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A Study of Deterministic Jitter in Crystal Oscillators

Paolo MaffezzoniMember, IEEE Zheng ZhandgStudent Member, IEEEand Luca DanielMember, IEEE

Abstract— Crystal oscillators are widely used in electronic frequency of the interfering signal. Exploring such a multi
systems to provide reference timing signals. Even though #y faceted behavior via repeated transistor-level CAD sitinia
are designed to be highly stable, their performance can be is too time consuming, especially because of the high-Q of

deteriorated by several types of random noise sources and tie- . . . -
ministic interferences. This paper investigates the phenoenon crystal oscillators [4], [5]. In fact, high-Q oscillatorscebit

of timing jitter in crystal oscillators induced by the injection of ~ Very long transient responses before reaching the steatgss
deterministic interferences. It is shown that timing jitter is closely

related to the phase and amplitude modulations of the oscator Unfortunately, such repeated simulations normally gittkeli
response. A closed-form variational macromodel is propogkto insight about the complex interference mechanisms. A much
?”?”“fy timingrj;itte.r asxvelll as 1o qua}ltitativglyf?xplain the i“; more effective approach is to build a proper macromodel
erference mechanism. Analytical results and efficient nurerical ; ;

simulations are developed tgtexplore how timing jitter depads to des?”be the_OSCIIIator re.Sponse' In the IaSt.tWO degades
on the frequency of the interfering signal. The methodologyis ©Xtensive techniques for oscillators macromodeling haenb

tested by a crystal Pierce oscillator. investigated since the seminal paper of Kaertner [6].

Index Terms— Crystal oscillators, amplitude and phase modu-

lation, oscillator macromodeling, system reliability, timing jitter. The key feature of such an approach is the introduction of

a “phase variable” which allows separating the effects of PM

from those due to AM. In [6], a compact equation (i.e. a scalar

differential equation) for the phase variable was deri2ge

|. INTRODUCTION to its simplicity, this phase macromodel has been adopted by

Crystal oscillators are currently employed in a huge numbg]a?y z_authotr_s t? Sttrl:dy oscn:ator Ehase noie [7.]_[?]' atsl %N el
of electronic applications including consumer and indabtr as to investigate the complex phase-synchronization isfiec

electronics, research and metrology as well as military a I-[16]. However, in [6] no compact equation was provided

aerospace [1]. As fundamental blocks of many communicati ol tf:je amtf’";”ge vanablel. !nstgad, thle ar:ppr:lt.udde.ﬁ\./alsabl
systems, crystal oscillators can provide timing signals fgvas descr t('a }ll_a cocl);vo ”“tf]f‘ mtegrai Wthl'c IS dihic t:. ¢
channel selection and frequency translation. In digitelcel use In practice. 10 address thiS ISSU€, In this paper, we 1irs

tronics, they are widely employed to generate synchroicizat complete the mathematical derivation in [6] to find simpéifie
clock s,ignals compact equations for the amplitude variable. We show how

Even though crystal oscillators are designed to be hightl e proposed macromodel can be solved analytically to find

stable, the accuracy of their response can be deteriore;’[edt ¢ phase and amplltude responses o harmomt_: |.nte.r.fesren.ce
S well as to derive the associated deterministic jitter in

random noise sources and deterministic interferences. e qf Th d ivtical solution hiahliahis t
latter, in particular, refer to “well defined signals” whieie closed Torm. 1he proposed anaytical solution nighllg

caused by unwanted effects such as electromagnetic inten{gacromodel parameters that mainly affect deterministieri

ences (EMI), crosstalk or power supply line fluctuations [Zmegh?r:!sm. # altso shows the key role played by amplitude
[3]. In today’s high-frequency integrated circuits, det@mistic odulation efiects.

interferences have become a major concern. The detedorati aq 5 second contribution, we show how the macromodel can
of the oscillator response due to deterministic signals |3, employed in behavioral simulations to efficiently caitel
commonly described bgiming jitter, i.e. the deviation of the e geterministic jitter caused by the interfering sigrigte
actual output waveform from the ideal one at time axis. proposed methodology can be applied to any crystal osmillat

Predicting the timing jitter induced by potential determingjmy|ations and numerical results are presented for a ®ierc
istic interferences, i.edeterministic jitter is a difficult issue. crystal oscillator.

