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Studies of the resonance structure in D0 → K0
SK

�π∓ decays

R. Aaij et al.*

(LHCb Collaboration)
(Received 23 September 2015; published 31 March 2016)

Amplitude models are applied to studies of resonance structure in D0 → K0
SK

−πþ and D0 → K0
SK

þπ−

decays using pp collision data corresponding to an integrated luminosity of 3.0 fb−1 collected by the
LHCb experiment. Relative magnitude and phase information is determined, and coherence factors and
related observables are computed for both the whole phase space and a restricted region of 100 MeV=c2

around the K�ð892Þ� resonance. Two formulations for the Kπ S-wave are used, both of which give a
good description of the data. The ratio of branching fractions BðD0 → K0

SK
þπ−Þ=BðD0 → K0

SK
−πþÞ is

measured to be 0.655� 0.004ðstatÞ � 0.006ðsystÞ over the full phase space and 0.370� 0.003ðstatÞ �
0.012ðsystÞ in the restricted region. A search for CP violation is performed using the amplitude models
and no significant effect is found. Predictions from SU(3) flavor symmetry for K�ð892ÞK amplitudes of
different charges are compared with the amplitude model results.

DOI: 10.1103/PhysRevD.93.052018

I. INTRODUCTION

A large variety of physics can be accessed by studying
the decays1 D0 → K0

SK
−πþ and D0 → K0

SK
þπ−. Analysis

of the relative amplitudes of intermediate resonances
contributing to these decays can help in understanding
the behavior of the strong interaction at low energies. These
modes are also of interest for improving knowledge of
the Cabibbo-Kobayashi-Maskawa (CKM) [1,2] matrix,
and CP-violation measurements and mixing studies in
the D0 −D0 system. Both modes are singly Cabibbo-
suppressed (SCS), with the K0

SK
−πþ final state favored by

approximately ×1.7 with respect to its K0
SK

þπ− counter-
part [3]. The main classes of Feynman diagrams, and
the subdecays to which they contribute, are shown
in Fig. 1.
Flavor symmetries are an important phenomenological

tool in the study of hadronic decays, and the presence of
both charged and neutral K� resonances in each D0 →
K0

SK
�π∓ mode allows several tests of SU(3) flavor

symmetry to be carried out [4,5]. The K0
SK

�π∓ final states
also provide opportunities to study the incompletely
understood Kπ S-wave systems [6], and to probe several
resonances in the K0

SK
� decay channels that are poorly

established.
An important goal of flavor physics is to make a

precise determination of the CKM unitarity-triangle angle

γ ≡ argð−VudV�
ub=VcdV�

cbÞ. Information on this parameter2

can be obtained by studying CP-violating observables in

the decays B− → D
ð−Þ

0K−, where the D0 and D0 are
reconstructed in a set of common final states [7,8], such
as the modes D0 → K0

SK
−πþ and D0 → K0

SK
þπ− [9].

Optimum statistical power is achieved by studying the
dependence of the CP asymmetry on where in three-body
phase space the D-meson decay occurs, provided that
the decay amplitude from the intermediate resonances is
sufficiently well described. Alternatively, an inclusive
analysis may be pursued, as in Ref. [10], with a “coherence
factor” [11] parametrizing the net effect of these resonan-
ces. The coherence factor of these decays has been
measured by the CLEO collaboration using quantum-
correlated D0 decays at the open-charm threshold [12],
but it may also be calculated from knowledge of the
contributing resonances. In both cases, therefore, it is
valuable to be able to model the variation of the magnitude
and phase of the D0-decay amplitudes across phase space.
The search for CP violation in the charm system is

motivated by the fact that several theories of physics
beyond the standard model (SM) predict enhancements
above the very small effects expected in the SM [13–15].
Singly Cabibbo-suppressed decays provide a promising
laboratory in which to perform this search for direct CP
violation because of the significant role that loop diagrams
play in these processes [16]. Multibody SCS decays, such
as D0 → K0

SK
−πþ and D0 → K0

SK
þπ−, have in addition

the attractive feature that the interfering resonances may
lead to CP violation in local regions of phase space, again
motivating a good understanding of the resonant substruc-
ture. The same modes may also be exploited to perform a

*Full author list given at the end of the article.
1The inclusion of charge-conjugate processes is implied,

except in the definition of CP asymmetries.
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D0 −D0 mixing measurement, or to probe indirect CP
violation, either through a time-dependent measurement
of the evolution of the phase space of the decays, or the
inclusive K0

SK
−πþ and K0

SK
þπ− final states [17].

In this paper time-integrated amplitude models of these
decays are constructed and used to test SU(3) flavor
symmetry predictions, search for local CP violation, and
compute coherence factors and associated parameters. In
addition, a precise measurement is performed of the ratio of
branching fractions of the two decays. The data sample is
obtained from pp collisions corresponding to an integrated
luminosity of 3.0 fb−1 collected by the LHCb detector
[18,19] during 2011 and 2012 at center-of-mass energiesffiffiffi
s

p ¼ 7 TeV and 8 TeV, respectively. The sample contains
around one hundred times more signal decays than were
analyzed in a previous amplitude study of the same modes
performed by the CLEO collaboration [12].
The paper is organized as follows. In Sec. II, the detector,

data and simulation samples are described, and in Sec. III
the signal selection and backgrounds are discussed. The
analysis formalism, including the definition of the coher-
ence factor, is presented in Sec. IV. The method for
choosing the composition of the amplitude models, fit
results and their systematic uncertainties are described in
Sec. V. The ratio of branching fractions, coherence factors,
SU(3) flavor symmetry tests and CP violation search
results are presented in Sec. VI. Finally, conclusions are
drawn in Sec. VII.

II. DETECTOR AND SIMULATION

The LHCb detector is a single-arm forward spectrometer
covering the pseudorapidity range 2 < η < 5, designed for
the study of particles containing b or c quarks. The detector
includes a high-precision tracking system consisting of a

silicon-strip vertex detector surrounding the pp interaction
region, a large-area silicon-strip detector located upstream
of a dipole magnet with a bending power of about 4 Tm,
and three stations of silicon-strip detectors and straw drift
tubes placed downstream of the magnet. The tracking
system provides a measurement of momentum, p, of
charged particles with a relative uncertainty that varies
from 0.5% at low momentum to 1.0% at 200 GeV=c. The
minimum distance of a track to a primary pp interaction
vertex (PV), the impact parameter, is measured with a
resolution of ð15þ 29=pTÞ μm, where pT is the compo-
nent of the momentum transverse to the beam, in GeV=c.
Different types of charged hadrons are distinguished using
information from two ring-imaging Cherenkov (RICH)
detectors. Photons, electrons and hadrons are identified
by a calorimeter system consisting of scintillating-pad and
preshower detectors, an electromagnetic calorimeter and a
hadronic calorimeter.
The trigger [20] consists of a hardware stage, based on

information from the calorimeter and muon systems,
followed by a software stage, in which all charged particles
with pT > 500ð300Þ MeV=c are reconstructed for 2011
(2012) data. At the hardware trigger stage, events are
required to have a muon with high pT or a hadron,
photon or electron with high transverse energy in the
calorimeters. For hadrons, the transverse energy threshold
is 3.5 GeV. Two software trigger selections are combined
for this analysis. The first reconstructs the decay chain
D�ð2010Þþ → D0πþslow with D0 → hþh−X, where h� rep-
resents a pion or a kaon and X refers to any number of
additional particles. The charged pion originating in the
D�ð2010Þþ decay is referred to as “slow” due to the small
Q-value of the decay. The second selection fully recon-
structs the decay D0 → K0

SK
�π∓, without flavor tagging.

In both cases at least one charged particle in the decay chain

(a)

(c)

(b)

(d)

FIG. 1. SCS classes of diagrams contributing to the decays D0 → K0
SK

�π∓. The color-favored (tree) diagrams (a) contribute to
the K��

0;1;2 → K0
Sπ

� and ða0;2; ρÞ� → K0
SK

� channels, while the color-suppressed exchange diagrams (b) contribute to the
ða0;2; ρÞ� → K0

SK
�, K�0

0;1;2 → Kþπ− and K�0
0;1;2 → K−πþ channels. Second-order loop (penguin) diagrams (c) contribute to the

ða0;2; ρÞ� → K0
SK

� and K��
0;1;2 → K0

Sπ
� channels, and, finally, Okubo-Zweig-Iizuka-suppressed penguin annihilation diagrams

(d) contribute to all decay channels.
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is required to have a significant impact parameter with
respect to any PV.
In the offline selection, trigger signals are associated

with reconstructed particles. Selection requirements can
therefore be made on the trigger selection itself and on
whether the decision was due to the signal candidate, other
particles produced in the pp collision, or both. It is required
that the hardware hadronic trigger decision is due to the
signal candidate, or that the hardware trigger decision is
due solely to other particles produced in the pp collision.
Decays K0

S → πþπ− are reconstructed in two different
categories: the first involves K0

S mesons that decay early
enough for thepions to be reconstructed in thevertex detector;
the second containsK0

Smesons that decay later such that track
segments of the pions cannot be formed in the vertex detector.
These categories are referred to as long and downstream,
respectively. The long category has better mass, momentum
and vertex resolution than the downstream category, and in
2011 was the only category available in the software trigger.
In the simulation, pp collisions are generated using

PYTHIA [21] with a specific LHCb configuration [22].
Decays of hadronic particles are described by EVTGEN

[23], in which final-state radiation is generated using
PHOTOS [24]. The interaction of the generated particles
with the detector, and its response, are implemented using
the GEANT4 toolkit [25] as described in Ref. [26].

III. SIGNAL SELECTION AND BACKGROUNDS

The offline selection used in this analysis reconstructs
the decay chain D�ð2010Þþ → D0πþslow with D0 →
K0

SK
�π∓, where the charged pion πþslow from the

D�ð2010Þþ decay tags the flavor of the neutral D meson.
Candidates are required to pass one of the two software
trigger selections described in Sec. II, as well as several
offline requirements. These use information from the RICH
detectors to ensure that the charged kaon is well-identified,
which reduces the background contribution from the
decaysD0 → K0

Sπ
þπ−π0 andD0 → K0

Sπ
−μþνμ. In addition

the K0
S decay vertex is required to be well-separated from

the D0 decay vertex in order to suppress the D0 →
K−πþπþπ− background, where a πþπ− combination is
close to the K0

S mass. D0 candidates are required to have
decay vertices well-separated from any PV, and to be
consistent with originating from a PV. This selection
suppresses the semileptonic and D0 → K−πþπþπ−
backgrounds to negligible levels, while a small contri-
bution from D0 → K0

Sπ
þπ−π0 remains in the Δm≡

mðK0
SKππslowÞ −mðK0

SKπÞ distribution. A kinematic fit
[27] is applied to the reconstructed D�ð2010Þþ decay chain
to enhance the resolution in mðK0

SKπÞ, Δm and the two-
body invariant masses mðK0

SKÞ, mðK0
SπÞ and mðKπÞ that

are used to probe the resonant structure of these decays.
This fit constrains the D�ð2010Þþ decay vertex to coincide

with the closest PV with respect to the D�ð2010Þþ
candidate, fixes the K0

S candidate mass to its nominal
value, and is required to be of good quality.
Signal yields and estimates of the various background

contributions in the signal window are determined using
maximum likelihood fits to the mðK0

SKπÞ and Δm dis-
tributions. The signal window is defined as the region
less than 18 MeV=c2 ð0.8 MeV=c2Þ from the peak value of
mðK0

SKπÞ ðΔmÞ, corresponding to approximately three
standard deviations of each signal distribution. The three
categories of interest are: signal decays, mistagged back-
ground where a correctly reconstructed D0 meson is
combined with a charged pion that incorrectly tags the
D0 flavor, and a combinatorial background category, which
also includes a small peaking contribution in Δm from the
decay D0 → K0

Sπ
þπ−π0. These fits use candidates in the

ranges 139<Δm<153MeV=c2 and 1.805 < mðK0
SKπÞ <

1.925 GeV=c2. The sidebands of themðK0
SKπÞ distribution

are defined as those parts of the fit range where mðK0
SKπÞ

is more than 30 MeV=c2 from the peak value. The
Δm ðmðK0

SKπÞÞ distribution in the signal region of
mðK0

SKπÞ (Δm) is fitted to determine the D�ð2010Þþ
(D0) yield in the two-dimensional signal region [28].
The D�ð2010Þþ (D0) signal shape in the Δm
(mðK0

SKπÞ) distribution is modeled using a Johnson SU
[29] (Cruijff [30]) function. In the mðK0

SKπÞ distribution
the combinatorial background is modeled with an expo-
nential function, while in Δm a power law function is used,
fðΔm;mπ; p; P; bÞ ¼ ðΔm−mπ

mπ
Þp − bp−PðΔm−mπ

mπ
ÞP, with the

parameters p, P and b determined by a fit in the mðK0
SKπÞ

sidebands. The small D0 → K0
Sπ

þπ−π0 contribution in the
Δm distribution is described by a Gaussian function, and
the component corresponding to D0 mesons associated
with a random slow pion is the sum of an exponential
function and a linear term. These fits are shown in Fig. 2.
The results of the fits are used to determine the yields of
interest in the two-dimensional signal region. These yields
are given in Table I for both decay modes, together with the
fractions of backgrounds.
A second kinematic fit that also constrains theD0 mass to

its known value is performed and used for all subsequent
parts of this analysis. This fit further improves the resolution
in the two-body invariant mass coordinates and forces all
candidates to lie within the kinematically allowed region of
the Dalitz plot. The Dalitz plots [31] for data in the two-
dimensional signal region are shown in Fig. 3. Both decays
are dominated by a K�ð892Þ� structure. The K�ð892Þ0 is
also visible as a destructively interfering contribution in the
D0 → K0

SK
−πþ mode and the low-m2

K0
Sπ
region of theD0 →

K0
SK

þπ− mode, while a clear excess is seen in the high-m2
K0

Sπ

region. Finally, a veto is applied to candidates close to the
kinematic boundaries; this is detailed in Sec. IV C.
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IV. ANALYSIS FORMALISM

The dynamics of a decay D0 → ABC, where D0, A, B
and C are all pseudoscalar mesons, can be completely
described by two variables, where the conventional choice
is to use a pair of squared invariant masses. This paper will
use m2

K0
Sπ
≡m2ðK0

SπÞ and m2
Kπ ≡m2ðKπÞ as this choice

highlights the dominant resonant structure of the D0 →
K0

SK
�π∓ decay modes.

