables of single-deletion andylsisame-symbol-insertion ifith x-run averaging over
all global alignments respectively. For a pdix,y), denote the event that processing a typicalized edit paieion
x leads toy, p(y|x) = > v S.t(x.6)y P(&). Moreove[, all the typicalized edit patterrés that proc?ssingi toy —
{Ve s.t(x,é) — y} — are classified into3z y groups{E} based on the global alignments, wheg,, denotes the
set of typicalized edit patterné that belongs to global alignment of (x,y). Hence, for alla € {1,2,...,8x3},

PAxy = 0) = (Cvecto, stixe-sP®) / (Tve sty @) = (Teecne, sitiersy P@) /p(¥1%). Hence,
S PFIR) S0 p(Asy = a)p(Diy; = 1) = 3o 0%t D veck ., Stxe)—y POP(Dw),; = 1) = Xp(@)p(D; = 1)
is the probability that there is one deletion in tjid x-run averaging over all the typicalized edit patterns, agdads!; 5

Similarly, > - p(3(x) 2’8’”’ (Azy = a)p(Lsame(a),; = 1) = e P(€)p(Lsame,j = 1) is the probab|I|ty that there is an insertion
of the same symbol in thgth x-run averaging over all the typicalized edit patterns, agdags - ] (I; + 1)¢;.

H(E|X7Y7AX7Y) = Z p(i,jr,a)H(E|i,§r,a) (31)
X,¥,a
= > px9)p(alx, ) HER,¥,0) (32)
X,¥,a
Bz,y .
= p(%3) > p(Asy = a)H(E[X,3,0) (33)
X,y a=1
( ) ﬁsc,y Px
= Zp(ia y) Z p(AX,$/ = a) Z (D(a),j log lj + Isame(a),j 1Og (ZJ + 1)) (34)
X,y a=1 Jj=1
Bx,5 Px
= Zp(i) Zp(yb_{) Z p(Afc,y = a) Z (D(a),j log lj + Isamc(a),j 10g (l] + 1)) (35)
% g -1 j=1

y a
p

|
wa ®
=
\,‘afl
g

PIR) D p(Asy = a) (p(D@a); = 1)10gl; + p(Lame(a),; = 1) 1og (I + 1)) (36)

=1y a=1
Px
@Zp(i)z:(}l, loglj + — |A| &l +1)log (I; +1)) 37)
X j=1
c Px
QZP(X)Z (6lj logl; + |.il| e(l; +1)log (I; +1)) (38)
X j=1
@ . o= 1\ 1)? -1 1)\?
_6n;(ﬁ) (1_W) llogl+ en;(V”) (1_W) (I+1)log(I+1) (39)

@(§+e)ni< ! )H (1—i>211o l (40)
- A A

where stefa) is because when the global alignment®&fy) is known, the uncertainty only lies in the edit-positionghiose
x-runs undergoing single-deletion and single-same-sysmtsartion. Stepb) comes from the analysis in the last paragraph.
Step(c) is becausé; € (6 — (I(j+1)(92+€d),8) andé; € (e — (I¢j) +2) (e +€d), €). (In fact, it is straightforward that; < ¢
andé; < ¢, because the typicalized edit pattern is obtained from tiggnal edit pattern through eliminating some edits.) Step

-1
(d) is because)_, p(X) ilogly =302, ’I‘E”[Ll)llogl wherep(l) = (ﬁ) (1 - ﬁ) is the run length distribution
of X and E[L] = 1/ (1 - W) is the expectation. Similarly fop . p(x) >20%, (I; + 1)log (I; + 1). Step(e) comes from
changing the index+ 1 to [ and some calculation.

Finally, lim, .. 2H(E|X,Y) < lim, o 2H(E, A ¢|X.Y) = lim, o

1
n

o oo 1 -1 1
limy, 00 % [H(Ax_y) + HEX,Y, AX,Y)} < (0+¢€) Z (W) (1 - W) llog! + O(max(e, 5)%).
=1

[H(Ax vIX,Y) + HEBX, Y, Ax v)] =
2

O
In the following Lemmdl7, we show that the nature’s secrettli@roriginal edit process is “close” to the nature’s secfet o
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the typicalized edit process. We first reprise a useful femnnf[21].

Fact 2. [2I][Fact V.25] Supposd/, U, and V' are random variables with the property th&t is a deterministic function of
U and V, and alsoU is a deterministic function off and V. (Denote this property by/ & U.) Then

[H(U) ~ H(U)| < H(V). (41)
Lemma 7. lim, o L|H(E[X,Y) - HE[X,Y)| <56 max (,6)> " + O(max (e, 6)%) for any 7 > 0.