Deterministic jitter is, in fact, the result of a complexenfer-

ence mechanism that involves both phase-modulation (PM)The remainder of this paper is organized as follows: in Sec.

and amplitude-modulation (AM) of the oscillator responsél, we illustrate the timing jitter mechanism as a result & P

Furthermore, the response susceptibility to interferemoay and AM effects. In Sec. Ill, we derive a compact equation that

change dramatically depending on the injection point ard tiyoverns the amplitude variable. Such a macromodel is used in
Sec. IV to find the closed-form expressions for the phase and
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(MIT), Cambridge, MA, USA. E-mail:(zhang,luca)@mit.edu. to verify the efficiency and accuracy of our proposed apptoac
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We are interested in the time points where the output
variable waveformr:g(t) crosses a given threshalkd,;, with a
positive slope, as depicted in Fig. 1. Two consecutive @angss
times ¢, and txy; define the value of the perturbed period
T, = try1 — tx over the kth cycle. In the presence of
an interference7;, will differ from the ideal valueT,. The
standard deviation of the period valugs gives the timing
jitter o.

We analyze first the case where AM effects are negligible,
i.e.in (4)Az°(t+«a(t)) = 0, and thus the perturbed response
is a purely time-shifted version of the ideal one, as poddy
in Fig. 1(top). In this case, crossing time pointsandt;, are
decided (along with the condition on the slope sign) aceaydi
to

x(tk + alty)) = 23(tetr + altir1)) = X (5)

Fig. 1. Timing jitter measures the variations of the crogsimes of the and thus, due to thé&g-periodicity of waveformz((-), they

perturbed responseg (t) with respect to those of the ideal responsit).  satisfy the following relation
Top: with PM effect only; bottom: with both PM and AM effects.

tit1 + altps1) =t + a(tr) + To. (6)

Il. OSCILLATOR MACROMODEL AND TIMING JITTER During thek-th cycle, the period of the perturbed response is

The ideal noiseless crystal oscillator can be described by a Tk = ti+1 — te = a(ty) — a(t+1) + To. (7)

set of ordinary differential equations (ODE): As we will see in Sec. IV, in the presence of an harmonic

x(t) = £(x(t)) (1) interference, the waveform(¢) oscillates with (angular) fre-
quency,, << wg and thus, in view of (7), the fluctuations
where x(t), x(t) € R” are the vector of circuit variablesof the perturbed period are well approximated by
and their time derivative respectively, : RY — RV is
a vector-valued nonlinear function andis time. A well Ty — To = —a(ty)To- (8)

designed crystal oscillator admits a stalfleperiodic steady- e proceed to consider the case where both PM and AM

state response(t) € RY (frequency fo = 1/To) which  efacts are significant, as shown in Fig. 1(bottom). In tiaise
corresponds to a limit cycle in the phase space. The lim{|ation (5) is modified to

cycle x4(t) represents thedeal response, i.e the oscillator 0

response in absence of any noise and interferences. When &s (tk + a(tk)) + Az (ty + a(tr)) = Xo = ©)
small-amplitude interfering signal;,,(¢) is injected into the o 0

oscillator, its equation is modified to (tr1 +altir)) + Az° (e + altir).

The extra jitter due to AM, denoted a%l}, enters time

x(t) = £(x(t)) + b(x(t)) sin(t), (2)  relationship (6) as follows
whereb(:) (which depends on variables(t)) is the vector
that inserts signas;,,(¢) into circuit equations. tht1 + altirr) =t + altn) + To + 0Tk (10)
~ According to [6], the solutionx,(¢) to the perturbed equa-  sjnce in (10)67, << Ty, the first term on the right hand
tions (2) can be split in the two terms side of (9) is well approximated by
Xp(t) = Xs(f + Oé(t)) + Ax(t + Oé(f)), (3) J}g(tk+1 + Oé(ﬁk+1)) = mg(fk + Oé(tk) + TO + (STk)
where the variablex(t) is a time shift to the unperturbed ~ 29ty + alty) + To) + #2(tk + alty) + To) 0Ty

responsex;(t). The first term in (3) accounts for the response
variation tangent to the limit cycle (i.e. the tangentiainpmo-
nent) and thus is related to PM. The second variablgt)

(11)
The error introduced by this approximation is of the order

, - L of (0T%)? and thus it is negligible compared . Thus,
tprowdes thle variation tcom;()jotrllent .tranlsvterésagl tzl\tﬂhe ot ( plugging (11) into (9) and exploiting th&j-periodicity of
ransversal component) and thus is related to AM. o(-) and of (), we obtain

Timing jitter is evaluated by considering one element of the’
state vector (3), i.exy(t) € x,(t), as theoutput variableof 0 0
the oscillator. For the output variable, (3) reduces to 5T}, = Az®(ty + ofty)) — Az (b1 + O‘(thrl))' (12)

&9 (te + alty))
zZ(t) =20t + at)) + Az (t + at)), (4)

