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Abstract

To evaluate the performance and optimize systems under uncertainty, two main av-
enues have been suggested in the literature: stochastic analysis and optimization
describing the uncertainty probabilistically and robust optimization describing the
uncertainty deterministically. Instead, we propose a novel paradigm which leverages
the conclusions of probability theory and the tractability of the robust optimization
approach to approximate and optimize the expected behavior in a given system.

Our framework models the uncertainty via polyhedral sets inspired by the limit
laws of probability. We characterize the uncertainty sets by variability parameters
that we treat as random variables. We then devise a methodology to approximate
and optimize the average performance of the system via a robust optimization formu-
lation. Our framework (a) avoids the challenges of fitting probability distributions to
the uncertain variables, (b) eliminates the need to generate scenarios to describe the
states of randomness, and (c) demonstrates the use of robust optimization to evaluate
and optimize expected performance. We illustrate the applicability of our method-
ology to analyze the performance of queueing networks and optimize the inventory
policy for supply chain networks.

In Part I, we study the case of a single queue. We develop a robust theory to
study multi-server queues with possibly heavy-tailed primitives. Our methodology
(a) provides approximations that match the diffusion approximations for light-tailed
queues in heavy traffic, and (b) extends the framework to analyze the transient be-
havior of heavy-tailed queues. )

In Part II, we study the case of a network of queues. Our methodology pro-
vides accurate approximations of (a) the expected steady-state behavior in generalized
queueing networks, and (b) the expected transient behavior in feedforward queueing
networks. Our approach achieves significant computational tractability and provides
accurate approximations relative to simulated values.



In Part III, we study the case of a supply chain network. Our methodology (a) ob-
tains optimal base-stock levels that match the optimal solutions obtained via stochas-
tic optimization, (b) yields optimal affine policies which oftentimes exhibit better re-
sults compared to optimal base-stock policies, and (c) provides optimal policies that
consistently outperform the solutions obtained via the traditional robust optimization
approach.
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Co-Director, Operations Research Center
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Chapter 1

Introduction

While randomness is viewed probabilistically in stochastic optimization and deterministically
in robust optimization, our approach bridges the strength of the limit laws of probability and
the tractability of the deterministic robust setting in view of understanding and optimizing
systems under uncertainty. In this introductory chapter, we present an overview of our
uncertainty modeling framework and our proposed scheme to evaluate and optimize the

average performance of a given system.

1.1 Background and Contributions

Understanding the performance of systems is indispensable for making effective decisions,
especially in uncertain environments. Problems such as call center design and inventory con-
trol have been the subject of much research over the past century. Let L (6,€£) denote the
system performance measure (e.g., waiting time in a queueing system, total cost in a supply
chain network), where 6 represents the vector of input (or design) variables and £ represents
the vector of uncertain variables affecting the system. To evaluate the performance and op-
timize systems under uncertainty, two main avenues have been suggested in the literature:
stochastic analysis and optimization describing the uncertainty probabilistically and robust

optimization describing the uncertainty deterministically.

Stochastic Approach

The traditional stochastic approach relies on the modeling power of probability theory.

17



Specifically, the uncertain variables € affecting the system are treated as random variables
governed by some posited probability distribution. Under this assumption, we can derive in-
formation about the behavior of the performance measure, such as its distribution, expected
value, etc. Most commonly, we are interested in understanding the expected performance
given by

L(0)=E¢[L(6,8)]. ' (1.1)

We can further control the input variables 8 in order to optimize the system’s perfor-
mance given the probabilistic assumptions on &. This gives rise to what is known as
stochastic optimization, which was pioneered in the 1950s by Dantzig [1955] and Charnes
and Cooper [1959], who introduced, respectively, the fields of stochastic programming and
chance-constrained programming. Optimizing the system’s expected performance under

uncertainty, for instance, gives rise to the following stochastic optimization problem

min E¢[L(6,€)], (12)

where © represents the set of feasible input variables. The performance evaluation problem
in Eq. (1.1) and the stochastic optimization problem in Eq. (1.2) may yield closed-form
expressions and analytical solutions for rather simple objective functions and under simpli-
fying distributional assumptions over the uncertain variables. For instance, we can derive
the exact distribution of the steady-state waiting time in an M /}\4/ 1 queue and infer its
expected value. For inventory systems, the optimal order quantity for a single period instal-
lation that minimizes the expected total cost can be easily expressed as a quantile of the

distribution associated with the uncertain demand.

However, the larger the number of random variables and the more complex the sys-
tem dynamics, the more challenging it is to derive elegant closed-form mathematics. The
advances of computing power and memory over the past decades have sprung a wealth of
computational techniques to solve such complex problems. We refer the reader to Birge and
Louveaux [1997] and Kall and Mayer [2005] for an overview of solution techniques. One of
the major challenges in taking a stochastic programming approach is the need to generate
scenarios that account for the complex interactions among random variables. Also, while
stochastic linear programs can be solved efficiently today, problems with binary and integer

decisions or generally non-linear functions create additional computational challenges.
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For some of the more complex problems, simulation optimization has attempted to take
advantage of the availability of computational resources and the power of simulation for eval-
uating functions. For a comprehensive overview of commonly used simulation optimization
techniques, we refer the reader to the survey by Fu et al. [2005]. Under this setting partic-
ularly, L’Ecuyer et al. [1994] explored various gradient-based algorithms to study M /M/1
queues, while Fu [1994], Glasserman and Tayyur [1995], Fu and Healy [1997] and Kapiscin-
sky and Tayyur [1999] leverage this framework to study inventory systems. These methods
work practically whenever the input variables are continuous and their success depends on
the quality of the gradient estimator. For problems with complex constraints on the input
variables, sample path optimization, known as sample average approximation (SAA), con-
siders many simulations first for the purpose of estimation, and then optimizes the resulting
estimates (see Rubinstein and Shapiro [1993]). The number of simulation replications is
especially critical whenever the uncertain parameters are governed by heavy-tailed distribu-

tions, which limits the practicality of SAA methods.

Stochastic optimization is a powerful tool when an accurate probabilistic description
of the uncertainty is available. However, in many cases, this information is difficult to as-
sess. Given this challenge, the field of robust optimization was born in the mid 1990s (see
El-Ghaoui and Lebret [1997], El-Ghaoui et al. [1998], Ben-Tal and Nemirovski [1998] and
Ben-Tal and Nemirovski [1999]) as an alternative approach for analyzing and optimizing

systems under uncertainty.

Robust Approach

While stochastic optimization views the uncertainty probabilistically, the field of robust opti-
mization considers a deterministic model for the uncertainty by assuming that the uncertain
variables lie within some set, referred to as the “uncertainty set”. It then seeks to deter-
ministically immunize the solution against all possible realizations of the uncertain variables

satisfying the uncertainty set via a min-max approach (i.e., worst case) as follows

min. max L(6,¢), (1.3)

where U4 denotes the uncertainty set. The tractability of the robust optimization problem
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depends on the choice of the uncertainty set. For example, Ben-Tal and Nemirovski [1998,
1999], El-Ghaoui and Lebret [1997] and El-Ghaoui et al. [1998] proposed linear optimization
models with ellipsoidal uncertainty sets, whose robust counterparts correspond to conic
quadratic optimization problems. Bertsimas and Sim [2003, 2004a] proposed constructing
polyhedral uncertainty sets that can model linear variables, and whose robust counterparts
correspond to linear optimization problems. Furthermore, Bertsimas and Brown [2009] and
Bertsimas et al. [2015] provide guidelines for constructing uncertainty sets from the historical
realizations of the random variables using a data-driven approach. For a review of robust

optimization, we refer the reader to Ben-Tal et al. [2009] and Bertsimas et al. [2011a).

The robust framework allows the system designer to adapt the analysis to their risk
preferences. By parameterizing different classes of uncertainty sets, one can control the size
of the uncertainty set, which provides a notion of a “budget of uncertainty” (see Bertsimas
and Sim [2004b]). This, in fact, allows the design to control the corresponding level of
probabilistic protection, thus choosing the tradeoff between robustness and performance. In

this setting, the problem is formulated as

i L(6 1.4
min max (6,¢), (1.4)

where the variability parameter I' reflects the degree of conservatism in the model.

In a recent series of work, Bandi and Bertsimas [2012a,b, 2014b,a] investigated the use
of a robust optimization approach to analyze the performance of stochastic systems such
as market design, information theory, finance and other areas. In the same spirit, Bandi
et al. [2015] presented a novel approach for modeling the primitives of queueing systems
by polyhedral uncertainty sets inspired from the probabilistic limit laws and provided exact
characterizations for the steady-state performance analysis of generalized queueing networks.
The robust approach generates parametrized solutions (functions of the variability parame-
ter) that matched the conclusions obtained via probabilistic analyses for simple systems and
furnished tractable extensions to more complex systems. However, capturing the choice of

values for the variability parameters to reflect the average performance is challenging.

Proposed Framework

We propose a novel framework to approximate and optimize the expected performance
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by taking advantage of the power of robust optimization in providing tractable solutions.
Specifically, we construct polyhedral sets that are inspired from the limit laws of probability
and introduce variability parameters that control the size of these sets, and thus the level
of probabilistic protection and conservatism of the model. At each level, we obtain worst
case values which directly depend on the values of the variability parameters. We then treat
the variability parameters as random variables following some distribution implied from the
limit laws of probability. To portray the expected behavior of the system, we propose to
average the worst case values over the possible realizations of the variability parameters.
Beyond performance analysis, we formulate the problem of optimizing the average system
performance as a robust optimization problem. The benefits of this approach include

(a) eliminating the challenges of fitting probability distributions,

(b) avoiding scenario generation to describe the states of randomness,

(c) not requiring simulation replications to evaluate the performance, and

(d) utilizing robust optimization to evaluate and optimize expected performance.

This chapter is structured as follows. Section 1.2 introduces our uncertainty set modeling
assumptions. Section 1.3 describes our approach to analyze the average system perfor-
mance. Section 1.4 presents our framework to optimize the system performance. Section

1.5 concludes the chapter and gives an overview of the thesis main contributions.

1.2 Uncertainty Modeling

Analyzing and optimizing the expected system behavior entails understanding the complex
relationships between the random variables. The traditional approach for queueing systems,
for instance, models the interarrival and system times as renewal processes. Similarly, for
inventory systems, the demand at each installation within the network can be assumed to
be drawn from some probability distribution. The high-dimensional nature of modeling
the uncertainty probabilistically and the complex dependence of the system on the random
variables highlight the difficulty in analyzing and optimizing the expected performance.
Instead of positing some joint probability distribution over the random parameters, we
propose to model the uncertainty via parametrized sets. The system designer may choose
from a variety of possible classes of uncertainty sets, and we refer the reader to the work of

Bandi and Bertsimas [2012a] and Bertsimas et al. [2015] for an overview.
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Given our interest in systems that are characterized by a linear dependence on the uncer-
tain variables, we construct the construction of our uncertainty sets using the conclusions
of probability theory (namely the generalized central limit theorem). Given a sequence
of independent and identically distributed random variables (&;,...,&,) with mean u, the

normalized sum i
> &i— (k=)
i=j+1

(=)

~Y,

where Y follows a stable distribution with a tail coefficient « € (1,2], for a big enough n.
Note that for the case of light tails (o = 2), the normalized sum follows a normal distribution.

Inspired by this result, we propose to model the uncertainty around £ via uncertainty sets

of the form
fo ke
UT) ={ (&, &) S e _
n gSWSFM Vi<k<n

where T = (I, I,), and Iy < I, € R are variability parameters which control the size of the
uncertainty set. Each value of I" provides a certain level of probabilistic guarantee that the
actual realizations of the random variables will lie within the uncertainty set. The higher
the value of I', and the lower the value of Iy, the more comprehensive the uncertainty set

becomes.

1.3 Performance Analysis

Since robust optimization immunizes the solution against all possible realizations of the
random variables satisfying the uncertainty set, the values of I" directly impact the level of
conservatism of the robust solution. For a given level I', we define the worst case performance
measure as

L(8,T)= Joax, L(6,¢). (1.5)

The optimization problem in Eq. (4.4) effectively selects the scenario where the realizations
of the random variables produce the worst performance. The selection of T' dictates how
much variability we allow the normalized sums to exhibit around zero. With higher vari-

ability, the uncertainty set includes more extreme scenarios which directly drive the worst
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case performance measure.

By the generalized central limit theorem, and given the ensuing bell-shaped limiting dis-
tribution, the normalized sums will most likely take values around zero. Therefore, scenarios
that result from allowing higher variability around the normalized sums are less likely to
occur. One can therefore imagine a density with decreasing tails governing the worst case
behavior. This constitutes the basic intuition behind modeling the variability parameter T'

as a random variable.

We model the average performance as an average of the worst case values with
L(6)=Er[L(8.T)]. (1.6)

We inform the selection of the density of I' via insights we draw from the probabilistic
definition of the expected value. We view the expected value of the performance measure

as an “average” over the quantiles.

Suppose that L (8, &) is governed by a distribution F' which can be derived from the joint
distribution over the random variables £&. Then, we can express the expected performance

as

I(6)- f wdF(w).

For the purpose of our exposition, suppose that the distribution function is continuous. The

inverse of F'(-) then corresponds to the quantile function, which we denote by

Q(p)=F'1(p)={q:F(q)=p}={q=P(L(0,E)Sq)=p},

for some probability level p € (0,1). By a simple variable substitution, we can view the

expected value as an “average” of quantiles,

L®)- [ awd

We can map each quantile value Q(p) to a corresponding worst case value L (0,T). Let G

denote the function that maps p to I' such that Q(p) = L(8,T), i.e.,

p=P(L(8,§)<L(6,T))=F(L(6,T))=G(T). (1.7)
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In this context, the expected value can be written as an average over the worst case values,
with
I(8)=Er[L(6,T)]= f 7(6,T)dG(T). (1.8)

Note that the knowledge of G allows us to compute the expected performance measure
L (0) exactly; this however depends on the knowledge of the distribution function F. This
is feasible for instance for simple systems, e.g., analyzing the steady-state waiting time in
an M/M/1 queue. However, characterizing F', and therefore G, is challenging for more
complex systems and is immediately dependent on the distributional assumptions over the
random variables §. Instead of deriving the exact distribution G(-), we propose an approxi-
mation G () inspired by the conclusions of probability theory and approximate the expected

performance as

T(6) ~ f L(8,T)dG (T). (1.9)

Chapters 2-4 provide a detailed account of how we approximate the density of the variability

parameters to study queueing and supply chain networks.

Philosophically, our averaging approach distills the probabilistic information contained
in the random variables £ into I", hence allowing a significant dimensionality reduction
of the uncertainty. This in turn yields a tractable approximation of the expected system

performance by reducing the probiem to a low-dimensional integral.

1.4 Performance Optimization

Until now, we have assumed that the design parameters 8 are given and have proposed a
framework to analyze the performance of the system around a particular setting of design
inputs. We next seek to determine the design parameters that optimize the system’s average
performance. To do so, we leverage our approximation in Eq. (4.7) and consider the following

optimization problem

in Er[L(6,T)] » mi .-L(8,T;), 1.10
min Er[L(6,T)] ~ min ieZIfl (6,Ty) (1.10)
where 7 denotes the discretized space of possible realizations of the variability parameter I’

and f; denotes the discretized probability mass function evaluated I' = I';. We note that the
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problem in Eq. (1.10) can be formulated as a robust optimization problem, yielding

. min ) fi-y;
min Er[L(0,1)]~{ ¢ id s N CREY)
€

st. y;>L(0,§) VEeU(T;) andTi:ieT

We note that, in the traditional robust optimization setting, the designer selects a particular
value of T reflecting their risk preference and solves the resulting problem
min

Yy
min max L(0,§) = 6<0 . (1.12)
06  gclU(T) st. y>L(0,6) VEeU(T)

Both formulations in Eqs. (1.11) and (4.19) belong to the same class of problems. Our
approach therefore conserves the desirable tractability of the robust optimization approach,
while exploring different levels of protection against uncertainty.

Note: The size of the robust optimization problem in Eq. (1.11) depends on the level
of discretization over the space of possible values that T' can take on. Quadrature methods
help numerically approximate the value of a definite integral with few possible evaluations.
Using such methods ensures a level of precision while keeping control over the size of the
discretization set Z. In Chapter 4, we illustrate that, for a simple inventory system for
instance, discretizing the space of T' to as low as five values results in errors of the order of

1074,

1.5 Main Contributions

Our framework leverages the conclusions of probability theory and the tractability of the ro-
bust optimization approach to accurately approximate and optimize the expected behavior
in a given system. We illustrate the applicability of our methodology to analyze the per-
formance of queueing networks and optimize the inventory policy throughout supply chain

networks. Specifically,

(a) In Chapter 2, we study the case of a single queue. We develop a robust theory which
yields closed form expressions describing the worst case transient behavior for multi-
server queues with possibly heavy-tailed primitives. We then approximate the expected

behavior via averaging the worst case values. Our methodology (a) provides approxima-
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(b)

tions that match the diffusion approximations for light-tailed queues, and (b) extends
the framework to analyze the transient behavior of heavy-tailed queues.

In Chapter 3, we study the case of a network of queues. Our methodology provides ac-
curate approximations of (a) the expected steady-state behavior in generalized queueing
networks, and (b) the expected transient behavior in feedforward queueing networks.
In particular, we show that, in steadyéstate, we can decompose the network and ob-
tain an accurate station-by-station approximation. In the transient regime, we obtain
closed-form characterizations of the worst case behavior and leverage the analytic solu-
tions to approximate the expected behavior. Our methodology achieves computational
tractability and provides accurate approximations relative to simulated values.

In Chapter 4, we study the case of a supply chain network. We apply our framework
to analyze and optimize base-stock and affine policies. Our methodology (a) obtains
base-stock levels that match the optimal solutions obtained via stochastic optimization,
(b) yields optimal affine policies which oftentimes outperform base-stock policies, and
(c) provides optimal policies that consistently outperform the solutions obtained via the

traditional robust optimization approach.
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Chapter 2

The Case of a Single Queue

In this chapter, we analyze the average performance of a multi-server queue with possi-
bly heavy-tailed arrivals and service times. We study the worst case behavior and then
leverage the worst case values to approximate the average performance. Our computational
results show that our approach yields (a) approximations that match the diffusion approxi-
mations for a single queue with light-tailed primitives, (b) achieves significant computational
tractability, and (c) provides accurate approximations for the expected system time relative

to simulated values.

2.1 Introduction

The origin of queueing theory dates back to the beginning of the 20" century, when Erlang
[1909] published his fundamental paper on congestion in telephone traffic. Over the past
century queueing theory has found many other applications, particularly in service, man-
ufacturing and transportation industries. In recent years, new queueing applications have
emerged, such as data centers and cloud computing, call centers and the Internet. These
industries are experiencing surging growth rates, with call centers and cloud computing en-
joying respective annual growth of 20% and 38%, according to the 2012 Gartner and Global
Industry Analysts Survey.

Many applications operate under heavy-traffic conditions yielding a slow convefgence to
steady state, which may not be reached within the operation time window. Analyzing such

queueing systems requires an understanding of (a) the evolution of the system time over
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time, and (b) the time it takes the queueing system to reach steady state. Furthermore,
queueing systems that are characterized by heavy tailed arrivals and/or service times never
reach steady state and therefore their behavior is essentially transient. For instance, heavy
tailed arrivals and service times have been reported for the Internet by Leland et al. [1995]
and Crovella [1997], for call centers by Barabasi [2005], and for data centers by Loboz [2012]

and Benson et al. [2010]. A steady state analysis in these situations is not relevant.

Despite the need for an understanding of the transient behavior, the probabilistic analy-
sis of transient queues is by and large analytically intractable. For M /M /1 queues, the exact
analysis of the queue length involves an infinite sum of Bessel functions and for M/M/m
queues, Karlin and McGregor [1958] obtained the transition probabilities of the Markov chain
describing the queue length as functions of Poisson-Charlier polynomials. Bailey [1954a,b]
used double transforms with respect to space and time to describe the transient behavior
of an M/M/1 queue. This analysis was further extended in a series of papers (see Abate
and Whitt [1987b,c], Choudhury et al. [1994], Choudhury and Whitt [1995], Abate and
Whitt [1998]) to obtain additional insights on the queue length process. These analyses also
provide insights on the usefulness of reflected Brownian motion approximations for queues.
Bertsimas et al. [1991] formulate the problem of finding the distribution of the transient
waiting time as a two-dimensional Lindley process and then transform it to a Hilbert factor-
ization problem. They obtain the solution for GI/R/I, R/G/I queues, where R is the class
of distributions with rational Laplace transforms. Extending these results, Bertsimas and
Nakazato [1992] use the “method of stages” to study MGEL/MGE);/1 queueing systems,
where M GE is the class of mixed generalized Erlang distributions which can approximate
an arbitrary distribution. Massey [2002], Hampshire et al. [2006] study the transient analy-
sis problem for process sharing markovian queues with time-varying rates using a technique
known as “uniform acceleration”. As discussed in Odoni and Roth [1983], there are multiple
approximations available but a tractable theory of transient analysis of G/G/m queues is
lacking (see also Gross and Harris [1974], Heyman and Sobel [1982], and Keilson [1979]).
Further complicating the transient analysis is the effect of initial conditions, which gives rise
to a significantly different behaviors as empirically investigated in Kelton and Law [1985]
and Odoni and Roth [1983]. Even numerically, the calculations involve complicated inte-
grals which do not allow sensitivity analysis, an integral requirement for a system designer

managing these systems.
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Given these difficulties, a body of work has concentrated on developing approximate nu-
merical solution techniques to investigate transient behavior (e.g., Koopman [1972], Neuts
[2004], Moore [1975], Rider [1976], Grassmann [1977], Chang [1977], Kotiah [1978], Grass-
mann [1980], and Rothkopf and Oren [1979]). Newell [1971], in his work on the diffusion
approximation of GI/G/1 queueing systems under heavy traffic, obtains a closed-form ex-
pression and proposes an order of magnitude estimate of the time required for the transient
effects to become negligible. Mori [1976], develops a numerical technique for estimating the
transient behavior of the expected waiting time for M/M/1 and M/D/1 queueing systems
on the basis of a recursive relationship involving waiting times of successive jobs. All of
these approaches have focused on improving the efficiency and accuracy of numerical solu-
tion techniques, rather than on using their results to draw conclusions on general attributes
of transient behavior. More recently, based on earlier work by Bertsimas and Natarajan
[2007], Osogami and Raymond [2013] use a semi-definite optimization approach to obtain
qualitative insights on the transient behavior of queues. They derive upper bounds on the
tail distribution of the transient waiting time, and use it to bound the expected waiting time,
for GI/GI/1 queues starting with empty buffer for non-heavy-tailed distributions. However,

these approaches do not tackle heavy-tailed queues and the effect of initial buffer conditions.

In his opening lecture at the conference entitled “100 Years of Queueing-The Erlang
Centennial”, Kingman [2009], one of the pioneers of queueing theory in the 20" century,
writes, “If a queue has an arrival process which cannot be well modeled by a Poisson process
or one of its near relatives, it is likely to be difficult to fit any simple model, still less to
analyze it effectively. So why do we insist on regarding the arrival times as random variables,
quantities about which we can make sensible probabilistic statements? Would it not be better
to accept that the arrivals form an irreqular sequence, and carry out our calculations without
positing a joint probability distribution over which that sequence can be averaged? ”. In
practice, probability distributions are not inherent to the queueing system; they represent a
modeling choice of the modeler that attempts to approximate the actual underlying behavior

of the arrival and service processes.

Motivated by these challenges, we propose an alternative framework to model queueing
systems based on optimization theory. The motivation behind our idea stems from the
rich development of optimization as a scientific field during the second part of the 20th

century. From its early years (Dantzig [1949]), modern optimization has had the objective

29



to solve multi-dimensional problems efficiently from a practical point of view. Today, many
commercial codes are available which can solve truly large scale structured (linear, mixed
integer and quadratic) optimization problems. In particular, Robust Optimization (RO),
arguably one of the fastest growing areas in optimization in the last decade, provides, in
our opinion, a natural modeling framework for stochastic systems. For a review of robust
optimization, we refer the reader to Ben-Tal et al. [2009], and Bertsimas et al. [2011a]. The
present work is part of a broader investigation to analyze stochastic systems such as market
design, information theory, finance, and other areas via robust optimization (see Bandi and
Bertsimas [2012a]).

Specifically, we model the queueing primitives via polyhedral uncertainty sets indexed
by two parameters which control the degree of conservatism of the corresponding arrival and
service processes. We then consider a robust optimization perspective which yields closed
form formulas for the transient system time. These expressions offer new qualitative insights
on the dependence of the system time as a function of fundamental quantities in the queueing
system. We break new ground by treating the parameters characterizing the uncertainty sets
as random variables and infer their density from the conclusions of the reflected Brownian
principle. We then approximate the expected behavior via averaging the worst case values
over the variability parameters. This averaging approach achieves significant tractability by
reducing the problem of transient analysis to a low dimensional integrai. Our results match
the diffusion approximations for a single queue with light-tailed primitives and extend to
analyzing multi-server queues with possibly heavy-tailed primitives.

The structure of this chapter is as follows. Section 2.2 provides an overview of our
framework and draws the relationship to diffusion approximations. Section 2.3 presents our
worst case approach for single and multi-server queues with possibly heavy-tailed arrivals
and/or service times. Section 2.4 presents our average case analysis and shows that our
results yield approximations that are comparable to simulated values. Section 2.5 concludes

the chapter.

2.2 Proposed Framework

In this section, we present the main components of our framework. Let T = (Th,...,T),)

and X = (X1,..., X,,) denote the interarrival times and service times of n jobs, respectively.
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Note that in the traditional probabilistic study of queues, these primitives are modeled via
renewal processes. In a first-come first-serve (FCFS) single-server queue, the waiting time
Wy, = W, (T,X) and the system time S,, = S, (T,X) are given by the Lindley recursion
(Lindley [1952]) as follows

Sy, =Wpn + Xy, =max (Sy-1 + Xp — Ty, X)) = max (ZXi“ Z E) (2.1)
1

Leksn \i% i=k+

Analyzing the expected waiting and system times, given by
W, =Erx [Wn(T,X)] and S,=Etrx[S.(T,X)], (2.2)

entails the understanding of the complex relationships between the random variables associ-
ated with the interarrival and service times. The high dimensional nature of the performance
analysis problem makes the probabilistic analysis by and large intractable, especially in the
transient domain. The study of multi-server queues is even more challenging. Instead, we

propose an approximation of the average behavior by

(a) using the modeling framework introduced in Chapter 1 to model the uncertainty in the

arrival and service processes via parametrized polyhedral sets,

(b) computing closed-form expressions for the worst case system time under our assump-

tions, and

(c) taking advantage of the uncertainty dimensionality reduction and leveraging the worst
case values to obtain analytical expressions that approximate the average-case system

behavior.

We present an overview of our approach in this section and illustrate our methodology

through the case of a single-server queue with light-tailed arrivals and service times.

2.2.1 Uncertainty Modeling

Given the structure of the Lindley recursion, we model the uncertainty around the partial
sums of the interarrival and service times in Eq. (2.1) via uncertainty sets inspired by the

Central Limit Theorem. In particular, we constrain the quantities T; and X; to take values
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while satisfying

L n-k I n-k+1
¥ r-t > .-
i=k+1 A i=k ]
——>-I,, and <l,, Vk=1,...,n, (2.3)
n-k n-k+1

for some parameters I, and I's that we use to control the degree of conservatism.

Assumption 1 We make the following assumptions on the queueing primitives.

(a) The interarrival times belong to the parametrized uncertainty set

n —_—
z,{“=L{“(Fa)={(T1,...,Tn) z T:,;—n)\k 2> -Favn—k, VO<k<n }’
i=k+1

where 1/X is the expected interarrival time and I, € R controls the degree of conser-

vatism.

(b) For a single-server queue, the service times belong to the uncertainty set

i Xi_n—k

U’ =U*(Iy) = {(Xl, e X))
i=k+1 u

<« Wik Vo<k<n }

where 1/ is the expected service time, and I's € R controls the degree of conservatism.
We present the following remarks regarding the proposed uncertainty set assumptions.

(a) While the uncertainty sets are motivated by i.i.d. assumptions on the underlying ran-
dom variables, (11,15, ...,T,) € U* does not necessarily imply that (71, 7%,...,T,) are

independent.

(b) We allow I', and I's to take both negative and positive values. When these parameters

are negative, the constraints on the inter arrival and service times imply

n - n -
ZEZn k, Vk<n-1 and ZXiSn k, Vk<n-1,
i=k+1 A i=k+1 Hu

thus constraining the sums of the inter arrival times to exceed their mean and the sums of
the service times to take values below the mean. This scenario constrains the analysis
to realizations with generally longer inter arrival times and short service times, and
therefore the jobs enter service without waiting in the queue. When these parameters

are positive, the constraints on the partial sums of the inter arrival and service times
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allow realizations with shorter inter-arrival times and longer service times, and in these

cases jobs may need to wait in the queue before entering service.

2.2.2 Worst Case Behavior

To characterize the worst case behavior, we formulate the related performance analysis
question as a robust optimization problem. In particular, assuming the primitives satisfy
Assumption 1, we seek the worst case waiting and system times defined as

W, = max Wr(T,X) and S,-= Jmax S (T, X). (24)

The problems in Eq. (2.4) yield simple nonlinear optimization problems.
Unstable Queue: For a light-tailed queue with p = A/u > 1, Eq. (2.4) gives rise to a

closed form characterization of the worst case waiting and system times with

§n(F)SWn(F)+(i+Fs)S(F\/ﬁ+p;‘ln)++(%+1}) (2.5)

where I' = I,+Is denotes the effective variability parameter and the notation a*™ = max (0,a).
For the case where p > 1, the worst case waiting and system times increase linearly with the
value of n.