Proof: We use FacEl2 to bountH (E,X,Y) — H(E,X,Y)| by H(EC). To do so, we magE,X,Y) asU, (E,X,Y)
asU, andEC asV in Factj}, and further, show below that the conditions resgliin Fact P are satisfied. Similarly, by
mapping(X,Y) asU, (X,Y) asU, and (E°, Ag ) asV in Fact[2, and showing below that the conditions required in
Fact[2 are also satisfied, we can boudfiX,Y) — H(X,Y)| by H(E®, Ag ). Hence,|H(EX,Y) — H(E|X,Y)| =
(H(B,X,Y) - HE,X,Y)) + (H(X,Y) - HX,Y))| < HE) + HE, Ag ) < 2H(E) + H(Ag 3 ).

The detailed reasoning for the two pairs of the relationsheydbove mappiné in Fat 2 is as follows.

. (E X Y) (E X,Y)

- " The typicalized edit patteri as given in Def|n|t|or[I1 is a deterministic function BfandX. Then givenE
andX one can compute the typicalized PosE®Sas noted in Definitiof]2.

— “<": To show that(E X Y) is a deterministic function o(E X,Y) andEC, we proceed as follows. We firstly
allgn the —’s and ‘A’s in EC with the ‘7’s and the A’s in E. We then obtairE from E by changing theif's to ‘A’s
where the corresponding symbold_\ss in EC, and inserting insertion edits’s of the corresponding content back
where there arer’s in EC. The corresponding example is shown in Figl 11. The inmif®that the original edit
patternE is a “union” of the typicalized edit& and the eliminated edits stored in the complement of thecgizied
edit patternE“. After determiningE, Y can be determined frorfiX, E).

C’
. (X,Y) & (X, V)
— “«" With AXY, the Y-runs can be aligned to parent run/runsXnwithout any ambiguity. Indeed, this is the

content of Lemmd&l6. Also, the atypical edi& can be aligned t&X. Then given the typicalized PosESS and
the atypical editsi, one can reconstrucY as follows. If the corresponding sections Ef for a X-run-Y-run
match is “empty” (comprises only of-"), then we reconstruct the run/runs f as the same as the run/runsth
For the sections where the atypical edit§ are nonempty (has some eliminated insertiafsléletions ‘A’) the
correspondingk undergoes some atypical editsi) which are all eliminated ifE. Hence the correspondifg-run

is exactly the same as tf#-run. To reconstruct these atypical runs¥n we only need to apply the eliminated edits
specified inEC back to the correspondiri§-runs. The corresponding example is shown in Eig. 12.

— “—" Although (X,Y) are in general hard to align, with the aid Bf, the 0-subsequences &€ correspond to no
edit-elimination parts ifX. Hence the corresponding parts ¥a remain the same iY. The nonzero entries i®
specify the specific edit pattern in t&-runs where there are edit-eliminations. Th@eauns undergo no edits in
Y. The alignmentdy v helps with alignmenEC to the X-runs. The corresponding example is shown in Fig. 13.

eliminated insertions are restored by inserting ¢ back

=
=
=
=
=
=
B
=
=
B
=
S
=

=
=
3\
=
3

n
J —
eliminated deletions are restored by replacing 77 with A

Fig. 11: Example of Eg

In EC, there is an elimination of a deletion with probabili;[ﬁ =6—0(1—e—8)loT < (I +1)(ed +6%), wherel;) is
the length of the run wher&'; occurs. Averaging oveK, denote the run length random variable bythe probability that a
deletion inE is eliminated iC2 = By, [Cjé] < (E[L] +1)(ed + 62). Note thatE[L] = \flll%‘l < 2, where equality holds when
|A| = 2. Hence¢2 < 3(ed + 02) < 6 max (e, §)°

