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Abstract

We present new results for the Frank-Wolfe method (also known as the conditional gradient
method). We derive computational guarantees for arbitrary step-size sequences, which are then
applied to various step-size rules, including simple averaging and constant step-sizes. We also
develop step-size rules and computational guarantees that depend naturally on the warm-start
quality of the initial (and subsequent) iterates. Our results include computational guarantees
for both duality /bound gaps and the so-called FW gaps. Lastly, we present complexity bounds
in the presence of approximate computation of gradients and/or linear optimization subproblem
solutions.

1 Introduction

The use and analysis of first-order methods in convex optimization has gained a considerable
amount of attention in recent years. For many applications — such as LASSO regression, boost-
ing/classification, matrix completion, and other machine learning problems — first-order methods
are appealing for a number of reasons. First, these problems are often very high-dimensional and
thus, without any special structural knowledge, interior-point methods or other polynomial-time
methods are unappealing. Second, optimization models in many settings are dependent on data
that can be noisy or otherwise limited, and it is therefore not necessary or even sensible to re-
quire very high-accuracy solutions. Thus the weaker rates of convergence of first-order methods
are typically satisfactory for such applications. Finally, first-order methods are appealing in many
applications due to the lower computational burden per iteration, and the structural implications
thereof. Indeed, most first-order methods require, at each iteration, the computation of an ex-
act, approximate, or stochastic (sub)gradient and the computation of a solution to a particular
“simple” subproblem. These computations typically scale well with the dimension of the problem
and are often amenable to parallelization, distributed architectures, efficient management of sparse
data-structures, and the like.

Our interest herein is the Frank-Wolfe method, which is also referred to as the conditional
gradient method. The original Frank-Wolfe method, developed for smooth convex optimization on a
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polytope, dates back to Frank and Wolfe [9], and was generalized to the more general smooth convex
objective function over a bounded convex feasible region thereafter, see for example Demyanov and
Rubinov [3], Dunn and Harshbarger [§], Dunn [6], [7], also Levitin and Polyak [19] and Polyak [24].
More recently there has been renewed interest in the Frank-Wolfe method due to some of its
properties that we will shortly discuss, see for example Clarkson [I], Hazan [13], Jaggi [15], Giesen
et al. [11], and most recently Harchaoui et al. [12], Lan [I§] and Temlyakov [25]. The Frank-Wolfe
method is premised on being able to easily solve (at each iteration) linear optimization problems
over the feasible region of interest. This is in contrast to other first-order methods, such as the
accelerated methods of Nesterov [21I][22], which are premised on being able to easily solve (at
each iteration) certain projection problems defined by a strongly convex prox function. In many
applications, solving a linear optimization subproblem is much simpler than solving the relevant
projection subproblem. Moreover, in many applications the solutions to the linear optimization
subproblems are often highly structured and exhibit particular sparsity and/or low-rank properties,
which the Frank-Wolfe method is able to take advantage of as follows. The Frank-Wolfe method
solves one subproblem at each iteration and produces a sequence of feasible solutions that are each
a convex combination of all previous subproblem solutions, for which one can derive an O(%) rate of
convergence for appropriately chosen step-sizes. Due to the structure of the subproblem solutions
and the fact that iterates are convex combinations of subproblem solutions, the feasible solutions
returned by the Frank-Wolfe method are also typically very highly-structured. For example, when
the feasible region is the unit simplex A,, := {\ € R" : T A\ = 1, A > 0} and the linear optimization
oracle always returns an extreme point, then the Frank-Wolfe method has the following sparsity
property: the solution that the method produces at iteration k has at most k non-zero entries.
(This observation generalizes to the matrix optimization setting: if the feasible region is a ball
induced by the nuclear norm, then at iteration k£ the rank of the matrix produced by the method
is at most k.) In many applications, such structural properties are highly desirable, and in such
cases the Frank-Wolfe method may be more attractive than the faster accelerated methods, even
though the Frank-Wolfe method has a slower rate of convergence.

The first set of contributions in this paper concern computational guarantees for arbitrary step-
size sequences. In Section 2] we present a new complexity analysis of the Frank-Wolfe method
wherein we derive an exact functional dependence of the complexity bound at iteration k as a
function of the step-size sequence {a;}. We derive bounds on the deviation from the optimal
objective function value (and on the duality gap in the presence of minmax structure), and on the
so-called FW gaps, which may be interpreted as specially structured duality gaps. In Section B, we
use the technical theorems developed in Section 2lto derive computational guarantees for a variety
of simple step-size rules including the well-studied step-size rule ay := ,%2, simple averaging, and
constant step-sizes. Our analysis retains the well-known optimal O(%) rate (optimal for linear
optimization oracle-based methods [I§], following also from [I5]) when the step-size is either given

by the rule &y, := k—iQ or is determined by a line-search. We also derive an O (%) rate for both

the case when the step-size is given by simple averaging and in the case when the step-size is simply
a suitably chosen constant.

The second set of contributions in this paper concern “warm-start” step-size rules and associ-
ated computational guarantees that reflect the the quality of the given initial iterate. The O(%)
computational guarantees associated with the step-size sequence aj := k—iQ are independent of
quality of the initial iterate. This is good if the objective function value of the initial iterate is very



far from the optimal value, as the computational guarantee is independent of the poor quality of
the initial iterate. But if the objective function value of the initial iterate is moderately close to the
optimal value, one would want the Frank-Wolfe method, with an appropriate step-size sequence,
to have computational guarantees that reflect the closeness to optimality of the initial objective
function value. In Section ] we introduce a modification of the ay := ,%2 step-size rule that in-
corporates the quality of the initial iterate. Our new step-size rule maintains the O(%) complexity
bound but now the bound is enhanced by the quality of the initial iterate. We also introduce a
dynamic version of this warm start step-size rule, which dynamically incorporates all new bound
information at each iteration. For the dynamic step-size rule, we also derive a O(%) complexity
bound that depends naturally on all of the bound information obtained throughout the course of
the algorithm.

The third set of contributions concern computational guarantees in the presence of approximate
computation of gradients and linear optimization subproblem solutions. In Section [, we first con-
sider a variation of the Frank-Wolfe method where the linear optimization subproblem at iteration k
is solved approximately to an (additive) absolute accuracy of d;. We show that, independent of the
choice of step-size sequence {ay }, the Frank-Wolfe method does not suffer from an accumulation of
errors in the presence of approximate subproblem solutions. We extend the “technical” complexity
theorems of Section [2] which imply, for instance, that when an optimal step-size such as a;, := k_-?—Z
is used and the {0} accuracy sequence is a constant 0, then a solution with accuracy O(% +0) can
be achieved in k iterations. We next examine variations of the Frank-Wolfe method where exact
gradient computations are replaced with inexact gradient computations, under two different models
of inexact gradient computations. We show that all of the complexity results under the previously
examined approximate subproblem solution case (including, for instance, the non-accumulation of
errors) directly apply to the case where exact gradient computations are replaced with the §-oracle
approximate gradient model introduced by d’Aspremont [2]. We also examine replacing exact gra-
dient computations with the (d, L)-oracle model introduced by Devolder et al. [4]. In this case the
Frank-Wolfe method suffers from an accumulation of errors under essentially any step-size sequence
{ar}. These results provide some insight into the inherent tradeoffs faced in choosing among several
first-order methods.

1.1 Notation

Let E be a finite-dimensional real vector space with dual vector space E*. For a given s € E*
and a given A € E, let sT\ denote the evaluation of the linear functional s at A\. For a norm || - ||
on E, let B(e,r) = {X € E:||A—¢|| <r}. The dual norm || - ||« on the space E* is defined by

5|« := max {sTA} for a given s € E*. The notation “0 « argmax{f(v)}” denotes assigning o
AEB(0,1) veS
to be any optimal solution of the problem magg{ f(v)}.
ve



2 The Frank-Wolfe Method

We recall the Frank-Wolfe method for convex optimization, see Frank and Wolfe [9], also Demyanov
and Rubinov [3], Levitin and Polyak [19], and Polyak [24], stated here for maximization problems:

max h(\)

st. AeqQ, W)

where ) C E is convex and compact, and h(-) : @ — R is concave and differentiable on Q. Let
h* denote the optimal objective function value of (). The basic Frank-Wolfe method is presented
in Method [I, where the main computational requirement at each iteration is to solve a linear
optimization problem over @ in step (2.) of the method. The step-size @y in step (4.) could be
chosen by inexact or exact line-search, or by a pre-determined or dynamically determined step-size
sequence {ay}. Also note that the version of the Frank-Wolfe method in Method [I] does not allow
a (full) step-size ay = 1, the reasons for which will become apparent below.