Stable Queue: For a light-tailed queue with p = Af/u < 1, Eq. (2.4) gives rise to a closed

form characterization of the worst case waiting and system times with

— 1
Sn(I) < W, (F)‘F(;"'Fs)
_ : 21 7+12
F\/ﬁ——l pn+(l+['s), if n<——)\ [F]Q,
< A 12 4(1 _p) (2 6)
< max \ [F+]2 ) :
2. + (— + Fs), otherwise,
4 1-p \pu

where I' = I', + I'; denotes the effective variability parameter and a* = max(0,a). The
evolution of the worst case behavior is characterized by two distinct states: (a) a transient
state where the behavior is dependent on n with the system time in an initially empty
queue increasing at an order of \/n when I' > 0; and (b) a steady state where the behavior
is independent of n. When I" < 0, jobs do not experience any waiting time, and therefore

the worst case system time is equal to the worst case service time.
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The characterization of the worst case behavior bears qualitative similarity to the bounds
established by Osogami and Raymond [2013] and Kingman [1970] for the transient and

steady state expected waiting and system times in a GI/GI/1 queue, respectively,

2/ 2, 2
€ /o2+02 LI A (04 +05)
5 0a+os\/ﬁ+ﬂ, ifn< 62(1_1))‘;,
)\(02+a§) 1

——————  — otherwise,
2 1-p Iz

E[S,]=E[W,]+~ <

T e

where e = exp(1) = 2.718. For ease of notation, we rewrite the worst case behavior in Eq.

(2.6) as
Su(I) < Sp(D)-15(D)+5° (D) - 15(I), (2.7)

where S’EL and S° respectively denote the quantities associated with the transient state and
the steady state, and the indicator functions 1!, and 1% respectively reflect the condition for

the system to be in the transient state and the steady state, with

1t (r)y=1, if r>@-\/ﬁ,

12 (I')=1, otherwise.

Note that the worst case values directly depend on the value of I'. Larger values of I" yield

increasingly more conservative estimates.

2.2.3 Average Case Behavior

We propose to analyze the average case behavior of a queue by averaging over the worst
case values. This key idea is driven by the observation that the expected value of a random
variable can be computed by averaging its quantiles with appropriate weights. Our selection
of the density of I is informed by this insight.

For a given value of n, we suppose that the waiting time W,, = W,, (T, X) is governed
by a distribution F},, which can be derived from the joint distribution over the interarrival

and service times. The expected waiting time is then written as

Wn=fxan(m).
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For the purpose of our exposition, we assume that the distribution function F,, is continuous.

The inverse of F, () then corresponds to the quantile function, which we denote by °

Qulp) = E (5) = {q . Fa() =p} - {qnp(sn <q) p}

for some probability level p € (0,1). By a simple variable substitution, we can view the

expected value as an “average” of quantiles. Specifically,

W= [ Quwyip, (28)

Recall that we have obtained an analytic expression of the worst case waiting time as a
function of the variability parameter I'. We can map each quantile value @,(p) to a corre-
sponding worst case value W, (I'). Let Gy, denote the function that maps p to I" such that
Qn(p) = Wn (D), ie,

p=P(WnSWn (r)) - F, (Wn (F)) =G, (T). (2.9)

In this context, the expected value of the waiting time in Eq. (2.8) can be written as an

average over the worst case values, with
Wn= [ Wa(I)dGu (T) =Er [Wa (D)) (2.10)

Philosophically, this approach distills all the probabilistic information contained in the ran-
dom variables X;’s and T;’s into the parameter I", hence allowing a significant dimensionality
reduction of the uncertainty. This in turn yields a tractable approximation of the expected

transient waiting time by reducing the problem to solving a low-dimensional integral.

Note: The knowledge of G, allows us to compute the expected waiting time W,
exactly, however, this depends on the knowledge of the waiting time distribution function
F,,. This is feasible for simple systems, e.g., analyzing the steady—state waiting time in an
M/M/1 queue. For this particular example, it is well known that the conditional steady

state waiting time W, |Ws > 0 is exponentially distributed with rate p(1 - p). Therefore,

Fo(q) =1-peP4 for 20, and Q(p) = —%ﬁ, for pe (0,1).
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In this case, we can derive an exact characterization of the function G and obtain
—_ A
p=F(We (1)) = Gl D) = 1= poexp -5+ (1)),
Applying Eq. (2.10) yields

74 * A 2 Al ( Al 2) p
- - - 2 .22 r.,. 2B )ar s —£2
/W () dGe (I) [0 iy U e (-G i

which matches the expression of the expected steady state waiting time W in an M /M/1
queue. However, characterizing F,, (and therefore G,) is challenging for more complex
queueing systems, and depends directly on the distributions of the interarrival and service

times. Instead, we propose an approximation to GG, which we present next.

Robust Approximation

We consider an initially empty GI/GI/1 queue and employ conclusions from the theory
of diffusion approximations to obtain an approximation of the density G,. From applying
diffusion approximations to queueing theory, it is known that the waiting time of the nth job

arriving at the queue at time ¢t =n/X is well approximated by a reflected Brownian motion
1

Wy, » =RBM (n/X, X - p, A (V02 + p?0?)), (2.11)
7

where RBM (t, 0, 02) denotes the state of the reflected Brownian motion with drift  and
variance o2 at time t, and (o,,05) denote the standard deviations associated with the
interarrival and service times, respectively (see Abate and Whitt [1987a]). Therefore, The

distribution of the waiting time can be approximated by

B (W, <w) & (Mw ~(A- u)n/A) . Q(—,uw (- ,u)n/)\) 2o

oI oI
2

where &(-) denotes the distribution function of a standard normal and the variance o° =

A (X202 + u%02). For heavy traffic systems, the traffic intensity p - 1, i.e., A ~ p, and the
a S

cumulative distribution of the waiting time is approximated by

NP i R Vol — Y -
P(an)@(a n/k) gp(a\/?JX) 2 @(mﬁ) 1. (2.12)
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To derive an approximation of G,,, we assume p < 1 and focus on the worst case steady-state
waiting time given by ‘
+12 2 +32
— A (r
'[d/n(_l_'):i(lq'—)7 forn>(—)2.
4(1-p) 4(1-p)

Conditioned on I" being positive, and applying Eq. (2.12), we obtain

P(WnsWn(r)|p>o)z2.¢(>\f2/4(1—p))_1£2_¢(2 r )_1.

VoZ+o2/n o2 +02

By differentiating the right hand side of the above expression, we obtain an approximation

to the conditional distribution of I', given I" > 0 as follows

1 r
¢ 2,52’
\Vosz+0o3 2\/os + 0%
which corresponds to the conditional distribution of a normal random variable Y with zero

mean and standard deviation of 2 /02 + 02, given Y > 0.

This allows us to obtain an approximation of the expected waiting and system times as
Wo»Er [W, ()] and 5, ~Er[S, ()], (2.13)

where we treat the effective variability parameter as a normally distributed random variable
with
r~N(0,21/02+0%). (2.14)

Recovering Diffusion Approximations

Despite approximating the density of I' using arguments borrowed from our worst case
steady-state analysis, Eq. (2.13) yields values that match the standard approximation ob-
tained via diffusion theory for light-tailed queues. The following approximations prove useful

for our analysis (see Vasquez-Leal et al. [2012])

Lw zd(z)dz ~ ¢(a) and /:0 22¢(z)dx ~ 1 - &(a) + ag(a), (2.15)

where ¢ (-) and @ (-) denote the standard normal density and distribution functions.

(a) Proposed Approach: Applying the approximation in Eq. (2.13) and given the ex-
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pression of the worst case waiting time in Eq. (2.7), we obtain

4

— A
Wa [(F\/H—T") Lrsoym(i-py/n * a(1- )F Locreayma p)//\]

f (%/m vn- z——n) (x)da:+f0nL+:§)-w2¢(m)dx,

1-

where ¢ (-) and @ (-) denote the standard normal density and distribution functions,

and
n M2+02) 5 A0? 9
T — 1 1 1 = a S . = M . 2.1
! ogvay UV T A (219
Using Eq. (2.16) and applying the approximations given in Eq. (2.15),
W = VTS0 1) - 5012+ 8% ) o) - 1],
o2 + 02
- Aot (1 (1) - 0] +n¢(17)] (217

(b) Diffusion Approximation: Given Eq. (2.11) and applying the results obtained by
Abate and Whitt [1987a| to analyze the transient behavior of the reflected Brownian

motion, Osogami and Raymond [2013] derive the diffusion approximation for W, as

T o2 +02)

1, [2 (1 + 1) -[1- ()] + o).

which matches our approximation given in Eq. (2.17).

Remark: For unstable queues (p > 1) and large n, we approximate the expected waiting

time as

— 1- 1-

©VoZro3vn- 6 (n) -—Ln-[1-8(n)] » - En
where 7 is defined in Eq. (2.16). It is known that, for single-server queues, the expected
number of jobs in the queue is (A - p)t at any given time t. So on average, the n* job will
have to wait for (A — u)n/\ jobs to clear the queue, which yields

n 1
=(A=p) . =. = ,
(A-p) N T iy



which matches our approximation.
Our approach extends beyond the simple example of single-server queues with light-
tailed arrivals and services. We next present our approach for multi-server queues with

possibly heavy-tailed arrivals and/or service times.

2.3 Worst Case Behavior

In this section, we study the worst case behavior of a single queue with potentially multiple
servers and heavy-tailed arrivals and service times. We assume queues follow an FCFS
scheduling policy. We show that the worst case performance analysis amounts to solving

single-dimensional nonlinear optimization problems that can be solved efficiently.

2.3.1 Uncertainty Modeling

To model uncertainty in the partial sums of the interarrival and service times, we invoke the

generalized Central Limit Theorem reproduced below in Theorem 2.

Theorem 2 Generalized CLT (Samorodnitsky and Taqqu [1994])
Let {Y1,Y>,...} be a sequence of independent and identically distributed random variables,

with mean p and undefined variance. Then, the normalized sum

2Yi-nu
i=1

where Y is a stable distribution with a tail coefficient « € (1,2] and Cq is a normalizing

constant.

To illustrate, the normalized sum of a large number of positive Pareto random variables
with common distribution may be approximated by a random variable Y following a standard

stable distribution with a tail coefficient o and

Co=[I(1- a)cos(ﬂ'a/2)]1/a,
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where I'(:) denotes the gamma function. For a tail coefficient of @ = 1.5, we obtain
P(Y <6.5) ~ 0.975 and P(Y <19) ~ 0.995 via the tail probability approximations given
by Nolan [1997]. We therefore assume that the quantities 7; and X; take values such that

the partial sums

n n—k " n-k

S T - >-Iy(n-k)Y* and Y X;-
i=k+1 i=k+1

< Iy(n - k)Y, (2.19)

where the variability parameters I';, and I's are chosen to ensure that the inter-arrival times
and the service times satisfy the corresponding inequality with high enough probability.
Since O (nl/"‘) >0 (n1/2) for 1 < a < 2, the scaling by (n - k)l/a in Eq. (2.19) allows the
selection of smaller inter-arrival times and larger service times compared to Eq. (2.3) with

the scaling by (n - k)1/2.

With the insight from Theorem 2, we adapt the uncertainty sets to handle possibly

heavy-tailed arrivals and service times.

Assumption 3 We make the following assumptions on the queueing primitives.
(a) The interarrival times (Tng+1,---,In) belong to the parametrized uncertainty set
n

> Ti*n—kZ—Fa(n—k)l/a“, Vnoﬁkﬁn},
i=k+l A

U = U (I,) = {(Twl,...,:rn)

where 1/ is the expected interarrival time, ng is the initial buffer in the queue, I, € R
controls the degree of conservatism, and 1 < a, < 2 is a tail coefficient modeling possibly

heavy-tailed interarrival times.

(b) For a single-server queue, the service times belong to the uncertainty set

£ n—k
Y XS < Iy (n- k)Y, VoskSn},
i=k+1 K

US =U(T,) = {(Xl,...,Xn)

where 1/p is the expected service time, I's € R controls the degree of conservatism, and

1 < a5 £2 is a tail coefficient modeling possibly heavy-tailed service times.

(c) For an m-server queue, m > 2, we let v be a non-negative integer such that v = |(n -

1)/m], where n is the index corresponding to the n™* arriving job. We partition the job
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indices into sets K ={k<n:|(k-1)/m] =1}, fori=0,...,v,
Ko={1,....m},Ki={m+1,....2m},....,. K, ={vm+1,...,n,...,(v+ 1)m}.

Let k; € K; denote the index that selects a job from set K;, for i =0,...,v. The service

times for a multi-server queue belong to the uncertainty set

Zin - E <Ip |I|1/as,
U™ =U™ (I},) ={(X1,..., Xp) |ieT K©

VkieK; ieZcH{0,...,v}

where 1/u is the expected service time, I, € R controls the degree of conservatism, and

1 < as £ 2 is a tail coefficient modeling possibly heavy-tailed service times. Note that

U™ c U® for the case of m = 1.

Note: In order to illustrate the set 4™, we consider the example for n =5 and m = 2:

(-3) X1 +Xs+Xs < 3/pu+T5-3Y%  Xo+X3+Xs < 3/u+Ty-3Y%
X1+ X4+Xs < 3fu+Ts-3V>  Xo+X4+Xs < 3/pu+ Ty 3l
X1+X3 < 2/p+T, 21 Xo+Xs < 2fp+ Ty 20
(71-2) X1+Xg < 2/p+T, 21 Xo+Xg < 2/p+ T2
X1+ Xs < 2/u+Ds-2Y%  Xp+Xs < 2fu+ T2V |
X3+ X5 < 2/p+ T2 Xa+Xs < 2/u+T,-2Yes
(1Z1=1) {Xh Xa, X3, Xy, X55%+Fs}~

In general, the inequalities associated with the set Z involve the sum of |Z| service times,
where each service time is selected out of a set K, for i € Z, yielding O (mm) such inequal-
ities. Though the number of constraints in the set is exponential, we will show later that
the problem of finding the worst case system time given T € U® and X € U™ is efliciently
solvable and yields analytic bounds (refer to Section 3.2). Currently, the uncertainty set in-
cludes constraints involving jobs from different sets in the partition Koy, K1, ..., K,. While
we could have also added constraints with jobs selected from the same set K;, the set U™
represents a minimal set of inequalities for our bounds on the worst case system time to be

valid.
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2.3.2 Worst Case Behavior

Let C, denote the completion time of the n'! job, i.e., the time the n'® job leaves the
system (including service), and C(;,) denote the time of the n'h departure from the system.

In general, the following recursions describe the dynamics in a multi-server queue (Krivulin

[1994])
Crn =max (An,Cnomy) + Xn  and  Sp=Cp - Ap =max(Clym) — An,0) + Xp, (2:20)

where A,, = Y7 T; denotes the time of arrival of the n'! job.

Proposition 4 presents an exact bound on the worst case system time in an m-server queue,

for all possible realizations of the interarrival times.

Proposition 4 (Worst Case System Time in a Multi-Server Queue)
In an m-server queue under Assumption 3(c), the worst case system time for the nth job

for any realization of T is given by

S, (T) = (T, X) < (T, X
n(T) ug(agn)s (T, X) wrgl(a%)s (T,X)
v n
< max max X - T 1, 2.21
O<ksv ( um(Is) Z:k © m(zk:)ﬂ z) (221)

where v = |(n-1)/m] and 7(i) =n - (v - i)m and I}, =max (0,,).
To prove this result, we use the following procedure:

(1) We introduce a set of policies P that do not allow overtaking until some ¢ < n, and

obtain an analytic expression of the system time under such policies (see Proposition

5),

(2) Then, for any T, we obtain an exact characterization of the the worst case system
time under P, which can be achieved via a sequence of nondecreasing service times (see

Proposition 6),

(8) Last, we show that, for any T, the worst case system time for an FCFS queue is equal

to the worst case system time for a multi-server queue under P (see Proposition 7).
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We next present the proofs of Propositions 5-7.

No-Overtaking Behavior
For all policies in P, no overtaking occurs until £. Hence, until £, the jobs depart in the
same order they arrive, i.e., CZZ) = C,f, for all 1 < k < £ Under P, the recursion in Eq.

(2.20) therefore simplifies to
CF =max (CL,,, A¢) + Xo, and ST = CJ - Ay =max(CL,, - Ae,0) + X . (2.22)

Using this recursive formula, Proposition 5 gives an explicit expression of the system time

SZ’ in a multi-server queue operating under P.

Proposition 5 Under a set of polices P that do not allow overtaking until job € < n, where

(e K.,, the system time of the £ job in an m-server queue is given by

Y £
SZD = max ( Xs(i) - Z T,) y (2.23)
k

O<k<y \ i i=s(k)+1
where s(i) =€ - (y-1i)m.

Let us now fix the vector of service times X% = (X¢41,...,X,). Let T¢ = (Ty,...,T;) and
X =(Xy,...,X;). By Assumption 3(c), the vector (XZ,X“) € U™. For some realization of
inter-arrival times T¢ and service times X%, we define the worst case system time under P
as
TP (e wi+) = P(T¢ %t
SP(T4X) = max P (T4X)

(2.24)
s.t. (X4, X5) eu™.

By Proposition 5, for a given sequence (T[,X“) under P,

R ¢
S7 (14X = max (;va(i)— > T,)

max
(XX e Osk<y i=s(k)+1

0l 4
max (( max YXsiy- D T,) (2.25)

Osksy \ (X4 XE)eum i i=s(k)+1

IA

Proposition 6 shows that the bound in Eq. (2.25) is tight and that there exists a sample

path which achieves the worst case value with nondecreasing service times.
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Proposition 6 In an m-server queue, under a set of policies P that do not allow overtaking

until job £ <n, where £ € K, and given a realization X% eU™, there exists a sample path

()?f s .,Xf) with non-decreasing service times achieving
P  ~rt J <
S, (T X™) = max {max ) X - T . 2.26
e { ) Osksy \ U™ ZI; *© i:s%c:)ﬂ ' (226)

In the special case where ¢ = n, Eq. (A.2) implies that the worst case system time for the

n** job under P can be written as

"'P _ 14 o n A
S, (T)—&llg (){2% ;XT(,) izr(Zk:)HTz), (2.27)

where r(i) = n — (v - ¢)m. Additionally, there exists a nondecreasing sequence of service

times that achieves the worst case value, such that
X2 =2+ L -k+ DY~ (- k)], VieKy and k=0 2.28
jk_ﬂ A v , VjreKi an =0,...,0. (2.28)

FCFS Behavior
We next relate the worst case behavior under P to the worst case behavior in a multi-server

FCFS queue.

Proposition 7 Given a sequence of inter-arrival times T = {T1,...,T,}, and the services

X eU™(I,,,), where Iy, >0, the worst case system time S, (T) is such that

S, (T) =87 (T) = max (r%x PID. AT T) (2.29)
i=k

Osksy i=r(k)+1

where (i) =n—-(v—-i)m and v = [(n-1)/m].

Note that Proposition 7 is adapted from Eq. (2.29). Equipped with the exact characteriza-

tion of the system time, we next analyze initially empty and non-empty multi-server queues.

Initially Empty Queues

Given Assumption 3, we bound Eq. (2.21) by the following one-dimensional optimization

44



problem

= v—k+1 . 1a, ™V —k) i/
Sp, < max {_M +I, (v-k+1)7% - — I,[m(v-k)] . (2.30)

This bound can be computed efficiently for the general case where as; # a, by solving a
simple constrained non-linear optimization problem. Furthermore, we can obtain a closed
form expression for the upper bound on the worst case system time for the special case

where the arrival and service tail coefficients are equal, i.e., oy, = &, as shown in Theorem

8.

Theorem 8 (Initially Empty Heavy-Tailed Queue)
In an initially empty m-server FCFS queue satisfying Assumptions 3, with a, = as = a and

p <1, the worst-case system time is given by

) o/(a-1)
R F~1/1/°‘————m(1)\ p)-v+(%+lf,§), ifv<(——a/:f/_n;)) )
Sp () < _1  Me-) . pafeel) g (2.31)
=i - )]1/(a 5 +(—+F,;), otherwise,
o/ m(l-p - 2

where v = |(n-1)/m] and I' =mY*T, + I} > 0.

Proof of Theorem 8. Since (v -k + l)l/a < (l/—k)l/a +1, and given I, > 0, we

bound Eq. (2.30) by

S, < max {V_k+[’,;(y—k)1/°‘—

m(v - k)
O<ksv | 4 A

+ I [m(v- k)]l/a} + (l + I’,‘;) :
"
By making the transformation x = v - k, where x € N, we represent this problem as

max (B-xl/"—é-x) <  max (ﬂ-wl/"‘—&m), (2.32)

O<z<v,zeN O<z<v,xeR

where 8 = mM*I, + I and 6 = m(1 - p)/\ > 0, given p < 1. If B < 0, the function
h(z)=p3- M~ §-3 <0 for all values of z, implying S, = 1/u+T,. For 8 >0, the function

h is concave in x with an unconstrained mazximizer

(2.33)

. B\ D (XL, +ml/ery,) o/ (a-1)
’ _(5) —( am(1l-p) ) '

Mazimizing the function h(-) over the interval [0,v] involves a constrained one-dimensional
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concave mazimization problem giving rise to closed-form solutions.

(a) Ifz* €[0,v], then z* is the mazimizer of the function h over the interval [0,v], leading
to an expression that is independent of v,
B )1/(0—1) ( 8 )a/(a‘l) (1 +)
L ~5( £ 4T
B(aé 6 ad " o hm

a-1 poled
ool(a-1)  gifta-1y T (; +Fm)'

S

IN

(2.34)

(b) If z* > v, the function h is non-decreasing over the interval [0,v], with h(v) > h(z)

for all z € [0,v], leading to an expression that is dependent on v,
a 1/a 1 +
Sn=BW)"*=s(w)+|=+1TI,]). (2.35)
u

We obtain Eq. (2.31) by substituting B and § by their expressions in (a) and (b). m

Note that, for the case where I' < 0, the function in Eq. (2.31) is increasing in k over
the interval k € [0,v], for p = A/(mpu) < 1. It is therefore maximized at k = v, which yields

- 1

In this case, the nt" job does not experience a waiting time before entering service. This is
due to the fact that the condition I' < 0 involves typically long inter arrival times and short

service times.

Initially Nonempty Queues
We next analyze the case where ng > 0. For a single-server queue, and given that T; = 0 for

all i =1,...,np, the system time in Eq. (2.1) reduces to

n n

(a) forn<ng: S, = max ) X;=)> X, (2.36)
1<k<ng ik i-1
n n n n
(b) for n>ng: S, = max ZXi - z T;, max (ZX,- - Z E) . (2.37)
i=1 i=ng+1  mo+lsksn\;Z i=k+1

n n n

We note that Eqs. (2.36) and (2.37) involve the terms )_ X; and > Xi- Z T;, respectively.
i=1 i=1  i=ng+1

While the constraints in Assumption 1 allow us to obtain upper bounds on these terms, the
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n n
resulting bound is not tight, since I'; and I'; bound all of the sums Z T; and Z Xi,
i=k+1 i=k+1
for all values of k. To obtain tighter bounds, we introduce the parameters 7, and -, which

equal the sums

n n-ng n n
T; - X;i-—
i=§)+1 ' A d ; _ 9
(e e md S = (238)

where the parameters -y, and s are such that v, < I', and s < I's. Similarly, for an m-server

queue, we introduce the parameter ~,, < I, where

ix v+1

ki —

1=0

W < Yy v ki € Ki, (239)

where the set Kj; is defined as K; = {k<n:|(k-1)/m]|=1i}, for i = 0,...,v. Now, for an
m-server queue, let ¢ = |(ng —1)/m|. The first m jobs in the queue are routed immediately
to the servers without any delays. For n > m, and given that T; =0 for all i = 1,...,ng, we
rewrite Eq. (2.21) as

v v
(a) forn<ng: S, (T) < max (05?332¢ ;Xr(i)) = max ;)Xr(i) (2.40)

mngXr(i) - Z T3,
um o

Py i=ng+1
(b) for n>ng: S, (T) < max .o n , o (241)
max | max ZXr(i) - Z T;
¢<ksy \ U™ i i=r(k)+1

where r = r(0) =n-vm and v = |(n-1)/m|. By applying Assumption 3 and the inequalities
in Egs. (2.38) and (2.39), we can bound Eqgs. (2.40) and (2.41) and obtain an exact
characterization of the worst case system time in an initially nonempty queue with heavy

tails, where for n < ng

+
K

S < (52 v + 1Y) (2.42)
I
and for n > ng
— + _
T ke ) B (),
5, < max e _ (2.43)
B P AT ) LN A R
$<k<v i A
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As for initially empty queues, the optimization problem in Eq. (2.43) can be computed
efficiently for the general case where o, # as. Theorem 9 provides a closed form expression

for the upper bound on the worst case system time for the special case where o, = as.

Theorem 9 (Initially Nonempty Heavy-Tailed Queue)
In an m-server FCFS queue under Assumptions 3 with ng € Ky, e, ¢ = |(no - 1)/m],

ag=as=a, p<l,and I' = mYer, + I, >0, the worst case system time S, (I') is bounded

by
+ p—
(u+1+7m(,,+1)1/a) n no+%(n_n0)1/a,
m(1l- 1 . af(a-1)
fax F@~¢ﬂ”——%ﬁku-m+(;+ng,qy_¢<(§%%) g (244)
_1 A\V(e-1) . pa/(a-1)
:/(a}l) A Fl/(a_l) + (l + F;l) 5 otherwise.
@ [m(1-p)] p

Proof of Theorem 9. To bound the mazimization problem in Eq. (2.43), we take

a similar approach to that presented in the proof of Theorem 8 and cast the problem in the

form
] af(a-1)
Brw--6-9), fv-o<(5)"
max (B-z'/*-6-z)=
Osz5u—¢,weR( ) a-1 ﬂa/(a—l)
otherwise,

aal(a-1) " §1/(a-1)

where B = mY T+t and § = m(1-p)/\. Substituting the terms B and ¢ by their respective

values in the above expression yields the desired result. a

Note that, for the case where I' < 0, the worst case system time

+1 n-ng

A

+
S, () Smax{(y +'ym(l/+1)1/as) - +'ya(n—n0)l/°‘“, l +F,,+1}.
m

In this case, the n'® job experiences a waiting time only due to the buildup effect left by the
initial jobs. For big enough n, this effect becomes negligible and the system time eventually

becomes equal to the service times, stabilizing at the value 1/u + I},
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2.3.3 Implications and Insights

In a multi-server queue, the worst case system time is characterized by two distinct states of
behavior: (a) a transient state where the system time is dependent on n, and (b) a steady
state where the system time is independent of n. Figure 2-1 shows a graphical representation

of the evolution of the worst case system time under our modeling assumptions.

—
o

10F

)

5]
—
e
~—
=
u

Worst Case Waiting Time

(1

. ) 1 . |
0 100 200 300 200 400
Jobs Jobs
(a) (b)

=

Figure 2-1: Worst case system time for a single-server queue with p = 0.95, I', = 0 and
I, =0,1 (respectively curves (1) and (2)), for (a) zero initial jobs, and (b) 5 initial jobs, i.e.,
no = 5. The dotted lines indicate the phase change from transient to steady state.

Steady State: Our approach leads to the same qualitative conclusions as stochastic queue-
ing theory with respect to the behavior of the system time in terms of the traffic intensity
and uncertainty on the inter-arrival and service times. In fact, the classical i.i.d. arrival
and service processes with finite variance can be modeled by setting o = 2. The worst case

steady state system time becomes

2
= N (el 1§ ~ X (Lu+Ty/m!? m
S, Z-(—a—s—)+— and S.nsZ-(“ ls—p ) 0 (2.45)
for single server and multi-server queues, respectively. Kingman [1970] provides insightful
bounds on the expected waiting time in steady state for the GI/GI/1 and GI/GI[m queues.
Given that E[S,] = E[W,]+E[X,], where E[X},,] = 1/u, the bounds on the expected system

times translate to

A o2+afm+ (1/m-1/m?)/u? o
2

1
+= and E[S,] < = .
L and B[s5,) - .

49



The bounds in the proposed framework share the same functional dependence on A/(1 - p)
and on the variability parameters I'2, I'2/m, (correspondingly o2, 02/m) as probabilistic
bounds. Note that the bounds in Eq. (2.45) depend on the magnitude of the variability

parameters.

Transient Regime: In the queueing literature, the time it takes the system to reach steady
state is referred to as relazation time. We define the robust relazation time as the number
of jobs observed by the queue before reaching steady state in the worst case setting. Table
2.1 summarizes the effect of the traffic intensity on the steady-state system time and the

robust relaxation time.

Table 2.1: Effect of traffic intensity and heavy tails on worst case behavior.

Worst Case Steady System Time* Robust Relaxation Time*
I+ afa-1 I+ a/(a-1)
oL o({2)vo[m |1
m(1 - p)Y/(e-1) 1-p m(1-p)

*=mer, +I,.

Remark: Under probabilistic assumptions, heavy-tailed queues are characterized by an
infinitely long transient state as they never reach steady state (see Boxma and Cohen [1998]).
However, in our robust framework, we attribute a steady state value, even for queues with
heavy-tailed arrivals/services. The concept of a worst case steady state for systems with
heavy tails stems from the assumptions of boundedness of the interarrival and service times
implied by Assumption 3, which involve a truncation of the tails. Specifically, under the
worst case paradigm, lower tail coefficients, and therefore heavier tails, yield an increase in
both the relaxation and steady state system times as suggested by Table 2.1. To illustrate
this, we consider an instance with p = 0.95, m =1 and I" = 1. By incrementally decreasing the
tail coeflicient from « = 2 to @ = 1.75 and from « = 1.75 to « = 1.5, the steady state worst case
system time experiences an respective increase by 115% and 420%, and the relaxation time
increases by 190% and 680% respectively. Our averaging techhique allows us to reconcile
our approach with the conclusions from probabilistic queueing theory.

For ease of notation, we express the worst case system time in Eq. (2.44) as

maX{gﬁ (Yasm), S5 (1) -1 (1) +5° () - 15, (T) } (2.46)
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where S, S5, and §° denote the quantities associated with the system time effected by the
initial buffer ng, the transient state and the steady state, respectively, and the indicator
functions 1f and 13 reflect the condition for the system to be in the transient state and the

steady state, respectively. For a4 = o, = a, the indicator functions are such that

]121,(-[1):1, if [’>a_m'(?i)__[[n/mj_[no/mJ](a—l)/a

’

13 (I')=1, otherwise.