Slmllarly, there is an elimination of an insertion B with probability (— =e—e(l—e—0)0T2 < (I +2)(ed + €2),
wherel;) is the length of the run wheré&; occurs. Averaging ovek, denote the run length random variable by the
probablhty that an insertion ifE is eliminated is¢t = EL[(J] < (BE[L] + 2)(ed + €2). Hence(E < 4(ed + €2) < 8max (¢, )
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with Ag

the alignment of X, Y is known

_ X, Y’
X 0 0 0}1 1 1 112 2(3(2|3 3
Y 0 0 1 0|1 1 1 1|2 31213 3 3
BC - - |- A A |- —|-|-|- -
Y 0 0 1 01 4 112 31213 3 3
in the run-matches where EC are all —’s, Y is the same as Y
otherwise, apply the eliminated edits specified in EC back to get Y
. o BCAg o)
Fig. 12: Example ofY —Y
X 0 0 0 1 1 1 1 2 2 3 2 3 3
C - - - - Ap A - -
Y 0 0 1 0 1 4 1 3 2 3 3 3
X p 0 0 1 A¥ 1 1
c - - _ Ay A -
Y 0 0 1 4 1 Wrong Y, not a possible alignment
X 0 0ot 0o 1 A 1 1 2 2 3 2 38 3
¢~ — - - A A - - - - - — -
Y 0 01 0 1 4 1 2 3 2 33 3 .
- — \Ag < tells which
possible to get Y ali);’r?; lent it is
X 28 2 3 2 3 3
~ O T
Y 23 2 3 3 3
h ) possible to get Y
Y 0 01 0 1 1 1 1 2 3 2 33 3
_ (B Az )
Fig. 13: Example ofY =YLy

Recall Definitior(3 thae¢ = (0"~ %1 gXi—Fr)

H(Oy) = H(¢A, 51— A = ¢
= H(CR) + H(CY) — (log )¢A¢E + O(max(¢2, ¢
= —(Blog (¢&) - )
= —(2log (¢2) — (1 = (&) (loge) (¢ + O((¢3)*) +
= —(Rlog (CB) + (log )¢A — ¢Flog (¢F) +

12 max (¢,8)* 7
= 28 max (e,6)>"7 + O(max (e, 6)?).

7IA(I|OH+KI*IA(I)

(n+ E[K;] — EE)H(O,) + H(C (K — Kp)
= (n+ EIK;) = E[R)H(0,) + (BlK:) - BIK1]) log|A

< 2EEH(0,) + T log A
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. By similar calculation as Equatidd 4 in Lemiink 4,

%)

(1—(B)log (1 — A) + H(¢E) + O(max (¢, 6)")

H(CY) + O(max (¢,6)")

(log e)CZ + O(max (e, 5)4)
+ 16 max (e, 5)2_T + O(max (e, 5)2)



< ZH_ : (28 max (¢,8)*”" + O(max (¢, 8)”) + 8 max (¢, §)* log |A|) = TlH_ - (28 maix (¢, )" + O(max (e, 5)2))
— €

— €

where step (a) is by Theordm 1.
Hence lim,, o |H(E[X,Y) - H(B|X,Y)| < lim, o 1 (2H(EC )+ H(Ag ¢ ) 56 max (¢, )" + O(max (¢, )%)
for any 7 > 0. (Recall in the proof of Lemm@l 6 we've shown thet Ag v) < O(max (e, §)*)n.)
O
Remark: For our purpose of finding a lower bound on the achievable, ra&e only need one direction, that is,
lim,, o0 2(H(E|X,Y) — H(E|X,Y)) > —56max(c,0)* " + O(max (¢,6)”). LemmalY gives a stronger statement and
will be useful for our ongoing research on insertion-deletthannel capacity.

Theoren{B below is the main theorem characterizing the mnétion-theoretic lower bound of the optimal rate for RPES-
LtRRID process.

P 2
elog|A| — (0 4 €)C| 4 — 56 max (6,6)> " + O(max (¢, 6)*) for any T > 0, whereC| 4 = Z <|A|) ( W) llogl
is a constant that depends on the alphabet &ite
Proof: Combine Lemm&]3.14.]6, arid 7, we have

Theorem 8. The optimal average transmission rate for RPES-LtRRID qm;erR*5 = hm7H00 - (Y|X ) > H(5)+ H(e) +

lim %H(YD_() = lim %[H(Elf() + H(Y|E,X) — HEX,Y)] (42)
= Jim %[H(E) — H(BIX, Y)] (43)
~ Jim nH( )~ lim 1H(E|X ¥)+ lim %( (BIX,Y) - HEX,Y)) (44)
> H(6) + H(e) + elog |A| + 2min(e, )™ — (6 + €)C) 4) — 56 max (¢,8)* " + O(max (¢,8)?)  (45)
> H(6) + H(e) + elog |A| — (5 + €)C|4 — 56 max (¢,6)*" " + O(max (¢, 5)”) (46)

0
Remark: Whene = 0 and|.A| = 2, our result matches with result in Corollary 1V.5. for thenairy deletion channel in [16].

