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INVESTIGATION OF THE CAUSES OF
NEGATIVE DAMPING OF SYNCHRONOUS MACHINES

ABSTRACT

The investigation of the causes of negative damping of
synchronous machines is taken in two parts —— the mathematical
annlysis and the experimental verifications. For the mathematical
analysis the following important assumptions are used:

(2) The machine is comnected to a very large source.

(b) The machine constants are constant.

(¢) The core losses are disregarded.

(d) The machine oscillates steadily with small
amplitude and small frequency,

With these assumptions the differentlial equations based upon
the Kirchhoff's laws are established for both the armature and the
field windings. A1l the voltage and current quantities in them
are expressed in terms of symmetrlical components of instantaneous
values. Thus we are dealing with complex quantities, and we have
gimilar advantages to those obtained by using complex numbers in
alternating-current circuits., In solving the differential equationms,
the method of superpoéition and the method‘of successive reflections
are employed. The former method is used to handle the armature
gnd field sources separately, while the latter one is used to
avold the difficulty of solving the equations simultaneously.

For the purpose of simplification, the replacement of the armature-

circﬁit resistance by an imaginary inductance has also been used
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somewhere in the analysis. From the solutlone of the currents
the expressions of instantaneous electromagnetic torque are
obtained. As the machine under invegtigation is'in steady
oscillation in addition to its synchronous speed, we have the

angle displacement between the stator and rotor as
@ =8, + ot + ) sin bt (1)

where
96 is the initial angle
w 1is the synchronous velocity
d 1is the amplitude of oscillation

b 1s equal to 2/ times the frequency
of oseillation.

Hence the velocity of the machine 1g

9 -+ 5 b cos bt (2)
dt

From the expresslon of the electromagnetlc torque we may select
all the terms containing the factor bdbcosbt and collect them
together as

Td=B6bcos bt (3)

where Td is the damping torque due to the slectromagnetic action,
and B 1s the corresponding damping coefficient. When B 1is
positive, the damping torque Td will act in such a way as will

- tend to increase the amplitude of oscillation. Therefore it
éontributes to the negative damping of the oscillation. On the

contrary, if B is negative, 1t contributes to the positive
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damping, If B 1s zero, there will be no effect on ‘the damping
due to the electromagnetie action at all. Hence the objJect of
the mathematical analysis is to determine the expressions of B
for the different types of constructions of synchronous machines.
In the experimental test, due to its inherent character the
synchronous machine can gelf-oscillate after any electrical or
mechanical disturbance 1s introduced. If there is no net damping
on the oscillation, the amplitude will remain constant and the
frequency will be fixed by the moment of inertia of the moving
system and the synchronizing torque of the synchronous machine.
Thus the frequency éf osclllation is usually very small in com-
parison with line frequency, and the amplitude of oseillation
- can be adjusted at will, When a machine oscillates, besides the
damping due to thé electromagnetic action there is always some
extra dampling due to the effects of load, windage, friction,
hysteresis and eddy currents, etc, This extra damping 1s usually
positive, i.e., it tends to diminish the amplitude of oscillation.
Throughout the test the machine is adjusted for the condition of
no net damping; thenlthe damping due to the electromagnetic action
is always negative and just enough to compensate the extra positive
damping, In the extra damping, the part due to electromagnetic

action of the coupled d-c machine can be expressed analytically as

. _kpg
Biie. © 2R (4)
where
Ba o is the damping coefficient due to the electro-

magnetic action of the d-c machine
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k 1s equal to %%g for the practical units,

Elo
‘e

@ is a constant and equals the ratio of
e 1s the induced emf of the d-c machine,

R is the reslstance in the armature circuit
of the d-c¢ machine,

p 1s the number of poles of the synchronous
machine under test,
Thig formula is derived without considering the effect of
inductance in the armature circuit of the d-c machine,

If the d-c machine is operated as a motor (i.e., the
synchronous machine is operated as generator), R 1is nearly
equal to the armature resistance only; then the damping of the
d-¢ machine will be too large to make the net damping of the
system zero or negative. This explains why i{ was necessary to
tegt the synchronous machines ag synchronous motors. The coeffi-
clent of the extra damping, excluding the electromagnetic action
of the d-c machine, should be practically constant in the tests.
It is confirmed fairly well from the obtained results.

The condition of zero net damping of a machine in oscillation
can be clearly indicated by the steady oscillation of the reading
of a voltmeter which is connected as shown in Fig. 10. If a brush
osclllograph is used instead of the voltmeter to record sny varia-
tion of the amplitude of osclllation, we may also test the machine
with either positive or negative resultant damping. The variation

of the amplitude should follow the following formula:



B' (4.,
b, = 61823-(*'2 t1) - (5)

are the amplitudes of the osecillation at

1 " time ‘b2 and tl , respectively,

B' is the resultent demping coefficient,

J is the quotient of the moment of inertia
of the moving system divlided by the number
of pairs of poles of the synchronous machine.

In order to have good verificationm, B' should not differ very
" much from zero » and any disturbance in >'t;he period between t2
and tl must be avoided.

From the methematical analysvis, the damping coefficlent due
" to the electromgnetic action of oylindrical-rotor synchronous

~ machine without demper windings may be shown as

B = 2K { 2E2 sin ¢ cos 2a

w xmzs .

2
3% V ¥%sin(a - &)
" z:b(k§‘+ b2)° [2E oin @ - ¥ sin(a - bo) ]} ©
rb SCD :

If the field terminals are short—circuited instead of connected

to the d-c source, E 1s zero, and the damping coefficient is

) 6K xmvzk.isinz(a - 2‘)0)
rbZ§aJ(k% + b2)

(7)

Hence B is always negative or the electromagnetic action always.

produces pogitive damping. Professor H. E. Edgerton explained,
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in the discussion of the paper, "Effect of Armasture Resistance

Upon Hunting of Synchronous Machines," by C. F. Wagner, in A.I.E.E.,
July 1930, that the cause of negative damping of the synchronous
machines might be due to the single-phase secondary (field winding)
induction-motor action. According to the formula 7, however, that
action could not be the cause of negative damping under the assumed
conditions.

Andreas Timasheff emphagized strongly in his paper, "Eine
Erklfrung der Schwingungsanfachung bei Synchronmaschinen,® in
Siemens Zeltschrift, vol. 15, No. 6, June 1935, that thé phenomenon
of negative damping of the syncﬁrohous machines may be explained
by using the analogy of the relation between the speed and the
induction-motor torgue near standstill (considering short-circuited
armature windings as secondary); He derived a formula for the damp-
ing coefficlent of round-rotor synchronous machines with the nota-

‘ tions used in this thesis as

B = JA S E?sin a _cos 2a
wx 7
m s

(8)

By comparing the formulas 6 and 8, it is noticed that formula 8
is a part of formula 6. Hence, Timasheff's result explains only
a part of the causes of negative damping of eylindrical-rotor
gynchronous machines without damper windings.

In the paper, "Stability of Synchronous Machines," by
C. A. Nickle and C. A. Pierce, in A.I.E.E,, vol. 49, January 1930,

they analyzed the problem of damping of synchronous machines from
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the vector diagram and gave an analytic expression for the
damping coefficlent. If it 1s expressed with the notations of
this thesis, we have the damping coefficient of a round-rotor

synchronous machine without damper windings as

5o 6K x ¥ kﬁsin(a - 50)

2E sina - V sinf(a - 3 ) ] (9)
2 .2 [ : o

r 2200 + b°)

This expression is entirely different from the formula 8, It is
the other part of the formula 6. Therefore, C. A. Nickle's and
C. A, Pierce's resullt also explains only a part of the causes of
the negative damping of synchronous machines.

From the mathematical analysis of this thesls, the coefficient
of damping due to the electromagnetic actlon of salient-pole syn-,
chronous machines without damper windings may be given as:

2
_ 6K,xmv kb Z4

q
B""‘ . —— .
o > . .27 % 3
b K + b (ra + xdxh)

Zd p
2E sin o - ET'V sin(a
sin(al -9%)
X, - X 0
49 -
+ Zq V sin alcos(al )

)

o}

2 2
LK E ra(xdxa - ra)

+
2 2
o x (v5 + xaxq)

. LK E ra(xﬁ - xﬁ) (E =V cos 60)(2r§ - X.X_ )X J
(10)

d’q
© X (r2 + x.x )3 + (V sin d ){(2xx - r2)r
a dg (-] d"q a’"a



From the results in the paper by C. A. Nickle and
C. A. Plerce, we have
2 ,
6K x V k. Z4

R U L U
b k + b (ra + xaxq)

Z
2E sin a; - EQ‘V sin(a2 - bo)

)

X
sig(al - 60

. Fg %
+’-—-E;-"‘V gin alcos(al -3)

(o)

This expression is still only a part of the formule 10.

For the case of salient-pole synchronous machines with
damper windings, the mathematical analysis is given in the

Chapter V. The expression of the damping coefficient is very

long, and it is not repeated here,

The analytic expression for the damping coefficient of a

wound-rotor induction motor operated as a synchronous machine

with the symmetrical field excitation may be given as:

= 2K Ezsin a_cos 2a

B
0] xhzs
x| K [2EVsinasin(a+2§-l—'b)
4]
T 2 .2 2
r. 2w kb +b - Veos(28 - A)

b"s

ceees (12)

(11)

viii



And Dr. L., Dreyfus gave the corresponding damping coefficient
in his paper, "Einfllhrung in die Theorie der selbsterregten
Schwingungen synchroner Maschinen," in E.U.M., vol. 29, nos. 16
and 17, April 1911, as (with the notations used in this thesis):

_ 2K Ezsin a _cos 2a
W mes

B

2K x

+ SQEVSinQSin(O.—a)—VZ (13)
_rbziw °

By comparing the formulas 12 and 13, we can see that if we let

b= | (14)
then
2
—-jﬁl- =1 (15)
. 2 2
K +b
and
B-2=0 (16)

and the two expressions of B will be identical except that

where 1t 18 =x s in the formla 13, it is xn.1 in the formmle 12.

After investigating all the expressions of the damping
coefficient B which have been obtained from the analysis, we
can conclude that if there is no resistance in the armature
circuit, any kind of synchronous machines will be inherently

stable (i.e., with positive damping).



INVESTIGATION OF THE CAUSES OF
NEGATIVE DAMPING OF SYNCHRONOUS MACHINES

CHAPTER I

INTRODUCTION

The existence of synchronizing torque and moment of inertie
of synchronous machines can only provide the ability to keep the
machines in oscillation about their equilibrium positions after
some momentary disturbance has been introduced. In order to bring
themselves back to their exact synchronous speed, it 1s necessary
to have some positive damping torque to damp off the oscillations.
The inherent windage, friction, and eddy currents, etc. will always
supply some positive damping, but the electromegnetic action between
thevfield and armature windings mey produce elther positive or nege-
tive damping, depending upon the load conditions, machine constants,
snd excitation. If the resultant damping effect 1s negative, the
machine will then oscillate with larger and larger amplitude. Such
cumilative oscillations will cause instability of the machine. For
the treatment of any étability problem of sﬁnchronous machines, there-
fore, the condlitlon of negative damping should be avoided. In the
ordinary textbooks treating steady-state stabllity and translent-

state stability of power systems, the synchronous machines in the

system have already been assumed to provide enough positive damping
to prevent the cumilative oscillations. In practice, fortunately,

the amortisseur windings which may have been installed for other



reasons usually furnish enough damping for stability except for .
abnormal conditions. In theory, however, the causes of the negative
damping have never been completely examined ahd gatisfactorily ex-

plained. This thesis attempts to accomplish this purpose.

As early as 1902, C. P, Steinmetz did first announce the possi-
bility of negative damping of synchronous machines., In the follow-
ing year, B. Hopkinson noticed the phenomenon of negative damping
and pointed out that it was due to the presence of armature resist-
ance. In 1911, Dr. Ludwig Dreyfus made an analysis on uniform air-gap
synchronous machines with a damping winding in the quadrature axls
having the same constants as that of the d-c field winding. He
showed that the high excitation, large value of armature circuit
resistance, and low line frequency are the favorable conditions for
negative damping. In 1930, C. A. Nickle and C. A. Pierce made a
more detailed analysls based on the vector diagram and gave the re-
sults that "the damping torque of any synchronous machine can becope
negative, glving instability, 1f the armature resistance is increased
beyond a critical limiting value., ..s... This value, for a salient-
pole generator with normal excitation and no amortisseur winding, is

r = xq tan 3" |
where r is armature-circuit resistancé, xq 18 quadrsture syn-
chronous reactance, and 6? is the steady-state displacement angle.
If r is less than this critical’limiting value, the dampling torque

is positive; if greaster, negative. ...... The damping of a generator



‘increases in the positive direction with increase in load." In

the same year, C. F. Wagner — with the energy point of viéw —-—
glso obtained the same limiting value for armature resistance to
make & generator stable. In 1935, A, Timascheff in Germany gave

an explanation for the phenomenon of negative damping of synchrbnous
machines by the analogy of induction-motor torgue at starting, and
gévé a very simple expression for the damping coefficient of round-

rotor synchronous machines as

T = E sin 4p
a- - X 4

where Td is the damping coefficient (it is positive for positive

damping), E 1is excitation enmf, xg is synchronous reactance, and
p is the complement of the synchronous impedance angle. From this
expression we can see that the damping coefficient does nét depend

on the load, and it is élways negative except that the ratio of

armeture resistance to synchronous reactance is too large.

According to the different results shown above, we can see
only one point common to them all, i.e., the armature-circuit
resistance is to be blamed for the negative damping of synchronous
machines., As to how it depends, the different authors claimed
differently. Their disagreement seems to the present writer to be
due to the fact that their methods of anslysis are not rigorous
enough. A more complete and rigorous solution 1s attempted by the
writer in this thesis., He starts the mathematical anaiysis from

the differentisl equations with self- and mutual inductances of the



armature and field windings. The épeed of the machine iz assumed
to vary simusoidally of small amplitude about its synchronous -
speed. (The method df analysis can be extended to the cases of
large amplitude of oscillations.) The voltages and currents are

all expressed in terms of symmetfical components of instantaneous
quantities (i.e., they are in complex quantities). The advantages
of using such components are the same as the advantages in using
complex numbers to solve steady-state problems in a-c circuits.

By applying the method of superposition and the method of successive
reflections, we are able to find the armature and fieid currents
with each in terms of the first few terms of a Fourler series. In
the analysis the stator resistance will be approximated by an
imaginary inductance after & few reflections between the armature
and field have been taken into account. Then, from the expressions
of the currents, we can get the expression of the electromagnetic
torque produced dueing the assigned oseillations. This expression -
of torque is also in terms of a Fourler series, and that term which
is of the same frequency and isg in phase with the variation of speed

contributes to the damping action under investigation.

It is planned to begin the analysis on the simplest case first
(the machine is symmetrically excited and has a uniform air gap).
The analysis is then extended to the most complex case, in which the
machine has salient poles with demper windings in both axes. By
doing it in this way, the method of analysis is understood more
easily and the causes of‘negative damping of synchronous machines

more clearly defined. In the anelysis, in order to normalize and



simplify the problem, some assumptions and approximations have
been introduced; to justify them, therefore, some experimental
verifications are also included in this thesis. The machines to

be analyzed are limited to polyphase machines only.



CHAPTER II

A WOUND-ROTOR INDUCTION MOTOR OPERATED
AS A SINCHRONOUS MACHINE IN OSCILLATION
(WITH SYMMETRICAL FIELD EXCITATION)

A unifofm air-gap synchronous machine with a damper winding
vig quadrature axis having the constants the same as thoge of a
d~c field winding can be imitated by a wound-rotor induction
motor with symmetrical'excitation, éo far as the theory is'
concerned. Then, the machine realiy provides polyphase windings
on boﬁh stator‘and rotor. This faci;itatés the snalysis to a |

great extent. We shall start to snalyze this case first.

2.1 Agsumptions for the Analysls

The machine used for the anﬁlysis can be shown with a con-
nection dlegram as in Fig. 1, where the power system is large and

can be considered as balanced infinity bus of sinusoidal wave form.

a n 0

5 A

) .

)
o “dc
c /fg N a
=] l

\ Y

———— O'

Power system Stator windings Rotor windings

Figure 1, Zonnection Diagram,



The machine is oscillating sinusoldally with small emplitude and
frequency about its equilibrium position in addition to its
synchronous speed. By small amplitude it means that the sine of

the amplitude does not differ very much from the amplitude. By
small frequency it means small in comparison with the line frequency.

The exclting source has a constant emf E

3.0 which is independent

of the machine oscillations. The flux distribution in the sir gap
is assumed sinusoidal, and the iron losses are neglected. As the
machine is under operation of constant applied voltage throughout
the investigation, we may consider that the magnetlc saturation is
nearly fixed at a certain valuey then the machine constants used
can be considered constant corresponding to the saturation. With
these assumptions in mind, we oan develop the fundamental equations

for the analysis.

2.2 The Fundamentsl Equations for the Analysis

For three-phagse inductlon machines we have the fundamental

differential equations as follows:

Va1l = (ra + La %E) ial + %.M %E (ibleje) . (1)
vy = + Iy Go) 1 * ?32' ¥ & (1,™) (2)
T =jK (ibliazejg - ibziale'Jg) (3)

where

Vo1r Vp1 8re the stator and rotor positive-sequence volt-
ages in terms of instantaneous values referred to phases a and

b , respectively.



ial, ibl are the corresponding positive-sequence currents,
end 1gp - ,%al’ 1o = ,i\bl '

T L o are the stator resistance and stator self-inductance

a »
~ at line frequency. i
Ty » I‘b are the rotor resistance and rotor self-inductance
under d-c conditionms. | |
M is the meximum mutual inductaence between one stator phase
and one rotor phase. |
6 is the position angle between the stator é.nd rotor, It can
be any function of time, |
T is the electromagnetic torque produced.
J is equal to \/—_-.
K is a constant depending upon the units used. If the units

of currents, inductance, and torque are in amp, henry, and lb. ft.,

respectively, we have

_no, of poles 550 3
K"“ 2 .746.2M.3

The relative directions of € and T can be shown as in Fig. 2.

a D
onm D (© e —— - Stator windings

b ‘ £

fo s me) - l —— 7
! .

]

.

|

Rotor win'ings

Fipgure 2, Windine Positions,




Although the eqs 1, 2, and 3 will hold good for & being
any function of time, yet, as we know, there are solutions of
elementary functions only when 8 1is a linear function of time
(i.e.,. the machine is operated at constant speed). For the
problems which we are going to investigate, the speed of the
machine is not const’a.nt but 1s pulsating. Based upon the assump-

tion we have made,

0=98, +wt + d sin bt ..... (4)
l.e.y

%%- = C[)+ bb cosg bt eescssse (4')
where

90 is the 1nitial angle.
o 1s the synchronous angular velocity.

5 1is the emplitude of oscillation. It is assumed less
than 0,2 rad.

b is the angular velocity of oscillation., It is sbout
3 per cent of ® .

Since the applied voltage is balanced and sinusoidal, we have

_ Jot
val-—V 8 [XXEXXX) (5)

where V 18 a known complex constant. Its magnitude is equal to
half of the maximum value of the applied phase voltage, and its

" argument is equal to the initlal phese angle of the voltage applied
to phase a . Due to the fact of symmetrical field excitation, we

have

and
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E
d (] L] N
Hence iy = -Efl- (6)

Substituting the values of © , v, , ¥ into egs 1 and

2, we have
0 +wt+dsinbt)
Sjmt-’-’(ra'*'La%E) ial'f'%m%_"t’[ 153(0 ® ] (7)
~-3(6 twt+dsinbt)
I

By solving the egs 7 and 8 simultaneously for ial and ibl
and then subgtituting into eq 3, we can get an expression for the
electromagnetic torque produced, From this expression we shall see

what the damping depends upon and whether it is positive or negative.

- 2.3 Method of Successive Reflectiong for Coupled Circults

Before solving eqs 7 and 8, a method which I call a method of
successive reflections may be introduced. This method may be used
to solve problems of coupled circuits when it is difficult to solve
the differential equations simultaneously. It is a Qethod of solving
the differential equations one at a time for ah infinjte number of
times., The solutions obtained are, theﬁ, in forms of infinite
series, If the original equatlong have solutions of elementary
functions, the series so obtained will converge to the same func-
tions., Otherwise there ls difficulty in summing up the sgeries.
Nevertheless, because of the characteristics of most coupled cir-
cuits the series will converge very rapidly. Then we may either
sum up the first few terms of the series only, or gpproximate the

sum of all the remaining terms in addition to the first few terms,



to glve the required solutions. The approximaie value of the
sum of all the femaining terms of the series may be found by
sol&ing the equations simultanéously after introducing some

" simplifying approximations (on the eqnati§ns.themsélves after

the corresponding reflections have been taken).