2.4 Average Case Behavior

To analyze the average behavior of a multi-server queue, we treat the parameters (v,, [,),
and (vm, I,) (correspondingly (7, ) for a single-server queue) as random variables and

compute the expected value of the worst case system time
Sn=E[S,].

Similarly to the case of a single-server queue with light-tailed primitives, we propose to ap-
proximate the density of the variability parameters by invoking the limit laws of probability
and leveraging the characterization of the effective variability in Eq. (2.14) to fit the analysis

for multi-server queues with possibly heavy-tailed arrivals and services.
2.4.1 Choice of Variability Distribution

From Eq. (2.38), the parameters 7, and 7, can be viewed as normalized sums of the random

variables {Tp,+1,--.,Tn} and {X3,..., X, }. Specifically,

n n—"Tg " n
2 2%
Ya = - ‘() )1/% o« -Z, and ~s= Z—_—n—lm— o< Zs. (2.47)
n-nop

By the limit laws of probability, v, and ~s approximately behave as a random variable

following a limiting distribution.

(a) Light Tails: For large enough n, 7, and vs can be well approximated as normally
distributed random variables by the central limit theorem. Specifically, v, ~ M (0,0,)

and vs; ~ N (0,05), where o, and o5 denote the standard deviations associated with
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(b)

the inter-arrival and service processes, respectively.

Heavy Tails: By Theorem 2, the normalized sum of heavy-tailed random variables -
with tail coefficient « follows a stable distribution Sy (¢, €, ¢) with a skewness param-
eter ¢ = 1, a scale parameter £ = 1 and a location parameter ¢ = 0. Therefore, v, and

vs as expressed in Eq. (2.47) are such that
Yo ~ Saq (-1,Cq,,0) and s ~ Sq, (1,C4,,0),

where Cl, is a normalizing constant as introduced in Eq. (2.18). As a concrete example,

for Pareto distributed interarrivals and service times,
Cq = [['(1-a)cos (ma/2)]"*,

where I' (-) denotes the Gamma function. Note that, unlike the case of light tails, the
distributions of 7, and -, are asymmetrical. More specifically, the skewness of v, is

negative since vy, = —Z,, where Z, = S,, (1,C,,,0).

In a multi-server queue, and assuming without loss of generality that n = (v + 1)m,

1 Y 1
max Y. Xz—-(-g—t—)ﬂ maXzX'+im—V+
e = wooia 15 L i = pol L i”:’y
s [(l/+ l)m]]./a ml/as s (l/+ 1)1/(15 - ml/as s ms

where the last inequality is due to Eq. (2.39). We can therefore express ~., as

1

Ym = mas-Dfas

Ys-

We next discuss how we choose the distribution of the effective parameter I". Since the

exact characterization of the density of I" is challenging, as we have observed in Section 2,

we propose an approximation. Recall that for a single-server queue with light-tailed arrival

and service times, we have proposed to treat I" as

r~N(0,2/c%+02). (2.48)

Put differently, we view I' = I, + I';, where I, = 6+, and I's = v, with 8 = 2. We take a
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similar approach for multi-server queues and model the variability parameters as functions

of 7., vs and 7, as follows

Vs

I,=0v, and I}, =0v,= 9m(a5_1)/a5 ’

and then inform the choice of the scaling parameter # via known conclusions on the behav-

ior of the system time (e.g., the steady state bound on the system time given by Kingman

[1970]).

(a)

(b)

Light Tails: We select 8 so that the average worst case steady-state system time

matches the bound provided by Kingman [1970]. In other words, we ensure

A
4(1-p)

.E[(07+)2] = 2(1{ > (02 + 02 [m?), (2.49)

where v = v + 7, /mY? = 44 + 47 /m and the expected value ]E[(’y*)z] s~ P(y20)-

(03 + Ug/mz). By rearranging the terms in Eq. (2.49), we obtain

[2(ezeazm]” 2
9_[ E[()7] ] (1}»(720)) - (2.50)

Heavy Tails: The steady state in heavy-tailed queues does not exist. Instead, we

propose to extend the formula in Eq. (2.50). For a, = as = a, we select the scaling

o \@D/e
O~ (m) . (2.51)

where the probability can be efficiently computed numerically. For asymmetric tails,

parameter as

we propose to model the variability parameters I'; = 6,7y, and I3, = 05y, with

o (@a-1)/a 08 (as-1)/as
9, ~ | —2— d ;| ——— ) 2.52
- (re5w) wd 0.0 (5% (252
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By expressing I, and I}, in terms of v, and s, we can approximate S, by

n By o, [max {53 Yar¥s) s S5 (Ve ¥s) - 1 (s ¥s) + 5% (Yar ¥s ) - 15 (Var vs) }] :

W

The above double integral can be efficiently computed using numerical integration. A key
feature of our approximation approach is its computational tractability. Computing the
average system time involves computing double integrals, which we compute by discretizing
the space of v, and ~;.

The average runtime to compute S, for a given value of n is of the order of milli-seconds,
irrespective of the system parameters: traffic ratio (p), number of servers (m), and light or
heavy tailed nature (o). We contrast the computational requirement of our approach relative

to simulations.

(a) Computational Complexity: When using simulation to calculate E[S,], it is required
to simulate all the jobs until n, requiring us to simulate an O(n)-dimensional random
vectors of inter-arrival times and service times. On the other hand, in our approach, we
are required to perform only a double integration, which is significantly faster.

(b) Effect of Heavy Tails and Heavy Traffic: It is well known that the number of sample
paths required grows for heavy traffic as well as heavy tailed systems (see Fishman and
Adan [2006], Asmussen et al. [2000], Blanchet and Glynn [2008]). In our approach, even
for heavy tails and heavy traffic, we use the same level of discretization to calculate the
double integrals.

(c¢) Simulation of Multi-Server Systems: A key step in simulating FCFS multi-server
queues consists of sorting the workloads at each server to assign the next job to the first
available server. This sorting process is required for each sample path. On the other
hand, our approach provides a closed form expression for multi-server queues which does

not involve sorting.

We next compare the performance of our approximations with simulated values.

2.4.2 Computational Results

We investigate the performance of our approach relative to simulation and examine the

effect of the system’s parameters (traffic intensity, initial buffer and number of servers)
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on its accuracy. We run simulations for single and multi-server queues with N = 5,000
job arrivals and compute the expected system time for each job using 20,000 simulation
replications. We pre-specify the arrival rate at the queue to be A = 0.1 for all simulation
instances, while varying the traffic intensity, the variances associated with the interarrival
and service processes, the number of servers in the queue, and the number of initial jobs.
We further consider a host of light-tailed distributions and simulate queues with normal,
exponential, lognormal, and uniform interarrival and service times (including the service
times for the initial jobs at the queue). To compare the simulated values S, with our

approximation §n, we report the average percent error defined as

1
N

Sn - Sh
S

M=

Average Percent Error = x 100%,

1

where N = min (NV,7,) and 7, denotes the number of jobs the queue observes until our
approximation reaches steady state, i.e., 7, = min (n : S, = §°o). We next present our re-
sults for multi-server queues with (a) light-tails (g = a5 = 2), (b) symmetric heavy tails

(aq = a5 = ), and (c) asymmetric tails (aq # as).

Light Tails: Table 2.2 reports the average percent error between simulation and our
approximation for queues with normally distributed interarrival and service times. Note that
the choice of the mean and standard deviations ensures that no more than 0.6% of values
are negative. Whenever we obtain a negative value, we truncated at zero. Our approach
generally yields percent errors within 10% relative to simulation. Figure 2-2 compares our
approximation (dotted line) with simulation (solid line) for a single-server queue (top pan-

els) and a 20-server queue (bottom panels) with normally distributed primitives.

As shown by simulations and empirical studies performed by Odoni and Roth [1983] on
light-tailed queueing systems, the expected transient system time has broadly four different
behaviors depending on the initial jobs. Our averaging approach is capable of capturing

these behaviors.

(a) The first behavior occurs when the system is initially empty. The average system time

function is monotonic and concave in n. This behavior is detected in Figures 2-2(a),(d).
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Table 2.2: Errors relative to simulations for queues with normally distributed primitives.

1 Server* 10 Servers' 20 Serverst
p ng=0 5 10 ng=0 20 50 ng=0 50 100
.95 5.14 3.32 6.82 1.06 3.04 219 0.87 1.53 1.03
(a) .97 4.04 2.26 5.98 0.44 3.12  2.25 0.60 1.99 1.10
.99 3.54 1.54 877 2.35 498 2.73 1.27 2.89 0.62
.95 2.23 2.57 6.44 0.64 3.28 3.59 1.21 2.60 211
(b) .97 1.75 2.16 7.65 1.49 414 4.85 0.59 3.33 3.39
.99 5.05 4.09 8.51 4.47 7.70 5.31 2.83 5.08 1.50
* Instances with (a) 0, =05 =2.5 and (b) o4 =05 =4.0
t Instances with (a) o, = 2.5 and o = 10, and (b) 0, = 4.0 and o, = 20
! Instances with (a) 0, = 2.5 and o = 20, and (b) 0, = 4.0 and o, = 40
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Figure 2-2: Simulated (solid line) versus approximated values (dotted line) for a queue
with normally distributed primitives with o, = 4.0 and p = 0.97. Panels (a)—(c) show a
single-server queue with o, = 4.0 and ng = 0,5,10. . Panels (d)-(f) show a 20-server queue
with ¢ = 40 and ng = 0, 50, 100.

(b) The second behavior occurs when the number of initial jobs is small creating an initial
system time §n0 that is below the steady state value. The system time in this case

initially decreases and subsequently increases until reaching steady state, as seen in
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Figure 2-2(b).

(¢) The third behavior occurs when the number of initial jobs creates an initial system time
§n0 that is higher than the steady state value. In this case, the average system time is
convex in n and decreases exponentially until reaching steady state, as detected in in

Figure 2-2(c).

(d) The fourth behavior occurs when the initial buffer creates an initial system time S, that
is substantially larger than the steady state value. The initial decrease is approximately

linear with jobs leaving the system at the rate of u — A, as seen in Figures 2-2(e),(f).

Table 2.3 reports the average percent error between simulation and our approximation for
queues with various combinations of light-tailed distributions (with A = 0.1 and o, = 10). We
consider in particular three pairs of distributions: (A) exponential arrivals and lognormal
service times, (B) lognormal arrivals and service times, and (C) uniform arrivals and lognor-
mal service times. We also vary the coefficients of variation associated with the interarrival
times (cy = Aog) and the service times (¢s = pos). Our approach yields errors within 10%
relative to simulation. Figure 2-3 compares our approximation (dotted line) with simula-
tion (solid lines) for an initially empty (a) single-server queue, (b) 10-server queue, and (c)

20-server queue for the various combination of distributions.

Table 2.3: Errors relative to simulation for queues with light-tailed primitives.

1 Server 10 Servers 20 Servers

Instance | p=.95 .97 99 | p=95 97 99 | p=.95 97 .99

A* 518 3.10 2.26 7.48 478 3.99 10.2 7.80 5.91

(1) Bf 264 206 262| 9.06 546 4.10| 109 876 7.04
ct 3.75 2.52  1.50 6.97 437 3.55 9.45 7.58 6.05

A 8.14 466 2.82 3.39 2.23 2.98 5.37 2.71 2.03

(2) B 6.21 4.36 3.44 5.42 1.96 2.85 6.34 3.50 1.88
C 470 314 1.17 2.11 2.52 2.97 4.25 1.72 1.87

A 4.17 3.63 1.71 5.81 2.51 2.09 6.18 3.77 148

(3) B 9.17 587 3.33 7.80 3.88 1.95 7.33 4.65 2.08
C 0.71 0.82 1.43 3.76 '1.34 1.89 4.88 2.67 1.63

Instances with (1) ¢; = ¢s, (2) ¢q = 2¢5, and (3) ¢q = 5cs
* Instances with exponential arrivals and lognormal service times
t Instances with lognormal arrivals and service times
1 Instances with uniform arrivals and lognormal service times
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Figure 2-3: Simulated (solid line) versus predicted values (dotted line) for a queue with
p = 0.97. Panel (a) shows a single-server queue with exponential arrivals and lognormal
service times with ¢, = ¢;. Panel (b) shows a 10-server queue with lognormal arrivals and
service times with ¢, = 2c;. Panel (c¢) shows a 20-server queue with uniform arrivals and
lognormal service times with ¢, = 5cs.

Heavy Tails: Table 2.4 reports the average percent error between simulation and our
approximation for queues with Pareto distributed interarrival and service times with a, =
as = . Our approach yields percent errors within 10% relative to simulation for single-server
queues. While errors are higher for multi-server queues, our approximation still captures the
heavy-tailed behavior. Figure 2-4 compares our approximation (dotted line) with simulation
(solid line) for a single-server queue (top panels) and a 20-server queue (bottom panels) with

Pareto distributed primitives (a, = a; = 1.6).

Table 2.4: Errors relative to simulations for queues with Pareto distributed primitives.

1 Server 10 Servers 20 Servers
P ng=0 50 200 ng=0 50 200 | np=0 50 200
0.95 9.59 7.18 1.78 12.5 9.49 139 17.9 15.9 25.5
(a)* 0.97 4.86 1.49 5.98 12.1 9.56 13.7 19.6 17.8 28.6
0.99 2.59 2.08 6.63 11.9 119 156 24.5 226 29.3
0.95 9.59 7.18 1.78 9.22 7.85 5.44 21.6 185 174
(b)* 0.97 8.75 3.14 2.92 12.7 9.63 9.76 21.7 17.7 19.8
0.99 5.72 1.17 3.66 13.9 13.5 114 24.4 20.3 204

* Instances with (a) ag = as = 1.6 and (b) aq = a5 = 1.7

Asymmetric Tails: Figure 2-5 compares our approximation (dotted line) with simula-
tion (solid lines) for a single-server queue with p = 0.97 and asymmetric tail coefficients. In
particular, we consider three instances: (a) Pareto arrivals (a, = 1.6 and exponential service

times, (b) exponential arrivals and Pareto service times (a5 = 1.6), and (c) Pareto arrivals

58



and services (g = 1.5, ag = 1.7).
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Figure 2-4: Simulated (solid line) versus predicted values (dotted line) for a single queue
with Pareto distributed primitives (o, = as = 1.6) and p = 0.97. Panels (a)—(c) correspond
to an instance with m = 1 and ng = 0,50,200. Panels (d)-(f) correspond to an instance with
m = 20 and ng = 0, 50, 200.
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Figure 2-5: Simulated (solid line) versus predicted values (dotted line) for an initially empty
single-server queue with p = 0.97 and (a) Pareto arrivals (o, = 1.6) and exponential service
times, (b) exponential arrivals and Pareto service times («s = 1.6), and (c) Pareto arrivals
and services (aq = 1.5 and o = 1.7). Percent errors with respect to simulation are 6.50%,
2.82%, and 3.23%, respectively.

Note that our averaging technique allows us to reconcile our conclusions with prob-
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abilistic queueing theory. From Table 2.1, the average system time is proportional to
E [(F*)"‘/ (“‘1)] . For heavy-tailed primitives, the effective variability parameter I' is gov-
erned by a heavy-tailed distribution (concluded for the stable law). This implies that
the moments of I' higher than or equal to the second moment are infinite. As a result,
E[(F*)D‘/ (“‘1)] is infinite for a < 2. The average steady-state system time S.. and the
relaxation time are therefore infinite for heavy-tailed queues, which is in agreement with

conclusions of probabilistic analysis (see Boxma and Cohen [1998]).

2.5 Concluding Remarks

In this chapter, we applied our methodology to analyze the transient performance of single
queues with possibly heavy-tailed arrivals and service times. By averaging the worst case
values, we have shown that our approach (1) yields approximations that match the diffusion
approximations for light-tailed queues, (2) allows us to extend the analysis to heavy-tailed
queueing systems, and (3) yields approximations that closely compare with simulated values.
In the next chapter, we present how we leverage the tractability of our methodology to

analyze complex queueing networks.
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Chapter 3

The Case of a Network of Queues

In this chapter, we analyze the average performance of a multi-server queueing network
with possibly heavy-tailed arrivals and service times. We extend the approach presented in
Chapter 2 to (a) study the steady-state behavior of arbitrary queueing networks, and (b) the
transient behavior of tandem and feedforward networks. This chapter particularly highlights

the generalizability and the tractability of our approach to study complex systems.

3.1 Introduction

Analyzing the performance of single queues under generalized probabilistic assumptions is
challenging, as we have discussed in Chapter 2. The situation becomes even more difficult
if one considers analyzing the performance of queueing networks. A key result that allows
generalizations to networks of queues is Burke’s theorem (Burke [1956]) which states that
the departure process from an M /M /m queue in steady-state is Poisson. This property
allows one to analyze queueing networks and leads to product form solutions as in Jackson
[1957]. However, when the queueing system is not M /M /m, the departure process is no
longer a renewal process. With the departure process lacking the renewal property, it is
difﬁculf to determine performance measures exactly, even for a simple network with queues
in tandem. The transient analysis of queueing networks is even more complex.

The two avenues in such cases are simulation and approzimation. Simulation provides
an accurate depiction of the system’s performance, but can take a considerable amount of

time in order for the results to be statistically significant, especially for heavy-tailed systems
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in heavy traffic. In addition, simulation models are often complex, which makes it diffi-
cult to isolate and understand key qualitative insights. On the other hand, approximation
methods, such as QNA developed by Whitt [1983] and QNET developed by J. G. Dai and
J. M. Harrison [1992], provide a fair estimation of performance, but suffer from a lack of
generalizability to model heavy-tailed behavior. Given these challenges, the key problem
of performance analysis of queueing networks has remained open under the probabilistic
framework. We propose to apply our methodology outlined in Chapter 2 to study queueing

networks.

The structure of this chapter is as follows. Section 3.2 analyzes the departure process
from a multi-server queue and discusses the generalizability of our methodology to analyze
the steady-state behavior of arbitrary queueing networks. We also show that our approach
is capable of studying the transient performance of tandem networks (Section 3.3) and

feedforward networks (Section 3.4). Section 3.5 concludes this chapter.

3.2 Steady-State Queueing Networks

In this section, we study the output of a single queue under the assumption that servers
act adversarially to maximize the time spent in the queue. Specifically, we show that, with
adversarial servers, the interdeparture times D = {D;, Da,...,D,} belong to the arrival
uncertainty set 24¢. The characterization of the departure uncertainty set ¢ as a subset of
the arrival uncertainty set U® is increasingly tighter with larger values of n, and is therefore
akin to the Burke theorem. This result allows us to decompose complex networks and carry

a steady-state analysis station-by-station.

3.2.1 Output of a Queue

Fixing the value of n, we view the queueing system from an adversarial perspective, where
the servers act so as to maximize the system time of the n'® job, for all possible sequences
of inter-arrival times. This assumption is reminiscent of the service curves approach of the
stochastic network calculus, see Jiang and Liu [2008]. In other words, the servers choose

their adversarial service times X = (Xl,. ..,fn) to achieve S, (T), for all T. Given the
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results of Proposition 7, the servers choose their service times according to Eq. (2.28), i.e.,

X

1
M +T [(n—i+ 1)Yes —(n—z’)l/‘“], Yi=1,...,n. (3.1)

Xk,

7

1
;+F3[(V—i+1)l/as—(V—’i)l/as], Vk; € K; and i=0,...,v, (3.2)

for single and multi-server queues, respectively. The adversarial servers achieve the worst

case system time

i=k i=k+1 i=k i=k+1
5n (T) = (3-3)
v n
] :T(%f) K (Z %3 1)

for all T, for single-server and multi-server queues, respectively. Note that the adversarial
service times are nondecreasing, implying X1 < X5 <... <X, Ina multi-server setting,
the monotonicity of the adversarial service times ensures no overtaking can occur, and as
a result, jobs leave in the same order of their arrival. We note that the adversarial service
times depend on the value of n, i.e,, X = X We dropped the superscript n in our analy-
sis, for ease of notation. We next study the departure process in a multi-server queue with

adversarial servers.

Robust Burke Theorem

For a multi-server queue, the time between the k™ and n*® departures is the difference
between C(,) and Cy). Assuming servers act adversarially, no overtaking is allowed to occur.
As a result, the k" and n*® departures correspond to the k™ and n** jobs, respectively. In

this case, the partial sum of the interdeparture times is given by

Cny = Cik) = Cn — Ck = An + S, (T) - A, - S (T)

NG
[S

> T,+53,(T) - 5 (T). (3.4)

i=k+1

Characterizing the exact departure uncertainty set in an queue with adversarial servers can

be made via minimizing Eq. (3.4) with respect to T e 4?, for all 1 <k <n-1. Theorem 10

63



obtains a lower bound

n —
> k—]”a(n—k)l/a, forall 0<k<n-1,

implying that, in an adversarial setting, the departure times belong to the arrival uncertainty

set.

Theorem 10 (Passing through a Queue With Adversarial Servers)
For a multi-server queue with inter-arrival times T € U?, adversarial service times X, and

p < 1, the interdeparture times D = {Dy, Ds,...,Dy,} belongs to the set U

" —k
>0

Ul cu®={(D1,Ds,...,D,) |k

—(IC)TZ—FQ,VOSkSn—l . (3.5)
n— a

Proof of Theorem 10. We note that, for k=0, Eq. (3.4) results in C, > A, yielding
the desired bound. In the remainder of this proof we assume k > 1. We first consider the case
of a single-server queue which illustrates the main intuition of the proof. In a single-server

queue with adversarial servers, we can express the system time of the k™ job as

lejsk\iz; iz izk+l  ichel i<k \ i i=j+1

k k n n n n
S (T) = max(z}?i—z Ti)z'z Ti- ), )?i+max(ZXi— > Ti),

where we obtain the last equality by extracting the partial sums that are independent of the

index j out of the mazimum term. Eq. (8.4) therefore becomes
n n — — (3 —~ n
Z Di = Z Xl + Sn (T) — max ZXi - z Ti . (36)
i=k+1 imk+1 1<j<k \i=j i=j+1
We next consider the following two cases and analyze them separately:

X s n-k
i=k+1 A
s n-k

- Ty(n - k)Mo,

- T,(n-k)Yee,
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We treat each case separately as follows. For case (&), we note that for k <n,

max(i)@— i Ti)srnax(ifi— §n: T,-)=§n(T).

1sj<k\i=j i=j+1 l<jsn \ ;55 i=5+1

This results in the partial sum of interdeparture times to be lower bounded by the partial sum

of service times, and given the assumption in Case (o), we obtain

Z D, > Z Xi+§n(T)—§n(T)= i Xizn_k
i=k+1

—(n-k)Ye.
i=k+1 i=k+1 A

For case (b), we can bound the mazimum term in Eq. (B.3) by
n —~ n —~ n — n
max Xi-) T;] < Xi + max X;-)> T;|,
1sjsk Z; ' iz]z+l ' FT g i=;z';1 ' z'=_72+1 '

where the inequality is due to Xj < X for 7 < k, since the adversarial service times are
nondecreasing. Given that S, (T) > X, >X L, the partial sum of interdeparture times in Eq.

(B.3) is then lower-bounded by

<5<k \ =51 i=j+1

o f Xmax(zsz) 57

Substituting the value of the adversarial service times and upper bounding the partial sum of

inter-arrival times according to Assumption 3(a),

I<ygk \ 42541 i=j+1

maX( > Xi- ), Ti)S{ISlJ;aS)I(C g9(n-3),
where the function g(-) is such that
g(x) = £+F3-xl/°‘3 —£+Fa~a:1/a“. (3.8)
m A

The function g(-) is concave, monotonically increasing from zero to a positive mazimum
value after which it becomes monotonically decreasing. Negative function values belong to

the phase where the function is decreasing. The assumption of Case (b) translates to

o n-k

+ Ty(n - k)Y < nT—k

-Iy(n- k)Y implying that g(n - k) <O0.

g
)
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Since g(n - k) <0, the function g(-) is decreasing. Therefore, for j <k, i.e., n—j2n-k,

we have g(n - j) < g(n-k), yielding

ik \is55 izjel

max( i X; - i TZ)Slnsl?s)l(c g(n-j)=g(n-k). (3.9)

Applying the bound obtained in Eq. (3.9) to Eq. (3.7), we obtain

n n — —
D> Y Xi-"E  nmekyte s "E L p - gyYee
i=k+1 i=k+1 [ A
= n—;—li—l’a(n—k)l/a"‘.

This completes the proof for a single-server queue. We extend the proof to a multi-server

queue in Appendiz B. a

Implications and Insights

We present next the implications and insights that follow from the analysis of the departure

times for queues with adversarial servers.

()

(b)

Tightness of the Departure Characterization: The characterization U% ¢ U® is
true for all values of n, though its tightness improves for increasing values of n. In other

words, in a queue with adversarial servers, the inequality

- [(n- k)l

» -k
min Z D; > n
TeU® 2k A
becomes tighter as n increases. To illustrate this point, Figure 3-1 shows the percent
error between the left hand side and the right hand ride of the above inequality for
various values of & and n. We note that, the higher the value of n, the lower the error

is for all k£ values.

Robust Burke Theorem: Asymptotically, the characterization of the departure pro-
cess in Theorem 10 is tight, which implies that the departure uncertainty set is therefore
approximately equal to the arrival uncertainty set for large values of n. This is akin to
the Burke Theorem from the stochastic queueing literature, which states that, asymp-
totically, the departure process in an M /M /m queue is a Poisson process with a rate

equal to that of the arrival process. By looking at asymptotics, Theorem 10 can be
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Figure 3-1: Percent error values generated by comparing the minimum value of the
sum Y., D; (computed numerically by an optimization solver) and the expression
2k — I,(n - k)Ye for various values of k and n. The instance shown corresponds to
a smglc-berver queue with adversarial servers, traffic intensity p = 0.9, service rate
p = 1, variability parameters I, = I'; = 1, and tail coefficient a = 2.

thought of as a generalization of the Burke’s theorem to more general setting such as
heavy-tailed behavior. This result allows us to decompose a network of light-tailed

queues with adversarial servers to analyze the steady-state performance.

Note: Given that ther characterization of the interdeparture times in Theorem 10 is not
tight for transient regimes, one would expect that proceeding with a network decomposition
and approximating the performance station-by-station would yield conservative estimates.
Since the characterization of the interdeparture times is tight in steady-state, we propose

next to extend our approach to study steady-state arbitrary networks via decomposition.
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3.2.2 Network Decomposition of Stead-State Networks

Consider a network of J queues serving a single class of jobs. Each job enters the network
through some queue j, and either leaves the network or departs towards another queue right

after completion of his service. The primitive data in the queueing network are:

(a) External arrival processes with (A}, Iq j, 0q ;) that arrive to each node j=1,...,J.

(b) Service processes with (p;, I's j,s,;), and number of servers mj, j=1,...,J.

(c) Routing matrix F = [f;;], 4,5 = 1,...,J, where f;; denotes the fraction of jobs passing
through queue ¢ and are routed to queue j. The fraction of jobs leaving the network

from queue i is 1 - ¥, fi;.

In order to analyze the system time in a particular queue j in the network, we need to
characterize the overall arrival process to queue j and then apply Theorem 8 for multi-
server queues. The arrival process in queue j is the superposition of different processes,
each of which is either an external arrival process, or a departure process from another
queue, or a thinning of a departure process from another queue, or a thinning of an external
arrival process. Correspondingly, in order to analyze the network, we need to characterize

the effect that the following operations have on the arrival process:

(a) Passing through a queue: Under this operation, the jobs exit the queue with interde-
parture times D = {Dy, ..., D, }. For queues with adversarial servers, Theorem 10 shows
that the interdeparture times satisfy the arrival uncertainty set. This characterization
is tighter in steady-state and is akin to the Burke’s theorem.

(b) Superposition of arrival processes: Under this operation, p arrival processes T ¢
MJ‘-‘ ,j=1,...,p combine to form a single arrival process. Theorem 11 characterizes the
uncertainty set of the combined arrival process.

(c) Thinning of an arrival process: Under this operation, a fraction f of arrivals from
a given arrival process is classified as type I while the remaining arrivals are classified
as type II. In Theorem 12, we characterize the uncertainty set of the resulting thinned

type I process.

We note that the analysis of the departure times entails a queueing behavioral assumption,
namely that servers act adversarially so as to maximize the system time. However, the re-

sults for the superposition and thinning operations do not make assumptions regarding the
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behavior of servers. Taken together, our network analysis provides an exact characterization
of the steady-state performance of queueing networks under the assumption of adversarial

servers.

The Superposition Process
Let us consider a queue j that is fed by ¢ arrival processes. Let Z/{J‘.‘ denote the uncertainty
set representing the inter-arrival times T = {le yoee ,T,f } from arrival process j = 1,...,p.

We denote the uncertainty set of the combined arrival process by U?

sup- Given the prim-

itives (A\j,[aj,a), j = 1,...,p, we define the superposition operator (Asup,la,sups Qsup) =
Combine{ (Njy Tajr),j = 1,...,p}, where (Asup, I'a,sup; ®sup) characterize the merged ar-

rival process TP = {T)*P, ..., T;*P}.

Theorem 11 Superposition Operator

The superposition of arrival processes characterized by the uncertainty sets

. ) T;
ue = (1t 1| i

: ; i=l.p (310)

——>-I4,Vk<n-1
(n—k)l/a !

results in a merged arrival process characterized by the uncertainty set

i T n-k
SU; C
Llf:up c (Tl p’ ey T;up i=k+1 )\sup s

(n-k)Ye 2 -Tosup, VO<k<n-1

where the effective arrival rate, tail coefficient and variability parameter are such that

P 1 p (a-1)/c
/\sup = Z /\j; Qsup = Q, Fa,sup = p—)" : (Z (/\jFa,j)a/(a—l)) . (3.11)
j=1 j=1Y \j=1

The proof is presented in Appendix B.