A. Isobar models for D0 → K0
SK

�π∓
The signal isobar models decompose the decay chain into

D0 → ðR → ðABÞJÞC contributions, where R is a resonance
with spin J equal to 0, 1 or 2. Resonances with spin greater
than 2 should not contribute significantly to the D0 →
K0

SK
�π∓ decays. The corresponding 4-momenta are denoted

pD0 , pA, pB and pC. The reconstructed invariant mass of the
resonance is denoted mAB, and the nominal mass mR. The
matrix element for the D0 → K0

SK
�π∓ decay is given by

FIG. 2. Mass (left) and Δm (right) distributions for the D0 → K0
SK

−πþ (top) and D0 → K0
SK

þπ− (bottom) samples with fit results
superimposed. The long-dashed (blue) curve represents theD�ð2010Þþ signal, the dash-dotted (green) curve represents the contribution
of realD0 mesons combined with incorrect πþslow and the dotted (red) curve represents the combined combinatorial andD0 → K0

Sπ
þπ−π0

background contribution. The vertical solid lines show the signal region boundaries, and the vertical dotted lines show the sideband
region boundaries.

TABLE I. Signal yields and estimated background rates in the two-dimensional signal region. The larger mistag
rate in the D0 → K0

SK
þπ− mode is due to the different branching fractions for the two modes. Only statistical

uncertainties are quoted.

Mode Signal yield Mistag background [%] Combinatorial background [%]

D0 → K0
SK

−πþ 113290� 130 0.89� 0.09 3.04� 0.14
D0 → K0

SK
þπ− 76380� 120 1.93� 0.16 2.18� 0.15
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MK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞ ¼
X
R

aReiϕRMRðm2
AB;m

2
ACÞ; ð1Þ

where aReiϕR is the complex amplitude for R and the
contributionsMR from each intermediate state are given by

MRðm2
AB;m

2
ACÞ ¼ BD0

J ðp; jp0j; dD0ÞΩJðm2
AB;m

2
ACÞ

× TRðm2
ABÞBR

J ðq; q0; dRÞ; ð2Þ

where BD0

J ðp; jp0j; dD0Þ and BR
J ðq; q0; dRÞ are the Blatt-

Weisskopf centrifugal barrier factors for the production and
decay, respectively, of the resonance R [32]. The parameter
p (q) is the momentum ofC (A or B) in the R rest frame, and
p0 (q0) is the same quantity calculated using the nominal
resonance mass,mR. The meson radius parameters are set to
dD0 ¼ 5.0 ðGeV=cÞ−1 and dR ¼ 1.5 ðGeV=cÞ−1 consistent
with the literature [12,33]; the systematic uncertainty
due to these choices is discussed in Sec. V B. Finally,
ΩJðm2

AB;m
2
ACÞ is the spin factor for a resonance with spin

J and TR is the dynamical function describing the resonance
R. The functional forms for BJðq; q0; dÞ are given in Table II
and those for ΩJðm2

AB;m
2
ACÞ in Table III for J ¼ 0, 1, 2. As

the form for Ω1 is antisymmetric in the indices A and B, it is
necessary to define the particle ordering convention used in
the analysis; this is done in Table IV. The dynamical function
TR chosen depends on the resonance R in question. A
relativistic Breit-Wigner form is used unless otherwise noted

TRðmABÞ ¼
1

ðm2
R −m2

ABÞ − imRΓRðmABÞ
; ð3Þ

where the mass-dependent width is

ΓRðmABÞ ¼ ΓR½BR
J ðq; q0; dRÞ�2

mR

mAB

�
q
q0

�
2Jþ1

: ð4Þ

Several alternative forms are used for specialized cases.
The Flatté [34] form is a coupled-channel function used to
describe the a0ð980Þ� resonance [12,35–38],

TR ¼ 1

ðm2
a0ð980Þ� −m2

KK
Þ − i½ρKKg2KK þ ρηπg2ηπ�

; ð5Þ

where the phase space factor is given by

FIG. 3. Dalitz plots of the D0 → K0
SK

−πþ (left) and D0 → K0
SK

þπ− (right) candidates in the two-dimensional signal region.

TABLE II. Blatt-Weisskopf centrifugal barrier penetration fac-
tors, BJðq; q0; dÞ [32].

J BJðq; q0; dÞ
0 1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðq0dÞ2
1þðqdÞ2

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðq0dÞ2þðq0dÞ4
9þ3ðqdÞ2þðqdÞ4

q

TABLE III. Angular distribution factors, ΩJðpD0 þ pC;

pB − pAÞ. These are expressed in terms of the tensors Tμν ¼
−gμν þ pμ

ABp
ν
AB

m2
R

and Tμναβ ¼ 1
2
ðTμαTνβ þ TμβTναÞ − 1

3
TμνTαβ.

J ΩJðpD0 þ pC; pB − pAÞ
0 1

1 ðpμ
D0 þ pμ

CÞTμνðpν
B − pν

AÞ=ðGeV=cÞ2
2 ðpμ

D0 þ pμ
CÞðpν

D0 þ pν
CÞTμναβðpα

A − pα
BÞðpβ

A − pβ
BÞ=ðGeV=cÞ4

TABLE IV. Particle ordering conventions used in this
analysis.

Decay A B C

D0 → K0
S K

ð−Þ �0, K
ð−Þ �0 → K�π∓ π K K0

S

D0 → K∓K��, K�� → K0
Sπ

� K0
S π K

D0 → π∓ðρ�; a�Þ, ρ�; a� → K0
SK

� K K0
S π

STUDIES OF THE RESONANCE STRUCTURE IN … PHYSICAL REVIEW D 93, 052018 (2016)
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ρAB ¼ 1

m2
KK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

KK
− ðmA þmBÞ2Þðm2

KK
− ðmA −mBÞ2Þ

q
;

ð6Þ
and the coupling constants gKK and gηπ are taken from
Ref. [35], fixed in the isobar model fits and tabulated in
Appendix A. The Gounaris-Sakurai [39] parametrization
is used to describe the ρð1450Þ� and ρð1700Þ� states
[37,40–43],

TR ¼
1þ dðmρÞ Γρ

mρ

ðm2
ρ −m2

KK
Þ þ fðm2

KK
;m2

ρ;ΓρÞ − imρΓρðmKKÞ
;

ð7Þ
where

dðmρÞ ¼
3m2

K

πq20
log

�
mρ þ 2q0
2mK

�
þ mρ

2πq0
−
m2

Kmρ

πq30
; ð8Þ

and

fðm2
KK

;m2
ρ;ΓρÞ ¼ Γρ

m2
ρ

q30
fq20½hðm2

KK
Þ − hðm2

ρÞ�

þ q20h
0ðm2

ρÞðm2
ρ −m2

KK
Þg: ð9Þ

The parametermK is taken as the mean ofmK0
S
andmK� , and

h0ðm2
ρÞ≡ dhðm2

ρÞ
dm2

ρ
is calculated from

hðm2Þ ¼ 2qðm2Þ
πm

log
�
mþ 2qðm2Þ

2mK

�
; ð10Þ

in the limit that mK ¼ mK� ¼ mK0
S
. Parameters for the ρ

resonances ρð1450Þ� and ρð1700Þ� are taken from Ref. [44]
and tabulated in Appendix A.
This analysis uses two different parametrizations for the

Kπ S-wave contributions, dubbedGLASS and LASS, with
different motivations. These forms include both K�

0ð1430Þ
resonance and nonresonant Kπ S-wave contributions. The
LASS parametrization takes the form

TR ¼ f

�
mKπ

mK�
0
ð1430Þ

�
mKπ

q
sinðδS þ δFÞeiðδSþδFÞ; ð11Þ

where fðxÞ ¼ A exp ðb1xþ b2x2 þ b3x3Þ is an empirical
real production form factor, and the phases are defined by

tanδF ¼
2aq

2þarq2
; tanδS¼

mRΓRðmKπÞ
m2

K�
0
ð1430Þ−m2

Kπ
: ð12Þ

The scattering length a, effective range r and K�
0ð1430Þ

mass and width are taken from measurements [45] at the
LASS experiment [46] and are tabulated in Appendix A.
With the choice fðxÞ ¼ 1 this form has been used in
previous analyses e.g. Refs. [47–49], and if δF is addi-
tionally set to zero the relativistic S-wave Breit-Wigner
form is recovered. The Watson theorem [50] states that
the phase motion, as a function of Kπ invariant mass, is the
same in elastic scattering and decay processes, in the
absence of final-state interactions (i.e. in the isobar model).
Studies of Kπ scattering data indicate that the S-wave
remains elastic up to the Kη0 threshold [45]. The magnitude
behavior is not constrained by the Watson theorem, which
motivates the inclusion of the form factor fðxÞ, but the
LASS parametrization preserves the phase behavior mea-
sured in Kπ scattering. The real form factor parameters are
allowed to take different values for the neutral and charged
K�

0ð1430Þ resonances, as the production processes are not
the same, but the parameters taken from LASS measure-
ments, which specify the phase behavior, are shared
between both Kπ channels. A transformed set b0 ¼
U−1b of the parameters b ¼ ðb1; b2; b3Þ are also defined
for use in the isobar model fit, which is described in detail
in Sec. V. The constant matrix U is chosen to minimize
fit correlations, and the form factor is normalized to unity
at the center of the accessible kinematic range, e.g.
1
2
ðmK0

S
þmπ� þmD0 −mK�Þ for the charged Kπ S-wave.

The GLASS (Generalized LASS) parametrization has
been used by several recent amplitude analyses, e.g.
Refs. [12,37,38],

TR ¼ ½F sinðδF þ ϕFÞeiðδFþϕFÞ

þ sinðδSÞeiðδSþϕSÞe2iðδFþϕFÞ�mKπ

q
; ð13Þ

where δF and δS are defined as before, and F, ϕF and ϕS
are free parameters in the fit. It should be noted that this
functional form can result in phase behavior significantly
different to that measured in LASS scattering data when its
parameters are allowed to vary freely. This is illustrated in
Fig. 10 in Sec. V C.

B. Coherence factor and CP-even fraction

The coherence factor Rf and mean strong-phase differ-
ence δf for the multibody decays D → f and D → f̄
quantify the similarity of the two decay structures [11].
In the limit Rf → 1 the matrix elements for the two decays
are identical. For D0 → K0

SK
�π∓ the coherence factor and

mean strong-phase difference are defined by [10,12]
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RK0
SKπ

e
−iδK0

S
Kπ ≡

R
MK0

SK
þπ−ðm2

K0
Sπ
; m2

KπÞM�
K0

SK
−πþðm2

K0
Sπ
; m2

KπÞdm2
K0

Sπ
dm2

Kπ

MK0
SK

þπ−MK0
SK

−πþ
; ð14Þ

where

M2
K0

SK
�π∓≡

Z
jMK0

SK
�π∓ðm2

K0
Sπ
;m2

KπÞj2dm2
K0

Sπ
dm2

Kπ; ð15Þ

and the integrals are over the entire available phase space.
The restricted phase space coherence factor RK�Ke−iδK�K is
defined analogously but with all integrals restricted to an
area of phase space close to the K�ð892Þ� resonance. The
restricted area is defined by Ref. [12] as the region where
the K0

Sπ
� invariant mass is within 100 MeV=c2 of the

K�ð892Þ� mass. The four observables RK0
SKπ

, δK0
SKπ

, RK�K

and δK�K were measured using quantum-correlated
ψð3770Þ → D0D0 decays by the CLEO collaboration
[12], and the coherence was found to be large for both
the full and the restricted regions. This analysis is not
sensitive to the overall phase difference between D0 →
K0

SK
þπ− and D0 → K0

SK
þπ−. However, since it cancels in

δK0
SKπ

− δK�K , this combination, as well as RK0
SKπ

and RK�K ,
can be calculated from isobar models and compared to the
respective CLEO results.
An associated parameter that it is interesting to consider

is the CP-even fraction [51],

Fþ ≡ jhDþjK0
SK

�π∓ij2
jhDþjK0

SK
�π∓ij2 þ jhD−jK0

SK
�π∓ij2

¼ 1

2

h
1þ 2RK0

SKπ
cosðδK0

SKπ
Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
BK0

SKπ

q
ð1þ BK0

SKπ
Þ−1
i
;

ð16Þ

where the CP eigenstates jD�i are given by
1ffiffi
2

p ½jD0i � jD0i� and BK0
SKπ

is the ratio of branching

fractions of the two D0 → K0
SK

�π∓ modes. As stated
above, the relative strong phase δK0

SKπ
is not predicted by

the amplitude models and requires external input.

C. Efficiency modeling

The trigger strategy described in Sec. II, and to a lesser
extent the offline selection, includes requirements on
variables such as the impact parameter and pT of the
various charged particles correlated with the 2-body invari-
ant masses m2

K0
Sπ
and m2

Kπ . There is, therefore, a significant

variation in reconstruction efficiency as a function of
m2

K0
Sπ

and m2
Kπ . This efficiency variation is modeled using

simulated events generated with a uniform distribution in
these variables and propagated through the full LHCb
detector simulation, trigger emulation and offline selection.
Weights are applied to the simulated events to ensure that

various subsamples are present in the correct proportions.
These weights correct for known discrepancies between
the simulation and real data in the relative reconstruction
efficiency for long and downstream tracks, and take into
account the ratios of

ffiffiffi
s

p ¼ 7 TeV to
ffiffiffi
s

p ¼ 8 TeV and
D0 → K0

SK
−πþ to D0 → K0

SK
þπ− simulated events to

improve the description of the data. The efficiencies of
offline selection requirements based on information from
the RICH detectors are calculated using a data-driven
method based on calibration samples [52] ofD�ð2010Þþ →
D0πþslow decays, where D0 → K−πþ. These efficiencies
are included as additional weights. A nonparametric kernel
estimator [53] is used to produce a smooth function
ϵðm2

K0
Sπ
; m2

KπÞ describing the efficiency variation in the

isobar model fits. The average model corresponding to the
full data set recorded in 2011 and 2012, which is used
unless otherwise noted, is shown in Fig. 4. Candidates very
near to the boundary of the allowed kinematic region of
the Dalitz plot are excluded, as the kinematics in this
region lead to variations in efficiency that are difficult to
model. It is required that maxðj cosðθK0

Sπ
Þj; j cosðθπKÞj;

j cosðθKK0
S
ÞjÞ < 0.98, where θAB is the angle between the

A and B momenta in the AC rest frame. This criterion
removes 5% of the candidates. The simulated events are
also used to verify that the resolution in m2

K0
Sπ

and m2
Kπ is

around 0.004 GeV2=c4, corresponding to Oð2 MeV=c2Þ
resolution in mðK0

Sπ
�Þ. Although this is not explicitly

accounted for in the isobar model fits, it has a small

FIG. 4. Efficiency function used in the isobar model fits,
corresponding to the average efficiency over the full data set.
The coordinates m2

K0
Sπ

and m2
K0

SK
are used to highlight the

approximate symmetry of the efficiency function. The z units
are arbitrary.
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effect which is measurable only on the parameters of the
K�ð892Þ� resonance and is accounted for in the systematic
uncertainties.