INote that with both PM and AM effects, the perturbed periodaisted
wherez?(:) € x4(-) and Az°(-) € Ax(-) are the correspond- from (10) readsT}, = txr1 — t = alty) — altpr1) +6\Tﬁ+To.
~— ———

ing vector elements. PM AM



In Sec. IV, it will be proven that, for a harmonic interferenc B. Amplitude Model

the amplitude waveform takes the form Now, we derive similar equations for the amplitude variable
o We first observe that the amplitude variation in (3) can be
A = . 1
() = ua(t) - 12(t), (13) expanded as follows
whereus(t) is aTy-periodic function (i.e. an element of a Flo- N
quet eigenvector) whilg(t) is a slowly-varying coefficient Ax(t + a(t)) = Zuj (t+at)y; @), (21)
oscillating with frequency?,, << wy. In this case, using the j=2

approximationTy + 6T}, ~ T, and the periodicity ofus(f), whereu;(t) is the jth right Floquet eigenvector, as described
the numerator of (12) can be simplified to in Appendix A, and

Az(ty + altr)) — Az(trsr + oths)) yi(t) = y;(1) = y;(t + a(t)) (22)

~ us(ty + olty)) - [y2(te + a(te)) — yo(trrr + a(trer))] 1S @nunknown scalar functiorof time. To find the ODE
that governgy(t), we multiply the left-hand side of (16) by
~ —ug(ty + alty)) - g2 (tk + a(tr)) To. v} () with & > 1. By exploiting the biorthogonality condition
(14) vI(7)-x.(r) = 0, we obtain
With this simplification, AM-induced period variation (12 )
is estimated byp i " V() AK(m) = vi(7) - Dl () - Ax(r) (23)

7%~ —Rglta + AT s VL (7) - b0xs(7) s (0):
i Yl T ATE))L0, According to (21) and (63), the left-hand side of (23) can be
u2(tk + Oz(tk))

converted to
@tk +oty)) N
the crossing time point,, which is almost constant over all Vg(T) . Zuj(T) y; (1) + gn (7). (24)
cycles. From (15), we see that to minimize the AM-induced =2

jitter the threshold valu&y;, should be selected to maximizeSim”a”y, using (62), (21) and (63), the right-hand sideg23)
the time slope of the ideal responsgt) at the crossing point. g rewritten as

whereR = is the ratio ofuz(t) overi,(t) at

N
[1l. PHASE AND AMPLITUDE EQUATIONS Mo k() = VE (7)Y ui(7) i (1) + Vi (7) - b(x(7)) sin (1),

In this section, we first review the scalar ODE that governs = (25)

the phase variable. After that, for the first time, we provadeynere ), is the kth Floquet exponent described in Appendix
similar compact model for the amplitude variable. A. Then, equating (24) to (25) and reordering we find
9k (1) = M yu(T) + Vi (1) - b(xs(7)) sin(t) =2 (26)

where the term Z is zero, i.e.
Substituting the perturbed solution (3) into (2) and neglec

A. Review of Phase Model

N N
ing the higher-order terms inx, &(t), sin(t), we get 7 — Vg(T) . Zuj(T) y; (7) + vkr(T) . Z w, (1) y;(r) =
X, (T)é(t) + A%(7) = Df(x(7)) - Ax(7) + b(x, (7)) sin (1), N 7 o
(16) T 1 + o1 . . . —
where ; (Vi (1) 15 (7) + Vi (7) - u;(7)) y5(7)
T=t+at) (17) N N s
— (VE() -u (r i(7) = i-7—:0
is a scaled time,-" denotes derivative with respect to variable ; dt (vie (7) - 1,(7) () = dt (")
t and 27)
Df(x. (1)) = 2™ (18) With 5,; defined in (63). Finally, using (22), (26) can be
OX |yex.(t) rewritten as
is the Jacobian of functiofi(-) computed along the stable Ui (1) = M k() + Th(t + a(t)) sin () (28)
orbit. with
Starting from (16), Kaertner in [6] proposed the following Th(t) = v{(T) b(x, (1)) (29)

scalar equation for the phase variable
a P being the scalaflj-periodic function obtained by projecting

a(t) =Tt + aft)) sin(t), (19) the external signal onto theth Floquet eigenvectov (t).
Once the Floquet eigenvalues/eigenvectors are calculated
where as described in Appendix B, the response to an interfering
Ti(t) = vi (1) - b(xs(t)) (20) signals;,(t) can be determined efficiently by two steps. First

ave integrate the scalar ODE (19) to obtaift); next we

is a scalafl-periodic function that projects the external sign htegrate the scalar linear ODE (28) to compgigt) 2 for

along the first left Floquet eigenvecter (t) whose definition
is reviewed in Appendix A. 2|n the case\,, is complex, equation (28) is integrated in the complex field.