Thé Thinning Process

We consider an arrival process in which a fraction f of arrivals is classified as type I and the
remaining arrivals are classified as type II, where f = p/q is assumed rational and p > 0 and
q > 0 are integers, with p < g. We note that the assumption on the rationality of the fraction

f is not very restrictive, since any irrational number can be arbitrarily closely approximated
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by a rational number.

We consider the following routing scheme: (a) we first thin the original arrival process
T = {T1,...,T,} into g split processes such that jobs j, j +gq, j + 2q, etc. are selected to
form the split process j, where 1 < j < ¢, (b) we then superpose p of these split processes to
form the desired thinned process. Our computational results suggest that this routing policy
provides a good approximation of the probabilistic routing policy. Given the primitives

(A, I,) of the original process and the fraction f, we define the thinning operator

()\splitv Fa,split, Ot) = Spth{ (/\’Faa a) 3 f}7

where (Aspiit, Ta split a) characterizes the thinned arrivals T*' = {T}P e TP ht}.

Theorem 12 (Thinning Operator)
The thinned arrival process of a rational fraction f of arrivals belonging to U* is described

by the uncertainty set

Zn: T_split _ n-k

split lit . 1 .
:Pl’it S (Tl PR 7T7‘:p ’ ) i=k+1 l/i‘sl’ht > -Fa,splity VO < k <n- 1 ’ (312)
(n-k)

vV

1 1/
where Agpiit = A+ f and g gpiie = Ty - (F) )

The proof is presented in Appendix B.
Remark: The superposition and thinning operators are consistent. In fact, it is easy to

check that, for splitting fractions f; such that 7% f; =1,

Combine{Split{ A\, 0) ,fj},j =1,.. .,m} =(\ Iy, a).

The Overall Network Characterization

We perceive the queueing netvvbrk as a collection of independent queues that could be
analyzed separately. The servers in each queue behave in an adversarial manner to maximize
the time jobs spend in the queue. We employ the Combine and Split operators in view of
characterizing the effective arrival process to each queue in the network. Knowledge of

the effective arrival process allows to study the system time spent at the queue through
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Theorem 8. The output of the queue belongs to the effective arrival uncertainty set as
shown in Theorem 10. Theorem 13 characterizes the effective arrival process perceived at

each queue in the network.

Theorem 13 (Queueing Network Characterization)
The behavior of a single class queueing network is equivalent to that of a collection of in-
dependent queues with adversarial servers, where the arrival process to node j characterized
by

L
2T -—=

ac J J i= /\ — F=1...
S R kzl k)l/a—] >-Iqj, VO0<k<n-1 |’ gl d,
n_

where {/_\1,5\2, .. .,/—\J} and {Tayl,fag, . ,fa,j} satisfy the set of equations

Aj

J
/\j + ; (Xif'ij)a (313)

(a-1)/a
] (3.14)

Tu = [0y B0 5 (0T
Aj =

Proof of Theorem 13. Let us consider a queue j receiving jobs from (a) external
arrivals described by parameters (\;, I, j, @), and (b) internal arrivals routed from queues
1, where 1 = 1,...,J, resulting from splitting the effective departure process from queue i
by fij. By Theorem 10, the effective departure process from queue i belongs to the uncer-
tainty set satisfied by the effective arrival process to queue i and described by the parameters

(Xi,fa,i,a). The effective arrival process to queue j can therefore be represented as
(S\j,fayj, a) = Combine{ (N, Taj, ), (Split{ (S\i,-fa,i, a) , f,-j}) ,i=1,..., J} (3.15)

By Theorem 12, we substitute the split processes by their resulting parameters and obtain the

superposition of J + 1 arrival processes

1/
(/_\j,_f'a,j,a) =Combine{ (Ajara,j7a)7(fij5‘i7fa,i('fl_) ,a),z': 1,...,J} (316)
iy

Applying now Theorem 11 yields Egs. (3.13) and (3.14). O
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Note that in our analysis, we have assumed that each queue in the network perceives one
stream of external arrivals. However, Theorem 13 can be extended in the case where external
arrivals are thinned among different queues in the network. This can be done by adding a
node in the network for each thinned external arrival process and appending its thinning
probabilities to the transition matrix F. We next provide the main insights and implications
that arise from Theorem 13.
(a) Network Performance Analysis: Theorem 13 allows us to compute performance
measures in a queueing network by considering the queues separately. For instance,
the system time 3‘;{ at queue j can be determined through Theorem 8 with an effective

arrival parameters (\j, Iy j, @) and service parameters (j, ['s, &).
(b) Tractable System Solution: Determining the overall network parameters (X, T°)

amounts to solving a set of linear equations. To see this, substitute x; = (S\jfa,j)a/(a_l),
for all j =1,...,J, in Egs. (3.13) and (3.14) to obtain the following linear system of

equations

— J7
)\j=/\j+2>\,‘fij j=1,~-7J7
=1

J
z; = ()‘jra,j)a/(a_l) +3 fii Jj=1...,J
i=1

Given that the routing matrix F = { f;;} is sub-stochastic, the linear system of equations

solves for (A;,z;), hence allowing to determine Iy j, for all j=1,...,J.

Average Case Steady-State Behavior

To analyze the average behavior of a queueing network in steady-state, one can treat the
variability parameters I'y; and Is; as random variables following each the distributions
introduced in section 2.4.1. Then, we can derive the distribution of the effective. variability

parameters Tayj, at all nodes j. We propose a simpler methodology which we introduced in

Bandi et al. [2015].

Derived Variability Parameters: We translate the stochastic primitive data into
uncertainty sets with appropriate variability parameters (I, ;, I ;) for each j = 1,...,J.
Along the lines of QNA (see Whitt [1983]), we construct appropriate functions to describe

the variability parameters I, and I's in terms of the distributions’ first and second-order data,
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namely the arrival and service rates and their corresponding variances. We then simulate
multiple isolated instances of a single queue with various arrival and service distributions
and use regression to compute the variability parameters associated with the primitives’
distributions. This allows us to build a dictionary or a look-up table of variability parameters
values for given arrival and service distributions. We note that this step is done prior to
observing a network instance, and is therefore independent of the network analysis.

We consider a single queue with m servers characterized by (p, 04,05, @) and model its
variability parameters as I', = 04 and I's = f(p, 04,05, @), where the functional form for f(-)

is motivated by the Kingman’s bound (Kingman [1970])
f(p,0s,04,x) = (90 + 6 ~cf§/m + 69 -02p2m)(a_1)/a - aam(o‘_l)/o‘.

We simulate multiple instances of the queue for various parameters of (p,0q,05, Qqg, 0s)
and different arrival and service distributions. We employ linear regression to generate
appropriate values for 6y, 6; and 6, to adapt the value S obtained inTheorem 8 to the
expected value of the simulated system time. Table 3.1 provides the resulting values of the

variability parametrization (6g,61,02).

Table 3.1: Parameters.
(6o, 61,62) Normal

o -0.02
6, 1.03
0, 1.04

When presented with an instance of a queue, we readily plug the values of (6g,61,62) into
the proposed functional form to derive the variability parameters and apply Theorem 8
to compute the steady-state system time. In summary, the adaptation of the variability
parameters allows a mapping of the expected system time obtained by simulations to the
worst case system time under our approach. In other words, the dictionary we populated in
this pre-algorithm step chooses variability parameters I', and I's that allow us to make the

following approximation E [Se (T,X)] » Se (I, I).

The RQNA Algorithm: Having derived the required primitive data for our robust

approach, we next describe the RQNA algorithm we employ to compute performance mea-
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sures of a given network of queues. To do this, we keep track of all possible paths that a job
may follow throughout the network. A path p consists of a list of queues visited by some job
from entering until leaving the network. We denote the set of all possible paths by P. Let
fp be the fraction of jobs routed through each path p € P across the network. The expected

overall system time in a network can then be written as

E[S2'] = ), fpE[SE],
peP
where S%, is the system time across each path p € P. Note that E[S%] can be obtained
by summing the individual expected system times at all nodes associated with this path.
Using our adaptation technique presented earlier, we estimate the the expected system time
at each node in path p by the worst case system expression using the generated variability
parameters. Using this process, we estimate the expected system time of the network by
computing a weighted sum of the worst case system times at each node. This is made

explicit in the algorithm presented below.

ALGORITHM (Robust Queueing Network Analyzer - RQNA)

Input: External arrival parameters (\;, 04,5, q,;), service parameters (u;,0s ;, s ), and
routing matrix F = [f;;], for ¢, j = 1,..., J. Input also the service times distributions
for the case of service dependent adaptation regime.

Output: System times at each node 3, j=1,...,J.

1. For each external arrival process ¢ in the network, set I'y ; = 4.

2. For each queue j in the network with parameters (u;,05;, a5 ;), compute
(a) the effective parameters (Xj,fa,j, da,j) and set p; = Xj /1,

(b) the variability parameter I's;i=f (pj,fa,j, Os,jy Oa j Oés,j), and
(c) the system time So, at node j using Theorem 8.

3. Compute the total system time of the network by computing

(a) the set of all possible paths P in the network,

(b) the fraction f, of jobs routed through each path p € P,

(c) the corresponding total system time S% across each path p € P by
summing the system times at all nodes associated with this path,

(d) the total system time in the neﬂivork S= YpeP fpgfo.



Performance of RQNA: We consider the network shown in Figure 3-2 and perform
computations assuming queues have either single or multiple servers, with normal distributed

service times.

— KO-

__)IH 0.7

0.3

— 3

0.7

Figure 3-2: The Kuehn’s Network (see Kuehn [1979]).

Table 3.2 reports the percentage errors between the expected steady-state system times
calculated by simulation and those obtained by each of QNA and RQNA for single-server
queues, and the percentage errors for RQNA relative to simulation for queues with 3, 6, and
10 servers. RQNA produces results that are often significantly closer to simulated values
compared to QNA. Improvements generally range one order of magnitude better in favor of
RQNA. Furthermore, RQNA’s performance is generally stable with respect to the number
of servers at each queue, yielding errors within the same range for instances with 3 to 10
servers per queue.

Performance of RQNA as a Function of Network Parameters: We investigate
the performance of RQNA as a function of the system’s parameters (network size, degree of
feedback, maximum traffic intensity among all queues and number of distinct distributions
for the external arrival processes) in families of randomly generated queueing networks. We

note that we randomly assign 3, 6 or 10 servers to each of the multi-server queues in the
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Table 3.2: Percent errors relative to simulation for normally distributed primitives.

Case Single-Server Multi-Server
(cajsCsj) | QNA RQNA m=3 m=6 m=6
(0.5,0) 15.28 1.39 2.10 2.63 2.84
(0.5,1) 12.08 3.87 3.26 4.03 4.42
(0.5,2) 11.57 -3.88 -2.07 -2.56 -2.76
(1,1) 5.84 -2.56 -3.18 4.13 5.12
(1,2) -10.45 -0.68 3.86 4.98 5.12
(2,0) 10.95 1.29 -3.85 -5.82 -5.43
(2,1) 14.18 -3.51 -3.27 -4.37 -4.23
(2,2) 11.55 1.67 -3.28 -5.82 -5.83

network independently of each other. Table 3.3 report the system time percentage errors
of RQNA relative to simulation as a function of the size of the network and the degree of
feedback for queues with possibly multiple servers. RQNA’s performance is generally stable
for higher degrees of feedback with errors below 6.2%. Also, RQNA is fairly insensitive to

network size with a slight increase in percent errors between 10-node and 30-node networks.

Table 3.3: Percent error as a function of network size and feedback.

% Feedback loops / No of nodes 10 15 20 25 30
Feed-forward networks 0% 359 355 3.76 3.43 3.85
20% 370 401 402 439 445

35% 432 478 495 5.03 4.88

50% 495 481 536 567 6.19

70% 5,02 556 593 596 6.03

Table 3.4 present the system time percentage errors for RQNA relative to simulation as
a function of the maximum traffic intensity among all queues in the network and the number
of distinct distributions for the external arrival processes. Specifically, we design four sets
of experiments in which we use (1) one type (normal), (2) two types (Pareto and normal),
(3) three types (Pareto, normal and Erlang), and (4) four types (Pareto, normal, Erlang
and exponential) of arrival distributions. Note that we truncate the Pareto distributions
to treat them as light-tailed distributions with a finite variance. RQNA presents slightly
improved results for lower traffic intensity levels. It is nevertheless fairly stable with respect
to higher traffic intensity levels. Also, he percentage errors generally increase with diversity

of external arrival distributions, but still are below 8.5% relative to simulation.
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Table 3.4: Percent error as a function of traffic intensity and arrival distributions.

No of distributions p=095 p=09 p=0.8 p=0.65 p=0.5
1 4.05 4.09 3.62 3.68 3.23
2 5.08 7.10 6.42 6.11 3.71
3 5.92 6.32 6.90 7.34 5.68
4 7.67 8.64 7.28 6.85 5.37

We next explore how we can leverage our approach to study the transient performance
of queueing networks. We show that we can extend our methodology to analyze queueing

networks without feedback loops.

3.3 Transient Queues in Series

In this section, we extend our analysis of single queues to the analysis of tandem queues.
We consider a network of J queues in series and study the expected overall system time S,
given by

_ J ). Sl)

Sn=E[SM+...+ 5] =Y E[sP]= Y5,

j=1 i=1

where S9) is the system time of the n® job in the j** queue. Similarly to the analysis of a
single queue, we assume the interarrival and service times belong to polyhedral sets which
allow us to study the worst case system time. We then leverage the worst case values to
perform an average case analysis. We assume that the inter arrival times T = (T1,...,T,)
to the tandem network belong to the uncertainty set U4, and the service times X6 =
(Xl(j), e ,Xéj)) at each queue j, for j =1,..., J satisfy the uncertainty sets as described in

Assumption 3. We summarize the assumptions on the service times as follows.

Assumption 14 We make the following assumptions on the service times.

(a) For a single-server queue j, the service times belong to the uncertainty set

. iX.(J') _ n//J:j < %()j) nl/agj),
us ={(x?,.., x| , ,
J 1 i () )
LY -k vo<k<f<n

A

M~
o8
IS,
|
A

where fys(j),l“s(j) € R control the degree of conservatism, and 1 < as(j) < 2 is a tail

coefficient modeling possibly heavy tailed service times.
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(b) For an m-server queue j, the service times belong to the uncertainty set

v ; %)
ZX,Ef) _vl <) (w+ 1)1/0‘3‘J ,V ki€ K;
i=0 j
s x0)| g T o, ,
el Hj

Vk; e K;, (mdieIE{O,...,y}

where v = |(n—1)/m], the set K; = {im+1,...,(i+1)m}, the parameters yéf),F,,(lj) eR
(

control the degree of conservatism, and 1< asj ) <2 is a tail coefficient modeling possibly

heavy tailed service times.

In a single-server tandem network, the system time at the ' queue is given by

OSij n

n 3 n .
STSJ') - max (Z Xi(J) N Z Ti(])),
i=k; j

where T = (Tl(j ), caey T,Sj )) denotes the interarrival times to queue j.

Note that T) corresponds to the vector of inter departure times DY from queue

7 — 1, which are given by

n n n
. 1 1 - -
Z Ti(J) _ Z Di(J ) - Z Ti(J )+ST$J )_Sk(jJ )‘
’iij‘fl i=k]‘+1 izkj+1
Recursively, the inter arrival times to queue j can be expressed as a function of the inter

arrival times T to the network and the service times X (1) through XU-1.

Theorem 10 shows that the interdeparture times belong to the inter-arrival uncertainty
set U?, under the assumption of adversarial servers. We discuss the implications of this result
on our steady-state and transient analysis of tandem networks and illustrate our points using

a simple example of single-server queues in tandem with o = agj ) - a,forall j=1,...,J.

Steady-State Analysis: To compute the overall system time under steady-state, Bandi
et al. [2015] decomposed the queueing networks and obtained formulas to compute the
effective arrival rate \; and the effective parameter Féj ) observed at each queue j in the

network. For a tandem queueing network, \; = A and I, éj )T, g forall j=1,...,J. By
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Theorem 8, the worst case steady-state system time at queue j can then be expressed as

20) a-1 /\;/(a—l) i (F(j)+)a/(a-1)
S\) -

- G)
aol@ D (1_ @D .t ) (3.17)

where I'D =, + T forall j=1,...,J.

For light-tailed queues, we compute §§£) as in Section 3.2, and approximate the overall

expected steady-state system time value by

(3.18)

Soo ® Boo =i [sg>]=z‘_j:§o)=i)‘[o +((J))] 1

N —_— i —,
=1 j=1 j=1 2(1-p) Hj

In particular, when p; = 4 and agj ) - os for all j =1,...,J, the steady-state system time

becomes

(3.19)

§°°R,J.|:i((7'§_+0§_)_ 1].

2(1-p)  n

Note that this case is a special case of a feedforward with equal coefficient of variation for all
service times. Harrison and Williams [1992] have shown that approximating the behavior
of such systems under heavy traffic assumptions can be done through a reflected Brownian
motion with a product-form stationary distribution. This implies a decoupling of the queues
in steady-state, which is in agreement with our findings. Given that our approximations at
each station match those obtained by diffusion approximations, our approach yields the

same conclusions of Harrison and Williams [1992].

Transient Analysis: As noted earlier, the characterization of the interdeparture times
in Theorem 10 holds for transient regimes, however, it generates loose upper bounds for
smaller values of n. Consequently, decoupling the queues and taking a similar approach
to the one we took for the steady-state analysis does not generate approximations that are

close to simulated values. Figure 3-3 illustrates our point.

Instead of decomposing the network, we propose to use the recursive formulas that define
the dynamics in a network of queues in series to study the overall system time. Bertsimas

et al. [2011b] obtain an exact characterization of the system time for single-server queues in
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series, with

S, = ST(LI) +.oo0t SvgtJ)

k k. n n
max ( Zg: Xt.(l) + i Xi(z) LI ) Xz.(J) - Tz-) . (3.20)

1<k1<...skssn i=ky i=kq ik PR |

Given Eq. (3.20), we analyze the worst case system time and leverage these values to
approximate the average behavior. Our approximations are comparable with simulations

(see Figure 3-4).
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Figure 3-3: Simulated (solid line) versus approximation via network decomposition (dotted
line) for initially empty tandem networks with normally distributed primitives, p = p; = 0.96

and 04 =0 =4.0 for all j=1,...,J, where (a) J = 10, (b) J = 25, and (c) J = 50.
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Figure 3-4: Simulated (solid line) versus our approximation (dotted line) for initially empty
tandem networks with normally distributed primitives, p = p; = 0.96 and o, = agj ) = 4.0 for
all j =1,...,J, where (a) J = 10, (b) J = 25, and (c) J = 50. The average percent
errors between simulation and our approximation are (a) 2.49% (N = 5,000), (b) 5.02%
(N =10,000), and (c) 5.01% (N = 15,000). Our approximations yield results that are closer

to simulations as opposed to a station-by-station approximation (see Figure 3-3).
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3.3.1 Worst Case Performance

Under the worst case approach, and applying the adversarial service times at each queue,

the worst case system time of the n*® job for any realization of T is given by

k2o n n
3 (- &) o0 _ ,
m= (e B0 e S0 - B ) e

Proposition 15 provides a similar result for multi-server queues in series, under the assump-

tion that each queue acts adversarially in view of maximizing its system time, for all possible

values of T.

Proposition 15 (Worst Case System Time in a Tandem Queue)
In a network of J multi-server queues in series satisfying Assumption 14(b), the overall

system time of the n™ job for all T is given by

S5.(T)= max (ma.x > X((l) ..+ max Z X(J) - Ti), (3.22)

0<ki<...<kg<v () i=r(k1)+1
where r(i) =n - (v -1)m.

The proof is presented in Appendix B.
By minimizing the partial sum of the interarrival times, we obtain an exact characteri-

zation of the worst case system time in a tandem queue as

n
S,= max (max > X( ) -+ max Z X((,) —nLl{m > TZ) (3.23)

O<ki<..<kgsv \ U T i=r(k1)+1

Initially Empty Queues in Tandem

By Assumption 3, the worst case system time S, is bounded by

max zk]+1 k’z+1 F(J)+ [k]+1 _ ’C + 1]1/as - M + Fll [m(]/— kl)]l/aa , (324)
ki<..<ks 3 Hi

which involves a J-dimensional nonlinear optimization problem. Theorem 16 provides a
closed form upper bound on the worst case system time in an initially empty network of J

identical queues in tandem, with p; =...=puy and a4 = agl) =.,..= ag‘]) =qa.
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Theorem 16 (Initially Empty Tandem Queue)
In an initially empty network of J multi-server queues in series satisfying Assumptions 1(a)
and 14(b), with oy = agl) el = ag‘]) =a, pr=...=py, p<1l, and I = m¥er, + I, > 0,

where

J a-1/a
m = (Z(F#{“)“/"“l) , (3.25)
i

the worst-case system time of the n™ job with v = |(n - 1)/m] is given by

r-J\le_ m(l P) ( +ZF(1,)+) if VSI: Al
U

af(a-1)
X & am(1- ,,)]

»
A

(3.26)

_ 1/(a-1) | pa/(a-1)
a-1_ A r i + ZF(’)‘L , otherwise.
ao/(a-1) [m(1 - p)]l/(a 1)

The proof is presented in Appendix B. The case where I' = m/ *Iy + I, <0 arises when
I, <0, since I, > 0 as defined in Eq. (3.25). This scenario is characterized by long inter-
arrival times yielding zero waiting times. The worst case system time therefore reduces
to

J J
g - Z e z @+
j=1 =1

"«:I%

Initially Nonempty Queues in Tandem
We next analyze the case where ng > 0 and let ¢ = |(ng - 1)/m|. The first m jobs in the

queue are routed immediately to the servers of the first queue without any delays. We are

interested in the behavior for ng > m. Since T; = 0 for all ¢ = 1,...,ng, we can rewrite Eq.
(3.23) as
S, = max maxZX( ) +ma.xiX(J.) (3.27)
Oski<...<kysvso \ U S i r(@@) )’

for the case where n < ng, and

k2
max (%:Tanx ZXT((l)) -+ max ZX;O))) mln Z T3,
T ik

0<k1<...<k v

— 1= i=ng+1
S, = max ki<é ko ’ (3.28)
<1> ¢ ) X
max max » X L+ max X - min T,
¢<k15...$kJsu( um izzk:l (%) Z Uue ’i=r(%1:)+1z)

By Assumption 1, the worst case system time involves solving .J-dimensional nonlinear

optimization problems. Theorem 17 provides a closed form bound on the worst case system
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(1) N )

time in an initially nonempty network of J queues in tandem, with o, =05’ =... = a5’ = «

and g1 =...= ;.

Theorem 17 (Initially Nonempty Tandem Queue)

In an initially nonempty network of J multi-server queues in series satisfying Assumptions
1(a) and 14(b), with ﬁo >m , g = ... = [y, Qg = agl) =...= agJ) =a, p<l, and
I =mYer, + I, >0, where Iy, is defined in Eq. (3.25), the worst-case system time S,, for

n > ng is bounded by

J . —_
AU PR ST i ST Y
2 j=1 A

max l ]a/(a—l) > (3.29)

_ J o .
I(v=)/" - 252 o)+ 20 500" if (v-0) <[ 3655
_1 V(@) pef(a-D) ;
g/(a—l) 4 Fl/(a_l) + i + Z F,sf)+, otherwise
@ [m(1-p)] LSS |

where v =|(n-1)/m] and ¢ = [(np - 1)/m].

The proof is presented in Appendix B. Note that, for the case where I' = mer, + I, <0,

the worst case system time is given by

S - J
SnsmaX{V+J+Fm'V1/a+ZF1(ﬁ7)+_EA—nO“"Ya(n—nO)l/aa %+ZFT("Z)+}
j=1

Jj=1

In this case, the n' job experiences a waiting time only due to the buildup effect left by the
initial jobs. For big enough n, this effect becomes negligible and the system time eventually

becomes equal to the sum of the service times.

For ease of notation, we express the worst case system time in Eq. (3.29) as
(82 () 5014+ 3% (1) 15(D) | (3.30)

where §}l’ , S’;‘i, and S* denote the quantities associated with the system time effected by the
initial buffer ng, the transient state and the steady state, respectively, and the indicator
functions 17, and 1% reflect the condition for the system to be in the transient state and the

steady state, respectively.
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3.3.2 Average Case Behavior

To analyze the average behavior of a multi-server queue, we treat the variability parameters

as random variables and compute the expected value of the worst case system time

~

S =E[S,].

Similarly to the case of a single-server queue with light-tailed primitives, we propose to ap-
proximate the density of the variability parameters by invoking the limit laws of probability
and leveraging the characterization of the effective variability in Eq. (2.14) to fit the analysis

for tandem queueing networks with possibly heavy-tailed arrivals and services.

Choice of Variability Distributions
For a network of J queues in series, we express the parameters
)

Iy =04% Fs(j) =07 and Fn(zj) = 9s%(r{) = Bsﬁ;v

where v, and 'ygj ) follow limiting distributions as defined in the case of a single queue,

for j = 1,...,J. More specifically, 7, ~ N (0,0,) and %(j Y (0, crgj)) for light-tailed
primitives, v, ~ Sq (-1,C,,0) and ’y§j ). 8 (1,C4,0) for heavy-tailed primitives. Note that
the effective parameter [, is captured as a function of I, ,Ef ), for j=1,...,J. Speéiﬁcally,

by Eq. (3.25),

J a—l/a N J a—l/a
I, = (Z(Frs'zj)+)a/a_l) =f,- m(T’)Ifl)-/;’ where ')’; = (2(75(])+)a/a_1) . (3‘31)
j=1 I=

We approximate the distribution of ) by fitting a generalized extreme value distribution
to the sampled distribution with a shape parameter 15, scale parameter £, and a location
parameter ¢s. This step allows us to reduce the computational effort to obtain S, from
sdlving a (J + 1)-dimensional integral with respect to ~y, and 'ys(J ) to a double integral with
respect to v, and ~y;.

Table 3.5 summarizes the parameters defining the generalized extreme value (GEV)

distribution for light-tailed service times with ogl) =...= U_EJ) =1 and heavy-tailed queues

for J = 10,25 and 50. Figure 3-5 shows that this fit provides a good approximation of the
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sampled distribution for .J = 25.

Table 3.5: GEV distributions for 4] for light (o5 = 1) and heavy-tailed services.

10 Queues 25 Queues 50 Queues
Parameters | =2 16 1.7 |a=2 16 17 |a=2 16 17
Ps -0.20 0.32 042 |-0.21 0.36 044 |-022 042 0.50
& 076 1.70 195 | 0.77 234 294 | 0.78 3.10 4.10
s 1.78 236 237 3.13 463 492 | 465 7.89 7.89
02 0.16
e | |Simulated Distribution
0s i - = GEV Fitted Distribution
l‘ M
> 04 S
£ 03 ‘
=]
02
0.1
% »ai‘ %LE 8 T s R
Frequency Frequency Frequency

(@) (b) (<)

Figure 3-5: Sampled distribution and fitted generalized extreme value distribution
for the effective service parameter 77 for the case of J = 25 queues in series with (a)
a=2, (b) a=1.7, and (c) a = 1.6.

We next inform the choice of the scaling parameters (6,,6s) via known conclusions on the

behavior of the system time in tandem queueing networks.

(a) Light Tails: We select the value of the scaling parameter # so that the average worst
case steady-state system time matches the steady-state bound obtained in Eq. (3.19).

We ensure that

_—A .
4(1-p)

A f; [03 +(a9) /mZ], (3.32)

E [(’7+)2] " 2(1-p) 'jzl

where v = 8,7, + 8s7F /m and ] is defined in Eq. (3.31). We approximate
j=1

E[0")’]*P(v20)- (9202 23 (o9) /mz).
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By rearranging the terms in Eq. (3.32), we obtain

1/2 1/2
2J 2
O~ | —— d Opwn|——=o] , .

(Pmm) o (P(m)) (3.33)

where the probability P(y>0) = IP’(JI/Q-% +75/m > 0) can be efficiently computed
numerically.

(b) Heavy Tails: The steady state in heavy-tailed queues does not exist. Instead, we
propose to extend the formula in Eq. (3.33). For aq = as = «, we select the scaling

parameter as

(a-1)/a (a-1)/a
aJ [
Oy n | —22 d o8| —2 : 3.34

(P(m)) a“ “(P(m)) (334

where the probability P(vy>0) = P(J(a‘l)/“-'ya +7;/m >0) can be efficiently com-

puted numerically given the distributions of v, and ~;.

Computational Results

We investigate the performance of our approach relative to simulation and examine the
effect of the system’s parameters on its accuracy. We run simulations for tandem queueing
networks with IV = 20,000 job arrivals and compute the expected system time for each
job using 20,000 simulation replications. We pre-specify the arrival rate at the queue to
be A = 0.1 for all simulation instances, while varying the traffic intensity, the variances
associated with the interarrival and service processes, the number of servers in the queue,
and the number of initial jobs. To compare the simulated values S,, with our approximation

S, we report the average percent error

1 K
Average Percent Error = — - Z
N n=1

&:—:—Sﬁ x 100%,
Sn

where N = min (N,7,) and 7, denotés the number of jobs the queue observes until our
approximation reaches steady state, i.e., i, = min (n Sy, = §°°), We next present our results
for tandem networks with (a) light-tails (¢, = a5 = 2), and (b) symmetric heavy tails
(ag = as = a).

Light Tails: Table 3.6 reports the average percent error between simulation and our
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approximation for tandem queues with normally distributed interarrival and service times.
Our approach generally yields percent errors within 10% relative to simulation. Figure 3-
6(a)-(d) compares our approximation (dotted line) with simulation (solid line) for tandem
networks of queues with normally distributed primitives. Note that, for ng > 0, the system

exhibits slower recovery from the initial perturbation than for a single queue.

Table 3.6: Errors for multi-server tandem queues with normally distributed primitives.