D. Fit components

There are three event categories described in Sec. III
that must be treated separately in the isobar model fits. The
signal and mistagged components are described by terms
proportional to ϵðm2

K0
Sπ
; m2

KπÞjMK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞj2,
while the combinatorial component is described by a
smooth function, cK0

SK
�π∓ðm2

K0
Sπ
; m2

KπÞ, obtained by apply-

ing to data in the mðK0
SKπÞ sidebands the same non-

parametric kernel estimator used to model the efficiency
variation. The same combinatorial background model is
used for both D0 flavors, and the same efficiency function
is used for both modes andD0 flavors. The overall function
used in the fit to D0 → K0

SK
�π∓ decays is therefore

PK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞ
¼ ð1 − fm − fcÞϵðm2

K0
Sπ
; m2

KπÞjMK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞj2

þ fmϵðm2
K0

Sπ
; m2

KπÞjMK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞj2

þ fccK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞ; ð17Þ

where the mistagged contribution consists of D0 →
K0

SK
�π∓ decays and fm (fc) denotes the mistagged

(combinatorial) fraction tabulated in Table I.
All parameters except the complex amplitudes aReiϕR are

shared between the PDFs for both modes and both D0

flavors. For the other parameters, Gaussian constraints are
included unless stated otherwise. The nominal values used
in the constraints are tabulated in Appendix A. No con-
straints are applied for the Kπ S-wave parameters b1…3, F,
ϕS and ϕF, as these have no suitable nominal values. The
Kπ S-wave parameters a and r are treated differently in
the GLASS and LASS models. In the LASS case these
parameters are shared between the neutral and charged Kπ
channels and a Gaussian constraint to the LASS measure-
ments [45] is included. In the GLASS case these are
allowed to vary freely and take different values for the two
channels.

V. ISOBAR MODEL FITS

This section summarizes the procedure by which the
amplitude models are constructed, describes the various
systematic uncertainties considered for the models and
finally discusses the models and the coherence information
that can be calculated from them.
Amplitude models are fitted using the isobar formalism

and an unbinned maximum-likelihood method, using the
GOOFIT [54] package to exploit massively-parallel

Graphics Processing Unit (GPU) architectures. Where
χ2=bin values are quoted these are simply to indicate the
fit quality. Statistical uncertainties on derived quantities,
such as the resonance fit fractions, are calculated using a
pseudoexperiment method based on the fit covariance
matrix.

A. Model composition

Initially, 15 resonances are considered for inclusion
in each of the isobar models: K�ð892; 1410; 1680Þ0;�,
K�

0;2ð1430Þ0;�, a0ð980; 1450Þ�, a2ð1320Þ� and ρð1450;
1700Þ�. Preliminary studies showed that models containing
the K�ð1680Þ resonances tend to include large interference
terms, which are canceled by other large components. Such
fine-tuned interference effects are in general unphysical,
and are therefore disfavored in the model building [36,55].
The K�ð1680Þ resonances are not considered further, and
additionally the absolute value of the sum of interference
fractions [56] is required to be less than 30% in all models.
In the absence of the K�ð1680Þ resonances, large interfer-
ence terms are typically generated by the Kπ S-wave
contributions. The requirement on the sum of interference
fractions, while arbitrary, allows an iterative procedure to
be used to search for the best amplitude models. This
procedure explores a large number of possible starting
configurations and sets of resonances; it begins with the
most general models containing all 13 resonances and
considers progressively simpler configurations, trying a
large number of initial fit configurations for each set of
resonances, until no further improvement in fit quality is
found among models simple enough to satisfy the
interference fraction limit. Higher values of this limit lead
to a large number of candidate models with similar fit
quality.
A second procedure iteratively removes resonances from

the models if they do not significantly improve the fit
quality. In this step a resonance must improve the value of
−2 logL, where L is the likelihood of the full data set, by
at least 16 units in order to be retained. Up to this point,
the K�ð892Þ mass and width parameters and Kπ S-wave
parameters have been allowed to vary in the fit, but mass
and width parameters for other resonances have been fixed.
To improve the quality of fit further, in a third step, S and
P-wave resonance parameters are allowed to vary. The
tensor resonance parameters are known precisely [3], so
remain fixed. At this stage, resonances that no longer
significantly improve the fit quality are removed, with the
threshold tightened so that each resonance must increase
−2 logL by 25 units in order to be retained.
Finally, parameters that are consistent with their nominal

values to within 1σ are fixed to the nominal value. The
nominal values used are tabulated in Appendix A. The
entire procedure is performed in parallel using the GLASS
and LASS parametrizations of the Kπ S-wave. The data
are found to prefer a solution where the GLASS

R. AAIJ et al. PHYSICAL REVIEW D 93, 052018 (2016)

052018-8



parametrization of the charged Kπ S-wave has a poorly
constrained degree of freedom. The final change to the
GLASS models is, therefore, to fix the charged Kπ S-wave
F parameter in order to stabilize the uncertainty calculation
for the two corresponding aR parameters by reducing the
correlations among the free parameters.

B. Systematic uncertainties

Several sources of systematic uncertainty are considered.
Those due to experimental issues are described first,
followed by uncertainties related to the amplitude model
formalism. Unless otherwise stated, the uncertainty
assigned to each parameter using an alternative fit is the
absolute difference in its value between the nominal and
alternative fit.
As mentioned in Sec. IV C, candidates extremely close to

the edges of the allowed kinematic region of the Dalitz plot
are excluded. The requirement made is that the largest of
the three j cosðθABÞj values is less than 0.98. A systematic
uncertainty due to this process is estimated by changing the
threshold to 0.96, as this excludes a similar additional area of
the Dalitz plot as the original requirement.
The systematic uncertainty related to the efficiency

model ϵðm2
K0

Sπ
; m2

KπÞ is evaluated in four ways. The first

probes the process by which a smooth curve is produced
from simulated events; this uncertainty is evaluated using
an alternative fit that substitutes the non-parametric esti-
mator with a polynomial parametrization. The second
uncertainty is due to the limited sample size of simulated
events. This is evaluated by generating several alternative
polynomial efficiency models according to the covariance
matrix of the polynomial model parameters; the spread in
parameter values from this ensemble is assigned as the
uncertainty due to the limited sample size. The third
contribution is due to possible imperfections in the
description of the data by the simulation. This uncertainty
is assigned using an alternative simultaneous fit that
separates the sample into three categories according to
the year in which the data were collected and the type of K0

S
candidate used. As noted in Sec. II, the sample recorded
during 2011 does not include downstream K0

S candidates.
These subsamples have different kinematic distributions
and ϵðm2

K0
Sπ
; m2

KπÞ behavior, so this procedure tests the

ability of the simulation process to reproduce the variation
seen in the data. The final contribution is due to the
reweighting procedures used to include the effect of offline
selection requirements based on information from the
RICH detectors, and to correct for discrepancies between
data and simulation in the reconstruction efficiencies of
long and downstream K0

S candidates. This is evaluated
using alternative efficiency models where the relative
proportion of the track types is altered, and the weights
describing the efficiency of selection requirements using
information from the RICH detectors are modified to

account for the limited calibration sample size. Additional
robustness checks have been performed to probe the
description of the efficiency function by the simulated
events. In these checks the data are divided into two equally
populated bins of theD0 meson p, pT or η and the amplitude
models are refitted using each bin separately. The fit results
in each pair of bins are found to be compatible within the
assigned uncertainties, indicating that the simulated D0

kinematics adequately match the data.
An uncertainty is assigned due to the description of the

hardware trigger efficiency in simulated events. Because
the hardware trigger is not only required to fire on the
signal decay, it is important that the underlying pp
interaction is well described, and a systematic uncertainty
is assigned due to possible imperfections. This uncertainty
is obtained using an alternative efficiency model generated
from simulated events that have been weighted to adjust the
fraction where the hardware trigger was fired by the signal
candidate.
The uncertainty due to the description of the combina-

torial background is evaluated by recomputing the
cK0

SK
�π∓ðm2

K0
Sπ
; m2

KπÞ function using mD0 sideband events

to which an alternative kinematic fit has been applied,
without a constraint on the D0 mass. The alternative model
is expected to describe the edges of the phase space less
accurately, while providing an improved description of
peaking features.
An alternative set of models is produced using a thresh-

old of 9 units in the value of −2 logL instead of the
thresholds of 16 and 25 used for the model building
procedure. These models contain more resonances, as
fewer are removed during the model building process. A
systematic uncertainty is assigned using these alternative
models for those parameters which are common between
the two sets of models.
Two parameters of the Flatté dynamical function, which

is used to describe the a0ð980Þ� resonance, are fixed to
nominal values in the isobar model fits. Alternative fits are
performed, where these parameters are fixed to different
values according to their quoted uncertainties, and the
largest changes to the fit parameters are assigned as
systematic uncertainties.
The effect of resolution in the m2

K0
Sπ
andm2

Kπ coordinates

is neglected in the isobar model fits, and this is expected
to have an effect on the measured K�ð892Þ� decay width.
An uncertainty is calculated using a pseudoexperiment
method, and is found to be small.
The uncertainty due to the yield determination process

described in Sec. III is measured by changing the fractions
fm and fc in the isobar model fit according to their
statistical uncertainties, and taking the largest changes with
respect to the nominal result as the systematic uncertainty.
There are two sources of systematic uncertainty due to

the amplitude model formalism considered. The first is that
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due to varying the meson radius parameters dD0 and dR,
defined in Sec. IVA. These are changed from dD0 ¼
5.0 ðGeV=cÞ−1 and dR¼1.5 ðGeV=cÞ−1 to 2.5 ðGeV=cÞ−1
and 1.0 ðGeV=cÞ−1, respectively. The second is due to the
dynamical function TR used to describe the ρð1450; 1700Þ�
resonances. These resonances are described by the Gounaris-
Sakurai functional form in the nominal models, which is
replaced with a relativistic P-wave Breit-Wigner function to
calculate a systematic uncertainty due to this choice.
The uncertainties described above are added in quad-

rature to produce the total systematic uncertainty quoted
for the various results. For most quantities the dominant
systematic uncertainty is due to the meson radius param-
eters dD0 and dR. The largest sources of experimental
uncertainty relate to the description of the efficiency
variation across the Dalitz plot. The fit procedure and
statistical uncertainty calculation have been validated using
pseudoexperiments and no bias was found.

Tables summarizing the various sources of systematic
uncertainty and their relative contributions are included in
Appendix C.

C. Isobar model results

The fit results for the best isobar models using the
GLASS and LASS parametrizations of the Kπ S-wave are
given in Tables V and VI. Distributions of m2

Kπ , m2
K0

Sπ

and m2
K0

SK
are shown alongside the best model of the D0 →

K0
SK

−πþ mode using theGLASS parametrization in Fig. 5.
In Fig. 5 and elsewhere the nomenclature R1 × R2 denotes
interference terms. The corresponding distributions show-
ing the best model using the LASS parametrization are
shown in Fig. 6. Distributions for theD0 → K0

SK
þπ− mode

are shown in Figs. 7 and 8. Figure 9 shows the GLASS
isobar models in two dimensions, and demonstrates that the
GLASS and LASS choices of Kπ S-wave parametrization

TABLE V. Isobar model fit results for the D0→K0
SK

−πþ mode. The first uncertainties are statistical and the second systematic.

aR ϕRð°Þ Fit fraction [%]

Resonance GLASS LASS GLASS LASS GLASS LASS

K�ð892Þþ 1.0 (fixed) 1.0 (fixed) 0.0 (fixed) 0.0 (fixed) 57.0�0.8�2.6 56.9�0.6�1.1
K�ð1410Þþ 4.3�0.3�0.7 5.83�0.29�0.29 −160�6�24 −143�3�6 5�1�4 9.6�1.1�2.9

ðK0
SπÞþS-wave 0.62�0.05�0.18 1.13�0.09�0.21 −67�5�15 −59�4�13 12�2�9 11.7�1.0�2.3

K�ð892Þ0 0.213�0.007�0.018 0.210�0.006�0.010 −108�2�4 −101.5�2.0�2.8 2.5�0.2�0.4 2.47�0.15�0.23

K�ð1410Þ0 6.0�0.3�0.5 3.9�0.2�0.4 −179�4�17 −174�4�7 9�1�4 3.8�0.5�2.0

K�
2ð1430Þ0 3.2�0.3�1.0 ��� −172�5�23 ��� 3.4�0.6�2.7 ���

ðKπÞ0S-wave 2.5�0.2�1.3 1.28�0.12�0.23 50�10�80 75�3�8 11�2�10 18�2�4

a0ð980Þ− ��� 1.07�0.09�0.14 ��� 82�5�7 ��� 4.0�0.7�1.1
a2ð1320Þ− 0.19�0.03�0.09 0.17�0.03�0.05 −129�8�17 −128�10�8 0.20�0.06�0.21 0.15�0.06�0.13
a0ð1450Þ− 0.52�0.04�0.15 0.43�0.05�0.10 −82�7�31 −49�11�19 1.2�0.2�0.6 0.74�0.15�0.34
ρð1450Þ− 1.6�0.2�0.5 1.3�0.1�0.4 −177�7�32 −144�7�9 1.3�0.3�0.7 1.4�0.2�0.7
ρð1700Þ− 0.38�0.08�0.15 ��� −70�10�60 ��� 0.12�0.05�0.14 ���

