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Abstract

In this thesis, we present studies that elucidate the relationship between entanglement
in strongly coupled gauge theories and the geometry of their gravity duals. In the
first, we find that in a certain class of time-dependent states which have a gravity dual
in which a black hole forms, the entanglement entropy of large regions grows linearly
in time, following the growth of certain time-like slices in the interior of the black hole.
In the second, we find a unified prescription in the gravity dual for calculating the
action of the entanglement Hamiltonian associated to an arbitrary spatial region in a
given holographic state. In particular, we find that the linearized perturbation of the
metric caused by the entanglement Hamiltonian propagates from the bulk entangling
surface.
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Chapter 1

Introduction

1.1 Introduction

Since the discovery of an anti-de Sitter space/conformal field theory duality in [52],
and subsequent elaboration of a dictionary relating boundary conditions of bulk fields
to sources and expectation values for corresponding operators in the boundary theory
[28, 72], we have known that gravitational degrees of freedom can emerge from those

of an ordinary quantum field theory on a fixed background in one less dimension.

In examples of AdS/CFT [52, 2], in the limit of strong 't Hooft coupling and large
N in the boundary gauge theory, the dual gravitational theory is decoupled from
strings and has a small Newton’s constant G. Thus we expect the Hilbert space of
fluctuations of a quantum field theory weakly coupled to gravity in an asymptotically
anti-de Sitter background, to emerge from the strong dynamics of certain large-N
gauge theories which can be taken to live on the time-like boundary of said ant-de

Sitter space.

This emergence of gravity from gauge theory is expected to be quite general and
has been dubbed gauge/gravity duality [36]. A pressing and open question in the
context of such a duality is how local degrees of freedom far from the boundary in

the gravitational theory are mapped to boundary degrees of freedom.
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1.2 Holographic entanglement entropy conjecture

A significant hint regarding the above question came in the form of the Ryu-Takayanagi

conjecture [63] - that the entanglement entropy
S =—Tr(plogp) (1.1)

of the reduced density matrix p of a spatial region, in a time-independent state of a
large-N field theory that is sharply peaked around a classical bulk configuration is
to lowest order in 1/N, is given by the area, in units of 1/Gy, of the bulk surface
with minimal area ending on the boundary of the spatial region [63]. In addition to
considerable evidence, a derivation has been provided in [45], which only relies on
the widely established facet of gauge/gravity duality in which the saddle point of the
gravitational partition function, equal to the boundary path integral, is given by a
bulk configuration satisfying equations of motion.

A covariant generalization of the Ryu-Takayanagi conjecture has been given [3§],
in which minimal surfaces are replaced by extremal surfaces, and the quantum field
theory state can be time-dependent. This generalization has been shown to be con-
sistent with strong subadditivity [4, 15, 71] and boundary causality [32], but has not
yet been given a proof.

Taken together, the above conjectures point to a tangible relationship between
quantum entanglement in the boundary quantum field theory and the emergence of
a bulk spacetime including an extra dimension [(9]. For example, linearized Ein-
stein’s equations about the anti-de Sitter vacuum have been derived [22] using the
Ryu-Takayanagi and Hubeny-Takayanagi-Rangamani conjectures, and the first law

of entanglement entropy [10].

1.3 Real-space entanglement renormalization

Another facet of the Ryu-Takayanagi conjecture is that it has made manifest the

relationship between a certain class of tensor-network representations for many-body

14



ground states that are conformal in the IR, dubbed the multi-scale entanglement
renormalization ansatz (MERA) [70], and the geometry of anti-de Sitter space [21,
(6, 67]. MERA tensor networks, in which real-space entanglement is renormalized
away in incremental steps, and an unentangled state is produced as an output, seem
to reproduce the geometry of anti-de Sitter space on scales larger than the AdS radius.

More recently, a continuous version of MERA has been proposed [30] which is
suited to describing the real-space entanglement renormalization of continuum field
theories. It has been suggested that the geometry of gravity duals can be directly
derived in the cMERA formalism [57], although a seeming obstacle to investigating
this so far has been that there are no analytic examples of cMERA for interacting
theories. Here we will not pursue this topic further.

In this thesis, we present studies that further elucidate the relationship between
entanglement in strongly coupled gauge theories with gravity duals, and the geometry
of their gravity duals.

In the first chapter, we find using the Hubeny-Rangamani-Takayanagi conjecture,
that in a certain class of time-dependent states which have a gravity dual in which
a black hole forms, the entanglement entropy of large regions grows linearly in time,
following the growth of certain time-like slices in the interior of the black hole. This
provides a direct example in which the entanglement properties of a quantum field
theory state are able to encode information behind even global horizons.

In the second chapter, we find prescriptions in the gravity dual for calculating the
action of an entanglement or modular Hamiltonian associated to a spatial region, or
minus the logarithm of the corresponding reduced density matrix, where the spatial
region can be arbitrary and the quantum field theory is only restricted by the require-
ment that it has a gravity dual. In particular, we find to linear order in the action
of the entanglement Hamiltonian, that the perturbation of the metric in the dual
geometry is an integral of the graviton-graviton propagator over the Ryu-Takayanagi

surface.
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Chapter 2

Growth of Entanglement and the
Interior of Black Holes

2.1 States dual to AdS-Vaidya geometries

In this chapter we consider the evolution of entanglement entropy after a sharp quench
of a strongly coupled gapless system with a gravity dual. More explicitly, at t = 0 in
the boundary system we turn on a spatially uniform density of external sources for an
interval dt, creating a spatially homogeneous and isotropic excited state with nonzero
energy density, which subsequently equilibrates. The precise manner (e.g. what kind
of sources are turned on and how) through which the excited state is generated and
its microscopic details will not concern us. We are interested in the macroscopic
behavior of the system at large distances and in extracting “universal” behavior in
the evolution of these observables that are insensitive to the specific nature of final
equilibrium states.

On the gravity side such a quench process is described by a thin shell of matter
starting from the boundary and collapsing to form a black hole, which can in turn be
described by a Vaidya metric, see Fig. 2-1. The matter fields making up the shell and
their configuration are determined by the sourcing process in the boundary theory
and are again not important for our purposes. See e.g. [7, 40, 26, 5, 73, 47, 74] for

more explicit discussions. In the classical gravity regime we are working with, which
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translates to the large N and strongly coupled limit of the boundary theory, all of
our observables are only sensitive to the metric of the collapsing geometry.
We give a detailed description of our setup and review the vacuum and equilibrium

properties of the class of systems under consideration.

6" | black hole
(0> 0)

,...
Il
o

(0 = 7) Axepurnoq

Figure 2-1: Vaidya geometry: One patches pure AdS with a black hole along an in-
falling collapsing null shell located at v = 0. We take the width of the shell to be zero
which corresponds to the §t = 0 limit of the boundary quench process. The spatial
directions along the boundary are suppressed in the figure.

2.1.1 Vaidya metric
We consider a metric of the form

L2

ds* = = (= f(v, 2)dv* — 2dvdz + dZ?) . (2.1)

22

In the limit the sourcing interval dt goes to zero, the width of the collapsing shell goes

to zero and f(v, z) can be expressed in terms of a step function
f(v,2) = 1—-0(v)g(2) . (2.2)

For v < 0, the metric is given by that of pure AdS,

2
ds* = % (—dt* + d2* + dz?) (2.3)
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where

v=t—=z, t=v+z2. (2.4)

For v > 0, (2.1) is given by that of a black hole in Eddington-Finkelstein coordinates,

L2

ds* = ) (=h(z)dv? — 2dvdz + dZ?) , (2.5)

which in terms of the usual Schwarzschild time ¢ can be written as

ds® = i—j (—h(z)dt2 + ﬁd% + dfz) (2.6)
with
h(z)=1—g(2), v=t—o(z), o(z)= Oz hi(j_)- . (2.7)

The functions h(z) in the black hole metric (2.5)—(2.6) may be interpreted as “pa-
rameterizing” different types of equilibration processes with different final equilibrium
states. We assume that (2.1) with some g(z) can always be achieved by choosing an
appropriate configuration of matter fields. In following discussions we will not need
the explicit form of h(z), and only that it gives rise to a black hole metric. We will

work with a general boundary spacetime dimension d.

More explicitly, we assume h(z) has a simple zero at the horizon z = 2, > 0,
and that for z < z, it is positive and monotonically decreasing as a function of z
as required by the IR/UV connection. As we approach the boundary, i.e. as z — 0,

h(z) approaches zero with the leading behavior
h(z) =1—Mz*+ .- (2.8)

where M is some constant. From (2.8), one obtains that the energy density of the

equilibrium state is

d—1 7 _
L d 1M

= - 2.9
87I'GN 2 ’ ( )
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while its temperature and entropy density are given by

| (z1)| Lt 1
T = T R Seq = F@ . (210)

Representative examples of (2.5) include the AdS Schwarzschild black hole with
(2.11)

which describes a neutral final equilibrium state, and the AdS Reissner-Nordstrom
(RN) black hole with
h(z) =1 — Mz* 4 Q*2%%2 (2.12)

which describes a final equilibrium state with a nonzero chemical potential for some
conserved charge.
A characteristic scale of the black hole geometry (2.5)—(2.6) is the horizon size!

zp, which from (2.10) can be expressed in terms of the entropy density seq as

1
Ld—l 1 d—1
= —_ . 2.13
o (4GN Seq) ( )

Were we considering a gas of quasiparticles, the prefactor %_; in (2.13) could be
interpreted as the number of internal degrees of freedom of a quasiparticle, and z,
would then be the average distance between quasiparticles, or mean free path. Here of
course we are considering strongly coupled systems which do not have a quasiparticle
description. Nevertheless, z, provides a characteristic scale of of the equilibrium
state. For example, as we will see below it controls the correlation length of equal-
time correlation functions and Wilson loops in equilibrium.

For the collapsing process described by (2.1) we can also identify z, as a “local

equilibrium scale” 4.,, which can be defined as the time scale when the system has

ceased production of thermodynamic entropy, or in other words, has achieved local

I'Note that while the horizon location is a coordinate dependent quantity, in the particular radial
coordinate used in (2.5)—(2.6) zp, corresponds to a meaningful boundary scale as for example indicated
by (2.13).
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equilibrium at distance scales of order the “mean free path” of the equilibrium state.

We will discuss further support for this identification at the end of Sec. 2.2.3.

