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Abstract

We prove that a sequence of solutions of the Seiberg—Witeten
with multiple spinors in dimension three can degeneratg byplconverging
(after rescaling) to a Fueter section of a bundle of modudiceg of ASD
instantons.

1 Introduction

Let M be an oriented Riemannian closed three—manifold. Fyia—structures
on M and denote by the associated spinor bundle; also fiX @ )—bundle.# over
M, a positive integern € N and aSU(n)—bundle E' together with a connection
B. We consider pair§A, ¥) € o/ () x I'(Hom(E, § ® £)) consisting of a
connectionA on . and ann—tuple of twisted spinor@ satisfying theSeiberg—
Witten equation wittm spinors

Fy = p(0).

Herep: Hom(E, $ ® &) — gy @ su($) = isu($) is defined by

(1.1)

(1.2) w(0) = Uo* — 5\\11\21%
and we identifyA2?7*M with su($) via
4 1 . .
(1.3) e’ Ael = shy(e),v(eh)] = eijiy(e").

If n =1, thenE andB are trivial, sinceSU(1) = {1}, and (L.1) is nothing but
the classical Seiberg—Witten equation in dimension thrdech has been studied
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with remarkable success, see, e.Gh¢97Lim00, KMO7]. A key ingredient in the
analysis of {.1) with n = 1 is the identity

(u(w)w, w) = o’

which combined with the Weitzenbdck formula yields an apiiound on¥ and,
therefore, immediately gives compactness of the modutiepaf solutions tol(. 1).
After taking care of issues to do with transversality anducdoles, counting solu-
tions of (L.1) leads to an invariant of three—manifolds.

The above identity does not hold far > 2 and, more importantlyy: is no
longer proper; hence, the?—norm of ¥ is not bounded a priori. From an analytical
perspective the difficult case is when tti&—norm becomes very large; however,
also the case of very smdlP—norm deserves special attention as it corresponds to
reducible solutions ofl(1). With this in mind it is natural to blow-upl(1), that is,
to consider triplegA, U, o) € & (£) xI'(Hom(E, § ® £)) x [0, /2] satisfying

W[z =1,
(1.4) Dagp? =0 and
sin(a)?Fy = cos(a)?u(T),

c.f. [KMO7, Section 2.5]. The difficulty in the analysis can now be ustiexd as
follows: for o € (0,7/2] equation {.4) is elliptic (after gauge fixing), but as
tends to zero it becomes degenerate.

The following is the main result of this article:

Theorem 1.5. Let (4;, ¥;, ;) € (%) x T'(Hom(E, § ® .£)) x (0,7/2] be

a sequence of solutions ¢1.4). If limsupa; > 0, then after passing to a sub-
sequence and up to gauge transformatiéms, V;, ;) converges smoothly to a
limit (A, U, o). If lim sup o; = 0, then after passing to a subsequence the follow-
ing holds:

e There is a closed nowhere-dense subisett M, a flat connectionA on
|z With monodromy iz, and ¥ € I'(M \ Z,Hom(E, § ® %)) such
that (A, ¥, 0) solves(1.4). |¥| extends to a Holder continuous function on
all of M and Z = |¥|~1(0).

e OnM \ Z, up to gauge transformations}; converges weakly it to A

and ¥; converges weakly ifi’,” to U. There is a constanf > 0 such that
|W;| converges t¢¥| in C%7 on all of M.

Remarkl.6. Theorem 1.5hould be compared with the results of Taube®6ih.(2, C)—
connections on three—manifolds with curvature bounddd ifTau13 Theorem 1.1].
Our proof heavily relies on his insights and techniques.
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Remarkl.7. Taubes’ very recent workipul4 Theorems 1.2, 1.3, 1,4 and 1.5] im-
plies detailed regularity properties far, in particular,Z has Hausdorff dimension
at most one. To see that his theorems apply in our situatiethat |, » is the
complexification of a real line bundle

Asis discussed iAppendix A gauge equivalence classes of nowhere-vanishing
solutions of (L.4) with o« = 0 correspond to Fueter sections of a bun@kewith
fibre Ml,n, the framed moduli space of centred charge $ti¢n) ASD instantons
onR*. In particular, while {.4) degenerates as tends to zero, forv = 0 it is
equivalent to an elliptic partial differential equationyay from the zero-locus of
W. Morally, this is why one can hope to provéeorem 1.5

In view of Theorem 1.5the count of solutions of1(4) can depend on the
choice of (generic) parametersdA (the space of metrics alf and connections on
E): since]\le,n is a cone and the Fueter equation has index zero, one expestts F
sections 0Pt to appear (only) in codimension one; thus, the count of Eolgtof
(1.4) can jump along a path of parametersdf. In other words: there is a set
w C & of codimension one and the number of solutionslof{depends on the
connected component a? \ # . In the study of gauge theory dr,—manifolds
the count ofG,—instantons also undergoes a jump whenever a solutiof.df (
with o = 0 appears, with\/ an associative submanifold of(@,—manifold andB
the restriction of &is—instanton tal/, see PS11,Wall2 Wall3. So while both
the count ofG,—instantons and the count of solutions b cannot be invariants,
there is hope that a suitable combination of count&gfinstantons and solutions
of (generalisations of)1(4) on associative submanifolds will yield an invariant of
Go—manifolds. We will discuss this circle of ideas in more detlsewhere.