Method 1 Frank-Wolfe Method for maximizing h(\)

Initialize at A; € @, (optional) initial upper bound By, k < 1.
At iteration k:

1. Compute Vh(Ag) .

2. Compute A — arg r}\leaéc{h()\k) + V)TN = M)} .

By — h(Ag) + VAT (M — M) -

G — Vh()" (A = M) -
3. (Optional: compute other upper bound By), update best bound By, < min{By_1, B}, B}} .
4. Set Apy1 «— A\ + O_ék(j\k — A), where ay, € [0,1) .

As a consequence of solving the linear optimization problem in step (2.) of the method, one
conveniently obtains the following upper bound on the optimal value h* of ():

By == h(\k) + VRO Ok = i) (2)

and it follows from the fact that the linearization of h(-) at A\, dominates h(-) that B}’ is a valid
upper bound on h*. We also study the quantity Gy, :

Gr, = BYY — h(\) = VR()" (e = M) (3)

which we refer to as the “FW gap” at iteration k for convenience. Note that G > h* — h(\x) > 0.
The use of the upper bound B}’ dates to the original 1956 paper of Frank and Wolfe [9]. As early
as 1970, Demyanov and Rubinov [3] used the FW gap quantities extensively in their convergence
proofs of the Frank-Wolfe method, and perhaps this quantity was used even earlier. In certain
contexts, Gy is an important quantity by itself, see for example Hearn [I4], Khachiyan [16] and
Giesen et al. [I1]. Indeed, Hearn [14] studies basic properties of the FW gaps independent of their
use in any algorithmic schemes. For results concerning upper bound guarantees on G} for specific
and general problems see Khachiyan [16], Clarkson [I], Hazan [13], Jaggi [I5], Giesen et al. [I1],
and Harchaoui et al. [12]. Both B}’ and G}, are computed directly from the solution of the linear
optimization problem in step (2.) and are recorded therein for convenience.



In some of our analysis of the Frank-Wolfe method, the computational guarantees will depend
on the quality of upper bounds on h*. In addition to the Wolfe bound B}?, step (3.) allows for an
“optional other upper bound By ” that also might be computed at iteration k. Sometimes there is
structural knowledge of an upper bound as a consequence of a dual problem associated with (TI),
as when h(-) is conveyed with minmax structure, namely:

h(A) = mi A 4
(A) = min ¢(z,A) , (4)
where P is a closed convex set and ¢(-,-) : P x @ — R is a continuous function that is convex in
the first variable x and concave in the second variable A. In this case define the convex function
f(): P — R given by f(z) := I/{laé( ¢(z, A) and consider the following duality paired problems:
€

Primal): mi d Dual): h(A 5

(Primal): mig f(z) and  (Dual): maxh()) . (5)
where the dual problem corresponds to our problem of interest (). Weak duality holds, namely
h(A) < h* < f(z) for all z € P, € Q. At any iterate A\ € @ of the Frank-Wolfe method one can
construct a “minmax” upper bound on h* by considering the variable x in that structure:

= fwg) = maX{Gﬁ(%, A} where zy € argmin{¢(z, A}, (6)

and it follows from weak duality that By := B;" is a valid upper bound for all k. Notice that x;
defined above is the “optimal response” to Ar in a minmax sense and hence is a natural choice
of duality-paired variable associated with the variable A;. Under certain regularity conditions, for
instance when h(-) is globally differentiable on E, one can show that B} is at least as tight a bound
as Wolfe’s bound, namely B} < B} for all k (see Proposition [A)), and therefore the FW gap Gy,
conveniently bounds this minmax duality gap: B}* — h(\;) < B)Y — h(\;) = Gy,

(Indeed, in the minmax setting notice that the optimal response xj in (@) is a function of the
current iterate A\, and hence f(xy) — h(\y) = B* — h()g) is not just any duality gap but rather is
determined completely by the current iterate A,. This special feature of the duality gap B} —h(Ax)
is exploited in the application of the Frank-Wolfe method to rounding of polytopes [10], parametric
optimization on the spectrahedron [I1], and to regularized regression [I0] (and perhaps elsewhere
as well), where bounds on the FW gap G}, are used to bound B} — h(\;) directly.)

We also mention that in some applications there might be exact knowledge of the optimal value
h*, such as in certain linear regression and/or machine learning applications where one knows a
priori that the optimal value of the loss function is zero. In these situations one can set B} « h*.

Towards stating and proving complexity bounds for the Frank-Wolfe method, we use the fol-
lowing curvature constant C} g, which is defined to be the minimal value of C' satisfying:

hA+a(Xh—2) > h(\) + VR (A = \) —1Ca?  forall \,\A € Q andalla€(0,1]. (7)

(This notion of curvature was introduced by Clarkson [I] and extended in Jaggi [15].) For any

choice of norm |- || on E, let Diamg denote the diameter of () measured with the norm || - ||, namely

Diamg := max {H)\ A} and let Ly o be the Lipschitz constant for VA(:) on Q, namely Ly ¢ is
A

the smallest constant L for which it holds that:

[VA(A) = VR« < LA = A||  forall A € Q .



It is straightforward to show that C}, ¢ is bounded above by the more classical metrics Diamg and
Ly, g, namely
Chq < Lng(Diamg)* , (®)

see [I5]; we present a short proof of this inequality in Proposition [A2] for completeness. In contrast
to other (proximal) first-order methods, the Frank-Wolfe method does not depend on a choice of
norm. The norm invariant definition of C}, g and the fact that () holds for any norm are therefore
particularly appealing properties of C}, g as a behavioral measure for the Frank-Wolfe method.

As a prelude to stating our main technical results, we define the following two auxiliary se-
quences, where oy and () are functions of the first k step-size sequence values, aq,...,ag, from
the Frank-Wolfe method:

1 _
= m= 2 g )
[1(1-a)
j=1
(Here and in what follows we use the conventions: H?:1 c=land 30 -=0.)

The following two theorems are our main technical constructs that will be used to develop the
results herein. The first theorem concerns optimality gap bounds.

Theorem 2.1. Consider the iterate sequences of the Frank-Wolfe method (Method 1) {\r} and
{\r} and the sequence of upper bounds {By} on h*, using the step-size sequence {ay}. For the
auziliary sequences {ay} and {fx} given by (@), and for any k > 0, the following inequality holds:

ko o
By, — h(M) n 20nQ i1 B

Bi. — h(\ <
b= he) < Brt+1 Br+1

(10)
O

(The summation expression in the rightmost term above appears also in the bound given for the
dual averaging method of Nesterov [23]. Indeed, this is no coincidence as the sequences {ay} and
{Br} given by (@) arise precisely from a connection between the Frank-Wolfe method and the dual
averaging method. If we define s, := A\g + Zf:_ol aixi, then one can interpret the sequence {sy}
as the sequence of dual variables in a particular instance of the dual averaging method. This
connection underlies the proof of Theorem 2] and the careful reader will notice the similarities
between the proof of Theorem 2] and the proof of Theorem 1 in [23]. For this reason we will

henceforth refer to the sequences (@) as the “dual averages” sequences associated with {ay}.)

The second theorem concerns the FW gap values Gy, from step (2.) in particular.
Theorem 2.2. Consider the iterate sequences of the Frank-Wolfe method (Method 1) {\.} and
{A\k}, the sequence of upper bounds { By} on h*, and the sequence of FW gaps {Gy} from step (2.),

using the step-size sequence {ay}. For the auziliary sequences {ay} and {0} given by (@), and for
any £ >0 and k > 0+ 1, the following inequality holds:

1 l a? k _
1 By — h(A1) n 3Ch,Q 2iz1 Bir1 n 5Ch0 Y41 O

min G; <
i€ {l+1,...k} Zf:zH a; Bev1 Be+1 Zf:zH Q;

(11)

O



Theorems 2. and 22l can be applied to yield specific complexity results for any specific step-size
sequence {ay} (satisfying the mild assumption that a; < 1) through the use of the implied {ay}
and {0} dual averages sequences. This is shown for several useful step-size sequences in the next
section.