10 Queues™ 25 Queues’ 50 Queues?
P ng=0 20 50 ng=0 50 ng=0 100

0.90 4.44 2.85 5.61 0.76 1.61 0.85 2.39

(a) 0.92 4.85 2.82 5.58 0.81 1.96 0.82 2.41
0.94 4.67 3.07 5.77 1.05 2.02 0.81 2.33
0.96 5.04 3.42 4.59 1.41 3.20 0.77 2.26
0.90 1.23 2.38 7.65 1.74 2.64 1.77 2.62

(b) 0.92 2.02 1.65 5.91 2.28 3.14 1.73 2.32
0.94 2.95 2.86 3.93 2.45 4.37 1.80 2.23
0.96 3.12 3.81 3.07 2.46 4.74 4.39 5.74
Instances (a) correspond to o, = 2.5 and g5 = mo,.
Instances (b) correspond to o, =4.0 and o, = mo,.
*m =1 for J =10, 'm = 10 for J = 25, ¥m = 20 for J = 50.

Heavy Tails: Table 3.7 reports the average percent error between simulation and our
approximation for tandem queues with Pareto distributed interarrival and service times. Our
approach generally yields percent errors within 10% relative to simulation, with occasional
outliers. Figure 3-6(e)-(f) compare our approximation (dotted line) with simulation (solid
line) for tandem networks of queues with Pareto distributed primitives. Note that, since the
effective variability parameter I" is heavy-tailed distributed, E [(F *)"‘/ (a‘l)] is infinite for
a < 2, suggesting that heavy-tailed tandem queueing systems never reach steady state.
Note: Simulating the expected overall system time of the n" job in a tandem queue requires
simulating each queue in the system for all n jobs, yielding runtimes which highly depend
on the number of queues J in the system. Our approach, on the other hand, involves (a)
running a simulation to fit a generalized extreme value distribution to v; as defined in Eq.
(3.31) for a given «, and (b) computing double integrals with respect to v, and ;. Both
steps can be computed efficiently for both single and multi-server tandem queues irrespective
of the magnitude of J, with similar runtimes to those observed for a single queue.

We next extend our analysis to feedforward networks.
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Table 3.7: Errors for single-server tandem queues with Pareto distributed primitives.

10 Queues 25 Queues 50 Queues
p ng=0 2000 np=0 3,500 | ng=0 5,000
0.90 | 9.80 5.11 2.89 2.31 4.88 4.77
(a) 092 | 4.30 3.52 7.88 1.82 3.13 1.81
0.94 | 240 2.10 7.94 2.95 16.6 7.84
0.96 | 2.82 2.54 14.7 5.22 16.5 6.71
0.90 | 243 779 5.61 21T 5.31 3.93
(b) 092 | 158 6.69 2.85 1.04 10.0 2.82
0.94 | 11.6 4.72 3.45 2.77 12.6 5.91
0.96 | 6.34 3.92 5.67 3.55 11.6 5.92
Instances (a) correspond to o, = as = 1.6.
Instances (b) correspond to a, = a, = 1.7.
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Figure 3-6: Simulated (solid line) versus predicted values (dotted line). Panels (a)-(d)
correspond to normally distributed queues in series with o, = 2.5 and p = 0.90 with J = 10,
m =1, and ng = 0,20 (panels (a) and (b), respectively) and J = 25, m = 10, and ng = 0,50
(panels (c) and (d), respectively). Panels (e) and (f) correspond to a tandem network with
J = 50 single-server queues with Pareto distributed primitives (aq = o = 1.7), p = 0.90, and
ng = 0 and ng = 5000, respectively.

3.4 Transient Feed-forward Networks

In this section, we extend our approach to analyze open feed-forward queueing networks

with no feedback. In feed-forward queueing networks, a job can visit a queue at most once
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before exiting the network. We consider a feed-forward network with a set of queueing nodes

J with

(a) external arrival processes with parameters (\;,a,) that arrive at queue j € 7,

(b) service processes with parameters (uj,agj )) with the number of servers m; at queue
jed,

(c) a routing matrix F = [f;;], 4,7 € J, where f;; denotes the fraction of the jobs passing

through queue ¢ which are routed to queue j. The fraction of jobs leaving queue ¢ is

1-%; fij-

We study the expected overall system time of the n'® job passing through the network. Let
P be the set of all possible paths that job n may take and fp denote the probability that a
job n takes a particular path P € P. The expected overall system time can the be expressed

as

5.= Y fp-E[sP]= 3 fp-5F

PepP PeP
where S,I: denote the system time of the nt" job when traversing the network through path P.
Since it is challenging to analyze the expected system time using traditional probabilistic
approaches, we propose a similar approach to the one undertaken for single and tandem
queues.

To make the exposition clear, we assume that the network starts operation without any
initial jobs, i.e., ng = 0 at all queues. We let £; denote the set of jobs departing from queue
i, and &;; the set of jobs routed from queue i to queue j (see Figure 3-7 for an illustration).
Under a probabilistic routing scheme, these sets are not known until after an instance of the

network is realized. We propose to approximate the dynamics of a probabilistic feed-forward

(ﬂm@f&ﬁ%gﬁc Routing: We consider a deterministic approximation of probabilistic
routing. Suppose that f;; and fi; denote the fraction of the jobs leaving from queue i
that are routed to queues j and k, respectively, while the remaining jobs exit the system.
We assume that the fractions f;; and f;; are rational with

i .
fij = f and fi = Pi,

K3 1

where p;j, pix 2 0 and ¢; > 0 are integers, with p;;+p; < ¢;. This assumption of rationality

is not restrictive, since any irrational number can be arbitrarily closely approximated
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(b)

Ls

>

Figure 3-7: Feed-forward network with deterministic routing.

by a rational number. Under deterministic routing, the jobs are routed as follows. We

divide the set £; departing queue ¢ into ¢; sets of jobs
Bi={t,t+q,t+2q,...}, Vt=1,...,q,
and then route jobs from the jobs in sets &;; and & to queues j and k, respectively,

&ij=B: U~-U3;;ij and & :Blih‘j*'l U...UB;,ik.
Note that, with this deterministic routing scheme, for a large number of jobs, approx-
imately a fraction f;; and fi; of jobs are routed to queues j and k, respectively. To
illustrate, consider queue 2 in Figure 3-7, and suppose L2 = {2,3,5,7,10,11, 14,15},
f2a=1/3 and fo5 = 2/3. Then, by our routing scheme,

£24=12,7,14} and &5 ={3,5,10,11,15}.

External Arrivals: We assume that the external arrivals emanate from a single node
ag. In other words, we assume jobs enter the network at node ag with rate A= ¥ ;c7 A;
and tail coefficient a,. The arrivals are then routed to the nodes j € 7 such that

Aj

f0j=Ya VjeJd.
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Note: The number of jobs passing through some queue j € J is a subset of all the jobs
that are routed through the network. We let ¢; denote the fraction of jobs passing through

queue j, which is computed recursively using the routing matrix F as

¢; = D ¢ifij (3.35)
€T

Furthermore, under steady-state, the traffic intensity observed by queue j is equal to the

ratio of the arrival rate it experiences and its service rate. Given the fraction of jobs ¢; that

pass by queue j, the traffic intensity observed is

Aj A9

= — 3.36
Ky Hj ( )

Pj

We assume that the inter arrival times to node ag satisfy the uncertainty set U® as defined
in Assumption 1(a) and that the service times X at node J satisfy llj in case of a single

server (L{]m in case of multiple servers), for all j € J.

Steady-State Analysis: Theorem 10 show that the interdeparture times belong to
the inter-arrival uncertainty set . This characterization is akin to Burke’s theorem and is
particularly tight under steady-state conditions. This allows us to study the phenomena of
merging and splitting with a queueing network. Specifically, the effective interarrival times

T to some queue j satisfy the uncertainty set

Z Tﬁ’-ﬁ)\;’f 2—Fa(j)(n—k)1/a“, VO0<k< n},

i=k+1 J

us = {(Tl(j),...,TTSj))

where A\; = A- ¢; and I",gj) = I’.,/d);/a“, for all j € J (see Theorem 13). By this network
decomposition, the worst case steady-state system time of a job passing by queue j is

expressed as
1/(a-1) ¢ (j)+\/(e=1)
gi . oL Y () ; (i + rs(ﬁ*) , (3.37)
ao/(a-1) (1 _ pj)l/(a—l) Wj

where o, = agj) =aand I'® =T, a/qb;/ Y+ I",(nj ), for all j € J. For light-tailed queues,

obtaining gf,ﬁ ) as in Chapter 2, we approximate the overall expected steady-state system
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time value by

Soo”Soo = Z‘fPng&?)
PeP jeP
, N2 1 e
p;fpggoz(l— 5 [2/¢J (o87) /m2]+u_j+E[Fg) |- 338)

Transient Analysis: While the characterization of the interdeparture times in Theo-
rem 10 holds for transient regimes, it however provides loose bounds. Obtaining an exact
transient characterization of the interdeparture process is challenging.

Instead of decomposing the network, we propose to obtain a recursive formula that
defines the dynamics in a feed-forward network similarly to the one obtained for tandem
queues in Eq. (3.20). To make the exposition clear, we consider the case of a feed-forward
network with single-server queues.

To illustrate how we derive a characterization of the system time for the n*® job in a
feed-forward network with deterministic routing, we consider the network instance depicted
in Figure 3-7. Suppose that job n exits the system at node 6 after passing through queue 1

and queue 4, i.e., n € £ and n € £14. The overall system time of the n'® job is given by
Sp =8P+ 854 1 g6

The system time of the n'! job at queue 6 is given by

n
S(G) = max X(G) 7.6 ,
1ske<n z=Z i= %ﬂ '
€Lg ieLg

where T (®) denotes the inter arrival times of jobs entering queue 6. Job kg could have either

come from queue 4, i.e., kg € 46, or from queue 5, i.e., kg € Es6.

(a) If k¢ € E46, and given that n € E46, the time between the arrivals of jobs kg and n to
queue 6 is the same as the time between the departﬁres of jobs kg and n from queue 4,
ie.,

i=kg+1 i=kg+1 i=kg+1
ieLle 1eLy 1ely

where D™ denotes the inter departure times from queue 4. Similarly to a tandem
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queue, the system time spent by the n'" job at queues 4 and 6 is given by

ke 4 n 6 n 4

SP+8®= max | S xB+S xO- > 7@
1<ksskesn i=ky i=kg i=kq+1
€Ly 1€Llg i€l

(1) If k4 € £14, and since n € E14, the overall system time is given by
S,=  max Z X(l) + Z X(4) + Z X(G) > T

1<ky<hkaskesn | ,f i=ka i=kg imky41
zeLl €Ly i€Lg €Ly

(2) If k4 € E24, then the time between the arrivals of jobs k4 and n to queue 4 is equal

to the time between the departures of jobs k4 and n from queues 2 and 1,

n n ky ka

> W= p® -3 p? - z TV +sO |- S 1+ 5P
i=kg+1 i=1 =1 . =

1e€ly 1elq €L 1,6[:1 inlsa

Under this scenario, the overall system time of the n*® job becomes

Sn - max Z X(2)+ Z X(4) + Z X(G) Z T(l) + Z T(z)
1<ko<kq<kesn i=kg i=kq i=kg i=1
zel:z 1ely i€Lg 15131 1€Lg

(b) If k¢ € Es6, and by similar arguments to those presented in part (a),
(1) If ks € Eo5, then

ks n
S = max Z X(z) + Z X(5) + Z X(ﬁ) Z T(l) + z T(z) ,
1<kz<ks <kg<n i=ko 1=ks i=ke i=1 1=1
€Ly iels ieLg €l i€Lo
(2) If k5 € 35, then
ks ke n n k3
Se=mex | $ X043 x4 5 kO3 10, 3 ro

1<k3<ks<ke<n i



Note that the arrival times of jobs to queues 1, 2 and 3 is equal to the time of arrival at

node ay, since there is no service delay at node ag, which yields

k¢ kg

> Ti(e) = ) T;, for all jobs kq arriving at queue ¢ = 1,2,3.
i=1 i=1

€Ly

Consequently, for job n € Lg leaving the system at queue 6, combining parts (a) and (b)

gives us the following characterization of the overall system time

ka,

n n
6
Su(Pe)=max{ max |3 x*+. . +Yx®- Y Tift, (3.39)
PePsg | 1<kq <...<kgsn | . ° & £
1 'L-kal i=kg z-kal
kaj+1€€ﬂj‘1j+1 ifﬁal ’iEEs

where Ps = {(1,4,6),(2,4,6),(2,5,6),(3,5,6)} is the set of all the paths P of the form
(ag,a1,as,...,£) that leave the network at queue 6. Proposition 18 presents the characteri-
zation of the overall system time of the n'® job in a generalized feed-forward network with

deterministic routing.

Proposition 18 (System Time in Feed-Forward Networks)
In a feed-forward network composed of single-server queues with service times X (), jedJ
and external interarrivals T, the overall system time of the n'* job exiting at node ¢ is given

by

kay

n (2
e
Sy, (Pe) = max max S XM Y xO- > b, (3.40)
PePy  |1<ka; <kay<...Skesn | L0 i~k .
=ka; i=ky 1=kq, +1
kaj 1€€aja5,q i€La, €Ly

where Py denotes the set of all paths P = (ag,a1,azg,...,£).

A detailed proof of Proposition 18 is provided in Appendix B. Similarly to the analysis of
a single and tandem queue, we propose an analysis of the worst case overall system time in
a feed-forward network. We then leverage the analytic expressions of the worst case system

time to understand the behavior of feed-forward networks with deterministic routing.
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3.4.1 Worst Case Behavior

To analyze the worst case behavior of the system time in the feed-forward network, we apply
the bounds on the interarrival and service times presented in Assumptions 1(a) and 14(a)

and express the worst case system time S, (P) as

k
ag n n
max max max x@) 4 imax S X® _min T; 3.41
(1 1 bl
PePy 1<kq S...<kp<n usz, =k u; i=Fy Ue b 41
=ka, L= =kay
k“j+leg“j“j+lg[’“j+l ie,Cu] €Ly

where P, denotes the set of all paths P = (a9, a1, ag, - ..,¢) that leave the network at node ¢.
By Assumptions 1, Eq. (3.41) involves solving a |P}-dimensional optimization problem for
every path P € Py, which can be computed efliciently.

Theorem 19 provides a closed form upper bound for the worst case system time of the
nth job exiting the network at node { in a feed-forward network with a, = agj ) - «, for all

jeJ.

Theorem 19 (Highest System Time in a Feed-Forward Network)
In a feed-forward network composed of single-server queues satisfying Assumptions 1(a) and
14(a) with a4 = agj) = q, for all j € J, the set Py containing all paths P = (ap,a1,az,...,£)

that leave from node ¢, and

A

a-1/a
— _ G)+ . e aja-1
P = ming;/é; and FP‘FN[ > (09 ¢il*) >0, (3.42)
jeP

jeP

the overall worst case system time S, (Pe) of the ntt job exiting the network at node £ is

bounded by

1-pp 1 . . of(a-1)
R N o) B - R
jeP Hj
Pep. | (3.43)
€Fe
a-1 AV, g/ 1 o)+ .
aol(e-1) (1-p,) /(=1 + Z M_g +I , otherwise.

jeP
The proof is presented in Appendix B. The bound presented in Theorem 19 is particularly

tight for the special case where p; = p (i.e., uj = A -¢;/p) for all j € J for some value p.
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This yields pp = p for all P € P,. For this case, a higher value of the effective parameter I'p
results in a higher system and relaxation times, as suggested by Eq. (3.43). The worst case

I'(P;) = maxIp.
( Z) PEPe P

Theorem 20 provides the analytic expression of the worst case system time of the n'! job
exiting the network at node ¢ in a feed-forward network with a, = agj )= o and pj = p for

all je J.

Theorem 20 (Feed-Forward Network with Fixed Traffic Rate)
In a feed-forward network composed of single-server queues satisfying Assumptions 1(a) and
1 (a) with aq = agj) =a, and pj = p (i.e., pj =X ¢;/p) for all j € T, and given the set P,

containing all paths P = (aqg,a1,...,¢), and

F('Pg)=Fa+Fs('Pg)=Fa+g1€§i>X

(]

a-1/a
. -1
S (Fs(m . ¢J1_/a)°’/ “ ] >0, (3.44)
jeP

/TN r

. e ; Q " th . s .
the overall worst case system lime S, (Pg) of the n™" job exiiing the network at node £ is

bounded by

1-p 1 j ‘ AL(P,) 1%/ (@=1)
1/
I'(Py)-n fe _ 3 2 jep(,u,_j +F§])+), if n< [_—_a(l—;) ,
(

* (3.45)

a-1 A1 .p(pe)a/(a—l) 1 _ '

a/(a-1) ' 1 - p)/(a-1) + Z Z (_ + FS(JH , otherwise.

@ (1-p) PeP, jeP \ Mj

The case where I' (P;) < 0 arises when I, < 0. This scenario is characterized by long inter-
arrival times yielding zero waiting times. The worst case system time therefore reduces

to
S, (Pg) <max Y (—1— +st(j)+) <y D (i +Fs(j)+).
PePe jcp \ 1 Pep, jeP \Hj
We next extend our averaging approach to analyze feed-forward queueing networks with

Qg = agj) =aand pj =p (i.e, pj=A-@j/p) for all j e J.
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3.4.2 Average Case Behavior

The expected system time spent by the n'® job in the feed-forward network can be computed

as

— _p —
Su=2 fp-Sn =), pe-Sn(Pe), (3.46)
PcP e

where P denotes the set of all possible paths that can be taken by jobs passing through the
network, fp denotes the probability of taking a certain path P, —S-: denotes thg expected
system time of the n'® job that is routed through the network via path P, S, (P;) denotes
the expected system time of the n'! job that leaves from node £ (i.e., job n takes any path

P € Py), and py denotes the probability of a job exiting the network at node ¢, i.e.,
pe=¢e'(1— > fej)-
JjeJ

Instead of taking the expectation of the system time over the random variables T and X
to obtain S, (P), for all paths P € P or S, (P;), for all £ € J, we propose to compute the
expected value of the worst case system time with respect to the parameters I', and I'; (P;)

which we treat as random variables. Mathematically, we compute

S;nz Zpé'gn (Pe) = prE[gn(Pf)]
T eJ

Given Theorem 20, we can express Sy, (P;) as a function of I, and I, (P) as follows

b

ATy + T, (*Pm*]“/ (D)

Sy (e, Is(Pe)), if n<[ a(l-p)

S, < (3.47)

S5 (I, Is(Pg)), otherwise,

where I's (P;) is defined in Eq. (3.44) in terms of I’,Sf ), for je J,and Sf, and S* denote the
quantities associated with the transient state and the steady state, respectively. We rewrite

Eq. (3.47) as
S?l(Fa’Fs (PZ)) : ]Lrtl. (Fast (Pl)) +5° (Faan (PZ)) ’ lfz (Fa,Fs (PE)) 3

where the indicator functions 1!, and 1% reflect the condition for the system to be in the

97



transient state and the steady state, respectively. By positing some assumptions on the

distributions of I', and I's (P;), we compute
8= E[8L (I, Tu (P0)) - 1L (T, Ty (P2)) + §° (s Ty (P)) - 15 (T, I (PO,

which can be efficiently computed via numerical integration. We next discuss our choice of

the parameter distributions.

Choice of Variability Distributions

We propose to express the parameters I'y = 0,7, and I s(j ) = 937§j ), where v, and 7,9 ) follow
limiting distributions for all j € J. More specifically, v, ~ N (0,0,) and %U )N (0, agj )) for
light-tailed primitives, v, ~ S (-1,C4q,0) and 7§j )L 8 (1,C4,0) for heavy-tailed primitives.
Note that the effective service parameter I's (P;) is captured as a function of I s(j ), forjeJ.

Specifically, by Eq. (3.44),

a-1/a

. . . o\ /a1
Ly (Pe) = 075 (Pe) where ] (Po) =max| - (+¥%- ;%) . (348)
€7e ) jep

Similarly to our approach for tandem queues, we propose an approximation of the distribu-

tion of 'yf* by fitting generalized extreme value distribution to the sampled distribution.

For light-tailed queues, by Theorem 20, the expected value of the overall worst case

steady-state system time for a feed-forward network is given by

§oo = Z plgoo (Pe),
leT

where we approximate the steady-state system time for jobs exiting at node ¢ as

R R I e T s |

teJ  PePgjeP \Hj

- ey Bl ] Sy (Lerrg]). e

4(1-p) PP jeP \Hj

with v (Pr) = 0a7a + 057vS (Pr) and v} (Pr) is defined in Eq. (3.48).
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The expected value in Eq. (3.49)

E[(v(P)")*] %P (1 (Pe) 20)-E[y(Pe)*] =B (v(Pe) 20) - (6202 + 62E[; (P2)°]).

Similarly to the case of a single light-tailed queue, we select the parameters 6, and 6, to
ensure Seo = Seo. Finding Se in a general feedforward network is however challenging.
Instead, we ensure that the expression in Eq. (3.49) matches the approximation of the
expected steady-state system time obtained via network decomposition, presented in Eq.

(3.38). We then choose 8, and 6, as

12 ) S
2y fp-|P| ZZfP_Z(ﬁj(UsJ)

0o~ PeP and 0w PP P (3.50)

I PO(P)20) > P(v(Pe) 20)-E [ (Po)?]
eJ LeJ
Note: We introduce the parameter I' = 0,7, + Gs'yf*', where
/ a-1/a
. ala-1
el T T (9 ) . (3.51)

PePy jeP

Notice that v¢* > 4¥ (P;), and therefore the parameter I'¥ > I" (P;), for all £ € J. Since a
higher parameter value yields higher system and relaxation time, we can bound S, (Pe) =

S, (I'(Pe)) by 5, (I'*), and hence we can bound S, by

5= 005 (Pe) <> pe- 5. (%) = > pe-E[S, (I')].

T eJ leT

We next show that the choice of the parameters 8, and 65 for the above approximation

allows for simpler computations.

(a) Light-Tailed Primitives: By using the upper bound S, (FZ) introduced above and Eq.
(3.49), we bound S, by

Sew €D P 7 TEErR [(w) ] > (— +E[F<J)+]) (3.52)

teJ Pep  jeP \HM
where ¢ = 0,74 + 0575 and 4% is defined in Eq. (3.51). Then, we approximate

E[(1)?] ~B (e 20)-E[1] =P (7 2 0) - (620 + 82E[ (+£)7] ).
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where, the second moment of y¢* can be expressed as

B[05)]= 2 Bo e [(00) -2 (40 20)- 5 56, (o0)"

PePy jeP PePy jeP

We proceed by performing an additional bounding procedure to help simplify the com-

putations. Specifically, we propose to bound the expression

SPOe20): & o (0¥) < TP Y T ¥ (eP)
eJ PePy jeP teJ (e PPy jeP
= Y P(120)- Y Z¢j-(a§j’)2. (3.53)
eJ PeP jeP

To match the approximation of the expected steady-state system time obtained via
network decomposition presented in Eq. (3.38) and the resulting upper bound on S

from combining Egs. (3.52) and (3.53), we choose 6, and 65 as

1/2
2 Y fp 1P|\ )
[ [ L — and 6~ (3.54)
Y. P(720) ’ ZP(7£20)~P(73(1)20)
ZGJ fEJ

The above expressions reduce to Eq. (3.33) for the case of a tandem queue, where
P = (ag,...,|J]). Note that, given that 751) is a normally distributed distributed

random variable centered around the origin, we have ]P(’ygl) > 0) =1/2. Also,
1/2 _
P (72 0) =P (6270 +0:7:" 20) =1P’({Z fo- P} s PG 2 02 gz 20),
PeP

which can be efficiently computed numerically.

(b) Heavy-Tailed Queues: Since the steady state does not exist for heavy-tailed queues, we

propose to extend the formulas for 8, and 65 and obtain

o Z fo-|P| (a-1)/a X (a-1)/c
(Y [ — and 6, ~ . (3.55)
X P(re20) ’ ZIP’(yzO)-IP’('ygl)zO)

56\7 e
where v = 0,74 + Omys /m, 7, is defined in Eq. (3.51) .
Note that the above probabilities can be efficiently computed numerically given the
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distributions of v, and 7¢*.

Insights and Computational Tractability

The insights we draw from our analysis of light-tailed and heavy-tailed feed-forward queueing
networks queues are similar to the ones obtained for single and tandem queues. Furthermore,
simulating the expected overall system time of the n*™® job in a feed-forward network requires
simulating all queues in every path P € P in the system for all n jobs. Our approach, on
the other hand, involves (a) running a simulation to fit the distribution of y¢* as defined
in Eq. (3.51), and (b) computing double integrals with respect to v, and *yf*, for all nodes
£ € J. Note that extending the results to multi-server feed-forward networks does not affect

the efficiency of our approach.

3.5 Concluding Remarks

In this chapter, we énalyzed the expected performance of complex queueing networks. We
have shown that our methodology is capable of accurately approximating the steady-state
behavior in arbitrary networks of queues via the following key principle: (a) the departure
from a queue, (b) the superposition, and (c) the thinning of arrival processes have the same
uncertainty set representation as the original arrival processes. Furthermore, we obtain
analytic expressions that characterize the transient behavior in tandem and feedforward
networks with possibly heavy-tailed arrivals and service times. Qur computations validated
our modeling approach and provided approximations that closely compare with simulated
values. In the next chapter, We go beyond performance analysis and propose to optimize

inventory policies for complex supply chain networks.
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Chapter 4

The Case of Supply Chain Networks

In this chapter, we go beyond the question of performance analysis and consider the problem
of system optimization. To illustrate our methodology, we apply the framework that we
have introduced in Chapter 1 to optimize inventory policies across complex supply chain
networks. Our approach allows us to obtain answers that are comparable to those obtained
via stochastic optimization, while avoiding the challenges of fitting probability distributions,
generating scenarios to describe the states of randomness, and sampling for evaluation in

simulation optimization methods.

4.1 Introduction

The analysis and optimization of (s, S) inventory policies has received considerable attention
since the 1950s. The seminal work of Arrow et al. [1951] introduced the multistage periodic
review inventory model, where the inventory is reviewed once every period and a decision
is made to place an order, if a replenishment is necessary. The (s,S) inventory policy
establishes a lower (minimum) stock point s and an upper (maximum) stock point S. When
the inventory level on hand drops below s, an order is placed “up to S”. The (s, S) ordering
policy is proven optimal for simple stochastic inventory systems. In 1960, Scarf [1960] proved
that base-stock policies are optimal for a single installation model. Clark and Scarf [1960]
extended the result for serial supply chains without capacity constraints and showed that
the optimal ordering policy for the multiechelon system can be decomposed into decisions

based on the echelon inventories. Karlin [1960] and Morton [1978] showed that base-stock
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policies are optimal for single-state systems with non-stationary demands. Federgruen and
Zipkin [1986] generalized the analysis to a single-stage capacitated system, and Rosling [1989]
extended the analysis of serial systems to assembly systems. Further work has been done
to extend, refine and generalize the optimality results of base-stock policies; see Langenhoff
and Zijm [1990], Sethi and Cheng [1997], Mubharremoglu and Tsitsiklis [2008], Huh and
Janakiraman [2008]. Determining the optimal policy for general supply chain networks is
a challenging problem. It involves a complex stochastic optimization problem with a high-
dimensional state space. This sparked interest in simulation-based approaches, notably the

work of Glasserman and Tayyur [1995] and Fu [1994].

Furthermore, generating demand scenarios and fitting demand distributions is challeng-
ing. In reality, we only have access to historical demand realizations, and it is not immedi-
ately clear which distribution drives the source of uncertainty. In that regard, Scarf [1958],
Kasugai and Kasegai [1961], Gallego and Moon [1993], Graves and Willems [2000] developed
distribution-free approaches to inventory theory. Bertsimas and Thiele [2006] first took a
robust optimization approach to inventory theory and have shown that base-stock policies
are optimal in the case of serial supply chain networks. Bienstock and Ozbay [2008] pre-
sented a family of decomposition algorithms aimed at solving for the optimal base-stock
policies using a robust optimization approach. Rikun [2011] extended the robust framework
framework introduced by Bienstock and Ozbay [2008] to compute optimal (s,S) policies
in supply chain networks and compared their performance to optimal policies obtained via

stochastic optimization.

In addition to base-stock policies, the research community has also considered adaptive
policies that are function of the realized demand. In particular, disturbance-affine policies
are expressed as affine parameterizations in the historically observed demand. Such policies
belong to the general class of decision rules which have originally been introduced in the
context of stochastic programming by Charnes et al. [1958] and Garstka and Wets [1974].
Ben-Tal et al. [2004b] extended the robust optimization framework to dynamic settings
and explored the use of disturbance-affine policies in allowing the decision maker to adjust
their strategy given the information revealed over time. Within the robust optimizatiori
framework, affine policies have gained much attention due to their tractability; depending
on the class of the nominal problem, the optimal policy parameters can be solved via linear,

quadratic, conic or semidefinite programs (see Lofberg [2003], Kerrigan and Maciejowski
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[2004], Ben-Tal et al. [2004a]). Empirically, Ben-Tal et al. [2005] and Kuhn et al. [2011]
have reported that afline policies perform excellently and have shown many instances in
which they were optimal. Bertsimas et al. [2010] proved the optimality of disturbance-affine
control policies for one-dimensional, constrained, multistage robust optimization and showed
that these results hold for the finite-horizon case with minimax objective. In particular,
Bertsimas et al. [2010] have shown that, under the robust setting, affine policies are optimal
for a single-product, single-echelon, multi-period supply chain with zero fixed costs.

In this chapter, we propose to bridge the stochastic and robust optimization approaches
and apply our methodology to obtain optimal base-stock and affine policies that minimize
the average cost. The structure of this chapter is as follows. Section 4.2 provides a synopsis
of our approach geared towards optimizing supply chain networks. Section 4.3 treats the case
of optimizing base-stock policies in generalized networks. Section 4.4 applies our framework

to find optimal affine policies. Section 4.5 concludes the chapter.

4.2 Proposed Framework

We consider a supply chain network in which inventories are reviewed periodically and
unfulfilled orders are backlogged. For simplicity, we assume zero lead times throughout the
network; however, our framework can be easily applied to systems with non-zero lead times.
We consider a T-period time horizon and, within each period, events occur in the following
order: (1) the ordering decision is made at the beginning of the period, (2) demands for
the period then occur and are filled or backlogged depending on the available inventory, (3)
the stock availability is updated for the next period. To describe the system dynamics, we

define the following sets.