Outline of the proof of Theorem 1.5 The Weitzenbtck formula leads to a priori
bounds which directly prove the first half ®heorem 1.5The proof of the second

half is more involved. For a solutiofd, ¥, «) of (1.4), we show that the (renorm-
alised)W 5 *~norm of ¥ on a ballB, () is uniformly bounded provided the radius
is smaller than theritical radius

p = sup {T V2| Pall 28, (ay) < 1} '

To controlp we use drequency functiom (), which—roughly speaking—measures
the vanishing order o¥ nearz. More precisely, we prove that there exists a con-
stantw > 0, depending only on the geometry &f, such thatn(50r) < w im-
pliesp > r. We also show that for any,s > 0 there exists- > 0 such that
N(r) < w provided|¥|(z) > . Thus, we can establish convergence outside the
subsetZ = {z € M : limsup |V;|(x) = 0}.
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Conventions. We writez < y (ory 2 x) for z < ¢y with ¢ > 0 a universal
constant, which depends only on the geometrhif £ and B; shouldc depend
on further data we indicate that by a subscript(x) denotes a quantity with

ly| < . We denote by a constand < ry < 1; in particular,ry < injrad(M).
We assume that all radiion M under consideration are less than Throughout
the rest of this article?, £ and B are fixed.

2 A priori estimates

In this section we prove the following a priori estimates:

Proposition 2.1. Every solution(4, ¥, o) € /(%) x I'(Hom(E, § ® £)) x
(0,7 /2] of (1.4) satisfies
W]z = O(1)

and, for eache € M andr > 0,
IV aeBY| 128, @) = O(*?) and
16(9) | 2B, 2y = O(r'/* tan(a)).

This implies the first part of heorem 1.%ecause ifim sup a; > 0, then (L.4)
does not degenerate and standard methods apply:

Proposition 2.2. In the situation ofTheorem 1.5f limsup «; > 0, then, after
passing to a subsequence and up to gauge transformatidnsy;, ;) converges
in C* to alimit (A, ¥, ) solving(1.4).

By the Banach—Alaoglu theorem we have the following projmsi

Proposition 2.3. In the situation ofTheorem 1.Gafter passing to a subsequence
|W;| converges weakly ii/12 to a bounded limit¥|.

Remark2.4. Note that we have not yet constructéghowever, we will show later
that the notation¥| is indeed justified.



The key to provingProposition 2.lare the Weitzenbock formul&.©), the al-
gebraic identity 2.8) and the integration by parts formula.{1).

Proposition 2.5. For all (A, V) € &/ (£) x I'(Hom(E, § ® %))
* % S
(2.6) DaspPasp¥ = VigpVassV + Z\I’ + FAV + Fp¥

with s denoting the scalar curvature gfand F'4 and F'p acting via the isomorph-
ism defined ir{1.3). O

Proposition 2.7. For all ¥ € I'(Hom(E, § ® %))
(2.8) ()W, W) = |p(¥)[*
Proof. This follows from a simple computation:
(00, W) = (u(0), WT7) = (u(¥), 0T = S[V7idg) = [u(P)I". O

Proposition 2.9. Supposé A, ¥, a) € (%) x I'(Hom(E, § @ %)) x (0,7/2]
satisfies

Daep? =0 and

(2.10) sin(a)?Fy = cos(a)?u(P).

If fis any smooth function oA/ and U is a closed subset af/ with smooth
boundary, then

(2.11)
/ Af P+ f - (S10P 4 2(Fw, 9) + 2tan(0) |u(W)P + 2V 40 P)
U
:/ FoO U2 = f - W2,
oU

Herev denotes the outward pointing normal vector field.

Proof. Combine (..4), (2.6) and @.8) to obtain
(2.12) %m\m? S0P 4 (FW, W) + tan(a) (0 + V4w =0,
The identity .11) now follows from

/UAf.g_f.Agz [ S0

with g = |¥|2. O



Proof of Proposition 2.1 Apply Proposition 2.9vith f = 1 andU = M to obtain
[vavp <= [ S+ e, -oq),
M m4

Combine this with Kato’s inequality and the Sobolev embeddi’ 2 — LS to
obtain

[W][Le = O(1).

The operatoA + 1 is invertible and has a positive Green’s functi@nwhich
has an expansion of the form

d(z,y)

Glat) = 3=y + Old(w.9).