We note that in the AdS Schwarzschild case (2.11), the temperature T is the only

scale and controls both the local equilibrium scale 2, and energy density £ (given

by (2.9)),

d 1 (4rT\?
T = M=— = (2 .
Az’ 28 ( d ) ’ (2.14)

but that in a system with more than one scale as in the Reissner-Nordstrom case,
zn and € (or M) do not depend only on 7. In the Reissner-Norstrom case, it is

convenient to introduce a quantity

Az, T
d

(2.15)

which decreases monotonically from its Schwarzschild value of unity to 0, as the
chemical potential is increased from zero to infinity at fixed 7. Thus with a large
chemical potential (compared to temperature), the local equilibrium scale £eq ~ 2,
can be much smaller than the thermal wave length 1/7. In this regime, the system is
controlled by finite density physics which gives rise to the scale z,. For recent related

discussions, see [19].

Finally, we note that the metric (2.1) is not of the most general form describing a
spatially homogenous and isotropic equilibration process. If the equilibrium state has
a nontrivial expectation value for (or sourced by) some scalar operators, the metric
has the form

2_L2

ds* = = (- f(v, z)dv® — 2¢(v, z)dvdz + dz?) (2.16)
z

with f(v,z) = 1 —60(v)g(z) and ¢(v,z) = 1 — 8(v)m(z). The black hole part of the

spacetime now has a metric of the form

2___L2

ds* = — (—h(z)dv? — 2k(z)dvdz + dZ?) (2.17)
2
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with h(z) =1 — g(z) and k(z) =1 — m(z), and can also be written as

2

ds* = % (—h(z)dt2 + 4z hz)

I +da’c’) , k*(2) = oR (2.18)

We will restrict our discussion mostly to (2.1), but it is straightforward to generalize

our results to (2.16) as will be done in various places below.

2.1.2 Vacuum properties

Before the quench, our system is in the vacuum state of a strongly coupled CFT with
a gravity dual. Consider an extremal surface I's (with boundary ¥) in pure AdS,
whose area gives the vacuum value of the corresponding physical observable. When

¥ is a sphere,?

Asprere = local divergences
(-1)7b, n even

+ann—l (219)
(-1)*% b, logR nodd

where w,_; is the area of unit (n — 1)-dimensional sphere and

(n—2)!

= ————— . 2.20
(n—1! (2:20)
When ¥ is a strip,
2Llog R n=1
Astrip = local divergences + ,
R S |
VTL(3 + 5
a, = D (2.21)
I'(5)

where Agip is the area of the strip ¥ with both sides included. The local divergences

in (2.19) and (2.21) can be interpreted as coming from short-range correlations near

2The following expressions for ¥ a sphere or strip have appeared in many places in the literature.
For the case of entanglement entropy with n = d — 1, they were first obtained in [63].
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3 and its leading contributions are proportional to Ay.

The number of degrees of freedom in a CFT can be characterized by a central
charge s4, defined in all dimensions in terms of the universal part of the entanglement

entropy of a spherical region in the vacuum [56],

(—1)“F sq d odd
= local divergences + , (2.22)

(—1)15‘2'301 log R deven

S(Vaﬁ)

sphere

where from (2.19),

L1 o5 [4-1 1 dodd

= wd_de_l = — X . (223)
4G N ['(£)4GN d even

Sd

Ao

Note that for d = 2 the above central charge is related to the standard central charge

C as

c
2= (2.24)
From the standard AdS/CFT dictionary, sq o N? where N is the rank of the gauge
group(s) of the boundary theory. If we put such a holographic CFT on a lattice, s4

is heuristically the number of degrees of freedom on a single lattice site.

From (2.19)—(2.21), a Wilson loop of circular and rectangular shape respectively

have the vacuum behavior

e#VA  circle L2
Wy, ~ ., VA== (2.25)

e~#VX%  rectangle

where £ denote the length of the long side of a rectangular Wilson loop. Similarly
one finds that the two-point correlation function of an operator with large dimension

A ~mL > 1is given by
1
R2A

G(2R) ~ (2.26)
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2.1.3 Equilibrium properties

After the quench, our system eventually evolves to a final equilibrium state dual to
a black hole in the bulk. Here we briefly review properties of an extremal surface I's
(with boundary %) in the black hole geometry (2.6), whose area gives the equilibrium

value of the corresponding physical observable.

To leading order in large size limit, one can show that for ¥ of any shape [48]

L™V L
nE = aquE ) Oeq = —1 » (227)
Zh Zh

A(;Q) —

where Vg denotes the volume of the boundary region bounded by surface X, and deq
can be interpreted as an equilibrium “density.” This result has a simple geometric
interpretation in the bulk — in the large size limit, most of the extremal surface simply

runs along the horizon. In particular, for entanglement entropy,

S(EQ) _ Lt Vs
= 4Gy 21

SEMS (2.28)

where we have used the entropy density s.q from (2.10). For a Wilson loop we have

—#VAG
h

Weq ~ € (2.29)

where Vg is now the area of the region enclosed by the loop. The two-point correlation

function of an operator with dimension A ~ mZL > 1 is given by

2R

Geg(2R) ~ €250 . (2.30)

2.1.4 Further comments

It should be kept in mind that while the final equilibrium state has a temperature and
coarse grained thermal entropy density, the Vaidya geometry describes the evolution
of a pure state. As a consistency check, one can show that for such a process the

entanglement entropy for a region A is the same as that of its complement [1, 3, 68].
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Thus the equilibrium entanglement entropy (2.28), despite having a thermal form,
reflects genuine long-range quantum entanglement. The reason (2.28) has exactly
the form of a thermal entropy is as follows. We are considering a finite region in a
system of infinite size. Thus the number of degrees of freedom outside the region is
always infinitely larger than that inside. As a result in a typical excited pure state

the reduced density matrix for the finite region appears thermal [58].

Before the quench, our system is in a vacuum state of a CFT and thus already
has long range correlations, whereas the initial state of [14] only has short-range
correlations. However, this difference is likely not important for the questions we are
interested in, which concern the build-up of the finite density of entanglement entropy
in (2.28). The long-range entanglement in the vacuum, quantified by the universal
part in (2.22), is measure zero compared to (2.28). Heuristically, for odd d, the long-
range entanglement entropy in the vacuum, being a R-independent constant, amounts
to that of a few sites inside the region that are fully entangled with the outside, while
in equilibrium, almost all points inside the region become entangled. For even d, there
is a logarithmic enhancement of the long-range entanglement in the vacuum, but it

is still measure zero compared to the final entanglement in the large region limit.

From the perspective of entanglement entropy, the equilibration process triggered
by the quench builds up long-range entanglement, as can be seen by comparing (2.28)
and (2.22), whereas from the perspective of correlation functions and Wilson loops in
which A appears in the exponential with a minus sign, the same process corresponds
to the destruction of correlations (compare (2.29)-(2.30) with (2.25)—(2.26)). More
specifically, long range correlations in the latter observables which were present in the
vacuum are replaced by short-range correlations with correlation length controlled by
2. However, there is no contradiction, as the process of building up entanglement
also involves redistribution of those in the vacuum — pre-existing correlations between

local operators and over the Wilson loop get diluted by the redistribution process.
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2.2 Extremal surface solutions

Here we describe equations of motion for I'y and its general characteristics when ¥
is a strip or a sphere. In such cases I's; can be described by two functions, z(p),v(p)
for a sphere, or z(z;),v(z;) for a strip. For both shapes the functions satisfy the
following boundary conditions at the boundary as well as regularity conditions at the

tip of the surface,

z(R)=0, v(R)=t, 2(0)=2(0)=0. (2.31)

For a strip we will write z; simply as z. It is convenient to introduce the location
(2t,v¢) of the tip of I's,
z(0) = 2 , v(0) = vy . (2.32)

The sphere and strip being highly symmetric, specifying (z;, v;) completely fixes I's.
The relations between (R, t) and (z:,v;) are in general rather complicated and require
solving the full equations for z(p),v(p) or z(z),v(z). Also, it is possible that a given
(R, t) corresponds to multiple (z;, v:)’s, i.e. multiple extremal surfaces have the same
boundary data. Then as mentioned earlier we will choose the extremal surface with

smallest area.

For ¥ a sphere or strip we will simply denote Asx(t) as A(R, t).

2.2.1 Strip

The area of an n-dimensional surface in (2.1) ending on a strip ¥ can be written as

R
A= %K / dz @, Q=1-207— f(z,0)0" (2.33)
-R
where
K = LnAstrip ) (234>
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with Agip being the area of ¥ (both sides of ¥ are included which gives the % factor
in (2.33)). z(z),v(z) then satisfy the equations of motion

V@ () = 35, (2.35)
2"/ Q0, ( n\/__) n%#—%gv’z. (2.36)

Since the integrand of A does not depend explicitly on z, there is a first integral

2"\/Q = J = const . (2.37)

Furthermore, when 9,f = 0, equation (2.35) can be integrated to give another first
integral,

2+ fv' = E = const . (2.38)

We are mainly interested in I'y; which go through both AdS and black hole regions.
With reflection symmetry about x = 0, we only need to consider the z > 0 half of

such a I'ys. We now discuss equations in each region separately:

1. AdS region: From (2.31) and (2.38) we have
E=2+v=0 (2.39)

and from (2.37)
1
2 = —z—n\/ J2 =z J =27, (2.40)

which give

z(z) = v(z) =tz — 2. (2.41)

s VA -y
2. Matching conditions at the shell: Denoting the values of z and z at the in-

tersection of I'y; and the null shell v = 0 as z. and z., respectively, we have
2e= 2+ Ut (2.42)
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and derivatives on the AdS side of the null shell are

1
2 == = 0 22 — 22 (2.43)

To find derivatives on the other side, we integrate the equations of motion (2.35)—

(2.36) across the null shell to find the matching conditions

’U;_:'UI_, Q+:Q—a

1 1
2, =2z + Eg(zc)v’ = (1 - 59(%)) 2. (2.44)

Note we have used the subscript — (+) to refer to quantities on the AdS (black
hole) side of the null shell.