k = 2,...,N. In practice, the abovementioned procedure
can be further simplified after observing (as will be show
in Sec. IV) that the magnitude of variablgs(¢) is inversely
proportional to the real part (in module) of the correspagdi
Floquet exponernRe(\)|. Therefore, if Floquet exponenis
are ordered in the way thaRe(\;)| < |Re(Ax+1)], only the
very first functionsyy(t) need to be calculated. In addition,
for those oscillators with highly stable limit cycles, asist
commonly the case for crystal oscillators, Floquet exptser
A are purely real [18] (e.g. see Table-II).

mwoa(t) [s]

IV. CRYSTAL OSCILLATORS COMPACT MACROMODEL

Further insights about deterministic jitter in crystal ilae -af : » .
tors can be gained by considering the following macromod

zp(t) = 23(t + a(t)) + Az?(t + a(t)) (30) L v
Az®(t + a(t)) = u3(t + a(t)) g2(t),

where u;(t) and vy (t) are the right and left eigenvectorsrig. 2. mwoa(t) for the three cases (i), (i), and (iii).

corresponding to the Floquet exponeat respectively, which

dominates the AM response. The phase and amplitude vari-

ablesa(t), y2(t) are found by integrating the following scalar(35) can be rewritten as
ODEs

do(t
{ a(t) =Ty (t + aft)) sin(t) a1 % = Aw — Bsin(0(t)) (38)
. 31
Ya(t) = A2 42(t) + Ta(t + a(?)) sin(t) which is identical to the eq. (9b) discussed by Adler in [17]
where the projection functionEy(t), with k = 1,2 are T,- (i thg_t reference, variabl(t) is denoted as(t)). Under the
periodic and admit the Fourier expansions condition A
o K= ?‘*’ > 1, (39)
Tk(t) = Z Ty cos(nwot + 1) (32)
n—0 the differential equation (38) admits the following closfiedm
with 79 = 0. solution [17]
In the remainder of this section, we will exploit this compac 5
t 1 K? -1 B(t—t
macromodel to evaluate analytically the phase and amplitug% = atan e + — % tan ((TO) K2 — 1) ,
responses to a harmonic interference of the type (20)
Sin(t) = A cos(wint), (33) and then from (36), we get
where the frequency of the interference mwoa(t) = 0(t) — Awt — ™ + /2. (41)
Win = Mwo — Aw (34) B(

The termtT_tO) v/ K? — 1in (40) grows linearly with time
and passes through the valueg2, 37/2, ... at which the
tangent at the right-hand side becomeso. At the same
time instantsf(¢)/2 must also ber/2, 37/2, ... while it

. B(t—1t .
assumes values different from(io) v/ K? — 1 during the

time intervals. This means thﬂ%t) can be written as the
superposition of a term that varies linearly with time with
the average slope

is expressed in terms of its detuniffw| << wgy from the
nearestnth harmonicmwy.

A. Phase Response

Substituting (33) and (32) (with = 1) in the first equation
of (31), we find that the average behavior of the time dereati
of «(t) is dominated by the slowly-varying term which arise
forn=m

2
Introducing the angle

cos (Awt + mwo a(t) + 7). (35) Q= 0(t) =BVEK?2—1=Aw S ; 17 (42)

a(t) ~ =

where (-) denotes the time averaging operator, and of a

0(t) = Awt + mwoa(t) + 4" — /2, (36) bounded periodic function [17]. To a first order approxima-
) . tion, 4(t) in (41) can be replaced with its linearly varying
and using the notation component, .t
WOFmA»L'n
B =m——p—" (37) mwoa(t) = Qpt — Awt, (43)

2 )



where we have imposed the initial conditiei0) = 0. Then,
substituting (43) into the right-hand-side of (35), we find

T A, I
(t) ~ =L cos (@t +97") (44) '
The PM-induced period fluctuations (8) are thus given by tt 05
samples of the following sinusoidal waveform -
To T A =
Ty — Ty ~ — =21 o5 (Quntr, +47) . (45) = °
3
g

Since wy >> Q,,, the sampling intervak: T, = 27/w is
much shorter thar2z/Q,,. As a result, the timing jitter
corresponds to the effective value of the sine wave, asvisllo

, Tol'T" A; -1
PM 011 “hin
ghM — 2071 Zin 46
T \/g ( ) | | | |
In a similar way, we can employ (43) to evaluate th ! 2 % time [45] 5 ‘110,4

frequency of the perturbed response. First, we observe t.....
the ideal response?(t) can always be written as

z3(t) = p(wot)

wherep(-) is a generi@r-periodic function of its argument.
Next, from the first of (30) (and considering only PM effect), /
the perturbed output takes the form

22t + a(t) = plwot +woalt) = plwyt)  (47)

Fig. 3. muwoa(t) for the cases (i) and (jii).

mth harmonic

Q’H’L
Interference

where N\ '
wp = wp + M (48) 1 :
m T
is the perturbed angular frequency. Win mw, "mwo
We conclude that for a harmonic interference of frequency
win close tomwy, the resulting phase response and timing ,#

jitter depend on the ratio cAw over parameteBB. Parameter
B def"_]ed in (37), in turn, is determmed_ by the amp“tUdﬁig. 4. Effect of PM on the output spectrum: theth harmonic component
of the interference and of thexith harmonic component of moves from the ideal frequencynwo to mw, towards the interference
projecting functionl'; (). frequencywin,.