To illustrate this method, we may take, for example, a simple
case of a static transformer with its secondary short circuited
and its primary connected to a source as shown in Fig. 3, where
Za’ Zb._a:e the self—impedances.
Zm is the mutual impedance.

V is the applied voltage.

I, I, are the éurrents to Pe_sglygd;
- i;:—_a— o
> )
v Za Zm Zb
— a b —°
‘ F;gure 3, Shorﬁ—circuitedT?aéﬁﬁormé?;

Applying the Kirchhcfffs Laws to the two windings of the

transformer, we have
szaZa-'.Ime oeancoesase (9)

0=T12 +L5Z eeeervenes = (10)

These two equations could be solved simultaneously and have exact



solutions as

%

Ia.:vm I SRR RN NN R R N (1]‘)
L ,
-2
- m
Ib—v [ E NN B RNENNN ] (12)

If we want to solve them by the method of successive reflec-
tions, we can do it as follows:
First stép: Assume the circuit b open and with applied volt-

age across circult a, as shown in Fig. 4.

™icure 4, Transformer at ¥No Lo~d.

We have
va]_ = V‘
v
I T —
al . Za

where the number following the letters in the subnotations in-
dicates the component considered in each step.

Second step: Assume now circuit a open and a voltage of (-Vbl)



is applied to the circuit b , as shown in Fig. 5.

T —

a2

Flmure 5, Transfo:rmer at o Load,

We have; then,
by
r = 22. L Zn
2 Ty 2, Gy

I
82

vV =1 Zm=

Third step: Assume now circuit b open again and a voltage of
("V‘az). is applied to circuit a (i.e., the total voltage now acting

on circuit a is V,

1 + V&12 - Vaz). As is shown in.F.’L'g. §, we have

e

I&3 .

- VaET IvaB Za Zm

Figure 6, Transformer at No Load.




v Z

=z <V = — , =2 Z

a3 ap z, * 2y, * “m
v

Y N S
a3 Za za Zb Za
Iy = 0
v 1z =L 3
by az'm Z, " oy * Z, °'m

Continue on the cycles again and again an infinite number of
times. We shall then have the total values of currents and voltages
as follows:

IS. = Ial + 152 + Ia3 + sesae

2 2 2
Z Z
\' \'J m m ;
= +0+.—.—. *O.}..—-( )+...
Za Za Zazb Za ZaZb

_ L Iy
7 2 = 2
a Z, Z,2p ~ I,
1-
2 2
a b
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i}

e b 2" b
2_1— E@. lk =V -.Zm
Za Zb 22 Z Zb - 22
1 - n a m
7 Z
a™b
V =V, +V  +V .+ eees

a8 al al a3

V+V

az"az'*'vaj"—v&""oo‘c:v

=Vbl—vbl+vb3—vb3+ a0 e = 0

We can see that the currents are the same as given by expres-
sions 11, 12, and the voltages satisfy the given conditions of the
original problem (i.e., with a voltage V applied to the circuit a
and with the circuit b short-circuited). For a simple problem like
this, of course, the method of successive reflections does not show
any advantage at all, and gives an impression of tedious work in-
stead. But for the problems which we are going to investigate, this

method will serve as a powerful tool,

2.4 Solutions of the Stator and Rotor Currents
when the Machine is in Steady Oscillation

To solve eqs 7 and & for ial and ibl s the method of succes-
sive reflections will be used to obtein the components of currents
of the first few reflections. After a few reflections have been
taken, we can solve the equations simultaneously by approximating the
stator resistande with an imesginary inductance to obtain the sums of

the remsining components of the currents. That is, T, is replaced



T
by an imaginary inductance equal to -2 . This is Justified, as

Jo

the machine is under steady oscillation of small frequency, and
since under such conditions the components of stator currents will
have frequencies very near to the line frequency. With line fre-
quency, such replacement introduces no error at all. This method
was first usged by Professor W, V. Lyon to take into account core
losses in electric machinery, in the paper "Transient Conditions
of Electric Machinery," A.I.E.E. Transactions, 1923.

In order to get the solutions clearer and easier, the method
of superposition is also used to handle the stator and rotor
sources separately. The difficulty of solving the eqs 7 and 8
arises from the factor sijinbt. It is advisable to express

this factor as a Fourler series.with Bessel coefficients.

2 z? A
X _ X X X
g =1L+x+ 2 ra + 27 + eee
Then
. 2
sj&slnbt =1+ jd sin bt - %—'sinzbt
. 3 4
j o 51n3bt + 24 sinAbt + aee

2
1+ 35 sin bt - O (Lo gos 20t 2b'°)

3
-3 %%— sin bt (
54

¥ (1 - cos 2bt )2
+24( 2 ] ) +0‘o

1 - cos 2bt)
2

1+ jb sin bt - Zf-+ L cos 2bt
> 5
-3 1o sin bt + j sin bt cos 2bt

]

A 4 4
36 %E cos 2bt + gg 0032 2bt + .o

16



52 2

- N
=14+ 3% si.n"t:o‘l:.-4 +1+ cos 2bt

5 3 5>
—j—ﬁsinbt+j-2'zsin3bt-j§zsinbt

3% a4 34 ot
+-9—6-Zé'0082bt+ﬁ+'i'§é'cos4bt+ cos

2 VARNNNA

A M Rl

4 +96f192+...)

: 32 7

+ jd (1—T2--'éz+... ) sin bt

=(l_

2 2
+%‘(1-§’_—2'+ ees ) COS 2bt
5> b4

+j-2—4-sin3bt+fg-é-cos/+bt+...

2 4
=(1-—‘Zb:"+’667;+ .-0)
2

+ 33 (1-%—+... ) sin bt

2 2
; +%_(1..-]§’.-2—+... ) cos 2bt
8>

4
+j—2z )

sin 3bt + 192

cos Abt + ...

2 4 2 2 :
= [(1—%—+%Z+... ) +2—-(l-§1'2-+... ) cos 2bt

4

+ %‘9—5 cos Abt + .oo]

2 5>

+ j[&(l-%-'-l- ese ) sin bt +2—4-sin 3bt+.-...] eve (13)

As we have assumed that O 1is small, then, from expression 13 ’
by neglecting high harmonics, we can have

ejbsinbt =m + jon sin bt ... (14)

17



where
5% . ot
m=1l- ZT.+ oL + eee = Jo(b) (15)
) ,
d

For simplicity, we even may use

Q081D _ 3 sy sin bt ... (17)

However, in order to show the principal effect of the value of
d on the damping under investigation, the relation 14 is advisable.
If the amplitude 3 1is too large, we have to take more terms of
higher harmonicg; then the analysis'becomes mach more complex,

By applying the method of superposition, we can proceed with

the analysis as follows:

. A. Due to the field source alone

At present we may congider that there is field source only
and the armature terminals are short-circulted. Then, from eqs 7

and 8 we have

0 = (r, +LDM, + 2 MD(iblsje) (18)

B .

_.‘.i_%.?.:. = (rb + I‘bD)ib]_ + % MD(ials_Je) eves (19)
where

8= 90 + ot + 9 sin bt

1]

d
D =35

Then, applying the method of successive reflections, we have:
First Step. Assume at present the stator terminels open.

(From now on, we shall use a second number in subnotations to

18



indicate the components in each Stép, while the first number still

denotes the sequence components.) Hence

iall =0 ' (20)
E .
_ dec. _
vbll =3 = (rb + LbD)ibll
i.e.y
E
1, = et (21)
11 31‘b
Also
. ME
=3 38y _ d.e. jo
Vays 2MD(ibne )»-— 2r, D(e*) (22)

Second Step. Assume that the rotor terminals are open and a

voltage of (—vall) is applied to the stator. We have

ME
Vazz =~ Vayp ory D(e”") = (r_ + LaD)ialz (23)
Let
ra
k=1 (24)
a
We have the solution of equation 16,
ME X t
- d.C. t e
a2 =T ar, L. e ® feka a(e%) ' (25)

As
sje ej(eo-*wt-l-ﬁsinbt)

- 83(90+ﬂm) ;jﬁsinbt

='aj(e°+mm)(m + jdn sin bt)

19



Then

j0 8_+wt '
d(a']).—.[jmej(o )(m+jbnsinbt)}
: dt
+3dnbd 83(90@)008 bt

- ej (8ptut)

(Jom-odnsinbt+ j dnb cos bt) dt

and
[skat d(s;e) =jomn sjeofs(ka+jw)t dt

~®bn sje°/s(ka+3‘°)t sin bt dt

9
+33n0b ed °/a(ka+jw)t cos bt dt

jo (kg +jw) t+360
k, + jo &

_wban a(ka-%-jcn)t-!-jeo

(kg + jm)2 + b2

[(ka + jw)sin bt - b cos bt]

(ka+jm) t+3j0

jdnbe
' (k, + j )2+b2 [(ka+3<ﬂ)008 bt + b gin b'bJ
8 1Y _

i (k +jo)t+je
k, + jo " ¢ ?

$ n a(ka+j(x))t+j90 5

+ 3 [jw(ka+ja))+b

gin bt
(k, + jco)?' + b2 ]

5nbk, g Fatio) t+39

(k, + ja))2 + b2

+ 3 cos bt

Then, substituting into eq 25, we have

20



and

i

812

i
aj2

ME

d.C.

T~ 2r L

ba

[ jo o sj(“)t'*'eo)

kg + Jo

d n (jolk +jco)+b2 s
3 ( a ) sJ(cnt+Go)Si

n bt

+
(ky + ;](n)"2 +b°

cos bt sin bt}

(k, + Jo)° + °
N j dn kab aj ((Dt"‘eo) bt 26)
(k, + J0)? + b7 o8 ] (
-jo _ -3(0 twt+dsinbt)
e’ = 1,8
~J (8o+wt
= 13128 3% )(m- J 5 n sin bt)
o
= - 2r:£°' (m - J dn sin bt)
8
[;jmm jbnja)(ka-f-jco)-!—b2
+ in bt
ka + j(l) (ka + jcn)2 + b2 8
dn kéb
+ ] 5 > cos bt
(l:&l + jw)° + b
MEdc jme dnm jco(ka+jw)+b2
= - =2 + sin bt
2Tply kg + J0 (x + jco)2 + b2
dnmkbd Somn
+ ] cos bt + ————— sin bt
(x, + o)+ ¥ oKt
. $°n2 [jm(ka + jw) + bz} 5
in™ bt
(kg + J0)? + bP ®
bznzkab

21



Considering the fact that b<=<w , we have

2
-39 ME © o~

i g = - . -
a12 2r, L. (kg + o k, + Jo °
vbnmkab
+ § ———, cos bt +
(k + jo)

dnmw

ka+ jo sin bt

22,
+6n Jo (1L ~ cos 2bt)
Tkt o 2

521121: b
+ —————-5‘-——-2 sin 2btJ
2(k, + jo)

ME 2.2 5nmkb
= deCs [ Jo (m + ¥n ——2E8_. cos bt

- )+ 3
2r L. ga + jo 2 k, + 30))2

2
'62112 jo ) nzkab
) cos 2bt +

- m 3 sin 2bt ] (27)

:Z(ka + jw)

From relations 15 and 16 we have

22 2 A 2 i
(m2+5—2n—)=(1~%—-+%4-+...)2+—2—(1-g—+... )2

_ 3% ok ot
—(1-2 +1‘6-+§-é'+...)

2 2
o b
+ 5 (1-—-4+...)

(1+25 5% -gok+ )

n

1"‘%’2‘64"‘-0.:—"‘1 (28)



Substituting this relation into eq 27, we get

- ME @ dnmkb
i e 8 'ZrdI.,c. [kj+ja>+ j""““"“—az cos bt
812 b a a (k + jw)

522 bznzkab ;
- } = cos 2bt + ————3 gin 2bt] (27
2(k, * Jo) 2(k, + jo)? -
Then the rotor voltage will be

_3 -38

vb12 =2 MD(ialze )
3H2Ed : dnmk b2
- «Co a bt
= T L - 7 sin
b-a (ka + o)
22
+ %—1‘7‘933- sin 2bt
a
52n2kab2
+ ——————= cos 2bt l cone (29)
(k, + jo)
and

ib12 = 0 (30)

Third Step: In order to obtain the sum of the remaining parts
of 1&1 and ibl s respectively, we now consider that a voltage of
(_vblz) is applied to the rotor while the stator terminals are short-

circuited., Then we have

8
0 = (r, +LD) i;l + % mn(i\:l ej ) (31)
“Thyp (z,, + LbD)i.;l + % MD(i;l e'je) (32)

23



1Y =1 (1. +1i
a3 ‘a1 (a11 alz)

= ibl - \(ib]_l + iblz)

F -
]
!

and vbl.?. is give’n by expression 29.

It is actually as difficult to solve eqs 31 and 32 simultaneously
as to solve the egs 18 and 19 in the beginning. But in eqs 31, 32,
the currents end voltages are all small quantities in comparison with
the corresponding terms in eqs 18 and 19, In other wordé, the prin-
cipal pa;rts of ia]_ ’ ibl have already been obtained from the first
two reflections; so we may apply some simplifying 'appro:d.matio}l in
solving eqs 31 and 32 and introduce little error intoe ial and ibl
-at all, By noticihg the fact that b is usually about 3 per cent
of ® , we may approximate the stator resistance r, by an imaginary

r
inductance 3% . Hence we have, from eq 31,

r ]
0= (?:;+La)ni;l+g-mn(iésj)=o

or
r o (2]

(3-%+L) i;l+32-m 'aj =0 (31)

Let
r&

Le = -3-(5+ La. -~ (33)
We‘have ZM )

it e _2

ot = Ty | | (34)



Substituting eq 34 into eq 32, we get

(2v)°

= + i - !
b12' (rb LbD) by D ibl

%‘{Lb[ (i;)”ibl ¥

(36)

or

Let

Q
il
(=]
!

BT g, G

Then, from eq 35, we have

V.

b2 '
- o 1, = (k + D):lbl

=g € dt (35°)
B! : "o, |

Then, from eqs 29 and 35', we get

2
3M2Ed. o. dnmkb® (b oos bt - ksin bt)
. ‘

by bLb (k, + )2 e

or

_, 3M2Ed. o. 5%n2p (2D cos 2bt - k gin 2bt)
Lo bk + o k§+4b2
3M2E

22 .2
de. S nzkab (k cos 2bt + 2b sin 2bt)

. (38)
"rbLa"bLb (k, + 0)? 1:% + 4b°

25



Substituting eq 38 into eq 34, we get

50 9M3Ed o dnm kab2 (kb sin bt - b cos bt)
18 I EIoLL z 2. 2
21 bra%bMble (k, + jo) K+ b
3
Iy 9M Ed.c. anzmb (2b cos 2bt - k, sin 2bt)
B Lol "k +Jo° k§+4b2
22 .2
9M3Ed .. 5 nzkab (k,cos 2bt + 2b sin 2bt)
© 8 Lo Ll (k, + jo)2. k§ + b7

Therefore, due to field source alone, from egs 21, 30, and 38 we have

»ib1=1b11+j“012+ib1
Ed iy 3M2Ed .. bnm kabz (b cos bt - k sin bt)
3m23d.c. 5202 (2D cos 2bt - k sin 2bt

- j . 3
ArplgOply, © K, + Jo (kﬁ + 4b°)

3M2Ed . anzkabz k cos 2bt + 2b sin 2bt

4r La“bLb (ka + jw)2 ) (k% + 4b2)

and from eqs 20, 27', and. 39 we get

~Jje -Je -jo ., i@
ials = ialls + ialze + 1ala

MEd.c. jm anmkbE M

d.c.
- N -cos bt
2rb]'..a ka + Jo ~

(k + ja)) 2r, L

CMEy 422 ME, 5°nk b
YIFET Bk + jay o8 At - 2
; b~ a a ba 20k, + jo)

26

(39)

(40)

sin 2bt
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3 2
oM Ed.c. - dnmkb

. o (kbsin bt - b cos bt)
&rLoLL °

(k, + J0)° (£ + 1°)

3
IMEy , 52n2mb (2b cos 2bt - k sin 2bt)

- *

* SrbLaobLbLe ) (ka + Jo) (k% + 4b2)

MR de. 50’k b (k cos 2bt + 2b sin 2bt)

- . . (41)
8Ly oI L (k, + jw)? (€ + 4p°)

Equations 40 end 41 may be represented in short by

1,1 = B, + By sin(bt + B;) + B, sin(2bt + B,) (40’)
s e 4 gin(bt + a.) + A_ sin(2bt + a_) AR
al ot h 1} * 4y sind 2 |

where Bo ’ Bl s 32 ’ Ab ’ A1 3 A2 are congtants which can be

determined easily from egs 40 and 41,

Since the electromagnetic torque is
5]

_ -39 -3

T=JK (1,1 " - toler® ) (3)
then, if only that part of the torgue which is varying with the same
frequency as the speed is of interest, we may disregard the terms

of second harmonies in the expressions 40' and 41' so long as

B, <XB, (42)
A, <A (43)

For small values of 9 , from eqs 40 and 41, we know that the con-

ditions 42 and 43 are satisfied. So we may express ibl and



i

_jQ
&la as
i, = B, + B, sin(bt + ;) 40"y
-j9 "
18 ° =4, + A sin(bt + @) VARY!

and introduce little error into the first harmonic torgue to be
investigated. Then we have

2

L - By o y 3M2Ed.c. “bnmkd (b cos bt - k sin bt)
1 3ny, Arpl by (k. + jw)? (k% + b7)
a
g0 Eg oM By Mkdamb
ials = - oL 3 cos bt
be (ka + jw) 2r L,

ME, bnmk bz(kbsin bt - b cos bt)

+ j [y
8yl Oy Tk, (k + 10)* (2 + b°)

B. Due to the armature source alone

Now we imagine that the armature source alone is applied and

the rotor terminals are short-ecircuited. Then, from eqs 7Yand 8,

oot

Ve = (ra + LaD)ial + % MD(ibleje) (46)

0 = (rb + LbD)ibl + % mn(iala 3 ) _ (47)

In order to solve eqs 46 and 47, we may still use the method

of successive reflections as in the case when the field source
alone is aspplied. But for this case, as the frequency of the

applied source is of line frequency, the replacement of stator

28
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(45)



r
resistance r, by inductance 2 glves no error for the first

Jo
reflection. Hence the results obtained will be the same by approxi-
mating the stator resistance with an imaginary inductance in the
beginning and then solving them simultaneously as follows:
. From eq 46 we have

jot _ 3 ie
Ve =LD1i.+ZMD(L &)

or

T i | , (48)
where
¢ =t -6 | (49)

Substituting eq 48 into eq 47, we get

=0

8 3 v_ i %M
(rb+LbD)ibl+2MD[jaﬂaee --L';-

or

I Y |
(e + D)1, 23l 0, Ly De

29
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Hence
‘ Kt [ kgt g
MV b b J
— . | A 3 e~ da(e”) (50)
bl 2Jo Lechb J(
Since
¢=(nt-6=cnt-(6°+mt+6sinbt):—(eo-i-bsinbt)
Then "
kot [ knt - =J%%
e 0 | g P gl = ddne” 24, bt + bk cos bt)  (51)
K + b

.Substituting eq 51 into eq 50, we have

-j0
. 3MVdneg " ° 2
- = , (b"sin bt + bk, cos bt) (52)
ot L Lo, (K + b°) k"

Substituting eq 52 into eq 48, we get

o v f Z2wAs e 3% ,

= LE 2 2 .