. Black hole region: From matching conditions (2.44), J is the same as in the

AdS region, i.e. given by (2.40), while E is given by
1 /
E = Eg(zc)z_ <0 (2.45)

implying ¢ is no longer constant. From (2.38),

v = (2.46)

2% = h(z) (zi: - ) +E*>=H(z2). (2.47)

Substituting (2.47) back in (2.46) we also have

Z_Z _ _% <\/_Eﬁ n 1) , (2.48)
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Collecting equations in the two regions we find from (2.40) and (2.47)

(2.49)

R_/zt dz _I_/ZC dz
Zec 1/3;2_:;_1 0 \/H(Z)’

where we have assumed that z(z) monotonically decreases as x increases (recall we
let z > 0). As we will see later z(z) can be non-monotonic in which case the above
equation should be suitably modified. Similar caveats should be kept in mind for

other equations below. From integrating (2.48),

e dz E
= () (250)

Note that at z = 24, h(z)™! has a pole but the integrand in (2.50) remains finite

as the second factor vanishes at z = z;,, due to H(z;) = E? and E < 0. Finally,

from (2.40) and (2.47) we have that the area of I's; is given by

A= Augs + Apr (2.51)
where
L4 ;" / 1 d . (2.52)
- =z —— .
K AdS ¢ % Y yn 1 — y2n
and
L4 ”/zcdz—l (2.53)
—_ =z . -
KPR T e JHG)

For a given R and t, we can use (2.49) and (2.50) to solve for z(R, 1), z.(R, t) after

which (2.51) can be expressed in terms of R and t.

2.2.2 Sphere

The area of an n-dimensional surface in (2.1) ending on a sphere ¥ can be written as

zn

R n—1
A= K/ dp P VQ, Q=1-207— f(z,u)? (2.54)
0
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where

As ere

It follows that z(p), v(p) satisfy the equations of motion

SVG, [ 1 _nQ 18,

pn—l 8,, l: o \/Q’Ujl = —Z_ + 5—62’1)2 s (256)
n /Q n—1 1 , , 1af ,

zpn—l ap Iipzn \/@(Z + f’U ):I = 5%”2 ) (257)

and boundary conditions (2.31). When 9, f = 0, equation (2.57) can be integrated to

give
] (' + fv') = E = const (2.58)
e |
which can also be expressed as
n—1
prT f dt
<L " _E 2.59
Zt /Qdp (2:59)

where ¢ is the Schwarzschild time.

-Again, we are interested in 'y which go through both AdS and black hole regions:

1. AdS region: Given (2.31), we again have E = 0, which implies that the solution
in the AdS region is the same as that in pure AdS, i.e. is given by [62]

z2(p) =Vz —p*, v(p)=z+v—2(p) . (2.60)

2. Matching conditions at the shell: Denoting values of z and p at the intersection

of I'y and the null shell v = 0 as z. and p,, respectively, we have

ze=2z+v, pe =/ 2 — 22 (2.61)

and derivatives on the AdS side of the null shell are

2 =— =-2= (2.62)



To find the corresponding derivatives on the other side, we integrate (2.56)
and (2.57) across the shell, which again leads to the matching conditions (2.44)

but with 2/, v/ now as in (2.62).

. Black hole region: The matching implies

1/p.\" g9(2c)

E=-> (%) 9% .

. (z) <0 (2.63)
and t is no longer constant. Solving for v’ and @ in terms of 2’ using (2.58), we
obtain

1 EBy/1+ 2 n
vo=— [ ——L |, B=-_ (2.64)
h(z) 14 E2hB2 P

which, when substituted in (2.56), gives the equation for z

(h+ E*B*) 2" + (h + 2?) (n — lz' + n_h)

P z
8,h
- =0. (2.65)

+ (EZBQ _ 212)

From integrating (2.64), the boundary time is

R EBy/1+ 22

d
t = / i ~z’+___..._h_
pe I 1+ B2

R 2 R2 2
d E*“B* —
~ L. he o = (2.66)

where the second expression is manifestly well-defined at the horizon, and the integral

is evaluated on shell, with z(p) satisfying equation (2.65) and boundary conditions

(2.44) at p = p. and z(R) = 0. Finally, from (2.60) and (2.64), the area of I's can be

written as

A= Apgs + Ay (2.67)
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where

1 Pe pn—l " ‘ﬁf 1
—Apgs = d 1 2 = de —————~ 2.68
and
12
1 R n—1 1+ &2
— Apn = / dp? " (2.69)
K e Zn [ 4 E2B?
h

Note the story here is significantly more complicated than for a strip. One needs
to first solve the differential equation (2.65) with initial condition given by the last
equation of (2.44). Imposing the boundary condition z(R) = 0 gives a relation
between p. and z.. One then needs to evaluate (2.66) to find z.(R,t), p.(R,t) and
finally use (2.67) to obtain A(R, t).

2.2.3 Time evolution

We now describe geometric features of I'y;, during its time evolution, using as examples
the case of ¥ being a sphere or a strip. For the two shapes the equations of motion
(given in Sec. 2.2) can be readily solved numerically. We are interested in long-

distance behavior, i.e. we take

R>z, . (2.70)

At fixed R, as tis varied, the tip (2.32) of I'y, traces out a curve (z;(R, t), v:(R, t))
in the Penrose diagram. This provides a nice way to visualize the evolution of I's

with t. See Fig. 2-2.

Instead of (z;,v;) it is sometimes convenient to use (2, 2.) or (z, p.) to specify I's,
where z. and p. are the values of z and p at which the I's intersects the null shell.
For both sphere and strip 2. = 2, + v;. For a sphere p. is given by (2.61), while fof a
strip x. can be obtained by setting z = z. in (2.41).

We now elaborate on various stages of the time evolution of I'y;, and strategies for

- obtaining A(R,t) in each of them.
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(a) (b)

Figure 2-2: Cartoon of the curve (z(R,t),v:(R,t)) for (a) continuous and (b) dis-
continuous saturation. Cartoons of various extremal surfaces whose tip are labelled
above are shown in Fig. 2-3. (a): For continuous saturation the whole curve has a
one-to-one correspondence to (R, t), and saturation happens at point C' continuously.
(b): Discontinuous saturation happens via a jump of the extremal surface from one
with tip at C’ to one with tip at C. Along the dashed portion of the curve, different
points can correspond to the same (R, t).

(a) (b) (c)

Figure 2-3: Cartoons of extremal surfaces with tip at various points labelled in Fig. 2-
2. Spatial directions are suppressed. (a): At t = 0., the extremal surface starts
intersecting the null shell, with z, very small. (b) When t 2 z;, the extremal surface
starts intersecting the null shell behind the horizon. (¢) The extremal surface close
to continuous saturation for which z; — z. is small.

For t < 0, I'y, lies entirely in AdS, and

R  sphere
Zt(R, t< O) = y vy =t—2z (271)
(—% strip
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where a, was introduced in (2.21). A(R,t) is independent of t and is given by its
vacuum value. In Fig. 2-2 this corresponds to the part of curve below point A. Note
that as R — o0, 2, — 0.

At t = 04, or point A, I'y starts intersecting the null shell (see Fig. 2-3(a)). For
t < z,, the point of intersection is close to the boundary, i.e. 2z, < z,. This defines
the pre-local-equilibrium stage mentioned in the Introduction. In this regime, one
can extract Ay (t) by expanding both t and A in small z,.

When t becomes of order z,, at some point I'y, starts intersecting the shell behind
the horizon, i.e. z. > z;. An example is point B in Fig. 2-2, whose corresponding I's
is shown in Fig. 2-3(b).

There exists a sharp time t; after which I's; lies entirely in the black hole region. I's
then reduces to that in a static black hole geometry. It lies on a constant Schwarzschild

time t = t outside the horizon and is time independent. That is, for t > t;
z(R,t) = z(R) < 2 , v =t—o(z) (2.72)

where 2z, denotes the location of the tip of I'y; in the static black hole geometry, and
in the second equation we have used (2.7). This corresponds to the part of the curve
above point C in Fig. 2-2. For t > t,, A(R,t) is time independent and given by its
equilibrium value.

The saturation at the equilibrium value at t; can proceed as a continuous or dis-
continuous transition, as illustrated in Fig. 2-2. For a continuous transition, depicted
on the left, the entire curve (z:,v;) as a function of t has one-to-one correspondence

with (R, t) and saturation happens at point C, with t, given by

w(t) =0,  &(R)=o(z(R) = / Zb% | (2.73)

0

In contrast, for a discontinuous saturation, depicted on the right plot of Fig. 2-2, in
the dashed portion of the curve, there are multiple (z;,v:) associated with a given
(R,t). As a result, the minimal area condition requires that the extremal surface

jump from point C’ to C' at some t,. In this case there does not exist a general
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formula for t;. For a discontinuous saturation, Ax(t) is continuous at t,, but its first
time derivative becomes discontinuous.
In the case of a continuous saturation, for which the first time derivative of Asx(t)

is continuous, one can then define a critical exponent v (by definition v > 1)
As(t) — A8V « —(t, — 1) . (2.74)

The “critical” behavior around saturation can be obtained as follows. As t — t;, the
tip of I's approaches the null shell, i.e. z; — 2z, — 0 with 2z, z. — 2z (this is depicted
by point D in Fig. 2-2 and Fig. 2-3(c)). Thus one can expand both t—t; and A — A

in small z; — z,.

Ze 2,
14 14
T SR e
12| | Y 12} \.“ \
| : 3 i
1.0 ‘| 1.0 |
1
08 l 0.8
| : ‘ i |
0.6 | 0.6
0.4 0.4 !
02 02 | |
o0 3 i 6 8 i@ 00 2 4 ' 6 8 107
(a) (b)

Figure 2-4: Parametric curves (z(R,t),z.(R,t)) at fixed R and varying t for
Schwarzschild h(z) in d = 3. Different curves correspond to R = 2,3,---,10. In
both plots, we choose units so that the horizon is at z, = 1. (a): For a strip. Note
the saturation is discontinuous with z, lying behind the horizon at the saturation
point where each curve stops. (b): For a sphere. The saturation is continuous and
z. lies outside the horizon at the saturation point (in the plot it is too close to the
horizon to be discerned).

So far we have based our discussion on generic features of bulk extremal surfaces
without referring to explicit solutions. To understand what happens during inter-
mediate stages of time evolution, i.e. between B and C in the figures of Fig. 2-2,
it is useful to work out specific cxamples of the evolution of (2 (R, t),v(R,t)). In
Fig. 2-4, we give the parametric plots of (z(R, t), z.(R, t)) for various values of R, for
¥ a strip and a sphere, for Schwarzschild h(z) with d = 3. From these plots we see a
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remarkable phenomenon: curves of varying R, after a brief period of order O(z},), all
collapse into a single curve z¥(z;) highlighted by the dashed line in each plot.