Apply Proposition 2.9ith f = G(x,-) andU = M \ B,(x), and pass to the limit
o = 0 to obtain

e /G ) (tan( )2!#(\1’)\2+\VA\I'!2)§/MG(%-)!\I’!2-

The right-hand side of this equation(X 1) because of thé®—bound on¥. Taking
the supremum of the left-hand side overaalt M yields the desired bounds.[]

3 Curvature controls

This section begins the proof of the more difficult second paifheorem 1.5

Definition 3.1. Thecritical radius p(z) of a connectiord € &7 (.Z) is defined by

p(fL’) i= sup {T‘ S (0,7"0] : T1/2HFA||L2(BT(£B)) < 1} .

If the base-point: is obvious from the context and confusion is unlikely to eris
we will often dropz from the notation and just write.

Remark3.2 While some constant must be chosen in the definition tfe precise
choice is immaterial, since we are working with an abeliamggegroupG = U(1).
In general,l should be replaced by the Uhlenbeck constartt @n M .

Proposition 3.3. Supposé A, ¥) € «/(£) x I'(Hom(E, § ©® .£)) satisfies



If z € M ando € (0, 1], then
P2 Vies ¥l 2y @) ST PN 28, @) + 7 IV AeB Y | 128, (o)
+ 12 Fall e, o 19 2 (B, (2))-

In particular, if (A, ¥, a) € &/ (£) xT'(Hom(E, § @ £)) x [0,7/2] is a solution
of (1.4), then
P2 VienllLa(s, @) = O().

Proof. The statement is scale-invariant, so we might as well asshaté, (x) is
a geodesic balB; of radius one (with an almost flat metric). Fix a cut-off funat
x Which is supported i3, _;/, and is equal to one i3, 5. A straight-forward
direct computation using integration by parts yields

[ IPes0)P 5 [ 19505V acnte0)l
+[Faebl|Vaes(X¥) | + |Fagsl x| Vies (X ¥)|-
Since, as a consequence of the Weitzenbdck fornau@, (
ViesVass((¥) = —Zxxp — Fagp(x¥) — 2V4250 1 (Ay)¥,
we can write

/ Vs < / Faos PO + | Fassl|V ass () ?

+ ‘FA®BHX\IIHV124®B(X\I/)’
+ [ Vaep®|* + [T

(3.4)

The first and the last two terms are already acceptable. Titetdrm is bounded
by

e M | Fawnll72 W7 + &l Vigs(x )72
for all e > 0. The first term is acceptable and the second one can be rgad&m

the left-hand side of3.4) providede is chosen sufficiently small. The second term
can be bounded by

IFaesl 21V ae s (x¥)|1 7.
Using the Gagliardo—Nirenberg interpolation inequality

3/4 1/4
£l S IVALL £ s



and Kato’s inequality we obtain
3/2 1/2
IV o007 S 1V 0c0) 171V 40m (D)l
< el Vaes(x )72 + e Vaes (X017

foralle > 0. The first term can be rearranged to the left-hand sid8.df provided
¢ is chosen sufficiently small and the second term is acceptabl O

4 A frequency function

In view of Proposition 3.3he following result is the key to provingheorem 1.5
Proposition 4.1. There exists a constaat > 0 such that for each solutiofd, ¥, «) €
(L) x T (Hom(E, § @ .%)) x (0,7/2) of (1.4) we have

pl) 2 min {1, 9]/ (2)}.

The proof of this proposition will be given i8ection 5 In this section we lay
the groundwork by introducing the following tool:

Definition 4.2. The frequency functiorn,: (0,79] — [0,00) of (A, ¥, ) €
A (ZL) xT'(Hom(E, § @ Z)) x (0,7/2) atz € M is defined by

rH,(r)

ha (1)

N (r) :=
with

Hy(r) = /B Vs (o) )

and hy(r) == / |2
OBy ()
If the base-point: is obvious from the context and confusion is unlikely to eris
we will often dropz from the notation and just write, H andh.

Remark4.3. The notion of frequency function, introduced by Almgrexirh79],

is important in the study of singular/critical sets of dilippartial differential equa-
tions, see, e.g.HHL98,NV14]. Our frequency function is an adaptation of the
one used by Taubes inguld.

Throughout the rest of this section we will assume tht¥, o) € o7 (L) x
I'(Hom(E, $§ ® Z)) x (0,7/2) satisfies {.4) and fix a pointz € M. We establish
various important properties of the frequency functionpanticular, we show that:
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e N is almost monotone increasingtn
e N controls the growth of.
o If |¥|(z) > 0, thenN(r) goes to zero as goes to zero.

Moreover, we study the base-point dependenae. of

4.1 Almost monotonocity ofN

Proposition 4.4. The derivative of the frequency is bounded below as follows
(4.5) N'(r) > O(r)(1 + N(r)).

Before we embark on the proof, which occupies the remainfiéhi® subsec-
tion, let us note the following consequence:

Proposition 4.6. If 0 < s < r, then

2

(4.7) N(s) < eOlr _SQ)N(T) +0(r? - s%).