TABLE VI. Isobar model fit results for the D0 → K0
SK

þπ− mode. The first uncertainties are statistical and the second systematic.

aR ϕRð°Þ Fit fraction [%]

Resonance GLASS LASS GLASS LASS GLASS LASS

K�ð892Þ− 1.0 (fixed) 1.0 (fixed) 0.0 (fixed) 0.0 (fixed) 29.5�0.6�1.6 28.8�0.4�1.3
K�ð1410Þ− 4.7�0.5�1.1 9.1�0.6�1.5 −106�6�25 −79�3�7 3.1�0.6�1.6 11.9�1.5�2.2
ðK0

SπÞ−S-wave 0.58�0.05�0.11 1.16�0.11�0.32 −164�6�31 −101�6�21 5.4�0.9�1.7 6.3�0.9�2.1
K�ð892Þ0 0.410�0.010�0.021 0.427�0.010�0.013 176�2�9 −175.0�1.7�1.4 4.82�0.23�0.35 5.17�0.21�0.32
K�ð1410Þ0 6.2�0.5�1.4 4.2�0.5�0.9 175�4�14 165�5�10 5.2�0.7�1.6 2.2�0.6�2.1
K�

2ð1430Þ0 6.3�0.5�1.7 ��� −139�5�21 ��� 7�1�4 ���
ðKπÞ0S-wave 3.7�0.3�1.8 1.7�0.2�0.4 100�10�70 144�3�6 12�1�8 17�2�6

a0ð980Þþ 1.8�0.1�0.6 3.8�0.2�0.7 64�5�24 126�3�6 11�1�6 26�2�10

a0ð1450Þþ 0.44�0.05�0.13 0.86�0.10�0.12 −140�9�35 −110�8�7 0.45�0.09�0.34 1.5�0.3�0.4
ρð1450Þþ 2.3�0.4�0.8 ��� −60�6�18 ��� 1.5�0.5�0.9 ���
ρð1700Þþ 1.04�0.12�0.32 1.25�0.15�0.33 4�11�20 39�9�15 0.5�0.1�0.5 0.53�0.11�0.23
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both lead to similar descriptions of the overall phase
variation. Figures 5–8 show distributions distorted by
efficiency effects, while Fig. 9 shows the decay rate without
distortion. Lookup tables for the complex amplitude
variation across the Dalitz plot in all four isobar models
are available in the supplemental material.
The data are found to favor solutions that have a

significant neutral Kπ S-wave contribution, even though
the exchange [Fig. 1(b)] and penguin annihilation
[Fig. 1(d)] processes that contribute to the neutral channel
are expected to be suppressed. The expected suppression is
observed for the P-wave K�ð892Þ resonances, with the
neutral mode fit fractions substantially lower. The models
using the LASS parametrization additionally show this
pattern for theK�ð1410Þ states. The sums of the fit fractions
[56], excluding interference terms, in the D0 → K0

SK
−πþ

and D0 → K0
SK

þπ− models are, respectively, 103%
(109%) and 81% (99%) using the GLASS (LASS)
Kπ S-wave parametrization.
Using measurements of the mean strong-phase differ-

ence between the D0 → K0
SK

�π∓ modes available from
ψð3770Þ decays [12], the relative complex amplitudes

between each resonance in one D0 decay mode and its
conjugate contribution to the other D0 decay mode are
computed. These values are summarized in Table VII.
Additional information about the models is listed in

Appendices B and C, including the interference frac-
tions and decomposition of the systematic uncertainties.
The best models also contain contributions from the
ρð1450Þ� and ρð1700Þ� resonances in the K0

SK
� chan-

nels, supporting evidence in Ref. [44] of the KK decay
modes for these states. Alternative models are fitted
where one ρ� contribution is removed from the best
models; in these the value of −2 logL is found to
degrade by at least 162 units. Detailed results are
tabulated in Appendix B.
The Kπ S-wave systems are poorly understood [6], and

there is no clear theoretical guidance regarding the correct
description of these systems in an isobar model. As
introduced in Sec. IVA, the LASS parametrization is
motivated by the Watson theorem, but this assumes that
three-body interactions are negligible and is not, there-
fore, expected to be precisely obeyed in nature. The
isobar models using the GLASS parametrization favor

FIG. 5. Distributions ofm2
Kπ (upper left),m

2
K0

Sπ
(upper right) andm2

K0
SK

(lower left) in theD0 → K0
SK

−πþ mode with fit curves from the
best GLASS model. The solid (blue) curve shows the full PDF PK0

SK
−πþðm2

K0
Sπ
; m2

KπÞ, while the other curves show the components with

the largest integrated fractions.
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solutions with qualitatively similar phase behavior to
those using the LASS parametrization. This is illustrated
in Fig. 10, which also shows the GLASS forms obtained
in fits to D0 → K0

Sπ
þπ− decays by the BABAR collabo-

ration [37,38] and previously used in fits to the D0 →
K0

SK
�π∓ decay modes [12]. This figure shows that the

GLASS functional form has substantial freedom to
produce different phase behavior to the LASS form,
but that this is not strongly favored in the D0 → K0

SK
�π∓

decays. The good quality of fit obtained using the LASS
parametrization indicates that large differences in phase
behavior with respect to Kπ scattering data [45,46] are
not required in order to describe the D0 → K0

SK
�π∓

decays. A similar conclusion was drawn in Ref. [57]
for the decay Dþ → K−πþπþ, while Ref. [58] found
behavior inconsistent with scattering data using
the same Dþ decay mode but a slightly different tech-
nique. Reference [59] studied the Kπ S-wave in τ− →
K0

Sπ
−ντ decays and found that a parametrization based on

the LASS Kπ scattering data, but without a real produc-
tion form factor, gave a poor description of the τ−

decay data.

The quality of fit for each model is quantified by
calculating χ2 using a dynamic binning scheme. The
values are summarized in Table VIII, while the binning
scheme and two-dimensional quality of fit are shown in
Appendix B. This binning scheme is generated by
iteratively sub-dividing the Dalitz plot to produce new
bins of approximately equal population until further
subdivision would result in a bin population of fewer
than 15 candidates, or a bin dimension smaller than
0.02 GeV2=c4 in m2

K0
Sπ

or m2
Kπ. This minimum size

corresponds to five times the average resolution in these
variables.
The overall fit quality is slightly better in the isobar

models using the GLASS Kπ S-wave parametrization, but
this is not a significant effect and it should be noted that
these models contain more degrees of freedom, with 57
parameters fitted in the final GLASS model compared to
50 when using the LASS parametrization.

VI. ADDITIONAL MEASUREMENTS

In this section, several additional results, including those
derived from the amplitude models, are presented.

FIG. 6. Distributions of m2
Kπ (upper left), m

2
K0

Sπ
(upper right) and m2

K0
SK

(lower left) in the D0 → K0
SK

−πþ mode with fit curves from
the best LASSmodel. The solid (blue) curve shows the full PDF PK0

SK
−πþðm2

K0
Sπ
; m2

KπÞ, while the other curves show the components with

the largest integrated fractions.
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A. Ratio of branching fractions measurement

The ratio of branching fractions

BK0
SKπ

≡ BðD0 → K0
SK

þπ−Þ
BðD0 → K0

SK
−πþÞ ; ð18Þ

and the restricted region ratio BK�K, defined in the same
region near the K�ð892Þ� resonance as the coherence
factor RK�K (Sec. IV B), are also measured. The efficiency
correction due to the reconstruction efficiency
ϵðm2

K0
Sπ
; m2

KπÞ is evaluated using the best isobar models,

and the difference between the results obtained with the
two Kπ S-wave parametrizations is taken as a systematic
uncertainty in addition to those effects described in
Sec. V B. This efficiency correction modifies the ratio of
yields quoted in Table I by approximately 3%.
The two ratios are measured to be

BK0
SKπ

¼ 0.655� 0.004ðstatÞ � 0.006ðsystÞ;
BK�K ¼ 0.370� 0.003ðstatÞ � 0.012ðsystÞ:

These are the most precise measurements to date.

B. Coherence factor and CP-even fraction results

The amplitude models are used to calculate the
coherence factors RK0

SKπ
and RK�K , and the strong-phase

difference δK0
SKπ

− δK�K , as described in Sec. IV B. The
results are summarized in Table IX, alongside the
corresponding values measured in ψð3770Þ decays by
the CLEO collaboration. Lower, but compatible, coher-
ence is calculated using the isobar models than was
measured at CLEO, with the discrepancy larger for
the coherence factor calculated over the full phase
space. The results from the GLASS and LASS isobar
models are very similar, showing that the coherence
variables are not sensitive to the Kπ S-wave
parametrization.
The coherence factor RK0

SKπ
, and the ratio of branching

fractions BK0
SKπ

, are combined with the mean phase differ-
ence between the two final states measured in ψð3770Þ
decays [12] to calculate the CP-even fraction Fþ, defined
in Eq. 16, which is determined to be

Fþ ¼ 0.777� 0.003ðstatÞ � 0.009ðsystÞ;

FIG. 7. Distributions ofm2
Kπ (upper left),m

2
K0

Sπ
(upper right) andm2

K0
SK

(lower left) in theD0 → K0
SK

þπ− mode with fit curves from the
best GLASS model. The solid (blue) curve shows the full PDF PK0

SK
þπ−ðm2

K0
Sπ
; m2

KπÞ, while the other curves show the components with

the largest integrated fractions.
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using the GLASS amplitude models. A consistent result is
obtained using the alternative (LASS) amplitude models.
This model-dependent value is compatible with the direct
measurement using only ψð3770Þ decay data [12,51].

C. SU(3) flavor symmetry tests

SU(3) flavor symmetry can be used to relate decay
amplitudes in severalDmeson decays, such that a global fit
to many such amplitudes can provide predictions for the
neutral and charged K�ð892Þ complex amplitudes in D0 →
K0

SK
�π∓ decays [4,5]. Predictions are available for the

K�þK−, K�−Kþ, K�0K0 and K�0K0 complex amplitudes,
where K� refers to the K�ð892Þ resonances. There are
therefore three relative amplitudes and two relative phases
that can be determined from the isobar models, with an
additional relative phase accessible if the isobar results
are combined with the CLEO measurement of the mean
strong phase difference [12]. The results are summarized in
Table X.
The isobar model results are found to follow broadly the

patterns predicted by SU(3) flavor symmetry. The ampli-
tude ratio between the K�ð892Þþ andK�ð892Þ0 resonances,

which is derived from the D0 → K0
SK

−πþ isobar model
alone, shows good agreement. The two other amplitude
ratios additionally depend on the ratio BK0

SKπ
, and these are

more discrepant with the SU(3) predictions. The relative
phase between the charged and neutral K�ð892Þ resonances
shows better agreement with the flavor symmetry predic-
tion in the D0 → K0

SK
þπ− mode, where both resonances

have clear peaks in the data. TheGLASS and LASS isobar
models are found to agree well, suggesting the problems are
not related to the Kπ S-wave.

D. CP violation tests

Searches for time-integrated CP-violating effects in the
resonant structure of these decays are performed using the
best isobar models. The resonance amplitude and phase
parameters aR and ϕR are substituted with aRð1� ΔaRÞ
and ϕR � ΔϕR, respectively, where the signs are set by the
flavor tag. The convention adopted is that a positive sign
produces the D0 complex amplitude. The full fit results are
tabulated in Appendix D.
A subset of the Δ parameters is used to perform a χ2

test against the no-CP violation hypothesis: only those

FIG. 8. Distributions of m2
Kπ (upper left), m

2
K0

Sπ
(upper right) and m2

K0
SK

(lower left) in the D0 → K0
SK

þπ− mode with fit curves from
the best LASS model. The solid (blue) curve shows the full PDF PK0

SK
þπ−ðm2

K0
Sπ
; m2

KπÞ, while the other curves show the components

with the largest integrated fractions.
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parameters corresponding to resonances that are present in
the best isobar models using both the GLASS and LASS
Kπ S-wave parametrizations are included. The absolute
difference jΔGLASS − ΔLASSj is assigned as the systematic
uncertainty due to dependence on the choice of isobar
model. This subset of parameters is shown in Table XI,
where the change in fit fraction between the D0 and D0

solutions is included for illustrative purposes. In the χ2 test
the statistical and systematic uncertainties are added in
quadrature.
Using the best GLASS (LASS) isobar models the test

result is χ2=ndf ¼ 30.5=32 ¼ 0.95 (32.3=32 ¼ 1.01), cor-
responding to a p-value of 0.54 (0.45). Therefore, the data
are compatible with the hypothesis of CP-conservation.

FIG. 9. Decay rate and phase variation across the Dalitz plot. The top row shows jMK0
SK

�π∓ðm2
K0

Sπ
; m2

KπÞj2 in the best GLASS isobar
models, the center row shows the phase behavior of the same models and the bottom row shows the same function subtracted from the
phase behavior in the best LASS isobar models. The left column shows theD0 → K0

SK
−πþ mode withD0 → K0

SK
þπ− on the right. The

small inhomogeneities that are visible in the bottom row relate to the GLASS and LASS models preferring slightly different values of
the K�ð892Þ� mass and width.
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TABLE VII. Modulus (mod) and phase (arg) of the relative amplitudes between resonances that appear in both the
D0 → K0

SK
−πþ and D0 → K0

SK
þπ− modes. Relative phases are calculated using the value of δK0

SKπ measured in
ψð3770Þ decays [12], and the uncertainty on this value is included in the statistical uncertainty. The first
uncertainties are statistical and the second systematic.