In Sec. 2.3, we will show that the universal curve z}(z;) corresponds to a critical
line in (2, z.) space: for a given z;, I's reaches the boundary only for 2, < z¥. In
particular, for a I's with z. = 2%(2;), to which we will refer as a “critical extremal
surface,” the surface stretches to p,v = co. As a consequence, for sufficiently large R
and t, (2, z.) lies very close to the critical line, and the evolution of A(R, t) is largely
governed by properties of the critical extremal surfaces. We will show that this is
responsible for the linear growth discussed in [49].

To conclude this section we comment on the role of z; in the evolution. As can
be seen from the above discussion, zj, plays the characteristic scale for the evolution
of I's. There is an important geometric distinction between the time evolution of
surfaces with R < 2, and of those with R > z,. In the former case, I's(t) stays
outside the horizon during ts entire evolution, while in the latter case important
parts of its evolution are controlled by the geometry near and behind the horizon.
This supports the identification of z; as a “local equilibrium scale” as only after such
time scale does an extremal surface start probing the geometry around the black hole

horizon.

2.3 Linear growth

In this section, we show that with ¥ given by a strip A(R,t) grows linearly with t
for R > t > z,. We will see that the evolution is largely controlled by the critical
extremal surface discussed in the last section. The same growth also applies to a

sphere and other shapes.
2.3.1 Linear growth

To obtain the behavior for R > t > 2, we consider 2. close to 2} for some z;,

ze=2zx(1—¢), ek 1 (2.75)
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and assume that

z: Zm 2;
Zelm g1, <1. (2.76)
2 2 | log €]

In this regime we can expand t, R, and A in a double expansion of 1/2; and e.

We now proceed to evaluate the boundary quantities t, R, and A using (2.49)-
(2.53). Note that these equations should be modified when z(z) is not monotonic,
which happens, for example, for z; > zt . Then z, = 2} < 2, i.e. after intersecting
the shell, z(x) first moves to larger values of z before turning around. In this case

equation (2.49) should be modified to

R = /dz z% (/ dz+/ dz) JEG) (2.77)

and similarly for others. In the above equation z, is the root of H(z) which is slightly

smaller than z,, and z, = z,, for e = 0.

It is useful to separate z(z) into four regions: (i) AdS region from z; to z, (ii)
from z. to near z,, (iii) running along z,,, and (iv) from near z,, to boundary z = 0.
One can then check that contributions to t, R, and A — A,,. from regions (ii) and

(iv) are at most O(z}).3

Now let is look at region (iii). Near z = z,, with z, = z*(1 — €), we have

H(2) = Hy(z — 2)% + be | (2.78)
where
_ 1 " _ *dE2
H, = EH (Zm) » b= -z a2 ., . (2.79)

Note Hy > 0 and that b < 0 (b > 0) for 2z > 29 (2 < 2). In (2.50) (or its

non-monotonic version), there is no contribution from region (i), while region (iii)

3When z,, — 0o as z; — 00, one has to be careful because the integration range from z} to zp,
is large. One can check that divergent contributions from (ii) and (iv) cancel.
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contributes at order loge, leading to

E(z})

C

—mloge+--- . (2.80)

In (2.49) (or (2.77)) there is an O(z;) contribution from (i) in addition to a log e term

from (iii),

R=ayz — loge+--- (2.81)

1
VH,
where a, was introduced (2.21) (c.f. (2.71)). Using (2.80), we can then rewrite (2.81)

5 = % (R-— gé"‘;t> T (2.82)

c

as

Now counsider the evaluation of A using (2.51)—(2.53). After subtracting the vac-
uum value Ay, the diverging contribution near z = 0 in region (iv) cancels and the

dominant contribution is again from region (iii),

1

n
t

EAA = —I‘%(A — Avac) = —Zfﬁi/ng loge+ O(1) . (2.83)
Collecting (2.80) and (2.83), we find
AA=KM\+- - (2.84)
with

where in the second equality we have used (2.47) to express E(z}) as

B(2) = —\/ —h(zm) (?—; - 1> . —h(zm)% Lo (286)

Upon substituting the explicit form of K (2.34), we have

AA = /=7 (zm) Aspript + -+ - (2.87)
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where v(z,,) is the determinant of the induced metric on the critical extremal surface
at zp,, which is spanned by v and z,,--- ,z,, i.e. directions along X. Using the

equilibrium “density” aq introduced in (2.27), we can also write (2.84) as
AA = 8eqAstripUnt + O(1) (2.88)

where the velocity v, is given by
Up = (——) —h(zm) . (2.89)

In particular, for n = d — 1, we have the entanglement entropy

A
AS = é — e Asiyvpt + O(1) (2.90)

where seq is the equilibrium entropy density in (2.10), and

m

VE = vgy = (-)d_l “h(zm) . (2.91)

In the regime of (2.76) we can approximate the value of z,, in various equations
above by that at z; = co. So to leading order in large R limit, the evolution is
linear. Note in order for (2.76) to be satisfied we need t to be large enough so that
2. is sufliciently close to 2}, but not too large such that z; becomes comparable to 2}

(see (2.82)) to invalidate (2.76).

2.3.2 Example: Schwarzschild

Let us now consider the Schwarzschild case for explicit illustration. Depending on
the value of n = 27”, z¥ and 2z, behave differently in the limit of a large 2;. Below
we consider these situations separately. While we are considering Schwarzschild, the
discussion only depends whether z} and z,, have a finite limit as z; — co. So we will

still keep h(z) general in our discussion.
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n>1

For n > 1, which covers the case of entanglement entropy n =d —1 in d > 2, both 2}
and z,, remain finite of order O(zy,) in the limit of large z;. The assumptions (2.76)

then apply when R >> t>> O(z).

In this case we can show that the linear growth (2.88) in fact persists all the way
to saturation, which happens via a discontinuous transition. We do this by assuming

the conclusion, strongly suggested by Fig. 2-4, and checking self-consistency.

With the linear growth (2.88), A will reach its equilibrium value (2.27) at time

=2 i (2.92)

() vAG

when, from (2.82) and (2.86),

2 n
zt:_@(l_(i@))Jr..., (2.93)
an ZitZp

For n > 1 the second term in parentheses is small for large z;, so we find that when

the system reaches the equilibrium value, z; is still very large.

When t is greater than (2.92), equation (2.88) exceeds its equilibrium value, and
the extremal surface with smallest area is no longer a near-critical extremal surface
to which (2.88) applies, but one that lies solely in the black hole region. Thus the
extremal surface jumps at t;, and the saturation is discontinuous. Note that for

entanglement entropy, the saturation time is
R
t, = — (2.94)

where vg was given in (2.91).
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n=1

For n = 1 and that of a spacelike Wilson loop in d = 4, 2 remains finite but z,,

increases with z; in the large z; limit. In this case, there is still a linear regime, with
vy, =1. (2.95)

Furthermore, the expression inside parentheses in (2.93) becomes zero at the time (2.92),
i.e. z; becomes comparable to z. before (2.92) is reached. Thus the system exits the

linear growth regime before saturation.

n<l

For n < 1, both 2z} ~ 2 (with @ < 1) and 2, x 2 grow with 2, in the limit z; — oo.
Then since 2z} is also very large for large 2, it may take a long time for 2. to reach
z*

*. If z is still O(R) as z. first approaches 27, the linear regime could still exist.

Supposing such a regime exists, equation (2.89) gives for Schwarzschild h(z)

gd_n
,01(15)=<z_m> 5o, (2.96)

2h

which is physically unreasonable and suggests that a linear regime does not exist.

Explicit numerical calculation appears to be consistent with this expectation.

Next we generalize the linear growth found for a strip to general shapes. We show
that for t in the range R > t > z;,, Ax(t) generically exhibits linear growth in t with
a slope independent of the shape of 3. Again the technical requirement is that 2}

should remain finite as z; — 0o, which for Schwarzschild g(z) amounts to 2n > d.

We first rederive the linear growth from a scaling limit, which we can extend
straightforwardly to general shapes. We will also extend results to the wider class of

metrics (2.16).
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2.3.3 A scaling limit

The linear growth of the last section occurs when z; is large but z¥ remains finite in

the limit z; — oco. In this regime, with z. = 2* we have (from (2.41))

zn+1

Te = 2(2.) = A2y — —— (2.97)

t

Also from (2.82) and (2.86)
anzt = R—O(2;") . (2.98)

The above equations suggest that in the black hole region we should consider a scaling

coordinate

y=(R—1zx)z] . (2.99)

Indeed, in terms of y equation (2.47) has a scaling form independent of z; to leading

2 2
(%) _ha) el S (2.100)

dy z2n 422n

order as z; — 00,

Similarly, to leading order in 1/z;, equation (2.48) becomes

1
% = 2 1. (2.101)
z Z—(gi—) +a?
From (2.100) and (2.101), we conclude
dr 1 dv
o~ — — ~0 2.102
dz 20’ dz () ( )

Then using z as the independent variable, the action (2.33) in the black hole region

is

dv
= I"A.. ~ - 2— -
ABH L Astrlp/o dz \/ h (dz)



Figure 2-5: In the limit of a large z; and a finite 2. = 2z}, the evolution in the
black hole region is essentially solely in the time direction, with two sides of the strip
evolving independently.

= dv dv\?
= L™ Agsi dz—4¢|—2— —h| — 2.1
T ‘o dz (dz) (2:108)
where in the second equality we have dropped the term (‘;—‘;)2 ~ O(z7®). It may

look odd that in (2.103) z(z) completely drops out. This in fact has a simple geo-
metric interpretation: from (2.97)-(2.98), by the time the extremal surface reaches
Ze, (2:) = R — O(2;™) has essentially reached its boundary value R, while v(z.) is
zero and still far away from its boundary value v(z = 0) = t. Thus the evolution of
the extremal surface in the black hole region (for z < z.) is almost completely in the
time direction. See Fig. 2-5 for an illustration. For purposes of calculating the area
A to leading order in 1/z;, we can simply ignore the evolution in z-direction. As a

consistency check, we indeed recover (2.101) by variation of (2.103).