Proof. From @.5) it follows that
O log(N(r) + 1) > —2cr.
This integrates to
log(N(r) + 1) —log(N(s) + 1) > —¢(r? — 52),

i.e.,
2

N(s) +1 < eI (N(r) + 1),
which directly implies 4.7). O
The derivative of the frequency is

H(r) N rH'(r)  rh'(r)H(r)

(4.8) N = 505 ho) G

hence, to proveé’roposition 4.4ve need to better understand and H’. This is
what is achieved in the following.



Proposition 4.9. The derivative oh satisfies

(4.10) W (r) = 2h(r)/r + /a e O[T |* + O(r)h(r)
and

(4.11) W (r) = (24 2N(r) + O(r?)) h(r)/r.
Moreover,

(4.12) /B - 0% < rh(r).

Proof. We proceed in four steps.

Step 1. The identity(4.10) is clear if the metric is flat neat; the termO(r)h(r)
compensates for the metric possibly being non-flat.

Step 2. fBT-(:c) |02 < (14 N(r)rh(r).
Apply the following general fact

[ aworrset [ g [
Br(x) OBy (x) Br(x)

which can be proved using integration by parts and Cauchyw&ez, tof = |U|
and use Kato’s inequality.

Step 3. W/(r) > 0.
UseProposition 2.9ith U = B,(z) and f = 1 to write
(4.13) / 0.|W|? = 2H(r) + 0(1)/ |2,
OBr(x) B, (z)

The estimate fronStep 2implies
W(r) = (1+0(r?)(2+2N(r))h(r)/r

which is non-negative because< r.
Step 4. Proof of (4.11) and (4.12).

The bound 4.12 follows directly from //(r) > 0. Using @.12) in Step 3
instead of the estimate fro®tep 2immediately implies4.11). O
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Proposition 4.14. The derivative of{ satisfies

(4.15) H'(r) = %H(r) + /aB ( )2|V?®B\If|2 + tan(a) ~2[i(0, ) (W)

+ O((l + N(r))h(r)).
Here we think of:(¥) as a2—form via(1.3).

Proof. The punctured balB,,(z) := B,,(z) \ {z} is foliated by the surfaces
0B, (x) with normal vector field,. According to BGMO05, Section 3] the restric-
tion of the spin bundle o, (z) to B, (x) can be identified with the spin bundle
on 0B, (x) and if ¥, V and ) denote the Clifford multiplication, spin connection
and Dirac operator o6iB,(x) respectively, then fov € TOB,(z):

Y(v) = =7(0,)7(v),

6O(T2)

(v) and

eO(T’2) ~

- D).

127 = 7(8r)(vr +

T

(If the metric onB,(x) is flat, then the mean curvature 85, (z) is —1. In

general, there is a correction term; hence, the téPKﬁQ).) In particular, p¥ = 0

is equivalent to

eO(TQ)

DU =V, 0+ 0.

For ¥ a harmonic spinor o, (x) we compute:

3 0(r?)
J L e B A O
OBr(x) 0By () 2r
5 O - cO(r?)
= [ RRE - pww) +
OB, () r 2r
By cO(r?) cO(r?)
:/ V[ — (Vo 0, 0) — ———| W,
8By (z) T 2r
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Using the Weitzenbdck formul2 (6) the first term can be written as

/ |W|2:/ VYT, )
0B, (z) 9B, (x)

€O(T2)

_ ﬁ\PZ_—\PZ
/aBrm| P Sl

o(r?) O(r?)
= / A T ‘
OBr(x)

(Vo W)+ =
This combined with4.13 and @.12) proves the asserted identity A4 and B are
product connections.
If A and B are not the product connection, the computation is idelntipao
changes in notatioand in the Weitzenbdck formula two additional terms appear.
The firstis

2.

- Falop. (e, (0
/8 o (Bl ()

and the second can be estimated®{i )h(r). If (e1,e2) is a local positive or-
thonormal frame of'0B, (x), then the integrand in the above expression is

%(FA(ela62)[’7(61)7’?(62)]7M(‘1’)> = (Fa(er,e2)7(9y), u(¥)).

To better understand this term, observe thdtif} denotes the anti-commutator,
then

p(0) = 37 (@), b

and (Y, Yn) = 26mn. Using F4 = tan(a)~2u(¥) we can write the integrand as
tan(a) 2 times

SH(E), 7 @) = (D)~ i@ )n(0)P
This proves4.15 in general. O

Proof of Proposition 4.4 Plug @.11) and @.15) into (4.8) and use4.13 and ¢.12)
to obtain
2r

N(r) = )

2 A®B 2
h(r)? </{93,.(x)<vr \P’\P>>

+ O(r)(1 4+ N(r)).

/ VABBDP 4 tan () 2}i(0, ) (D))
9B, (x)
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By Cauchy—Schwarz the sum of the first and the third term igtipes This com-
pletes the proof. O

4.2 N controls the growth of i

Proposition 4.16.1f 0 < s < r, then

(4.17) h(r) = 00 (1 /)2 exp< / "Nt dt) hs).
Proof. Equation 4.11can be written as
(log h(r)) = (2 +2N(r)) /7 + O(r).
Integrating this yields4.17). O
Corollary 4.18. If 0 < s < r, then
h(s) S (s/r)?h(r).