As an example, in Fig. 2 we plot the waveforms

mwoa() caleulated with expression (40) for the fixed Valu(?requency without locking as shown in Fig. 4. In this case

B = 10*rad/s and three different detunings: {v = 1 x B, I
(i) Aw =2 x B and (iii) Aw = 8 x B. These values lead t0yvaveform7muoo<(ﬁ) has a large oscillating component super-

the three scenarios described below. !mpc_)sed _t_o the linearly varying teriif2,, — Aw)t, as shown
(i) Injection locking. In the limit caseK = Aw/B =1, in Fig. 2(ii).

from (42), we havef(t) = O, — 0 and thus from (48) (i) Weak pulling. For K = Aw/B >> 1, from (48),
we find w — wo — Aw/m m win/m. This means that we find Q,, =~ Aw andw, ~ w, i.e. the fundamental and
p — 0 — - in .

the frequency of the perturbed oscillator is locked to thréarmomc frequencies of the oscillator are not (signifiggnt

interference frequency divided byt. In this case, waveform affected by the m_terferenc_e. I_n this case, wavefanmyo(f)
s . . has a small-amplitude oscillation superimposed to thealiye
a(t), as well as waveformmwoa(t) shown in Fig. 2(i), varies

. S . . . L . varying term(Q2,,, — Aw) t as shown in Fig. 2(iii).
ggiigntl nar:gntefw’elrt?naliﬁmgitg:; Aﬂhies giilgdlr:/a;g(z:i:l()irr:éjggnls Furthermore, in both cases (ii) and (iii), the time derivati
g jmery ' » !N waveformsmwya(t) plotted in Fig. 3 fluctuate between the

locking occurs also for smaller frequency detuni < B ?
(pleas?a note that this case corresqpondf)étcz 1 a?m%sis not peak valuest. 3 as correctly predicted by (45)Ve conclude
that whenw,,, falls outside the lock range, the PM-induced

covgred by (40)).' The cr|t|c.al Cf%.hu =B cor.responds to the timing jitter oM is well estimated by (46) and its value is
maximum detuning for which injection locking occurs which ;
is commonly referred to as lock range [17]. We conclude thg}dependent of the detuning value
as long as the interference frequency falls within the laige _
the PM-induced jitter is zero. B. Amplitude Response

(i) Strong pulling. ForK slightly greater thari, from (48) From the second term of (31) we know that(¢) can be
we have0 < Q,, < Aw. The mth harmonic component considered as the output of a linear system, shown in Fig. 5,

of the perturbed response is pulled towards the interferengith impulse responsé.(t) = exp(\at) scdt), (with scd-)



Lot + aft))

l _
sonlt) @ Spto(t) h) 0

I
<]

I
o

g
o

Fig. 5. Linear system for the computation of the amplitudgpomse. The PM
system is driven by a periodically-time-varying inptls, (¢) which depends

on phase variablex(t).

Total Jitter [ps]

=
w
T
i

being the ideal step function), when driven by the followin:
periodically time-varying input

I
N
T

i

spiv(t) = Da(t 4+ a(t)) - sin(t). (49) Ll ]
From (33) withw;, = mwy — Aw, (32) with £ = 2, and o5 1 os 5 05 n s
(43), we obtain that this input signa).,(¢) is dominated by —Aw [rad/s] X 10°
the slowly varying harmonic
Sptv(t) ~ Amﬁ COS(Awt + mwoa(t) + ,yén) Fig. 6. Total jitter (solid line), PM-induced jitter (dagthdine).
50
AT (50)