Integrating (2.101) we find that

t=/ ‘%z S (2.104)
0 }:,(21)“1'@2

and further substituting (2.101) into (2.103) we have

Z 1
Apn = LnAstrip/ dz (2.105)
0 z2n

Ez%-i"a?
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The linear growth of .A(t) can now be immediately understood from (2.104) and (2.105).
As before, for z, = 2}, % + @ has a double zero at its minimum z, *. For
2. = z¥(1 — €) with € — 0, both the integrals for t and .Agy are then dominated
by region around z,,, and we precisely recover (2.88).

Note that the action (2.103) as well as the linear growth of A is in fact identical to
that of [31|, where entanglement entropy between half spaces lying on two asymptotic
boundaries of an eternal AdS black hole was considered. The agreement can be
easily understood from Fig. 2-5; in the large z; limit, each half of the strip evolves
independently in the black hole region solely in the time direction, which coincides

with the set-up of [31].

2.3.4 General shapes

Figure 2-6: A cartoon of an extremal surface for ¥ with some arbitrary shape, in
the large size limit and t in the linear regime. Upon entering the black hole region,
the extremal surface has essentially attained its boundary shape ¥. The evolution in
the black hole region is essentially solely in the time direction and is the same as that
for a strip.

The intuition obtained from the above discussion for a strip and Fig. 2-5 can now
be generalized to arbitrary shapes. For arbitrary 3, we again expect that in the limit
R > t > z,, the evolution of the extremal surface after entering the shell will be

essentially solely in the time direction, as indicated in Fig. 2-6. In other words, in

4%(127) + a? differs from H(z) only by an overall scaling and thus has the same minimum and zero.
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the large size limit, when 2, is much smaller than the size of X, the curvature of X
should not matter in the black hole and each point of the extremal surface essentially

evolves like one on a strip. Below we present arguments that this is indeed the case.

Consider a smooth entangling surface ¥ which can be parameterized in terms of

polar coordinates as

p = Rr(Q), Z,=0 ‘ (2.106)

where () denotes collectively the angular coordinates parameterizing 3, R is the size
of X, and the function 7(£2) specifies the shape of ¥ . The bulk extremal surface can

then be parameterized in terms of p(z,2),v(z, ) with boundary conditions
p(z=0,Q) = Rr(f), v(z=0,Q) =t (2.107)

and regularity at the tip of the surface.
Writing
A2, =) g(@ds? , d'Q=]]5db; (2.108)

the area of X can be written as

2
As =R"! / "), 1+ S > N (2.109)

T2 gi

i

where

r; = 0,7 (€2) . (2.110)

Meanwhile, in the Vaidya geometry, the action for an n-dimensional extremal surface

ending on the above ¥ can be written as

2t n—1
As =L”/ dz/d”—lﬂ %T‘/@ (2.111)
é

with

1 1 1 (psv; — pvi)?
2 / 2 iVj — P5Vi
=p* =20 — f(v,2)v"* + Gi — (2.112)
@=r fv,2) p? Z 9i p* ; 9i9;
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where we have used the notation
p=0,p, p;=0ip, vV=0u wv;=0w (2.113)
and
Gi = —f(v,2)(p'vi — piv')* + 2p:(p'vs — pv") — v} . (2.114)

In (2.111) ¢ is a short-distance cutoff. It is readily found that in the black hole region

p and v have the following small z expansion (for z < zp)

p(z,2) = Rr(Q)— %ff(ﬂ) +-- (2.115)

v(z,Q) = t—z+ 0" (2.116)
where 7(2) is a function which can be determined from 7(2).

For R > t, to leading order in 1/R, the part of the extremal surface in the AdS
region can be approximated by that in pure AdS, which we denote p(”)(z, Q) (and for
which ¢ constant). For z/R < 1, p(© has the the expansion

p9(z,Q) = Rr(Q) + O(R™) (2.117)

Note that in contrast to (2.115) which applies only to z < zp, due to the scaling
symmetry of pure AdS and that ¥ as defined in (2.106) has a scalable form, equa-
tion (2.117) in fact applies to any z/R < 1 and in particular z ~ 2, &~ z*. Thus we

conclude that when the extremal surface enters the shell at z,
p(2:,Q) = Rr(Q) —O(R™Y) . (2.118)
From (2.115)—(2.116) and (2.118), the extremal surface in the black hole region
should then have the following scaling

P ~OR™Y), pi~OR), w~O[R™?), v~O0(). (2.119)
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Plugging in the above scaling into the action (2.111) we find that to leading order in
1/R,

Appn = L"R™ / dz / ' Q)
§

1 1 r?
V=% —hv?. |1+ = _E
pos v v + 2 % P

ze d
— I"4As z—:\/—ZU’—th (2.120)
é

which reduces to (2.103). In particular, all evolution in p and Q directions have
dropped out. Thus we conclude that (2.88) in fact applies to all shapes with Agyp
replaced by Asg.

The above discussion encompasses the case of ¥ being a sphere for which r(2) = 1.
In that case one can derive the above scaling limit explicitly from equations (2.56)—
(2.57). In particular, the linear growth regime is controlled by the first plateau of the

critical extremal surface as indicated in Fig. 2-7.

z(p)

Zh o NG S D N S A s »—m»h»-w—‘ -

Figure 2-7: Cartoon: For a sphere, in the linear regime the extremal surface follows
the critical extremal surface for a while but exits near the first plateau. The dashed
curve is the critical extremal surface.
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2.3.5 More general metrics

The above discussion can be readily extended to more general metrics of the form (2.16)-

(2.18). The action (2.120) is replaced by

Apss = LAy, / c ;1;\/—-h(z)v’2 mpyNp (2.121)
0

from which v(2) satisfies the equation

1 hv' +k

— = const (2.122)
2"\ —hv'? = 2kv'
which can be solved as (b is a positive constant)
k b
o = h(z) ~1 (2.123)
(2) \ /22 4 2
with
k
A _ 10 g k) ? (2.124)

2n :
dz z /%(fn_ L2

Other than a prefactor k(z) appearing in both equations, equations (2.123)—(2.124)
are identical to (2.104)—(2.105). The constant b should be determined by matching
conditions at the null shell, i.e. be expressible in terms of z. alone in the limit 2; — oco.
Its precise form is not important. As far as a 2z} exists such that % + b? is zero at
its minimum zy,,, A will have a linear growth regime for 2. close to z?.

Since in the linear regime the leading behavior is given by the behavior of the
RHS of (2.123)—(2.124) near z,,, the factor k(z,,) cancels when we relate A to t and

we conclude A is still given by (2.88) with the same v, i.e. the additional function

k(z) in (2.121) cannot be seen in the linear regime.
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Chapter 3

The Gravity Duals of Entanglement

Hamiltonians

3.1 Entanglement Hamiltonians

Given that the entanglement entropy of a spatial region is encoded in the gravity dual
as the area of the minimal surface, one can ask if there is a simple interpretation in

the bulk of the corresponding entanglement Hamiltonian operator
H=—-logp. (3.1)

Note that the entanglement entropy suffers from UV divergences associated to short-
distance entanglement across the boundary of the region. However, the claim that
the relative entropy Tr(pslog p2) — Tr(ps log p1) is regulator-independent [16, 53, 35]
is equivalent to the statement that only the piece of H proportional to the identity
operator is regulator-dependent. Then the UV divergences will not affect the modular
evolution that we investigate.

Very few characterizations of a general entanglement Hamiltonian are known other
than those which follow directly from its definition. For p associated to the causal

completion! C of some general spacetime region, H is a Hermitian and possibly un-

1'We define the causal completion of a set of points S in spacetime as the set of all points C(S)
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bounded operator acting on the Hilbert space of states in C. The conjugation by H

O(a) = e HOe (3.2)

is an automorphism on A(C), the algebra of bounded operators in C [29], and is a

symmetry of the expectation value of all operators in C,
Tr(p O(a)) = Tr (pO) . (3.3)

In the special cases of the region being half-space in the Minkowski vacuum of any
quantum field theory [8, 9] or conformally related configurations [17], and the case
of the region being a null slab in the Minkowski vacuum of a CFT [11], H has been
obtained explicitly and is a linear smearing of components of the energy-momentum
tensor over the region. For a general region and state, however, little is known about
H and one merely has the expectation that it cannot be written as a spacetime
integral of local operators.
In this chapter, we consider the modular evolution of a quantum field theory
density matrix p which has a semi-classical gravity dual,
po = eH peiel (3.4)
where H is the entanglement Hamiltonian associated to the reduced density matrix

of an arbitrary but fixed spatial region R,
H=—-logpr®1I. (3.5)

Defined thus as an operator on the full Hilbert space, H is a non-smooth operator
due to a kink at the boundary of R. However, integrating it over the location of R with
respect to a smooth test function should result in a smooth operator. Furthermore,

we will sometimes consider the operator K = Hr — Hp, which we conjecture is a

such that all causal curves passing through each point also passes through S. In the literature C(.9)
is also called the domain of dependence or the causal development of S.
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smooth operator. The logic is that the action of H very close to the boundary of R
is very similar to that of the entanglement Hamiltonian associated to a half space in

the Minkowski vacuum, for which K is a smooth operator.

The holographic duals of density matrices are not fully understood, and there is a
related ongoing investigation of the possibility of formulating AdS/CFT for subregions
[12, 13, 18, 37, 71, 32]. Moreover, the relation between entanglement and topology
proposed in [51] would imply that knowledge of a density matrix is insufficient even
to make probabilistic predictions for general bulk observables.? Thus although none

of our results depend on p being pure, we will take p to be that of a pure state [¢)),

p =) (| (3.6)

after which p, is again a pure state,

pa=la)lal, oy = y) . (3.7)

Note that H is an example of a state-dependent operator. Somewhat analogously
to [59, 60], we will find that there is a useful holographic interpretation of H when
acting on states close to the reference state, in the sense that they are given by a

small number of single-trace operators acting on |1).