In particular, if h(s) is positive, then so i8(r);

*(x) S h(r)/r?

Proposition 4.19.1f 0 < s < r, then

O('r

(S/ ) 2+2N(T>)h(7“) < h(s) < eO(TQ)(s/r)eo(TQ)(2+2N(S))h(7“).

Proof. Combine

h(s) = €20 (s /r)? exp< / TN(t)/tdt) h(r)

with
/: N(E)/EdE < / (N + 062 - ) dr
< (2@ + O(2) ) log(s/r)
and .
~(PN(s) + O(r?)) log(s/r) < / N(E)/tdt.
The last two inequalities are consequenceBrafosition 4.6 O
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4.3 |¥|(x) controls N
Proposition 4.20.1f 0 < w « 1 and
s S min{1, [0V (@)},
thenN(s) < w.
Proof. By Proposition 2.1h(r) < 72 and, byCorollary 4.18 h,(s) 2> s%|¥|?(x).
From Proposition 4.19t follows that fors < r
(T/s)eo(r2)2N(s)+O(T2) < 20| 2(x);

hence, .

u(s) < 8 (@)
log(r/s)

If o := c|¥|~1(x) < 1, then the first term is non-positive and setting- 2w and

s = w yields the asserted bound.df> 1, setr = w ands = wc™ 1/ |¥|V/¥ (z) =
wo~1/“ to obtain

+ O(r?).

N(s) Sw+O0(r?) Sw. O

4.4 Dependence ofl on the base-point
Proposition 4.21. For z,y € M andr > 0

hetr) £ 2 A0 (o0 1),

Proof. By Corollary 4.18and @.12

o) S [ qep< [ W2 S (20 + dla )y (27 + dla. ).
Bar (Z‘) B2r+d(;c,y)(y) 0

Proposition 4.22. Supposer € M andr > 0 are such thatN,(10r) < 1. If
y € By(x), thenN, (5r) < N (107).

Proof. Since

~ 5rHy(5r) < Ny (107) h (107)

Ny(57) = =55 hy(5r)

it is key to control the latter quotient. Usirigyoposition 4.1vith N, (107r) < 1 as
well asProposition 4.21

he(107) < ha(r) S hy(5r). O
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5 N controls p(x)

In view of Proposition 4.20t suffices to prove the following in order to complete
the proof ofProposition 4.1

Proposition 5.1. There arew, py > 0 such that for every solutioQA4, ¥, «) €
A (L) x T (Hom(Ey, § @ .£)) x (0,7/2) of (1.4)

if N(50r) <w, then p > min{r, po}.

5.1 Interior L?>—bounds on the curvature

We first show that if the critical radius and the frequency(p) are very small,
then so is the renormalisddf—norm of F4 on B,, 5 (x):

Proposition 5.2. Let (4, ¥, a) € &/ (%) x I'(Hom(Ey, $ ® £)) x (0,7/2) be
a solution of(1.4). For anye > 0, if

p<e1 and N(p) <1,

o IRaPze
Bp/2(x)

tan(a)? 2 )1 _
“hp) < (P/Bp(m) | Fal ) N(p) = N(p),

this is a direct consequence of the following.

then

Since

Proposition 5.3. Denote by( B, g) a Riemanniar3—ball of radiusr > 0, by % a
U(1)-bundle ovemB,, by E, an SU(n)—bundle ovetB, and byB a connection on
Ey. Suppose thatd, ¥, o) € o (%) xI'(Hom(Ey, § ® %)) x (0, 7/2) satisfies
(2.10). Set
T fBT |VA®B‘IJ|2
Jop, 1917

and 7 :=

+ 72| Ryl oo, + 72 P8l oo (5,)

tan(a)

\ Jos, |‘I’|2‘

P2 Fallpepy <1, e<se 1l and 7 <. 1,

Letd € (0,1) ande > 0. If

then
7”1/2HFA||L2(B(1,5)7,) <e.

15



The statement oProposition 5.3s invariant under rescaling,., multiplying
¥ by a constant and changirg—hence tan(«)—accordingly so that.10) still
holds. Therefore, it suffices to consider the case-= 1 and faBT 0?2 = 1.
Throughout the rest of this subsection assume the hypathageroposition 5.3
with this normalisation.

Proposition 5.4. There are constant$ < A < A = A(J) such that inB;_;
W <A and ife<s1, then |¥|> A

Proof. We proceed in three steps.
Step 1. If ¢ < 1, then for eachr € B,

O () S d(z,0B1) 7%

In particular, |¥| < A(d) = O(1/9).

We use a slight modification of the argument used to préwgposition 2.1
It follows from (4.12) that [|[¥| 125,y = O(1) and thus||[¥|[|y12(5,) = O(1);
hence, by Kato’s inequality and Sobolev embedding we Hjasg s 5,y = O(1).