Proof of Theorem 2.1k We will show the slightly more general result for k& > 0:

2
i

k «
B — h()\l) + %Ch’Q Zi:l Bit1
Bri1 Br+1

mln{B,Bk} - h()\kJrl) <

for any B , (12)

from which ({0 follows by substituting B = By, above.

For k = 0 the result follows trivially since 81 = 1 and the summation term on the right side
of ([I2) is zero by the conventions for null products and summations stated earlier. For k > 1, we
begin by observing that the following equalities hold for the dual averages sequences ([@):

o?

Biv1 — Bi = @;Bi41 = «; and /BiJrleZ = 3 Zl fori>1, (13)
i+

and
k

14+ o=y fork>1. (14)
=1

We then have for 7 > 1:
~ 1
Bir1h(Xit1) = Biva |:h()\i) + VAT N — M)y — 5@?(3’;“@}

= Bih(N;) + (Bis1 — Bi)h(N) + Bir1a: VR T (N — i) — %ﬁiJrlaZZCh,Q

- 1
= Bih(\) + ash(N) + i VRO)T (N — ) — =~ Ch g
2 52—1—1
T/3 1 0%2
= Bih(\) + ai [h()\i) + VAT — )\i)] - 0
2 Bix1
Bih(A) + a;BY — - e
= Pih(Ai) + a5 — 5 .
2 Bit1 h.Q

The inequality in the first line above follows from the definition of Cj, g in () and Ay — A =
di(j\l- — Xi). The second equality above uses the identities (I3]), and the fourth equality uses the
definition of the Wolfe upper bound (2). Rearranging and summing the above over i, it follows
that for any scalar B:

k k
1 a?
B+ E ;i B}’ < B+ Brr1h(Agy1) — Brh(M) + 2 E ﬁ'-:—l Chq - (15)
i=1 i=1""



Therefore

k
min{ B, By} (k41 = min{B, By} (1 +) al-)

i=1

k
<B+> B

i—1
1 b o?
< B+ Bryrh(Aeg1) — h(A1) + 3 Z ﬁ—j—lch,Q ,
i=1""

where the first equality above uses identity (I4)), the first inequality uses the fact that By < B"
for i < k, and the second inequality uses ([Z]) and the fact that 8; = 1. The result then follows by
dividing by (k11 and rearranging terms. O

Proof of Theorem For ¢ > 1 we have:
(16)

where the inequality follows from the definition of the curvature constant in ([7), and the equality
follows from the definition of the FW gap in ([@]). Summing the above over i € {¢+1,... k} and
rearranging yields:

S 1 @Gy < h(kg1) = h(herr) + 308 4 362Chq - (17)

Combining (7)) with Theorem [2Z] we obtain:

10ho Y af k
By — h(\1) L2 h.Q 2ii=1 B, n Z 1

k
Z ;G < h(Agg1) — Be+ —a;Chq
Bes1 Bev1

2
i=0+1

1=0+1

and since By > h* > h(\k11) we obtain:

k k 1 o

. _ _ By — h()\l) icth Zz’:l Bit1

G; i) < iGi < + =
(1emin ,) (.Z ) PILEE

Be+1 Bes1

k
1_
+ Z 5 HENo
i=0+1

and dividing by Zf:z 41 @; yields the result. O

3 Computational Guarantees for Specific Step-size Sequences

Herein we use Theorems 2.1] and to derive computational guarantees for a variety of specific
step-size sequences.

It will be useful to consider a version of the Frank-Wolfe method wherein there is a single “pre-
start” step. In this case we are given some A\g € @ and some upper bound B_; on h* (one can use
B_; = +o0 if no information is available) and we proceed like any other iteration except that in



Procedure 2 Pre-start Step of Frank-Wolfe Method given Ay € @ and (optional) upper bound
B_4

1. Compute Vh(Ao) .
2. Compute \g « arg r/{laé({h()\o) + VR(A)T(A =)} -
€

B — h(Xo) + Vh(Xo)" (Ao — o) -

Go < Vh(Xo)T (Mo — o) -
3. (Optional: compute other upper bound Bg), update best bound By < min{B_;, B, B§} .
4. Set )\1 — 5\0 .

step (4.) we set A\ «— X0, which is equivalent to setting ag := 1. This is shown formally in the
Pre-start Procedure 2

Before developing computational guarantees for specific step-sizes, we present a property of the
pre-start step (Procedure 2]) that has implications for such computational guarantees.

Proposition 3.1. Let Ay and By be computed by the pre-start step Procedure[d. Then By—h(\1) <

1Cha-

Proof. We have A\; = \g and By < By, whereby from the definition of C}, ¢ using o = 1 we have:
h(A1) = h(Xo) > h(Xo) + V(X)) (Ao = Xo) = 3Chq = By — 3Chg > Bo— 3Chq

and the result follows by rearranging terms. O

3.1 A Well-studied Step-size Sequence

Suppose we initiate the Frank-Wolfe method with the pre-start step Procedure[2 from a given value
Ao € @ (which by definition assigns the step-size &y = 1 as discussed earlier), and then use the
step-size a; = 2/(i + 2) for i > 1. This can be written equivalently as:

_ 2 .

&= fori>0. (18)
Computational guarantees for this sequence appeared in Clarkson [1], Hazan [I3] (with a corrected
proof in Giesen et al. [I1]), and Jaggi [I5]. In unpublished correspondence with the first author in
2007, Nemirovski [20] presented a short inductive proof of convergence of the Frank-Wolfe method

using this step-size rule.

We use the phrase “bound gap” to generically refer to the difference between an upper bound B
on h* and the value h(\), namely B —h()). The following result describes guarantees on the bound
gap By — h(A;11) and the FW gap G using the step-size sequence ([I8]), that are applications of
Theorems 21l and 2] and that are very minor improvements of existing results as discussed below.

Bound 3.1. Under the step-size sequence (18), the following inequalities hold for all k > 1:

2Ch,0
Bi. — h(\ < d 19
k= h(Ary1) < 4 (19)

and 4.5C
min Gy < ———9 (20)

ie{l,...k} k



The bound (I9) is a very minor improvement over that in Hazan [13], Giesen et al. [I1], Jaggi [15],
and Harchaoui et al. [I2], as the denominator is additively larger by 1 (after accounting for the
pre-start step and the different indexing conventions). The bound (20) is a modification of the
original bound in Jaggi [15], and is also a slight improvement of the bound in Harchaoui et al. [12]
inasmuch as the denominator is additively larger by 1 and the bound is valid for all k£ > 1.

Proof of Bound B.1} Using (I8)) it is easy to show that the dual averages sequences (@) satisfy
B = @ and ay = k + 1 for k > 1. Utilizing Theorem 2T we have for k > 1:

k 7
By, — h(A\1) 3ChQ Yict ,@(;1
+
Br+1 Br+1

By, — h(Ag41) <

10,0k af

< By — h(\1) + 2-hQ Lui=1 B
et Br+1

1 ko of

< %Ch,Q n 30, 21 Bit1

= Bryt Br+1

_ ChQ i Z+1

(k+ 1) (k+2) — (i+1)(i +2)
CEDICED) rar z+2

<20h,Q’

~ k+4

where the second inequality uses By < By, the third inequality uses Proposition Bl the first equal-
ity substitutes the dual averages sequence values, and the final inequality follows from Proposition

This proves (I9).
To prove (20) we proceed as follows. First apply Theorem 22 with ¢ = 0 and k = 1 to obtain:

1 1 1 3 2 13
G1 < 2~ [Bo—h(h)] + 2Choar < Ch@[ +O‘1}:§CW{§+§} e

where the second inequality uses Proposition Bl Since < 4.5 and 13 < 5 , this proves (20) for
k= 1,2. Assume now that k& > 3. Let £ = [£] — 2 s0 that £>0. We have.

k k k+2
k k
a; = 5 =2 > = >21 ( +3> 2In | - 2 ) —ome). @
“ 4 k15
i=l+1 ZJ+1 i1 " 2

where the first inequality uses Proposition [A.f] and the second inequality uses [5]| < 5 + 5. We
also have:

k k k+2

S aroa Y 42 dk—0) _4(5+2) Akt (22)
&= (i+2)2 2= €+2(k+2)_ E T k(k+2)]

=041 =041 =13 " 5(k+2)

10



k
5

where the first inequality uses Proposition [A5] and the second inequality uses [g] > 2. Applying

Theorem 22 and using ([ZI) and ([22)) yields:

1 ¢ a?
_ 1Cho b, A5
min Gl < 1 Bg h()\l) + 2 Q Z =1 Bi+1 + 2Ch7Q(k + 4)
ie{lk} 7 2In(2) | Ben B k(k +2)

1 QC}L,Q n 2Ch7Q(k + 4)
= 2In(2) [ £+4 k(k +2)
2Ch.0 [ 2 k44 } 200 [3k2+12k+16} _ 20hg <3> _ 45Chq

= 2In(2) k+4+k(k+2) " 2n(2) [(k+4)(k+2)k] ~ 2In(2) \ & ko

where the second inequality uses the chain of inequalities used to prove (I9]), the third inequality
uses £ +4 > & +2, and the fourth inequality uses k* + 4k + 2 < k? + 6k +8 = (k+4)(k+2). O

3.2 Simple Averaging

Consider the following step-size sequence:

1 .
@i:i—i—l fori >0, (23)

where, as with the step-size sequence (I8]), we write @y = 1 to indicate the use of the pre-start step
Procedure 2l It follows from a simple inductive argument that, under the step-size sequence (23)),
A1 is the simple average of A\g, A1, ..., A, i.e., we have

k
1 -
Net1 = 0 }O:Ai for all k>0 .