- 2 cos(mt +12"). By contrast, in Cases (i) and (iii) of strong and weak
Hence, replacing the second term of (31) with the averagedlling, respectively, the AM-induced period fluctuaticsu}
input (50) and solving the resulting equation, we obtain  is non zero and should be added to the PM-induced fluctuation
(45). Over each cycle, the total period variation is thusstine

t) = ———=—— cos(Q,t + 3 + atan2,,/A2)). (51) of the two sine waveforms
o o T, —To =~ Dicos(Qntk)
The corresponding time derivative reads
, A Tm + DaM(Q) cos(Qmti + Ay + ¢(Qm))
ha(t) = =M () cos(Qt +5" + /24 0(Q)), - (56)
(52) With Q,,(Aw) defined in (42) and
with ™A,
Qm _ 7,2t in
() = atar(Qum /A2). 2 072
The AM-induced period fluctuation&l}, are finally obtained Ay =" =" +7/2.
by inserting time derivative (52) into (15), i.e. To further investigate how the total jitter depends on
. RT A,TY m the interference frequency, we consider an example with
0T ~ — 2 M (Qn) cos(Qmt + 72" +7/2 + ¢(Dm))e aistic parameter valueB; = 2ps, Dy = D;/2, Ay =0,

(54) p-10 rad/s,|\2| = 10°rad/s andm = 1 in (34). In Fig. 6

At this stage it is instructive to investigate the amplitudee report the total jitter, i.e. the effective value of (56} a

responses corresponding to the three scenarios discussettniction of the frequency detuning Aw. The magnitude of
Sec. IV-A. In Case (i) of injection locking, we ha¥e,, =0 the period fluctuation due to the PM effect, i.e. first part in

and thusM (€2,,) = 0, meaning that the AM-induced periodthe right-hand side of (56), and the corresponding timittgrji

fluctuation (54) is zero. In this scenarig(t) = 7 is constant are both independent of frequency detunihg. Conversely,

and thus the amplitude modulation the magnitude and the phase of the period fluctuation induced
Ao e by the AM effect, i.e. the second term on the right-hand side
2°(t+al(t)) =y - ua(t + aft)) (35)  of (56), grows withAw. As a result, the total timing jitter

oscillates exactly at the same frequengy = w;,,/m as exhibits maximum/minimal values whe-Aw) ~ F|Az| or,
z9(t+ «(t)) in (47). The total perturbed responsé(t) is equivalentlyw;, ~ wo F |Az].

thus locked taw;,, /m with both AM-induced and PM-induced

jitter being zero3 V. NUMERICAL RESULTS

31t is worth noting here that the result in (55), whose comess is As an appllcatlon, we StUdy the Pierce crystal oscilla-
confirmed by transistor-level simulations, is due to therfaf the amplitude tor shown in Fig. 7 with the parameters collected in ta-
equation in (31). In fact, in (31) the ipput term (49) is yve'rg;ih by the phase— ble I. We adopt Spice 3 MOS models with parameter val-
modulated" (¢t + «(t)) function. If this phase modulation were not included . Cons—1 2
in the amplitude equation, the solution of this later (in thgction locking ues: Vip, = 0.5V, A = 5 - 107"V, k, =120 HAIV?,
case) would give a nonconstaji(¢) and a wrong nonzero AM-induced jitter. &, = 50 pANV?. Numerical simulations are performed in the
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Fig. 8. Simulation results from envelope following.

Fig. 7. The Pierce crystal oscillatoRs, Cs, Ls andC), are the parameters
of the crystal model. An interference signal is injected by voltage source
Sin (t)

TABLE |
PARAMETERS OF THEPIERCE OSCILLATOR

[ Parameteq Value |

Vs 1.5V

I, 30 uA

Cy 1.0 pF

R 30kQ

Cs 3.6fF

L 4.4mH

Cp 100 fF

R 1MQ 0~ 05 1 ] 15 2 25
(W/L)23 | 200 time [s] <10
W/L), |2

Fig. 9. Ideal steady-state responsKi): obtained with envelope (solid line),
obtained with SpectreRF (square).
time-domain simulator Simulation-LABoratory (S-LAB) [IL9
[20] and verified with SpectreRF.
With the envelope-following algorithm [19], which istwo right Floguet eigenvectors(t) and u3(t), we de-
shortly reviewed in Appendix B, we simulate the time resgongive that for the threshold valueX,, = 0.8V, the ratio
of the free-running oscillator till the periodic steadytetéPSS) R = u3(0)/uf(0) ~
is reached. We select the voltage across capacitoas the  As an interfering signal, we consider the voltage source
output variable the envelope of which is shown in Fig. 8. s;,(t) inserted in series with the crystal quartz, as shown
Fig. 9 reports the (ideal) steady-state oscillatory responin Fig. 7, which represents a typical example of EMI [3].
z9(t) over one cycle and compares it with that from Spedrhe interfering signal is of the type (33) with amplitude
treRF simulation. The two waveforms match very well. Thel,,, = 100mV and varying frequencw;,. Fig. 10 shows
oscillating angular frequency is, = 252.007 - 10° rad/s and the first two projecting function§ (t) and I's(¢) associated
the period isTy = 24.932 ns. with this interference: both waveforms are dominated by the
Next, using the computational method described in Agirst harmonic component. Based on the theory developed in
pendix A, we calculate the Floguet exponents/eigenfunstioSec. IV, we conclude that the interfering signal will induce
along the stable orbit. Tab. Il reports the Floquet expanensignificant jitter effects when its frequeney;, is close to
From this table, we see that Floquet exponents are purely rdee fundamental frequency, i.en = 1 in (34). For the
and that/A\2| << |A3 45| dominates the amplitude response.interference amplitudel;,, = 100 mV, the lock range should
From the computed output-related elements of the filse B ~ 2 - 107* x wy. After that we sweep the value