B. APES-AID Process

Given an arbitrary pre-edit source sequedce A", recall that theX-post-edit se/. s(X) denotes the set of all sequences
over A that may be obtained frorX via an arbitrary(e, §)-InDel process. For zero-error decodability, The encodssds to
sendlog | ). s(X)| bits to decoder. The larger th¥-post-edit set, the larger the corresponding lower boundhenoptimal
achievable rate. Hence to find a “good” lower bound on thenagitiachievable rate, one needs to find a pre-edit sequ¥nce
with a largeX-post-edit set.

In two special cases of the edit process, the arbiteansertion process and the arbitrargdeletion process, the sizes of the
post-edit sets have been well studied in literature. We pegsent the results in [19], [20] using our notation. Fordhgitrary
e-insertion process, the size of the post-edit(&t(X)| = 357, (") (4| = 1) > ("1")(|A] — 1) is independent of
the PreESSX. For the arbitrary-deletion process, the size of the largest post-editXet(X)| > ijo ("‘J‘s") > ("0
depends on the PreESE. In the following, we give examples of the PreESSs and ittt of the lower bounds for the two
special cases.

For an arbitrarye-insertion process, consider a PreESS that we deKgtewhich is a single length- run of the same
symbola € A. Consider insertions of the form that of thet en locations in the POSESY, exactlyen locations correspond
to insertions of symbols other than For such a PreESX,, and such insertion patterns, all the possible resultindg=B&s
Y are all distinct. The number of such insertion patterng’i§<")(|.A| — 1)<". Hence, a lower bound on the number of
POSESSY.0(Xa)| is ("F¢")(JA] — 1)<". The corresponding lower bound on the optimal achievale +a- log |V 0(Xa )|,
is asymptotically(1 + €) H (1) + elog (|A| — 1) by Stirling’s approximation[[24].

For an arbitrarys-deletion processes, consider a PreESS that we deXigg, where each symbol is different from the
preceding one, i.eXjf consists of: length- runs. Consider the set of deletion patterns which delet bitrary subset ofn
non-pairwise-contiguous symbols fraMyifr . Note that each such deletion pattern results in a distinsEBSY. The number
of these deletion patterns (§}5 ) The corresponding lower bound on the optimal achlevakike+al log [Vo,s(Xyiff )|, 1S
asymptotically(1 — §) H (1= 5) by Stirling’s approximation[[24].
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To our best knowledge, there is no literature on the bounddhe scenario with both insertions and deletions. In the
Theorem® below, we derive a lower bound on the achievabig tat constructing a PreESX;p and a subset of InDel
patterns, such that any of the InDel patterns in the subpetieal to X g, results in a distinct POSESS.

Theorem 9. The optimal transmission rate of APES-AID procé¥s; > H(6)+ H (€)+elog | A| - I%\e_ (2loge) max(e, §)2+
O(max(e, 6)%) + € - O((F%‘)Q)

Proof: Consider a PreESX 5 constructed by alternating two symbols, for exampl®1...01. This PreESS has largest
possible number of rungf, and is composed of least symbol from the alphabgt (

We describe a subset of arbitrafy, )-InDel patterns that result in a “largeXy,g-post-edit set. In this subset of InDel
patterns, we require that all thix deletions precede all the: insertions. Next, we require that the deletions, and then th
insertions, occur in a “left-to-right manner” (so that asn; so to speak, first deletes all the locations to be dekstqdentially
from left to right, and then starts from the beginning of ti®rtened sequence again to insert symbols in an analogftus le
to-right manner). Further, the deletions may delete &mynon-pairwise-contiguous symbols (if a symbol is deleteslther
its two neighbor symbols will be deleted). Also each insgrtmay only insert symbols froffi2, ..., |A| — 1}.

It can be verified that each edit pattern results in a distlastESSY, by noting that giverX 5 andY, one can reconstruct
the edit pattern. To do so, one first check for the “extra” sghalfthose in the rang€2, ..., |A| — 1}) to identify the insertion
pattern uniquely. Then one takes out those “extra” symladigns the remaining sequenceXq,g and checks for the “missing”
symbols (0, 1}) to identify the deletion pattern uniquely (because nogpafmeighbor symbols got deleted). The overall InDel
pattern is then the left-to-right composition of the delatpattern and insertion pattern.