1€ = ToL- P 5 > (b"sin bt + b k, cos bt) (53)
e o L oL, (i +b°)

i

C. Both the armeture and field sources are applied

By applying the principles of stiperposition, we know that
the rotor and stator currents, when both armature and field sources
are applied, are equal to the sums of the respective currents when
the two sources are applied one at a time with "the other short-

circuited. Then, from eqs 44, 45, 52, and 53 we have

2
E BMZEd.c.kab 5 n m(b cos bt - k, sin bt)

_ d.c. + 3
4r, L GbLb(ka + jm)2(k§ + b2)

S " 3r,

~i8
MU b ne °(b®sin bt + b I, cos bt)

+ (54)

20 LeLbob(kﬁ + b°)



, EqoM Ey Mkdnmb

deC.
€ . = - -
al 2ryLe 2r,L (k + jo)°

cos bt

9B _ k b°5 n n(k sin bt - b cos bt)

Lo, LT,k + J0)70E + b7)

+J

g I8 o 7% n(x%sin bt + b ky cos bt)
"I - 2.2 2 (55)
e . AoLoli(K +1b)

Let 780 be the power angle or displacement angle when the
machine is in steady synchronous speed, and assume it to be positive

for excitation emf leading applied voltage. We have

7
j(_ +e°-6°)
V= (v.) = [v]je" %2 9
2l
= j ]V’ 3(90'50) (56)
Let the exponential forms of the constants be
1 1 Ja
L " T = l':IL.—I e (57)
e &g e
Jjo a
1 1 11 l B
== = lg-l & (58)
1- L
e
s B
kb_ Oy, k, .(_59)

ke + b = lk% +be (60)



k +jo= i-‘-l-jo)-—( +L)
a
10 oL __ja
=2 =g [ (61)
a &
L 2
1 a JR2a
(k + jw)® I"’ Le (62)

Then we can rewrlte the equations 54 and 55 into exponential forms

ag follows:

3 .
ib = Ed.c. _ 3M2Ed.c.kab bmn J(B+2a-A)
1 3n, 4oL Lo, (ke + 0202 + b7
WME, kb d
+ 3 dec. @ mn , 5(2B+2G-7~) bt
41'-01:&1»-0 (k + Jw) (k-b + b7 )
| 2 -A=d
+ ] MV b 62n > eJ(MB °)s1n bt
2 Loy (i + 5°)
3MV b kb n _a
+ ka 5 sﬂaﬁ?ﬁ A 6°A) cos bt (63)
20 LeL.bO' (k.b + b*)
3o _ M E; JMEkbbnm ‘
1,48 3 ,-2';.‘&— e.ja + 3 d.c. sjzacos bt
2r, L. (ka + ja))
I d.c k,d bzkbm n l i(3a+2B-1)
- € sin bt
8rL (k +jm)(kb+b)
9’E, kb bmn : ~
+3 I dec. @ l J(Ba+B-1) s bt

ér, L L oL, (k + 3@)2(163 + b7)
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;g__l RICLY

oL, (m - j 5 n sin bt)

+ |

- l A b b ‘ aj(&.?-fﬁ“}'-%) sin bt
4 L‘zo‘bLb(ki + b2)

s bt (64)

-

9V b blgn 3(20+28-A-3,)
- ’ ) ) 3 lg co
4o Lo\ L (k5 + b%)

From the above expressions of currents we can see that they do
not depend upon 8, , the initial position angle between the stator

and rotor windings.

2.5 Electromagnetlc torgue produced during
the steady oscillation

For a machine of uniform air gap, the electromagnetic torque
produced can be generally expressed in terms of symmetrical com-

ponents as given by the eq 3 as
_ je -Jjo
T = K(ile" = dp1e )
je _
Let ibliaze =x+]3J7y
where both x and y are real quantities. We have then

T=2K7Yy (65)

From the expressions 63 and 64, we get

2

E M E

- d.c.\ ‘2 doc. V i b -

y (Brb/ I, sin a + 3ry l Lelmsn(o a)

E
deCs v - in bt
* 3Ty, la)L ] b n cos(d, @) sin

33



34

2ukdbmn
2 a

> cos 204 cos bt
L (k + jw)
a‘''a

‘ Ed.c. 2
- ——BI‘b

| 3.2 .2
Ed.c. 2M)V'bbn

3r 2 2 2
b o Lo L (kg +b )

+ cos(2¢ + B - A - 60) sin bt

Ed.c.

3r. 2 2 2
b lo LedbLb(kb + b%)

.
g-m)kaban

+

cos(2a + 28 - A ~ 80) cos bt

Ej.o e DAATE
- 3; 7= 2 > cos (B - A ~d,) sin bt
b ® Le(ylztI"b(k'b + 1)
3 02
E M Vbkdn
- (31116' I 22 gkb 3 cos(28 - A - 50) cos bt
b o Lol (kg +b )

l %Mvzbzf)mn

QzLiabLb(ki +b%)

cos(f - A) sin bt

%Mvzbk.bbmn

cos(28 ~ A) cos bt

+
I a?LiGbLb(ki + b2)

: 33 w3
(Ed.c. )2' ) M) kab dmn

| 3ry, L L0y Ly (k, + ;]cn)z(ki + b°)

+

cos(B + @ - A) cos bt

33

E 2 M)k "k d m n

- ( g;c.) l 2 aZkb ' cos(28 + a - A) sin bt
b

L Loy L (k, + jcn)z(k.i + )

+ ( Ed.c.)2 l %M)Bkabzkbb mn

cos(3a + 28 - A) sin bt
LL Lo (k + J0)2(Z + v°)
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3 .03 .3
2M)kab6mn

cos(3a + B - A) cos bt

e, * S0 5

3 020 0 13 2
Ejc. 5 M) Vibdmn
- 55 5| ¢s(B +a - 1L +3d ) cos bt
b w LeLaLbO'b(ka + j@) (kb + b)
3.2 2
By oo 2 M)V kb7 5 nn
+ T 5> > cos(2B +a - A + 60) sin bt
b © LLLoy(k, + J0)°( + b°)
+ F (66)

where F 1s the sum of terms of small quantities having the factor 8%

and can be neglected in our analysis.

Let Zs be the magnitude of the synchronous impedance (including

line impedance up to bus). We have

lo1,| =2, (67)
k
| (= 0 (68)
La(ka + jo) s
Let x = w(2 M (69)

and E be one-half of the maximum value of the excitation emf.

Ve have
. E E '
_ /3 dece ( d.c.>
E 0)(2 M) 3rb x 3rb (70)

Substituting these relations into eq 66 and rearranging, we have

then, with V in real value,



2

y= EZ sina+£‘zl m sin(d - @)
m~s ms
+EY 5 ncos(d - a) sin bt
x Z o
m-s
_Ez‘éb mn sin o cos 20 cos bt
wxZ )

ms

EVxdDb | bkb

-2 22 2+b2nsinczsin(a+[—3-)~-—6o)sinbt
1‘b 8 k'I:)
| 2
Emebb kb
-2 n sin a sin(a + 28 - A - &) cos bt
r Z2 2 +b2 o/
b"s kb
V2x8b b
+ z “ m n cos(B ~ A) sin bt
T Z2cn 2+b2
b ky
szmb b kﬁ
+ m n cos{2B - A) cos bt
rZzw 2+b2
b"s l{'b
szm&sz bk .
+ 2 m n sin“a sin(2a + B - A) cos bt
T 220)2 2+b2
b s kb '
szm?; be k.ﬁ )
-2 m n sina sin(2a + 28 - A) sin bt
rZ20)2 2+b2 i
b s k'b
2 .
Emebb bkb 2
- % > 5 mnsinacos(B+a-?»+5o)cosbt
rbZS(D K +Db

+ mn sina cos(2B + @ =& + 3 ) sin bt

cesses  (T1)
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- For small values of & , the values of .m and n are each
substantially as unity. In eq 71, then, we can see that the first
two terms give the constant torque; the third term contributes the
synchronizing action according to static characteristic; all the
other terms having the factor sin bt will cause a modification
of the synchronizing torque due to the machine oscillation; and
all the terms having the factor cos bt give the damping action
on the oscillation, In our analysis, therefore, only those terms

having the factor cos bt are of interest.

2.6 Criterion for Negetive Damping

As stated ebove, the damping torque of a synchronous machine
comes from the terms having the factor cos bt in eq 71. Hence,

if we let T, be the damping‘torque due to electromegnetic action

d
by neglecting eddy-current and hysteresis losses, and B be the
corresponding damping coefficient, we have

T B d b cos bt

n

d

E°

® me

-~ 2K 5 b cos bt [— sin a cos 2a

[

2
kb 2

rbzia) k.i +b
2
K

sin a sin(a + 2 - A - 60)

m
' r 2% | K& + b2 ws(2 - M
bs kb
szmb ‘ b 2
+ 2 sin“a sin(2a + B - A)
22 k? + b2



bk,
2 2

X"+ b

g

T sz

EVvzxb {
b s

sin g cos(B +a ~ A + 50)}

—2K6bcosbt( gin q cos 2a

x %
+ m2 ‘ 5 5 [2EVsinasin(a+ZB—7v—5°)
T2 kot b
- V2cos(2[3'- 7»)]
xmb b kb ‘
+ 22‘ > 2‘[EVsinacos(B+a-k+60)
K +b .
- 2E°sin®a sin(2q + B - x)] } (72)
and
B = 2K P izz sin a cos 2a
m s
n ) £
+ g lz 2I(2EVsinasin(a+2[3~k-5o)
rbZQD kb +b
- Vzcos(zﬁ - ?u)]
X b b
+ g 5 2kb ,2l [E Veinacos(B+a-2A+ 50)
T T k +Db

- 2Fsin’a sin(2a + B - A)J}

When B 1is positive, T g @2cts in the same direction as the
increment of velocityy then it produces negative damping. If

B 1is negative, T, acts in the opposite direction as the in-
crement of‘velocity} then it produces positive damping. And there
wlll be zero damping due to the electromagnetic action only when

B =0 . In other words, the criterion for negative damping of a

(73)
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symmetrically excited machine due to the action between the

currents in the windings is

in cos 2a
wx 2 8 a
m s

b2l [2EV sin o sin(a + 28 - A - 60)

- Vzcos(ZB - ?»)J

xmb l b kb

+ EVseginacos(B+a-A+5)
rbZ§w2 k::;+b2 [ s o °
- 2E"sin"a sin(2a + B —x)] >0 (74)

2.7 Discussions and Conclusions

(a) 1If the armature-circult resistance were zero, i.e.,
gin a = 0 ,” there would be no possibility of having negative
damping,

(b) If the excitation emf is zero, the damping is always
- positive. _

(¢) In expression 73, the last part is quite small in com-
parison with tﬁe other parts because of the fact b <{w . Hence,

for simplicity we may have

Ez
B =2K S x 7 sinacos:;a
m s

% 2
m k'b '

+ [2EVsinasin(a+2B-7\.—5)
r 20 K% + b2 o
b%s k'b

- vzcos(ZB - 1\)]} (75)

(d) If the armature terminals are short-circuited (i.e.,

V = 0), according to eq 75 the machine has always negative damping



for non-excessive armature resistance. Since, with respect to the
field flux, the torque-speed relation is similar to that of an
induction motor at 100 per cent slip, at that speed the damping of
an induction motor 1s negative if the resistance of secondary wind-

ings is not excesslvely hlgh.

(e) 1In expression 75 the term proportional to the product EV
will contribute to negative or positive damping as sin(a + 28 - A - 60)
is positlive or negative, Physlcally it represents the interaction

between the two sources when the machine is in osecillation,

(f) In expression 75 we can see that the term proportional
to V2 is much larger‘than the others except under abnormsl con-
ditions; then we can conclude that a gymmetrically excited synchronous

machine does not ordinarily have negative damping.

(g) From the expression 71 we can see that the modification
of synchronizing action due to machine oscillation is principslly

due to the term

Vxbb | b
& I cos(B - A) sin bt

T 22® 2 2

b"s kb + b

It makes the synchronizing action stronger during oscillation than

" at constant speed.
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CHAPTER III

A CYLINDRICAL ROTOR SYNCHRONOUS MACHINE
WITHOUT DAMPER WINDINGS IN OSCILLATION

The method of analyéis used for this case will be the same
as that in the second chapter. But since there is a single-phase
winding on the rotor instead of a polyphase winding, the differential
equations for currents and voltages will be different and also the

dampings under investigation.

3.1 The Differential Fquations

If we express the voltages and currents in terms of symmetrical
components of instantaneous quantities and imagine that there are
two-phase windings on the rotor with one winding open (it is then

actually a single-phase winding), we have, for a three-phase machine,

vy = (r, t LD) i, +MD (iblsjg) (1)

Vo= (m L) Ly 42 HD (e ) (2)
and

v, =V R (3)

Yo = Vb1t Y2 T Bg.e. (4)

1 = 42 = T?i'p' (5)

From the eqs 1 and 2 and the conjugate of eq 2, together with the

relations 3, 4, and 5, we have



Vel s, 1 1, + 8 (e e™) @

Bye. = (rb + LbD) i, + % M D (1ala'je + 132538) (2%)
and thé electromagnetic torque produced is

T=jK (iazaje - 1ale'je) i 1b.ft. (6)

where K = Eg%gg . g%%'. %M' if the currents, inductance, and

torque are in amperes, henries, and lb.ft., respectively.
The eqs 1%, 2', and 6 are the fundamental equations of the

analysis for a three-phase cylindrieal-rotor synchronous machine

without damper windings.

3.2 Solutiong of Stator and Rotor Currents when
the Mschine ig in Oscillation

The solutions of currents of eqs 1' and 2' can be obtained
by applying the method of superposition to handle the armature and

field sources separately.

A, Due to d-c gource slone

The currents due to d-c source alone should satisfy the

following two equations.

0= (r, + LaD) 14 -’g— D(ibsje) (7
-j8 8
By o, = (tp + Iyd) 1 +%M D (1,8 ®, iazsj ) (8)
whers

8 =A6o + wt + d sin bt
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To solve eqs 7 and 8, we may again apply the method of succes-
sive feflections as followé:

First step: Assume the stator terminals open. (From now on,
we shall use the same notations for stator current as in the second
chapter. For the rotor current, since we ghall deal with the total
quantity instead of the symmetrical components, the numbers in the
gubnotation will indicate only the components in each gtep of the

successive reflections.) We have

ond iall =0 9)
Bie. = (rb + PbD)ibl
or
BE
_ _d.c,
ibl T or (10)

b

where ibl is the component of ib in the first step; it is not

the positive-sequence component of i .

=M o
Va11= 2 D(ige" )
ME .
- d.C. L)
= ar D(E \) (11)
b
Second step: Assume rotor terminals open.
ib2 =0 (12)
"and
ME
d.cC. e, _
-, Dl ) = (r, + LD, (13)

By discarding the small terms of second harmonics, we have

from the solution of eq 13,



-j0 M Ed.c. [ o dnm kab J \ A
i...8 = - + 3 cos bt (14)
al2 2tk Lk + Jo (k, + j0)?
30 s 1 15”)
vb2 5 MD ialzs + 1 822&
3M2Ed ° kabzﬁ mn (15)
= = . sin 2a sin bt 15
2rbL . k2 + u?

)

Third step: The remaining parts of the ocurrents should satisfy

the following equatlons:

0= (r, + f..aD)i;l +% D(il:sag) | (16)
| | -39 G o
- v, = (m + LD+ % MD(1lE © + 1;233 ) (17)

By approximating the stator resistance T with an imaginary
T

inductance 3% » and letting

eq 16 becomes

- ' M : 39
0=LDi, +3 D(:LDB ) (16 )
\'ioev’
M je
i' e '8
al 2Le
or

t u [ )
1a8 = -4 (18)
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Then -
v -39 L M cos a \
198 +1.e = - —~T:T“- i, (19)
Substituting eq 19 into eq 17, we have
= '3 Mcosa !
= Vpp = (T IpD)h, + 5 MD(- T )
[ ‘2 Mzcos Q )
= |7 + L1 - Lb D ib (20)
Let .
‘% Mzcos a
O = 1 - SF—— (21)
b Y
T
= (22)
s = 5L,
where 0y » kb ere all real quantities, With eqs 21 and 22
we can rewrite eq 20 ag
'V 1
= (k,_+ D) (20")
chb g, + D)y |
Hence N .
-1t k.t V.
:Lt;=&:b[eb (_a-b—z—)at | (23)
» ol
Substituting eq 15 into eq 23, and then integrating, we get
. BMZEdc kb&mnsinZa
= o (k, sin bt — b cos bt)  (24)
T I (€2 + o) 02 + b°) e :

Substitute eq 24 into eq 18 and get

- BMBE o kabzb mn sin 2a

i_e .
al I"rbLaLeO’bLb (ki + 0)2) (ki + b2)

(kbsin bt - b cos bt)  (25)



Therefore, from eqs 9, 10, 12, 14, 24, and 25, we have the currents

due to the field source alone as

h =i vt 4y

Ey . 3M2Ed . kb *5 mn sin 2a

= Lo o . (k sin bt - b cos bt)
b Oty o) (€ + v2)
seve (26)
and

-6 -0 -i0 y =38

1.8 0 =i4,8 " +1,,e" +1.¢
ME . dnmkb
d.C, Jw cos bt

+ ]
Tply (kg + 30 7 T 4 ge)R

BMBEd . k b 6 m n sin 2a

+ (kbsin bt - b cos bt)

4rly edbLb )(kb + B0 )
< eees (27)

B. Due to the armature source alone

The ocurrents due to armature source alone with field terminals

short-circuited should satisfy the following two equations:

, t )
v et (r, +LD)L + % D(ibsj ) (28)
0 = (rb + I.bD)ib + %M D(ials“je +1 azéje) (29)

Since for the exact line frequency of current in stator winding

the replacement of the stator resistance r, by an imaginary
r :
inductance == introduces no error at all, then for thig case we

Jwo
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can obtain the same results by making thils replacement in the begin-
ning and then solving the equations simulteneously instead of apply-
ing the method of successive reflections.

From eq 28 we have

;]a)t _ M jQ
Ve = LeD ial + 5 D(ibe )

or

g :
..j@ _ 1_ Ve ;lé ’
ials = Le [ jo -~ 2 ib} . (30)
where

f=wt-0=-8_ - sinbt (31)

_ _ 3(90%+0,-d,)
v (val)tzo—ll e

~d
= |V 3(85=35) (32)

Substituting eqs 31, 32, and 33 into 30, we have

-30 _ v j{a~dy-dsinbt) M Ja
a® " = lco Lel & ° - lj’-f*_e-] e
(a-d4) :
= ’ZS{ZI g3\ %) (1 _ ind sin bt) - ]%e-] ibsja (34)
Hence

ZuD _(1&11.«;"je + 1azeje)

- v M cos a |

=3 ndbdb ]a—]::e' sin(a - Bo)cos bt - fcﬁ: < D ib (35)



From eqs 29 and 35 we get

rb + Lb(l _22&“_2_0.&5_9.) D :Lb

Ly |Be]
= -3Mndb l Y , sin(a - d )cos bt
w Le o
or
. Mndb v
(k, +D)i, = - sin(a - d )cos bt
Lo b oL oL, o
i.e.,
‘ -t | kht
i, = _BManb lmz lsin('a-bo)a bﬁb cos bt dt
bLb e
cos bt + b sin bt
b o (& + %)

Substituting eq 36 into eq 34, we get

RISt . &
a1® T olw L,

| ¢3(a=d0) (m-jnd sin bt)

kbcos bt + b sin bt

(36)

+ EMEE—Q—E’ lzg‘ sin(a - bo)a .
L

20y L 0 (ki + b7)

srenery (37)

C. Both the armature and field sources are zpplied,

From expressions 26, 27, 36, and 37, we have then the stator
and rotor currents, when both the armature and field sources are

applied, as follows:
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Ed o 3M2Ed o k b dmn sin 2a
x el e, (k. sin bt ~ b cos bt)
"o Ty 2L oLy R 4 o) (3 + HD) &
3M n b b kbcos bt + b gin bt
I sin(a@ - 5 ) . R
(k, + b%)
ese e (38)
-39 M Ed ME dnmkb
i.8° = - —25;—42— - j —d.c. g cos bt
b e - '2rbL (k¥ + jm)
ME, X 5% m n sin 20
2 (kbsin bt - b cos bt)
l..rLLGbLb(k +a))(k.b+b)
i(a~d,)
+ |z Le[ € (m-Jjnd sin bt)

(k, cos bt + 5 sin bt)
sin(a - & ) sja . % > >
(kb +b7)

+ §Mzn b b lL
ZGb w L§

cess (39)

3.3 Eleetromagmetic Torgue Produced During
the Steady Oscillations

Since the expression of electromagnetic torque is given by

eq 6 as

2] -jo
= j K(iaze:j - 148 ] ) i

then, if we let

sje

i ial

=x+ ]y (40)
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we have

T=2y (41)

From eqs 38 and 39 we have

E 2 E
- d.c. M dece |_Y¥ _
y = -(r ) |2L sin @ + — mL]msin(cz 60)
b e b e
E
Qe Co v
- T la) T l n § cos(a ~ 60) gin bt

cos 20 cos bt

. (Ed.c.) 2 M kab.a mn
I

b 2L (K° + of)
a 8
SE. ndb (k cos bt + b sin bt)
+ rdc}ci,bm l%l sin a sin(a - 3 ) . =
°b LS (& + b°)
Mmnd b lLZ 5_2( 6)(k.bcosbt+bsinbt)
B . 2 Le SRS %o ( 2 + b2)
(N K
BMBE‘E o kabzb mn sin g sin 2a
+— 2= 5 N > (kbsin bt - b cos bt)
2L |Ly| oLy (kD + o) (K + b°)
3M2Ed o kabzb nen sin 2a sin(a - 50) v
- =L % li—-] (k,sin bt - b cos bt)
2rbLa0'bme(ka + )(1:b + B%) e .
+ F (42)

where F 1is the sum of terms of small quantities having the

factor 62 and can be discarded in our analysis,
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Let V represent its magnitude and

7, = |wLe|.
X, = w M
E
E = (O.)M)"Q"."p"‘

2r

Then, from eq 42, with 211 in real values, we have

2
-chZ sina-i-zzg m sin(m—bo)
m“s m's
2E V
- n d cos(a - & ) sin bt
meS o *
2
+ (iExazb mn sin @ cos 2a cos bt
m"'s
6E V xmk.bb b ] . (k.bcos bt + b sin bt)
+ 5 n sin ¢ sin(q - Bo) . 5 D)
T2 O (kb + b%)
3k kb b ) (k,cos bt + b sin bt)
———"—-é'-'“-"mnsin(a-ﬁo). ) 2
I (k_b +b7)
2 2 .
6E"x kb ) 5 (k.bs:Ln bt - b cos bt)
+—-'--———-—22 mn sin” @ sin 20 > >
Tz (k, + D ) .
BV x DD , . _ (k sin bt - b cos bt)
- > mn sin o sin 2a sin(o - Bo) . 5 5
T2 W (kb + b%)

eyl (43)
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From eq 43 we can see that.the first two terms contribute the
steady-state constant torque; the third term causes the synchronizing
action according to the static characteristic; all the other terms
having the factor sin bt give the modification of synchronizing
action due to the presence of oscillations; and all the terhs having
the factor cos bt produce torque varying in phase with the velocity

and thus represent the damping action.