TABLE Il
FLOQUET EXPONENTS

Ao | —2.51-10°
A3 | —2.09-10°
A | —2.30- 108
s | —1.26-10°

Tia(t) [V

Fig. 11. Perturbed responsg (t) for win = wo x (1 —5- 10~4).

1 1. 2
time [ST «10™
Fig. 10. Waveforms of'; (¢) andT'2(¢) associated with interferencg,, (¢).

of the interference frequency;, in a frequency interval
centered atwy. At each frequency point, we simulate the
macromodel given by (19) and (28). In fact, ODE (28) onl
needs to be integrated far = 2,3 sinceys(t) is about two
orders of magnitude smaller thaj(¢) and thus it can be
neglected. Each simulation costs less than one second anc

lows us to efficiently derive the associated perturbed nes@o 14122 14143 La4s . 14143 1414 1.4144

29(t) = @5(t + a(t)) + Az®(t + a(t)). Fig. 11 shows the per- time [s] )10

turbed response simulated with the compact macromodel for
Win : Wo X (1 —5-10 4)' This interference frequency fa"S_Fi . 12. Perturbed responsg(t) over one working cycle: proposed macro-
outside the lock range and corresponds to a strong pulligdel (solid line), SpectreRF (square). The ideal resparg) (dashed
scenario. Fig. 12 reports the perturbed responses overla cyige).
aroundt = 0.14ms, which are computed by using our pro-
posed macromodel and by detailed transistor-level sinomat
in SpectreRF, respectively. The two curves match excéfientts component due to the PM effect only. The following
and exhibit a significant amplitude modulation effect. observations are in order. As long as, falls within the
It is worth noting that under the injection pulling regimeeth lock range, the deterministic timing jitter is zero. Outsid
oscillator response is not periodic and its detailed sitta the lock range, the PM-induced jitter is almost constant and
with SpectreRF aimed at finding the distribution of the pedoes not depend ow;,. For the parameter$, = 24.932ns,
turbed period values is very time consuming. In fact, a greB{ = 3.65 - 1073V~! and interference amplitudel;, =
number of cycles have to be simulated and, in each cycle @ mV, the analytical expression (46) yieldg.* = 3.21 ps
tiny time step is required to accurately calculate the thols which matches excellently with the PM-induced jitter shown
crossing time point. For this reason, SpectreRF simulatioim Fig. 12. Besides, the dependence of the total jitter orirthe
were employed only for the purpose of verification for a fewerference frequency fully confirms the theoretical exptaom
values ofw;,. of the AM and PM effects interaction provided in Sec. IV: the
For each perturbed responseg(t) simulated with our total jitter has maximum/minimum values fof, ~ wo T |X|.
compact macromodel, we calculate a sequence of thresholdhe impact of AM to the total jitter depends an,, in an
crossing time pointg;, and then compute the resulting timingasymmetric way. To further explore this point, Fig. 14 répor
jitter. Fig. 13 shows the computed total timing jitter andhe histogram distribution of period valuds; for the two



dominant Floquet exponents/eigenvectors, can be computed

in a time domain simulator. We have further shown how
Lock-Range the macromodel can be employed for numerically efficient
ar o5 1 behavioral simulations. Our proposed analysis methogolog
Total has been tested by a Pierce crystal oscillator.
35 p% : : PM 1 APPENDIXA: FLOQUET THEORY OF LINEAR
a — ¥ TIME-PERIODICODES
- - . B . .
S sl i The small perturbatiox(¢) to the original PSS solution
-E x,(t) of the nonlinear autonomous ODE (1) can be studied by
linearizing the ODE around the PSS solution and then apglyin
25} Total § Floguet theory. Linearization yields the following lineéme-
¥ periodic ODEz;(t)
ot | | | | | | | ] 0% (t) = Df(x4(t)) - ox(t). (58)
eolb 2810 2EIT 288 28 T3 fraqssy e . This linearized system admiy independent solutions
exp(Ar t)ug(t), (59)
Fig. 13. Deterministic jitter versus interference frequen where theT)-periodic vectoru(t) is the kth right-side Flo-

guet eigenvector and;, the corresponding Floquet exponent.
Similarly, the adjoint differential equation