Let G denote the Green’s function fak on B;. Fix x € B; and setf :=
G(zx,-). Then

1

Apply Proposition 2.ith f as above an@ = B; \ B, (x), and pass to the limit
o = 0 to obtain

\If2
P < [ Y awony T [ o wP + de 0B
B, d(z,-) o8B,

The firstterm isO(1) since([1/d(x, )|l 3/2(p,) = O(1). Applying Proposition 2.9
again withf = 1 andU = B, gives

VP S [ O+ |VAU 4+ 772 u(P))? = O(1).
631 Bl
Here we have also used that

(5.5) ()| 28,) = TN FallL2s,) < 7°

Step 2. We have|¥|]co1/a(p, ;) <o el/8,

16



Combining the Gagliardo—Nirenberg interpolation inegyal

3/4 1/4
1 llzss,_y) So IV A1, 115,y + 1l
with Kato’s inequality, we obtain
HVA®B\I/”L4 (B1_s) N5 HV‘VA(X)B\P’”[Q(Bl 5) HVA®B\PHL2 (B1_s)

(5.6) + IVaesYl 28, 5
55 61/8.

The asserted estimate now follows from Morrey’s inequaldynbined with Kato’s
inequality.

Step 3. There is a constank > 0 such that ife <5 1, then inB;_s
[T > A

We know fromProposition 4.1%hat

/ o z/ WP =1,
831,5 aBl

which proves the lower bound d&| when combined witlstep 2 O
Proposition 5.7. If ¢ < 1, then

()| e (3, ) S5 75

Proof. Using Kato’s inequalityProposition 5.4and 6.6) we obtain

V210 l28,_) S IVAesY 28, 1¥ ] oo (B, _5) + IV 48P 245, )

NTRE

Hence, using the Gagliardo—Nirenberg interpolation irdityu

7/8 1/8
IV Fllzs(Brs) S IV a1 s, ) + 1Fl22(_s)

and Morrey’s inequality we obtain

N s,y o MO wrags, ) S5 7% .
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Proof of Proposition 5.3 By a straight-forward calculation

1 1 .
(00, ) = Z[UP (D) + pu(0) 0 pu(0) = 3 tr(u(¥) 0 (V) id.
Using this and the Weitzenbdck formula §) we get
VVu(Y) = 2u(VagpVaesY, V) — 2(u(Vags¥, Vagp?¥))
= — (772wl + 3 )u(w)

+ 27" ,u( You(W)—7" 2tr( (V) o u(W))idg
— QM(FB\I/ \I’) — 2<N(VA®B\I/ VA®B\I’)>

where(-, -) denotes the contractichi*M @ T*M — R.
Fix a cut-off functiony which is supported in3;_;,, and is equal to one in
B1_s. Then the above yields

JATR@P + (520 + 5w

- / 22 (W) 0 (@), ju(©)) — 2x (u(Fp¥, ¥), (W)

= 2x{((Va2BY, Vagp¥)), u(V))
— (V&P (W), p(T))

Since [|u(P)| Lo (3,_5,,) Ss 71/8, the first term on the right hand side can be

bounded by
el RO

Thus, usingProposition 5.4and 6.6), for ¢ <5 1 andr <5 1, we obtain

/X|ﬂ(‘1’)|2 s 72 /(|FB||‘IJ|2 + [ VazsY? + [¥||Vaep¥|) |1(¥)
<s (e +el/Y).

This implies the assertion becauBg = 72 (). O

5.2 Proof of Proposition 5.1

If the assertion does not hold, then there exist solutiochsV, ) € &7 (.Z) x
I'(Hom(E, $ ® £)) x (0,7/2] of (1.4 andz € M with p < e andN(50p) < ¢
for arbitrarily smalle > 0. The next four steps show that this is impossible.
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Step 1. There is a points’ € By, (x) such that

pa') < pla) and p(a) < 2min {ply)  y € Byon(')}

Construct a sequenag, inductively. Setr, := = and assume that, has been
constructed. If

plzx) < 2min {p(y) : y € By, (k) }
then we set’ := ;. Otherwise we choosey 1 € B,(,,)(xx) such that

ki) < g pla).

By construction we have(zyi1) < Zikp(x). Sincep(-) is bounded below for a
fixed (A, ¥, a), this sequence must terminate for sokmé\ote that

k
Z x;) < 2p(x
=0

Step 2. For eachy € B, (') we havep(y) < € andn,(p(y)) < e.
If y € By (2'), thenBy,n (y) D By (2'); hence,

|Fal? >

Bap(at) ()

and thereforep(y) < 2p(2') < 2p(z) < €. Sincey € By, (), we can apply
Proposition 4.2awith r = 5p(x) to deduce thaki, (p(y)) < PN, (25p(x)) +
O(e?) S Nz (50p(x)) +O(*) S &

Step 3. There exists a finite s€y1,...,yx} C By (z') with & = O(1) such
that

U Boway2@i) D By ().