Relative amplitude GLASS LASS

AðK�ð892Þ−Þ
AðK�ð892ÞþÞ

mod 0.582� 0.007� 0.008 0.576� 0.005� 0.010
arg ð°Þ −2� 15� 2 −2� 15� 1

AðK�ð1410Þ−Þ
AðK�ð1410ÞþÞ

mod 0.64� 0.08� 0.22 0.90� 0.08� 0.15
arg ð°Þ 52� 17� 20 62� 16� 6

AððK0
SπÞ−S−waveÞ

AððK0
SπÞþS−waveÞ

mod 0.54� 0.06� 0.26 0.59� 0.05� 0.08
arg ð°Þ −100� 20� 40 −44� 17� 10

AðK�ð892Þ0Þ
AðK�ð892Þ0Þ

mod 1.12� 0.05� 0.11 1.17� 0.04� 0.05
arg ð°Þ −78� 16� 10 −75� 15� 2

AðK�ð1410Þ0Þ
AðK�ð1410Þ0Þ

mod 0.60� 0.05� 0.12 0.62� 0.09� 0.12
arg ð°Þ −9� 16� 14 −23� 17� 11

AðK�
2
ð1430Þ0Þ

AðK�
2ð1430Þ0Þ

mod 1.1� 0.1� 0.5 � � �
arg ð°Þ 31� 17� 12 � � �

AððKþπ−ÞS−waveÞ
AððK−πþÞS−waveÞ

mod 0.87� 0.08� 0.14 0.78� 0.06� 0.18
arg ð°Þ 49� 25� 16 68� 16� 6

Aða0ð980ÞþÞ
Aða0ð980Þ−Þ

mod � � � 2.1� 0.2� 0.6
arg ð°Þ � � � 42� 16� 5

Aða0ð1450ÞþÞ
Aða0ð1450Þ−Þ

mod 0.49� 0.06� 0.28 1.14� 0.16� 0.30
arg ð°Þ −60� 19� 34 −63� 20� 19

Aðρð1450ÞþÞ
Aðρð1450Þ−Þ

mod 0.86� 0.16� 0.26 � � �
arg ð°Þ 110� 20� 50 � � �

Aðρð1700ÞþÞ
Aðρð1700Þ−Þ

mod 1.6� 0.4� 0.4 � � �
arg ð°Þ 70� 20� 70 � � �

FIG. 10. Comparison of the phase behavior of the variousKπ S-
wave parametrizations used. The solid (red) curve shows the
LASS parametrization, while the dashed (blue) and dash-dotted
(green) curves show, respectively, the GLASS functional form
fitted to the charged and neutral S-wave channels. The final two
curves show the GLASS forms fitted to the charged Kπ S-wave
inD0 → K0

Sπ
þπ− decays in Ref. [37] (triangular markers, purple)

and Ref. [38] (dotted curve, black). The latter of these was used in
the analysis of D0 → K0

SK
�π∓ decays by the CLEO collabora-

tion [12].

TABLE VIII. Values of χ2=bin indicating the fit quality
obtained using both Kπ S-wave parametrizations in the two
decay modes. The binning scheme for the D0 → K0

SK
−πþ

(D0 → K0
SK

þπ−) mode contains 2191 (2573) bins.

Isobar model

GLASS LASS

D0 → K0
SK

−πþ 1.12 1.10

D0 → K0
SK

þπ− 1.07 1.09

TABLE IX. Coherence factor observables to which the isobar
models are sensitive. The third column summarizes the CLEO
results measured in quantum-correlated decays [12], where the
uncertainty on δK0

SKπ − δK�K is calculated assuming maximal
correlation between δK0

SKπ and δK�K .

Variable GLASS LASS CLEO

RK0
SKπ 0.573� 0.007

�0.019
0.571� 0.005

�0.019
0.73� 0.08

RK�K 0.831� 0.004
�0.010

0.835� 0.003
�0.011

1.00� 0.16

δK0
SKπ − δK�K ð0.2�0.6�1.1Þ° ð−0.0�0.5�0.7Þ° ð−18�31Þ°
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VII. CONCLUSIONS

The decay modes D0 → K0
SK

�π∓ have been studied
using unbinned, time-integrated, fits to a high purity sample
of 189 670 candidates, and two amplitude models have
been constructed for each decay mode. These models are
compared to data in a large number of bins in the relevant

Dalitz plots and a χ2 test indicates a good description of
the data.
Models are presented using two different parametrizations

of the Kπ S-wave systems, which have been found to be an
important component of these decays. These systems are
poorly understood, and comparisons have been made to
previous results and alternative parametrizations, but the

TABLE X. SU(3) flavor symmetry predictions [5] and results. The uncertainties on phase difference predictions are calculated from
the quoted magnitude and phase uncertainties. Note that some theoretical predictions depend on the η − η0 mixing angle θη−η0 and are
quoted for two different values. The bottom entry in the table relies on the CLEO measurement [12] of the coherence factor phase δK0

SKπ ,
and the uncertainty on this phase is included in the statistical uncertainty, while the other entries are calculated directly from the isobar
models and relative branching ratio. Where two uncertainties are quoted the first is statistical and the second systematic.

Theory Experiment

Ratio θη−η0 ¼ 19.5° θη−η0 ¼ 11.7° GLASS LASS

jAðK�ð892Þ−KþÞj
jAðK�ð892ÞþK−Þj

0.685� 0.032 0.685� 0.032 0.582� 0.007� 0.007 0.576� 0.005� 0.010

jAðK�ð892Þ0K0Þj
jAðK�ð892ÞþK−Þj

0.138� 0.033 0.307� 0.035 0.297� 0.010� 0.024 0.295� 0.009� 0.014

jAðK�ð892Þ0K0Þj
jAðK�ð892ÞþK−Þj

0.138� 0.033 0.307� 0.035 0.333� 0.008� 0.016 0.345� 0.007� 0.010

Argument Theory ð°Þ Experiment ð°Þ
jAðK�ð892Þ0K0Þj
jAðK�ð892ÞþK−Þj

151� 14 112� 8 72� 2� 4 78.5� 2.0� 2.8

jAðK�ð892Þ0K0Þj
jAðK�ð892Þ−KþÞj

−9� 13 −37� 6 −4� 2� 9 5.0� 1.7� 1.4

AðK�ð892Þ0K0Þ
AðK�ð892Þ0K0Þ

180 180 −78� 16� 10 −75� 15� 2

TABLE XI. CP violation fit results. Results are only shown for those resonances that appear in both the GLASS and LASS models.
The first uncertainties are statistical and the second systematic; the only systematic uncertainty is that due to the choice of isobar model.

ΔaR ΔϕRð°Þ ΔðFit fractionÞ [%]

Resonance GLASS LASS GLASS LASS GLASS LASS

(a) Results for the D0 → K0
SK

−πþ mode.
K�ð892Þþ 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.6� 1.0� 0.3 0.9� 1.0� 0.3
K�ð1410Þþ 0.07� 0.06� 0.04 0.03� 0.06� 0.04 3.9� 3.5� 1.9 2.0� 2.9� 1.9 1.4� 0.8� 0.2 1.2� 1.6� 0.2
ðK0

SπÞþS-wave 0.02� 0.08� 0.07 −0.05� 0.08� 0.07 2.0� 1.7� 0.0 2.0� 1.7� 0.0 1� 4� 3 −2.3� 3.5� 3.3

K�ð892Þ0 −0.046� 0.031� 0.005 −0.051� 0.030� 0.005 1.2� 1.6� 0.3 1.5� 1.7� 0.3 −0.43� 0.30� 0.03 −0.47� 0.29� 0.03

K�ð1410Þ0 0.006� 0.034� 0.017 0.02� 0.04� 0.02 2� 5� 5 −3� 6� 5 0.3� 1.0� 0.1 0.4� 0.7� 0.1
ðKπÞ0S-wave 0.05� 0.04� 0.02 0.03� 0.04� 0.02 0.4� 1.6� 0.6 1.0� 1.4� 0.6 2.2� 1.3� 0.4 2.6� 2.2� 0.4
a2ð1320Þ− −0.25� 0.14� 0.01 −0.24� 0.13� 0.01 2� 9� 3 −1� 9� 3 −0.20� 0.13� 0.05 −0.15� 0.10� 0.05
a0ð1450Þ− −0.01� 0.14� 0.12 −0.13� 0.14� 0.12 0� 5� 4 −4� 6� 4 −0.0� 0.4� 0.4 −0.4� 0.4� 0.4
ρð1450Þ− 0.06� 0.13� 0.11 −0.05� 0.12� 0.11 −13� 10� 9 −5� 9� 9 0.3� 0.7� 0.6 −0.3� 0.7� 0.6

(b) Results for the D0 → K0
SK

þπ− mode.
K�ð892Þ− 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) −1.1� 0.7� 0.2 −0.9� 0.7� 0.2
K�ð1410Þ− 0.05� 0.12� 0.08 −0.03� 0.10� 0.08 −6� 4� 3 −3.0� 3.6� 2.8 0.6� 2.7� 2.4 −2� 4� 2

ðK0
SπÞ−S-wave 0.10� 0.25� 0.24 −0.14� 0.25� 0.24 −7.7� 3.4� 0.0 −8� 4� 0 2� 6� 6 −4� 6� 6

K�ð892Þ0 −0.010� 0.024� 0.001 −0.012� 0.022� 0.001 −1.4� 2.9� 2.2 0.8� 2.8� 2.2 −0.4� 0.4� 0.0 −0.4� 0.4� 0.0
K�ð1410Þ0 0.10� 0.10� 0.09 0.19� 0.13� 0.09 −1� 9� 8 −9� 9� 8 1.9� 1.1� 0.2 1.6� 0.8� 0.2
ðKπÞ0S-wave −0.07� 0.06� 0.05 −0.12� 0.06� 0.05 −2� 4� 4 2� 4� 4 −4� 5� 5 −9� 6� 5

a0ð980Þþ 0.06� 0.04� 0.01 0.052� 0.025� 0.008 −3� 5� 2 −0.9� 3.1� 2.2 2.2� 2.8� 2.4 4.6� 3.3� 2.4
a0ð1450Þþ −0.11� 0.10� 0.04 −0.07� 0.07� 0.04 10� 8� 5 5� 6� 5 −0.21� 0.30� 0.23 −0.4� 0.4� 0.2
ρð1700Þþ −0.03� 0.13� 0.09 −0.12� 0.13� 0.09 4� 6� 2 2� 5� 2 −0.07� 0.25� 0.19 −0.27� 0.27� 0.19
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treatment of the Kπ S-wave is found to have little impact on
the other results presented in this paper. The large fractions
attributed to the neutral Kπ S-wave channels could indicate
larger than expected contributions from the penguin anni-
hilation diagrams shown in Fig. 1(d).
The models are seen to favor small, but significant,

contributions from the ρð1450; 1700Þ� → K0
SK

� resonan-
ces, modes which were seen by the OBELIX experiment
[44] but are not well established. All models contain clear
contributions from both the K�ð892Þ� and K�ð892Þ0
resonances, with the K�ð892Þ0 contribution found to be
suppressed as expected from the diagrams shown in Fig. 1.
This allows the full set of amplitudes in these decays that
are predicted by SU(3) flavor symmetry to be tested, in
contrast to the previous analysis by the CLEO collaboration
[12]. Partial agreement is found with these predictions.
The ratio of branching fractions between the two D0 →

K0
SK

�π∓ modes is also measured, both across the full Dalitz
plot area and in a restricted region near the K�ð892Þ�
resonance, with much improved precision compared to pre-
vious results.
Values for theD0 → K0

SKπ coherence factor are computed
using the amplitude models, again both for the whole Dalitz
plot area and in the restricted region, and are found to be in
reasonable agreement with direct measurements by CLEO
[12] using quantum-correlated ψð3770Þ → D0D0 decays.
The CP-even fraction of the D0 → K0

SKπ decays is also
computed, using input from the quantum-correlated decays,
and is found to be in agreement with the direct measurement
[12,51]. A search for time-integrated CP violation is carried
out using the amplitudemodels, but no evidence is foundwith
either choice of parametrization for the Kπ S-wave.
The models presented here will be useful for future

D0 −D0 mixing, indirect CP violation and CKM angle γ
studies, where knowledge of the strong-phase variation
across the Dalitz plot can improve the attainable precision.
These improvements will be particularly valuable for
studies of the large data set that is expected to be
accumulated in Run 2 of the LHC.
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APPENDIX A: ADDITIONAL ISOBAR
FORMALISM INFORMATION

This appendix contains Table XII, which summarizes
the nominal values used for the various resonance and form
factor parameters.

TABLE XII. Nominal values for isobar model parameters that
are fixed in the model fits, or used in constraint terms. These
values are taken from Refs. [3,35,44,45] as described in Sec. IV.

Parameter Value

K�ð892Þ� mR 891.66� 0.26 MeV=c2

ΓR 50.8� 0.9 MeV=c2

K�ð1410Þ� mR 1.414� 0.015 GeV=c2

ΓR 0.232� 0.021 GeV=c2

ðK0
SπÞ�S-wave

mR 1.435� 0.005 GeV=c2

ΓR 0.279� 0.006 GeV=c2

K�ð892Þ0 mR 895.94� 0.22 MeV=c2

ΓR 48.7� 0.8 MeV=c2

K�ð1410Þ0 mR 1.414� 0.015 GeV=c2

ΓR 0.232� 0.021 GeV=c2

K�
2ð1430Þ0

mR 1.4324� 0.0013 GeV=c2

ΓR 0.109� 0.005 GeV=c2

ðKπÞ0S-wave
mR 1.435� 0.005 GeV=c2

ΓR 0.279� 0.006 GeV=c2

Kπ S-wave
r 1.8� 0.4 ðGeV=cÞ−1
a 1.95� 0.09 ðGeV=cÞ−1

a0ð980Þ�
mR 0.980� 0.020 GeV=c2

gηπ 324� 15 MeV
g2
KK
g2ηπ

1.03� 0.14

a2ð1320Þ�
mR 1.3181� 0.0007 GeV=c2

ΓR 0.1098� 0.0024 GeV=c2

a0ð1450Þ�
mR 1.474� 0.019 GeV=c2

ΓR 0.265� 0.013 GeV=c2

ρð1450Þ� mR 1.182� 0.030 GeV=c2

ΓR 0.389� 0.020 GeV=c2

ρð1700Þ� mR 1.594� 0.020 GeV=c2

ΓR 0.259� 0.020 GeV=c2
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APPENDIX B: ADDITIONAL ISOBAR
MODEL INFORMATION

This appendix contains additional information about the
various isobar model parameters that are used and allowed
to vary freely in the model fits, e.g. resonance mass and
width parameter values, and parameters of theGLASS and
LASS Kπ S-wave functional forms.
Tables XIII and XIV summarize the most significant

interference terms in the D0→K0
SK

−πþ and D0→K0
SK

þπ−

TABLE XIII. Interference fractions for the D0 → K0
SK

−πþ
mode. The first uncertainties are statistical and the second
systematic. Only the 25 largest terms are shown.