N Set of all installations within the inventory network,

S  Set of all installations with external demand (sink nodes),

L Set of all links (edges) within the inventory network,

&, Set of installations belonging to echelon n,

S, Set of sink installations at the nt* echelon. Note that S, €S,
L, Set of all links (or edges) supplying stock to the n*® echelon.

Note that we view the dynamics of the system from an echelon perspective, where an echelon
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n is defined as the set of all installations within the network that receive stock from some
installation n, including installation n, and the links or edges between them. This definition
was first introduced by Clark and Scarf [1960] for tree networks, however it can be generalized
for more complex networks. In the special case of a network with installations in series,
and assuming that the items transit from installation n to installation n — 1, then the
sets &, = {n,n-1,...,1}, S, = {1} and L, = {€n+1,n}, Where £n,1, is the link between
installation n + 1 and n. Figure 4-1 illustrates the definition of an echelon for a more

complex supply chain network.

Figure 4-1: For this nine-installation network with 4 sink nodes, we consider nine echelons
defined as follows. (1) & = {1,5,6,8,9} and S; = {5,8,9}, (2) & = {2,5,6,8,9} and S; =
{5,8,9}, (3) & ={3,5,6,7,8,9} and S3 = {5,7,8,9}, (4) &4 = {4,6,7,8,9} and S, = {7,8,9},
(5) & = {5,8} and S5 = {5,8}, (6) & = {6,8,9} and S¢ = {8,9}, (7) & = {7,9} and
S7={7,9}, (8) &8 = {8} and Sg = {8}, and (9) & = {9} and Sg = {9}.

To track the system’s operation, we capture information about the stock available and the
stock ordered at each echelon at the beginning of each time period as well as the demand
at each installation sink throughout each time period. Specifically, we define the following
notation.

xt  Stock available at at the beginning of period ¢t and echelon n,

ut, Total stock ordered at the beginning of period t at echelon n,

oy Stock ordered and moved along link £ € £ at the beginning of period ¢,

wi Demand observed at sink k € S throughout time period t.

In accordance with the sequence of events that we have presented earlier and given our
notation, we can express the dynamics of the echelon inventories for all n € A and ¢ =
0,...,7-1as

¢ ¢
gl =zl +uf - Y wi=ad+ Y u - Y S, (4.1)
keSS, 7=0 keS, =0
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x¥ denotes the initially available stock at echelon n, and the ordering quantity at each
echelon is simply the sum of all stock ordered from the edges feeding into the n'* echelon,
ie.,

up= Y. 0p. (4.2)

Note that the ordering quantities z?, = ¢ (7, w), and therefore the amount of available stock

ul = ut (m,w), are functions of the ordering policy 7 and the demand vector. Note that, for
the simple example of a single-installation system, the available stock level at the beginning
of time ¢ + 1 is a function of the sum of the demand realizations at that installation over the
time horizon

: t t
e =gt —wt =+ YT - YW (4.3)
7=0 =0

The high-dimensional nature of modeling the demand uncertainty probabilistically and the
complex dependence of the system on the random variables highlight the difficulty of an-
alyzing and optimizing the expected total cost across the supply chain network. Instead
of taking a probabilistic approach, we propose a framework that builds upon the robust
optimization framework to approximate the expected system behavior. We next present a

synopsis of our approach.

4.2.1 Uncertainty Modeling

For the sake of simplicity, we assume that there is no demand seasonality and that the
demand realizations are light-tailed in nature (i.e., the demand variance is finite). At in-
stallation k, we denote the demand mean by p; and the demand standard deviation by
0%, which could be inferred from historical data. Instead of describing the uncertainty in
the demand using stochastic processes, we leverage the partial sums in Eq. (4.1) and pro-
pose polyhedral sets inspired by the limit laws of probability. Given that we are interested
in modeling the amount of holding stock (2%)" = max (0,2%) and the backorder quantity
(xﬁl)_ = —min (0,_1‘%), we wish to upper and lower bound the partial sums in Eq. (4.1). We
therefore propose to constrain the absolute value of the partial sums and introduce a single

variability parameter I'. We make the following assumptions.

Assumption 21 We make the following assumptions regarding the demand.

(a) For inventory systems with a single sink node, the demand realizations w = (wo - ,wT)

7
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belong to the parametrized uncertainty set

t—1
U(F)={(w°,~.,wT) ! A W -t < Vt=1,...,T+1},
C"'\/E 7=0

where I' > 0 is a parameter that controls the degree of conservatism, p and o respectively

denote the mean and the standard deviation of the demand.

(b) For inventory systems with multiple sink nodes, the demand realizations w = (wg, . ,w,{) keS

belong to the parametrized uncertainty set

t-1
Dwp -tk

1 -
L{(I—')= (wgv--ﬂwl{)kes '\/lT—ikZSTOUTSF, Vne/\/,t=1,...,T+1 )
(3 €O0n,

where I' 2 0 is a parameter that controls the degree of conservatism, ux and o re-
spectively denote the mean and the standard deviation of the demand at the sink node

k.

Note: By the central limit theorem, the expression

o~
=

> Wi~ t-
1 =0

|Snl .kgs:,. ok -Vt

follows a standard normal distribution for a big enough value of ¢, under the assumption that
demand realizations are independent and identically distributed at each sink node k € S.
Under Assumption 21 and given an ordering policy , the traditional robust approach

analyzes the worst case performance by solving the following optimization problem
L(m,I)= max L(mw). 4.4
(1) = max L (7,w) (44)

The optimization problem in Eq. (4.4) effecti.vely selects the scenario where the realizations
of the random variables produce the worst performance. The selection of I' dictates how
much variability we allow the normalized sums to exhibit around zero. With higher vari-
ability, the uncertainty set includes more extreme scenarios which directly drive the worst

case performance measure.
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Instead of pre-selecting a specific value for I" and carrying out a worst case performance
analysis, we propose to treat variability parameter I' as a random variable and devise a

methodology to model the average system behavior.

4.2.2 Performance Analysis

For a given ordering policy 7, analyzing the expected performance L (7) entails under-
standing the dependence of the system on the demand uncertainty. Suppose that L (7, w)
is governed by a distribution F' which can be derived from the joint distribution over the

random variables w. We express the expected performance as

L(m) = [ &F(©).

For the purpose of our exposition, suppose that the distribution function is continuous. The

inverse of F' (-) then corresponds to the quantile function, which we denote by

Q(p)=F'1(p)={q:F(q)=p}={quP’(L(mw) Sq)=p},

for some probability level p € (0,1). By a simple variable substitution, we can view the

expected value as an “average” of quantiles,

Lm= [ Q.

We can map each quantile value Q(p) to a corresponding worst case value L (7, I"). Let G

denote the function that maps p to I'" such that Q(p) = L (w,I'), i.e.,
p=IP(L(7T,w)sf(ﬂ,F))zF(f(w,F))=G(F). (4.5)

In this context, the expected value can be written as an average over the worst case values,
with

L(n)=Er[L(n,D)]= / T(x, ) dG(T). (4.6)
Philosophically, our averaging approach distills the probabilistic information contained in

the random variables w into I', hence allowing a significant dimensionality reduction of
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the uncertainty. This in turn yields a tractable approximation of the expected system
performance by reducing the problem to solving a low-dimensional integral.

Note that knowledge of G allows us to compute the expected performance measure
L () exactly; this however depends on fhe knowledge of the distribution function F'. While
feasible for simple systems, characterizing F, and therefore G, is otherwise challenging and
is immediately dependent on the distributional assumptions over the random variables w.
Instead of deriving the exact distribution G(-), we propose an approximation G(-) inspired

by the conclusions of probability theory and approximate the expected performance as
I ()~ / L(n,[)dG(I). (4.7)

We next approximate the distribution of the variability parameter I" by considering a single
installation system with a simple base-stock policy and approximating the behavior of the

inventory shortfall via the theory of reflected Brownian motion.

Variability Distribution

We consider a multi-period single-installation system that operates under a base-stock policy
7 in which stock is ordered at the beginning of each time period to restore the inventory to
a target level S, while not exceeding the per-period ordering capacity «. Given the amount
x? of stock available at the beginning of period ¢, the ordering quantity u? at the beginning
of time period t can be expressed as min (K,S - :ct). As a result, the recursion in Eq. (4.3)
becomes

t+1

T =:1:t+min(/<a,S—xt)—wt‘l t

=min(x +n—wt,S—wt) (4.8)

We define the amount by which the target inventory exceeds the amount of stock available

at the beginning of the time period as the shortfall
Lty = L (7r,w) =S-z"l

The terms L;41 and z'*! convey equivalent information abou;c the state of the system. For
the purpose of our analysis, L;,; depicts the performance measure of interest and we let F
be its distribution function. We (a) show that we can approximate the distribution F' using
ideas from reflection Brownian motion, and (b) derive an approximation of the density G of

the variability parameter I
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Shortfall Distribution: Given Eq. (4.8), the shortfall is given by

Ly = S—x“lzmax(S—xtH@—wt,wt)
t-1
= max (L +w' - &, wt) =wt+oglgt>fl {FZ (wi—.‘i),O}. (4.9)

The shortfall sequence coincides with the system time sequence in a single-server queue with
service times {w?, ¢ > 0} and fixed interarrival time k. A standard property of the Lindley

recursion implies

t-1
M; = max {Z(wi—m),O}z max A,

O<7<t-1 | ;=7 Ogr<t-1

is the maximum of the random walk A,. By the theory of reflected Brownian motion, M;
is well approximated by a reflected Brownian motion with drift (z - ) and variance 2. As

a result,

]P’(MtSz)zZ-@(z—_gf/__t—K)t)—l,

where @ (-) denotes the distribution function of a standard normal. Then, the density of the

shortfall
F(€) =P(Lyuy < f) = f P(Liar < Gt - fur dut, (4.10)
w

where f,: denotes the density of the demand at time ¢ and the conditional probability

P (Lt < lwt) =P(My < £-wt) mz.qs(e'“t;\(f’t‘—”)t) -1 (4.11)

Variability Density: Conditioned on w?, the worst case shortfall is given by

L1 (1)

t-1
t i
w'+ max max w'-xk),0

weld(I') 0g7<t-1 {Z?;( )’ }’

W+ T-ovVt+ (- k)t (4.12)
Given Eq. (4.12), we can rewrite the conditional probability in Eq. (4.11) as

I' ovt-1
ovt-1

By Egs. (4.5) and (4.10), the distribution of the variability parameter I" can be approximated

P(Ltsft(w,F)|wt'1)=2-45( )-1:2-¢(F)-1.
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by
G(F)=F(f(7r,[’))ns[t [2-0()-1]-fdwt=2-0(I) - 1.

This implies that the density of I" can be well approximated by a half-normal, where

g(F)=dG(F) v2 p( 1;2)

T =2¢([‘)=ﬁ-ex

We employ the above approximation for the distribution of I" throughout the remaining of
this paper. We next discuss how we approximate the expected behavior under our frame-

work.

Robust Approximation

For more complex systems, we propose to approximate the expected performance as
L(m)=Er[L(n,I], (4.13)

where I follows a half-normal distribution. Note that, for complex supply chain networks,
the worst case cost may not be determined analytically. Therefore, we propose to approx-
imate the expected value in Eq. (4.13) by discretizing the space of values that I" can take

on, giving rise to the following approximation

Er[Z(m,I)] » Y. fi-L(m,T}), (4.14)
i€l
where (I5),.; denotes the values of I' in the discretization Z, f; denotes the corresponding
density, and I (, I};) denotes the worst case performance given the demand w € U (I3).
To find the weights f;, i € Z, one could use methods for numerical integration. Applying

the Gaussian-Hermite quadrature (see Abramowitz and Stegun [1972]),

2"n!

e (VD

where n = 2|Z| denotes the level of discretization, H,_1 (-) is the Hermite polynomial with
degree n, and I; denote the non-negative roots associate with H,,. Table 4.1 tabulates the

values of (fi, ;) for the cases where Z =5 and 7 = 10,

Note: The discretization need not include a large number of values to obtain a very accurate
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Table 4.1: Gaussian-Hermite quadrature and coefficients for |Z| = 5 and |Z| = 10.
7= 5 1Z] = 10
5.2E-1, 3.2E-1, 1.2E-1, 2.8E-2, 3.7E-3
{ 2.6E-4, 8.8E-6, 1.1E-7, 4E-10, 2E-13 }
0.3470, 1.0429, 1.7452, 2.4587, 3.1890
{ 3.9440, 4.7346, 5.5787, 6.5106, 7.6190 }

fi {6.9E—1, 2.7E-1, 3.8E-2, 1.5E-3, 8.6E—6}

I; {0.4849, 1.4660, 2.4843, 3.5818, 4.8592}

approximation of the integral. To illustrate this fact, we consider the single-installation
example we introduced earlier in this section with the simple base-stock policy. For ¢ = 10,

w!=p =10 and k = 0 = 5, the average over the worst case shortfall is given by
Er[L(n, )] =Er[w'+ T ovt+(u-r)t]=72.6 (4.15)

The expression in Eq. (4.15) can be well approximated using numerical integration, without

an exhaustive discretization as follows

Er[Z(m,D)]*Y fi-L(m )= fi- (W' +Ti-oVt+ (u-r)t). (4.16)

el el
Using the Gaussian-Hermite approximation with Z = 5 yields Ep[L (w, I")] ~ 73.1, corre-
sponding to an error of 0.68% relative to the exact integral value. This implies that we can
achieve good approximations of average cost in our framework by evaluating the worst case

performance for a small number of values of I".

4.2.3 Performance Optimization

A major consideration in the study of inventory systems consists of determining optimal
policies that minimize the average cost of moving inventory across the supply chain network.

We consider four types of costs.

K, Fixed cost of order at echelon n,

h, Holding cost per unit of inventory hold at echelon n,

p,  Backorder penalty cost per unit of negative inventory at echelon n,
ce  Variable cost per unity of order moved along edge £ € L.

The total cost incurred in period ¢ across the inventory network accounts for (1) the holding
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cost at each echelon, (2) the penalty cost associated with a shortage at each echelon, and

(3) the fixed cost of ordering stock at each echelon, i.e.,

Ci(myw) =Y co-op+ Y, [hn(-a:fl)Jr +pn- (2h) + K- ]lu%>0], (4.17)
leL neN
where the terms (2%)" = max(0,2%) and (2%)” = ~min (0,2%) denote the holding and

the backordered stock, respectively. Note that the amount of stock ordered u! = u! (7, w)
and the amount of stock available 2!, = z¢,(7,w) depend on the policy 7 and the demand

realizations.

To obtain an optimal ordering policy from a set of available ordering policies IT, the

traditional approach solves the following stochastic optimization problem
C =min E, [C (7,w)].
well

Instead, we leverage the worst case values and cast the problem of finding an optimal policy

as

min ]EF[C(W,F)]“WT?II; “ZI fi- C(m, I})

where C (,T};) denotes the worst case total cost of moving inventory through the entire
time horizon, given the demand w € U (I;). The above optimization problem can be cast as
a robust optimization problem with the following re-formulation

min > fi-y;

mell g . (4.18)
st. y2C(mw) Vweld([}), and [:ieT

We note that, in the traditional robust optimization setting, the designer selects a particular

value of I' reflecting their risk preference and solves the resulting problem

min y
min max C(mw) = mell : (4.19)
mell  weld(I') st. y>C(mw) VYweld (N

Both formulations in Eqs. (4.18) and (4.19) belong to the same class of problems. Our
proposed approach in Eq. (4.18) therefore conserves the desirable tractability of the robust

optimization approach, while exploring different levels of protection against uncertainty.
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Note: The size of the robust optimization problem in Eq. (4.18) depends on the level
of discretization over the space of pc;ssible values that I" can take on. Quadrature methods
help numerically approximate the value of a definite integral with few possible evaluations.
Using such methods ensures a good level of precision while keeping control over the size of
the discretization set Z.

We propose a variant of the generic algorithm developed by Bienstock and Ozbay [2008]
to iteratively solve Eq. (4.18) for the optimal inventory policy. The algorithm maintains
a working list Z4; of demand patterns &' = {(@?)?, ... (‘?I{)l}ke s that satisfy the uncertainty
set U (I;), for all 1€ Z. At every iteration, we increment the list while computing an upper
bound U and a lower bound L on the value of the problem in Eq. (4.18). The algorithm is
stopped whenever the difference between the upper and lower bounds becomes small enough.
This algorithm is inspired by the Bender’s decomposition method, commonly used in the
stochastic optimization literature.

Note that, at a given iteration of the algorithm, the set ; is finite as it is incrementally
populated by the vectors of demand realizations @¢. As a result, the size of the set i; is equal
to the number of iterations run thus far, compared to the exponential size of the uncertainty
set U (I;). The size of problem (DM) in Eq. (4.20) grows with the number of iterations.
However, if converge occurs within a few number of iterations (as shown in Section 3), the

size of problem (DM) is kept small.

ALGORITHM (Optimizing the Ordering Policy)

Input: Accuracy level e. Available ordering policies IT.

Output: Optimal policy n* for the inventory network.

Step 0. Initialize lower bound LB =0, upper bound UB = +oo, U = g, forall I;:i€eT.
Step 1. Solve the decision maker’s problem (DM) and let 7* to be its optimal solution.

LB = min Z[fzwmagc{c (m,w) }] (4.20)

mell ;=7 weld;

Step 2. For i € Z, solve the adversarial problem (AP) and let &° be its optimal solution.

UB; = C(r*,w). 4.21
i= max (7", w) (4.21)
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Step 3. Set the upper bound UB = Zfi -UB;.
i€l

Step 4. If U - L <, exit. Else, add the vector @* to ; for all i € Z and go to Step 1.

On the other hand, the size of problem (AP) in Eq. (4.21) is a function of the
size of the inventory network. Bienstock and Ozbay [2008] present an approximation
that uses simple combinatorial arguments which proves more efficient than solving
the integer optimization program. Since the size of Z need not be large to obtain
good approximations, the number of problems (AP) that we would need to solve is
relatively small. In the stochastic programming framework, Bender’s decomposition
is used to reduce the large deterministic equivalent to a number of smaller problems
that can be solved independently. In our case, the usefulness of the decomposition
algorithm lies in reducing the combinatorial complexity of the problem in Eq. (4.18).
We next apply our framework to study generalized inventory networks with base-

stock and affinely adaptive ordering policies.

4.3 Optimizing Base-Stock Policies

In this section, we employ the methodology we proposed in Section 4.2.4 to compute
optimal base-stock policies that minimize the average cost within the inventory net-

work, without making distributional assumptions regarding the demand uncertainty.

4.3.1 Problem Formulation

We define s, and S, to be the lower (minimum) and the upper (maximum) stock
points, respectively, at echelon n. In vector form, we refer to the base-stock levels as
(s,S) across the network’s echelons. Given a set of echelon base-stock levels (s, S,),

the ordering quantity at each time period ¢ at echelon n is given by

Sp -zt if zt < sy,
ub = ul (s,S,w) = (4.22)

0, otherwise,
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where zt, = x? (s,S,w) denotes the stock available at the beginning of time t at

echelon n.

Finding the optimal base-stock levels in our framework calls for solving a robust
optimization problem of the form of Eq. (4.18). Specifically, we consider the following

formulation

min > fi-y;
=8 5 , (4.23)

st. ¥ 2C(s,S,w) Yweld(I;) and I;:ieT

where the total cost across the inventory network is given by

C(s,S,w)= ZZQ O€+ZZ[h () +pn (28) + Ky Lusso] (4.24)

t=1/fel t=1 neN

with o}, zt, and u!, are functions of (s,S,w), for all values of n and t. We solve the
problem in Eq. (4.23) via decomposition by solving iteratively (a) the adversarial

problems (AP), and (b) the decision maker’s problem (DM).

Adversarial Problems: In our setting, problem (AP) consists of solving for
the worst case cost given the parameterized uncertainty set U (I7;) and retrieve the
optimal solution &° that drives the worst case value. For a given I, problem (AP)

in Eq. (4.21) can be re-written as

max ZZC@ Oe+z Z [h, (.’En) +Dp e (CE ) +K ]].ut>0]

weld(l3) 120 ber t20 neN'
s.t. it =zt +ul - ) wi, Vt,n,
keSn
1
= Z Of) Vt, n,
leln
, S,-axt, ifaxt <s,
U, = ) Vt,n.
0, otherwise

Note that problem (AP) is a non-concave maximization problem and the optimal
solution &* may not occur at a corner point of the uncertainty set ¢ (I;). Furthermore,

the structure of the ordering policy involves non-convex ordering constraints.
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By introducing the following two sets of auxiliary binary variables

. 1, ifzt <s, . 1, ifzt >0
y’n. = 1 and Z’n = 7
0, otherwise 0, otherwise

we can formulate problem (AP) as a mixed integer optimization problem which can be
solved relatively efficiently using available optimization solvers. Constraints (4.25)-
(4.26) lincarize the term associated with the amount of holding stock (z%)", con-
straints (4.27)-(4.28) linearize the term associated with the amount of backordered
stock (zf)~, and constraints (4.29)-(4.31) provide a linear description of the dynamics

associated with a base-stock policy.

T T
max 3" > cp0p+ Y Y [hn (2h)" +pa- (2h) + Koo yh]
wed(li) 430 ber t=0 nel
s.t. Vt=0,...,Tand ne N :
R )
keSn

ot < (at) <t + M- (1-2), (4.25)
0< () s M-2, (4.26)
—xt < (ah) <—zh+ M2, (4.27)
0<(zt) <M-(1-2t), (4.28)
-M -yt <ab-s, < M-(1-4), (4.29)
=M-(1-yp) <up = (Su—a) <M-(1-y,), (4.30)
0<ul, < M-y, (4.31)
yt, 2t € {0,1}. (4.32)

Note that we may devise an algorithm to approximately solve problem (AP); see for

instance the work by Bienstock and Ozbay [2008].
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Decision Maker’s Problem: At each iteration of the algorithm, problem (DM)
consists of finding the best base-stock policy, given a finite collection of demand
realizations stored thus far. Specifically, for each index i € Z, we populate the sct
with the optimal solutions @* that we obtain from solving the itt adversarial problem
(AP) at cach iteration of the algorithm. Mathematically, we formulate problem (DM)
in Eq. (4.20) as

min Zfi G
(s8) iz , (4.33)
s.t. ¢:>C(s,8,&), Voield,iel

where the total cost across the inventory network is given by Eq. (4.24).

Note that the size of problem (DM) grows with the number of iterations needed
for the algorithm to converge. For a small number of iterations, solving the integer
optimization problem may not constitute a challenge. In fact, as our computations
suggest, the algorithm converges within an accuracy of 2% in no more than four

iterations.

4.3.2 Computational Results

We investigate the performance of our framework relative to simulation and examine
the effect of the system’s parameters, i.e., time horizon, demand distribution and
variability, and network size on the accuracy of our solutions. We consider five network

topologies (see Figure 4-2).

Instance (1): single installation (JA/| = |S| = 1) with normal/lognormal distributed
demand, mean p = 100, and standard deviation o = 30 (unless oth-

erwise specified)

Instance (2): three-installation network with a single sink node (M| = 3,|S| =
1) with gamma/uniform distributed demand, mean g3 = 100, and

standard deviation o3 = 30 (unless otherwise specified),
Instance (3): three-installation network with two sink nodes (|[NV] = 3,|S| = 2) with
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Instance (4):

Instance (5):

Instance (2)

Instance (3)

demand mean (u,ps) = (100,50), standard deviation (o2,03) =
(30,25), and two possible distributional inputs: (a) gamma dis-
tributed demand at both sinks, and (b) normal demand at sink 2

and lognormal demand at sink 3,

five-installation network with three sink nodes (JN| = 5,|S| = 3)
with demand mean (us, g4, p5) = (100, 50,120), standard deviation
(03,04,05) = (30,25,40), and two possible distributional inputs: (a)
lognormal distributed demand at all sinks, and (b) normal, gamma

and uniform distributed demand at sinks 3, 4, and 5, respectively,

nine-installation network (JV| = 9,|S| = 4) with the following de-
mand mean (us, 7, s, o) = (100,50,120,80) and standard devia-
tion (o5, 07,03,09) = (30,25,40,80), and two possible distributional
inputs: (a) uniform distributed demand at all sinks, and (b) normal,
lognormal, gamma and uniform distributed demand at sinks 5, 7,

8, and 9, respectively.

/TN
1

Instance (4) Instance (5)

Figure 4-2: Simulated (solid line) versus approximated values (dotted line) for a single
installation with an order-up-to policy, demand mean u = 150, standard deviation o = 30,
holding cost h = $2 and penalty cost p = $4, and zero fixed cost. Simulated values computed
for normally distributed demand. Panels (a)—(c) correspond to time horizons (a) T = 1, (b)
T =12, and (¢) T = 24.

Impact of Time Horizon
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We consider an instance with a single installation and assume that the fixed cost is
zero. In this case, it is well-known that an order-up-to policy is optimal. This is a
special case of the (s,S) policy where s = S, i.e., an order up to S is placed when
the inventory position drops below S. For some given value of S, we (a) simulate the
average total cost over T time periods using 10,000 simulation replications of normally
distributed demand and report the simulated cost C(S), and (b) approximate the
average cost using our framework by applying Eq. (4.14) and the discretization

corresponding to |Z| =5 (see Table 4.1), and report the approximated cost C(8).

Table 4.2: Associated costs of interest.

Framework! Average Cost
Our Approach C(S) =Ep[C(S,T)]
Stochastic Approach | C(S) = E,[C(S,w)]

T Computed as a function of a given value of S.

Figure 4-3 compares the simulated values to our approximations for various values of
S for a single installation for (a) T'=1, (b) T'= 12, and (c) T' = 24. Our approximation
is closer to simulated values for larger time periods. This is expected given that our
uncertainty set in Assumption 1(a) and our approximation of the choice of distribution

for the variability parameter I" rely on the accuracy of the central limit theorem. .

300k —&— Simulation @
= N -0~ Approximation 25001+
S 250 ™,
= ) 2000
= 200 "
E_{
5]
& 150 1500
2
z 100 1000

5?00 150 200 100 150 200 100 150 200
Base-Stock Levels (S) Base-Stock Levels (S) Base-Stock Levels (S)

Figure 4-3: Simulated (solid line) versus approximated values (dotted line) for a single
installation with an order-up-to policy, demand mean p = 150, standard deviation o = 30,
holding cost h = $2 and penalty cost p = $4, and zero fixed cost. Simulated values computed
for normally distributed demand. Panels (a)—(c) correspond to time horizons (a) T =1, (b)
T =12, and (¢) T =24.
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Furthermore, Figure 4-3 shows that both simulation and approximation point to
similar values of § that minimize the average cost. It is around the optimal order-
up-to policy that our approximation yields results that are closest to simulation. The
percent errors relative to the optimal simulated values are 19.2%, 6.5% and 4.4% for

T=1,T =12 and T = 24, respectively.

Impact of Demand Variability

We next assess the performance of our approach and the effect of the demand be-
havior on our solutions. To do so, we compute the optimal base-stock policy (§,§)
under our approach. We also evaluate the optimal policy (S, §) obtained via the
traditional robust optimization approach (using Eq. (4.19)) for different values of
I'. ' We compare the solutions from our framework and the traditional robust opti-
mization approach with the optimal policy (5,S) obtained for the stochastic system
given some distributional assumptions on the demand at the sink node. To evaluate
the performance of policies (,S) and (3,S) against policy (§,S), we compute the

following quantities.

Table 4.3: Solutions and associated costs of interest.
Framework Optimal Policy Average Cost
Our Approach (8,S) C =E, [C(E, S, w)]
Robust Approacht (3,5) C= IEw[C(’&?, S, w)]
Stochastic Approach (5,5) C= ]Ew[C (5,8, w)]

t Computed as a function of a given value of I

Note that the expected values are taken with respect to some particular demand
distribution. We report the relative percent errors with respect to the stochastic
optimal cost, i.e.,

CLC x 100 and CLC x 100.
C C

To illustrate our results, we consider the example of Instance (2) with three echelons
and a single sink node with time horizon T' = 8, demand mean u = 100. Figure 4-4
compares the percent relative errors obtained using our framework and the robust

approach (I" =2 and I" = 3) versus stochastic optimization. We report the errors for
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various values of o € [10,100] with four different demand distributions at the sink
node (normal, lognormal, gamma and uniform distributions). Our approximation
compares well with the stochastic solutions. The errors are generally negligible for
lower values of ¢ and tend to increase slightly for larger values of o, though not
exceeding 10%. The robust approach for I" = 2 and I" = 3 yield larger errors for all
considered instances. Note that the effect of variability is more visible for lognormal

and gamma distributed demand.

Impact of Network Size

We consider the network instances depicted in Figure 4-2 and use our framework to
obtain the optimal inventory policy (§,§) We then assess the performance of our
solution to the optimal inventory policy (5, S) obtained in the stochastic setting under
some given distributional assumptions around the demand behavior. We compute the
solution percent error

CLC x 100,
C

where C and C are defined in Table 4.3. Table 4.4 compares the performance of
our approach for Instances (1)-(5) for various demand distributions. The solution
percent errors generally lie within 5%, suggesting that our approach yields solutions
that perform well compared to the stochastic optimal solution for a variety of networks

and demand distributions.

Computational Performance

Similarly to the observations made by Bienstock and Ozbay [2008], the iterative algo-
rithm converges to good solutions within a few iterations. Figure 4-5 shows that, for
instance (4) with time horizons ranging from 7" = 6 to T' = 12, the algorithm converges
to the solution within 4 iterations. Figure 4-6 shows that the fast convergence of the
algorithm is carried through for networks of different sizes. Runtimes are however

sensitive to these two input parameters, as shown in Table 4.5.
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Figure 4-4: Percent errors associated with implementing the solutions given by our approx-
imation and the robust optimization approach (I' = 2 and I" = 3) relative to implementing
the optimal stochastic solution. Errors are depicted for Instance (2) with demand mean
u =100, T = 8, while varying the demand standard deviation in the range of [10,100]. Panel
(a)-(d) compare the performance to the stochastic instance with the demand at the sink node
following (a) normal distribution, (b) a lognormal distribution, (c) a gamma distribution,
and (d) a uniform distribution, respectively.