Bound 3.2. Under the step-size sequence ([23)), the following inequality holds for all k > 0:

$Cho(1 +1In(k + 1))

B — h(Agy1) < F , (24)
and the following inequality holds for all k > 2:
3
=C 2.3+ 2In(k
min  G; < 2 hg (2.3 +2In(k)) (25)

ie{l,...k} k—1

Proof of Bound Using (23) it is easy to show that the dual averages sequences () are given
by B = k and oy = 1 for k > 1. Utilizing Theorem 21l and Proposition Bl we have for k > 1:

1 ko
%Ch,Q n 3ChQ >ict Bit1

i+

B — h(\ <
b= ) < Br+1 Br+1

oo
1
2l

lChQ
< 2“’1 14 In(k+1)] ,

3Ch.q
k+1

11



where the first equality substitutes the dual averages sequence values and the second inequality
uses Proposition This proves (24). To prove (Z5), we proceed as follows. Let ¢ = 5] — 1,
whereby ¢ > 0 since k > 2. We have:

k k k+1
1 1 2 9
Z:WZEI'1:§:fzm@iﬁzm<§%>:mm, (26)
i=0+1 =11 T i—t12 " + 5 +1

where the first inequality uses Proposition and the second inequality uses ¢ < g — 1. We also
have:

k k k+1

a2 I 1 k—¢ k+15 _ k+3
izfil ' _izeil (i + 1) _i;Q Z = (£ +1)(k+1) = E-LHk+1) G-DE+1)° (27)

where the first inequality uses Proposition [A.5]and the second inequality uses £ > % —1.5. Applying
Theorem 22 and using (28] and ([27)) yields:

_ . .
— _Ch, i= o lC k+3
min Gz S BE h()\l) + 2 QZ 1ﬂz+1 + 2 h,Q( + )
i€{l,....k} In(2) Be+1 Bes1 (k=1(k+1)
_ 1[50+ +1)  5Cug(k+3)
~ In(2) (41 (k—1)(k+1)
_ L1Cho [1+In() k+3
~ In(2) k_ % (k—1)(k+1)
<:g%g 2+2m@g—2m@)+ 2
= () k-1 k—1
- %Ch,Q (2.3 + 21In(k))
- k—1 ’
where the second inequality uses the bound that proves (24]), the third inequality uses % —15<
? < % — 1 and the fourth inequality uses Z—ﬁ < % for k > 2. O

3.3 Constant Step-size
Given a € (0,1), consider using the following constant step-size rule:
a;=a fori>1. (28)

This step-size rule arises in the analysis of the Incremental Forward Stagewise Regression algorithm
(FS;), see [10], and perhaps elsewhere as well.

Bound 3.3. Under the step-size sequence (28), the following inequality holds for all k > 1:
B — h(Me1) < (By — h(0)) (1 - 6)* + 5Chg [a—a(l - a)t] . (29)
If the pre-start step Procedure [d is used, then:

A&—hﬁmﬂgéwaj—®“4+ﬂ. (30)
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If we decide a priori to run the Frank-Wolfe method for k iterations after the pre-start step Pro-
cedure 2 then we can optimize the bound (B0]) with respect to @. The optimized value of & in the
bound (B0) is easily derived to be:
1

Vek+1°
With @ determined by (B3II), we obtain a simplified bound from (B0) and also a guarantee for the
FW gap sequence {G}} if the method is continued with the same constant step-size (BI]) for an
additional k£ + 1 iterations.

&t =1- (31)

Bound 3.4. If we use the pre-start step Procedure [4 and the constant step-size sequence (B3I for
all iterations, then after k iterations the following inequality holds:

100 (14 In(k +1))

By, — h(Mgy1) < 2 p (32)
Furthermore, after 2k + 1 iterations the following inequality holds:
1
5C 1+2In(k+1
min G < 2@ 2+ 1) (33)
i€{1,...,.2k+1} k

It is curious to note that the bounds (24]) and ([B2)) are almost identical, although ([B2]) requires
fixing a priori the number of iterations k.

Proof of Bound Under the step-size rule (28)) it is straightforward to show that the dual
averages sequences (@) are for ¢ > 1:

Bi=(1—-a) ! and o =a(l-a)F,

whereby

It therefore follows from Theorem [2.1] that:

By — h(\ < Bi—h(2) 3CnQ X1 5
k — ( k+1) = Bror1 + B

= (B — h(\1)) (1 — @) + (ChTQ) afl-a)*-1@1-ak* (34)

— (Br— h(\)) (1 — &) + (ChTQ> [6—al—a)]

which proves ([29)). If the pre-start step Procedure 2lis used, then using Proposition Bl it follows
that By — k(A1) < By — k(A1) < 3C}, g, whereby from (29) we obtain:

%ch,Qu L <%) [a ~a(l - a)k]

By — h(Ag+1) 5

IN

- %C,%Q [(1 —a)ftt 4 d} :

13



completing the proof. O
Proof of Bound B.4k Substituting the step-size ([B1I]) into ([B0) we obtain:

By — h()‘k-i-l) < ECh,Q <W) +1-— {C/Tﬁ
1 1 Y Ik +1)
<-=-C — +—"
=2 <\/k—+1) k
1 1 In(k+1)
<
S3te T T TR }
1 1 In(k+1)
<-C -4 —
< 50hQ % + A ] )

where the second inequality follows from (i) of Proposition [A4l This proves ([B2]). To prove (33)),
notice that inequality (34)) together with the subsequent chain of inequalities in the proofs of (23],

B0), and ([B2) show that:

ko
By, — h(\1) . 3ChQ X Bit1 14+ In(k + 1))

1
< =Ch < 35
Bre+1 Br+1 PR k (35)
. . . 2k+1 - _ 2k+1 -2 _9 .
Using (33]) and the substitution » ;%7\, &; = (k+ 1)a and ) 371 af = (k +1)a” in Theorem
yields:

min

o<1 30 +In(k+ 1))\  3Cho(k+1)a?
ie{t,.2k+1} '~ (k+1Da

k (k+1a

> + %Ch,Q-d

IN
N[
=
O

7 N
e

%Ch,Q (1 + 2111(]{3 + 1))
k M

<

where the second inequality uses (ii) of Proposition [A 4]l and the third inequality uses (i) of Propo-
sition [AL4] O
3.4 Extensions using Line-Searches

The original method of Frank and Wolfe [9] utilized an exact line-search to determine the next
iterate Ay by assigning &y < arg m[%)i{h()\k + a(Ar — M)} and Agy1 — g+ ar(Ap — k).
agel0,

When A(-) is a quadratic function and the dimension of the space E of variables A is not huge,

14



an exact line-search is easy to compute analytically. It is a straightforward extension of Theorem
211 to show that if an exact line-search is utilized at every iteration, then the bound (I0) holds
for any choice of step-size sequence {ay}, and not just the sequence {Gy} of line-search step-sizes.
In particular, the O(+) computational guarantee () holds, as does (24) and (9], as well as the
bound (B8] to be developed in Section @ This observation generalizes as follows. At iteration k of
the Frank-Wolfe method, let A C [0, 1) be a closed set of potential step-sizes and suppose we select
the next iterate Agy; using the exact line-search assignment &y < arg gé%i{h()\k + oAy — X))}

and Ay — A\ + &k(j\k — Ag). Then after k iterations of the Frank-Wolfe method, we can apply
the bound (I0) for any choice of step-size sequence {a;}¥_; in the cross-product Aj x - -+ x Ay.