(a) Best GLASS isobar model.

Resonances Fit fraction [%]

ðKπÞ0S-wave × K�ð892Þþ 12� 1� 4

ðK0
SπÞþS-wave × K�ð1410Þ0 10.4� 0.7� 2.0

K�ð1410Þ0 × K�ð892Þþ −9.0� 0.4� 1.0

ðK0
SπÞþS-wave × ðKπÞ0S-wave −8� 2� 11

ðK0
SπÞþS-wave × K�

2ð1430Þ0 −7.8� 1.1� 1.6

K�ð1410Þþ × K�ð1410Þ0 −4.6� 0.5� 3.4

K�
2ð1430Þ0 × K�ð1410Þ0 −4� 1� 4

ðK0
SπÞþS-wave × K�ð892Þþ 4.0� 0.4� 2.4

ðK0
SπÞþS-wave × K�ð1410Þþ −4.0� 0.5� 2.1

K�ð892Þþ × ρð1450Þ− 3.7� 0.4� 1.0

ðKπÞ0S-wave × K�ð1410Þ0 −3.4� 0.5� 3.5

K�ð892Þþ × a0ð1450Þ− 3.2� 0.3� 1.3

K�ð1410Þ0 × K�ð892Þ0 −2.7� 0.2� 0.5

K�ð1410Þ0 × a0ð1450Þ− 2.6� 0.2� 0.8

ðK0
SπÞþS-wave × a0ð1450Þ− 2.3� 0.4� 1.6

ðKπÞ0S-wave × ρð1450Þ− 2.1� 0.3� 1.2

ðKπÞ0S-wave × K�ð1410Þþ 1.9� 0.5� 2.9

K�ð1410Þþ × a0ð1450Þ− −1.8� 0.2� 1.1
K�ð1410Þþ × K�ð892Þþ 1.7� 0.7� 3.5

ðK0
SπÞþS-wave × a2ð1320Þ− −1.6� 0.3� 1.5

K�ð1410Þþ × K�ð892Þ0 1.36� 0.11� 0.32

K�
2ð1430Þ0 × a0ð1450Þ− −1.3� 0.2� 1.0

K�
2ð1430Þ0 × K�ð1410Þþ −1.3� 0.2� 0.5

K�ð892Þþ × K�ð892Þ0 1.2� 0.2� 0.4

ðK0
SπÞþS-wave × ρð1450Þ− 1.1� 0.3� 0.9

(b) Best LASS isobar model.

Resonances Fit fraction [%]

ðKπÞ0S-wave × K�ð892Þþ 11.7� 0.5� 1.5

ðKπÞ0S-wave × K�ð1410Þþ −11.5� 1.7� 3.4

ðK0
SπÞþS-wave × ðKπÞ0S-wave −10.8� 1.6� 3.4

K�ð1410Þ0 × K�ð892Þþ −5.7� 0.4� 0.8

(Table continued)

(b) Best LASS isobar model.

Resonances Fit fraction [%]

ðK0
SπÞþS-wave × K�ð892Þþ 5.6� 0.4� 1.2

ðK0
SπÞþS-wave × K�ð1410Þ0 5.2� 0.5� 0.9

ðKπÞ0S-wave × a0ð980Þ− −5.1� 0.8� 0.8

K�ð892Þþ × ρð1450Þ− 4.0� 0.3� 1.2

K�ð1410Þþ × K�ð1410Þ0 −3.7� 0.4� 2.0

ðKπÞ0S-wave × ρð1450Þ− 3.1� 0.4� 0.9

K�ð892Þþ × a0ð1450Þ− 2.7� 0.3� 0.5

ðK0
SπÞþS-wave × ρð1450Þ− 2.5� 0.2� 0.8

ðK0
SπÞþS-wave × K�ð1410Þþ −2.5� 0.4� 0.9

K�ð1410Þþ × a0ð1450Þ− −2.1� 0.2� 0.9

K�ð1410Þþ × K�ð892Þ0 1.91� 0.12� 0.14

K�ð1410Þþ × a0ð980Þ− −1.76� 0.27� 0.28

ðK0
SπÞþS-wave × K�ð892Þ0 −1.75� 0.10� 0.19

ðK0
SπÞþS-wave × a0ð1450Þ− 1.7� 0.5� 1.5

K�ð892Þ0 × a0ð980Þ− −1.68� 0.14� 0.29

K�ð1410Þ0 × K�ð892Þ0 −1.7� 0.1� 0.5

K�ð1410Þ0 × a0ð980Þ− 1.49� 0.16� 0.21

K�ð1410Þþ × K�ð892Þþ −1.5� 0.9� 1.2

ðKπÞ0S-wave × a0ð1450Þ− 1.3� 0.8� 1.8

ðK0
SπÞþS-wave × a2ð1320Þ− −1.2� 0.3� 0.8

ðKπÞ0S-wave × K�ð892Þ0 1.21� 0.07� 0.19

TABLE XIV. Interference fractions for the D0 → K0
SK

þπ−
mode. The first uncertainties are statistical and the second
systematic. Only the 25 largest terms are shown.

(a) Best LASS isobar model.

Resonances Fit fraction [%]

K�
2ð1430Þ0 × a0ð980Þþ 10.3� 0.7� 3.5

ðK0
SπÞ−S-wave × ðKπÞ0S-wave 6� 1� 5

K�ð892Þ− × a0ð980Þþ −5� 1� 4

K�ð1410Þ0 × K�ð892Þ− −5.0� 0.3� 1.0

ðKπÞ0S-wave × K�ð892Þ− 5� 1� 4

K�
2ð1430Þ0 × K�ð1410Þ0 −4.1� 0.7� 2.2

K�ð1410Þ0 × a0ð980Þþ 3.8� 0.2� 1.0

ðK0
SπÞ−S-wave × K�

2ð1430Þ0 4� 1� 7

K�ð892Þ− × K�ð892Þ0 3.61� 0.10� 0.32

ðKπÞ0S-wave × ρð1450Þþ 3.4� 0.6� 1.4

K�ð1410Þ− × K�ð892Þ− −3.4� 0.4� 0.6

K�
2ð1430Þ0 × K�ð892Þ− 3.2� 0.4� 1.3

ðKπÞ0S-wave × K�
2ð1430Þ0 −3.1� 1.2� 1.7

K�
2ð1430Þ0 × ρð1450Þþ −2.6� 0.5� 1.6

K�ð1410Þ0 × ρð1450Þþ 2.3� 0.4� 0.8

(Table continued)

TABLE XIII. (Continued)
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models, respectively. Table XV defines the matrices U used
to define the LASS Kπ S-wave form factor. Tables XVI
(GLASS) and XVII (LASS) summarize the various res-
onance and form factor parameters. The nominal values

(a) Best LASS isobar model.

Resonances Fit fraction [%]

ðK0
SπÞ−S-wave × K�ð892Þ− 1.9� 0.2� 1.3

ðK0
SπÞ−S-wave × K�ð1410Þ0 −1.9� 0.6� 2.6

K�ð892Þ0 × a0ð980Þþ −1.8� 0.3� 1.8

a0ð1450Þþ × a0ð980Þþ 1.7� 0.4� 0.8

ðK0
SπÞ−S-wave × K�ð1410Þ− 1.7� 0.3� 1.1

ðKπÞ0S-wave × a0ð980Þþ −1� 1� 4

ðK0
SπÞ−S-wave × ρð1450Þþ −1.4� 0.2� 0.4

K�ð1410Þ0 × K�ð892Þ0 −1.3� 0.2� 0.8

ðK0
SπÞ−S-wave × a0ð1450Þþ 1.33� 0.17� 0.29

K�
2ð1430Þ0 × ρð1700Þþ −1.3� 0.2� 1.2

(b) Best GLASS isobar model.

Resonances Fit fraction [%]

ðK0
SπÞ−S-wave × a0ð980Þþ 11.5� 0.8� 1.8

ðKπÞ0S-wave × K�ð1410Þ− −11� 2� 5

K�ð892Þ− × a0ð980Þþ 9.6� 0.7� 2.2
K�ð1410Þ− × K�ð892Þ− −9.4� 0.7� 1.0
a0ð1450Þþ × a0ð980Þþ 7.0� 0.6� 1.1

ðKπÞ0S-wave × a0ð980Þþ −5.9� 1.2� 2.6

ðK0
SπÞ−S-wave × ðKπÞ0S-wave −5� 2� 5

ðKπÞ0S-wave × a0ð1450Þþ −5.0� 0.6� 1.3

ðK0
SπÞ−S-wave × K�ð1410Þ− 4.4� 0.5� 0.9

K�ð892Þ− × K�ð892Þ0 3.73� 0.08� 0.30

K�ð892Þ0 × a0ð980Þþ 3.7� 0.3� 1.0

K�ð1410Þ− × a0ð980Þþ −3.6� 0.4� 1.0

K�ð1410Þ0 × K�ð892Þ− −3.5� 0.5� 0.9

ðKπÞ0S-wave × K�ð1410Þ0 −2.8� 0.3� 1.1

ðK0
SπÞ−S-wave × a0ð1450Þþ 2.6� 0.5� 1.6

ðKπÞ0S-wave × K�ð892Þ0 −2.0� 0.1� 0.4

K�ð1410Þ− × a0ð1450Þþ 1.9� 0.4� 0.6

ðK0
SπÞ−S-wave × K�ð892Þ0 −1.86� 0.13� 0.18

K�ð892Þ− × a0ð1450Þþ 1.6� 0.3� 0.4

ðK0
SπÞ−S-wave × K�ð892Þ− 1.5� 0.3� 1.3

K�ð1410Þ− × ρð1700Þþ 1.5� 0.2� 0.5
K�ð892Þ− × ρð1700Þþ −1.45� 0.16� 0.34

K�ð1410Þ− × K�ð892Þ0 −1.4� 0.2� 0.5

K�ð1410Þ− × K�ð1410Þ0 1.4� 0.3� 0.6

K�ð1410Þ0 × K�ð892Þ0 −1.4� 0.2� 0.7

TABLE XIV. (Continued) TABLE XV. Matrices U relating the fit coordinates b0 to the
LASS form factor coordinates b ¼ Ub0 defined in Sec. IV.

ðK0
SπÞ�S-wave ðKπÞ0S-wave −0.460 0.702 −0.543

0.776 0.197 −0.631
−0.433 −0.711 −0.554

!  −0.452 −0.676 −0.582
0.776 0.0243 −0.631

−0.440 0.737 −0.513

!

TABLE XVI. Additional fit parameters for GLASS models.
This table does not include parameters that are fixed to their
nominal values. The first uncertainties are statistical and the
second systematic.

Parameter Value

K�ð892Þ� mR 893.1� 0.1� 0.9 MeV=c2

ΓR 46.9� 0.3� 2.5 MeV=c2

K�ð1410Þ� ΓR 210� 20� 60 MeV=c2

ðK0
SπÞ�S-wave

F 1.785 (fixed)
a 4.7� 0.4� 1.0 ðGeV=cÞ−1
ϕF 0.28� 0.05� 0.19 rad
ϕS 2.8� 0.2� 0.5 rad
r −5.3� 0.4� 1.9 ðGeV=cÞ−1

K�ð1410Þ0 mR 1426� 8� 24 MeV=c2

ΓR 270� 20� 40 MeV=c2

ðKπÞ0S-wave

F 0.15� 0.03� 0.14
a 4.2� 0.3� 2.8 ðGeV=cÞ−1
ϕF −2.5� 0.2� 1.0 rad
ϕS −1.1� 0.6� 1.3 rad
r −3.0� 0.4� 1.7 ðGeV=cÞ−1

a0ð1450Þ� mR 1430� 10� 40 MeV=c2

ρð1450Þ� ΓR 410� 19� 35 MeV=c2

ρð1700Þ� mR 1530� 10� 40 MeV=c2

TABLE XVII. Additional fit parameters for LASS models.
This table does not include parameters that are fixed to their
nominal values. The first uncertainties are statistical and the
second systematic.

Parameter Value

K�ð892Þ� mR 893.4� 0.1� 1.1 MeV=c2

ΓR 47.4� 0.3� 2.0 MeV=c2

K�ð1410Þ� mR 1437� 8� 16 MeV=c2

ðK0
SπÞ�S-wave

b01 60� 30� 40

b02 4� 1� 5

b03 3.0� 0.2� 0.7
K�ð1410Þ0 mR 1404� 9� 22 MeV=c2

ðKπÞ0S-wave
b01 130� 30� 80

b02 −6� 1� 14

b03 2.5� 0.1� 1.4
KπS-wave r 1.2� 0.3� 0.4 ðGeV=cÞ−1
a0ð980Þ� mR 925� 5� 8 MeV=c2

a0ð1450Þ�
mR 1458� 14� 15 MeV=c2

ΓR 282� 12� 13 MeV=c2

ρð1450Þ� mR 1208� 8� 9 MeV=c2

ρð1700Þ� mR 1552� 13� 26 MeV=c2
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that are used in Gaussian constraint terms are given in
Appendix A.
Figure 11 shows the smooth functions that describe the

combinatorial background in the isobar model fits.
Figure 12 illustrates the two-dimensional quality of fit

achieved in the four isobar models and shows the binning
scheme used to derive χ2=bin values.
The changes in −2 logL obtained in alternative models

where one ρ contribution is removed are given in
Table XVIII.

FIG. 11. Smooth functions, cK0
SK

�π∓ðm2
K0

SK
; m2

K0
Sπ
Þ, used to describe the combinatorial background component in the D0 →

K0
SK

−πþ (left) and D0 → K0
SK

þπ− (right) amplitude model fits.