We first show that at linear order in «, one can construct the classical metric g,
in the gravity dual of p, to leading order in 1/N, using the first law of entanglement
entropy [10]

d(H) =465 (3.8)

and the minimal (RT) and extremal (HRT) surface prescriptions for calculating spatial
entanglement entropy. Beyond linear order in «, we can use the fact that H, = H

to interpret the following expression for the metric perturbation (3.9) as a non-linear

2This is because information about entanglement is lost when a general probability distribution on
the Hilbert space of quantum states is replaced by an associated density matrix p = >, pi |i) (¥i]-
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differential equation in « for the metric g,. The metric perturbation takes the form

Buh =i < {H, h]> - 4(1;Ni < [Ah, h]> (3.9)

where & is a metric perturbation operator constructed by smearing boundary single-
trace operators using bulk equations of motion,? and A, is the change due to a metric
perturbation h in the area of the extremal surface corresponding to R, obtained by
elevating h to the operator h. This equation should be interpreted in the linearized
theory around the background dual to p, and the expectation values in (3.9) are taken
with respect to p.

Given that expectation values of operators inserted solely in C(R) or in C(R) are
invariant under modular evolution, if there is a bulk region B(R) in g = g, that is dual
to pg in the sense that the metric in B(R) is determined by pg, and similarly B(R)
for pg, the metric in those regions will be unchanged in g, up to diffeomorphisms.
Assuming the HRT prescription, the form of the ‘modular response’ d,h in (3.9)
implies that its diffeomorphism-invariant support is causal from the extremal surface
of R - in other words, one can choose coordinates, at least patch-wise, such that the
response vanishes at spacelike separation from the extremal surface. Thus the support
is indeed absent from the ‘entanglement wedge’ advocated in [32] to be B(R),* the
causal completion of the codimension-1 bulk region which interpolates between R and
its extremal surface on a Cauchy slice. Parallel statements hold for R.

Proceeding further and explicitly computing the diffeomorphism-invariant support
of O,h in simple examples, we find the following: except when R is a half-space or a
sphere and p is the Minkowski vacuum of a CFT, in which case the support is causal
from the boundary of the extremal surface,® generically there is support on interior
points of the extremal surface and thus at space-like separation from C(R) [71, 32].
Since H as a boundary operator is localized in C(R), this implies that generically

the entanglement Hamiltonian is a ‘precursor’ [61] in the sense of being a boundary

3Such a construction of the metric perturbation operator in Poincaré AdS appeared in [33]. Also
see [42].

4For other papers that have discussed how large B(R) should be, see [13, 18, 37, 71].

5The same is true for conformally related configurations.
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Figure 3-1: Cartoon of the diffeomorphism-invariant support of the modular response
Ouh = (9o —g)/a, as computed using the HRT prescription. The entanglement wedge
of R, whose intersection with the AdS boundary is C(R), is delineated in pink. Left:
for configurations (p, R) with special symmetry, the response is causal from OR. Right:
for generic (p, R) the response is causal from the entire extremal surface associated
with R. To avoid clutter here we have only drawn the upper half of time evolution.

operator that is sensitive to bulk processes at space-like separation. Alternatively,
the HRT prescription may need to be modified.

Moving beyond the metric, we discuss two methods of obtaining the deformation
0n (O1...0,) of n-point functions and other expectation values in general. The
first is to utilize (3.8) and perform bulk computations of the change in entanglement
entropy, staying in Lorentzian signature. The second is to analytically continue from
Euclidean path integrals defined on replica sheets. In certain instances the Euclidean
calculation simplifies further as we are able to use geometries with continuous conical
deficit following [45]. The knowledge of n-point functions allows us to recover the
action of the entanglement Hamiltonian on excitations about its defining state.

This chapter is organized as follows. In section 3.2, we study the modular response,
or deformations of the metric and correlation functions in the linearized p, state.
We give an explicit construction of the metric deformation. We discuss methods
of computing the deformation of general expectation values, and show that one can
recover the action of the entanglement Hamiltonian on nearby excited states. We also |
examine the special symmetric case that R is a half-space and p is the Minkowski
vacuum of a CFT. In section 3.3, we show that generically the modular response of the

metric as computed using the HRT prescription violates bulk causality, and discuss
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the known resolution of a similar conundrum for Wilson loops and geodesics. In
section 3.4, we present conclusions and open questions. In the appendices we present
computations of the metric response for an arbitrary region R when the gravity dual

to p is the Poincaré AdS vacuum.

3.2 Modular response

3.2.1 Deformation of the metric

Let us fix a quantum field theory density matrix p and a spatial region R understood

to be lying at some fixed time tz. This defines a entanglement Hamiltonian
Hyp=—logpr®I, pr="Trgp. (3.10)

In defining the reduced density matrix pgr we assume that the Hilbert space factorizes
as H = Hr ® Hg. The states in Hpr and Hy live in the spacetime regions C(R)
and C(R), respectively. The action of H o,k extends in the obvious way to the whole

Hilbert space H. From here on we omit the subscripts on H, g.

We start by making a simple observation as follows. Consider the unitary evolution

of p by some Hermitian operator O,

p — e 90 peia® (3.11)
Working to linear order in «,

dop =ialp, O] . (3.12)

Then deforming p alternatively by the entanglement Hamiltonian H and another

Hermitian operator O,
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where S = —Trg (prlog pr) is the entanglement entropy of region R. In the second
equality we have used that H acts trivially on Hz and and the last equality is the

first law of entanglement entropy.

The statements so far do not rely on gauge/gravity duality. Now let us assume
p has a semi-classical gravity dual with classical metric g. Then we note that if the
deformation dpp again gives a semi-classical state, dp.S in (3.13) can be computed at
leading order in 1/N using the HRT prescription. In particular, from the knowledge
of 0y (O) for single trace operators {O}, we can construct the modular response

h =dyg as

Oatar = i () = —03,,5 = 1= ([An. ] ) (3.14)

at leading order in 1/N or O(1). Here h is a metric perturbation operator written as
a smearing of boundary single trace operators {O}, by solving linearized equations of
motion about the gravity dual of the original state p at leading order in 1/N. When
p is the vacuum, or dual to a matter-free solution of Einstein’s equations, only the
expectation value of the boundary energy-momentum tensor dg (T is non-vanishing
at O(N), so h decouples from other bulk fields and is a smearing of T only. For
generic states p, 0y (O) is non-vanishing at O(N) for O # T as well, and one has to
solve a system of coupled differential equations for h together with other bulk fields.

Meanwhile,

N 1 N
Ay == / vaﬁe‘ée% hap (3.15)
E

is the change due to a metric perturbation A in the area of the extremal surface which
ends on OR, elevated to an operator. The integral is over the extremal surface E in the
unperturbed metric g, and we have denoted the induced metric and tangential vectors
on E as v,s and e%. Note that due to E being extremal, Ay is a diffeomorphism-
invariant operator. By causality in the bulk field theory, an operator q3 whose entire
diffeomorphism-invariant description, or ‘framing’, is space-like to E/, commutes with
Ay;,. Thus for instance, in the linearized theory, if one forms a curvature combination

of the metric response Oy4hq, which transforms homogeneously under diffeomorphisms,
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its support must be restricted to J (E),° the causal future and past of E. Similarly,
the modular response on the boundary corresponding to the leading fall-off of 8,k
will be restricted to the intersection of J(E) with the boundary, or J(dR) [32], as
required by (3.3) and triviality of the action of H on C(R). We are able to check this
explicitly for general regions R when g is Poincaré AdS.

Note that in the above the HRT prescription is put to use even when g is a static
metric - we used extremal surfaces in the bulk to compute the entanglement entropy
in the presence of time-dependent perturbations on top of g. Furthermore, the RHS
of (3.14) can only give the piece of the response at absolute leading order in 1/N, as
it was derived using the leading order expression for S. In it has can be replaced with
any boundary operator, but the leading order piece it yields will be zero for instance
for multi-trace operators, and in the vacuum, single-trace operators other than 1" as

well.

3.2.2 Deformation of general expectation values

In order to compute the deformation of general expectation values dy (O) = ad, (O)
(now O can be any operator, for instance a Wilson loop or a string of single-trace
operators) which are O(1) or smaller using the RHS of (3.13), one has to reckon with
quantum corrections to the RT /HRT prescriptions such as were considered in [23, 20].

However, if |¢) is a time-symmetric state that can be obtained from a real Eu-
clidean path integral with a corresponding classical gravity dual, one can derive the
deformation of expectation values of operators in |a) in another way.

Consider a Euclidean QFT path integral on a space with boundary at t = 0,
with sources for single trace operators turned on. This defines a quantum state
at t = 0 whose gravity dual is the analytic continuation to Lorentzian signature,
of the Euclidean bulk field and metric configuration with AdS boundary conditions
determined by the sources.

The trace Zy = Tr(p%) is given by the normalized QFT partition function on the

6We distinguish a causal domain in the bulk as opposed the boundary by placing a tilde above
the character.
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k-sheeted covering space branched over OR. In the bulk, the leading classical saddle
is smooth in the interior and asymptotes to the k-sheeted AdS boundary geometry.
As an operator, p% ® I is given by the Euclidean path integral from ¢ = 0 that does
nothing in R and glues in the k sheeted region over R, see figure 3-2.

Therefore (1|O(z)(p% ® I) |4) for any operator O is given by the associated Eu-
clidean expectation value, Zx.1(O(z))/Zk+1. The operator ordering is determined by
the Euclidean time of z relative to 7 = ¢t = 0. Analytically extrapolatinginn = k+1

and continuing z to Lorentzian signature, one finds that”

lim 0,
n—1

(Zn(o(x))

7 ) = —(O(z)H). (3.16)

The commutator response is given by the difference between the two operator order-

ings,

00 (0@, )) = §{(H, 0@, 0)) = iyl 0, (ZLAGL=1ED) _ O]

e—=0n—1 Zn Zin

(3.17)
Note that the RHS is continued from Euclidean signature and only non-analyticities
in Z,(O(Z,7)) contribute, which only exist for & € R, 7 = 0. Also note that for a
time-symmetric state |1), one could in principle compare the value of some 9, (O)

that is O(N) as computed from the above with that from the Lorentzian method,

"The same equation but formulated using a twist operator appeared in [39].

TN S o s g

Figure 3-2: Riemannian sheets for Euclidean path integrals corresponding to the
operator p% ® I, left, and pg, right.
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and this would constitute a check of the HRT prescription.

As explained in [45], one can quotient the bulk saddle dual to Z, by its replica
symmetry, to obtain a geometry which asymptotes to the original single-sheeted AdS
boundary but has a conical opening angle of 27 /n along a bulk defect. If the Eu-
clidean expectation value in (3.16) is dominated by the classical bulk geometry, it can
be extracted from the quotient space, and the analytic extrapolation in n is straight-
forward. This is the case when O is a single-trace operator or some other operator
whose expectation value in the large- N limit is given by a minimal geodesic or surface
in the Euclidean bulk saddle.?