For inexact line-search methods, Dunn [7] analyzes versions of the Frank-Wolfe method with
an Armijo line-search and also a Goldstein line-search rule. In addition to convergence and com-
putational guarantees for convex problems, [7] also contains results for the case when the objective
function is non-concave. And in prior work, Dunn [6] presents convergence and computational guar-
antees for the case when the step-size @j is determined from the structure of the lower quadratic
approximation of h(-) in (@), if the curvature constant C}, ¢ is known or upper-bounded. And in
the case when no prior information about Cj, g is given, [6] has a clever recursion for determining
a step-size that still accounts for the lower quadratic approximation without estimation of Cj, .

4 Computational Guarantees for a Warm Start

In the framework of this study, the well-studied step-size sequence (I8]) and associated compu-
tational guarantees (Bound B]) corresponds to running the Frank-Wolfe method initiated with
the pre-start step from the initial point \g. One feature of the main computational guarantees
as presented in the bounds (I9) and (20) is their insensitivity to the quality of the initial point
Ao. This is good if h(Ag) is very far from the optimal value h*, as the poor quality of the initial
point does not affect the computational guarantee. But if A(\g) is moderately close to the optimal
value, one would want the Frank-Wolfe method, with an appropriate step-size sequence, to have
computational guarantees that reflect the closeness to optimality of the initial objective function
value h(Ag). Let us see how this can be done.

We will consider starting the Frank-Wolfe method without the pre-start step, started at an initial
point A1, and let (1 be a given estimate of the curvature constant C} . Consider the following

step-size sequence:
2 .
& = —55 . fori>1. (36)
Bl—h%)\l) titl

Comparing ([B0)) to the well-studied step-size rule (I8]), one can think of the above step-size rule as
acting “as if” the Frank-Wolfe method had run for Bl#hlkl) iterations before arriving at A;. The
next result presents a computational guarantee associated with this step-size rule.

Bound 4.1. Under the step-size sequence (38), the following inequality holds for all k > 1:

2max{C1,C
Bk—h()\kH)S 2041[ 1 h,Q}.

oo TR

(37)
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Notice that in the case when Cy = C}, ¢, the bound in ([B7) simplifies conveniently to:

B — h(Agy1) < (38)
Also, as a function of the estimate C; of the curvature constant, it is easily verified that the bound
in (B1) is optimized at Cy = C}, g.

We remark that the bound B7) (or (38])) is small to the extent that the initial bound gap
By — k(A1) is small, as one would want. However, to the extent that B; — h(A;) is small, the
incremental decrease in the bound due to an additional iteration is less. In other words, while the

bound (B7) is nicely sensitive to the initial bound gap, there is no longer rapid decrease in the

bound in the early iterations. It is as if the algorithm had already run for (#@) iterations

to arrive at the initial iterate \;, with a corresponding dampening in the marginal value of each
iteration after then. This is a structural feature of the Frank-Wolfe method that is different from
first-order methods that use prox functions and/or projections.

Proof of Bound [4.1} Define s = 31#}&/\1)’ whereby @; = ﬁ for i > 1. It then is straightforward
to show that the dual averages sequences (@) are for i > 1:
i—1 i—1 . . .
o s+j7+1 (s+i—1)(s+1)
/BZ Jl;[l( 04]) J1;113+]_1 $($+1) ’

and
Biay  2(s+i)(s+i—1)(s+i+1) 2(s+1)

l—a; s(s+1)(s+i+1)(s+i—1) s(s+1)

;=
Furthermore, we have:

4(s +1)°(s)(s + 1) : (s+1) Ak
2@4-1_12:32(34‘1) 2(s+i)(s+i+1) ;33—1—1 3+z—|—1)< s(s+1)° (39)

Utilizing Theorem 21 and ([B89), we have for k£ > 1:

ko _af
By, — h(\) n 200 2in ﬁ(jﬂ

By, — h(Ag41) <

Br+1 Br+1
8(8 + 1) Ch,Q 4k
S GIRGrkrD) (Bl —ha)+ =7 s(s+1)>

. 8(8 + 1) (201 QkCh’Q )
s+ E)(s+k+1)\ s s(s+1)

2max{Cy,Chq}
T (sH+k)(s+EkE+1)

(s+1+k)

~ 2max{C1,Chq}
N s+ k

)
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which completes the proof. O

4.1 A Dynamic Version of the Warm-Start Step-size Strategy

The step-size sequence (B6) determines all step-sizes for the Frank-Wolfe method based on two
pieces of information at the initial point Aj: (i) the initial bound gap By — h(\1), and (ii) the
given estimate Cy of the curvature constant. The step-size sequence (B is a static warm-start
strategy in that all step-sizes are determined by information that is available or computed at the
first iterate. Let us see how we can improve the computational guarantee by treating every iterate as
if it were the initial iterate, and hence dynamically determine the steps-size sequence as a function
of accumulated information about the bound gap and the curvature constant.

At the start of a given iteration k of the Frank-Wolfe method, we have the iterate value A\ € @
and an upper bound Bj_1 on h* from the previous iteration. We also will now assume that we have
an estimate Cj_1 of the curvature constant from the previous iteration as well. Steps (2.) and (3.)
of the Frank-Wolfe method then perform the computation of j\k, By and Gy. Instead of using a
pre-set formula for the step-size @y, we will determine the value of aj based on the current bound
gap By — h()\;) as well as on a new estimate Cj, of the curvature constant. (We will shortly discuss
how CY, is computed.) Assuming Cj has been computed, and mimicking the structure of the static
warm-start step-size rule ([3@), we compute the current step-size as follows:

2
A = —55———— » (40)

_ 20y

Br-h(w) T 2
where we note that oy depends explicitly on the value of Cj. Comparing &y in ([@0) with ([I8]), we
interpret %}L’EA“ to be “as if” the current iteration k£ was preceded by Bk%]z)\k) iterations of the
Frank-Wolfe method using the standard step-size ([I8]). This interpretation is also in concert with
that of the static warm-start step-size rule (Bg]).

We now discuss how we propose to compute the new estimate C}, of the curvature constant
Ch,q at iteration k. Because C} will be only an estimate of C}, o, we will need to require that Cj,
(and the step-size aj, ([A0) that depends explicitly on C}) satisty:

Rk + ar(Ak — M) = h(A) + ar(Bi — h(Ai)) — %Ck@% : (41)

In order to find a value Cy > Cy_1 for which (1) is satisfied, we first test if Cj := Cj_; satisfies
1), and if so we set C, «— Ck_1. If not, one can perform a standard doubling strategy, testing
values Cy «— 2C;_1,4C;_1,8Ck_1, ..., until ([@I)) is satisfied. Since ([{I]) will be satisfied whenever
Cr > Chg from the definition of Cj g in (@) and the inequality By — h(\x) < By — h(\) =
Vh(Me)T (A — Ak, it follows that the doubling strategy will guarantee Cy < max{Cy,2Cy q}. Of
course, if an upper bound C' > Ch,q is known, then Cj « C is a valid assignment for all k > 1.
Moreover, the structure of h(-) may be sufficiently simple so that a value of Cy > Cy_1 satisfying
([I) can be determined analytically via closed-form calculation, as is the case if h(-) is a quadratic
function for example. The formal description of the Frank-Wolfe method with dynamic step-size
strategy is presented in Method

We have the following computational guarantees for the Frank-Wolfe method with dynamic step-
sizes (Method [):

17



Method 3 Frank-Wolfe Method with Dynamic Step-sizes for maximizing h(\)

Initialize at A; € @, initial estimate Cy of C}, g, (optional) initial upper bound By, k « 1.
At iteration k:

1. Compute Vh(Ag) .

2. Compute A — arg I)\neaéc{h()\k) + VROR)TA =)} .

Gy — VR(Ae)" (A — M) -
3. (Optional: compute other upper bound By), update best bound By, «— min{Bj_1, B}, By} .
4. Compute C}, for which the following conditions hold:

(’i) Ck Z C]g,1 ,~and

(ii) h(Ag + ap (A — Ag)) = h(Ak) + ax(Br — h(A\g)) — %de% , where ay, := %

5. Set Api1 «— Ap + O_ék(j\k — )\k) .

Bound 4.2. The iterates of the Frank-Wolfe method with dynamic step-sizes (Method [3) satisfy
the following for any k > 1:

. 2C},
B, — h(M\:) < min . 42
( ) Le{l,...k} { %}L’EA” + k- E} ( )

Furthermore, if the doubling strategy is used to update the estimates {Cy} of Cp g, it holds that
Cr < max{Cy, QC;%Q}.