Table 4.4: Errors (%) relative to the stochastic solution.

Solution Percent Errorf

Instance | Demand? T =g T=9 T=12
(1) N 0.33 0.41 1.19
L 4.67 4.85 4.85
2) G 2.28 2.83 2.05
U 2.33 2.43 1.86
(3) G 2.64 3.23 2.42
N,L 3.44 9.38 2.16
(4) L 2.79 3.37 4.72
N,G,U 2.41 2.94 4.32
5 U 2.07 . 1.77¢ 1.43
(5) N,L,G,U 2.05 1.81 1.33

T Convergence within 2% gap between the lower and upper bounds.
MIO gap of 2% and 120s time limit allowed for each MIO problem.
} N, L, G, and U stand for normal, lognormal, gamma and uniform.
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Figure 4-5: Evolution of the lower (solid line) and upper (dotted line) bounds through the
iterative algorithm. Panels (a), (b) and (c) correspond to Instance (4) with an (s, S) policy
and variable cost for T=6, T =9 and T = 12, respectively.
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Figure 4-6: Evolution of the lower (solid line) and upper (dotted line) bounds through
the iterative algorithm. Panels (a), (b) and (c) correspond to an inventory network with
a horizon T = 8, a (s, S) policy, and zero variable costs for instance (2), instance (4) and
instance (5), respectively.

Table 4.5: Number of iterations and runtime (in seconds).

T=6 T=9 T=12
Instance | Iterations Runtime | Iterations Runtime | Iterations Runtime
(1) 4 2.0 5 5.1 4 22.0
(2) 4 7.0 2 18.3 4 489.7
(3) 3 7.2 3 75.5 3 448.9
(4) 4 27.2 3 269.1 3 1,112.7
(5) 3 87.8 3 1,185.7 3 1,527.2

T Convergence to within 2% gap between the lower and upper bound
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4.4 Optimizing Affine Policies

In this section, we employ our methodology to compute optimal affine parameteriza-
tions and compare their performance with the solutions obtained via the traditional
robust optimization approach. Furthermore, we evaluate the trade-off between the
richness of affine policies and the simplicity of base-stock policies with respect to their

corresponding performance for generalized inventory networks.

4.4.1 Problem Formulation

Under an affine policy, we represent the echelon order quantities at the beginning of
time period t as a function of the historical demand observed by that echelon until

time ¢t — 1. We define

t .
up = rtL,O + Z Zﬁﬁg 'WZ_J7 (4.34)
keSy j=1
where the vector 3 = {62’], 7=0,... ,t} denote the affine parameters associated with

echelon n at time %.

Note: We can simplify the model by expressing the ordering cost as an affine

function of a subset of demand realizations. For instance, we can invoke the past 7

time periods with B = {5 ;,j =0,...,7} and obtain the following functional form
T i
up = Bho+ Y DB w (4.35)
keS, j=1

Finding the optimal affine parameters in our framework calls for solving a robust
optimization problem of the form of Eq. (4.18). Specifically, we consider the following

problem formulation

min Z fi i
Aia , (4.36)

st. 1,2C(B,w) VYweld(l;) and I:ieT
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where the vector B = {3¢,Vn,t} and the total inventory cost is given by

C(B,w)=YYci-0h+> Y [hn-(25)" +pn-(25) + K- Lugso], (4.37)

t=1¢eL t=1 neN

with of, zt,, and u!, are functions of (3,w), for all values of n and t. We solve the

problem in Eq. (4.36) via decomposition by solving iteratively (a) the adversarial

problems (AP), and (b) the decision maker’s problem (DM).

Adversarial Problems: In our setting, problem (AP) consists of solving for
the worst case cost given the parameterized uncertainty set ¢ (I;) and retrieve the
optimal solution &* that drives the worst case value. For a given parameter [; and
a vector B¢ = {ﬁfz’j,j =0,... ,7'}, for all n and ¢, problem (AP) in Eq. (4.21) can be

re-written as

T T
max Z Ce- 02 + Z Z [h'n : ($£L)+ +Pn (:Ef;)_ + Kn : ]1u51>0]

weld(I3) {0 er =0 neN
s.t. it =gl +ul - ) Wi, vt=0,...,T,
keSn
t_ t -
un—Zoe, Vi=0,...,T,
bl
t _ At t -J —
uh=Bho+ Y, Y B w, vt=0,...,T.
keS, j=1

Problem (AP) is a non-concave maximization problem and the optimal solution &*
may not occur at a corner point of the uncertainty set & (I;). Problem (AP) can be
cast as a mixed integer optimization (MIO) problem and solved relatively efficiently
using available optimization solvers. Similarly to the case of base-stock policies, we
introduce two sets of auxiliary binary variables to formulate problem (AP) as a mixed

integer optimization problem

1, ifut>0 . 1, ifzt>0

yt = and 2zf =
0, otherwise 0, otherwise

Note that, given the affine structure of the ordering policy, the problem above is easicr

to solve compared to the adversarial problem that we obtain for base-stock policies.
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Decision Maker’s Problem: At each iteration of the algorithm, problem (DM)
consists of finding the best affine policy, given a finite collection of demand realizations
stored thus far. Specifically, for each index i € Z, we populate the set If; with the
optimal solutions @' that we obtain from solving problem (AP) at each iteration of

the algorithm. Mathematically, we formulate problem (DM} in Eq. (4.20) as

min ) fi-g
R , (4.38)
s.t. q; 2 C(,B,&)\i), V@t elli,i el

where the total cost is given by Eq. (4.37). For the generalized case where the fixed
costs are non-zero, problem (DM) can be cast as an MIO whose size grows with the
number of iterations. Our computations suggest that more iterations are needed to
achieve a convergence within 5% for affine policies compared to base-stock policies.
This suggests that affine policies are harder to solve for. However, they achieve lower

costs, as shown in Section 4.4.2.

Note: For the case where the fixed costs are zero, we can implement the method-
ology provided by Ben-Tal et al. [2005] to formulate an approximation of (4.36) that
can be cast as a linear optimization problem and achieve better tractability. For
the case where the fixed costs are non-zero, we employ the generic decomposition
algorithm presented in Section 4.4.2. However, one may investigate the performance
of novel decomposition techniques such as the algorithms developed by Postek and
Hertog [2014] and Bertsimas and Dunning [2015]. We next evaluate the performance

of affine policies and compare our solutions to those obtained for base-stock policies.

4.4.2 Computational Results

We investigate the performance of affine policies and examine the effect of the system’s
parameters on our solutions. For our computations, we consider the five network
topologies presented in Figure 4-2. We assume throughout that the fixed costs are

non-zero.
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Impact of Demand Variability

We assess the performance of our approach and the effect of the demand behavior on
our solutions. To do so, we apply our approach and compute the optimal affine policy
,f'i = {ﬁfl,Vn,t}, where Efl = {B‘fw.,j =0,...,7}, for all n and t. We also evaluate the
optimal policy B obtained via the traditional robust optimization approach (using
Eq. (4.19)). We compare the cost implied by the solutions from our framework and
the traditional robust optimization approach to the optimal cost that we obtain using

base-stock policies. In particular, we compute the following quantities.

Table 4.6: Solutions and associated costs of interest.

Framework Optimal Policy Average Cost
Our Affine Approach B C-= Ew[C( B, w)]
Robust Affine Approacht B C-= ]Ew[C (B, w)]
Base-Stock Approach (3,9) C-= IEw[C (5,8, w)]

t Computed as a function of a given value of I'.

Note that the expected values are taking with respect to some particular demand
distribution. We report the relative percent errors with respect to the base-stock

optimal cost, i.e.,

C;C x 100 and c-c, 100.
Cc C

Note that negative percent errors indicate that the optimal affine policy yields a lower
cost compared to the optimal cost obtained under a base-stock policy.

To illustrate our results, we consider the example of Instance (2) with three eche-
lons and a single sink node with time horizon T = 8, demand mean g = 100. Further-
more, we assume a fully affinely adaptive policy where 7 = ¢ (i.e., we invoke all past
historical demand realizations for the affine parameterization). Figure 4-7 compares
the percent relative errors for the affine policies obtained using our framework and
the robust approach (I" =2 and I' = 3) versus the optimal base-stock policy obtained
via stochastic optimization. We report the errors for various values of ¢ € [10,100]
with four different demand distributions at the sink node (normal, lognormal, gamma

and uniform distributions).
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Figure 4-7: Percent errors of the average cost values implementing the solutions given by
our approximation and the robust optimization approach (I' = 2 and I" = 3) relative to the
optimal average cost implementing the optimal stochastic solution. Errors are depicted for
Instance (2) with demand mean p = 100, T = 8, and zero variable costs, while varying the
demand standard deviation in the range of [10,100]. Panel (a)-(d) compare the performance
to the stochastic instance with the demand at the sink node following (a) normal distribution,
(b) a lognormal distribution, (¢) a gamma distribution, and (d) a uniform distribution,
respectively.

The optimal affine policy we obtain in our framework generates an average cost
that is consistently below the optimal cost obtained under a base-stock policy (the as-
sociated percent errors are negative throughout). The benefits of implementing affine
policies compared with base-stock policies are highlighted especially for the case of
lower demand variability. Furthermore, our approach yields solutions with lower av-
erage costs compared to the traditional robust optimization framework. While the
robust approach with I" = 2 yields good solutions for lower demand variability, this

does not carry through for higher demand variability.

Impact of Network Size

We consider the network instances depicted in Figure 4-2 and use our framework and
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the traditional robust approach (with I" = 2) to obtain the optimal affine policies ]
and B. We then assess the performance of our solution to the optimal inventory policy
(8,S) obtained in the stochastic setting under some given distributional assumptions

around the demand behavior. We compute
€C 100 and C=% 100,
C C

where C and C are defined in Table 4.6. We report herein our results for simplified
affine policies with 7 = 2, i.e., we assume the ordering amount at time ¢ is an affine

function of the demand realizations at times t — 1 and t - 2.

Table 4.7: Percent errors relative to the optimal base-stock solutionf.

=2 Random I

Instance | Demandt| T7=6 T=9 T=6 T=9
2) G -8.39 -1.21 -14.7 -9.54
U -9.49 -2.56 -15.0 -9.76
(3) G -9.08 0.66 -14.1 -8.77
N,L -9.30 0.48 -14.2 -8.78
(4) L -5.26 1.22 -11.4 -7.05
N,G,U -6.50 0.02 -11.7 -7.34
5) U -3.38 -2.53 -11.6 -5.64
NLGU | -430 -356 | -12.8 -7.09

t Convergence within 5% gap and time limit of 300s per MIO problem.

! N, L, G, and U stand for normal, lognormal, gamma and uniform.

Table 4.7 compares the performance of our approach and the traditional robust
setting with respect to the optimal base-stock policy for Instances (2)-(5) for vari-
ous demand distributions and time horizons. Note that we set the overall time limit
to 7,200 seconds (2 hours) for the entire algorithm. Affine policies obtained un-
der our approach oftentimes outperform the base-stock policies under the simplified
parametrization with 7 = 2. Furthermore, our framework generates affine policies

that allow to achieve lower costs compared to the traditional robust approach.

Computational Performance

Under the assumption that fixed costs are non-zero, the iterative algorithm takes
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longer to converge for problems optimizing affine policies compared to those optimiz-
ing base-stock policies. Figure 4-8 shows the rate of convergence for Instance (2) and
7 = 2 with time horizons ranging from T = 6 to T' = 12. Figure 4-9 shows that the
convergence of the algorithm is highly dependent on the size of the network. Con-
sequently, for affine policies, the network size and length of the time horizon seem
to have a direct effect on the rate of convergence. Runtimes in Table 4.8 reflect the
tradeoff between the cost savings of implementing affine policies versus the associated

computational challenge.
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Figure 4-8: Evolution of the lower (solid line) and upper (dotted line) bounds through the
iterative algorithm. Panels (a), (b) and (c) correspond to Instance (2) with three installations
and a single sink nodes with an affine policy (7 = 2) for T =6, T' = 9 and T' = 12, respectively.
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Figure 4-9: Evolution of the lower (solid line) and upper (dotted line) bounds through
the iterative algorithm. Panels (a), (b) and (c) correspond to an inventory network with a
horizon T = 6, an affine policy with 7 = 2 for Instances (2), (4) and (5), respectively.

Note: The lower bound in Figure 4-8 may not increase monotonically. This is due to
forcing a time limit of 300s to solve problem (DM). The reported cost is associated

with the incumbent solution retrieved at that time, and could be far from optimal.
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Table 4.8: Number of iterations and runtime (in seconds)?.

T=6 T=9
Instance | Iterations Runtime | Iterations Runtime
(2) 5 20.7 7 796.7
(3) 6 328.9 13 2,589.1
(4) 7 547.0 13 5,674.5
(5) >20 >7,200 >7 >7,200

t Convergence to within 5% gap between the lower and upper bound

4.5 Concluding Remarks

In this chapter, we applied our framework to analyze and optimize base-stock and
affine policies. We showed that our methodology obtains base-stock levels whose ex-
pected performance matches that of optimal base-stock levels obtained via stochastic
optimization. Furthermore, our approach provided optimal affine policies which of-
ten times yield better results compared with optimal base-stock policies. Last but
not least, our framework generates policies that consistently outperform the solu-
tions obtained via the traditional robust optimization approach in terms of expected

performance.
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Chapter 5

Conclusions

Given the uncertain nature of the environments in which many systems evolve, ac-
counting for the impact of uncertainty and randomness is key in the process of deci-
sion making. To understand the effect of uncertainty, traditional models often adopt
one of two avenues: (a) describing the randomness probabilistically and (b) describ-
ing randomness deterministically. Stochastic analysis and optimization assume the
knowledge of specific distributions that model the uncertainty. However, such precise
knowledge is rarely available in practice. Robust optimization models the uncertainty
deterministically through convex sets and protects the system against the worst case
scenario. However, taking a robust approach may yield conservative solutions.

We proposed a novel framework which leverages the conclusions of probability
theory and the tractability of the robust optimization approach to approximate and
optimize the expected behavior in a given system. Similarly to the robust optimiza-
tion framework, we modeled uncertainty via convex sets and controlled their size via
variability parameters. The size of the uncertainty sets controls the degree of conser-
vatism and the level of probabilistic protection of the robust model. Under the robust
setting, we obtained worst case values which are function of the variability parame-
ters. We broke new ground by treating the variability parameters as random variables
and inferred their distribution using the conclusions of probability theory. This al-
lowed us to devise an averaging scheme to approximate and optimize the expected

behavior while leveraging the tractability of the robust optimization approach.
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Our framework (a) avoids the challenges of fitting probability distributions to
the uncertain variables, (b) eliminates the need to generate scenarios to describe the
states of randomness, (c) does not require simulation replications to evaluate the
performance, and (d) demonstrates the use of robust optimization to evaluate and
optimize expected performance. To illustrate the applicability of our methodology, we
considered analyzing queueing networks and optimizing supply chain networks. Our
approach specifically allowed us to achieve considerable tractability while providing
solutions that matched the ones obtained via stochastic analysis and optimization.
We summarize below the merits of our framework.

(a) For simple queueing systems, our approach (a) provided approximations that
match the diffusion approximations for light-tailed queues in heavy traffic, and
(b) extended the framework to analyze the transient behavior of heavy-tailed
queues (Chapter 2).

(b) We have shown that our approach extends to study more complex queueing net-
works. In particular, we (a) developed a calculus which allowed us to decompose a
steady-state network of queues and provide a station-by-station approximation,
and (b) analyzed the transient behavior of tandem and feedforward networks
(Chapter 3).

(c) For the problem of optimizing supply chain networks, our methodology (a) gen-
erated base-stock levels matching the solutions obtained via stochastic optimiza-
tion, and (b) investigated the merits of implementing affine policies compared to
base-stock policies. We have also shown that the optimal policies associated with
our approach outperformed those obtain via the traditional robust optimization
framework (Chapter 4).

Overall, our approach constitutes a bridge between the modeling power of stochastic

analysis and optimization and the tractability power of robust optimization. Future

research extending this framework include deriving ways to analyze and optimize
other risk measures, such as the conditional value-at-risk, as well as extending the
boundaries to include more complex systems which may not be governed by simple

linear dynamics.
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Appendix A

The Case of a Single Queue

In this appendix, we provide the proofs of Propositions 5-7 from Chapter 2. These
propositions allow us to obtain an exact characterization of the worst case system

time in a multi-server queue operating under an FCFS scheduling policy.

System Time under No-Overtaking
We obtain an exact characterization of the system time in a multi-server queue under

a set of policies P that do not allow overtaking.

Proposition 5. Under a set of polices P that do not allow overtaking until job £ <n,

where £ € K., the system time of the £* job in an m-server queue is given by

Y 4
S? = max ( Xsiy— D Ti) : (A1)
k

Osk<y \ 3= i=s(k)+1
where s(i) =€ - (v -i)m.

Proof of Proposition 5. Utilizing Eq. (2.22), and since C} =Sy + Arm,

SP — max (P, + Am — Ag,0) + XP max(sf_m + XP — (A - Ap) ,X,?’).
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Applying the recursion expression to the term S above yields

SZD max ( max (ngm + Xg_m - (Ag_m - Ag_zm) ,Xg_m) + Xg - (Ag - Ag-m) ,X[)

1l

max(SZiQm + (Xg_m + Xg) - (A( - Ag-gm) y (Xg_m + Xg) - (Ag - Ag_m) ,Xg)

Since L e Ky ={ym+1,...,(y+1)m}, we have £ < (y+1)m, implying 1 <£—ym <m.

Hence, we can apply the recursion until Sﬁvm and obtain

-1 v-1
SZ) = maX (S,P_.Ym + Z Xf—im - (Al - Alf-'ym) ) Z Xf—im - (Af - Ae—('y—l)m) P 7X€)'
=0 =0

Note that the first m jobs enter service without waiting, implying that their system
time is equal to their service time. Since £ —ym < m, we have S}’_Wn = X¢-ym. And

expressing the arrival times A; as the sum of the interarrival times Ty,...,T;, the

Js

system time can then be written as

-1 4 v-1 4
SZ) = max XZ —ym t+ Z X@—zm Z sz Z Xl—im_ Z T%) e XZ)
i=f—ym+1 =0 i=f—(y-1)m+1

04 £ -1 4

= max Z ‘Xf—i'm_ Z Tia Z ‘Xt"—im_ Z J—!ia ey ‘Xf
i=0 i=f—ym+1 i=0 i=l—(y-1)m+1
ol ¢ v J4

= max Z XB—('y—'i)m Z T, Z XE—(’y—i)m_ Z T, ..., X¢)
i=0 t=f—ym+1 i=1 i=f—(y=-1)m+1

The compact representation of the above expression becomes

¢
Se—ggl,gx(z Xe-tr-ym = 2, T)

1=0-(y-i)m+1

Substituting s(i1) = £ - (y—i)m ytelds Eq. (A.1). m]
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Worst Case Behavior under No-Overtaking
We obtain an exact characterization of the worst case system time in a multi-server
queue under a set of policies P that do not allow overtaking.

Proposition 6. In an m-server queue, under a set of policies P that do not allow

overtaking until job £ < n, where £ € K.,, and given a realization X* e U™, there exists

a sample path (fi”, . ,X\Z’) with non-decreasing service times achieving
¢ ¢ i ¢
SP(T¢ X)) = max | max Y X, - T, A2
¢ ( ) Osk<y \ U™ Zl:c ® i=S(Zk)+1 ( )

where s(i) =€ - (y-i)m.
Proof of Proposition 6. The index s(i) = £ - (y—i)m = (£ - ym) +im. And,
since £ € K, = {ym+1,...,(v+1)m}, we have ym +1 < £ < (y + 1)m, implying

1 <€ —-~ym <m. Therefore,
im+1<s(i)=({-ym)+im < (i+1)m,

yielding s(i) € J;. Since, for i + j, the indices s(i) and s(j) belong to different sets in
the partition Ko, ..., K,. Hence, we can use Assumption 3(c) for T={k,...,v}uT’,
where I' € {y+1,...,v} and |Z| =y -k +|T'| + 1, to obtain
J -k+|T+1
ZXS(i)+ ZX‘ 5—7 - +|——|+
ik

e’

1/as
+Fs[7—k+|l"|+1] .

This implies the following bound the partial sums of the service times in Eq. (2.25)

v _ "4+l
3 Xoo kTl (y-k+[T]+ )Y - 3 X;., (A.3)
i=k p, e’

for allk=0,...,7. Since Eq. (A.3) is true for all ' c {y+1,...,v}, then

e k(T o
> Xowy < o min {Z—WLIﬁ + Dy (y—k+|T') + 1)1/ =Y X} ,(A4)
= c{vy+1,....v} 74 i€Z’
-k+|Zr|+1
- L_IL—+FS (y-k+ T+ )V - 3 X, (A.5)
€L}

k
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where I} is the minimizer in Eq. (A.4). Eq. (A.5) implies, for all k =0,...,7, that

] y-k+[Z;+1 1a
Xsei) = + s (y-k+|Z5|+ 1) X;,.
(xe,r)r(lg})ceum ZI; ) s (v IZil+ 1) 1§* it
We next show that there exists a sequence ()?f, e AZ’) that achieves
L sp y-k+|Z+1 . .
> X7y = max szm - b A (y-k+ |+ DY - S X, (A6)
i=k €L}
for all k =0,...,7y. Due to its triangular structure, the above system of equalities
yields a unique solution (XZ?O), .. .,X\sz_l),fﬁv)), which can be computed via back-

ward substitution. Specifically,

x|+ 1 .
Xl = X7 = + 1L (73 +1)7 - Y X,
K ieZ?
K5y = BBl ke o 1) (- ke [ |- £ B,
1€ l: i€ I:+1

forallk=0,...,v—1. To complete the sequence, we propose to set the service times
of all jobs belonging to a partition K; to have the same value as job s(i) € K;, for all

1=0,...,7, te,
Xﬁzfﬂi), for all j; € K;, wherei=0,...,7. (A7)

(a) We next show that, given X%, the chosen sequence of service times satisfies the
inequalities of set U™. Since the service times are nondecreasing, the sum of
service times selected from a set " € {0,...,~}, such that |I"| =y -k + 1, can be

upper-bounded by

M-

2 X
€L i=k

And given Egs. (A.8)-(A.6), we obtain

TP
Xs(i)'

€L i€l €L

1" Has
ZXP ZX’P'+ Z XP II’;L’[ | s(|I’|+|I”|) ’
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for all T =T'uZ"” ¢ {0,...,v}. The sequence of service times ()?IP,...,XZ’)
therefore satisfies the inequalities of the uncertainty set U™, for any realization

X%, and is hence feasible. As a result, the bound in Eq. (2.25) can be achieved
with equality.

(b) The chosen sequence of service times is also nondecreasing.

(1) Given the optimality of set I} from Eq. (A.5), we have

*

I «a Qs
. # D[y —k+ |77 +1]9% X5, < # L[y -k + [T + 1)) X;..

*
i€l i€l |

k+1|

Rearranging the terms in the above inequality yields

| - 174

+

f L[y -k + 1T+ 1% X+ S X <y -k + T+ 1] 0 (A8)

y *
2 €Ly €Ly,

By Eq. (A.7) and using the characterization of X7 ay B (A.8) leads to the

following upper bound on the service times

v 1 * As * Qs .
X<+ L[(r =k + [Tl + DY = (v =k +Z5aD ], Y ke di (A9)

(2) Moreover, as in Eq. (A.6), we have
T -(k+1)+|Z} | +1
52 %5, - D B g S x,

Jid
i=k+1 I L

which simplifies to

’Y—k+ II:+1

Xs(k+l) + L (y—k+ |I§+1|)1/as“ ( > Xs(z) + in) . (A.10)

i=k+2 el

By Assumption 3(c), for {k+2,...,v}uZ}, |, we obtain

v-(k+1)+\I; . /e
Z X;’?z) Z Xj, < 1 k+ll + 1 (7—(k+1)+|1k+1|)1/ :

i=k+2 zeIk 1
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Applying the above bound to Eq. (A.10), we obtain

A,P _ P
Jk+1 s(k+1)

>

T = )

+ L[ (r= (o 1) + 1Tl + DY (= (R + 1) + [Z5,,)] (A1)

Combining the bounds obtained in Egqs. (A.9) and (A.11), we obtain for all
k=0,...,7-1

A

1 * Qg * [o 73
Kio ¢ L[k Fal+ )7 = (= ko Ta) Y

IN

k+17

1 as * as 3%
;+Fs[(7—(k+1)+|IE+1I+1)1/ - (v (k4 1) + [T D] < X

where the first and last inequalities are due to Eqs. (A.9) and (A.11), respectively,
and the second inequality holds since the function f(i) = (v—i+1)Yes — (v —15)Y/s
is increasing in i. Hence,

TP . TP =P
XP<XP<.. <X

By the construction in Eq. (A.7), we conclude that the sequence of service times

is nondecreasing. This completes the proof. O

Worst-Case Behavior in a Multi-Server Queue
We obtain an exact characterization of the worst case system time in an FCFS multi-

server queue, for any sequence of interarrivals T.

Proposition 7 Given a sequence of inter-arrival times T = {T1,...,T,}, the worst

case system time S, (T) in an FCFS queue is such that

S, (T) = SP(T) = max max Y Xey- Y, Ti), (A.12)
i=k

O<k<v u i=r(R)+1

where 7(i) =n—-(v-i)m and v =|(n-1)/m].
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Proof of Proposition 7. Consider job i. In an FCFS queue, jobs enter service
in the order of their arrival. Hence, job i enters service prior to all future incoming
jobs. As a result, the system time of job i depends on T* = (T4,...,T;) and X =
(X1,...,X;). For some realization of inter-arrival times T* and service times X%,
we define the worst case system time in an FCFS queue as

S; (T, X)) = max S; (T4, X¢) (A.13)
s.t. (X, X)) elh™.

We next prove our result using the technique of mathematical induction. We postulate
and verify the following inductive hypothesis: Under an FCFS policy, there exists a
sequence of service times Xi that achieves the worst case system time S; (T¢,X+),
with X1 <...< X;, for any given T and X**, such that ()’Zi,X’*) eU™.

Note that, for i > j > k, job k enters service before job j under an FCFS policy.
Given the nondecreasing service times, we have X]‘ > X, implying that job j cannot
depart the queue before job k. As a result, under our inductive hypothesis, in an FCFS
queue @z’th X1 < ... < Xi, no overtaking occurs until job i, yielding S; (T¢,Xi*) =
8P (T4, X™).

(a) Initial Step: We first show that the inductive hypothesis holds for i=1,...,m.
Since we address the steady-state, we assume, without loss of generality, that the
queue 1s initially empty. Hence, the first m jobs enter service immediately with
S; = X;, forie Ko ={1,...,m}. Applying Assumption 3(c) for T = {0}uT’, for

all sets T' € {1,...,v}, we obtain

1/as
7| + 1
‘XHZXjkg' [+ +I‘S(|I’|+1) .
keZ' K

This implies that

Z'e{l,...,v}

1/as
7' +1
Xi < u—+—+Fs(|I’|+1) -3 X, VI'c{l,...,v}
H ke’
T 1/as
< min | |+1+FS(|I’|+1) - X
7

keT!
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(b)

Let T* be the minimizer.

Thus, to mazimize their system time for given (T, X,,1,...,X,), it suffices to

set their service time to their highest value, i.e.,

foralli=1,...,m.

1/as
— T*
%, - |+1+rs(|z*|+1) - Y X

o
H keZ*

This results in X1 = ... = X, which satisfies the inductive hypothesis Vi.

Inductive Step: We suppose that the inductive hypothesis is true until i = n-1
and prove it fori =n. Let £ <n be the last job that was served by the server which

s currently serving job n. Then, the system time S, is given by

Sn

max (Cy - A,,0) + X, = max (S, + Ag - 4,,,0) + X,,

n

max(Sg— Y, Tj,0)+Xn=maX(Sg+Xn— > Tj,Xn).

j=0+1 J=€+1

For any given realization T, the worst case system time is bounded by

\
S, - - YT, X
S, (T) max max (Sg+Xn ._Z;l i n)
J=b+
< X,-3 T, X, .
< max()r(régﬁ Se+ jzze;l j» max ) (A.14)
Let ()?1, .. ,Xvn) be some sequence of service times that maximizes Sy + X, t.€.,

max Se+ Xy = Se (T4 XE) + X,..

From the induction hypothesis, given a realization T and X, there a sequence
of non -decreasing service times X! that achieves the worst case system time,
implying

Se (T4, X*) < 5 (T4, X%) = 57 (T4, X*).

Hence, we bound the expression in Eq. (A.14) by
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Sa (T) < max{ (T‘Z X£+)+X Z T;, maxX}
i=0+1
v ¢
< max Imax Z:k siy- 2, T +X, - ZT“ maxX

i=s(k)+1 i={+1

where the second inequality expresses §Z’ (T, X)) explicitly using Eq. (A.2).

Rearranging the terms, and since (5\(",5{”) eU™, we obtain

¢ n
=7 \i=k i=s(k)+1 i=f+1
Y n
< max{max |max {ZXs(i)"'Xn}_ Z T; ], maxX, ¢. (A.15)
Osksy \ U™ ik i=s(R)+1 um

Recall that s(k) = £ — (v - k)m € Ki. Given that no overtaking occurrs until
¢, at the time job n enters service, the jobs served by the remaining (m — 1)
servers should have arrived after job £ and before job n, i.e., they belong to the

setT={l+1,...,n—1}. Since there are (m —1) such jobs, we have
m-1<|Z|=n-1-(¢{+1)+1=n-£-1,

yielding n — € > m. Consider the partition Ky, K1,..., K, that we considered in
Assumption 3(c). Since two jobs j and k in the same set satisfy |j — k| <m, jobs
n and £ belong to two distinct sets in the partition Ko, K1,...,K,. Withle K,,
and n € K,,, this implies v > v+ 1. We consider the following two cases.