Then immediately from (3.17) we have

1
Zx Zx ! (3.18)

x=0

s (O(E, 1)) = lim i 8,

e—0

(ZK(O@, t—ie))  Zu(O(Ft+ ie)))

where the RHS is continued from Euclidean signature with Z, being the partition
function over conical defect geometries with opening angle 27(1 — k). This is par-
ticularly useful in computing the deformation of 2-point functions of high-dimension
scalar operators, since the expectation values involved are given at leading order in
terms of lengths of geodesics in classical saddles g, of Z, .

Finally, we note that the two methods outlined above translate to respective argu-
ments that |a) with o infinitesimal is indeed a semi-classical state with a gravity dual
if |1) is. One needs to check that corrections to an n-point function of single-trace op-
erators (O ... Oy), besides the classical value (Oy),, ... {O,), are subleading in 1/N.
Below we also find it instructive to explicitly identify the subleading corrections in
the Lorentzian method.

Using (3.13), we have 8, (0;02) = —a"10,0,S. For small o, the state 22102 |¢))
is described by the same classical metric in the bulk dual as |¢) to leading order in
1/N, and thus 6.5 vanishes at leading order. At subleading order, there are two sources
of contributions to S - corrections to the bulk metric, and subleading corrections to

S besides the extremal area. The former arises from the bulk tree-level diagram of two

8[64] suggested that general correlation functions of H with operators in Minkowski space are
equivalent to correlation functions of just the operators on spacetimes with conical defects.
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scalars and the metric, and is calculable from the bulk Lagrangian - in CFT language,
the TOQO 3-point function gives a nonzero VEV to T in the state, and there is also
an explicit OO correction to the boundary expression for the bulk metric operator
[41]. The latter corrections include the bulk scalar field entanglement entropy [23],
so is more difficult to determine.

In any case, contributions from both are suppressed by 1/N compared to the
classical, factorized 2-point function. The same reasoning applies to general n-point
functions, and we have the desired conclusion.

Using (3.17), we reach an identical conclusion by noting that Z,,(O; ...O,) obeys
large-N factorization, due to the fact that a semi-classical bulk configuration domi-
nates its gravity dual and n-point functions on the boundary are limits of bulk n-point

functions.

3.2.3 Action of the entanglement Hamiltonian on excitations

It is interesting to determine if the action of the entanglement Hamiltonian on states
other than its defining state also has a useful holographic description. For states that
are dual to completely different geometries, we do not expect the action to be simple.
However, for states that are made by acting with a small (compared to N) number
of single-trace operators on |1), one can make some progress.

We would like to characterize states of the form HO |¢)) where now O again
denotes a single-trace operator. This can be done by computing the inner products
(x|O(z)[H,O(y)] |¢). For general position z, this is difficult to determine. However
in the special case that z € C(R), one can move the insertion of H such that it always
acts on |t¢), and use the methods in the previous section to compute the result.

We know that H is not a smooth operator because of a kink at R, but we con-
jecture that K = Hg — Hp is smooth. This is because the action of H on operators
inserted very close to OR should be well approximated by the half-space result (3.20),
for which K is explicitly a smooth operator. One can see that this approximation is

valid from the Euclidean expressions (3.16) and (3.17). At sufficiently short distances

OR may be approximated by a flat plane. Moreover, the expectation values of opera-
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tors inserted sufficiently close to OR in the n-sheeted covering spaces are governed by
short-distance physics and thus do not depend on the state. Finally, at least in our
situation where the analytic continuation in n is simple in the gravitational dual, it is

clear that the same is true with H replacing the branch point of the covering space.

For y € C(R), we have [K,O(y)] = [H,O(y)] and thus i(y|O(z)[K, O(y)] |¢¥)) =
Oa{a|O(z)O(y) |a). Then assuming that K is a smooth operator, we may determine
the entire action of K on such states by analytic continuation of z from C(R) to the

entire spacetime.

In computing 0, (o|O(z)O(y)|e), we saw in the previous section that there is a
contribution that is difficult to determine in the Lorentzian method, the change in
the bulk entanglement entropy. Thus here we restrict to |¢) such that the Euclidean
method can be applied, and consider the special case of high-dimension single-trace
scalar operators, dual to heavy fields in the bulk (with mass parametrically larger

than the AdS scale, but smaller than the Planck scale).
Then using (3.18) and the geodesic approximation (O(z)O(y)), o< e ™ @V we
have

0o (O(2)O(y)) =~ lim —im O, (I(z, y4, &) — Uz, Y-, K))| = (O(2)O(y))  (3.19)

e—0

where [(z,y, ) is the length of the geodesic of minimal length connecting points z
and y in g., and y. are obtained by the replacements ¢, — ¢, I ie. The discontinuity

in l(x,y,k) as y crosses R is due to the deficit angle about OR.

For a complete characterization of the action of H on excited states near |¢), one
needs to compute more general inner products (¢|O(zy) ... O(z,)[H, O(y1) - .. O(ym)] [%).
Then modulo analytic continuation in z; to the entire space-time, one could again
take z; € C(R), y; € C(R), converting the problem to that of obtaining modular
deformations of n-point functions. The latter can be computed in principle with the

methods we have discussed, although the computations will be more difficult than in

the simplest instance of (3.19).

60



3.2.4 A special symmetric case

Here we examine the modular response d,hq, as given by (3.14) in the simple case
that p is the Minkowski vacuum of a d-dimensional CFT, and the spatial region R
is half-space. The entanglement Hamiltonian H is known in this configuration |3, 9],

and taking the half-space to be z; > 0 at tg = 0, can be written as

H= 27r/ dd_zxL/ dxi 21Ty (t =0,%) . (3.20)

0

Given that H is a smearing of local operators on R, bulk-causality implies the
diffeomorphism-invariant support of the modular response d,h,, must be causal from
R. As we have argued above it is also causal from F, so in fact it should be causal
from RN E = 0R.” See left in figure 3-1.

It is easy to check that indeed Einstein equations in Poincaré AdS conspire with

the geometry of F in this case to make the integral over £
220uhy / dz’/dd_2w'L UG (2, 1 2 D) p=2,...,d—1 (3.21)
0

into a boundary term at O0F = OR, where in the integrand a sum over p is implied.
Here we are working in transverse-traceless and Fefferman-Graham gauge for h. For
independent components 9,h; and 0,h;; where 7, j are spatial indices, we have the

propagator components

Gy = [~ ((d= )50, — 0,0:) 0 + (d — 2)8,8:85] G
Gijpp = [((d — 1)nipMjp — 7is) o — ((d — 1) (n3p0:0p + nipmjnp) — 0:0; — mj@ﬁ) &+ (d— 2)6@83] G
(3.22

and switching derivatives using 9,G4 = —0, G4, terms with a J, integrate by parts

9A related result that appeared previously in the literature is the first law of black hole mechanics
that the perturbed area of a stationary black hole horizon reduces to an integral of energy density
over the boundary of the horizon [40]. In [22] the authors used the HRT prescription to translate
the first law of entanglement entropy for balls in a CFT vacuum to a sub statement of the first law
of black hole mechanics, and derived from it linearized Einstein equations.
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over z'?, and terms without a 0, integrate by parts over z’ using the equation of

motion

179Gy = -0, (F740.G,) . (3.23)

In particular, the linearized Weyl response 0,Cjcq associated to Oyhgp, which is ho-
mogeneous under diffeomorphisms about AdS, is manifestly causal from OR as kernels
in the metric-Weyl propagator Wopca,po (2, ; 2, &) are causal for z > 2/.

From the metric response as computed in (3.21), one can reproduce the modular

evolution of space-like two-point functions as effected by (3.20), as follows.

Consider the two point function of a primary scalar operator @ of dimension D,

which in the CFT vacuum is up to a constant

O@OW) = =5 - (3.24)

The entanglement Hamiltonian (3.21) acts on any operator O(y) in the Rindler region
C(R) as
el O(y)e ™ = O(y(a)) , (3.25)

y:}:(a) — y:l:e:F27ra : y:i: — yl + yO , (326)

and trivially on operators localized in the complementary Rindler region C(R). Thus

if we choose z € C(R) and y € C(R),

0. (0@0() = 40T VIV =) (0g)00)) (327)

Now, if the gravity dual of a boundary quantum field theory has metric g, and
if g is the analytic continuation of a Euclidean geometry and possesses a natural
vacuum, we expect that generically we will be able to approximate space-like two-
point functions of scalar operators of large dimension in the boundary theory using

geodesics in g [G, 50]. In the case at hand, the metric evolved in modular time g, of

Poincaré AdS g is a topological black hole up to an isometry in g [17]. Thus we expect

62



Figure 3-3: Depiction of a geodesic in Poincaré AdS which computes the expectation
value of an equal-time two-point function (O(x)O(y)), with « and y in Rindler regions
C(R) and C(R), where R is the half-space z; > 0. (Note we have d = 2 in the figure
for ease of drawing, but all considerations here are in d > 3 for which there are local
gravitational excitations in the bulk.) The light-cone and boundary light-cone from
OR are shown in solid beige and transparent purple, respectively. The solid purple
line is the extremal surface E. All contributions to 9, (O(z)O(y)) come from the
intersection of the geodesic with the boundary light-cone from JR.

the geodesic approximation to be valid, and for D > 1, to have up to a constant
(O(@)0(y)), ~ e P 1) (3.28)

where L is the AdS radius and I(z, y, @) is the length of the geodesic of minimal length
connecting space-like boundary points z and y in the metric g,. It follows that (c.f.
(3.19))

5a (O(@)O@)) % ~ 3 ul(z,,2) (O(2)Ow)) (329)

and restricting ourselves to equal-time two-point functions without loss of generality
- space-like two-point functions can be rotated in the t —z; dimensions to be brought
to equal time without breaking the symmetry of our configuration - and comparing
with (3.27), we would like to verify

(z' —y")

aazz4th(f_y2 . t=al=y°. (3.30)

Since the length of a geodesic is invariant under linear deformations, d,! is given
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by the change in length of the original geodesic in Poincaré AdS. The most general

such geodesic at equal time is a semi-circle

k | ok k ok
dw)=ViT—w?,  z*(w) =2 ;x +%(y 2x> L k=12, (331

of radius r = /(y! — z!)2 + (y? — 72)2/2 parametrized by —r < w < r. One can
check that enforcing z € C(R) and y € C(R), the geodesic never enters the light-
cone from OR inside which the Weyl response 0,C,scq is non-zero. See figure 3-3.
A metric perturbation d,h., whose Weyl response vanishes is locally a pure diffeo-
morphism, and such a perturbation, if smooth, cannot contribute to 9,/ which is a
diffeomorphism-invariant quantity much like (3.15). Thus 9,/ is entirely due to the

singular kink in the metric perturbation which exists on the boundary light-cone of

OR in transverse-traceless and Fefferman-Graham gauge.