It follows from the first step that for each € B, (') we havep(y) >
%p(m’). This implies the existence of a finite def; } with the desired properties.

Step 4. We prove the proposition.
By Proposition 5.2and the previous steps

/ FAP S-S < C

Byy;)/2(wi)
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hence,

g
Fal? < .
/ Il p(’)

Bp(z/) (SC/)

If e < 1, this contradicts the definition @f2). O

6 Convergence onV/ \ Z

In this section we prove the following convergence resuhjolv completes the
proof of Theorem 1.5except for the statement regarding the size/ if

Proposition 6.1. In the situation offTheorem 1.5f lim sup o; = 0 and with| V| as
in Proposition 2.3after passing to a further subsequence the following hold:

1. There is a constant > 0 such that¥;| converges ta¥| in C%. In partic-
ular, the setZ := |¥|~1(0) is closed.

2. There is a flat connectiod on .Z|,,\ z with monodromy irZ; and ¥ €
I'(M\ Z,Hom(E, $§ ® %)) such that(A, ¥,0) solves(1.4). OnM \ Z
up to gauge transformationd; converges weakly inif to A and ¥, con-
verges weakly iiV,>” to 0.

To prove this we need the following result.

Proposition 6.2. There is a constanty > 0 such that whenevefA, U, o) €
o (£L) x I'(Hom(E, $§ @ £)) x (0,7/2] is a solution of(1.4), then[|¥|]co, =
O(1).

Proof. Letx # y € M. We need to uniformly control
1] (z) — [¥](y)]
d(z,y)7

for somey > 0. Takew > 0 as inProposition 4.1 Without loss of generality we
can assume that(z,y) < w and0 # v := |[¥|(z) > |V|(y). It follows from
Proposition 4.%hat

(6.3) p(z) Z min {1, 1/1/“’} .

We distinguish two cases.
Case 1.d(z,y)'/? < p(z)/2.
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By combining Proposition 3.3with Sobolev embedding, Morrey’s inequality
with Kato’s inequality we obtain

[1¥](2) - [¥](y)|
d(z,y)'/?

S HVA®B\I’HL6(BP(1)/2) 5 p(x)—l/Z 5 d(x,y)_1/4;

hence,

[1V](z) — [¥](y)|
=0(1).
dwgr OV
Case 2.d(z,y)'/? > p(x)/2.
If v > 1, then by 6.3) we are inCase 1 Thusr < 1 and it follows from 6.3

that
T|(y) < [¥|(x) < p(x)* < d(z,y)*'%

enee 191(9) - [¥)
Ul(y) — |¥|(=)
=0(1).
dwypr oW
This proves the proposition with := min {1, £}. O

Proof of Proposition 6.1 Proposition 6.Ammediately implies the first part of the
proposition. We prove the second partz € M\ Z, then, byProposition 4. lafter
passing to a subsequence the critical ragigs) of (A;, ¥;, ;) is bounded below
by a constant, sagR > 0 depending only on¥|(z). By Proposition 6.2ve can
also assume that;| is bounded away from zero dByr(x), after possibly mak-
ing R smaller. Combinind®roposition 5.2andProposition 4.2Fields L?>~bounds
on F4, on balls coveringBgr(x); hence, byProposition 3.3Wj;2—bounds ony;.
After putting A; in Uhlenbeck gauge oBr(z) and passing to a subsequence the
sequenced A;, ;) converges weakly iV’12 @ W22 to a limit (A, ¥). The pair
(A, V) satisfies

Daep¥ =0 and p(¥)=0.

The local gauge transformations can be patched to obtaiobalgfjauge trans-
formation onM \ Z, see PK90, Section 4.2.2].
The fact thatd has monodromy i follows from the discussion iAppendix A
O

7 Zis nowhere-dense

Since [, |[¥|? = 1, we know thatZ cannot be the entire space. To obtain more
precise information o it turns out to be helpful to apply the ideas fr@&action 4
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to the limit (A, ¥). Fix z € M and define functiongf, h: [0,7¢] — [0, c0) by
H(r):= / IVep%[* and
B, (z)

h(r) = / w2,
OBy (x)

Here we extendlV 455 ¥| by defining it to be zero o. If h(r) > 0, define

N(r) == Tﬁg) .

Proposition 7.1. Denote byh;, H; the (4;, ¥;, ;) version ofh and H defined in
Definition 4.2 The sequences of functiohsand H; converge uniformly t& and
H, respectively. In particulamy;(r) — N(r) wheneverh(r) > 0.

Let us first explain how this implies the following.
Proposition 7.2. Z is nowhere-dense.

Proof. ChooseR > 0 as large as possible, but so tHag(z) C Z. We know
that R is finite, becauseZ is compact. By replacing: with a point close to the
boundary ofBr(x) we can assume th& < 1. By construction ofR? there is an
e < 1 such thati(R + ¢) > 0. In particular,N(R + ¢) is defined. It follows from
Proposition 4.1@ndProposition 7.Xhat R = 0. U

Proof of Proposition 7.1 Thath; converges uniformly ta is a direct consequence
of the C% convergence of¥;|. The proof of the corresponding statement ffyr
has three steps.