The number of such InDel patterns as described abO\(éjg”) (”"17;“")(|A| — 2)", hence is a lower bound on the
number of POSES$). 5(X1g)|. The corresponding lower bound on the optimal achievalie 4 ; — %log |Ve.s(Xip)|, Is

asymptotically(1 — 6)H (1%5) +(1—-6+eH (1%5“) + elog (JA| — 2) by Stirling’s approximation[[24]. By expanding the
binary entropy function and taking Taylor expansion,

(1—6)H <%) (=64 OH (1%”6) + clog (JA] — 2) (7)
0 0 1-2§ 1-26 € € 1-6 1-9§
=(1-9) (_1—610g1—6_ =5 8 1—6>+(1_5+€) <_1—5+€10g1—6+6_ 1-0+e Og1—5+e)
(48)
+ elog |A| + elog (1 — %) (49)
= —dlog T35 (1-— 25)1og11%2§5 —elogl%s_’_6 —(1- 5)1og11%55+6 + elog|A| +elog (1 — %) (50)
=—0logd — (1 —20)log(1—20)+ (1 —d)log(l—3)—eloge—(1—0)log(1—9)+ (1 —3d+e)log(l—39+¢) (51)
+ elog |A| + elog (1 — %) (52)
= H(§) + H(e) + elog A — (1 —26)log (1 — 26) + (1 — ) log (1 — ) + (1 — €) log (1 — ¢) (53)
+(1—6+6)10g(1—5+6)+610g(1—%) (54)
= H(0)+ H(e) + elog |A| — (1 — 20)(loge)(—26 — (23)2 —0(6*) + (1 —0)(loge)(—d — ; —0(8*)+ (55)
€ (6 —€)? 2 2 2
(1= €)(loge)(—e = 5 = O(e")) + (1 = 0 + €)(log ) [=(3 — €) = == = O((d — €)")] + E(loge)[—w - (W)2/2 - O((w)?’)]
(56)
= H(0) + H(e) + elog |A| + (loge)(e* — 6% — ed — e%) + O(max(e, §)%) + ¢ - O((%)Q) (57)
> H(5) + H(e) + clog|A] - %e — (2loge) max(e, 8)? + O(max(e, 6)°) + - 0((ﬁ)2) (58)
|

IV. ALGORITHM AND PERFORMANCE

We propose a unified coding scheme for both APES-AID and REER®RID processes. The coding scheme is a combination
of dynamic programming (DP) and entropy coding. Note thangi®P to find the edit distance between two sequences is
well-known in the literature — the contribution here is tardmstrate that for “large” alphabet and “small” amount otgdhis
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algorithmic procedure results in an expected descripémyth that matches information-theoretic lower boundsaufower
order terms. Coding schemes achieving alphabet-size tiaa¢snatch the lower bounds in Theoréin 9 and Thedrem 8 is an
ongoing direnction.

A. Algorithm

For this section of a unified algorithm for both APES-AID an@ES-LtRRID processes, we unify the notation by notation
without bars.

The encode®,, takes in the following inputs: the PreESS and the PosESY, and outputs a transmissidh as follows:
Step 1 DP-enc:The first subroutine of the encoder runslynamic progranon the input(X,Y) to output an edit patteri
with én insertions andn deletions. This edit patterR satisfies the condition thd€ + &) is the minimum number of edits
needed to conveX to Y. “Standard” edit-distance algorithms typically run in @nthat is quadratic im, the lengths of the
strings being compared. We reference here Ukkonens Wwoiksj@Be it gives an algorithm that i©(nk), wherek refers to
the edit distance- the minimum number of edits needed to processXoto getY, and is hence faster.

Step 2 Repre-enc:Represent the edit patted as a pair of sequence($5"+€",6'€”), where the edit operation pattern
ontén ¢ {r, A, 7}"+e" specifies the edit operations of the output edit pattern byafdPthe insertion content patteffi” € A
specifies the content of insertions of the output edit patbgr DP.

Step 3 Entro-enc: The encoder uses Lempel-Ziv entropy code to compg¥ss™ and C<".

The output of the encoder is a composition of the above theessEnc(X,Y) = Entro(Repre(DP(X,Y))).