Integrating the metric perturbation (3.21) over the geodesic given in (3.31), we

have
a I _CT/\‘%K,C%Ld 1

“ 64GN r3 ’

I = / dw/ dz’/dd_Qac’L 214 ((Aml)anW + (Am2)2022pp + 2Ax1Am2G12pp> ,

—r 0
(3.32)
where Ax* = y* — z*. Thus verifying (3.30) is equivalent to checking
I o t(y' —z)r (3.33)

where the constant of proportionality only fixes the O(N) constant Cr in the energy-
momentum tensor two-point function appearing in [T,T]. The integral I simplifies
after integrating by parts and using the equation of motion (3.23), but we still need
to integrate numerically at a finite cutoff € on light-cone singularities appearing in the
bulk-to-bulk kernels G, as we have not isolated the analytic form of the singularities.

We find precise agreement with (3.33) as shown for example in d = 3 in figure 3-4.
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Figure 3-4: Tests of the scaling of I in (3.32) in d = 3 and at ¢ = 1073. The fixed
parameters in each plot are as follows - left: y! = —z! = 11, Az? = 0, center: t = 1,
' = —-3/2, Az? =0, right: t =1, y! = —z! = 3/2.

3.3 Propagation of metric response

We have seen that although the modular response of the metric d,h (3.14) is naively
an integral over the extremal surface £/, and propagates in the bulk space-time g from
the entirety of F, in the special case that p is the CFT vacuum in Minkowski space
and R is half-space, it reduces to a boundary term at 0F = 0R. The same is true for
conformally related configuration. As a consequence, the entanglement Hamiltonian
H, which by definition is localized to the boundary spacetime region C(R), is seen to
act locally in the bulk space-time g with d,h propagating causally from OR € C(R).

However, for a generic state p and region R, Oyh(z) ~ [H,h(z)] is non-zero at
space-time points z of g at which the entire operator iz(a:) in its bulk-local form,
including its framing, is space-like to C(R).!® This can be seen, for instance, by
considering general regions R in the case that g is Poincaré AdS. One can use the
extremality of F to integrate by parts the integrand in Jd,h, but there is a genuine
bulk integrand remaining that does not integrate to a boundary term. The same is
true after acting with derivatives to obtain the Weyl response 0,C, which measures
the gauge-invariant support of d,h. In particular, the Weyl response is non-vanishing
on points in the interior of E, which is guaranteed to be space-like from C(R) [71, 32].
In figure 3-5 we plot a component of the Weyl response on an interior point of E for

an R which is a slab in d = 3.

10The need to consider the full diffeomorphism-invariant description of a bulk operator when
considering issues of bulk locality was pointed out in [34].
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The upshot is that assuming the HRT prescription of using extremal surfaces
in Lorentzian spacetimes to calculate entanglement entropy, H for a generic state
p and region R violates bulk locality at lowest order in the large N limit in which
we expect the bulk to be described by an ordinary quantum field theory on a fixed
background. The expectation value of H, which for linear perturbations measures the
entanglement entropy of R with respect to R in the boundary field theory, is sensitive

to bulk perturbations that are space-like to the region on which H is supported.

Starting in [61], operators in the boundary theory whose expectation values are
sensitive to space-like bulk perturbations so as to ensure that the boundary theory
encodes all of the information - in the gravity dual in the context of gauge/gravity
duality - have been called precursors. Using the naive saddle approximation and
computing expectation values of Wilson loops with areas of extremal world-sheets
in perturbed backgrounds, it would seem that Wilson loops are precursors [65] in
complete analogy to the case of entanglement Hamiltonians that we have investigated,
yet in [27] it was pointed out that such reasoning fails because the naive saddle
is incorrect. In fact the same flawed reasoning would lead one to conclude that
the two-point function of space-like operators in ordinary quantum field theory are
sensitive to perturbations at space-like separation from both operators, in violation
of locality. Similarly, Wilson loops are dual to extended string states, hence the
locality and causality of perturbative string theory implies that such commutators
must vanish. One can also understand that the extremal world-sheet approximation
for expectation values of Wilson loops and the geodesic approximation for space-like
two-point functions cannot be generally valid in Lorentzian signature, from the fact
that the one-point function of the metric does not uniquely specify the state of the

bulk quantum field theory [50].!!

Here we simply point to two possibilities. The first is that the HRT proposal is
correct in which case we have shown that entanglement Hamiltonians associated to

spatial regions are genuine precursors which differ qualitatively from possible pre-

"In [24] it was shown that even in static black hole backgrounds one needs to take into account
non-trivial complexified geodesics.
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cursors as previously characterized in [25]. There it was proposed that short-distance
properties of Wilson loops may be sensitive to bulk processes at space-like separation.
However, the value of a entanglement Hamiltonian, for example at linear order, mea-
sures spatial entanglement which generically includes long-range entanglement. It
follows that, again generically, at least part of the bulk information which is encoded
acausally via the entanglement Hamiltonian is encoded in long-distance properties of
the boundary state.'? The second possibility is that the HRT proposal needs to be
modified in a manner in which the state of the bulk quantum field theory is explicitly
taken into account, and that with the correct computation of spatial entanglement
entropy, corresponding entanglement Hamiltonians may not be precursors as seen in

the large N limit.

3.4 Further directions

In this chapter, we have obtained descriptions in the gravity dual of the action of the
entanglement Hamiltonian - associated to an arbitrary spatial region in a quantum
field theory state that has a gravity dual - on its defining state and nearby states.
This was possible after obtaining the deformation of expectation values, in particular
n-point functions of single-trace operators, in the original state evolved unitarily
with the entanglement Hamiltonian. The Lorentzian method of obtaining deformed
expectation values relies on the first law of entanglement entropy, and at leading order
in 1/N, the RT and HRT prescriptions for computing entanglement entropy. We also
discussed a Euclidean method that applies only in the case of certain time-symmetric
states but does not rely on the HRT prescription, and thus could potentially be used
to cross-check it.

Focusing on the metric deformation obtained using the Lorentzian method, we
found that in special symmetric cases in which the entanglement Hamiltonian gener-

ates a diffeomorphism on a subset of the bulk space-time, the deformation propagates

12For example consider the response 08,C = —ds (H) = —d48S for g Poincaré AdS and R an
arbitrary region. For even d, the non-local part of the response sensitive to perturbations space-like
to C(R) includes a piece that is finite in the limit that the light-cone cutoff £ goes to zero.
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causally from the boundary of the spatial region in the quantum field theory. That
this reduction to the boundary does not occur generically, however, led us to the
surprising statement that the action of a generic entanglement Hamiltonian does not
respect bulk causality to lowest order in 1/N, or in other words, that the entangle-
ment Hamiltonian as an operator cannot be localized to C(R) to any finite order in
perturbation theory.

That the interior points of generic HRT surfaces are not in causal contact with
C(R) is actually crucial for it to be compatible with causality in the boundary quantum
field theory [32]. Yet we found that it is precisely this feature that puts it at tension
with causality in the low energy bulk quantum field theory. It is an interesting future
direction to think about whether and how the HRT prescription could be modified
to resolve this tension. We pointed out that any modification will likely have to do
with incorporating the state of the bulk quantum field theory more explicitly.

It will also be interesting to explore whether we can obtain further characteriza-
tions of the action of generic entanglement Hamiltonians with the aid of methods we

began developing in this chapter.
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Figure 3-5: A component of the Weyl response on an interior point of £ for an R
which is a slab in d = 3 with finite extent —1 < 2! < 1 and extending infinitely in
remaining boundary spatial coordinate z2. Left: The point on E at which we measure
the Weyl response. We show a t = tg, % = const. cross section of the bulk space-time
g which is Poincaré AdS. Right: The component 9,C.o2 on the point specified as a
function of the light-cone cutoff . It diverges as € — 0.
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Chapter 4

Conclusions

We conclude by outlining directions for future research that could shed light on ques-
tions we discussed in the introduction, namely the emergence of local degrees of
freedom in the bulk and a more direct derivation of gauge/gravity duality.

One is to look for a bulk interpretation of the entanglement first law dS = d (H)
[10], for S the entanglement entropy of an arbitrary spatial region on the boundary.
In the case that the region is a sphere and the state is the conformal vacuum, the bulk
interpretation is given by Wald’s first law of black hole mechanics, which equates the
linearized change in black hole entropy to that of an energy that is defined at spatial
infinity with respect to a Killing vector [40]. For an arbitrary region, the absence of
a Killing vector and indeed any natural vector field which preserves asymptotically
AdS boundary conditions, makes it quite challenging to find a suitable definition of
energy that would enter a presumed bulk first law.

However, if such a bulk first law or equilibrium condition dS = dE/T, T = h can
be formulated for a suitable energy E, and which pertains to extremal codimension-
two surfaces in Einstein gravity, it would help establish a more explicit correspondence
between AdS geometries and cMERA networks, where in the latter setting it is nat-
ural to think of the entanglement across a codmension-two surface as having been
maximized when the surface is extremal [54, 55].

Another direction is to look for simple toy models which have a suitable notion of

gravity dual and on which the cMERA procedure can be implemented analytically.
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For instance, there exists a large-N matrix model of non-interacting fermonic degrees
of freedom whose dual is given by dilatonic gravity coupled to a tachyon [44] and for
which there is in principle no obstacle to implementing the cMERA procedure, due to
the boundary theory being non-interacting. A more far-reaching goal is to implement
the cMERA procedure on a model which has a black hole horizon in its gravity dual -
a possible candidate is given by Kitaev’s random quartic model of Majorana fermions,

which he has shown possesses a kind of dual black hole horizon [43].
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