FIG. 12. Two-dimensional quality-of-fit distributions illustrating the dynamic binning scheme used to evaluate χ2. The variable shown
is di−piffiffiffiffi

pi
p where di and pi are the number of events and the fitted value, respectively, in bin i. The D0 → K0

SK
−πþ (D0 → K0

SK
þπ−) mode

is shown in the left (right) column, and the GLASS (LASS) isobar models are shown in the top (bottom) row.
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APPENDIX C: SYSTEMATIC
UNCERTAINTY TABLES

This appendix includes tables summarizing the various
contributions to the systematic uncertainties assigned to the
various results. The table headings correspond to the
uncertainties discussed in Sec. V B with some abbrevia-
tions to allow the tables to be typeset compactly.
Definitions of the various abbreviations are given in
Table XIX. The quantity “DFF” listed in the tables is
the sum of fit fractions from the various resonances,
excluding interference terms. Tables XX (GLASS) and
XXI (LASS) show the results for the complex amplitudes
and fit fractions in theD0 → K0

SK
−πþ models, Tables XXII

(GLASS) and XXIII (LASS) show the corresponding
values for the D0 → K0

SK
þπ− models and Tables XXIV

and XXV summarize the uncertainties for the parameters
that are not specific to a decay mode.
In each of these tables the parameter in question is listed

on the left, followed by the central value and the corre-
sponding statistical (first) and systematic (second) uncer-
tainty. The subsequent columns list the contributions to this
systematic uncertainty, and are approximately ordered in
decreasing order of significance from left to right.

TABLE XVIII. Change in −2 logL value when removing a ρ
resonance from one of the models.

Kπ S-wave
parametrization Decay mode

Removed
resonance Δð−2 logLÞ

LASS
D0 → K0

SK
−πþ ρð1450Þ− 338

D0 → K0
SK

þπ− ρð1700Þþ 235

GLASS
D0 → K0

SK
−πþ

ρð1450Þ− 238
ρð1700Þ− 162

D0 → K0
SK

−πþ
ρð1450Þþ 175
ρð1700Þþ 233

TABLE XIX. Listing of abbreviations required to typeset the
systematic uncertainty tables.

Abbreviation Description

maxðj cos jÞ Variation of the cut that excludes the boundary
regions of the Dalitz plot.

Efficiency Two efficiency modeling uncertainties added
in quadrature: using an alternative
parametrization, and accounting for the
limited size of the simulated event sample.

Joint Uncertainty obtained by simultaneously fitting
disjoint subsets of the data set, separated by
the year of data-taking and type of K0

S
daughter track, with distinct efficiency
models.

Weights Three uncertainties related to the reweighting
of simulated events used to generate the
efficiency model ϵðm2

K0
Sπ
; m2

KπÞ, added in

quadrature. These account for: incorrect
simulation of the underlying pp interaction,
uncertainty in the relative yield of long and
downstream K0

S candidates, and uncertainty
in the efficiency of selection requirements
using information from the RICH detectors.

Comb. Using an alternative combinatorial
background model.

−2 logL Using a more complex alternative model
where the threshold in Δð−2 logLÞ for a
resonance to be retained is reduced to 9
units.

Flatté Variation of the Flatté lineshape parameters for
the a0ð980Þ� resonance according to their
nominal uncertainties.

fm, fc Variation of the mistag and combinatorial
background rates according to their
uncertainties in the mass fit.

dD0 , dR Variation of the meson radius parameters.
Tρ� Switching to a Breit-Wigner dynamical

function to describe the ρð1450; 1700Þ�
resonances.
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TABLE XX. Systematic uncertainties for complex amplitudes and fit fractions in the D0 → K0
SK

−πþ model using the GLASS
parametrization. The headings are defined in Table XIX.

Resonance Var Baseline dD0 , dR maxðj cos jÞ Comb. Tρ� −2 logL Weights Efficiency Flatté fm, fc Joint

K�ð892Þþ FF [%] 57.0� 0.8� 2.6 1.76 1.48 0.56 0.37 0.23 0.13 0.66 0.03 0.14 0.75

K�ð1410Þþ aR 4.3� 0.3� 0.7 0.39 0.32 0.16 0.18 0.30 0.14 0.22 0.01 0.04 0.06

ϕR ð°Þ −160� 6� 24 6.7 11.3 13.7 14.4 0.4 0.2 3.0 1.4 1.5 0.3

FF [%] 5� 1� 4 4.08 1.01 0.84 0.84 0.65 0.30 0.36 0.05 0.08 0.14

ðK0
SπÞþS-wave aR 0.62� 0.05� 0.18 0.12 0.08 0.07 0.05 0.03 0.02 0.02 0.03 0.02 0.01

ϕR ð°Þ −67� 5� 15 12.2 2.8 6.7 2.2 1.4 0.8 2.4 2.6 1.6 0.5

FF [%] 12� 2� 9 4.61 4.14 4.26 4.17 2.33 1.26 1.39 1.39 1.04 0.43

K�ð892Þ0 aR 0.213� 0.007� 0.018 0.01 0.01 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

ϕR ð°Þ −108� 2� 4 2.4 1.0 1.5 0.6 1.3 0.2 1.8 0.2 0.2 0.2

FF [%] 2.5� 0.2� 0.4 0.19 0.26 0.07 0.16 0.07 0.07 0.05 0.05 0.06 0.06

aR 6.0� 0.3� 0.5 0.16 0.17 0.00 0.06 0.44 0.07 0.08 0.09 0.07 0.00

K�ð1410Þ0 ϕR ð°Þ −179� 4� 17 4.8 9.1 6.7 9.1 6.8 2.2 2.1 0.9 1.4 0.7

FF [%] 9� 1� 4 3.15 0.86 0.30 0.61 1.66 0.30 0.46 0.23 0.19 0.28

aR 3.2� 0.3� 1.0 0.44 0.57 0.29 0.42 0.34 0.16 0.17 0.02 0.03 0.00

K�
2ð1430Þ0 ϕR ð°Þ −172� 5� 23 17.2 7.8 1.4 0.6 10.5 5.7 3.8 1.1 1.2 1.9

FF [%] 3.4� 0.6� 2.7 1.99 1.14 0.59 0.84 0.68 0.36 0.32 0.05 0.07 0.13

aR 2.5� 0.2� 1.3 0.90 0.18 0.60 0.56 0.35 0.13 0.16 0.08 0.04 0.06

ðKπÞ0S-wave ϕR ð°Þ 50� 10� 80 71.0 13.6 5.5 2.6 5.4 21.9 10.7 13.9 8.8 0.8

FF [%] 11� 2� 10 5.28 4.42 4.67 4.49 0.13 1.27 0.76 0.98 0.44 0.29

aR 0.19� 0.03� 0.09 0.01 0.06 0.04 0.04 0.00 0.01 0.03 0.00 0.00 0.00

a2ð1320Þ− ϕR ð°Þ −129� 8� 17 5.7 8.5 5.8 8.7 5.8 2.5 3.4 1.3 1.6 1.3

FF [%] 0.20� 0.06� 0.21 0.06 0.14 0.08 0.10 0.00 0.01 0.06 0.01 0.00 0.00

aR 0.52� 0.04� 0.15 0.01 0.08 0.07 0.07 0.03 0.05 0.04 0.02 0.01 0.01

a0ð1450Þ− ϕR ð°Þ −82� 7� 31 3.7 12.1 19.9 18.0 3.2 3.6 8.5 0.9 0.9 1.6

FF [%] 1.2� 0.2� 0.6 0.00 0.33 0.24 0.27 0.15 0.24 0.14 0.07 0.06 0.03

aR 1.6� 0.2� 0.5 0.06 0.15 0.03 0.35 0.28 0.07 0.11 0.04 0.01 0.04

ρð1450Þ− ϕR ð°Þ −177� 7� 32 2.5 15.7 15.9 19.5 8.3 4.1 4.7 2.2 1.9 1.5

FF [%] 1.3� 0.3� 0.7 0.21 0.28 0.04 0.27 0.32 0.13 0.22 0.08 0.03 0.24

aR 0.38� 0.08� 0.15 0.11 0.03 0.06 0.02 0.06 0.01 0.03 0.01 0.00 0.02

ρð1700Þ− ϕR ð°Þ −70� 10� 60 50.1 28.3 17.0 17.6 6.1 7.3 5.6 3.2 1.0 0.8

FF [%] 0.12� 0.05� 0.14 0.12 0.01 0.04 0.00 0.02 0.01 0.02 0.00 0.00 0.04

χ2=bin 1.12 1.12 1.08 1.11 1.10 1.11 � � � � � � 1.11 1.11 1.20

DFF [%] 103.0 103.7 110.6 111.7 111.8 103.7 � � � � � � 101.0 102.1 102.3
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TABLE XXI. Systematic uncertainties for complex amplitudes and fit fractions in the D0 → K0
SK

−πþ model using the LASS
parametrization. The headings are defined in Table XIX.

Resonance Var Baseline dD0 , dR −2 logL Efficiency maxðj cos jÞ Weights Comb. Flatté Tρ� fm, fc Joint

K�ð892Þþ FF [%] 56.9� 0.6� 1.1 0.03 0.10 0.40 0.10 0.19 0.07 0.06 0.16 0.17 1.00

aR 5.83� 0.29� 0.29 0.04 0.02 0.26 0.05 0.06 0.02 0.06 0.02 0.05 0.06

K�ð1410Þþ ϕR ð°Þ −143� 3� 6 1.9 0.2 3.7 2.8 1.6 1.6 0.7 1.1 0.1 0.1

FF [%] 9.6� 1.1� 2.9 2.79 0.06 0.80 0.22 0.15 0.14 0.23 0.02 0.18 0.21

aR 1.13� 0.09� 0.21 0.11 0.11 0.03 0.09 0.06 0.06 0.04 0.04 0.03 0.02

ðK0
SπÞþS-wave ϕR ð°Þ −59� 4� 13 10.6 6.2 3.2 0.9 0.6 0.1 1.3 0.5 0.8 0.3

FF [%] 11.7� 1.0� 2.3 0.68 0.53 0.35 1.35 0.87 0.90 0.33 0.71 0.30 0.56

aR 0.210� 0.006� 0.010 0.01 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00

K�ð892Þ0 ϕR ð°Þ −101.5� 2.0� 2.8 0.2 1.8 2.0 0.0 0.2 0.4 0.3 0.4 0.2 0.1

FF [%] 2.47� 0.15� 0.23 0.16 0.00 0.06 0.10 0.03 0.09 0.03 0.03 0.04 0.03

aR 3.9� 0.2� 0.4 0.13 0.07 0.24 0.24 0.17 0.05 0.07 0.05 0.05 0.09

K�ð1410Þ0 ϕR ð°Þ −174� 4� 7 0.4 3.5 2.3 3.3 4.0 1.9 0.4 0.4 0.3 0.2

FF [%] 3.8� 0.5� 2.0 1.75 0.38 0.70 0.38 0.08 0.00 0.15 0.01 0.10 0.45

aR 1.28� 0.12� 0.23 0.10 0.07 0.13 0.07 0.10 0.06 0.03 0.03 0.03 0.01

ðKπÞ0S-wave ϕR ð°Þ 75� 3� 8 3.7 3.7 3.1 2.5 3.0 1.6 1.2 1.4 0.9 0.0

FF [%] 18� 2� 4 2.36 0.57 1.97 1.10 1.08 0.54 0.30 0.72 0.22 1.58

aR 1.07� 0.09� 0.14 0.12 0.02 0.07 0.02 0.02 0.01 0.01 0.02 0.01 0.02

a0ð980Þ− ϕR ð°Þ 82� 5� 7 2.5 2.1 4.6 1.2 0.9 0.9 3.0 0.6 0.6 0.5

FF [%] 4.0� 0.7� 1.1 0.91 0.19 0.50 0.06 0.20 0.03 0.17 0.18 0.14 0.05

aR 0.17� 0.03� 0.05 0.02 0.01 0.04 0.00 0.01 0.01 0.00 0.01 0.00 0.01

a2ð1320Þ− ϕR ð°Þ −128� 10� 8 3.9 3.9 2.9 2.8 1.9 2.5 1.0 0.5 1.1 1.4

FF [%] 0.15� 0.06� 0.13 0.09 0.02 0.08 0.01 0.02 0.01 0.01 0.01 0.01 0.02

aR 0.43� 0.05� 0.10 0.07 0.06 0.03 0.02 0.02 0.00 0.00 0.01 0.01 0.01

a0ð1450Þ− ϕR ð°Þ −49� 11� 19 3.0 12.5 8.2 5.7 7.1 1.2 4.0 2.2 4.1 0.5

FF [%] 0.74� 0.15� 0.34 0.25 0.18 0.10 0.07 0.08 0.00 0.00 0.04 0.01 0.01

aR 1.3� 0.1� 0.4 0.27 0.05 0.06 0.01 0.05 0.01 0.03 0.24 0.01 0.00

ρð1450Þ− ϕR ð°Þ −144� 7� 9 1.5 6.0 3.2 2.8 2.2 3.3 1.0 3.7 1.0 0.8

FF [%] 1.4� 0.2� 0.7 0.63 0.21 0.13 0.06 0.12 0.05 0.07 0.10 0.04 0.07

χ2=bin 1.10 1.11 1.10 � � � 1.08 � � � 1.10 1.10 1.10 1.10 1.17

DFF [%] 109.1 114.1 108.5 � � � 107.0 � � � 107.7 108.7 110.8 109.4 110.0
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TABLE XXII. Systematic uncertainties for complex amplitudes and fit fractions in the D0 → K0
SK

þπ− model using the GLASS
parametrization. The headings are defined in Table XIX.