The decoder decodé€¥™¢" andC®" by an entropy decoder corresponding to the entropy encadgtep 3, and reconstructs
Y from (X, 0"+ Ce),

B. Performance

It is well known in literature thatlynamic programmingdinds theedit distancebetween two sequences — the minirtahl
numberof edits (insertions, deletions and substitutions) ne¢dednvert one sequence to the other. Whereas in our model wit
only insertions and deletions, it is straightforward totfier deduce that the number of insertions and the numberlefiaies
output by DP are both minimized, for the following reason. For all thetguhitterns that convertX to Y, the number of
insertions ;) and the number of deletiong((y) subject to the constraiftp, — K; = |X| — |Y|, where the lengths of two
source sequenceéX| and|Y| are fixed given the two sequences. Hence, minimizihg + K over all the edit patterns that
convertsX to Y minimizes bothK p and K;. For the proof of Theoref 10 amdl11, we only need a looserms&tewhich
is stated in the following Facf 3.

Fact 3. The number of insertions (respectively the number of aels}iof the edit pattern output by dynamic programming
én (respectivelydn) is always no larger than the number of insertions of the aktdit pattern (respectively the number of
deletions of the actual edit pattern). Hence, for the admyr (e, 6)-Indel process,

e<e, 0<6. (59)

In the limit as the block length goes to infinity, the compression rate of the above algorithiim,, , .. %H(O’“‘E", C‘E").

In the following we characterize upper bounds on the congiwasrate of the algorithm for both RPES-LtRRID process and
APES-AID process.

1) Performance for RPES-LtRRID Procesk the RPES-LtRRID process, the number of deletions andrtioss may
exceed the expectatioiqf—én and = (n + 1) respectively, in which case may lead to more bits transthitkéoreover, the
number of insertions can be unbounded. In Thedreim 10 blovsheg that these events contribute a negligible amount to the
achievable rate as the block lengthtends to infinity, by using Chernoff bound to show that thebgatulity the number of
insertions/deletions is “much more” than expectation ipagentially small in block length, while the amount contribute to

the rate is polynomial in block length.

Theorem 10. The algorithm achieves a rate of at makit(d) + H(e) + elog|A| + (log|A] + loge — 2) max (¢,8)° " +
O(max (¢, 6)*) for any tau > 0 for the RPES-LtRRID process.

Sketch proof: The number of deletiong(, is sum ofn i.i.d. Bernoulli(:2-). Hence by Chernoff bound}r(Kp > (1 +

nt4)2Ln) < ¢~ 50=9V" Similarly, the number of insertion&; is the sum ofn + 1 i.i.d. Geog(1 — €). Hence by
Chernoff boundPr(K; > (1 +n~ V%)~ (n +1)) < ¢ 509" 7% Hence, with probability at least — e 509 V" —

— 1—¢

e~V TR by Fact(B,6 < 2 (1+n"V4 andé < 1< (1 +n~Y4)(1 + n~t). By Appendix[C, the information

rate contributes tdim, ., L H(O"+", C") is at mostH (1) + H(1%) + 1 log A + (loge)(:)? + O ((ﬁ)‘l) —
H(:&) + H(:=) + 1= log A + (loge)e? + O(€3).
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With probability at most ™ 509 V" 4 ¢ "30=0 (VIR ) e (1+n~YH:2n,n] andK; € [(1+n~Y4) = (n+1)),n].
The number of bits needed to specify the edit pattern is finea (bounded from the above WBn + nlog.A). However,
the probability is exponentially small in. Hence, as the block length goes to infinity, the information contributed to
lim,, o0 + H(O™", C¥") goes to zero.

The number of deletion&p, won't exceedn, whereas the number of insertiohA§ can be unbounded. Whek; is larger
than but still linear inn (K; = ©(n)), the number of bits needed to specify the edit pattern igalinn n, whereas the
probability of this event is exponentially small in Similarly, whenK; = Q(n), the number of bits needed to specify the edit
pattern is linear ink; and the probability of is exponentially small i§;. Hence, the amount of information rate contributes
to lim,,— 0o %H(O"JFE", C‘E") when theK; exceeds: goes to zero as goes to infinity.