Step 1. Fore € (0,1/2] setZ. := |¥|~1([0,¢]). The sequence of functions
Heilr)i= [ [Vaonif + tan(a) (v,
Br(2)\Ze
converges uniformly to
()= [ VacnVP
B \Z:

This follows from the facts thatan(c;) = u(¥;) = tan(a;)F4, converges to
zero inL?(M \ Z.) and V 4,55, converges toV agpV in L*(M \ Z.), see
Proposition 6.1
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Step 2. There exists & > 0 such that
[ 19 st + tan(an) 2w P = 0.
Ze

Fix a cut-off functiony : R — [0, 1] with x(¢) = 1 for ¢ < 1 andx(¢) = 0 for
t > 2. Applying Proposition 2.9with f = x(¢7'|¥;|) andU = M, integrating
the resulting term witt\| | by parts once and using Kato’s inequality yields

| Vst + tana) 2P e e [ Vaontil
Ze 25\Z5
Denoting
£0)i= [ Voo Wil + tanfa) 2w
this can be written as
f(e) < o(® + f(22))
with o := ¢/(1 + ¢). Sincef is bounded above and we can assumedhat1/2,

k—1

f(e) < oe? Z(Zla)i + o f(2Fe)

=0

4o)k=1 -1
< 820'<(020'7_1> + CO’k

<240k + oF.
With & := | —log e/ log 2] this gives

fle) < g2-log(40)/log2 |  —logo/log?2 < A

for some\ > 0 depending o only, sincelog(40)/log 2 < 2.
Step 3. The sequence of functio’s converges uniformly téf.

Both |H.(r) — H(r)| and|H. ;(r) — H;(r)| converge uniformly to zero as
goes to zero, the former by monotone convergence and tee IgtStep 2 hence,
the desired convergence follows immediately frBtep 1 O
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A Fueter sections of bundles of moduli spaces of ASD in-
stantons

Recall from PK90, Section 3.3] that iff denotes a Hermitian vector space of
dimensionn with fixed determinant§™ denotes the positive spin representation of
Spin(4) and.Z is a Hermitian vector space of dimension one, then

(Hom(E,$" ® £)\ {0})/U(1) = M,

the moduli space of centred framed charge 8ti¢n) ASD instantons oR?.
In the situation ofSection 1we have bundles of the above data (which we
denote by the same letters) and can construct the bundle

M := (s x SU(E)) Xspin(3)x5U(n) Min.

HereSU(E) is the principalSU(n)—bundle of oriented orthonormal frames 6f
and Spin(3) acts via the inclusion of the first factor Bpin(4) = Spin, (3) x
Spin_(3). Using the connections onand £ we can associate to every section
J € T'(M) its covariant derivativevVd € QYT*VIM). Here VI = (s x
SU(E)) Xspin(3)xSU(n) TMM is the vertical tangent bundle &fi. Moreover,
there is a Clifford multiplicationy: TM @ 3*VI9t — J3*VN. Therefore, there is
a natural non-linear Dirac operatgr called theFueter operatoyrwhich assigns to
a sectiord € I'(9n) the vertical vector field

3
§3:=) (e:)Ve, I €T VM)
i=1

Proposition A.1. If (A, ¥,0) solves(1.4) and ¥ vanishes nowhere, then the in-
duced sectiory € I'() solvesgd = 0. Conversely, each Fueter sectiGne
() lifts to a solution(A, ¥, 0) of (1.4) for some.#’; moreover, A is flat with
monodromy irés.

The proof is essentially the same as that¢dj12, Proposition 4.1]. Itis worth-
while to explain how? and A are recovered frorfi: the U(1)-bundle;~1(0) —
Ml,n has a canonical connection given by orthogonal projectiongatheU(1)—
orbits; hence, th&/(1)-bundle. := (s x SU(E)) Xgpin@)xsu@m) #~ 1 (0) — M
inherits a connectiod; and, finally,.Z and A are obtained via pullback:

L =7Y and A=TJA

To see thatd is flat with monodromy irZ, note that the same is true for the
canonical connection op~1(0) — Mj ,,: note thatR; x U(n) acts transitively
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on ~1(0), and the horizontal distribution is preservedRy x SU(n) and there-
fore integrable, i.e., the canonical connection is flat.c8im (M ) = Zo, the
monodromy of the canonical connection lieszg.

RemarkA.2. If .Z carries a flat connection with monodromyZa, then it must be
the complexification of a real line bundieSolutions to {.4) with Spin—structure

s andU(1)—bundleL are in one-to-one correspondence with solutions Wjim—
structures ® [ andU(1)-bundle. ® (I ® C). Therefore we can assign to each
Fueter sectiory the uniqueSpin—structures which makes trivial.
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