Notice that ([@2)) naturally generalizes the static warm-start bound (B7) (or [B8])) to this more
general dynamic case. Consider, for simplicity, the case where C}, = Cj, ¢ is the known curvature
constant. In this case, ([@2]) says that we may apply the bound (B8] with any ¢ € {1,...,k} as the
starting iteration. That is, the computational guarantee for the dynamic case is at least as good
as the computational guarantee for the static warm-start step-size (B0 initialized at any iteration
te{l,... k}.

Proof of Bound Let ¢ > 1. For convenience define A; = 337%('/\_), and in this notation ({0)
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is a; = ﬁ. Applying (ii) in step (4.) of Method Bl we have:

Biy1 — h(Aip1) < Biy1 — h(X) — @i(B; — h(N\)) + 30
< Bi — h(\i) — @ (Bi — h(\)) + 587 C;

= (B; = h(M))(1 — @) + 38;C;

20 (A, %

Ai+3
=20 ((Ai +2)2>

- 2C;
A +1 ’
where the last inequality follows from the fact that (a+2)? > a®?+4a+3 = (a+1)(a+3) for a > 0.
Therefore o0 o o0 o
Aoy = i+1 _ Cin ( i > S G a gy 43
T B —h(h) G \Bivn — h(hi) Ci ( ) “3)
We now show by reverse induction that for any ¢ € {1,...,k} the following inequality is true:
C
Ap> A+ k0. (44)
Cy
Clearly (44]) holds for ¢ = k, so let us suppose ([44]) holds for some ¢+ 1 € {2,...,k}. Then
A > Ci Ag+1+kj—€—1
Crr
Ck (CZJrl )
Ar+1) ) +k—-1—-1
Cer1 \ Cp (Ae+1)
Cy
> —A+k—¢
=0, + )

where the first inequality is the induction hypothesis, the second inequality uses ([@3]), and the third
inequality uses the monotonicity of the {C}} sequence. This proves ([@4]). Now for any ¢ € {1,...,k}
we have from ([44]) that:
2 2 2

Ck < Ck Ck

=C e ’

proving the result. O

By, — h(\) =
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5 Analysis of the Frank-Wolfe Method with Inexact Gradient
Computations and/or Subproblem Solutions

In this section we present and analyze extensions of the Frank-Wolfe method in the presence of
inexact computation of gradients and/or subproblem solutions. We first consider the case when
the linear optimization subproblem is solved approximately.

5.1 Frank-Wolfe Method with Inexact Linear Optimization Subproblem Solu-
tions

Here we consider the case when the linear optimization subproblem is solved approximately, which
arises especially in optimization over matrix variables. For example, consider instances of ()
where @ is the spectrahedron of symmetric matrices, namely Q@ = {A € S"™*" : A =0, [ e A = 1},
where S™*" is the space of symmetric matrices of order n, “>” is the Lowner ordering thereon,
and “- e -” denotes the trace inner product. For these instances solving the linear optimization
subproblem corresponds to computing the leading eigenvector of a symmetric matrix, whose solution
when n > 0 is typically computed inexactly using iterative methods. For 6 > 0 an (absolute) 6-
approximate solution to the linear optimization subproblem r/{leag {CT)\} is a vector \ € Q satisfying:

¢\ > max {CT)\} -9, (45)

and we use the notation \ « approx(d)xeq {CT)\} to denote assigning to A any such §-approximate
solution. The same additive linear optimization subproblem approximation model is considered
in Dunn and Harshbarger [§] and Jaggi [I5], and a multiplicative linear optimization subproblem
approximation model is considered in Lacoste-Julien et al. [I7]; a related approximation model
is used in connection with a greedy coordinate descent method in Dudik et al. [5]. In Method
M we present a version of the Frank-Wolfe algorithm that uses approximate linear optimization
subproblem solutions. Note that Method [ allows for the approximation quality § = d; to be a
function of the iteration index k. Note also that the definition of the Wolfe upper bound B}’ and
the FW gap Gy, in step (2.) are amended from the original Frank-Wolfe algorithm (Method [I) by
an additional term 0. It follows from (@3] that:

By = h(A) + V()T (A = M) + 6 > max {h(\k) + VROAR)" (A = M)} > ",

which shows that B}’ is a valid upper bound on h*, with similar properties for G. The following two
theorems extend Theorem 2.1] and Theorem to the case of approximate subproblem solutions.
Analogous to the the case of exact subproblem solutions, these two theorems can easily be used to
derive suitable bounds for specific step-sizes rules such as those in Sections [Bl and @l

Theorem 5.1. Consider the iterate sequences of the Frank-Wolfe method with approximate sub-
problem solutions (Method[J) {\} and {\¢} and the sequence of upper bounds {By} on h*, using
the step-size sequence {ay}. For the auxiliary sequences {ay} and {Br} given by (), and for any
k >0, the following inequality holds:

1 ko o?
By, — h(\1) n 300 Zi:l Bi+1 n 2?21 a;0;

Bi — h(\ <
b= hw) < Bret1 Br+1 Br+1

(46)
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Method 4 Frank-Wolfe Method with Approximate Subproblem Solutions

Initialize at A\; € @, (optional) initial upper bound By, k < 1 .
At iteration k:
1. Compute Vh(Ag) .
2. Compute Aj, — approx (8 ) xe@{h(Ar) + VR(AR)T (A = Ap)} .
By h(M) + Vh(AR)T (s = Ar) + 0 -
Gr — VAT Ak — M) + 0k -
3. (Optional: compute other upper bound By), update best bound By, «— min{Bj_1, B}, By} .
4. Set A1 — A\ + 54,19(5\,1C — Ak), where ai € [0,1) .

O

Theorem 5.2. Consider the iterate sequences of the Frank-Wolfe method with approximate sub-
problem solutions (Method [J) {\} and {\}, the sequence of upper bounds {By} on h*, and the
sequence of FW gaps {Gy} from step (2.), using the step-size sequence {ay}. For the auxiliary
sequences {ay} and {Br} given by (@), and for any ¢ > 0 and k > ¢ + 1, the following inequality
holds:

1 V4 o?
1 By —h(\) 302 io1 7 s
' min GZ S T U ( 1) + 2 Q =1 i1 4 Zz,l Q05 (47)
i€, kY Dimoy1 Bet1 Be+1 Be+1
k _ k _
3CnQ Y1 OF n > impy1 @idi
k _ & — -

Zz‘:€+1 Qv Zi:ﬁ_}_l (o7}

O

Remark 5.1. The pre-start step (Procedure [2 can also be generalized to the case of approximate
solution of the linear optimization subproblem. Let \i and By be computed by the pre-start step
with a 0 = dg-approrimate subproblem solution. Then Proposition [T generalizes to:

1
By — h(A1) < §Ch,Q +do ,
and hence if the pre-start step is used ([@6l) implies that:

1eo>F i k
2-h,Q 2i=0 By, + Zz‘:o ;0
Br+1 Br+1

B — h(Ag41) < , (48)

where aq := 1.

Let us now discuss implications of Theorems (Bl and B2, and Remark Bl Observe that the
bounds on the right-hand sides of ({#6]) and ([T) are composed of the exact terms which appear
on the right-hand sides of (I0) and (), plus additional terms involving the solution accuracy
sequence 41, ..., 0. It follows from (I4]) that these latter terms are particular convex combinations
of the ¢; values and zero, and in (48]) the last term is a convex combination of the ¢; values, whereby
they are trivially bounded above by max{di,...,d;}. When ¢; := ¢ is a constant, then this bound
is simply ¢, and we see that the errors due to the approximate computation of linear optimization
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subproblem solutions do not accumulate, independent of the choice of step-size sequence {ay}. In
other words, Theorem 5.l implies that if we are able to solve the linear optimization subproblems
to an accuracy of 4, then the Frank-Wolfe method can solve () to an accuracy of ¢ plus a function
of the step-size sequence {ay}, the latter of which can be made to go to zero at an appropriate
rate depending on the choice of step-sizes. Similar observations hold for the terms depending on
d1,...,0k that appear on the right-hand side of (1.