From the above analysis, averaging over the randomnesseoédh processlim,, %H(O"*KI,C*KI) < H(&) +

H(:%) + 1= (loge)e? + O(€*). By Taylor expansion and the calculations below, the ratéezed by the algorithm
is upper bounded b7 (8) + H (e) + elog | A + (log | A + loge — 2) max (¢,8)> 7 + O(max (e, §)°).
) 4 ) l—e—0, 1l—e—9§
H(l—e):_l—ebgl—e_ 1—e€ log 1—ce¢ (60)
z—li log§ — 116 610g(1—e—6)+10g(1—e) (61)
=01 +e+0(*))logd — (1 —e—6)(1+e+O(*))log (1 — € — 6) + log (1 — €) (62)
= [~dlogd — (1 —6)log (1 —0)] — (e + O(e*)) log § — (1 — 6 + O(max(e, §)?)) log (1 — e — &)+ (63)
log (1 —¢)+ (1—40)log(l—9) (64)
= H(0) —eflogd + (1 — 6 + O(max(e, 8)?))(loge)(e + 6 + (e + )2 /2 + O((e + 6)3))— (65)
(log e)(e+€e2/24+0(*) — (1 —8)(loge) (s + 62 /2 + O(6%)) (66)
H(8) — edlogd + (loge) - [e + 6 + €2/2 — 6%/2 — e — €2 /2 — § + 62 /2] + O(max(e, §)*) (67)
H(8) — '™ + O(max(e, 6)?) (68)
€ € € 1—2¢ 1—2¢
H(l—e):_l—ebgl—e_1—610g1—e (69)
1—2e
= 1_Eloge— 1_Elog(1—2e)—|—10g(1—e) (70)
= —e(1+e+0(?)loge— (1 —2¢)(1 + e+ O(e?)) log (1 — 2¢) + log (1 — €) (71)

)
= [—eloge — (1 —€)log (1 —€)] — (e + O(*)) loge — (1 — e + O(*)) log (1 — 2€) + (2 — €) log (1 —€)  (72)
= H(e) — ?loge — (1 — e+ O(e*))(log e)(—2¢ — (2€)2/2 + O(*)) + (2 — €)(loge)(—e — €2 /2 + O(e*))  (73)

=H(e) — 77 4+ O(e?) (74)
ielogA: e(1+ €+ O(e2)) log A (75)

= elog A + (log A)e* + O(?) (76)

|

2) Performance for APES-AID Process:

Theorem 11. The algorithm achieves a rate of at mdg{d) + H (¢) + ¢ log | A| + (log e)e? + O(e*) for the APES-AID process.

Proof: The asymptotic compression rate of the algorithm in SectBAA] is lim, e L H(O"JFE" oy =
lim,, oo —H(O”“”H—hm7H00 1 H(Cm) (the contents of insertions are mdependent with the pmstof the edit operations).
The empirical entropy oD™+¢" can be calculated (in Appendi¥ C), herlae,, ., + H(O"“") = H(é) + H(&)+ (loge)e? +
O(e*). The contents of insertions are uniformly drawn frofn hencelim,, . —H(CE") = limy, o0 ~énlog|A| = €log|Al.
So the compression rate of the algorithm for the APES-AIDcpss is at mosH (3) + H(€) + élog |A| + (log €)é® + O(&*).
By Fact[3, an upper bound of the compression ratéf {§) + H (¢) + elog |A| + (loge)e? + O(e?). ]
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APPENDIXA
DIFFERENTSTOCHASTIC INDEL PROCESSES

There are potentially many ways to model a stochastic InPetgss. In this paper, we study a left-to-right random InDel
process modeled as a three-state Markov chain as shown .ifflFigis a memoryless (i.i.d.) random InDel model. A more
general left-to-right random InDel process with memoryhiswn in Fig.[2. More details are discussed in Seclion I-Bie T
model was also studied inl[8] as a channel with synchromimagirors. The authors imposed a maximum insertion lengitth, a
the insertion/deletion probabilities to equal for the extpd-length of the output sequence being the same as theseguence.
These two requirements are not needed in our paper. Theralith{8] proposed a block code which is a concatenation of a
“watermark” code and a LDPC code for this synchronizatiawrechannel, and presented the empirical performance af the
code.

Another model (possibly more realistic for human editingpdgor) is to allow and embed the randomness of the “cursor”
jumping back and forth. This InDel process can also be madatea three-state Markov chain. Hig] 14 shows a special case
where with “uniform cursor jump”: at each iteration, the sorr jumps to a position which is uniformly distributed in the
current sequence, deletes the symbol in front with proliahil,, or inserts a symbol uniformly drawn from the alphabkt
with probabilityp; = 1 — Pp. We believe our approach will derive similar results fosthodel, because the probability of the
insertion-deletion interaction is of ordé¥ed), which to the lower order term. Such a model typically endgeiperating “sparse
isolated edits”. A more sophisticated stochastic modettebgresenting “realistic” edit scenarios, would have strihution
on the cursor jump, and also a distribution on the run-lergftinsertions and deletions — this is the subject of ongoing

investigation.
Delete Symbol
in front of cursor
1
PD

Cursor Jump
PCJ ~ U{Xcurrent ),
) ™ T enrrent)