3.4 Criterion for Negative Damping

The ahgular velocity of the machine is

do
dt-w+6bcosbt

Then, if we let Td and B be the demping torque and damping

coefficient, respectively, we have

Td=Babcosbt (44)

From eqs 41 and 43, therefore, the damping éoefficient due to the

electromagnetic action is

2
_ 2Em n .
B = 2K © %7 sin Q cos 2a
m-s
Bth n k%
+ 5 5 ) sin(a - 60) [ZE sina -mV sin(a - )J
nZo kS +b °

Bth mnb kbb
+ sin ¢ sin 20 {m V sin{(a -~ ) - 2E sin a
22 2 2 0
rbZ§D kb +b




2
2K {ZE DD i1 g cos 20

w meS
3xVn k% : 2
+ 2m 5 5 [sin(a-&)—?ib sin a sin 2&]
rbZAn(kb + 1) kb

. [?E sin @ - m V sin(a ~_bo)]}. (45)

For small values of d , both m and n are substantially equal
to unity, and for an ordinary synchronous machine b <<w . Hence

we can simplify the expression 45 as
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2
B = 2K a?i Z sin g cos 2a
ms
+ sin(a - &) (EE sin g - V sin(a - ® )J (457)
2 4.2 2 o] o
r Z2o(k + b7) :

When B is positive, we have Td2> 0. That means the damping torque
acts in the same direction as the change of the velocity of the
machine, Hence, if the machine starts to oscillate, the electro-
magnetic action tends to enlarge the amplitude of oscillation. It

is then negative damping. Therefore the criterion of negative
damping due to electromagnefic action of a cylindrical-rotor

synchronous machine without damper windings is B> 0 , or

2 -
w?i 7 sin a cos 20
m”'s
BXhV k%
+ =3 > sin(a-&o){ZEsina~Vsin(a-66)] >0
rbZém(kb + %)

sese (46)
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3.5 Discussions and Conclusions

(a) If the resistance of the armature circuit were zero
(i.e., @ = 0), there would be positive damping.

(b) From eq 46 we can see that the damping coefficient
consists of three parts, namely, (1) a part proportional to the
square of the excitation emf, (2) a part proportional to the
product of the applied voltage and excitation emf, and (3) a part
proportional to the square of‘the applied voltage. The first part
always contributes to the negative damping except when the armature
resistance is greater than the armature reactance. It exists even
when the armature terminals are short-circuited. Hence it repre-
sents the electromagnetic action which is similar to that of an
induction motor at about 100 per cent slip.

The second part represents the damping due to interaction of
the two applied sources during the oscillation of the machine. It
is zero when either the armature or the field terminals are short-
circuited, It is positive or negative, depending on @ being
greater or less than bo .

The third part represents the‘electromagnetic action of an
induction motor with single-phase secondary near zero slip. It
always causes-positive damping.

(e) If the machine has positive demping at small loads, it
will have positive damping at larger loads glso.

(d) High excitation promotes the negative damping when the

machine runs as a motor.



55

(e) From (¢) and (d) we can see why the damping of an
over-excited synchronous condenser without daﬁper windings may be
negative,

(f) TFrom egs 41 and 43, with m and n both equal to
unity, the additional synchronizing torque due to oscillations of
the machine is

3% VKD b

- 2K 2F sin a - V sin(a ~ )J X
2 2 2 [ o
rbZSco(k.b + b~)

[kb sin(a - 50) +3 7, Sina sin 2a] sin bt (47

’

*

(g) From eq 46, if we could disregard the first term, we
would have the conclusion that a cylindrical-rotor synchronous
‘generator without demper winding will not have negative damping
if the armature resistance does not exceed a certain limiting

value, which is

T, = Zssin 60 | (48)
or

sin ¢ = sin 60
i.e., ;

a= 60 (48")

And if the machine is Operéted as a motor, the value of excltation
emf to lnsure positive damping due to electromagnetic action is

V sin(a - 60)
BE<< 2 sina (49)
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N CHAPTER IV

A SALIENT-POLE SYNCHRONOUS MACHINE
WITHOUT DAMPER WINDINGS IN OSCILLATION

The saliency of the pole structure of salient-pole synchronous
machines introduces much difficulty in the mathematicel anslysis.
Then, in order to normalize the saliency effect on the analysis,
we shall use gome simplifying assumptions as follows:

(a) The flux produced by the field current alone is distrib-
uted sinusoidally along the air gap; or, in other words, the mutual
inductance between any armature winding and the field winding varies
as the cosine of the position angle between them.

(b) The self-inductance of any armature phase and the mutusl
inductance between any two armature phases have each a constant
value and & second harmonic varlation with respect to the position
of the poles.

With the above assumptions and the otherssused for cylindrical-
rotor machines, we can develop the fundamental differential_eqﬁations

for our analysis.

4.l The Fundamental Differentisl Equations

For three-phase salient-pole synchronous machines without
demper windings, the fundamental differential equations for voltages
and currents in terms of symmetrical components of instantaneous

quaentities are as follows:

_ . o8 i8
VT (ra + LaD)ial + LaD(laze )+ M D(ibls ) (1)



_ t -j28 Ry -Jje
v .= (ra + LaD)iaz + LaD(ials ) + M D(i € ) (2)

az
Vi, = (rb + LbD)ibl + % M D(ials-je) _ ‘ : (3)
Voo = (rb + LbD)ib2 + % M D(iazaje) (4)

where La and L; may be expressed in terms of constants in two-

reaction theory as

xd + X
L, = S—12 (5)
' xd - X
La = 2w (6)

while X3 and xq are synchronous reactances referred to d-axis

and g-axis, respectively. Now

Vo= Vlsjmt : (7)
Voo = V2£‘:.-'.jmt (8)
Tpp = e T ;D' (9)
b1t b2 = Bae. . (10)

where Vl is a constant complex quantity having a magnitude equal

té one-half of the maximum value of the applied voltage, and V., is

2
the conjugate of Vl .
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From eqs 1, 2, 3, 4, 7, 8, 9, and 10 we have, then,

jot . ' 28, M 8
Ve = (ra + LaD)lal + LaD(iaze ) + 5 D(iba ) (1})
~Jot _ e 3290 oM. =38
Ve =(r, +L D), +LD(H e ) +5D(Le ") (12)
- 2 -9 39
By o, = (rp + DMy + 5 MD(i e " +1e" ) (13)

Although these equations hold good for @ being any function of
time or, in other words, for any kind of motion of the machine,

it is not always easy to get solutions.

The electromagnetlc torgue produced by a salient-pole
synchronous machine without damper windings can be expressed in
terms of symmetrical components of instantaneous quantities of

currents as follows:

| i0 -j0
T = j K{ib(ia253 - iala J )
2L! 5 i
A [uﬂﬁ)z-uﬂan] (14)

poles 0 M
where K = . gﬁg . %— if torque T 1s in 1lb.ft. and

currents, inductance in amperes, henries, respectively.
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4.2 Solutions of the Stator and Rotor Currents
When the Machine is in Steady Oscillstion

The solutions of eqs 11, 12, and 13 can be obtained by
applying the method of superposition to handle the armature and
field sources separately, and the method of successive reflections

to avoid the difficulty in solving the equations simultaneously.

A, Due to the field source alone

The currents due to the field source alone (i.e., armature

terminals short-circuited) should satisfy the following equations:

_ s 3% LM 3
0= (r, + LD}, +LD(1g" ) +7D(ie" ) (15)
_ ] —j?.g M —jg
0= (r, +LD)i, +LD( e ) +5 D4 ") (16)
B 3 ., =39 e
By o © (rb + LbD):Lb +oM D(lals +1 8 ) (a7

In order to solve egs 15, 16, and 17, we then apply the method of
successive reflections as follows:

First step: Assume the stator terminals open, we get

1,=0 ' (18)
E N
_ d.C.
I T T (19)

where ibl 1s the component of ib in the first step of the
reflection. It does not represent the positive-sequence component

of ib now and later.



Then, with m=l, n=1 , we have

ME .
_ M. J8 _ d.cC. jo
Va11 = 3 D(ie7 ) = ar, D(e” )
ME; e > 3 (8 twt+dsinbt)
2rb
ME 6, +wt)
= —**—"—zd'c‘ D sj( o (L + 3 d sin bt)
T
W By, L 36gH0t) (p 4 1) 3(Ogtuttbt)
= —————-——-—2rb o e + j > €

iy (m_z_ b)d aj(Oo-i'(.D“b—bt) o (20)

Second step: Assume field terminals are open and a voltage

of (-vall) is applied to the armature. Then we get

i, =0 (21)

where ib2 is the component of ib in the second step of the
reflection., The component of ial should satisfy the following

two equations.

320

— 3 ' Y 3
= Vapy = (r, * LaD)lalZ * LaD(la228 ) (22)

. | FOPI —j29
- Voo = (T, + LaD)la22 + LaD(lalze ) (23)

where Vol and ia22 _are the conjugates of Va1l and ial2 s

respectively, and Vé is given by the expression 20.

11



In order to solve eqs 22 and 23, it is advisable to put

Vo1l into three parts as
= 1
Va1 = Yo T Lo T Mo (20')
with
ME .
dec. J(8twt)
Ty = J0 T e (24)
b .
L= glormd Mlae. J(8ctutibt) 25
wtb ~ 9 2 to2ry (25
Lo g lo=)b ¥ e 3(egtut-bt) .
wb = 7 2 *  2r (26)

b

Then, applying the principle of superposition again, we may handle

L, L

» b ? and L&hb , separately.

By substituting Em alone for v and the conjugate of

all

ED for vy into egs 22 and 23, we have

21

M E
) d.e, J(85twt) , . j28
- Jo 2r, € = (ra + LaD)ialz + L D(1 0208 ) (27)
M E ‘
. d,e. ~J(8gtwt) -jo8 '
Q) ————2 e = . ' .
J 2r, (ra + LaD)lazz + LaD(lalza ) (28)

Now we can replace D by jw in eq 27 and by -jo in eq 28 with
the introduction of a very small error. The error will be absent

when & , b, L; , or r, is zero. Thus we get
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ME .
. dee. (8 +wt) _ . ', j28
- jw 2r, g = (:t'a + jo La)lalz + jw L i, o8
ceees  (271)
ME
dec. =3(8%wbt) _ . C e -jee
Jo ar, & - (ra - jCD-La.)la.?.2 EEAR SRS

ceees (28')

-3 8
Multiplying eq 27' by € ¥ and eq 28' vy ej and then solving

them simultaneously, we have

MEq e, jdsinbt  _, -jdsinbt, .
- o (L.e - Le , )
. T e -} ,
5 je _ b
a22® 2 12
L, " - (La)
t ] "
. ME (L = L) + 3@, + L))d sin bt
N L “- @) =
e ~ \'a
where
p I‘a
L, =3 * Iy (30)
With the substitution of L T alone for v all and the conjugate
of L 't -for Va0l into eqs 22 and 23, we have
_ylerod Ele. geetmt) Lo g 529
2 * 2r, T Ve a 'Tal2 2\ a2t
senece (31)
(@+)d  Llae. ~iEgtotibt) | o -3%)
T Mg a ‘' "al2 a- \la12

hi .
2 .'Zrb

coeee (32)

Replacing D by j(wtb) in eq 31, and then multiplying the equation
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g
) 2 we have

by Jjlw+ b

M B s . bl . N
3 d.c. _J(bt-dsinbt) _ a -je je
2" or, °© T 3@ +o) T La| Ta12®  t Lglane®

ceves (33)

From eq 33, disregarding the small term having the factor 52 9

we get
ME 2 r . .
3 doc. bt _ [ a S CHAE TR
"2 T2, 0 T T T L) 1a108 = Dalgno®
sevee (33')
Correspondingly, we have its conjugate as
ME T .
3 MEio, -jbt_ [ a ] o . -3
a2 _ry & = L S5(o + by t Lo Tap0f  t Lglgiof
[ NN (34')

Solving eqs 33" and 34 slmiltaneously, we get

b ME ., Ta o ) odbt L dvt
2° 2Ty j(w + b) a) © T Ta
1a22® l -

2
2
HeE ARV

caees (35)

Similarly, with the substitution of Loy

and the conjugate of Ih»b for Vézl into eqs 22 and 23, we shall

alone for vall



&4

have the solution as

 ME r .
] d.c. a jbt ; -jbt
jo 2 ar {T J@-1B) © La] & Lyt

b
r 2 2
l'j'(w“a'““‘“- By * LJ - (@)

a22®

eeves  (36)
Therefore, with the substitution of (L(D+La)+b+Lm-b) for
v,y @nd the conjugate of (Lo.)+L aﬂ-bﬂ.’m-b) for v o into

eqs 22 and 23, the solution of ia should be the sum of the

J
22®
expressions 29, 35, and 36, That is,

|
30 M Ed.c. (Le - La) + j(Le + L&)b sin bt

i € = -
al2 2rb | lLel2 - (L;)Z
ME r .
_&_ doco a - 1
5 . zrb [j(w+57+La~La] cos bt
- - 5 >
8 1
’.’i(w + b) * Lal - (L)
ME T
'_6_ d.0. a 1 -
2 T .[j(m ) Pl * Lal sin bt
+
ra 2 . 2
’j(m+ b) tL| - (La)
ME T
by d.c, [ ‘g _
2" 2r, o=t tas LAJ cos bt
+ J .
Tr 2 2
a t
Ij(w-b) +L8. - (La)
ME T
D dsCa { a '
> . zrb j(a)-—b)+La+La sin bt
+

setwrnl - an’
a
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L -L'
M Eg

- o) e a

) }'?'rb ) |Le‘2 - (L;)z

ME
d.c. .
-3 ar Glb sin bt
ME
_ d.Cs
- ———'—*- ar, 02§ cos bt (37)
where r
' a '
C. = Le-.’.La 1 j((,l)"’b) +Le.+La
1 l |2 1\R 2 r 2
L - (L) | a l _ (12
e a j(o + b) t L, (La)
Ta !
o5yt Lt L
+ T
a 1,2
'J'(CD “p) t Lal - (L)
and
r T
a t a t
" + - ST -
o =1 Jw+Db) " La Tl ifw- 1) " la Ly
272 r 2 T

- a 2 1,2
o R NG EcEr ALY

By congidering the fact b<<w , we may simplify the above expres-

slons with

r, T,
—_ 1
j(w + b) +La+La

T 2 - T 2
a . _ 12 8 2 2
lj((n + o) T La' (La) (a) + b) + Ly - (La)

Ta Ty !
.+ +
D Jw a a Joo La La




1 . t
D - L +L L + L
:baw[ el |, Ll )
]

2
L ” - @h? - @’
ra + L 1
Jo-B % 2 { Lo + Ly J
r_ 2 T T Y ow 2 2
st nl - w2 el - (52
L +1L!
+lLlZ a'z (B)
o 2 - @)
ra
1
j(a)+b)+La“La ) Le"L'
r 2 =b 3% 2 a. 2}
et h - ap? T L)
L -1
e a
2 2 ecsesen (C)
PR
and
r& 1
3(m-b)+La2'La .2 [ Lo = Ly J
r
Tt - 07 TR
Le—Lg ‘
+ (D)
lLelz_(Lz;;)z
Hence
. L, + L, 1), 2 L, + L) ] L, + L)
1 NE 22 3o 2 Nl A 2
Ll ” - @) L © - @)™ L - @)

-baa[ L§+I‘.é . L, + L}
2 2
s\ o) e




and

=0 | (E)

v 1 e _(La‘ e  ‘a
[ L -1 L -L'
+ba3 ) a g 8,
® 2 2
L)< - (zy) L !® - @
L -5 :-P-Q‘-+L -1
b 2 [ e a - aa _1032 a a
dw (le (L) w r
a 2 1.2
(6‘) + L (La)
2 P
r (r) > T T
a a8 a a t
-2 2 —(L)] (2+1 -1Y
o :iwz[ ©/ "= IR
B i)
@ +La—(La)
I‘a2
r, T +2———(L LY +1n - @Y
jb—'é'o >
® [lLI —(L.;)]
r - @R -2

p & . a F)
J ;2 [lLe'Q _ (L;)QJ 2l (

67
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Substituting expressions E and F into eq 37, we have

'
i 839 - ME; o, Ly — Ly

222 Zr, ° lLel2 _ (L;)z

2 2 a _7
1 —_
MEd. . I‘b6 L —(L) "230)

-] . -
2r, o [ ILe|2 _ (L;)z] 2

cos bt

soo s (38)

From the results of the preceding chapter we can see that
the effects due to the éomponents of currents of the further
reflections are small and can be neglected for the sake of

simplicity. Hence, due to the field source alone, we have '

1= e (39)
b
M E L -L
;1 g9 _ d.c. e a
a2 2r * 2 1.2
b lLl” - @)
r
; 2 T 2 a 1
MEy . rbd Lo - (L) -2 551!
-] or ) 5 T 310 cos bt
b 8 [ 1Ll © - (L) J
seceow (40)

B. Due to the armature source alone.

The currents due to the armature source alone, with the field

terminels short-circuited, should satisfy the following equations:

job _ ' 320, . M 30 ' |
vied = (r, + LD)i, + LD .8 ) +35 DE (41)

1



e jot

n

: t
(ra + LaD)laZ + LaD(iala

o
i}

-j2e

(z,, + LD}, + % MD(iale:":’Q + i

69

)+ 2 e w2

&80 (43)

With the same reasoning as in the preceding chapters, we can

-golve eqs 41, 42, and 43 simultaneously by replacing Ty

r
. . N +_8a
imaginary inductance X ""‘jm .

with an

Thus, from eqs 41 and 42 we have

st"j¢ vlaj¢
. T 1y M,
1 g8z Le 750 Ly e - (bg - L) 5 3y ()
a2 2 1he
where
r,
Le = 307 L, (45)
g = - 9, - d sin bt (46)
and
3(90%40,-8,)
vp= |l e °e
3(8g-3¢)
= e (47)
Hence

[l ™ = (T,
1
+ - L'
(ﬁe La) jo
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Let

t
Le B La

1 -Joy
2 12 - L & (49)
‘ lLel - (La)

where both L and al are real values. Then

[
e~ 1 iy

=g
ILe|2 - (&

a
Le + E'e _ Lr
2 a CcOs al

2 2 =
|Le| - @) L

(51)

And the eq 48 can be written as

-jo jo_2v . . M cos g
+1 .87 = oo cos(OL1 - 69 - 9 sin bt) - i

i.e L b

al

sseseevene (52)

From eqs 43 and 52 we get

3M2005 Q

- . MV 1
0= (rb + LbD)l.D +T a0 cos(cz:L - bo - % sin‘bt) - oL D i

l.€4,

MzCOSd

[rb + Lb(l - ‘g- . '——f;ﬂ-—l)D] i, = - %—D[cos(al - 60 - 5 sin b’c)}

el2

or
(k +D)i = - T%M%_L; D [cos(al ~ b, - 5 sin bt)J (53)

where 2
M cos al

=i - (54)

I

g

(1_3.