(1) Ifv=~+1, then by Assumption 3(c),

v-k+1

le {ZXS(,)-FX } “

max {ZXS(,)} = ——V-z+1+F5(V—k+1)1/as’

+ (v —k+ 1),

{

where (i) =n— (v —i)m. Therefore, we have
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9
max {;Xs(i)+Xn} max {ZXS()} (A.16)

Also, the index r(k) =n—-(v-k)ym=n—-(y+1-k)m. Given that n>£+m, we
have r(k) > ¢ - (v - k)m = s(k), which results in

o Tz Y Ty forall0<k<ny. (A.17)
i=s(k)+1 i=r(k)+1

Combining Eqs. (A.16) and (A.17), Eq. (A.15) becomes

S, (T) < max{ max (nlllgnx Xy - Y, Ti), r{l{%XXn}. (A.18)

O<ksy-1 ik i=r(k)+1
(2) If v 2y +2, then by Assumption 3(c),
max{z Xy +X } = max{ g:l X6y + Xn} < max{ > Xr(z)} (A.19)
um \ick U™ izkel i—k+1
Also, since s(k) € K and r(k+1) € Ki,1, we have s(k) < r(k+1), which implies
Y Ti> Y T, forall0<k<n. (A.20)

Applying the bounds in Eqs. (A.19) and (A.20), Eq. (A.15) becomes

8. (T)

IN

i=k+1 i=r(k+1)+1

max{ max (IE%XZXW)— Z Ti), IILII%XX"}' (A.21)

1<ksy+1 ik i=r(k)+1

Since v 2y +2, we can further bound Eq. (A.21) to obtain

S (T) < max{ max (maxZXr(,)- Z Ti), rggnxXn}. (A.22)

0<k<r-1 i=r (B)+1

Combining the results in Eqs. (A.18) and (A.22) from cases (1) and (2), we

conclude that the worst case system time under FCFS is bounded by the worst
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case system time under P, i.e.,

S, (T) < max (rrl}%xZXr(i)— > Ti)=§:lP(T).

O<hsv ik i=r(k)+1

This bound is in fact tight and can be achieved under a scenario where the service
times are chosen such that (fl, ,fn) = ()?f, ...,XZL’) eU™ (see Eq. (2.28)).
Note that this optimal solution consists of nondecreasing service times, hence

proving the inductive hypothesis. a
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Appendix B

The Case of a Network of Queues

In this appendix, we provide the proofs of related to Chapter 3. These proofs allow

us to extend the analysis for a single queue to more complex networks.

Output of a Multi-Server Queue

We provide the proof for the characterization of the interdeparture process for a
multi-server queue.

Theorem 10 For a multi-server queue with inter-arrival times T € U®, adversarial
service times X, and p < 1, the interdeparture times D = {Dy, D5, ..., D,} belongs to
the set Y4

Utc® ={(Dy, Dy, ..., D,) |2

Proof of Theorem 10 We now extend the proof to the more complex case of a

multi-server queue. Suppose k € K.,. With adversarial service times and by Eq. (3.3),

i=7

e Yoo k
Sk (T) = max( Xs(i) - Z Tl)
=]

Osjsy i=s()+1
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where s(i) = k- (y—1)m. We analyze the cases where ¥ <v—1 and -y = v separately.

(a) Suppose that v < v —1. Rewriting the partial sums in terms of v -1 and n,

§k(T) = Z T Z Xs(,)+max(ZXs(l)— Zn: ﬂ) (B2)

i=k+1 i=y+1 0<j<y i=s(§)+1

By replacing the system time Sy (T) in Eq. (3.4) by its value from Eq. (B.2),

the bound on the sum of inter-departure times becomes

n v-1 e v=1 __ n
; z Xs(i) +Sn (T) —max(z Xs(i) - Z Tz) . (B3)
i= i='y+l <J< = .

We consider the following two cases

v-1 n-k

1. Y X2 ——-L(n-k)~
i=y+1 A
= -k

2. Z Ry < ==~ T(n-k)Ye.

i=y+1
1. Since s(i) € K; and r(i+1) € K11, we have s(i) <r(i+1) foralli=0,...,v-1.
By the monotonicity of the adversarial service times, we have fs(i) < Xr(iﬂ), and
n n
> Tz Y T

i=5(j)+1 i=r(j+1)+1

for all0<i,j <y <v-1. Hence, we can bound the mazimum term in Eq. (B.3)

N

Osj<y i=s(5)+1 i=r(j+1)+1

1579051 (Z Xri) = i T) : (B.4)

i=r(j)+1

max(zxso- 2 :n) < g%(ZXr(zn) 2. T)

Since y<v -1, then y+1< v, and we can further bound Eq. (B.4) to obtain

maX(ZXs() > T)<maX(ZXr(z>- > Tz‘)=§n(T), (B.5)

O<y<y i=s(j)+1 O<yev i=r(j)+1
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where the last equality is due to Eq. (3.3). Applying the bound in Eq. (B.5) to
Eq. (B.3), and given the assumption in Case 1.,

n v-1 — — -— v-1 = n—k
Z D; > Z Xo@) + S (T) =S, (T) = Z Xr@) 2 —Fa(n*k:)l/a.

i=k+1 1=y+1 i=y+1

2. Since S, (T) >0, Eq. (B.3) becomes

n v-1 n
D, > — max X,y — T; 1.
z';d ’ imyt1 s(z) 0<j<y (Z <) i= s%:)ﬂ Z)

By substituting the values of the adversarial service times and bounding the sum of
inter-arrival times by Assumption 3(a), the mazimum term in the above equation

can be upper bounded by

<
0<j<y i=s(j)+1

max(z Xs(z) - Z /I‘z) < ggaf’(yh (V _j)a (B6)

where the function h(-) is such that

m-xr+c l/aa

h(:t)=%+Fs-m1/°5——)\—+F (m-z+c) (B.7)

and c is a constant with ¢ = (n—vm) — (k-~ym). The function h(-) is concave,
monotonically increasing to some positive mazimum value, after which it becomes
monotonically decreasing. Negative function values belong to the phase where h(-)
is decreasing. Note that, sincen =r(n) =n-(v-v)m and k = s(y) = k- (y-v)m,

we can write
n-k=r(v)-s(y)=[n-(wv-v)m]-[k-(y-y)m]=m- -(v-7) +c
As a result, the assumption of Case 2. translates to

—k
Z Xogiy = il

i=y+1

T L (- < — I (n-k)e

= M}YE—Fa(m~(V—7)+c)

1/aa
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(b)

implying h(v —v) < 0, and the function h(-) is decreasing beyond v —~. For
Jj <7, we have v—j > v -+, and since h(-) is decreasing beyond v — -y, we obtain

h(v—j) <h(v -+). Therefore the bound in Eq. (B.6) becomes
(I)E;aff/(ZXs(z) _2 s%:)uTi) < (I)Qjasﬁh(’/_j) =h(v-7).
Given the adversarial service times and the fact that n—k =m- (v -7) +c,

V- 1/aa

h(v-7)

T (e (7 we)

L RO

Ejlxﬂ»—

i=y+1

As a result, the bound in Eq. (B.3) becomes

Suppose that vy =v, i.e. k,n € K,. Rewriting the sums in terms of v and n,

gk(T) = Z T+max(ZXs(l)— i T,) (B8)

i=k+1 Ogjsv i=s(j)+1

By replacing the system time Sy, (T) in Eq. (8.4) by its value from Eq. (B.8),

the bound on the sum of inter-departure times becomes

Z D;>S,(T) - max(ZXs(, Zn: ’E). (B.9)

imk+1 O<jev i=s(j)+1

We consider the following two cases

1. 0> "—;k - [h(n - k)Y,

-k
2. 0<3X——[un—mU¢
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1. Under Case 1., and since the inter-departure times are non-negative,

3 DiZOZn-k—Fa(n—k)l/o‘.

i=k+1

2. Given that k = s(v), the mazimum term in Eq. (B.9) can be rewritten as

6[(1]835(2)(3(1)— Z T,) = Xk+maX(ZXs(z)— Z ﬂ) (B.lO)

i=s(j)+1 Oy i=s(j)+1

Using Eq. (B.10), and since S, (T) > X, > Xy, by the monotonicity of the

adversarial service times, Eq. (B.9) becomes

v

EnjD,» S, (T) - Xk—max(ZXs(z)— i :n)

imkr1 Osj<v i=s(5)+1

[\

—max(ZXs(z)— i T')——maxh(u 7), (B.11)

0<j< - <j<
Jsy i=s(j)+1 Osj<v

where the function h(-) is defined in Eq. (B.7). Note that, since y = v, we obtain

n—-k=c. As a result, the assumption of Case 2. translates to

0<n—k

- Lu(n =)o = S = I, - ¢t/ = -h(0),

implying h(0) < 0, and the function is decreasing beyond 0. For j < v, we have
v—7 20, and since h(-) is decreasing beyond 0, we obtain h(v - j) < h(0).
Therefore the bound in Eq. (B.11) becomes

i D; > -maxh (v - ])-—h(O)—E)\—k—Fa(n—k)l/"“.

i=k+1 O<jsv

This completes the proof. a
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Superposition Process

We next present the proof for the superposition operator.

Theorem 11 The superposition of arrival processes characterized by the sets

iT'_n—k
wp =t |
(n—k)l/a -

results in a merged arriwal process characterized by the uncertainty set

~ n-k
a SUp sup z T', - A
usup c (Tl N 4 i=k+1 sup

Z—Fa,suavosksn_l ’
(n—k)l/a P

where the effective arrival rate, tail coefficient and variability parameter are such that

d 1 P . (a-1)/a
Asul’ = Z Aj’ Qsyp = O, Fa,sup = p—/\_ . (Z ()‘j[‘a,j)a/(a_ ))
J=1 i \j=1

J=1

Proof of Theorem 11. We first consider p =2 and then generalize the result.

(a) By Eq. (3.10), T* ={T},...,T}} and T? = {T?,...,T?} are such that
nj .
NS T 2 (g~ k)~ Ny (ny— k)Y, G =1,2.

i=kj+1

Summing over indez j = 1,2, we obtain

ny ng ny—ki+ny -k
MY Tea Y T2 (m=ky+ny 21) ot (B12)
i=k1+1 i=ka+1 _/\IFa,l (n1 - kl) Ja - )\2[1%2 (’I’Lz - k2) fa

We consider the time window T between the arrival of the k* and the n% jobs
from the first arrival process. We assume that, within period T, the queue sees
arrivals of jobs (ko+1) up to no from the second arrival process. Therefore, period

T can be written in terms of the combined T = {T7"? ..., T3**} as
1
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(b)

mny n
T= )Y T'= ) T, where k = ki + ko, and n =n; +na. (B.13)

i=k1+1 i=k+1

Without loss of generality, we assume 7% .\ T 2 X272 T? and by Eq. (B.13),

ni

()\1 + Az) i Tisu” /\1 Z T‘il + /\2 i ,1}2,

i=k+1 i=k1+1 i=kg+1

(n-k)-XMIg1(n— k’l)l/a -l g2 (no - kz)l/a ,

\%

[\

where the last inequality is obtained by applying the bound in Eq. (B.12) and
substituting ny +ns =n and ky + ks = k. By rearranging and dividing both sides by

(M1 + A2) and (n-k)"®,

i i n-k
. 4 ks A ”
ikl 7 P S ~Ya,sups Where Agup = A1 + A2, e = @, and
(n-k)"*
A _k 1/ /\ _ k 1/a
" _ 11-,1( ny - ky ) . 2F2( ng — ko ) ‘
@sup )\1 + /\2 “ ny — k:l +MNg — kg )\1 + )\2 @ n, — kl + Ng — ICQ

We let the fraction of arrivals from the first process be denoted by

ny -k

T =

= ith ,1]. :
o R—— with z€[0,1] (B.14)

The mazimum value that Vg sy achieves over x € [0,1] can be determined by

optimizing the following one-dimensional concave mazimization problem

n%g}]() {61.1/a +6(1- x)l/a} - (ﬂa/(a‘l) + 6a/(a—l))(a‘1)/a, (B.15)

where 3 = /\—1’\:151"‘,,,1, and 6 = )\_1/:_2)‘—211“2. Substituting S and & by their respec-
tive values in Eq. (B.15) completes the proof for p = 2. We refer to this pro-
cedure of combining two arrival processes by the operator (Asup, ! asups Qsup) =

Combine {(A1,[41,a), (A2, To2,0)}.

Suppose that the arrivals to a queue come from arrival processes 1 through (p—1).

We assume that the combined arrival process belongs to the proposed set, with
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Extending the proof to p sources can be easily done by repeating the procedure

shown in part (a) through the operator
(Asups La,supy Csup) = Combine {(_,-]:a, a) s (Aps Taps a)} .

This completes the proof. o

Thinning Process

We next present the detailed proof of the superposition process.

Theorem 12 The thinned arrival process of a rational fraction f of arrivals belonging

to U* is described by the uncertainty set

n
Z Tsplz’t _ n-k
lit lit i )

U, ., c TSP RN e i=k+1 split
split ( 1 ’ ydn ) 1=kt > —Fa,splity VOo<k<n-1 )

(n _ k)l/a
1 1/a
where ASPlit =A- f and Fa,split =1,- (?) .

Proof of Theorem 12. We denote the rational fraction f = p/q, where p > and
g > 0 are integers, with p < q. By our routing mechanism, we first split the original
arrival process into q split processes TJ = {Tf }m, each associated with a thinning
fraction f; = 1/q, where j =1,...,q. We then combine p split processes and employ
the results from Theorem 11 to obtain the desired characterization for the thinned

split _ split
process TP = {T1 }izl.

(a) The split process {T7} >1

(>3

1s formed by selecting jobs j, j +q, 7 +2q, etc. In other
words, the (k;j + 1) job in the split process corresponds to the (j + qu)th job in

the original process. Consider the time window T between the (kj+1)% and the
(nj + 1) arrivals in the split process {TZ’ }M. T corresponds to the time elapsed
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between the (j + lch)th and the (j + njq)th arrivals in the original process, yielding

nj+1 . J+njq
T = Z T = Z T,
’i=(k2j+1)+1 'l:=j+qu+l
n;q - k; k.
> L}\—ﬂ - [, (nyq - kq)* = n—JX—] - Tuj (ny - k)'*,
J

where \; = A-1/q = \-f; and T, ; = [,-q/* = T,-(1/£;)"*, and this characterization
is tdentical to all q split processes. Eq. (3.12) holds for fractions of the type
fi =1/q, where g e N*.

(b) We next show that the above result can be extended for any rational fraction

f =p/q. The corresponding split process {T. plit can be seen as a superposi-
2

i1
tion of p out of the q split processes characterized by an uncertainty set of the
form described in Assumption 3 with parameters \; and Iy ;, as obtained in part
(a). Without loss of generality, suppose we combine split processes 1 through p.

Utilizing the findings of Theorem 11, we obtain Eq. (8.12) with

p 1 p af(a-1) (a-1)/a
/\split = Z )‘j = P)\/q =A- f7 and Fa,split =5 Z (AjFa,j) .
j=1 /\split j=1

Substituting the values of \; and I, ; obtained in part (a) in the above expression

yields Ty spiit = 1y - (l/f)l/a, hence concluding the proof. ]

Worst Case System Time in a Tandem Queue

We next detail how we obtain an exact characterization of the overall worst case
system time in a network of tandem multi-server queues.

Proposition 15 In a network of J multi-server queues in series satisfying Assump-

tion 14(b), the overall system time of the n* job for all T is given by

k
r(@)

2
i=k1 J i=ky i=r(k1)+1

S5,(T)= max (max
ur

0<ki <.k y<v

) () S
X .+ IILII%XZX‘ - > Tl

where r(1) =n - (v-i)m.
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Proof of Proposition 15 We prove the result using mathematical induction.

(a) Initial Step: The result holds for J =1 since for an m-server queue

S, (T) = S(l)(T)-max( max ZXT((II)) Zn: Ti).

O<kisv | XWeuys, i=r(k1)+1

(b) Inductive Step: We now suppose that the result holds for J—1 queues in series,

which expresses the system time across queues 2 through J as

B 52 @ S o
max max » X\ +...+ max Xy — T, , B.16

0<ko<..<kgsv | Us i§2 (%) us t;J i=r(%2:)+1 i ( )
where T ®2) = {T1(2),...,Tn(2)} denotes the sequence of interarrival times to the
second queue. Note that the arrival to the second queue is simply the departure
from the first queue, and therefore, denoting the interderpature times from the

first queue by D) = {Dgl),...,D,(ll)}, we have
> = ¥ pP= ¥ T+5M(T)-50) (1), (B.17)
i=7"(k2)+1 i=1‘(k2)+1 i=(k2)+l

where the last equality is due to the fact that no overtaking occurs at the first
queue in the worst case approach. Combining Eqs. (B.16)-(B.17), the worst case

system time S, (T) can be expressed as
k3 n n
(2) ) @ g
m X +...+m XY - T+ 8 T)]. (B.18
kzg..;.%w (II%{%X FZ]Q r(i) u%xigc:_, r(i) ‘=r(§2)+1 i r(k2) ( )) ( )

Since no overtaking occurs in the first queue, and given that |1 (k2) /m| = ko, the

system time of the r (kz)th job can be expressed as
1) ko ) r(k2)
S T)= max [max ) X . - T ].
7"(ki-’)( ) 0<k1<ks uy 'i;l (%) i=r(§k;)+1 v

Substituting the above expression in Eq. (B.18), and rearranging the terms proves

the inductive result. This concludes the inductive step. O
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Worst Case System Time in an Initially Empty Tandem Queue
We next characterize a closed-form bound on the worst case system time in an initially

empty tandem network with identical queues.

Theorem 16 In an initially empty network of J multi-server queues in series satis-

fying Assumptions 1(a) and 14(b), with a, = aM=.. . =a = o, p1=...=py, p<l1,

and I' = m*eI, + I, >0, where

7 ' a-1/a
fa:(EXEﬁ”wm4) ,
j=1

the worst-case system time of the nt* job with v = |(n - 1)/m] is given by

_ J ' a/(a-1)
F-Vl/"‘———m(l p)u+(£+ZF,(,f)+), if VS[——)\F ]
A S am(1 - p)

)
A

a-1 AV, ra/(a-1) (J
-+

J
. (i)+ .
oo/ (a-1) [m(1- p)]l/(a_l) + " ; Iy ) , otherwise.

Proof of Theorem 16. From Eq. (3.24), the worst case system time is given by

g [F,(nl)*(kg—k1+1)1/‘1+...+[‘,$f)+ (U_kj+1)1/a]+
5=, max v m(1-p)
W 0ski<..<kysy I[m(v-k)] la _ — (v-kp)

Furthermore, since (kj.1 —k; + 1)1/a < (kjer - kj)l/a +1, for all j=1,..., J, we obtain

(1)+ _ l/a (J)+ _ 1/0
5 <239+ max [ (ks = R +...(1+rm) (v=kn)""]+
l’l’ j=1 0<ky<...ckg<v Fa [m (V _ kl)]l/a _ m A p (V _ kl)

We will isolate the problem of maximizing [F,(nl)+ (ko - kl)l/" +...+ F,(nJ)J' (v- k])l/a]
for fized values of k1,v, and make the transformations x1 = ky — ky,...,x5 = v ~ky,

where z; € N, for all j = 1,...,J. With these transformations, the optimization
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problem simplifies to

max F,Sf”x}/a o+ F,(,LJ)+z},/a

m(1 -
Oﬂ?fura[m(V—k1)]l/a*—-%(V—kl)+ st Ti+...+T5=v-ki, (B.19)
ElE&

z;eN,Vj=2 ... J.

The optimal solution to the inner optimization problem satisfies
I ()Mt o [ (gD = = py(nJ)"(x})l/(a—l),

by the first order optimality conditions. Using the additional condition that the sum

Zjﬂ z; = v - ki, the optimal solution can be found analytically as

(2)+ _
Fm af(a-1)
;L';: ( ) °(I/-‘k]) Vi=1,2,...,J,

J
Z(FT(njh)a/(a-n

j=1

leading to an optimal value of

7 . (a-1)/a
OO @Y+ o+ T (@Yo = (v - k) Ve [Z(F,(,f)*)a/(“‘l)] . (B20)
j=1

Substituting the optimal solution of the inner problem in Eq. (B.19), the performance
analysis reduces to solving the following one-dimensional optimization problem

LG (efe m(1-p)
max | mY*T, + Z(F,Sf”)a/(a-l)] (v-k)* -2 k), (B.21)

0<ky <v = A

which can be cast in the form of the optimization problem in Eq. (2.32), with

L ke m(1-p)
Bzml/ara+(Z(Fn‘f’*)“/(a‘”) and §=———"-.

J=1
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Referring to the proof of Theorem 8, the solution to Eq. (B.21) is

B-vile—§.p, ifv< (%)a/(a_l)
(r,?g},s ﬂ.xl/a -0-r= a-1 Ba/(a_l)

aal(e-1) " §1/(a-1)"

otherwise.

We obtain the desired result by substituting B and § by their respective values. O

Worst Case System Time in an Initially Nonempty Tandem Queue
We next characterize a closed-form bound on the worst case system time in an initially

nonempty tandem network with identical queues.

Theorem 17 In an initially nonempty network of J multi-server queues in series
satisfying Assumptions 1(a) and 14(b), withng>m , p1=...= @y, 0y = o= =
o = a, p<1, and I' = mY*l, + I, > 0, where I}, is defined in Eq. (3.25), the

worst-case system time S, for n>ngy is bounded by

J .
u+ZF&J)++Fm.VUa_
2 j=1

20 (n- o),

max l

a m(l- J D)+ . m /(D)
I (=) =252 =)+ 2 2L o (v - 0) <[5
i=1

-1 \Y(e-1).[pef(e-1) J J )
ag/(a—l) Uy T F Z Frgzm, otherwise
[m(]' - p)] l’l’ =1

where v = |(n—-1)/m] and ¢ = [(ng-1)/m].

Proof of Theorem 17. We maximize both terms in Eq. (3.28) separately as
follows. By Assumption 1 and applying similar arguments to those presented in the

proof of Theorem 16, the first term in Eq. (8.28) is bounded by

iy

max ZIF,SLJ)UJ}/“ W
j=
vk 4 J S~ ) P 1

BE T | st Bomevok [Tty T )T (B2

1€ j=

SCjeN,Vj
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The optimal objective function of the inner optimization problem in Eq. (B.22) is
giwen by Eq. (B.20). Hence, the bound on the first term in Eq. (3.28) becomes

-k J . -
R D I

( v
max
u

0<ki1<¢ j=1

where I, is defined in Eq. (3.25). Since I, 20, the term z/u + [,xV* is increasing

n x, yielding

~k
max (V 1+Fm-(1/—k])1/°‘):K+Fm-l/1/".
0<kiso \ W [

To bound the second term in Eq. (3.28), we take a similar approach to that presented
in the proof of Theorem 16 and cast the problem in the form

. - 1/a _ 5- _ . —b< B af(a-1)
max (B-z'*-§-z)= ﬂa(_vl ¢)5a/(a-1)(y 7) ifv-0<(%)

O<z<v—,zeR ‘ .
aa/(a—l) §1/(a-1) otherwise

Substituting B = mYeT, + I, and § = m(1 - p)/\ yields the desired result. m]

System Time in Feedforward Networks
We derive next the system time of the nt® job exiting at nodel £ from a feedforward

network.

Proposition 18 In a feed-forward network composed of single-server queues with
service times X9 j € J and external interarrivals T, the overall system time of the

nt job exiting at node £ is given by

kag

n n
¢
S, (P¢) = max max XMy Y xO - T,
n P 7 1 (2 b
€Pr | Usha, <kapS...shesn | S far ihar+1
kajin€€ojajin \icLy, iely

where Py denotes the set of all paths P = (ag,a1,as,...,£).

Proof of Proposition 18 We use the principle of mathematical induction to
prove this result. Specifically, we assume that the result is true for any job j <n-1

passing by some node q from the feed-forward network (disregarding where the 7% job
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goes next in the network after q), i.e.,

kay J J
S; (P,) = max max | ¥ x4 Y x9N 1|, (B23)
PePy | 12ka; <kay<...<kqe<] ik i=hg imkay +1
kiv1€€a o,y ieﬁall ieLyq

where P, denotes the set of all paths P = (ag,a1,...,q) that pass by q (disregarding
the network after q). We next proceed to show that the result holds for job n exiting

the network at queue £. The system time of the n* job at queue ¢ can be expressed as

n n
S0 = max [ 3 x{9 - > T (B.24)
<kesmn . .
et \E R

Suppose kg € Eqq, 1.€., job kg enters queue £ from queue q, and without loss of generality,

suppose that job n enters queue ¢ from queue r, i.e., n €&,y Then,

i=kg+1

> 1= (fTan (Pr)) - (ffms,w (Pq)). (B.25)

Combining Eqs. (B.24) and (B.25), we obtain

(n n k
max ZXi(Z)+Sk£(Pq)—ZTi+i:Ti ,

1<kp<n § 7 .
= - )
keeLe \:E g i i

( n n
max ZXZv(e)+Sk[(Pq)—.Z T;

1<ke<n | S _
kpely \:e—fi i=kg+1

S¥ 4+ S, (P,)

1)

By the induction hypothests, we substitute the value of Sy, (P,) in the above equation

¢
S +8,(P) = Su(Pre)
2 ) & L)
= max max ZX;‘” o+ ZXZ.(Q)JrZXi - Z Tilt,
PePyg | ka, <...<kq<k, i=ka, i=hg ikg i=kp, +1
ki+1€£aiai+1 iGEal €Ly iely
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where P,y and Pye are the sets of paths that end at node r and q, respectively, and
then feed in to node £ (disregarding what comes next in the network). Given that q
and v were chosen arbitrarily, the result holds for any nodes q and r that feed into

queue ¢, i.e. for all q,r € P,. Hence,

ka, ke n n
¢
S. (P¢) = max max S X Y XYy xO - YT
PePy | 1<kq, <...<kq<kesn i=ka, izhg i=kp imkay +1
kit1€€a;a;,q ieLa, ieLy ieLy

This concludes the inductive step and proves the result for job n. Next considering the
base case of n =1, it is trivial to check the validity of inductive hypothesis. Therefore,

the result follows from induction. This concludes the proof. O

Worst Case System Time in Feedforward networks

We next present in details how we obtain a closed form expression for the worst case
system time observed by the nt* job exiting at node ¢ in a feedforward network.
Theorem 19 In a feed-forward network composed of single-server queues satisfying
Assumptions 1(a) and 14(a) with a, = o = a, for all j € J, the set P, containing
all paths P = (ag,a1,as,...,£) that leave from node ¢, and

a-1/a

A and Ip=T,+| ¥ (19" ¢j/°‘)"/a'1] >0,

pPp=—TT"""F
min ;/@; :
jeP /’l’]/(l)] JeP

the overall worst case system time S, (P;) of the n* job exiting the network at node

£ is bounded by

1-pp 1 ; . af(a-1)
.o _ - )+ Al
I'p-n 3 n+]’§p(ﬂj+rs )’ if nS[———La(l_pP)] ,
1}1)165%*

a—-1 A1) _F;/(a-l)
a¥/(e-l) (1 - p)l/(e-1)

1 N .
+ Y (— + 19 ) . otherwise.
jeP My
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Proof of Theorem 19. The desired result is obtained by mazximizing the system
time for each path P € P,. In order to apply the bounds on the system times from
Assumption 1 to the quantity in Eq. (3.41), we need to account for the number of jobs
that pass through node a; between the arrivals of job k,; which belongs to &,;_,q; C Lo,

and job k,,,, which belongs to &, € L,;. Mathematically, we let A,; denote this

7 a5+1

number, i.e.,

Ay = {k: tkoj <k <kgy,, ke Laj} . (B.26)

By Eq. (3.35), the fraction of jobs passing through queue a; is @,,, yielding

Aq; = Pa; - (lcaj+1 —ka, + 1) .

By Assumption 1, and given that fs(j) < fs(j)+, for all j € J, we bound

kaj+1 (a) Aa. (a,)*_ l/a
max » X;7 = —+I77 A7,
u:j i=kaq ”l’ﬂj
3
o (o~ ke +1) 0
= d)] ( Jl: = ) (J)+ [d)ay'( a]+1_kaj+l)]1/a.
a;

By applying Assumptions 1, Eq. (3.41) becomes

ka, = ko, n-kg

+ T8 (hgy = ko)™ + .+

1 . Hay fLe
max| Y —+ F9* + max (B.27)
PePy jep Mj ka, S...<kg -

= hay

+1O (0= k)M - + Dy(n— kg )V

where fi; = pj/d; and fs(j) = Fs,(j) -¢;/°’, forall j e J. We let fip = min{ﬁaj,aj € P},

pp = M fip. By making the change of variable x,, = k,,,, —ka;, for all a; € P, we bound

Aj+1

the mazimization problem in Eq. (B.27) by

(a1)+ 1/a ~(O)+ 1/a
1- max |[I; T + I3z
max 1—' (n k:al)l/a pP (n k;al) [ 8 al ay ]
1gkay <n st. Tg +...+Tg=n—kqg

The optimal objective function for the inner optimization problem is given in Eq.
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(B.20). The performance analysis reduces to solving the following one-dimensional

optimization problem

1<ka, <n jeP

| (e-Dfe
by {(Fﬂ[ Z(fs»(j)*)a/(a— )] )-(n—ka1>1""— 1_—)\/013(71—16‘;1)}, (B.28)

which can be cast in the form of the optimization problem in Eq. (2.82), with

1-pp

d d=
an 3

B=I,+ ( Z (fws(j)+)a/(a—1))(a-l)/a

jeP
Referring to the proof of Theorem 8, the solution to Eq. (B.28) is

Bonile— 5., if n < (&)Y

max fB-n'*-§-n=
0<z<n

a-1 Ba/(a—l)
ael(a-1) " §1/(a-1)"

otherwise.

We obtain the desired result by substituting 8 and § by their respective values. O
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