600

(6%(8))" = —(6x(1))" - Df (x.(1)) (60)
admits the set ofV independent solutions
exp(—Apt)vy (1), (61)
where vectorvy(t) is the left-side Floquet eigenvector. By

29026 24928 2493 24932 24934 24936 24938  2.494 inserting (61) into (60), we find
x10°°

Vi (8) - Df(xs(1)) = Ao vi (8) = Vi (8). (62)
Floquet eigenvectors satisfy biorthogonality condition
Vg(ﬁ) - uj (t) = (Skj, (63)
in addition, we can choose
2.91926 2.4928 2.493 2.4932 2.4934 2.4936 2.4938 2.494 u1 (t) - 5(8 (t) (64)

PeriodT}, [s] x10° For a stable limit cycle, the first Floquet exponentiis= 0
while the other exponents;, with £ > 1 have negative real
Fig. 14. Distribution of perturbed peridfi, in the cases (a) and (b). parts.

APPENDIXB: COMPUTATIONAL ASPECTS

interference frequency values: @), = wo x (1 +5-107%) The numerical computation of Floquet expo-
and (b)w;, = wo x (1 —5-10~%), respectively. In Case (a) nents/eigenvectors relies on a two-step procedure. First,
with w;, > wp, the AM-induced period fluctuations tend tothe PSS solution of a free-running crystal oscillator is
partly compensate the PM-induced ones. In Case (b) the Abletermined. Next, the linear time-varying systems (58) and
induced fluctuations add to the PM-induced ones, resulting(60) are formed and solved in time. These steps are reviewed
a wider period distribution and thus greater timing jitter.  below.

VI. CONCLUSION A. Calculating the steady-state responsgt) of crystal os-

In this paper, the mechanism underlying deterministic tinillators

ing jitter in crystal oscillators has been investigated. &iv Several periodic steady-state simulation techniques have
ational compact macromodel has been proposed, whichbisen presented in the literature [22]. From a simulatiomipoi
able to include both phase and amplitude modulation effectd view, crystal oscillators have high quality factors and
Starting from this macromodel, a closed-form expressian ftend to exhibit very long transient responses before reachi
the timing jitter has been developed in the case of harmortie steady-state regime. This can significantly degradee t
interferences. We have explored how the timing jitter defsennumerical efficiency and robustness of PSS simulators. To
on the frequency of the injected interference. We have alswercome the limitation, Envelope-Following Method (EFM)
described how the parameters in our macromodel, i.e. tiseapplied in our implementation [19], [22].



B. Floquet parameters computation 7
Once that the periodic steady-state solution has been com-

puted over one periodto,to + 1p), the linear time-varying [8]
system (58) can be formed. The period is discretizet{/at 1
consecutive time pointg), t1, .. ., ty With ¢ty = to + Ty and 9]
whereh,, = t,11—t, is the local time step. When numerically
integrated in time, the variational system (58) at titne; is  [10]
discretized, for instance, by adopting Backward Euler fdem
0X(tnt1) = 0x(tn) — hnG(tn41)0%(tns1) = 0, (65) [11]
f .
whereG(t,) = Ot (x) , leading to
ox x=xs(tn) [12]
(AN — hnG(tnt1)) 0x(tny1) = 0x(Ly). (66)
The state transition matrix from), to ¢, is obtained as .
Ox(tn41) -1
Uoiin=——>= 1Ay — hnG(tn . 67
+1, 8X(tn) ( N ( Jrl)) ( )

Hence the transition matrix over the whole period, i.e. thél4]
monodromy matrix, can be computed by the following matrix-

by-matrix products [15]
o (’)x(tM) o
W0 = Ixlly) Warv—1-Yry—1,m—2...P1o. (68) [16]

The monodromy matrix is related to Floquet eigen-
value/eigenvector through the following expansion

(17]
N
U0 = ];exp()\kTo)uk(tO)Vk (to)" (69) Hg}

thus from an eigenvalue and eigenvector expansio® gf o
matrix and its transpose, we can gegt and the eigenvectors [20]
ui(to) andvg(to) at the initial pointty. The waveforms of
uy(t) andvyg(t) over the whole period are then recovered byl21]
integrating (58) forward and (60) backward, respectivéhis

results in the following recursive computations [22]
Uy (tn+1) = exp(f)\k hn)\Iln+17nuk(tn) (70)

and
Vg(tn) = exp(—Ag hn)"f(ﬁnﬁ-l)q’m—l,na (71)

from which we can get the results af.(t) and v (t) at a set
of time points in the whole period.
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