Ty

k= - - (55)

n




The solution of eq 53 is

34V “kpt | Kyt
b~ ‘LmoLba fsbd,[cos(al—ﬁo—bsinbt)]

e
1

3 ) sin(al - 60)
"Loo Lb ¢ 2 2

kb + b

(bzsin bt + b k, cos bt)
...... (56)

Substituting eq 56 into eq 44, we get

'
i gi® - a—j(al—ﬁo—ﬁsinbt)+ ; 2L,V :
22 Lo (D[ILJZ-(L;)

] sin(d, + d sin bt)

3 5 sin(a, - &)
N 2zmzv o 1~ (4%sin bt + b k cos bt)
2L o L K2+ b
LA R N B ] (57)

C. Vhen both the armature and field sources are applied.

By the method of superposition we know that the stator and
rotor currents, when both the armature and field sources are applied,
are respectively equal to the sum of the corresponding currents when
the sources are applied one at a time. Therefore, from expressions
39, 40, 56, and 57, we have

L - lae. o D sin(e - b))
T

(bzsin bt + b kbcos bt)

ceses (58)

71
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L Gdo L e i
a2 2L Ty
: T
2 1,2 a ./
ME rbd L -(L )" -2=—1L

-3 . .
2rb m? [lLelz _ (L;)2] 2

t
v -j(al—bo~bsinbt)+ _ 2LV
T &

Lo | J m[ L 2 (L;)zj

+ sin(bo+ 5 sin bt)

)

. 3M2V a—jal b sin(a, - &
2 2 2

2ZL'w o Lb kb + b

(bzsin bt + b kbcos bt)

ceees  (59)

4.3 Electromagnetic Torque Produced
During the Steady Oscillation

When a salient-pole synchronous machine without damper
windings is in steady oscillation of small amplitude, the currents

and ia aje are given by the expressions 58 and 59. By sub-

b 2
stituting them into expression 14, we can get the electromagnetic

torque in terms of the applied voltages, machine constants, and

displacement angle, etc., Before making the substitutions, it is

0 j6\2
‘advisable to express 1,1 e and  (i,e"")

co-ordinates as follows:

in rectangular

. je _ ’ ’
1ine" = % +i v (60)

and

(1,62 = x, + 37, (61)

where Xy X5 Yy and Yy are all real quantities, Then



the expression 14 can be written as

T

2Lt

= - Xl Ry

3

(62)

From expressions 58 and 59, by neglecting the small terms

having the factor 62 , We get

cos bt

E 2
_ [ _G.c. M -
yl-( r, )'QL s:l.noa:L
Ed.c. Vv
- ry *Low
1~
Ed.c. 2Lav

+

Ty, " u)( L) ? - (L;)zl

2&2

——-'sin(al ~-66 - & sin bt)

: ra 2 5 12
(Eﬁ.c.) 2 M Fa?'ﬁ “'(a;) + L, - (La)

(Il ® - @?] 2

sin(f)o + d sin bt)

.(b%sin bt + b k cos bt)

(bzsinbt+bkbcosbt)

Ed.c. : 3M2V sin ay ) sin(a1 - 80)
Ty 1% ¢ L, k’§+b2
y 2 2 ) sinz(cz1 - 50) 5
Lo °o L, . ki L 2 « (b"sin bt + D k, cos bt)
V2 6M L; d sin Bosig(al - 60)
m2[|Le|2_(L;)2] Lok, K+ b7

(63)
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2

ME 2
_ d.c.
¥, = _( rb)gj,nZa (mL) sin2(a—6 - & sin bt)

MVE . s )
+ ———"> sin(2a, - & - d sin bt
o 1P ! ° .

b

2M L'V E
d.c.
- > : cos @, sin(d_ + b sin bt)

® L 1y [[LGI% - (L;)z]

WE; Vb sin 20;sin(a, - 3)
2 2

2rbL3m0'Lb ) k,b+b

+ . (b%sin bt + b k, cos bt)

v
+ 2 [ R (L|)2] cos(a; ~ 3 - d sin bt)sin(d  + d sin bt)

_ 3M2V2 b sin(a, - 80)83'.n(2al - bo)

(b%sin bt + b k cos bt)

2 30. L, * k% + b2
6M2V214;008 Gl ) sin(al - Bo)sin 60 5
T2 2 1,2) * ) > (b"gin bt + bk, cos bt)
(DLO'L[ILGI -(La)] k.b+b
r \ 2
d.c. 2 fr b 6 cos 0,1 - (I).a:-) + L (Ll)2

+ r, 27T, [Ile-(L)]z
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2r

2 . _8a ]
i (Ed.c.) Mzrab b sin a & (L, - L) .

ME, V rbbcos(a -—5) (-—ra) % 2 - @hH?
oL Ty GF {'Lblg _ (L;)Z] 2

r
- .- § 4
ME; .V =rb ) sin(al bo) P (La - La)

. 5 . 5 ~—§——2.cos bt
®br, o [ILel - @hH?]
' 1 2r8. 1
_ MLE,  V rD d sin ao - (La - La) vos bt
T * 2 ¢ 2 "l 3.
b o [lLel - (@) ]
[ X X KX X4 (61&)

From expressions 62, €3, and 64 we can see that the electro-
magnetic torque produced during the steady oscillation of small

emplitude can be grouped into three parts, namely,

(2) A part with each term having a factor & b cos bt,

(b) A part with each term having a factor & besin bt,
and (c¢) A part including all the other terms.

The third part represents the sum of synchronous torque and
synchronizing torgue according to the static characteristic. - The
second part causes the modification of synchronizing torque due to

the presence of the oscillations. The first part varies in phase
with the wvarlation of the machine speed and causes either positive

or negative damping action. Hence, in this analysis, only the
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first part is of interest, and it will be denoted by a symbol T q*

Thus we have

or (2
. a 2 12
E 2 Mr -,(—) +15 - (LD
Td=-2Kbb{-(d'c') a ® a a

T, * .2 ° 2 1,2) 2
b 2w [ILel -(La)]

Edc 3M2Vsina1
— ;.. 2 + 75 2.8111(01—8)
b LKoo L X + b °o
) ;
" 3 K 2
+.(Lm)‘o-Lb'k§+b2'Si“(°1"Bo)
Ve MLk

. — . sin b sin(a, - 3 )
IR TR T I e

MPL'E, vV
+ Ba docs | zkb 5 « 8in 20.1151n(a:L - 50)
rbL ®g Lb k.b + b

M L!;v2 k,
2
, 22M(1,})*v*cos o X

. o gin{a, - & )sin d
1% Lb[ L) ? - (L')2] ¥+ b 7% 0

a

2 ' -(-1:5) 2+ 12 - @wh?
. (Ed.c.) ¥ Liracos C!-l- oW ' a a

oL ( Ll ? - (L;)ZJ 2 ’




2r
1 8 _ 1!
(Ed.c_)2 M Larasin ay - (La La)
Y L (1,2 - @h)?
r N2
t - _&) 2 - 1 2
2LaEd.c.v ra_ ((D + La (La)
oL s 2 2 1\2) 2 cos(al-bo)
i ® [lLel - (1) ]
2r
2L'E, .V T —2 @ -1
4 =2 dsCe B W a8 8 sin(al-B)
(DAL rb (D2 [lL '2 - (Lt)2] 2 o
) a
122 .21'.9. 1
4(1‘&) Ed.c.v T "o (La - La)
- —_— .—g. 5 '23311150 cos bt
2 o (ing? - @)?) j
sesase (65)
Since
X, +X X3~ %
d f_ 4 q
® I’a = ) s oL = > R
we have

7



[]
1 m(La - La)
Let _
x, = Mo (66)
E o
E deC. E__G_). (67)
T 2
b
Substituting all these relations together with k.b = g into
expression 65, and rearranging, we have
72 2
x
q Xy d b
T, = 6K =2 . . . . sin( -3 )
d T 2 2' 2.2 o 49 =%
b ’(ra + xdxq) k +b _
' Vz(x -x)
:Md - Tql
X |2EV sina, - stin(al - bo) + Zq sin 50
EV Zq(x‘.c1 - % szq(xd -x)
- EP sin 20, + ER sin(zal-&o)
a  “dq ‘ a “dq

i szq(x(1 - xq)2

2 sin 50 cos bt
Zq(ra + xdxq) "

2
5 b Ezra(xdxq - ra)
w®

+ LK
2
xm(ri + xdxq)

ra(xd - xq)

sz (2r:2 - X.X )
xm(ri + xdxq)B { q 3 d'q



Let

and

+EV Zq(::dxq - ri)cos(al - 60)
-EV qus.‘xqss:i.n(ct1 - 60)

+EV raxq(xd - xq)sin SOJ cos bt

- 2 2

Zd = X3 + ra
p r

a, = 'ban'l -}-{3

d

Then we can rearrange eq 65' with

EV Zq(xd.— x )

[2EVsinal- ) 3 sinZCtl]

I‘a + deq
2
X.X =X
_ dq “q
= 26Vsing (1- " )
I‘a xdxq
2
2ZEV 2
i T,
-2
I‘a + xdxq
. . Xd - xq
- asd.n(cxl - 60) + — sin Bo
q
xd ra
= -Z—Sinbo-'z-cos 80

q q

(65")
(68)

(69)

(70)

(71)



qura xq ~7T ,
éin(zczl - 50) = 2 cos ‘60 - 2 sin 60 (72)
q q
x (x, - x)
g'"d “q
[sin(2a1 - 60) - 2 sin BOJ
- q
2
2xqra xdxq - T
= zz cos bo - 22 sin 50 (73)
: a
, , - %) vz, (x, - %)
-V sin(al - 60) +V Z gin 80 + — > sin(2a - 50)
q ra + xdxq
vz (x, - % )2
qd "q
- > sin 80
Zq(ra + xdxq)
VZZ x(r2+xx) r(r2+xx)
q d‘"a d a'"a
= gin d - cos O -
(r2 + x.x ) 72 ° 72 o
a “dq q - q
2xqra(xd - xq) (:s:dxq ri) (xd -x)
+ 22 cos bo - L. sin )
22 o
q a
2.2 2 |
e V2Zq xd(ra + xq) r&(xd - xq)
=3 2 2 sin d
(ra + x X ) . 4
2 2
r(r*"+x%) xr (x,-x)
a2''a qQ” _"qa"d q
- [ Z2 22 ]cos bo
q q



vz

q
= [(xd sin 3 - r, cos '60) |

2
(ra + xdxq)
r&(xd ~x)
A a a
+ 22 (ra sin bo + xq cos 60) ‘
q

vez [ :
z ——d 7 ein(d - a.)
(ri + xdxq) d o 2

+ (xd‘- xq)sin.al cos(al - bo)J

V72 z X, -~ %
- 4 -g-sin(ﬁ _a)-x-—d——-—g-i ( 5)
2 + y | 2 o~ % 7 oiR @4y coslay = 0,
Te xdxq 2 q :

cevess (74)

Zq(xdx‘:1 - z‘i)ccos(cz1 - 60) - quaxq :ss:l.n(czl - 60)

+ :raxq(xd - xq) sin 60
= (x.x —r2)(x cos _+r_ sin d )
d'q a’‘"q e] a o
- raxq(ra cos bo - X, gin 60) + raxq(xd - xq) gin 60

_ 2 2
= (xdxq - 2ra)xq cos 60 + (Zxdxq - :c'a)ra sin bo

L]

[XXEXYY (75)

Substituting eqs 70, 74, and 75 into 65', we have



4 2
X z 5%  bb
T.= 6K, 4 . 22 | sin(a, - )
d Ty (P rxx ) k§+b2 ® 1 7o
Z X3 - %
X | 2EV gin o - Vz-zi sin(az - 60) +7° --3;*11 sin alcos(al - bo?Jcos bt
q q
2 2
5 b E ra(xa;§ - ra)
K "o x (r2 + x.x )2
m d'q
Er(x, - x)
a‘"d g 2
+ . (r2 g x-)3 (E - V cos 80)(21'a - xaxh)xq .
m' T a dq
2
+ (2xa;a - ra)r V sgin 59J cos bt (76)

-

4o Criterion for Negative Damping

If the damping torque is expressed in a product of a factor B

multiplylng the change of the machine speed as

= (&8
Ty = B(dt - o) (77)
. then, in our case, we have
T; =B db cos bt : (78)

When B 1is positive, the torque Td tends to increase or decrease
the speed of the machine according to whether the speed is above or
below its average velue. Then, if the machine once starts to oscil-

late, the amplitude will tend to become larger and larger. This



condition is called negatlve damping., On the contrary, if B is
negative, the amplitude of the oscillation will tend to become
smaller and smaller, The condition 1s then called positive damping.
If B 1is zero, the machine tends to oscillate with congtant ampli-
tude, with. zero damping.

Comparing expressions 76 and 78, we have

A 2
Z
6K *m q kb
B=—,=—: . oSin( "6)
W Ty (ri + xa;a)g k% + b2 ! °

' 2 X, - X
X [2EV sin @y - Vz-z—j- sin(a2 - 50) + 72 —g-z—ﬂsin alcos(al - 6°)]

q
2 2
Er (x,x -1
+ 24.)& . az =2 :
x:m(ra + xaxq)
Er (x, - x) ’
4K a‘d q
+ S [(E - V cos 50) (21'a - xdxq)xq

2 3
x (£ + xaxh)

+ (2x:dxq - ra)raV sin 60] (79)

Therefore the criterion for the negative damping of salient-pole
synchronous machines without damper windings is for expression 79

to be greater than zero.

4.5 Discugsions and Conclusiong

(a) The assumptions in our mathematical derivations dis-

regarded all the core logses. Then the expression obtained for
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eitﬁer total torque or damping torque does not include the effects
due to the hysteresis and eddy currents in both the armature and
the pole structure.

(b) If the armature resistance of a salient-pole synchronous

machine without damper windings were zero, we should have

h ) 2
& oy Nt Bl L2
B= -2 Y . ('xd) -3 5 sin 50 (80)

k_b+b

The value of B would be always less than zero for any value of
80 5 and the machine would always provide positive damping.

(¢) If the machine runs with the field source short-circuited,

we have
6K Tm zz A kﬁ
B= = e T e . 'S 1 - b )
® Ty (rz + xdxq)3 kﬁ +b° ° n(c.l °
X {Vz(xd - xq)sin cxlczos(cz:L - 60) - V‘?stzl.n(a2 - 6°)J (81)

There will be negative or positive damping as the factor
[(xd - xq)sin alcos(al - 60) - Zdasin(a2 - BO)J sin(o.l - 50)

is greater or less than zero. Therefore, for negative values of
5, (1.e., motor action) the damping is always positive.
(d) In expression 79, the last part is small under ordinary

operations. So B may be expressed essentially as follows:



% ZA 2
6K m q
B = - . . oSin( "6)
2 3 2 .2 %G - %
b (ra + xdxq) =k + b

xd-x

1 sin a,cos(oy - 6°)J

A
X [ZEV sin o, - V2 EQ sin(a2 - 50) + V2
q q

2
Ezra(xdxa - ra)

(82)

+ XK
o 2 2
xh(ra + xaxé)

where the term proportlonal to E2 is always positive unless
2
T, > Xg%q 3 and for E=V and 60 being positive, the sum of the

other terms is always positive when a, 1s greater than bo or

Ty > X, tan 5, (83)

In other wofds, an ordinary galient-pole synchronous generator with
normal excitation and no amortisseur winding will have negative
damping due to the electromagnetic action between the armsture and
field windings when the relation between the armature resistance
and the g-axis synchronous reactance satisfies the expression 83.

(e) The favorable conditions for the negative damping of a
synchronous motor without amortisseur winding are high excitation,
large armature resistance, lerge ratio of 3 teo xa y and small
power angle.

(f) From expressions 63 and 64, we can conclude that the
additional synchronlzing torque to that calculated from the static

characteristic is
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gk b

X

AT8=6K?!0 5 4 3. zkb 2b
‘ b (ra+xdxq) k +b

c%k sin(al - bo)sin bt

xd—xq
Z
q

Z
[2EV sin @y - v2 -Z—‘-i- sin(a2 - 60) + 72 sin alcos_(al - ﬁoﬂ
q

covvss (84)
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CHAPTER V

OSCILLATION OF SALTENT POLE SYNCHRONOUS MACHINE
WITH FIELD WINDINGS IN BOTH AXES

The relatlive positions of the windings of a three-phase
synchronous machine with suxiliary field winding in g-axls can be

shown as followss

o Q D
® ° ¢ P gtator
!

—_——— e~ — — e T T T T T T T e e e e e T .
1 b —_—— 8
| a — al
! ', e a D RotH-

l |
| | 57
b G T
Tirure 7, Windin -~ Positione,

where a 1s one phase of the armature windings,

b is the main field winding,

¢ 1s the auxiliary fileld winding in gq-axis.
Windings b and ¢ are in space gquadrature, and they have differ-
ent circult constants. Hence they do\not form a balanced two-phase
system together. In our anelysis, then, we shall consider that each
rotor winding is a phase of a system of two different but balanced
two-phase systemé with the other phase open—circuited. Thus the

methods used before can be appllied to this case also. '
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5.1 The Fundamental Equationsg

The fundamental differential equations in terms of symmet-

rical components of a three-phase sallent-pole synchronous machine are:

vy = (g +LD)i, +LID(L 823329)
+ 101 e%%) + MqD(iclsjg) (1)
Vg = (o + LDy, + % MdD(ials-je) (2)
v = (v, +I D), ~ ] -Z- mqD(iala‘;jg) (3)
where
Md is the maximum mutual inductance between the main field

winding and any phase on the armature.

Mq is the maximum mutual inductance between the auxiliary
winding in the g-axis and any phasé on the armature. (The mutual
inductances between any rotor winding and any phase on the armature
are assumed to vary as the cosine of the position angle between them.)
r 1s the resistance of thé?ggggigtgznding.

c /

Lc is the sgelf-inductance of the auxiliary ﬁinding.

Vol and icl are the posltive-sequence voltage and current
of the auxiliary winding in terms of instanténeous quantities.

A1l the other notations represent the same quantities as before.

Since the armature terminals are connected to a balanced three-

phase source, the field winding is connected Eo a d-c source, and

the auxlliary winding is short-circuited, we have
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- Jot
val = vl & (4)
o1 * b2 T Eq.e. - G
Vo1 + Voo = 0 (6)

Since the rotor windings belong to the different balanced

two-phase systems with one phase of each system open-circuited,

we have
1= he = 3 (7)
1c
icl = 102 =7z (8)
where ic is the current in the dampex{winding, and 1 02 is its

negative-sequence component. Therefore, from egs 1, 2, 3, and

their conjugates, together with the egqs 5 to 8, we get

vlsj“’b = (r, + LD, + L;D(i azsjze)
3 M
+ 55 D(1,6%%) + 5 22 p(1 e%%) (9)
vzs"j“’t = (r, + LD, + L;D(ials-jze)
M M
+ 52 D(;.be‘Jg) - 350001739 (10)
Ey.c. = (7 + LD fg-mdn 1ale'jg +1 azeje (12)

(=
fl

(r, + LD} - ] %mqn 1 a1(-:"-*3" -1 azs"" (12)



These four equations are sufficient for solving the currents in
the different windings. After the currents are determined, we can

get the electromagnetic torque by the following expression:

T=jK { ib(iaze-"e - 1ala‘39)

M
+3 ﬁ: [ic(iazsjg + iala_jg)]

2L!
+—2 [(%2339)2 e

i 8"39)2] | (13)

al

_ poles o 3 :
where K = 5 76" ZMd $ if T 1is in 1b.ft. end currents and

inductances are in amperes and henrles, respectively.

Let ‘
Ligpe = iy (14)
(1,692 =x, + 3y, (15)
11aot = x5 + 1 7y (16)

Then we have

o 2L,
- 8, .2
7= - 2K(y, + W %t yz)

(27)
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5.2 Solutions of the Stator and Rotor Currents
¥hen the Machine is in Oscillaetion

The method of superposition and the method of successive
reflections will still be used for sdlving the currents from the
equations 9 to 12, However, due to the presence of the additional

winding on the rotor, the process will be much more involved,

A. Due to the field source alone

By applying the method of superposition, we are now consider-
ing the field source to be applied alone with the armature terminals

gshort-circuited., The currents, then, should satisfy the following

equations:
0= (r, + LD} +_L;D(1a23329)
+ g-‘i D(1,%%) + ; -129- p(1 e (18)
0= (r, +LD)L, + L;D(ialg—jzg)
+ Z—d D(ibe"je) _ ;‘l D(ica‘-"e) , (19)
By .. = (t + LD, +2MD (1508%° + 1als‘39) (20)
0= (r, +LD)_ - g—mqn (iazsjg -1 ale"jg) (1)

It is difficult to solve them simultaneously, However, the method
of successive reflections can be used to obtain the prineipal parts

of thelr solutions, We proceed as follows:



First step: We assume the armature terminals are open.