Note that Jaggi [I5] considers the case where §; := 36a;C ¢ (for some fixed § > 0) and
Q= ZJ% for i > 0 (or @; is determined by a line-search), and shows that in this case Method [

achieves O (%) convergence in terms of both the optimality gap and the FW gaps. These results
can be recovered as a particular instantiation of Theorems [5.1] and [5.2] using similar logic as in the
proof of Bound 311

Proof of Theorem [5.3k First recall the identities (I3]) and (I4]) for the dual averages sequences
[@). Following the proof of Theorem [Z1] we then have for i > 1:

~ 1
Bir1h(Aix1) > Bina I:h()\i) + VAT (N = N)a; — 564@20;“@}

= Bih(Ni) + (Bis1 — Bi)h(Ni) + Bir1a:VR(N)T (N — i) — %5’i+10_4120h,Q
2

B 1 a2
= Bih(N) + a; [h()\i) VRO (i — AZ-)] —-Y o
2Bt
w 1 o?
= Bih(Ni) + i B’ — aid; — 5 ——Chq ,
2 Bit1
where the third equality above uses the definition of the Wolfe upper bound (2) in Method @l The
rest of the proof follows exactly as in the proof of Theorem 2.1 O

Proof of Theorem For 7 > 1 we have:
h(Aie1) > h(N) + VROG)T (N — N — 2a2Ch g
= h()\l) + ;G — @y — %@?C]%Q ,

where the equality above follows from the definition of the FW gap in Method @l Summing the
above over i € {{ +1,...,k} and rearranging yields:

S @iGi < h(ki1) = h(heg1) + 30 4 362Chq + Y0y @id; - (49)
The rest of the proof follows by combining ([9) with Theorem [5.1] and proceeding as in the proof
of Theorem [
5.2 Frank-Wolfe Method with Inexact Gradient Computations

We now consider a version of the Frank-Wolfe method where the exact gradient computation is
replaced with the computation of an approximate gradient, as was explored in Section 3 of Jaggi [15].
We analyze two different models of approximate gradients and derive computational guarantees for
each model. We first consider the d-oracle model of d’Aspremont [2], which was developed in the
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context of accelerated first-order methods. For 6 > 0, a d-oracle is a (possibly non-unique) mapping
gs(-) : @ — E* that satisfies:

[(VR(A) = gs(A)T(A=N)| <6 forall \A€Q. (50)

Note that the definition of the d-oracle does not consider inexact computation of function values.
Depending on the choice of step-size sequence {ay}, this assumption is acceptable as the Frank-
Wolfe method may or may not need to compute function values. (The warm-start step-size rule
(@Q) requires computing function values, as does the computation of the upper bounds {B}’}, in
which case a definition analogous to (B0) for function values can be utilized.)

The next proposition states the following: suppose one solves for the exact solution of the
linear optimization subproblem using the d-oracle instead of the exact gradient. Then the absolute
suboptimality of the computed solution in terms of the exact gradient is at most 2J.

Proposition 5.1. For any A\ € Q and any 6 > 0, if X € argmax {95 T)\} then X is a 20-

approzimate solution to the linear optimization subproblem r/{laé( {Vh T)\}.
€
Proof. Let \ € arg max {Vh(A)TA}. Then, we have:
€

VAT A=) > 6N (A= X) -
> gs(NT(A=X) -
> Vh(A)T (A — X) - 20
= max {VR(N)TA} = VA(AN)TX) — 26 ,

where the first and third inequalities use (B0), the second inequality follows since \e arg max { gs ( T)\}

and the final equality follows since A e arg r/{laé( {Vh T)\}. Rearranging terms then yleldb the
€
result. O

Now consider a version of the Frank-Wolfe method where the computation of Vh(\x) at step
(1.) is replaced with the computation of g5, (Ar). Then Proposition L] implies that such a version
can be viewed simply as a special case of the version of the Frank-Wolfe method with approximate
subproblem solutions (Method M) of Section B lwith d;, replaced by 2d;. Thus, we may readily apply
Theorems B.1] and and Proposition 0] to this case. In particular, similar to the results in [2]
regarding error non-accumulation for an accelerated first-order method, the results herein imply
that there is no accumulation of errors for a version of the Frank-Wolfe method that computes
approximate gradients with a d-oracle at each iteration. Furthermore, it is a simple extension to
consider a version of the Frank-Wolfe method that computes both (i) approximate gradients with
a d-oracle, and (ii) approximate linear optimization subproblem solutions.

5.2.1 Inexact Gradient Computation Model via the (¢, L)-oracle

The premise (B0) underlying the d-oracle is quite strong and can be restrictive in many cases. For
this reason among others, Devolder et al. [4] introduce the less restrictive (d, L)-oracle model. For
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scalars d, L > 0, the (4, L)-oracle is defined as a (possibly non-unique) mapping @ — R x E* that
maps A — (e 1)(A), 9(5,0)(A)) which satisfy:

h(A) < hes, (M) + 96, NT(A=X), and (51)
~ ~ T ~ ~
hN) = hen (V) + 960N A=) = Z[A= A =5 forall A AeQ, (52)
where || - || is a choice of norm on E. Note that in contrast to the d-oracle model, the (d, L)-oracle

model does assume that the function h(-) is smooth or even concave — it simply assumes that there

is an oracle returning the pair (i 1) (), g5,0)(A)) satisfying (BI) and (B2).

In Method [ we present a version of the Frank-Wolfe method that utilizes the (9, L)-oracle.
Note that we allow the parameters ¢ and L of the (4, L)-oracle to be a function of the iteration
index k. Inequality (BI) in the definition of the (d, L)-oracle immediately implies that B;” > h*. We
now state the main technical complexity bound for Method [, in terms of the sequence of bound
gaps {Bj — h(Ag+1)}. Recall from Section [ the definition Diamg := /\r%\a)é?{]])\ — All}, where the

)

norm || - || is the norm used in the definition of the (4, L)-oracle (G2]).

Method 5 Frank-Wolfe Method With (6, L)-Oracle
Initialize at A\; € @, (optional) initial upper bound By, k < 1 .
At iteration k:
L. Compute hy, — hs,,,)(Ak)s 9k = 95,00 (M) -
2. Compute \; < arg Taéc{hk +gF (A=)}
€

BY — hy+ gF (e — M) -
3. (Optional: compute other upper bound By), update best bound By, < min{Byj_;, B}, By} .
4. Set N\gyr1 «— Ak + ax(Ag — Ak), where ag € [0,1) .

Theorem 5.3. Consider the iterate sequences of the Frank-Wolfe method with the (9, L)-oracle
(Method [3) {\,} and {\,} and the sequence of upper bounds {B} on h*, using the step-size
sequence {ay}. For the auziliary sequences {ay} and {Br} given by (@), and for any k > 0, the
following inequality holds:

1. 2k of
Br — h(\1) N gDiamg > iy Ligr n K B0
Brt1 Bri1 Br+1

By, — h(Ag41) < (53)

O

As with Theorem [5.1] observe that the terms on the right-hand side of (G3]) are composed of the
exact terms which appear on the right-hand side of (), plus an additional term that is a function
of 41,...,0,. Unfortunately, Theorem implies an accumulation of errors for Method [l under
essentially any choice of step-size sequence {ay}. Indeed, suppose that 3; = O(i?) for some v > 0,

K5
then 2% Biy1 = O(K7™), and in the constant case where §; := 8, we have Zi%i“& = O(kd).

Therefore in order to achieve an O (%) rate of convergence (for example with the step-size sequence
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Method/ Type of Accuracy with Accuracy with Special Structure
Class Subproblem Exact Gradients (6, L)-oracle of Tterates
Frank-Wolfe Linear Optimization O (1/k) O (1/k) 4+ O(dk) Yes
Classical Gradient Prox Projection O (1/k) O(1/k) +0O(9) No
Accelerated Gradient Prox Projection O (1/k?) O (1/k*) + O(dk) No

Figure 1: Properties of three (classes of) first-order methods after k iterations.