Resonance Var Baseline dD0 , dR −2 logL Comb. maxðj cos jÞ Tρ� Efficiency Weights Flatté fm, fc Joint

K�ð892Þ− FF [%] 29.5� 0.6� 1.6 1.30 0.15 0.32 0.49 0.27 0.25 0.41 0.26 0.25 0.47

aR 4.7� 0.5� 1.1 0.30 0.81 0.29 0.28 0.45 0.22 0.09 0.06 0.04 0.05

K�ð1410Þ− ϕR ð°Þ −106� 6� 25 6.3 18.1 11.0 8.0 7.4 5.3 0.9 1.9 1.5 0.6

FF [%] 3.1� 0.6� 1.6 1.13 0.99 0.13 0.22 0.36 0.21 0.11 0.06 0.07 0.11

aR 0.58� 0.05� 0.11 0.07 0.07 0.01 0.01 0.05 0.02 0.02 0.00 0.01 0.00

ðK0
SπÞ−S-wave ϕR ð°Þ −164� 6� 31 19.0 2.0 13.2 13.0 12.3 7.7 1.8 3.2 2.5 0.2

FF [%] 5.4� 0.9� 1.7 1.16 0.94 0.33 0.59 0.06 0.33 0.23 0.11 0.14 0.12

aR 0.410� 0.010� 0.021 0.01 0.01 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.01

K�ð892Þ0 ϕR ð°Þ 176� 2� 9 4.4 2.4 4.4 4.7 3.6 2.4 0.2 0.4 0.3 0.2

FF [%] 4.82� 0.23� 0.35 0.02 0.27 0.15 0.08 0.08 0.08 0.06 0.04 0.02 0.03

aR 6.2� 0.5� 1.4 1.13 0.09 0.38 0.22 0.07 0.17 0.54 0.26 0.13 0.03

K�ð1410Þ0 ϕR ð°Þ 175� 4� 14 0.9 13.4 1.9 2.9 1.4 1.1 1.2 1.8 0.2 0.7

FF [%] 5.2� 0.7� 1.6 0.25 0.37 0.83 0.62 0.32 0.24 0.90 0.44 0.22 0.09

aR 6.3� 0.5� 1.7 1.17 0.82 0.72 0.35 0.32 0.13 0.23 0.27 0.15 0.09

K�
2ð1430Þ0 ϕR ð°Þ −139� 5� 21 16.2 3.8 6.5 7.4 4.8 2.7 4.4 2.5 2.2 0.3

FF [%] 7� 1� 4 2.84 1.66 1.60 0.71 0.69 0.30 0.37 0.55 0.25 0.41

aR 3.7� 0.3� 1.8 1.46 0.65 0.55 0.03 0.45 0.12 0.11 0.09 0.03 0.01

ðKπÞ0S-wave ϕR ð°Þ 100� 10� 70 57.6 13.1 9.0 13.6 3.2 10.6 20.4 11.9 7.0 0.4

FF [%] 12� 1� 8 6.60 0.83 2.75 2.68 2.20 0.54 0.92 1.00 0.22 0.15

aR 1.8� 0.1� 0.6 0.25 0.44 0.11 0.14 0.06 0.10 0.04 0.20 0.03 0.01

a0ð980Þþ ϕR ð°Þ 64� 5� 24 14.6 14.9 5.9 1.7 2.4 3.2 6.1 6.7 1.7 0.3

FF [%] 11� 1� 6 2.43 4.86 1.42 1.75 0.81 1.15 0.68 1.40 0.36 0.27

aR 0.44� 0.05� 0.13 0.10 0.01 0.01 0.06 0.03 0.02 0.03 0.01 0.01 0.00

a0ð1450Þþ ϕR ð°Þ −140� 9� 35 26.9 3.9 13.7 9.2 13.3 6.2 3.7 1.0 1.1 2.6

FF [%] 0.45� 0.09� 0.34 0.27 0.01 0.00 0.15 0.09 0.03 0.08 0.03 0.02 0.00

aR 2.3� 0.4� 0.8 0.16 0.26 0.29 0.14 0.52 0.30 0.02 0.23 0.15 0.08

ρð1450Þþ ϕR ð°Þ −60� 6� 18 10.0 8.3 4.3 10.1 1.7 3.2 2.8 4.0 1.4 1.4

FF [%] 1.5� 0.5� 0.9 0.08 0.16 0.38 0.23 0.30 0.35 0.03 0.25 0.16 0.51

aR 1.04� 0.12� 0.32 0.23 0.09 0.07 0.15 0.09 0.05 0.06 0.02 0.01 0.01

ρð1700Þþ ϕR ð°Þ 4� 11� 20 4.6 13.9 7.3 2.4 8.4 6.9 2.2 1.6 1.8 2.5

FF [%] 0.5� 0.1� 0.5 0.39 0.12 0.07 0.13 0.02 0.06 0.05 0.02 0.01 0.11

χ2=bin 1.07 1.09 1.07 1.06 1.04 1.06 � � � � � � 1.07 1.07 1.12

DFF [%] 80.7 78.5 71.3 84.9 83.4 82.9 � � � � � � 79.9 80.5 81.5
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TABLE XXIII. Systematic uncertainties for complex amplitudes and fit fractions in the D0 → K0
SK

þπ− model using the LASS
parametrization. The headings are defined in Table XIX.

Resonance Var Baseline dD0 , dR −2 logL maxðj cos jÞ Weights Efficiency Flatté Joint Comb. Tρ� fm, fc

K�ð892Þ− FF [%] 28.8� 0.4� 1.3 0.07 0.08 0.32 0.21 0.15 0.08 1.21 0.01 0.01 0.19

K�ð1410Þ− aR 9.1� 0.6� 1.5 1.21 0.06 0.58 0.41 0.39 0.08 0.19 0.09 0.01 0.03

ϕR ð°Þ −79� 3� 7 5.2 4.1 2.7 0.8 0.6 0.9 0.2 0.2 0.0 0.4

FF [%] 11.9� 1.5� 2.2 0.15 0.00 1.42 1.11 1.04 0.17 0.71 0.15 0.10 0.08

ðK0
SπÞ−S-wave aR 1.16� 0.11� 0.32 0.20 0.21 0.10 0.04 0.04 0.04 0.01 0.04 0.02 0.03

ϕR ð°Þ −101� 6� 21 19.3 6.2 5.7 2.7 1.6 2.3 0.4 0.0 0.8 0.6

FF [%] 6.3� 0.9� 2.1 1.30 1.31 0.81 0.24 0.42 0.20 0.19 0.26 0.20 0.11

K�ð892Þ0 aR 0.427� 0.010� 0.013 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ϕR ð°Þ −175.0� 1.7� 1.4 0.2 1.2 0.3 0.2 0.2 0.3 0.1 0.5 0.3 0.2

FF [%] 5.17� 0.21� 0.32 0.16 0.20 0.04 0.08 0.08 0.01 0.10 0.10 0.00 0.02

K�ð1410Þ0 aR 4.2� 0.5� 0.9 0.33 0.20 0.71 0.16 0.13 0.15 0.03 0.08 0.02 0.06

ϕR ð°Þ 165� 5� 10 1.3 7.1 3.6 4.3 2.5 0.7 0.2 1.8 1.1 0.6

FF [%] 2.2� 0.6� 2.1 1.82 0.36 0.77 0.34 0.19 0.16 0.12 0.03 0.07 0.07

ðKπÞ0S-wave aR 1.7� 0.2� 0.4 0.18 0.29 0.17 0.06 0.09 0.04 0.00 0.08 0.00 0.03

ϕR ð°Þ 144� 3� 6 3.6 0.9 2.2 2.3 3.3 0.4 0.9 0.5 0.7 0.3

FF [%] 17� 2� 6 3.76 4.31 2.30 0.70 0.56 0.60 1.37 0.54 0.00 0.32

a0ð980Þþ aR 3.8� 0.2� 0.7 0.30 0.64 0.03 0.11 0.17 0.06 0.02 0.10 0.01 0.03

ϕR ð°Þ 126� 3� 6 4.3 0.4 0.8 1.3 1.9 2.7 0.2 0.6 0.5 0.5

FF [%] 26� 2� 10 3.61 8.83 0.01 1.67 1.44 0.27 1.12 0.92 0.15 0.15

a0ð1450Þþ aR 0.86� 0.10� 0.12 0.06 0.00 0.00 0.04 0.07 0.02 0.03 0.04 0.01 0.02

ϕR ð°Þ −110� 8� 7 1.7 2.5 3.5 1.2 3.9 1.8 1.1 1.1 0.5 1.0

FF [%] 1.5� 0.3� 0.4 0.22 0.07 0.02 0.15 0.25 0.06 0.05 0.13 0.03 0.05

ρð1700Þþ aR 1.25� 0.15� 0.33 0.22 0.12 0.07 0.12 0.12 0.02 0.02 0.04 0.11 0.02

ϕR ð°Þ 39� 9� 15 9.5 8.4 5.1 4.0 2.0 1.3 0.1 0.4 2.1 1.1

FF [%] 0.53� 0.11� 0.23 0.15 0.08 0.06 0.07 0.10 0.01 0.07 0.03 0.02 0.01

χ2=bin 1.09 1.10 1.07 1.08 � � � � � � 1.09 1.14 1.09 1.09 1.09

DFF [%] 99.0 99.1 104.8 95.6 � � � � � � 98.9 100.7 99.3 99.3 99.4
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APPENDIX D: CP VIOLATION FIT RESULTS

This appendix contains Table XXVI, which summarizes the full fit results of the CP violation searches described in
Sec. VI D.

APPENDIX E: DESCRIPTION OF SUPPLEMENTAL MATERIAL

This is divided into two parts: lookup tables for the complex amplitude and covariance information, each for the four
quoted amplitude models. These are available at Ref. [60]. No correlation information is included for systematic
uncertainties.

TABLE XXVI. Full CP violation fit results as described in Sec. VI D. The only uncertainties included are statistical.

aR ΔaR ϕR ΔϕR

Resonance GLASS LASS GLASS LASS GLASS LASS GLASS LASS

(a) Model parameters for the D0 → K0
SK

þπ− mode.

K�ð892Þþ 1.0 (fixed) 1.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed)

K�ð1410Þþ 4.24� 0.30 5.83� 0.30 0.07� 0.05 0.03� 0.05 −160� 6 −143.1� 3.4 3.9� 2.9 2.0� 2.1

ðK0
SπÞþS-wave 0.63� 0.05 1.12� 0.09 0.018� 0.034 −0.053� 0.030 −66� 5 −59� 4 2.0� 1.7 2.0� 1.7

K�ð892Þ0 0.213� 0.007 0.210� 0.006 −0.046� 0.031 −0.051� 0.029 −108.2� 2.2 −101.5� 2.0 1.2� 1.6 1.5� 1.6

K�ð1410Þ0 6.04� 0.27 3.93� 0.19 0.006� 0.029 0.02� 0.04 −179� 4 −174� 4 1.9� 1.3 −3.3� 2.1

K�
2ð1430Þ0 3.31� 0.29 � � � −0.05� 0.04 � � � −171� 5 � � � 1.8� 2.4 � � �

ðKπÞ0S-wave 2.48� 0.23 1.28� 0.11 0.051� 0.031 0.032� 0.031 47� 13 74.9� 2.9 0.4� 1.4 1.0� 1.3

a0ð980Þ− � � � 1.07� 0.09 � � � −0.01� 0.06 � � � 82� 5 � � � 7.0� 2.8

a2ð1320Þ− 0.195� 0.030 0.169� 0.030 −0.25� 0.14 −0.24� 0.13 −128� 9 −128� 10 2� 8 −1� 9

a0ð1450Þ− 0.51� 0.04 0.44� 0.05 −0.01� 0.07 −0.13� 0.08 −84� 7 −52� 10 0.2� 2.7 −4� 4

ρð1450Þ− 1.58� 0.18 1.30� 0.11 0.06� 0.07 −0.05� 0.06 −175� 7 −144� 7 −13� 4 −4.7� 2.9

ρð1700Þ− 0.39� 0.08 � � � −0.08� 0.15 � � � −65� 12 � � � 7� 8 � � �
(b) Model parameters for the D0 → K0

SK
−πþ mode.

K�ð892Þ− 1.0 (fixed) 1.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed) 0.0 (fixed)

K�ð1410Þ− 4.8� 0.5 9.1� 0.6 0.05� 0.09 −0.03� 0.06 −105� 6 −78.5� 3.0 −5.8� 3.3 −3.0� 2.2

ðK0
SπÞ−S-wave 0.59� 0.05 1.14� 0.11 0.10� 0.06 −0.14� 0.07 −163� 6 −102� 6 −7.7� 3.4 −8� 4

K�ð892Þ0 0.409� 0.010 0.427� 0.010 −0.010� 0.024 −0.012� 0.022 176.2� 2.2 −174.6� 1.7 −1.4� 1.8 0.8� 1.6

K�ð1410Þ0 6.2� 0.5 4.2� 0.5 0.10� 0.05 0.19� 0.09 175� 4 165� 5 −0.6� 3.3 −9� 4

K�
2ð1430Þ0 6.2� 0.5 � � � −0.09� 0.05 � � � −139� 5 � � � 6� 4 � � �

ðKπÞ0S-wave 3.66� 0.29 1.72� 0.16 −0.075� 0.034 −0.12� 0.04 96� 12 145.4� 3.0 −1.9� 2.4 1.9� 2.3

a0ð980Þþ 1.74� 0.10 3.79� 0.20 0.06� 0.04 0.052� 0.024 65� 5 127.4� 3.5 −3� 5 −0.9� 2.3

a0ð1450Þþ 0.44� 0.05 0.87� 0.10 −0.11� 0.09 −0.07� 0.06 −139� 9 −112� 7 10� 6 5� 4

ρð1450Þþ 2.4� 0.4 � � � −0.06� 0.10 � � � −60� 6 � � � 5� 4 � � �
ρð1700Þþ 1.01� 0.12 1.23� 0.15 −0.03� 0.09 −0.12� 0.09 2� 11 40� 9 4� 6 2� 5
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1. Isobar model lookup tables

The lookup table filenames are listed in Table XXVII. As an example, the first five lines of the file
glass_fav_lookup.txt are
# S-wave: GLASS, mode: D0->KSK-pi+ (FAV)
# mD0 = 1.86486; mKS = 0.497614; mK = 0.493677; mPi = 0.13957018 GeV/c^2
# m^2(Kpi) GeV^2/c^4, m^2(KSpi) GeV^2/c^4, |amp|^2 arb. units, arg(amp) rad
0.300625,0.300625,0.000000e+00,0.000000
0.300625,0.301875,0.000000e+00,0.000000
The first three lines are comments, describing which D0 decay mode and isobar model this file corresponds

to, giving the precise nominal masses used in the fit and, finally, defining the data fields in the remainder of
the file. As this shows, the models are evaluated on a grid with a spacing of 0.00125 GeV2=c4.

2. Covariance information

A reduced covariance matrix is presented for each isobar model, tabulating the correlations between the complex amplitudes
aReiϕR . These are listed in files named analogously to those in Table XXVII, e.g. glass_fav_covariance.txt.
An example first four lines:
# S-wave: GLASS, mode: D0->KSK-pi+ (FAV)
# x , y , cov(x,y)
K(0)*(1430)+_Amp,K(0)*(1430)+_Amp,2.195e-03
K(0)*(1430)+_Amp,K(0)*(1430)+_Phase,1.147e-01
i.e. a similar format to the lookup tables. Note that the Kπ S-wave contributions are tabulated as K(0)*(1430)+ and

K(0)*(1430)bar0.
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