_Hence we have
E

Ly = = (22)
b

tn= © o (23)
121 =31 =0 (@)
1= © (25)

M M.E

= =2 j8y _ _d-d.c. J(8twt+dsinbt)
Va1® 3 PpatT) = T D[s
¥efd.0. 8ptwt 8, +wt+bt 8, Hot-bt
b

fl

von ‘ (26)
A

where ibl and icl represent the componentg of ib and ic ’
respectively, in the first step of the method of successlve reflec-
tions., They do not and will not represent the positive-sequence

components now and later.

Second step: Assume now both the main field winding and the
‘awxiliary winding are open and & voltage of (-vall) asg its
positive~sequence component is applied to the armsture., Then we
have

ib?. =0 (27)

1, = 0 (28)



and

326)

-— L ]
- V1= (ra + LaD)i a12 * LaD(i 228 (29)

_ 1 ~-j20
- Vo = (ra + LaD)iazz + LaD(ialze ) (30)

From egs 26, 29, and 30, by the same method as that used in the

preceding chapter, we get

M.E
-J&
1 gle_ dd.c.ajl

a22 2L ry

T
v TR _ (1.1)2 _ o B 1t
MdEd.c_ rb d L] (L) 2 5(»1:&
-j 21‘ [ 3 2 - 2 '2 2 BOS bt
b & [ 1nh® - mj

e a8
:}..... (31)

=3 je —39)

Vo2 =2 P (%22“ +t 908
Mz 2 ra ]
_3ME, . r b"d 25;-(La-L§) - (32)
=" 2or . 2 ° 2 1232 8
b © [lLel - (! J

— 3 jo _ -~Jje

Ve =~ J 2 MqD (:!'9228 ial28 )
r\ 2
2 i) 2 _ 2
= 3McLMdEd.c. rab & Ju) + La (La) gin bt

2ry TR [lLelz- (L;)z]z

ceesas (33)



where Vio 3 Veo o ib2 s and icz represent the components Yy 2
V. s ib s and ic in the second step. They are not the negative-

sequence components.

Third step: Now we can solve the remaining parts of the currents
by considering that voltages of (-v,,) end (-v_,) ave applied to
the mein and auxiliary field windings, respectively, with the armature
terminals short-circuited and replacing the armature resistance by
imaginary inductances. Thus, if we let i; s 1;) , and 1é be the
remaining parts of the respective currents, they will satisfy the

following equations:

0=1L0D i' 328,

] | ]
a1t th(iaze

M M
+ 55 0(1)e%%) + j 52 p(1e%9) (a)

_ t 1ot —~]20
O—LeDiaz-l-LaD(iale )

M M

+ 2 D(1fe™9) - 5 2 p(ate¥) (B)
“Vip = (v, + L D)L} + % M;D ( 1;2539 + 1;15‘39) \ (c)
v, = (r, + L D)) - 3 mqn( 1! 3% - 1;15'39) (D)

9%
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Then we have

- d'co 1 .
1, = S 4 : (34)
' b
— | ]
i,=1 (35)
. . M.E
i9 _ 41 _J6  d'd.c. ~im
2 n2 .~ Te _,
M4:1Ed.¢:. rab 5 I"e B ’(La) -2 Jo Ly

-3 . . cos bt
2Ty, o [ L) ? - (L;)?'] 2
sasee (36)

As b 18 smell in comparison with w , the effective values
of Vi and Ve 88 shown by exprgssions 32 and 33 will be small
in comparison with \F and vd appearing later in eqs 57f and 58",
Therefore ig R ié 5 and (i;zsje) may be disregarded so far as

their effects on the torque are concerned.

B. Due to the armature source slone

We can now consider the field source short-circuited., Then

the currents should satisfy the following equations:

Job _ ' jee
v,e = (ra + LaD)ial + LaD(iazs )

M M
+ 52 (1,68 + 3 52 (1 %) (37)



Vze'jwt = (r, + LD}, + L;D(ials"j?’e)

+ 52 D(ibs"i’e ' j;q'-D(ica"de) (38)
0= (r, + LM, +2 My(i e +1 e (39)
0= (r, +L D) - j2 M (1,67 - 1,6%%) (40)

By the same reasoning as in the preceding chapter, we may
use the simplifying approximations of replacing the stator resist-—

ance T - to the positive-sequence current by an imaginary induc-

T T
tance j_:) s end to the negative-sequence current by :?c_o- » Then
we hsave |

Ta
(r, + LD, = (3-0; + 1,04, (41)

I
/‘\

(ra + LaD)iaz 5ot L )D iaz (42)

Substituting eqs 41 and 42 into the eqs 37 and 38, and integrating

with respect to time t , we get

ajcut

M
0 R __ 4 .Je
Jo .Leil-t-Lis + iba +32 ics
or
ig - M
V.e M
1 -3 .1, J8 .74 4
jo = I:'e:"&l&: + ]:'.91.11128 + 2 ib + ] 2 ic (43)
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and
-3¢
vV.e M M

2 - e ~je _a

-Jo Leiazsj + L'iala 39+ 5 -3z i, (44)
where

Ta
Le = 35 + I.a

and

¢ =wt ~0=-6, -0 sin bt
From egs 43 and 44 we get

v s"m v ew

L — ' —_ (1 L'& + (L +L')E9'i
;g glo e -l e Jjo e~ L) T Ny e a’2 ¢
= 2 2
|2l = - ()
soas s (1&5)
From eq 45 and ite conjugate we have
h] -ip
V.,e v.e
i 3944 I8 e oty &L _ 2
€ o5 NERGE (L, - T) =55+ (1, L) T
e 8
' r&
- (La - La)Mdib + = Mq ic (46)
and
g 4
V. v.e
-je _ jo _ 1 1 1, 2
iale iazs MER (L')z {(Le + La) e (L + La) -
e a

r
+ 3‘3 M, - 30, + L;)Mqi c] (47)
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Let
_ Ja,
Vl =Veg
1
L, - L, 1 E-Jal
2
I ? - @h? h
i.e.,
L= Ll
1
2 12 L,
Ll - @) T2
Then
V,=Ve 3%,
Ta
tan al = T
q
Ta
tan a2 = ;{';
Ta
o _ sin al

(48)

(49)

(49')

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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and eqs 46 and 47 can be shown as

M cos M sin al
1187 + 1,670 = mzzl sin(f + o, + d’l) - al LT L
(46")
-3e jo _ _=2v ; Mysin a, M cos a,
R T A R e sk S S an

(47)

Substituting eqs 46', 47', into eqs 39 and 40, and rearranging,

we have

M dquin al

(kb + D)ib + 2 bLbLl ic

3v l{d
= - w D [ sin(g + a, + czl)] (57)
and
MM sin O.l
’ - 2. -_(}._q;_—_
(e, + D)1, -3 L=
3V M .
= _JhchcszD D [cos(?f +ta + 02)} (58)
whei'e
3
o =1 2”?1““‘1 B = b
=1 - , =
b oty Tty
2 Weos a r
c =1-2 2 k = —L
e LbLz ’ c GCLC



Since
g=at-0=wt- (8, + ot +3 sin bt)

= -Qo—bSinb'b

il

-(ao+80—é:z-) - b sin bt
51—00—50-681211)'5
then

/A
¢+a°+al-§—-bo+al-bsinbt

sin(g + a, + al) = cos(&o -a; + d sin bt)

= cos(d - al) - d sin(d - al)sin bt

D [sin(ﬁl +a + al)] = -%b sin(&o - al)cos bf :

Similarly,
D [cos(ﬁ! +a + az)J = 3D cos(bo - az)cos bt
Substituting egs 59 and 60 into eqs 57 and 58, we have

'} dquin al

(kb+D)ib+%'_&:ﬁ:f,l—_Dic :

3v Mdﬁb

= ———— gin(d - a,)cos bt
o‘bLble ] 1

= =L | vy
OpLy,

(59)

(60)

(57?)
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MM sin a
d 1
(kc+D)ic-§° o‘qLL
cel

Py

3v Mé& b
= —=—=—— cos8(d, - a,)cos bt
o'chLzm o 2

1 1
= -V (58 )
Oolie q
where
3v Md6 b
vy = —T’lr sin(é0 - al)cos bt
3v'mq6 b
Ve = ———I-';C—U-——- cos(d, - al)cos bt

Equatlons 57" and 58' can be easily solved by using the ordinary

method of complex numbers in alternating-current circuits. Thus

we can get

:Lb

i

[+

H

I cos(bt + B, ) h (61)

n

Iccos(bt + Bc) ‘ : (62)

where the constants Ib s I, Bb s and B o &re given by the

following expressions:

3By ) Mdl'.z(rc + jb o’ch)sin(bo - al)- jo M Mqucos(bo - a2) Wb
Ib (:c-b + jb abLb) (rc + jb crch) - bZM2 L Lo
2888 (63)

ch _ Mqu(rb + jb GbLb)cos(bo - a2)+ jb M Mszsin(Bo - al) VYD
*LLow

Ie’Pe = .
c (ry + 3b G,L ) (r, + §b 0 L )- DU

..QC‘V (64)



, 3M.M sin
dq N
with M= —~———--—-—2Ll . (65)

Then, from eqs 45, 61, and 62 we have

LVsj¢+LVsj¢ MIb

Jjo _
i g0 = cos(bt + B.)
ST PR R i
MI .
+ 3 2220 8~302 cos(bt + Bc) (66)

C. When both the armeture and field sources are spplied

The solutions of the rotor and stator currents, when both

the armature and fleld sources are applied, will be the sums of

the respective solutions when each source is applied alone. Thus,

from expressions 34, 35, 36, 61, 62, and 66, we have

' E
_ “d.c,
i, = —=t=e

r, + + Ibcos(bt + Bb) ‘ (67)

ic = Iocos(bt + Be) . (68)

R B )

2Llrb

Jo _
iaze =

r
‘a Lt
MdEd c. rabb L - (L ) 2 o La

- j . .
2r, o ['I’e'? - (L;)z] 2

cos bt

Lev25‘3¢ + 1y e3P

—jo [ ILd ® - (La)z}

+
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_ ¥:Tp e—.‘ial
2Ly

MI,

+ 3 2—%2— %2 cos(bt + ) | (69)

cos(bt + Bb)

5.3 Electromagnetic Torque Produced During
the Steady Oscllletions

The electromagnetic torque of a salient-pole synchronous

- machine with an suxiliary field winding in the q-axls has been
expfessed in terms of stator and rotor currénts by expression 13
or 17. The currents when the machine osclllates steadlily are

given by expressions 67, 68, and 69, Therefore the electromagnetic
torque produced during the steady oscillations can be determined

as follows. |

By neglecting the smell terms having the factor 62 s We get

2

2 Ty 2 2
Ey . ) My By o )R Mgr,bd {77 + I- (L)
Y. ( ==/ . sin - ( === . cos bt
1 r, 2L % T, 208 [ ™ 2 _ (L;)z]z
--E—g—‘-’— = sin(a, - b - b sin bt)
p M
E 2L'v
+f-%‘-9-'-. 28’ ~> sin(d, + & sin bt)
b o[ 52 - @)?]
E, M
d.c., G
+ T Isin alcos(bt + Bb)
b1
E. M

+-§-:E-'-(—1-I cos a,cos(bt + B )
2rbL2 c 2 ¢



X

3

I =

o+

+ =L I sin(d - a;)cos(bt + By,)

Lo
2L'v
a

of 1% - @)?]

I, sin ) ocos(bt + Bb) (70)

E M

= - "'d-‘g-'——I oC08 apcos(bt + Bg)

Arphy

le I,c08(3, - a)cos(bt + B ) (71)
¥E 2 ) 2
deCe V'l
_(211rb ) sin 20, - (a)-L-I) sin 2(01-50-6 sin bt)
MV E
+ _4._:2___(1.0.._ sin(2a;, ~ ¥ - b sin bt)
w Ll b
ALV Eg
da “d.c,
- cos a,sin(d + b sin bt)
® Llrb[ lLel - (L;)z] 0, 8inlo,
4
mle [IL | 2 s ,)z] cos(oy ~ b, - b sin bt)ein(d, + b sin bt)
E 2 Mrb b cos - (.I.‘.%) 2_,_ L2 (L|)2
+  —data d'a % ® e = g

cos bt ‘

™ ) 2(02]‘_,1 : [ i 2 _ (L;)z] 2
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w Za '
- ( Ed.c°>2 a"aP & sin o ® (La _ La) cos bt
r . 2 * 2 el 2
b 2L, [ILel. - (L) ]

r 2
MdEd.c.v b > cos(al - 60) ' --(a)"a-) +L, - (L;')2

. . cos bt
.a) Llrb (.02 [ lLel 2 _ (L;)ZJ 2
2ra .
ME; .V Tb 5 sin(al - 60) — (La "_I_'g)
Ly, | o a
. . 2ra .
EMdLaEd.c.v rab 5 sin 60 o (LQ _ Li cos bt
T e ° 2 . 2 2] 3 -
X o? ()% - @H?)
"ﬁEd c :
- —-—-—2—'—-4- . Isin 2alcos(bt + Bb)_
2L1rb
MME
d q doco
" BTy, ¢ Leoos(ay * apleos(ht + B)
172°b
Mdv :
+=. I.Dzs:!.n(Za.:L - 50)003(b'b + Bb)
w Ll , ,
Mqv
4= it . Iecos(al +a, - bo)cos(bt + Bc)

2M.V L'sin § cos a.
_4 = ) 1] I, cos(bt + B,)

oLy [ L)% - @)

24 V L'sin § sin g
49 m o

o L [ IL | - (L:)z] Tcos(bt +B,) (72)
2 e a



Then, as shown by the formula 17, the electromagnetlc torque

produced is

Yo . 2y '
T = —2K(yl+§;x3+ﬁ;'y) (73)

with ¥y xj > ¥ glven by the sbove expressions. If we
expend the factors cos(bt+ﬁb) and cos(bt+B ) , we can see

that the torque still consists of the three parts, namely:

(a) a part proportional to db cos bt ,
causing the damping actilon,

(b) a part proportional to b2sin bt R

causing the modification of synchronizing
action,

(e) a part including all the other terms to
represent the sum of the synchronous
torque and synchronigzing torque according
to gtatic characteristics.
For the purpose of our investigation, only the part causing

damping action is of special interest. If we let

- (-r-’i) 2+ Li - (LE'._)2

® 1
= &= (74)
2 2 2 2
[ I * - (z) ] 15
2ra .
o Yath) o (75)
[12)? - @)?] ? 12 |
e a 4
2L!
a 1
= = (76)
2 nwe L
L l® - @)® ™
and
E _
g;c. ©My =E (77)
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then we have the part of the torque causing damping action, or

the damping torque, as

2E2ra6 b
T, =2 &X{——F5 -1 cos B . sin a
a wz,MdLg ® Ly L b %

EM ‘
q \'i
-3 Lz”d I oS08 B cos a, - = Ll Ibcos Bbsin(bo - al)
v EM
- =1~ Lcos B sin bo + -—Lm Tou. 16C08 Byo0s @
5 1d .
v ) AEZL;rab b cos a,
- I cos B cos(d - -
w LlMd c c o al a)ALlM L2

+

+

2
m"LlM A o1 8 _i
t 1
AEVLrbb sin(al—bo)_'.AEV_I.,Erabb sin&o
2
co"le L o absLy
1
2E L 2E L M
cos f.sin 2 +-———9-IcosBcos( +cx)
o I’l I pSR €4 oL LM, o 4
27 L; 2V L M .

- cos B . sin(Ra, -~ §_) - I cos B cos{a, + a, -
coLiIb pSiniee; - o, coLLzlddc c®oslyy +a,
v Lé

I, cos B, cos a,sin 50

2
LE L'r b d sin a; 4EV L,a_'fab ) cos(c’1 - 60)

+

® L1L5 1
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2V L'M

aq

~ oLt I.co8 B.sin o,sin 60 cos bt
2°57d

2E2rab b oB i EM

= 2K - cos B, sin - Icosp
‘Dl’“dl-g o Iy I, b - L5Md c c
v Hq
- SJ_L; [Ibcos Bbsin(f)o - al) + Hc; Ige0s Bccos(6° ".QI)J

LE Lérb d [
- = 1| E cos -V cos(a, - d)
2 cz1 al o]
2

AE L;rab ) :
t—————>" | Esina, -V sin(a, - &)
2 [ 1 b ] o]

m"ledLA

2LI,cos B, (- |
+ -—-—5——[E sin 20.1 -V sin(?al - 60)]

o1
t
2LanIccos Be [ .
© LM E cos(al + a2) -V cos(al ta, - bo)J
1727d
LEVL'rdbsind
\ e g o)
- I.cos B sin & +
L. D - o 2
5 col"MdLsL4
VL
+ I cos B, cos a.sin d
w L1L5 b b 1 °
2v L;M
- = Ti I cos B,sin aysin §_ pcos bt (78)
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5.4 Criterlon for the Negative Damping

If we put the expression for the damping torque in the

following form,

Td_=B‘6bc03 bt , (79)

then, by the same reasoning as before, we can conclude that the
machine will have negative demping due to the electromagnetic
action only when B >0 . 1In other words, the criterion for the

negative damping of a synchronous machine is

2E2ra _ oF I, cos By n e - E Mq . I cos B,
coI'MdLg ® Ly ) b. 1 o LSMd 5 b
v I.bcos By, M I.cos Bc
T L [ o b Sin(an - al) + Mdb b °°s(80 - al)
LE L;r&1
—m ~E cos a) -~V cos(czl—bo)
' 17d 3
LE L;ra
+ ———= | E sin - V sinfa -5)]
G)ﬁlmdLi \ al _ 1 °

'
2LaIbcos Bb

+ 22— 2 | g gin 2a, - V sin(20, - b
mLibﬁ [ sin 2a, sn(al O)]

2L'M I cos

B
s g c c _
+’ < L1L2Mdb s E cos(al + az) -V cos(al + a, 60)




"L cos B A.EVL'r
-mg.Ibb&bsinﬁo+—4—;——a§§-sinﬁo
5 | I\ dL5L4

2V L; I, cos B
+ -y cos a,sin d
© L L b o % o

pA) L‘H I cos B
a4qg [ c
-= L2L5Md . 55 sin azsin bo } > 0 (80)

5.5 Discussions and Conclusions

(a) Since the assumptions in the analysis disregarded the
core losses in both the armature and the rotor, the damplng action
due to the hysteresis and eddy currents is not included in the
results which we have obtained.

(b) If the machine has two or more rotor windings in each
axis, the formulas 78 and 80, etc. still hold, provided that the
constants of the main and auxiliary field windings sre replasced
by their respective equivalent congtants.

(e¢) If the armature resistance is zero, the formula 78 will.

be changed to

EM M
_ q v g
Ty = &K 4 - =73 L.008 B, - 3 ) [Ibcos Bysin &  + 3= I cos B cos 60}
57d d
' 2L'M I cos B '
2L 1 OOSB a8 c c
+—-QL-2——thmb°+ quM (E-Vcosbo)
15 LBty
2v L
vV a

- L, I cos g, 8in b + & LI, I,cos B sin 3 o cos bt
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EM 2L!
Z 9. ( a _.L)
Igcos Bc I

= X G)Md LlLZ 5
Mq v
-, cogBOOS&(l"'—_—
3 Q)Ll c L2
' 1
+v1bcos 5bsin 50 (ZI'a_ l_iL_l_.__’_E_iﬁ) cos bt (81)
® Iy L, 5 5

And, from formules 49, 50, 63, 64, 65, and 76, with r =0,

a
we have
t ] t ]
( 2L, 2;_) _ 2La(La - La)(La + La) ify
Y 2 2] 2 -2 1,2
Ly Ig (22 - 3 2 - @)
t ]
2%v 2L, o
- .2 1hWe 2 1.2
Ly - (La) Ly - (La)
S 12 '
(1.+,EE§ ) _ _2; (L )<+ 2L (L + L ) La + L
' - = 1
S Ly 12 - (1h)? by = By
a a

(Ei-l ﬁ=2L) (I.-nu+—J

2LY (L - L! 2!

a( 8, &) a
2 12 L ~-L
La - (La

a  a

~ Tt 1
_% %.%+%=-1
La+La La-La




I cos g = 3VdD My r,sin 50
b b o) * .2 2
L_L rb,+ (b O'bLb)
3Wob M r cos
I, cos B, = g P -

0 ¢ .2 2
Ly r, + (b crch)

Hence the formuls 81 can be rewritten as

BMZV % 1 + 1! T coszﬁ
Ty = - 2K | Skl e 2
de2L1L2 e~ ta 2+ mog)

3M V25 b T sin25
d b o)
+ 2L2 -2 3 cos bt
Py ry + (b chb)
6K M.VD b M L +1! 2 T_cos%d r.sin®d
= - d S S - N c 2 + b 2 cosbt
| 2 M 'L-1L/ "2 2732 2
cole s Lo L ro+ (boL) 1L+ (bol)
sesvee (81')
i.e.,
2 w2 2 2
5 _ 6K MdV [ ( ?ﬂ. ‘ Ei+ L&). T o8 6° . rbsin 60
2 M 1 1! 2 2 2 2
cole a By =Iy/ 224 bor)® =+ (bol)
M \2 kcos<d  ,M.\2 k sin<d
6K _V° _a ¢ o d kbS o
= -7 x/) "2 2 "\x) 23 (82)
d q kD + b d K +b

The value of B is always negative, no matter what will be the

value of 60 + Therefore the machine always provides a positive



damping due to the electromagnetic action.