([IR))) we need 6 = O (k%) This negative result nevertheless contributes to the understanding of the
merits and demerits of different first-order methods as follows. Note that in [4] it is shown that the
“classical” gradient methods (both primal and dual), which require solving a proximal projection
problem at each iteration, achieve an O (% + 5) accuracy under the (0, L)-oracle model for constant
(6, L). On the other hand, it is also shown in [4] that all accelerated first-order methods (which also
solve proximal projection problems at each iteration) generically achieve an O ( k% + ké) accuracy
and thus suffer from an accumulation of errors under the (9, L)-oracle model. As discussed in the
Introduction herein, the Frank-Wolfe method offers two possible advantages over these proximal
methods: (i) the possibility that solving the linear optimization subproblem is easier than the
projection-type problem in an iteration of a proximal method, and/or (ii) the possibility of greater
structure (sparsity, low rank) of the iterates. In Figure [I] we summarize the cogent properties of
these three methods (or classes of methods) under exact gradient computation as well as with the
(6, L)-oracle model. As can be seen from the table in Figure [Il no single method dominates in the
three categories of properties shown in the table; thus there are inherent tradeoffs among these
methods/classes.

Proof of Theorem Note that (5I) and (5Z) with A = X imply that:
h(A) < hy(A) <h(A) +0 forall A e @ . (54)

Recall properties ([I3]) and ([I4)) of the dual averages sequences ([@)). Following the proof of Theorem
211 we then have for i > 1:

- 1
Bit1h(Nit1) > Bis [hz‘ +97 (N — )@ — 5@?LiDiamé — 0

- 1 .
= Bihi + (Biv1 — Bi)hi + Biv1duig] (A — Ai) — §ﬂi+155@2LiDlamgg — Bit16i
1o
2 Bit1

L;Diamg, — Bi410; ,

= fihi + o [hi +9i (N — ) LiDiam$) — (;419;

1 o?
> Gih(N;) + OCZB;U B ——
= Bih(X) 2 Bis1

where the first inequality uses (B2]), and the second inequality uses (B4]) and the definition of the
Wolfe upper bound in Method Bl The rest of the proof follows as in the proof of Theorem 211 [

6 Summary/Conclusions

The Frank-Wolfe method is the subject of substantial renewed interest due to the relevance of appli-
cations (e.g., regularized regression, boosting/classification, matrix completion, image construction,
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other machine learning problems), the need in many applications for only moderately high accu-
racy solutions, the applicability of the method on truly large-scale problems, and the appeal of
structural implications (sparsity, low-rank) induced by the method itself. The method requires (at
each iteration) the solution of a linear optimization subproblem over the feasible region of interest,
in contrast to most other first-order methods which require (at each iteration) the solution of a
certain projection subproblem over the feasible region defined by a strongly convex prox function.
As such, the Frank-Wolfe method is particularly efficient in various important application settings
including matrix completion.

In this paper we have developed new analysis and results for the Frank-Wolfe method. Virtu-
ally all of our results are consequences and applications of Theorems 2.1 and 2] which present
computational guarantees for optimality gaps (Theorem [Z1]) and the “FW gaps” (Theorem [2.2])
for arbitrary step-size sequences {ay} of the Frank-Wolfe method. These technical theorems are
applied to yield computational guarantees for the well-studied step-size rule ay = kiﬁ (Section
B0, simple averaging (Section B:2]), and constant step-size rules (Section B3]). The second set of
contributions in the paper concern “warm start” step-size rules and computational guarantees that
reflect the quality of the given initial iterate (Section M) as well as the accumulated information
about the optimality gap and the curvature constant over a sequence of iterations (Section [L.T]).
The third set of contributions concerns computational guarantees in the presence of an approxi-
mate solution of the linear optimization subproblem (Section [5.1]) and approximate computation
of gradients (Section [.2]).

We end with the following observation: that the well-studied step-size rule ay, := k—iQ does not
require any estimation of the curvature constant Cj, ¢ (which is generically not known). There-
fore this rule is in essence fully-automatically scaled as regards the curvature Cj . In contrast,
the dynamic warm-start step-size rule (@0), which incorporates accumulated information over a
sequence of iterates, requires updating estimates of the curvature constant Cj, o that satisfy cer-
tain conditions. It is an open challenge to develop a dynamic warm-start step-size strategy that is

automatically scaled and so does not require computing or updating estimates of C}, .
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A Appendix

Proposition A.1. Let B}’ and B} be as defined in Section[2d. Suppose that there exists an open

set Q C E containing Q such thatAgb(x, -) is differentiable onAQA for each fized x € P, and that h(-)
has the minmazx structure @) on Q and is differentiable on Q). Then it holds that:

By > B;* > h".
Furthermore, it holds that B}’ = B} in the case when ¢(x,-) is linear in the variable X.

Proof. 1t is simple to show that B]* > h*. At the current iterate \;, € @, define xj, € arg mi}r)l oz, \g).
xre
Then from the definition of h(\) and the concavity of ¢(xg,-) we have:

h(A) < (g, A) < G(@h; Ak) + Vad (@i, o) (A = M) = h(Ae) + Vad(@r, M) (A= M), (55)

whereby V¢(xg, Ar) is a subgradient of h(-) at Ag. It then follows from the differentiability of h(-)
that Vh(A;) = Vao(zk, A\k), and this implies from (B3]) that:

Pz, N) < (M) + VR(A)T (A = Ay (56)
Therefore we have:
B = = )< h(\ VhOe) TN =Xg)} = BY .
= o) = max(6(on, )} < max{hOh) + VAT~ M)} = B
If ¢(x, \) is linear in A, then the second inequality in (BH) is an equality, as is (B0). O

Proposition A.2. Let C} ¢, Diamg, and Ly g be as defined in Section [A Then it holds that
Ch,Q < LhyQ(DiamQ)?

Proof. Since Q is convex, we have A+ a(A— ) € Q for all \,\ € Q and for all a € [0,1]. Since the
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gradient of h(-) is Lipschitz, from the fundamental theorem of calculus we have:

A+ a(X =) = h(A) + VAT (a(X = A) + [ [VA(A +ta(X — ) — VAT (X — N))dt

. O\H

> h(\) + VRO (a(A = N)) — / VA + ta(X = X)) = VR ||« (@)]|X — A||dt

> h(A) + VRN (@A =) = [ Lpgllta)(A = M)A = Alldt

[21e] B, T

= h(A) + VA (a(A = X)) = = Lugll(h = V)|
> h(\) + VAT (a(A = \)) — =Ly o(Diamg)? |
whereby it follows that Cj, g < Ly g(Diamg)?. O

Proposition A.3. For k > 0 the following inequality holds:

Zk:z’+1<(k:+1)(k+2)
+2 = k+4 '

Proof. The inequality above holds at equality for £ = 0. By induction, suppose the inequality is
true for some given k > 0, then

Rlitl gk il ke
Eji:O i+2 _’E:i:0i+2 +_k+3

k+1)(k+2 k
< (D) 4 2 (57)

— k2 45k+7
= (k+2) | Fs) -

Now notice that

(k? + 5k +7)(k +5) = k> + 10k? + 32k + 35 < k® 4+ 10k* + 33k + 36 = (k* + Tk + 12)(k + 3) ,

which combined with (57]) completes the induction. O
Proposition A.4. Fork>1leta:=1— ’\“/liTrl Then the following inequalities holds:
k41
(i) In(k +1) + ) >a, and

(ii) (k+1)a > 1.



Proof. To prove (i), define f(t) := 1 — e~ !, and noting that f(-) is a concave function, the gradient
inequality for f(-) at t =0 is

t>1—e"
Substituting t = ln(kﬂ) yields
In(k+1) _ _In(k+1) 1 _
T >l —et=1—¢ F =1- =a.
k B Vk+1

Note that (i) holds for k = 1, so assume now that k& > 2. To prove (ii) for k > 2, substitute
t = —% into the gradient inequality above to obtain —% >1—(k+ 1)% which can be
rearranged to:

1 In(k+1) In(e) 1 k+1
Hr>14+4——-2>1 =14-=—"

(k+1DF 214+ ———>1+— + =" (58)

Inverting (58]) yields:
1 k 1

k+1) < ——=1——. 59

(k7% <73 k1 (59)

Finally, rearranging (59)) and multiplying by k + 1 yields (7). O

Proposition A.5. For any integers £,k with 2 < £ < k, the following inequalities hold:

(58] <Fen(t).

M?v

and i
k: E—I—l Zl k—/0+1

2SR (61)

Proof. (60)) and (GI]) are specific instances of the following more general fact: if f(:): [1,00) — Ry
is a monotonically decreasing continuous function, then
k

k+1 k
[ swas<>ro< [ s (62)
¢ P -1

It is easy to verify that the integral expressionb in ([62)) match the bounds in ([60) and (&) for the
specific choices of f(t) = 1 and f(t) = %, respectively. O
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