Insert Symbol

uniformly from A

k iterations

Fig. 14: other stochastic model 1

Since an insertion process can be regarded as the inversadeletion process, a random InDel process as in [Eif). 15

was studied in[[10]. The authors in [10] also considered ttie @peration substitution. Here we hide the part corresjpan

to the substitution process to just represent the InDel ggmicin Fig[I5, an auxiliary sequenZe € A" is a lengthn
sequence of symbols drawn i.i.d. uniformly at random frora #ource alphabetl. SequenceX and Y are generated
from Z through two i.i.d. deletion processes with deletion pralitgbp; andpp respectively. HenceX is a variable length
(Binomial(n, 1 — pr)) sequence of i.i.d. symbols fromd. The authors in[[10] proposed and algorithm which is asy gty
optimal for small insertion and deletion probability. Mapecifically, their algorithm i€)(max(p;, pp)?~") far from optimal
lim,, s o %H(Y|X) However, they didn't derive the explicit expression for tteem lim, ... -~ H(Y|X) for the InDel
proces@. Whereas one of our main effort was to characterize the @kplkpression of the optimal rate.

Z
Deletion(py) Deletion(pp
X Y

Fig. 15: other stochastic model 2

There are also many different stochastic insertion/dmlethodel in the line of works about insertion/deletion chelan
A random InDel model where each source bit/symbol is deletitd probability pp, or with an extra bit/symbol inserted
after it with probabilityp;, or transmitted/kept (no deletion or insertion after) wtobability 1 — pp — p; was studied in
both [13], [26]. In [26], capacity lower bounds for channeisdeled as this InDel process are proposed. Th [13], an ithgor
for two-way file synchronization under non-binary non-onih source alphabet was proposed. The Gallager mbdel [Bd], a
studied in [28], is an InDel channel where each transmittiédndependently gets deleted with probability, or replaced
with two random bits with probability;.

100pposite from[[ID] in our paper we use for the side-information and for the sequence to be synchronized.
11For the case with only deletions, the authors do have annirdtion-theoretic lower bound in their earlier wofk [14]
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APPENDIXB
PROOF OFFacT[

We adopt the following notation in this proof:
1. Given a sequence, a newly inserted symbol is written wiglu@erscript (o).
2. Given a string, a deleted symbol is not actually deleted fstead, is written with a subscrigt (aa).

Note that with this notation, the scenario of deleting areitesd symbol is represented a&; the scenario of inserting a
deleted symbol is represented @sa*.

Take PreESX and perform the arbitrarye, )-InDel process , to obtain a string of length < n + en of which, at most
on symbols haveA-subscript, and at most.symbols have-superscript.

We can discard symbols which have badihsubscript and-superscript ¢*), and treat those as if they were never inserted

in the first place. Since the symbols with only-subscript are those found in the PreEXSit is obvious we can perform
all the deletions first (an arbitrarg~deletion process), and then all the insertion (an arlyitegs-insertion process because
the ratio of number of insertions to the length of sequenter dfie deletions can be at mosts) to obtain the exact same
sequence.

APPENDIXC .
ENTROPY ENCODING RATE OFO"é"

The entropy encoder Entro-enc encod¥s ¢" at the empirical entropy. The empirical distribution{af A, 7} in O"é" is

1-9 € )
pﬁ_1+€7pi—1+gapA_1+g- (77)
The empirical entropy of the symbols, A, 77} in O"+é" is,
. 1 An-+-én
Jm e, O (78)
1-6. 1-46 € € ) )
TTr e BT T1e%®Tre 11¢%T1e (79)
1 ~
=7 vl [H()+H(€)+ (1 —¢€)log(l —¢€)+ (14 ¢€)log(l+ )] (80)
(@) 1 - . . . e 8 ” . = ~4
= — - [HO)+ H()+(1—¢&)(loge)(—€— — — —+O(€")) + (1 + &) (loge) (€ — — + — + O(€%))] (81)
1+¢€ 2 3 2 3
1 ~
“11¢ [H(6) + H(€) + (loge)é® + O(e")], (82)
where step (@) is by Taylor expansion.
Hence, .
lim EH(O”*") = H(5) + H(&) + (loge)& + O(eY). (83)
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