(@) If the pole structure of the machine is nonsalient,
we have

. 21!
Ip=0 , F=——B— =

2 12 ’
5 La - (La)

and pm=g-=%- @, = a,

where Zs is the magnitude of synchronous impedasnce, Then the

damping torque is

ETHD
- I cos B, sin a
gz By o B

Td = 2K

’ M
- a;%;'[ Ibcos ﬁbsin(bo - al) + ﬁi’lccos ﬁccoa(bo - al)] cos bt

seeae (83)

Thus we can see that the presence of the short-circuited windings

in the g-axis Increases the positive damping action.

(e) From the expression of the total electromagnetic torque

- we can also find that the additional amount to the static synchro-
nizing torque may be expressed in a similar form as expression 78
by simply changing Ibcos Bb ’ Iccos Bo s cos bt into —Ibsin Bb ’

~I_sin B, , sin bt , respectively, and omitting all the other
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terms. It 1s, then,

EM
_ 2E q
A T, = 2K { . I, sin B, sin a; + 2 LSMd Isin B,

M
+ <—1§LL1 [Ibsin Bbsin(éo - al) + ﬁi‘,lcsin Bccos(é0 - (zl)]

2L'I. sin B
- —Q—Q—‘*b' [ E sin 2a, - V sin(zal - bo)]

® Ll

2LanI csin Bc

PERAT [ E coess(OL:L + az) -V coa(al +a, - 60)]

1

V'] [}
+ = L5 I, sin Bbsin bo(l - L cos al)
2V L;M
+ w—“-J_LzLSMd I,sin B sin a,sin ) o  8in Dbt (84)

(f) The formula 80 can be expressed directly in terms of
voltages, resistances, reactances, and power angle, etc., as we
have déne correspondingly in the preceding cases. It remains as

it is only for the sake of simplicity.



. be introduced. Hence, for our test, the M.I.T. Alternator No. 95

CHAPTER VI

LABORATORY EXPERIMENTS

The criteria for the negative damping due to the electro-
magnetlic action of synchronous machines have been derived analyti-
cally in the preceding chapters. It 1s advisable to have some
experimental verifications with the machines in the laboratory.

As the machines under test will be in osclllatory motion, any
flexible mechanical coupling between shafts must be avoided.
Otherwise, uncontrollable or unpredictable extra-damping would

s used., It is rated at 220 volts, 3 phases, 60 cycles, 118 amperes,
1200 rpm,»and é9lkilovoltamperes. It has salient-pole structure
without ;;mper windings. Rigidly coupled to its shaft there are

e d-c machine and a pilot 3-phase generator. The d-c machine may
serve elther as a driving motor or as a load generator. The pilot
3~phase generator 1s used ﬁg; power-angle measurement. In order to )
reduce the damping due to the electromagnetic action of the d-c
machine, it is always advisable to operate it as a generator (i.e.,

to test the synchronous machine as a synchronous motor).

6.1 Machine Constants

‘ The synchronous impedances of the M.I.T. Alternator No. 95 have
Ia.
been accurately determined by Professor Charles Kingsley by different

methods. They are:
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Xy = 0.985 ohm
= 0. hm
xq 53 o
xe = 0,21 ohm
'ra = 0,043 ohn

where X3 xq are unsaturated reactances.. The magnetization
curve or open—circuit charscteristic is given on p. 117. As in
the analysis, the machine is assumed under almogst constant satura-
tion., The saturation factor may be determined by sssuming the
generated emf of 220 volts. Hence, from the open-circuit charac-

teristic we have the saturation factor as

= 260 _
k=55 =1.18

Then, for simplicity, we may have the saturated reactances as

0,985 -~ 0,21
9.21 + 118

]

X4

i

0.775
0.21 + 1,18

= 0,21 + 0,657 = 0,867 ohm

— 0.‘: - 0.21
xq = 0,21 + —43——-—1.18

0,32
0.21 + 1.18

= 0.21 + 0.271 = 0,481 ohm
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From the open-circult characteristic we have also

m J3r2.85

In the mathematical derivations we have excluded the effects
of the core losses. They, togéther with the effects of friction,
windage, etc., produce some extra damping., In order to meet this
condition more closely, the inductance of the field winding to be
‘used in computations should be the value corresponding to the
direct-current excitation. It can be determined appropriately

with the formula : _
I, = L X | W
where M' 1s the maximum mutuel inductance between the field
winding énd any one of the armature windings, and L; is the self-
inductance of the field windingbwhen the machine is at standstill
and the field 1s excited with a 60-cycle source. M and Lb are
the’corresponding inductances when the machine is run at synchronous
speed and the field is exclted with a d-c source, Since the leskage
coefflcient 1is given as ‘

3 Wcos ay
2° LbL

g=1 -
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from formula 1, and by neglecting the stator resistance, we have

X
t

2'Lb X4

Thus, by measuring Lé 3 M‘, and with the values of Xq and X
we get
Lb = 28,6 h
0 = 0,258
and ® 0 L, = 377 x 0,258 x 28.6 = 2780 ohms

6.2 Connectlon Diagrams

Any electrical or mechanical disturbance c&uld cauge a
synchronous machine to oseillate about the equilibrium position
with respect to 1ts rotating field., The amplitude of oscillation
will be éonstant, increasing or decreasing when the total damping
of the system is zero, negative, or positive, respectively. In
order to test the damping, then, the synchronous machine may be
connected as for normal operation except that the armature terminals
are connected to the bus through rheostats for adjusting the damping
due to the electromagnetic effect. Hence we can show the connection
diagram for our test as Fig. 8. Since the synchronous machine is
tested as a synchronous motor, the coupled d-c¢ machine ig operated
as & separately excited generator and delivers its>load to a
rheostat (Fig. 9). The coupled pilot a-c generator is used for
power-angle measurements. It is commected to a two-pole phase

shifter as shown in Fig. 10.
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Phase shifter Pilot generator

Figure 10,




121

6.3 Power-Angle Measurements

| The power angle of a synchronous machine is usually measured
with a pilot generator connecteé as shown in Fig. 1l. Tﬁe pilqt
generator 1s riglidly coupled to the main synchronous mechine with
their field axes in exact alignment. Thus thei: excitation emfs
are in phase with each other. If the pilot generator is exeited
to0 a voltage equal to fhe applied emf, the voltmeter shown in ﬁhe

figure will glve a reading VB such that

60
Vs = 2 sin 5 (3)
a4 o D.C.
A rmature Field source
1
Pilot generator

A,C. Rus

Fimure 11,

Hence the value of bo can be calculated from the voltage measure-
ment only. This mathod for measuring the power angie is very
simplé but has the following disadvantages:

(a) The pilot generator and the main synchroﬂous machine
cannot be»easily coupled together with their field axes in exact

alignment,
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(b) The wave form of the emf of the pilot generator will
affect the result very much, especially for small values of bo .

(¢) The voltage across the voltmeter shown in the figure is
uncontrollable. It is not suitable when the machine is osecillating
and the variation of the amplitude of osciilation 1s of specisl
interest.

In order to avoid these disadvantages, in addition to the
pilot generator a phase shifter is also used. The connection
disgram 1g shown as Fig, 10. The phase shifter has its secondary
windings mounted on a rotor which can be turned manuslly. We can
read the angle of rotation from a gradusted disk with its smallest
division equivalent to one electrical degree. The pilot generator
. 15 now excited to a voltage equal to the output voltage of the phase
shifter, and it may be coupled to the mein synchronous machine with
an erbitrary angle between their field axes. Before we excite the
a-c bus, the synchronous machine is run at no load as a synchronous
generator with its excitation emf equal to the voltage to be applied
to the a-c bus. We may, then, turn thé rotor of the phase shifter
t0 a position so that the shown voltmeter gives a reading suitable
for our purpose (as we might connect a brush oseillograph across
the voltmeter to record the variation of the power angle when the
machine is in oscillation), Then, with the a-c bus excited and the
synchronous machine loaded, the power angle will be equal to the
angle through which we have to turn the rotor of the phase shifter

to give the indicated voltmeter the same reading as before. It is,
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then, not affected by the wave form of the emf of the pil§t
generator éo long as the machine is not oscillating.' When the
conditlong of the synchronous machine are adjusted to give zero
resultant demping, the machine could oscillate with'constant
amplitude and a frequency fixed by its synchronizing torque and

the moment of inertia of the system. As the frequency-is usually
a few cycles per second, the nmeedle of the voltmeter will be forced
»to oscillate correspondingly with constant amplitude about its
average position. 1In other words, the constant-amplitude oscilla-
tion of the reading of the voltmeter can serve as an indication of
zero resultant demping. Similarly, if the damping of the machine
is positive or negative, the reading of the voltmeter will oscillate
with decreasing or increasing amplitude, respectively. But if the
increment of the amplitude of the machine oscillation is of interest,
it is advisable to replace the voltmeter by a brush oscillograph

to record the corresponding variation of voltage. (The wave form
of the pllot generator's emf does affect the magnitude of this
variation.)

One record is shown in Fig, 12 to illustrate the phenomena

of negative, positive, and zero damping of the synchronous machine
by simply changing its excitation. When we are taking the oscillo-
graph, any electrical or mechanical disturbance should be avoided.

Otherwige, the record will contain Irregularities,
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6.4 Numericsl Computations and
Comparison of Results

From the mathemetlical analysis we have the expression of the

damping coefficient for synchronous machines of salient-pole struc-

ture without demper windings as follows.
2 ol
Z
5= 3K me lcb a
wor, °*.2 2° .2 3
b k’b + b (ra + xdxq)

z
2E sin o - E‘i V sin(a, - 5,)
a

X3 - X ‘
+ —-—Z-——Q-‘V sin alcos(al -5,)

q

2 2
2E ra(xdxq ~ ra)

+

el

2 2
xm(ra + xdxq)

2E ra(xd - xq)
xm(ri + xdxq)3 [

e

4

When B 1s posltlve, it means negative damping due to the electro-

magnetic action of the synchronous machine,

= tan™t 5—'-
% %

ra
- -1 =
a2 = tan xd

r r

b
_O’Lb:a)O'wa

of
!

sin(al -

(E - V cos '60) (2r§ - x

2
+ (V sin 60) (.'Zxdxcl - ra)ra
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i

2 7t times the frequency of oseillation

=
H

excitation emf between lineg in effective
value '

applied voltage between llnes in effective
value

<i
]

K = %% _ No. ofzgoles . % = 0./84

"B is in 1b.ft. per elec. rad. per sec.

The units of voltage, current, impedance, and angular velocity

are volt, ampere, ohm, and radians per second, respectively., If

we let
3me kﬁ Zf;
Al = . . (4)
Ty k2+b2 (r2+xx)3
a d'q
. Zg
K, = [2Esina1—-z-—v sin(az—bo)
- q
, x4 - xq
+ T V gin QICOS(Q]_ - 5°)J Sin(al - bo) (5)
. - ZEzra(xdxq - ri) ©
3" 2 2
xm(!‘a + xdxq)
2Er (x, - x)
- a‘"d q 2
AA x (r2 + x‘ x )3 [(E ~ ¥ cos 60) (2ra - xdxq)xq
m'a d g .
+V sin b (2x.x - ri)raJ (7)

Then we have

B Uik 4 Ay ) ®
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For the purpose of verifying this formula, the following two

tests are made.

-

Test 1. The object of thig test 1s to show the relations of
the damping coefficient B" and the excitation emf E with respect
to the armature-circuit resgistance T, when the machine 18 operated
a8 a synchronous motor at constant power angle and ap;l)arent zero
damping.

The machine is always operated at V = 226 volts, = 8l.5 ohms,

™
and d o= -11°, when it is adjusted to oscillate with constant

amplitude (i.e., zero damping), we have the following data:

Armature-~circult Field Fxcitation Anguler Velocity

Resistance Current emf of Oscillation
r, If E b
0.125 2.95 228 0.0389 o
0.141 2.70 208 0.0367
0.155 R.50 194 0.0356 w
0.174 2,28 176 - 0,0333 w
0.185 - 2,10 163 0.0322 w
0.228 1.00 148 0.0311
0.281 1.70 132 0.0289 @

Where the values of b are obtained from the measured periods of

oscillations.
(a) For r, = 0,125 ohm
and E = 228 volts,
We have
a = tan~t g_:% = ten"t 0°2,59 = 14.5°



sin @; = sin 14,5° = 0.251

&

zﬁ = 0,125 + 0,867

N

oA 0125 _ L, -1 .0
= tan 0. 867 = tan ~ 0,144 = 8,2

U

0.125° + 0.481° = 0.447° = 0.247

0.876° = 0,768

rs + xgx, = 0.125° + 0.867 x 0.481

d
= 0,0156 + 0,417 = 0,433

X4 = xq = 0,867 - 0,481 = 0,386

2r2

. xdxq = 0,031 ~ 0.417 = -0,386

2%x.x = i = 0,834 - 0.0156 = 0,818

dq

2 . =

%

b

= g,,éo © = 0.0293
_ 3 %63 x 226 0.0293° 0.247°
8l.5 2

* 0.0293° + 0.0389°  0.433

L 8 610 _
f524X237x815—142

0,376

= (2B x 0.25 - 557 x

226 sin 19.2°

+ 8.43? X 226 x 0,251 cos 25,5°)gin 25.5°
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= (0,502E - 131 + 39.8) x 0.431

il

(114-05 - 131 + 3908) X 0,431

= 2343 x 0,431 = 10,0

2

ny = ZEX 02 X OO | goayer?
63 x 0,433
= 0,00846 x 228° = 441
4 < ZEX 0.125 x 0.386 {(E ~ 222)(+0.386) x 0.481 ]
4 63 x 0,433 - 43.1 x 0,818 x 0,125
- 2x 28 % 023 x 0386 (1 11 4 4.4) = -23.8
63 X 0,433

Therefore

= B2 x 10,0 + 441 - 23.9)

'=%(1420+441-23.8) =1837f§-=0.895

(b) For r, = 0,141 ohm

and E 208 volts,
We have

o = tan™t g—:]ﬁlﬁ- = t@‘l 0.293 = 16.3°

sin @, = sin 16.3° = 0.281
-1 o, -
a, = tan 1 % = tan 1 0.163 = 9.25°
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= 0.141° + 0.481° = 0,501 = 0,251

= 0.141° + 0.867° = 0.877° = 0,768

i

pno ot

r2 4 xgx, = 0.141% + 0.867 X 0.48L = 0,437
Xy~ Xy = 0.386

2r? - xgx, = 0,0398 = 0,417 = -0.377
f*.’xdx(1 - ri.= 0,834 - 0.0199 = 0,814

xg%, - r? = 0,417 - 0,0199 = 0,397

kb = 0,0293

0,0293° « 0,251
. 2
0.0293° + 0.03672 0.437

A1=524X

= x 86_ _.3_..

0.877

A, = (2B x 0,281 - G

X 226 sin 20, 35

+ —%5-1- x 226 x 0.281 cos 27.3%)sin 27.3°

= (0,562 - 137 + 433) x 0,458

(117 - 137 + 43.3) x 0.458

= 23.3 X 0.458 = 10,7

_ 2E° x_0.141 x_ 0,397
3 63 x 0,437

= 0,00930E°

= 0.0093 x 208 = 402



A = 2B X014 x 0,386 [ (E - 222)(-0.377) % 0,481
4 63 X 0.437° “43.1 x 0,814 x 0.141

_ 2% 208 x 0,141 x 0,38 _
= 63 X 0.0835 (2054 - 4094) - "'10'3

Therefore

B =(—I§- (154 x 10,7 + 402 - 10.3)

= f)- (1645 + 402 - 10,3) = 2037 & = 0,994

(¢) For r, = 0.155 ohm

E = 194_ volts
We have

o = tan™t §U22 = tanl 0,322 = 17.85°

sin @, = sin 17.85° = 0.307

_ -1 0.155 _ =1 _ o
a, = tan 0.867 = tan — 0,1785 = 10,1

N

Z° = 0.155% + 0.481° = 0.506° = 0.255

i
]

Q

7% = 0.155° + 0.867° = 0,882° = 0,778

1

N

N

T+ xgx = 0.1557 + 0,481 X 0,867 = 0.441

]

X

3~ xq = 0,386

2 -
2ra - xdxq = 0,048 - 0.417 = -0,369

2 - =
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xgx = To = 0.417 - 0,024 = 0,393
k.b = 0,0293 w

2 2
& = 52 x 0.0293 »« 92255

0.0293° + 0.0356°  0.,441°

8 _ 650
524 % 513 X 857 = 161

Az = (2E X 00307 - g.g‘gé X 226 sin 21.10

+ —-3—"8‘532 x 226 X 0,307 cos 28.85°)ain 28,85°

= (0.6L4E ~ 142 + 46.5) x 0,484

(00614— X 194 - ]-42 + 4605) X 0.484

n

23.5 x 0.484 = 11,4

L = 2B x 0.155 x 0,393
2 63 x 0.41?

= 0.00992 x 1942 = 3%,

= 0,00992E°

4 = 2Ex 0,155 x 0,386 [(E - 222)(-0.369) x 0.481
4 63 x 0,413 - 43.1 x 0,810 x 0,155
_ 2 x 19/ x 0,155 x 0,386 | _
- 63 % 0.0857 (4096 - 5042) - “1097
Therefore

B = % (161 x 11.4 + 374 - 1.97)

= -ff—) (1840 + 374 - 1.97) = 2212 % =1.08
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(a) For r, = 0,17, ohm

and E 176 volts

We have

o = tan~t %ﬁ—'gf = tan~t 0.361 = 19.85°

sin a, = sin 19.85° = 0.340

a, = ten™" e = tan™t 0,201 = 11.35°

Zfl = 0,172 + 0.481° = 0.512° = 0,262

72 = 01747 + 0,867 = 0.384% = 0,780
B xg%y = 0.174% + 0,417 = 0,447

X3 = xq = 0,38 .

2r§ - xdxq = 0,0606 - 0.417 = -0,356

2xx - r? = 0,834 - 0,0303 = 0,304

xg¥y - 12 = 0,417 - 0,0303 = 0,387

k.= 0.0293 w

00293 . 0.262°
0.0293% + 0.0333%  0.447°

Ay = 524 X

86 688 _
=524x197x900-175
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A, = (2B X 0,340 - 5—5-% X 226 sin 22.35°

+ —%;‘_——26‘ X 226 X 0,34 cos 30.85°)sin 30.85°

= (0.68E - 148.2 + 49.8) X 0.512

(0.68 x 176 - 148.2 + 49.8) X 0,512

it

1l

21,2 x 0,512 = 10,8

L = 2B x 0387 X 0.1 - o, 0105552

3 63 X 0.44T°

0.01055 x 176% = 326

From the results shown in the preceding cases, A4 is very

small and can be neglected. Therefore

B =5 (175x 10.8 + 326)

N

o (1890 + 326) = 2216 K. 1,08

8

(e) For T, = 0.185 ohm
and E = 163 volts
We have
o = ten %‘—4—1% = tan~t 0.385 = 21°

‘sin a; = sin 21° = 0,359

az tan _—20.867 tan © 0,213 = 12

i
f

Z2

q

0.185% + 0.481% = 0.516% = 0,266
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72 = 0.185% + 0.867° = 0,889° = 0.788
2 4 xx = 0.185% + 0,417 = 0.451

a d'q

x; - xq = 0,386
xge, - r? = 0,417 - 0,0342 = 0,383
k, = 0.0293

A = 524 0.0293° o 0.266°

0.0293% + 0.0322°  0.451°

_ g . 708

A, = (2B x 0,359 - %’?‘%Z‘ x 226 sin 23°

+ g' 53%2 x 226 x 0,359 cos 33°)sin 33°

= (0.718E - 152 + 51) x 0,545

1l

(0.718 x 163 - 152 + 51) x 0,545

16 x 0,545 = 8,72

2
by = 2E"x_ 0,185 X 0.383 _ ( 4117 §2

63 x 0.451°

0.0111 x 163° = 295

A“P is neglected.

Therefore B= % (183 x 8,72 + 295)

= (1592 + 295) == 1890 £ = 0.9m1
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(£) For r_ = 0,228 ohm
and E = 148 volts
We have
_ -l 0,228 _ = _ o
al — 'ba.n 0.481 - tan 00471i' b 2504

sin a = sin 25.40 = 0,429

.=l 0,228 _ . -1 - o
a, = tan 0867 = tan - 0,263 = 14.7
z§ = 0.228% + 0.481° = 0.531° = 0,28
Zg. = 002282 + 0.%% = 003992 = 00805

2 - -
r, + xdxq = 0.2282 + 0,417 = 0,469
Xd = xq = 0.386

2 _ —
xdxq -r, = 0.417 - 0,852 = 0,365
kb = 0,0293 w

2 2

A = 524 % 0-0293 5 0:282

0.0293° + 0.0311%  0.469°

Lt}

8 _ 7195 _
524 X Tg3 % 10530 = 190

Az = (2B x 0,429 - %’-—% x 226 x sin 25.7°

+ "2‘_‘%53? x 226 x 0,429 cos 36.4°)sj_n 36‘40

= (0.858 E - 165.5 + 56.5) x 0.593
= (0,858 x 148 - 165.5 + 56.5) x 0.593

= 18 X 0,593 = 10.65



2
A = 2EX 0,228 X 0.365 _ g 1205 52

3 63 X 0,469°

= 0,01205 x 148° = 262

A

4 is neglected.

Therefore B = g— (190 x 10,65 + 262)

=X (2030 + 262) = 2292 £ = 1,12
(g) For r, = 0.281 ohm
and E = 132 volts

We have

a = tan-l g:igi = 'ban-l_ 0.583 = 30.3°

sin'a; = sin 30.3° = 0,505

— "'1 09281 - -’1 - Q
(12 = tan _‘—‘-0.867 = tan ~ 0,324 = 17.95
zi = 0.281% + 0.481% = 0,557 = 0.310
zfl = 0.281° + 0,867 = 0.910° = 0,825
r° 4 x.x =02812;0417=0496

a d q e L [ 3
X - xq = 0,386

2 _ -
xdxq -r, = 0.417 - 0.079 = 0,338

kb = 0.0293 w

137
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0.0293° . 0,310°

0.0293% + 0.0289°  0.496°

A1=524X

- st B - 0

_ 0,910 : o
Azbé (2E x 0,505 - 0.557 X 226 gin 28.95

+ 335-?-% X 226 X 0,505 cos 41.3%°)sin 41.3°

= (1.01 E - 179 + 59.5) X 0,660

(1.0 x 132 - 179 + 59.5) X 0.66

13.5 X 0066 = 8.91

_ 2E° x 0.281 x 0.338

3 63 x 0,496 001225 &

0.01225 x 132° = 214

}

A4 is neglected.

Therefore = % (209 x 8,91 + 214)

P{

ey (1860 + 214) = 2074'— 1.01

8

Therefore, when the synchronous machine is operated at a fixed
power angle of (-llo) and then it is adjusted to oscillate without
net damping, the damping coefficient due to its electromagnetic

action can be tabulated as follows:



r
a

0.125
0,141
0.155
0.174
0.185
0.228
0,281

I

e

2.95
2.70
2.50
2,28 .
2,10 -
1.90
1.70

B

a—

0.895
0.994
1.08
1.08
0.921
1.12
1.01

If there were no extra damping due to the load, windage,

frictlon, hysteresis and eddy currents, etc., the value of B

should be zero when the machine shows no damping on its ogeillations.

As for reference, we may calculate the values of E which would

make B zero for the corresponding armature-circuit resistances.
From the above calculations, with A 4 disregarded, we have
(a) TFor r, = 0.125 ohm, and
B = [142(0.502_ E - 131 + 39.8) X 0.431 + 0,00846 E] ;If;
_ 2 K
= (0.00846 E* + 30.7 E - 5520) & =0,
E = 170 volts or If = 2,21 amp
(b) For r, = 0,141 ohm, and
= E2 XK
B= [154(0.562 E - 137 + 43.3) X 0,458 + 0.0093 ] y
= (0.0093 E* + 39.5 & - 6600) £= 0,
E = 161 volts or . I, =2,9 ohm

£
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(e) For T, = 0,155 ohm, and

el

B = [161(0.614 E - 142 + 46.5) x 0,484 + 0.00992 Ez]

i

(0.00992 B* + 47.8 E - 450) == 0,

=
i

151 volts or - I, = 1.96 amp

(d) For r, = 0.174 ohm, and

B = [175(0.68 E - 148.2 + 49.8) x 0,512 + 0.01055 Ez] £
= (0,01055 EZ + 60,9 E - 8800) == 0 ,
E = 142 volts or ' Ip = 1.85 amp

(¢) For r_ = 0,185 ohm, and

B= [183(0.718 E - 152 + 51) x 0,545 + 0,0111 EZJ %
= 2 K _
= (0,0111 E +7l.6E—10080)5-—0,

E = 137 volts or I, = 1.77 amp

(f) For r_ = 0,228 ohm, and
a

B = [190(0.858 E - 165.5 + 56,5) X 0,593 + 0,01205 Ez]
= (0.01205 ¥ + 96.5 E - 12250) £ = 0,
E = 125 volts or I, = 1.63 amp

£

(g) For r_ = 0.281 ohm, and

B = [209(1.01 E - 179 + 59.5) X 0.66 + 0,01225 Ez] a‘%
- (0.01225 E2 + 139 E — 16500) Koo,

E = 117 volts or If = 1,52 amp

el=
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From the results which have been obtained, three curves.can
be plotted as shown on p. 142. The curve I shows the relation
between the field current and the armature-circuit resistance with
the data obtained from test. The machine is adjusted to oscillate
without damping., The curve II shows the same relatlon as curve 1
but with the data calculated for the condition B = 0 , The curve III
indicates the values of B for the different values of r, when
the machine oscillates without demping.

Since the machine always possesses the extra poslitive damping
due to the effects of load, windage, friction, hysteresis and eddy
currents, etc., the curves I and II are not expected to coincide
with each other. The curve II has to be below the curve I as they
are shown,

As the machine is operated at const#nt average power angle 50 ’
its average load is practically constant throughout the test and
so the damping due to the load. Therefore the total extra damping
is practically constant. When the machine oseillates without dsmping,
the damping due to the main electromagnetic action should be equal
and opposite to the total extrs damping. Hence the calculated damp-
ing coefficient B should be nearly constant. It checks essentially
the curve III.

In the region above the curve I, the machine is unstable, while

in the reglon below the curve I 1t is stable.
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Test 2. The object of this test is to show the relations
of the damping coefficient B and the excitation emf E with
respect to the average power angle o for constant armature-
circuit resistance r, when the machine oscillates without damping.
The machine is always operated at V =226 and r, = 0.141. When

it is adjusted to osclllate without demping, we have:

% e 2 >
- 6,0° 1.85 144 0.0311 o
- 9.0° 2.30 178 0.0344 ®
-11,0° 2,70 208 0.0367 w0
-13.5° 3.10 240 0.0389 &
-15.5° 3.50 270 0.0400 o
-17.0° 3.90 300 0.0422 @

where the values of b are obtalned from the measured periods

of osecillations,

1 0.1

. _ o - (+]
0.81 - tan — 0,293 = 16,3

al=tan'

sin @) = sin 16.3° = 0,281

-1 0. -
a, = ten Tj{é% = tan~t 0,163 = 9.25°
Z<21 = 0.141°% + 0.481% = 0.501° = 0.251
zi = 0.141° + 0.867° = 0,877 = 0.768

N

o+ xdxq = 0.141° + 0.867 x 0.481 = 0.437

®

X

3= xq = 0,867 ~ 0,481 = 0,386

143



2 = -— — -
2ra - xdxq = 0,0398 -~ 0,417 0.377

2x.X

2 _ =
q q - ra = 0.834 - 0001.99 - OQ814

xdxq - r = 0,417 - 0,0199 = 0.394

2
3x63x226x0251 1‘b

b= 0,437 rb(ki +b°)
2
_ 5
= 32200 X =
: r.D(k.b + b%)
Ay = [ 2x 0,281 E - g gg_ x 226 sin(9.25° - d,.)
+ O—%x 226 X 0,281 cos(16.3° - bo)J s1n(16.3° - 5,)
= [0.562 E - 395 sin(9.25° - 3_)
+ 48.9 c0s(16.3° - bo)] s1n(16.3° - 3)
A_B = 2E2x 0.]_41)( 30397 = 0a00930 E2
63 X 0,437
A = 2E X 0141 X 2'386 [(E - 226 cos 5_) X 0.48L x (-0.377)
63 X 0,437

+ (226 sin bo) x 0,141 x 0.814]

0.00375 E(226 cos 'bo - E) + 0.538 E sin 50

(a) For 60 = -6,0° y E=144 , we got



2
.2

Zb = 0,0428 == = 0,00550

r, (€ + b°) 119(0.0428° + 0.0311%)

‘Al = 32200 x 0,0055 = 177

A, = [ 0.562 X 144 — 395 sin 15.25° + 48.8 cos 22.3°J sin 22.3°
= (80.7 - 104 + 45.1) X 0.380

= 21.8 x 0.380 = 8,28

Ay = 0.0093x L4 = 193
AA = 0,00375 x 144 % 81 + 0,538 X 144(<0.1045)

= 43.7 - 81 = 35-6

Therefore B = (177 x 8,28 + 193 + 35.6) %

= (1460 + 193 + 35.6) = = 1689 X = 0,828

(b) For Bo = -9,0° s E=178 , we get

20

N

Ty = '2":'3_6 = 95,5
k, = ggéo ® = 0.0344 o
2
2
% = 0.0344 = 0.00525

r 02 + b%) 95,5(0.0344% + 0.0344%)
Al = 32200 x 0,00525 = 169

[0_.562 x 178 ~ 395 sin 18.25° + 48.8 cos 25.3°J sin 25.3°

1

A

(100 - 124 + 4442) x 0.427
= 20,2 x 0,427 = 8,63

n
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A, = 0,093 x 178% = 295

A, = 0.00375x 178 x 45 - 0,538 X 178 x 0,1565

4
= 30,0 - 14.95 =15

Therefore B = (169 x 8.63 + 295 + 15) &

= (1460 + 295 + 15) = = 1770 £ = 0,865

(e¢) For 50 = -11.0° and E = 208 , we have

rb = 2.70 = 8105
2 .
K _ 0,0294° - 0.00480
N 2 2. = 0.004
r (K + b%)  81.5(0,0294° + 0,0367°)

Al = 32200 x 0.0048 = 154

A, = (0.562 x 208 - 395 sin 20.25° + 48.8 cos 27.3%)sin 27.3°
= (117 - 137 + 43.8) 0.458

1

2303 X 00458 = 10,7

= 0.0093 x 208 = 402

.
|

= 0.00374 x 208 X 14 - 0.538 X 208 X 0,19

=3
J

i

(10.9 - 21.4) = -10.5

Therefore B = (154 x 10,7 + 402 - 10.5) &

= (1650 + 402 - 10.5) & = 2041 & = 1,005



(d) For BO = -13.5° and E = 240 , we have

_ 220
I‘b - .10 -— 71.0

2
S 0.0256°
r (€ + b°)  71.0(0.0256° + 0.0389%)

= 0,00424

Al = 32200 x 0,00424 = 136

A, = (0.562 x 240 - 395 sin 22.75° + 48.8 cos 29.8%)sin 29.8°

n

(1345 = 153 + 42.4) x 0.497

23.9 x 0G.497 = 11.9

I

= 0.0093 x 240° = 535

5
¥

b
il

0.00374 x 240(~21) - 0.538 x 240 x 0.234
= 18,8 - 30,2 = 49

elx

Therefore B = (136 x 11.9 + 535 - 49)

= (1620 + 535 - 49) & = 2106 £ = 1,035

(e) For & =-15.5° and E = 270 , we have

1% _ 0.0227° '
- = 0.00390
rb(kﬁ +1°)  63(0.0227° + 0.0400°)
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A= 32200 X 0.0039 = 125

A2 = (0,562 x 270 - 395 gin 24.750 + 48.8 cos 31.8b)sin 31.80

i

(151.5 - 165-5 + 4105) x 0,527
275X 0,527 = 14.5

it

0.0093 X 270° = 677

o
"

A, = <0,00374 x 270 x 52 - 0,538 x 270 x 0,267

4
= 52,5 - 38.8 = -91.3

Therefore B = (125 x 14.5 + 677 - 91.3) %

= (1815 + 677 - 91.3) &= 2401 K = 116

(£) For 3 =-17.0° and E = 300 , we have

N

20

gy et

<90

i}
]

rb 5605

s

k) = 2760 @ = 0.0203 o

2
R 0,0203°

rb(k.i + %) 56.5(0.0203% + 0.0422°)

= 0.00331

Al = 32200 x 0,00331 = 106.5

A, = (0.562 x 300 - 395 sin 26.25° + 48,8 cos 33,3%)sin 33.3°
= (168'5 - 175 + 4008) X 00548 '
= 3443 x 0.548 = 18.8

A5 = 0,0093 x 300% = 837



A, = -0,00374 x 300 x 84 - 0,538 300x 0,293

4
.= =943 - 47.3 = -141.6

Therefore B = (106.5X 18.8 + 837 ~ 141.6) %

= (2000 + 837 - 141.6) K - 2695 K= 1.3

The values of B calculated above may be tabulated as

follows:
& I ki
- 6.0° 1.85 0.828
-9,0° 2,30 0.865
-11.0° . 2,70 1.005
-13,5° 3,10 1,035
-15,5° | 3.50 1,160
-17,0° 3.90 1.325

For reference we may also calculate the values of E or
I £ which will make B zero for the corresponding power angles.

From the above calculations, with the small A 4

neglected, we have:

() 1If b, = -6.0° , and

B= % [177(0-526 E - 104 + 45.1) ¢ 0,38 + 0,0093 E‘?}
=% (37.8 E - 3960 + 0,0093 ) = 0,

E = 102 or = 1.30

I



(b) If 50 = "‘9.00 ) and

B= % [ 169(0.562 E — 124 + 44.2) ¥ 0,427 + 0,0093 E2J

=K (10.6 5 - 5760 + 0,003 ) =0,

E = 137 ' or I, =1.75

£

(e) If 3 =-11,0°, and

B =% [ 154(0.562 E - 137 + 43.3) ¥ 0.458 + 0,0093 132]
= £ (39.7 E - 6620 + 0,0093 £°) = 0,
E = 160 or I, = 2,05

(@ 1f B =-13.5°, and

B .—.g- { 136(0.562 E - 153 + 42.4) x 0.497 + 0,0093 Ez}
=(lf). (38.0 E - 7450 + 0.0093 E°) = 0 ’
E = 188 or I, =2.45

(e) Ifr B, =-15.5°, and

B = % [ 125(0.562 E - 165.5 + 41,5) X 0,527 + 0,0093 EQJ
=K 3718~ a0+ 0.0093 ) =0,
E = 209 or I, =2,70

£

(£) 1f 3, =-17.0° , and

B =.(I_f). [ 106,5(0.562 E - 175 + 40.8) x 0.548 + 0.0093 EZJ
=% (32,8 8- 7830 + 0.0003 F) = 0,
E = 225 or I, = 2,90

£
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Thus, from the results which have been obtained, three
curves can be plotted as shown on p. 152. The curve (a) shows
the relation between the field current If and the power angle bo
with the data from test (the machine oscillates without net demping).
The curve (b) shows the same relation as the curve (a), but with
the data calculated for the condition B =0 ., The curve (c)
indicates the Valueé of B for the different values of bo when
the machine oscillates without net damping.

On the curve (a) the resultant damping is zero, while on the
curve (b) the damping due to the main electromagnetic action alone
is zero. These two curves should coincide with each other if there
was no extra dsmping due to the effects of load, windage, friction,
hysteresis and eddy currents, etc., As the extra damping 1s always
positive, the maln electromagnetic action alone for the condition
of the curve (a)} should always produce negative damping (i.e.,
positive values of B ) to compensate it. Thus the curve (a) should
be above the curve (b), and curve (c¢) should be sbove the abscissa
.as they are shown,

Since the d-c generator is separafely excited and its excltation

is kept constant throughout the test, we have

e=fo (9)
Lo (10)

1= R

o

where

e 1is the induced emf of the d-c¢ generator.

1 1is the armeture current of the d-c¢ generétor.
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R 4is the total resistance in the armature circuit
of the d-c¢ generator,

@ 1is a constant (the effect of the armature reaction
is disregarded).

® is the angular veloecity of the machine,

If the gffect of the inductance in its armature clrcuit 1s
neglected, the formulas 9 and 10 hold good even when ® varies.
Hence the electromegnetic torque (it is considered positive in the

direction of the speed) of the d-c generator is

_ _ kp ¢%w '

and the damping coefficient due to T is

d.c.

o2
- d Td.c. - _‘k p g
deCe d o 2R

B (12)

where p is the number of poles of the synchronous machine under
test, and k is equal to %—g for the practical units. As @ is

constant, the magnitude of B is inversely proportional to R

d.c.
or directly proportional to the average power of the d-c generator.
In the testing range the average power increases with the average
power engle of the synchronous machine, Therefore the total extra
damping of the system increases with the increase of the average
power angle. As the machine oscillates with constant amplitude,
the damping due to the main electromagnetic action must be equal

and opposite to the total extra damping., Hence B should increase

with the increase of 50 « It is fairly confirmed with the curve (c¢).
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In the region above the curve (a) the machine is unstable,
while below the curve (a) it is stable. For the same power angle.
it is more stable with smaller field current; and for the same

field current it is more gtable with a larger power angle.

6.5 Discussions

The experimental verifications for the analytic formula of
the damping coefficient B will be much better if there are some
simple methods to determine directly the extra demping due to the
effects of load, windage, friction, hysteresis and eddy currents, etc.
The demping coefficient due to the load of the d-c¢ machine (i.e., due

to its main electromagnetic action) has been given by fofmula 12 as

2
_ kp g )
Bie. = =~ 2R » Vith =3

This 1s theoretically correct if the effect of the inductance in
its armature circuit cen be disregarded. It is derived for the
condition that the d-c¢ machine 1s operated as a generator deliver-
ing its load to a rheostat. However, it still holds good when the
machine 1s connected back t§ the d-c source either as a generator
or as a motor, so long as the voltage of the d-c source is constant.
With such an arrangement the value of R 18 nearly equal to the
armature resistance Instead of the load resistance plus armature
resistance, and hence the magnitude of B e

d.C.
The moving system is not able to have negative or zero net damping.

is mach larger.

This is the reason why it is advisable to test the synchronous
machine as a synchronous motor instead of synchronous generator.

The coefficient of the extre demping, excluding that due to the



load of the d-c machine, can hardly be expregsed analytically
or determined experimentally. However; In the investigation, as
the applied voltage is constant it should be practically constant.
Throughout the tests the synchronous machine is adjusted for
zero net damping., It oscillates with constant amplifude and a
voltmeter, as shown in Fig. 10, is used to indicate this required
condition. If we replace the voltmeter by a brush oscillograph
which 18 able to record the variations of the amplitude of oscil-
lation, we may also adjust the machine to oscillate with either
positive or negative damping, and then check the damping with the
value calculated from the derived formula. The amplitude should
vary exponentially with respect to the time zs

'
R /23(t5-t)

= 51

(13)-

where

are the amplitudes of osclllations at the

times tl and t2 s respectively,

B' 1is the resultant damping coefficient, and it is
positive for a negative damping.

51 and 62

J 1s the quotient of the moment of inertia of the
moving system divided by the number of pairs of
poles of the synchronous machine under investigation.

In the mathematical analysis we assume that the machine does

oscillate with constant amplitude., Hence, in the test the resultant

damping.should not be too far from zero in order to have good

verification.
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